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PREFACE 

r i l H E present state of our knowledge of the properties of Modular 
Systems is chiefly due to the fundamental theorems and processes 

of L. Kronecker, M. Noether, D. Hilbert, and E. Lasker, and above 
all to J. Konig's profound exposition and numerous extensions of 
Kronecker's theory (p. xiii). Konig's treatise might be regarded as in 
some measure complete j,f it were admitted that a problem is finished 
with when its solution has been reduced to a finite number of feasible 
operations, if however the operations are too numerous or too involved 
to be carried out iii practice the solution is only a theoretical one; 
and its importance then lies not in itself, but in the theorems with 
which it is associated and to which it leads. Such a theoretical 
solution must be regarded as a preliminary and not the final stage 
in the consideration of the problem. 

In the following presentment of the subject Section I is devoted to 
the Resultant, the case of m equations being treated in a parallel 
manner to that of two equations; Section II contains an account of 
Kronecker's theory of the Resolvent, following mainly the lines of 
Konig's exposition ; Section III, on general properties, is closely allied 
to Lasker's memoir and Dedekind's theory of Ideals; and Section IV 
is an extension of Lasker's results founded on the methods originated 
by Noether. The additions to the theory consist of one or two 
isolated theorems (especially §§50—53 and §.79 and its consequences) 
and the introduction of the Inverse System in Section IV. 



VI P R E F A C E 

The subject is full of pitfalls. I have pointed out some mistakes 
made by others, but have no doubt that I have made new ones. It 
may be expected that any errors will be discovered and eliminated in 
due course, since proofs or references are given for all major and 
most minor statements. 

I take this opportunity of thanking the Editors for their accept
ance of this tract and the S)nidics of the University Press for 
publishing it. 

P. S. MACAULAY. 

LONDON, 

June, 1916. 
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THE ALGEBRAIC THEOEY OP 
MODULAR SYSTEMS 

Introduction 

Definition. A modular system is an infinite aggregate of poly
nomials, or whole functions* of n variables x^,X2, ..., Xn, defined by the 
property that if F, Fj, F2 belong to the system F1 + F2 and AFaXso 
belong to the system, where A is any polynomial in Xi, X2, •••, «„. 

Hence if i^i, F2, ..., i^* belong to a modular system so also does 
A1F1 + A2F2+ ... + AjcFjc, where A^, A^, •••, A^, are arbitrary poly
nomials. 

Besides the algebraic or relative theory of modular systems there 
is a still more difficult and varied absolute theory. We shall only 
consider the latter theory in so far as it is necessary for the former. 

In the algebraic theory polynomials such as F and aF, where a is 
a quantity not involving the variables, are not regarded as different 
polynomials, and any polynomial of degree zero is equivalent to 1. No 
restriction is placed on the coefficients oi Fj, F2, •••, Fjc except in so 
far as they may involve arbitrary parameters Ui, ?«a, ..., in which case 
they are restricted to being rational functions of such parameters. 
The same restriction applies to the coefficients of the arbitrary poly
nomials Ai, A2, •••, Ajc above. 

In the absolute theory the coefficients of F^, F2, ..., Aj, A2, ... 
are restricted to a domain of integrity, generally ordinary integers or 
whole functions of parameters zh, U2, ••• with integral coefficients; 
and a polynomial of degree zero other than 1 or a unit is not equivalent 
to 1. 

* We use the term lohole function throughout the text (but not in the Note at 
the end) as equivalent to polynomial and as meaning a lohole rational function. 

M. 1 



2 THE ALGEBRAIC THEORY OF MODULAR SYSTEMS 

Definitions. A modular system will be called a m,odule (of poly
nomials). 

Any polynomial i^ belonging to a module ilf is called a member (or 
element) of M. 

According as we wish to denote that i^ is a member of M in 
the relative or absolute sense we shall write F= 0 mod M, or 
F=0 mod M. The notation F=0 mod M only comes into use in 
the sequel in connection with the Resultant. 

A basis of a module M is any set of members Ii, F2, •••, F^ such 
that every member- of M is of the form Xj i^i -1- ^2-^2 + • • • +-3^icF]e, 
where JTi, X'2, ...,,jri, are polynomials. 

Every module of polynomials has a basis consisting of a finite number 
of 7nembe^-s (Hilbert's theorem, § 37). 

The proof of this theorem is from first principles, and its truth will 
be assumed throughout. 

The theory of modular systems is very incomplete and offers a 
wide field for research. The object of the algebraic theory is to dis
cover those general properties of a module which will afford a means of 
answering the question whether a given polynomial is a member of a 
given module or not. Such a question in its simpler aspect is of im
portance in Geometry and in its general aspect is of importance in 
Algebra. The theory resembles Geometry in including a great variety 
of detached and disconnected theorem.s. As a branch of Algebra it 
may be regarded as a generalized theory of the solution of equations in 
several unknowns, and assumes that any given algebraic equation in 
one unknown can be completely solved. In order that a polynomial F 
may be a member of a module i f whose basis (i^^, F2, •••, F,,) is given 
it is evident that F must vanish for all finite solutions (whether finite 
or infinite in number) of the equations Fi = F2= •••=F,c = 0. These 
conditions are sufficient if M resolves into what are called prime 
modules*; otherwise they are not sufficient, and i^must satisfy further 
conditions, also connected with the solutions, which may be difficult to 
express concretely. The first step is to find all the solutions of the 
equations F^= F^-= ... = i^s = 0 ; and this is completely accomplished 
in the theories of the resultant and resolvent. 

* Cayley and Sahnou constantly assume this. Salmon also discusses particular 
cases of a number of important and suggestive problems connected with modular 
systems (Sa). 



I ] THE RESULTANT 

I. THE RESULTANT 

1. The Eesultant is defined in the first instance with respect to n 
homogeneous polynomials F-s_, F^, -••, i'lt in n variables, of degrees \, 4, 
..., In, each polynomial being complete in all its terms with literal co
efficients, all different. The resultant of any n given homogeneous 
polynomials in n variables is the value which the resultant in the 
general case assumes for the given case. The resultant of n given non-
homogeneous polynomials in w —1 variables is the resultant of the 
corresponding homogeneous polynomials of the same degrees obtained 
by introducing a variable »« of homogeneity. 

Definitions. An elementary member of the module (JPx, F2, •••, Ff) 
is any member of the type mFi («' = 1, 2, ..., •»), where m is any power 
product of «i, 372, ..., a7„. What is and what is not an elementary 
member depends on the basis chosen for the module. 

The total number of elementary members of an assigned degree is 
evidently finite. 

The diagram below represents the array of the coefficients of all 
elementary members oi {F-i., F2, —, Ff) of degree t, arranged under 

/ \t-^n-\\ 
the power products wi''', oj/), ..., mff of degree ^\^ Vf-\—ri 

i / ) co/) 0 , / ) 

\ 

a-i b-i 

ag hi 

Op Kp 

Each row of the array, in association with MI**', O/), ..., m/', repre
sents an elementary member of degree t; and the rows of the array 
corresponding to Ft all consist of the same elements (the coefficients of 
Fi and zeros) but in different columns. 

Any member F= X^F^ + X2F2+ ••• + XnFn of degree t is evi
dently a linear combination X^m^Fx + K'^iF^ -i-... -1-X̂ oipFt + ... + Xpto^Fn 
of elementary members of degree t, and is represented by the above 
array when bordered by Aj, Â , ..., Ap on the left, where Ai, Â , ..., Ap 
are the coefficients of Xi , Xs, •••, X i , some of which may be zeros. 

This bordered array also shows in a convenient way the whole co
efficients of the terms of i^, viz. 2Aa, 2A&, ..., ^Xk. 

1—2 



4. THE ALGEBRAIC THEORY OF MODULAR SYSTEMS [ I 

These remarks and definitions are equally applicable to any module 
(-F'l, F2, ..., FTC) of homogeneous or non-homogeneous polynomials; 
but the following definition applies only to the particular module 
{F„F2, ...,Fn). 

The resultant It of Fi, F2, •••, Fn is the H.C.I?. of the determinants 

of the above array for degree t=l+l, where l=k + L^+ ... -h In-n. I t 
will be shown (§7) that B is homogeneous and of degree 44---4//t in " 
the coefficients of Fj, (i= 1, 2, ..., n). 

2 . R e s u l t a n t o f t w o h o m o g e n e o u s po lynomia l s in t w o 
v a r i a b l e s . 

Let h-i„ Fi = aiXi^ -hbiXi^ X2+ ... + kiXz', 

F2 = k2Xi'+ ... +a2X2\ 

l=k+l2-'2. 

The array of the coefficients of all elementary members of {F-^, F2) 

of degreeZ-hi, viz. »/» ^F^, Xi^'^F-,,... X2' V j , «•/' ^i^2,..., ^a*' ^F^, 
has 4 rows corresponding to Fi and 4 rows corresponding to F^, and 
the same number 4 + 4 of rows in all as columns. The resultant E is 
therefore the determinant of this array. The array is 

(j-f-i) ,(i + i) Ji + i) 
i,-\-i 

Ai 

A2 

Xi 

^i^ + i 

M + i 

h 
a. 

.h 
b,. -h 

bx. 
• a« 

.h 

. ^ 2 

.h-l = x^ -Fx 

= xt~'' Fx 
= xt-^^F2 
— JLY tt'2 Jj 2 

— X2 X^2 

On the right are written the elementary members which the rows 
represent. Thus, neglecting .the left hand border, we may regard 
the diagram as a set of ^ 4- 2 identical equations for 

P+l) (i-Hl) 
" 1 J " ' 2 , ' ' i + 2-

Solving them we have 

ii;«,/'+" =Ai,Fx + Ai2F2 {i = l,2,...,l+ 2), 
where An, Ai^ are polynomials whose coefficients are whole functions 
of the coefficients of Fj, F^. Hence 

BJ'^''^ = 0 mod (F„Ff>, 



I ] THE RESULTANT O 

where o)*'"""̂ ' is any power product of Xi, Xa oi degree / + 1. This 
expresses the first important property of B. 

3. Irreducibility of R. The general expression for the 
resultant B is irreducible in the sense that it cannot be resolved 
into two factors each of which is a whole function of the coefficients 
of Fi, F^. When this has been proved it follows that any whole 
function of the coefficients of Fi, F2 which vanishes as a consequence 
of B vanishing must be divisible by B. 

B has a term «i ^ ffl^' obtained from the diagonal of the deter
minant, and this is the only term of R containing aj''- Also, when 
«i = 0, B has a term (—l)''A2 6/'a2' \ and this is the only term 
of B containing aa'" when a^ = 0. Hence, when B is expanded 
in powers of fCa to two terms, we have 

B = ai'a2^ + ba2^~^ + . . . , 

where b = {— 1)̂ 'y&2b̂ '' mod aj. 
Hence if B can he written as a product of two factors, we have 

i2 = (a ,» 'a2^^+. . . )« 'a /^+. . . ) , 
where fh + g'l = 4 and ^2 + 2'2 = 4 > and either p^ or q^ is zero ; for other
wise the coefficient b of aa'""^ would be zero or divisible by osi, which 
is not the case. Hence one of the factors of B is independent of the 
coefficients of F^, since both factors must be homogeneous in the 
coefficients of Fx. Similarly one of the factors must be independent 
of the coefficients of F2, i.e. 

B = {ai' + ...)(aj'+...) = ai'' at, 

since the whole coefficient of a/' in B is a^', and of at is a^'- This is 
not true; hence B is irreducible. 

4 . The necessary and sufficient condition that the equations 
Fi = F2 = 0 may have a proper solution {i.e. a solution other than 
Xx = Xi = {f) is the vanishing of B. 

This is the fundamental property of the resultant. If the 
equations Fi=F2 = 0 have a solution other than «i = âa = 0 it follows 
from 

Bxi^' = 0 mod {F,, F^), Bx}-"^ s 0 mod {F^, F2), 
that B=Q, by giving to x^, X2 the values (not both zero) which 
.satisfy the equations Fx = Ft=Q. 

Conversely if B = 0 we can choose ,Ai, Ag, ..., A;+2 so that the 
sum of their products with the elements in each column of the 
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determinant B vanishes. Multiplying each sum by the power product 

corresponding to its column, and adding by rows, we have 

(X.xt-^ + X2xy^ X2+... + Xi^xt~^) F, 

+ ( V i « / ' ~ ' + • • • + Aj+2 xf-) F2 = 0, 
where A ,̂ A2, ... Aj+j do not all vanish. Hence, since Aia;i^''"^+ ... is 
of less degree than F2, F^ must have a factor in common with F^, 
and the equations Fi = F2 = 0 have a proper solution. 

In the following article another proof is given which can be 
extended more easily to any number of variables. 

5 . When ^ + 0 there are 1 + 2 linearly independent members of 
{Fi,F^ of degree l+\, and I of degree I. When B=(i there are 
only Z-I-1 linearly independent members of degree l+l and still 
I of degree I, i.e. in each case 1 less than the number of terms in 
a polynomial of degree l+l and I respectively. Hence there will 
be one and only one identical linear relation between the coefficients, 
of the general member of {Fx, F2) whether of degree l+l or L 
Let this identical relation for degree / 4-1 be 

Cl+i,0 ^l+i,0 + Cl,i^l,i+ ••• + Co,l+l ^0, l+l — 0 ) 

where Zij denotes the coefficient of Xi*xJ in the general member 
of {Fi,F^ of degree i+j, and the Ctj are constants. Then, if 
F is the general member 

«i, 0 « l ' + «J-1,1 «l '~^ »2 + • • • + \ I ^i 

of {Fi,F^ of degree I, XiF is a member of degree l + l whose 
coefficients must satisfy the relation above. Hence 

Cj+T,0 «i,o + Ci,i «!-l,l + • • • + Ci,z 0„,z = 0. 

Similarly cj, 1»;,» + c,_i, 2 Zi-i. 1 + • • • + Co, j+i 0o, i = 0, 

since X2F is a member of {Fi,F^ of degree l+l. These two 
relations must be equivalent to one only, since only one identical 
relation exists for degree I. Hence we have 

Ci+1,0 Cii Cij a i , 
^IT'^Z = .. .= = — (say), 

<-l,i Ci^i,2 Co,l+l a s ^ 

i.e. Cj+1,0, C(,i,..., Co,!+i are proportional to aj'+i, ai'aj, . . . , aj'*^. Hence 
the original identical relation may be written 

«z+i.o CLj'*'^ + Zi_i a i«a2 4- . . . -)- Zo^i^ a j ' + i = 0 , 

showing that the general member ;?,+i.»«/+i + ... of {Fi,F2) of 
degree l+l vanishes when x, = a„ a;2 = a2, and that the equations 
Fi~F2=0 have the proper solution (%, a^). The theorem being 
thus proved true in general is assumed to be true in particular. 
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6. Resultant of n homogeneous polynomials in n 
variables. 

The general theory of the resultant to be now given is exactly 
parallel to that already given for two variables, although it involves 
points of much greater difficulty as might be expected. Another 
method of exposition depending on a different definition of the 
resultant is given in (K, p. 260 ff.). 

Let Fi, F2, ..., Fn be n homogeneous polynomials of degrees 
4 ) 4 , • • • , 4 of which all the coefficients are different letters. In 
particular, let a i , Sa, •••, «» be the coefficients of xt, xt, • • •,x^" in 
Fi, F2, ...jFn respectively, and Ci, C2, . . . , c,i the constant terms of 
Fi,F2, •••,Fn when Xn is put equal to 1, so that Cn = an. Let 

i = 4 + 4 + • • • + 4 — W, i = 4 4 • • • In, Li = Ljli, L2 = LJI2, ... Ln = Ljln-

The resultant B of Fi, F2, •••, Fn has already been defined (§ 1) 
as" the H.c.F. of the determinants of the array of the coefficients 
of all elementary members of {Fi, F2, ••-, Ff) of degree /- t-1. 

We .shall first consider a particular determinant D of the array, 
viz. that representing (§ 1) the polynomial 

X(») Fi + XW F2+ •••+ X<»-i> Fn of degree l+l, 

where X'*' denotes a polynomial in which all terms divisible by -

xt or xt... or x^ are absent, which may be expressed by saying 

that X ' ' is reduced in Xi, X2, •••, Xi. The polynomial 

X(»> Fi + X ^ ' î 2 + • • • + X " - ' ) Fn 

is represented by the bordered array 

(0/+1) a,2('+') 0 ) /+ ! ) 

Ai 

A., 

K 

«! hi .ki 

ffis O2 "'2 

= o>,Fi 

= ^ 2 - ^ 1 

ku. = Wu Fn 

where coiP+'>, W2('+̂ ), . . . , 0^''+^' are all the power products oixi,X2,-..,x„ of 
degree Z -h 1, and Aj, A ,̂ . . . , Â  are the coefficients of X'"', X'^ ' , . . . , X"-^) . 
That this array has the same number p. of rows as columns is seen 
from the fact that one and only one of the elements %, aa, ... , «„* (fhe 
coefficients of xt,xi\ ••• ,«'-t' in Fi, F2, •••, Ff) occurs in each row 
and each column. This is evident as regards the rows. To prove 

These are not the same as the a j , aa,..., a.,i in the first column of the array. 
The latter should be represented by some other sj-mbols. 
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that the same is true of the columns, we notice firstly that there 
is no power product a>(̂ «) of degree l + l reduced in all the variables, 
for_ the highest power product of this kind is x^^x^'''' • • • ^n'"'^ 
which is of degree l<l+l; and secondly, if we put every coef&cient 
of Fi,F2, ...,Fn, except only «!, osj, ••., a„, equal to zero, the 
diagram will represent the polynomial 

X«) «i xt + XW a^ xt + ... + XC-^) an xf", 
in which each power product o)'*+̂> occurs once and once only, so 
that one and only one element «i, aa, •••,«„ occurs in each column 
oi D. 

Thus D when expanded has a term ±af''af""... a/", where /Xj is 
the number of terms in X'*"-'*, and by saying that the coefficient 
of this term in Z) is to be 4-1 we remove any ambiguity as to the 
sign of D. Also it is to be noted that D vanishes when Ci, Cs, ..., c» 
all vanish, for the column of D corresponding to xf'^'^ contains ho 
elements other than Ci, C2, •••, c„ and zeros. 

Regarding the diagram as giving p. identical equations for 

o'/̂ -̂zn-.v̂ ", and solving, we have, 

2)(oP+i) = 0mod {Fi, F2, ••.,Fn), 
where <»''+'' is any power.product oi Xi, X2, •••, Xn of degree l+l. 
It can be proved that the factors of D other than B can be divided 
out of this congruence equation, so that 

Bo.i^^'^ = 0mod{Fi,F2,...,Fn); 
but this will not be assumed in what follows*. 

7. The number of rows in D corresponding to Fn is the number 
of terms in XC-^). But XC'" )̂ is of degree / 4-1 - 4 or 

( 4 - i ) + ( 4 - i ) + . . . -^ (4 - i - i ) , 
and its terms consist of all the power products in 

(1 + â i + ... + x^-') ...{l+Xn-i+...+ x'::'f^) 
each multiplied by.a power of x^; hence the number of the terms is 
4 4---4-i = X„. Thus D is homogeneous and of degree i „ in the 

* No proof of this has been pubUshed so far as I know. It can be proved that 

L i AW^-V f,l'"Z''°'' °^ *^' coefficients of Fi, F^, ..., Fn not divisible by B, 

A ; - ~ , ^ , . . ' ^' •••' ^^^ "^^ ^^™ -K"""*"̂ ' = 0 mod (Fu F,, F ) The 
condition that A is not divisible by R is not needed if F is of degree ^l. 
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coefficients of Fn, and homogeneous and of degree > Li contain 
coefficients oi Ft{i=l,2, ...,n-l). I t follows that B, whichT%M* 
factor of D, is at most of degree Z„ in the coefficients of Fn-
shall prove that B is of this degree,, and consequently of degree Li in 
the coefficients of i^j. 

Let D' be any other non-vanishing determinant of the array, viz. 

Q).('+l) r,.„(«+l) „..,('4-l) 

" l 

«2 

"M 

ai 
ai 

V 

hi 
hi 

V 

hi 

This represents the polynomial A1F1+ A2F2+ ••. + A^Fn, in which 
ai,a.2, . . . , a„ are the (arbitrarily chosen) coefficients oi Ai, A2, •••,An 
which are not zeros. Choose Ai,A2, ...,A^ in the previous diagram 
so that we have identically 

X(») i?i-f X « i^2 + • • • + X(»-^) i^ . = J.1 Z'l + ^2 î 2 + • •. + A Z^. . 

This gives, by equating coefficients of power products on both sides, 

SAa.= Saa ' , 2,Xb = 'S,ab', ••., %Xk = 'S,a.k' 

as equations for Ai, Ag, . . . , A^; and they have a unique solution, 
since D does not vanish. 

Let ( j denote, the determinant of the substitution corresponding 

to the solution of the above equations for Ai,A2, ...,Ap. as linear 

functions of ai,a2, •••! V- Then if we put 

2Affl= S a a ' = A/, SA&= Sa6' = A.2', . . . , '^Xk = '2,a&' = Xf 

we have 

by the rule of successive substitutions, or the rule" for multiplying 
determinants. Hence 

D^U-
Now we can find the solution for Aj, Ag, . . . , A ,̂ or the solution of 

X(")i^l 4- XWi^2 + ••• +X^''-'^Fn = AiFi + A.Fi+.-.+AnFn, 

in the following way. First solve the equation 

]p-(o) jp^ + F(i) F,+ ... + FC-^) Fn-i + X"-^) = An 
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nknowns Yf\ FW, ..., F*"-^),X'"-^'. This equation has a 
solution, since the more particular equation 

F(») x!' + F(i' x2'+... + F(»-2) J^z\+ XC-^) = An 
has a unique solution (for any given polynomial An can be expressed 
in one and only one way in the form on the left) and shows that the 
number of the coefficients of F*"', FW,..., F'""^', X'""'* is equal to the 
number of equations they have to satisfy. 

Substituting the value thus found for X'"~̂ > in the equation 

X«)i^l4-XWi^2 + ... + X^"-'^ Fn = AiFi + A2F2+ ... + AnFn, 

it becomes 
X(»> Fi + X « F2+.:+ XC-^' Fn-i 

= {Ai + F(») Fn)Fi+... + (An-i + F(-^) Fn) Fn-i, 

where F'"', F'^', ..., F*"-^' have been found. Next solve the equation 

ZO) Fi + Z(i) F2+... + '̂"~='' Fn-2 + XC-^' = An-i+ FC-^' Fn, 
which has a unique solution for 7fo\ Z^'\ ...,Z(--% XC-^'. We can 
proceed in this way till X'"!, XW, ....X""^', i.e. Aj, A,, ..., A ,̂ have ah 
been found. 

In this method of solving the unknowns on the left are associated 

with Fi, F.2, ..., Fn-i only and not with Fn. Hence Q is a rational 

function of the coefficients of Fi, F2,...,Fn whose denominator is 
independent of the coefficients of Fn, and the same is therefore true 

oi~= (^\. Hence every determinant D' of the array has a factor 

in common with D which is of degree Ln in the coefficients of .Fy 
The resultant B, which is the H.C.F. of all the determinants D', is 
therefore of degree Li in the coefficients of i^j («' = 1, 2, ..., n). 

If we put D = AB, A is called the extraneous factor oi D. We 
have proved that A is independent of the coefficients of Fn ', and it 
is proved at the end of § 8 that A depends only on the coefficients of 
{Fi, F2, ..., Fn^i)xn=0. 

af-' 
8. Properties of the Resultant. Since D has a term 
. . . a / " (§ 6) B has a term a^'a^'-... a /" . This is called the 

leading term of _B. 
Since D vanishes when Ci, C2, .• •, Cn all vanish (§ 6) tJie same is true 

of B; for i ) =AB and A is independent of d, Ca, ..., c„. 
The extraneous factor A of D is a minor of D, viz. the minor 

obtained by omitting all the columns of D cm-responding to power 
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products reduced in n-1 of the variables and the rows which contain 
the elements a,i,a2, .••,an in the omitted columns {M2,p. 14). Thus 
DjA, where A is this minor of D, is an explicit expression for B. 

Each coefficient a of Fi, F2, .-., Fn is said to have a certain 
numerical weight, equal to the index of the power of one particular 
variable (say xf) in the term of which a is the coefficient. In the case 
of non-homogeneous polynomials the variable chosen is generally the 
variable XQ of homogeneity. Also the weight of a'' is defined as p-
times the weight of a, and the weight of a^fcV... as the sum of the 
weights of a', V, c^, .... A whole function of the coefficients is said tO' 
be isobaric when all its terms are of the same weight. 

The resultant is isobaric and of weight L. Assign to Xi,X2, ...tXn 
the weights 0, 0, . . . ,0 , 1. Then the coefficients of Fi, F2, ...,Fn 
have the same weights as the power products of which they are the 
coefficients. The ith row of the determinant D represents the poly
nomial a)ii?}=aiU>/̂ +^^4-&i«)2^ '̂''̂ ^4-...4-AiO)/+^*. Thus the weights 
of ai,bi, ...,ki are less than the weights of wf^"^^\u>t^^\ ...,u>}^"^^''' 
respectively by the same amount, viz. the weight of Wj. Hence, on 
expanding D, the weight of any term is less than the sum of the 
weights of o,/^+^\ 0)2*'+ '̂, ..., co/+^) by the sum of the' weights 
of (Di, (02, •••, <";u.; i.e. Z* is isobaric. Again, if in D each letter a is 
changed to aw*, where q is the weight of a, D becomes Du!°, where w 
is the weight of D ; and consequently if D be expressed as a product 
of whole factors each factor must be isobaric. Thus B is isobaric and 
its weight is that of its leading term «i ' aa '•'.•.«« ", which is InLn = L. 
The weight of D is the weight of af^af""... a/", which is also L, 
since fin — Ln. 

The whole coefficient of «! ^a-i ' ••• ajf:^ in B is an^". For the 
coefficient must be a whole function of the coefficients of F^ only of 
degree X„ and weight InLn, and «„ is the only coefficient of Fn of 
weight In-

A more general result (§ 9) is that the ivhole coefficient of a,^''' in B is 

i^J" where Bn is 'the resultant of {Fi, F2, •••, i'K-i)!c.,i=o- Hence 
also the whole coefficient of ar ''aJfifi • • • a«"^"is B^' '•+i--̂ " where Br is 

the resultant of {Fi, F2, •.., i''r-i)j-r=--=a!ii=o-
Since the weights of D and B are the same the loeight of the 

extraneous factor A of D is zero. This, taken in conjunction with the 
fact that' A is independent of the coefficients of Fn, shows that A is a 
whole function of the coefficients of(Fi, F2, •. •, Fn-f) xn=o only. 
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9. The resultant of Fi, F2, ...,Fn is irreducible and invariant. 
I t has been proved that the resultant is irreducible when » = 2 (§ 3) ; 
and the proof can be extended to the general case by induction. 

Let Bn = the resultant of {F„ F2, ..., Fn-i)xn=^ ', 

î o = the resultant of the homogeneous polynomials Fi''\ 

Fi''\...,FJf[-^ in Xi,x2,...,Xn-2,x^ obtained from Fi, 

F2,..., Fn-i by changing Xn-i, Xn to a;„-ia;o, a;«iKo; 

F.f={Fn)x,= ... = Xn-,^0 = 'knX^n_.^+...+anxf:''; 

E = the resultant of i<\, i^2, • • •, Fn-i, Ff; 

Bo = the resultant of Fo, Ff, two polynomials in x^-i, Xn; 

Lii 4 ~ L2 4 ~ • • • — L n-i 4-1 ~ 4 4 •' • 4-1 ~ En. 

Finally let ai, a2, •••, an, Ci,c.2, ..., c„_i denote the same coefficients 
of i'^i, F2, ..., Fn as in § 6. We assume Bn irreducible and have to 
prove that B is irreducible. 

Fo is of weight X„ in the coefficients of Fi'KFi^ •••^Fn\ ^'^^ 
each coefficient is a homogeneous polynomial in Xn-i, «» of degree 
equal to its weight in reference to x^. Hence 

Fo= Ax^^l^ + Bx'ffl^ Xn+ ..., 

wh ere J , .g , . . . are whole functions of the coefficients of i^i, #2, • • •, F^-i 
of the same dimensions as Bn- When Xn = 0, Fo becomes the resultant 

of (î i(»), î 2'»', ••••i^„™i)^.,,=o. viz- ^n^ti' lience A = Bn. Also the 

whole coefficient of ai^' 02^' ...a^'!^~' in Fo is a'^'"~\ where a'„-i is 

the coefficient of fl^o'""' hi FJ\ (§ 8), viz. 

«'„-! = a„,_ia;^'-; 4- bx^^:f^Xn+... + Cn-ixJ"-\ 

Hence B has a term L'n-i a/ ' ' ' . . . a^'"'' a^'"f~^ h, and cannot be divisible 

by B.n, since Bn does not involve h. Hence we find that 

Fo = BnX^1^ + Bx^Z;^Xn+... 

where B is neither zero nor divisible by Bn. 
Now if B' vanishes one of the solutions of Fn = 0 for Xn-i: Xn will 

be the same as in one of the solutions of Fi= ...=Fn-i = 0 (g 10), and 
will therefore be a solution of i^„ = 0 ; i.e. B'^0 requires B, = 0, and 
Bo IS divisible by each irreducible factor of B'. But (§ 3) 

i2o = i 2 j " a > - h ^ ' a / - i + ..., where^ ' = ( - l)'-knB'- mod Bn, 

so that B' is neither zero nor divisible by B,,. Hence, as in § 3, i?, 

has an irreducible factor of the form A ' ^ a / + ..., and has no other 
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factor involving the coefficients of F^, F2, ..., Fn-i- This must 
therefore be a factor of B'. 

Again B' is what B becomes when all the coefficients of Fn other 
than those of Ff are put equal to zero. Hence B has an irreducible 
factor of the form B^^an^ +..., where q-^p. The remaining factor of 
B is independent of the coefficients of .Fi,i^2, ••-, Fn^i, and therefore 
also of the coefficients of Fn when n > 2. Hence B is irreducible. 

It easily follows that B is invariant for a homogeneous linear 

substitution whose determinant P , ) does not vanish. Suppose that 

B = Q and that this is the only relation existing between the 
coefficients of Fi, F2, ...,Fn. Then not more than one relation 
can exist between the coefficients of Fi, Fi, ..., Ff, the poly
nomials into which Fi, F2, ..., Fn transform. Since B = Q there 
are less than n- linearly independent members of {Fi, F2, ..., Fn) 
of degree ^4-1 and therefore less than /A linearly independent 
members of {Fi, Fi, ...,Ff) of degree l+l, and the only single 
relation between the coefficients of Fi, Fi,..., Ff which will admit 
this is B' = 0. Hence iil = 0 requires B' = 0, and B is divisible by 
B. The remaining factor of B' is independent of the coefficients of 

Fx, F2, ...,Fn, and can be shown to be ( ,) . A proof that B is 

invariant without assuming it irreducible is given in (E, p. 17). 

10. Tlie necessary and sufficient condition that the equations 
Fi = F2= ...= Fn = 0 may have a proper solution is the vanishing 
of R. 

In the general case, when the coefficients are letters, 

ABx,l-^^=0 mod {F„F2,...,Fn). 
Put «K = 1 and change* Ci to ĉ  — Fi{i = l, 2, ..., n) ; then A does not 
change, being independent of-Ci, Cg, ...,Cn (§8); but B changes to 
B- AiFi -A2F2- ... -AnFn, and this must vanish ; hence 

i^ = 0 mod {Fi, F2,...,Fn)xn=i. 
Hence B vanishes if the equations Fi = F2 =... = Fn=^0 have a 
solution in which Xn=l, i.e. if they have a proper solution. 

To prove that i?=0 is a sufficient condition, we shall assume that B==0 
is the only relation existing between the coefficients oi Fi, F2, ..-, Fn. 
There are then less than /x linearly independent members of 
(Fi, F2, ..•,Ff) of degree l+l. Hence the coefficients %,j)2....,j3„ of 

* Called the Kronecker substitution. 
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the general member of degree I +1 must satisfy an identical linear 
relation 

^Cj<,,p.2, ,..,j,„»j,,,j,j, pn=0, .Pi4-^2+ ••• +Pn= 1+^. 
The coefficients of the general member of degree I also satisfy one 

and only one identical linear relation, whether B vanishes or not. To 
prove this it has to be shown that the number A^of linearly independent 
members of {Fi,F2, ...jF,,) of degree ^ is 1 less than the number p 
of power products of degree I. If no relation exists between the 
coefficients of Fi,F2, --.jFn the equation 

X° ' i^ l + XWi^2 + - + XC-^'i^, = AiFi + A2F2 +...+AnFn 

can always be solved by the method of § 7, where Ai, A2, ..•,An are 
arbitrary given polynomials. Hence iVis not greater than the number 
of coefficients in X(°>, X(^), .. . , X " - ' ) , or in 

XC'^i^' 4- X^'^x.i^ +...+ X^-'lxf", 
viz. p-1, since, when this expression is of degree I, every power 
product except xt~^xt~^...xf''~^ occurs once and only once in it. 
Hence X ^ p - 1 . 

Any particularity in i ' l , i^2, ...yFn can only affect the value of iV by 
diminishing it. Hence for the remainder of the proof it will be sufficient 
to show that N= p — 1 in a particular example in which B = 0. Let 

Fi={Xi-X2)xt~\ F2={x2-Xi}xt~\..., Fn={Xn-xi)Xn^~'^. 
Then B = 0 since the equations Fi = F2= ... = Fn=0 have the proper 

solution Xi= X2= ... = î ?,, = 1. Let xf^X2'' • • • Xn^" be any power product of 

degree I. lipi^li changea;/'«2^'to aT/'~^a;2*'where^i4-j02 = 4 - 1 +<l2'i 

this is equivalent to changing xf^xf'... « / " to xf'xf''... x/^' + AiFi. 

Again if 2̂ > 4 change x^'xf' to x^-'^xf'; and if ^3 < 4 proceed to the 

first pr>lr and change a;,.*''a;̂ ;+'̂  to x,^'-''^x'^:+l • ^^"^^ continue this 

process, going round the cycle Xi, X2, ...yXn a.8 many times as is 

necessary, the power product xf'x2'^- ... a;/" will eventually become 

changed to .a ; i ' ' ^J" '^ . . . x^"''^. Hence these two power products are 

congruent mod {F^, F2, . . . , Ff), while neither of them is a member' 

of {Fi, F2, .•.,Fn), since they do not vanish when Xx = ...=Xn = l. 

Hence W^p—l. 

Let i^=2«g„5,,,..,5,„a;i*'a;2''V..a;/'' be the general member of 

{Fi,F2, ...,Fn) of degree l- then .^ii?" is a member of degree ^4-1 

in which the coefficient of xf^x.f^... xI" is z^^,^^,..„^,J^_ .,.,^^. Hence 

^Cp„p,,...,j)„«p,,...,pj-i,...,j3„ = 0 ( i= 1, 2, . . . , TO)J 

or Sc4i,g'2,-.,a»4-i,..„au«^j,,g:2 gn = 0 (̂ • = l, 2, . . . , m). 
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These n equations in %,g2 4,1 are therefore equivalent to one only; 
and the continued ratio c^,+i.qi, ....nn'- Ci„q.+i....,qn. ••• •Cq„q2,-,qn+i is 
the same for all sets of values of g-i, g'2, •••, ?« whose sum is I. 
Equating to uj: aj :... :a.„, it follows that Cp,,^,,...,,,„ is proportional 
to a.f'af= ...uj''''{px+p2+...+pn=l + l). Honce it follows that 
((ji, 03, ..., a„) is a solution of the equations Fi = F2= ... = Fn=Q. 

11. The Product Theorem. If Fn is the product of two 
polynomials Ff, Ff, the resultant B of Fi, F2, ..., Fn is the product 
of the resultants B', B" of Fi, F2, ...,Ff and Fi, F2, ..., Ff. 

For in the general case B' and B" are irreducible, and if either 
vanishes B vanishes. Hence B is divisible by B'B". Also it can be 
easily verified that the leading terms of B and B'B" are identical. 
Hence B = B'B". 

This result can easily be extended to the case in which any or all 
oiFi, F2, ..., Fn resolve into two or more factors. 

If Fi, F2, ...jFn are all members of the module {Fi, Fi, ...,Ff) 
the resultant B of Fi, F2,..., Fn is divisible by the resultant B' of 
Fi, Fi, ..., Ff. For if i?' = 0 then ^ = 0. 

12. Solution of liquations by means of the Resultant. 
The method of the resultant for solving equations can only be applied 
in what is called the principal case, that is, the case in which the 
number r of the equations is not greater than the number n of the 
unknowns, and the resultant î o of the equations with respect to X:^,X2, 
..., Xr-i (after a linear substitution of the unknowns) does not vanish 
identically. When Fo vanishes identically the method of the resultant 
fails, but the eqiiations can be solved by the method of the resolvent, 
due to Kronecker, as explained later. The method of the resolvent is 
also applicable to any number of equations whether greater or less than 
the number of unknowns. 

Homogenecms Equations. Let the equations be i^i = î 2 = • • • =i^r=0 
of degrees 4) 4j •••) 4; where r $ n. We assume that their resultant 
Fo with respect to Xi, x^, ..., x,.^! does not vanish. We regard Xi, X2, 
..., Xr as the unknowns, the solutions being functions of Xr+i, ..., Xn-
But instead of solving for one of the unknowns Xi, X2, ..., x^ we solve 
for a linear combination of them, viz. for x=UiXi + U2X2+ ... 4- M,.^;,.,* 

where Ui, U2, ••, u,- are' undetermined quantities. Let F^ stand for 
s-UiXi-U2.X2- ... -UrXr. Then we regard Fi = F2= ... = Fr = Fn=Q 

* Called the Liouville substitution. 
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as the given system of equations with x^, ..., x^, x as unknowns, and 
their resultant Ff") with respect to x,, x. ... x. gives the equation 
i?„M = Ofora;. 

Definition. Ff^'^ is called the u-resultant of {Fi, F2, ..., Ff). 
Applying the reasoning of § 9 it is seen that Fo is the resultant 

(with respect to Xi, ..., Xr-i, xi) oiFi, F2, ...,Fr when Xr,Xr^i, .-.,«„ 
are changed to x^Xo, x^+iXo, ..., XnXo, and is a homogeneous polynomial 
in Xr, Xr+i, ..., Xn of degree L= 44 ••- 4) viz. 

Jj 0 - - J.tr+1 Xr + • • • , 

where J?r+i is the resultant of {Fi, F2, •••, i'V)a;,,̂ i=...=â i=o> and does 
not vanish; for a homogeneous substitution beforehand between 
Xr, î r+i, •••) ^» only wouldbe carried through to Fg. 

Similarly î o*"' is the resultant (with respect to x^, ..., Xr, Xo) of 
Fi, F2, ..., Fr, Fn when x, Xr+i, ..., Xn are changed to xxo, Xr+iXo,..-, 
XnXo, and is a homogeneous polynomial B'r+iX^ 4-... in x, Xr+i, .-.,«» 
where Bf+i is the resultant of {Fj, F2, ..., Fr, Ff)xrj^^=...=xn=^- It is 
easily seen* that B'r+i = Br+i. Hence 

î o'"' =Br+ix^+ ..., where Br+i4= 0. 

To each solution Xr = Xri of î o = 0 corresponds a solution {xu, x^i, 
..., Xri) of the equations Fi = F2= ... = Fr = 0 ior Xi, X2, • • •, Xr (§ 10). 
There are therefore L solutions altogether, and they are all finite, 
since Br+i =¥ 0. 

Similarly to each of the L solutions x = Xi of Fo'-'"^ = 0 there corre
sponds a solution (xu, X2t, ...,Xri, xi) oiFi= ... =Fr = Fn = 0; and as 
regards (xn, X2i, ..., Xrt) the L solutions must be the same as those 
obtained by solving Fo = 0. Hence it follows that 

where Xu, «2i, •••, Xri are independent of MJ, Ma, ••-, Mr- Hence 

i^o'"' = Br+i l l { x - UiXii - . . . - UrXri) {i = 1, 2, ..., L). 

Thus î 'o*"' is a product of L factors which are linea/r in x, Ui, Us, 
..., Ur, and the coefficients of Ui, U2, ..., Ur in each factor supply a 
solution of the equations Fi = F2= ... = Fr = 0. 

Also the number of solutions is either L = lil2...lr 07- infinite, th 
latter being the case wlien Fo vanishes identically. 

* By introducing a as coefficient of x in f „ it is seen that R'r+i is divisible by 
a'- by considering weight with respect to x. Also the whole coefficient of a'- in 
IL'r+i is Rr+i (§ 8). Hence R'r+i=a'-Rr+i=Rr+i. 
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If Z>̂  is the determinant for (i^i, F2, •••, i^,.,-P'li), regarding .»i,«2, •••> 
.i',-! Xo as the variables, like the i ) of § 6, we have Dn = AFf'^ The ex
traneous factor A depends only on the coefficients of {F^, F2, •.., Fr)xa='0, 
that is, o{{Fi, F2, •••, P,)a.;.+j=...=xn=o. Hence A is a pure constant, 
independent ofxr+i, •••,a;,j and of Ui, U2, ...,11,., and we maytake D.u = 0 
as the equation for x. 

Definition. The number of times a linear factor x — UiXn — ... - UrXri 
is repeated in i^o'"' or Du is called the multiplicity of the solution 
(xii, X2i, ..., Xj-i). This term has a definite geometrical interpretation; 
it is the number of solutions or points, in the general case distinct, 
which come into coincidence with a particular solution or point in the 
particular example considered. 

In the case of n homogeneous equations in n unknowns such that 
B+=0, the complete solution consists of the non-proper solution 
(0, 0, ..., 0) with multiplicity iy = 4 4 • • • 4 • 

Non-homogeneous Equations. In the case of non-homogeneous 
equations a linear substitution beforehand affects only Xi, X2, •.., Xn 
and not the variable Xo of homogeneity. Hence it is possible for Br+i 
to vanish identically, -w'hile Fo and î o*"' do not, no matter what the 
original substitution may be. In this case there is a diminution in the 
number of finite solutions for x, but not in the number of linear factors 
of î o'"'- To a factor WiXu + U2X2i+ ... + «,-Xri of î o'"' not involving x 
corresponds what is called an infinite solution of Fi = F2= ... = Fr = 0 
in the ratio Xu : ,cc2.i, ; ... : Xri. Infinite solutions are however non
existent in the theory of modular systems (§ 42). An extreme case is 
that in which i''o'"' does not vanish identically, but is independent of x, 
when all the i solutions are at infinity. 

It may happen that a system of non-homogeneous equations has 
only a finite number of finite solutions while the resultant Fo vanishes 
identically. In such a case the method of the resultant fails to give 
the solutions. 

Example. The equations xi = X2 + Xi x^ = Xs + Xi X2 = 0 have the 
finite solution Xi = a'a = a's = 0 ; but the resultant vanishes identically 
because the corresponding homogeneous equations 

iX/-^ ^^ OC^iXf^ "T OC\Sf^ ^ ^VQIVQ ~r UyjiX-2 ^^ U 

are satisfied by ;r„ = Xi = 0, a system of two independent equations only. 
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II. T H E RESOLVENT 

13. We shall follow, with some material deviations, Konig's 
exposition of Kronecker's method of solving equations by means 
of the resolvent. The equations are in general supposed to be non-
homogeneous; and homogeneous equations are regarded as a particular 
case. Thus a homogeneous equation in n variables represents a cone 
of n — 1 dimensions with its vertex at the origin. Homogeneous co
ordinates are excluded. 

The problem is to find all the solutions of any given system of 
equations Fi = F2= ••• = Fi^-O in n unknowns Xi, X2, .-., ««. The 
unllhowns are supposed if necessary to have been subjected to a homo
geneous linear substitution beforehand, the object being to make the 
equations and their solutions of a general character, and to prevent 
any inconvenient result happening (such as an equation or polynomial 
being irregular* in any of the variables) which could have been avoided 
by a linear substitution at the beginning. In theoretical reasoning 
this preliminary homogeneous substitution is always to be understood; 
but is seldom necessary in dealing with a particular example. 

The solutions we shall seek are (i) those, if any, which exist for «i 
when X2, X3, ..., Xn have arbitrary values; (ii) those which exist for 
Xi, X2, not included in (i), when X3, ..., Xn have arbitrary values; 
(iii) those which exist for Xi, X2, x-,„ not included in (i) or (ii), when 
Xi, -..jXn have arbitrary values; and so on. A set of solutions for 
Xi, X2, ..., Xr^ when Xr+i, ...jXn have arbitrary values is said to be of 
rajik r, and the spread of the points whose coordinates are the solutions 
is of rank r and dimensions n -r. If there are solutions of rank r and 
no solutions of rank < r the system of equations Fi= F2 = ... = F^=Oa.-iii 
the module (Fi, F2, ..., Fi) are both said to be of rank r. 

14. The polynomials F^, F2, -.., F-^, and also all their factors are 
regular in x^. Hence their common factor D can be found by the 
ordinary process of finding the H.C.F. of F^, F2, ..., F,, treated as 
polynomials in a single variable x^. li D does not involve the variables 
we take it to be 1. If it does involve the variables the solutions of 
D = 0 treated as an equation for Xi give the first set of solutions of the 
equations Fi = F2= ...= Ft = 0 mentioned above. 

* A polynomial of degree I is said to be regular or irregular in x, aocordin. p, 
the term s i ' is present in it or not. "iuui;, aa 
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In the algebraic theory of modules we regard any algebraic equation 
in one unknown, whether the coefficients involve parameters.or not, as 
completely soluble, i.e. we regard any given non-linear polynomial in 
one variable as reducible. A polynomial in two or more variables is 
called reducible if it is the product of two polynomials both of which 
involve the variables. A polynomial which is not reducible is called 
(absolutely) irreducible. Any given polynomial is either irreducible or 
uniquely expressible as a product of irreducible factors, leaving factors 
of degree zero out of account. It is assumed that the irreducible 
factors of any given polynomial are known. Thus the polynomial D 
above may be supposed to be expressed in its irreducible factors in 
Xi, X2, ..., Xn, and to each irreducible factor corresponds an irreducible 
or non-degenerate spread. 

Put Fi = D<^i (* = 1, 2, ..., k). Then^i,<^2, ••-, ^n have no common 
factor involving the variables, and the same is true of the two 
polynomials 

Ai<^i 4- Aa^a 4- . . . 4- A,;<^,, a n d / ^ i ^ i 4- p.24>2 + ... + M ; , ^ ; : , 

where the A's and /̂ 's are arbitrary quantities. Regarding them as 
two polynomials in a single variable Xi we calculate their resultant, 
and arrange it in the form 

PiFi'^ + P2Fi'U... + p,ciF,f'\ 
where pi, pa, ..., pi, are different power products of the A's and p!s,, and 
Fi^\ Ff^\ ..., Ficf-'> are polynomials in X2, x^, ..., Xn not involving the 
A's and p.'s. Each Fi^'> is regular in X2; for [any homogeneous linear 
substitution beforehand oi X2, x^, ..., Xn among themselves only would 
be carried through to the Fi^l 

Find the H.C.F. D " ' of Fi'-\ Fi^'^ •••, Fjcfl treated as polynomials in 
a single variable X2, and put Fi''> = D^ <j>i'^ (« = 1, 2, ..., ^1). Then find 
the resultant of 

Ai< îW-hA2^2'''+--- + V W and p-^cj^i^Up,.2<l^f^ + ... + p^4>tf^ 
and arrange it in the form 

fti^i(^)4-p2i^2"'H----+P*.,i^fe'-'* 
as before, where Fi''\ Fi^\ ..., F,f^^ are polynomials in x^, Xi, ..., a-,,, 
which may be assumed regular in x^, and whose H.C.F. Z>(̂ ' can be 
found. We thus get the following series in succession : 

Fi, 

<t>i, 

Fi'\ 
cki'K 
Fi% 
<l>i\ 

F2, .. 

4>2; . . 

.Fi\.. 
i^i'\ •• 

Fi% .. 
i'i^ .. 

., F„ 

. , 'Pk, 

., Ff'\ 
., i>kf\ 
., F.^\ 
., -/-/J-̂ ', 

with H.C.F. 

with H.C.F. 

with H.C.F. 
and so on. 

D, 

i>w. 

D^\ 

2—2 
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Now any solution of î 'i = î ^ = ... = i?^ = 0 is a solution of X> = 0 or of 
'^i=<^2= ••• =<^;t=0. And any solution of (̂ 1 = <j!>2 =. . . = <̂„ = 0 is a solu
tion of i?\W = î Ŵ = ... = fp^^i,) ^0, since Sp,.Ffl) = 0 mod (2A;</,„ S/^A), 
and therefore a solution of Z)W=0 or of </)jW = (̂ Ŵ = ... = <̂;j,W = 0. 
Hence any solution of î 'i = i?'2 = ... = i?-,, = o is a solution of X> = 0 or of 
Z)W = 0 or of </'iW = < 2̂'''= •••=</>»,*''= 0. Proceeding in a similar way 
we find that any solution of Fi=...=F^=Q is a solution of 
Z>Z)W ...Z'(''-^ = 0, since .̂ iC"̂ ), .^2'""'', ••• , ^["7^'' are polynomials in 
a single variable Xn at most and have no common factor. 

Conversely if 4 , ^4, •••, '̂ n is any solution of 2)<̂ ' = 0 the resultant 
of ^Xi(t)P and S/x,jî jW with respect to X2 vanishes when »3=4, and 
2Ai<̂ jP) = 2/ij<̂ jW = 0 have a solution 072 = 4 when X3 = £o; i.e. 
the equations (j>i^'> = ... = ^ j , ' ' ' = 0, and therefore also the equations 
Fi^'i= ...=Fic}^^ = 0, have a solution 4 , 4 , a;4, ..., «„; and, by the 
same reasoning, the equations Fi = F2 = • • • =^F„=Q have a solution 
î> ^2, 4 , «4, •••, iPji- Similarly to any solution of DD''^'> ... i)<''" '̂ = 0, 

say a solution ^,j, a;j+i, ..., .«« of i>'*""̂ ' = 0, there corresponds a 
solution^, 4 , ••-, ii,Xi+i, ..., a;,j of the equations-F\ = î 2 = ...=F,.: = Q. 
Hence fi:om the solutions of the single equation Z)D'^'... Z"''~ '̂ = 0 we 
can get all the solutions of the system i^i=i''2 =... =î ft = 0, since 
all the solutions of the latter satisfy the former. 

Definitions. DD'^^^... ZX"-̂ ) is called the complete {total) resolvent 
of the equations i^i = î 2= • • • =.^4 = 0 and of the module (i^i, i?2, • • •, F,i). 
D^'"'^l is called the complete partial resolvent of rank i, and any whole 
factor of Df*̂ *̂ is called a partial resolvent of rank i. 

15. The complete resolvent is a member oftlie module {Fi, F2,..., Ff). 

For ^PiFi'^ = 0 mod (5A,.^„ ^p.ii>i)= AlXicf>i +B%p.i4>i, 

where A, B are whole functions of Xi, X2, • • •, a;,,, Ai, ..., A,j, p,i, ..., p.j,. 
Hence by equating coefficients of the power products Pi on both sides, 
we have 

i^/^'= 0 mod (<^i,</,2,..., </>,), 

and DFi'^ = 0 mod {Fi, F2,... , F,i), * 

or i>X>w<̂ i« =0 mod {F„ F2, ..., F,f 

Similarly Z>Z)W ... D^''-^)cf>.i''-') = 0 mod {Fi, F2, ..., Ffi; 

and since the e îC-'' include one variable only (or none at all) and have 

* Not M y I) = 0 mod {Pi, i?3, ..., .F )̂ because any common factor of F,,F,, 
Fj, not involving the variables is not included in D and is left out of account.' ' 
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no common factor, we can choose polynomials «,; in the single variable 
so that 2aj^/"-i) = 1. Hence 

Z>i5« ... i>(»-i)= 0 mod {Fi, F2, ..., F,i,. 
If the equations Fi= F2=... = F„ = 0 have no finite solution the 

complete resolvent is equal to 1 ; consequently 1 is a member of 
{Fi, F2, .•.,Ff), and every polynomial is a member. 

16. We have seen that to every solution Xi = t, of Z)(*-i) = 0 there 
corresponds a solution ft, 4 , . . . , f̂ , »•.;+,,..., Xn of the equations 
Fi = F2=^ .•.=F,, = 0. It may happen that there is an earlier complete 
partial resolvent !)(•'-') which vanishes when «;= 4, ...,»,,• = 4. In 
such a case the solution 4 , ••• , 4 , *'i+i, •••, Xn of Fi= ,..= F^,=^Q 
corresponding to a solution of Z)'*"'* = 0 is included in the solutions 
corresponding to Z)W~'' = 0, and may be neglected if we are seeking 
merely the complete solution of Fi = F2= ... = F^ = 0. Such a solu
tion is called an imbedded solution. All solutions corresponding to an 
irreducible factor of Z>('̂ '' will be imbedded if one of them is imbedded. 

17. Examples on the Resolvent. Geometrically the re-
splvent enables us to resolve the whole spread represented by any gi-ven 
set of algebraic equations into definite irreducible spreads (§ 21). It 
has been supposed that the complete resolvent also supplies a definite 
answer to certain other questions. The following examples disprove 
this to some extent. 

Example i. Find the resolvent of n homogeneous equations 
Fi = F2=... = F,i = 0 of the same degree I and having no proper 
solution. 

Since there are no solutions of rank <n the complete resolvent is 
Din-i)_ The first derived set of polynomials Ff\ .Pf\ ..., F^fi are homo
geneous and of degree P, the 2nd set Fi^\ Fi^\ ... are homogeneous 
and of degree V; and the (n — l)th set Z\("-'), F.i'"'~'^\ ... are homogeneous 

and of degree 4 . This last set involve only one variable Xn, and 

therefore have the common factor x,i , which is therefore the 
required complete resolvent. 

We should arrive at a similar result if we changed Xi to 
,Ti + ai{i=l, 2, ..., n) beforehand, thus making the polynomials non-

, 2 " - ' 

homogeneous. The complete resolvent would then be (a;„4-a„) 
The resultant would be (a;,, 4- «„)'". The difference in the two results 
is explained by the fact that the resultant is obtained by a process 
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applying uniformly to aiU the variables, and the resolvent by a process 
applied to the variables in succession. 

Example ii. Konig (K, p. 219) defines a module or system of 
equations as being simple or mixed according as only one or more 
than one of the complete partial resolvents D, Z)<̂ ', ... , i).^"^' differs 
from unity. Kronecker (Kr, p. 31) says that the system of equations 
Fi=F2=.. • =Fic=0 is irreducible in this case; and the Ency. des Sc. Math. 
(Wa, p. 352) repeats Konig's definition. We give two examples to 
show that this definition is a valueless one. 

If ti, V, w are three linear functions of three or more variables, any 
polynomial which contains the spread of u = v==0 is of the form 
Au + Bv; if it also contains the spread of M = w = 0, B must vanish 
when u = w = 0, hence B must be of the form. Cu + Dw, and Au + Bv 
of the form A'u + B'vio; if it also contains the spread of v = w = 0, 
A' must be of the form' C'v + D'w, and A'u + B'vw of the form 
C'uv + D'uiv + B'vw. Hence a polynomial which contains all three 
spreads is a member of the module {vw, wu, tiv), and also any member 
of the module contains the three spreads. This module, although 
composite, is not mixed in any proper sense of the word. 

Besides having partial resolvents of rank 2 corresponding to the 
three spreads the module has a partial resolvent of rank 3 corre
sponding to its singular spread ««=«= w = 0. This last partial 
resolvent does not correspond to any property of the module which is 
not included in the properties corresponding to its partial resolvents 
of rank 2 ; in other words the partial resolvent of rank 3 is purely 
redundant. 

The resolvent Z)'^'Z)'''' can be found as follows : Suppose 

u = ao + aiXi + a2X2+ . . . , v = bo +biXi +b2X2+ . . . , iv = Co + CiXi + C2X2+ •••. 

Then the resultant of X^vw + X2IVU + X^uv and p-ivw + p.2wu + p^m 

with respect to x^, apart from a constant factor, is 

{ciV - biw) (oiw - Ciu) {biU- «] •;;) 

f. CiV - h^iW a, IV — C] u bill — «i» 
+ r-' f-^ + I.A2M3 —A3/X2 AjjUi —Ai/ij Aj/is-Ag^i 

its four irreducible factors corresponding to the spreads 

v = w=0, W = M = 0, u=v=0, 

(A2P.3 - Agf̂ s) u = (Ag^i- X^f^.f, V = (Ai/̂ 2 - X^p.i) w. 

Hence .DW .= (c,v- b^w) {a-,w - Ciu) (b, u - Oiv)'; 

and ^iW.= (c, 'y-6,w), <pi''i ={aiW - c,u), <i«'3"' = ( 6 I M ~ «i«). 
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from which we obtain 

i>(2) = {b^c2 - b.2Ci) u + (cifts - Csffli) V + (ftifij - a-ibfj w. 

Example iii. Compare and find the resolvents of the two modules 

31 = {xf, xf, xf + xf + XiXiXi), 

M' = {xf, xfX2, XiXi, X.i, xf + xf + XiX2X-i). 

The resolvent of M' will be found by obtaining the resultant with 
respect to Xi of the two equations 

Xixf + A2a;i2a72 4- X^Xixf + X^xf + Aj {xf + xf + XiX^xf) = 0, 

and p-j^xf + /x.2a;î a;2 + p^x-^^x-f + p^xf + p^ {xf + xf + ajjâ aî g) = 0. 

This resultant is the same as that of the first equation and 

(Ai/ij) xf + (A2/X.5) a;î a;2 4- (Aĝ ug) Xixf + {X^pf) xf = 0 

except for a factor A/. The roots of the last equation are 0.^X2, 0.2X2, 0^-^X2. 
Hence the resultant, apart from a constant factor, is 

n {(Aja^ 4- Ajtt^ 4- Agtt 4- A4) xf 4- Aj (a^ 4- 1 4- ax-fj xf], {a = a^, a.2, ai) 

o r xi' n { (Aitt-^ 4- A2a^ 4- Agtt 4- A^) X2 4- Ag (a^ 4- 1 4- axfl}. 

Hence the complete resolvent is X2^, since no values of X2, x-a inde
pendent of the A's and p.'s will make the remaining product of factors 
of the above resultant vanish. 

The complete resolvent of M, worked in the same way, is also xf; 
i.e. M and M' have the same complete resolvent, although they are 
not the same module. M, but not M', contains the two modules 

M" = {xz — 1, î î  4- â iâ a 4- xf, xfx2 + XiX-f), 

M'" = (iCg 4-1, xf - X1X2 + xf, xfx2 — Xixf), 

i.e. every member of M is a member of M" and of M'". Thus 

X2^ = X2{xf -1- a;i«2 4- X2^) - {xfx2 + «i«2 )̂, 

Xf + Xf + .«i«2i»3 = (xf + X1X2 + xf) + XiX2{x,i,— 1). 

The module M is what is called the L.C.M. of M', M", if'". The 
two modules M", M" have Xi = X2=x-i—l=0 and «i = 5̂2 = «34-1 = 0 
for their spreads, which are imbedded in the spread Xi=X2 = ^ of the 
first component of M^, viz. M'. 

ilf is then properly .speaking a mixed module although this is not 
indicated by its complete resolvent xf. It has two imbedded spreads, 
the points (0, 0, + 1). The complete resolvent should have the factors 
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«3 ± 1 to -indicate these, but it has no such factors. The complete 
resolvent may indicate imbedded modules which do not exist as in 
Ex. ii, or i t may give no indication of them when they do exist as in 
Ex. iii. 

Example iv. I t is stated in the Encyk. der Math. Wiss. 
(Wi, p. 305) and repeated in (W2, p. 354) that if only one complete 
partial resolvent Z)M differs from 1, and X"''' has no repeated factor, 
the module is the product of the prime modules corresponding to 
the irreducible factors of D''''. The absurdity of this stsitement is 
shown by applying it to the module {u, vw), where u, v, w-are the same 
as in Ex. ii. The complete resolvent is i?'^' = (J)iU - aiv) (CJM - Oiw), 
and the product of the prime modules {u, v), {u, w) corresponding to 
its two factors is {u^, uv, uw, vw) =t= (u, vw). 

18. T h e w-resolvent . The solutions of Fi = F2-= •..=-Ft, = 0 
are obtained in the most useful way by introducing a general unknown 
X standingfor UiX^^ + UiXi + ••• +««»«,„ where««i, «2, ••-, w-a are undeter
mined coefficients. This is done by putting 

_X—U2X2-...—UnXn 
X'l — 

Ml 

in the system of equations Fi = F2= ..• = Fj: = 0. We thus get a hew 
s y s t e m / i = / 2 = ... = / s = 0 in x, X2, x,„ ..., Xn, where 

f ^ uiiFi {^'-u.^^--- ^-^n^^^_^. „̂  \ (j = l,2, ...,k), 
\ Ui J 

the multiplier ufi being introduced to make fi integral in «i. There 
is evidently a one-one correspondence between the solutions of the two 
systems, viz. to the solution 4 , 4 , ••-, 4 , oiFi=F2= ••• =F^=Q there 
corresponds the solution 4 4 , •••, 4 o f / i = / 2 = . . . = / * = 0, and vice 
versa, where ^ = MI 4 + Ma 4 + • • • + « » 4 . 

Definition. The complete, resolvent DnDfK..Df'-''1{=Fn) of 
{fi> f, ...tfii) obtained by eliminating X2, x^, ..., x,, in succession is 
called the complete u-resolvent of {Fi, F2, ..., Ff). 

Since Fn^ 0 mod ( / i , / 2 , . . . , / , ) , by § 15, we have 

{F)x=u,x,+...-{-u,a:n=0 m o d ( i ^ i , F2, . . . , Fi). 

_ ^ . is a whole function oi x, X2, ..., Xn, «i, tn, ..., Un which resolves 
into linear factors when regarded as a function of x only. The linear 
-factors of rank r, that is, the linear-factors of Df-^\ are of the type 

X - Uiii- ... - Urir-Ur+iX,.+^- ... - U^Xn 
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where 4 , •••, 4 , av+i, •••, Xn is a solution of Fi=F2= ... =F^ = 0. 
For if x~ £ is any linear factor of Z»J''-'> then M s a root of 
i>„"-'* = 0 to which corresponds a solution 4 4 , ..., f,., a:v.̂ i, ..., x,, of 
fi=f.= ... =/ i ; = 0 (§ 14) and a solution 4 , fj, •••, 4 , .r,.+,, .. , «„ of 
Fi = F2=...=Fj, = 0, where ^ = M I 4 4 - . . . 4-M,.44-M,.+ia;,.̂ .i -h...-^ «„*-„• 

The linear'factors of Fn expressed in the above form supply all the 
solutions o f / i = / 2 = ... = / , = 0, viz. 4 4 , •••, 4 , av+i, ••-, ;»„, and all 
the solutions of Fi = F2=... =F„=^0, viz. ^'i, 4 , ..., ,̂., a;,.+i, ..., «;„, of 
the several ranks r = 1, 2, . . . , « ; but it is only when 4 , 4 , ..., 4 are 
independent of Ui, w,, ..., Un that we know the solution from merely 
knowing the factor. 

19. A linear factor of F^ of rank r such as the above will be 
called a ifrMelinear factorif 4) 4 i •••, 4 are independent of MI, Ma, . . . , M „ , 
that is, if it is linear in x, Ui, U2, ..., Un. 

If a linear factor of Fu is not a true linear factor tlie solution 
supplied by it is an imbedded one. 

Let 57—^ora;-«i4-•••-M,4-M3+ia;5+i —...—M„«,j be a non-true 
linear factor of i^„, so that ^i, 4 , •••, 4 depend onMi, M2, •••,««• Then 
4 , 4 , •••! 4 , 8̂4-1) •••, ^n is a solution pf Fi = F2=... =F^ = (i, and so 
also is v?i, %, ..., 17s, Xs+i, ..., Xn where 171, 172, •••, % are obtained from 
4 J 4 , •••, 4 by changing Ui, M2, ..., u^ to v^, V2, ..., Vn. Hence -q, 172, 
..., ffs, *'s+i, •••, Xn (where •q = 'Uiy]i+ ... + u,ri^+UsJriXa^i+ ...+Unxf) 
is a solution of/i =/2 = ... =f\ = 0, and therefore makes Fu vanish. But 
it does not make Df'^'^...Df'~^'^ vanish since this does not involve 
X2, ..., Xs, and cannot have a factor x — ri, where •>? involves Vi, V2, ..., Vn-
Hence it makes some factor Df~'^'^ of F^ of rank r < s vanish. Then 
Z).B'''~''vanishes when «, «,.+!, ..., x^ are put equal to 1], J7,.̂ .i, ..., ij^; 
and by putting Vi, V2, ...,.Vn (of which Z*,,**""̂ ' is independent) equal to 
Ui, M2, ..., M„ it follows that Df~^'' vanishes when x, Xr+i, ..., Xg are 
put equal to 4 4+ij •••) 4- Hence the solution 4 4 , ••-, 4 , Xg^i, ..., Xn 
is an imbedded one (§ 16). 

It follows that all the solutions 0 / i^i = i^j = ... = i'l; = 0 are obtainable 
from true linear factors of Fn ; and that all the linear factws of the 
first complete partial u-resolvent {difierent from 1) are true linea/r 
factors. 

It also follows tlwbt if there.is a spread of rank s which is not im
bedded there must be true linear factors of Fn of rank s correspoiiding 
to tlie spread. 
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We have not proved that all linear factors of Fu are true linear 
factors*, and whether this is so or not must be considered doubtful. 

20 . If an irreducible factor Bn of Fu considered as a whole 
function of all the quantities x, x^, -••, Xn, Ui, MJ, ..., M„ has a true 
linear factor all its linear factors are true linear factors. 

Let Bu be of rank r. Then Bn is independent of x„ X2, • • •, «,. and 
there is a one-one correspondence between its true linear factors and 
thesetsofvalues4,4, ..., 4of ;ri,.«2,...,«,. (not in vol vingz<a,M2, •••,««) 
for which {B'u)x=u,x,+...+unXn vanishes. Let 

{Bu)x = «,X, + ...+UnXn = PlBi + P2B2+ ... +PiJ.B^, 

where Pi, P2, •••, P^ are different power products of MI, M2, ...,Un and 
Bi, B2, ..., B^ are whole functions of Xi, X2, ..., Xn independent of 
Ui,U2,...,Un. Then the sets of values 4 , 4 , •••, 4 required are the 
solutions of .^1= i?2 = ... = i?„ = 0 regarded as equations for Xi, X2,..-, Xr. 
These come from the solutions 4 , 4 , •••, 4 , «r+i, •••, ^n of rank r of 
the same equations va. Xi, X2, ..., x,,. Now there is at least one solu
tion of rank r, since Bu has a true linear factor; and only a finite 
number of such solutions altogether, since Bu has only a finite number 
of such factors. Hence the first complete partial M-resolvent (different 
from 1) of the equations B^ = B2= ... = Bf, = 0 isoi rank r, and resolves 
completely into true linear factors (§ 19) 

a;—Mi^l— . . . — M , . f r - Ur+iXr+i— ••• —UnXn-

This complete partial M-resolvent of rank r is therefore Bu itself (or else 
a power of Bf), which proves the theorem. 

If Fn is resolved into factors of the i?„ type (irreducible with 
respect to x, x.2, ..., Xn, «<i, M2, •••, uf), and these into irreducible 
factors as regards x, X2, •••, Xn only, Fu will be resolved into all 
its irreducible factors. Hence every irreducible factor of F„ is a 
factor of a factor of the Bu type, and has all or none of its linear 
factors true linear factors. 

It follows that any factor of Fn irreducible with respect to 
X, X2, ..., Xn, and having a true linear factor, has all its linear factors 
true linear factors, and is a whole function of th, ih, •••, u-n. 

* Kronecker states this as a fact without proving it. Konig's proof contains an 
error (K, p. 210). It is not correct to say as he does that Ep)Xi{'') vanishes 
when x = {,t, but only when x, 41, fj, . . . , 4 are put equal to f,, fi',^^', ... , f,'. 
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21. The irreducible spreads of a module. Let Bu be any 
irreducible factor of F,^ of rank r having a true linear • factor. We 
know that 

i=d 
Bu = A n {x - u^Xii - ... - UrXri - Ur+i a;,.+i - ... - u^xf). 

j = l 

i = d 

Hence (Ru)x=u,xy+...+ti„xn = AH {u^(xi-Xu) + ... + Ur{xr-x,f)]. 
? = i 

To Bu corresponds what is. called an irreducible spread, viz. the 
spread of all points Xu, ••-, «w, a;,.+i, ..., Xn in which «,.+i, ..., a!„ take 
all finite values, and x^, •••, «.„• the (̂  sets of values supplied by the 
linear factors of Bn, which vary as Xr+i, ..., Xn vary. 

The degree d of B^ is called the or^er of the irreducible spread. 
From the two identities above several useful results can be deduced. 

It must be remembered that B,n is a known polynomial in x, Xr+i, •••, 
Xn, 111, U2, ..., tin. No linear factor of Bu can be repeated, unless 

Xr+i, ..., .r,j are given special values; for otherwise .By, and ~r-^ would 

have an H.C.F. involving x, and Bu would be the product of two factors. 
Whatever set of values .»,.+i, ..., Xn have, whether general or special, 
the d sets of corresponding values of «i, X2, ..., Xr, viz. Xu, x.^, ..., «,.; 
are definite and finite, because Bu is regular in x. 

From the second identity it is seen that {B,ii)x==u^x,+...+u,^, is inde
pendent of •««,.+!, •••, Un, and vanishes identically (i.e. irrespective of 
Ml, M2, ..., ufi at every point of the spread and no other point. Hence 
the whole coeffi,cients* of the poiver products of Ui, M2, ..-, M,. in 
{Bf)x=u,xi+...+u„;cn cM vanish at every point of the spread and do not 
all vanish at any other point. These coefficients equated to zero give a 
system of equations for the spread ; but it is not necessary to take 
them all, and some are simpler than others. The coefficient of uf 
gives an equation <̂  {Xr, «,-+i, .•.,xf)=All{xr- Xri) = 0 for Xr, whose 
roots are the d values of Xr corresponding to given arbitrary values of 
Xr+i, ..., Xn. The coefficient of MIM/"^ gives an equation 

a ' i ' ^ ' - - ^ i=^S ' ' ' = 0, 

where <̂ ' is ~ and ^1, or </> S —-^1^—, is a polynomial in a;,., av4-i, •••,*'»• 

* Also these coefficients are members of (Fi, F2, ..., Fj,) if (Iiu)x=K,xi+...+u,iXn 
is a member ot {Fi,F2, ..., Fjc), as it will be proved to be when (Fi,F^^, ..., F^) is a 
prime module (§ 31). 
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Similarly we have «2<̂ ' - <̂2 = 0,. . . , .2;,._i^'- <̂ _̂i = o. The equations 

^ _ U , X i - ^ , , X2-^,, . . . , X r - i - - ^ 

are called more particularly the equations of the spread, the first giving 
the different values of a;,, as functions of a;r+i, •••, «„, and the others 
giving Xy, X2, •••, a;,._i as rational functions of Xr, «,.+i, •••, *'»• If 
Xr, Xr+i, ..., Xn havo such values that i^=<^' = 0 then cj>i, 'j>2, •••, < r̂-i 
all vanish and the expressions above for x^, X2, ..., Xr-i become inde
terminate. In such a case the values of «i, ^2, ••., a;,._i may be found 
by taking other equations from {Bu)x=m,x,+::.+ii,iXn for them. 

22. Geometrical property of an irreducible spread. 
An algebraic spread in general is one which is determined by any 
finite system of algebraic equations, and consists of all points whose 
coordinates satisfy the equations and no other points. Such a spread 
has already been shown to consist of a finite number of irreducible 
spreads each of which is determined by a finite system of equations. 
The characteristic property of an irreducible spread is that any alge
braic spread which contains a part of it,- of the same dimensions as the 
irreducible spread, contains the whole of it. 

Let i^i = î 2 = • • • = ̂ s = 0 be the equations determining any algebraic 
spread, and Fi = Fi= ...= F'y = 0 the equations determining an irre
ducible spr.ead. The spread they have in common is determined by 

' the combined system of equations Fi= F2= • • • =Fk — Fi = ...=F\- — Qi, 
and is contained in the irreducible spread and has the same or less 
dimensions. If it is of the same dimensions as the irreducible spread 
the complete M-resolvent of Fi= ... = F,!, = Fi = ... =F'j:' = 0 will have 
an irreducible factor Bf- of the same rank as the irreducible factor Bi 
of the complete M-resolvent of Fi = Fi = ... = F'lc' = 0 corresponding 
to the spread of the same. Also all the roots of Bf = 0 regarded as 
an equation for x are roots of Bf = 0. Hence Bf is divisible by Bf, 
and since they are both irreducible they must be identical. Hence the 
spread of Fi= ... =F,, = Fi = ...=F'i:' = 0 contains the whole of the 
spread of Fi = Fi = ...= F'y = 0, and the spread oi Fi=F2= ...=.Fi,=id 
contains the same. This proves the property stated above. 
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III. aENERAI. PROPERTIES pF MODULES 

23. Several arithmetical terms, are used in connection with 
modules suggesting an analogy between the properties of polynomials 
and the properties of natural numbers. Two modules have a G.C.M., 

an.L.c.M., a product, and a residual (integral quotient); but no sum 
or difference. Also a prime module answers to a prime number and a 
primary module to a power of a prime number. Such terms must not 
be used for making deductions by analogy. 

Definitions.. Any member F of a module M is said to contain M. 
Also the module {F) contains M. It is immaterial in this statement 
as in many others whether we regard i ' ' as a polynomial or a module. 
The term contains is used as an extension and generalisation of the 
phrase is divisible by. 

More generally a module M is said to contain another M' if every 
member of M contains M'; and this will be the case if every member 
of the basis of M contains M'. Thus (Fi, F2, •..,F,i) contains 
(Fi, F2, •.-, Fn+i), and a module becomes less by adding new members 
to it. 

If M contains M' and M' contains M we say that M, M' are- the 
same module, or M= M'. 

If M contains M' the spread of 31 contains the spread of 31', but 
the converse is not true in general. 

If in a given finite or infinite set of modules there is one which is 
contained in every other one, that one is called the least module of the 
set; or if there is one which contains every other one, that one is 
called the greatest module of the set. Two modules cannot be com
pared as to greater or less unless one contains the other. 

There is a module which is contained in all modules, the unit 
module (1). Also (0) may be conceived of as a module which contains 
all modules; but it seldom comes into con,sideration and will not be 
mentioned again. These two modules are called non-proper modules, 
and all others are projjer modules. In general by a module a proper 
module is to be understood. 

The G.C.M. of k given modules 31, M2, •••, M^ is the greatest of all 
modules'M contained in ilfj and ifs . . . and Jf,,, and is denoted by 
(ilfi, M2, ..., Mt). In order that M may be contained in each of 
Ml, M2, ..., M,„ or that each of Mi, M2, ..., M„ may contain M, it is 
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necessary and sufficient that" all the members of the bases of Mi, M2, 
..., Mji should contain M; hence the module whose basis consists of all 
these members contains-all the modules 31, and is at the same time 
one of the modules M. It is therefore the greatest of all the modules 
M and the G.C.M. of Mi, M2, ..., M„. The notation {Mi,M2, ...,Mf) 
agrees with the notation (i^i, i^a, •••, Fi), since the latter is the G.C.M. of 
Fi,F2,..., Fh regarded as modules. 

The L.C.M. oiMi,M2, •••, M% is the least of all modules I f contain
ing Ml and 3I2... and M,,, and is denoted by [Mi, M2, ••., Mf\. Its 
members consist of all polynomials which contain ilfi and M,..- and 
Ml,; for the basis of any module M containing ilfiand M2... and Mi 
must consist of a certain number of such polynomials, and the whole 
aggregate of such polynomials constitutes a module M which is the 
least of all the modules M. 

The product of Mi,M.2, ..., if* is the module whose basis consists 
of all products FiF2... -f*, where Fi is any member of the basis of 
Mi{i = l, 2, ...,k). The product is denoted by Mi3f2...Mk, and is 
evidently a definite module independent of what bases may be chosen 
for Ml, M2,...,M,. The product M1M2...3L contains the i.c.M. 
i3Ii,M2,...,Mi\. 

The product of y modules each of which is the same module M 
is denoted by 3r and is called a power of M. If P is the point 
(«!, as, ..., «,j) the module {xi-ai,X2~a2,...,Xn-an) is denoted by 
P. If 0 is the origin the module 0 is (iri,a;2, .•.,Xn), and 0^ is a 
module having for basis all power products oi Xi, X2, .••,a;„ of degree y. 
A polynomial F, or module 31, which contains P^ is said to have a 
y-point at P. 

The residual (L, p. 49) of a given module 31' with respect 'to 
another M is the least module whose product with 31' contains M and 
is denoted by MjM'. Its members consist of every polynomial whose 
product with each member separately of the basis of M' is a member 
of M; for the basis of any module whose product with M' contains 31 
must consist of a certain number of such polynomials, and the whole 
aggregate of such polynomials constitutes the least such module. 

In the case of the natural numbers the residual of m' with respect 
to m is the least number whose product with m' contains m, and is the 
quotient of m by the G.C.M. of m and m'. It is the same to some 
extent with modules, viz. M/M' = 3I/{M, M'); for if 31/31'= 31" then 
M" is the least module such that M'M" contains M, and is therefore 
the least module such that {M,M')M" contains 31, i.e. 31" = J//(i)/, 31'). 
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Nevertheless Mj{3'1,31') is not called the quotient of M by {M, 3!) 
because it is not true in general that the product of {M,M') and 
Ml{31, M') is M. 

If M, M', 31' are three modules such that M'M" contains M it is 
clear that M contains MjM" and M" contains 31/31'. Since MM' 
contains 31, M contains 3I/M'. The module 3IJ3I' is a module con
tained in M having a special relation to M independently of what M' 
may be (§ 26 (i)). 

There is a least module which can be substituted for 31' without 
changing 31/31', viz. MI{M/M'), § 26 (ii). This module is contained-
in {M, M'), for {3l, M') can be substituted for 31' without changing 
3IjM', but is in general different from {31, 31'). 

24. Comment on the definitions. The non-proper unit 
module (1) has no spread. Conversely a module which has no spread 
is the module (1), since the complete resolvent is 1 and is a member of 
the module. The unit module is of importance from the fact that it 
often comes at the end of a series of modules derived by some process 
from a given module. 

{Mi,M2, ...,3I,i) and \_Mi,3l2, ..., Mi\ obey the associative law 
[31, M2, Mi\ = [{Ml, Mi\, M.i\ = [Ml, \_M.2, Mi\], and the commutative 
law {Ml, Mi) = {M2, Mi). Also {3Ii, WI, •.•,Mi) obeys the distributive 
law M {Ml, Mi)={M3Ii, MMf ; but [iii, M2, ..., Mf\ does not. 

Example. As an example of the last statement we have 
(a;i, xi) {{xi, xf), {xi xi)] = {xy, xi) {xi X2, Xi x-i) = {xi xf) {x^, x-if, 

while {{xi, x.i) {xf, xf), {xi, xi) {xi xi)] = {xi xi) {xi, xf). 
Given the bases of Mi,M2, •.., Mj,, M, M' we know at once a 

basis for {M^, 3I2, •.., 3If) and for M1M2...3L; but it may be 
extremely difficult to find a basis for {Mi, Ifs, •••, ^*] or for M/3I'. 
Hilbert (H, pp. 492-4, 517) has given a process for finding a basis of 
[ilfi, M2, ...,Mji\; and the same process can be applied for finding 
a basis for M/M'. This process is chiefly of theoretical value in so 
far as it has any value. 

We can have (i) MM' = MM", or 3I/M' = M/M", without M=M"; 
(ii) M/M'=M" without MjM"= 31'; (iii) ilf/if'= M" and MIM"= M 
without M=M'M"; and (iv) 31=31 M" without M/M'= M" or 
M/M"=.M'. 

Examples, (i) {x^, X2) {xi, xff = {xi, xf) {xf, xf), 
(xi, xif/{xi, xif = {xi,a;^./.{^i, xf); 
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(ii) (xi,X2y/(xf,X2^) = {xi,X2), while (â i, «2)7(a'i,«2) = («i,«2)'; 
(iii) {xf, xf)/{x^, xi) = {xi, Xif and {xf, xf)/{xi, x.if = {xi, X2), 

while {xf, x.f) =1= {xi, xi) {xi, xff; 

(iv) {x,i, xff = {xf, xix2, Xof) {xf, Xixi, xi), 

while {xi, xif/{xi, xf X2, x.f) and {xi, xff/{xf, Xi xi, xf) are both 
equal to {xi, xif. 

25 . The product of the G.C.M. and L.C.M. of two modules contains 
the product of the modules. 

Let M={Fi,F2, ...,Ff) and M' = {Fi,Fi, ...,F'y) be the two 
modules and let FL be any member of the basis of their L.C.M. Then, 
since _Pi = 0 mod if, i^/i^i = 0 mod ifif ' ; and since i^i = 0 mod if', 
i^ii^i = 0 mod ifif ' ; i.e. the product of any member of the basis of 
(if, i f ' ) with any member of the basis of {M, M'] contains MM', or 
{31, M') {M, M'] contains MM'. 

When M, M' have no point in common {M, M') = (1) and con
sequently [ if , i f ' ] contains MM', i.e.. {M,M']=MM'. This case is 
proved by Konig (K, p. 356); although it is to be noticed that 
{M, M') cannot be (1) in the case of modules of homogeneous poly
nomials. Thus the L.C.M. of any finite number of simple modules 
(§ 33) is the same as their product (Mo). 

26. The modules M/M' and M/{M/M') are mutually residual 
with respect to M, i.e. each is the residual of the other with respect to M. 

Let M/M' = M" and M/{M/M')=M"''; then we have 31'" = 31/M", 
and we have to prove that if" = if/if'". Let M/31" = 31". Now 
M'M" contains M; therefore M' contains ' M/3I" or if'". Also 
M"M'" contains 31; therefore M" contains 31/M'" or 31". Again, 
since if' contains M'" (proved) and M'"M" contains 31, M'M" 
contains M, i.e. M" contains M/M' or 31". But M" contains M" 
(proved). Hence M" = M" = M/M'". 

Two results follow from this : 

(i) M/M' is a module contained in 31 of a particular type; for 
M/3I' and its residual with respect, to M are mutually residual with 
respect to if, and this is not true in general of any module contained 
in i f and the residual module (Ex. ii, § 24). 

(ii) The least module which can be substituted for 31' without 
changing M/M' is M/{3I/M'). Let 31" be any module such that 
M/M" = M/M'; then the product of M" and M/M' contains M, and 
M" contains M/{3I/M'). Also M/{M/M') is one of the modules 'M" • 
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for if M/{3I/M') = M" then M/M'" = M/M', by the theorem. Hence 
M/{M/M'y is the least of the modules 31" which can he substituted 
for M' without changing M/M'. 

27. If 31', 31" are mutually residual with respect to any module 
they a/i-e mutually residual with respect to M'M". 

Suppose 31, 31" are mutually residual with respect to i f Then 
3I'M" contains M; and if M'M"/M' = 31'", M'M'" contains M'M" 
which contains i f ; hence i f " contains M/M' or M": Also M" 
contains M'M"/M' or M'". Hence M" = M'" = M'M"/M'. Similarly 
M'=M'3r/3I' {ci. statement iv, § 24). 

Any module 31 with respect to which M', M" are mutually 
residual contains {3T, M"] and is contained in M'M". 

28. If M, ifi, M2, ..., M-ic are any modules, then 
M/{M„ M2, ...,M,i) = {M/Mi, M/M2, ..., M/Mii\, 

and {Ml, 31.2, ...,Mji\/M= [ i f i / i f , i fs / i f ..., M„/3I]. 

For if/(ifi,if2, ...,if;,) contains M/Mi and therefore contains 
{3I/Mi,M/M2, ..., M/Mi\. Also if̂  [if/if, ..., M/M,] contains 
ifi X M/Mi which contains M; hence (ifi, ..., if,) {31/Mi, ..., M/M,] 
contains 31, and [if/ifi, ..., i f / i f J contains 3I/{3I, ...,M,i). This 
proves the first part. 

Again [ifi, ..., i f j / i f contains Mi/M and therefore contains 
{MfM, ...,M,/M]. Also if[ifi / i lf . . . , i f 7 i f ] contains i f and 
therefore contains [ifj, ..., i f j ; hence [ifi/if, ...,ifj^/if] contains 
[ifi, ...,Mf[/M. This proves the second part. 

29. Prime and Primary Modules. Definitions. A prime 
module is defined by the property that no product of two modules 
contains it without one of them containing it. 

A primary module is defined by the property that no product of 
two modules contains it without one of them contr.ining it or both 
containing its spread. Hence if one does not contain the spread the 
other contains the module. 

Primary modules will be understood to include prime modules. 
Lasker introduced and defined the term primary (L, p. 51), though 

not in the same words as given here. The conception of a primary 
module is a fundamental one in the theory of modular systems. 

Any irreducible spread determines a prime module, viz. the module 
whose members consist of all polynomials containing the spread. That 
this module is prime follows from the fact that no product of two 

M. 3 
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polynomials can contain the spread without one of them containing 
it (§ 22) and the module; and the same is true if for polynomials we 
write modules. 

If M= {Fi, F2, ..., Ff) is the prime module of rank r determined 
by an irreducible spread of dimensions n-r, and if the origin be 
moved to a general point of the spread, the constant terms of 
i^i, î 2, •••, F, will vanish, and the linear terms will be equivalent 
to r independent linear polynomials, i.e. the sub-determinants of 
order > r of the matrix 

3^1 dF dFi 
dXi' 3X2' '" dXn 

BF BF dj\ 
dXi ' dX2 ' BXn 

will vanish, while those of order r will not vanish, at the origin. This 
will be equally true for any general point of the spread without 
moving the origin to it. Any point of the spread for which the 
sub-determinants of order r oi this matrix vanish is called a singular 
point of the spread, and the aggregate of such points the singular 
spread contained in the given spread. The singular .spread (if any 
exists) is therefore the spread determined by i^i, i^a, ..., F, and the 
sub-determinants of order r oi the above matrix. 

If M={Fi, F2, ..., F,i) is the L.C.M. of the prime modules deter
mined by any finite number of irreducible spreads of the same 
dimensions n - r, the same definition holds concerning singularities 
of the whole spread. In this case the singular spread consists of the 
intersections of all pairs of the irreducible spreads, together with all 
the singular spreads contained in the irreducible spreads considered 
individually. 

30. The spread of any prime or primary module is irreducible. 
For if not the complete M-resolvent has at least two factors corre
sponding to two different irreducible spreads of the module neither of 
which contains the other, and is the product of two polynomials 
neither of which contains the whole spread of the module, i.e. the 
module is neither prime nor primary. 

31. T/iere is only one prime module with a given {irreducible) 
spread, viz. the module whose members consist of all polynotnials 
containing the spread. 
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Let M={Fi,F2, ...,Fii) be any prime module of rank r. It will 
be sufficient to prove that every polynomial which contains the spread 
of M contains the module M. The first complete partial M-resolvent 
of i f other than 1 will be a power Bf of an irreducible polynomial Bu 
in «, .«'r+i, ..•,Xn. Also the complete M-resolvent is a member of 
(/ij/2, ...yff), §18, which is prime; and every factor except i?„'" is 
of too high rank to contain the spread of {f^f, -..,ff). Hence Bf, 
and therefore Bu itself, is a member of (/i,/2, ...,ff). Hence 
\Bii)x-niXy+...+unxn is a member of 31, and also the whole coefficient of 
any power product of MI, M2, ..., M„ in {Ru)x=u,x,+...+unx,,. We have 
proved (§21) that 

(iBf)^^u,x,+...+u,tXn = ' •.. + M-/"^ {Uifi+ ... + M.,,_i l/',._i) + llf 4,, 

where xj/i^Xi4>' — 4>i, •••, ̂ r-i = Xr-i<^'- ^,--i. Hence i/'i, ..., ^r^i, "̂  are 
all members of M. 

Let F be any polynomial which contains the spread of if. In F 
put Xi = </>i/</>', X2 = 4>2/4'i • • • I ^r-i = 4'r-i/4''; then F becomes a rational 
function of «,., a;r+i, •••, Xn of which the denominator is <t>'\ where I is 
the degree of F. This rational function vanishes for all points of the 
spread at which </>' does not vanish, and its, numerator is therefore 
divisible by <̂ . We have then 

M l ^2 ^ 1 „ r \ ~ ^ 

where X i s a whole function oiXr, Xr+i, •••, Xn; i.e. 

\ ^ ~ if' rf ' '"' d>' ' '•+^' • • •' " / ~ ( i ' ' ' 

or </>"'F{xi,X2, ...,a;„) = 0 mod (I/'I, ..., i/',.-!, <̂ ) = 0 modif 
Hence i^=Omodif, which proves the theorem. 

It follows that a module which is the L.C.M. of a finite number of 
prime modules, whether of the same rank or nof, is uniquely deter
mined by its spread, and any polynomial containing the spread 
contains the module. 

32. If M is a primary module and Mi tlie prime module deter
mined by its spread some finite power of Mi contains 31. 

This theorem, in conjunction with Lasker's theorem (§ 39), is 
equivalent to the Hilbert-Netto theorem (§ 46). The proofs of the 
theorem by Lasker and Konig are both WTong. Lasker first assumes 
the theorem (L, p. 51) and then proves it (L, p. 56) ; and Konig 
makes an absurdly false assumption concerning divisibility (K, p. 399). 

3—2 
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By the sanie reasoning as in the last theorem it follows that Bf 
(but not Bf) is a member of (/ i , /2, ...,ff), and 

{Bu'^)x^n,x,.^...+.n^n = { - + " / " ' ( ^ ' I ' A l + •• • + ^r-i^Pr-i) + uf<^T= 0 m o d i f . 

Picking out the coefficients of M/™ and M/'"-™Mr, we have 

"̂̂  = 0 mod if, and i /^ r^X^ mod i f ; .". i/'i'"'=0 mod if; 

and similarly ^//f''' = ... = \/ff_^^ = 0 mod if. Also if i^is any member of 

ifi, then, by the last theorem, 

4>'^F= 0 mod (I/'I , . . . , i/'r-i, ^)-
Hence the product of any mi' polynomials F and ^''™' is a member of 
(O^r', .//2 , ... •/'"Ll, </>'"') and of if, i.e. i f™' contains i f 

33 . Definitions. If M is a primary module and i f the corre
sponding prime module the least number y such that ifi''' contains M 
is called the characteristic number of M. 

A smpfo module is a module containing one point only (Mo). For 
example^ 0^=(«i,«2, ...,Xny is a simple module with characteristic 
number y. 

A module of homogeneous polynomials will be called an H-
module. A simple ff-module has the origin for its spread; but a 
simple module having the origin for spread is not in general an H-
module. 

A simple module is primary. For if i f is a simple module, and 
M', M" any two modules whose product contains M, of which M' does 
not contain the spread of 31, then (if, M') contains no point and is the 
module (1) ; but ( i f M') M" contains M, i.e. 31" contains M; hence 
M is primary. 

34. There is no higher limit to the number of members that may be 
required to constitute a basis of a prime module. This is not in conflict 
with Kronecker's statement, proved by Konig (K, p. 234), that there 
always exist n + 1 polynomials containing a given algebraic spread 
which have no point in common outside the spread. 

Example.. Consider 1-^(^-1) straight lines through the origin 0 
in 3-dimensional space, not lying on any cone of order 1—2. Draw a 
cone of order I and a surface (not a cone) of order I through the 
\l{l— 1) lines so as to intersect again in an irreducible curve of order 
^^(^4-1) with 1^(^-1) tangents at 0. Then no basis of the prime 
module determined by this curve can have less than I members, where 
l\5 a, number which can be chosen as high as we please. 
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This can be proved by considering residuation on the cone. The 
original ^ l{l-l) generators have a residual on the cone of i-^(^-l) 
generators, which again have a re,sidual of H ( / - l ) generators, of 
which ^—1 can be chosen at will. This last set of generators is residual 
to the irreducible curve and together they make the whole intersection 
of the cone with a surface of order I having an (^-l)-point at 0. 
Hence there are I surfaces of order I containing the irreducible curve 
which have an (I— l)-point at 0 and in which the terms of degree I— 1 
are linearly independent, while there is no surface containing the curve 
with less than an (^-l)-point at 0. The prime module determined 
by the curve must therefore have at least I members in its basis. The 
module has in fact a basis of ^ 4-1 members, the / 4-1 linearly inde
pendent surfaces of order I containing it (including the cone); and 
these can be reduced to I members. 

In the case M = 2 the curve is an ordinary space cubic determining 
a prime module 

{fi,f>ff) = fow'— v'w, wu' — w'u, uv' - u'v), 

where u, v, w, u, v, w are linear. The basis of three members can be 
reduced to tyio f — a f, f — bf provided constants a, b, X, X' and linear 
functions a, /3 can be chosen so that 

/ i = a ( / i - « / ; ) + / 8 ( / i - & / ; ) , 

or {l-a-/i)f + aaf2 + h^f = 0, 
or 1-a- ^ = Xu + X'u, aa = Xv + X'v', b/i = Xw + X'w'; 

and this can be done. 

35. T/ie L.C.M. of any number of primary modules with the same 
spread is a primary module with the same spread. 

Let i f , M2, ..., ifi-be primary modules with the same spread, and 
let i f be their L.C.M.. Then 31 has the same irreducible spread, since 
the product, which contains the L.C.M., has the same spread. Also if 
the product M'M" contains M, and M' does not contain the spread, 
then M" contains i f and 3I2... and M,, i.e. M" contains i f Hence 
i f is primary. The G.C.M. is not primary in general. 

36. If M is primary and M' is any module not containing M 
then M/M' is primary and lias the same spread as M. 

Let i f / i f = M". Then since M'3r contains M, and M' does not 
contain i f M" contains the spread of M. Also i f contains M"; hence 
M" has the same spread as i f Also if ifiif2 contains M" then 
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i ^ ' i f if2 contains M'M" which contains M; and if i f does not contain 
the spread of 31 (that is of M") M'Mi contains if, and ifj contains 
M/M' or if"; i.e. M" is primary. 

37. Hilbert's Theorem (H, p. 474). If Fi, F2, F„ ... is an 
infinite series of liomogeneous polynomials there exists a fimite number 
k such that Fi^ = 0 mod {Fi, F2,..-, Ff) when h>k. 

The following proof is substantially Konig's (K, p. 362). It mu,?t 
be clearly understood that Fi, F2, F^, ... are given in a definite order. 
In the case of a single variable the series i^i, î 2, F^, ... consists of 
powers of the variable, and if F, is the least power then Fn = 0 mod F, 
when h > k. Hence the theorem is true in this case. We shall assume 
it for n — 1 variables and prove it for n variables. 

The series Fi,Fi,Fi,... is called a modified form of the series 
Fi, F.2, F„ ...ii Fi = Fi and Fi = Ft mod {F, i^2, • • •, F-i) for i > 1. 
Thus the modules (i^i, F2, ..., F) and {Fi, .Fi, ..., F/) are the .same. 
The theorem will be proved if we show that the series Fi, Fi, ... can 
be so chosen that all its terms after a certain finite number become 

- zero. We assume that Fi is regular in «„, and we choose the modified 
series so that each of its terms Fi after the first is of as low degree as 
possible ill Xn, and therefore of lower degree in x,i than Fi. The terms 
of the series Fi, Fi, ... of degree zero in «„ will be polynomials in 
,Vi, X2, .. , â ri-i and these can be modified so that all after a certain 
finite number become zero, since the theorem is assumed true for n-1 
variables. Let F't^, F'l^, F'j^, ... be all the terms of Fi, Fi, Fi,..., 
taken in order, which are of one and the same degree l>0 iiiXn; and 
let f'iy,f'i2, ... be the whole coefficients of xf in them. Then 
f'htf'hyf'h, ••• .are polynomials in » - l variables; and we cannot 
have / ' i . = 0mod(/ ' ,^,/ ' i^, ...,/'(._^) for any value of i; for if 
f'H = AJ\ + AJ'i.^+ ... ^Ai^,f',._^,ihQnP'i.-AiF'i^-...-Ai-iFi._^ 
is of less degree than I in Xn, which cannot be. Hence the number of 
the polynomials f'i.^,f'i^, ..., or the number of terms F'u, F', 

h'- . m 
the series Fi, .Pi, ..., is finite. And the number of values of I is 
also finite, the greatest value of I being the value it has in Fi. 
Hence the theorem is proved. 

The theorem can be extended at once to an infinite series Fi,F«,... 
of non-homogeneous polynomials since they can all be made' homo
geneous by introducing a variable Xo of homogeneity. 

The following is an immediate consequence of the theorem : 
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Any module of polynomials has a basis consisting of a finite number 
of members. 

To prove this it is only necessary to show that a complete linearly 
independent set of members of any module can be arranged in a definite 
order in an infinite series. If / is the lowest degree of any member we 
can first take any complete linearly independent set of members of 
degree I, then any complete set of members of degree ^4-1 whose terms 
of degree l+l are linearly independent, then a similar set of members 
of degree 1 + 2, and so on. In this way a complete linearly independent 
set of members is obtained in a definite order. It does not matter in 
what order the members of a set are taken, nor is it necessary to know 
how to find the members of a set. It is sufficient to know that there 
is a definite finite number of members belonging to each set. 

38. The //-module equivalent to a given module. 
Consider a complete linearly independent set of members of a given 
module M, not au ff module, arranged in a series in the order described 
above; and make all the members homogeneous by introducing a new 
variable «»• We then have a series of homogeneous polynomials 
belonging to an if-module ifo, whose basis consists of a finite number 
of members of the series. The module Mo is called the H-module 
equivalent to 31, and a basis of M obtained from any basis of i f by 
putting «o = 1 is called an Hbasis of M. The distinctive property of an 
.ff-basis {Fi, F2, •••, F,,) of i f is that any member F of i f can be put 
in the form ^ i f i +J.2i^2+ ••• +^iJ^ic where AtFi {i=l, 2, ..., k) is not 
of greater degree than F. Every module lias an H-basis, which may 
necessarily consist of more members than would suffice for a basis in 
general. 

The following relations exist between M and its equivalent H-
module ifo: (i) to any member f of i f corresponds a member Fo of ifo 
of the same degree as F, and an infinity of members xfFo of higher 
degree; (ii) to any member .Fo of ifo corresponds one and only 
one member of i f viz. (Fo)xo=i; ("i) t^iere is a one-one correspondence 
between the members of ifo of degree I and the members of M of 
degree $ I. 

If XoFo = Q mod if,, then (^0)^.=! = 0 mod i f and î „ = 0 mod ifo 
by (i), i.e. there is no member XoFo of ifo such thati^„ is not a member 
of ifo, and if0/(^0) = Mo. Conversely an H-module 31 in n variables 
Xi, x.2, ...,xi, is equivalent to the module ifr„=i if M/{Xn) = 31, and not 
otherwise. 
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In any basis {Fi, F2, ••., Ff) of an ZT-module in which no member 
is irrelevant, i.e. no Fi = 0 mod {Fi, ..., Fi-i, Fi^.i, ..., Fi), the number 
of members of each degree is fixed; as can be easily seen by arranging 
Fi, F2, ..., F,cm order of degree. Hence in any H-basis of a module 
in which no member is irrelevant the number of members of each degree 
is fixed. On account of this and the other properties of an ff-basis 
mentioned above an if-basis gives a simpler and clearer representation 
of a module than a basis which is not an fT-basis. 

Example. Find an if-basis of the module {xi, X2 + Xixi). 

Take the f f module {xf, XiXo + Xixi) and solve the equation 

.-Co-̂ o = 0 mod {xf, «2i»o + ^̂ î -'s)-

or XoXo = xi Xi 4- («2 «o + 2̂̂1 xf) X2. 

Putting Xo = Q we have 

{xfXi + XiX^Xi)x^=^ = 0, 

i. e. Xi = x^X, X2 = — Xi X, when Xo = 0, 

i.e. Xi = XsX+XoYi, X2 = -XiX+XoY2. 
Hence 

«»JTo = xf {XsX + Xo Ti) + ( '̂aaJo 4- XiXi) ( - « i ^^4 - «o Yi) 

= Xo {xf Yi - X1X2X+ «2a7o + a^l * 3 5^2), 

i.e. Xo = Q mod {xf, «i«'2, X2Xo + Xixf). 

Again, if we solve the equation 

Xo Fo = 0 mod {xf, a;i«2, '̂ 2^0 + XiX-fj, 

we find Fo = 0 mod {xf, .̂ ifl̂ g, xf, X2X0 + Xixf); 

and if we solve 

XoZo = 0 mod {xf, a;iii;2) xf, a;2a;o 4- Xixf), 

we find .̂ 0 = 0 mod {xf, .»iâ 2, xf, a;'2«o 4- Xixi). 
Hence {xf, X1X2, xf, x2Xo + Xixi) is the fT-module equivalent 

to {xf, X2 + Xixf), and {xf, a-'iaJa, xf, X2 +Xixf) is an ff-basis of 
\Xi , X2 + XiXf. 

The extra members X1X2, xf might of course have been found 
more quickly by multiplying x^ + XiX^ first by Xi and then by X2. The 
method given is a general one. 

3 9 . L a s k e r ' s T h e o r e m (L, p. 51). Any given module M is 
the L.C.M. of a finite number of primary modules. 

Let M be of rank r. Express its first complete partial w-resolvent 
Df"^'! in irreducible factors, viz. 

Df-^^=:Bf'Bi"K..Bf"'; 
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and let Gi, G2, ..., Gj denote the irreducible spreads, of dimensions 
n — r, corresponding to Bi, B2, ..-, Bj respectively.-

Consider the whole aggregate i f of polynomials F for each of 
which there exists a polynomial F', not containing Ci, such that 
FF' = 0 mod M. We shall prove first that i f is a primary module 
whose spread is Gi («" = 1, 2, ..., j). 

Let f 1, F2 be any two members of i f . Then since f 1 Fi = 0 mod M, 
a,nd FsFi = 0 mod M, where neither Fi nor î 2' contains Gi, we have 
{JiFi + A2F2)FiFi = 0 mod 31, where FiFi does not contain Gi. 
Hence A1F1 + A2F2 belongs to the aggregate 3Ii, i.e. i f is a module. 

Again, since i^i^'= 0 mod if, F contains Gi, and i f contains Gi. 
Now, if Fu is the complete z«-resolvent of M, 

{Fu)x^^HX, + ...+nnXn = 0 ™0d M, 

while (Bi"'i)x=u,x,+...-i-HnXn is the only factor of {Fn)x=u,x,+...+unXn 
which contains Gi. Hence (i?j'"Oa;=-!t,a;,4-...-fM,.ii;„ = 0 mod i f . But the 
polynomial {Bi)x^ti,x,+...+unXn does not vanish identically (i.e. irre
spective of Ml, M2, ...juf) for any point outside Gi (§21); hence i f 
contains no point outside Ci, i.e. Gi is the spread of i f . 

Lastly Mi is primary ; for if F" F'" = 0 mod i f , then 
P'P"F"' = QmodM, 

where F' does not contain Gi; hence, if F" does not contain Gi, F'F" 
does not, andf" ' = 0 mod if;. Hence also if M" M'" contains i f , and 
M" does not contain Cj, M'" contains i f . Thus i f is a primary 
module whose spread is Gi. Also M contains i f , for every member of 
i f is a member of 3Ii. 

The module i f / i f does not contain Gi; for if if- = (i^i, f2, • • •, Ffi 
and i^i', Fi,..., Ff are polynomials not containing C, such that 

FiFl = OmodM {I = l,2,...,k), 
then FiFiFi...Ff= 0 mod 31 {I = 1, 2, ...,k). 
Hence FiFi...Fi is a member of M/3Ii not containing C*; and 
therefore i f / i f cannot contain Ci. 

Since i f / i f does not contain d, ( if/ if , i^/ifs, •••, ^ / ^ j ) does 
not contain any of the spreads Ci, G2, ..., Gj. We can now prove 
that if </> is any single member of ( if / if , MJM2, '.•.,M/Mf) which 
does not contain any of the spreads Gi, G2, •••, Gj, then 

i f = [ i f , i f 2 , ...,iC-, (-a ,̂< )̂]-
Since M contains [if, if2, ..., if,-, ( i f </>)] it has only to be proved 
that the latter contains i f or that 

i^= 0 mod [ifi, if., ..., Mj, {M,^)] requires ^^=0 mod if. 
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We have i'''= 0 mod {M, <jf) =f<j> mod M=f<^ mod i f ; 

but i^=0 modify; therefore ./</> = 0 mod i f j , and, since </> does not 
contain C.(, 

./= 0 mod i f = 0 mod [if i , if2, ..., ifj]. 

Hence/./. = 0 mod [ifi, if„, ..., Mf\ {M/Mi,..., M/Mj) = 0 mod i f (§ 28), 
and F=fct> mod 31= 0 mod M. Hence M= {M,, 31.2, • • •, if,, (if </>)]. 

Now the spread of {M, </>) is of dimensions <n-r, since ^ does not 
contain any spread of M of dimensions n-r. Hence the same process 
can be applied to {M, cff) as to 31; and we finally arrive at a module 
{M, (/), </)', ...) with no spread, which is the module (1). Hence 
3I=={Qi, Q.2, ..., Qii\ where Qi, Q2, ..., Qt are all primary modules of 
ranks < r. 

40 . Comment on Lasker's Theorem. The above is in all 
essentials the remarkable proof given by Lasker of this fundamental 
theorem. He considers ff-modules only and makes use of homo
geneous coordinates, in consequence of which his enunciation of the 
theorem is not quite as simple as the one above. 

Any module among Qi, Q2, ..., Qic which is contained in the L.C.M. 

of all the rest is irrelevant and may be omitted. It will be understood 
in writing M={Q^, Q2, ..., Q,] that all irrelevant modules have been 
omitted. Those that remain will be called the relevant primary 
modules into which M resolves, and their spreads will be called the • 
relevant spreads oi M. A relevant spread which is not contained in 
another of higher dimensions is called an isolated spread and the 
corresponding module an isolated primary module of M. The other 
relevant spreads and modules are called imbedded spreads and modules 
of M. All the relevant spreads of M whether isolated or imbedded 
are unique. Also the isolated primary modules are unique, but the 
imbedded primary modules are to some extent indeterminate. 

A process by which Qi, Q.2, ..., Q, can be theoretically obtained, 
without bringing in any irrelevant modules, is described in (M). The 
isolated spreads are found from the irreducible factors of the complete 
M-resolvent after rejecting all factors which give imbedded spreads. To 
these correspond unique primary modules of i f which can be found. 
Let if»' be their L.C.M. The isolated spreads of 31/31^^ are the relevant 
spreads of M imbedded to the first degree. To these correspond 
indeterminate imbedded primary modules of 31 which are chosen as 
simply as possible. Although not uniquely determinate the L.C.M. 

of each one and M'f^ is unique, and the L.C.M. of them all and ifi"' is 
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a unique module if*. The isolated spreads of 3I/3I^'> are the relevant 
spreads of 31 imbedded to the second degree; and the L.C.M. of the 
corresponding (indeterminate) primary modules and 31^^ is a unique 
module 3I-i The process is continued until a module if* is obtained 
such that i f / i f ' = (1), when there will be no more relevant primary 
modules to find. 

41. An unmixed module is usually understood to be one whose 
«so/aferf'irreducible spreads are all of the same dimensions; but it is 
clear from the above that this cannot be regarded as a satisfactory 
view. It should be defined as follows : 

Definition. An unmixed module is one whose relevant spreads, 
both isolated and imbedded, are all of the same dimensions; and a 
mixed module is one having at least two relevant spreads of different 
dimensions. 

An unmixed module cannot have any relevant imbedded spreads. 
A primary module is au unmixed module whose spread is 

irreducible. This cannot be taken as a definition because the meaning 
of unmixed depends on the meaning of primary. 

Condition that a module may be unmixed. In order that a module 
31 of rank r may be unmixed it is necessary and sufficient that it 
should have no relevant spread of rank > r. This condition may be 
expressed by saying that </>f =0 mod i f requires i^= 0 mod i f where 
</) is any polynomial involving .*V4-i, •••, x,^ only. For if i f contains a 
relevant primary module of rank > r a. </> can be chosen which contains 
it, and an F which does not contain it but contains all the other 
relevant primary modules of 31, so that </> F= 0 mod M does not 
require ^"=0 mod if ; while if 31 contains no relevant primary 
module of rank > r there is no </> containing a relevant spread of M 
and (/. f = 0 mod 31 requires F= 0 mod M/{4y) = 0 mod 31 (§ 42). 

A primary module Q has a certain multiplicity (§ 68). To a given 
primary module QW of multiplicity p corresponds a series of primary 
modules QW, Q'̂ ', ..., (|)M of multiplicities 1, 2, ..., p all having the 
same spread as Q<f' and such that ^'^' contains Q'^"'' and is contained 
in Q'̂ + '̂. Qf"' is the prime module determined by the spread of Q'*** 
and is unique; but the intermediate modules Q<̂  Q'̂ ', •••, Q''"" '̂ are 
to a great extent indeterminate (M, p. 89). Thus QW, Q'̂ ', •••, QW 
may be regarded as successive stages in constructing QŴ  Two 
primary modules with the same spread and tlie same multiplicity such 
that one contains the other must be the same module. 
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42 . Deductions from Lasker's Theorem. A module of 
rank n resolves into simple {wi'mary) modules of which it is the pro
duct (§25). 

If M' does not contain any relevant spread of M then MI31' = M. 
Let- M/M'=M". Then since i f ' i f " contains if, and M' does not 
contain any relevant spread of M, M" contains all the relevant 
primary modules into which i f resolves, i.e. M" =M. 

It follows that if 31/M' + M, M' must contain a relevant spread of i f 
Thus if a polynomial F exists such that {xi -ai)F, {x2-ai) F,..., (»„ - af) F 
are all members of M, while F is- not, 31 contains a relevant simple 
module whose spread is the point P {ai, «2, •••, ««)' / '"' 3IIP + M. 

Example. The module M= {xi, xi, xi + xi x^ + XiX2xf) has a 
relevant simple module at the origin; for Xixixf is a member of 
M{i = l, 2, 3, 4), but xfxf is not. The simplest corresponding im
bedded primary module, not contained in the L.C.M. of all the other 
relevant primary modules of i f is '{xf, xf, x^, xf; ci. Ex. iii, § 17. 
This example shows that .it is possible for a mixed module M to contain 
a relevant primary module of higher rank than the number of members 
in a basis of M. For the rank of {xf, xf, Xs, xf is 4. 

If i f is an :F-module not having a relevant simple module at the 
origin the variables can be subjected to such a linear homogeneous 
substitution that Xn will not contain any relevant spread of M, and we 
shall then have M/{Xn) = i f and i f will be equivalent to ifc„=i (§ 38). 
Thus the only condition {remaining permanent under a linear substitu
tion) that an H-module M may be equivalent to the module ifr„=i is 
tlmt M should not contain a relevant simple module. 

A simple fT-module M is not equivalent to ifa;„=i; in fact ifj-„=i 
is in this case the module (1). 

If M' contains any relevant spread of M then 31/M' =¥ i f Let 
M={qi, Q2, ...,Qi], and let M' contain the spread of Qi- Then 
some power M'^' of M' contains Qi (§ 32), and QfM"^ = (1). Hence the 
spread of Qi is not a relevant spread of 

M/M" = {QfM'f Q2/M", ..., Q,JM"], § 28 ; 

and consequently if/if'=1= i f Hence also if/if ' 4= if; ioTiiM/M'=M 
then M/M"' = M. 

It follows that if M/M' = M then 31' does not contain any relevant 
spread of M. If Mo is the .ff-module equivalent to i f we know that 
Mo/{xo) = Mo (§ 38); hence a;„ does not contain any relevant spread 
of ifo, i.e. no module has a relevant spread at infinity. 
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If 31, M' are any tivo modules such that M resolves into isolated 
primary modules only, viz. Qi, Q2, ..., Qk, and (M, M') into primary 
modules Qi, Qi,..., Q{, of which Qi, Qi, ...,Qi have the same spreads 
^s Qi, Q2, ..., Qic respectively, flien 

31/31'= {QfQi,Q2/Qi,...,Q,/Qi]. 
The spread of ( i f M') is contained in the spread of M; and it is 

to be understood that if (if, 3!) does not contain the spread of Qt, then 
Qi = {l). The spreads of Q'jc+i,...,Q{ are contained in those of 
§ij Qi, •••) Qh, but do not contain any of the latter. Now we have 

M/3r = M/{3I, M) ^{Qi,Q2,..., Q,^/{Qi, Qi,..., QI]. 

Hence the theorem follows, by the second part of § 28, provided 

Qmi,Qi,...,Qi] = Qi/Qi. 
This is true; for QfQi contains Qi/{Qi, Qi,..., Qi], since {Qi, Qi,..., Q{] 
contains Qi, and, for a similar reason, Q,i/{Qi, Qf, ..., Qi] contains 
QfQiQi...Qi or QfQi. 

43 . If a module M of rank r is regarded as a module M^"'' in s 
variables Xi, X2, •••,Xs, while Xs^i, ...,Xn are regarded as parameters; 
and if F^'^ is a whole member of M^'\ that is, a ivhole function of the 
parametei-s as well as of the variables, then f <*', rega?-ded as a poly
nomial in Xi, X2, ..., Xn, contains all the relevant primary modules of M 
of rank %s; and conversely, any polynorriial which contains all these 
primary modules is a member of M^^l The most important case is that 
in which s = r. 

In other words, to treat a module i f as a module in s variables has 
the sole effect of eliminating all the primary modules of M of rank > s ; 
and when s<r it reduces i f to the module (1). 

Let M={Fi, 'F2, ..., F,); then F^ = A1F1 +A2F2+...+A,F„ 
where Ai, A2, •.., A-,^ are whole functions of a;i,',«2, ..., x^ and rationail 
functions of x^+i, ..., x,,,, with a common denominator f *"'. Hence 
]y?)p(s) _ Q ĵ Q(j jĵ ^ ĝj-̂ ĵ jj^is) cQntains all the primary modules of 31 of 
rank ^ s, since f)'"' does not contain any of their spreads. 

Conversely, if f̂ '*' contains all the primary modules of i f of rank ^ ,s, 
and f <"', a whole function of Xj+i, ..., Xn only, contains all the primary 
modules of i f of rank > s, then f>WfW = 0 mod M, and'fl^' = 0 mod M('\ 
since f)'*' in respect to if'*' does not involve the variables. 

The module 31^''^ resolves into simple modules, any primary module 
of i f of rank r and order d contributing .li simple modules to M^''\ 
By finding these simple modules we are able to find the primary 
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modules of 31 of rank r; and this completely resolves i f if i f is 
unmixed. 

44 . If M is a module of rank r <n and no-one of the modules M, 
{M, Xn - af), {M, Xn-i- an-i, Xn -af,... (if, a;,.+2 - ar+2 ,...,Xn-af) con
tains a relevant simple module {ar+2, ..., an having non-special values) 
then M is unmixed. In the contrary case M is mixed. 

This theorem will be used later for proving that certain modules 
are unmixed. We shall prove first that if M is mixed and does not 
contain a relevant simple module then {M, Xn — af is mixed. Let 
M' be the prime module determined by a relevant spread of i f of 
rank > r and < n, since 31 is mixed and has no relevant spread of rank n. 
To prove that {M, Xn — af is mixed it is sufficient to show that 
{M', Xn - af contains a relevant spread of {31, Xn — af. 

Suppose this is not the case ; then (§ 42) 
{M, Xn - an)/{M', x,^ - af = {M, Xn - af, 

i.e. {M, Xn - af/M' = {M, Xn - af, 

and therefore M/M' contains {M, Xn - af. Let F be any member of 
M/M' and (i^i, F2, ..., F) a basis of i f ; then 

F= AiFi 4- ... 4- A„F, mod {xn - af, 

i-e. B\„=an = {AiFi +...+ A,Ff)xn=an. 

Here we may"regard a,j as a parameter replacing x,i. Hence i^is a 
member of M regarded as a module in n — 1 variables, and therefore 
contains all the primary modules of M of rank <M —1 (§43); i.e. 
F= 0 mod M. Hence M/3I' contains M, which is not true. It follows 
that {M, Xn — af is mixed in general, i.e. if a» has a non-special value. 
By the same reasoning, if {M, Xn - af does not contain a relevant 
simple module, ("if «„_i - an~i, a'„ - af is mixed, and so on. Finally if 
{M, a;,.+2 - ar-+2, ... ,Xn — af is mixed it must contain a relevant simple 
module since it is of rank n -1. Hence if 31 is mixed one of the above 
modules contains a relevant simple module. It follows that if no-one 
of the modules contains a relevant simple module, then i f is unmixed. 

Conversely if one of the above modules contains a relevant simple 
module (or more generally if one is mixed) then M is mixed. Suppose 
for,instance that {31, Xn-af is mixed. Then since ( i f Xn-af is of 
rank »• 4-1 it has a relevant spread of rank > r 4- 2. Hence there is a 
whole function <^ of ,«v+i, ,.., x^-i only containing this spread, and 
a polynomial f^in «i, ^2, •••,«» such that 

</.f= 0 mod ( i f Xn - a„), while F+ 0 mod ( i f .r,, - af. 
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Let (i^i, F.2,..., Ff) be a basis of 31. Then 

4,F= AiFi 4-... 4- A,Fi mod {x„ - af, 

where we may assume that F, </>, Ai, . . . , A, are whole functions of a„ 

as well as oiXi, X2, ••• »„. Putting Xn = an, 

(<f>F).r„^a„ = (AiFi +...+ A,Ff)xn^a,.-

In this we can replace a„ by Xn, and we then have 

{'t>F)a,,-.=xn = 0 mod i f 
Biit 4'an=ccn is a whole function of a;V4i, • • •,«« only, and Fan=xn =t= 0 mod M, 
since F+=Q mod {31, Xn — af. Hence i f is mixed. This completes 
the proof of the theorem. 

If M is unmixed all the modules are unmixed; nevertheless if 
ar+2,..., an have special values, some of the modules may be mixed not
withstanding that M is unmixed. 

Example. The module 

31= {UoUi - U1U3, uf — Uohts, U-i — UiUf, uiu^ — UoU-i) 

is prime and of rank 2 (i ts spread being given by T^ = T " I = p = r!) 

• while the module {M, C4M0 4- C3M14- CIMS 4- C0M4) is of rank 3 and mixed. 
For the latter has UoF, UiF, u^F, UiF &?, members, where 

f = CiUf + C3M0M3 4- CiUiUi + Couf + 0 mod {M, C4M0 + C3M14- C1M3 4- C0M4). 
Hence if z«o, MI, M3, M4 are linear functions of a î, X2, x-^, x\ and {ai, a.2, a^, af) 
their common point, the module {31, Xi-af is mixed notwithstanding 
that i f is unmixed (of. § 89, end). 

4 5 . If M contains a relevant simple module at the point {ai,a2,.. •,af 
then {M, Xn - af contains a relevant simple module at tlie same point. 

Let M, u', u",... be linear functions of Xi, X2, ...jXn containing the 
point (fti, a2, ..., af and no other relevant spread of M. Suppose that 
{3I,Xn-af does not contain a relevant simple module at (ai, Wa,---) ««); 
then it may be a,ssumed that {31, u), ( i f u), {M, u"),... do not either. 
Let f be a polynomial such that uF= 0 m o d M a n d F+Qmod31. 

Then uF= 0 mod {M, «'), 

therefore i ^= 0 mod ( i f u') = M'f̂ ' mod i f 

therefore uu'F' = 0 mod J1I= 0 mod {31, u"), 

therefore i^ ' = 0 mod {M, u") = u'F" mod i f 

and F= u'u'F" mod i f 

Similarly F= uu".. .M«f« mod 31 
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Now I can be chosen so great that M'M"...MP> contains the relevant 
simple module of i f at (ai, Wa, •••,««),; and since F contains all the 
other relevant primary modules of M we have P= 6 mod i f which is 
not true. Hence (if, Xn — af does contain a relevant simple 'module 
at the point {ai,a2, •••, af. 

46. The Hilbert-Netto Theorem (Hi, Ne). If M is any 
module containing tlie spread of a given module M some finite power ̂ of 
M' contaiins M. 

For i f contains all the relevant spreads of M and some finite 
power of M' contains all the relevant primary modules of i f (§ 32) and 
therefore contains M. 

The theorem is proved in (Ne) for the case of two variables and in 
(Hi) for the general case. 

47 . Definition. A module of rank r having a basis consisting of 
r members only is called a module of the principal class (Kr, p. 80). 
Hence a module (i^i, Fs, ..., Fr) of rank r is of the principal class. 

It is possible for the resultant of a module of the principal class to 
vanish identically. An example is given at the end of § 12. 

The ff-module equivalent to a given module of the principal class 
is not necessarily of the principal class, e.g. the ff-module equivalent 
to {xf, X2 + Xixf has four members in its basis {xf, a;ia;2, «2̂  *2«o + î̂ ŝ), 
§ 38. 

A proper module is of rank $ n and > 1. 
. A proper module with a basis consisting of r members is of rank ^ r 

{ci. ex. § 42); for the module contains some point P in the finite region 
and a spread of dimensions M - r at least through any such point. 
Nevertheless a module with a basis of two or more members may be 
the non-proper module (1); e.g. {F, 1 + F) = (1). 

The unit module is sometimes said to be of rank n+1; but it 
is better to say that it is without rank, and that no module is of 
rank > n. In the absolute theory a module can be of rank n + 1. 

If {Fi, F2, ..., Ff is of rank r it does not necessarily foUow that 
{F2, F^,..., Ff is of rank r-1. Thus {f f +ff,/2 +ffi) is the.same 
as {f,fi,ff), and can be of rank 3, while {f +ff,f2 +ffi) contains (1 +f) 
and is of rank 1. If however the series i^j, F2, ..., f; is suitably 
modified beforehand (§ 37) then {F,+^, ..., Pf will be of rank r-s 
if {Fi, F2, ..., Fr) is of rank r. It will be sufficient to prove that 
{F2 + a2Fi, Fa + asFi, ... ^Fr + arFf is.oira,nk r-1 y/h.en a2,as, ...,»!• 
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are (at first) undetermined constants. If it is of rank s < r— 1 then 
the module (^i, 4>-2, •••> 4>i) is of rank s, where 

</>,; = Xi2 {F2 + a2-Fi) + As (.F3 4- a^Fi) +.•:+ X,;,. {F- + cirF,) 

XfiFi + A,j,f2 + • • • + XirF. 

(Ail = Aa«2 + AjsWs + • • • + A,-,f̂ ., i = l, 2, ..., s), 

and the Ay- are all arbitrary constants. We may regard the s relations 
Xii = Xi2a2+...+Xi*ar as determining the s constants ag, «3) •••> *s+], 
leaving at least a.r (s 4-1 :̂  r - 1) quite arbitrary, whatever the values of 
the A,j,. are. Now some spread of (</>!, </)2, •••, </>«) of rank s is a spread 
oi {Fi + a-iFi,..., f,.4-ffl,.f])andis contained in 'yr + Wj-fi, and'therefore 
in f 1 (since a^ is indepeiident of the X^jf, and,in each oi F2, Fs,..., Jf. 

This would make {Fi, F2, ..., Fr) of rank s, which is not the case. 

Unmixed Modules 

4 8 . A useful test as to whether a given module is mixed or 
unmixed is proved in § 44. 

T h e o r e m . A module of the principal class is unmixed. Lasker 
proves this for ff-modules (L, p. 58). The following is a general proof. 

I t is clear that any module of rank n is unmixed, since it resolves 
into primary modules which are all of rank n. Also a module of the. 
principal class of rank 1' is unmixed. Hence the theorem is true for 
two variables, since in this case the module can only be of rank 1 or 2.. 
We shall assume the theorem true for n-1 xa,riables and prove it for 
n variables. We also assume that the members of the basis have been 
modified if necessary so that, when ( f ; . If, ••-, Ff is of rank r, 
{F2, F„ ..., Ff is of rank r - 1 (§ 47). , 

We prove first that, a module 31 = {Fi, F2, ••., Ff of rank 
r<n cannot contain any relevant simple module by showing that 
( « „ - c „ ) f = 0 m o d i f requires *î == Omod i f no matter what value, 
special or otherwise, c„ may have. 

Let {xn-cfF=XiFi + X2F2+... +-XrFr; 

t h e n ( X i i ^ l 4- X 2 i ^ 2 + • • • + XrF,:)xn=Cn = 0 , 

a n d {XiFfxn^On = 0 m o d ( f , , F,,..., Fi)xn = Cn-

But {F2, Fi, ...,Ff)xn=cn is a module of r a a k ^ - 1 in m - 1 variables, 
so that (by the assumption) all its relevant spreads are of rank.r - 1, 
and {Ff^^^cn does not contain any of them. Hence 

{Xf)xn=c.„. = 0 mod {F.2, F,,..., Ffx.^c,^ 

i.e. Xi = Xi.F. + Xi,F,+ ...+XirF,.^(x,„-cf Yi. 
4 
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Substituting this value for Xi in the equation 

{XiFi + X2F2 + ... + XrFf)xn=,n = 0, 

we have {{X2 + Xi2Ff) F2+...+ {Xr + XirF-i) F,]xn=cn = 0. 

Hence, by the same reasoning as before, 

X2 + X12F1 = X2sFi 4- ... 4- X2rFr + {Xn - Cf F j , 

X, + X,Fi + X2,F2 =XuF,+ ...+X^Fr + {Xn - cf F3, 

Xr + XirFi + ik.2rF2 4- ... 4- Xr-\,rlr-l — \X% " ^f Fr-

Multiplying these equations by Fi, F2, . . . , i^r and adding we have 

X1F1 + X2F2 +....+ XrFr = (Xn - cf ( F j f i + F 2 i ^ 2 + • • • + F , f , . ) , 

all the terms %XifFiFj {i <j) cancelling from both sides. I t follows 
that 

F= YiFi + Y2F2 +... + Y,.Fr = 0 mod M, 

and that {Fi,F2, ...,Ff does not contain any relevant simple module. 
Now if ( f 1, f<̂ 2, • • •, Ff were mixed then for some value of s > r 4- 2 

the module {Fi, ..., F, Xs-a^, ...,Xn-an) would contain a relevant 
simple module (§ 44 ) ; but it does not, because it is of the principal 
class. Hence {Fi, F2, ••-, Ff is unmixed. 

4 9 . D e d u c t i o n s from t h e t h e o r e m . A basis {Fi, F.,..., Fr) 
of a module 31 of the principal class of rank r is an H-basis of 31 or 
not, and an H-basis of 3P'"i or not, according as tlie H-module determined 
by the terms of highest degree in Fi, F2, -••, F- is of rank r or not. 

Let if, be the ff-module in Xi,X2,...,Xn,Xo corresponding to the basis 
{Fi,F2, ..., Fr), so that (ifo)a;,=o is the ff-module mentioned in the 
enunciation. Let (ifo)a;„=o be of rank r. Then it follows by the same 
reasoning as in the theorem that XoFo = 0 mod i f requires f^o=0 mod ifo-
Hence Mo is equivalent to i f (§38), i.e. ( f l , F2, ..., Ff is an ff-basis 
of M. I t is also an ff-basis of M'''\ This follows in the same way by 
considering the ff-module ifof' in a î, a?2> ...,Xr, Xo corresponding to 
{Fi, F2,..., J^y)regarded as a basis of i f ' ' . The module (if„C»);i-.=o is 
a simple ff-module not involving Xr+i, •••, Xn. 

If on the contrary {Mi)xa=a is not of rank r it is of rank < r, and Xo 
contains a relevant .spread of ifo of rank -S r, so that Mo/{xf) =¥ Mo and i f 
is not equivalent to M (§ 38). Hence {Fi, f2 , • •., Fr) is not an ff-basis 
of i f or of iff) . 

If ( f 1, F2, ..., Ff) is an ff-basis of a module of rank r the ff-module 
determined by the terms of highest degree in Fi,F2, ..., F^is of rank r. 
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But the converse is not true in general when k>r; i.e. if the module 
determined by the terms of highest degree in Fi, F2, •••, F, is of the 
same rank r as the module (f i , F2, ••., Fi) the basis (f\, F2, ..., Fii) is 
not in general an ff-basis when k > r. 

50. Any power of a module of the principal class is unmixed. 
Let the module be M={Fi, F.2, ..., Fr) of rank r. The spread of 

i f is the same as the spread of M. Hence it will be sufficient to show 
that AF= 0 mod 31^ requires F= 0 mod M'^ provided A does not 
contain any relevant spread of 31. When y = 2 we have 

J[f=0modif^; hence f =0modif=.4if i -^ ... 4-^,.f,., 
and A{AiFi +... + ArFf = 0mod3P = f i f « m o d ( f , , . . . , F f , 
where f (̂ t = 0 mod M'. 

Hence {AAi- f « ) f i = 0 mod ( f 2,..., F,.), 

4 4 i - f W = 0mod(f2, . . . ,f , .) , 
AAi = OmodM, and ^ i = Omodif 

Similarly ^ i = Omod i f and f = ̂ l i f 4-... 4 - ^ , f = 0 mod'if'-

Next suppose y = 3. Then since 
J f = 0 modify 

f = 0 mod M-^ = f i f « 4- </.(̂ ), 
where f W = ̂ i f 14-... 4- ^ , . f ,., and </.(̂ ' = 0 mod ( f 2,..., f,.)l 
Now A ( f i f w + </.('>) = 0 mod M' = f i f <'' mod (f2, . . . , Ff', 
where f''' = 0 mod M'; 
hence ( ^ f « - f (̂ 0 f = 0 mod (f2, . . . , f .)^ 

APi') - pi') = 0 mod (f2, . . . , Frf, 
fW = 0 modify-

Thus every coefficient Ai in f W {=AiFi+ ... 4- J.,.f.) is a member of 
M (as proved when y = 2), i.e. every coefficient of the terms of 
P=F^F(') + (̂̂ ) furnished by f i f ^ is a member of i f ;,yand the same 
must therefore be true of the terms of f furnished by <A''l Hence 

f = 0 mod MK 

Similarly, if ^ f = 0 mod M'^, and the theorem is assumed true for 

M'^-^ we have f = 0 m o d i f - " = f i f "̂"'' +</>'̂ ~'', and can prove that 

3very coefficient in f (^-'' and </.(̂ -'' is a member of M. Hence 

f = 0 mod M''. 
4.—-2 
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51. If M is a module of the principal class which resolves into 
prime modules the module whose members consist of all polynomials 
having a y-point at every point of 31 is the module 3P. 

The theorem is true when y = 1. We shall prove it for 3P assuming 
it for M'Z-K Let 31= ( f i , fa , . . . , Ff be of rank r and let f « be any 
polynomial with a y-point at every point of 31. 

Then f M = 0 mod i f ^-^ 

i.e. f̂ ^̂  = 2J.p,.,,, p, .f / ' f2 ' '^ . . f / ' • , where^i-h^2+--.-J». = y - l . 
Take ^ i ,4 , ...,^,j for the variables instead of Xi,X2, ..•,Xn, and move 
the origin to any point {xi, X2, ...,xf oiM. Then f 1 becomes 

a f -Fi{ii+Xi, ...,£n + xf = ^i~+ ... +^, 

and the terms of lowest degree in f " are 

%A 

flfi 
OXn 

+ 1^2 
+ 261 

S^fl 

OXi 

-^PuPi, ' OXi '" " dXn J 
+ tn 

dFy-'-
OXn J ' 

where Ap„p„..., j,,. have their original values as functions of Xi,X2,..., ««,. 
This last expression is of degree y - 1 in i,, 4 , •••, 4 and must vanish 
identically, since f"' has a y-point at every point of if. Now the 

V c) F- r) p. 
r quantities t'l -r—V ... 4- 4 — r (i= 1, 2, .••, r) are either capable of 
taking any r values (4, •••, in being undetermined quantities and 
Xi,..., Xn fixed quantities) or they are not. If they are, every Ap^^p,,...,,,,,. 
vanishes. If they are not, every determinant of the matrix 

af 1 af, af 
UX-, (JX2 '" OXn 

af. af. af. 
oxj dx2 ' " dx,i 

vanishes, i.e. {xi, x.,, ..., xf is a .singular point of 31 (§ 29). Hence 
every Ap^,p,^,...^pr vanishes for every non-singular point of i f and is 
therefore a member of 31 (§ 22). Hence f '̂̂^ = 0 mod 3r, which proves 
the theorem. 

52. Definition. The module whose basis consists of all the 
determinants of the matrix 

Ua, U2, ..., U,; 

Vi, V2, ..., v„ 
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where the elements u, v, «•,... are polynomials, will be denoted by 

( Ml, Ma, . . . , Uj,\ 

Vi, V.2, . . . , v„j 

This is only an extension of the notation ( f , f , ..., Ff for a 
module 31. 

If i f is a prime module of rank r, and f i , F2, .-., f. any r 
members of i f such that 31= ( f , fg, ..., f . ) resolves into M^ and a 
second prime module i f of rank r, then it may happen that i f must 
have a certain fixed spread in common with 3f irrespective of the 
choice of f , .f, ..., F,.. Such a spread (if any exists) must be 
a singular spread of i f ; but it does not necessarily follow from i f 
having a singular spread that 3Ii must contain the spread ; it depends 
on the nature of the singularity. If Mi does not cut ifi in a fixed 
spread then Mf is unmixed, and is the module whose members consist of 
all polynomials having a y-point at eoery point of 3Ii. In the contrary 
case some power 3Ii of Mi will be mixed and will liave the fixed spread 
in wliich 3Ii cuts it as a relevant imbedded spread, while polynomials 
f''*'' having a y-point at every point of 3Ii, hut not members of 3If, will 
exist. 

Example i. The square of the prime module ifi determined by an 
irreducible curve in space of three dimensions having a triple* point, 
the tangents at which do not lie in one plane, is mixed; and there is 
consequently a surface having a 2-point at every point of the curve 
which is not a member of if ' . 

Thus if 

i f i = ( , . 2 ) = (*'i*'3 " ^ 2 ' ''̂ 'a '̂s - xf, X-i - Xfxf, 

the surface {x2X.i, - xff - {xf - Xixf) {xf - xixf, after removal of the 
factor Xi, will ,have a 2-poiat at every point of i f , but is not a 
member of if^; for the surface has only a 3-point at the origin, 
whereas every member of ifi^ has a 4-point. 

rMi, U.2, Us, Ui\ .-. 

Vi, 'V,, v-i, Vi ) = ( f i , f 2 , f , Ff), 

'Ml , 

'Ol, 

,W'l, 

U-i, 

V2, 

W2, 

Us, 

%, 
I'h, 

Ui 

Vi 

Wi. 

'• A triple point is not a 3-point. The general member of B'li has only a 
2-point at the triple point of the curve. 

It is evident that the module whose members consist of all polynomials having 
a 7-point at every point of a given irreducible spread is primary and unmixed. 
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where each u, v, w is a homogeneous linear function of «i, «2, '̂si *'4) 
i f i being a prime module of rank 2, we have 

M i f 1 4- M2f2 + M3f 3 + UiFi = 0, 

and two other similar identities. From these we can find the continued 
ratio Xi: X2: X3: Xi as the ratio of four members of Mi by expressing 
each M, V, w in full. The common factor of these four members is a 
polynomial of degree 8 having a 3-point at every point of i f , but not 
a member of i f ' . In this example ifi^ is mixed while Mi is unmixed. 

5 3 . T h e o r e m . The module with abasis of r rows and k columns 

Ui, W23 • • • 

^ J = | «1 . V2, ... 

Wi, W2, ... 

is of rank ^k-r + l{0<k-r+l%n), and if of rank k-r + lis unmixed. 
Also if Dp^,p.^,...,pr denotes the determinant formed by the pi^, 

pf\ ..., pf columns of the basis, tlie general solution of the equation 

^Dp,,.p^,...,prX.p^,p,^ p,,= 0 {pi,P2, ...,Pr=l, 2, •••, k) 
p=k p=k 

IS Xp,,p,^^...^pr= 2 Gp^^...^pr,pUp+iZ y p^,ZH,...,pr.p''^P -^ •••, 
p=\ P=l 

where Dp^,...,pr,p,Vp^^...^p^.,p, ... are arbitrary polynomials subject with 
the unknowns Xp^,p,_,„.^pr to the same law of signs as the determinants 
B>PuV^...:Pr, 'oiz. eachXp^.p,^,...,pr, Up^.v^,...,pr,p, ... clmnges in sign {butnot 
in magnitude) for each interchange of any pair of suffixes pi, ... ,p>r, p. 

These two theorems will be proved together by a double process of 
induction. Assuming both theorems for r — 1 rows and k—1 columns, 
and also for r rows and k-1 columns, we prove both theorems for r rows 
and k columns. Both theorems have been proved for r = 1 in § 48. 

I t is understood that i f is a proper module, i.e. the determinants 
of its basis all vanish for some point whose coordinates are finite, but 
do not all vanish identically. After proving that 31 is of rank 
^k — r + 1 we assume that if 31 is of rank k — r+1 the module 

rMg 4-fflgMi, U3 +a^Uri, ..., Ms;4-«7;Mi' 
V2 + a.2Vi, Vs + asVi,..., v^ + a^Vi 

where a2, a^, ..., a^ are suitably chosen constants or polynomials, is of 
rank k-r. This can be proved in a similar way to the corresponding 
property in § 47. We shall also suppose the matrix to hav^-been so 
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modified beforehand that if the first s^ k-r columns are removed the 
rank diminishes by s. I t can be shown that the second part of the 
theorem is true before modification if it is true after. The same is 
true of the first part of the theorem, since the modification of the basis 
does not alter the module. 

The general proof will be sufficiently indicated if we suppose i f to 
have 3 rows and 5 columns. Then 

/ M l Ms Us Ui MjX 

M= { Vj V2 »3 Vi Vr, j 

V^ î W2 iis Wi w^J 

and we assume both parts of the theorem for the module 

/M2 M3 Ui Us\ 

3Ii = I v.2 Vs Vi V, I 
\tV2 W-3 Wi tVs/ 

and also for j^^^, ^ (^2 u^ Ui uA 
\»2 Vs Vi vJ ' 

li A, B, C are the determinants of the matrix formed by the last 
two columns of the basis of 31, we have 

Aui + Bvi + Gwi = Dii, {i = 1, 2, 3, 4, 5). 

Giving to i the values ^ 1 , p2, p.^ and solving for G (or Dif) we have 

BmDp^p,p^ = f>p3P3 Dp^i^ + Dp^.p^ Dp^isi + Dp^p^ Dp^i^, 

Ur). M-n 
This shows that where Dp^p^ denotes the determinant 

, . 'Op. 'Op, 

every determinant f p,j,,p, when multiplied by A s is of the form 
XDii5 + X2D2i5 + XsD^i^. Hence if there is a point of the module 
i f for which Di^ does not vanish the module must have a spread of 
rank $ 3 (or ^ - r 4-1) through that point. If however f>45 contains the 
whole of the spread of i f we move the origin to a point of the spread 
and modify the last row of the basis by the other rows so as to make 
the constant terms in the elements of the last row all zero. After 
doing this we change M4, u-^, Vi, Va in the first two rowî  only to M4 4- a, 
u^ + b, Vi + c, v^ + d, where a, b, c, d are constants. We \thus get a new 
module containing the origin such that the new f>45 dd'es not contain 
the origin. This new module has a spread of rank $ 3 through the 
origin ; and since this is true for general values of a, b, c, d, it is still 
true when we put a = h = c = d=(); for no diminution in the diinensions 
of the spread through the origin, i.e. no increase in the rank, could be 
produced by giving special values to a, b, c, d. Hence i f is of rank < 3 ; 
and we have to prove that M is unmixed if its rank is 3. 

file:///thus
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Consider the equation Sf)j,,p,p,Xj,,j,,p, = 0 in which we suppose 
Pi <p2 <ps, SO that each term occurs once and once only. Multiplying 
by Dii we have 

2 {Dp^p,^ fjoids + fftft 2̂)245 + Dp^p,_ Dp^f) Xp^p.^p, = 0. 
In this the terms containing Dus, are obtained by putting _pi = 1 and 
giving p2, p., the values (2, 3), (2, 4), (2, 5), (3, 4), (3, 5), (4, 5), 

viz. f 14,, (A3Xi23 + f 24X124 + D2,Xi2, + A4X134 + Ar,Xi35 + A.5X145), 
and this is a member of ( f 24.5) D^ii) and therefore of i f i . But i f is 
unmixed and of rank 2, and Dm does not contain any of its relevant 
spreads; for if, after modification of the last two columns of i f by the -
first two, f 14.5 contains a relevant spread of i f then every f ip̂ ps 
contains the same spread, and consequently 31 contains the .spread 
and is of rank 2, which is contrary to the data. Hence 

2 D,p,^ p3 Xip,_p^ = 0 mod i f i 

= f 234 IF'234 + A s s 1^'236 + -f̂ 245 W'2in + A 4 6 f'F'345 

= ( f 34W2 + Di2Ws + D2sWf) TF'234 + • • • 

= A s (W4 TF'234 + W5 Fr'235) + • • • 

= 2 Dp,_p, {W'p,_p,2W2 + Wp.^p^sW3 + W'p,p,i iVi + W'p.^p,sici); 

or 2 A,p3 Xp,p, = 0 (;?2 < Fs = 2, 3, 4, 5), 

where Xp,_p^ = Xip,_p^ - 2 Wp.^p^p Wp (p = 2, 3, 4, 5). 
p 

The equation 2 A îaft -^PUP, = 0 stands in the same relation to i f 
as "^Dp^p^p^Xp^p^p^ = 0 to if, and the general solution is 

^P'.P, = 2 U'p,p^p Up + 2 V'p^p.^pVp {p = 2, 3, 4, 5) 
p p 

which gives 
Xip,_p, = %U'p,p.^pUp + 2 V'p^p^pVp + 2 Wp^p^pWp {p = 2, 3, 4, 5). 

p p p 

Substituting these values for Xip.^p^ in the equation 

2 A^iftjaa .-^PiPiPs = 0 

it becomes, after simplifying, 

A 3 4 (X234 4- f7'234 Ml 4- F'234 Vi + W'.-M. wi) + ... = 0 , 

an equation in reference to i f of which the solution is 

X234 = - f̂ '234Ml - F'2.,4^1 - TF'234 Wi + 2 f̂ 2S4p Up+..+.. (̂ J = 2, 3, 4, 5) 
p 

and similar expressions for X23r„ X2t5, X3.ig. If in these and the 
expressions found for Xip.,p^ we put 

~ ^ v,p,p = V'p,p,,pi, - V'p^p^p = Vp„p.^p^, -W'p.p^p =TFp . , j , , p i , 
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we have, for all values oipi, f2,ps = 1, 2, 3, 4, 5, 

^p.PiP, = 2Up^p.,p,,p Up + 2 V.p^p.^p.^p Vj, + 2 W.p^p,p^p Wp (p = 1, 2, 3, 4, 5), 
p p p 

which proves the second part of the theorem for 31. 

To prove the first part, that i f is unmixed, it has to be shown that 
neither 31 nor {31, x^-a.,, ..., Xn-af can contain a relevant simple 
module, where s is any number ^ yl: - r 4- 3 (§ 44). Let 

{xi - Ci) f = 0 mod {31, a\, -a^, ..., x.„, - af 

= 2Aji,ft,...,p,.X;,„j,,,.,.,p,. mod (.T,,-a.,, ..., x.„. - af. 

l i i e n ( 2 „ f J,JJP2,,.,_J,,. A|,j,p,,...,j,,.)..i-,-c, = .T3-o.s=... = ;i;„-(;(M=0 — 0 . 

In putting Xi -Ci = Xs-as= ... = Xn — «„ = 0 in 31 the number of 
variables is diminished but the rank remains equal to k — r + 1. Hence 

\-^Pi,Po,-..,Pr)xi — Ci=... = 0 — f^Gp^ p,.,p Mp 4- . . . ja;i-Ci=.. . = 0 ; 
P 

therefore 

-^Pl,Pt!,...,Pl. 

= ^ tJ p^,.,.,pr.p Up 4- ... 4- {Xi — Ci) J. p,,p.,,...,p,. niou. {Xg ~ a^, ..., Xn — an), 
p 

and 

{xi - Ci) f = {xi - cf) 2 A „ ih.-,p>- ^^p,,P2 Pr mod {xs -a.,,..., Xn - a.,i). 

Hence, since {Xg - a,.,..., Xn — af is a module of the principal class, and 
Xi - Ci does not contain its spread, 

f - 2A'i,A..-,i>rFp„y.,,...,j,,, = 0 mod {xs - «.,, •••, *'» - ««.), 

and f = 0 mod {31, Xs -a^, • • •, .iv. - of. 

Hence {M,Xs — as,...,Xn-a,i) cannot contain any relevant simple 
module, which proves the theorem. 
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Solution of Homogeneous Linear Equations 

5 4 . Homogeneous linear equations with constants for coefficients. 
In a system of r independent equations with constant coefficients for h 
unknowns Xi, X2, •••, X , there are r' independent solutions, where 
r + r' = k, and the general solution is expressible in terms of the r' 
solutions. The array of the coefficients of the r equations and the 
array of the f solutions together form a square array 

« 1 1 

ffl,-! 

hii 

br'l 

0/J2 • 

C('j-2 ' 

bi2. 

br'2 • 

• <^ih 

• (^rh 

• hk 

. Wk 

and the general solution is X = t^ihi + pf)2i + • • • + Pr'hr'i («' = 1, 2 , . . . , A), 
where Pi, P2, ••-, pr' are arbitrary quantities. 

The two arrays are called conjugate arrays; but we shall find it 
more convenient to call them inverse arrays. Their principal properties 
are :—(i) the sum of the products of the elements in any row of one 
array with the elements in any row of the other array is zero ; (ii) the 
determinants of one array are proportional to the complementary deter
minants of the other array with a rule as regards sign; (iii) the 
determinant of the combined arrays is not zero if the elements are 
real. We shall not have occasion to use either (ii) or (iii) explicitly. 

Homogeneous linear equations with polynomials as coefficients 
(H, p. 483). Let there be r independent equations, viz. 

•UiXi 4- M2X2 4- ... 4- UjiXic = 0, 

®iXi 4- V2 X2 4-... 4- % X-ic = 0, etc. 

Then there is an array of solutions 

y i i ! yi2i •••) fik 

J21, y22) . . . , f^ 

fu, fl'i, ... , flk 
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whose elements are polynomials, such that the general solution is 

Xi = Aifu + A.2f2i+...+Aifii {i=l, 2,..., k) 

where Ai, A^, •••, Aj, are arbitrary polynomials. The rows of this 
array are not independent. 

The general case of r equations can be reduced to that of solving 
a single equation. Consider first the single equation 

f X 4- F2X2 +...+ f Xf = 0. 
The conditions imposed by this equation on X i are merely that it must 
he a member of the module (f2, f 3 , . . . , Ff)/{Fi). Let ( / i i , /2i , ...,fif 

be a basis of this module. Then the general solution for X i is 

X = -4i/i i 4- J.2/21 4- ... +Aifti. 

To each separate solution X =fi there corresponds a solution 
/!«-,/», •••,fjh for X , X3, . . . , X s , giving a row ^1,^-2, •••,75ft of the 
array of solutions. The remaining solutions are those for which 
Xi = 0, when the equation reduces to 

X2f2+.. . + X f = 0. -
To each solution for X2=^-'2 {j' = 1' + 1,1' + 2, ..., I") there corresponds 
a row Q,f2,ff3, ...,fik of the array of solutions in which the first 
element is zero. Similarly there are rows in which the first two 
elements are zero, and so on. The method may give more rows 
altogether than are necessary. Any row of the array which can be 
modified by the other rows so as to become a row of zeros should be 
omitted. 

In the case of r equations we eliminate Xi , X2, •••, X . - i , 
obtaining A,2,...,r X,. 4- A.3....,r-i,T+X X.r+i 4-... 4- A,2,.....-1, * X = 0, and 
find the complete solution of this equation by the method just described. 
To each solution there is a unique set of values for X , X , •••> Xr - i 
which are in general polynomials. In an exceptional case the unknowns 
X , X2, ..., Xi; may be subjected to a linear substitution beforehand. 

Tlie principal case. The principal case is that in which the module 

/Ml M2 ... uf\ 

I Vi V2 ... Vt I 

is of rank h-r + 1. In this case it is seen from the equation in 
Xr, X,.^.!, .. . , Xj, above that Xi, is a member of the module 

^Mi ««2 • • • Uu-f 

Vi V2 ... Vji-
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by § 53, and similarly for each unknown. The complete array of 
solutions is therefore obtained by putting any A - r - 1 oftlie unknowns 
equal to zero and solving for the ratios of the remaining r + 1 unknowns. 

The —71= solutions found in this way are of the tviDe 
\i-+l \k-r-l •' •'^ 

Xp^=Dp., pj.̂ j, Xy.-, = -A'l,K,.-,P,.+ l, ••• Xj)j,̂ j = ( - 1 / AI.PB p,.> 

where^1, p2, ..., p;. is any permutation of 1, 2, ..., ^. 

Noether's Theorem 

55. Noether's " fundamental theorem in algebraic functions " (N) 
furnishes a remarkably direct method of testing whether a given 
polynomial is a member of a given module or not; but it only attains 
complete success in its application to a module of rank n. A variatioD 
of the method, depending on the same principle, can be apphed 
successfully to any module known to be primary, when the equations 
to its spread in the form of i 21 have been found (M, p. 88). 

Noether proved that if / , </> were any two given polynomials in 
two variables Xi, X2, without common factor, then the independent 
linear equations satisfied identically by the coefficients of the power 
products of Xi, X2, in A'f+B'^, where Ai, B' are ordinary power 
series with - undetermined coefficients, were finite and determinate ; 
and that any polynomial f whose coefficients satisfied all these 
identical equations, when the origin was taken successively at each 
point of {f, 4>), was a member of (/, <̂ ). Thus the conditions which 
f has to satisfy in order to be a member of (/, ^) can be collected 
locally, so to speak, by going to each point of (/, <̂ ) to find them. 
On going to a point not in {f </>) we get no conditions, for at such 
a point every polynomial is of the form A'f+ B'(l>. That the con
ditions are necessary is evident; for if f = 0 mod (/, <̂ ) then f is 
of the form A'f+B'4> wherever the origin is taken. 

Konig (K, p. 385) proved the theorem for the case of a module 
(fi,f, ...,ff oi rank n in n variables; and Lasker generalized the 
theorem in the Lasker-Noether theorem given below. 

That the theorem is true for any module of rank n (not merely 
for a module of the principal class of rank n, the case proved by 
Konig) follows from the Hilbert-Netto and Lasker theorems. For, 

file:///k-r-l
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by Lasker's tlieorem, the module is the L.C.M. of a finite number 
of simple modules Qu Q2, •••. Qr, and if 7 is the characteristic number 
of Qi = (fi,f, •••,fh) and the origin is taken at the point of Qi, we 
have 

f = Pi/i4-^2/2 + ••• + P}Jh (where Pi , P^, •••, Ph are power series) 
= XJi + A^/; -̂  ,.. 4- XJ\ mod 0"" = 0 mod Qi. 

Tims f contains {Qi, Q2, ••., Qi]. 

56. The Lasker-Noether Theorem (L, p. 95). If 

M = ( f 1, f , ..., Ff) and f = f f i + Af2 + • • • + A f , 
wh&re Pi, A , •••, A I are ordinary power series, there exists a poly
nomial 4> liot containing the origin such that F</> = 0 mod 31. 

Let Qi, Q2, ..., Qi be the relevant primary modules into which 
M resolves, and let ^1, Q2, ..., Qv be those which contain the origin, 
and Qe+i, ..., Qi those which do not. Then, assuming the theorem 
to he true, it follows that 

f = 0 mod [Qi, Q2, .-, Qv], 

since ^ cannot contain the spread of any of the modules Qi, Q2, •••, 
Qv. Conversely if f = 0 mod [ft, ft, • • •, Qi^ and <̂  = 0 mod {Qv+i,..., Qi], 
where </> does not contain the origin, then f ^̂  = 0 mod 31. Hence the 
aggregate of all polynomials f which are of the form 

A f i + A f 2 + . . . + A f 
constitutes the module [ft, ft, ..., ft-]. 

Definition. A module which resolves into primary modules all of 
which contain the origin, such as the module [ft, ft, ..., ft'] above, 
wiU be called a Noetherian module. 

Thus a Noetherian module, like an ff-module, ceases to be such 
in general when the origin is changed. Moreover an A-module is 
a particular kind of Noetherian module ; for all the primary modules 
into which an A-module resolves are A-modules and contain the 
origin. 

In order that a polynomial f may be a member of a Noetherian 
module ( f , f , -.., Ff it is sufficient that f should be of the form 
A f + A f + ^ - ^ + A f • 

Proof of the them-em. It is evident that the theorem is true for 
a.module of rank n or dimensions 0 (§ 55). We shall prove the theorem 
for a module of dimensions n-r assuming it true for a module of 
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dimensions n-r-I. It will be sufficient to prove the theorem for 
a primary module Q which contains the origin ; for it is clear that it 
will then be true in general. 

Let Q = Cfi,A •••,A), and . / = A / i + A / 2 + . . . + P „ A , 
where Pi, P2, •••, Pn are power series. Let Qo = {fi,fi, ...,f'f be 
the module whose members consist of all polynomials of the form 
of / , and Qp the like module obtained by moving the origin to P 
(and then back to 0). Choose a point P so near to 0 as to come 
within the range of convergeucy of all the power series Pi, P2, •••, A 
for each member// of the basis of Qo when expressed in the form of/. 
Then we have / / = 0 mod QP, i.e. Qo contains Qp. But it does not 
follow that Qp contains Qo however near P may be to 0 ; for 0 might 
be a special point of the spread of Q. We assume for the present 
that 0 is not a special point of the spread; and we choose P to be 
another point of the spread so near,to 0 that Qp conta,ins Qo. Then 

Qo = Qp. 
Let M be a fixed arbitrarily chosen linear homogeneous polynomial, 

a n d / ' any member of Qo- Then 
/ ' = 0 mod Qo = 0 mod (ft tt)o. 

But {Q, u) is of n-r-1 dimensions; hence, assuming the general 
theorem as regards {Q, u), there exists a polynomial <̂  not containing 0 
such that 

f'<ji = 0 mod.(ft u) =pu mod ft 

where p is a polynomial Hence, s i n c e / / , / ' , ••.,f'v are members 
of Qo, 

fi'^i =PiiJ'mod Q {i = l,2,..., Ji) ; 

hence piu = 0 mod Qo=0 mod Qp ; 

but M does not contain P, and - can be expanded as a power series 

when P. is taken as origin; hence 

Pi=QmodQp= Omod Qo 

= lhifi +Pi%fi + ... + Plhf'w. 
Hence 

.fi<l>i = {Pi-Ji+Pi2fi+ ... + Pinf if) umod Q {i = l, 2, ..., //). 

Solving these K equations ioi fi,fi, ...,/';,' we have 

Dfi = 0 mod Q, 
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where 

D = 
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PiiU-(t>i PuU ••• PA''"' 

p.2lU P^U-4>2 ... P-Sl''^ 

• ^ 7 l ' 

= (-l)">i<^2--- ^A-modM. 

Pli-lU Pk'^U ... pwh'U-

Now u contains the origin, but <̂ i, ^2, •••, '/>h' and consequently D do 
not; i.e. D does not contain the spread of ft Hence// = 0mod ft 
Hence Qo contains ft i.e., Qo = ft 

This has been proved for a non-special point 0 of ft If 0 is a 
special point, choose P a non-special point of Q so near to 0 that Qo 
contains Qp. Then since Qp = Qvo have again Qo = ft 

The above proof only differs from the proof given by Lasker in the 
part relating to Qo = Qp. In this part Lasker's proof seems to be 
faulty. 
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IV. T H E INVERSE SYSTEM A N D 
MODULAR EQUATIONS 

57. A. considerable number of the properties proved in tins 
section are to be found in (M) ; but the introduction of the inverse 
system is new. 

Definitions. The array of the coefficients of a complete linearly 
independent set of members of a module 31 of degree $ t arranged 
under the power products (Oi, u)2, •-•, "J^ of degree ^t is called the 
dialytic array of the module M for degree • t. 

The linear homogeneous equations of which this array is the array 
of the coefficients are called the dialytic equations of ./If for degree t. 

Thus the dialytic equations of M for degree t are represented by 
equating all members of 31 of degree ^ ^ to zero and regarding the 
power proclucts oiXi, Xn, ..., Xn as symbols for the unknowns. 

The array inverse (§ 54) to the dialytic array of M for degree t is 
called the inverse array of M for degree t. 

The linear homogeneous equations of which this array is the array 
of the coefficients are called the modular ecfuations of 31 for degree t. 

The modular equations for degree t are the equations which are 
identically satisfied by the coefficients of each and every member of 31 
of degree ^ t. They may not be independent for members of degree < t 
and they do not apply to members of degree > t (see § 59). 

The sum of the products of the elements in any row of the inverse 
array for degree t with the inverse power products wi~\ us.2^\ ..., m̂ "̂  
is called an inverse function of i f for degree t. 

Thus the modular equations of 31 for degree t are represented by 
equating all the inverse functions of M for degree t to zero, taking 
each negative power product {xf'-x.f'^... xf")-^ as a symbol for "the 
coefficient of xf'^ x.f^... x.f"' in the general member of 31 of degree tf 

We shall also say that a polynomial f = 2aj,„,.,,„„a;/i... a;/" and 
a finite or infinite negative power series E=1ic„^^.„^qfxf ... xf'^)"^ 
are inverse to one another if the constant terra of the product F^E 
vanishes, i.e. if 2ap„p„..„p„Cp„p„ ..,,̂ ,, = 0. Thus any member of i f of 
degree € t and any inverse function of 31 for degree t are inverse to 
one another. 



IV] THE INVERSE SYSTEM AND MODULAR EQUATIONS 65 

Any inverse function of 31 for degree t can be continued so as to 
become au inverse function of 31 for any higher degree (§ 59), and when 
continued indefinitely becomes an inverse function of 31 without 
limitation in respect to degree. If all coefficients after a certain stage 
become zero the inverse function terminates and is a finite negative 
power series. In the case of an A-module the inverse functions are 
homogeneous (§ 59) and therefore finite. 

In order that a function may be an inverse function of 31 it is 
necessary and sufficient that it should be inverse to all members 
of if; hence if 31 contains 31' any inverse function of 31' is an inverse 
function of 31. The whole system of inverse functions of M can there
fore be resolved into primary systems corresponding to the primary 
modules of 31. The inverse functions of a Noetherian primary module 
are all finite (§ 65) but not in general homogeneous. The inverse 
functions of a non-Noetherian primary module are all infinite power 
series (§ 65). 

We shall, regard inverse function and modular equation as con
vertible terms, and use that term in each case which seems best suited 
to the context. 

A module is completely determined by its system of modular 
equations no less than by its system of members. The two systems 
are alternative representations of the module. Also the properties of 
the modular equations are very remarkable, and it is necessary to 
consider them in order to give a complete theory of modular systems. 

As there is a one-one correspondence between the members of a 
module 31 of degree ^ t and the members of the equivalent A-module 
of degree t, so there is a one-one correspondence between the modular 
equations of Mfor degree t and the modular equations of the members 
of the equivalent A-module of degree t. These last are called the 
modular equations of the A-module of (absolute) degree t. 

58. Theorem. The number of independent modular equations 
of degree t of an H-module ( f , f , .••, Ff) of ranlc r is the coefficient 
of «' in 

(1 - x'^) (1 - x'^) ... (1 - J'-) (1 - x)-f 

loliere li, k, •••, 4 ai'^ the degrees of f , f , •••, f -
Since the whole number of linearly independent polynomials of 

degree t is the number of power products of degree t, or the coefficient 
of cf in (1 -a;)-", the theorem will be proved if it is shown that the 
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number N{r, t) of linearly independent members of ( f , A , •••, f •) 
of degree t is the coefficient of «' in 

{1 - (1 - x''') {l-x^')...{l- d')\ (1 - «)-». 

This is easily seen to be true when r=l. 
Since any member of ( f , f , ..., f ) is a linear combination of 

elementary members, we have 

N{r,t) = N{r-l,t) + p, 
where p is the number of polynomials coif, a)2f, ..., Mpf - of degree t 

of which no linear combination is a member of ( f i, f 2, ..., f - 1 ) , or the 
number of power products toi, 0)2, •••, «p of degree t-lr of which no 
linear combination is a member of ( f . A , •••, f - i ) , § 48. Hence 

p + N{r-1, t-lf = number of power products of degree t-lr 

= coefficient of x in x (1 - «)""•; 
and 

N{r,t)=N{r-l,t)-N {r-1, t - /,.) 4- coefficient of «* in x'' (1 - x)-'\ 

Hence, assuming the theorem for N{r- 1, t), it follows that N{r, t) 

is the coefficient of .«* in 

{1-{1-J'-)...{1- x^-^)] (1 - i»)-" (1 - «''•) + x"- (1 - «)-", 

or in {1 - (1 - io^) •••(!-«^' '" ' ) (f -^^Ol (1 -«)""> 
which proves the theorem. 

This result is independent of the coefficients o f f , A , •••, f^; 
hence it follows that any member of ( f , f , ..., f ) is expressible in 
one way only in the form 

Xt»)f 14- XWf2 + ...+ X'--^ A „ 
where X<'' (as in §§ 6, 7) is a polynomial in which Xi, X2, ..., *'» occur 
only to powers as high as «/ '~\ ..., a;/»-\ the variables having been 
subjected to a substitution beforehand. 

The theorem can be applied to any module ( f , f , ..., f . ) of 
rank r if ( f , f , ••-, Ff) is an A-basis, i.e. if the A-module deter
mined by the terms of highest degree in f . A , ..., f is of rank »• 
(§49). In this case the number of independent modular equations for 
degree t is the coefficient of x" in (1 -xf ... (1 -«;V) (1 _^)--«-i_ _̂ ji 
important particular case is the following : 

The number of independent modula/i- equations of a module 
( f , A , ..., Ff of rank n such that the resultamt of the terms of 
highest degree in A , f , ..., A does not vanish is 4 4 . . . 4 - I for 

ree l-l, and Ifz-.. In fo>^ any degree '^l, where 

l=ll+l2+ ... +ln — n. 
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This is also true for any A-module (A, A , ..., Ff of rank « ; 
but the number of modular equations for degree t will be the sum of 
the numbers of modular equations of all degrees ^ t, so that there is 
one modular equation of degree I and none of any degree > I. 

59. Any inverse function of 31 for any degree can he continued 
so as to give an inverse function of 31 for any higher degree. 

By carrying the continuation on indefinitely we obtain a power 

z -
-L+V 

-~C+2 

- l-i-3 

m 

p-

:l+r-

7-(-"5' 
L^^ 

7 -»- •^ 

series (finite or infinite) which is an inverse function of 31 for all 
degi-ees without limit. 

Let (A, A , ..., A ) be an A-basis of M. Then any member P 
of M is a linear combination of elementary members wA i'>'0 one of 
which is of higher degree tlian F. Let I be the lowest degree of any 
member of 3/1. Write down the dialytic array of M for degree /, 
viz. the array of the coefficients of such members of the A-basis as are 
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of. degree I. Their terms of degree I (corresponding to the compart
ment I of the diagram) are linearly independent, for if not there would 
be a member of i f of degree < I, which is not the case. Next write 
down the rows of the array representing such members of the basis as 
are of degree ^4-1, and members obtained by multiplying members of 
degree I by Xi, Xi, ••., Xn, so as to obtain a complete set of members 
of degree l + l linearly independent as regards their terms of 
degree ^4-1, these terms corresponding to the compartment l+l oi 
the diagram. Proceeding in the same way we can obtain the whole 
dialytic array for any degree. 

To obtain the inverse array for the same degree first write down 
square compartments 0, 1, 2, ..., ^ - 1 with arbitrary elements corre
sponding to degrees 0, 1, 2, ..., ^ - 1, and then a compartment I inverse 
to the compartment I of the dialytic array. Each row of the com
partments 0,1,2, ..., l—l can be continued so as to be inverse to the 
dialytic array for degree I, since the determinants of the compartment 
I do not all vanish. This completes the inverse array for degree /. All 
its rows can be continued so as to be inverse to the dialytic array for 
degree l+l, and a compartment /4-1 of new rows can be added inverse 
to the compartment l+l oi the dialytic array. This completes the 
inverse array for degree ^4-1; and we can proceed in a similar way to 
obtain the inverse array for any degree. 

This diagram or scheme for the dialytic and inverse arrays of a 
given module 31 will be often referred to. The ease with which it can 
be conceived mentally is due to the fact that it is obtained by working 
with an A-basis of M. Each pair of corresponding compartments 
l + i form inverse arrays, and in combination form a square array, 
showing that the combined complete arrays for any degree have the 
same number of rows as columns. In the case of a module of rank n 
the compartments of the dialytic array eventually become square and 
the total number of rows of the inverse array is finite. To a square 
compartment in either array corresponds no compartment or rows of 
the other array. In the case of an ff-module the compartments are 
the only parts of the arrays whose elements do not vanish, i.e. the 
inverse functions are homogeneous. 

Definition. The negative power series represented by the rows of 
the inverse array continued indefinitely will be called the members of 
the inverse system, and A , A , A ) ••• will be used to denote them, just 
as A , A , f i , ... denote members of the module. 
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The system inverse to (1) has no member. The system inverse to 
(^1, X2, ..., xf has only one member 7̂ "= 1; and the modular equation 
1 = 0 signifies that the module contains the origin. 

60. Properties of the Inverse System. Before attempting 
to show in what ways the inverse system may be simplified we consider 
its general properties. 

00 

Definition. If F='%Cp^^p,^ p^{xf^ x.f''... x,ff~'- is a negative 
power series (no pi negative), and A any polynomial, the part of the 
expanded product AE which consists of a negative power series will 
be denoted by J . . f and called the A-derivate of E. Thus 

Xi . {xiX-i)-'- = {xi)~', xf. {xixi)~^ = 0. 
GO 

A negative power series E= ^Cp^,P2 Pn (xi"'xf'^... xff-'- is or is 
not an inverse function of a module M according as every member 
F='S,ap^^p^^...^p^xf^xf'^... xf"' of M, or not every member of M, 
is inverse to it, i.e. according as every 2fflj,j,pg PU'^PI'P^ P n ^ ^ °^ 
not. Suppose E an inverse function and f any member of 31. Then 
x^xi'-... «,j" f=2ftp^ ĵ,̂ .̂.._p^ xf^* ̂  ... A'/"* " is a member inverse to f; 
hence every 2apj,p2, ...,p„Cpj-Hj,...,j,,̂ +j,̂  = 0, and 

2Cp^-FZ,, ..., j),j+Z„ ( ^ 1 X2'...Xn ) , 

or x^xf^... Xn" . A is a member of the inverse system. Hence if E 
is a member of the inverse system of 31 so also is xfx.2^... Xn'"'.E, and 
if E^, E2, ..., A a,re members so also is A1.E1 + A2. E2+ .•• + A^. E„ 
a member, where Ai, A.2, ..., Au are arbitrary polynomials. 

In a slightly modified sense which will be explained later (§ 82) 
the invm-se system of any module 31 has a finite basis [A> A- •••, AJ 
such that any member of the inverse system is of tlie farm 

Xi. E1 + X2.E2+... + X . A , 

whe,re JTi, X2, ..., X i a/re polynomials. 
This theorem is evidently true in the important case in which the 

total number of linearly independent members of the inverse system 
is finite, viz. in the case of a .module of rank n and in the case of 
a module of rank r when treated as a module in r variables only, or, 
in other words, in the case of a module which resolves into simple 
modules. 
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Regarding the inverse system as representing the modular equations 
of M vfe shall write-if= [A, A , •••, A ] as well as 31= (A , A, . . . , A) . 
Here M is the L.C.M. of [A], [A], •••, [A] and the G.C.M. of 
(A), (A), - , (A)^ 

Definition. A module M will be called a principal system if its 
inverse system has a basis consisting of a single member, i.e. if 
31= [ f ]. 

A module of the principal class is a principal system (§ 72), but 
a principal system is not necessarily of the principal class. A 
principal system is however the residual of a module (F) with respect 
to any module of the principal class which contains, and is of the same 
rank as, the principal system (cf. § 62). 

61. The system inverse to i f = ( A , A , ..., Fji) is the system whose 
Fi-derivates {i= 1, 2, ..., k) vanish identically. 

In other words, in order that E may be a member of the inverse 
system of i f it is necessary and sufficient that f . f {i=l, 2, ..., k) 

should vanish identically. For if E='S.c^^^^^,...^^^{xfx2^^... xff-' is 

any member of the inverse system, and Fi = %ap^_p^_^...^p^xf^xf^-...xf''*, 

then Fi.E=% ap^, p^ p^ % Cp^+^^,.... p^+,^ {xf^xf"... x,^f-' 
p q 

= 2,{Xi X2 ••• ^m " ) ^ 2ap^_j,jj_ ,.., j^Cpj-(-gj,.,.,j,^-Hj^ = 0 , 
q • p 

since every 2aj,̂ _..._p̂ Cp̂ +ĝ , -.Pn+^n "vanishes {xf''-... xf'^Fi being inverse 
p 

to E). Conversely if A . f = 0 , then ^ap^,,.,,p^Cp^+f,^ i'„-̂ «„, = 0' 
p 

i.e. xf^... xf^Fi is inverse to E, and every member of i f is inverse 
to A i.e. f is a member of the inverse system. 

Similarly if M= [A, A , •••, A ] ihe necessary and sufficient con
dition that F may he a member of 31 is that F. Ej {j=l, 2, ..., h) 
vanishes identically. 

62. The modular equations of M/{Fi, A , ..., Ff) are the Fi-deri
vates of the modular equations of M, i.e. 

{El, A , ..., A]/(Ai, A , ..., Ff = {..., Fi.Bj, ...]. 

For the necessary and sufficient condition that f may be a member 
of the residual module is 

f A = 0modif {i = l, 2, ..., k) 
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or FFi.Ej=0 {i = l, 2, -.., k; j = l, 2, ..., h) 
or F.{Fi.Ef = 0. 
Hence [..., f-. Ej, ...J is the residual module (§ 61). 

63 . A system of negative power series tvith a finite basis 
[ f , A , •••, AJ of such a nature that all derivates of A , A , •••, Ai 
belong to the system is an inverse system of a module if Ei 
{i=l, 2, ..., h) has an Fi-derivate which vanishes identically. 

For there are polynomials A such that the A-derivate of each of 
A , A , •", A» vanishes identically, the product A A - ' - A , being one 
such polynomial. Also the whole aggregate of such polynomials A 
constitutes a module 31; for if f belongs to the aggregate so does J f . 
Consider the dialytic and inverse arrays of 31 obtained as in § 59. 
Since every member of ilf is inverse to every member of [A , A , • • •, A J 
all members of the latter are represented in the inverse array. If any 
otber power series are represented, viz. if there is a row of the inverse 
array which does not represent a member of [A, A , •••, Eii], let it 
begin in the compartment l + i. Then if we omit this row we can 
add a row to the dialytic array representing a polynomial of degree 
l+i inverse to all members of [A, A ; ••• > AJ but not a member of 31. 
This is contrary to the fact that M is the whole aggregate of such 

. polynomials. Hence the system inverse to i f is [A, A i •••, AJ-
CO 

Thus in order that E= 2cpj,_p2, ...,3,,j(i2 /̂̂ »2* •̂••;»/'')"•' may represent 
a modular equation of a module it is necessary and sufficient that 
hi-.v.y.-.Pn should be a recurrent function of pi, p2, ..•,Pn, that is, 
a function satisfying some recurrent relation 

2aj , j , j ,3 , ...,p-fp-^+\, ....Pn+hi^ ^ 
p 

for all positive integral values of 4, 4, •••, 4 , where the Wjô, j ,^, ...,p^ are 
a set of fixed quantities finite in number. It may be that Cp^^p.^ p^ 
satisfies several such recurrent relations not deducible from one another; 
hut it is sufficient if it satisfies one. 

64. Transformation of the inverse system corresponding to a 
linear transformation of the modular system. 

If the variables in the modular system M are subjected to a linear 
non-homogeneous substitution with non-vani.shing determinant by 
which M is transformed to 31' it is required to find how the inverse 
system [A, A , ••-, A J is to be transformed so as to be inverse to M'. 
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In other words, if the negative power series E is inverse to the 
polynomial f it is required to find a power series A inverse to the 
transformed polynomial A . It will be shown that an A exists which 
can be derived from E in a way depending only on the substitution 
and not on the polynomial f . 

Let F=%ap^,„„p^xfK..xf*, f ' = 2a',^,...,,„flJ/'^.•a^.'^ 

and let the coefficients ĉ ,̂ p̂  p^ of E be represented symbolically 

by cf^cf^...c/". Then we have^E=%cf\..cf'''{xf^...xff-"-; and 

2^ r "V ''•̂  r- ^̂  - 0 

since A f are inverse to one another. Let the inverse substitution 
be xi = a'fl^i4-... 4-a'itiXn + ai {i— 1, 2, ..., n). 

Then 2«',^....,5ja'ii^i-F ...)«^.. («'„IA-I4- ...)*'' = 2a^^ p^xf\..xf'", 

and we have 

2ci^^..c/"x 

{coeffiofa;i^^..a;/"in 2a'a^...,,^(a'iia;i4- ...f\..{a'niXi+ ..•)'"} = 0, 

i.e. 2a'gj...g^(a'iiCi+ ...fK.. {aniCi+...)""• = 0, 

i.e. the power series A=2(a'nCi4- ...y^...{a'niCi + ...f''{xi''\..xff-' 

is inverse to the polynomial f ' = 2a'gj ^^^xf^... xf''. 

Hence the coefficient of (a;/^ xf-... xf'"f-'- in the transforhied power 
series A is 

f<t^,^2 ff,, = («'nCa.+ .^^)*i(a '2iCi+. . . )«2. . . (a 'MCi+-^^)S 

where, after expanding the right-hand side, c/i C2̂ 2... c/n. is to be put 
equal to Cj,̂ , p^,..., p^, the coefficient of {xf^ xf^... xff-'- in A For sucli 
a transformation of f and A when not inverse to one another, 
2ao, p„ „ c„, „, „ is an absolute invariant. 

The most important transformation is that corresponding to a 
change of origin only. In this case, if 

f = 2ap^ ...p,^xi"... x,f- and ^=201^^. . cf%xf'... xfr\ 

and the new origin is the point (—«], -ffl2, •••, —af, 

then f ' =--2a^j... p,^{xi-aif'...{xn- a,nf'' 

and E' = 2 (ci 4- «i)^i... (c„ 4- a.,0 "̂ (aJî .̂.. xff-\ 

It is to be • noticed that if f is a finite power series it nevertheless 
transforms into an infinite power series E'. In particular if f = 1 
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then E'= %af'-...af''{xf^xf"'...xff-', the inverse function of 
{xi-ch, ..., x,i-af. 

For homogeneous substitutions another way of considering corre
sponding transformations of f and E can be given, which however 
excludes a change of origin. Represent f by 

2c, 
Pfpf ... pf. 

instead of 2Cp ,̂j,,, ,.._j,̂ («î .̂.. *'/")-•', and let the new f be defined 

as inverse (or conjugate) to f = 2ap ,p.,, ...̂ ^̂  a'/'-... «•/" when the 
same relation 2a„, p c„ . „ =0 holds as before. Then for contra-
gredient substitutions of x-i, X2, ..., x^ and MI, M2, ..., «» the poly
nomial f and power series E will always remain inverse (or conjugate) 
to one another if they are so originally. - Also the members E of the 
inverse (or conjugate) system of a module M, when expressed in the 

'new form above, are the power series with respect to which the 
members (of the basis) of the module 31 are apolar (§ 61). 

65. The Noetherian Equations of a Module. The 
modular equations 2cj,j, j , ^ , . . . , j , {xf'-xf'^... xff~'^ = 0 of a module 31 
for degree t are finite because they are only applicable to members • 
of degree ^t, and the coefficients {xf^xf'^... xff-''- in the general 
member of degree t vanish when pi+ ... + Pn > t. A modular 
equation may however be finite in itself, i.e. every c ĵ.̂ .̂ ,..., j),̂  for 
which jBi4-^2+ ••• +Pn exceeds a certain fixed number I may vanish. 
If such an equation is applied to a polynomial of degree >f it only 
affects the coefficients of terms of degree ^ 4 

Definition. The Noetherian equations of a inodule are the 
modular equations which are finite in themselves. 

There are no Noetherian equations if the module does not contain 
the origin. For if E= 0 is a Noetherian equation of absolute degree I, 
and i^-'- a power product of absolute degree I which is present in E, 
the derivate equation m.E = 0 is 1 = 0, showing that the module 
contains the origin. Every Noetherian equation has the equation 
1 = 0 as a derivate. 

On the other hand Noetherian equations always exist if the 
module contains the origin, for the equation 1 = 0 exists, and so 
does the equation m" = 0, where w is any power product of less 
degree than any term which occurs in any member of the module. 
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The whole system of Noetherian equations of a non-Noetherian 
module i f forms only a part of the whole system of modular equations, 
and is exhibited by a scheme similar to but different from that of § 59, 
with which it should be compared. In this new scheme the rows of the 
dialytic array represent the members of the module arranged in order 
according to their underdegree (or degree of their lowest terms) 
instead of their degree' (or degree of their highest terms). The first 
set of rows represents a complete set of members of underdegree 4 
which are linearly independent as regards their terms of degree 4, 

Ir 

f,+ l-

-L+2 

l,-^5 

% 

z,-i 
.Vjf 

zltV:. 

-2>+2---
: . 4+5---.-: 

where 4 is the lowest underdegree of any member of M. These are 
obtained from any basis of if, which need not be an ff-basis. The 
next set of rows represents a complete set of members of under
degree 4 + 1 which are. linearly independent as regards their terms 
of degree 4 + 1, obtained partly from the basis of i f and partly from 
the set of members of underdegree 4 by multiplying them by 
iPi, .«2, ..., Xn; and similarly for succeeding sets. The compartments 
4, 4 + 1, ••• corre.spond to the terms of lowest degree in the suc
cessive sets. 



IV] THE INVERSE SYSTEM AND MODULAR EQUATIONS 75 

To obtain the corresponding inverse (or Noetherian) array first 
insert square compartments 0, 1, 2, ..., 4 - 1 with arbitrary elements 
(or with elements 1 in the diagonal and the remaining elements zero) 
corresponding to degrees 0, 1, 2, ..., 4—1; and then a compartment 4 
inverse to the compartment 4 of the dialytic array. This completes 
the array for degree 4 J all its rows are inverse to all members of M 
and represent Noetherian equations. Next insert a compartment 4 + 1 
inverse to the compartment 4 + 1 of the dial3rtic array, and continue 
its rows backwards so as to be inverse to the first set of rows of the 
dialytic array. This completes -the array for degree 4 + 1 ; and we 
can proceed similarly to find in theory the whole of the Noetherian 
array. 

The object of the diagram is merely to exhibit the whole system of 
Noetherian equations, which it evidently does. If A is a polynomial 
for which all the Noetherian equations for degree t are satisfied, then, 
up to and inclusive of its terms of degree #, f is a linear combination 
of members of the module of underdegree < t, i.e. f is expressible 
as far as degree t in the form jr iA4-X2f2 4-... 4-X/iA t̂, where 
X , X2, ..., Xi are polynomials, and A= Omod (if, 0'+^). Conse
quently if A satisfies the whole system of Noetherian equations 
it is of the form P1F1 + P2F2+ ... + P * A , where Pi , P2, ..., Pj are 
power series. Hence f A = 0 mod M, where A has a non-vanishing 
constant term (§ 56); and, if i f is a Noetherian module, A = 0 mod 31. 
Hence the ivhole system of modular equations of a Noethet'ian module 
can be expressed as a system of Noetherian equations. 

66. Modular Equations of Simple Modules. If in the 
last article the rows of the compartment 4 + i of the dialytic array 
should be equal in number to the power products of degree h + i 
there will be no Noetherian equations of absolute degree > 4 + i. 
In this case the Noetherian equations are finite in number and 
can be actually determined (at any rate in numerical examples). 
This can only happen when the module contains the origin as an 
isolated point, and the Noetherian equations are then the modular 
equations of the simple Noetherian module contained in the given 
module. The simple module itself is ( i f 0''+*) and k + i is its 
characteristic number. 

Thus the simple modules at isolated points of a given module 31 
can all be found by moving the origin to each point in succession and 
finding its Noetherian equations and characteristic number. 
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Let M have a simple module at the point (%, a2, •••! f^n). Move 
the origin to the point and find the Noetherian equations. They will 
be represented by finite negative power series 

A = A=̂ ^̂  = A=0 
and all derivates of the same. Also any such system represents 
a simple module at the origin ; the fact that the coefficients of 
A., A , •••, Ai are recurrent functions (§ 63) placing no restriction 
on them when finite in number. Let A = 2 Cpj_ p^,..., p^^ {xf^ xf''.. • xff-^ 
be of absolute degree y i - 1. Moving the origin back to its original 
position, that is, to the point (—«], — ffl2, ...,-af, the equation A = 0 
becomes (§ 64) 

2 (ci + aif' {C2 + aif'.... (c„ + a J " (̂ •î ^̂ 2"̂  • • • xff-^ = 0, 

where, after expanding {ci + off'' •••{cn + anf'\ each cf ... cf"' is to 
be put equal to the known constant ĉ ,̂ ĝ  ĝ  which it represents. 

^Iso Cgj, g ,̂..., g,̂  = 0 If ^j 4- Q'j 4"... 4" ,̂1 > ^ j . Thus 

{ci + aif" (C2 + a2f'... (cn + anf- ={l + '^f... ( l 4-1)"" afW'... af-

-I. a ^ i« '̂2 a ^« 

where kp^^p^. •-. Vn '^ ^ whole function of joi, ̂ 2, ..., Pn of degree y^- 1. 
Hence the modular equations of any simple module at the 

point (wi, a2, •••, af are represented by power series 
CO 

2*pj, j3.,, ..., p,j f?i a2 ...an {Xi .X2-...Xn ) =0 

and their derivates, where hp^.P2,-,Pn is a whole function of j»i,p2,^^-,i^-
Conversely any system of equations (finite in number) of this type 
with all their derivates is a system of modular equations of a simple 
module at the point {a^, a2, •-., af. 

The following is a consequence of the above. The general solution 
for the recurrent function Cp.^^ p^_ ...^ p^ (§ 63) satisfying a set of re
current equations 2«p ,̂„2 % »̂i+!i Pn-^^n~^ ^^"^ ^^^ positive 

integral values of 4, 4, •••, L, when the corresponding polynomials 

2apj,p2 vn'^f^^'i^••• '"'f'' Iiave only a finite ' number of points 
{ai, fts, •••, af in common, is '%Aaf'af'^...af'", where 4 is a whole 
function of pi, P2, ..., Pn dependent on the point (wi, aj, ..., a,f and 
involving linear parameters. When the polynomials have an infinite 
number of points in common there can scarcely be said to be a general 
solution for PJ,̂ , p̂ , ..._p .̂ 
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Properties of Simple Modules 

67. Theorem. If the resultant of ( f , A , •••, A„) does not 
vanish identically the number of Noetherian equations of any simple 
module of (A, A , ...,Ff 'is equal to the multiplicity of tlie corre
sponding solution of Fi = F2=... = Fn = 0 given by the resultant. 

This theorem is proved for the case w = 2 in (Mj, p. 388) and for 
the general case in (L, p. 9§). Both proofs are very complicated; 
and a simpler proof is given here. 

By the resultant of ( A , A> • • •, A ) we shall understand the resultant 
with respect to â i, a'2, •••,«»-!, viz. a polynomial in Xn, the variables 
having been subjected to a homogeneous linear substitution beforehand. 

Move the origin to any point of (A, Aj , . . . , Ff. Then, if x^ is the 
highest power of Xn which divides the resultant, G is the multiplicity 
of the solution of Ai = A2 = ... = f j = 0 corresponding to the origin. 
Let Q be the whole simple module of (A, A , ••., Ff at the origin, 
and iVthe number of its modular equations. We have to prove that 
G=N. 

Consider first the specially simple case in which the origin is not 
a singular point of the curve (A, A , •••; Ff. The terms of the first 
degree in A2, A , ..., A are then linearly independent. For simplicity 
we may suppose them to be X2,Xs, ..., Xn. Then f can be modified 
by A , A , . . . , Aji so that its terriis of lowest degree reduce to the single 
term xf. Hence the modular equations of Q, or Noetherian equations 
of (A, A , ..., A ) , are xfP+' = xf'+'' = ... = .-sr̂  = 1 = 0 (§ 65), so that 
N=p. Also the number of points of intersection of f 1=A = • • • = A = 0 
that coincide with the origin is^, so that G=p. Hence G-N. 

Consider now the general case. Let Fi,Fi,...,Ff be n poly
nomials whose coefficients are arbitrary except that they satisfy the 
N equations of Q. Then ( f 1, f2, • • •, Ff and (f/, A', ..., A/) have 
the same simple module Q at the origin, and the same N. It can be 
proved also that they have the same G. By the Lasker-Noether 
theorem (§ 56), since (A, A , •••, A ) and ( f , Fi, •••, A ' ) have the 
same Noetherian equations, there exist polynomials ^1, <̂ 2, •••= <̂ .i and 
^1', ^i, ..., <̂ ,/, none of which vanish at the origin, such that 
^iFi = 0 mod ( A , Fi, ..., Ff) and ^/ f/ = 0 mod ( f , f2, • • •, Ff. 

Hence the module (<^ifi, ^2A, •••, <^«A) contains ( A , A , •••, A ' ) , 
and the resultant of the former is divisible by that of the latter (§ 11). 
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But the resultant of (-^lA, ^2^2, •••, <^«A) is the product of 2" 
resultants of which one only, the resultant of (A, A2, ...,Ff, has «; 
as a factor. Hence the resultant of ( f , A , . . . , Ff is divisible by as 
high a power of Xn as the resultant of (f/, Fi, ..., Ff), and vice versa; 
i.e. the two resultants are divisible by the same power of «„. 

Now the resultant of the teims of highest degree 4, 4, •••, 4 in 
Fi, Fi,..., Ff does not vanish, for the coefficients of thase terms are 
absolutely arbitrary if 4, 4, •••, 4i are all chosen as high as the 
characteristic number of ft Hence the equations A'=A'=---=A/=0 
have no solutions at infinity, and the number of their finite solutions 
is lil2...ln, taking multiplicity into account. Also tfie sum of the 
values of A for all the points of {Fi,Fi,..., A ' ) i s 44-^-4(end of §58), 
i.e. is equal to the sum of the values of C. Also each point of 
( A , A2', ..., Ff) except the- origin comes under the simple case 
considered above; for even if the curve {Fi, Fi, ..., Ff) has any 
singular points other than the origin, Ai' does not pass through them, 
since the origin is the only fixed point of A/. Hence the values of G 
and N are equal at each point of ( A , A , ..., Ff) other than the 
origin, and are therefore also equal at the origin. This proves the . 
theorem. 

68 . Definitions. The multiplicity of a simple module is the 
number of its independent Noetherian equations. 

This -number has a geometrical interpretation when the theory of 
the resultant is applicable; but in general it has only an algebraical 
interpretation. 

The multiplicity of a primary module oi rank r is the multiplicity 
of each of the simple modules into which it resolves when regarded as 
a module in r variables only. 

Thus there are four important numbers in connection with any 
primary module, viz. the rank r, the order d, the characteristic number 
y, and the multiplicity p. 

A primary module of rank r will be said to be of the principal 
Noetherian class if there is a module (f,, A , ..., A ) of rank r which 
contains it and does not contain any primary module of greater 
multiplicity with the same spread. On moving the origin to any 
general point of the spread any member of the primary module will be 
of the form P 1 A 4 P a A + . - . + A A , where Pi, P2, •••, A are power 
series. 

In other words, the primary modules into which a module of the 
principal class resolves are said to be of the principal Noetherian class. 



IV] THE INVERSE SYSTEM AND MODULAR EQUATIONS 79 

Any prime module is of the principal Noetherian class ; but in general 
a primary module is such that any module of the principal class which 
contains it determines a primary module of greater multiplicity. For 
example, O'fs of multiplicity n + 1, but any module of the principal 
class of rank n containing 0- contains a simple module at the origin of 
multiplicity 2" at least. 

If i f is a module of rank n the number of its modular equations is 
finite and equal to the sum 2/u. of the multiplicities of its simple 
modules. In order that we may have f = 0 mod 31 the coefficients of 
f must satisfy the 2;". equations (which will not be independent unless 
f is of sufficiently high degree). Any set of 2ya linearly independent 
polynomials such that no linear combination of them is a member of M 
is called a complete set of remainders iox M; and has the property that 
any polynomial f which is not a member of M is congruent mod M to 
a unique linear combination of the set of remainders. The simplest 
way of choosing a complete set of remainders is to take the polynomial 
1 of degree 0, then as many power products of degree 1 as possible, 
then as many power products of degree 2 as possible, and so on, till 

.a set of 2M power products has been obtained of which no linear 
combination is a member of 31. We shall call any such set a simple 
complete set of remainders for M. 

If i f = [ A , A J •••, A J is a simple Noetherian module no member 
E of the system [ A J A I .., A ] can have the same coefficients 
(assumed real) as a member A of M; for if E and f had the same 
coefficients the sum of their squares would be zero. Hence if the 
members of the system [ A j A J •••, A J have their power products 
changed from negative to positive they will form a complete set of 
remainders for 31. 

6 9 . A Noetherian principal system [ A ] is uniquely expressible as 
a system {E] such tlmt the polynomial F with the same coefficients as E 
is a member of the module {E]/0. 

Let A J A J " - J A ^0 a complete set of linearly independent 
derivates of A all of less absolute degree than A j and let f , f 2, ..., A î 
be the polynomials having the same coefficients as A , A , •.•, A -
Then A , A J •••J A are the members of the system 

{Ei]/0 = {xi.Ei, X2.E1, ...,Xn.Ei]; 
and A , A3,..., Af, is a complete set of remainders for the module 
[ A ] / 0 . Hence there is a unique f such that 

A = f 14- X2 A + • • • + KF^ = 0 mod {Ei]/0. 
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The member E of [ A ] with the same coefficients as f is unique, and 
the system [ f ] is the same as the system [ A ] - A homogeneous 
Noetherian equation is already in its unique form. 

7 0 . If E is homogeneous and of absolute degree I the numbers of 
linearly independent derivates of E of degrees V and I-I' are equal. 

Let A , A J •••, A v be the members of the system {E] of degree /', 
and Ai, As, •.., A L the members of the module [ f ] of degree V, and 
Gi, (?2, •••J GN the polynomials which have the same coefficients as 
A J, A , • • • J Ejf; so that A i , . . . , FL, GI, ..., GN form a complete set of 
linearly independent homogeneous polynomials of degree I'. Then the 
A - , A2-, . . . ,Ai-derivates of f vanish identically, and the A-, G2-, ..., 
6rj\r-derivates are the derivates of degree I - I', and are linearly inde
pendent ; otherwise some linear combination oi Gi,G2,..., G^ would be 
a member of the module [ f ] . Hence the numbers of derivates of 
E of degrees V and l-V are equal. 

7 1 . The modular ecquations of a simple module Q of the princv^ 
Noetherian class consist of a single equation E=0 and its derivates; 
that is, a simple m,odule of the principal Noetherian class is a principal 
system (M, p. 109). 

Take the origin at the point of Q. Then the modular equations of 
Q are Noetherian, and the characteristic number y of Q is 1 more than 
the absolute degree of the highest modular equation. Also since Q is 
of the principal Noetherian class it is the whole Noetherian module 
contained in a certain module M={Fi, F2, ...,Ff of rank n. By 
choosing the degrees 4j 4j •••j In of Ai, A2, ..., A„ to be > y we may 
assume ( A , A , ..., Ff to be an A-basis of M (§ 49). 

Now if f is any polynomial of degree 4 + 4 + ••• 4-41-™-! such 
that XiF, X2F, ...,XnF are all members of 31 then A itself is a member. 
We prove this for 2 variables referring for the general proof to (M, p. 110). 
When n = 2, we have 

XiF=AiFi + A2F2, « 2 f = A A i + A A 2 , 

where Ai, P , are of degrees < 4 - 2 and A2, P2 of degrees ^ 4 - 2 . 

Hence X2 {AiF^ + ^2 A ) = Xi ( A f + P2 A ) , 

or {X.2A1 -XiB f Fl = {xiB2- X2A2) A , 

or X3Ai-XiBi = Q = XiB2-XiA2, 

since X2A1- XiBi is of degree < 4 and cannot be divisible by f . 
Hence Ai, An are both divisible by Xi, and f = 0 mod ( f , A2). 
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Suppose § = [ A , A , •••, A ] , where each A is relevant, that is, 
not a member of the system [ A , "-j A - u A-HJ •••J A J - Then the 
conditions that x^F, a-sA ...,XnF are to be members of 31 require 
only that the coefficients of A should satisfy all the derivates of 
A = A = • • • = A = 0 (but not these equations themselves) and all the 
modular equations of the other simple modules of 31; i.e. If2-..In —h 
equations in aU. But these conditions require P = Omod if, or that 
the coefficients of A.should satisfy all tlie 44-••4 modular equations of 
31, which are equivalent to 44^--4i— 1 independent equations as applied 

• to f (§ 58). Hence the 44-^-4-/2 equations as applied to f a r e 
equivalent to no less than 44 - - ' - 4~ l independent equations. Hence 
A=l , and Q = {Ei]. 

The converse of this theorem, viz. that a simple principal system is 
of the principal Noetherian clas,s, is true in the case of 2 variables (M3), 
but not true in the case of more than 2 variables. Thus 

\jXiy + fct2 "T* tt'3 J ^= i^t^l ^ '*'2 i '^l '~~ ^ 3 J '^•2'^Zi ^i'^1 J X\X'2) 

is a principal system which is not of the principal Noetherian class. 

72 . A module of the principal class of rank n is a principal 
stjstem. Let [ A ] j [A] i •••j [ A ] be the simple modules into which the 
given module resolves, and 71, 72, ..-jya the characteristic numbers, 
and fli, fflg,..., aa. the avcoordinates of the points of [A] i [A]i---j [ A ] . 
The given module [ A , A J •••J A ] will be proved to be identical with 
[A + A + ^ ^ ^ + A ] . 

Since Xi — «j contains the spread of [A]i {xt - aif' is a member of 
the module [ f j j § 32, and {xi-aifi.Ei vanishes identically (§ 61). 
Hence from the equation A + A + • • • + A = 0 we have 

{x, - af' {xi - ai)''\ ..{xi- af'^. A = 0. 

The operator on the left hand is a polynomial in Xi - ai in which the 

constant term does not vanish ; hence if we apply the inverse operator 

{xi-ai)~^K..{x-,-af~'*'' expanded in powers of (.*'i-ai) as far as 

{xi-a,iy'~^ we shall obtain A. = 0 ; since {xi-af.E, vanishes 

identically when I '^ yi. 
Hence A J and similarly A J A , •••j A , are all derivates of 

A + A - H . . . 4 - A a n d t h e g i v e n m o d u l e [ A , A , - - - , A ] = [ A + A + ^ ^ - + A ] . 
If i f is a module of the principal class of rank r then iyM and 

all its simple modules are principal systems. Hence any module of the 
principal class, a,nd its primary modules, ewe principal systems (§ 82). 

file:///jXiy
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7 3 . If a simple module Mi,, of multiplicity p is a principal system 
{E], and M'p.' is a simple module of multiplicity f contained in M^, and 
MfM'^. = 31"^.; then Mf.3r',,., = M'^,, and p' + p' = p (M, p. 111). 

The modular equations of MfM'^' are the f-derivates of E= 0, 
where A is any member of M'p.. (§ 62). Let A , A , .••, A be a 
complete set of remainders for 31'i^.,. To these can be added A + u • • -j A 
so that A , A J , ..., A is a complete set of remainders for i4.i. Also 
each of A ' -n , • • •, A oan be modified by a linear combination of 
A , A , • • • J A ' SO as to become a member of M'p.^; and we will 
suppose this to have been done. Then the A-u-, •.., A-derivates of 
E= 0 are modular equations of M"i^.>, and are linearly independent, 
since no linear combination of A '+ i , ..., A is a member of Mi,.. Also 
any other A-derivate of E=0, where A is a member of 31'i^^, is 
dependent on the p- p equations already found, since 

A = Xi A 4- A2A2 4- . . . 4- A^ A mod if;., 

which requires, since A = 0 mod 31'p.', 

Ai A 4- A2A2 4-... 4- X^Afi- = 0 mod 3r„>, 

or Ai = A, = ... = X .̂ = 0. 

Hence the A-derivate of-£'=0 is the (A^-^-iA '̂-n4- ... 4-A^ A')-derivate, 
and the number of modular equations of M"p" is p- p, i.e. p = p + p". 

Also since 3I'p.'3I"p.« contains Mp, 31'p,, contains MfM",j,- which is 
of multiplicity p.-p" = f. Hence M'p.^ = MfM"p". 

I t is true in general for unmixed modules of the same rank that if 
i f is a principal system containing 31', and 31/M' = M", then 31', M" 
are mutually residual with respect to M (cf § 24, Ex. ii). 

In (M, p. 112) the opinion is expressed that if Mp is any simple 
module of multiplicity p, and M'p' any module contained in Mp, then 
the multiplicity of MfM'p- cannot exceed p — p. This is not correct, 
as the following example shows. 

Example. Let 

Mp = [El, A ] = {(.Xixi)-' + (»-2.«4)-', (xixf)-' + {X2xi)-'], 

and 31'p. = {x,, X2, 0^) = [x^f Xi'', xr\ « r ' ] j 

so that /x = 24-64-1 = 9, /x'= 44-1 = 5. 

Then Mf3f'p.= {Ei, Ei]/{x„ X2) = {x,.E„ ^v A J x,.E.2, .̂ 2. A ] 
= {x3-\ Xi-\ Xi", .rg-J = M 'p,. 

Hence (since Mf 31'p. = 31 pi) 31'p. and M'p, are mutually residual 
with respect to Mp; and the multiplicity of 3If3I'p. is p > u-f 
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I t can be proved that if Mp is simple and contains 31fp. the 
multiplicity of 31 f31'p. cannot exceed l + \{p-p:j or \ + \{p-p)" 
according as p-f is even or odd. 

7 4 . If a simple H-module Mp of multipUcity p is a principal 
system [ f ] vnth characteristic number y, and if M'p-, 3I"p« are 
mutually residual with respect to Mp, and pi, p'l, p"i are the numbers of 
linearly independent modular equations of Mp, M'p', M "p" of degree I, 
then p'r + p'l" = pi' = Pi", tvhere l' + l" = y-l (M, p. 112). 

Here f is homogeneous and of absolute degree y - 1 ; and we have 
already shown that pi^ = pi,, (§ 70). The p"i« modular equations of 
3I"p" of degTce I" are A-derivates of f = 0 , where A is a member 
of 3I'pi of degree 4. Hence p"i« is the number of members A ' of 
31'p' of degree 4 of which no linear combination is a member A of if^; 
for F.E vanishes identically. There are /xj, polynomials in all of 
degree 4 of which no linear combination is a member of Mp, and p'^ of 
these are such that no linear combination of them is a member of i f V'l 
.while the remainder pi- - fi, can be modified by the p'r so as to be 
members of 31'p,. Hence 

p"i" = Pi'- p'l', o r p'i, + p"i" = p.i, = pj„. 

Thus the values of p"i are known for all values of I in terms of the 
values of pi and p'l for all values of /. 

7 5 . If M is any module of rank n in Xi, X2, . . , «•„,, and Mo the 
equivalent H-module in x^, ..., Xn, Xg, and p,n the number of modular 
equations o/(if„)j,^„(, of degree m, then the number of modular equations 
of Mfor degree m is 

Hra = l+Pi + P2+ ... +Pm. 

This is immediately seen by considering the scheme of § 59 
carried as far as degree m. The number of rows in the compartments 
0,1,2, ..., l-l of the inverse array is the number of power 
products of degree ^ Z - 1 , and each such power product inverted 
represents a modular equation of (ifo)a:„_o- This number is therefore 
I+P1 + P2+ ... + pi-i. The numbers of rows in the succeeding com
partments are pi, Pi+i, ..., p.,n; and A™ is the total number of rows, 

VIZ. 1 + PJ + P2+ ... + Pni,. 
Also the total number of modular equations of 31, or the sum oftlie 

multiplicities of its simple modules, is equal to the multiplicity of 

6—2 
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76. If M' is any module of rank n and f the sum of the multi
plicities of its simple modules, we can choose n members A , A , •••, P» 
of M' such that the resultant of their terms of highest degree does 
not vanish. If then the sum of the multiplicities of the simple 
modules of M= ( f i , f j , ..., A ) is p the sum of the multiplicities of 
the simple modules of 3I/M' is p-f (§§ 71, 73), and if M/M' =31" 
then M/M" =M'. The important point is that 31' is unrestricted 
except that it is composed of simple modules. The simple modules of 
M are principal systems, but not those of i f . These remarks are 
intended to point out the generality of the following theorem. 

If {Fl, AJ, ..., Ff is an H-basis of a module 31 of rank n, and 
31' any module contained in 31, and M" the residual module M/M', 
then M', 31" are mutually residual with respect to M, and 

H'v- IT'v = H'v^v - H" = Hi' - H'l' +1", 
where I' + 1" +n + l is the sum of the degrees of Fi, A , • ••, Ai, and Hi, 
H'l, H"i are the numbers of modulm equations of M, 31', M" fm' 
degree I. 

This gives the values of H"i for all values of I in terms of the 
values of A'j for all values of I; for A is known by § 58. 

The theorem is a generalization of the Brill-Noether reciprocity 
theorem (BN, p. 280, § 5, " Der Riemann-Roch'sche Satz"). It ex
presses the reciprocal relations between the numbers of the conditions 
which must be satisfied by members of 31' and if" in order that the 
product M'3I" may contain i f 

A somewhat more general theorem is the following : 
If {Fl, AJ, ..., Ff is an H-basis of a module M of rank n such 

that the H-'module determined by the terms of highest degree in 
Fl, A , ..., A; is a principal system with characteristic number y, and 
'if M' is any module contained in 31, aiid M" tlie residual module 
31/M', then M', M" are mutually residual ivith respect to 31, and 

H'i'-H'f = H'i.+i"-Hi" = Hi'-H"i'+i", where l' + l" = y-2. 
We shall prove this more general theorem which includes the other. 

We must prove first that the simple modules of M are all principal 
systems*. Let 31, Mi, Mf be the A-modules in Xi, X2, ..., «„,, Xo 
equivalent to M, 31', M".- Then {31 o)x„=o is a principal system ; and 

*• The converse that if M is a module of rank n whose simple modules are all 
principal systems [MQ)^^ = (, is a principal system is not true. For example if M 
is the module in 2 variables determined by 3 points in a plane, then (M ) _n has 
the modular equations x{~^ =X2-'- = 'i = ̂ , and is not a principal system. " 
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the multiplicities p, p, p" of (ifo)«o=o. (-̂ oO^o-o. W^o-" "̂"̂  *'̂ ® ^^""^ 
of the multiplicities of the simple modules of M, 3T, M" (§ 75). Let 
Q' be the module determined by the a points forming the spread of 31, 
and Q" the residual module M/Q/. Also let Qi, Qf be the A-modules 
equivalent to Q', Q". Then, since Q'Q" contains 31, QiQf contains 
ifo, and {QiQo")xo~<s contains (ifo)a:;,_oj which is a principal system. 
Hence also (§o")a.-o=o contains {3Ii)x^=f{Qi)x^^o whose multiplicity is 
iu-a; i.e. the sum of the multiplicities of the simple modules of 
Q"^p- a. This is only possible when the simple modules of M are 
all principal systems; for if [A, ••• j AJ is the simple module of i f at 
the point P (say), the corresponding simple modules of Q', Qf are P and 
[A J A , • • • J A]/Pi and the multiplicity of the latter is h less than that 
of [ A , A , • •• ,A]; so that p-M^p-a, lh%a = a, and h = l. It 
follows that 31' and M" are mutually residual with respect to M. 

It also follows th&t p = p' + p", and that {Mo')x„.o and (ifo")a,„=.o are 
mutually residual with respect to (if„)a,„=o- Hence/x'r-t-i+fi'V'= ft'4-i =Pi" 
(§ 74). Also Hf = 1 4- ^/ 4- /x/ + ... 4- pf (§ 75). Hence 

(A ' , , , . . -A . ) + A",., 

= ifv+l + P'l'+.2+ ••• +P'.l' + l") + (l + Pi' + Pi'+ ... + P"l») 

= 14- {p'l'+i" + pf) + (/x',,+j»^i 4- p.2") + ... + {p'i'+i+ p"i") 

= 1 +PJ+P2+ ... +pi',= Hi"; 

i.e. H'l. - H'f = H'l'+v - Hi" = A- - H'v+r. 

Modular Equations of Unmixed Modules 

77. We have hitherto .specially considered modules of rank u, 
that is, modules which resolve into simple modules. The A-module 
of rank n is of a special type, since it is itself a simple module, and its 
equations are homogeneous. The general case of a module of rank n 
is therefore that of a module which is not an A-module. When 
however we consider a module of rank < n it is of some advantage to 
replace it by its equivalent A-module, which is of the same rank but 
of greater dimensions by 1. We shall not avoid by this means the 
.consideration of modules which are not A-modules, but the results 
obtained will be expressed more conveniently. We shall therefore 
assume that the given module M whose modular equations and pro
perties are to be discussed is an A-module in n variables Xi, x.^, ..., Xn-
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By treating any A-module i f of rank }• (whether mixed or unmixed) 
as a module M'.^'^ in r variables Xi, X2, ..., Xr it will resolve into simple 
modules and. have only a finite number of modular equations, viz. a 
number p equal to the sum of the multiplicities of its simple modules. 
The unknowns in the modular equations will be represented by negative 
power products of Xi, x.2, •••, 3;̂  while the coefficients will be whole 
functions of the parameters Xr+i, ••-, ««• The module determined by 
these modular equations will be unmixed, viz. the L.C.M. of all the 
primary modules of M oi rank r (§ 43); and will be the module M 
itself if M is unmixed. We proceed to discuss these equations and 
shall call them the r-dimensional modular equations of i f (or the modular 
equations of M'.''^) since they are obtained by regarding the module M 
as a module 3P'''> in space of r dimensions. M''"'' is not an A-module. 

The dialytic array of M''''\ We choose any basis (A, A , •. •, A) 
of i f as the basis of if*'''. This is not in general an A-basis of 3I''''\ 
The module .3fay ĵ=...=a,i=o determined by the highest terms of the mem
bers of the basis of M^''^ is of rank r (assuming that Xi,X2,..., «.„ have 
been subjected to a linear homogeneous substitution beforehand) and 
is therefore a simple A-module whose characteristic number will he 
denoted by 7. 

Construct a dialytic array for M^'''' whose elements are whole 
functions of Xr+i, ...,«„ in which each row represents an elementary 
member WiA of i f , where u; is a power product oi Xi, X2, ..., a> 
(cf § 59). The first set of rows will represent the members of the 
basis which are of lowest degree I, the next set a complete set of 
elementary members of degree ^4-1 which are linearly independent of 
one another and of the complete rows in the first set, the next set a 
complete set of elementary members of degree / 4- 2 linearly independent 
of one another and of the complete rows in the first two sets, and 
so on. 

In comparing this with the scheme of § 59 there is the obvious 
difference that the elements of the array are whole functions of 
Xr+i, •••, Xn instead of pure constants; and there is the more important 
difference that tlie compartments I, l+l, ... do not necessarily consist of 
independent rows, because the array is not constructed from an H-
basis of M'''''\ It is only the complete rows of the array that are inde
pendent. The elements in the compartments are all pure constants, 
independent of «r-n, •••, Xn. The diagram of § 59 serves perfectly 
well to illustrate the dialytic array although its properties are now 
different. 
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In each compartment we choose a set of independent rows such that 
all the remaining rows of the compartment are dependent on them, and 
we name them regular rows and extra rows respectively, and apply the 
same terms to the complete rows of which they form part. In the 
compartment 7 the regular rows will form a square array, and the same 
will be true of the compartments 7-^ 1, 7+2, .... Eventually a com
partment S > 7 will he reached such that the number of rows in the 
whole array for degree 8 is exactly p. less than the whole number of 
columns, where p is the number of modular equations of i f ' ' as men
tioned above. After this all succeeding compartments 84-1, 3 4-2, ... 
will consist of square arrays only without any extra rows. 

We can now modify any extra row of the array by regular rows so 
as to make all its elements which project beyond the columns of degree 
7 - 1 vanish, and this leaves its elements in the columns up to degree 
7 - I whole functions of Xr + i, ...,Xn of the same degrees as they were 
before. If this is done with all the extra rows projecting beyond the 
columns of degree 7 - 1 the array may be said to be brought to its 
regular form in which the whole number of rows of the array for degree 
7 - 1 is |ii less than the whole number of columns, and all the compart
ments 7, 74-1,. . . are made .square. The extra rows, modified so as to 
end at the columns of degree 7 - 1, represent members of M^'''^ of degree 
7 - 1 which are not elementary members ŵ  A . 

We may further modify the regular fm-m of the complete array for 
degree 7 - 1 so as to reduce the number of rows in each compartment 
7 - I , 7 - 2 , . . . successively to independent rows. The elements of 
some of the rows of the array for degree 7 - 1 may thus become frac
tional m Xr + i, ...,x,i, and the whole number of compartments will in 
general be increased, so that the last (or first) compartment will be 
numbered I'<l. Supposing this to be done we can choose a simple 
complete set of remainders for 31.''^ consisting of all power products of 
Xi, X2, ..., Xr of degree <l' and as many power products of each 
degree I" > 4 as the number of columns of the compartment I" exceeds 
the number of rows of the same. We denote these power products in 
ascending degree by oi, 0)2, ..., o^ (so that a)i=l) and all remaining 
power products to infinity in ascending degree by w^-n, <«M-I--3, •••• The 
two series oj, 0,2, ..., cô  and o.̂ .+i, 0)̂ ,-̂ 2, ••• overlap in respect to the 
degrees of their.terms. 

The basis of i f used for constructing the dialytic array of i A ' must 
be one in which each member is of the same degree in ajj, â a, • • •, â i- as m 
Xi, X2, ..., Xn. We shall say that i f is a pierfect module if the array 
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of M'.''^ as originally constructed has no extra rows, i.e. if the basis 
( A , A , ..., A ) is an A-basis of i A ' . 

7 8 . So lut ion of t h e dia lyt ic equat ions of iff''. We return 
to what has been called above the regular form of the dialytic array 
of 3I^''\ ' Each row represents a member of 3F.''"i and supplies a 
congruence equation mod if ' ' ' . Solving these equations, regarding 
•^p+i, <Jip+-2, •••as the unknowns, we have 

Dwp + Dpi<Jii + Dp20i2+ ... + DppWp= Omod-/If'' {p = p + 1, p+2, ...). 

There are two slightly different cases according as the degree .of 
(j)p <y or' ̂  7. If <Op is of degree < 7 we use the regular form of the 
array for degree 7 - 1 for solving for Wp. D is then the determinant 
of this array formed from the columns corresponding to Cp+i, ŵ -1-2, •••, 
and Dpi the determinant formed from the columns corresponding to 
<Op+.i, ..., Wp-i, (Hi, Wp-fi, If o)p is of degree > 7 we must use the 
array up to the degree of Wj, in order to solve for Wp. f) is the same 
as in the former case except for a factor independent of Xr+i, •••, Xn 
(since the compartments 7, 74-1, ... are square and all their elements 
are pure constants) by which the equation can be divided. Also Dpi 
is a sum of products of determinants of the regular form of the array for 
degree 7 - 1 with determinants from the remaining rows of the larger 
array, so that the H. C. F. of the determinants of the array for degree 
7 - 1 can be divided out, and we obtain in both cases 

(A) Bo)p + Bpim^ + ...+BppO}p = 0'mod3F''^ {p = p+1, p+2, ..f. 

This equation is homogeneous in Xi, Xs, •••, «», and each Bpi is 
homogeneous in Xr+i, ..., Xn. Also, owing to the fact that the re
mainders «!, 0)2, ..., crĵ  are a simple set, each Wj, is congruent mod if' ' ' ' 
to a linear combination of those power products wi, oij, ..., ŵ  which 
are of equal or less degree than oip. Hence Bpi vanishes if the degree 
of <j>i exceeds the degree of <x,p. Also B=lif M is perfect (cf. § 81). 

^t\ — ifC-\ (2/9-

7 9 . T h e modular e q u a t i o n s of M.^'-\ If the coefficient of 

.«,.''' in the general member of M^'''^ of any degree is 

represented by ii>_p = {xf'-xf^...xf'')-' we have 

w_i<Oi4-a)_2«2+ ••• +<>>-p<^p+ ... = 0 mod if''•', 
and, by (A), 

CX) 

P (a)_i 0)14-... 4- o)_^ o)̂ ) = % <o_„ {Bp^ 0)1 4- Pp2 <"2 + • • • + Bpp wf mod 3I'-'X 
0 = p+l 
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Here coefficients of wj, wj, ...,<Hp on both sides are equal, i.e. 
00 

(-B) Bo>.i= 2 BpiU,_p {i=l,2,...,p). 
p=p+i 

This is the complete system of modular equations of 31'•'">, or r-dimen
sional modular equations of 31, and the system includes all its own 
derivates. B and all the Bpi are definite wliole functions of Xr+i, ..., Xn-
li any other complete system were given and solved for «>_i, o)_2, ..., o)_̂ i 
in terms of <H-p-i, w-fi-2) ••• the result would be the unique system (B). 

Since in (A) Boip and P.p.,o),j are of the same degree in Xi, X2, ..., x,i, 
so in (B), Bio_i and Bpiw^p are of the same degree, i.e. all terms in one 
equation (B) are of the same degree in Xi, X2, •••, Xn. Also since (§ 78) 
Bpi vanishes if the degree of OJJ exceeds the degree of Wp there is no w_p 
on the right-hand side of (B) of less absolute degree than (o_i; but every 
u)_jj of the same degree as o)_j and not among o)_i, w_2, ..., o)_̂  will 
appear on the right-hand side of (B). 

(B) is the complete system of r-dimensional equations of the L.C.M. 
of all the primary modules of i f of rank r; and will decompose into 
separate distinct systems corresponding to the separate primary 
modules of rank r if i f has more than one irreducible spread of rank r. 

The n-dimensional equations. We can obtain the whole system of 
?!-dimensional equations of i f corresponding to the system (B) as follows: 
m_p or {xf^xf^ ...xf^f- represents the whole coefficient of a'/'fl'a '̂̂ . ••*',•'' 
in the general member of if''', i.e. it stands for 

5 (^ P^ , , Pn\-^ ^Pr+l Pn 

the summation extending to all values of jtir4-i, .-., Pn only. If this be 
substituted for each {xf'^...xf')-^ in each of the equations (B) the 
whole coefficients of the power products of a;,.-i-i, ..., «-„ will represent 
the m-dimensional equations. This loill be the whole system of 
n-dimensional equations of 31 if 31 is unmixed, as we shall assume 
hereafter is the case. 

The whole system of modular equations of a mixed inodule may be 
regarded as consisting of the separate systems corresponding to the 
primary modules into which it resolves. 

80. The system of homogeneous equations 

(C) P" - i = ^Bpioy-p {i = 1, 2, ..., p) 

obtained, from the system (B) by retaining only those terms on the right 
hand in which Bpi and o^-p are of the same degrees as B and «_,• 
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respectively is the complete system of equations of the simple H-module 
determined by the highest terms in Xi, Xi, ..., Xr of the members of an 
H-basis of M^''\ 

This can be seen by considering the diagram of § 59 assuming that 
it had been con.structed from an Abasis of iff'. The compartments 
4 -̂t- 1, A 2, ... in the two arrays in §59 are the dialytic and inverse 
arrays of the simple A-module determined by the highest terms of the 
members of the Abasis; and the modular equations of this simple 
Amodule are represented by the compiartments 0, 1,' ..., I, l+l, ... 
oi the inverse array. The system (C) is that which is represented by 
the compartments of the inverse array. 

81. If B = l the module 31 {assumed unmixed) is perfect. Since 
31 is unmixed every whole member of if'' ' is a member of i f (§43). 
Also, since P = l , there is an inverse array of if"' each of whose 
compartments consists of independent rows in which all the elements 
are pure constants. Hence there is a corresponding dialytic array 
having the same property. From this it follows that M is perfect (§ 77). 

82. The r-dimensional and n-dimensional equations 
of i f 

If the system (B) is a principal system, i.e. if all its equations are 
derivates of a single one of them, each simple module of 31'''^ is a 
principal system; for if A is a polynomial containing all the simple 
modules of 3I'''''> except one, then M'-'''>/{.F) is the last one, and is 
a principal system (§ 62). The converse is also true (see § 72). Also 
the unmixed module i f in m variables is a principal system, as we 
proceed to prove. 

Let the r-dimensional equation of which all the equations of the 
system (B) are derivates be 

•^J-^Pl,P2,..,Pr\^^ *2 ...Xr ) = 0 , 

where Pp ,̂ jjg,.... j),. is a homogeneous polynomial in Xr+i, •••, Xn of 
degree pi+p2+ ... 4-̂ î 4-S. The integer 8 may be negative, but the 
more unfavourable case for the proof is that in which it is positive. 
Let Cp^_p^,..., j,̂ ^ be the coefficient of x'^f^l... xf" in Pp .̂̂ ,,, ...,p ,̂ so thaf 

Pr+i+ •..+Pn=Pi+ ...+Pr + 8. To couvert the equation into an n-
dimensional equation we put 

{xi'\^2'''... xfn-'=2 <:;ti'. •. x,i"^ {xf... xffx^ifi • • • ^rf")-' 
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as in §79, and we have 

J".. P»<?i^---^»''"f<^i^---.^/»G^i^^...^/'-<-^...V'')-=o,...(i) 

or, equating the whole coefficient of a;^:'+J... a;.,/" to zero, 

2 c (xf' ^Pr Jr+l-Pr+l ,, ^ " ^ . A - i - A l'n\ 
P 

which is homogeneous and of absolute degree 4+i4-... 4 - 4 - 8 . 
Similarly the general m-dimensional equation obtained from the 
coefficient of x'^ff^...xf'' in the ^/^. . .^ ' ' -der ivate of (1) is 

2 / . I'.^^'l"*! ^fr-<^r„t>lr+l-Pr+l ™ «%-PM>-1 _ A r^\ 
•^^Pi,P2,...,Pn\^1^ ••••*»• ^r+1 ...Xn ) - U, {d) 

where t^, ..., tr, mr+i, ..., m^ are any n fixed positive integers (in
cluding zeros) such that ti+ ... +tr^ a fixed limit T (since there are 
only a finite number of-linearly independent derivates of the original 

r-dimensional equation) and (^•/i"'^..«/' '" ' '-«™|Ji"*"-+'....0~''")"' is 
zero if any one of the indices pi—ti, ..., pr—tr, mr+i —pr+i, • • • i 'm-n—Pn 
is negative. 

Consider all the ra-dimensional modular equations of degree I, that 
is, all the equations of the system (3) of absolute degree 4 The 
absolute degree of (3) is 

m,.̂ .i 4-... 4- m„ - 8 — 1̂ - ... - i,. = 4 

Hence each of w«r4-ij ••; i^n is equal to or less than ^ 4 - S 4 - T ; and 
every equation (3) of absolute degree ^ is a derivate of the, single 
.equation (2) if 44-i, ..., In are all chosen as high as ^ 4- 8 4- T. Hence 
there is a single equation of which all the modular equations of M of 
degree Z are derivates, and any equation (2) in which 44-1 j •••, 4 are 
not numerically specified will serve for the single equation. 

I t follows that the inverse system of any module M has a finite basis 
{El, A , •••J A J ; for M resolves into a finite number of primary 
modules of the same or of different ranks, and each primary module 
of rank r has a finite number of r-dimensional equations, and a smaller 
number of r-dimensional equations of which all the others are derivates, 
and an equal or still smaller number of ?«-dimensional equations of 
which all the others are derivates. 

8 3 . If (B) is a principal system it does not follow that (G) is a 
principal system (footnote §76). If however (C) is a principal system 
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(B) is a principal system. For the basis equation of the system (G) 
must be the homogeneous equation 

Po)_^ = 2P^,^0)_p, 

and all the other equations of (G) must be of less absolute degree. 
Now the system (B) is unique and any equation obtained from it 

P i (0_i 4- P20)_2 4- . . . 4- Bp<i>-p 4 - . . . = 0 

must be the result of multiplying the equations of (B) by P^, Bp-i, ...,Bi 
and adding and dividing out B. Hence the equation. 

00 

B(i>^i= %Bpito_p 

is exactly the same derivate of Bm_p = 'SiBppm^p as the corresponding 

homogeneous equation B<j)-i = ^Bpi<i>-p is of Po)_^ = 2 A M ^ - P -
If (G) is a principal system the formulae of § 76 apply to any two 

modules M', 31" mutually residual with respect to i f when regarded 
as modules in r variables. If (B) is a principal system, but not (C), 
the formula p = p! + f applies, where p, p, p" are the numbers of 
equations in the systems (B), (B'), (B") for i f M', M". This follows 
from § 73 by summing for all the simple modules of i f ' ' . 

8 4 . M o d u l a r equat ions of a n / / -module of t h e principal 
c l a s s . 

In the case of an A-modnle ( f , A , ..., A ) of rank r (G) is a 
principal system (§71) ; and P = l, since (Ai, A J , .-., A ) is an H-
basis of M^""! (§ 49). Also, if Ai, A2, ..., Fr are of degrees 4) 4, •••) 4 , 
a complete set of remainders for M'''"' consists of the 44--^4 factors 
of xi''-''-xf^-^ •.. xf-'', since this is a complete set of remainders for 
{xf, 3*2̂  •••, xf), of §58. Hence the system (B) for 31 consists of 
the single equation 

{x!'-'...xtf- = 2A^,p^ p^{xf-xt-...xf^)-^ (4) 

and its derivates, where JBI 4-... 4- jp,. > 4 + • • • +lr-r, and consequently 
Pi > 4 for one value at least of i. The corresponding ??-dimensional 
equation is (§82) 

5 „4i-4-l ™ In („, ' 1 -1 „ ' )--• ' „3i-4-l „ 8mN-i 
.^^r+1'" '"' . ^ ....Ayr '^r.+l" 1^ J 
1 

— ^h>i PnX,.+.j ...Xn ^J,^,,j^...Xn \Xi ...Xr X ......X,i ) , 
p g 

or, by equating coefficients oix^i';^]"^...Xn^~^ on both sides, 

{xy'x.!'-'... x,yy^=%cp^,p^ p^{xf'... xf-x^f^f^-^-^^^... xy^-^^f-y 
p 
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When P î, fo, ..., A are general with letters for coefficients, the 
'^Pi.p.i.-.Pn are rational functions of the coefficients and on multiplying' 
up by their common denominator Awe can write the equation 

K{xy'xf-'... x ^ y = 2 A^, p^ p^ {xf'xf'... x:f-\ ... (5) 

where j»i 4-j02-t-... 4-ji),( = 4 + 4+•••+4s-ra, and at least one ^ j > 4 
(2 = 1,2, ..., r) and every j»,-<4 (y = r4-l , . . . ,«). This is the n-
dimensional modular equation of (At, F2, •••, A ) of which all others 
are derivates, 44-1 j •••j 4 being unspecified numerically. More ex
plicitly it is the unique modular equation of the simple module 
(A, A2, ..., Fr, x^f\, ..., xjf; for it is a relation satisfied by the 
coefficients of the general member of ( f , f2, •••, A ) of degree 
44-4+•••+4-w in which^j < 4 ( i = '' + l, •••) '*)J i-O- it is the unique 
relation (§ 58) satisfied by the coefficients of the general member of 

{-ti, ..., J-r, ^',--}-i) *••) "^n ) 

of degree I1 +... +ln-n. The coefficients Xp^^p^^ ...^p^ are whole 
functions of the coefficients of A , A3, ..., Fr of a similar kind to the 
resultant of (A, ..., A , (ef^ ..., «,/") and of degree 1 less than this 
resultant in the coefficients of each of Ai, A2, ..., Fr, viz. of degree 
f - 1 in the coefficients of f where Pi4 = 44 • • • 4 = P- The vanishing 
of A J , V.2. ..•,Pn ^^ ^^^ condition that 

xf'xf'...xf- = Omod{Fi, F.2, ..., A J ^ T i ' - ' ^'''") 

(§ 61, .since the «/^a;2^'...a;/''-derivate of (5) then vanishes), whereas 
the non-vanishing of the resultant is the condition that every power 
product of degree 4 + • • - + 4 - « + 1 is a member of the module. It is 
probable that some of the quantities Kp^,P2,,..,Pn factorise but that 
they have not all a common factor. The resultant of 

( f l , f 2 , ...,Fr,x'y^,...,X,!f 

is Bli^f^'' (§8). 

85. -Whole basis of the system inverse to i f ' . The 
simplest lohole basis [A, A . • • •, f zJ of the r-dimensional system mveree 
to an unmixed A-module i f of rank r, or the simplest expression for the 
system of equations (B), satisfies the following conditions: (1) each 
A (*=lj 2, •••, h) is a wlwle member of the inverse system, i.e. its 
coefficients ' are whole functions of the parameters .r,«, ..., *'«; 
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(ii) all the members A J A , •••, A. are relevant; (iii) any whole 
member of the system [ A , A , •••, A ] is of the form 

X1.E1 + X2.E2+...+XU.EU, 
where Xi, X2, ••., X7, are whole functions of *V4-ij •••j *'« as well as 
of Xi, X2, ..., Xr; (iv) A J A J •••, P;, have as high absolute under-
degrees in Xi, X2, •••, Xr as possible. A whole basis, as distinguished 
from a simplest whole basis, is defined by (i) and (iii). 

A basis ( A , A , ..., A ) of ilf furnishes a whole basis of if- ' , and 
any whole basis of .3P''' satisfying the condition corresponding to 
(iii) above is a basis of M. A simplest whole basis* of if ' ' ' is one in 
which the degrees of Ai, A2, . . . , f j i n ^ i , â 2j •••J Xr are as low as 
possible. 

If ( A , A , •••, Ff) is any module of rank r containing i f such 
that ( A , f 2 , •••, Ff)xr^^=...=xn=^ is of rank r, and M= ( A , A , ..., A-), 
and the degrees of A-nj -••, Fv iTi.Xi,X2,...,x,- are as low as possible, 
the basis (Ai, A , •••, F\f will be called a whole basis of 3D-'''i in 
reference to {F\, A2, •••, f-)• All of A - M , •••, A ' are to be relevant,-
but some or all of A , A , •••, Fr may be irrelevant for a basis of i f 

8 6 . Proper t i e s of / / -modules m u t u a l l y residual with 
r e s p e c t to a n / / -module of t h e pr inc ipal c la s s . 

Let Ai, A , • • -J f •, of degrees 4j 4, • • -j 4j be any r members of the 
unmixed f-module i f of rank r such that 

( A J A , •••, A.)a:,.^j=...=a;„=0 

is of rank r ; and let M' be the residual module ( A , A , •••, F,.)i3£ 
Also let ( A , ..., f , f ' , .+1, ..., F'r+f be a whole basis of i f C ' in 
reference to ( f , A , ..., A.) = [ A - Since F'r+i is of as low degree 
in Xi, X2, ...', Xr as possible the terms of F'r+t of highest degree in 
«i, «2, ..., Xr do not form a member of the module 

{Ii, 12, ..., •i'r)xr+i-...=Xn^li, 

and are therefore of degree I'r+i< 4 + 4 + • • • + 4 — r in Xi, x^, ..., Xr. 
Also, since E begins with terms which represent the modular equation 

' A simplest whole basis of MM is a whole basis which approaches most nearly 
to an il-basis; but is not necessarily an iJ-basis. For example, 

(.Tl*, X^X2, XiX^, .-Cg*, Xi^X^ + xfxfXi, xfXi^+Xi^X^Xi) 

is the basis of a module M of rank 2, and a simplest whole basis of M P), but not an 
il-basis of M (̂ l; since Xi^x^ - x.^x^ is needed for an iJ-basis of 21f (2), but is irrelevant 
for a basis of M or whole basis cf M'.-l. 
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of ( A , A , ..., A),^,^^„..._,,^=„ of degree 4 + 4 + - + 4 - » - , F'r+i-E 
will begin with terms of absolute degree 4 + • • • + 4 - »" - If+i in 
«!i, x.2, ..., Xr which do not vanish identically. 

Now 31, M' are mutually residual with respect to ( f i , ..., A ) or 
{E]. Hence 

i f = [ f ] / i f ' = [ f ] / ( f i , ..., A , f ,.,1, ..., f ' , , , ) 

= [f',.+1 . A f 'r+2 • A • • -J F'r+U . f ] . 

This basis of the r-dimensional system inverse to 31 is a simplest 
whole basis [ A j A J •••J A J as defined in §85. All its members are 
relevant, for if (say) 

F'r+n . E= ( X i f ' , ^ 1 + . . . + X,-iF'r+n-i) . A 
then 

f ' , . + , - X i f ' , + i - . . . - X „ , _ i f ' , , , _ i = Omod(Ai, A , ..., f , ) , 

which is not the case. Also any r-dimensional modular equation of 
i f is a derivate of E= 0, and if a whole equation, is f '. E= 0, where 
-A is a whole function of Xi, x.2, ..., Xn, since [ f ] is a whole basis ; 
and if f is any member of M, FF'. E vanishes identically, i.e. 

f f ' = Omod ( A , A , ...,Ff 
and 

A = 0 mod M'=XiF'r+i +...+ XF'r+„ mod ( f , A2, ..., A ) , 

and A ' . E=Xi. A + X2. A + ••• + X",.. A -

Finally the absolute underdegrees of A J A , •••, A . are as high as 
possible since the degrees of F'r+i, •••, f V+zi in Xi, X2, •••, »,• are as 
low as possible. The coefficients of the terms in A and F'r+i which 
involve the parameters «r4-i) •••) m̂ fo the least degree involve them 
to the same degree, so that A J A J •••J A I and A'^+i, F'r+2, •••> F'r+ii 
are of the same degree of complexity in this respect. 

It folloivs from the above that if M' is the residual of a given 
unmixed H-module 31 of rank r with respect to any H-module 
( A , A , ..., Ff) of rank r containing M, and if 

i f ' = ( A i , A , ...J A , F'r+l, ..., F'r+n), 

where F'r+i, ..., F'r+n M'e all relevant, then h is a fixed number 
independent of the choice 0 / A j A , ..., A j viz. the number of members 
in a simplest whole basis [ A J A J •••, A ] of the system inverse to M'.''l 
Also if the degrees of F'r+i, •••, F'r+h iii respect to Xi, X2, •••, «,• are 
made as lo%v as possible the degree of F',r+i in respect to «i, 373, •••, *',-
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is l — ai and in respect to Xi, .r,, ..., Xn is l-o.i+ /3i, tvhere I is the 
sum of the degrees .o / f . A , ..., f diminished by r, ai is the absolute 
degree of the terms with which Ei begins, and /3,j is the degree of the 
coefficients of these terms 'in Xr+i, ..., Xn. 

87. The Theorem of Residuation. As in the last article 
let M be any unmixed A-module of rank r, and ( f , A2, ..., A ) any 
module of rank r containing M, and 31' the residual module 
(A, f j , ..., Ff/M, so that 31, M' are mutually residual with respect 
to (A, A , ..., Fr). In geometrical terminology if, M' are residuals 
on (A, A , ..., f ) determined by the section f . Eeplace A by 
another member f / of M, which we will suppose to be of the same 
degree as Ai, giving another section of (A, A3, ..., If through M, 
and let Mi={Fi, A , ..., F.f)/M be the residual section or module. 
Also let A ' be a section through 31', 
A' being of the same degree as A , 
and ifi = ( A , A , •. •, A ) 131' the 
residual section or module. Then 31', 
Mi are coresidual on (A, A , ..., A ) 
having a common residual M; and 
ifi is any other residual of M'. Tlie 
theorem of residucttion says that every 

residual Mi of M' on (A, A3, ..., Fr) 'is also a residual of Mi, i.e. to 
every section F' through 31' there corresponds a section F through Mi 
having the same residual section on (A , A , ..., Ff). This theorem is 
a generalization of Sylvester's theory of residuation (Salmon's Higlier 
Plane Curves, Chap, v) and the Bestsatz of Brill and Noether* 
(BN, p. 271). Besides this relation of i f to Mi there are properties 
connecting them both with M which are proved in the last article, viz. 
the number of members 0 ver and abo ve Ai, Aa,..., A (or f/, A, . . . , A ) 
required for a basis of 31' (or i f ) is equal to the number of members 
required for a whole basis of the sy,stem inverse to M'''"'; and the 
number of members required for a whole basis of the system inverse to 
j-f'M (or 3Ii^''^) is equal to the number of members over and above 
f . A , ..., A (or - A I A J •••J A ) required for a basis of M. 

* It would be more correct to say that the Eestsatz can be deduced from 
the theorem proved here; but not such extensions of it as have been made to 
surfaces etc., because these bring in mixed modules. The module M may be 
composed of any primary modules of rank )•; and corresponding to each one which 
is not of the principal Noetherian class M' must contain a residual primary module 
with the same spread. 
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The polynomials f , f/, F' and the modules 31, M', i f , 3Ii 
having been defined as above it is required to prove that there exists 
a polynomial f such that i f . Mi are mutually residual with respect 
to ( A f , ..., A ) . Let p., p, p^, p.^' be the numbers of r-dimensional 
modular equations of i i , M', Mi, Mi ; then 

P+ p'=p + pi =p' +p^=lf2...lr 

and therefore each equals Pi + pi. Let </>, <t>', <f>i, <t>i be general mem
bers of i f 31', i f i , Mi with coefficients involving linear parameters. 
Then 

A f / = 0 mod 3IM' = 0 mod ( f i , f 2 , ..., f . ) = f f 1 mod ( f , ..., f ) , 

(1) 

where f is a polynomial of the same degree as . f j Fi, f'. Also 

Fii>i = 0 mod M3Ii = XiFi mod ( A , ..., A,), (2) 

and <j^<jyi = 0 mod MMi = X f / mod ( A , • • •, f . ) ; 

hence by cross multiplying and dividing out ^ / f , 

X/. / . = X f 1 mod ( A , ..., A ) = 0 mod ( A , f , ..., f ) , 

••'. Xi = 0 mod ( A , A2, ..., f . ) / i f = 0 mod i f . 

Similarly A<;!.i = Omod i f if j = X ' . A mod ( A , ..., f ) , (3) 

where X ' = Omod i f ; 

.-. X"''X7 = 0 m o d i f i f ' = X i A m o d ( A , ..., A,.) (4) 

Multiplying (1), (2), (3), (4), and dividing out F'FiFfX'Xi, 
</.i<̂ / = X i A m o d ( A , ..., A ) = Omod ( A A , ..., A,). 

Hence i f i f contains {F, F.2, ..., Fr) ; and since i f . Mi have only 
Pi, pi r-dimensional modular equations, while (f, Ai, ..., Ff has 
Pi + pi and is a principal system, it follows that Mf'\ Mi^''\ and con
sequently i f i , 3Ii, are mutually residual with respect to ( f A , . . . , A,.). 

The theorem has been proved on the supposition that the modules 
are A-modules and the degrees of Ai, A / , A ' are equal; but it is 
true without any of these restrictions. In the case of modules which 
are not A-modules the region at infinity must be regarded as non
existent and the usual conception of residual and coresidual must be 
slightly extended. Thus if through a point P on a plane cubic curve 
two lines are drawn parallel to two asymjDtotes cutting the curve again 
in Q, B, then P is residual to Q and B, and Q, B are coresidual. If 
throuoh Q a line is drawn cutting the curve again in two points these 
two are residual to B, i.e. a curve (viz. a conic) can be drawn through 
them and B which does not meet the curve again except at infinity. 
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As an illustration of the general theorem we may suppose M to be any 
unmixed module of rank 2 in space of three dimensions. Then Ai, 
A2 are any two surfaces containing M whose whole intersection con
sists of a finite number of irreducible spreads (excluding infinity); 
and to each spread or curve corresponds a primary principal system of 
(Ai, A2). M contains a certain part of some of these principal 
systems and no part of others; M' has to contain the whole of the 
latter and the residual part of each of the former. These conditions 
determine M', and similarly for ifi and Mi. 

88. Perfect Modules. Defimtion. If a module i f of rank 
r in n variables and the corresponding inodule 31''''^ in r variables have 
a common A-basis of which each member is of the same degree in 
tlie r variables as in the n variables then M is called a perfect module. 

Any module of rank n is perfect, by definition. 
An unmixed H-module of rank n-1 is perfect; for its basis is an 

Abasis of M'^'^-^K 
An H-module of the principal class is perfect (§49). 
A module of the principal class which is not an H-module is not 

necessarily 'perfect. For example, the module {xi, X2 + Xixf) whose 
A-basis is {xf, a;iii!;2, xi, X2 + XiX.f), § 38, is not perfect since X2 + XiX^ is 
of less degree in Xi, X2 than in Xi, X2, x^. 

A prime module is not necessarily perfect. For example, the prime 
module of rank 2 whose spread is given by u = Xury = X^Us = Xhii, where 
u, Ui, U3, Ui are. linear, has an Abasis 

{uUi - thUs, uf - uhis, uf-Ui - uuf, UiUf - uf) = {f, f, /a, fi) 

and no other member than uUi — UiUs of degree 2. But it has a second 
member A.1/14- X2/2 4- Xgf + {XiX,^ + X^xff which can be made of degree 2 
in Xi, X2; hence it is not perfect. 

89. An H-module M of rank r is perfect or not according as the 
multiplicity of the simple module Mxm=..-=^-«,=<i ^s equal to or greater 
than the number of modular equations of M'•'''' or o/" if('''K,,.̂ 2=-=i»i>=o-
The difference between the two numbers when i f is unmixed is the total 
number of extra rows of the dialytic array of if''' when carried as far 
as degree 8 (§ 77), and when ilf is mixed is still greater. The property 
affords the simplest test for deciding whether a given module is perfect 
or not; for the two numbers can generally be found. For example, 
the prime module M in § 88 is .of rank 2 and order 4, while the 
multiplicity of ifi-3=...=.i.,j=o is 5, so that 31 is not perfect. The 
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property may also be stated in the form that an H-module M of rank r 
is perfect or not according as if''•',c,.+,_=...=a;,̂ =o is perfect {i.e. unmixedf 
or not. 

9 0 . A perfect module is unmixed. If i f is perfect the module 
./¥''•' has an A-basis of which each member has its highest terms 
independent of the parameters «^+i, ..., Xn. Hence the dialytic array 
of 31 ^'"i constructed from an A-basis has pure constants for the 
elements in all its compartments; and a non-vanishing determinant D 
can be selected fi'om the arra,y for any degree t which is a pure con
stant. Let 4>F be a member of M, where ^ is a whole function of the 
parameters oidy. Then F is a member of i f ' ' ' and if we insert a row 
in the array representing f i t will be dependent on the rest, i.e. 

f =AiA4-X2A+- - -+^P-A. 
where Ai, A , •••, A are the members of i f " ' represented by the rows 
of the array, and Xj, A3, ..., Ap are rational functions of Xr+i, ••., Xn. 
Equating coefficients on the two sides of power products oi Xi,X2, •••, Xr 
corresponding to the columns of the determinant D mentioned above, 
and solving for Ai, X2, ..., Ap, we see that A^f and consequently Â  is 
a whole function of â -̂n, ..., Xn. Hence f is a member of M, since 
A , A2, ..., Ap are all members of M; and ^ f = 0 mod i f requires 
F= 0 mod i f Hence i f is unmixed. 

If Mis a perfect module of rank r and M' a module in a;r4-ij •••J •'̂ 'M 
{independent of Xi, x,, •••, Xr) the L.C.M. of M, M' is the same as their 
product MM'. For if the f above is a member of the L. 0. M. of M, 
M' the elements in the row representing A are all members of M', and 
the AJ are linear functions of them and therefore also members of 31'. 

Hence 
f = 2 A , A = 0 mod i f i f , i.e. {M,M'] = MM', 

since Â  = 0 mod M' and A = 0 mod i f 

9 1 . The number A of modular equations of degree I of a pmfect 
H-module 31 of rank r is the coefficient of af in 

(1 + Pix + P2X- + ...+Py-ix'^~'^) {l-xf-", 

where y is the characteristic mcmher, and p„, the number of modular 

equations of degree m, of the simple module Mxr+i=...=xu=o. 

For the general member of M of degree I is (§ 90) 
A1A4-A2A2+... +Apfp, 

where Ai, A2, ..., Ap are whole functions of a;r4-ij •••, «!n, and cannot 
vanish identically unless Aj, A2, ..., Ap all vanish identically. Hence 

7—2 
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the number of linearly independent members of M of degree I is the 
-total number of terms in Ai, Aj, ..., Ap. Now the number of the 
polynomials Ai, A2, ..-, Ap which are of degree m is /x,„ less than the 
number of power products of Xi, «2, •••j «r of degree m, and the 
number of terms in each corresponding A (of degree l — m) is the 
coefficient of d in a;*" (1 - xf-'"'- Hence the number of linearly 
independent members of M of degree I is less than the number of 
power products of â i, X2, •••, Xn of degree I by the coefficient of a;' in 

{1+P^x + psX^ + ...+ pix'') (1 - xf-"'; 
and this coefficient is the value of A . § 75 is a particular case. 

92 . If 31 is a perfect H-module of rank r such that the siinple 
module Mxr_^j=...=xn=o is a principal system, and M' a perfect H-
module of rank r contained in M, the module M/3I' is perfect. 

The p and f r-dimensional modular equations of M and 31' 
begin with the p and pi modular equations of Mxr+i=-=xn=^ and 
if'̂ ^,^^= ._j;̂ ^Q. Also the p—p r-dimensional modular equations of 
M/M' are the A'-derivates of the modular equations of if, where A 
is any member of M', and begin with the f'a;,..̂ .j=...=.i;„=o-derivates of 
the modular equations of Mxr+i=...=xn=--^, 'that is, with the modular 
equations of ifa;̂ ĵ=..,=3;„=o/ifa;.,.-n=-=.r»=o- These are p-'f in 
number, since .3frj.̂ =̂...=a,.̂ =o is a principal system containing 
if':.-,.,i=...=a;„.=o. Hence M/M' is perfect (§ 81). 

93. We may sum up some of the relations between different 
kinds of modules. 

A module of the principal class is unmixed and a principal system, 
and in the case of an A-module is perfect. 

Any power of a module of the principal class is unmixed, and in 
the case of an A-module is perfect (§ 89,- end), but is not a principal 
system ; e.g. {xi, xff is not a principal system. 

A module of rank ^ —r 4-1 whose basis is a matrix with r rows and 
k columns is unmixed, and in the case of an A-module is perfect 

(§ 89, end), but is not a principal system ; e.g. the module ( *̂  '^ 
\Xi X2 u, 

is not a principal system. 
A primary module of the principal Noetherian class is a principal 

system, but not perfect. 



NOTE ON THE THEORY OF IDEALS 

The following is a brief explanation of the theory of ideals of algebraic 
numbers* and functions and the relation in which the theory given in the 
preceding pages stands with respect to it. 

Gauss {Duquisitio-nes Ariih'meticae (1801)) was the first to consider the 
laws of factorisation in a domain of whole numbers other than that of rational 
whole numbers 0 , + 1 , ± 2 , He proved tha t two given complex whole 

numbers a+b f — 1, o + d .J— 1 {a,b,c,d rational integers) have always an 
H.C.F. and that any such number is a unique product of prime factors. 
Kummer {J. reine angew. Math. .35 (1847), 40 (1850), 53 (1857)) in extending 
the research to a larger class of whole numbers found that these properties 
were no longer absolutely true. Nevertheless he succeeded in making such 
numbers amenable to all the simpler laws of rational integers by introducing 
certain ideal numbers not existing in the domain considered ; and thus laid 
the foundation of the theory of factorisation of whole algebraic numbers. 
Finally Dedekind (D), by using ideals instead of ideal numbers, extended 
the theory to the whole numbers of any algebraic corpus and to whole 
algebraic functions of one variable (jfW); while Kronecker (Kr) extended 
the same theory of factorisation to algebraic functions in general. Kronecker 
went still fur ther ; he gave the first steps of a general theory of ideals of 
algebraic functions (Kr, p. 77) under the name of modular systems. In this 
general theory factorisation plays only a subsidiary part, since an ideal which 
is not prime is not in general a product of prime ideals. 

ilodules of whole rational functions (as definedpp. 1, 2 above) are ideals 
and modules in the sense of Dedekind ; and the theory of such modules is 
the necessary starting point of the general theory of ideals. 

An algebraic number is any root a of an algebraic equation 

aQX'"' + aia;"'-'- + ... + am=0 

"• The following are notable general accounts of the theory of algebraic numbers : 
D. Hilbert. "Berioht iiber die Theorie der algebraischen Zahlkorper" {Jahresh. 

rf. deiiisc/jeji Mai/s.-Femn., Berlin (1897), Bd. IV). 
H Weber. Lehrbuck der Algebra (Brunswick, 2nd ed. (1899), Bd. ii, p. 353). 
G. B. Mathews. " Number" {Eiicy. Brit., Cambridge, 11th ed. (1911), Vol. 19, 

'^' ^FOT other references to the arithmetic theory of algebraic numbers and 
functions see (D), (DW), (K), and (Kr), p. xiii. 
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in which the coefScients ctj, cti, . . . , a,„ are rational integers. 'We may suppose 
that CSQ is positive, and that OJO, a i , . . . , oSm have no common factor other than 
1, and that the equation is iireducible in the rational domain. There is only 
one set of values of a j , a i , ...,a,n satisfying these conditions for an assigned a. 

a is called a whole (algebraic) number if a o = l , and is called ^fraetional 
number if ao+1- Thus an algebraic (as well as a rational) number is integral 
or fractional, bu t cannot be both. In any case Uaaiss. whole number /3, and 
a = Slao, i.e. the denominator of any fractional algebraic number a can be 
rationalized, while the numerator remains a whole algebraic number /3. 

All roots of any equation x^ + Cix^-'^ + ...+an = 0 (whether reducible or 
not) in which Ci, Og,...,CK are rational integers are whole algebraic numbers. 
For all irreducible factors of the left-hand side are of the type 

a;™ 4-0(1^'*-^ + . . .+a, , , . 

We omit the proof of this as of most other properties to be stated. Hence 
any number is whole if it satisfies any equation of this type. 

If a, /3, 7, . . . are whole numbers a + ̂  and a/3 are also whole numbers 
(D, p. 145); and so also is any whole rational function of a, /3, y, ... with 
rational integral coefficients. 

A whole number a is said to have another /3 as a factor, or to be divisible 
by ^, if a=/3y, where y is a whole number. 

A whole number e is called a unit if it is a factor of 1; or e is a unit if e 
and 1/c are both whole numbers. Thus if in the above equation ao= +«>n = l 
all its roots are units. 

Two whole numbers a, ^ are said to be equivalent (as regards divisibility) 
if a=f/3 where e is a u n i t ; for then any whole number which divides either 
a or (3 divides the other. Such equivalence of a, fi is denoted by a ~ ^. 

A corpus of algebraic numbers is the aggregate of all rational functions 
(with rational coefficients) of any finite set of given algebraic numbers 
ai, 02, .. . , ait. All numbers of the corpus are rational functions of a single 
element 

a = Ciai+C2a2-\-... +Cjia]c, 

where Cj, C2j •••i Cj: '̂I'c rational integers so chosen as not to be connected by 
special relations. 

The corpus generated by a is denoted by O (a) and the aggregate of alge
braic integers included in the corpus by a> (a). The order of the corpus and 
of a is the degree of the irreducible equation of which a is a root. 

Thus 11(1) is the corpus of rational numbers and a (1) the aggregate of 
rational integers. 

Any rational function of any finite number of elements of 12 (a) is an 
element of Q (a), and any whole rational function with rational integral co
efficients of any finite number of elements of a> (a) is an element of <o (a). 

Any corpus 12(a) includes 12 (1), for a/a=l. 

If ao*'"+'^i^"~^ + - " + " ™ ~ ^ ^̂  ^^^ irreducible equation of which the 
element « of the corpus 12 (a) is a root, the other roots a, a",..., a(™-i) are 
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called the conjugates of a, and Q,{a), . . . , 12 (a*"'""')) the conjugates of 12(a). 
If a' is an element of 12 (a) then 12 (a') is the same as 12 (a), and if not, not. 
The corpus generated by a, a, ..., at'""!) is called the Galoisian domain 
corresponding to 12 (a). The conjugates of any number fi=f(a) of 12 (a) are 

/3 '=/(a ' ) , . . . ,^( ' " - l )=/(a(™-^)) . 

The product /3 / 3 ' . . . /3('"~i) is a rational number (being a symmetric function 

of a, a, ..., a('"""^)) and is called the iiorm of j3 and written norm /3. 
Since /3 and norm/3 are both numbers in 12 (a), norm /3//3 is a number in 

12(a). Moreover if /3 is a number in m (a), then /3', . . . , /Sl™"̂ ) are whole 
algebraic numbers, and norm /3//3 is a number in <» (a). If /3 is a unit, 
/3', ^", . . . , /3(™~i) are all algebraic units, and n o r m / 3 = ± l . Conversely, 
if /3 is a number in m (a) such that n o r m / 3 = ± l , /3 is a unit in a>{a). 

« t - i 
Norm (a-a-f/3??-|-...) is defined as n (a(»)M + /3W« + . . . ) , a, v, ... being inde-

-j = 0 

terminates. 
12 (a) is a domain of rationality, a (a) is called a proper holoid domain 

(Konig), tha t is, a domain in which every sum, difference and product, but 
not every quotient, of two elements is an element of the domain. A proper 
holoid domain in which every pair of elements a, /3 have an H. C. F . in the 
domain (defined as a factor S of a and of /3 such that every common factor of 
a, /3 is a factor of 8) is called a complete holoid domain, a (a) is not neces
sarily complete. 

The simplest example of this last statement is the domain w{J — S) 

which is fully discussed by Dedekind (D, p. 73). li x=a + b f -b {a,b 

rational) then {x-af + ^W=^0, and in order that x may be whole 2a; and 

a' + hV must be rational integers, i.e. a and 6 must be integers. Consider 

the two whole numbers 9, 3 (14- .f^)- If these have an H. C. F . in m (V - 5) 

it must be 3S, where S is a whole number inaif — b) which divides 3 and 

1 + ^ 3 5 . Bnt 3 and 1 -I- V - ^ ^''^^ non-factorisable in a>{J-b); hence 8 = 1. 

Hence the H. C. F . (if any) of 9, 3 (1 + J^^) is 3 ; but 2 - f^l) is a factor of 

9 and 3 (1 + f ^ ) and is not a factor of .3. Hence there is no H. c. r., and 

< o ( V ^ ) is not com.plete. That 3 is not faotorisable iuto ( s / - S ) is shown 

by putt ing Z = {a + h f^b) {c + d f ^ ) from which it follows tha t 

9 = (a'-4-562)(c2 4-5£^2) 

and tha t one of a^ + bb\ c^ + bd^ is 9 and the other 1, since neither can be 3. 

Also if a'4-56-2 = 9.the only solutions are a = ± 3 , 6 = ()_and a = ± 2 , 6= ± 1 of 

which the latter must be rejected since ± 2 + ^ - 5 does not divide 3. 

Similarly for 1 + J^f. The numbers 3, 1 + 'f~^ have however a common 

factor (1 + ^AB)/v/2"or J^^^^J^ not in <o {f - ^ 
Another point requiring notice is the distinction between a 

factorisable number and a prime number. A non-factorisable number 
CO (a) is one which has no other factors in «(a) than such as are eqmvalent.to 

non-
in 
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itself or 1. A prime number is one. which cannot be a factor of a product 

/3y without being a factor of /3 or of y. Thus 3 and 1 + J ^ are both non-

factortsable in a>(f — 5), but neither of theni is p r ime ; 3 is a factor of 

{l + f^){l-f'^) but not a factor of 1 + ^ ^ or l-f^j; and 

1 + V - 5 is a factor of 6 but not a factor of 2 or 3. 
In a complete lioloid domain eoery non-factorisable element is prime o.ud, 

erury prime element is •lum-factmisu.ble (K, p. 15). 
Let TT bo any element of the domain which is non-factorisable, and let n.i 

be divisible by ir and /3 not divisible by n. Then the H.C .F . of ft •^-~1 ; 
H.c .F . of a/3, a7j-~a ; H.C.F. of a/3, jr ~ H.C.F. of afi, aw, •n-~H.C.F. of a, TT ; 

i.e. H.C.F. of a, TT ~-7r, or a i.s divisible by TT ; hence w Is prime. Again 
if IT is prime and equal to Trijrj, one of -n-j, n^ is divisible by TT and the 
other is a u n i t ; hence ir is non-factorisable. 

I t is to be noticed that the proof dei^euds only on the notions of product, 
quotient, and H. C. F., and is therefore applicable to any domain in which each 
pair of elements a, /3 has a product a/3, and an H. C. F. 8 (defined as above), and 
may or may not have a quotient y, defined by a = fiy. 

In u. complete holoid doraain any dement which is not an infl'n'iU product 
of factors {not counting unit factors) is a unique pirod-'ict of prinie factors if 
equivalent factors are regarded as the same factor. 

For any element which is not prime is a product of two factors neither of 
which is a u n i t ; each of these again if not prime is a product of two factl-•r.̂ , 
and so on. Hence any element which is not an infinite product is a product 
of prime factora pfpi^ ...pf'''. This resolution into factors is unique in the 
.sense of equivalence; for if pf ... pf'''~qi''' ... qi''', where qi, j2 , •••• ?« are 
primes and none of them units, pi must be a factor of qior q.2 ... or 'jg. and if 
a factor of qi, then pi •~ qi ; from which the rest follows. 

The domain of all algebraic integers is a complete holoid domain 
(D, p. 247) but contains no prime numbers, since any number a has an 
infinite number of factors, e.g. 'ifa. This property of completeness is peculiar 
to numbers; it does not hold for functions, not even for relatively wlit>le 
algebraic functions of a single variable. 

No number in m (a) can be an infinite product, for otherwise its norm, 
which is a rational integer, Avould be an infinite product of rational integer^. 
Hence if a (a) is complete each number in it is a unique product of prime 
factors. 

All the above remarks conooruing algebraic luimbeis (with the exception 
noted) a])ply mutatis mutandi;t to .-ilgcbraio functions. The only difference 
is that there are two kinds of whole algebraic fuiu'tion.-;, relative and absolute. 

An algebraic function i.s any quantity a which satistios ;ui altjebiMio 
equation 

.l„c'" + .IiJ'"-> + ... + .-I„,=0 

in whicli tlio coefficients .1,,, .1], . . . , .!„, arc whole rational functions of 
n viu'iidildN ,-(,•,, rc.2, ...,.•'•„• 
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•> i> c;vlleil a ivhitiff', whole ^ulgebrai..--. ftuu-tion if .f„ duos not involve the 
riablos. In this ca-se tlu> numeriod coellii-ionts of . 1 , , . 1 . , , . . . , .1,,, may bo 

ay real or .-.uuplex numbers, whoilier alirobraio or not. .M(u-oo\ or " is whole 
^totively u> ,r,, .r., . . . , jv if -b, inxohos .v,. ̂ , , . . . , ..„ only. 

a is ovUcd ail absolutely whole lalgobrodc) function if . l „ = l and tlie 
ri<»l eoeifioiouts of . 1 , , J., A,„ ai-e nitioiiid imogors. 

In the ca.st- of functions Q ( l ) is the corims of rdioiud functions, and 
^1) the ;vj:!:n\i,';ite <'f wliole rational fiuution.s. 

hi still continuing to speak of algebraic numbei-s it will be understood 
I.- what is .said applies equally to algebraic functions. In considering the 
! ijerties of algelmiic numbers we natui-ally regard the numbers of a corpus 
;a' and the domain &> H included in it as the principal subject of inve.stiga-

• >D. since these answer the most nearly to the numbers of Q (1) and a (I). 
£2 a and more c-sixxaally <u lo" are further subdivided. Dedekind defines 

hiodnl^ in a (a to l* the rtggn\i:ate .if all numlters (or functions) 

aiai-r".^a J 4-0303-(-..., 

•here a,, a^, ... are fi-xed elonicnts of Q a and f f , . a j , . . . any elements of <B(1), 
hat is, rational inti-_'ei-s in the ca.se of number modules and whole rational 
iincti"ns .R-lativeor ai- . ' Iuic in tlie case of function modules. If aj, aj , ... 
re whole numbers, that is. elements of a n) instead of £2 (n), the module is a 
iiixlule of whole numbers. Any module of whole numbers (or functions) has 
finite basis (pi, p^, ..., i^f-, and any module effractions with a finite basis 

n,, â ., . . . , Oi) is practically the same thing as a niodide of whole numbers, 
iuce oi, a.j, . . . , at tan be multiplied by a rational integer '( so as to become 

I vholenumbci-s;i,,p.. / j j .and then any cleniont of the module {aj,a2,...,at) 
.s equal to the corresponding element of tin- module (pi, fi-,, ..., pf divided 
)y n. There are modules of fractions with infinite bases ; but they seem to 
)e unimportant, and it would be simpler to restrict the moiining of the terra 

i nu-hile to a module of whole numbers or functions. A modale would then 
3e defined as any aggregate of elements of tn (n) such tha t if ai, oj are any 
;wo elements of the module. a,-t-a- and aai are also elements of tlie module, 
inhere a is any element of M (1). 

An iiuyil-i.i.tiiyii of whole functions i.s any aggregate of elements of as (a) 
stich that if O], u., are any two elements of the involution, ai4-a2 and cai are 

Jklso elements of the involution, where c is any constant. In the absolute 
theorj- the elements of m (aj are absolutely whole functions and c a rational 
integer. 

Dedekind'.s definition of an ideal is similar but still more fundamental. 
An ideal is any aggregate of elements of m (a) -such that if ai , a^ are any two 
elements of the ideal, 0,4-02 and pa^ are also elements of the ideal, where p 
is any element of us 'a,. Every ideal has a finite basis (oi, oj, . . . , af and is a 
finite module 'ai , a.j, . . . , a,); but not every module of whole numbers or 
functions i.s an ideal. In the domain of whole rational functions an ideal 
and a module are identical. 
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Kummer had found that the integers of a corpus did not necessarily 
satisfy all the simple laws of rational integers, or in other words they need 
not form a complete holoid domain. I t occurred to Dedekind (and apparently 
independently to Kronecker) to consider in this case not the individual 
integers of a corpus only but sets of integers. For this purpose Dedekind 
made use of the ideals already defined. We shall in the first place consider 
ideals from a rather abstract point of view. The remarks apply also to 
some extent to modules and involutions. 

Theaggregate of elements of an ideal (ui, og, ..., af constitutes an image of 
the properties possessed in common by all the elements of the aggregate, and 
especially of properties of divisibility (if any) common to ai, a^,..., ai. The 
term ideal should strictly be applied to these properties common to all 
the elements, whatever they may be ; but it is more convenient and 
concise to define the ideal as the aggregate of elements itself This point of 
view, viz. tha t the ideal is a set of properties rather than a-set of numbers or 
functions, is the justification for saying that each element of the ideal con
tains or is divisible by the ideal, since it pos.9esse8 all the properties in 
question. Kronecker makes use of another image, in some respects .simpler, 
viz., aiUi+-a2U2-\- ... + ajiiiji or ai-fa2W+...+07,1^*"^, where u, %, u^, ••., % 
are indeterminates. This is not called an ideal because the term had 
already been appropriated by Dedekind with a different meaning, but it 
takes the place of Dedekind's ideal. 

Thus at the outset we can form a natural conception of what should 
be meant by saying that an ideal (ai, 02, ..., af contains or is divisible by 
another (/3i,/32, ....,/3;). ^''he conditions should be that each of ai, 02, ..., aj 
is an element of (/3i, /Sj, ..., /3;) ; for all elements of (01,02, ..., af will then 
possess all the 23roperties possessed in common by all the elements of 
(/3i, /32, ...j/3j), and this apart from the i'act tha t we may be unable to state 
explicitly what these properties are. 

Again we can give a natural meaning to the G.C.M. and the L.C.M. of two 
ideals. The G.C.M. or H.C.F. of (ai, 02, ...,af and (/3], ^21 •••i/3i) should be an 
ideal (yi, y2, ...) contained in both such that every ideal contained in both is 
contained in (yi, yg, . . .) . There is one and only one such ideal, viz. the ideal 
(oi, 02, ..., o;c,ft,02) •••jft)j cf § 2 3 . The L.C.M. should be an ideal (yi,y2,.. .) 
which contains both and such that every ideal which contains both contains 
(yij Ji, •••)• Again there is one and only one such ideal, viz. the ideal whose 
elements consist of all elements of <» (a), containing both (01,02, ...,af and 
(/3i,/32, ..., ft). These elements constitute an ideal by definition. 

But the crux lies in the difficulty of attaching a natural meaning to the 
term product. The product of two ideals should be an ideal whose properties 
consist of the product of the properties of the two ideals, and to this product 
of properties we cannot attach a meaning a priori from the definition of an 
ideal. Moreover the aggregate of the products of any element of (oi, 02, ..., af) 
and any element of {^1,^2, ..., ^i) does not con.stitute an ideal. The best tha t 
can be done is therefore to define the product of these two ideals to be the 
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ideal (..., „.i3.^ ...)_ j = ] , 2 , . . . , k,j=l, 2, ..., I. This ideal includes all products 
o^ of elements of the two ideals, and in addition all sums of such products. 
I t could not be told beforehand to what a theory based on so tentative 
a definition might lead. 

We may say that the fact of an ideal containing another is a case of true 
divisibility if it always follows as a necessary consequence that the first 
is the product of the second and a third ideal (the conver.se being true 
by definition). This is exactly what Dedekind proved to be the case for all 
ideals of algebraic numbers and relatively whole algebraic functions of one 
variable, bu t only by means of a long series of subsidiary theorems. I t 
followed that any such ideal could be uniquely expressed as a product 
of prime ideals. We know however tha t this is not true for ideals of 
functions of more than one variable, since it is not t rue for modules of 
rational functions. Also it is not true for ideals of absolutely whole algebraic 
functions of one variable ; e.g. (x) contains («, 2)* but is not the product 
of (x, 2) and a third ideal ; for the residual {x)/{x, 2) is {sc), and {x) is not 
the product of {x, 2) and {x). 

Kronecker's theory (Kr) concerns whole algebraic functions in general, 
and one of its remarkable features is that i t applies to absolutely whole 
as well as to relatively whole functions. The absolute theory is based 
on the following fundamental theorem, which is proved by Konig (K, p. 78) : 

If fi,fi, •••,fic o/fB any h polynomials in Ui,U2,..., n any prodv/it of 
coefficients of fi,f2, ...,fic taken one from each, and Hi, II2, ... the coefficients of 
the polynomial fl f2 ...fid then II satisfies identically an equation of the type 

n''4-n'^'n''"Vn'^'n''"^4- ... 4-nW=o, 
viliere I&i is a homogeneous polynomial of degree i{i=l,i, ...,p) in Hi,112,... 
with rational integral coefficients. 

Kronecker gives the theorem in the second of the two memoirs referred 
to in (Kr), having discovered it after the first memoir was written. He 
states, it for two polynomials / i , / 2 ih a single letter u or x. Konig gives 
the theorem in the more general form above. I t is not generally necessary to 
introduce more than one letter or indeterminate «f. If we suppose/ i , /2j ...,f„ 
to be polynomials of degrees li,l2, ...,h in a single letter u the number of 
the quantities n is (fi + V) {h + V)... ( 4+1 ) , "while the number of the quantities 
Hi, 0 2 , . . . (which are sums of the quantities n ) is only ^i4-?2+ ••• + 4 +1J a n d t 

{I1 + I2 +... + '''f^-

p—Tfvuffififr • 
* In the relative theory {x, 2) = (1), but not in the absolute theory. In the 

absolute theory a module in n variables can be of rank n + 1 (cf. § 47); such in fact 
is any module which has some rational integer (but not unity) as a member, or 
anv module which has no spread and is not (1). In both the absolute and relative 
theories the non-proper module (1) is without rank. 

4. The value found for p by Konig for the case 7c = 2 is («i4-Z,4-l)!/ii! (i,4-l) !, 
h h is not symmetrical in li,h. It can be proved that p need not be greater 

http://conver.se
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Let the coefficients of /i,./2j . . . , /* be absolutely or relatively whole 
algebraic functions of n variables .r^,X2,...,Xn. These all belong to and 
determine a corpus of functions. Let Mi,M2,...,M^. be the ideals deter
mined by the coefficients of fi, fi, .....f respectively, and J / , the ideal 
( n i , n 2 , . . . ) determined by the coefficients oi ffi ...f. Then n is any 
element of the basis of the ideal M1M2... M,c, and n(*) is an element of 
the ideal M'- (and of the involution i / ' ) . 

Kronecker says that a quantity n which identically satisfies an equation 
of the above type (where n(') is any element of the i"^ power of a given ideal 
M) conta.ins M in the loider sense of the word. II contains M in the strict 
sense it it is an element of M, i.e. if it satisfies a linear identity of the above 
type. One ideal contains another (in the wider sense) if each element of (the 
basis of) the first contains the second (in the wider sense) ; and if each of two 
ideals M, M' contains the other (in the wider sense) M, M' are said to be 
equivalent in the wider sense. We denote such equivalence by M~M', 
having already denoted strict equivalence by M=M'. Kronecker also 
remarks that (in the wider sense) if M contains M' and M' contains i / " 
then M contains M" Consequently if M'~ M' and M'~ M" then M' ~ M". 
If M, Ml, M2, ..., Mic have the meanings given to them above we have 
M~MiM2...Mj,. 

This conception of wider equivalence is of considerable importance, and 
is specially applicable to Kronecker's theory. To any ideal M oi & given 
corpus of functions there corresponds a unique closed equivalent ideal M^ 
within the corpus. The elements of Jfj consist of all whole functions H of 
the corpus which satisfy identically an equation of the type 

n''4-n(i)n''"i4-n(2)n''-^-f...4-n''''=o, 

where nW is an element of i/*. Any n which satisfies identically an 
equation 

n"'4-nomn''-^-fno(2)n'""^-l-...+no''''=o, 
where HQW is an element of M^, satisfies a linear identity of the same type 
and is an element of M^,. All ideals in the corpus equivalent to M are 
equivalent to i/o- A closed ideal may have relevant imbedded spreads; the 
closed module {xf, x.^xfi is an example. 

If {speaking in the wider sense) M' contains M" then MM' contains MM", 
and conversely ff MM' contains MM" then M' contains M"; corisequcntly 
if MM'~MM" 'then M'~M". 

This theorem is not true for strict (or linear) equivalence, i.e. if MM' = MM" 
it does not follow that M' = M" (see § 24, Ex. i) unless .M"is an unmixed ideal 
of rank 1 (defined below). 

than the smaller value given above, while for some of the products H the value of 
p is less. In the cases of the first and last product H it is evident that p = l . 
If ;i = Z2 = 2, /) is 3 for the middle product n , and 6 for the others, except the first 
and last. 
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Let alr=(oi, 02, ..., af, J / ' = (ai', 02', ..., a'k'), M"^(af, a^", ..., a"ic"). 

Then if M' contains M" each element n' of the basis of M' satisfies an 
identity 

a' ' '4-oWa'P-l4-aP)a'P-24-...4-a(p)=0, 

where a(') is an element of J/"', i.e. a homogeneous polynomial in oi", 02",..., o!'i," 
of degree i with whole functions of the corpus for coefficients. Putting 
a'aj = a we have 

p I (I) P - l , (2) 2 p-2_i_ 1 (p) p r, o'^-t-a Oj-a'̂  +a'aj-a'^ 4-. . . 4-o '̂̂ 'o,'̂  = 0, 

where o('). af is an . element of {MM"y ; hence a contains MM", i.e. MM' 
contains MM". Conversely, given that MM' contains MM", a'oj contains 
MM" where a' is any element of M', i.e. we have an identity 

(a'afJ + p/'^ (a'af.r^ + pf^ {a'af^r'- +... +pf^f = 0, 

where ^j(') is an element of ( iO/") '—(oj , 02,. . . , o;,)' (01", af,..., a!'j,"f. Hence 
this identity is homogeneous and of degree pj in a i , 02,..., Oj,, and arranging it 
in power products of these, each coefficient is homogeneous and of degree pj in 
a,ai',af,...,a!']c". There are k such equations for the same a, viz. when 
y = l , 2 , ...,k. The resultant of the h equations with respect to 01,02,..., oj, 
is a homogeneous equation in o', oi", 02", ..., a'l" of degree kpi p2...pjc, since it is 
homogeneous and of degree pipi...pfpj in the coefficients of tlie_;*''̂  equation. 
Also since the resultant is homogeneous in o', oi", 02",..., o"j;", and is found by 
a purely algebraical process, we can find the coefiicient of a' ''''''''"'''' in it by 
supposing all of ai',af, ..., a"]^" to be zeros. The resultant then becomes the 
resuhant of (a'oi)"', (o'os)"-, ..., {a'af^ viz. a''""P=i-». The coefScient of this 
term is therefore 1. Hence a contains M", i.e. M' contains M". 

The above properties are true not only for ideals but also for modules 
and for involutions whether of absolutely whole or relatively whole algebraic 
functions. 

Kronecker's way of considering a set of whole algebraic quantities 
oo o i , . . . , oj (numbers or functions) is more direct than Dedekind's. He 
sets them in a frame or form* 

a„=ao+oi'Zf4-a2M2 4-...+aiM', 

where a is an indeterminate. Instead of power products of one indeterminate 
11 we could use I indeterminates « i , M2,..., Wi or power products of any less 

* W P use the term form here and later as meaning a 'representation which is 
not a function but is subject to algebraic laws and operations. The form becomes 
a function of -u if « is regarded as a variable or parameter. 

The notation a„ for a form is copied from Konig; and the notation for an ideal 
a ) is the same as that used in the text for a module. Kronecker's 

--(ao, 0-1, •••' ' .„ i . g „ lie uses M for an element which is denoted above 
notation IS quite ainereui., o.g . , .. ̂  j - • i u • 
b d the term modular system as equivalent to divisor system or basis. 
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number. The indeterminates serve merely to separate the quantities 
Oo, oi, ..., qj. Kronecker then expands normo.,, in powers of u, viz. 

norma.ij=(ao + aiM4-...+aittO '\afl + aiw.\-... + a{'u!')... 

...(oo('»-l^+ai('"-l)M4-... + o j (™-V) 

=^F^ + FiU+F2U^+... + Fi,uT {k=lm), 

where F^, Fi, ..., Fj, are whole rational functions of Xi, x<i, ..., Xn. 
If F^, Fl, ...,F]i have an H.C.F. D, which may be a rational integer only, or 

a whole rational function of ^ j , x^, ••.,Xn, then, having regard to the fact that 
norm o^is the product of the above factors, we may say that oo, o i , . . . , o; have 
something in common of the nature of a factor, which may be called their 
ideal common factor, and may be represented by the form o„. So long as 
this factor B, which is the complete partial resolvent of rank 1 of the module 
{F(j, Fl, . . . , Ff, is only taken into account, while the partial resolvents of 
higher rank are neglected, Kronecker's theory is a theory of factorisation 
only. 

Dedekind had established a theory of factorisation. of whole algebraic 
numbers, which he subsequently extended to relatively whole algebraic 
functions of one variable. Considering that the factorisation of whole 
rational functions is exactly parallel to that of whole rational numbers 
the question naturally arises whether the factorisation of whole algebraic 
functions is parallel to that of whole algebraic numbers. Kronecker proved 
that it was absolutely parallel. 

Kronecker says that o„ and norma,,i are primitive or -unit forms if i ) = l. 
This is legitimate in a theory of factorisation. Later be says that they 
are properly primitive only if the module* {FQ, Fi, ...,Ff = {l). If .0=1=1 
then norm aJB is a unit form. Kronecker names af{norma,iI)) an 
"algebraic modulus or divisor," which may be interpreted, an "equivalent 
of af in respect to divisibility and factorisation. Konig names a^/cu, where 
c„ is any unit form in a (a), an ideal whole quantity oi a (o); and accepts the 
rather absurd paradox that the sum of two such quantities is their H .C .F . I t 
would be preferable to name a„/e,j an ideal whole form. He proves that such 
ideal forms can be uniquely resolved (in the sense of equivalence) into products 
of prime ideal forms, and .shows how for a given form the prime factors can 
be actually found. 

To compare two forms o„ and af Kronecker considers the fraction af/a^ 
and rationalizes the denominator by multiplying numerator and denominator 
by norm a„/a„, which is a (strictly) whole form in to (a). If the new numerator 
uf norm ajoy, is divisible by the Z) of the new denominator norm a„ then the 
form af is said to be divisible by the form u„. If further the quotient of 

" The module (-Fo, -Fi, ..., Fji} is the aggregate of all whole rational functions 
AoFo + AiFi+...+A,,F,„ and the ideal (Fo, F^, ..., F,,} in the domain u{a) is the 
aggregate of all functions ^oFo + ^iFi +...+^,,F,,, where ft, /3i, ..., ft are elements 
of OS [a). 
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o„' norma,./o„ by i ) is a unit form, then On'/an-^ef/e,,, where e„, ef are both 
unit torms, and the ideal forms o„, a„' are equivalent as regards divisibility. 
The divisibiUty of o,/ by o„ is the same thing as the divisibility of the 
ideal (oo', oi', . . . , aV) by the ideal (a„, oj, . . . , aj) in the case of algebraic 
numbers and relatively whole algebraic functions of one variable ; but not 
in other cases. This, as we show below, is a consequence of the fact that in 
these two cases (i^o, -fi, ••• j Ff = {D). 

Let 7¥be the ideal (oo, ai, . . . , o;), and, as before, let 

norm a„ = î o + -^i" + . • • + -f* it* (k=Im). 

Then, in the Galoisian domain 12 (a, o', . . . , af"""^)), the ideal (i^oj -^ij -.., Ff is ' 
equivalent to the prodiict of-/kTand its conjugates M', M", ..., Jf(™~'), by the 
fundamental theorem; and another ideal {FfFf ..., F'j^') obtained in a 
similar way from any other basis of M is equivalent to {F^, Fi, ..., Ff, i.e. a 
homogeneous equation of degree p exists between Ff F^, F^, ..., Ft, in which 
the coefiicient of F^'' is 1, and the other coefficients are whole elements of the 
Galoisian domain. By rationalizing the equation it follows tha t the modules 
{Fd, Fl, ..., Ff, (Fi, Fi, ..., F'j,') are equivalent. Hence we may define 
the rank of the ideal M and of the form u,„ to be the rank of the module 
{Ff,, Fl, ..., Ff. We may also say that the ideal M is unmixed in the 
wider sense if the closed module equivalent to (FQ, Fi, ..., Ff is unmixed. 

A principal ideal is an ideal (/3) having a basis consisting of a .single 
element /3. 

I t can be proved without difficulty that the only ideal in a given corpus 
12 (a) equivalent to a principal ideal (fi) is the ideal (/3) itself 

The ideal Mabove is called an unmixed ideal of rank 1 if {F^, Fi, ..., Ff 
is a principal ideal, i.e. if (FQ, FI, . . . , Ff = {D) + {l). 

Suppose now tha t M={ao, ai, ..., oj) is an unmixed ideal of rank 1, and 
that the form af is divisible by a,j in the sense defined above. Then, putting 

! 1 5 £ ^ ^ = / 3 o + | 3 i « + . . . + f t _ z M " - \ 

we are given tha t (ao' + ai 'w+"-+«Vw' ' ) (i3o+ftM4-...-l-/3i_j?s''-') is divisible 
by D. Hence Oi'/S,- is divisible by D, i.e. ai^j=.DPij. Hence 

a/(/3o + /3iM+...+ft--i*'*"') = -0 ( f t»+f t l "+ - -^ ' 3 i , „_ , t t " -0 . 

Multiplying by a„, and putt ing i^,=i)<^» we have 

„.'(0„+^j«4.... + <̂ ,̂ .') = (fto+fti«+-+ft.'^-''^*-')(°o + «i'*+-+«i^^'). 

Hence (fto, ftu - ' ft.'-'^ ("»' " i ' - ' °̂ ) ~(° ' ' ) (*» ' * i ' - ' ** ) = W ) J 
J, \_/ i"i and Co,') is a principal ideal Hence 

since ((^oj <^i' •••' W - ( . ^ ' ' ' ^"'^ *-"'' ^ ^ 
, , , „M = f ,/3i,-, ...)(aoj «i. ••-. °i) {i=-0,l,...,l',j=Q,l,...,k-l). 
( O Q , O I , . . . J avl '.• ' '^ ' •" 

Conversely, if an ideal (oo'j af ..., a'l') contains an ideal («„, oi, . . . , a{) the 
/ • rHvisible by the form u,„ since a;norm a„/a,„ and therefore also 

form o„ is aivisiui . / , , , „ 
/„ is divisible by D. 

a/norm ajotc, i» 
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