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D A V I E S ' C O U R S E O F M A T H E M A T I C S . 

Primary Arithmetic and Table Book—An entire new book, designed to take the 
place of " Bavies' First Lessons." It is composed of easy and progressive lessons, and 
adapted to the capacities of young children. 

Intellectual Arithmetic, ok an Analysis of the Science of Numbers.—This is 
also a new book, and designed as a full and complete class-book for the advanced student of 
Mental Arithmetic in all our Public Schools and Academies. Great care has been taken in 
the arrangement and gradation of the lessons, in the character of the questions, and in the 
full, clear, and logical forms of the analysis. 

N e w School Arithmetic, Analytical and Pkaotical, is a complete and thorough 
revision of the previous editions of his School Arithmetic. Much new matter has been intro
duced ; the arrangement is more natural and scientific ; the methods introduced are those 
used by some of the best teachers in the country. 

University Arithmetic.^—The object of this work is to give a general view of the 
Science of Nuraberi;, ind to point out all the general methods of their application. 
Practica-l SEiitie'ajatics for Practical M e n . — T h e design of this work is to afford 

to the Schook ,4nd AiadSmies an Elementary work of a practical character. 
Elementary Algebra.—This work is intended to form a connecting link between 

Arithmetic and Algebra, and to unite and blend, as far as possible, the reasoning in num-
liers with the more abstract method of analysis. It is intended to bring the subject of 
Algebra within the range of our common-schools, by giving to it a practical and tangible form. 

Elementary Geometry a n d Trigonometry.—This work is designed for those 
whose education extends beyond the acquisition of facts and practical knowledge, but who 
have not time to go through a full course of mathematical studies. It is intended to present 
the striking and important truths of Geometry in a form more simple and concise than is 
adopted in Legendre, and yet preserve the exactness of rigorous reasoning. 

Elements of Surveying,—In this work, it was the intention of the author to begin 
with the very elements ot the subject, and to combine those elements in the simplest manner, 
so as to render the higher branches of Plane Surveying comparatively easy. All the instru
ments needed for plotting have been carefully described, and the uses of those required for 
the measurement of angles are fully explained. 

Bourdon's A l g e b r a — N e w and Enlarged Edition.—The Treatise on Algebra by M. 
Bourdon, is a work of singular excellence and merit. In France it is one of the leadinir text
books. Shortly after its first pubUcation it passed through several editions, and has formed 
the basis of every subsequent work on the subject of Algebra. 

Legendre's Geometry a n d Trigonometry—Revised Edition.—Legendre's Ge
ometry has taken the place of Euclid, to a great extent, both in Europe and in this country. 

Analytical Geometry.—This work embraces the mvestigation of the properties of 
geometrical figures by means of analysis. 

Descriptive Geometry.—Descriptive Geometry is intimately connected with Archi
tecture and Civil Engineering, and affords great facilities in all the operations of Con
struction. 

Shades, S h a d o w s , a n d Perspective.—This work embraces the various applications 
of Descriptive Geometry to Drawing and Linear Perspective. 

Differential a n d Integral Calculus.—This Treatise on the Differential and Inteoral 
Calculus, is intended to supply the higher seminaries of learning with a text-book on that 
branch of science. 

Logic a n d UtUity of Mathematics is an elaborate exposition of the principles which 
lie at the foundation of pure mathematics, and of the applications of those principles to the 
development of the essential idea of Arithmetic, Geometry, Algebra, Analytic Geometry and 
the Differential and Integral Calculus. •'' 
Mathematical Dictionary and Cyclopedia of Mathematical Science-Em
bracing the definitions ot all the terms ot Mathematical science, an analysis of each branch and of the whole, as forming a single science—designed especially to illustrate the entire' 

course. 
Entored, according to act ot OonRreBS, in the year Eighteen Hundred and Fifty-live, by C'HAKLii<! Tljir,, 
& William G. Peck, in the Clerk's Oflioe of the District Court of the United States for Hin'sr̂ ti: 
Bistriot ot New York. ' ° ̂ oathom JONES St DENYSE, SxKaBOTVFHRa. Q. W. WOOD Pn" 



P E E E A C E . 

I h b Sciekce of HIatukmatus treats of the two abstract quantities, Number 
and Space. Primarily, it treats of the measurements and relations of these quanti
ties, and of the operations and processes hy means of which they are ascertained: and 
secondarily, of the applications of the principles thus developed to the practical affairs 
of life. 

The quantities operated upon are denoted by figures or letters, and the operations 
to he performed are indicated by certain characters called Signs. The figures, letters 
and signs, are called symbols, and are elements of the mathematical language. 

The language of mathematics is partly technical and partly popular, being made 
up of symbols which either represent quantity or denote operations, and of words 
adopted from our common vocabulary. Both branches of tiiis language are undergo
ing ohanges corresponding to the progress and development of the science; and hence 
it is. that new terms become necessary, while the significations of the old ones are 
modified, either by enlargement or restriction. 

It is of the first importance, in prosecuting mathematical inquiries, to acquire an 
accurate knowledge of the office and power of every symhol, and a clear and distinct 
apprehension of the signification of every technical term. Most of the difficulty expe
rienced in the study of mathematics, has arisen, w e apprehend, from the use of terms 
in a vague or ambiguous sense; and the discussions on " controverted points,'' are 
mednly due to a misuse or misapprehension of the meaning of technical terms. 

1. It is a leading ohject of this work, to define, with precision and accuracy, every 
term which is used in mathematical science; and to afford, as far as possible, a defi
nite, perspicuous and uniform language. 

2. A second ohject is, to present in a popular and condensed form, a separate and 
yet connected view of all tin branches of Mathematical Science. Hence, the work 
has been called—"A Dictionary and Cyclopedia of Mathematical Science." 

3. The work has also been prepared to meet the wants of the general reader, who 
will find in it all that he needs on the subject of mathematics. H e can learn from it 
the signification and use of ev̂ ery technical term, and can trace such term, in all its 
coimeotions, through the entire •Science. H e will find each subject as fully treated as 
the limits of the work will permit, and the relations of all the parts to each other 
carefully pointed out. 
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4. The practical man will find it a useful compendium and hand-book of reference. 
All the formalas and practical rules have been collected and arranged under their 
appropriate heads. 

5. The chief design of the work, however, is to aid the teacher and student of 
mathematical science, by furnishing full and accurate definitions of all the terms, a 
popular treatise on each branch, and a general view of the whole subject. 

In pursuing a course of mathematics, arranged in a series of Text-Books, it is often 
difficult, if not impossible, to understand a single branch fully until its connections 
with other branches shall have been traced oiit. The various branches of mathe
matics, though apparently differing widely from each other, are, nevertheless, per
vaded by common principles and connected by common laws. In bringing all these 
branches within the compiss of a single volume, an opportunity has been afforded of 
examining their common principles and pointing out the connections of their several 
parts. Hence, the Dictionary affords to the diligent and intelligent student, the means 
of understanding the connections of the difierent subjects of the mathematical 
science; and to such, w e are confident, it will prove an efficient auxiliary in removing 
the obstacles which have rendered the acquisition of mathematical science a difficult 
and forbidding task. 

The diffusion of knowledge and the employment of mathematics in the in
vestigations of the Natural Sciences, as well as in all practical matters, have 
given great value to mathematical acquirement, if they have not rendered a certain 
amount of it absolutely necessary; hence, it would seem desirable to afford every 
facility for the prosecution of so useful a «tudy. 

As many of the subjects treated in this work have common parts, it became neces
sary either to interrupt the processes of investigation by references, or to use. 
occasionally, the same matter in different places. As the entire work is rather a 
collection of separate treatises than a single treatise on a single subject, the latter 
method has occasionally been adopted, though the other has been generally used. 

It will not be a matter of surprise, that a work of so much labor should have been 
a joint production. In its prosecution, many questions have arisen in regard to defini
tions, methods of discussion, classification and arrangement. In deciding these 
points w e have been guided, uniformly, by the best standards. "When differences 
were irreconcilable w e have looked to the authority of general principles. 

FiSHKiLL Landing, ) 
June, 18£5. I 



M A T H E M A T I C A L D I C T I O N A E Y 

C Y C L O P E D I A OF 3LVTIIEMATICAL SCIExXCI-]. 

A. The first letter of the English alphabet. 
Amon;^ the ancients it was used as a numeral 
denoting 500, or with a dash over it, thus, a. 
it stood for 500.000. In Greek, Hebrew, and 
Arabic, it stood for 1. 

In Algebra, it is employed to denote a 
known or given quantity—In Geometry and 
Xrigovometni it often stands for an angle— 
In Surrci/in^ it is used as an abbreviation for 
acre—In Commerce it stands for accepted, as 
in the case of a bill of exchange. 

AB'A-CIST, [from abacus]. One whomakes 
arithmetical computations, a computer or cal
culator. 

AB'A.-CL;5..[L. ahacus, anything flat. Gr. 
a3a^, a slab for reckoning on]. In architec
ture, a table constituting the crowning mem
ber of a column and its capital. 

The name abacus was given to an instru
ment formerly used to facilitate arithmetical 
computations, and stiff retained in one of its 
modifications, for imparting to children a 
knowledge of the elements of arithmetic. 

The most ancient abacus consisted of a 
lablc, surroundedby a raised border or ledge, 
and covered with sand, upon which diagrams 
were drawn, and computations made. 

In later times the sanded table was re-
p'accd by an c;jtircly different instrument, 
cilleJ also an abacus, and which with little 
change of principle, continued to be used for 
many centuries, by the most enlightened na
tions of the world. 

The principle of this kind of abacus will 
be readUy understood by an examination of 
the diagram. 

A B C D is a wooden frame, supposed to be 
vertical, supporting several horizontal wires, 
1, 2, 3, 4, &c.; each wire bearing nine bcaJs 
of glass, wood, or ivory, which slide freely. 
jt :e jt 

ciHIIona. 
hCD. of tItOU) 
te&B ot ibous. 
IhciMariila. 
liundr'«'«. 

T h e vertical bar E F divides the rectangle 
A C into t w o separate compartments, but is 
placed far enough in front of the wires to 
allow the beads or counters to slide freely 
behind it. 

W e have supposed the instrument arranged 
according to the decimal scale, so that each 
bead on the lower wire denotes a simple unit, 
or unit of the first order; a bead upo n the 
second wire, a unit of the second order, or 
one ten; one u p o n the third wire, a unit of 
the third order, or one hundred; & c . 

Sometimes, for the purpose of diminishing 
the n u m b e r of counters, intermediate wires 
are introduced; a bead u p o n one of them 
denoting five beads u p o n the wire next below 
"We shall now explain the mode of recording a 
number by means of this abacus. The beads 
are all pushed along the wires into the com
partment E C before the record is commenced. 
Let the number in question be 7.931,564. 
First slide four beads along the lower wire 
into the compartment A F , these will denote 
the four units; then slide six bea/ls along the' 
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b 
for — 

a 

second wire to denote the six tens, and so on, 
moving into the space A F a sufficient number 
of counters on each wire to denote the num
ber of units of the corresponding order ; 
when the operation is complete, the given 
number wiU be represented as in the diagram. 

W e have supposed the value of the unit, in 
passing from wire to wire, to increase ac
cording to the decimal scale ; but the instru
ment is equally applicable when the value of 
the unit increases according to any scale, 
either uniform or varying. If the duodeci
mal scale be adopted, there will be required 
eleven counters on each wire ; if any varying 
scale is used, the number of counters on any 
wire must be at least equal to the number of 
units of that order contained in a unit of the 
next superior order, diminished by 1. The 
method of recording a number constructed ac
cording to any scale, is entirely similar to 
that already explained. 

During the middle ages, the abacus was 
used by bankers, money-changers, &c., but 
instead of a frame with wires and beads, they 
made use of a bench or hank covered with 
black cloth, divided into checks by white lines 
at right angles to each other. Counters 
placed upon the lower bar denoted pence, 
those on the second bar shillings, those on 
the third, pounds, and those on the fourth, 
fifth, sixth, &c., bars, denoted tens, hundreds, 
thousands, &c., of pounds. 

Abacus Pythagoricus, or Pythagorean 
abacus. A table computed for the purpose of 
facihtating numerical calculations. It is 
nothing more than the multiplication table as 
given in ordinary treatises on arithmetic. 

Abacus Logistiocs, or sexagesimal canon. 
The same as the Pythagorean abacus or mul
tiplication table, carried to 60, both ways. 

AB-BRE'VI-aTE. [L. (iMrCTio, to shorten]. 
To reduce to a small compass, to epitomize. 

AB-BRE-VI-i'TION.the operation of ab
breviating or shortening. The abbreviation 
of a fraction is the operation of reducing it 
to lower terms ; thus, if both numerator and 
denominator of the fraction ̂ j be divided by 
9, the fraction is said to be ahireviated, or re
duced to •̂. In Algebra, an expression is 
said to be abbreviated when it is shortened 
by any algebraic process: thus, the expres
sion the axis of ordinates. 

ia'l" — 2a^b', 
may be abbreviated to the expression, 

Za'' b" (26 - a), 
by simply factoring it. 

A n abhrevial/ion is a single letter, or a 
simple combination of letters, standing for a 
word or sentence; thus, jl. stands for acre, 
hhd. for hogshead, lb, for pound,. Ac. 

A-BRIDGE', [Fr. ahregcr, to shorten. Gr. 
jSpaxvg, short]. To shorten, to contract. The 
abridgment of an expression in Algebra, is 
the operation of shortening it by substitution: 
thus, every equation of the second degree 
containing but one unknown quantity, is a 
particular case of the general form 

ax' -f te 4- c = 0 ; 
or, dividing both members by a, 

b c 
x"" +- x + - = 0; 

a a which may be abridged by substituting 2 p 

c 
and q for -, giving the equation, 

x' + %px + q = 0. 

The last equation is not only easier to re
member, but is also under a simpler form for 
discussion. 

The operation of abridging may generally 
be resorted to with advantage, whenever com
plicated expressions enter into long compu
tations. After completing the computations, 
w e can, if necessary, substitute for the sym
bols introduced, their values in terms of the 
original quantities employed. 

A B - R U P T ' P O I N T of a curve. A point 
at which a branch of a curve terminates; 
thus, the curve whose equation is 

y~b = {x-a)l{x-a) 
has an abrupt point for x = a. See Singu
lar point. 

AB-SCIS'SA. [L. abscissas, ab, from, and 
scind.0, to cut]. One of the elements of ref
erence by means of which a point is referred 
to a system of rectilineal co-ordinate axes. 
If w e draw two straight lines, in a plane, in
tersecting each other, one of them bcin.. 
horizontal, it has been agreed to call the 
horizontal one the axis of X, or the axis of 
abscissas, and the other one the axis of "V' or 
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In such, a sy.-itom, the abscissa of .1 point 
IS the distance cut oil" from the axis of X by 
a line drawn through it, and parallel to the 
axis of Y. All abscissas measured to the 
uirhs. are. by convention, regarded as positive, 
•uid consequently, all at the left must be con-
udered nci:ative. The absoi:?sas of all points 
»iiuatoJ on the a.'cis of Y, are 0. In space, 
.'he term abscissa is appUed in a more gen-
"ral sense, and may mean a distance meas
ured parallel to either of the horizontal axes, 
the distance measured on a parallel to the 
axis of Z being always called the ordinate. 
It is customary to define the abscissa of a 
point in space, to be the distance of the point 
from the co-ordinate plane Y Z . measured on 
a line parallel to the axis of X. The rule 
for signs is analogous to that employed in a 
plane system; all distances measured towards 
the riirht are considered positive, those to the 
left must be negative; the abscissas of 
pomis m the plane Y Z are 0. A\'hen the 
term abscissa ts applied to distances measured 
from m e plane X Z and pai"allei to the axis of 
Y, thcv ife considered pobStivc when meas
ured m tiont 01 ihe plane, and 1.Ĵ 'ativc when 
measurea jcinnu it. W h e n ihi- ] lint lies in 
the plane X Z , tnc abscissa 1.' 0. 

A B ' S O - L U T E , [L. abiohl^s. ab, horn, and 
soin, to loose or release]. Coini-'Ic.'c in itself, 
independent. The absolute term o; ^n equa
tion, is that term which is known, 11 which 
does not contain the unknown quani'i- • thus, 
in the equation 

ax' -\-bx'+ ex + d = 0, 
d is the absolute term. If w e regard >. oi/ 
term as involving the unknown quantity n. 
some form, then the absolute term is that in 
which the exponent of this quantity is 0. In 
every entire equation, the absolute term is 
equal to the continued product of all tHie roots 
of the equation with their signs changed. 
Hence, if the absolute term of an equation 
is 0, one or more of the roots of the equation 
must be equal to 0. 

In Analytical Geometry, the equations em
ployed are indeterminate; thatis, they involve 
more unknown quantities than there are equa
tions, and the absolute term is that one which 
is independent of aU the unknown quantities 
or variables. It m a y b e demonstrated that 
when the absolute term is 0, the geometrical 

magnitude represented by the equation passes 
through the origin of co-ordinates. Sec An-
abjlical Geometry. 

.\i:son:ri-: Space, is space considered with
out reference to material objects, or limits. 

AB'STR.VCT. [L. abslractus, to draw from 
or separate ; from abs, from, and traho, to 
draw]. Separate, distinct from something else. 

Abstract Equation, is an equation cx-
])ressing a relation between abstract quanti
ties only, as, 

3 i " 4 - 4 x - 5 = 0. 
Abstract Quantity, is one which does not 

involve the idea of matter, but simply that of 
a mental conception ; it is expressed by a 
letter, symbol, or figures : thus, the number 
three represents an abstract idea, that is. ono 
which has no connection with material things 
whilst three feet, presents to the mind an idea 
of a physical unit of measure, called a foot. 
So a " portion of space bounded by a surface, 
every point of which is equally distant from 
a point within, called the centre," is a mere 
concejition of form. AYhen w e call it 0 
sphere, we employ the term to express our 
idea of the abstract magnitude. 

All numbers are abstract when the unit is 
abstract. Arithmetic, which treats of the rela
tions and properties of such numbers, is ab
stract arithmetic. This embraces the whole 
science and theory of arithmetic ; Concrete or 
Denominate Arithmetic being nothing more 
than the art of applying the principles devel
oped in Abstract Arithmetic to Denominalo 
i\ umbers. 

Since Algebra differs little from ordinary 
Aiitim,ctic, except in the nature of the lan-
,7"ii vge *-mployed, w e must regard the Scienco 
ot. vluBwjra as purely abstract. In Geometry 
also, iDo magnitudes considered, viz., lines 
surfaces e.nd solids, are mere mental concep
tions ot cxteni and form, which are repre
sented bv geometrical figures. The discussion 
of these magnicuaes in the development ot 
their relations auu properties is, therefore, 
necessarily confined to abstract quantities. 
W e may, therefore, regard Geometry as an 
Abstract Science. A n d generally, all the 
principles of Mathematical Science are de
veloped from a consideration of abstract quan 
titles only. 

W h a t is usually termed Abstract Mathe 
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niatics, or pure mathematics, involves' the 
entire science, whilst that which is called Con
crete, or Mixed Mathematics, is nothing more 
than the art of applying previously developed 
principles to physical objects, as suggested 
by the demands of society. 
AB-SDRD'. [L. absurdus, ab, from, and sur-

dus, deaf, insensible]. A proposition is absurd, 
when it is opposed to a known truth. The 
term absurd, is used in connection with a 
kind of demonstration called the '' rcductio ad 
absurdum." In this kind of demonstration, 
a certain proposition is assumed as true, and 
is combined with known truths by a course 
of logical arguments, thus deducing a chain 
of conclusions until one is arrived at which 
disagrees with a known truth, when the origi
nal supposition or hypothesis is pronounced 
absurd, and its contrary is considered proved. 
As an example of this mode of demonstra
tion, we may instance the proposition to show 
th.?t, " If two straight lines have two points 
in common, they will coincide throughout." 
In this proposition it follows that if they do 
nttt coincide, they must enclose a space which 
is manifestly uiipossible ; hence, the propo
sition that they do not coincide involves an 
absurdity, and the proposition is said to be re
duced to an absurdity. This method of proof, 
though sometimes objected to as unsatisfac
tory, is, nevertheless, as strictly logical, and 
as conclusive as any other method. The rea
soning is quite as perfect, and the conclusions 
equally irresistible. 
A-BUND'ANT NUM'BER. A number 

which is less than the surn of all its aliquot 
parts : thus, 12 is an abundant number, be
cause 

12 < l-f 2 -1- 3 -!- 4 -f 6. 
An abundant number is distinguished from a 
perfect number, which is equal to the sum of 
its aliquot parts, and from a deficient rmmhei; 
which is greater than the sum of its aliquot 
parts. 
AC-CI-DENT'AL POINT of a line. In 

Perspective, the point in which a line drawn 
through the point of sight, and parallel to the 
given line, pierces the perspective plane. It 
is a point of the indefinite perspective of the 
line. See Vanishing Point. 
AC-CLIV'I-TY, [L. acclhrns, from ad, to, 

and clivus, an ascent]. In Topography, the 
steepness or slope of rising ground, in con-

[ADD 

tra-distinction to that of descending ground, 
which is called declivity. Acclivity implies 
ascent, declivity implies descent. 
A'CBE [L. ager, land. Gr. aypo;, a field], 

A unit of measure employed in land survey
ing. In the United States, the standard acre 
contains 4840 square yards, or 43,560 square 
feet. In the form of a square, one side would 
measure about 69.5701 yards, or 208.7103 feet. 
The acre contains 160 square rods, or per

ches. The subdivisions of the acre are roods 
and perches. The acre containing 4 roods, 
and the rood 40 perches. 
There are 640 acres in a square mile, hence, 

an acre is the j^th part of a square mile. 
The English statute acre is the same as 

that of the United States. 
The Irish acre contains 1 acre 2 roods 

19^j- perches English. 
The Scotch acre contains 1 acre 1 rood 

SjS^ perches English. 
The Welsh acre contains about 2 English 

acres. 
The Strasbourg acre is about one-half of 

an English acre. 
The French acre or arpent of Paris con

tains 4,088 square yards, or nearly 4 of an 
English acre. 
The French ivoodland arpent contains 6,108 

square yards, or about 1 acre 1 rood 1 perch 
English. 
In the new decimal system of France, the 

Are contams 119.603 square yards, the Dec-
are 1196.03 square yards, and the Hecatare 
11960.3 square yards. 
A-CUTE', [L. acutus, sharp pointed]. 

Sharp as opposed to obtuse. An acute angle, 
is one that is less than a right angle. In de
grees, an acute angle is less than 90°. 
AcUTE-ANGLED Triangle, is ouc that has 

all of its angles acute. 
Acute Cone, is ono in which the vertical 

angle of the meridian triangle is less than 
90°, or less than a right angle. 
Acute Hyperbola, is one whose asymp

totes make an acute angle with each other. 
In it, the transverse axis is always greater 
than the conjugate. 
' ADD, [L. addo, from ad, to, and do. to 

give]. To unite or put together, so as tc 
form an aggregate of several particulars 
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AD-PI'TIOX, [I,, additio, from addo, to 
give to]. The operation of finding the sim
plest equivalent expression for the aggregate 
of two or more quantities of the same kind. 
Such expression is called the sum of the 
quantities. 

In arithmeticf the quantities to be added are 
always numbers, written either according to 
the decimal scale, or according to some vary
ing scale. In the first case, the operation of 
add"mg is called Addition of Simple Numbers, 
in the second, Addition of Denominate Num
bers. The operation in both cases are identical 
in principle, and may be described as follows : 

Write doicn the numbers to be added so that 
UTtits of the same order or denomination shall 
fall in the same column. 

A d d together the units of the lowest order, 
and diride their s u m by ihe number of such 
units contained in one of the next higher order: 
set down the remainder, and carry the quotient 
to the next eclunvn. Continue the operation 
till the c U u m n of units of the highest order is 
reached, and set d o w n the entire s u m of thai 
column. 

Additiox of DECiaALs. The rule in this 
case does not differ from that already given. In 
fact, every number written in the scale of tens 
is a decimal, whose value depends upon the 
place of the decimal point. W h e n this point 
is fi.xed, the orders are counted from it in 
both directions. W h e n numbered to the left, 
they are called orders of entire units ; when 
to the right, they are called orders of decimals. 

Addition of Vulgar Fractions, Reduce 
all the fractions to equivalent ones having a 
common fractional unit. Add the numerators 
together, and write their sum over the de
nominator of the fractional unit: the result 
will be the sum reqiured. 

Proof.—There are several methods to veri
fy the accuracy of the operation of addition. 

1. If the columns of units have been added 
from the bottom upwards, let them be added 
from the top downwards; the results should 
be the same. 

2. Separate the numbers to he added into 
two or more groups, and add these groups, 
each by itself, and take the sum of the results; 
this sum should be the same as that first 
obtained. The principle on which this method 
depends is, that a whole is equal to the sum of 
all its parts. 

3. There is a third method of proof, which 
is only applicable to numbers written in lUa 
decimal scale. It is called the method by 
casting out the 9's. The principle on which 
this method depends requires •Boinu eluci
dation. Since 
10 = 9 -I- 1, 100 = 99 -h 1, 1000 = 999 -h 1 
and so on, it follows that if a number ex
pressed by 1 followed by any number of' O's 
be divided by 9, the remainder will be 1. 

Agam, 
20 = 2(9 -h 1), 200 = 2(99 -f 1), 

2000 = 2(999-1- 1), &c. ; 
hence, if a number expressed by 2 followed by 
any number of O's be divided by 9, the re
mainder will be ~. Generally, if a number 
expressed by 3, 4, 5. 6, &c,, followed by 
any number of O's, be divided by 9, the re
mainder will be 3, 4, 5, 6, &.c. 

It is evident that if we divide each of the 
parts by 9, and then divide the sum of the 
remainders found, by 9, the final remainder 
will be the same as that which is found after 
dividing the entire number by 9. 

Any number, as 5034, may be written 
5000 -F 600 -I- 30 + 4, 

and from the preceding principle it follows 
that if any number be divided by 9, the re
mainder will be the same as that obtained by 
dividing the sum of its digits by 9 

Upon these principles is based the follow
ing rule : 

Take the sum of the digits in each number 
to be added, and having divided each sum by 9, 
set down the remainder in a column at the right. 
Take the sum of these remainders and divide 
it by 9, setting the remainder beneath. If this 
remainder is the same as that found hy dividing 
ihe sum of the digits in ihe sum total by 9, 
ihe work is probably correct. 

EXAMPLE. ExireBS of 9'a. 
4567 I 
3214 
1187 
8968 I 4 

The sum of the digits in the first number 
is 22, and the remainder found, 4. In the 
second number, the sum of the digits, 10, and 
the remainder 1. In the third, the sum of 
the digits is 17, and the remainder, 8. The 
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•sum of these remainders is 13, and the re
mainder 4, which is also the remainder 
obtained by dividing 31, the sum of the digits 
in the'sum total, by 9. Hence, w e conclude 
that the operation of addition was correctly 
performed. 

None of these methods of proof are strictly 
perfect, since it is possible that two errors 
might bo committed which would exactly 
balance each other; the last one is, however, 
nearly free from any liability to error. 

In Algebra, the quantities to be added are 
represented by symbols arranged according 
to the rules of algebraic Notation. 
Addition of Entire Quantities. Set them 

down so that similar terms, if there are any, 
shall fall in the same column. Add the 
several sets of similar terms, and to the re
sult annex the remaining terms, giving to 
each its proper sign. To add similar terms, 
take the numerical sum of the co-eflicient of 
the additive and subtractive terms separately : 
subtract the less from the greater, and give 
to the remainder the sign of the greater, after 
which write the common literal part. This 
will be the sum required. 

Addition of Fractions. The rule is the 
same as that already given for the addition of 
arithmetical fractions. 

Addition of Radicals. Reduce them, if 
possible, to equivalent radicals which shall be 
similar. Add the co-efficients, and to this 
sum annex the common radical part. This 
will be the sum required. If the given 
radicals cannot be reduced to equivalent 
similar radicals, the addition can only be 
indicated. 

W h e n the quantities are written by moans 
of exponents, reduce them, if possible, to 
equivalent expressions having the same ex
ponent. Add the co-efficients for a new 
co-efficient, after which write the common 
part. The result will be the sum required. 

Addition of Ratios, is the same as the 
addition of fractions. 

ADD'I-TIVE. A quantity is additive 
when it is preceded by a positive sign. If it 
is not preceded by any sign, the sign -f is 
alv/ays understood. 

AD-FECT'ED. Compounded, that is, 
made up of terms involving diffijrent powers 
of the unknown quantity ; thus, 

ax" + bz' -f « -f-a = 0 
an adfected equation, containing terms 

which involve different powers of x. See 
Affected. 

A D IN-FI-NI'TUM. [L,] To endless ex. 
tent, according to the same law. W h e n a 
series is given. and a sufficient number of 
terms are written to indicate the law of the 
series, the words ad infinitum are added to 
show that there are an infinite number of suc
ceeding terms, connected by the same mathe
matical law, with those already given. 

A d infinitum sometimes means to the limit. 
For example, if a regular poly gon be inscribed 
in a circle, and the arcs subtended by the 
sides be severally bisected, and the points of 
bisection he joined by chords with the adja
cent vertices of the polygon, a new regular 
polygon will be formed, having double the 
number of sides, and approaching more nearly 
to an equality with the circle. If the opera
tion be then repeated, w e shall have a poly
gon still nearer in area to the circle, and so 
on. If the operation he repeated ad infinitum 
w e shall reach the limit, that is, the inscribed 
polygon will coincide with the circle. 

AD-JA'CENT. [From ad, to, and jaceo, 
to lie]. Contiguous to, or bordering upon. 

Adjacent Angles, in a plane, are those 
which have one side in common, and their 
other sides in the prolongation of the same 
straio;ht line. Thus, the angles 
A B D and D B G are 
adjacent. 

'D 

B 
T w o diedral angles are adjacent when Ibey 

have a common face, and their other faces 
lying in the same plane produced. 

T w o spherical angles are adjacent when 
they have one side in common, and their othci 
sides arcs of the same great circle. 

The sum of the two adjacent angles, is 
each case, is equal to two right angle's 

AD-JUST'MENT. [From ad, to, ̂ nA just 
«». just.] The operation of bringinn- all thi 
parts of a mathematical instrument into then 
proper relative positions, ^^-he„ the parti 
have these positions, the instrument is said 
to be in adjustment, and is fit for use. W h e n 
several independent steps have to be taken 
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each step is often called an adjustment: thus, 
in the theodolite we s;iy there are four adjust
ments 

I To bring the intersection of the cross 
hairs into the axis of the Y"s. 

"2 To make the axis of the upper level 
p.irallel to this axis. 

3. To make the axes of the lower levels 
perpendicular to the axis of the instrument. 

4 To make the axis of the vertical limb 
perpendicular to the axis of the instrument. 

These separate steps, strictly speaking, 
make up but a single adjustment. 

For an account of the method of adjusting 
particular instruments, see the articles refer
ring to those instruments respectively, 

A D - M E A S U R E - M E X T — A D - M K X - S U -
R-v'TIOX. The same as measurement and 
mensuration, which see. 

a-k'RI-AL, [L. aeriiis, belonging to the 
air]. Appertaining to the air or atmosphere. 

Aerial Perspective. That branch of 
perspective which relates to the shadinj of a 
picture, by weakening the tints in proportion 
to their distance from the point of light. It 
treats also of giving the proper colors and 
shades of colors, so that the picture shall ap
pear in color and tint like the object itself 
This branch of Perspective is not properly 
considered mathematical, cxce|jt so far as 
connected with linear perspective. 

AF-FECT'ED, [ad. to, and facio, to 
make]. More used than adfected. It means 
made up of terms involving different powers 
of the unknown quantity : thus, 

x' -\- px = 9, 
is an affected equation of the second degree. 
W h e n a quantity is preceded by the sign -1-
or —, it is said to be affected with a positive 
or negative sign. Also, when an exponent 
or index of a quantity is positive or negative, 
we say that it is affected with a positive or 
negative exp3r.ent or index. 

The term affected, is sometimes even ap
plied to the numerical co-efficients, in which 
case the literal parts are said to he affected 
with positive or nerrfdive co-efficients. In 
this last case the term is improperly applied. 

AF-FIRM'A-TIVE. [L. frcm ad, to, a.ndfir-
mo, to make firm]. In Algebra, an affirmative 
:iiiantity is one that is to be added, in contra

distinction to ono which is to be subtracted. 
The term implies that the quantity is essen
tially positive, that is, of such a nature that 
when added to another quantity, the latter 
will bo increased. 

Akfium vtivf. Sign. The same as the sign 
of addition or plus, denoted thus -|-. W h e n 
placed before a quantity, it signifies that the 
quantity is to be considered in a sense direct 
ly opposed to what it would have been had it 
been preceded by the sign minus. The two 
signs are perfectly antagonistic to each other, 
I and every quantity whatever must be afi'ccted 
I with one or the other. 

It is customary to regard quantitv con
sidered in a certain sense as positive, whence 
it immediately follows, from the nature of the 
case, that it must be regarded as negalixo 
when considered in a contrary sense. For 
example, if it is agreed to call time to come 
positive, time past must be represented by a 
negative e.vpression. 

If it is .agreed to call distance estimated in 
one direction positive, thi'ii distance estimated 
in a contrary direction nuist be negative, and 
so on. This view of the case disposes of all 
difficulty in explaining the nature and use o) 
the two symbols 4- and —, about which so 
much discussion has been had. 

AF'FIX. [L. ajfigo, from ad, to, and figo. 
to fix]. To unite at the end : thus, to affix 
O's to a number, is the same as to annex 
them, or to write them after it. 

A FOR-TI-0'RI. [L.] For a more appar 
ent reason. 
A G ' G R E - G aTE. [L. from ad, to, and grei, 

a herd or band]. A n assemblage of parts to 
form a whole. A n aggregate of several par 
ticulars, is equivalent to their sura. 

AL'GE-BRa. [From the Arabic words al 
and gabron, reduction of parts to a whole]. 
That branch of analysis whose object is to 
investigate the relations and properties of 
numbers by means of symbols. The quanti
ties considered are generally represented bj 
letters, and the operations to be perfonned 
on these are indicated by signs. The let
ters and signs arc caUed symbols. Algebra 
embraces all the operations of Addition, 
Subtraction, Multiplication, Division, raising 
to powers denoted by constant exponents, 
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arid extraction of roots indicated by constant 
•nuhces ; it also includes the discussion of the 
nature and properties of all equations in 
-wh.ĉ h the relations between the known and 
unknown quantities can be expressed by the 
ordinary operations of Algebra. Such equa
tions are called algebraic. 

Higher or Transcendental Algebra treats 
of those quantities which cannot be exactly 
expressed by a finite number of algebraic 
terms, and which are therefore called trans
cendental. It also investigates the nature of 
transcendental equations, that is, all which 
are not algebraic. Under this branch of Al
gebra also falls the treatment of logarithms, 
formation and laws of series, and all that 
class of problems which arise in the investi
gation of Analytical Trigonometric formulas. 

These two branches form what may he 
called the Science of Algebra; besides these, 
a third might be added, having for its object 
the practical application of the principles de 
duced, to the solution of all kinds of prob
lems, whether abstract or concrete, which 
come within the range of algebraic analysis. 
It also includes the formation of rules for 
many of the higher arithmetical operations, 
as Interest, Annuities, Alligation, &.c. 

For an account of the several processes of 
Algebra, the reader is referred to the several 
articles. Addition, Subtraction, Multiplication, 
Division, Equations, &c,, under their appro
priate headings. 

The most ancient Treatise extant on the 
subject of Algebra, is that of Diophantus, 
who wrote about the year 350. His work 
consists principally of a collection of solu
tions of problems relating to properties 
of numbers, and more particularly to the 
properties of square and cube numbers, of 
which some account may be found in the 
article on Diophantine Analysis. The science 
was cultivated by the Arabians, and from 
thein a knowledge of its principles was de
rived hy the Italians, about the beginning of 
the 13th century. Many improvements were 
introduced, and many new processes discov
ered by Ferreas, Cardan, Tartalea, and others 
of the Italian school, amongst the most im
portant of which may bo mentioned the 
method of solving cubic equations. 

N o great advances, however, were made 
in systematizing the science tiU after the in

troduction of a concise system of notation, 
the foundation of which was laid by a Ger
man named Stifel, or Stifelius, w h o wrote 
about the middle of the 16th century. 

From this period, improvements, both in 
the methods of notation, and in the generali
zation of processes, were rapidly made by 
such mathematicians as Robert Recorde, 
Vieta, Albert Girard, Harriot, and many 
others, by whose labors the science was ad
vanced, as far as its general outline is con
cerned, to nearly its present condition. 

In the year 1637, Descartes published his 
great work on the application of the princi
ples of Algebraic Analysis to the investigation 
of geometrical truths, and besides opening 
an entirely new field of mathematical re
search, contributed much to the advancement 
and perfection of pure Algebra, Since his 
time there has been no great revolution in 
Algebra, as a science, but it has been vastly 
improved in its details, and greatly extended 
in its applications. The theory of Series has 
been successfully developed by Euler. Wal-
lis, the Bemouillis, Newton, D e Moivre, 
Simpson, and others. The composition of 
equations has been investigated, and the 
methods of approximating to their roots s\s-
tematized and reduced to order. 

Amongst the more recent laborers in th( 
field of Algebra, may be mentioned Taylor 
M'Laurin, Clairaut, Euler, Legendre. Arbo 
gast. Gauss, Bourdon, and many others. 

Perhaps the work containing the mo.'-t 
complete exposition of the present state of 
the science, is the recent edition of L'Algo-
bre de M. Bourdon. 
AL-GE-BRa'IC — AL-GE-BRa'IC-AL. 
Appertaming to Algebra: thus, w e sav alffe-
braic solutions, algebraic symbols, algebraic 
characters, &e. 
Algebraic Curve. A curve such that the 
relation between the co-ordinates of all its 
points can be expressed by the ordinary 
operations of Algebra. They are sometimes 
called geometrical curves, because their dif
ierent pomts may be constructed by the 
operations of Elementary Geometry The 
name algebraic is used m contra-distinctiou 
to transcendental. 

Algebraic Equation, One in which the 
relation between the known and unkiun!" 
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qu.inlities is expressed b}'the onlinary opera
tions of Algebra. 

AL-GE-BR.l'IST. One learned or skilled 
in Algebra. 

A L ' G O - R I T H M . The art of computing in 
any particular way. W e speak of the algo
rithm ofnumbers. surds, imaginary quantities, 
&c. The word is of Arabic origin, and prop
erly means the art of numbering readily and 
correctly. 

AL'I-QUANT P A R T . [L. aliquantum, a 
.ittle]. In arithmetic, is such a part of a num
ber as will not exactly divide it. Or, it is a 
part such that being taken any number of 
times, the result will he cither greater or less 
than the given number; thus, 4 is an ali
quant part of 10, because, being taken twice, 
the result is S. a ntunber less than 10, and 
eing taken three times, the result is 1'2. a 
number greater than 10. Again, 6 shillings 
is an aUquant part of a pound, made up of 
the two aliquot parts 4 shillings and '2 shil-
linu's. The term is used in centra-distinction 
to Aliquot part. 

AL'I-QUOT P A R T . Such a part of any 
number or quantity as will exactly divide that 
number or quantity. Thus, 2 is an aliquot 
part of 4 6, or any even number; and 1 is 
an ahquot part of any whole number what
ever. To find all of the aliquot parts of any 
number; Divide it by the least number ex
cept 1, that wiU exactly divide it ; then 
divide the quotient by its least divisor, except 
1 ; and so on, always dividing the last quo
tient by its least divisor except 1, till 1 is 
found as a quotient ; the several divisors, to
gether with 1, are the prime aliquot parts. If 
w e next form every possible product of these 
divisors, taken in sets of two, in sets of three, 
and so on, in sets of re — 1, » being the num
ber of divisors, the products thus formed, 
taken with the original divisors, will make up 
all the aliquot parts of the number. To 
find all the aliquot parts of 30 : W e divide 
it by 2, which gives a quotient 15; w e next 
divide 15 by 3, which gives a quotient 5 
which, on being divided by 5, gives a quotient 
1 ; hence, 1, 2, 3 and 5 are the prime aliquot 
parts ; but by multiplying these factors to
gether, two and two, w e find 6, 10, and 15 
for the compound aliquot parts. Hence, all 
the aliquot parts of 30 are 1, 2, 3. 5, 6, 10. 

.and 15. In like manner any number may bo 
resolvetl into factors, and its aliquot parts 
found. The idea of aliquot parts seems to 
exclude that of fractions forming any aliquot 
part of a whole number; still, in the case of 
denominate numbers, there is an apparent 
exception ; as, for example, we say that 2s. 
6d. is an aliquot part of a pound, being one-
eighth of it; Is. id. is also an aliquot part of 
a pound, being one-twelfth of it. A n aliquot 
part should not be confounded with a com
mensurable part, for although every aliquot 
part of a number is commensurable with it, 
every commensurable part is not an aliquot 
part. Thus 40 is a commensurable part of 
60, but it is not an aliquot part. 

AI^LI-G.a'TION, [L. From ad, to, and ligo, 
to bind], A rule of practical Arithmetic rela
ting to the compounding or mixing of ingre
dients. The rule is named from the method 
of connecting or tying together the terms by 
certain ligature-like signs. 

The rule is divided iuto two parts : Alliga^ 
tion medial, and alligation alternate. 

Alligation Medial teaches the method 
of finding the price or quality of a mixture 
of several simple ingredients whose prices oi 
qualities are known. 

Alligation Alternate teaches what 
amount of each of several simple ingredients, 
whose prices or qualities are known, must be 
taken to form a mixture of any required price 
or quality. 

As an example of a problem in alligation 
medial, w e take the following : 

Having a mixture of 30 bushels of wheat, 
worth 150 cents per bushel, 72 bushels of 
rye, worth 90 cents per bushel; and 60 bush
els of barley, worth GO cents per bushel; 
required the price of a bushel of the mixture. 
30 bush, of wheat, at 150 cts., worth 4500 cts. 
72 " " rye, '• 90 " " 0480 " 
60 " " barley" 60 " " _3I300_" 
162 bushels of the mixture, worth 145S0 
Whence, 1 bushel is worth y j ^ of 145f0 

cents, or 90 cents. 
Again : Suppose a goldsmith to mix gold 

as follows : 6oz. of 22 carats, with ioz. of 17 
carats ; required the quality of the mixture. 

6oz. of 22 carats gives, 132 
jloz. of 17 " " _68 
10 200 
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If. now, we divide 200 by 10, the whole 
number of ounces in the mixture, w e shall 
find 20 carats for the quality of the mixture. 
The principle in the last example is in no 
wise diff'ercnt from that in the former, the 
apparent difference lying entirely in the lan
guage employed in stating the proposition. 
W e may in this example regard 24 as the 
value of pure gold per ounce ; then 22 and 17 
will be the respective values of each specimen 
mixed, and w e shall find, as before, 20 for the 
value of an ounce of the mixture, that is, an 
ounce will contain ̂ ,Jths of pure gold. 

W e may then write this rule for solving 
all questions in alligation medial: 

Rule,—Multiply ihe price or quality of a 
unit of each simple by the number of such units; 
take the sum of their products, and divide it by 
the whole number of units; the quotient will 
be the price or quality of a unit of the mixture. 

Alligation Alternate, as may be seen 
from the definition, gives rise to the solution of 
an indeterminate problem in Algebra. Accord
ing as fewer or more restrictions are imposed, 
the solutions will be more or less numerous. 
There will be several cases. W e shall first 
discuss the general one, in which it is re
quired to find the amount of each simple of 
known value, which must be mixed so that 
each unit of the mixture shall have a given 
value. 

Let there be three simples of the respective 
values of a, b, and c; let x, y, and z denote 
the number of units taken from the respect
ive simples to form m units of the mixture ; 
and let d denote the price or quality of a unit 
of the mixture. Then, from the conditions of 
the question, w e shall have 

ax-\- by -\- cz = md ... . (1), 
x-\-y -\- z = m (2); 

two equations of condition, which can, by 
the elimination of m be reduced to a sino-le 
equation ; 
{ a - d)x ̂ - [h - d)y + {c - d)z = 0 . .. (3). 

This equation must be satisfied, in all 
cases, and any set of values of x, y, and z 
which will satisfy it, will give a true answer 
to the question, considered in its most gen
eral sense. 

Ordinarily, negative solutions are rejected, 
and the results are required to be integral; 

these restrictions greal,ly limit the generality 
of the problem. 

Since there are three simples, there are 
three unknown quantities, any two of which 
may be assumed at pleasure, and the value 
of the third deduced from equation (3). 

If there are n simples, the equation of con
dition will contain n unknown quantities, 
and {n — 1) of them may be assumed at plea
sure. 

In order to deduce a practical rule for solv
ing questions in alligation alternate, let us 
begin with the case where there are but two 
simples. Denote the price or quality of a unit 
of the mixture by a; let a-\- b and a — c be 
the respective values of a unit of each simple, 
and let x and y denote, as before, the number of 
units of these simples that are taken. W e 
shall have, as before, 
{a-\-b)x-i-{a — c)y = a{x-i-y) (1). 
Whence, by reduction, w e find 
bx — cy = 0 (2). 

Or, ~ — J' a relation which shows that 

any two values of y and x which are to each 
other as b is to c, wiU fulfill the required con
dition, hence, y = b and x = c, are answers 
of the question, asweU as any equi-multiples 
of b and c. 

From a consideration of the notation em
ployed, it appears that b is the excess of the 
value of a unit of the first simple over that 
of a unit of the mixture, and c is the excess 
of value of a unit of the mixture over that 
of a unit of the second simple. The above 
discussion indicates the foUowing rule, when 
there are but two simples : 

Write doion the values of a unit of each 
simple beginning with the greatest, and link 
them together by a bracket; write on their left 
the value of a unit of the mi.rlure; subtract 
the last value from the first value given, and 
set the difference opposite ihe second; subtract 
the second value from the last, and set the 
difference opposite the first: these differences-
or any equi-multiples of them, will be answer's 
to the question proposed. 

1. Required the number of bushels of oats 
at .50 cents per bushel, and of wheat at 120 
cents per bushel, that must be mixed, so that 
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bushel of the 
cuts. 

mixture shall bo worth 75 I 

bush. I 
• 'Jo of wheat, \ I 120 

75 I I 
I 50J - • • 45 of oats. 

Hence, '-5 bushels of wheat and 45 bushels 
of cats, are the quantities required. A n y 
equi-multiples or proportional parts of 25 and 
45, will also satisfy the conditions of the 
problem, as 5 and 9, oO and 90. 20 and 30, 
and so on for an infinite number of pairs of 
numliers. 

The result may be easily verified : Taking 
25 busiiels of wheat at I'iO cents, gives 3000 
cents, and 45 bushels of oats at 50 cents, 
2'-50 cents. Hence w e see that 70 bushels 
of the mixture is worth 5'2o0 cents, and one 
bushel 75 cents, as was required. 

B y an analagous train of reasoning, we may, 
when there is any number of simples of differ
ent prices, establish the following general 

R u l e , — W rite doicn the prices of the sim-
f'lcs under each other, and the price of the 
mixture at Ihe !rf:-!tand; link the prices of the 
suiizU:s tico and tiC'j. iu that each price greater 
than that of the mixture may be linked with 
one less than it, and the reverse. 

Subtract the price of the mixture from each 
greater price of the simples, and write the dif
ference opposite the price or prices with which 
it is linked; subtract each less price of the 
simples from thai of the mixture, and write the 
difference opposite the price or prices with which 
it is linked; then, the number or sum of the num
bers written opposite each price, will express 
the amount of that simple which is to be. taken. 

A n y equi-multiples of these numbers will 
also satisfy ike conditions of ilie problem. 

It is to be observed that the quantities may 
be linked in many different ways, but the an
swers in aU cases will be true. 

1. Required the number of pounds of tea 
of the respective values of 2s., 3s., is., 6s., 
and 8s. per pound, which must be taken so 
that the mixture m a y be worth 5s. 

1st. Method of Linking. 
Mns. 

o mt 
V> 
J 

) 

. . .2-1-] . . . 31b. 

... 1 ... lib. 

... 1 ... lib. 

' . . . o ... ow. 

Verification. 

3X8 = 24 
3X6 = 18 
1X4= 4 
1X3= 3 
3X2= 6 

IT )55(5. 

of Ijinking. 
Ans. 

3 + 2... 5/i, 
1 ... lib. 
I ,.. lib. 
3 ... aib. 
3 ...3lb, 

of Linkinf^. 
Ans. 

1 + 2 . . . 3(5. 
3 ... 3lb. 
3 ... 3lb. 
3 ... 3lb. 
I ... lib. 

Verification. 

5X8^ 40 
1X6= 6 
1X4= 4 
3X3= 9 
3X2= 6 
13 )65(5 

Verification. 

3 X 8 = 21 
3X6 = 18 
3 X 4 = 12 
3 x 3 = 9 
1 X 2 = 2 

13 )65(5. 
-\iid so on, many other ways of linking can 
readily be conceived, and the number of ways 
becomes greater as the number of simples is 
increased. 
The foUowing are cases that may arise : 
1. When the amount of one simple is given. 
Solee the general problem by the rule already 

given; divide the amount of the given simple 
by the amount opposite to its price found by 
the rule; multiply the amount opposite the price 
of each of ihe other simples by this ratio ami 
the products will be the respective amounts re
quired. 

For example, in the last case, solved by the 
first method of linking, let it be required to 
form a mixture which shall contain 4 pounds 
of tea at 8s. The ratio found is ̂  ; there 
will, therefore, be 4/is. 

ilbs. 
^Ibs. 
ĵ lbs. 

and 4/Js. 

2. When 

at 
at 
at 
at 
at 

the 

8s. 
6s. 
4s. 
3s. 
2s. 

amount 

Verification 
4 X 8 = 33 
4 X 6 = 24 
A X 4 = V 
A X 3 = 4 
4 X 3 = 8 

of the mixture is 

given. 
Solve the general problem as before, and lake 

ihe sum of the results; divide the amount of 
the mixture given by this amount, and multiply 
the amount opposite the price of each simple by 
the ratio found; the products will be the re
spective amounts required. 

For example, take the ease already consi
dered, and let it he required to form a mixture 
of 65 pounds. Then the ratio will be 65, 
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divided by 13, which is equal to 5, and the 
several amounts will be as follows : 

25lbs. at 8s. 
5lbs. at 6s. 
5lbs. at 4s. 

15»s. at 3s. 
and I5lbs. at 2s. 
A result which may be verified as before. 

It is evident, from a review of the preceding 
discussion, that we may assume the amount 
of all the simples except one, and the amount 
of that one can then be found from the equa
tion of condition. If the amount so found is 
positive, the answer will be true; if it is 
negative, we must vary our assumption till 
a positive result is found. 

Many other problems than those already 
discussed may arise; in fact their number 
is infinite, but an attentive consideration of 
the principles discussed will readily present 
the proper mode of procedure for their so
lution. 

A L ' M A - C A N - T A R . See Almucantar. 
A L ' M A-GEST. A collection of problems in 

astronomy and geometry, drawn up by Ptole
my. The same name has been given to other 
works of a like kind, 

A L ' M U - C A N - T A R [Arabic]. A chrcle of 
the celestial sphere, whose plane is parallel 
to the horizon. Since every point of an al
mucantar has the same altitude, it is often 
called a circle of equal altitude. 
A L ' M U - C A N - T A R STAFF. A n instru

ment having an arc of about 15°, used for ob-
sen'ing the sun or a star when near the 
horizon, to find the amplitude or the variation 
of the needle. 

A L ' T E R N - A T E [L. alternatus, by turns]. 
Succeeding each other by turns. 

Alternate Alligation In arithmetic. 
See Alligation. 

Alternate Angles. In elementary geome
try, if two parallel straight lines are inter
sected by a third, the two inner angles, on 
opposite side of the cutting line, are called 
I tdternate interior angles : also, the two outer 
lemgles, on opposite sides of the third fine, 
are called alternate exterior angles. If two 
parallel planes are intersected by a third, the 
analogous angles are called by the same 
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The angles AFH and FHD, also FHC and 
BFH, are alternate interior angles. 

.1 
A- /F 

7H 

-B 

— D 

G 
The angles IFB and G H G , also A F I and 

G H D , are alternate exterior angles. 
Alteen-ate Profoetion. Quantities are in 

proportion alternately or by alternation, v/hen 
antecedent is compared with antecedent and 
consequent with consequent. Thus, 

a. : b : ' e : d, 
if w e change the order of the terms so as to 
read 

a • e b • d, 
the comparison is said to be made by alter
nation. 

AL'TERN-a'TION. Sometimes used m 
Algebra and Arithmetic for permutation, to 
express the changes in the order of the 
quantities considered. 
AL-TIM'E-TER. [L. alius, high, and Gr. 
p-erpov, measure]. A n instrument for meet-
suring altitudes, as a quadrant, sextant, oi 
theodolite. 

AL-TIM'£-TRY. The art of measuring 
altitudes by means of an altimeter, and the 
application of geometrical principles. 
^ AL'TI-TUDE. [L. alius, high]. The third 

dimension of a body, or its height. 
^ Altitude of a Triangle. The perpen

dicular distance from the vertex of the triangle 
to the base, or base produced. Either side 
of a triangle may be regarded as a base, and 
then the vertex of the opposite angle is the 
vertex of the triangle. The side which appears 
horizontal, in viewing the figure, is generaUy 
considered as the base, unless some other 
side is especially pointed out. In the ritrfit 
angled triangle, the base is always one of the 
sides about the right angle, the other one be-
m g the measure of the altitude. 

If either angle at the base is obtuse, the 
hue on which the altitude is measured wiff 
fall upon the base produced in flie direction 
of the obtuse angle. 

Altitude of k Trapezoid, The perpe„. 
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dicul.tr distance between its parallel sides, 
which are then called bases. 

Ai.ni'i'DE of a PviiALLELOORAM is the per-
- e;;.';icular distance between any two [ur-iliel 
•-iJes taken as bases. 

Altitude of a Cone or P\-R.tMiD is the 
perper-ilioular distance of the vertex from the 
plane of the base. 

Altitude of a Frustrum of either a cone 
or pyramid, is the perpendicular distance" be-
IV, L'e;i the planes of its bases. 

-Altitude of a Parallelopipedon is the 
distance between the planes of any two par
allel faces taken as bases. 

Altitude of a Spherical Segment, or 
Zox'̂ :, is tlie distance between the planes of 
the circles which constitutes its bases. If 
the segment or zone has but one circular base, 
the altitude is the distance between the plane 
of that base and a plane drawn parallel to it 
and tangent to the surface of the segment or 
zone. 

In Leveling, the altitude of one point 
above another, is the difference of their dist
ances from the centre of the earth. 

In Surveyiii^, the altitude of an object is 
the distance between two horizontal planes, 
drawn one through the highest, and the other 
through the lowest point of the object, or 
through the position of the observer. Such 
aiiituJ.'S are divided into two classes, accessi
ble and inaccessible. 

.\ccessible .-Vltitude is the altitude of an 
object whose base is accessible, so that the 
surveyor m ly meas'ure the distance from his 
station to it. 

Inaccessible Altitude is the altitude of an 
c/Dject such, that the surveyor cannot meas
ure t.he distance from his station to its base, 
by direct measurement, on account of some 
intervening obstacle. 

I. To measure an accessible altitude. 
There are three principal methods : 
1. Let it be required to determine the alti

tude of an object A B . 

Select any convenient point C, on u hori
zontal lino through -\, and from C measure 
w ith any suittdile instrument, the angle BCA, 
and also the distance CA. Then from the 
right-angled triangle C A B , we have 

B A = C A tan B C A , 
from which the value of B A may readily be 
computed, 

2. "When no means for measuring angles 
are at hand. Select the point C as before, and 
measure the distance A C ; then measure off 
a distance C E towards the object, and at F. 

V J 2 
set up a vertical stake ; from C, sight to the 
top of the object, and note the point D where 
this line of sight cuts the stake, and then 
measure D E . A\'e shall have, from similai 
triangles, 

CE DE • CV BA; 

whenci', BA = 
DE X CA 

CE 
Hence the altitude becomes known. The 

last method does not require that the line A G 
should be horizontal, though it is better that 
it should be. 

3- The altitude of an object which is ac
cessible, may bo determined by means of its 
shadow. 

Let A B represent the object whose altitude 
is to be determined, and let C D represent a 
staff planted vertically, whose length above 
the ground is known. At any moment cf 
time note the point E where the shadow of 
the point B falls, and also the point F where 
the shadow of the point D falls. Measure 
F C and A E ; then from the similar triangles 
F C D and E A B , w e shall have 

FC : CD : : EA : AB, 

http://dicul.tr
file:///ccessible
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CD X EA 

[A LT 

FC whence, A B = 

This method does not require that the plane 
Al should be horizontal. 
I [. To measure an inaccessible altitude. 
I. Let it be required to determine the alti

tude of the point D above the horizontal 
^iane AC. 

D 

Select two points A and B in a vertical 
plane through D, and measure the distance 
A B between them. At the points A and B, 
with some suitable instrument, measure the 
angles of elevation D A C and DBC. Then, 
in the triangle DAB, since the sine of D B C 
is equal to the sine of DBA, we have 
sin A D B sin D B C : : A B AD, 

A B X sin D B C 
AD = 

whence. 

But 

hence, 

sin ADB 
ADB = DBC - DAB ; 

AB X sin DBC 
AD sin(DBO-DAB)' 

having found, A D by this formula, we have, 
from the right-angled triangle ADC, 

D C = A D sm D A C ; 
from which the required altitude may readily 
be found. 
3. Having selected three points, A, B and C, 

situated in the same horizontal straight line, 
measure the distances A B and BO, and also 
the angles of dcvation at each of the points. 

Denote the distances measured by a and b, 
and the angles of elevation by a, (3 and 7, 
and the required altitude DE, above the hori
zontal plane through AC, by x. 
From the right-angled triangles, in the 

figure, we have 
A D = a: cot a, B D = a; cot /3, C D = i cot y. 

If we now conceive a straight lino D G to be 
drawn from D perpendicular to AC, we shall 
have, from a known pri-ijeiple of geometry, 

A D ' = AB» + BD» + 3AB • E G and 

CD' = BC=' + BD' - 2BC • BG, 
whence, by substituting the expressions for 
the several distances a'.ready deduced, and 
the values of A B and BC, we have 

x' cot= a = a= + 2:' cot'(3 + 2a • BG, 
x' cot= y^b'-i-x' cot'' /3 — 2S • BG. 

Eluninating B G from these equations, and 
finding the value of x, we have 

v ^ 
ab (a + b) 

b cot' a -\- a cot' / — (a + i) cot'/3 
If the distances A B and B C are equal. 

- ^ , ̂ cot' a + ̂  cot' 7 — cot' /3 
This method enables us at the same time 

to determine the distances from the stations 
to the object, by simply multiplying the alti
tude formed by the cotangents of the angles 
of elevation. 
3. When no suitable instrument can he 

had for measuring angles, the ,altitude may 
be determined as follows : let A B represent 

the required altitude, and denote it by x. 
Select two points C and D in a vertical plane 
through B, and measure the distance between 
them and caU it c. At some point E, betwetn 
C and A, plant a vertical staff, and having 
measured the distance CE, call it/. From 
C sight to B, and note the point F; also 
from D sight to B, and note the point G: 
Denote the distance A C by 1/, the distance 
E F by a, and the distance F G hy b. From 
the similar triangles CEF and C A B we have 

a x 
f = y - •• (1), 

and from the similar triangles D A B and D £ G 
we have a + i 

c +/ y + c • (2). 
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From equation (1) we 
fx 

y = -' which in (2) gi 
whence we deduce 

a' c + bac 
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"(.<-• + / > — (" + '') 
There .are other methods of determining 

iiiaoeessible altitudes, but those already given 
sutuee to uidicate the general manner of pro
ceeding. The horizontal distance I'rom any 
selected point to the object, may be deter
mined by the methods given in the article Dis
tance, and then the altitude may be determined 
by the first method '̂iveu. "Wherever anirles 
have to be measured it is important to be very 
accurate, since small variations of the angles 
may gi\ e rise to great errors in the altitude. 
More attention is requisite in measuring ver
tical than horizontal angles, because the iti-
strumcnts employed have not the necessary 
arrangements for repetition and accurate 
reading that are furnished in those used for 
measuring horizontal angles. 

In order to determine what effect a small 
error in measuring the vertical angle will have 
upon the determination of an altitude, let us 
consider the first case of determining an ac
cessible altitude. 

Let us denote the altitude A B by h, the 
base A C by A, and the angle of elevation 
B C A by a; then we shall have 

h = b tan a ; 
whence, by differentiating, 
dh = b^-. anil by substitiltino- for b its value and 

•̂  = tan ffi 

*"'"J Ific advantage of taking the station C, so that 
a + i a.r 'lu' angle of elevation sliaU bo as near 45° as 

e.s — .̂ = •, ;̂  —. jiossible. 
To explain the use of the above formula, 

let us t.ike the angle a = 15°, and suppose 
(3). that there was an error in it of one rahiute ol 

arc. Since there are 10800 minutes of arc 
in a semi-circumference, we have the pro 
portion 

10800 3,1416 1 • da, 
whence 
da =.0002909 whence dh = .0005818,A ; 

that is. the error in the computed altitude 
when the error in angle is one minute, is 
about ̂ Jj-,g,th part of the entire altitude. If 
the angle of elevation difi'ers from 45°, the 
error will be greater. 

For the method of determining the altitude 
of one point above anotfter in leveling, see 
Lcvchng, 

A favorite method of determining the ap-
- proximate altitude of one point above another, 
is by the use of the barometer. The folio* 
ing is Bailey's Formula for making the com
putation. 
ii"=60345.51 I 1 +.001111 (( + ('- 64) I 

reducing, w e have 

dh = - hda 
sm a cos a 

or, s-"ince sin a cos a ^ \ sin 2a, 
2/r/r! 

dh=^-. 
sm 'Za 

In this expression da is the small arc de-
?/^bed with the radius 1, which measures the 
error committed in measuring the angle of 
elevation, and dh is the corresponding error 
in finding the altitude. 

It is plain, from the expression for the error 
in altitude, that it will be the least possible 
when sin 2a is the greatest possible ; that is, 
when 3a = 90, or when a = 45° ; this shows 

X loi 7X 
1 1 

h' l + ,0001(T-'r') )• 
X (1+.002695 cos 20, 

\ station, 
) and 
I at the 
' upper 
I station. 

in which 
if denotes the altitude required in English feet. 
/ denotes the latitude of the place in degrees. 

height of mercurial column, ) at lower 
temperature of air in deg. 

" of mercury in deg. 
height of mercurial column. 
temperature of air in deg. 

" of mercury in deg. 
This formula gives good results when the 

atmosphere is calm and the observations are 
made contemporaneously at the two stations. 
It is also to he observed that the accuracy of 
the determination depends somewhat upon 
the proximity of the two stations. 

\\ hen the stations are near each other, and 
but one set of observations can be made at a 
time, it will be found advantageous to make 
two sets of observations at one of the stations 
at equal intervals before and after the time oi 
making the observations at the other station, 
and taking a mean of the observed height 
and temperatures. 
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For the more convenient application of the 
above formula, tables have been constructed, 
by means of which the arithmetical operations 
are much facilitated. 
Three separate tables are constructed ; the 

first of which gives 
log 60345.51 I l + ,00111(H-<'-64°)[ 

,'or every value of i! + i', from 1° to 180° ; the 
second gives 

log I i + .oooi(r-r') I 

for every value of (T- T) from 0° to 59° ; 
and the third gives the value of 

log (1 + .002695 cos 20 

for every value of I, at intervals of 5° from 
0° to 90°. In any_particular case, if we do-
note the first log by A, the second by B, the 
third by C, and assume 

D = logA-(log/(' + B), 
vvc have 

log if = ̂  + C + log D. 
Altituue of a Point, above the level of 

the sea, may be determined by observing the 
zenith distance of the sea horizon when it is 
visible from the station. 

The formula for computation given by 
Begat in his Geodesic, is as follows : JV/sinl"\ 
logif =log-:r-| T 

sinl'"!: + log (d - 90°)' 

, jlf/sinl''\ sinl"\2 , 
^ — - j (c!-CO°)' 

in which 
H denotes altitude required m English feet. 
JV " normal of earth's mer. at the place, 
r " coefficient of terrestrial refraction, 

the mean value of which may be 
taken at 0,08, being about 0,06 in 
summer, and 0,10 in winter. 

M " modulus of common system of lo
garithms. 

(5 " observed zenith dist. of the horizon. 
To insure accuracy, the zenith distance 

should be observed for several days, and a 
mean of the whole taken ; the state of the 
tide should also be observed. 

Where great accuracy is not required, JV 
may be taken equal to the normal of the me
ridian at latitude 45°, in which case 

log N = 7,3313623, 
and the last term may be rejected. 

Altitude and Azijiuth Instrument. A n 
instrument used in geodesy for measuring 
horizontal and vertical angles. It differs but 
little in principle from the Theodolite, which 
see. It is much larger than the Theodolite. 
more complicated in its construction, and, on 
account of its want of portabifity, is not much 
used, except in the operations of practical 
Astronomy. 
Circles of Altitude. See Circle. 
AM-BIG'E-NAL HYPERBOLA,[L.am«o, 

both, and genu, knee]. A n hyperbola of the 
third order, one of whose infinite branches is 
tangent to the asymptote within, and the 
other without the angle which the asymp
totes form with each other. See Hyperbola. 
AM-BIG'U-OUS, [L. ambiguus, ambigu

ous]. Having two meanings, or admitting 
of two interpretations. The double sign ±, 
written before an expression, is sometimes 
called the ambiguous sign, the true meaning 
of which is generally that the quantity has 
both signs. For example, the square root of 
a' is ± a; or, in other words, there are two 
quantities, + a and —a, whose second powers 
are equal to a'. Generally, if an even root 
of any quantity is to be extracted, two real 
quantities will be found equal with contrary 
signs, which will fulfill the conditions of the 
problem. Thus 

±a. Ambiguous Case, in Trigonometry, is the 
case in which two sides are given, and an 
acute angle opposite one of them. 

C 

:>3' 

In this case there are in general two cor
rect solutions : in one case the angle opposite 
the other given side is acute, and in the other 
obtuse, they being supplements of each other. 
Thus, if the sides A C and B C are given, and 
the angle opposite B G is acute, then will 
there be two triangles as in the figure, which 
satisfy the conditions of the problem. The 
two solutions arise from the fact that the 
sine of an angle is equal to the sine of its 
supplement. 
If the distance CB is exactly equal to the 
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pcrpendieular Cr.', there will be but one solu
tion. If C B is less than CJ, there wiU be no 
so.'.'.uon, and the problem becomes unpossible. 

-VM'BIT, [L. ambitus, a circuit]. The peri
meter or periphery of a plane figure. Xot 
nmch used. 

A.M'BLY-GOX, [Gr, a/ie?a;:, obtuse, and 
3 ij:-ta, an angle]. A n obtuse angle, triangle, 
or other polygon. 

AM-BI.YG'ON-AL. Having one obtuse 
anjie. 
AM'I-CA-BLE XU.MBERS, [L.amicabilis, 

from amicus, a friend, and amo, to lovi ]. Pairs 
of numbers, eac'u of which is equal to the 
sum of all the aliquot parts of the other. 

Thus, 2"-0 and 2-̂  i, are amicable numbers 
The ahquot parts of the first are 0, 2. 4, 5, 10, 
11. ".;y. J-, 44, 55. and 110, and their sum is 
2S4. The aliquot parts of the second are 
1, '2, 4, 71, and 1 i'-. and their sum is 220. 

The pairs of numbers 6232 and 6368, 
n-:Uo and 1S416, U:3G;?5Sl and G437U56, are 
also amicable numbers. The formulas for 
finding amicable numbers are 

A = 2 -i-id and B = 2'+'ic, 
in which n is a whole number, and b, c, and 
d, are prime numbers, satisfying the follow
ing conditions : 

Ist. 3 X 2''-l = 6, 2d. 6 X 2 ' - I = c, 
and 3d, l 8 X 2 > — l = d. 

If we make 7i = 1, we find J ̂ = 5, c ̂  11, 
and d = 7l, which, being substituted in the 
fonnuias above give 
,4=4X71=284 a n d ' 3 = 4 x 5 X 1 1 = 220, 

the first pair of amicable numbers. Again, 
if 72=3 we find i = 23, c=47, and ^=1151, 
ail of which are prime numbers. Substituting 
these in the formulas, we obtain 
and 

-4 = 16 X 1151 = 18415 
i? = 16 X 23 X 47 = 17296, 

the second pair of amicable numbers. Had 
we made 7i=2, wc should have found d = 287, 
which is not prime ; hence there is no pair of; 
amicable numbers corresponding to that sup-1 
position. In a similar manner other pairs of 
amicable numbers maybe determined. Four 
pairs only are known at the present time. 

A-MQUNT'. In Arithmetic the sum or 
sum total of two or more numbers. Thus, 
the amount of 5 and 7 is 12. 

A.M'PLl-TUDE, [L. ampliimlo. from am-
plus, large]. The angular distance of a hea
venly body at the time of its rising or setting 
from the true cast or west points of tho 
horizon. It is the same as the angle in
cluded between the prime vertical and a 
vertical plane through the centre of the body, 
and is equal to the complement of the azi
muth of the body. 

The magnetic amplitude is measured from 
the magnetic east and w est points, and difiijrs 
from the true amplitude by the amount of the 
variation of the needle. 

-VX'A-I.EJI-.M.V, [Gr, ava7.ripfia, altitude']. 
The orthographic projection of the sphere on 
the plane of the meridian. If the projection 
is made upon the plane of the solstitial co-
lure, the equinoctial colure and all circles oJ 
latitude will be projected into limited straight 
lines, respectively equal to their diameters ; 
all the meridians, except the colures, wiU be 
projected into ellipses. 

The name Analemma is also applied to an 
instrument of brass or wood, composed of a 
plate upon which this projection of the sphere 
is made, having a hoiizontal fitted to it. It 
was formerly much used in solving problems 
in astronomy, such as finding the time of the 
sun's rising and setting, the length of the 
longest day in any latitude, the hour of the 
day, &:c. 

A-XAL'O-GY, [Gr. avaloyia, from ava 
and /loyof, ratio, proportion]. .\n agreement 
or likeness between things in certain re
spects ; thus, we say that there is an analogy 
between the hyperbola and ellipse, because 
we can deduce most of the properties of the 
one from the analytical expressions for those 
of the other, by simply changing the sign of 
r', and interpreting the results obtained. See 
Hyperbola. 

Analogous Properties. Those properties 
of different things by virtue cf which they 
resemble each other: for example, in the 
ellipse, the squares of the ordinates of any 
two points are to each other as the rec
tangles of the corresponding segments into. 
which they divide the transverse axis ; in the 
hyperbola the squares of the ordinates of any 
two points are to each other as the rectan-, 
gles of the corresponding distances from thO' 
foot of each ordinate to the extremities of, 
tho transverse axis. These properties in the 
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two curves, are called Analogous Proper-
tics. 
When we arc led to form a conclusion with 

respect to one thing from our knowledge with 
respect to a similar thing, we are said to 
reason from analogy. 
Such a conclusion, though possessing a 

certain degree of probability, cannot be ad
mitted as proof in the exact science of mathe
matics. Accordingly, every species of reason
ing from analogy is, and ought to be rejected, 
in a course of rigid demonstration. It is not, 
however, to be inferred that analogical reason
ing is entirely useless in mathematics ; on 
the contrary, it is often of the highest utility 
in suggesting facts which may afterwards be 
verified by rigorous investigation. Indeed it 
is to this source that some of the most bril
liant discoveries of science may be traced. 
A-NAL'Y-SIS, [Gr. avaXvaic, compounded 

of ava, and Avaic, loosening or resolving]. 
A term, which in its most general significa
tion embraces all of that portion of the science 
of mathematics in which the quantities consi
dered are denoted by letters, and the opera
tions to be performed upon them are indicated 
by signs. 

Writers on this subject have drawn a dis-
tinctioii between the ancient and modern 
analysis, and we shall consider the two 
separately; 

1. Ancient Analysis. A very good idea of 
what is meant by ancient analysis, may be 
gathered from the following extract taken 
from a work by Pappus, one of the most 
celebrated of the ancient analysts. 

" Analysis is the course of reasoning, 
which, setting out from the thiuff sought, 
and which for the moment is taken for 
granted, conducts by a succession of conse
quences to something already known." • * * 
"By this method, therefore, we ascend from 
a truth or proposition to its antecedents, and 
we call it analysis or resolution, as indicating 
an inverted solution. In synthesis, on the 
contrary, we set out with that proposition 
which comes last in the analysis, and proceed 
by arranging, according to their nature, the 
antecedents which present themselves as con
sequents in the analytical method, and com
bining them together till we arrive at the 
conclusion sought," This is the true idea 
oi analysis according to the derivation of tho 

term and the usages of the ancients. To 
illustrate more fully the meaning of the term 
as above defined, we subjoin an example of 
the method, taken from the works of the 
author above mentioned. 
" Let it be required to draw two straight 

lines A C and A B through the extremities of 
a given arc of a circle, and meeting each 
other on the circumference, so that they 
shall bear to each other the given ratio of 
F to G. 

.i 21 D 
"Analysis. Suppose the thing done, or 

that the point C is found, and draw C D tan
gent to the circle at C, and meeting A B pro
duced at D. By the hypothesis, 

A C B C F : G ; and 
AC BC • : DA DB, 

which may be proved thus : D C is tangent to 
the circle and B C cuts it; therefore the angle 
B C D is equal to the angle B A G ; the angle 
at D is common to both the triangles A C D 
and B C D : hence they are similar, and 

DA DG : DC DB, 
multiplying term by term by the proportion. 

DA 
DA' 

turnover 
DA : 
DA : 
DA' 

DC 
DC 

AC : 
DC : 
DC : . 

DA 
: DA 

DC • 
AG 
AC : 

DC, 
DB. 

C B and 
CB, or 
CB': 

and therefore, by equality, 

AC BC : AD DB. 
But the ratio of A C to B C is given, since 
the ratio of A C to B C is given, and, conse
quently, that of A D to D B is known. Then, 
since the ratio of D A to A B is known, D A 
IS given in magnitude, and may be con
structed." 
" Synthesis. Construction, 

F' • G' . : AD 
which may be doui 

F'-G' : G' AB 
and then, by composition 

F" : «' :. AD : 

Make 

: DB, 
as A B is given, hy making 

: DB, 

DB; 
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then, from the point D, thus I'ound, draw a i geometrical reasoning, making 
t.'jigcnt to the circle ; from the point of eon-
tact G drawing C A and CB , and the thing is 
done." 

From an attentive consideration of the 
above discussion, it will appear that the 
ancient Analysis was a kind of reasoning 
which.stood opposed to the .-.rnthelic method 
Certaui propositions were assumed, and the method, 
reasomng carried on till a result was arrived 
at which was known to bo either true or 
false. If the ultimate consequence was 
true, the assumed proposition must have 
been true ; if the ultimate consequence was 
false, the proposition assumed was also false, 
and the method came under what has been 
called •• rcductio ad absurdum." 

In case of a problem, the reasoning was 
carried on till some proposition was arrived 
at which was comprised amongst what the 
old geometers called data. Then the con
struction was made by reversing the order 
of the analysis. 

2. Modern Asilysis. In the m o d e m ac
ceptation of the term, analysis implies the 
means made use of for mathematical investi
gation, rather than the peculiar method of 
reasoning employed. It is used in contra
distinction to the geometrical method, so 
that every mathematical process in which 
symbols are employed, and which is not 
geometrical, is analytical. In it the quantities 
considered are represented by simple charac
ters, operations are indicated by concise sym^ 
hols, demonstrations are reduced to certain 
rules, and are carried on by systematic pro
cesses, so that results arc often arrived at in 
a few lines which would have required pages, 
if not volumes, by the geometrical method. 
Indeed, many of the results of analysis are 
entirely beyond the reach of even the most 
refined geometrical processes. Analysis is 
the great instrument of invention, and to its 
successful cultivation may be ascribed the 
immense improvement which has taken place 
in mathematics, and the vast range of dis
coveries which have been made in Philoso
phy during the last two centuries. The 
application of analysis not only serves to 
simpUfy ordinary geometrical processes, but 
it also generalizes the results, and opens a 
wider field of discovery ; it throws light upon 
the more abstruse intellectual operations of I 

them 
easy to apprehend, anil more interesting to 
follow. The adoption of the analytical meth
od of inxesiigalion has entirely revolutionized 
the whole range of Pbvsies, so that by its 
aid we now acquire, in a short time, a know
ledge of science, which could hardly have 
been acquired in many years, by the ancient 

Analysis, in some branches of mathemat
ics, particularly in Arithmetic and Descrip
tive Geometry, is a name given to the 
synopsis or exposition of the principles to 
be employed in demonstrating a proposition, 
or solving a problem. 

AX'A-LyST. a person skilled in analy
sis. 

AX-A-LyT'IG-AL. Something that be
longs to, or partakes of the nature of analy
sis : thus w e say, an analytical demonstration, 
an analytical method, &c. 

Analytical Geometry is that branch of 
analysis which has for its object the analyt
ical investigation of the relations and prop
erties of geometrical magnitudes. 

It is generally divided into two parts. De
terminate and Indeterminate. 

I, Determinate Geometry, is that which 
has for its object the solution of determinate 
problems, that is, problems in which the con
ditions given, limit the number of solutions. 
It is called determinate geometry, because 
the equations employed to express the rela
tion between the known and unknown ele
ments of the problem are always equal in 
number to the required parts. For this reason 
their solution gives determinate values for 
these parts. 

This part is comparatively of little import
ance, being nothing more than the applica^ 
tion of the principles of algebra to the 
solution of geometrical problems. 

The following rule for the solution of de
terminate problems will sufficiently indicate 
the nature of this branch of the subject. 

Conceive ihe problem solved, and draw a 
figure, ike different parts of which shall repre
sent all of the given and required parts of the 
problem. Then draw such other lines as 
will enable us to establish the necessary rela
tions between them. Denote all the known 
parts by the leading letters of the alpliabct, and 
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the zinknown parts by the final letters. Ex
press the relations existing between the known 
and unknown parts by equations, and by solv
ing these equations determine the values of the 
required parts. 
' The results obtained will indicate the neces
sary constructions. 

The equations determined are called the 
equations of the problem, and by examining 
them w e are enabled to pronounce upon the 
nature of the problem. If the number of 
independent equations found is just equal to 
the number of required parts, the problem 
is determinate; if the number of equations 
is less than the number of required parts, 
the problem is indeterminate; if the number 
of independent equations exceeds the num
ber of required parts, the problem is impos
sible. 

The operations for deducing the general 
formulas of Analytical Trigonometry, ma,y 
.')e referred to the determinate branch of An
alytical Geometry, since they are nothing 
more than the application of algebra to the 
discovery of geometrical relations. 

2. Indeterminate Geometry is that part 
of "analytical geometry which has for its ob
ject the determination and discussion of the 
general properties and relations of lines and 
surfaces. In it the relative positions of the 
points of lines and surfaces is detei-mined by 
referring them to a suflicient number of fixed 
objects of reference, by means of certain 
elements called co-ordinates. The relations 
between these variable elements are express
ed by means of equations, the number of 
which must, in every case, be less than the 
number of co-ordinates employed. These 
equations are caUed the equations of the 
magnitudes, and by suitably transforming 
them and interpreting the results, the rela
tions and properties of the magnitudes are 
made known. Since the number of equa
tions is always less than the number of un
known quantities employed, they are always 
indeterminate, and it is from this circum
stance, that this part of Analytical Geometry 
is called indeterminate. 

It may be divided into two separate parts. 
Elementary and Transcendental. 

The first part embraces all investiaations 
in which the relations between tho co-ordi

nates of the points of the magnitudes con
sidered can be expressed by the ordinary 
operations of algebra; and the second part, 
includes those investigations in which the 
relations between the co-ordinates cannot be 
thus expressed. The first part includes a 
complete discussion of the nature and prop
erties of the straight line, the conic sections, 
and all surfaces of the first and second orders. 
It also considers algebraic lines, and surfaces 
of a higher order than tho second, so far as 
these magnitudes can be discussed, without 
the aid of the Calculus. 

The second part treats of a great variety 
of transcendental magnitudes, such as the 
cycloid, logarithmic curve, curve of sines, 
tangents, &c,, the cissoid, conchoid, spirals, 
&c,, with their corresponding surfaces. A 
complete discussion of these magnitudes. 
however, requires the aid of the Calculus, 
and they are usually treated of under that 
head. 

Indeterminate geometry, as w e have above 
defined it, was first cultivated as a. science 
by Descartes, about the beginning of the 
17th century ; Determinate geometry, or the 
application of algebra to geometry, was used 
at an earlier period—Descartes also con
tributed much towards the improvement of 
the last mentioned branch of analysis. 

Although w e have classed Determinate 
and Indeterminate geometry together, as 
constituting the science of Analytical Geo
metry, it will readily be seen, that aside from 
the fact that both have for their object to 
develop geometrical truths, they have little 
in common. Indeed the two methods are 
so radically different from each other, that 
they might well be separated and treated as 
distinct branches of mathematics ; but w e 
have chosen to retain them under the same 
heading as has been customary heretofore, 
and to content ourselves with pointing out 
the logical diffcreueo between the two sys
tems. 

In determinate geometry w e denote tho 
magnitudes themselves by letters, and then, 
from known geometrical relations, w e proceed 
to establish the equations of the problem 
Having estahUshed these equations, w e cease 
to consider the magnitudes, and by tho appli-
catton of the rules of algebra, w e transform 

these equations so as to deduce those resultii 
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which, when intt-riire:.-d. will give the solu
tion of-the problem in question. T!iron:;h-
out this proeoijs. we are actually en^ayi'd in 
reasoning upon the viagnitudcs Ihiin.s-clvr.i, 
or upon their direct represetr.atives, although 
the re.isonin^ may have been conducted hy 
the aid of algebraic formulas of thousrht, in-
s:e.i.i of the more complex ones of ordinary 
language. 

In indeterminate jieometrv. the basis upon 
which w e reason is entirely difl'erent. In
stead of reasoning upon the magnitudes them
selves, w e consider the relative positions of 
the points of which they are composed, and 
lirom a knowledge of these positions w e ulti
mately arrive at a knowledge of the magni
tudes themselves. The fundamental prmciple 
upon which the system rests, is, that as the 
form of a m,:jr.irj,d-: determines the relative 
positions of all its points, so will ihe relative 
positions of its points determine the form of the 
magnitude. Therefore, in order to represent 
any magnitude analytically, it is simply ne
cessary to express the law which governs the 
relative positions of its points ; and to inves
tigate the nature of the magnitude, it is only 
Kecessary to discuss this law of relation. 
Such is the beautiful conception on which 
Descartes founded his system of geometry, a 
system in which every geon;etricaI concep
tion is capable of being represented by a 
simple algebraic expression, and in which 
every geometrical process is reduced to the 
appUcation of the known rules of algebra. 

Analytical Trigonometry. That branch 
of trigonometry which has for its object the 
analytical investigation of the general rela
tions existing between the trigonometrical 
functions of arcs or angles. See Trigonometry. 

-A?>"-A-LYT'IC-AL-LY. In the analytical 
maimer, after the manner of analysis. 

AX-A-LYT'ICS. The science of analysis ; 
any branch of mathematics analytically con
sidered. I 

A N ' A - L Y Z E . To investigate analytically.; 
AN-A-MORPH'0-SIS, [Gr. ava, and.' 

uopipucu;, formation]. In perspective, a draw
ing which, v/hen viewed in the common way, 
presents a monstrous or distorted image of 
the thing represented, or else presents an 
image of some different thing ; but when 
viewed from a particular point, or on being i 

I reflected from a curved mirror, presents a 
; correct \ iew of tho object. 

A N GLi;, [.L. angulus, a corner, Gr 
Q;,xe/,<)i], A portion of space i>ing between 
two lines, or between two or more surfaces, 
meeting in a eonunon point. Tliere are four 
kinds of angles : Plane, Spherical, Diedral. 
and Polyedral. 

A Plane Angle is a portion of a plane 
lyin̂ j between two straight lines, meeting in 
a common point. Tho two straight linos are 
called sides of the angle, and the common 
p(.'int. the rcrtex. 

Thus, the part of the 
I plane lying between 
.-\B and A C , is u plane 
angle; A B and A C 
are its sides, and A is its vertex. 

A plane angle is a species of geometrical 
magnitude, entirely independent of the length 
of its sides, but depending upon their open-
inof or inclination. 

^ A B 
To acquire an idea of this species of angu

lar quantity, let us suppose A B to be a fixed 
straight line, extending from the point A in
definitely to the right: let us also suppose 
another straight line, coinciding at first with 
A B , to be revolved unifonnly about the point 
A until it returns to a coincidence with A B . 
The space sViJcpt over by the moving lino will 
be constantly proportional to the amount of 
turning. The space described by the moving 
line whilst making one-quarter of a revolu
tion, is called a right angle, and is assumed 
as a unit of measure for all plane angles. 
Tho space swept over during any portion of a 
revolution, is a plane angle, and when ex
pressed in terms of the assumed unit, it is en
tirely independent of the length of the revolv
ing line, so that w e may, if we choose, re
gard this line is infinite in length. This is the 
true geometrical idea of a plane angle, and 
this method of viewing the subject enables 
us to explain what is meant by an angle 
greater than four right angles. For, if after 
the line has completed one revolution, it sets 
out on a second, the whole space passed over 
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from the beginning of the motion wiU be 
greater than four units, and the angle greater 
than four right angles. If the motion be con 
tinued, there is no limit to the value of the 
angle which may be described. 

If we conceive the revolving line to be 
turned in a contrary direction to that already 
considered, w e shall have the geometrical 
idea of a negative angle. 

Since the path described by any point of 
the revolving line is proportional to the area 
described, w e may take an arc of a circle 
whose centre is at the vertex, as the measure 
of an angle. 

This method of measuring plane angles is 
the one usually adopted, in consequence of 
its simplicity and ready application to the 
methods of Irigouometrical computation. For 
the purpose of comparing angles in this sys
tem of measurement, the entire circumference 
is divided into 360 equal parts, called degrees, 
each degree into 60 equal parts, called minutes, 
and each minute into 60 equal parts, called 
seconds. The right angle contains 90 degrees. 
The radius of the measuring circle is gene
rally taken equal to the linear unit, or one, 
when the terms angle and arc may be used 
for each other. Such is the general custom, 

Plame Angles, in Elementary Geometry, 
are divided into two classes : Right Angles 
and Oblique Angles. j-, 

D If a straight line meet 
another straight line, so 
that the two adjacent _ 
angles formed are equal ̂  O 
to each other, both are called right angles, fe 
A C E and E C B ; all other angles are oblique, 
as A C D and D C B . 

If an oblique angle is less than a right 
angle, it is said to be acute, as D C B ; if it is 
greater than a right angle, it is obtuse, as D C A . 

/ A 

E- -D 

If two straight lines intersect each other, 
four angles are formed about the common 
Doinc, which have received different names 
•with respect to their relative position. Those 
ivhich lie on the same side of one of the 

lines, but on opposite sides of the other, arc 
said to be adjacent. Thus A C E and E C B 
are adjacent, also A C D and D C B . Those 
which lie on opposite sides of both lines are 
said to be opposite or vertical angles, as A C D 
and E C B , also D C B and A C E . The sum of 
any two adjacent angles is equal to two right 
angles; any two opposite angles are equal to 
each other; if the two lines are perpendicu
lar to each other, all the angles are right 
angles. 

Contiguous Angles are those which have 
their vertex, and one side in common ; if the 
sum of two contiguous angles is equal to 
two right angles, they are adjacent. Thus, 
D C B and B C A , (fee, are contiguous angles. 

13 

In polygons, an angle lying between twi"^ 
adjacent sides, and within the polygon, is 
said to be interior: thus A B C , B C D , &c., 
are interior angles. 

The sum of the interior angles of any 
rectilineal polygon, is equal to two right 
angles, taken as many times as the polygon 
has sides, less two. In a quadrilateral, the. 
sum of the interior angles is equal to four 
right angles ; in a pentagon, it is equal to 
SIX right angles; in a hexagon, it is equal 
to eight right angles, and so on. 

The angle lying between any side and 
the prolongation of an adjacent one, is called 
an cxtmor angle: thus, aAB. iBG, & c , are 
cxtenor angles. If all of the sides of the 
polygon are prolonged in the same direction, 
gomg round the polygon, the sum of the ex-
tenor angles is equal to four right an<rles. 
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In both these cases the polygon is supposed 
to be salient, that is. of such i nature, that 
the prolongation of any side cannot intersect 
av\y other side of the polygon. In this ease, 
ail of the interior angles are said to be .1,1!u n>. 

Interior An̂ ;!.;: of a polygon is said to be 
salient, when it Is less than two right angles ; 
when it is greater than two right angles, it 
is called re-cn!ra/i!. and the polygon is also 
re-entrant. 

Homologous Angles, are those which arc 
Uke placed in two similar polygons. 

In a circle, an angle is 
said to bs at the ctvi'rc. 4 ̂  X7J 
when its vertex is at the 
centre, and its sides radii 
of the circle. 

Thus, the angle A C B 
is an angle at the centre. 

A n anile is at the circumference, or is an 
inscribed angle, when 
its vertex is on the 
circumference, and its 
sides are chords of 
the circle: thus, the 
amies D A B , B C D , 
A B C , &c., are in
scribed angles. 

A n angle is inscribed in an arc when its 
vertex is on the arc, and its sides pass throuirh 
the extremities of the 
arc : thus, the angles 
BAC,BDC,BEC,are 
iuscribed in the arc 
B D C . All angles in
scribed in the same B' 
arc are equal to each 
other; that is, 

B - A C = B D C = B E C , &c. 
If the arc is a semi- C 

circle, the angles in
scribed are right an
gles, as B A D . 
If the arc is less 
than a semicircle, the 
inscribed angle is ob
tuse, as BOG. If the 
arc is greater than a 
semicircle, the angle 
is acute, as B A C . 

In Surveying, plane angles are distin
guished as vvrliciil, horizontal and oblique. 
A vertical aiisiv. is ono whoso plane is verti
cal; a horizontal ansle. has its plane horizon-
la! ; and an oblique angle, has its plane oblique. 

Two kinds of vertical angles are of im
portance in surveying. 

-Vnulf.s of Elevation, which are vertical 
angles, having ono side horizontal, and the 
inclined side above it, and 

Anglks of Depression, which are verti
cal angles, having one side horizontal, tho 
inclined side being below it. 

In Shades and Shadows, there are two 
kinds of angles, which require definition. 

Angle of Incidence, is an angle included 
between a ray of light incident or falling upon 
a surface, and the normal to the surface at 
the point of incidence. 

Angle of Reflection, is the angle lying 
between the normal at the point of incidence, 
and the ray reflected from that point. 

Visual Angle, in Perspective, is an angle 
whose vertex is at the eye, or point of sight. 
Angle of the Rhumb, or Loxodromic 

Angle, in Navigation, is the constant angle 
which a rhumb line or Inxodromic curve 
makes with the meridians which it crosses. 

In Analytical Geometry, in the rectilineal 
system, the co-ordinate plane is divided into 
four angles by the two rectilineal axes which 
have been numbered as follows : 

1st Angle, Above the axis of abscissas, 
and at the right of tho axis of ordinates. 

2d Angle, Above the axis of abscissas, and 
at the left of the axis of ordinates. 

3d Angle, Below the second. 
ith Angle, Below the first. 
In the polar system, in a plane, tho variable 

angle is the angular element of reference, 
lying between the initial lino and the radius 
vector. 

Besides the plane angles already enumera
ted, there are various angular shaped portions 
of planes, which have received names as an
gles, though they are not angles within the 
true meaning of the term. These names are 
principally met with m tho old works on 
geometry now not much used. They are of 
tv/o kinds, Mixtilineal. that is, formed by a 
straight lino and curve, and Curvilineal, that 
is, formed by curves. 
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Horned Angle is tho angular space be
tween a straight line (whether secant or tan
gent) and the circumference of a circle, as 
Q P R or R V T . 

0 

Jt 

Cissoid Angle is the inner angular space 
formed by the intersection of two arcs whose 
convexities are turned in opposite directions, 
as OQP. The outer angle, under the same 
circumstances, is called- a sistroid angle, as 
SQV. 

LuNULAE Angle is the, angular space in
cluded between two arcs of circles intersect
ing each other, and havhig their convexities 
tfirned in the same direction. 

Angle of Contact is,the angular space 
between two tangent lines at their point of 
contact, and it may belong to any one of the 
four preceding varieties, according to the na
ture of the lines considered. 

Whenever tŵ o curve lines intersect, either 
in a plane or in space, the angle which they 
make with each other at the common point, is 
the same as the angle between two straight 
lines, one drawn tangent to each curve at this 
point. 

Two straight lines in space are supposed to 
make an angle with each other, although they 
do not intersect; which angle is equal to that 
formed by drawing linos from a given point 
respectively parallel to the two lines. 

The angle formed by a straight line and 
plane, is the same as that formed by the line 
and its projection on the plane. 

Spherical Angle is the angle included 
between the arcs of two great circles of a 
sphere. 

A spherical angle is equal to the diedral 
angle formed by the planes of its sides, and 
as has already been explained, is the same as 
that included between two rectilineal tantrents 
drawn to the arcs at the point of intersection. 
Spherical angles, like plane angles, are dis
tinguished as right and oblique, the oblique 
being subdivided into acute and obtuse. 

Thus O C A is a right angled spherical tri
angle, A O C is an acute angled spherical tri
angle, and C O B an obtuse angled spherical 
triangle. 

Diedral Angle is the angular space lying 
between two planes which meet each other, 
the space between two planes at right angles 
being taken as the unit. The planes are 
called faces of the angle, and their line of 
meeting is called the edge. The measure of 
a diedral angle is the same as that of a plane 
angle formed by two straight lines, one lying 
in each face, and both perpendicular to the 
edge at the same point. Diedral, like plane 
and spherical angles, may be either rishi, 
acute, or obtuse, and under like circumstances 

The angle between the two planes A S G 
and C S B is a diedral angle, whose measuifl 
is the same as that of the angle A C B . 
S 

Polyedral Angle is the angular space tn 
eluded between several plane angles lymfjia 
different planes meeting at a common point, 
as the space bounded by the three plane 
angles ASC, A S B , and BSC. The polyedral 
angle bounded by three right angles, is taken 
as a unit of measure of this kind of angle. 

The plane angles are called faces of the 
polyedral angle, the sides of the plane angles 
are edges of the polyedral angle, and their 
common vertex is the vertex of the polyedral' 
angle. 

Since an arc of a circle has been adopted 
as the measure of a plane angle, so may a 
portion of the surface of a sphere be taken as 
the measure of a polyedral angle. If the 
vertex of the angle be tho centre of aspheis, 
that portion of the surface lying within the 
laces of the angle may be taken as the mea
sure of tho angle, the tri-rcctangular trianjlo 
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being regarded as the unit. Every polyedral 
angle, whose measure is greater than the tri-
rectangular triangle, is obtuse, and e\cr\ one 
whose measure is less than the trircctaugular 
triangle is <k-:(,'c'. 
AX-GUIX'E-AL H"YPERB0LA, [angiiin-
f,:.', L. unguis, a snake], ,V name given by 
Xewtoti to a hyperbola of a serpentine form, 
given by the iHiuation 

ly' -T e y = — a 1^ + bx^ + cx-h d. 

A X 'Gl'-LAR, Relating to angles, or hav
ing angles, as an angular ligurc, 

A X 'GU-LAR SECTIOXS, A name giv
en to that part of mathematics which treats 
of the division of anî les into equal parts. 
The bisection of an angle is readily accom
plished by the aid of the principles of Ele
mentary Geometry, and suiee each of these 
portions may be again bisected, and so on, ad 
infinitum, it follows that any angle may be 
divided into a number of equal parts, denoted 
by any power of 2. The trisection of an 
angle reqiures the aid of Higher Geometry. 
by means of which it can be effected in a 
variety of ways. The general problem of 
dividing an angle into any number of equal 
parts, has not yet been solved by Elementary 
Geometry. 

AX-XEX', [L. from ad and Ticcto. to tie or 
connect]. To write ai'ter. Thus, to annex 
O's to a number, is to write them after it. 

-AX-X'o'I-TY. [L. from annus, a year]. A 
sum of money payable yearly, to continue for 
a given number of years, for life, or forever; 
an annual income charged on the person of 
the grantor ; an annual allowance. The term 
is also applied to any rents or interests paya
ble at regular intervals, whether yearly, half 
yearly, quarterly, or otherwise. 

A n annuity payable for a definite length of 
time is a certain annuity; if payable for an 
uncertain length of time, as during the life 
of one person, or during the life of several 
persons, it is a continjent annuity; an annuity 
not to be entered upon immediately, but after 
a certain period of time, is called a deferred 
annuity; whe.i it is not to be entered upon 
till after the death of a certain person, it is a 
reversionary annuity; when it is to be entered 
upon at once, it is an annuity in possession ; 
when it is to continue during the life of one 

or more persons, it is a life anniiuj ; when it 
is to continue for a certain number of years, 
provided a certain person survives the period 
mentioned, it is a cnntingcnt life annuity; 
when it is to continue forever, it is n perpetu
al annuity. -\n annuity may be in arrears, 
that is, the payment may not have been made 
when due, in which case it is said to bey»)-
bome. 

The subject of annuities is one of great 
unportance in the practical affairs of life, and 
the raising of money for present use, or the 
investing of ready money so as to produce a 
regular income for future wants, is a matter 
of every day occurrence. The accurate de-
temiination of the present value in various 
kinds of annuities, is therefore of much im
portance. W c shall, for this reason, en
deavor to explain the principles on which the 
computation is made, and apply them to those 
cases which most frequently arise. 

I. Certain Annuities The present value 
of an annuity of this kind depends only upon 
the amount of the annuity, the length of time 
that it is to continue, and the rate of interest 
of money. Let us denote the annual pay
ment by a, the number of years it is to con
tinue by t, and the rate per cent of interest 
by r. At the end of the first year the pay
ment a will be due ; its present value is evi
dently such a sum as being put at interest for 

a 
one year will produce a, hence it is y^r— ; 
at the end of the second year a second pay
ment a is due, and its present value is such 
a sum as being placed at compound interest 
for two years, will produce a, or such a sum 
as being placed at interest for one year, v.'ill 

produce 
1+r 

hence it is 
(l+r ) ( l + r ) 

= .. _i_ .;; in like manner the present value 

of the third payment a is such a sum as being 
placed at interest for ono year, will produce 

a a 
hence, it is j;—tt^' and so on as (1+r)' 

indicated below. 
(1 + rf 

Present value of first payment is 

second 

1-1-1 

(1 + r)» 
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Present value of third payment is 

&c. &c. 

fourth ' 

&c. &.C. 

(1+•;•)= 
a 

(1 +rr 

a 
(l+r)t 

Hence, the aggregate present value of all the 
( payments is equal to 

/ ^ -I- ^ ^ 
\1 +r 

+ (1 + r)* • "-"•• • (: 
Or, denoting the present value by p, and sum
ming the geometrical series within the paren
thesis, we have. 

r\^ (1+r)'/" 

If we make a = 1, we shall have 

p^vi^--^^) •{A-); 

which is an expression for the present value 
of an annuity of one dollar per a n n u m for t 
years at r per cent. This value of p m a y be 
calculated by giving to r suitable values, cor
responding to the usual rates of interest, as 
.04, ,045, .05, &c., and attributing to t every 
value from 1 u p to any given number. .Such 
a table is called an annuity table, and shows 
by inspection the present value of an annual 
annuity of one dollar, or one pound, or any 
other unit of money, for any n u m b e r of 
years at the ordinary rates of interest. 

T h e following is such a table : 
Present value of an Annuity of ^1, Yis. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
to 
17 
IB 
19 
21) 
2t , 

At,3perccnt, 

fl 9^087 
!,9I347 
asasot 
3,71711) 
4,57971 
5-41719 
G 23028 
7(11969 
778Glt 
8.53020 
9,25262 
9,0,')4IIO 
10,63496 
1),296(17 
1) 93794 
) 2.50110 
I3,l61il2 
13,7.5351 
14.32380 
14,87747 
15,415112 

4 per cent. 

0.9G154 
1.88610 
2.77509 
3.62990 
4.45182 
5 24214 
6,00205 
6,73274 
7,43.i33 
8.11090 
8'76()48 
9,38507 
9,98565 
10,56312 
11,1*839 
11,05230 
13,161167 
] 2,05930 
13.13304 
13,59033 
14,029i6 

6 percent. 

0,95238 
18.5941 
2,72325 
3.54.)95 
4,32948 
5 07509 
5,78637 
6,46-321 
7)071:2 
7,72173 
8 30641 
8,86325 
9,39367 
9 89864 
10 3796G 
10 83777 
11,27407 
11 68959 
12,08532 
12,46221 
12.62115 

6 per cent. 

0,94340 
1.833:19 
2,67301 
3,4051) 
4,21236 
4,91732 
5,58a8 
0.20979 
0,80169 
7,36009 
7,88067 
8,38384 
8 85268 
9,29498 
9,71225 
10,10590 
10,47726 
10,8>760 
11.158)2 
)).46092 
11.70408 

T o use the table, look at the top for the 
heading which corresponds to the given rate 
of interest; then, in that column opposite the 
n u m b e r corresponding to the n u m b e r of 
years, will be found a n u m b e r expressing the 
present value of one unit for the given time, 
at the given rate. Multiply this n u m b e r by 
the n u m b e r of units in the annual payment, 
the product will be the present value required. 

1. T o find the present value of an annuity 
of $100, to continue 21 years at 6 per cent. 

U n d e r the heading, 6 per cent., and oppo
site the n u m b e r 21, w e find 11.76408, which, 
multiplied by 100, gives for a result$1176,41 
for the required present value. 

F r o m w h a t has been stated, it will be easy 
to find the present value of a deferred certain 
annuity. 

It is evident that the present value will be 
found by finding the present value, as though 
it were to c o m m e n c e immediately, and then 
finding the present value u p to the time at 
which it is to be entered upon, and taking 
the difference between them. T h u s , if it 
were required to find the present value of au 
annuity deferred 5 years, and then to con
tinue 5 years, at 5 per cent., the annual pay
m e n t being 8100, w e find the present value 
of the annuity for 10 years, c o m m e n c i n g at 
once, to be 8^72,17, and for 5 years. -£432,94; 
hence, the present value of the deferred an
nuity is S339,23. 

If the annuity is perpetual i = cvj in equa
tion A, and p = —, which show that the 

r 
value of a perpetual annuity is equal to the 
annual p a y m e n t divided by the rate per cent. 

If a perpetual annuitj' is deferred, its pre
sent value m a y be found in the s a m e manner 
as in the case of a deferred certain annuity. 
If w e denote the n u m b e r of years which the 
annuity is deferred by T, the present value 
till the end of that time is, from equation A 
equal to 

}Jl '—\. 
r\ (1 + rY) ' (1 + ̂  

and since the present value of a perpetual 

annuity is —, w e have for the present value 

of the deferred annuity the following foraiula 
1 1 

P = ~- •(.B), (1 + r)T 
II. To find the value of an annuity in a^ 
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rt'ars, or which has been forborne for t years. 
There ni.ty be two eases: 1st, ̂ ^'heu the 
computation is made at simple interest: 2d. 
At ccmivii :.i it!;vrt-sl. 

I. At situpU iiUcrcst. -At the end of the 
first year, a payment a will be due, at the end 
of the second year, a second pavment d will 
be dee, together with ar, the interest on tho 
first payment, and so on, as indicated below. 
At the end of 1st. year the sum due is a 

2d. •' a + ar 
" 3d. " a+2ar 
'= 4th. " a+3ar 
i5ce, & c Oce, L̂ c, 

('i • ffi + (i-l)a. 
Hence, if wc denote the sum of this by .S, 

we shall have 
^=.i.'-ar^ l-L2 + 3 + . - - + ((-l)|; 

or, by summing the series within the paren
thesis. 

ease in which payments are made m times 
|ier year, wfi have only to reeulleet that tho 
liresent value of such an annuity is the .same 
as that of au annual annuity for 7iii years at 

r 
a r.ate per cent, equal to —; substituting these 
values for t and r, equation (A) becomes 

m ( / m \"' 
or, P = — \l-\^^;^.j 
and equation (C) becomes 

ml im-hr\"" \ 

• (̂ '). 

• (C). 

S: t + r.l{t-l) }• 
2 At compound interest. At the end of the 

first year, the payment a becomes due ; at 
the end of the second year, the pavmient a 
becomes due, and the interest ar on the first 
payment; at the end of the third year, the 
pavment a is due, and the interest r(2a+ar) 
upon the accumulated capital at the end of 
the second year, and so on as indicated below. 

Whole amount due at the end of 1st. year, a. 
• 2d. " '• 2a + ar=a+a(l+r). 
" 3d. " " a+a(l+r)+a(l+r)^ 
" 4th. " " a+o(l+r)+a(l+r)=. 
&c. &c. -\-a(l+ry <tc. 
" /" a | l+(l+r)+(l+r)= 

+(l+r)'---+(l+r)'-'|; 
or, summing the series and denoting the sum 
ly S, 

<S'=^5 (1+r)'—1 \ , or making a=l, 

P=^((i+ry-i)----{cy 

We have hitherto supposed the, annuity 
payable annually, but the principles which 
have been employed will be equally applicable 
to the case in which payments are made 
semi-annually, quarterly, or at any regular 
period of time. 

To modify equation {A) so as to apply to a 

HI. Life Annuities. W h e n tho annuity 
is to cease with the life of a certain individual 
or certain individuals, the computation be
comes more complicated. It then becomes 
necessary to combine the results already ob
tained with the probabilities of the individuals, 
on the duration of whose lives it depends, 
surviving any frivcn period. 
X o w it has been shown, in discussing the 

theory of probabilities, that the measure of 
the probability of any event occurring, is the 
quotient obtained by dividing the number of 
favorable chances by the whole number of 
chances, both favorable and unfavorable. If, 
then, we denote the number of persons of a 
given age, who are living at a given period, 
by n, and the number of these persons who 
are living at the end of one year by k'. the 
probability that any one of these will survive 

k' 
the year is — ; if we denote the number who 
survive till the end of the second year by //', 
the probability that any one will survive t-A'o 

k" , 
years, is — ; and, in like manner, if k'", k"", 
•' n 
itc.,i"'' denote the number surviving at the end 
of the third, fourth, &c , to m years, then will 
//" k"" k"' 
—, , (tc, — denote the probabihties 
n n n * 
that any one will survive three, four, . . . m 
years. 

The values of k', k", Ac, are taken from 
extensive tables of mortality which have been 
prepared to show the ratio of the number of 
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individuals who enter upon any given year 
to the number who survive to the end of it. 

1. Where the annuity depends upon the con
tinuance of 'a single life. W e have before 
shown that the present value of a payment 
ii, certainly due at the end of the year, is 

but the probability of receiving it in 

k' 
1 + 

the case considered is 

sent value, taking into 
, I a \ 

chance of life, is \ -z—,— I 
\l +rj 

ner, tho present value of 

therefore, the pre-

consideration the 
k' 

X — • In like man-
payment a, cer

tainly due at the end of two years, is , -., 
(1 + ry 

and the chance of its being received is 
k" 
—; hence, the present value, taking into con
sideration the chance of fife, is ; X —, 

and so on. N o w if we denote the present 
value of the life annuity by P, w e shall have 
„ , ~ , k' a k" 
P = It-^-\ X - +r-j—-,, X hctc. (1+r)^ 

+ - • + Ac, (1+r)' 
the series being continued till the last term 
is equal to 0, or till it is so small that it may 
be neglected without error. 

There is no way of computing the value of 
this series except by finding from the data 
given the value of each term separately and 
then taking their sum. 

However, as the object m general is not to 
determine the value of au annuity at any 
particular age, but to construct a table show
ing this value at every age, there is a method 
of deducing the value at one age in terms of 
the value at another age, which was dis
covered by Euler, and which serves to abridge 
the operations when such a table is to be 
calculated. To explain this method, let us 
consider the case in which the lifb annuity 
depends upon the life of an individual A 
years of age. If we denote the present valu e 
of such an annuity by P, we shall have, from 
whit has just been shown, 
k 

1 + r 

+ (1 + rf + &c •(')• 

Let us designate by F' the present value oi 
an annuity which depends upon the life of an 
individual aged A -V I years. 

jSince wc have denoted the whole number 
of n persons who survived at the end of tho 
first year by k'. and of those who survived at 
the end of two years by k", &c., the proba-
biUty that a person aged .4 + 1 years will eur-

. k" 
Vive one year is jy, that he will survive two 
. k'" 
years is -̂ , &c., that he wiil survive (m—1} 
years, -jj- &c.; hence 

A 1 1 + 
k" k'" 

r (1 + rf 

+ k-
(1 + r)-"-i 

+ &C 

+ &C 
K2' 

Multiplying both members of Equation (2) by 

— X -—;— , we have 
n 1 + r 

(1 + 0"' 
and subtracting Equation (3) from (1), mem
ber from member, 

P-P'^1-=^X^ 
n(l + r) n 1+r 

whence 

and if we make a = 1, 

P = ,„ir+7){i + ̂ '}"W' 
Hence, to find the present value of an annuity 
of 1 dollar, or other unit, which depends upon 
the life of an individual aged A years, know
ing that of one depending the Hie of an indi
vidual aged A + 1 years, add I to the last val
ue and multiply the sum by the probability of 
the life A lasting one year, into the present 
value of a unit due at the end of 1 year. 
By the aid of this rule, e.'ctensive tables of 

life annuities have been calculated for every 
possible age. By the aid of these ttibles, a 
•ariety of problems in annuities may be solved! 
To find the present value of a deferred life 

annuity : suppose, for example, that the per-
n ui whose life the annuity depends, is 30 

years of age, and that the annuity is deferred 
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7 years, .\t'[er 7 years, if the perstm be then 
alive, the value of tho annuity for the rcmsun-
der of his life, will be equal to that on the 
life of a person aged 37 years, which may bo 
found from the tab;es. Let this be denoted 
by P' The present value of one dollar, cer
tainly due at the end of 7 ve.irs, may easily 
be computed; designate this by P"'; denote 
the probL.bi,ity that a person aged 30 will live 
to be 37. by A", which number may be found 
firom the tables of mortality, and it is evident 
that K,P"' wUl denote the present value of 1 
dollar due 7 years hence, ttjking into aeeount 
the chances of the life in question. If, there
fore, we designate the present value of the 
deferred annuity by Q. we shall have 

Q = K x p' X ;-• 
The present value of a tomnorarv- Ufe an

nuity, to run Jt' years, may be found by adding 
together n' terms of the series in the second 
member of Equation (1) ; or, it may be found 
by takitig the present value of the whole fife 
annuity, and then subtracting from it the pre
sent value of the annuity in the same life de
ferred n' years, since the sum of the tempo
rary fife annuity and of the deferred annuity 
which constitutes the remainder of the life 
annuity, makes up the entire life annuity. 

2, When the annuity depends upon the joint 
continuance of two lives. If we denote the 
probabilities that A will sur\ive 1, 2, 3, &c, 
years, by k'. k", k ", ikc, and that B will 
survive 1. 2. 3. &c. years, by /(', h", A'" &;c., 
then from the theory of probabiiilies, the pro
bability that both will sur\ive 1, 2, 3, &c. 
years, wiil he k' h\ k" h", k'" h'", &c., and 
from the principles already employed, we shall 
have for the present value of a jointlife annu
ity, depending upon these lives 

„ (, k'h' , k'h" + 

• < (1 + r) 
A""'A'"' 

+ 

a+^»+""=•/ 

(l+r)= 

1 

+ &C 

in which formula // is the same as — in equa-
n 

tion (1), and A' has an analagous value with 
respect to the life of the second individual, 
&.C, 
3. When the annuity dxpends upon the life of 

tlie survivor of two individuals, 'Let P denote 
the present value of the annuitj', were it de
pendent only on the life of A, and P' its val-

3 

ue were it dependent only ol. tho ,'ifo of B. 
Let p denote the ]nobaI)i:ily tluat A will live 
more than n years, and ij the probability that 
B will live more than n years ; then since a 
certainty is equal to 1, we shall have 1 — p 
to denote the probability that A will die before 
the end of n years, 1 — y to denote the pro
bability that B will die before the end of n 
years, and (I — p) (1 — ry) to denote the pro
bability that both will die before the end of n 
years ; hence, 1 — (I — ?) (1 — q), wiU de
note the probability that both will not die be
fore the end of n years. Reducing and 
denoting the last probability by k, we have, 

k = p + q -pq. 
This expression is the measure of the proba
bility that a payment wiil be received at the 
end of the 71'* year. The present value of a 
payment a, due certainly at the end of the ?(•'* 
-, which multiplied by the (1 + r} 
value of k, gives 

a 
(1 + r)» 

{p + q-pq) = ap 
(l+r)» 

+ a q apq 
(l+r)" (l+r)»' 

if a = 1, the expression becomes 

P _i_ 1 P9 
(1+r)"" 

3, Aic, suc-

•+'. 
(1 + r)» (1 + r)» 

If now wc make n equal to 1, 
ccssively, and take the sum of the results, 
this will be the value of the annuity to the 
survivor. Making the substitutions, and de
noting the sum by Q, and the corresponding 
values of p and q, by p', q', &c,, we find 

+ &cl 

(l + r)= + H 
But the first term of the second member is 
the present value of an annuity on the single 
life of A, the second terra of an annuity on 
the single life of B, and the third the value 
of an annuity on the joint lives of A and B 
Plence, the present value of an annuity on 

the surviving life of two, is equal to the sum of 
the annuities on caih of the single lives, dimin
ished by the annuity on their joint lives. 
Many other prfblcms may arise in th« di»-
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cussion of annuities, but the principles indi
cated above are suflicient to show the method 
.of solving them. W h e n there are more lives 
ithaii two, the number of different cases that 
•may arise becomes very great. A complete 
discussion of them would require more space 
t,han can be given to this subject. 
.AN'NU-LAR. [L, annulus,aTmg']. Somc-

thhig which has the form of, or which resem
bles a ring. Thus, if a square be revolved 
about a straight line parallel to one of its 
sides as an axis, it will generate an annular 
solid. 

AN'NU-LUS. A portion of a plane in
cluded between the circumferences of two 
coneeutric circles, 

AJM'SWER. A solution ; the result of a 
mathematical operation. The term is chiefly 
used in arithmetic and algebra. 

AN-TAG-O-NIST'IC. [Gr. avri, against, 
and aycjviaTTic, a champion]. Acting against 
each other ; as the antagonistic screws in the 
level and theodolite. 

ANT-aRC'TIC C I R C L E . [Gr. avn, 
against, and opKrog, the bear]. A small cir
cle of the celestial and terrestrial spheres, 
which passes through the southern polo of 
the ecliptic It is distant from the equator 
about 06-|,°. It takes its name from beino-
opposite to another circle, which passes 
through the north pole of the ecliptic, called 
the Arctic circle. 

AN-TE-CF.D'ENT. [L, ante and cedo, to 
go before]. Of a ratio, is the first of the two 
terms which are compared together. As its 
name implies, it forms the standard of com
parison, since it must be known before the 
value of the consequent can be expressed. 
The measure of the ratio of the antecedent 
to the consequent is, therefore, the quotient 
which arises from dividing the latter by the 
former. 
AN-TI-CLi'NALLINE. [Gr. avn, against, 

and ii~Aivu, to incline]. In topography, a 
line from which the surface dips in both direc
tions at right angles to it. The crest of a 
hill or ridge is an anticlinal line, 

AN-TIM'E-TER, [Gr. avn and fxerpov, 
measure]. A n optical instrument for mea-
surir g angles more accurately than can be 
done by means of the sextant. 

AN-TI-LOG'A-RITPIM. [L. anti and log
arithm']. Is a number corresponding to any 
given logarithm. Thus, 100 is the antiloga-
rithm of 2 in the common system, because 2 
is the logarithm of 100 in that system. Ac
cording to the most recent notation, the anti-
logarithm is represented by the symbol log-'; 
thus, in the instance above given, log-'2 = 
100, which is read ihe number whose logarithm 
is 2 is 100. The term antilogarithm has been 
often used to designate the arithmetical com
pliment of a logarithm. In this sense the 
term is now but little used. 

A N - T I - P A R ' A L L E L S , in Geometry, are 
straight lines which make equal angles with 
two given straight lines, but in contrary order. 

Thus, if A C and A B are two given straight 
lines, and the two straight Hues C B and E D 
are so situated as to make the angle D E A 
equal to the angle A C B , and the angle E D A 
equal to the angle B : then arc the last two 
lines antiparallels with respect to the first 
two, and conversely, the first two are anti-
parallels with respect to the last two. See 
Sub-contrary. 

AN-TIP'O-DSS. [Gr. avn, against, and 
TToios, foof]. T w o points on the earth's sur
face at the extremities of the same diameter. 
They have the same latitude, the one north, 
and the other south, and are distant from 
each other 180° in longitude. 

a'PEX. [L. apex]. The vertex, top, or 
summit of any thing. The apex of a cone, 
or pyramid, is the same as its vertex. 

A P ' 0 - T H E M of a regular polygon, is the 
perpendicular distance from the centre to one 
of the sides of the polygon. If n denote 
the number of sides of the polygon, r the 
radius of the circumscribed circle%nd a the 
apothem, w e shall have 

a = r cos 
360° 
"~2?r 
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If the number of sides is infinite. 360° 
"•"ST 

becomes 0, and we have a = r. Hence, iu 
the case of the circle, regarded as a regular 
polvjroii, having an infinite number of sides, 
the apothem is equal to tho radius, and w e 
may also infer that the radii are perpendicu
lar to the cletnents of the eur\e. 

A - P O r O - M E . [Gr. a-orepvu, to cut off]. 
A name given by ancient writers to the dif
ference between two incommensurable quan
tities : thus, the difference between the 
diagonal of a square and one of its sides is 
an apotome. The term is much used by 
Euchd, w h o distinguished several kinds of 
apotomes: 

1. W h e n the greater number is rational, 
and the difference of the squares of both is 
a perfect square ; as, 3 — -v' 5, The differ
ence of the squares of these quantities is 4. 
which is a perfect square. 

2. "V\"hen the lesser quantity is rational, 
and the square root of the difference of the 
squares of the two quantities will exactly 
divide the greater quantity ; as, v l S — 4 ; 
then the square root of the difference of the 
squares is v ^ and since y l 8 ̂  3 v 2 , the 
quotient is 3. 

3. W h e n both quantities are irrational, 
and the greater is exactly divisible by the 
square root of the difference of the squares 
of the two quantities ; as, 1/24 — v'T?, then 
the greater quantity is equal to 2 t/S, and 
the square root of the difference of the 
.sq'uarcs is v & ; hence, the quotient is 2. 

4. '\V"hen the greater quantity is rational, 
and is not divisible by the square root of the 
difference of the squares of the two quanti-
ttes ; as, 4 — -v/ST Here, V A 3 will not ex
actly divide 4. 

5. W h e n the lesser quantity is rational, 
and the greater is not exactly divisible by the 
square root of the difference of the squares 
of the two quantities ; as, v 6 — 2. Here, 
the V ^ is not exactly divisible by 2. 

6. W h e n both quantities are irrational, 
and the (rroater is not exactly divisible by the 
square root of the d'..Terence of the squares 
of the two quantities ; as, V (> — V~2. Here, 
the V o is not exactly divisible by 4. 

AP-PaR'1:XT l e v e l , in Leveling, tho 
line of level indicated by tho a.yis of tho 
telescope when made horizontal. The true 
level is a line every lioint of which is equally 
distant from tho centre of the earth ; hence, 
a line of apparent level at any point, is tan
gent to tho line of true level through tho 
same point; or more strictly speaking, tho 
plane of apparent level at any point is tan
gent to the surface of true level passing 
through the same point. 

In the practical operations of leveling, tho 
reading of the leveling stafi' indicates tho 
distance from the point in which the plane 
of apparent level through the axis of the 
telescope cuts the staff, to the foot of the staff. 

To find the distance from the point in 
which the surface of true level cuts the stafij 
to the foot of the staff, it is necessary to sub
tract a certain correction from the record 
made. The formula for this correction is 

d' 
c = —' 

in which c is the correction, d the distance 
from the instrument to the staff, and r the 
radius of the earth, all expressed in feet. 

This correction is called the correction for 
curvature, and has been found for one mile 
equal to about two-thirds of a foot. 

Hence, within the limit of the distances 
usually considered in practical operations, 
since the correction varies as tlie square 
of tiir distance d, w e may employ the follow
ing rule for determining the correction. 

The correction for curvature in feet, is equal 
to two-thirds of the square of the mnither of 
miles from the level to the staff. 

If the distances considered are less than 
one mile, they must be expressed decimally, 
in terms of a mile, and the rule will apply. 

A simple conversion of the above rule will, 
in some casc,=. enable us to determine the 
approximate distance to an object when its 
height is known. For example, knowing the 
height of a light-house, the summit of which 
is just visible to the eye, situated at the level 
of the sea ; its distance in miles maybe found 
by multiplying the number of feet in its 
height by ,̂ and extracting the sqiiare root 
of the product: thus, if a light-house is 96 
feet high, w e have 

Vf X 9G = /I44 = 12, 
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hence, it is visible to the eye, at the level of the 
sea, 12 miles distant. If the eye of the ob-
seri or is elevated above the level of the sea, 
tlie same rule must be applied to this eleva
tion, and also to the elevation of the fight-
house, and the sum of the results will be the 
required result: thus, if a light-house is 96 
feet high, and the eye of the observer 24 feet 
high, the light-house is visible at a distance 
equal to 
l/-| X 96 + V-| X 24, or 12 + 6, or 18 miles. 

This rule only gives approximate results, 
since it does not take into account the effect 
of refraction which operates to increase the 
range of vision. See Leveling, 

AP'PLI-CATE. A chord which is bisected 
by a diameter. If a curve is referred to a 
diameter, and a line parallel to the chords 
which it bisects, then an applicate is the 
same as the double ordinate through any 
point of the diameter. 

Applicate Numbers are the same as con
crete numbers. 

Applicate Ordinate. A n applicate with 
reference to an axis of the curve. It is the 
same as the double ordinate, perpendicular to 
an axis of the curve. 

AP-PLI-Ca'TION [L. applicatio]. The op
eration of applying one thing to another, or 
of comparing one thing with another by bring
ing them together : thus, the length of a line 
is determined by applying to it some unit of 
measure, and determining the number of 
times which it contains the unit. 

In this sense, application is nearly synony
mous with division. In Arithmetic, the term 
is employed to denote the use of the princi
ples of science in the solution of practical 
problems. In Geometry, one figure is ap
plied, or conceived to be appfied to another, 
for the purpose of determining whether they 
are equal or unequal. In this manner, many 
of the fundamental principles of Geometry 
have been proved ; thus, it is proved, that if 
, two triangles have two angles and the in
cluded side of tho one, equal to two anoles 
and the included side of the other, each to 
each, they will be equal. It is also proved, 
by the method of application, that the diam
eter of a circle divides the circle into two 
equal parts. 

The application of one branch of mathe
matics to another, or of one science to ano
ther, consists in using the principles devel
oped in one, for the purpose of developing 
or illustrating the principles of the other. 
For this purpose, algebra has been applied to 
geometry, geometry to algebra, and both to 
mechanics, astronomy, navigation, &c. 

Application of Algebra to Geometry, 
consists in applying the rules and principles 
of algebra to the solution of geometrical 
problems, or the demonstration of geometri
cal propositions. Instances of this kind of 
investigation occur in the works of the 
earliest mathematicians, as Diophantus, Tar
talea, &CC,, as well as in those of more recent 
date. 

The algebraic solution of a geometrical 
problem, consists of three parts : 1st, ex
pressing the conditions of the problem in 
algebraic language by means of equationgi 
2d. Combining these equations by means of 
known rules, so as to develop the relations 
between the required and known parts ;• ani 
3d, Interpreting the results, and making the 
necessary constructions thus indicated. 

The general method of proceeding has al
ready been indicated in treating of determi
nate analytical geometry. 

A few examples will serve to illustrate tEe 
rule there given, as well as the differeM 
methods of translating the conditions, and 
interpreting the results, v,'hich cannot be re
duced to any fixed and invariable rules. 

1. Having given a triangle, let it be re
quired to find the sides of an inscribed reef-
angle, such that its adjacent sides shall beta 
to each other a given ratio. Let A B C be the 
given triangle, and „ 
suppose the re
quired rectangle to p / x| \ Tp 
be inscribed. 

Denote the base 
of the given tri- -
angle by b, its aiti- -A- 11 D B 
tude by h. Denote the side of the rectangle 
perpendicular to the base by x, and the adja
cent side by nx, n being tho g 
Then, from the figure, 
i h: -.nx : h~x .: x = ^^ • 

•b-\-nh 
To construct this value of x, produce .he 

ivcn ratio. 
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base -AC, and o.i tho prolongation lay off 
CH' equ,i to 'ii ; through H' draw H'B' 

Ĵ  jP c; C 

parallel tj CB, and through the vertex B 
draw BB' parallel to the base AC. .loin 
B'A, and through F draw F G perpendicular 
to AC, and FE parallel to .\C, and complete 
the rectangle FD, which will be the required 
rectangle : for, from the figure, 

AH' AC . BP FG, or 
b-i- nh : b : : h : F G ; 

bh 

8. Having given au isocelcs triangle, to 
find a second isocelcs triangle, which shall 

.-. FG = b + nJi 

Hence, F G is equal to the side designated 
by X, and FE to the side designated by nx. 
The construction is therefore vc-iliod, 

2, In a right-angled triangle, having given 
the lengths of two lines drawn from the ver
tices of the acute angles to the middle points 
of the opposite sides, to fiud the sides of the 
tr'iangle. 
het A B C represent the triangle, and A D 

and C E the given o 
lines. Denote A D 
by a, C E by b, 
A B by 2x, and 
OB by 2y. Then, 
I'rom known prin- ^ 
riples of geome-
jrr. we have C£^ = CB''+ BE», or i'=4y= + i= 
4.D' = AB» + BD», or a' = 4x= + y'' 

Combining these equations, we find 

, and 

/4 a' - b' lia'-
and 

f W - a' lib' -a" 
!'=V —Is-' <"• -y = V ^ T s — 
Hence, the bypothenuse is equal to 

/3tt» + 3b' 
Vix'-Viy' = 2 Y ig • 

For the method of constructing these ex
pressions, see Constru •lion. 

have an equal area and an equal perimeter. 
Let A B C represent the given triangle, and 
D E F the required triangle. Denote the area 
of the civen triangle by A, and its perimeter 
by p ; denote the base of the first triangle by 
2(1, and one of its equal sides by b ; then will 
its dtitudc be equal to 

Vli' - a'. 
Denote the base of the required triangle by 
2r, and one of its equal sides by y, then wil' 
its altitude be denoted by 

•v/ŷ  — x'. 

Since the area of the second triangle is 

xVy' — x', we have 

A = x-/y^—x', and 

\p==x->ry, or, 2/=-|f? —a:; 

whence 
y'= \ V ' - px-\r x'; 

which, substituted for y', gives, aftci 
duction, 

^2 = ^p=i2-pi=. 
A'^+px^ ~\p'x' = Q. 

Substituting for j4 and p their values avb' — â  
and i (a + b), we sliall find, after clearing of 
fractions, 
2 (ffi + i) 1= - (a + bf x' + a' (i» - a=) = 0 ; 

whence, by factoring, 

(x-a) [2(,a-^b)x'-{b''--a')x 

— a{b' — a')]=-0. 

Putting the factors Bep.arately equal to 0, wa 
find, for the first factor, x = a, which gives 
the first triangle ; and for tho second factor. 

b-
s + - ± ^il" •a) + (*-?)•• 

v\'hich will give the second. 
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To construct the last value of x. 

First, construct the given triangle B A C , 
then, with B as a centre and with B A as ra
dius, describe the arc A D cutting B C pro
duced in D ; let fall the perpendicular A E , 
and bisect B E in F ; then is E F equal to 
--, and E D is equal to (b — a). Erect E G 
2 
perpendicular to F D till it intersects the semi
circle described on F D as a diameter; then 
will EG'' be equal to | (J> - a). Make E H 

equal to one-fourth of ED, or equal to —--—, 

and draw GH ; then 

GH= ± (i - a) + (^•)-
Make HE equal to HG : then 

e) + 
M -

h — a 

Hence, K is one of the vertices at the base, 
and, by laying off E L = E K , w e find a 
second vertex. Now, let a circle bo inscribed 
in the first triangle, and through the pouits 
K and L draw tangents to it, forming the tri
angle K L M ; this will be the triangle re
quired. If the given triangle is equilateral, 
the construction will give only the triangle it-
solf 

The second value of x corresponds to a 
second construction, which would give a tri
angle lying below the given triangle, which 
corresponds to the algebraic enunciation of 
the problem. It may easily be constructed. 
Nothing but long experience can enable 

the student to seise upon the relations of the 
parts of the problems presented so as to "ive 
the simplest solutions. It is, therefore, well 
to solve every given problem in every manner 

possible, so as to see the relative advantages 
of each method. 

2. Application op Geometuy to Algebra, 
consists in applying the principles of geome
try to the elucidation of algebraic formulas 
and principles. Higher geometry, and some
times elementary geometry, may be usefiilly 
applied to the purpose of investigating the 
nature of the roots of equations, and also to 
determine the value of those roots by geome
trical construction. It is also of use in the 
investigation of trigonometricalfoimulas. It 
is said that the Arabians discovered the rule 
for solving complete equations of the second 
degree, by the aid of geometry ; and also that 
by the same means Tartalea and Cardan de
duced and demonstrated the rules for solving 
cubic equations, employing for that purpose 
the principles of solid geometry. 

The method of proceeding in this kind ol 
investigation is to construct a figure such that 
each part shall represent one of the given 
quantities in the expression, and such that 
the relation between these parts shall be the 
same as that expressed by the algebraic ei-
pression ; then from the known geometrical 
properties of the figure, to deduce the re
quired relations. W e annex the geometrical 
method of constructing the roots of equations 
of the first, second, third, and fourth, aiid 
higher degrees. 

1. Equations of the First Degree. 'Let us 
take ax — i = 0, which gives 

b 
X = —, whence a h : : I . x. 
Draw any two straight lines A E and AB, 

intersecting at A. 
Lay off from A on 
A B , the distance 
A B = a, and from 
A on A E , the dis
tance A E = 6; draw 
E B ; lay off from A on A B , the distance 
A C = 1, and draw C D parallel to B E ; then 
is A D the representation of tho value of i. 
For, from the figure, 

AB : AE : • AC 

1 AD 
AD = a;. 

AD; 

AD = -, 

2. Equations of the Sccoiid Degree. Every 
equation of tho second degree, containbig 
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but ouc unknown qaaiuity, caii be reduced 
to iHi-̂  ot" I hi' tonus bt'low, in which p î  
c:>souliaKv po;̂ itive. 
(I),,-.̂ -r':i'X- q'-, ̂_ r x = - p ± y / ] M T ' 
(2V .:--•:;.;= ^=1^ p J x = + p ± V p ' + q ' 

(3). x' + 2px=-q' ( ~ 1 i = -p±v'7'-? 
(•t). x=-'-\!>r = -}=^ ^x=-tp±Vp'-q' 

c •••"^ 

A. 'E B 
To construct the roots of the first form. 

Construct a right angled lr;an:;le ABC, 
right angled at B, in which CB = p 
and A B = q ; then will A C be equal to 
v'̂ '- + ,;-. With C as a centre and CB as a 
ri.lius. describe a circumference of a circle 
cutt'mi' -AC at D and A C produced at E 
Then will A D represent the first root and 

EA the second root. 
To construct the roots of the second form, 

draw a figure as before, and A E will repre
sent the first root, and — A D the second root. 
To construct the roots of the third and 

fourth forms. 

If p <i q tho eirele does not cut F.\, tho 
construction I'ails, and the roots of both 
forms are imaginary. 
3. Equations of the third and fourth Degrei;s. 

The construction of tho roots of these equa
tions requires the aid of the higher geometry. 

Draw an indefinite right line F.\. and at 
any point as D, erect a perpendicular D C 
equal to q ; from C as a centre, with a radius 
CB equal to p, describe an arc of a circle 
cutting F A in B and E ; then is 
BD = Vp' - q'. 

From D lay off on FA, in both directions, the 
distances D F and D A respectively, equal to 
p. The lines — A E and — A B will repre
sent the first and second roots of the third 
form, and the lines FB and F E the first and 
second roots of the fourth form. 
If p = q the circle B E is tangent to F A at 

D, and the roots of the two forms are all 
numerically equal, each being equal to the 
line F D or - AD. 

Construct a parabola whose axis is AP, 
and whose parameter is equal to 2p, Lay off 
on the axis u distance A D = a, and at D 
erect " perpendicular equal to b; from its 
extremity C as a centre, and with a radius 
C M equal to r, describe the circumference of 
a circle cutting the parabola in the points 
M, M', M", and M'" ; from each of these 
points let fall a perpendicular upon the axis, 
and these perpendiculars will be roots of au 
equation of the fourth degree. 
If ono of these points of intersection fall 

at A, the perpendiculars will be roots of a 
cubic equation. 
The following considerations will serve to 

determine proper values for a, b, '2p, and r, iu 
any given case. 
The equation of the parabola is 7/° = 2px, 

and of the circle [x — a)^+ (y — h)'= i'. If 
we combine these equations, and eliminate j, 
the values of y in the resulting equation, will 
represent the four perpendiculars I'.\I, P'/)/', 
P"M'. and P"',l/"'. Pcrforining the com
bination, and eliminating, we have, after 
reduction, 

7/* — [ipa — ip')y' — ilrjihj 
+ 2{a' + b'- r'-)p = 0 ... (1). 

In any given case, we reduce the equation 
to the form of equation (1), by depriving it of 
its second term, and making the coefficient 
of the first term 1. Then equate the remain--
ing coefficients and absolute term with ths, 
corresponding cocificients in equation (1).. 
Three equations will thus be found contain-. 
ing a, b, 2p, and r, from which we may, after 
assuming a value for either one, deduce cor
responding values for the other. The con-
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Btruction can afterwards be made as indicated 
Above. 

If in equation (1), a' + b' = r', the circle 
will"pass through the vertex A and the equa
tion, after dividing both members by y, will 
become 

y^ — [ipa — ip')y — ibp^= 0, 
and the corresponding construction will give 
the roots of a cubic equation. In the equa
tion of the fourth degree, if two of the roots 
are imaginary, that fact will be indicated by 
the circle only cutting the parabola in two 
points. 

Let it be required to construct the roots of 
the equation 

y* + 2y' — iy — 2 = 0, 
which is of the required fonn. Equating the 
coefficients of the like powers of y in this 
and in equation (1), v,'e have 
2 = 4>= - ipa = 2p{2p - 2a), - 4 = - ibp' 
and — 2 = 2̂ (a'' + b' — r'). 
Let us assume y = 1: we deduce 

ffi = i b -— I and r = -/2J. 

Which data enable us to make the con
struction. 

There are other methods of constructing 
roots of equations of the third and fourth 
degrees, such as using an auxiliary ellipse, 
conchoid, or cissoid, 
4. The construction of the roots of equations 

of a higher degree than the fourth is an 
operation which can only be approximately 
performed, ^\e shall simply indicate the 
general method of,proceeding without making 
any application of the principles developed. 
Let us take an equation of the form 
X"'+Bx:^^ + Cx"'--i-\-&Le.+Nx+R=f).. (1), 
in which B, C, Ac , N, fi, are known num
bers. Find by the known rules of algebra 
the superior and inferior limits of the real 
roots of the equation. N o w let a second 
equation be formed by placing y equal to the 
first member of tho given equation, and from 
the principles of analytical geometry, the 
resulting equation 
t/=a;'»+5r«-' + Cx>»-'-+ A c + N x + R .. (2). 
will be the equation of i curve, which may 
be constructed approximately by points as 
follows : 

Draw two lines A B and C D at right angles 
to each other, and set off on the line A B the 
distances — O E and + 0 B , respectively equal 
to the inferior and superior limits of the real 
roots of the given equation. If the inferior 
limit is negative, as we have supposed in the 
figure, the distance O E will be laid off to the 
left; if it is positive, it must be laid ofi" to 
the right. Assume, in succession, a .sufficient 
number of values for x between the limits 
already determined, and substitute these sepa
rately for X in equation (2), and deduce the 
corresponding values of y. Each assumed 
value of X with the correspondmg deduced 
value of y, will be the co-ordinates of a point 
which may be constructed by laying off the 
assumed value of x from 0 on the line A B , 
to the right, when positive, and to the left 
when negative. From the extremity of the 
distance laid off erect a perpendicular to A B , 
and lay off on this perpendicular, from A B , 
the deduced value ofy, observing that it must 
be laid off upwards if the value of y is posi
tive, and downwards if it is negative. In 
this manner a succession of points may be 
determined, and a, cui've M P L Q traced 
through them. 

The distances from 0 to the points in which 
this curve cuts the line A B , will be the real 
roots of the equation. The reason is appa
rent, for when the curve whose equation is 
equation (2) cuts the line AB,)/must be equal 
to 0, and equation (2) for that value becomes 
equation (1), and these distances therefore 
represent the real roots, "\̂ 'hen the curve 
approaches the line A B , and then recedes 
from it without cutting it, as at L, such 
change of direction indicates a pair of ima
ginary roots. To insure as much accuracy 
as possible, great eare should be taken in 
constructing the curve in the neighborhood 
of the points in which it cuts the line AB, 

Analogous methods may be employed for 
finding the values of the unknown quantities, 
wdien there are two equations containing two 
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unknown quantities, the equations being nu
merical and of any degree whatever. 

Assume a [lair of rectangular axes as bc-
t'ore. and in like manner construct two curves 
by points. The first equation will bo tho 
equation of one curve, £uid the second equa
tion will be that of the other curve. 
Having constructed the curves, draw tlirough 

the points of intersection straight lines pa
rallel to the assumed axes. Then for each 
point there will be a pair of distances wluch 
wiil represent the simidtaneous values of the 
unknown quantities. If the quantities are 
represented by y and x. as w e have supposed, 
the distance to the axis A B will represent 
the value of y, and the distance to the axis 
C D will represent the simultaneous value of 
X. The number of points will determine the 
number of real solutions of the equations, 
and the accurtuty of the values determined 
wiU depend upon the accuracy of the con
struction of the curves. 

If the given equations are both of the 
second degree, the curves to be constructed 
will be conic sections, and their construction 
may be more readily efi'ectcHl by some of the 
methods for constructing these lines. 

3. AppLic-iTiox OK Geometry and Algebra 
to Teigoxometrv. The subject of trigono
metry is nothing more than a development of 
the results of applying the principles of geo
metry and algebra to detcriuine the relation 
between angles and their functions- This 
subject is more fully discussed under the head 
of Trigonometry, The various applications 
of Mathematics to the physical sciences, en
gineering, &c,, do not come within the scope 
of this work. The term application, in this 
sense, is used to denote the use which is 
made of the principles of mathematics in im
proving and developing these sciences. 

APPLICITIO.V OF A RtJLE OR FoEMDLA, 
consists in performing the operations pre
scribed by the rule, or indicated by the for
mula. Thus, the application of the rule for 
solving equations of the second degree, in 
any given case, consists in solving the partic
ular equation by follov.'ing the different steps 
prescribed in the rule, so as to determine the 
roots of the equation. 

The application of the binomial formula 
in any case, consists in attributing to the let
ters in the formula such values as will bring 

I the particular case under tho general ono 
I expressed in tho Ibmivda, and then deducing 
the results. This will ho tho general formula 
to a particular binomial, 

Tho development of formulas and the dc-
I duction of rules, constitute the Science of 
.Mathematics : the .application of these to par-
I ticular cases constitutes tho Art of Mathema-
j tics. Most of the arts are little else than tho 
application, either directly or indirectly, of the 
principles of science. 

AP-PllOX'1-M.vTE. [L. ad, to, andproii-
mus, next]. In mathematics, an approximate 
result is one which is very near tho true re
sult ; thus, the ajiproximate value of a radi
cal quantity is the result obtained by apply
ing the rule for extracting the indicated root 
of tho quantity under the radical sign, and 
continuing the operation to any desired ex
tent. From the nature of the case, the true 
root cannot be obtained ; but the longer the 
rule is applied, the more nearly will the result 
appro.yimate to the true root. In short, the 
error may be reduced to less than any assign
able quantity. The process of approximatioi 
is one bf frequent use in all practical opera 
tions. See Approximation. 

AP-PROX-LM.v'TIOX, In mathematics, 
a method of calculation, by which w c obtain 
an approximate value of a quantity which 
cannot be found accurately, either on account 
of the nature of the quantity itself, or on ac
count of the imperfection of our mode of 
operation. 

Tho method of finding the ratio of the dia
meter of a circle to its circumference, or tho 
length of the circumference of a circle whoso 
diameter is 1, affords an instance of geoi;ue-
trical approximation. It is a principle of 
Geometry, that the arc of a circle is greater 
than its chord, however small the arc may be. 
Xow, if w e suppose a regular polygon, say 
of 64 sides, to he inscribed in a circle whoso 
diameter is 1, it is evident that the length of 
the perimeter of the polygon will be an ap
proximate value of the length of the circum
ference, though it v/ill differ sensibly from it. 
If now w e suppose that a regular polygon, 
of twice as many sides, is to be inscribed, the 
perimeter of the new polygon will approxi
mate still more closely to the length of the 
circumference. If we continue to double the 
number of sides of the regular inscribed po-
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lygou, we shall continue to approximate to 
tho length of the circumference; but whatever 
may be the number of sides of the polygon, 
its perimeter will never bo exactly equal to 
the circumference of the circle. The differ
ence between the length of the perimeter and 
the circumference may be made less than any 
assignable line, but it can never be made 
equal to 0. 

In analysis, the attempt to express radical 
quantities in entire terms, afibrds an example 
of approximation, as also some of the meth
ods of solving numerical equations of a higher 
degree than the fourth. 

In Arithmetic, the operation of converting 
certain vulgar fractions into equivalent deci
mal expressions, is one of approximation; 
thus 4 = 0.333333 3 • • • ail infinitum. 
Here, no matter how far the division be car
ried, the result will not express the exact 
value of -l, but for each decimal place added, 
the result will be a nearer approximation to 
its true value. In practical applications, the 
operation of approximation is one of great 
importance, as it gives results sufliciently ac
curate for the ordinary purposes of art. The 
various methods of finding approximate re
sults will be fully described under the appro
priate headings. 

aR'BI-TRA-RY. [L, arbitrarius, uncer
tain, independent]. A n arbitrary quantity in 
analysis is one to which w e may assign any 
reasonable value at pleasure. In Analytical 
Geometry, the arbitrary quantities are gener
ally styled arbitrary constants, to distinguish 
them from the variables which are in a certahi 
sense arbitrary. Thus, in the general equa
tion of the circle 

{x - a)' + (y - bf = r', 
X and y arc variables, and a, b and r are 
arbitrary constants. 

In the equation, a and I denote the co-or
dinates of the centre, and by attributing to 
them suitable values, w e may place the centre 
at any point of tho co-ordinate plane. Since 
r denotes the radius, such a value m ay 
be assigned to it as to give the circle any 
desired extent. In this case, therefore, the 
constants serve to determine the position and 
extent of the circle, with respect to the co
ordinate axes. 

Since there may be an infinite number of 

circles, there may be an infinite number ot 
sets of values of a, b, and r ; but for a given 
circle, and a given system of axes, a, b, and 
r become known, and are absolutely fixed in 
value. 

Not so, however, with the variables x and 
y. Whatever circle w e choose to consider, 
they will represent thei co-ordinates of any 
point of its circumference at the same instant, 
and of every point in succession ; that is, for 
any one set of values of the arbitrary con
stants, there is an infinite number of sets of 
values for the variables, which will satisfy the 
equation. 

W h a t has been shown in this case, is in 
general true for all other cases ; hence, the , 
distinction between arbitrary constants and 
variables is this : given values rjiay be attribu
ted, at pleasure, to the arbitrary constants, pro
vided they will satisfy ihe conditions of the 
problem, giving a particular case for each set 
of values. The variables, on the contrary, ad
mit of every possible value which will satisfy 
the equation, in each and all the particular 
cases, determined by attributing given values 
to the constants. 

The use of arbitrary constants is to cause 
the equation under consideration to fulfill cer
tain conditions. The number of conditions 
which may be imposed, is, in general, equal 
to the number of arbitrary constants. For 
example: in the case already considered, w e 
may cause the circle to pass through any 
three points. The method of determining 
the values of a, b, and r, so that the circle 
shall pass through three given points, is to 
substitute, separately, forx and y, in the equa
tion of the circle, the co-ordinates of each 
point. W e thus obtain three equations of 
condition, which contain a, b, r and 
known quantities; by combining these, w e 
can find values of a, b and r, which, being 
substituted in tho given equation, viill make 
it the equation of a circle passing through 
the three given points. 

In the Integral Calculus, the constant, 
added to every integral obtained by applying 
the rules for integration, is arbilraiy in its 
nature, and serves to cause the integral to 
fulfill any reasonable condition. Tho method 
of using it for this end, is. to make such sup
positions upon the integr;\l, as will cause it 
to fulfill the required condition, ^^'o thus oh-
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tain aji e.iuatiou frtim which we may deduce 
t!ie value of the eonstant, which being sub
stituted in t'.ie integral, will make it fulfill the 
required eomUtion. 

For exauiple, 
fydx=^ X-i- C 

expresses a plane area included between tho 
curve of the axis of A" and any two ordinates 
whatever. If now w e wish that any given 
ordinate should limit the curve in one direc
tion, we have simply to substitute 0 i"or the in
tegral, since that integral is to commence at a 
given ordinate, and also to substitute for x, in 
A', a value a, corresponding to the given ordi
nate. This gives 

0 = ( A - ) , _ a + C, 
whence, 

C=-(X).--., 
and 

/ydx = X-(A",)._a 
expresses the same area as before, hut com
mencing at the ordinate whose abscissa is a. 
These'instances are sufficient to illustrate the 
nature and use of arbitrary quantities in 
mathematics. 
> aR-BI-TR.I'TIOX o f e x c h a x g e , 

is the operation of converting the currency 
of one country into that of another, through 
the,medium of one or more intervening cur
rencies. 

Vv'hen there is but one intervening curren
cy, it is called simple arbitration ; when there 
is more than one it is called compound arbi
tration. The following is the rule for com
pound arbitration, and will answer also for 
simple arbitration: 

Multiply the sum to be converted by tlie fol
lowing quotienls. after canceling common fac
tors, viz: A certain amount al the second place 
divided by its equivalent at the first; a certain 
amount at the third place divided by its equiva
lent at the second; a certain amount at the 
fourth place divided by its equivalent at the 
third place, and so on to the last place. 

In the above rule, the amounts named are 
supposed to he expressed in the currency of 
the place from which the remittance is made. 
If they are expressed in the currency of the 
place to which the remittance is made, the 
terms of the multipliers must be inverted. 

Example. A merchant in N e w York wishes 
to remit $4888,40 to London through Paris. 

-1SS0,40 X = 975,7852 ; 

H e finds that he can remit to Paris at 5 francs 
15 centimes to the dollar, and the exchange 
from Paris to London 25 francs and 80 cen
times for X'l sterling, \̂'hat will the remit
tance be worth in London? 
•11 _J_ 

1 ^ 25.80 
hence the amount is £975 15s. %Xd. 

Since 5.15 francs are equal to 81, the first 
5,15 

multiplier is ——, and because 25.80 francs 
are equal to £1, the second multiplier is 

1 

aRC, [L, arciis, <i bow], A part of the 
circumference of a circle or other curve, 
\\hen the term arc is used without any ex
planation, an arc of a circle is in general 
understood. 

As we have already explained, under angle, 
arcs of circles are cmplo3'ed as the measures 
of angles, in which case the centre of the arc 
is taken at the vertex of the angle, "Where 
the radius is 1, the arc intercepted between 
the sides of the angle is taken as the measure 
of the angle ; when the radius is not 1, tho 
ratio of the radius to the intercepted arc is 
taken. There are various methods of express
ing the values of angles by the aid of arcs of 
circles. Sometimes a portion of a circle, 
generally a quadrant, is assumed as a unit 
and all other arcs are expressed numerically 
in terms of this as a standard ; sometimes 
the whole circumference is divided into 360 
equal parts, each of which is divided into 60 
equal parts, which in turn are subdivided into 
00 equal parts. These parts arc called, re
spectively, degrees, minutes, and seconds, and 
the arcs are expressed in terms of these parts. 
There is no difference between these methods, 
except in the magnitude of the unit, and the 
manner of subdividing it. In expressing the 
magnitude of arcs, the radius is often taken 
as the unit, and since tho circumference in 
that case is equal to 2 ir, w e may find the 
expression for any portion of a cireumference, 
already expressed in degrees and fractions of 
a degree, by the following proportion ; 

n ; 180 ;: I ; 3,1410, 
in which n denotes tho number of degrees in 
the arc, and I its length in terms of the 
radius as 1. 

file:////hen
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It is often convenient to express the length 
of an arc in terms of its sine or tangent; 
this can only be done by means of series. 
The most useful ones are subjoined : 

''"""""''2:1 "^2.4.5 "^2.4.6.7' - &c. 

tan" w a- a a' ffi' ,11 
- a - , - — + &C 

3 5 7 9 11 
For small values of a these fonnuias give 
very good approximate results by usmg only 
a few of the leading terms. 
To express the length of an arc in terms 

of the chords of the arc and half arc, 
80-0 

ffi = — 3 — . 
in which a denotes the length of the arc, G 
its chord, and c the chord of half the arc. 
This gives only an approximate result. 

Concentric Arcs are those which have 
a common centre. 

SitaiLAE Arcs are those which subtend 
equal angles at the centre. The lengths of 
two similar arcs are to each other as their 
radii. 

To find an expression for the length of any 
arc of a plane curve, when its equation is 
given, we have the following formula : 

Z = fV dx'̂  + dy"; 
in which Z represents the length, and x and 
y are the co-ordinates of its points. To em
ploy the formula in any case, differentiate the 
equation of the curve, and from the given 
equation and its differential equation, find the 
value of dy in terms of x and dx, and sub
stitute it in the formula. Integrate the re
sult between the proper limits, and the result 
obtained will express the length of tho arc 
required. 

AR-CHI-ME'DES' SPIRAL. See Spiral. 
aRC'O-GRAPH. [L. arcus, a how, and 

Gr. ypaij>o>, to describe]. A n instrument 
used to describe an arc of a circle, without 
having its centre given. The simplest form 
is that used by carpenters for striking arcs 
for the top of doors, windows, &,c. Three 
nails being driven to mark three points of the 
circle, two pieces of board are nailed together, 
forming an angle, so that their vertex shall be 
at the middle nail, and the two sides against 
the extreme ones. If now the two pieces 

be moved so as constantly to touch the two 
outer nails, the vertex of the angle will trace 
out the arc of a circle between them. 
ARCTIC. [Gr. apicToc, a bear]. The Arc

tic Circle is a circle of the sphere, whose 
plane passes through the north pole of the 
ecliptic. It is about 661° distant from the 
equator. 
aRE. [L. area, an open surface]. In tho 

decimal system of French measures the are 
is a square, the side of which is 10 metres in 
length. In contains 100 square metres or 
about 119.60 square yards. 
a'RE-a. [L. area, an open surface]. In 

geometry is the auperfi.cial contents of any 
surface expressed in terms of some given 
surface assumed as a unit or standard of com
parison. The unit of measure is generally 
a square, one of whose sides is a linear unit 
in length. For difl'erent purposes, the area 
may be expressed in different terms. 

In land surveying, the areas of fields may 
be expressed in acres, the area of states may 
be given in square miles, whilst masons' and 
carpenters' work is generally expressed in 
square yards or square feet. 

In all cases, the arithmetical expression of 
an area is the ratio of some assumed surface 
to the surface in question, \^"hen surfaces 
are similar, they are to each other as the 
squares of their homologous lines. 
Tho most general formula for an area 

bounded by a plane curve, by the axis of X, 
and by any two ordinates, is 

I, S — f ydx ; 
for an area of a surface generated by revolv
ing a plane curve about the axis of Â , the 
formula is 2. S = f2nyVdx' + dy'; 
and for any geometrical curved surface 

3. S = f'dxdy v^ ̂ Ji' d^/ 

To apply the first formula: 
Find from ihe equation of the curve, tlie 

value of y in terms of x, and stibstitute it in 
the formula; then perform the integration indi
cated between any two limits, and the result 
will give the area contained bclwccn the curve, 
the axis of X, and the two ordinates taken as 
limits. 
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In this manner the <i,ic<! cf the circle is 
found tobe equal to ~r- in which ~ = 3.1416, 
and r = the radiu^of the circle. 
The i;,-c,! of the ellipse is -ab, in which <i 

and b are the semi-axes. 
The area of any portion of the common 

/'.tii.'StJi! estimated from the vertex and inclu
ded between the curve, the axis and any 
ordinate, is fa'i/, in which x and y are the 
co-oriUnates of the extreme point. 

To apply the second formula: 
Differentiate the equation of the meridian 

curve, and combine the resulting equation with 
the equation of the curve so as to deduce ex
pressions for y and dy in ivnns of x and dx ; 
substitute these in the t'orniula-, and integrate 
belKCcn any given limits. The result will 
express the area cf the surface contained bc-
ttvi-:-i the two limits. 

In this manner, th.e area of tlie surface of 
a sphere has been found equal to 4~r-, in 
which r is the radius of the sphere. 

The area of the surface of a right cone, is 
equal to tt rh, in which r is the radius of the 
base, and h tlie slant height. 
The area of a surface generated by revolv

ing a cycloid about its base, is equal to ^ 
of the area of the generating circle of the 
cycloid. 

To apply the third formula; 
Diffei-cniiate the equation of the surface in 

question with reference to each of ihe variables 
X and y ; combine these partial differential 
equations with the equation of the surface, and 
find expressions for -z:— and -—, and substi-

^ dx dy 
tute them in the formula; integrate first with 
respect to X, between any two limits, and then 
integrate the result with respect to y, between 
any tieo limits; the final result icill express 
the area of thai portion of the surface embraced 
within the assumed limits. 
These formulas serve to determine a great 

number of useful areas, and their application 
presents little difficulty. The rules for find
ing various plane areas will be cjiven in the 
article on Mensuration. It has been shown 
that the area of the projection of any plane 
area is equal to the area itself, multiplied by 
the cosine of its inclination to the plane of 
projection. 

The area of a field, in plane surveying, 

may be determined as follows ; Having de
termined the bearings and lengths of" tho 
sc\eral courses which bound the field, take 
from a traverse t.ablc, or a table of natural 
sines and tangents, the latilude and departure 
of each course ; balance these, that is, dis
tribute the error so that the sum of the east
ings shall equal tho sum of the westings ; 
and the sum of the northings equal the sum 
of the southings. Compute the double mer-
ridian distance of each course, and multiply 
the double meridian distance of each course 
by its northing or southing, observing that 
like signs give plus, and unlike signs minus ; 
then take the sura of all the positive prod(ict,s, 
and of all the negative products, and subtract 
the numerically less from the grofiter, and 
half the difference will be the area of the 
field. If chains and links were employed to 
express the courses, point ofi' five decimal 
places to the right, and the area will be ex
pressed in acres and decimals of an acre. 

A-R1TH'.ME-TIC. [Gr. apiBpea, to num
ber]. That branch of mathematics which 
treats of the properties and relations ofnum
bers when expressed by the aid of figures, 
or combinations of figures. It is divided 
into two parts. Ihe first, explains the meth
ods of representing and reading numbers by 
means of figures, together with the funda
mental operations, which are Addition, Sub
traction, Multiplication, Division, raising to 
powers, and extracting roots of numbers, 
whether the units be entire or fractional. It 
also treats of tlie transformation of numbers 
from one scale to another, in which the fun
damental unit may be different, or in which 
the scale of place may be different. This 
comprises all of the science of arithmetic 

The second part, consists in the application 
of the principles of the science to the practical 
wants of life. It embraces rules for perform
ing a great variety of practical operations 
upon numbers, such as the rule of three, 
analysis, percentage, interest, alligation, equa
tion of payments, î c. 

The particular operations of arithmetic de
pend for their details upon the manner of 
representing numbers. The system which 
we employ is based upon the decimal scale, 
and though numbers are used in other scales, 
the processes are all referred to those which 
depend upon that system of notation. Other 
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scales might, undoubtedly, have been em
ployed with quite as great facility as tho deci
mal ; some, indeed, think that the duodecimal 
scale would have been preferable to it, inas
much as the number twelve is a multiple of 
more numbers than ten. Leibnitz invented 
a biliary system, using only two characters, 
1 and 0, to express all numbers. In this sys
tem, 1 is represented as in the common sys
tem, 1 ; two, 10 ; three, 11 ; four, 100 ; five, 
101; six, 110 ; seven, 111; eight, 1000 ; nine, 
1001 ; ten, 1010, A c A ternary system, or 
one in which three characters are employed, 
has also been developed, but these are re
garded rather as matters of curiosity than of 
prac'acal utility. 

Arithmetic has received different names, 
according to the different systems of nota
tion employed, or according to the purpose 
to which it is applied. 

Decimal Arithmetic, is that in which 
numbers are expressed according to the scale 
of tens, either increasing or decreasing. This 
is the ordinary system. 

Duodecimal Arithmetic, is that in which 
numbers are expressed according to the scale 
of twelves. This system is used by carpen
ters, bricklayers, and artificers generally, for 
computing their work, being adapted to the 
measures of feet and inches. 

Sexagesimal Arithmetic, is that in which 
numbers are expressed according to the scale 
of sixties. This .system is principally used in 
trigonometrical computations, being specially 
adapted to the subdivisions of the circum
ference into degrees, minutes and seconds. 

Dnivers-il Arithmetic, is that which 
treats of the general properties of numbers, 
independent of the particular method of ex
pressing them. This differs hut little from 
elementary algebra. 

Palpable Arithmetic, is that in which 
the operations are performed by the sense of 
feeling, and is used by the blind. In this 
system, instruments are employed which in 
principle resemble the abacus in some of its 
forms. Indeed, all of the operations per
formed by the aid of the abacus, belong to 
palpable arithmetic. 

Instrumental Arithmetic, is that in 
which operations are performed by the aid of 
instruments prepared for the purpose; such 

as Napier's rods, Babbage's calculating ma
chine, &c. 

Tabular Arithmetic, is a name given 
to that class of operations which are per
formed by the aid of tables computed for tho 
pui-pose, such as Hutton's tables, &0, 

Political Arithmetic, is the application 
of the principles of arithmetic to researches 
connected with civil government, such as 
determining the number of inhabitants of a 
country, and classifying them according to 
sex, age, place of birth, See. ; determining 
the amount of imports, exports, & c , the dis
tribution of taxes, laying of imposts, &.c. 

A-RITH-MET'IC-AL. Appertaining to 
arithmetic ; according to the rules and pro
cesses of arithmetic : thus, an arithmetical 
result, is a result which arises from the ap
plication of seme arithmetical process. 

Aeith.metical Complement of a logar 
ithm, is the remainder found by subtracting 
the logarithm from 10 ; thus, 

10 — 9,274687 = 0.725313 ; 
hence, 0,725313, is the arithmetical comple
ment of the logarithm 9.274687. It may he 
written at once, by commencing at f.he left-
hand figure and subtracting each figure from 9 
till w e reach the last figure which is not 0 ; this 
must be taken from 10. The arithmetical com
plement is used in computations to avoid the 
trouble of subtraction. AVhen two logarithms 
are to be added together, and a third logarithm 
is to be taken from their sum, the whole opera
tion may bo reduced to one of addition, by ta
king the sum of the first two, and the arithmeti
cal complement of the third, and then reject
ing 10 from the result obtained. 

The ease with which the arithmetical com
plement may be obtained from the tables 
renders this method of proceeding not oniy 
more concise, but also more elegant than the 
other method. 

Arithmetical M)^;an of any number of 
quantities, is the quotient obtained by divi
ding their sum by the number of quantities. 
It is the same as their average value : thus, 
the arithmetical mean of 3, 5 and 7, is 5, 
The arithmetical mean of any number of 
terms of an arithmclicrd progression, is equal 
to the half sum of the extreme terms 

W hen we know the arithmetical mean of 
I any number of quantities, Ihe sum of all of 
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tlie quantities may bo found by multiplyin 
it by the number of quantities. 
Ai;iruMETic.vL Progkession, is a series of 

teruis. each of which is derived from tho 
preceding one by the addition of a constant 
quantity, called the common difference ; in 
every sticii series, the whole number of teniis 
may be continued ad infinitum. When the 
common d"itrerence is greater thtm 0, or posi
tive, the progression is said to be increasing. 
V, hen it is less than 0, or negative, tho pro
gression is decreasing. The first and last 
terms ci>/isu/irc'i;, are called the extremes, and 
the intermediate terms are called means. An 
arithmetical progression is sometmies called 
a progression by differences. 
If we denote the first term of an arithmet

ical progression by a, the last tenn by I, the 
common difference by rf, the number of terms 
considered by n, and their sum by S, the fol
lowing formulas will serve to determine any 
two of these elements, when the other three 
are given ; viz,. 

1. l = a-{-{n—l)d; 
S = i n [ 2 a + (n—1)(£]; 

I — a 
n=-^+l; 

^, ^ (H^fl)(Z —ffi + rf) 
2d ' 

2. 

d—2a ±V~Ur-
n = 

-2a)= + 8rf.S; 
:d 

I = a + («- l)d; 

S = in(a-i-l); 

d = 
I — a 
n ^ l ' 
2 ( 8 - an) 
n{n — 1) ' 

Z=^'-

6. n = 
2S 
0+1' 

_(? + «)(;—a) 
2S — (l-\- a) • 

a = I — {n — l)d; 

S = in[2l — {n—l)d], 

2S — n(n—l)d 
a = > 1— • 

2n 
2S + M(f?-

-l)d 

2n 

10. 

" 2 a • 
a = l~(n~l)d; 

2S 
a = 1; 

d = 
2{>d—S) 
n(n—l} ' 

The first members of each pair of formula 
above given, represent the elements to be de
termined, and the second members are ex
pressed in terms of the known elements 
The use of these formulas ij evident from 
their arrangement. 
Any number of means may be determined, 

so that, when inserted between two given 
quantities in their proper order, the whole 
shall constitute an arithmetical progression, 
by means of tho following 
Rule. Suhlract the first quantity givc?i 

from the last, and divide the remainder by ihe 
number of means plus I ; add this quotient to 
the first quantity for the first mean, add ii to 
the first mean for ihe second mean, and so on 
till the ivholc number of means is found. 
Arithmetical Scale. A conventional ar

rangement for writing numbers by means of 
figures, so that the same figure shall express 
different numbers according to its position or 
place. The order of arrangement may be 
symbolically expressed thus : -̂  -Tj 'O 3̂ 

,_ k. t. M 
O O O O 

. 0 0 0 0 . . , . 0 0 0 0 
in which the position of each 0 indicates the 
place of an order of units. If a figure, 1 for 
example, be written in the place of the first 
0 on the right hand, it indicates a unit of tJie 
first order; if it be written instead of the 
second 0, from the right, it indicates 1 unit 
of tho second order; and generally, if it be 
written in place of the «"• 0 from the right, it 
indicates 1 unit of the n"' order. In like 
manner, if 2, 3, 4. &c., be written in the 
place of the k" 0 from the right, they will 
indicate 2, 3, 4, & c units of the n"' ordei, 
Tho law which determines the relation be

tween the values of two consecutive units of 
different orders, beginning with the lowest, is 
called the ratio of the scale, and is found by 
dividing the second unit by the first; and 
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since there may be an infinite number of 
such laws, there is an infinite number of 
scales. They may, however, all be separated 
into two classes, uniform scales, and varying 
scales. A scale is uniform when the values 
of a unit, in each of the different orders, 
from tho first upward, form a geometrical pro
gression. All other scales are varying scales. 

1. Uniform Scales. It is plain that in 
every uniform scale, the number of orders, 
upwards, is infinite ; and if we place a point 
to indicate ths 0 order, there will also be an 
infinite number of orders estimated down
wards, in which the values of a Unit of the 
different orders downwards, counting from 
the point, form a decrea.5ing progression, so 
that we may express the entire scale, as 
follows: Ascending, Descending, 

^ W UJ — •S "S ̂  o 

0 0 

I 1 o o o o o o 
-.̂ ^ ^ CO (M , ^ ĉ  CO ̂  
00,..0000..000 0...00 

-£- s 
0 0 

The name of the scale depends upon the 
value of r, the ratio of the progression. If 
the value of r is 2, the scale is called ihe 
binary scale; if it is 3, it is called the ternary 
scale; if it is 4, it is called the quarternary 
scale ; if 5, the quinary scale; if it is 10, it 
is called ihe'decimal scale, or the common scale; 
if it is 12, it is called the duodecimal scale; if 
it is 60, it is called the sexagesimal scale, and 
so on. 

To illustrate the method of writing num
bers according to a uniform scale, we shall 
consider the common or decimal scale. 

According to the principles already indi
cated, the point stands for 0, and a unit of 
tho first ascending order, is simply 1 ; a unit 
of the second ascending order is 10 ; of the 
third order, 100 ; of the fourth order, 1000 ; 
of the fifth, 10000, and sO on, ad infinitum. 
A unit of the first descending order is A ; of 
the second, ̂ i 

TTo ; of the third, ̂ ^^; of the 
fourth, -ĵ -̂j-j-, and so on, ad infinitum 

If we take for example the number five 
hundred and sixty seven thousand three hun
dred and twenty-nine, and seven hundred and 
fourteen thousandths, w e see that it is equiva

lent to five hundred thousands plus six tLi,i of 
thousands plus seven thousands, plus three 
hundreds, plus two tens, plus nine, plus sevcn-
tentlis, plus one-hundredth, plus four-lhou-
sandths : it may therefore be expressed in 
tho scale of tens, thus. 

Ascending, Descending. 

C O O ^ CO(M-H ,-((MCO 
. 5 6 7 3 2 9 . . 7 1 4 
In a .similar manner, any number may be 

written according to the scale of tens. 
The manner of writing a number according 

to any other uniform scale, is entirely simi
lar. Let it he required to write the number 
two hundred and eighty-nine and forty-four 
hundredths in the quinary scale. 

In this scale, as in all others, the value of 
the base, or unit of the first ascending order, 
is 1; of the second order, 5; of the third, 
25 ; of the fourth, 125 ; and so on. 

The number in question, 289.44, contains 
2 units of the fourth order in the quinary 
scale, 2 X (125) = 250, and a remainder 
39.44 ; this remainder contains 1 unit of the 
third order, 1 X (25), and a remainder, 
14.44 ; this remainder contains 2 units, the 
second 2 X 5 = 10, and a remainder 4.44, 
which contains 4 units of the first order, 
4 X 1 , and a remainder, .44 ; this remainder 
contains 2 fractional units, 2 X (1) = .4, and 
a remainder 4 hundredths, which contains the 
fractional unit of the second order -^ = .04, 
1 time. Hence, the number in question may 
he written, 
2 X (125) + 1 X (2.5) + 2 X (5) + 4 X (1) 

+ 2X(-I) + 1 X ( ^ ) ; 
hence, it may be written in the quinary scale 
as follows : 

Ascending. 
-•, 

Descending. 

or
de
r,
 

or
de
r.
 

or
de
r.
 

or
de
r.
 

or
de
r.
 '
' 

or
de
r.
 

^ -a tj -a 
• . -̂  1̂3 W ,-H 

/̂  

2 1 2 4 . 2 1 
In general, a number may be written cither 

exactly or approximately in any given uni
form scale. 

Having any integral number written in tho 
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i-i%',';.'.');>u sr,;,';', to write it in any other uni
form sc.ie, we have the foUowing 

KcLK.—Divide the number by the ratio of 
tie new seeds; the remainder will be the num-
ier of ii.'t.f.v of the first order; divide this 
quotient by the ratio. a::d the remainder will he 
the nuinicr of units of the second order; divide 
the new quotient by the ratio, and tlie remainder 
wiil be t'le number of units of the third order, 
and so on; continue the operation till a quotient 
isfouiui less th-.v- the ratio, and this will he ihe 
nmnbcrcr'units ot'his'hest order in the new scale. 

1. Express tlie number 7S13 in the quinary 
scale. 

5 i 7S-Io 
313 

li-: 

remainder. 

;3:33. hence, the expression i 
In the duodecimal system twelve characters 

are necessary to express all numbers ; and, 
in general, the number of characters neces-
sarv- to express all numbers is. in any system, 
equal to the ratio of the scale according to 
which the system of numbers is written. In 
the duodecimal system, let tt stand for 10. 
and p stand for 11. 

2. Express the number 844371 in that 
system. 12 ! 8-44371 

12 j 70364 
12 j 5Sij3 
12 i 4*S 
12 j 40 

3 
hence, the expression 

3 1st. remainder. 
8 2d. 
7 3d. 
8 4th. 
•4 
is 318783. 

3. Express 17937 in the duodecimal system. 
12 1 179S7 
12 1 1498 
12 1 124 

11 = ^ 1st. remainder. 
10 = ;r 2d. 

10 = 7T 4 = .3d. 
hence, the expression is Tvirvip. 

If a number expressed in the common sys
tem by decimals, according to the descending 
scale, it will be expressed in any other sys
tem also, according to the descending scale. 
To find the expression : 

Multiply tlie given decimal by the ratio, and 
point off in the prod,uct according to the rule 
for multiphcation of decimals: the number on 

4 

the left of the decimal point will express the 
number of units of Ihe first order. 

Muitiĵ li/ the decinud part of the product as 
before, and continue the upcriilion till a suffi
cient r.iinibcr of orders if Jî iirrs is obtained, 
or until the decimal part becomes 0. 

1. Express .15734 in the quinary system. 
.15734 

0.78670 
5 

3,93350 
5 

4,66750 
5 

3,33850 
. 5 

0 

3 

4 

3 

is the first figure. 

" second '' 

" third " 

" fourth " 

1.69250 1 " fifth, &c. 
hence, the expression is .03431 +. 

2, To express the same number in the duo 
decimal system. 

12 X .15734 
12 X 1.88808 - - 1 is the first figure. 
12 X 10 65696 - - 77 " second " 
12 X 8.08352 - -8 " third " 
12 X 1,00224 - - 1 " fourth " 

^0.02688 • • 0 " fifth, &c. 
hence, the expression is .IttSIO, 
If the given number is expressed in whole 

numbers and decimals, the whole number is 
transformed by tho first rule given, and the 
decimal part by the last, and the two results 
written in the new system. 

.-V number written in any system can be 
reduced to the decimal system by multiplying 
the number of units in each order by the value 
of ffi unit of that order, and taking the sum of 
the products. 

To pass from any system, other than the 
decimal, to a second system, not the decimal 
system, pass first to the decimal system by 
the rule just given, and then by the previous 
rules pass to the required system. The sub
ject of arithmetical scales is chiefly interest
ing, as serving to illustrate the great advan
tage of our adopted system of arithmetical 
notation, 

2. Varying Scales. These are compara
tively few in number, and correspond for the 
most part to the subdivision- ""Of currency, 
weights, and measures. They are only em
ployed for writing concrete numbers, and often 
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requhe the aid of the common scale for their 
complete expression. 

For example, the units of the different 
orders in liquid measure, are: 1 gill, 1 pint. 
1 quart, 1 gallon, 1 barrel, 1 hogshead, 1 pipe, 
and 1 tun. Here the whole number of orders 
in the scale is eight ; a unit of the second 
order is equal to 4 units of the first; one of 
the third to two of the second; one of the 
fourth to four of the third ; one of the fifth 
to thirty-one and a half of the fourth ; one of 
the sixth to two of the fifth; one of the 
seventh to lYio of the sixth ; and one of the 
eighth to two of the seventh. The law of 
the scale is expressed by writing these ratios 
in their order, beginning with, at the right 
hand. Thus, the law of the varying scale 
for liquid measure, is 

2.2.2. 31^.4.2.4. 
The absolute value of a unit of any order 

is equal to the continued product of all the 
ratios, from the first to that order inclusive. 
In dry measure, the units are : pint, quart 
peck, bushel, and chaldron, and the scale, 

36.4.8.2. 
In measures of time, the units are : 1 se-

3ond, 1 minute, 1 hour, 1 day, 1 week, 1 
month, 1 year, and 1 century, and the scale 
is 

100 . 13 . 4 . 7 . 24 . 60 . 60. 
In circular measure, the units are ; 1 second, 

I minute, 1 degree, 1 sign, and 1 circle, and 
the scale, 

1230.30. 60.00. 
W h e n the law of the scale is known, any 

number may be wi'itten in it according to the 
rules already given, but to avoid confusion 
m using varying scales, the particular name 
of the order is written over it, as foi: example 
in avoirdupois weight, 

T, cwt, qr, lb, oz, dr, 
5 16 3 19 12 13 

Arithmetical Triangle. A name given to 
a table of numbers aiTanged in a triano-ular 
manner, and formerly employed in arithmeti
cal computation. It is equivalent to a multi 
nlioation table. 

A-RITH-ME-Ti"ClAN. One versed in 
arithmetic; one skillful in numbers. 

aR'PENT. The old French name for acre 
See Acre, 

A R - R a N G E ' M E N T S . [F. arranger, ad, to. 

and ranger, to set in order]. Are the differ
ent ways in which m letters can be written 
when taken in sets of n, n being less than m. 
If Y denote the whole number of arrange
ments, we have the formula, 
Y = m ( m — 1) (m — 2). . . . (?7i — re + 1;. 

If, in this formula, we suppose m = tz, and 
denote the corresponding value of Y by X, 
wo shall have 

X = m{m~ 1) 2,1, 
or X=1.2.3.4 [m— l)m, 
which is the formula for the number of per
mutations of ?n quantities. The formulas for 
the number of arrangements and permuta
tions of m letters is used in demonstrating 
the binomial theorem; they are also exten
sively employed in the investigation of natural 
science, music, and more particularly in the 
theory of probabilities. 
AR-RkARS. [F. arriere, behind]. An an

nuity is said to be in arrears when one or 
more payments are due. See Annuity. 

aRT. [L. ars, art]. Skill in the applica
tion of the rules and principles of scienccso 
as to meet the practical demands of life. The 
entire range of subjects classed under the 
head of mathematics may be separated into 
two parts; 1st. The science which investi
gates principles and deduces general rules. 
2d, The art which explains the method ;pf 
applying these rules and principles to eveiy 
particular case that may arise to which they 
are applicable. 

AS-CEND'ING SERIES. [L. asccndo. to 
ascend]. A series in which each term is 
greater than the preceding one. 

Ascending Scale of numbers is that in 
which the ratio is greater than one. 

AS-SiGN'A-BLE. [L. ad, to, and sj'̂ io,to 
allot, to mark out]. That may be allotted or 
pointed out; that may be specified. An 
assignable magnitude is any finite magnitude 
that can be expressed or denoted. A n assign
able ratio—a ratio that can be exactly ex
pressed or denoted. 

AS-SuME'. [L.ad, to, and sumo, to take]. 
To take, to take for granted ; thus, axioms 
and postulates are assumed for granted. In 
making any demonstration, we assume the 
truth of all axioms, postulates, and previous 
propositions. 
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.-VS-SCR'.VXCE. [F. assurer, to assure], 
A. contract for the payment of a certain sum, 
on the occasion of an event, usually death. 
The tertu is nearly synonymous with Insur
ance, but modern usage applies the term 
assurance to life contingencies, whilst insur
ance applies to all other contingencies, such 
as loss by fire, water. &c. 

Assurances on lives are contracts for the 
payment of a certain sum of money on the 
death of one or more persons, in considera
tion of a certain immediate payment, or more 
often of an annual payment, to be continued 
during the existence of the life or lives 
assured AltiiouLrh any individutd life is 
exceedingly precarious, yet nothing; is more 
certainl}' established than the great unifonuitv 
in the average duration of human life, \olu-
minous tables of the lengths of individual 
lives have been accumulated, and from these 
the most accurate calculations of the average 
duration of life, after any given age, have 
been made; upon these data, and upon the 
rate of interest of nioncy, the established 
rates of payment or premium are based. 

There is a great analogy between the 
method of computing the value of life .\ŝ ,u-
rances and Annuities, the principles being 
nearly the same in both. In both, a table of 
mortality is selected, from which w e deduce 
the probability of a given life surviving 1, 2, 
3, &.C., years, and in both, a rate of interest 
of money is assumed. In computing life 
assurances, the foUowing is the process. 

Let us denote the probabilities that a per
son of any given age will live 

1, 2, 3, 4, 5, &c. years, 
by e, k", !:•'•, k"", /;•, &c., 
determined as described under the article An
nuity. Let r denote the assumed rate of 
interest, and make, for simplicity, —-—— = v, 
and suppose that the sum assured is to be j 
paid at the end of the year in which t'ne life | 
expires. 

V»"e shall first consider the case in which 
the payment for assurance is immediate. The' 
present value of 81, payable at the end ofi 

1 

probability that it will not sur\ive the year is 
(1 — k') ; tlierclbre the present value of Si, 
payable on the contingency of death, within 
the year, is v (1 — k'). The present value of 
SI, payable at the end of two j ears, is 
•; the probability that the life 
i ^ l 
will continue one year being k' and that it will 
continue two years being A'", the probability 
that it will expire during the second year is 
(A' — k"); hence the present value of the 
assurance for the second year is (A' — k")v'-'; 
and m like manner, tho |ircscnt value of the 
assurance for the third, fourth, &e, years, is 
(A" - k"')B\ (A"" - k " y . &c. And since 
the present value of the entire assurance is 
equal to the sum of all its values for the dif
ferent years, if w e denote tho present value 
by P, w e shall have 
P = (l -A-)!) + (A' - k")v'- + (A" - k"')o--

+ (A"" - k"'y + &c,, or 
P = »(1 + A' 1) + A" V- + A'" v^ + A"" V* 

+ & c ) - (A' V + A" 7!" + A'" v^ + A'"' c* 
+ &c). 

But it has been snown in the article Annuitu 
that the series 

k'v + A" 77= + k"'v' + A""7)*, & c , 
is tho present value of SI for the life undei 
consideration ; denoting this by p, w o have 

or sub.-̂ t 

P = 'p(l +;>) - 7 7 ; 

luting -• for v, 

'--i+.d+i') V 

or finally. 

P = I (l-rp) (1). 

one year is - or r, but it will not be paid 

if the life survives the year. The probability 
of the life surviving the year is A', hence the 

1+r^ 

The second member shows the amount 
which must be paid down to secure the pay
ment of 81 at tho end of the life considered. 

It is, however, more common to require an 
annual payment, or premium, the first to be 
made immediately, and others at the end of 
each successive year. Let the annual pre
mium be denoted by /'"' ; then the payments 
after the first will constitute an annuity, and 
is consequently equal to P' X p. Hence, the 
present value of all the premiums is 1" + P' 
X p, or P' (1 + p), and this is equal to the 

file:///olu
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P' = ; 

amirant to lie paid, immediately, as deduced 
above: hence, 

7='{i+y) = 5-qr^(i - rrf = "(1+/').-;'; 

whence, 
P ^ 1 . P . 
1+y 1+r l+p' 

from which the value of the annual premium 
can be readily computed, when w e have an 
annuity table. The value of P' is the amount 
tha:t a person ought to pay annually to have 
iSl a.ssured to his heirs on his decease. 

Temporary Assurances are contracts for 
the payment of a certain sum on the contin
gency of death happening within a certain 
number of years. 

The value of the annual premium may be 
easily found from the preceding principles. 
To explain the method of procedure, let us 
consider the case of a person aged 30 years, 
and let it be required to find the immediate 
payment that must be made in order that $1 
may be received if the individual die within 
seven years. Let Q be the present value of 
$1, to be paid on the death of a person aged 
30, and Q' the present value of $1 to be paid 
ou the death of a person aged 37. Seven 
years hence the present value of an assurance 
of IS 1 on the life of the person now aged 30, 
will be Q', The present value of $1, paya
ble certainly at the end of seven years, is 
v''. And the probability that the person 
will not die in seven years, is A'"; hence, 
the present contingent value of Q' is 

7)' A"i Q' • 
subtracting this from Q, and w e Have 

P = Q-V-' A'" Q', 
in which P denotes the immediate payment 
to secure tho assurance of $1 for seven years. 
The amount may be obtained by the follow
ing rule : 
.Multiply the assurance on a life seven years 

older than the given life by the present value of 
SI, payable seven years hence, and by the pro
bability that the given life will survive seven 
years ; subtract the product from the assurance 
on the given life and the remainder will be the 
immediate payment, necessary to secure an 
assurance of fjfl, or the given life for seven 
years. 

To determine the annual premium that 
must be paid for an assurance on the same 

life for seven years. The first payment must 
be made immediately, consequently all the 
payments after the first are equivalent to a 
temporary annuity for six years. Designa
ting the present value of such an annuity by 
A', and one of the required annual payments 
by I"' ; the present value of all the pay
ments is P " + P " A', which must be equal 
to the expression for the immediate payment 
just deduced; hence, 

P" {l+A')=Q- 77' A™ <?', 
or, 

pn^Q^ZfU':iR 
l-̂ A'. ' 

In like manner, the value of an assurance 
on any number of joint lives may be deter
mined. It is only necessary to replace A in 
the above formulas, by the value of an annu
ity on the joint lives. Thus, let M designate 
the value of an annuity to continue during 
the joint lives of A and B, then 

17 (1 + ilf) - M 
is the value of an assurance to be paid at the 
end of the year in which the first one dies, 
and the corresponding annual premium is 

M 
" - r + i t f " 

AS'TRO-LaBE. [Gr. aarrip, a star, and 
Xafieiv, to take]. A n instrtmient fonnoily 
used for taking observations on the altitude 
of the sun and stars at sea. Also the stereo-
graphic projection of the circles of the sphiae 
on the plane of the equator or of a meridian. 
A - S Y M ' M E - T R Y . [Gr. u, priv., and 

cwpperpia, symmetry]. The want of symme
try of a magnitude. The term has some
times been used as s3-non}-mous with incom
mensurability. 

A S ' Y M P - T O T E . [Gr. a, priv., and cvi; 
with, and •nrou, to fall, not meeting, or coin
ciding]. A line which continually approaches 
a curve fine, and becomes tangent to it at an 
infinite distance. Asymptotes are of two 
kinds, rectilinear and curvilinear. 

1. Re(;tilinear Asymptotes. The equa
tion of a tangent to any plane curve referred 
to any rectangular axis, is 
y~y" = ^(''-^")-mi 
in which x" and y" denote the co-ordmates 
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dy" 
of the poiut of contact, and -,''-, denotes 

dx" 
what the general expression for the differen
tial eo-etficient of the ordinate of aiij' point 
of the curve becomes, when for x and y 
we substitute x",y" If in this equation wo 
make y = 0, and deduce the corresponding 

7 

value of X, it will represent the distance A T 
from the origin to the point in which the tan
gent cuts the axis of X ; in like manner 
making x = 0, and deducing the correspond
ing value of y ; this will represent the dis
tance A D . 

Making these substitutions, we deduce 

A T = x-
. <ix" dy" 

•y T-r, and-4D = y"-r"+V,. 
^ dy^' ^ dx" 

If we have a curve given, we can find the 
expressions for.,-! Tand + D, by differentiating 
its equation, finding the differential co-efii-
cient of the ordinate and its reciprocal, sub
stituting in these xf' and y", for x and y, and 
then substituting the results in the formulas 
for A T and .4 D, Then, to ascertain 
whether the curve has any rectilineal asymp
totes, we have simply, in these expressions, 
to give to xf' and y" such values as will place 
the point of contact at an infinite distance ; 
if the values of A T and A D are not both 
infinite, there will be at least one asymptote, 
and the nvimber of asymptotes will be denoted 
by the number of pairs of real values found 
for ̂  T and .̂  D, 
If the values of both A T and A D become 

finite, they may be laid off on the axes, and 
a straight line drawn through the points 
R and H. thus determined, will be the asymp
tote required. If one is finite and the other 
infinite, there will be an a.symptote parallel to 
the axis on which the distance cut off is infi
nite, and it may be constructed by laying off 
the fiiiitc distance determined on the proper 
axis, and through its extremity drawing a 
straight line parallel to the other axis. If one 
of the distances is 0, and the other indeter

minate, the asymptote will coincide with ono 
of the axes. If both A T and A D tire 0, tho 
asymptote will pass through tho origin ; to 
determino its direction, fiud the value of 
dy" 
j ^ , when the point of contact, {x", y"), is 
at an infinite distance. This will be the tan
gent of the angle which the asymptote makes 
with tho axis of X ; tho asymptote may 
therefore be constructed. 
Amongst the conic sections, the hyperbola 

is the only one which has asymptotes." It 
has two, both of which pass through tho 
centre, and coincide with the diagonals of a 
parallelogram described upon any pair of con
jugate diameters. 

In general, the equation of every curve 
which admits of a rectilineal asymptote, wiU, 
when referred to rectangular axes, and solved 
with reference to y, be a particular case of the 
general form, 

-a -0 -y 
y = ax-i-b + cx -\-dx + ex + &c. 
or else, when solved with respect to x, it wil 
be of the form 
i = ffi'7/ + i' +c'x -hd'x + &c. 
The equation of the asymptote in tho firs/ 
case is y = ai + i, and in tho second case 
it is X = ffi'y + b', as may be easily shown. 
When the curve is referred to a S3'stem ol 

polar co-ordinates, the conditions which indi
cate an asymptote are, that the subtangent 
should be finite when the radius-vector be
comes infinite. 

The formula for the subtangent, in the polar system, is S = r'-j—, in which S the sub

tangent, r and i7 being the polar co-ordinates 
of the point of contact. 
To apply this in any particular case, difi'er-

entiate the polar equation of the curve, and 
find from the differential equation and the 

dv 
given equation, the value of -,- in terms of r, 
and substitute this value in the formula. 
Then, make r ̂  co ; if the resulting value of 
S is finite, there will be a rectilinear asymp
tote to the curve ; if not, there will be none. 

2. Curvilinear As\'.mptotes. In order 
that one curve line may continually approach 
another, and become tangent to it at an infi-
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r.ite distance, il is necessary that the general 
expression for the difference between the 
corresponding ordinates of points of the 
cujves should be of the form 

-,/ - 8 ' -y' 
y — y ' = k x + A' I -\- k" X + ice. 

Or else that the general expression for the 
difference of the corresponding abscissas of 
tho curves should be of the form 
x — x=my -\-m y +m y +&o. 

It is clear, that in the first instance, the dis
tance between the two curves continually di
minishes as X is increased, and that this dif
ference becomes 0 when i = co. In the 
second case, the distance between the curves 
diminishes as the value of y increases, and 
becomes 0 when 7/ = co. This could not 
happen if the difference between y and y' 
contained any term in which the exponent of 
X was positive ; or if the difference between 
X and x' contained any term in which the 
exponent of y was positive. 

Every curve, therefore, whose equation 
whdn referred to rectangular axes, and solved 
with reference to y, is a particular case of 
the form 

a 0 -a' -Ii' 
y ^= ax -\-bx + • • + kn -\-k n + & c , 
admits of an infinite number of curvilinear 
iisymptotes. The equation of the asymptotes, 
when solved with respect to y, must be of the 
same form as the equation of the curve up to 
the first term containing x, with a negative 
exponent. If the equation of a curve be 
solved with respect to x,' it is of the form 

, a" , 0" 
X = a y -\-b y + . . . . 

—a'" -flî  
+ .S"a; -{-S'x + 

It will also admit of an infinite number of 
curvilinear asymptotes whose equations, when 
solved with respect to x, will be of the same 
form as the given equation up to the first 
term containing y, with a negative exponent. 
This case evidently includes afi the eases 
which admit of rectilinear asymptotes. 

8. Circular Asymptotes. It may happen, 
in the case of a spiral, referred to a system 
of polar co-ordinates, that the value of r is 
greater than a ,(br every finite value of v, and 
that it becomes equal to a when » = co ; in 
this case, the circle described with a radius 

equal to ffi, from the eye of the spiral as a 
•centre, lies entirely within the .spiral, and is 
said to be an asymptote to it, or the spiral is 
said to be an asymptote to the circle: thus, 
in the spiral v,'hose equation is 

1 
r'— ar = -r 

v' 
for every finite value oft), r is greater than a 
but for 17 = CO, r = a. 

If, however, the equation of the spiral is 
of the form 

1 
a 7 — r° = -5-' 

v' 
then, for every finite value of*, r will be less 
than ffi, and the curve will Ue entirely within 
the circle, in which case, the enveloping circle 
is called an asymptote to the spiral. 

AS-YMP-TOT'IC-AL. Partaking of the 
nature of an asymptote. T w o surfaces are 
said to be asymptotical with respect to each 
other, when they continually approach each 
other, and become tangent to each other at 
an infinite distance. A n idea of this relation 
may be conceived by the consideration of a 
single case. If w e suppose the hyperbola, 
with its two asymptotes, to be revolved about 
either axis, the hyperbola will generate an 
hyporboloid of one nappe, if w e revolve 
about the conjugate axis, and of two nappes 
if w e revolve about the transverse axis ; the 
asymptotes will generate the surface of a 
cone which will be asymptotical with respect 
to the surface. If any plane be passed 
through the axis of revolution, the elements 
cut from the cone will be asymptotes to the 
hyperbolas cut from the h}'perboloid. In fine, 
if any plane cuts an hyperbola from the conic 
surface, it will cut a second one from the 
other surface which will he an asymptote to it. 

A U G - M E N T - a ' T I O N . [L. augmento, from 
augco, to increase]. The operation of adding 
or joining one thiijg to another, so that the 
result shall be greater than the original thing. 
In mathematics, augmentation is nearly equiv
alent to arithmetical addition. 

AUX-IL'IA-RY q u a n t i t y . [L. auxil-
iaris, from auxilior, to aid], A quantity m-
troduced for the purpose of simplifying some 
mathematical operation. The practice of em
ploying auxiliary quantities in solving groups 
of equations, is often of great utility. It is 
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.\;!.o advantageous to employ auxiliary quan-
'tttes m the practical .i}tp!ications of trigo-
motrical I'oriuulas. 

-V^"KK-AGE. .V term of commerce and 
navigation, signil'ying a damage or loss in
curred by any part of a ship or caro-o, for the 
preservation of the rest, as when the goods 
of a particular merchant arc thrown over
board in a storm to save the ship from sink
ing, or when masts, cables, anchors, or 
other parts of the ship are cut awaj' or des
troyed, lor the preservation of the whole. 
In these, and iike cases, when anj- sacrifices 
are deliberately made, or anv expenses vol
untarily incurred, to prevent total loss, such 
saeritice or expense becomes justly chargeable 
upon all the parties concerned, and should 
be rateably borne by the owners of the ship 
and cargo. 

Average is either general or particular. 
General, when it is chargeable upon all the 
interests, viz.. the ship, the freight and the 
cargo ; and particular, when chargeable only 
upon some of them. ^̂ "llen losses occur 
from ordinary wear and tear, or from perils 
incident to the voyage, without being volun-
taiily incurred, or when any particular sacri
fice is made f"or the sake of the ship only, or 
tlie cargo only, these losses must be borne by 
the parties immediately interested. There 
are also some small charges called petty, or 
accustomed averages, one-third of which is 
uGually charged to the ship, and two-thirds 
to the cargo. 

X o general average ever takes place, unless 
it can bo shown that the danger was immi
nent, and that the sacrifice was made indis
pensable, or supposed to be so by the captahi 
and officers of the ship. 

The term average, more particularly de
notes the quota or proportion which each 
merchant or proprietor is adjudged, upon 
reasonable estimation, to contribute towards 
the common loss. In different countries, dif
ferent modes are adopted for valuing the 
articles which are to constitute a. general 
average. 

In general, however, the value of the 
freight is held to be the clear sum which the 
ship has earned, after seamen's wages, pilot
age, and all petty charges are deducted, one-
third, and in some cases, one-half being de
ducted for the wages of the crow. The goods 

lost, as well as those saved, are valued at the 
price they would have "brought in ready 
money, at the place of delivery ou the ship's 
arriving there, freight duties and other charges 
being deducted ; indeed, they bear their pro
portions as well as the goods saved. The 
ship is valued at the price she would bring 
on her arrival at tho port of delivery. But 
when the loss of masts, cables, and other 
furniture of tho ship are compensated by a 
general average, it is usual, as the new arti
cles arc of greater value than the old, to 
deduct one-tlurd, leaving two-thirds only to 
be charged to the amout to be contributed. 

The average value of any number of quan
tities, is equal to their sum divided by their 
number. 

AV-OIR-DU-POIS'. [Fr. avoir du pais, to 
have weight]. Tho name given to the system 
of weights, by which coarser commodities 
are weighed, such as hay, grain, wool, and 
all the coarser metals. In this system, the 
terms gross and net are used. Gross is the 
weight of the goods, including boxes, b-gs 
or casks in which they are contained : net 
is the weight of the goods only. .V hundred
weight was formerly 112 pounds, but is now 
reckoned at 100 pounds. 

Tho standard avoirdupois pound of the 
United .States is equivalent to the weight of 
27,7015 cubic inches of distilled water at 62° 
Fah., the barometer being at 30 inches, and 
the water weighed with brass weights in the 
air. The following is the scale of the system 
of weights, viz : 

20, 4. 25. 16. 10. 
That is, 16 drams make 1 ounce, 16 ounces 
1 pound, 25 pounds 1 quarter, 4 quarters 1 
hundred-weight, and 20 hundred-weight 1 
ton. A pound avoirdupois contains 7000 
grains, whilst a, pound Troy contains but 
5760, hence, one pound avoirdupois is equiv
alent to l^-^ pounds Troy. 

AX'IOM. [Gr. a^Lupa, authority]. A self-
evident theorem or truth. The expression 
of an axiom is a self-evident proposition. In 
order that a truth may be ranked as an axiom. 
it mu,st not only be self-evident, but it must 
be a necessary truth, not limited to time or 
place, but universally true at all times, and 
at all places. Of such a character is the 
axiom that " a whole is greater than any o? 
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of mathematics are 

[A X I 

its parts." The axioms 
very few in number, and have been uni
versally admitted as truths in all ages. Upon 
the axioms, and the definitions agreed upon, 
the whole science is based; from these two 
sources, every general rule or principle of 
mathematics is deduced by the strict applica
tion of the rules of logic. It is for this 
reason that the truths of mathematics have 
stood the test of ages. Carrying with them 
the most convincing evidence, they have re
ceived the assent of every one who has taken 
he trouble to examine the reasoning on which 
hey are established. 
Some of the most useful of the axioms em-

oloycd in mathematical reasoning are these : 
1. A whole is greater than any of its parts. 
2. A whole is equal to the sum of all its 

oarts. 
3. Things which are equal to equal things 

are equal to each other. 
4, Things which are like parts of equal 

things are equal to each other. 
5. If equals be multiplied or divided by 

the same quantity, the products or quotients 
will be equal. 

6. If equals be added to equals the sums 
will be equal. 

7, If equals be subtracted from equals the 
remainders will be equal. 

8. The like powers of equals are equal. 
A n axiom differs from a postulate in the 

same manner that a theorem differs fi-om a 
problem, an axiom being a self-evident theo
rem, that is, one which only needs to be 
stated to secure the immediate assent of every 
mind; v/hile a postulate is a self-evident 
probhm, that is, a problem whose solution is 
so obvious as to he at once admitted. 

AX-I-O-MATTC. Pertaining to an axiom. 
AX-LO-MAT'IC-AL-LY. By the use of 

axioms, by means of axioms. 
A X T S . [L. axis, axletree; Gr, a^uv, an 

axle], A straight line with respect to which 
the different parts of a magnitude are sym
metrically arranged. This appears to be tho 
true meaning of the term axis, but it is often 
employed in a difl'erent sense. W e shall 
point out some of the leading uses to which 
the term has been applied. 

Axis of Symmetry. In elementary geome
try the axis of symmetry of any figure, is 

a straight line which bisects a system of 
parallel lines tenninating in the boundary of 
the figure, and the figure is said to be sym
metrical with respect to this axis. In a regu-
ular polygon, every straight line which bisects 
a side and is perpendicular to it, is an axis 
of symmetry. Every straight line which bi
sects an angle of the polygon, is also an 
axis of symmetry. Hence, every regular 
polygon has an axis of symmetry correspond
ing to each side and each angle. 

These principles hold when the number of 
sides of a polygon becomes infinite ; hence, 
every diameter of a circle is an axis of sym
metry. 

Axis of a Pyramid or Cone is a straight 
line joining the vertex and the centre of 
the base. 

Axis OF A Prism or Cylindep. is a straight 
line joining the centres of its parallel bases. 

Axis of Revolution, in descriptive geo
metry, is a straight line about which some 
line or plane is revolved ; that is, moved in 
such a manner that all the points of the mov 
ing line or plane shall describe the circum 
ferences of circles, whose centres are on the 
fixed line, and whose planes are perpendicular 
to it. 

In spherical projections, the axis of a sphere 
is the straight line about which it revolves. 

Ill surveying, the axis of an instrument, or 
part of an instrument, is the straight line 
which remains fixed, whilst the whole or a 
part of the instrument is revolved. Thus, in 
the theodolite, ihe axis of the instrument is the 
line which remains fixed, whilst the whole in
strument is revolved upon its support; the 
axis of the vertical Ihub is the line which re
mains fixed, when the vertical limb alone is 
revolved ; and the axis of the telescope is the 
line which remains fixed, when the telescope 
is revolved in tho Y's, 

In analytical geometry, the axis of a curve 
is a straight line which bisects a system of 
parallel chords of the curve, which are per
pendicular to it. This corresponds to the 
axis of symmetry of polygons. The par.abola 
has but one axis, the ellipse and hyperbola 
have each two axes, the circle has an infinite 
number of axes. 

Axes of Co-ordinates in ,i Plane, are 
straight lines intersecting each other, to which 
points are referred for the purpose of deiur-
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Dining their relative position. They may be 
rectangular or oblique. 

AxKs OF Co-OKDixATr:s IN SpACE, are the 
straight lines in which the co-ordinate planes 
intersect each other. The co-ordinates of 
points arc measured on lines parallel to their 
axes. 

W h e n a circle is spoken of with reference 
to the sphere on which it Ucs, its axis is that 
diameter of the sphere which is perpendicu
lar to its plane : thus w e speak of the axis of 
the equator, the axis of the ecliptic, &c, 

AZ'I-Ml"TH A N G L E . In surveying, the 
angle included between the meridian and a 
vertical plane, at a point. The azimuth of a 
line lying in a vertical plane, at any point, is 
the angle between that plane and the meri
dian plane passing through the point. If the 
line does not lie in a meridian plane, its azi
muth at different points will be different. 

The excess of the azimuth, at one end of 
the line, over that at the other, is called the 
converctcnce of the meridians. 

In geodesic operations, the azimuths of the 
principal fines of the survey form very im
portant elements, and are determined with 
great accuracy, usually by the aid of astrono
mical observations. 

AA'hen several lines meet at a station, as is 
usually the case, the azimuth of some fixed 
line is determined by astronomical observa
tion, and then the azimuths of each of the 
lines will be ascertained by measuring the 
angles between them and the fixed line. It 
is customary to estimate the azimuth of a line 
from the south point of the horizon around 
by the west from 0° to 360°. If w e adopt 
this convention, the convergence of the meri
dians corresponding to two given stations, 
will be the azimuth of the eastern station, as 
seen from the western diminished by 180° 
plus the azimuth of the western, as seen from 
the eastern station. 

To determine the azimuth of a line hy ob
servation upon a star, an altitude and azi
muth instrument, or a large theodolite may 
be used. The instrument is properly leveled 
over the point at which the observation is to 
be made, and the middle vertical wire is 
Drought to coincide with the star and the si
dereal time of the observation noted. After 
the reading of the horizontal limb has been 
taken, the telescope is turned upon a distant 

signal, lighted by a lamp, and the reading of 
the horizontal limb again taken. 

This operation ought to be repeated a great 
number of times. Each observation made 
afibrds us the means of determining the azi
muth of the fine joining the station and the 
signal lighted by tho lamp, and by taking a 
mean of a great number of results, the true 
azimuth of J.he Imc can be found with suffi
cient accuracy. Tho difTerence of the read
ings on the horizontal limb, gives the differ
ence of azimuth between the signal and the 
star at the moment of observation. The azi
muth of the star, at the instant of observa
tion, may be computed by means of these 
fonnuias : 

eos\{p — I') 
tan ̂  (cr + s) = cot |A 

tan i (-

^ = 180°-

• s) = cot ih -̂̂  

cos -i (/) + I') 
n 

mi{p + r) 
= 180° 

+i{z~s)]. 

In which A is the azimuth 
of the star estimated from the 
south point of the horizon, A 
the hour angle, Z' the comple
ment of the latitude of the 
place, and p the star's north 
polar distance. A is positive 
when the star is on the west 
of the meridian, and negative ^ 
when on the east. Great care should be 
taken to give the elements, in these formulas, 
their proper signs. It should bo observed 
that if the star is below the pole, the hour 
angle is greater than 90°. 

It is generally found most convenient to use 
the polo star (a polaris) in determining the 
azimuth of a line, because, if the observations 
are made about the time of its greatest east-
e m or western elongation, there is less liabil
ity to error, and the formulas for determining 
the azimuth admit of a smiplification, which 
renders the computation more easy. 

Having determined the azimuth of one 
fixed line through tho station, the azimuths 
of all other lines can be determined by sim
ply measuring the angles included between 
them and the fixed lines, and adding them to 
or subtracting them from the known azimuth, 
according as their azimuths are greater ol 
less than that of -the frsed line. 
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If we know the latitudes and longitudes of 
two stations on the surface of the earth, the 
azimuth of the second, as seen from the first, 
may be computed by the following formulas : 

0 e\L-L')eos'i{L + L') 
" 2 " 2 

l = L-~ x"={M'-M) cos I' 

l'= i'+l y"={l-l')-\sml"x"nanl 

x" 
COB A = -Ty 

y 
In which L and M represent the latitude 

and longitude of the first station; L' and M ' 
of the second station; £ the eccentricity of 
the meridian [b' = 0,00667435), and A the 
azimuth reckoned from the south point of the 
horizon. 

Particular attention must be paid to the 
sign of L — L', for upon this depends the 
sic-n of TT, and also to that of [l — V), in the 
value of y'', so as to know whether the small 
quantity, (— -Jsin V'x"' tan V) is to be added 
to, or to be subtracted from if — l'\ 

W h e n the latitudes of the stations are 
known, and the distance between them is 
also known, the azimuth may be computed 
by means of the following formulas 

fi_ _e\L-L')cos^\{L + L') 
2 ~ 2 
1--

l'=L'+ \ 

sin I' 
sin I = cos I" 

cos ..4 = 2 ttm I sin -| (u + I") sin -J (a — I") 
sinjt 

In which X/, L', and A, are the same as in 
the previous formulas, and u denotes the dis
tance between the stations in seconds of arc. 
If the distance between the stations is in 
yards, it may be converted into seconds of 
arc by means of the following formulas. 

N - [l - e'sin'i(L + L')\^ 
K 

"• "iVsinl" 
In which K denotes the distance in yards, N 
the normal at the middle latitude, a the equa

torial radius, and e the eccentricity of the 
meridian ; X, L are the same as in the pre 
vious formulas. 

In ordinary surveying, the azimuth of some 
fixed line is determined for the purpose of 
finding the variation of the needle. Having 
the azimuth of a fixed line, the variation of 
the needle can be determined by taking the 
bearing of the line. If the azunuth is esti
mated from the north point of the horizon, 
as it usually is in plane surveying, the differ 
ence between the bearing and azimuth is the 
variation of the needle. 

Magnetic Azimuth. The magnetic azi
muth of a fine is the angle included between 
the meridian and a vertical plane through the 
line. W h e n the magnetic azunuth of aline 
is known, together with the variation of the 
needle, the true azimuth may at once be de
termined. 

Azimuth Co.mpass, is a small compass, em
ployed for determining magnetic azimuths of 
a heavenly body, for the purpose of deter
mining the variation of the needle. It is 
used in surveying, and in making recon
naissances. 

Azimuth Dial—a dial whose style or gno
mon is perpendicular to the plane of the 
horizon, 
B. The second letter of the alphabet. It 
was used by the Hebrews and Greeks as a 
numeral, and denoted 2, The ancient Ro
mans also employed it to denote 300 : with a 
dash over it, thus, b, it denoted 300,000. 

B A C K ' S I G H T . {Back and sight]. In level
ing, the first reading of the leveling staff 
taken from any position of the level. A U the 
other readings are called fore-sights. The 
back sight at any station, diminished by the 
fore-sight at the last station, the leveHng-
st3,ff being in the same position, is equal to 
the difference of level between the axis of 
the instrument at the two stations. If the 
back-sight is greater than the corresponding 
fore-sight at tho hist station, the axis of the 
level at the new station is higher than at the 
primitive one ; if it is less, it is lower, and 
the result is shown by the negative sign with 
which the difference of level is efi'ected. 

B A C K ' S T a F F . [Back and staff]. A n m-
stnimcnt formerly used for measuring the 
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altitude of the heavenly bodies, but since su-1 
persoded by ihe quadrant and sextant. It is ' 
named from the fact that the observer stood 
with his b.uk to the object whose altitude 
was to be measured, i 

B A C - U - L O M E - T R Y , [L. biicuhis. a staff, 
and Gr. usrpov, measure]. The operation of 
measuring distances or altitudes by means of 
a statf or staves. 

B A L ' A X C E O F T R A D E . In mercantile 
language generally expresses the difference 
between the amount of exports from, and the 
imports to a country. It is said to be favor
able vihen the amount of exports exceeds that 
of the imports, and unfavorable when the 
amount of unports exceeds that of the ex
ports. 

B A L ' A X C E S H E E T . .A formal statement 
of the afl'airs of a business house. 

B A I / A X C I X G T H E W O R K . In survey
ing, is the operation of distributing the errors 
of eastings, westings, northings, and south
ings, so that the sum of the eastings shall be 
equal to the sum of the westings, and tho 
sum of the northings equal to the sum of the 
southings. 

The principle on which the distribution is 
made is, that the amount of error committed 
is proportional to the length of the course. 
The rule for distribution is this : Find the 
sum of the lengths of aU the courses ; find 
also the sum of the northings and the sum 
cf the southings, separately ; subtract the 
latter from the former. Find also the sum 
of the eastings and the sum of the westings, 
separately. Subtract the latter from the for
mer ; the first remainder is the error in lati
tude, the second in departure. Then, as the 
sum of the courses is to any course, so is the 
error in latitude to the correction in latitude 
for that course. Having found the correction 
in latitude for each course, it is to be applied 
to the northing or southing of each course as 
follows : 

If the error in latitude is + , and the course 
makes northing, it is to be subtracted; if 
southing, it is to be added. If the error in 
latitude is —, and the course makes northing, 
it is to be added ; if it makes southing, it is 
to be subtracted. 

The corrections for departure are found and 
applied in a similar manner. 

I!.\X1\. DIS(X)L'XT is the charge made 
by a bank for the payment of money on a 
note before it becomes duo. By the custom 
of banks, this discount is tho interest on the 
amount named in the note, to bo paid in 
advance, from the time the note is discounted 
to the time w hen it falls due, which time al
ways utcludcs the three days of grace. The 
present value of the note is the difference 
between the amount named in the note and 
tho discount. The amount named in the 
note is called the face of it. 

There are two kinds of notes discounted at 
banks; 1st. Xot es given by one individual to 
another, for property actually sold ; these are 
called business notes or business paper, 2d. 
Notes made for the purpose of borrowing 
money, which are called accoinmodaticm notes, 
or accommodation paper. The first kind is 
much preferred by banks, as more hkely tobe 
paid when they fall due, or in mercantile 
phrase, "when they come to maturity.'' 

To find the bank discount on a note, ffirfii 
three days to the time which the note has to 
run before it becomes due. and calculate the 
interest for this time at the given rate per 
cent. 

B A X ' K I X G , Banks are corporations cre
ated by law for the purpose of receiving 
deposits, loaning money, and furnishing a 
paper circulation based upon a basis of specie. 
The operation of conducting the business of 
a bank is called banliing. AN'hen .1 private 
individual is engaged in the business of bank
ing, or any of its principal branches, he is 
called a banker. 

Banks are of various kinds. Some confine 
their business entirely to the care and issue 
of money deposited with them by their cus
tomers, whilst others issue notes or paper 
money of their own. 

Xotes issued by a bank circulate as money, 
beiu" based upon specie contained in the 
vaults of the bank, and the bank being obli
gated to redeem them in specie whenever pre
sented for payment. Such notes are called 
bank notes or bank bills. 

The following account of notes is in a grea' 
measure applicable to the operation of bank-' 
ing. 

A note is a written agreement to pay a 
certain sum of money under certain conditions 
either specified or implied. 
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The note of an individual, or as it is gen
erally termed, a promissory note, or note of 
hand, is a positive agreement in writing to 
pay a given sum at a .sp-acified time, and to a 
person named in the note, or to his order, or 
sometimes to the bearer at large. The fol
lowing are some of the forms of notes; 
(1). Negotiable Note, 
$25,50. "West Point, N. Y., 

Dec. 21st, 1854. 
For value received I promise to pay on de

mand to John Smith or order, twenty-five 
dollars and fifty cents. 

Amos Jones. 
(2). Note Payable to Bearer. 
SS75,39. Cold Spring, N. Y., 

March 4th, 1855, 
For value received I promise to pay, six 

months after date, to Smith Johnson, or 
bearer, eight hundred and seventy-five dol
lars and tlurty-nine cents. 

Peter Pierce. 

(3). Note by two Persons. 
$20,18. Catawissa, Pa., June 3, 1855. 

For value received we jointly and severally 
promise to pay to Richard Survella or order 
on demand, twenty dollars and eighteen 
cents. John Bunding. 

BuNDY AlsTONE. 

(4). Note Payable at a Bank. 
$187. Newbuigh, N. Y,, July 1, 1854. 

Sixty days after date I promise to pay 
Heniy Bundy or order, at the Highland Bank, 
in the village of Newburgh, one hundred and 
eighty-seven dollars, for value received. 

Simeon Simpson. 
The person who signs a note is called the 

drawer or maker of the note: thus, Amos 
Jones is the drawer of Note No. 1. 
The person who has rightful possession of 

a note is called the holder of the note. 
A note is said to be negotiable, when it is 

made payable to A. B., or order, who is called 
the payee (see No. 1), Now, if John Smith, 
to whom this note is made payable, writes his 
name on the back of it, he is said to indorse 
the note, and is called the indorser; when 
the ifote becomes due, the holder must first 1 

demand payment of the maker, Amos Jones, 
and if he declines paying it, the holder ma;-
then require payment of John Smith, the in
dorser. 

If the note is made payable to A- B., oi 
bearer, then the drawer alone is responsible, 
and he must pay to any person who holds 
the note 

The time at which a note is to be paid 
should always be named, but if no time 
is specified, the drawer must pay when re
quired to do so, and the note will draw 
interest after the payment is demanded. 

A^ hen a note, payable at a future day, be
comes due, it will draw interest, though no 
mention is made of interest. 

In each State, there is a rate of interest 
established by law, which is called legal in
terest, and when no rate is specified, the note 
will always draw legal interest. If a rate 
higherthan legal interest be taken, the drawer, 
in most States, is not bound to pay the note. 

If two persons jointly and severally give 
their note (No. 3,), it may be coUected of 
either of them. 

The words, for value received, should be 
expressed in every note. 

W h e n a note is given, payable on a fixed 
day, and in a specific article, as in wheat or 
rye, payment must be ofi'ered at the specified 
time, and if it is not, the holder can demand 
the value in money. 

By mercantile usage, and the custom of 
banks, a note does not really fall due until 
the expiration of three days after the tune 
mentioned on its face : for example, Note 
No. 2 would fall due September 7; the three 
additional days arc called days of grace. 

W h e n the last day of grace falls on Sun
day, or a holiday, as the Fourth of July, 
N e w Year's day, &c , the note must be paid 
on the preceding day, that is, on the second, 
day of gra ce. 
^ BAR'REL. [Fr, baril, a cask], A unit of 
liquid measure, which diflers in value for the 
different articles measured. The English 
beer barrel contains 36 gallons, or 9981.864 
cubic inches. The English wino barrel con
tains 31.J gallons, or 8734.131 cubic inches. 
Barter. [Sp, baratar, to traflic], A rule 
of arithmetic which treats of the exchange 
of one commodity for another. 
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B.\SE. [L, basis; Gr. fiojif]. Of a plane 

figure, a side upon which it is supposed to 
stand. In a triangle, the base lies opposite 
the angular point chosen as the vertex. 

The base of a conic or cylindrical surface, 
is the intersection of the surface by a plane. 
N\ e see that these surfaces may have an 
infinite number of bases. The base of a poly
hedron, is a plane face on which it is sujiposed 
to stand. In the pyramid, the base is oppo
site the verte.x. 

Base of i .System of Numbers, is the 
value of a unit of the first order. In all 
systems of abstract numbers the base is the 
same, being the abstract number 1. In col
lections of denominate numbers, the base is 
1 thing of the kind numbered. 

Base of a Svste.vi of Logarithms, is that 
number, the exponents of whose powers con
stitute the logarithms of the system. In the 
common system the base is 10, and logarithms 
in the common system are the exponents of 
the different powers of 10. 

In the Xaperian system the base is 2,71S'28, 
Any number may be taken as the base of 

a system of logarithms, but the two men
tioned are the only ones that are much used. 

Base Apparatus. A combination of bars. 

are the j,;ciieral features of the apparatus, 
1. Tho measuring bars were upon the com-
pcn.sating system first used, I believe, bj 
Colonel Colby in Great Britain, and by Mr, 
Borden in tho Unileil .Si.iti-s, but tho mode ol 
obtaining the compensation differed entirelj 
from that used by either of these gentlemen, 
2, A principle was introduced in rcfcrcuce tc 
the dimensions of the bars which, if at all 
recognized, has not boon hitherto applied, A 
bar of brass and a bar of iron, of tho same 
dimensions, exposed to the same source ol 
heat, will not heat equally in equal times ; 
this is well known to depend ujion the dif 
ferent conducting powers of the two metals, 
their different specific heats, and the difl'erent 
powers of their surfaces to absorb heat. The 
bars, then, if of equal sections, when the 
temperature is rising or falling, have not the 
same temperature, and the system is not 
compensating. The surfaces are easily made 
to absorb equally by the same coatino-, and 
the sections must be so proportioned to each 
other that the bars will have the same tem
perature when exposed to variable tempera
tures of the atmosphere and of the case 
contaming them. Having arranged the sec
tions approximately, using numbers taken 
from the books, the changes, in length, during 

arranged on the compensating principle, used 
in the measurement of the base line of a i increase or decrease of temperature, were 
trigonometric survej-. A n outline account i not perceived uhen microscopes were used 
of a base apparatus used by Col. Colby, in 
measuring a base of more than seven miles 
in extent, in Ireland, will be found under the 
head of Geodesy. 

The following account of the base appar
atus, in its most approved form, as now used 
on the coast survey, is extracted from the 
" proceedings of the American Philosophical 
Society.'' It forms a part of a paper read 
before the society, by Prof Bache, and taken 
in connection with the article referred to, 
v;ill give a sufficiently accurate idea of the 
fjeneral arrangement of the base apparatus 
in its most perfect form, 
•• The base apparatus presented some novel 

features in construction, the adaptation of 
others not hitherto used in field work, and 
a choice of parts previouslj' used by others. 
The general plan v/as devised by me, and the 
details by Mr, AVm. AVurdeman, mechanician 
of the coast survey, by w h o m they were exe
cuted, under m y direction. The following 

supported upon wooden stands, or even upon 
stone blocks of small size; the means of 
measurement were not sufficiently delicate to 
perceive them, or they were masked by 
greater changes in the supports. W h e n tho 
level of contact was substituted for the mi
croscopes, or when Mr. Saxton's reflecting 
pyrometer was employed, these changes be
came very perceptible, and it was necessary 
to resort to direct experiment upon the ma
terials of the bars themselves to obtain even 
approximate results, and then to correct a 
small residual quantity by applying a cover
ing more absorbent of heat to one bar than 
to the other. If such changes have not been 
perceived hitherto, it has been because ade
quate means were not used to detect them. 
3. The lever of contact and level, first used, 
I believe, in the adjustment of standard 
measures by Bessel. was applied to indicate 
the lengths of the bars. The levels were so 
delicate that several divisions upon them 
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made up a quiintity entirely insignificant in 
the measurement, Tho doubt which I had 
was, whether the sensibility of the apparatus 
had not been carried too far ; this was, how
ever, entirely removed upon finding the ra
pidity and certainty with which it could be 
used. The contact between two adjacent 
measures w^as between a blunt knife edge 
and a plane of agate. 4. The trussed sup
port for the bars adapted to bearing the ap
paratus at two points only, and the tin 
covering or tube which surrounded the whole, 
were similar to those used by Mr, Borden, 
but differed entirely in the adaptation of 
them ; the bars moved freely on the trussed 
frame upon rollers, and were not attached 
to the covering tube in which the trussed 
frame itself was merely supported. The tin 
covering was conical, and was doubled. 5. 
The trestles admitted of the various motions 
required in placing the apparatus, and the 
length of the whole about 20 feet (six metres), 
gave a weight which permitted easy and 
rapid transfer by four men, when covered 
with several thicknesses of imperfectly con
ducting material to keep tho fluctuations of 
temperature within moderate limits. The 
contacts were usually made in much less 
time than the setting of the forward trestles 
for the measure," 

Basij: Line. In Geodesic Surveying, a line 
measured with the greatest possible accuracy, 
upon which the whole system of triangula-
tion depends. The measurement of a base 
line iu a large survey, is one of the most 
difficult operations of Geodesy, and one whose 
successful accomplisliment has called for the 
highest attainments both in science and art. 
"Various methods have been adopted to attain 
accuracy, such as using rods, of platinum or 
glass, steel rods, and finally a combination 
of rods of difi'erent metals, so adjusted that 
the combination shall retain a uniform length 
for all changes of temperature^. A most suc
cessful application of this principle has been 
made by Dr, Bache, Superintendent of the 
United States coast survey. See Base Ap
paratus. 

In the survey of the coast of the United 
States, several base lines have been measured, 
usually five or six miles in length. Â 'ith the 
,'mproved apparatus, about two miles per 
w eek can bo measured with great accuracy. 

In minor surveys, where great accuracy 
is not so necessary, rods of deal, capped with 
metal, and thoroughly saturated with oil, so 
as to resist hygrometric changes, answer 
very well, and by measuring the base line 
very carefully two or three times, sufficient 
accuracy may be attained. 

There are some corrections that require to 
be applied to the measurements made in cer
tain cases. 
1st. W h e n the measured line is inclined, or 

when a rod in any position is inclined, to 
reduce the oblique distance to a correspond
ing horizontal distance. Let B denote tho 
length of the oblique line, b the correspond
ing horizontal distance, and 6 the angle of 
inclination, supposed very small, then is 

b = Bcos e. 
But as 0 is a very small ftngle, w e may com
pute the excess of B over b, and for this pur
pose let us suppose th,at the angle d is 
expressed in minutes. W e have the fonnula 

B - b = B{l — cosd)= 2 B sin= | d 
sin^ 1' 

= I B 6' sin 1' : 
2 

'B; 

B - b = 0.00000004231 X 6', B. 
Whence, by applying logarithms, 
log {B - b ) = 8,626422 + 2 log 9 + log B. 
2d. AA'hen the base luie has been measured 

on elevated ground, to red'uce it to the level 
of the sea. Let r denote the radius of the 
earth corresponding to the base b at the level 
of the sea, and r + a the radius of the earth 
at the level of tho measured base B. Then 
will 
B--b = B-B-r + a \r 7- / 
but since r is very great in comparison with 
a, all of the terms of this series, except the 
first, may be neglected ; whence 

B-b=?^, 
r 

If the measured line is inclined or broken 
(?• + a) may be taken equal to its mean valus 
along the base. 

3d. A^ ben a portion of Ihe base line can
not be measured directly, on account of somo 
intervening obs(.-;cle. as a river or marsh. 

Lot .AH represent the entire base line, and 
suppose that B D cannot be measured directly 
on account of an obstacle. 
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Select a station C from which the points 
A, B, D and H, can be seen, and from this 
st.itioii measure carefully the angles A C B . 
which denote bv o ; A C D , which denote by 

J , and the angle A C H . which denote hy y. 
Denote also the measured portions of the 
base, A B , by a, and D H by b. The value of 
B D may be found by means of the following 
formulas : Let ̂  denote an auxiliary un
known qutmtity, and we have 

i a b sin 3 sin (7 — a) 
tan^ <i> ~ 
B D = - ' 

• sin a sin (y — /?)' 
b , a — b 

2 cos 9 
4. AA"lien the two parts of a measured base 

make an angle with each other, which is 
nearly equal to 180°. Let d denote what the 
angle wants of being equal to 180°, 6 being 
expressed in minutes, 

cos e = 1 — ,1 6'. 
since 6 is very small. Let a and b denote 
the measured parts, including the angle. 
Then the true length of the base will be 
equal to 

sin' 1' abe' 
2 'a-\-b' 

a + 5-

= a + i — 0-00000004231 X 
abd' 
ffi+A' 

The above formulas are taken from a vol
ume of tables and formulas, pubfished hy 
Capt. T. J. Lee, U. S. corps of Topographi
cal Engineers. See Geodesy. 

BAT'TER. [Fr. battre, to batter]. The 
slope of a wall, or the inclination of its sur
face to the horizon. 
B E A M C O M P A S S . See Compass. 
BE.\li'I.\G, In Surveying, the angle in

cluded between the plane of the meridian 
and a vertical plane, through a given course. 
The h-?.arm<i of one .station from another is the 
angle between the vertical plane through the 
two stations, and the meridian plane through 
the instrument. There are two kinds of bear
ings, the magnetic and the true bearing. The 

first is the angle between the plane of tho 
magnetic meridian and the vertical piano 
through tho course. This does not change 
sensibly for tho same course. The second 
is the angle included between the plane of 
tho true meridian and the vertical plane 
through the course. This for the same course 
is mvariable. The bearing is estimated from 
the north or south points of the horizon, 
around towards the east or west through 90°. 
The magnetic bearing is estimated from the 
magnetic north or south points, the true bear
ing from the true north or south points. 

B E L L - S H A P E D P A R A B O L A . A para
bola having the form of a bell given by the 
algebraic equation 

ay= — a;' + bx' — 0. 

B E R X O U I L L P S SERIES. A formula 
deduced by Bernouilli for developing au 
integral of a differential of a function of one 
variable into a series. The formula is as 
follows : 

dX 
fXdx = Xx--dx 

d^X 
' dx' 

x' d'X 
1.2.3 

+ &c. 
1.2.3.4 

in which X is any function of x. 

B E V E L - E D . [Fr, buveau]. The edge o( 
a ruler, or of the limb of an instrument, is 
said to be beveled when its cross section is 
acute angled. 

Bi-AN"GU-LaR. [L. bis, twice, and angu
lus, an angle]. Having two angles. Thus a 
lune is biangular. 

BILL O F E X C H A N G E , A n order drawn 
on a distant person, directing him to pay a 
sum of money to a specified person, or to 
his order, in consideration of the same sum 
received by the drawer. See Exchange, 
BILI/ION. [L, bis and million], A thou

sand millions. In the decimal system, a unit 
of the tenth order. 
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Bi-Me'DI-AL, [L. bis, twice, medial, mid
dle]. In Geometry, when two lines are com
mensurable only in power (as the side and 
diaconal of a square, for instance) are added 
together, and the sum is incommensurable 
with respect to either, the sum is called by 
Euclid a bimedial. 

Bi'NA-RY". [L. binus, two and twoj. A 
binary number is one expressed by two fig
ures. 

Binary Scale. In Arithmetic, a uniform 
scale, whose ratio is 2. See Arithmetical 
Scale, 
Binary Arithmetic is that in which num

bers are expressed according to the binary 
scale. 'Leibnitz perfected such a system, but 
it is rather curious than useful. 

Binary Combination. A combination by 
pairs or by twos. 

Bi-No'MI-AL. [L, bis, twice, and nomen, 
name]. In Algebra, an expression consist
ing of two terms connected by the sign + 
or — ; a binomial is a polynomial of but two 
terms. See Polynomial, 

Binomial Differential. Any power of a 
binomial function of one variable, multiplied 
by the differential of that variable. Every 
binomial difi'erential may be reduced to the 
form of 

j:»-i(ffi + bxi-y dx; 
in which m and n are whole numbers, and n 
positive, p being either positive or negative, 
entire or fractional. 

W h e n a binomial differential has been 
reduced to the above form, it may be inte
grated in either of the following cases: 
1. W h e n the exponent of the parenthesis is 
a whole number ; 2. when the exponent of 
the variable, v̂ 'ithout the parenthesis, plus 1, 
is exactly divisible by the exponent of the 
variable within the parenthesis; 3. when 
this quotient, plus the exponent of the paren
thesis, is a whole number. 

AVhen neither of these conditions are ful-
fiUed, it may be reduced to such a form as to 
render it integrable by the aid of formulas A, 
B, 0, D and E. See Formula. 

Binomial Equation. A n equation which 
can be reduced to the form x"' — a = 0, in 
which 771 is a positive whole number, and a 
any known quantity whatever, positive or 
negative, real or imaginary. The form of a 

binomial equation may be still farther simpli
fied ; for. if w e denote an m"' root of a by a', 
and make a'y = x, whence ay'» = 2:'», we 
shaU have, by substitution, 

a y"' — ffi = 0, or y"" — 1 = 0. 
In the discussion of binomial equations, we 

shall, therefore, consider them as reduced to 
the foi-m y" — 1 = 0. 

1. If ra is an odd number, the equation will 
have one real root, equal to 1, since y = 1 
satisfies the equation ; the remaining roots 
are all imaginary, for if we substitute for y a 
number greater than 1, the first member will 
be greater than 0 ; if w e substitute for y any 
number less than 1, either positive or nega
tive, the first member will be less than 0; 
and consequently, the equation will not be 
satisfied in either case ; hence, there can be 
no real root except 1. 

2. If mis an even number, both + 1 and 
— 1 are roots of the equation, since both 
will satisfy it when substituted for y ; all the 
other roots are imaginary, as may be shown 
by a course of reasoning similar to that 
employed above. 

3. If r is a root of the equation, then will 
any power of 7' be a root of the equation 
also ; for, if r is a root, w e have 7"' = 1; 
hence, by raising both members to any power 
denoted by n, w e shall have r*"" = 1 ; substi
tuting this in the given equation, gives 

y — r"" = 0, whence y = r", 
which proves the proposition. AA'e see, 
therefore, that the roots of the equation 
y*" — 1 = 0 may have an hifinite variety of 
forms, r, r̂ , r̂ , r*, 7''', - • • - 7~̂ , r~'̂, 7-̂  - - - . &c.; 
but amongst all these forms there can only 
be m essentially distinct expressions, since 
the equation can only have m different roots. 

It may also he shown that of the 771 roots, 
no two are equal, 

4, If m is an odd number, the algebraic 
sum of all the imaginary roots is — 1; for 
the algebraic sum of all the roots is equal to 
the co-effjcicnt of the second term taken with 
a contrary sign, which in this case is 0 ; but 
since the real root is 1, the sum of all the re
maining roots, which are imaginary, must be 
equal to — 1. 

If m is an even number, the sum of all the 
imaginary roots is 0, as m a y be shown in a 
manner analogous to the above 
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5, If TO is odd. the continued product of all 
the iuiajiiuary roots is equal to + 1. This 
t'ollows t"roin the property of an equation. 
that the product of all its roots is equal to the 
absolute terra taken with a contrary sign. 
which in this case is + 1 ; since the real root 
is + 1. the product of all the imaginary roots 
is + 1. 

In like manner, it may be shown that when 
m is even, the continued product of all the 
unasinarv roots is equal to + 1 . 

For similar reasons, the algebraic sum of 
all the roots, taken in sets of 2, 3,4, • • • - n, 
(n being less than m ) is equal to 0. 

6. Finally, all the roots of the equation 
y" — 1 = 0, can be found from the formula 

- 1 - v ' - 3 

y = cos - - ± sin -

771—1 

in which k is either 0, or =• positive whole 
number, and - = ISO". The roots are found 
by making, in succession, 
A = 0, A = 1, A = 2. & c , up to A = 

inclusively, if m is an odd number, and up to 

-, if m is even. -All the expressions ob

tained for y, up to these fimits, are different 
from each other; but if we continue to sub
stitute for k the consecutive whole numbers 
beyond these limits, the same expressions 
continue to recur, and in the same order; a 
result which might have been expected from 
what was stated in the third paragraph of the 
present article. 

For example, suppose that we have the equa
tion y* — 1 = 0 : making A = 0, m = 4, we 
have y = + 1; making A = 1, y = ± V — 1 , 
or, y = + •V'' — 1, and y = — V — 1 ; making 
i = 2. y = — 1; hence, the four roots are 

+ 1, -1, +-/-1, -V-1. 
In the equation y' — 1 = 0, making 77t = 3 

and A = 1, w e have y = 1 ; making A = 2, 
2- 27r 

y = cos -— ± sin -—.̂  but 

2- 1 
cos -;r- = cos 120° = — sin 30° = — —, and 3 

27r ^ = ^r^=i,/337 
2' 
hence 

y = 
- 1 + 1 

-, and the three roots are 

5 

If it is required to solve a binomial equa
tion of the form r'" — a = 0 , we have simply 
to solve the eipiation y'» — 1 •-= 0 by means 
of the above formula, and then multiply each 
of the m roots found by the numerical value 
of the m'* root of a; the results will be the 
required roots. 

If, in the above examples, we go on sub
stituting for A consecutive whole numbers, 
we shall find that the roots already found con
tinually recur in their proper order. 

Binomial Formula. A formula which ex
presses the law of formation of any power 
of a binomial. It is as follows ; 

?7l — 1 
(1 + a)'»=3:"+mai"^' + m - — - — a'x"^' 771(771— 1) (rn —2) 

' + &c. 

In which x and u, represent any two terms, 
and m any known quantity either positive or 
negative, entire or fractional, real or imagin
ary. The form of the development is entirely 
independent of the value of m. 

The second member is a series whose law 
is evident from simple inspection. First, the 
exponent of x, in the first term, is equal to the 
exponent of the power, and goes on decreas
ing by 1 in each term to the right. The ex
ponent of a is 0 in the first term, and goes on 
increasing by 1, in each term to the right. 
The co-efficient of the first term is 1, that of 
the second term is the exponent of the power; 
and in general, the co-efficient of any term is 
equal to the co-efficient of the preceding term 
multiplied by the exponent of x in that term, 
and divided by the number of preceding 
terms. 

From this law of the series it is plain that 
when m is a positive whole number, the 
number of terms in the development is finite, 
and one greater than the exponent of the 
power. W h e n m is negative or fractional, 
the number of terms is infinite, and the series 
wiU only give an approximate value for the 
expression when it is convergent. 

1. The binomial formula may be used ~to 
develop any power of a binomial; thjs let it 
be required to raise the binomial 

Sa'c -2bd 
to the fourth power. 
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Placing 3a'c = x and — 2bd = a, we have 
(x + a)' = s* + 4aa;̂  + 6ffîa;= + 4a=2: + a*; 
and replacing,a, and u. by their values, we 
have 
(3ffi'c - 2bdy = 81a»c* - 216ffi«c=6(i 

+ 2l6aVb'd' - 96a'cb'd^ + IQbV. 
2. Any power of a polynomial may be de

veloped by the use of the formula, as in the 
following example ; 

Let it be required to find the third power 
of2fl^-4ffiJ + 3A=. 

Placing 2a= = x, and — iab + 3b' = d, the 
formula gives 

{x + dy = 2:= + 3dx' + Zd'x + d'. 
finding the values of d' and d̂  by means of 
the formula, and substituting for x, d, d', and 
d\ their values, we have 

(2a= - 4aA + 3i=)= = 8ffi= - 48a'J 
+ 132a*i= - 208ffi'i= 
+ 198ffi''i*-108a4=+27i''. 

•3. A modified form of the binomial for
mula is used for finding an approximate root 
of a number. 

If in the formula 

(x + a)"" = I™ 11 + 771 — 
m — 1 m — 2. ffi^ 

•)• ' '" 2 3 
1 

we make m = —, and reduce, we find 
l a 1 re—1 ,—. / l a 1 re-1 â  

i/r+7-=^(l + -.----^^-^ 
1 re — 1 2?i — 
re " '~2n ' ~~3n 

The fifth term within the parenthesis may 

be found by multiplying tho fourth —:; 

a 
and by -, and changing the sign of the re
sult, and so on. 

To apply this formula to find the cube root 
of 31. Let a; = 27 and a = 4; substituting 
these iu the formula, and writing 3 in the 
place of n, it becomes 

115 64 
3 3 9 19683 
5 2 256 

or, by reducing, 
3/31 = 3 + ^ -

2560 

16 320 
2187 531441 

43046721 + '^-)=^'^«38 + 
which is exact to within less than .0000]: 
all suuilar cases may be treated in like man
ner. Hence, we can approximate to the 
value of any root of a number by means of 
the binomial formula, by the following rule; 

Find ihe perfect power of the degree indi
cated, which is nearest to the given number, and 
place this in ihe formula for x. Subtract this 
power from the given number, and substitute 
the remainder, which will often be negative in 
the formula for a. Perform the operations in
dicated, and the result will be ihe approximate 
root. 

Thus, since 3/128 = 2, we find 
'7 /lOQ — 7 /l^Q 20 

= y ] 2 8 -

= yi28^1-3^ F= 1.95204. 

4. The binomial formula is employed to de
velop algebraic expressions into series. To 
develop _^ into a series, according to the 

ascending powers of z, we observe that the 
expression is equivalent to (1 — z)-'. If in 
the binomial formula w e make x = l, ffi= —c, 
and re = — 1, it gives 

= l-\-z-i-z' + z' 
+ 2' + - • + 2" + • 

Again, to develop .?/22 — z', we place il 

under the form 5/^( 1 ~ ^ I > then by the 

app 

(-
and 

ication of the formula, we find 

' f ^ 
1 1 

by substitution we have 

ij/22-

-

_ ^2 — 

5 
"648 

-V^^{i 

3̂ . . . . 

5 
648 ~ 

finally, 
1 
6" 

) 

3 „ 

1 
36 

1_ 1 
" 3 • 3 '9 '3 ' 531441 

+ &c.\; 

In like manner, a variety of algebraic ex
pressions may he developed into series. 

Imaginary Binomial. A binomial in which 
one term is imaginary, as a ± -y/- b', or 
a ± b V — 1. Such is the form of the ima
ginary roots of equations. 
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The product of each pair of imaginarj- roots 
of an equation is real, and of tho form 
;- -̂  ;-. See Imaginary Quantity. 
Bixovi.vL Line or Cirve. .V line whose 

ordinate may be expressed by some power of 
•T binomial t'uuetiou of the c.bseissa: thus, 
the fuie w hose equation is y = x^{a + bx")'', 
is a binomial curve. 

BiNOMi-iL Theorem. The theorem which 
has for its object to demonstrcito the law of 
formation of any power of a binomial. The 
algebraic expression of this law constitutes 
the binomial formula already considered. The 
simplest complete demonstration of this theo
rem for any exponent whatever, is that by 
means of the principle of indeterminate co
efficients. See Davies' Bourdon, p. 257, 

Binomial Surp. A binomial in which one 
or both terms are surds or radicals. Thus, 
a ± V~b, or T/a'± VTl are binomial surds. 

BLPaR'TIEXT. [L.fe, twice, and partio, 
particns. to divide]. Dividing into two parts. 
A bipartient number is one which is con
tained twice in a given number; thus, 2 is a 
bipartient of 4, 

Bi-QUAD'RATE. [L. bis, twice, and qua-
draius, squared]. .V fourth power, or the 
square of the square; thus, 16 is the bi-
quadrate of 2, 

Bi-QUAD-RATTC. Pertaining to a bi-
quadrate. 

BiQOinR.iTic Equation. A n equation of 
the fourth degree, containing but one un
known quantity. Thus, 

ffii* + fa' + ex' + dx + / = 0, 
is a complete biquadratic equation, a, b, c, d 
and /, denotmg any known quantities what
ever. 

The solution of every biquadratic equation 
may be made to depend upon that of a cubic 
equation. There are various methods of 
making this reduction. The following is 
Euler's : In the first place, the equation, by 
a well known transformation, is deprived of 
its second term, and reduced to the form 

7/' + py* + (?y + r = 0 (1). 
Let us assume 

y = -/i -i- v T + ^/7. . . . (2), 
in which a, h and e, are the roots of a cubic 
equation, 

c' + Pz' + Qz-R = 0 ... (3). 
From the general properties of the roots of 
an equation, we have tho relations 
a+b + c = — P . ai+ac+ic=Q and abc=R. 

If we square both members of equation (2), 
and substitute for a + J + c its value — P. 
we shall find, after transposing P, 
y' + P = 2 ( V ^ + •/;^+ -/iT) .... (4). 
If we square both members of (4), and sub

stitute for ab-'r ac-'r be its value Q, and for 
V ^ + -/i + i/T its value y, wo htive, after 
transposition, 
7/* + 2Py- - 8/ie. y + P= - 4Q = 0 .. (5). 

Xow. we know that one of the roots of 
equation (5) is equal to Vli + V~b + V~c, and 
since a, b, and c, are the roots of equation (3), 
it follows that one of the roots of equation 
1,5) may bo found by solving equation (3), 
But equation (5) will be the same as equation 
(1), if we impose the following conditions, 

-8/ir=j and P^ - 4Q = i 2P: 
or P = ̂ , R = ) ~ - and Q =^-

-64 = «'-" (6). 

2 ' " 64 •"••" "̂  16 
Substituting these values in equation (3), 

it becomes 
p V- — ir 

c= + -c^+ z 
^ 2~ ^ 1 0 

It follows, therefore, that one root of equa 
tion (1) is equal to t/a + VT-l- t/ĉ  in whicli 
a, //. and c, are roots of equation (6). Fur
thermore, all of the roots of equation (1) are 
involved in tho general expression, 

y = ± Va + vb± Vc. 
In order to discover the form of each root, 
we have to determine the respective signs 
with which each of the three terms is to be 
efi'ected. 

It would appear, from Inspecting the for
mula, that there might be eight combinations 
of signs, and consequently eight roots ; but 
the condition that 

•/a X VTx yfe~ • 
-'* ~ •? 

limits the number to four. It is obvious thai 
when q is essentially positive, the product 
must be positive, which can only be the case 
when they are all positive, or when one is 
positive, and both of the other two negative. 
If q is essentially negative, the product is 
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negative, which requires that the three should 
be negative, or that one should be negative, 
whilst the other two are positive. There 
can, therefore, be only four different expres
sions for y when q is positive, and four when 
q is negative, which in either case, are the 
roots of the equation. 
Since equation (6) involves fractional co

efficients, it win be found more convenient to 
transform it to one in which they are entire. 

V 
This may be effected by making ̂  = J; which 
gives, after reduction, 
v' + 2pv' + {p' - ir)v - q ' = 0 (7). 
The roots of this new equation are re

spectively ia. Ji and ̂ c. 
In order to solve a biquadratic equation, 

we have therefore the following rule : 
Reduce it to the form 

y* + py' + f y + r = 0, 
and form the cubic equation 

v' + 2pv' + {p' — 4r)i7 — q' = 0. 
Solve the cubic equation, and denote its roots 
by ia, ib, and 4c, then the roots of the given 
equation will be 
When q is positive. When q j's negative. 

y ^ — V~a—VT> — V~e. y = + Va+-\/i+-v/c-
y^-\-Va-\-VT> — V~c. y^= + V~a—Vli—V~c. 
y = + V ^ — V ^ + \ / c ! y = —•\/a—•v/A+'\/Z 
y=—Va+'v/F+'i/cr y=—-v/a+v/T-V^ 

1. Let it be required to solve the equation 

y*-251= + 6037-36 = 0. 

Here p = — 25, j = 60, and r = — 36, and 
the auxiliary cubic equation is 

D» - 50 i>= + 769 V X- 3600 = 0. 

The roots of this equation are, 4ffi = 9, 46 = 
16, and 4c = 25, which give 

a = T, 0 = 4, c = -j-, and 

•/a = -, Vb = 2, and -/c = — 
2 2 

And because q is positive, we find 
3 „ 5 „ 3 ,5 

'̂ = -2-^-2=-"^' '-' = 2-^ + 2=^' 
, 3 , 5 3 , 5 

, = +_ + 3-- = l, , = -- + 2+-=3, 
The following rule is useful in determining 

the nature of the roots of a biquadratic equa
tion when it has all its terms: If |- of the 
square of the co-efficient of the second term 
is greater than the product of the co-effieients 
of the first and third terms, and if -| of the 
square of the co-efficient of the fourth term 
is greater than the product of the co-efficients 
of the third and fifth terms, and if|,of the 
square of the co-efficient of the third term is 
greater than the product of the co-efficients of 
the second and fourth terms; then, all the 
roots of the equation are real and unequal; but 
if either of these conditions is not fulfilled, the 
equation will have imaginary roots. W e have 
already explained the method of constructing 
the roots of a biquadratic equation under the 
head of Application of Geometry to Algebra. 
See Application. 
Bi-RECT-AN"GU-LAR. [L. bis, twice, 

rectus, eight, and angulus, angle]. Having 
two right angles. A spherical triangle is 
birectangular when two of its angles are 
right angles. 
Bi-RHOM-BOID'AL. [L. bis, twice, and 
rhomboid]. Having a surface composed of 
twelve rhombic faces, such that, taken six and 
six, and produced, they will form two rhombo-
hedrons. 

Bi-SECT'. [L. bis, twice, and seco, to cut]. 
To divide a magnitude into two equal parts. 
Bisect a Straight Line, AB. With A as 

a centre, and a radius greater than half of 
the line AB, con-
struct an arc of a V' 
circle, C G D ; then 
withB as a centre, 
and the same ra
dius, construct an 
arc of a circle, 
cutting the former 
arc in the two -j)"-
points C and D; 
join these points hy a straight-line, and the 
point in which it cuts the given line wifi be the 
middle of AB, The radii with which the 
auxiliary circles are constructed, ought to be 
as nearly equal to the line A B as possible, 
since the arcs intersect under more favorable 
circumstances. 

Bisect an Angle or an Arc of a CiRri.E, 
Let B C A represent any plane angle which it 

GT 
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is required tobisect. 
With C as a centre, 
and any radius, as 
CB. describe an arc 
of a circle limited 
by the sides of the 
ajiyle in the points 
Band A. Then with 
auy radius greater 
than one half of A B , 
and from B and A 
as centres, construct arcs of circles intersect
ing each other in the point D. Join the 
points D and C by a straight line, it will 
bisect both the angle B C A , and the arc B E A . 

Bisect a Diedral Angle. First, pass a 
plane perpendicular to the edge of the angle, 
cutting out two straight fines, one from each 
face. Bisect the angle between these lines 
by the rule already given, and pass a plane 
through the bisecting fine and the edge of the 
angle, and it will bisect the diedral angle. 

Bisect a Spheric.\l Angle. Pass planes 
through the sides of the angle forming a 
diedral angle; bisect this by the rule just 
given, the intersection of the bisecting 
plane with the surface of the sphere wUl 
bisect the spherical angle. 

In the use of surveying instruments, a 
hair or spider line is said to bisect an object, 
when the instrument is so directed that, to 
the observer, the hair or line appears to pass 
over the middle of the object. 

BI-SEG'M-EXT. [it's, twice, and segmen-
tum, a segment]. Half of a segment. A 
straight line, which bisects both the arc and 
chord of a segment of a circle, also divides 
the segment into two equal and symmetrical 
parts, which are called bisegments. 

B L A C K ' B O A R D . A board or other sur
face painted black and employed almost 
universally in giving instruction in mathe
matics. Upon it figures or symbols are traced 
in chalk, which may be used for the purpose 
of demonstration and illustration. 

B L A Z E . [Fr. blazer]. A white spot made 
on the side of a tree, by removing the bark 
with an axe. It is used to mark prominent 
points in surveying, and for the purpose of 
distinguishing different points. Each blaze 
is generally marked with a sharp instrument, 
in accordance with some conventional plan 

of marking, Tho method of blazing trees, 
as marks of survey, is extensively employed 
in the survey of the public lands. 

B O D ' Y . A tenn sometimes used in geome
try to denote the limited portion of space occu
pied by any material object. In geometry wo 
often speak of the five regular bodies or 
solids. This use of the term is evidently 
improper, and its place would be better sup
plied by the term volume, which, in this 
acceptation, would denote a quantity of space 
having three dimensions, and limited in every 
direction. The term body implies the exist
ence of matter, whereas the reasonings of 
geometry carefully exclude every such idea. 
For this reason, volume, which implies quan
tity of space, should in all cases be used in 
preference to either of the terms body or solid. 

B R A - C H Y S T ' 0 - C H R O N E . [Gr. ppaxia-
Toc, shortest and XP"""!' time]. The name 
given by John Bernouilli to a curve which 
possesses this property, viz : " That a body 
setting out from any point of it, as A, and 
impelled solely by the force of gravity, will 
reach another point of it, as B, in a shorter 
space of time than it could reach the same 
point by following any other path," This 
curve possesses an historical interest entirely 
independent of the particular nature of the 
curve, for the determination of the nature of 
this line suggested to Lagrange the idea of 
an entirely new branch of mathematics, that 
of the Calculus of Variations. O n this 
account, w e subjoin the solution of the prob
lem as given by James BernouiUi, and also 
the solution of the same problem by means 
of the Calculns of Variations. 

A comparison of the two methods affords 
a very fair illustration of the superiority of 
the latter method, besides which, Bernouilli's 
method affords a good example of the kind of 
reasoning employed by the ancient geometers. 

BemouiUi's solution ; 
Let A represent the point from which tho 

body is to move, and B the point to which it 
is to go, and A C D B the path it must follow, 
which is evidently in a vertical plane through 
the two points, A and B, Take any small 
portion of the curve C D ; then it is obvious 
that if A C D B he the path by which the body 
will descend from A to B in the shortest 
possible time, it must also pass from C to D 
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along this path in a shorter time than if it 
followed any other path. For, suppose it to 
pass from, C to D by another path, C L N D , 
in a shorter time than by the path C M G D ; 
then must it pass 
from A to B through 
C N D iu a shorter 
time than it will 
through C M G , which 
is contrary to the 
hypothesis. This being premised, let A H be 
drawn horizontally through A, C H perpen
dicular and D F parallel to A H , through the 
points C and D. Also let CF be bisected in 
E, and complete the rectangle EFDI. The 
object is to find the' point G in the straight 
fine EI, at which the required curve crosses 
it; that is, so that the time of descent through 
CG, plus the time of descent through G D , 
may be a minimum. 
Let us denote the time of descent through 

C G by t(GG), and the time of descent 
through G D by i(GD). Assume another 
point L, on EI, so that L G may be regarded 
as infinitely small in comparison with E G ; 
and having drawn C L and DL, let L M and 
G N be respectively perpendicular to C G and 
DL. N o w variable quantities, when they are 
infinitely near their maxima or minima, may 
be regarded as constant; therefore, 

t(CL) + i:(LD) = tiCG) + ;(GD), 
and consequently, 

t(GG) - t{GL) = i{LD) - i(GD). 
From the principles of the descent of heavy 
bodies, 
CE . CG : : /(CE) • <(CG). and 
CE CL : : ((CE) : /(CL)-- • • (1). 
Therefore, 
CE : C G - C L :: /(CE) : /(CG) - /(CL) (2). 
But from similar triangles, 
M G GL E G • CG • -. . (3). 
Combining proportions (2) and (3), since 

CG - CL = MG ; 
CE GL ;: EG X/(CE) 

- «(CL)] 
In like manner, 
EF : G D : 

EF • LD : 
Therefore, 
EF:LD-GD: 

CG X [/(CG) 

' • • (4)-

/(EF) 

/(EF) 
/(GD), 

/(LD).. 
and 
-(5). 

i!(EF):/(LD)-/(GD)(6). 

bra] 

G D (7). But L N : GL : • GI 
Therefore, since 

LN = LD - GD ; 

EF . GL :: GI X /(EF) GD X [/(LD) 
-/(GD)]-.--(8). 

RecoHecting that EF = CE, and combining 
proportions (4) and (8), 
E G X /(CE) : C G X [/(CG)-/(CL)] :: GI 

X / (EF) : G D X [/(LD) - /(GD)] (9) 
or, 

E G X /(CE) : GI X «(EF) :: C G X [/(CG) 

- /(CL)] : G D X [/(LD)-/(GD)] (10), 
but it was proved that 

/(CG) -. /(CL) = /(LD) - /(GD), 

and by the laws of falling bodies, 
J 1 

/HO ' v/Hf' 
we have, therefore, by substitution, 

E G GI 
CG : GD, •/HC VHE 

a known property of the common cycloid. 
Hence, the brachystochrone is the common 
cycloid. 

The following is the method of investigat
ing the nature of the curve of quickest de
scent, by the aid of the Calculus of Varia
tions, 

-d. 

/(CE) /(EF) 

Let the axis of Z be vertical through the 
point A, and let the axis of X be horizontal 
through the same point. From the principle 
of falling bodies when constrained to move 
upon a curve, we have the time of descent 
from A to B, if we place 

Vdx' + dz' = ds, 

or placing 

V 2gz = u. 

d 0 •/2i^' 

^ _ ra ds 

ds taking the variation of •—, we have 
"= u 
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In 
ust 

u 
onler 
have 

d 

dsih 
~ u'~ 
that t 

C.) 

dxSdx 
uds 

may 

= 0, 

be 

or 

dzddz 
uds 

a minir.ium, 

dx 
VJs = '' 

we 

whence, by including ir in the constant of 
uitegration, 

cdz\ 2: dx--
\ 1 

ivhich is characteristic of tho cycloid. A\ i 
must have also 

ds , , j dy ' r+rf (*) 0. 
which leads to the same result; hence, the 
curve of quickest descent is a cycloid. 
B R A N C H O F A C U R V E . [Fr. branehe, 

branch]. A portion of a curve extending con
tinuously from one singular point, or point of 
discontinuity, to another ; or which extends 
continuously from any point till it returns 
upon itself at that point. The latter kind of 
branch is called an oraZ. Thus, an ellipse is 
an oval branch. 

The branches of a 
curve may meet at sin
gular points, or they 
may be entirely dis
connected. Thus, the 
cubic parabola B.AC 
has two branches B A 
and C A meeting at the 
cusp point .A. The ordinary hyperbola af
fords an example of a curve having two 
branches, which are entirely disconnected ex
cept by their common equation. 

The branches of a curve may be closed, 
finite and not closed, or infinite. Thus, the 
curve whose equation is 

ay'--x? + (b-e)x' + bex = (i (1) 
has four branches: 

3d. T w o infinite branches, E H , I'll, hav
ing their eon\c\ities turned towards ' tho 
axis CD. 

If. in equation (1) c =^ 0, the oval or closed 
branch becomes the point .A ; whence we see 
that a conjugate point is, analytically speak
ing, a branch of a curve. 

-Again, if we make, in (1), both c = 0, and 
6 = 0, the branch E D F disappears, and the 
curve becomes a cubic parabola ; the two in-
tinile branches E H and F G uniting on the 
axis at a cusp point, as shown in the preced
ing figure. 

Had wc made b 
alone equal to 0, the 
curve would have 
taken the form 
shown in the an
nexed figure, in 
which the branch cuts itself at A, formino- a 
multiple point. 

Branches which meet in a cusp point, may 
have their convexities turned in the same 
direction at the cusp point or in difi'erent di
rections. 

1st. A closed branch C B A of an oval form, 
which returns upon itself. 

2d. A finite branch E D F extendini' from 
the point of inflexion E, to the corresponding 
point of inflexion F. 

Thus, B A C in the cubic parabola is an 
example of the first relation, and B' A' C 
one of the second. 

Finally, there is a kind of branch called 
the pointed branch, which is, strictly speak
ing, an infinite number of points whose 
positions are given by the equation of a 
curve, but which are entirely disconnected. 
They lie scattered along a curve, which ha.-? 
caused the group to be termed a pointed 
branch. To illustrate the nature of a pointed 
branch, let us take the equation 

y = ax' ± V X - Binbx. 

For every positive value of x there are two 
real values of y, which become absolutely 
equal as often as sin bx becomes 0, These 
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values give a curve 0 G A K B N, itc, formed 
bf a system of branches uniting like the links 
of a chain at the points 0. A, B, C, &c., 
situated upon a parabola whose equation is 
y = ax'. This parabola bisects all chords of 
the curve which are parallel to the axis of Y, 
and is called, for this reason, a diametral 
curve. For all negative values of x, except 
such as make sin b x equal to 0, that is, 
which do not make bx some multiple of ir, 
render y imaginary, and do not therefore cor
respond to points of the curve ; but these 
negative values of a; which reduce the radical 
to 0, give with the corresponding values of 
y, a system of points which lie upon the 
diametral parabola, as A', B'. C , &.c. These, 
taken together, constitute a pointed branch. 

Of the infinite branches, two kinds are con
sidered, hyperbolic and parabolic. 

In general, when a branch admits of an 
hyperbolic or rectilinear asymptote, it is 
called hyperbolic: thus, in the curve whose 
equation is 

x' b' 
y=^ii-x'' 

the axis of Y is an asymptote, and it has 
also a cubic hyperbola for an asymptote. 

Paeabolii; Branches can never have either 
a right line, or au hyperbola for an asymptote, 
but they admit of parabolic asymptotes. 

Thus, the curve whose equation is 
y • a x' 

has a parabolic branch whose asymptote is 
the common parabola. 

Finafiy, all infinite branches of curves be
long to either one or the other of these two 
classes. All curves whose equations, or the 
equations of whose branches can be reduced 
to the form 3f'y^ = a, in which m and re are 
both positive, have hyperbolic branches, and 
are called hyperbolas. All curves whose 
equations, or the equations of whose branches 
can be reduced to the form y"* = a x", have 
parabolic branches, and are called parabolas. 

A Branch op Science, is ono of its sub
divisions : thus, arithmetic, algebra, geometry, 
&c., arc called branches of mathematics. 

B R I L L ' I A N T P O I N T . [Fr. brilliant, 
shining, bright]. Of a surface, is that point 
of a surface from which the light is reflected 
directly to the eye. According to the laws 

of Optics, the reflected ray makes an angle 
with the normal to the surface at Ihe point 
of incidence equal to that which the inci
dent ray makes with the normal at the same 
point. From this principle, w e deduce the 
following construction for the brilliant point 
of a surface, under the supposition, that the 
eye is at an infinite distance. 

Assume any point in space, and draw 
through it a line parallel to a ray of light, 
and also a line to the position of the eye: 
bisect the angle formed by these two lines, 
and pass a plane which shall be tangent to 
the surface, and perpendicular to this bisect
ing line, the point of contact will be the 
brilliant point. The reason for this construc
tion is obvious ; for, if at the point of contact 
lines be drawn respectively parallel to the 
three lines constructed through the point in 
space, the first will be the direction of the 
incident ray, the second that of the reflected 
ray, and the third the normal to the surface 
at the point. Whence, this point satisfies the 
conditions of a brilliant point. 

If the surface is a single curved surface, 
the plane will be tangent all along an ele
ment of the surface. This element is called 
a brilliant element. 

This construction is only correct when the 
eye is at an infinite distance, and the rays of 
light parallel. If, however, the eye is at a 
considerable distance compared with the mag
nitude of the object viewed, and if the light 
considered comes from the sun, the construc
tion gives an approximate result which is 
abundantly accurate. 

W h e n the eye is at a finite distance, and 
the surface single curved, it may he desirable 
to determine the position of the most bril
liant point of the brilliant element. This 
may bo efi'ected by passing « plane- through 
the point of sight, imd perpendicular to the 
brfihant element; the point in which it cuts 
the element is the most brilliant point. 

To find the brilliant point upon a plane, as 
for instance, the brilliant point upon still 
water, as viewed by the eye above the surface, 
the eye being at a finite distance: Pass a 
plane through the point of sight and the 
source of light, and perpendicular to the 
plane surface : this will cut the surface of the 
water in a straight line BC- From the point 
of sight E, draw a perpendicular to B C . and 
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prolong it till BE' equals B E : through the 
point E' draw a ray of light ES, and the 

point 0 in which it cuts the line B C will be 
the brilliant point. This construction is ap
parent from the figure. 

BRo'KE.X L I X E . In Geometry, a line 
composed of limited straiirht lines meeting 
each other at their extremities: thus, the 
sides of a plane polygon, or any number of 
them, taken together, constitute a broken line. 

B C 6 Y . [Fr. bouic, buoy]. In Surveying, 
a floating body moored or anchored over a 
point, generaUy for the purpose of directing 
a line of soundings in the hydrographic por
tion of a survey. 

B U S H ' E L . [Fr. loisseau,hushe\]. A meas
ure of capacity. According to the ordinance 
manual, the bushel of the United States con
tains 2150,4 cubic inches, and holds 77,627413 
lbs. of distilled water, at its maximum density 
(39°.8 Fahr.), the barometer being 30 inches. 

-A cubic yard contains 21.69 bushels. 
A cylinder 14 inches in diameter, and 14 

inches high, contains 1 busheL A box 16.8 
inches long. 16 inches wide, and 8 inches 
deep, holds 1 bushel. 

The standard bushel of the United States 
described above, is the same as the V, inches-
ter bushel or English bushel, which is a 
right cylinder 18J inches in diameter and 8 
inches deep. 

B U T T . A measure for liquids. In the 
English beer measure, a. butt contains 108 
imperial gallons. 
C. The third letter of the Engfish alphabet. 
In the Roman system of arithmetical nota
tion it stands for 100. 

CAL'CU-L.aTE. [L. calculo, to calculate, 
from calculus, a pebble]. To compute, to 
reckon. 

CAL-CU-La'TION. The name given to 
any operation requiring the application of 
any of the ordinary rules of arithmetic. All 

applications of mathematical rules, except 
those of pure geometry, may be styled calcu
lations. 

CAL'CU-L.vTOR. One who calculates. 
CAL'CU-LUS, .V term used to denote the 

manner of performing certain mathematical 
operations, or of making mathematical in
vestigations by the aid of .symbols : thus, w e 
find arithmetic called tho arithmetical or nu
meral calculus, algebra.the algebraic calculus. 
I \\"e also find the terms exponential calculus, 
jfluxional calculus, literal or symbolical cal
culus, &c. 
i The term has also been applied in a sense 
I nearly synonymous v;h,hcalculation and opera-
'iion: thus, the method of transforming and 
; operating upon radicals, is called tho calculus 
of radicals. 

By general consent, however, the term 
calculus is now applied to the highest branch 
of mathematics, that which treats of the 
forms of functions. A\"e shall, therefore, 
consider the term under this view, rejecting 
all other senses in which the term may have 
been applied. AVith this understanding, w o 
may define calculus to be that branch of 
mathematics which treats of tho nature and 
the forms of functions. 

It also has for its object the laws of derl 
vation of one form from another, and the 
application of these laws to other branches 
of mathematics, as algebra, analytical geom
etry, trigonometry, &c. 

Functions are of two kinds, determinate. 
and indeterminate; determinate functions being 
those whose forms are given, and indetermi
nate functions those whose forms are not 
given, being only required to fulfill certain 
conditions. Hence, there are two branches 
of calculus: the ordinary calculus, which 
treats of determinate functions, and the cal
culus o/tiffiria/ioTis, which treats of the nature 
and relations of indeterminate functions. 

Again, in the ordinary calculus, there aro 
two different methods of deriving determi
nate functions from other determinate func
tions. These give rise to the division of the 
ordinary calculus into two parts, differential 
and integral calculus. AA"e shall consider, in 
succession, differential calculus, integral cal
culus, and the calculus of variations. 

Differential Calculus. Differential cal
culus is that branch of mathematics which 
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hasforils object to explain the method of 
derivinir one determinate function from ano
ther, by the process of differenliation. If, 
in any determinate function of one variable, 
w e give to the variable a constant increment 
and find the corresponding increment of the 
function, and then divide the increment of 
the function by the increment of the variable, 
w c shall find a ratio which will in general be 
dependent upon the increment of the variable. 
If n o w w e pass to the fimit of this ratio, by 
making the increment of the variable equal 
to 0, w e shall in general obtain a function of 
the original variable, which is called the 
differential co-efficient of ihe function. If the 
dili'erBnlial co-eflicient of the function be 
multiplied by the differential of the variable, 
the result is called the differential of ihe func
tion. A n y function of a single variable will 
have one, and only one differential co-efficient, 
and consequently it will have but one differ
ential of the same order. 

If the original function be one of several 
variables, w e m a y find its differential with 
respect to each one of the variables, that is, 
as though all of the others were constant. 
These differentials are called partial differen
tials, and the s u m of all the partial differen
tials of a function of several variables is 
called the differential or total differential of 
ihe fu?iction. The differential co-efficient 
taken with respect to any variable, is called a 
partial differential co-efficient of the function 
taken with respect to that variable. There is 
no such thing as a total differential co-effi
cient of a function of several variables. 

The operation of finding the differential of 
any function is called differentiation. 

If any differential be differentiated, the 
result is called a differential of the see07id 
order; if a differential of the second order be 
differentiated, the result is called a differential 
of the third order, and so on ; generally, if a 
differential of the ?i"' order be differentiated, 
the result is a differential of tho {n + 1)"' 
order, and the continued operation of differ
entiating succeeding differentials, is called 
successive differentiation, and the differentials 
obtained, taken in their order, are successive 
differentials. 

The number of successive differentials of 
any given function m a y be finite or it m a y 
he infinite If the function does not involve 

the variable or variables (either directly or 
indirecljly) with negative or fractional expo
nents, the number of successive differentials 
will be finite, and if all the operations indi
cated in the function be performed, the high
est exponent of either variable, in any term, 
will denote the number of successive diff'er-
entials. }f the function involve the variables 
with either negative or fractional exponents, 
tho number of successive differentials will be 
infinite. 

W h e n the given function depends upon 
more than one variable, the process of suc
cessive differentiation requires that a partial 
differential taken with respect to one variable, 
be differentiated with respect to some other 
variable : this result is called a partial differ
ential, and its nature is expressed by de
scribing the successive operations. Thus, if 
a partial differential of the first order, taken 
with respect to x, be differentiated with re
spect to y, the result is called a partial differ
ential of the second order, taken once with 
respect to 2:, and once with respect to y, and 
so on, for partial difi'erentials of the higher 
orders. 

The Differential Calculus consists of two 
parts. The first embraces the science of the 
differential calculus, and explains the methods 
of finding the differentials and successive dif
ferentials of all detenninate functions. The 
second treats of the applications of the dif
ferential calculus to the other branches of 
mathematics, as Algebra, Analytical Geome
try, &c. 

W e shaU give the formulas for differen
tiating every kind of function of one variable, 
observing that these will, w h e n properly ap
plied, in connection with the principles already 
laid down, give the difi'erentials of all func
tions of several variables, as well as all suc
cessive differentials of functions of any num
ber of variables. The only additional remark 
necessary to premise, is, that the differential 
of every independent variable is to be re
garded as constant, whilst tho differential of 
the function will in general be variable. 

The various applications of the principles 
of the differential calculus will be considered 
separately under their appropriate headings. 

In the following formulas, a. b, c, in short, 
all of the leading letters of the alphabet, will 
denote known or constant quantities; uanii, 
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will be employed to denote functions of one 
variable, and s will designate the independent 
variable 
K ,•••:,. ,,,-• tor Dificrentidfing any Function of 

one Variable. 
(1). ,\,:) = 0. (21, d(ii,+v)=du+dv. 
(3). d(xt—v)=du~dv. {i).d(uv) — udvrvdu. 

( u \ vdu~vdp. /u\ du 

(7). d\ 
t)" 

adu (8), d(u'')=mu'*-^du. 

du 
(9). dy'y''u') = ~---~- (10)- rf(a»)=a«/arfu. 

•nyii'-
, , ,, du du 
(11). d(log«) = -l/-- (12), </(/«) = -. 

(13). d{u') = u'ludv- ""du. 
du 

(14). d{l{lu))=d{l'u)=^. 

(15). (i(sina)=cosKrfM. 
(16). d(cosM)=—sinuii«. 
(17). (Z(ver-sin t/)=sin udu. 

du
ns). rf(tanu,)=—5-
^ ' ' COS^M 

du 
(19). d(cotu)=—^-^-

' ^ ' s m 7i 
(20). (f(see 7()=tan u sec udu. 
(21). (i(cosecK)=—cotacosecwffit. 

du 
(22). d(sin-'7/)=-

ŷ -

(2.3). (f(cos-»ii)=- —(Zt/ 

(24). (Z(versin—'!/)=- û 
•v/2m—14 

1̂74 
(25). <f(tan-'t/)=j-q:^,-

(?« 
(2b).<f(cot-v)=-^^j:^. 

(27). <Z(se.r-'7i)=-^==:. 

1 
(23). <i(cosec—'ii)= —-uVu'—l 

If in any curve whose equation is y—f{x), 
we denote the length of any portion by z, 
the area included between the curve, the axis 
of X, and any two ordinates, hy s, the area 
of the surface generated by revolving a por
tion of the curve between any two ordinates, 
around the ax'is of x, by u, and the solid 
generated by v, w e have 

(29V d: = Vdx'-i-dy', (30). ds=:.ydx, 
(31). du^2-iiv'~dx''+df, (32), lii- --m/dx. 
If ».' denote tho length of any portion of o 

curve in space, the co-ordinates of whose 
points are .r. ii. and z. 

(33), dw = VTx-' + dif + dz' 
If a plane curve be referred to a system of 

polar co-ordinates, its equation will be of tho 
form r =/(f). in which r is the radius vector, 
and i- the variable angle. If w e denote the 
length of any portion of this curve by ;, and 
the area included between any two positions 
of the radius vector, and the curve by s, w e 
shall have 

, r'lh 
(34). dz = Vdr ' + r'de'. (35). ,Zs = - ^ -

By means of the first 28 formulas, and a 
proper application of the principles laid down 
for differentiating functions of two or more 
variables, every possible function may be 
difl'erentiated. Tho remaining seven formu
las are useful in the practical applications of 
the calculus. 

Integral Calculus, The object of the in
tegral calculus is the converse of that of the 
differential calculus. Having a given or 
known differential, tho integral calculus has 
for its object to find a function, such that 
being dificrentiated, it will produce the given 
differential: such expression is called the 
integral of the differential. 

The operation of finding the primitive 
function or integral is called Integration. Be
sides the method of finding the integrals of 
given differentials, the integral calculus is 
also applied to various branches of mathe
matics, as well as to almost every branch of 
natural philosophy and engineering. 

The method of integrating a given differ
ential is by no means obvious, nor is it capa
ble of being reduced to definite and fixed 
rules. AVe have seen, in finding the differ
entials of functions, that the rules are cer
tain, and their number definite, being deter
mined by the particular form of the function. 
In returning from the differential to the in
tegral, from which it may have been derived, 
w e can only compare the differential expres
sion with other expressions which w e know 
to be differentials of given functions, and 
thus arrive at the form of the integral. 

The great object of the integral calculus is 
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to transform the given expressions into others 
which are difi'erentials of known functions, 
and thus deduce formulas which may be ap
plied to aU similar forms. The number of 
formulas is unhmited, and of these we shaU 
only attempt to give some of the most useful, 
referring the reader for a more complete sys
tem of formulas to special treatises on tho 
subject of Integral Calculus. Of these Pe-i-
cocK and Herschel's examples will probably 
be found the most accessible, and is altogether 
a very complete compendium of formulas on 
the subject. It is from that work that most 
of those subjoined are taken. The most com
plete collection of integral formulas that have 
been published is probably that of Meyer 
HiEscH of Berlin, who has filled a large vo
lume, so arranged that they can be readily 
referred to. 

The symbol of integration is this, /, which 
is only a particular form of the letter s, which 
originally stood for the word summa, or sum. 
In fact, the integral is the sum of all the dif
ferentials, these being infinitely small. For 
integrating between limits, the symbol / is 
used, and is read, the integral between the 
limits a and b, the subtractive limit being 
written at the bottoni of the symbol. 

Were the notation of mathematics to be 
revised, the proper symbol for integration 
would appear to be rZ—', which, in accordance 
with the conventional principles of notation, 
would be read, the function whose differential 
is ... ; thus, d—^{xdx), would mean the func
tion whose differential is xdx, which is the 
same thing as the integral of xdx. 

It was shown in the differential calculus 
that the differential of a constant is 0, hence 
to every integral found by applying a for
mula, a constant must be added. This 
constant is arbitrary, and serves to make the 
integral fulfill any one reasonable condition. 

W e shall first give the fundamental formu
las, then indicate the most useful transforma
tion- for bringing particular cases under them, 
and afterwards give some of the fonnuias 
most commonly needed iu the practical appli
cation of the Integral Caldulus. 

Fundamental Formulas. 
2;»+' 

(1). /"aafti 
^ = «-+-l + ̂-

dx 
2). 

3). 

4). 

Jax~^ 

1 a'^dx = 

C e " dx = 

dx = 

a* 

et" 
ffi 

•J-

+ c. 

+ C 

5). /sin xdx = — cos a; + C. 
6). /cos xdx = sin X + C. 

dx 
7). / — 2 - = tan a: + C. 
' ' cos^a; 

-̂ ^̂  = —co t x + C. 
SlU' X 

/ d x • = sin-^ x-\- C. 

— dx 
= cos—' X + O. 

dx 
+ x' = tan—' X + C. 

2) 
dx = ver-sin—' a: + C. 

J ̂ n: 

')-/i 

./ i/2i — X' 
To which may he added the following, 

deduced from the preceding, but which should 
be memorized on account of their frequent 
occurrence in practice : 

/ d x X 
71^3^ = ™"'^+^-

(14) 
J V^ 

dx + C. 

/• dx I X 
(15). / ,, , = - t a n - ' - + 0. 
^ ' ,1 x' -\- a' a ffi 
f-T——, = l\x±Vx'-a'\+G. 

J Vx' ±a' ( > 
p dx _ 1 /a + x\ 

• .l'^r^'~Ta''\a-x)'^ C. 
/ d x _ 1 Ix — a\ 

'^^^'~2a^\7T'ii) + ̂ • 

(16). 

(17), 

(18), 

dx 1 
a Va'±: 

,+ 0. (19). f-
"̂  {a' ± x'fi 

/ d x 
; ^ = Z(tania;)+C. 

(2P'/^- = ^(-'(4-l)) + ^' 

(22). /tan xdx = — I (cos x) + 0. 
(23). /cot xdx = I (sin x) + 0. 
(24). flxdx = x{lx-l) + G. 
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Pri'.iptU Transfonnatiens. 
I. The traust'onnation of an expressiion of 

«ho form f'A'iii: to one of the form of / Vdv, (X 
and V being rî speclively functions of x and r) 
so that the latter expression shall come under 
one of the fundamental formulas. This is 
the most coumiou transformation of the Cal
culus, .and the cases arc so numerous and so 
varied that no general rule can be given. The 
most common and useful ones arc given in 
every work on the DiU'ercntial and Integral 
Calculus. The foiiowing is an example of 
this transformation : The expression 

f(a' + x')" xdx, 
can be immediately placed under the form 

if{a'-i-x'rd(a'-fr i-). 
and by placing r for i* + a', it takes the form 
ij'i'" dv,an expression to which formula (1) is 
immediately applicable. To find the integral 
in terms of x, we have to substitute in the inte
gral found in terms of c for r, its value x' + a'. 

As a second example, take the expression 
/(I + a C ) - ' dx, 

which can be written 
fie-" + a ) - ' e-'dx. 

and by making e—'-\- a = r. it reduces to 
— fv — ̂  dv, which comes under formula (2). 
II. The transformation of algebraical to 

trigonometrical functioBs, or the reverse. 
Thus, if in the expression 

/ {a' — x'j a?" dx 
we make i = a sin 6, it reduces to 

ffi'»+»+' cos" + ' 0sin»edfl. 
-Also, if in the expression 

/(sine, cos ffjdB, 
we make sin 6 = x,it becomes 

/(x, VT^^x^il - x')~^dx. 
III. W h e n there are rational factors in the 

denominator of a fraction, they may be 
changed into the numerator by making 

1 
I = —• Thus, in the expression 
dx a?" •/ ffi + Aa; + ex' 

if we make a: = -' it reduces to 

' dz 
V c -k- bz+ az' 

% form more readily integrated. 

1\'- AA'hen tho numerator of a fractional 
differential is irratioutd, it may be rendered 
rational by multiplying both terms of the 
fraction by some power of the numerator, and 
the transformation will generally render the 
fraction more easily integrable. Thus the 
expression f v X d x may be transformed to 
y'A"(/x 

^ — ; also, Ihe expression v-V 

/ ; 

fVa' +1= dx to 
a' dx r x' dx 

J Va' + x' ' + 
%/ a= + J-' 

both of which are simpler forms. 
\', AVhcn by addition of simple terms to 

the numerator, it can be made the differential 
of a function of the denominator, such addi
tions, with compensating subtractions, will 
often reduce integration to a simple form 

Thus, the expression 
xdx 

/ ; y/ffi + Ax + cx'̂  
may be transformed to 

2 ex + i - i I p 2c 
+ ix-

; X dx. 

or to 

1 pd(a-i-bx-{- ex') b /• 
2cy -/a + Ax + ex" 2t;y -y/^ 

dx 
+ ix + ex' 

the first term of which can be integrated by 
preceding methods, and the second term may 
also be integrated by a simple operation. 

A'l. The method of integration by parts, 
consists in resolving the differential into two 
factors, and then applying the formula 

fudv = a77 — fvdu. 
In this case, when the expression fvdu is 
simpler than udv, a saving is effected. Tiiu«, 
having fxflxdx, we may place 

u = Ix and d» = x" dx ; 
whence, 

dx a?"+' 
— and V = 1—7' 
X 771+1 

which in the formula gives 
/ I x . X^'^^ /̂ x'"+'c?x 

du -

^Ixdx = m-\- I •A (m + l)x 
The last term is easily integrated. 
By continued application of the method by 

parts, integrals may oftentimes be much sim
plified : thus, 
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/e^ x" dx^x'i' - 6 fe' x" dx. 
fe' x" dx =-- x̂  C — 5 /e* x* dx. 
fe" X* dx = X* C — i fe" x" dx. 
&c. &.C. &c. 

In cases like the preceding, it is customary 
to deduce general formulas, called equations 
of reduction. 

In tho case last considered, the general 
equation of reduction is 

M A T H E M A T I C A L D I C T I O N A R Y A N D 

dx 

I e"" x" dx = a—^ c'"'x" n /» 
- / c"ix»-i 

-'dx. 

The utility of an equation of reduction de
pends upon our being able to arrive, by con
tinued appfication, at an expression that will 
come under one of the fundamental formulas. 

In the example just considered, if re is a 
whole number, we must, after re applications 
of it, reach an integral expression fe" rfx^ 
which comes under formula (4) ; but if re is 
a fraction, no integrable result can be arrived 
at by using the formula. 
2. Particular Cases. Binomial Differentials. 

/ ( f f i + ix'')'»+' 
(, +J , . ) . ,»-irf, = _ _ - _ . 

/xdx X a 
^+j^. = i-j.?(a + fej-

p xdx _ (x±\ I 1 V 
(̂'̂)' J (a + bxf \b ̂  21=) [a + bx)' 

'^^^- J la + bxt ^\b~'¥) \^ATx) 
2 
h 
2a 

— 73" i (a + ix). 

x' d,x x' ax' a' x 
+Tx ~ 36 ~ 24= "*" "4^ 

/ x -
a 

a' 
--j^l{a-{- bx). 

/x' dx Ix' 6a' X 9a^\ 
(a + bx)̂  ̂ \ ^ ~ ~^~ ~ 24*) 

/ 1 \= 3a 
""(t+Tx) -4r^(« + ^̂ > 

/•x—' dx I / X \ 
^̂ '̂>- J T + l i ̂  a ' [T^fxf 

/ • x —' rfx 1 1 ia-^rbx\ 
(a + 4.r)2 ~ ffi(ffi+47) "" a ' \ x j" 

(33) 

(34), 

(35) 

[C A L 

• J {a + bxf \2a ^ a' )\a^ + bz) 

a^ \ X J 

x-'dx _ / I l 5 ^ ^'\ 
(ffi + 4x)* "" \% "̂  2a' "̂  a'') 

p x-'dx _ /I . ^f>\( 1 \ 
J (a + bxj' \ax "̂  a= j \̂ a + 4xj 

24 /a + 4x\ 
^-a^i-r-} 

n x-'dx __ /J, , _^ , 34= x'̂  
(̂ )̂' y (a + 4x)=' ~ ~ \ a x ' ^ 2a' "̂  a= j 

/ 1 \= 34 /ffi + 4x\ 
>̂ (r+4x) +^n~^~) 

/> rfx 1 lV~il'T X -v/TX 
•'' ./ ffi - 4x= ~ 2-/^ V v T - X 1/4/ 

I_ //a + X i/F\ 
~-/^ \ -/a - bx= j' 

/ x ? d x x' a 
; h ^ = 24-2-f^('^+^^^)' 

/ r f x 1 
x»(a + 4a:=) = ~ 2a? 

~ 2^HaT4?/' 
p ' dx _ I I x' \ 

^*P- J x(a + bx=) ~ 3a H a + 4x=)' 

/ d x I 
x( a T A ^ = "" 3a(a + 4x=) 

1_ /ffi+_4x=\ 

3. Particular Cases. Trinomial Differentials. 
dx_ 
+ cx' 

/ d x 

1/4= — 4u,c 

/'2ci + 4 - Vb'-iac\ 

V 2 , x + 4 + V b ' -4ac/ 
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(I ' ' • J ^ 
dx 

+ 4x + cj'-)'-
2<-x + 4 

(-kc-i»)(a + 4x + cx=) 

+ 4ac — 6' ' ./ffi + 
dx 
bx + ex'' 

,• xdx 1 
(45V Z^-^-^—r77. = -.,ri(« + i^ + «») I + 4x + ex 

b ± r 
2c ̂  a + 

dx 
bi + cx'' 

1 , Vx'+l (55). / '!l^==- jl-^^ 
J x=-x' + x-l - X - 1 

- /a7i-» X-

(56) y X-J.V I 

1 7 / 1 
+ „ ' Vx' + 1 - „ /a7i-'a;. 

•yx,a^4x + cx=)-2a'\a+/,x^;:=j f ^ ^ ^ l 
_ b . dx 'J Vl+x' 
2 J y a + Ai + cx=" 

6. Particular Cases. Irrational Differentials, 
f dx 

+ 6x * 
= y- •>/ <t + 4x. 

4, Particular Cases. Differentials of Circu
lar and Logarithmic Functions. 

i47) 

(4Sj 

(49), 

/. ic _ I / 1 + x \ 
./ 1 +r' "~ 3 •' yi - X + x'j 

J ^ , , X y 3 
T = /ffiTl-' 

V 3 2 — X p ^ _ ^ ./'l+zy/"2 + .r'\ 
7 1 + X* ~ 57 .̂  \ 1 _ ̂ , ,/-o-_. 7-^ 

:/a7i" X'. 2 
l-x=' 

/. (fx _ 1 / 1 — X •> 
../ l"^^ "" ^ V 1+x + xV 

+ rr /a?!-' 
3-/3 2 + x 

(50) 
/• dx -1 / l + x \ , 1 

5. Particular Cases. Rational Fractions. 
dx 

- ffi' \̂ x + 4^ ' (^+7) (X + 4) " 4 
/dx I 
(z + ffi)(x + b)' = (4 - a) (X + A) 
1 /x + aA 
+ (4-a)='\x + 4J' 
/• a^x 1 
<^^^- ./(,.,=T^5TA) "" 4=T^ ^ 

r"''-^"+v^^«'^'^'}' 

(•^^^'./ (x=+a)(x=+4) ~ 2(4 -a) \x= + aJ' 

(X + 7l+x=). 

/tti 
-^=_^=U:r + v'x=-l). 

<")/;7fe."(^^^)' 
/i^a; ,—r • 

— ^ . = = : = tan-'Vx=-l. 
X V i'' — 1 

(63). f-^=L= = 2 sin-' V7, 
.1 V X — x' / d x J -̂

-. = f (2x + 1 + 2 V V + X) 
V I + x" 

/dx I • 
-;,== = Z(l-2x-y/^-x. 

/• dx . , 2x -1 
/• dx 1 / 
J V ffi+ 4x + ex' Vc \ 
+ 2 -/c^X V a-\-bx^cx'\. 

(68). /'^=^^====Z(2x+l 
'• ^ J 7TT7T? \ 
+ 2 /TTx+TM . 
/dx 

^i'(^ 
-3 + 2-/2'x VT-

r+i 
/• dx _ ^ V ffi + Ax 

^^'^' J x'Va+bx' ^x 
/X&: 1 
(a + 4x=)l = ~ 477+4x"»' 
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dx 
'"'̂ '̂ J (ax + 4x')t • 

xdx 

2 (2bx + a) 

(73), ,h 

a' Vax + bx' 
,2x 

(ax + bx')s a Vax + bx' 
/ d x 

(a + 4x + cx')i ^ 
2 (2cx + 4) 

(75) J v7 

(4ac - b') V a + bx-\- ex' 
xdx V a + bx + ex' 

+ Ax + ex' 
b f dx 

~ 2e 'JV^ •j- bx -\- ex' 
(Ex, 51). 

7. Particular Cases, Transcendental 
Differentials, 

n x» + '/ 1 \ 
(76).yx"Zxdx = ;pj-j(^/x-^:^j)-
/dx 1 

r, X'-' + l / 
(78).yx'»(?x)=dx = ^^^^j^G \{lxf 

2 2 
m + 1 '̂''' (rei+ 1)' )• 

Ix xlx 
dx = ; z + / (I - x). 

/ d x 
1 — X 

/ d x 
VUxf' 

I 
Ix' 

r d.v 1 /I + v7r\ 
(«^Vx77'°«T^-=^'lr=V^xj 

(83). fa'a 1 1 
" xdx = ̂  a" X — TTTn "•'• 

la [la)' (84). fdx sin -' X = X ,sm—'X + vT=:i 

(85). / xdx sin —' X = I -̂  — T- J sin —' 

+ - x V l - x', 
4 

dd 
tanS : I (sin S). (86),/ 

n de 
'87). / T T " ^ = /(tan 0)-
' y cos 61 sin S ^ ' 

Many other formulas might be added, but 
the limits of the present work exclude any 
further selections. The various applications 
of integral calculus will be mentioned under 
their appropriate headings. 

Calculus of Vari.-itions. This is the 
hiffhest branch of mathematics, and in its 
proper acceptation, treats only of the laws 
of variation, the forms of indeterminate 
functions, and the application of these laws 
to other branches of mathematics, mechanics,, 
&c. The subject is, however, so intimately 
connected with the differential and integral 
calculus, that many operations which strictly 
belong to these branches, are often referred 
to the calculus of variations. 

W e can only give an imperfect outline of 
the nature of this branch of the calculus, 
and in doing so, shall endeavor to confine 
our remarks to what strictly belongs to the 
Calculus of Variations. 
It has already been stated, that functions 

are either detenninate or indeterminate. A n 
indeterminate function, is one in which a 
relation between the function and variables 
is expressed, but in which the nature or form 
of the relation is entirely arbitrary, or only 
subject to certain general conditions. 

Thus, iu the expression u = ^(x, y, z, &c.) 
u is an indeterminate function of the varia
bles X, y, z, &c,, and, so far as the expres
sion indicates, the form of the function or the 
relation between u and these variables is en
tirely arbitrary. 

It is evident that the fornj of one function 
may be so related to that of another, that if 
the form of the latter be determined or given, 
that of the former may also be determined. 
Thus, the differential coefficient of a function 
depends upon and may be deduced from the 
form of the function itself: w e may conceive 
many other relations between the forms of 
functions which make them dependent upon 
each other. A function whose form depends 
upon that of another, is called a derived func
tion of the former, which, with respect to the latter, is called the primitive function, I f w e attribute an arbitrary change of form to the primitive function, the derived function will experience a change of form, which will not be arbitrary, but will be connected by a fixed law of relation with the change of form attributed to the primitive function. 
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It is the investigation of this law of rela
tion in every possible case, which constitutes 
the priueiiwl object of the calculus of va
riations. 

To acquire an idea of what is meant by a 
rariation, let us first consider a primitive 
function. Let « = o(.r, y. z, &e,) be any in-
detenniuale function of x, y, ;, itc. If w e 
add to this function cd (x. y, ;, lie), and de
note the resulting form by k', w e shall have 

li' — K = cq'(x, y,., &c.) 
If now an infinitely small value he attributed 
to c. which is supposed constant, the difl'er-
ence between u' and « wiil be infinitely small 
for all values of the variables x,y,z, &c.. 
whatever m a y be the form indicated by 6'. 
The increment co'(x, y, x. &c,), is called the 
variation of the function 7/. and since the 
form indicated by p' is perfectly indetermi
nate, w e conclude that the variation of the 
primitive function is arbitrary. The only re
striction laid upon the variation is. that it 
must not be of such a form that it, or any of 
its successive differentials, will become infi
nite for any values of the variables except 
those which render the primitive function and 
its corresponding differential infinite also. 
This restriction does not impair the arbitrary 
character of the variation. 

AA'e are n o w prepared to explain what is 
meant by a variation of a derived function. 
Let i^ he a symbol of derivation, indicating 
simply that the function is derived by some 
fixed law from the prmiitive function ; thus, 
in the expression u^=F[i}(x, y, z, &c.)], u is 
derived from the function ^(x, y, z, &c.) by a 
determinate law. If n o w w e add to ̂ (x, y, 2, 
&c.) th» variation c6'(x, y, z, &c.), and then 
perform upon the resulting fiinction the opera
tion indicated by F, continuing the operation 
sufficiently far to obtain that term which is 
of the first degree with respect to c, then 
will this term of the first degree, with refer
ence to e, be the variation of the derived 
function. The fact is rendered obvious by 
the same train of reasoning as is used in ex
plaining the nature of a differential of any 
function. 

Hence, to find the variation of any derived 
function, add to the primitive function the 
product of an infinitely small and eonstant 
quantity by any arbitrary function of the 

same variables, perform the operations indi
cated, and that term of the result which is of 
the first degree with respect t* the constant, 
is the required variation. 

This is the general problem of tho calculus 
of variations, but in the present state of 
mathematical science, attention is only di
rected to two laws of derivation, viz.: that 
by dill'erentiation and integration, and these 
have been found suflicient, thus far, for all 
practical purposes. 

Â 'e may, therefore, consider the symbol F 
as replaced by either the symbol d or /', and 
when so replaced w e know from the laws of 
differentiation and integration that the opera
tion denoted heretofore by F becomes dis
tributive, that is, letting ^ and 0' stand for 
the functions whose form they indicate, 

"̂((5 + ĉ ') = F 6 + Fcii,'; 
and further, from the same principles, 

Feip' = cF^', 
whether Ĵ  denotes differentiation or integra
tion. Upon this basis, the entire science of 
the calculus of variations is founded. For 
further infonnation as to the principles 
and their applications, the reader is necessa
rily rcl'erred to special treatises on the sul)-
ject. One of the most complete works on 
the subject in tho English language is that 
of Prof Jellet of the University of Dublin, 

C.4i,ccLus OF Finite Differences. That 
branch of analysis which treats of the finite 
differences of f"unctions. This branch is usually 
regarded as being very closely allied to the 
differential and integral calculus, but, with 
the exception of a general similarity iu the 
notation employed, and in the terms made 
use of, they have little in common. 

In order to explain what is meant hy finite 
differences, let u be any function of x, ex
pressed thus, u = f ( x ) . If in this function 
w e substitute x + A, for x, A being a finite in
crement of X, and denote tho new state of the 
function hy u', then is the difference between 
the new and primitive states of the function 
called a finite difference of the unction, h 
being the finite difference of the variable x. 
The symbol A, is employed to designate a 
finite difference, so that w e should have 

Au = u' -u=f{x + Ax) -fix). 
If now w e take the finite difference of a finite 
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difference of the first order, it is called a finite 
difference of the second order. The finite 
difference of ̂  finite difference of tho second 
order is a finite difference of tho third order, 
and so on. The successive finite differences 
are represented by the symbols 

Au, A^«, A^a,.... A"!(. 
-Any function being given, its finite differ

ences of the difierent orders m a y be found 
by means of the principles of analysis, or by 
means of certain rules or formulas, deduced 
for the purpose, in this branch of mathematics. 

The calculus of finite differences consists 
of two parts : 1st. Having given a function, 
to determine its successive orders of differ
ences. The successive finite difference of 
the independent variable is generally taken 
constant. 2d. Having given any one of the 
successive orders of differences, to find a func
tion for which it might have been derived. 

These divisions, similar to those of the 
difi'erential and integral calculus, are called 
the direct and the inverse calculus of finite 
differences. 

It has already been remarked that the cal 
cuius of finite differences is logically uncon
nected with the differential and integral cal
culus. AVhat constitutes the peculiar character 
of the latter branches, and gives them their 
great power as instruments of scientific in
vestigation, is the fact that the derived func
tions are of an entirely different nature from 
the primitive ones, giving rise to relations not 
only more general but also more simple and 
more easily deduced : in the calculus of finite 
differences the derived functions are essen
tially similar in their nature to the primitive 
functions from which they are derived. This 
circumstance prevents their being used in 
deducing more general relations than those 
existing between the primitive functions and 
their variables. The calculus of finite differ
ences, aside from its peculiar notation, is no-
Ihing else than an extended branch of ordi
nary analysis, and all the truths deduced 
by means of this calculus, m a y be established 
by the ordinary operations of analysis, with
out any reference whatever to the notation 
explained. A s a branch of analysis, it finds 
its proper application in the investigation of 
the nature and properties of scries. 

The direct calculus of finite differences, en
ables us to fmd the general term of a series. 

knowing the law of the series, and thus en
ables us to find any term by a sknple substi
tution. It also enables us to deduce formulas 
for the sum of any number of terms of a 
series from a knowledge of the law of-the 
series. From these the particular sum in any 
given instance, m a y be found without the 
trouble of continually adding the terms to
gether. 

The inverse calculus of finite differences en
ables us to determine the law of the series 
froni the sum of any number of terras, or 
from the expression of the general term. 

Since there m a y be conceived an infinite 
number of laws of series, there are an in
finite number of different series. Besides 
these applications, another very important 
one is its application to interpolation, that is, 
finding from a series of terms corresponding 
to equal finite differences of the variable any 
intermediate term which shall conform to the 
law of the series. See Interpolation. 

Another important application is to the ap
proximate rectification and quadrature of 
curves. By this method w e m a y sometmies 
arrive at good practical results which might 
not otherwise have been obtained. It is to 
be observed, however, that all these appli
cations are in no wise pecuhar to this kind 
of calculus, for the re.̂ ults m a y be reached by 
the principles of ordinary algebraic analysis. 
See Series, Summation, &c. 

C A N ' C E L [L. cancello, to deface, to make 
cross-bars or lattice work]. To cross out. In 
Arithmetic, the operation of striking out the 
common factors in both dividend and ifivisor, 
before performing the operation of division, 
is called canceling. 

W h e n several factors are found in both 
dividend and divisor, the operation of division 
is often m u c h simplified by canceling such 
factors as are c o m m o n to both. 

C A N - C E L - L a ' T I O N . The operation of 
canceling. 

CAP'I-TAL. [L, eapitcllum, from capit, 
tho head]. The uppermost part of 'i column 
or pylaster. The sum of money which a 
merchant, banker or manufacturer employs 
in his business. 

C A R ' A T . [Fr. carat, weight for diamonds], 
A weight of four grains employed in weigh
ing diamonds. The term is also used in 



ARl C Y C L O P E D L A O F M A T H E M A T I C A L SCIENCE. 83 

estimating the lineness of gold. The whole 
mass of the alloy is supposed to be divided 
into 24 equal parts ; then the number of 
tbese parts which are pure gold will express 
the number of carats of fineness of tho alloy : 
thus, if in a certain alloy there is contained 
j^ths of pure gold, the alloy is said to be 22 
carats line, 
C a R D I - N A L POIXTS, [L. cardinalis, 

fix)m eardo. a hinge]. In Navigation, the four 
principal points of the compass : A'orlh, South. 
East, and West. 
CaR'DI-OID. [Gr. ĵ fopdta, a heart, and 

jtdof, shape or form]. The name of a heart-
shaped curve, which may be generated as 
follows : 

Let A P B represent any circle, and .\B one 
of its diameters: if, through one extremity 
A, a straight line A P Q be drawn, and the 

distance P Q be made equal to A B , then will 
the locus of the point be a cardioid. The 
line is algebraic, and if the origin be taken 
at 0, and the axes of X and Y coinciding 
with O X and O A respectively, its equation is 
y* - 6ay^ + (2x= + 12a'') y» — (6ax= + 8ffî )y 

+ i* + 3a»x= = 0. 
in which a is the diameter of the directing 
circle. 

CAT-A-C.AUS'TIC C U R V E . [Gr. iiara-
Kavai;, a burning]. A curve of the higher 
geometry, which may be generated as follows: 

Let 13 C D be 
any plane curve, 
and A, a point in 
its plane. From .A 
draw any line A B 
to any point of the 
curve, as B, and 
from the point of intersection B draw a 

second line B E , making with the normal at 
the point B, an angle equal to that made by 
the line A B ; conceive tho same construction 
to be made at each point of the curve ; then 
will the curve drawn tangent to all of the lines 
B E , CF. D G , &e,. be a catacaustic curve. 
If we conceive the line B C D to be a reflector, 
and A a radiant point, then will the lines 
B E , BC, &o,, be reflected rays ; the cata
caustic is. therefore, a curve tangent to all of 
the reflected rays. 

If the curve B C D is a circle, and tho rays 
incident upon it are parallel, the " itacaustic 
is an epicycloid, a curve generated by a point 
of the circumference of a circle when it is 
rolled upon the circumference of another 
circle. 

In like manner, if the incident rays are 
parallel, and the reflecting curve is a cycloid 
whose axis is parallel to the rays, then will 
the catacaustic be a cycloid. 

The catacaustic of the logarithmic spiral, 
is a logarithmic spiral. .See Caustic, 

CAT'E-NA-RY. [L. catenarius, from cat
ena, a chain]. The curve which a heavy cord 
or flexible chain of uniform thickness and 
density forms, by reason of its own weight, 
when freely suspended by two of its points 
It is chiefly interesting on account of tho 
light which its investigation has thrown upon 
the thcor}' of arches, and also by reason of 
its application in the construction of suspen
sion hridiics. 

Lot A C B represent the curve assumed by 
a chain or rope of uniform thickness and 
density, when freely suspended by its two 
extremities A and B. 

Let C be the lowest point of the curve, 
and let CX, a horizontal tangent at C, bo 
taken as the axis of X, and let CY, perpen
dicular to CX, and lying in the plane of the 
"curve, be taken for the axis of Y, and let P 
be any point of the curve. 
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Let a denote the length of a portion of the 
chain whose weight is equal to the tension 
at C. 

Let / denote the length of a portion of the 
chain whose weight is equal to the tension 
at P. 

Let s denote the length of the portion of 
the chain between C and P. 

Denote the co-ordinates of P by x and y, 
and by 0, the angle included between the 
tangent P T , at P, and the axis of y; that is, 
the complement of the inclination of the 
r.urv-e to the horizon at that point. 

N o w , the portion C P is hold in equilibrium 
by the tension at P, the tension at C, and its 
o w n weight. These forces are proportional 
to /, a and s respectively, and their directions 
are respectively paraflel to the three sides of 
the triangle P M T . 

From these principles, w e have 
s _MT _dy_ t__TP^ _^ 
a- " P M ̂  dx •' a ~ P M ~ dx ' 
From (1), we have 

(!)• 

df 
W' 

1 = 
dy' + dx' ds 

dx' dx' a' ^ 

whence. 
dx 
ds 

• (3). 
Va'-\-s' 

By integration, observing that s = 0 when 
1 = 0, 1 have. 

-al 

Thii 

ls + -/s'+Tn (4)-

s gives 
r , — - V s ' - ' r a ' — s ,_. 
- and e o (5). 

Subtracting and reducing, 

s = |(«<r-e-^) (6). 

.Substituting in (1), 
dy 1 / ?- _-\ 

dx = 2 y ' - < ' ••j='=ot»' (7)-
Integrating and remembering that x = 0 
when y = 0, we have 

y + « = 2 (e« + e <» I 

is the equation of the ca 
"erentiating equation (6), 
ds I I •_ _"J\ 
'W = 2\"' -̂  ' ') 

(8), 

which is the equation of the catenary-
Differentiating equation (6), 

(9). 

Substituting in the second of equations (1), 
we fmd 
i^Ue'^+e-}] (10). 

Now, if we denote by iV the number whose 

Naperian logarithm is -, we have, from the 

above equations, the following group of for
mulas : 

(̂) 

By assuming different values for —, the cor 

responding values of y, s, t. and Bt can be 
found from the formulas and tabulator for 
practical purposes. 

The foUowing are taken from a set of 
tables published in the Philosophical Trans
actions of 1826. 
TABLE I.—Ordinary CATfeN.iEY. 100. 

1000 
900 
SOO 
700 
fiOll 
500 
400 
300 
SCO 
100 
90 
80 
70 

N 

,105170 
I17SI9 
13.1148 
153564 
1813C0 
221402 
,281025 
39.i6l2 
64872 
718281 
,03773 
,490342 
172733 

5.O04C84 
5.561266 
6,258102 
7,154926 
8,;«260B 
10,033;U5 
12,565207 
16.821529 
25 525175 
54,308027 
61.511.WS 
71,073875 
84.433443 

100,165906 
1011,20552"! 
100,200290 
100.339869 
100.463404 
I00.607li83 
101.044792 
101.862069 
104,219022 
I 17,5200' 
121,884200 
128.153481 
137.657866 

1005.004840 
905,561260 
806.258102 
707,154926 
608,352608 
510,033315 
412..565207 
310 821529 
225,525175 
154.308027 
151,511583 

94I6 4S 
83 38 48 
S2 5123 
8150 33 
BO 29 40 
78.36 59 
75 49 22 
71 14 44 
622834 
40 2342 
3626 34 

151.073875 315828 
154,433443 2657 10 

T A B L E II.—Ordinary Catenary. 

a = 100. 

N 

1,010050 
1,020201 
1.030454 
1,040810 
1.221402 
1,233678 
1.246076 
1,2.58600 
1.271249 
1.284025 

.004999 
,(H0(!0n 
.045001 
,080007 

2.1)110663 
2.213114 
2,429763 
2.6.56080 
2,893847 
3.141302 

1.0001X10 
2.000 l(«l 
3-01103'JB 
4 l«19!12 20133536 

21.154685 
22,177836 
2320a319 
24,231042 
25.261197 

100,004999 
100,020000 
Khl 04.5001 
liO(i,s;i()u, 102,006663 
10-2.213114 
102,429763 
102,656681̂  
102.893847 
103,141302 

/ // 
8925 39 
88 5115 
88 16.'53 

42 31 
78 36 59 
8 310 
7729 43 
76.nc-H 
;62-,; 15 
75 4924 



c A r J C Y C L O P E D I A O F MATIIKMATIC.VL SCIENCE. 85 

To show the use of these tables, let the 
span projioscd for a suspension bridge be 800 
feet, and let the weight of suspension rods, 
roadway. Ov:e,, be taken at one-half of the 
weight of the chains; and let it be deter
mined to load the chains at the points of 
greatest strain, that is, at the points of sus
pension, with one-sixth of the weight they 
are theoretically capable of sustaining. By 
taking into account the strength of iron, and 
imposing the conditions enumerated, we find 
from the data that the tension at the points 
of suspension is 1644.5 feet. 

Then since the semi-span is 400 feet, and 
X in Table I. is taken at 100 units, each unit 
must be 4 feet, and the tension at the points 
of suspension, estimated hi terms of the same 

1644.5 
unit, is —-—, or 411,125. N o w it appears 
from. Table I. where x is uniformly 100, that 
when / = 412. a = -100 units, or 1600 feet, 
y = 12.565 units, or 50.260 feet, s = 101.0451 
measures, or 404.180 feet, and 8 the angle of 
suspension equals 75° 49'. The value of a 
being now determined, the values of all the 
other quantities may be determined for differ
ent values of x, that is, for different points 
along the curve. But as a in this table de
notes 100 units, each unit here must he 16 
feet, consequently each gradation of f must 

400 
be 16 feet, and the whole semi-span -r^, or 
25 units. Since s is given in the table for 
each gradation of x, the additional weights 
may be on adapted as to preserve the true 
form of the catenary. Thus, at 
21 units of I, « = 21.1547 
20 " '• s = 20,1335 

1.0212 X 16 = 16.3392. 
Consequently, whilst the ordinate extends 

one unit of 16 feet from the 20th to the 21st 
unit, the length of the curve will increase 
16J feet very nearly, and the adjunct weight 
should be proportionally increased. 
It appears from Table I. that for a given 

span, / the tension at the points of suspen
sion, is least when y equals 4 of the span 
nearly. 

C A U S E , [L. causa, a cause]. Anything 
*rhich operates to produce a result. The re-
nlt of a cause is called its effect. 
The terms cause and effect are used tech

nically in mathematics almost synonymously 
with antecedent and consequent. It is a na 
tural law deduced from iniiversal experience, 
that the effect is proportional to the cause 
which produces it. This principle is called 
the principle of cause and effect, and is of ex
tensive use in solving questions' in tho rule 
of three, and also in many other branches of 
mathematics. The principle of cause and 
effect forms the basis of the, science of me
chanics ; in fact, upon it rests the entire sub
ject of the .application of mathematics to the 
physical sciences, 
A cause or an effect may be either simple 

or compound ; simple, when it involves but a 
single element: compound, when it involves 
two or more elements. A compound cause 
or effect is equal to the continued product of 
all its elements. 

Numerical A'aloe of a cause, effect, or any 
one of their elements, is the ratio obtained 
by dividing either by its unit of measure. 
AA'e shall consider the numerical values only 
in the following discussion. 

To illustrate the meaning of sunpio and 
compound causes and effects, let us consider 
a few examples, 

1. If 5 yards of cloth cost 20 dollars, we 
may regard 5 as the cause, and 20 as the 
effect; in this case both are simple. 

2. If 5 yards of cloth, 2 yards wide, cost 
20 dollars, wc may regard 5 X 2 or 10 as the 
cause, and 20 as the effect; in this case the 
cause is compound, and the effect simple. 

3. If 10 men dig a trench 40 feet long, 4 
feet wide, and 8 feet deep, we may regard 10 
as the cause, and 40 X 4 X 8 or 1280 as the 
effect; in this case, the cause is simple, and 
the effect compound. 

4. If 10 men in 10 days dig a trench 40 
feet long, 4 feet wide, and eight feet deep, 
we may regard 10 X 10 or 100, as the cause, 
and 40 X 4 X 8 or 1280 as tho effect; in this 
case, both cause and effect are compound. 

These are the only possible combinatiors 
of simple causes and effects. 

Causes are similar when they aro of tho 
same kind, or have the saihe unit; and effects 
are similar when they are of the same kind, 
or have the same units. The principle of 
cause and effect as applicable to the solution 
of questions in the rule of three, may be 
enunciated thus : 
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jl77y cause is to any similar cause as the 
effect of the first cause is to the effect of ihe 
second cause. 

In all cases of the simple rule of three, w e 
liave given two causes and the efl'ect of the 
first, to fmd the efi'ect of the second, or w o 
have given two effects and the cause of the 
first, to find the cause of the second. The 
question may then be solved by the following 
rule : 

AVhen two causes are given, write the first 
cause in the first term, the second cause in 
the second term, and the effect of the .first 
cause in the third term. 

AA'hen two effects are given, write the first 
efi'ect in the first term, the second effect in 
the second term, and the cause of the first 
effect in the third term. Then multiply the 
second and third terms together, and divide 
the product by the first term ; the quotient 
will be the required effect or cause. 

1. If 8 hats cost 24 dollars, what wiU 110 
hats cost 1 

Cause. Cause. Kfff-ci. 
8 . 110 : : 24, 
24 X 110 

whence r = $330, effect or cost. 
o 

2. If 120 sheep yield 330 pounds of wool, 
how many sheep will yield 2640 pounds 1 

Effect. Effect. Cause. 
330 : 2640 : : 120, 
2640X120 

whence ^ - ^ — = 9 6 0 , cause or No. sheep. 
In double or compound rule of three, that 
is, when either of the causes, or the effects, 
or both, are compound, w e may have given 
everything except one element of either a 
cause or an effect to find that element. The 
solution of all such'cases can at once be 
effected by a slight modification of the pre
ceding rule. 

When the compound causes produce the 
same effects. 

I. If 12 m e n consume a certain amount of 
provision in 7 days, h ow long will the same 
provisions last 21 m e n % 

The first cause is compounded of 12 m e n 
and 7 tlays, and the second cause of 21 men, 
and an unknown number of days, say x days. 

But since the effects aro equal, the causes 
are equal. Hence, to find the unknown element: Divide the product of the elements 

of the cause, where all the elements are 
known, by the product of the known elements 
of the other cause, and the quotient will be 
tho unknown element. In the example thi-
unknown element is 4 days. 

When the compound causes produce different 
effects. 

I. If 10 men in 5 days of 7 hours each 
day, dig a trench 25 feet long, 8 feet wide, 
and 7 feet deep, in how many days of 12 
hours each will 4 men dig a trench 12 feet 
long, 10 feet deep, and 8 feet wide. 

Cause. Cause. Effect. Effect. 
10 X5X7: 12 X4xx:: 25X8X7:12X10X8 
in which we wish to find x, an element of the 
second cause; hence, 

12 X 10 X 8 X 10 X 5 X 7 

12X4X25X8X7 
• — 5 days. 

Hence, arrange the terms in the statement so 
that the causes shall compose the first cou
plet, and the effects the second, putting x in 
the place of the required element. If x falls 
in one of the extremes, make the product of 
the means the dividend, and the product of 
the extremes the divisor ; but if x falls in one 
of the means, make the product of the 
extremes the dividend, and the product of the 
means the divisoj. 

B y a similar application of the principle of 
cause and effect, a great variety of problems 
iu barter, fellowship, percentage, & c , may bo 
solved. The practical application of the 
principle has not only the advantage of lead
ing to the simplest solutions of the questions 
proposed, but it also serves more clearly than 
any other method, to show the analytical 
relation of the elements of the problem 
solved. 

GAUS'TIC C U R V E . [Gr. Kava-LKo^, from 
icaitj, Kavao, to b u m ] , A curve of the higher 
geometry, which is always tangent to rays of 
light proceeding from a point, and deviated at 
a given surface. AATien deviated by reflec
tion, the curve is called catacaustic, (which 
see). W h e n deviated by refraction, the curve 
is called diacaustic. See Diacau-stic Curve. 

C E N ' T I - G R A M M E . L. cc?!/7mi, a hun
dred : Fr. g'7'a7)u7ie]. The hundredth part of a 
French gramme. See Weights and Measures. 

CEN'TI-Li"-TRE. [L. cerUum, a hundred ; 
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Fr. litre] The hundredth part of a French 
litre. See Weights and Measures. 

C E X - T I M L-TRE. [L. centum, a hundred; 
Gr, utrpoi: measure]. The hundredth part 
of a French metre. See Weights and ,1/fit-
St(,"CS, 

CEX'TR.AL. [L. centralis, placed in the 
centre]. Appertaining to the centre. A 
diameter is a central line of a circle. A line 
drawn through the centres of two circles, in 
the same plane, is a central line of both cir
cles, and is called the line of centres, 

C E X ' T R E . [Gr. Kevrpor, centre; L. crti-
tr.t:n. centre]. The centre of a plane curve is 
a point in the plane of the curve, which 
bisects every straight fine drawn through it 
and terminated by the curve. If any curve 
has a centre, and the origin of a system of 
rectangular co-ordinates be taken at the cen
tre, then for every point on one side of this 
centre whose co-ordinates are x and y, there 
will be another point diametrically opposite, 
whose co-ordinates are — x and — y. And 
since tlie co-ordinates of both these points 
must satisfy the equation of the curve at the 
same time, it follows that the form of the 
equation must be such that it will not be 
changed by changing + x into — x and + y 
into — y ; that is, every term must be of an 
even degree with respect to x and y. Hence, 
in order to ascertain whether any curve has a 
centre, w e transform it by changing the origin 
of co-ordinates, the new axes being parallel 
to the primitive ones, and see whether such 
values can be assigned to the arbitrary con
stants which enter the equation, as will 
reduce all of its terms to an even degree with 
respect to the variables. If such values can 
be assigned, the curve has a centre, and the 
new origin is at the centre. If such values 
cannot be assigned, the curve has no centre. 

In curves of the second order, the ellipse 
and hyperbola have each one centre, whilst 
the parabola has none at a finite distance. It 
is shown that every diameter passes through 
the centre ; hence, in order to construct the 
centre of an ellipse or hyperbola, draw any 
two parallel chords in the curve and bisect them 
by ffi straight line; this will be a diameter. 
Construct, in like manner, a second diameter, 
and this will intersect the one already con
structed at the centre. If w e attempt to apply 

this construction in the parabola, w e shall 
find tho diameters parallel, and tho construc
tion must fail. 

O 

î  

,tp 
In the circle, the diameters which biseci 

chords, are also perpendicular to thom. 
Hence, to find the centre of any circle or arc 
of a eirele, as A B C , draw any two chords, 
A B and B C , and bisect them by the perpen
diculars F O and D O ; the point in which the 
perpendiculars D O and E O intersect, is the 
centre required. 

The centre of a surface is a point which 
bisects all straight lines drawn through it and 
terminated by the surface. AVhen a surface 
is given by its equation, w e can, by a course 
of proceeding entirely analogous to that used 
in discussing the subject of centres of curves, 
ascertain whether the surface has a centre. 
It is found that amongst surfaces of the 
second order, the ellipsoid and hyporboloid 
have centres, whilst the paraboloids have uo 
centres at a finite distance. To find the cen
tre of a surface, if it has one, draw three 
parallel chords -end bisect them by a plane ; 
this is a diametrical plane, and passes through 
the centre. In like manner, construct two 
.other diametrical planes, and the point com
m o n to the three planes is the centre. 

To find the centre of the sphere, ŵ e may 
find one diametrical plane and then find the 
centre of the circle, which it euts from the 
surface, and this point will be the centre of 
the sphere. 

The centre of a regular polygon is the 
centre of the inscribed or circumscribed cir
cle. The centre of a solid is the centre of an 
inscribed or circumscribed sphere. 

Centre of Symmetry, is that point of a 
figure about which the different parts are 
symmetrically arranged. 

Centre of Curvature. The centre of 
curvature of any curve at any point, is tho 
centre of the osculatory circle at that point. 
The locus of all the centres of curvature of 
a curve, is the evolute of the curve. 
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CEN'TRI-PLE, [L. from centum, a 
hundred, plico, to fold]. A hundred fold. 

CEN'TU-RY. [L- centuria, from centum, 
a hundred]. A period of time equal to 100 
years. 

CHaIN. [Fr, chaine, a chain, L. catena]. 
A n instrument used in surveying, for mea
suring horizontal distances. The chain most 
used in land surveying is that called Gunter's, 
It is 66 feet in length, and contains one hun
dred links, which are connected with each 
other by small rings. The length of each 
link, including a connecting ring, is 7.92 
inches. ' Every tenth link is marked by 
inserting a piece of brass between it and the 
next, to aid in counting the links in any dis
tance. The length of Gunter's chain is so 
chosen, that an area which is one chain in 
breadth, and ten chains in length, shall be 
equivalent to one acre ; so that if w e mea
sure all the courses in chains and links, the 
resulting .area will be expressed in square 
links, and may at once be converted into 
acres and decimals of an acre, by pointing 
off five places of decimals from the right. In 
using the chain,,care should be taken to com
pare its length from time to time with a stan
dard. In order to make this comparison the 
more reatiily, a distance of 66 feet should be 
accurately marked on some smooth surface, 
as the coping of a wall, and..its extremities 
permanently marked. The comparison can 
then be easily made. 

If it is found that a survey has been made 
with a chain, either too short or too long, the 
area, as found, may be reduced to the true 
area by multiplying it by the square of the 
ratio obtained by dividing the length of the 
chain employed, by 66 feet. 

To find any linear dimension, when it has 
been measured with a chain either too long 
or too short, we multiply the measure found 
by the first power of the above ratio. 

In making surveys for topographical pur
poses, it is often found convenient to employ 
a chain 50 feet in length, which is divided 
into 100 links, each of which is 6 inches in 
length. 

C H a N C E , [Fr. chance, chance]. In tho 
heory of probtibilities, the word chance is 
used to signify the occurrence of an event in 
a particular way, when there are two or more 

ways in which it may take place, and when no 
reason can be assigned why it should happen 
in one way rather than in another. For 
example, if a die be thrown up into the air, it 
will necessarily fall upon one of its six faces ; 
but w e can assign no reason why it should 
fall upon the face marked one, rather than on 
the face marked two, three, Ac. Vl'e say, 
therefore, that the chance of its falling on 
any one face is the same as that of its falling 
on any other. Now, since there are six dif
ferent faces, upon any one of which it may 
fall, w e say that there are six chances in all, 
and as it can only fall on one, we say that the 
chance of its falling upon any designated 
face, is one out of six, or 1. 

The word chance is applied to events, to 
denote that they happen without any fore
known cause; or it is used to denote the pos
sibility of an event, when nothing is known 
to hinder it. Â "e say, a thing happens by 
chance, when we would simply indicate that 
w e know nothuig of its cause, AA'e do not 
intend the term to imply that chance can be 
the cause of anytliing. 

C H A R ' A C - T E R . [L. caracter; Gr, xap-
aicryp, from ;i;apac(7tj, to cut, to engrave]. A 
symbol employed to represent some quantity 
or some operation to be performed upon an 
expression. Thus, V is a character to ex
press that the square root of the quantity be
fore which it is placed, is to be extracted. 
See Notation. 
CHAR-AC-TER-IS'TIC OF A LOGA 
R I T H M . [Gr, x<^poKT7ipiariK0^, from xopaic-
TTjp, a mark or token impressed on a thing]. 
The logaiithm of a number is composed of 
two parts, a whole number and a decimal 
fraction. The whole number is called the 
characteristic, and the decimal part is some
times called the mantissa. 

In the common system, the characteristic 
of the logarithm of a whole number is 
always 1 less than tho number of places of 
figures in the integral number. A\'hen the 
number is a decimal fraction, the characteris
tic of its logarithm is alwa3's negative, and 
numerically 1 greater than the number of O's 
which immediately follow tho decimal point. 
W h e n the number is a mixtd decimal, the 
characteristic of its logarithm is the same as 
that of the entire part, without reference to 
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the decimal part. The eharttcteristic of the 
logarithm of a vulgar fraction is equal to tho 
number of places of figures in the numerator 
minus the number of places of figures in the 
denominator. 

O n account of the simplicity of these rules 
for finding the eharaeteristic of the logarithm 
of a number taken in the common system, it 
is not customary to write the characteristics 
in the tables ; this is one of the advantages 
of this system. 

Let ,i denote the base of any system of 
logturithms, and let us write the series 

a', - • • «'. a', a°, ar\ or', - - - a""-
n, --- 2. 1, 0, —1, -2, n. 
It is plain from an inspection of this series 

that the logarithm of 1 is 0, and the logarithm 
of a is I ; and w e see that the logarithm of 
any number between 1 and a wiU be found 
between 0 and f ; that is, will be a fraction 
less than 1 : its characteristic is therefore 0. 
In like manner, the characteristic of the log
arithm of any number between a and e^ is 1 ; 
of any number between a" and a^ is 2 ; and 
in general, the characteristic of the logarithm 
of any number between a" and a""!"' is re. 
If the number fails between two negative 
powers of a, as for instance, between a~' and 
(T^, the characteristic is then — 3, and tho 
decimal part or mantissa of the logarithm is 
positive. The series above written indicates 
the characteristic, in all cases; hence, the 
characteristics of logarithms need not be 
written in the tables. 

Characteristic Property of a magni
tude is such " property as can only exist in 
that magnitude. 

Thus, " the portion of a tangent fine to a 
curve, which is intercepted between the 
asymptotes, is bisected at the point of con
tact," is a characteristic property of the 
hyperbola ; " the squares of the ordinates, to 
any diameter, are always equal to the rectan
gles of the segments into which they divide 
the diameter," is a characteristic property of 
the circle. If w e can show that any given 
magnitude possesses a characteristic property 
of any magnitude, it is equivalent to showing 
that these magnitudes are the same in kind. 

C H I R T . [L charta, a map]. A hydrogra
phic map for the use of navigators, being a 
projection of some part of the earth's surface 

on a. plane. Charts, as well as ordinary 
maps, may bo constructed according to any 
of the methods of spherical projection ; but 
the method first employed by Mercator, and 
called Mercator's projection, is generally pre
ferred. In this projection, the meridians 
and parallels of latitude are represented by 
straight lines. The degrees of longitude on 
aU the parallels of latitude are represented 
of equal length, and each equal to the length 
of a degree of longitude at the equator ; the 
degrees of latitude increase from the equator 
towards the pole, so that in any latitude they 
shall bear the same ratio to the degrees of 
longitude that they do on the surface of the 
earth, at the corresponding latitude. 

The great advantage- of this chart, and tho 
one which has caused its almost universal 
adoption, is that the rhumb or sailing course 
between two points is represented on the 
chart by a straight line. This enables tho 
navigator to plot the path of his ship without 
difficulty. 

The mathematical relation between the 
length of a minute of latitude and a minute 
of longitude, at any point of the earth's sur
face, may be enunciated as follows: "The 
length of a minute of latitude at any point of 
the earth's surface, is to the length of a 
minute of longitude at that point, as the 
radius of the equator is to the radius of tho 
parallel of latitude through the point; that is, 
as 1 is to the cosine of the latitude, or as the 
secant of the latitude, is to 1," This princi
ple enables us to constnict a blank chart 
representing the parallels of-^latitude and 
longitude corresponding to any-given portion 
of the earth's surfiice. For this purpose, a 
table of meridional parts will be required, 
which may be found in any treatise on Navi
gation, 

The blank chart may be thus constructed : 
Draw on the lower part of the paper a hori
zontal line, to represent the southcnimost 
parallel of latitude which is to be represented 
in the chart. From a suitable scale of equal 
parts lay off upon this line a number of equal 
distances, each of which w e will suppose to 
be equal to 60 equal parts of the scale, and 
through these points of division draw lines 
perpendicular to tho first line ; these will rep
resent meridians which aro one degree apart. 

Find, from the table of meridional parts, 
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the meridional parts corresponding to tho 
latitude of the parallel already drawn, and 
also the meridional parts corresponding to a 
parallel one degree farther north, and sub
tract the former from the latter ; lay off this 
distance from the scale of equal parts on ono 
of the meridians from the southernmost paral
lel, and mark the point thus found. Find, 
in like manner, the meridional difference of 
latitude corresponding to, two degrees, and 
lay ,it off on the same meridian and from the 
same point. Find, also, the meridional dif-
ferericesTif latitude corresponding to three, 
four, five, & c , degrees to the northern limit 
of the chart,-and lay them off as before. 
Then, through the points of division found, 
draw lines parallel to the first lines drawn, 
and they will represent parallels of latitude 
one degree apart. W e might, in a similar 
manner, construct a blank chart, in which 
the parallels represented should be nearer 
than one degree or farther apart. Having 
constructed the blank chart, it may be filled 
in by plotting down the principal points by 
means of their latitudes and longitudes, and 
then sketching hi the coast lines, and mark
ing such features as the nature of the chart 
may require. 

Plane Charts. These have the parallels 
of latitude and longitude parallel to e'ach other 
respectively, and everywhere as far apart as 
at the equator. They can only be used with 
any tolerable degree of accuracy in the im
mediate neighborhood of the equator, conse
quently they are not much used 

For other methods of making charts, see 
Spherical Projection and Projection of Maps 
CHORD. [L. chorda; Gr. x^P^Vt string 
or gut]. Of an arc of a curve, is a straight 
line joining its two extremities. In the cir 
cle, the chord of an 
arc possesses the 
following proper
ties : 

1st, A straight 
line drawn from its 
middle point to tho 
centre, is perpendicular to it, and also bisects 
the subtended arc, 

2d, Chords which are equally distant from 
the centre are equal to each other, and of two 
unequal chords the longer is nearer the centre. 

3d. The chord of an arc is a mean propor 
tional between the diameter and versed sme 
of the arc. 

4th. The chord of an arc is equal to twice 
the sine of half the arc, or it is equal to the 
sine of half the arc described with double 
the radius. 

Scale of Choeds. This is a scale usually 
laid down upon the rules accompanying 
boxes of mathematical instruments. It may 
be constructed as follows : 

1 / 

i l l 

i i i 
q:0 S'.O 7i'0 0 

'vr—^ 

/ / '' '' '' 

0 s.o f,o n'lO sia 
1 
j , 4 ^ 

C A 

'With a radius A C describe a quadrant AD, 
and divide it into 90 equal parts ; then through 
A, and each of the points of division let 
chords be drawn, and let these chords be laid 
off on a scale from A ; the resulting scale is 
a scale of chords. It is used for laying off 
angles. 

1. To lay off any angle, as 30°, from the 
line A B . 

AVith A as a cen
tre, and with a radius 
equal to the chord of 
60° taken from the 
scale, describe the arc 
B C , then with B as 
a centre, and a radius 
equal to the chord of 30° taken from the 
scale, describe an arc cutting the first one in 
C. Draw A C , and the angle C A B will be 
equal to 30°. AVhen greater accuracy is re
quired, the- chord of the arc may be computed 
and the distance taken from a scale of equal 
parts. 

2. Suppose it were required to construct an 
angle of 31° 24' 20" by means of a tabic of 
natural sines. 

With A as a centre, and with a radius of 
ten parts taken from a scale of equal parts. 
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describe the arcs B C and D E . Look in a • 
table of natural sines for the sine of 15-' 42' 
10 ' which is ,2706134, remove the decimal 

n —-'" 1 
; _...-• -4- -" 

point one place to the right, since the radius 
used is 10, and multiply the result by 2 ; 
then with B and D as centres, and with a 
radius equal to 2 X 2,706134 = 5.412268 
taken from the same scale of equal parts, 
describe ares cuttinir B C and D E in the points 
C and E. Join C and E by a straight line, 
it will pass through .-A and make the angle 
C A B equal to 31° 24' 2i)" By determining 
the two points E and C. we are enabled to 
verify the accuracy of the construction 

Chord of Cl'rv,4ture. If SAIS is any 
curve, which we wiU suppose referred to a 

system of polar co-ordinates, A being the 
pole, A S the initial fine of the system, and 
M F G the osculatory circle at the point M, 
then is the chord AIG of this circle which 
passes through the pole A and the point of 
osculation II, called the chord of curvature 
at the poiut M. If we denote the radius 
vector of the point Al by r, the perpendicular 
A P from the pole to the tangent at At by p, 
and the radius of curvature at M by R, we 
have 

R = '^. 
dp 

To deducte an expression for the chord of 
curvature, let us draw the chord M G and its 
supplement G Q ; draw also through the pole 
the line A K perpendicular to the diameter 
of the osculatory circle through the point of 
contact. Then, from the similar right-angled 
triangles AIKA and M G Q , we have 

AIG : M Q • M K M A , or 
M G : 2R , : p • r, since 

M K = A P = 77; hence, M G = ^ ^ • 
•̂  dp 

This is an important element in astronom
ical investigations, 

Ci'PHER, [Fr. chiffre, cipher, figure]. In 
Arithmetic, the character 0; when it stands 
by itself, it signifies no number; in combi
nation, it occupies a place in the arithmetical 
scale, and indicates that there are no units 
of that order in the number. If ciphers be 
annexed to an integral number, the efiecl is 
the same as if the number were multiplied 
by 10, for each cipher annexed. If ciphers 
be prefixed to an integral number, they pro
duce no efl'ect upon the number. Iu deci
mals, these efl'ects are reversed. 

To Cipher, is a common term, which is 
appUed to the performance of any arithmeti
cal operation, by pupils. 

CIR'CLE. [L. circulus, from circus, any
thing of a round form]. A portion of a plane 
A E B F . bounded by a •''• 
curved line, every point 
of which is equally dist
ant from a point within -
called the centre. The 
bounding fine is called 
the circumference. The 
term circle, is often applied to the circum
ference or bounding line, but this is not 
strictly correct, for the circle is. properly 
speaking, the space included. 
Any straight line A B drawn through the 

centre and terminated by the curve, is a di
ameter. 

The circle is one of the elements of plane 
geometry, the right line being the other, and 
those constructions only are regarded as geo
metrical which can be made by the aid of 
these two elements. The circle, however, 
derives its chief importance from its applica
tion in trigonometry, to the measurement of 
angles. Its application in trigonometry de
pends upon the fact, that if circles of the 
same radii he described from the vertices of 
angles as centres, the arcs of the circles inter
cepted between the sides are always propor
tional to the angles. It is for this reason 
that the circle is almost always employed to 
compare angles with each other. For this 
purpose, the circumference of the circle is 
divided into four equal parts, each of which 
is called a quadrant; each quadrant is divided 
into 90 equal parts, called degrees; each 
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degree is divided into 60 equal parts, called 
minutes; each minute into 60 equal parts, 
called seconds, and so on according to the 
sexagesimal scale. See Trigonometry. 

The following are some of the most impor
tant properties of the circle : 

1. Every diameter divides the circle and 
the circumference into two equal parts, and 
generally, equal arcs are subtended by equal 
chords. 

2. The circumference of a circle is equal to 
the length of a diameter multiplied by vr, or 
3,14159265 .... or 3,1416, which is gener
ally used. Hence, the circumferences of any 
two circles are to each other as their diame
ters or as their radii. 

3. The area of a circle is tt multiplied by 
the square of the radius. Hence, any two 
circles are to each other as the squares of 
their radii, or as the squares of their diame
ters, or generally as the squares of any two 
homologous lines. ^ 

4. The area of a circle is less than that 
of any regular circumscribing polygon and 
greater than any regular inscribed polygon. 
It is equal to that of the limit both of circum
scribed and inscribed polygons ; that is, it -is 
equal to cither when the number of sides 
becomes infinite. A n analogous relation 
exists between the circumference of the cir
cle,and the perimeters of the circumscribed 
and inscribed polygons. 

5. The circle has the greatest area for a 
bounding line of the same length of any plane 
figure. 

6. Various expressions have been deduced 
for the length of the circumference, when 
the diameter is 1, some of the most useful 
of which are subjoined. 

If rr denotes the length of the circumfer
ence when the diameter is 1, we have 

1 

•TT = 4 1 
( 

= /8( 

1 1 
3 + 5 
1 

1+3-

1 1 
"" 7 +9 ~ 11 

+ &C 

1 1 
11 

- Yg + &C. 

_ / 1 1 
•~®\l.3 + 3,5" 3.5."? + 5.7.9 • 

1_ 
13 

7.9,11 

+ 1 
9.11.13 

- &c. 

7r = i/r2n-5 
1 

3,3 + 5,3^ ' 
1 

T3' 

+ 9^.-&c.)-

/2 1 J_ _ _L3_ 
''^\3~6'~i.'i~ 4.6.9 

1-3-5 . \ 

= 4-1/2^3-52 4.7,2" 
1.3 

4.6.9.2= 
1,3.5 

4.6.8.11.2* &c. 
) 

/ 1 _ 1 
^*\^~'2.3 2.4.5 

1.! 
2.4.6.7 

&cl-

Many other formulas might be added, it 
is to be observed that tt is equal to the 
numerical expression for the area when the 
radius is equal to 1. 

The following curious expression for 7r is 
given by Wallis : 

9 25 49 81 121 
" = 8^24^48^80^120'^'=' 

In which the numerators are the squares of 
the consecutive odd numbers, and the de
nominators less than the numerators hy 1, 
the product being continued to infinity. 

7. If two straight 
fines, A B and CD, cut 
the circumference and 
intersect each other 
within the circle, the 
angle D O B is mea
sured by half the sum 
of the intercepted arcs 

If the lines intersect each other without the 
circle, the angle is 
measured by half the 
difference of the inter
cepted arcs. 

If they intersect at 
the centre, then are 
the intercepted arcs 
equal, and the angle 
between them is mea
sured by either one of 
them. 
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if they inter
sect on the cir
cumference, the 
angle between 
them is measured 
by half the inter
cepted arc. 

It follows from these principles, that if the 
interseetinn lines 
are perpendicular 
to each other, 
that the sums of 
the opposite arcs 
are equal; thatis. 
BD+AC=^AB 
•i- DC. 
If one of the 

lines is tangent to the circle, and the other 
passes through 
the point of con
tact, the angle 
between them is 
measured by half 
the intercepted 
arc. If both lines 
are tangent to the 
circle, the angle 
between them is 
measured by half the difference of the two 
arcs between the points of contact. If the 
tangents intercept equal arcs, they are par
allel. A tangent at the middle point of an 
arc is parallel to the chord of the arc. 
Two parallel straight lines intercept equal 

arcs; and conversely, straight lines drawn 
through the corresponding extremities of 
equal arcs, are parallel. 

divides the diameter; 
, that is 
DC^-.VACxrilC'. 
If a chord E F bo 

drawn, cutting a di
ameter in a point, 
so that one segment 
E C is equal to the 
radius, then is E C an 

If from the same point without a circle, two 
tangents be drawn to the circle, they will be 
equal. 

8. Any ordinate, CD, perpendicular to a 
diameter of a circle, is a mean proportional 
between the two segments, into which it 

arithmetical mean 
between the segments into which it divides 
the diameter, and the 
remaining part of the 
chord CF is an harmoni-
cal mean between the 
same segments. 

9. If two chords, O B 
and O C , be drawn 
through 0, a point with
out the circle, then 
0 C x 0 D = c ^ 0 B X OA. 
If two points C and D, 
be taken on the same 
diameter A B at equal 
distances from the 
centre, and from 
these points lines 
be drawn to any 
point F on the curve; 
then 
CF'+DF"oAC" + BC=o AD=+DB' 
If a line EF, perpendicular to a diameter 

It 

A B intersect a secant C E in the point E, 
then 

AF X FB o CE X ED + EF^ 
If upon a diameter 

AB, of a circle, a 
rectangle A D be con
structed, whose side 
B D is equal to BE, 
the chord of a quad
rant, or the side of 
an inscribed square, 
and if hues be drawn 
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from any point F on the circumference to 
the points C and D, they will cut the diam
eter in the points G and H, so that A H " + 
BG==0=AB". 

10. If through a 
point A, on the cir
cumference, chords 
AB, AC, AD, AE, 
6cc., be drawn so as 
to intercept equal 
arcs, then 
.'AB A C : : A C 

AC + AE : : 
If in any circle, BFC, an ordinate F E 

be drawn perpendicular to a diameter BC, 
and a tangent be also drawn at F, meeting 

the diameter produced in A, then will DE, 
DB, and D A be in geometrical proportion. 

11, If a triangle 
A B C he inscribed in 
a circle, and aperpen-
dicular A D be let 
fall from the vertex 
.A upon the opposite 
side BC, and a diam
eter C E be drawn, 
then A B ; C E : : A D . A C ; whence, 

AB X ACoOE X AD. 
If a triangle B A C be inscribed in a circle, 

and one of the angles 
A be bisected by 
the line AE, cutting 
the side B C in D ; 
then 
BA X AC =o= AD" 

+ BD X DC. 
If a quadrilateral 

he inscribed in a circle, the rectangle of its 
two diagonals is equal to the sum of the rect
angles of the opposite sides. 

If an equilateral triangle be inscribed in a 
circle, the square of either side is equal to 
three times the square of the radius. 
If a square is inscribed in a circle, it is 

equal to twice the 
square of the ra
dius. 
If two chords, 

A D and CB, of 
a circle, A C D B , 
are at right an
gles, and inter
sect at the point 
E, then is the sum of the squares of tho 
four segments equal to the square of tho 
diameter. 

12. If the distance between the centres off 
two circles lying in the same plane is greatei 
than the sum of their radii, they lie entirely 
external to each other; if it is equal to the 
sum of the radii, they are tangent externally, 
if it is less than the sum, and greater than 
the difference of the radii, they intersect each 
other in two points ; if it is equal to the dit-
ference of the radii, they are tangent inter
nally ; if it is less than the difl'erence of the 
radii, the one lies entirely within the other. 

13. A circle can always be circumscribed 
about, or inscribed within, a regular polygon. 

1. To pass a circle through three poiiics 
A, B, and C : 

Draw the straight lines A B and B C and 
bisect them by the perpendiculars E O and 
F O ; the point 0, in which these intersect will 
be the centre, and the distance O C from 0 to 
cither point will bo the r,adius of the circle. 
If the circle is given, and it be required to 
find its centre, take any three points A, B, 
and C, on its circumference, and' proceed as 
above ; 0 will he the required point, 

2. Through a poiut A, to draw a tangent 
to any circle. 

Draw a line from A to the centre C, and on 
this line as a diameter construct a circle 
ABD, cutting the given circle in B and D; 
join the points D and B with A, and the 
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lines A B and A D 
are the tangents 
requireil. 

If A lies upon 
the circumference. 
but one tangent 
can be drawn to 
the circle through 
it, and that wiil be 
perpendicular to 
the radius through 
the point of con
tact. If A faU with
in the circle, no 
tangent can be drawn. 
3. To inscribe a circle in a given triangle .ABC. 

gents. Hence, four tangents in all can bo 
drawn to two circles in the same plane. 

JlC_JV' 

Draw the lines A O and B O , bisecting the 
angles A and B ; the point 0 of intersection 
of these lines is the centre, and the perpen
dicular distance O F to either side .-AC. is the ra
dius of the required circle. This problem is 
always possible. 
4. To draw a straight line tangent to two 

circles in the same plane. 

Draw C C through their centres, and pro
long it; draw two parallel radii C X and C X ' 
in the two circles ; through X" and X' draw 
a straight line, and prolong it till it meets 
C C , in T; through T draw T.M' tangent to 
one circle, and it will be tangent to the other. I 
If the ciri:le3 are equal, the point T will be 
at an infinite distance, and the tangent wifi 
be parallel to C C . 
If the parallel radii are drawn on opposite 

sides of C C , (see next figure) the point Ti 
will fall between the centres as in the last! 
figure. In either case, there will be two tan-! 

5. To construct a circle which shall pass 
through a given point P, and be tangent to a 
given straight line B C at a point B. 

Draw PB, and 
bisect it by the 
perpendicular D 
0 ; erect at B a ( 0̂  J,:b 
perpendicular to 
BC. The point 
0 in which these 
lines intersect is 
the centre, and O B the radius of the circle, 

6. To construct a circle which shall pass 
through a given point P, and be tangent to 
two given straight lines A B and BC. 
Bisect the angle 

B by tho straight 
line BO. Take 
any point S of 
BO, and through 
it draw a perpen
dicular S C to the 
line B C ; with S 
as a centre, and , 
.SC as a radius, A 
describe an arc 
C D , cutting the i 
straight line drawn through B and P in D , 
draw SD, and through P draw P O parallel to 
DS, 0 will be the centre, and the perpendi
cular distance from 0 to B C the radius of 
the required circle. 

7. To construct a circle which shall pass 
through two points A and B, and be tangent 
to a given straight line CP. 
Draw the straight 

line BA. and pro
long it in both di
rections ;makcBQ 
equal to AC, and 
upon C Q as a di
ameter construct a' 
semi-circle Q D C ; 
at B erect the ordinate B D ; then with C as a 
centre, and B D as a radius, describe an arc 
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cutting CP in P. P is the point of contact. 
Draw PO perpendicular to CP, at P, and 
bisect A B by a perpendicular G O ; the point 
O in which these lines intersect is the centre, 
and OP the radius of the required circle. 

8. To construct a circle which shall be 
tangent to two given circles C and C. 

Draw a straight line BT tangent to the 
given circles, and produce it till it intersects 
the line of centres CT in T. Through T 
draw a secant TQP, and through the points 
of intersection Q and P, draw CP and C Q ; 
the point of intersection, O, of these lines is 
the centre, and OP or O Q the radius of the 
circle required. The problem admits of an 
infinite number of solutions. 
9. To construct a circle which shall be tan

gent to a given circle C, and a given straight 
line D'P at a point P. 

. At P, erect a perpendicular OPQ, and on 
PO lay off a distance P Q equal to CS, fhe 
radius of the given circle. Draw QC and 
bisect it by a perpendicular D O ; the point of 
intersection, O, of this fine with the perpen
dicular PO, is the centre, and OP the radius 
of the required circle. There are two solu
tions. 

10. To construct a circle which shall he 
tangent to a straight line DP, and to a given 
circle C at a point Q. 

Draw D Q tangent to the given circle 
»t the point Q, and produce it till it meets 

P D in D; draw D O bisecting the angle QDP, 
draw CQ, and prolong it till it intersects D O 
in 0 ; 0 is the centre, and O Q the radius of 
the required circle. There are two solutions 
of this problem. ,The second solution is 
made by bisecting the angle QDR, and the 
given circle is tangent to the required circle 
internally. 

11. To construct a circle which shall pass 
through a given point Q, and be tangent to a 
given circle C at a given point P. 

n 

Draw the radius CP, and produce it inde
finitely ; draw the fine PQ, and bisect it by 
the perpendicular D O ; the point of intersec
tion, 0, is the centre, and O P the radius 
of the required circle. The point Q might 
be within the required circle, in which ease 
the required circle would be entirely within 
the given circle. 

12. To construct a circle with a given 
radius, which shall be tangent to a given 
straight line DP, and to a given circle C. 

J) p 
Draw B O parallel to DP, and at a distance 

from it equal to tne given radius : with C as 
a centre, and a radius equal to the sum of the 
given radius, and that of the circle C, de
scribe an arc cutting B O in the points B and 
0 : then either of these points will bo the 
centre, and the given line the radius of the 
required circle. 
Many other problems might be added re

lating to circles, but a sufficient number have 
been given to indicate the general method 
of solving all problems of that nature. 
Circles of the Sphere. The curve of in

tersection of any plane -B'ith a sphere is a 
circle. Different names are given to these 
circles according to the circumstances under 
which they are considered. 
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Every clrttlc cut out by a plane passing 
through the centre, is a great eirele. If the 
cutting pUuie does not pass through the 
centre, the curve of intersection is a small 
circle. 

In spherical projections, the principal cir
cles considered are as follows : 

1. The primitive circle is the great circle, 
which is cut from the sphere by the primi
tive plane, or the plane on which the projec
tion is made. 

2, The Equattn; a great circle, whose plane 
is perpendicular to the axis of the sphere. 

3. The Ecliptic, a great circle, whose plane 
makes with the equator an angle of about 
23'-° 

4, The Meridians are great circles, whose 
planes pass through the axis of the sphere. 
The two principal ones are, 1st. The Equi
noctial Colure. which passes through the equi
noctial points, or the points in which circum
ferences of the equator and ecliptic intersect; 
and 2d, The Solstitial Colure, whose plane is 
perpendicular to that of the equinoctial co
lure. 

5, Circles of Latitude, are small circles 
whose planes are perpendicular to the axis : 
those particularly considered, are. 1st. The 
tropics which pass through the solstitial 
points, and are consequently about 23 i de
grees from the equator ; the northern one is 
the tropic of cancer, and the southern one the 
tropic of Capricorn. 2d, The polar circles 
which pass through the poles of the ecliptic, 
and are consequently as far from the poles of 
the equator as the tropics are from the equator. 
The northern one is called the arctic circle, 
and the southern one the antarctic circle. 

6. The horizon of any point on the surface 
of the sphere, is that great circle whose plane 
is perpendicular to t'ne radius through the 
point; all circles of the celestial sphere, 
whose planes are parallel to the horizon, are 
called circles of equal altitude or almucantars. 

7, Vertical Circles are those great circles, 
whose planes are perpendicular to that of the 
horizon. The prime vertical is that whose 
plane is perpendicular to tha;t of the meritfian 
of the place. 

Circle of Analysis. In analysis, the circle 
is given by an equation of the second degree 
between two variables ; hence, it belongs to 
curves of the second order. 7 

Its most general equation is 
(y - 4)» -1 (x — a)' - Ii'. 

In which x and y denote the general co-ordi
nates of all of the points of tho circum
ference, a and 4 the co-ordinates of tho 
centre, and R the radius. 

If the origin of co-ordinates is taken as the 
vertex of a diameter, which diameter coin
cides with the axis of abscissas, a = 0, and 
b = R ; and the equation of the circle be
comes y' = 2l\x — ,r' 

If the centre coincides with the origin of 
co-ordinates, a = 0, 4 = 0, and the equa
tion becomes x" + y" = R'. 
This is the most ordinary form of the equa

tion of the circle. From this equation, it may 
readily be shown that any ordinate is a mean 
proportional between the segments into which 
it divides the diameter. Since the equation 
of the ellipse reduces to the form of that of 
the circle, when wc suppose the axes equal, 
we conclude that the circle is a particular 
species of the ellipse. AA'e may readily 
.show, from the equation above given, and 
from that of the right line, that a right line 
cannot cut a circle in more than two points. 

In the Integral Calculus, the formula for 
the rectification of the circle is 

dx 
- / ; VK'-x' 

in which Z denotes the length of an indefi
nite portion of the arc The integral can 
only be expressed by series. 

The formula for the area of any portion of 
a circle included between any two ordinates, 
the axis of X and the curve, is 

s = fdx if2rx — x', 

in which s denotes the area, the origin of co
ordinates being at the vertex of a diameter. 
The integral can only be expressed by a 
series. 

Circle of Curvature. Sec Oscillatory 
Circle. 
Circles of the Higher Orders. All 

curves, whose equations are of the form 
y^" = x"" (a — x)", 

have been called circles. If m = l , and 
re = 1, the equation becomes that of the 
common circle. 

If 771 is an odd number, fhe curves repre
sented will be ovals. If tti = 3, and re = 1 
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the equation becomes y* = x^ (ffi — x), and 
the curve is of the form of A B in the 
annexed figure. 

W h e n m is an even number, the curve has 
two infinite branches, and is, strictly speak
ing, an hyperbola, 

CIR'CU-LAR. [L. circularis, circular]. 
Appertaining to a circle ; thus, we speak of 
circular parts, circular segments, &c. 

Circular A r c Any part of the cir
cumference of a circle. If r denote the ra
dius, d the diameter, and c the circumference 
of the entire circle to which the arc belongs ; 
and if z denote the length of any circular 
arc, s the sine of the arc, v the versed sine 
of half the arc, and m the number of degrees 
in the arc, we have the following formulas : 

1. z = r m X 0,0174533. 

2, z=2VU'^ ^ + 2T¥r 
3d" 

2 - 4 • 5d" 

3-5-7)° 1 
2 - 4 - 6 - 7 d" "*" '̂ '=' I 

3. s = 2s 1 + H • + 3s4 
3-3r" ' 5-2-47-' 

3 •5s'' 
"•"7-2-4^67 + *''=' 

If we now denote the chord of the arc by 
c', arid the chord of half the arc by c", we 
have the following formulas which give good 
approximate results: 

4. z = 2d 35 
3d-

nearly. 

^ - l i 5d 
1 

V5d=:3;;+^'"^j ""^"'y 

8c"- c' 
6. « = — ^ nearly. 

Circular Instruments. The name of 
any instrument used in surveying, or in nav
igation, for measuring angles in which the 

graduation extends around the entire circum
ference, or from, 0° to 360'=. 

Sextants, octants, &c,. are frequently em
ployed for measuring angles, but in these the 
graduation is only carried around through a 
portion of the circumference. Experience 
has shown that when the instruments are of 
considerable size, entire circles afford much 
the most accurate results. The reflecting 
circle differs but little in principle from the 
sextant, but is considered a more reUable in
strument for measuring angles. 

Repeating Circle is a circular instrument 
so arranged, that by moving the axis of the 
telescope over successive portions of the gra
duated limb, corresponding to the angle to be 
measured, and reading only the multiple arc, 
all errors of graduation may be eliminated. 
The principle of repetition is independent of 
the instrument used, and may be advantage
ously applied to all circular instruments. 
W h e n applied to the reflecting circle, it be

comes a repeating, reflecting circle ; when ap
plied to d, theodolite, it becomes a repealing 
theodolite. 

The following account of the application 
of the principle of repetition to circular in
struments is taken from Sir J. Heeschell : 

" Let P, Q, be two ob
jects, which we may sup
pose fixed for the purpose 
of explanation ; and let 
K L be a telescope mova
ble on 0, the comraon 
axis of two circles, AAIL 
and a4d, of which the 
former, A M L , is abso
lutely fixed in the plane of the objects, am" 
carries the graduations freely movable on the 
axis. The telescope is attached permanently 
to the latter circle, and moves with it. An 
arm, OaA, carries the index, or vernier, 
which reads off the graduated Ihnb of the 
fixed circle. This arm is provided with two 
clamps, hy which it can be temporarily con
nected with either circle, and detached at 
pleasure. Suppose now the telescope directed 
to P ; clamp the index, OA, to the inner 
circle, and unclamp it from the outer and 
read off; then carry the telescope around to 
tho other object Q. In doing so, the inner 
circle, and the index-arm which is clamped to 
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it, will also be carried around over an arc, 
A B , ou the graduated limb of the outer, equal 
to the angle, P O Q . X o w clamp the index to 
the outer eirele, and unclamp the inner, and 
read oft". The difl'erence of the readings will 
measure the angle, P O Q , The reading will 
be liable to two sources of erroi : that of 
gniduation, and that of observation, both of 
which it is our object to get rid of. To this 
end, transfer the telescope back to P without 
unclamping the outer circle ; then, having 
made the bisection of P, clamp the arm to 4. 
unclamping it from B, and again transfer the 
.-.eseope to Q, by which the ann will now be 
carried with it to C over a second arc, BC. 
equal to the angle P O Q . X o w again, read 
off; then will the difl'erence between this 
reading and the original one measure twice! 
the angle P O Q , affected with both errors of 
observation, but only with the same error of 
graduation as before. Let this operation be 
repeated as often as w e please (say ten' 
times) ; then will the final arc, A B C D , read \ 
off on the circle, be ten times the required 
angle afl'ected by the joint errors of all the, 
ten observations, but only the same constant 
error of graduation, which depends on the 
itutial and final readings alone. X o w the 
errors of observation, when numerous, tend 
to balance and destroy each other, so that, if , 
sufficiently muitiphed, their influence will I 
disappear from the result. ' 

"There remains, then, only the constant 
error of graduation, which comes to be divi
ded in the final result by the number of ob
servations, and is therefore diminished in its 
influence to one-tenth of its possible amount, 
or to less,if need be," 

Circular Xumbers. A name sometimes 
given to numbers whose powers terminate 
with the numbers themselves, as 5, 25, &c. 
The different powers of 5 always end in 5. 
and the different powers of 25 always end 
in 25, 

CiRCBLAE Parts of Napier. In a right-
angled spherical triangle, tho sides about the 
right angle, the complement of the bypothe
nuse. and the complements of the two oblique 
angles, are called Xapicr's circular parts. 

If we dc-rijna'e the risht angle by A. the 
oblique angles by B and C, and the sides 
opposite them hy a, 4 and c, respectively, the 

parts may be expressed circularly as in the 
annexed diagram. 

The parts being ar
ranged circularly, if 
any part bo assumed 
as a middle part, it 
will have two adjacent 
and two opposite parts. 
Thus, if 90° - a bo 
taken as the middle 
part, then 90° — B and 90° — C are adjacent 
parts, and A and c are opposite parts, and so 
on, when any part is taken as the middle part. 
By the aid of this convention, we are enabled 
to solve most of the cases of spherical trigo
nometry, by the aid of the following simple 
rules; 

1. The sine of the middle part is cqvat 
to the products of the tangents of the adjacent 
parts. 

2. The sine of the middle part is equal to 
ihe product of the cosines of the opposite parts : 
thus, 
sin (90° - a) = tan (90° - B ) tan (90° - C), 
and 

sin (90° — a) = cos c cos 4. 
The only cases which cannot be brought 

under these rules are those in which the three 
angles or the three sides are given. They 
apply to all other cases of oblique-angled tri
angles, since each oblique-angled triangle 
may be divided into two right-angled triangles 
by an arc of a great circle drawn through 
one of its vertices, and perpendicular to tho 
opposite side. 

It has been observed that the two rules 
above ^iven do not apply in the two cases 
when the three angles or the three sides are 
given. There is, however, an analagous rule 
which will enable us to solve these cases. 
Let us consider an oblique spherical triangle, 
and call the three sides and the supplements 
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of the three angles, circular parts ; there wifi 
be six such parts. If any one of these six 
be assumed as a middle part, then are the 
other parts of the same denomination opposite 
];art3: lihus, if a side is taken as a middle 
jiart, the other sides are the opposite parts; 
if the supplement of one of the angles he 
taken as a middle part, the supplement of the 
other angles are opposite parts. The rule is 
as follows: 

-A, 
x5 

Select the angle A opposite the greater side, 
and let fall a perpendicular from its vertex 
upon the opposite side BC, dividing the angle 
A' and the side B C into two segments. Take 
the supplement of the angle or the side oppo
site, as the middle part; then will the rect
angle of the tangents of the half sum and the 
half difference of the segments of the middle 
part be equal to the rectangle of ihe tangents 
of the half sum, and the half difference of ihe 
opposite parts. 

If, for example, the angle A is the middle 
part, 

tan i Atan -i (DAC - D A B ) = 
tan i (360° + B + C) tan i (B - C). 
If the side B C = a is the middle part, 
l.-iniatan*(BD - D C ) = tani(4 + c) 

tan 4 (4 — c). 
Having determined the two segments of 

the middle part, the auxiliary triangles B A D 
and C A D can be solved by the rules first 
given. 

Circular Sailing, is that performed on 
the arc of a great circle. In Mercator's sail
ing, the problems are solved by a solution of 
plane triangles; in circular sailing, they are 
solved by means of spherietil triangles. 

Circular Sector. A portion of a circle 
included between 
an arc of a circle 
and the radii 
drawn through its 
cxtre m i ties 
thus, A B F C is a 
sector. Similar 
sectors are those which correspond to equal 

ang]es at the centre, as A B F C and O D G E . 
The angle at the centre is called the angle 
of the sector, or the sectoral angle. 

If we designate by I the length of the arc 
of the sector, by n the number of degrees 
which it contains, and by S the area of the 
sector, r denoting the radius, w e have the 
following formulas: 

1 
1. ~ 

S-- • l. 2. •^'=-^X360-

CiEcuLAK Segment. A portion of a circle 
included between an arc of a circle and its 
chord. To find the area of a circular seg
ment, w e have the following simple rule: 

Multiply the square of ihe radius of the 
circle by half the difference of the arc of the 
segment and the sine of ihe angle at the centre, 
•—the arc being less than a semicircle. If the 
arc is greater than a semicircle, subtract the 
product obtained above from the area of the 
entire circle. The length of the arc of the 
segment may be found by any of the methods 
already given under Circular Are. 

Circular Function. A function in which 
the relation between it and the independent 
variable is expressed by means of some of 
the trigonometrical lines, as the sine, tangent, 
&c, : thus, in the expression y = sin x, y is 
said to be a circular function of x ; so, also, 
is y in the expression x = tan—* y. 

CIR'CU-La-TING D E C I M A L . One in 
which one or more figures are continually 
repeated in the same order. Such are some
times called repeating decimals. The figure, 
or set of figures which is continuall}̂  repeated, 
is called the repetend. Circulating decimals 
are pure or mixed; pure, when thfe first figure 
after the decimal point is the first figure of 
the repetend; mixed, when ono or more 
figures occur before the repetend commences. 

A single repetend, is one in which only a 
single figure is repeated: thus, .333333 . . , 
Such repetends are expressed by putting a 
mark over the first figure : thus .̂2 is the same 
as .22222 ... and >3 the s.ame as .333333 . . 

A compound repetend, is one in which the 
repetend consists of more than one figure, as 
.57235723 . . . These aro distinguished ly 
putting a mark over tho first and last figures 
in tho repetend, inclined in different direc
tions ; the above example may be expressed 
.'5723' . . . 
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The true value of a repeating decimal, 
supposed pure, is equal to a vulgar fraction 
whi>se numerator is the repetend and whose 
denominator is expressed by a number of 
nines equal to the number of figures in the 
repetend: thus, the value of ,'2 . , is-J; and 
the value of .'5723' ... is -^f-J- If the cir
culating decimal is mixed, it may be reduced 
to a vulgar fraction by taking that part which 
precedes the first figure of the repetend and 
reducing it to the form of a vulgar fraction, 
then add to this result a fraction whose nu
merator is the repetend, and whose denomi
nator is expressed by as many nines as there 
are figures in the repetend, followed by as 
many O's as there are places of figures 
between the decimal point and the first 
figure of the repetend: thus, 2.4'IS' ... is 
equal to 2^-^ + H w = -f|-

Similar repetends are those which be^in at 
the same number of places of figures from 
the decimal point. Dissiinilar repetends are 
those which do not begin at the same num
ber of places of figures from the decimal 
point. 

Conterminous repetends are those which 
terminate at the same number of places of 
figures from the decimal point. 

Similar and Conterminous repetends are 
those which both begin and end at the same 
number of places of figures from the decimal 
points. Thus. .3'54'.. and 2.7^534'.. are si
milar, but .'253' and 4'7'52'... arc dissimilar. 
.l'2.'i'.... and .'354'... are conterminous; 
53.2'753'...and .4'632'... are both similar 
and conterminous. 

Properties of Circulating Decimals. 
1. Any decimal, having a finite number of 

places of ficrures, may be regarded as a cir
culating decimal, provided w e regard the re
petend as made up of O's ; thus, .35 may be 
written .3'50'.. or .35'00'.. or .35'000'.., 
and so on. 

2, Any circulating decimal having any num
ber of figures, may be written as one having 
twice, three tiraes, or any multiple of that 
number of figures, by simply taking the repe
tend twice, three times, &c., as a single repe
tend; thus, .25'37'... may be written 

.25'3737'... or .25'373737'... &cc. 
Hence, two circulating decimals whose repe
tends have not the same number of places of, 

figures, can be so written that they shall have 
the s.ame number of places by the following 
rule : Find the least common multiple of the 
numbers of figures in the two repetends, and 
then reduce each decimal to equivalent deci
mals having this number of places of figures 
in the repetend. Thus, .13'8 ... and 7.5'43'... 
and .04'354'.,,, may be written respectively 
-P.i'SSSS.'JS',. 7,6H34343',, and ,04\i5 1351',, 

3. Any circulating decimal may bo written 
under the form of a mixed circulating deci
mal having any number of places of figures 
between the decimal point and the first figure 
of the repetend. Thus, the circulating deci
mal '57' may be written .5'75'.. or .57'57'.. 
or .575'75'..., &.c. Hence, any tw-o circu
lating decimals may be so written that their 
repetends shall be similar and conterminous.-

4, If two or more circulating decimals, 
whose repetends are similar and conterminous, 
be added, their sum will be a circulating de
cimal, whose repetend is similar to and con
terminous with each of the repetends of the 
given decimals. 

5. If any circulatmg decimal be multiplied 
by any number whatever, the product will be 
a circulating decimal, whose repetend is simi
lar to, and conterminous with, that of the 
given decimal. 

These principles enable us to deduce sim
ple rules for operating upon circulating 
decunals. 

I. To add circulating decimals : 
Make their repetends similar and conter

minous as above explained, then write them 
down so that units of the same order shall 
fall in the same column: write as many 
figures of the next consecutive repetend as 
shall indicate with certainty how many are to 
be carried from one repetend to the other, 
and then add as in ordinary decimals, and 
point off the repetend so that it shall be shni-
lar to. and conterminous with, those of the 
given decimals. 

II To subtract one circulating decimhl 
from another. 

The rule is entirely analogous to that for 
addition, and may easily be supplied. 

III. To multiply one circulating decimal 
by another. 

Transform each into an equivalent vulgar 
fraction, and perform the multiplication by 
the rules for multiplying vulgar fractions to-
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gether, then convert the resulting vulgar 
fracfion into an equivalent circulating de
cimal. 

IV. To divide one circulating decimal by 
another. 

Transform each into an equivalent vulgar 
fraction and divide; after which, transform 
the result into a circulating decimal. 

To find the number of places of figures in 
the repetend of a circulating decimal corres
ponding to any given vulgar fraction. First, 
reduce the vulgar fraction to its lowest term, 
then resolve, the denominator into its prime 
factors. Now, since every fraction whose 
denominator is a multiple of either 2 or 5 can 
be expressed by a decimal fraction having a 
finite number of places of figures, and since 
all other vulgar fractions can be expressed by 
equivalent circulating decunals, w e have the 
following rule : 

Resolve the fraction into two factors: one of 
which is ihe given numerator divided by the 
-pi'oduci of all the prime factors which are equal 
to either 2 or 5 ; ihe other being equal to 1 di
vided by the product of all the other factors of 
the given denominator. Then will the number 
of places of decimals which preced,e the first 
figure of the repetend be equal to the num
ber of prime factors which are equal either to 
2 or 5, that occur in the denominator of the first 
fraction. 

Again, divide a number expressed by a suc
cession of O's 4y the denominator of the second 
fractional factor, until a remainder is found 
which is equal to 0, then will the number of O's 
employed be equal to the number of places of 
figures of the repetend. Denote ,the first num
ber found by n, ared the second by m. 

An7iex O's to tlie numerator of the given 
Fraction, and divide by the denominator of the 
given fraction till a number of places of deci
mals is equal to n + m ; point off m places 
from the right for the repetend, and n preceding 
decimal places, and the quotient will be the equi
valent circulating decimal. 

I. To find a circulating decimal equivalent 
— -ax-fx^ X y-^-j. 
here re = 3, If we divide 9999 ... by 1221, 
w e shall have to use six 9's before we get 0 
for ii remainder; hence, m = 6. If we di-
viQt. 83000 ... by 9768, and continue the 

operation to 9 places of decimals, and poi-\t 
off, according to the rule, w e shall have 

.j^l^ = - 008'497133'... 
W e see, therefore, that any vulgar fraction 
may be transformed into an equivalent circu
lating decimal. 
C I B - C U M ' F E R - E N C E . [L. circumferentia, 

from circum, around, and fero, to carry]. The 
curved line which bounds a plane curvilinear 
area. In ordinary language, the use of the 
term is restricted to the line which bounds or 
limits the area of a circle. The characteristic 
property of the circumference of a circle is,. 
that every point of it is equally distant from 
a point within called the centre. 

The length of the circumference of any 
circle is equal to tt multipfied by the diameter, 
or by twice the radius. If the diameter is 
taken equal to 1, the cireumference is equal 
in length to 3.14159265358979323846264338 
32795028841971 = jr, which in 
practical operations, where great accuracy is 
not required, w e take equal to 3.1416. 

The circumferences of different circles are 
to each other as their radii, or as their diame
ters, or as any two homologous lines. 
CIR-CUM-FE-REN'TOR. An instrument-
employed in surveying for the purpose of 
measuring horizontal angles. It is nearly 
the same as the surveyor's compass, (see 
Compass), except that the graduation is con
tinued from 0 round to 360° The method 
of using it will he apparent from the descrip
tion of the compass. 
CIR-CUM-SCRIBE'. [L. circumscribo,from 

circum, about, and seribo., to draw]. To limit, 
to bound, to confine, to inclose within limits. 

Circumscribed Figure. A figure drawn-
around another, so that all its sides or faces 
shall be tangent to thoi second figure, which 
is then called an inscribed figure. 

Circumscribed Polygon. A polygon is 
said to be circumscribed about a curved figure, 
when all its sides are tangent to the curved 
line which bounds the curvilineal figure. The 
term is usually applied to figures circum
scribed about a circle. A triangle can 
always be circumscribed about a circle, which 
shall be similar to any plane triangle, as 
follows: 

Let D E F be any circle, and 0 its centre. 
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Draw through O the radii OE. OD, and OF, 
rtsspectively, perpendicular to the sides of the 

r, 

given triangle, and at the points E, D, and 
F, draw tangents to the circumference ; these 
will, by their intersection, form a triangle, 
.\BC. which will be similar to the given tri
angle. 
WTien a quadrilateral can be circumscribed 

about a given circle, which shall be similar 
to a given quadrilateral, the construction 
is entirely analogous to that for the triangle. 
In general, a regular polygon of any number 
of sides can be circumscribed about a eirele, 
as follows : divide the circumference into as 
many equal parts as there are sides iu the 
required polygon, and at the points of division 
let tangents be drawn to the circle. These 
will, by their intersection, form a regular 
polygon, which will be circumscribed about 
the circle. The area of every circumscribed 
polygon is greater than that of the circle, 
and the areas of polygons circumscribed 
about the same or equal circles, are to each 
other as their perimeters. The limit of the 
area of a regular circumscribed polygon, that 
is. the area of a polygon having an infinite 
number of sides, is equal to the area of the 
circle. 
If all of the sides of a polygon are chords 

of a circle, the circle is said to he circum
scribed about the polygon. 

The circle A C D E is circumscribed about 
the polygon ACDE. 
CiEcoMscRiBED PoLYHEDKON. A polyhe

dron is said to be circumscribed about a sphere 
when all of its faces are tangent to the sur-
t*;ice of the sphere. If all of the vertices of 
the polyhedral angles of a polyhedron are in 
the surface of a sphere, the sphere is said to 
bo circumscribed about the polyhedron. The 
solidities of polyhedrons, circumscribed about 
tie scmie or equal spheres, are to each other 
as their surfaces. 
CIS'SOID OF DIOCLES. [Gr. Kwoog, 

ivy. and eidof, fonn]. A curve first employed 
b}' Diodes, whose name it bears, for the pur
pose of solving two celebrated problems of 
the higher geometry, viz : to trisect a plane 
iiNi'lo. and to construct two geometrical means 
between two given straight lines. 
Let A B be a diameter 

of any given circle, and 
let PQ and pq be any two 
ordinates, taken at equal 
distances from its extrem
ities, A and B. If we 
draw a straight line 
through -A. and either of 
the points, q or Q, and 
produce it till it cuts the 
other, produced if neces
sary, the point of inter
section M, will, in its 
different position, trace 
out a curve called a cissoid. Tho circle AB 
is called the generating circle, and the diame
ter A B is the axis of the curve. The cissoid 
consists of two infinite and symmetrical 
branches, A E and AE, having a cusp point 
at A, and having the straight line drawn 
tangent to the generating circle at B, for a 
common asymptote. 
If A be taken as the origin of a system of 

rectangular co-ordinates, the axis of X coin
ciding with the axis of tho curve, the equa
tion of the curve may readily he deduced. 
Denote the co-ordinates of any point M, by i 
and y respectively, and we shall have, if we 
denote the length of the diameter A B by a. 

A P : Ap :: P M : pq, or 
X : ffi — X :: y : Vx(a — x); whence, 
y = -

x V x{a—x) 
or, '̂ (a - X) 

which is the equation of the curve. 
From the method of constructing points, 
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it is plain that the curve bisects each semi
circle of the generating circle, and that the 
parts A M and q G of the straight line A G 
are equal. 

The curve may be constructed mechani
cally. Produce C A to E, making A E equal 
to C A , or to the radius of the generating 

circle. Produce the ordinate C D , through 
the centre, indefinitely. Take a right angled 
ruler, LIFE, right angled at F, whose side 
H F is equal to A B , the diameter of the gen
erating circle, and move it so that the side 
F E shall constantly pass through the point 
E, whilst the angular point H continues upon 
C D H ; then will M , the middle pomt of H F , 
describe the cissoid. 

The area of the entire space included be
tween both branches of the cissoid, and their 
common asymptote, is equal to three times 
the area of the generating circle. The vol
ume of the solid generated by revolvuig this 
area about its axis, is infinite. 

If instead of using a circle as the genera
ting curve, w e had employed any other curve, 
of which A B is a portion of the axis, the 
curve generated is cissoidal; therefore, there 
is an infinite variety of cissoidal curves. 

If the generating line is the perimeter of a 
rectangle, the cissoidal curve generated will 

.' l>̂ -
have for its equation y = —^— ' in which 

i is eciual to A D , the semi-side of the rectan

gle D G . This is the equation of an hyper
bola ; hence, each branch of the curve is a 
portion of an hyperbola. If, instead of taking 
the ordinates pq and P Q at right angles to 
the axis, they be taken oblique to it, we shall 
have still another system of cissoidal curves. 

If w e take a cissoid as a generating curve, 
the cissoid generated will be the generating 
circle of the cissoid. If w e reverse the axis 
of the cissoid, taking the cusp at B, and gen
erate a cissoidal curve, its equation will be 

x» 
y' = z T3- If w e again reverse the sec-

(.a x) 
ondary cissoid, and generate a tertiary cis
soid, its equation will be y' = -,; and 

^ (a — x) 
so on. 

C L A M P . A contrivance for fastening two 
parts of an instrument together, as the vemiei 
plate and limb of a theodofite, or the vane, 
and rod of a leveling staff. Clamps have a 
great variety of forms, but the general princi
ple involved is nearly the same in all A 
piece of metal of suitable form is firmly at
tached to one of the parts to be fastened 
together, and this hears a screw which, on 
being tightened, increases the friction and 
prevents the parts from sfiding upon each 
other. W h e n an instrument is clamped, 
there is generally an arrangement by means 
of which slight motion can be imparted, con
sisting of a screw working tangentially and 
called from this circumstance a tangent screw. 

Clamp Screw. The screw by means of 
which the parts of an insti-urncnt are firmly 
connected together, at pleasure. 

C L A S S . [L. clasis, a collection]. A scien
tific division or arrangement. A group of 
things possessing some common attribute or 
attributes. 

CLAS-^SI-FLCa'TION. The operation of 
grouping objects together according to somo 
law of arrangement. A s an example of the 
mode of classification sometimes employed 
in mathematics, let us examine the analytical 
classification of surfaces. 

All surfaces are divided into two classes, 
algebraic and transcendental. Algebraic sur
faces aro those whose equations can ho cx-
presse'd by moans of the ordinary operations 
of algebra. Transcendental surfaces are those 
whose equations cannot thus be expressed. 



old] C Y C L O P E D I A O F A l A T H E M A T I C A L SCIEXCE. 105 

These are again subdivided into other 
cLissos: thus, algebraic surfaces aro divided 
into or.lcrs according to the degree of their 
equations. 

The ditferent orders are each again sub
divided in species: thus, surfaces of the 
second order are divided into three species ; 
viz., ellipsoids, hypcrboloids and paraboloids. 
depending upon the nature of the sections 
made by secant planes. Surfaces of the 
second order may also be divided into species, 
dependent upon the number and position of 
their centres : thus, the first species has one 
centre at a finite distance ; this embraces the 
ellipsoids and the hypcrboloids ; the second 
species embraces those which have but one 
centre, and that at an infinite distance ; this 
species includes the paraboloids; the third 
species embraces those which have an infinite 
number of centres at a finite or an infinite 
distance ; this species embraces all of the 
cylinders having any of the conic sections 
I'or bases. 
The species are again subdivided into va

rieties, dependent upon the relations existing 
between the constants which enter their equa
tions, or upon the nature of their plane sec
tions : thus, the eUipsoids have for varieties, 
the ellipsoids of revolution ; that is, the oblate 
and prolate spheroid, the sphere, the point, 
and the imaginary surface. 

This classification of magnitudes greatly 
facilitates the discussion of their properties. 
In the above classification, if it were desired 
to describe any surface, as the sphere, for 
example, w e shoiUd say that it was the second 
variety of the first species of the second 
order of algebraic surfaces. The above ex
ample of the method of classification serves 
to show the general principles of classifica
tion, though the same surfaces might be dif
ferently classed, the classification being based 
on other principles. For different purposes, 
different classifications may be adopted; 
hence, w e often find the same magnitudes 
ranged in different classes. 
CLOSED CURA'E, A curve which, count
ing from any point, returns upon itself, as the 
circle, the ellipse, or an oval. 
CO-EF-FI"CIENT. [L. con, with, to
gether, and efficio, to effect, to bring about], 
A number written before a quantity, to show | 

how many times it is to bo taken additively: 
thus, in tho expression 3ax. 3 is the eo-efli-
cient of the quantity ax, and indietites that 
j ax is to be taken three times additively. In 
the expression just given, if wc regatd x as 
the quantity taken, tin is tho co-eflicient, and 
it shows that x is to be t,akcn as many times 
as there are units in 3d. Hence, we seo 
i that a co-efiicient may be numerical, or it may 
be literal, or it may be m7'xcd; that is, it may 
1 be expressed by means of both figures and 
I letters. 

Custom has, however, given a more en
larged signification to the word co-efficient 
than that which has just been explained. In 
its most general sense, it is nearly synony
mous with factor, and may be either positive 
or negati\ e, entire or fractional, real or imagi
nary. If an expression contains any un
known or variable quantity, the factor which 
is to be multiplied into it may be considered 
a co-efficient of that quantity. In strictness, 
the co-efficient is the co-efficient of the quan
tity which is multiplied by it; but it is usual 
to speak of it as tlie co-efficient of the term or 
of the quantity, as may be most convenient. 
AA'hen .i. tenn contains no variable or un
known quantity, if it can be resolved into 
two factors, it is allowable to speak of either 
factor as a co-efficient of the other. 

AA'hen no co-efficient is written, the co-effi
cient 1 is always understood: thus, a is the 
same as la. 

Every equation which contains but one 
unknown quantity, and which is entire with 
respect to that unknown quantity, may be 
reduced to the form 

x" + Px™-i + Qx"-'̂  + Rx'"-'-' + • -
+ Tx+ l/=0; 

and when so reduced, the co-efficients P, Q, 
(fee, T, U, have some remarkable properties. 
It may be observed that U is regarded as a 
co-efficient, being the multiplier of x°. Tho 
co-efficient of the first term being 1. 

The eo-effi-denl P, of ihe second term is equal 
to the algebraic sum of the roots of the equa
tion, taken with their signs changed. 

The co-efficient Q, of the third term, is 
equal to the algebraic sum of the different 
products of the roots of the equation taken iu 
sets of two, 

Tho co-efficient R, of the fouilh term, is 
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equal to the algebraic sum of the different 
products of the roots taken three in a set, 
with their signs changed; and so on for suc
cessive co-eflicieuts. 

The absolute term U, or the co-efficient of 
x", is equal to the continued product of all 
the roots taken with their signs changed. 
See Equation. For Differential Co-eJJicients 
and Indeterminate Co-efficients, see the re
spective articles under these headings. 

COIN. [Fr. coin]. Money stamped ; a piece 
of metal, as gold, silver, copper, or some 
alloy converted into money by stamping upon 
it certaift characters. The coinage of money 
can only be legal when executed under the 
authority of government. In the United 
.States the Con^itution provides that gold 
and silver only shall be a legal tender for 
debts due. The different coins established 
by law, which are of gold, silver and copper, 
are as follows : 

Gold Coins. Double eagle, $20 ; eagle, 
•f 10 ; half eagle, $5; $3 piece; quarter 
eagle, f 2,50 ; and gold dollar. 

Fineness oe Standard. Of 1000 equal 
parts, by weight, 900 must be pure gold, and 
the remaining 100 of silver and copper, the 
silver in no case to exceed one-half of the 
alloy. 

AVeight. The weight of the eagle is 258 
grains Troy, and that of the other coins in 
the same proportion, according to their values. 

SiLVEE Coins. DoUar; halfdofiar; quarter 
dollar ; dime ; half dime; three cent piece. 

Fineness or Standard. Of 1000 equal 
parts, 900 must be pure silver, and 100 pure 
copper. 

AVeight. The weight of the dollar is 412| 
grains Troy, and that of the otlier coins in 
the same proportion, according to their values. 

The gold and silver coins are legal tenders 
for the amounts which they severally repre
sent. 

Copper Coins. The copper coins are the 
cent and the half cent, and are of pure cop
per. The weight of the cent is 168 grains 
Troy, and of the half cent 84 grains. 

The value of foreign coins, which circulate 
as money, is fixed by law. 

Including the legal value, a foreign coin 
may be said to have four different values : 

1. The intrinsic value, which is determined 
by the amount of pure metal which it contains. . 

2. The custom house, or legal value, fixed 
by law. 

3, The mercantile value, which is the 
amount it will sell for in the market, 

4, The exchange value, which is the value 
assigned to it, in buying or selling bills of 
exchange between one country and another. 

For example, the gold sovereign of Eng
land is worth at the mint S4,861, in terms of 
our gold eagle. Its legal value is $4.84. Its 
commercial value, in Wall-street, varies from 
$4,83 to $4,86, seldom reaching either limit. 

The exchange value of the sovereign oi 
Engfish pound, is 84.44,^ ; this was the legal 
value before the change in our standard. 

CO-IN-CiDE'. [L, con, with, together, and 
incido, to fall upon]. To fall upon. Two 
magnitudes are said to be coincident, when, 
being placed one upon the other, they are 
made to agree with each other throughout, ui 
which case they are said to be equal. 

C O L - L E C T I O N - [L. from con, with, and 
lego, to gather]. A group of partietdars 
ga.thered together. A number is a coUection 
of equal things, each of which is a unit of 
the collection. See Number. 

COL-LI-Ma'TION. [L. con, with, and 
limes, a limit]. The line of collimation of a 
telescope is a line drawn through the optical 
centre of the eye and object lenses. This 
line is indicated by cross hairs fixed at the 
common focus of these lenses. 

COLcRE'. [Gr. Ko/loupof, from Ko2og, mu
tilated, and ovpa, a tail. So named, because 
a part is always below the horizon]. Two 
meritfians of the celestial sphere, one of 
which passes through the axis of the eclip
tic, and is called the solititial colure; the 
other, called the equinoctial colure, is perpen
dicular to the first, and passes through the 
equinoctial points. The points in which the 
solstitial colure intersects the ecliptic are 
called solstitial points, and they mark the ex
treme northern and southern fimits of the 
sun's annual path. 

COM-BI-Na'TIONS. [Fr. combinaison, 
union. L. con, with, and 4i?!7', two and two]. 
In Algebra, tho combinations of 77i factors are 
the different results obtained by multiplying 
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them together in every possible manner, 
when taken iu sets of n. n being less than m. j 
If m designate tho whole number of factors, | 
and 71 the number which is taken in a set, and, 
if 3 denote the whole number of combina-1 
tions. wc have the formula 

>n (m — 1) (tn — 2) - • - (/Tt — n+1) 
1 - 2 - 3 •(1)-

That is. (Ac whole number of combinalio}is of 
m factors, taken n in a set, is equal to the con
tinued product of the natural numbers, Jrom m 
down /o m — n + 1 inclusively, divided by the 
continued product of the natural numbers, from 
I up ton inclusively. 
If -' denote the number of combinations 

of m factors, taken in sets of m — re, we 
shall have, by simply changing 7i into tti — re, 
in the preceding formula, 

m(m-l)(/7i-2)----(n+l) 
- - 1 - 2 - 3 ---- {m-n) •'" W 
If now we divide equation (1) by (2), member 
by member, and arrange the factors hi both 
terms of the quotient, we shall have 
z 1 2 - 3 - - - (i7t — re) X (771 — re + 1) 

1-2-3-- 77 - (re + 1) 
(771—1)771 
(m — l)m = 1. 

Hence, since — — I, z — zf. 

That is, the number of combinations of m fac
tors, taken in sets of n, is equal to the number 
of combinations of m factors, taken in sets of 
m — n. This principle is of much import
ance in deducing the binomial formula. 
The appUcations of the principle of com

binations are various. One of the most im
portant is its application to the doctrine of 
chances or probabilities. It also fonns the 
basis of the demonstration of the binomial 
formula for entire exponents. 
COM-MEN'SU-RA-BLE QUANTITIES, 

[L. C077, with, and mensura, a measure]. 
Are those which may be exactly expressed by 
means of a common unit. Thus, a foot and 
a yard are comraensurable, since both can be 
expressed in terms of an inch ; the first being 
equal to 12 inches, and the second being equal 
to 36 inches. The numbers 2|, and 3J- are 
commensurable, because the first is equal to 
l ^ , and the second is equal to S ^ ; hence 

may both be referred to tho common fractional 
unit •̂ . In general, any numbers which are 
entire, or which can bo expressed by a vulgar 
fraction, are commensurable; all other num
bers are incommensurable. All denominate 
quantities which can bo c,\pressed hy any 
number of entire parts of tho same unit, or 
by means of a vulgar fraction, arc commen
surable. All radicals are incommensurable 
by any unit, either 1, or a part of 1. 

CO.M M O X DIVISOR. [L. communis, 
common, and divisor, a divider], .Any quan
tity is a common divisor of two other quanti
ties, which will divide both of them without 
a remainder. Thus, 4 is a common divisor 
of 12 and 16 ; also 3a" — 4 is a common di
visor of Offi* — 6a"4 + 4= and 12a* — 4a"4. 

Greatest Common Divisor, of two num
bers, is the greatest number which will ex
actly divide both. 

The greatest common divisor of two polyno
mials, is the greatest algebraic expression, 
with respect to co-efficients and exponents, 
that will exactly divide them both. The 
greatest common divisor of any number of 
polynomials, is the greatest algebraic expres
sion that will exactly divide them all. The 
rule for finding the greatest common divisor 
of two polynomials depends upon the follow
ing principles : 

1st. The greatest common divisor of two 
polynomials contains all the prime factors 
which arc comraon to both, and does not con
tain any other factors. 

2d. The greatest common divisor of two 
polynomials is the same as that which exists 
between the least polynomial and their re
mainder, after division. 

From these two principles the following 
rule is deduced : 

I. Suppress the monomial factors common 
to all the terms of the first polynomial; do 
the same with the second polynomial; and 
if the factors so suppressed have a common 
factor, set it aside as forming a factor of the 
comraon divisor sought. 

IL Prepare the first polynomial in such a 
manner that its first term shall be divisible by 
the first terra of the second polynomial, both 
being arranged with reference to the same 
letter: apply the rule for division, and con
tinue the process till the greatest exponent 
of the leading letter in the remainder is at 
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least one less than it is in the second poly
nomial. 

Suppress, in this remainder, all the factors 
that aro common to the co-efficients of the 
different powers of the leading letter; then 
take this result as a divisor, and the second po
lynomial as a dividend, and proceed as before. 

HI. Continue the operation till a remain
der is obtained, which will exactly divide the 
preceding divisor ; this last remainder, mul
tiplied by the factor set aside, will be the 
greatest comraon divisor sought; if no re
mainder is found, which vj'ill exactly divide 
the preceding divisor, then the factor set 
aside is the greatest common divisor sought. 

The rule for finding the greatest common 
divisor of two numbers, may at once be de
duced from this. 

In applying the rule, if it is found that the 
co-efficients of tho different powers of the 
leading letter have the polynomial • factor, or 
factors, they may be suppressed and treated 
in the same manner as the monomial factors. 
If one polynomial contains a letter which 
does not enter the other, the greatest common 
divisor will be the same as that which-exists 
between the co-efficients of the different 
powers of this letter and the second polyno
mial. If each polynomial contains a letter 
which is not in the other, arrange them both 
with respect to this letter, and the greatest 
common divisor of all the co-efficients of the 
letters in the two polynomials will he the 
common divisor sought. 

To find the greatest common divisor of 
several polynomials, find that of the first and 
second polynomial, and then that of this re
sult, and the third polynomial, and so on, till 
the last: the final result will be the greatest 
common divisor of all the polynomials. 

Common Measijee. The common measure 
of two quantities is tho same as the common 
divisor. 

Common Multiple or Common Dividend. 
A common multiple of two quantities, or 
their common dividend, is a quantity which 
they will both divide without a remainder. 
Thus, 24 is a comraon multiple of 6 and 4; 
so is 12, so is 4-8, &c. 

The least common dividend of two or more 
quantities is the least quantity which they 
will all divide without a remainder. Thus 
12 is the least common dividend of 4 and 6. 

The rule for findmg the least common 
dividend of any number of quantities, de
pends upon this principle, viz.: 

The least common dividend of any tvjo quan
tities contains as factors all the prime fac
tors which enter both quantities, each raised to 
ffi power equal to ihe highest power of that fac
tor in either of the given quantities, and does 
not contain any other factor. 

Hence, to find the least common dividend 
of any number of quantities : Resolve them 
into their prime factors; some of these may be 
equal; then take all the prime factors which en
ter all of the given quantities, and raise each to 
a power equal to the highest power which that 
factor enters any of the given quantities; mul
tiply these resulting expressions together, and 
the product will be the least common dividend 
required. 

I. Find the least common dividend of the 
numbers 45, 50, and 60. Resolving these 
into their prime factors, we find 
45 = 3". 5, 50 = 2.5", and 60 = 2".3.5. 
Hence, the least common dividend is 

2" . 3" . 5" = 900. 
2. Find tho least common dividend of 
a" + 2a4 + 4", a" - 4", a" - 2a4 + 4", 

and ffi" + 3a=4 + 3ffi4" + I'. 
These become severaUy, when resolved ii.to 
their prime factors, 
(ffi + 4) (ffi + 4), (a+4) (a - b),{a-b) [a-b), 
and (a + 4) (a + 4) (a + 4); 
hence, their least common dividend is 

(a + 4)-"' (a - 4)" = (a + 4) (a" - 4")" - • • 
If it is not convenient to resolve the quan

tities into their prime factors, the least com
mon dividend of two quantities may be found 
by raultiplying thera together and dividing 
the product by their greatest common divisor. 
This amounts to the same thing as pursuing 
the course indicated above. Or we may, if 
w e please, divide either of the quantities by 
their greatest common divisor, and then mul
tiply the quotient by the other quantity, which 
is but another method of arriving at the same 
result. To find the least common dividend 
of several quantities, wc may find the least 
common dividend of the first and second 
then find the least common dividend of this 
result and the third; then the least common 
dividend of this result and the fourth, and so 
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on to the last : the final result is the least 1 points the graduation is begun and carried in 
common di^idend of all the given quantities, each direction around to 90°. 

-,,,,.„.,,.,-, T , There is also a vernier plate attached to tho 
CuAl PAbb. [fr. com nas, a compass]. .A,, ,, ^ ,, f 

. , . ,. 1 box, so that smaller portions of an arc may 
,ine given to instruments contrived to ludi-, , , ,- , ,- • 

name 
cate the direction o( the magnetic meridian, i 
and also to determine the angle contained be-1 
tween that meridian and any horizontal fine. 
It is named according to the difl'erent pur-

bo measured than ono of the smallest divi
sions of the circle. 

The whole instrument thus described, when 
needed for use, is mounted upon a tripod, to 

. . . which it mav be firmly fastened; when not 
p>ses tor which it is used; surveyors com-,. ., ' ,, - - , ,- -. • . , 
'̂  . ' 1 m use, the needle is raised from its pivot, and 
fjts.---, viarincr̂ s compass, azimuth compass, ., , i - i 
r , , .'̂  . ' ihe compass packed m a box. 

rariation compass, &c. Each p.articular ap-j „, . . i -,i • j- n 
, - I, 1 -1' ihe compass IS used cither m held sn pUcation requires some change in the detail 

of tu-rangement. but the general principle is 
the same in all. 

S'.-kveyor's Co-^iPASs. The surveyor's com-
p.ass. or circumferer.tor. is an instrument used 

rvev 
ing or in filling in the details of a trigono
metrical survey. In either case, its use is 
essentially the same, viz.. to measure the angle 
between two courses directly, or to determine 
the magnetic bearing of each, thus giving 

in surveying, for the purpose of measuring! data for computing the angle ; the latter is 
horizontal angles, where great accuracy is most frequent. 
not required. It consists essentially of a To determine the bearing of any course, 
compass-box of brass, usually about six inches plant the instrument at one extremity of the 
in diameter, w'nich rests upon an arm of brass | course, and a flag at the other extremity ; 
about fourteen inches in length ; at the two then, having made the compass-box truly 
extremities of this arm are two vertical sights horizontal, direct the line of sights in the 
or openings, so arranged that their plane; direction of the flag : the reading of the arc 
shall pass through the centre of the compass- at either extremity of the needle will be tho 
box. At the centre of the compass-box, is a bearing. In recording, the bearing is prc-
small pin terminating in a sharp and hard- j ceded by the letter N or S, acco'rding as the 
ened point, upon w-hich the magnetic needle course makes northing or southing', and fol-
is carefully poised, so as to admit of free ' lowed by the letter E or W , according as the 
horizontal motion. To diminish friction as ' course makes easting or westing. Plaving 
ranch as possible, a cap of agate or other I the hearings of two courses, the angle be-
hard mineral is let into the lower surface of : tween them may be determined by the follow-
the needle, and a conical hole is drilled into; ing rules ; If the courses are both run from 
it to receive the hardened point of the pin.; the same point, the letters of the bearings 
Just within the rim of the compass-box is a' are allowed to remain ; but if they are run in 
graduated circle, whose centre is at the ccn- the usual way, as in running around a field, 
tral pin, and the length of the needle is so the letters of one of the courses must be 

I . 
regulated that it may turn freely within the changed,'viz., N to S, S to X, E to W , and 
circle, and yet have its pointed ends as near, A^' to E. 
IS possible to it. The needle and graduated! 1st. If the meridional letters are alike, and 
rircle are covered by a glass plate, and the the letters of departure are also alike, ihe 
needle i.s so adjusted that when not needed difference of the hearings is the angle between 
for use. it can be thrown off the pin, to pre- the courses. 
vent wearing off the point. The sights are; 2d, If the meridional letters are alike, and 
arranged with two openings, the one a nar-' those of departure are unlike, the sum of the 
row, and the other a broad one, the broad, bearings is the angle between the courses. 
opening being above the narrow one in one 3d. W h e n the meridional letters are unlike, 
sight, and beloiv it in the other. Stretched and those of departure alike, the areg-i(;4c/-i/!Cra 
across the broad opening is a fine hair lying ihe courses is equal to 180° minus the sum of 
in the direction of the narrow slit above or • ihe bearings. 
below it. The plane of these sights cuts the 1 4th. AVhen the meridional letters are un-
graduated circle in two points, and from these i like, and the letters of departure also unlike, 
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Ihe angle between the courses is equal 
to 180° minus ihe difference of the 

Mariner's Compass. In the mari
ner's compass there is a circular card 
attached to the upper surface of the 
needle, having its centre exactly over 
the central piu. The circumference 
ot this card is divided into 32 equal 
parts, caWedpoints; each point is sub
divided into four equal parts, called 
quarter points. The direction of the 
needle coincides with the line marked 
N S . The diameter marked E W , at 
right angles to N S , indicates the 
East and West points. The points 
of the Compass are read thus : begin
ning At the north point, and going 
around to the oast, w e say, north 
and hy east, north north-east, north-east 
and by north, north-east; and so on around 
the card as indicated by tho letters. 

The compass box is suspended within a 
larger box by means of two concentric brass 
circles, called giraballs, the outer one being 
fixed both to the outer box and to the inner 
circle, which carries the compass box by two 
sets of points, the axes of motion being at 
right angles to each other. B y means of this 
arrangement the inner A. 
circle of the compass 
box and card always 
retain a horizontal po
sition, notwithstand
ing the rolling of the 
ship. 

Oil the interior of 
the compass box in 
which the card swings are two marks A and 
B, which lie in a line passing through the 
centre of the card, and the compass is so 
mounted on shipboard that this line is paral
lel to the keel. Consequently, if B be placed 
towards the bow of the vessel, the point 
which it marks on the card will show the 
compass course of the ship. For N S is 
always on the magnetic meridian. The 
course is generally read to quarter points, 
each quarter point being equal to 2° 48' 45". 

Azimuth Compass, is so named from its 
being used for measuring the magnetic azi
muth of one of the heavenly bodies, for the 
purpose of deTcrmining the variation of the 

needle. Its construction is Hke that of the 
mariner's compass, in that it carries a circu
lar card, but is unlike it in many other par
ticulars. The card, instead of being gradua
ted to points and quarter points, is divided 
into degrees and quarter degrees. It has 
also sights, and is often constructed so as to 
be attached to a tiipod. 

This little instrument, besides being used 
for the purpose already indicated, is very valu
able for making rcconnoissances, or for making 
a sketch map of a country. The following 
is a description of a very convenient form of 
this instrument, as manufactured by Trough-
ton and Sims, and by them caUed the pris
matic compass : 

A represents the compass box; B the card 
which moves with the needle about the agate 
centre, on which it is suspended; C is a 
prism through which the observer looks in 
making an observation ; E is the sight vane, 
bearing a vertical hair; on looking through 
the prism, when properly adjusted, this hair 
and the figures on the graduated card are 
seen together, the former by direct view and 
the latter by reflection ; F is a mirror, turn
ing about a hinge d, for the purpose of re
flecting an image of the heavenly body, when 
used as an azimuth compass ; G is a collfc-
tion of colored glasses, for modifying the 
light when the sun is observed ; they turn 
about a hinge, and one or more may be inter
posed according to the brighlness of the suis's 
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rays; «is a small spring for throwing the 
agate centre otfthe pin on which it rests. 

The prism C moves up and down in a slide, 
to suit the eve of the observer in reading the 
figures on the card, and turns about a hinge 
D. The sight vane E also has a motion 
about a hinge, so that the instrument may be 
rendered more portable. There is also a 
cover, which can be placed over the glass 
when not in use. The arc is graduated 
around from 0 to 360°, the 0 poiut being so 
arranged that it shall be under the prism 
when the line of sight is directed along the 
magnetic meridian towards the north. The 
instmraent having been arranged for use by 
fixing the prism at the proper distance frora 
the card and raising the sight-vane, its use is 
very simple. 

If the magnetic azimuth (from (he north 
point) of any object is required, hold the 
instrument horizontally and turn it around 
till the vertical hair bisects the object; the 
reading of the card after it has come to rest, 
is the required azimuth. If it is required to 
measure the horizontal angle subtended by 
t-,vo objects, direct the line of sight to the 
left hand object, and take the reading ; then 
turn it around till the line of sight passes 
through the second object, and again take the 
reading ; if the 0 point has not passed under 
the prism, the difference of these readines is 
the angle sought: if it has, then take the 
greater reading from 360°, and add the 
diflference to the lesser reading, and the sum 
will express the value of the required angle. 

Vari.ition Compass. A compass of very 
delicate construction, made use of to shov? 
the small daily variation of the magnetic 
needle. Its needle is made very light and 
much longer than the ordinary compass, and 
is very carefully balanced upon a fine point, 
the bearing surface of tho needle being 
fonned of agate. As it is not required that 
the needle shall turn around the whole cir
cumference, the box, instead of being circu
lar, is oblong, so as to admit of a deviation 
of only 20 or 25 degrees from the middle lino. 
--V vernier with a magnifier is usually appliei 
in order to estimate the changes of positioi\ 
of the needle with the greatest possible pre-
cision. 

Compassks, or P-IIR of Cosipasses. a 
mathematical instrument used for describing 
circles, measuring and dividing lines, &e. 
They are more comraonly called dividers, 
from this latter use which is made of them. 

The common compasses consist of two 
legs, sharp at one end and connected at the 
other .by a hinge, by means of which the 
legs may be opened or closed, so as to place their 
sharp points at any distance from each other 
less than the sum of the lengths of the legs. 
In some compasses the points are both fixed ; 
in others one of thera is arranged so that it 
raay be taken out and replaced by a pen or 
pencil. There are in use various kinds of 
compasses, adapted to the various uses for 
which they are intended. 

Triangular Compasses. These have three 
legs, the third leg being attached to the other 
two by a double joint, so that it can be moved 
in any direction, with respect to the other 
two. It is used to transfer three points, as 
the three vertices of a triangle, from one 
drawing to another. They are particularly 
useful in transferring maps. 

Beam Co.mpass, consists of a straight beam 
or bar, bearing two arms at right angles to it, 
one of wluch is fixed, and the other movable. 
These arms are so arranged that sharp points, 
pens or pencils, may be screwed into them. 
The movable arm is provided with a clarap 
screw, by means of which it may be fastened 
to the beam, and sometimes is provided with 
a vernier and tangent screw so that the point 
which it bears may be set at any distance 
from the fixed point. The beam or limb is 
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accurately graduated into equal parts, the 0 
of the scale coinciding with the fi-xed point. 
The beam compass is used for describing cir
cles with a greater radius than would be con
venient to describe with the ordinary com
passes. 

B o w Compasses, are very small compasses, 
having their legs terminating in a bow of 
steel which serves as a handle. , The distance 
between the points is regulated by a screw 
which connects the legs. Their use is to 
describe very small circles. 

Elliptical Compasses, are compasses con
trived to describe ellipses. They are of 
various constructions, one of the simplest as 
well as most elegant of which, we shall 
describe. 

The instrument consists of three legs A B , 
A C and A D , the last of which turns about 
a hinge at A, so that its plane of motion is 
at right angles to the plane of the other two. -̂ —̂ ^ 

The leg A D is cylindrical, and a fourth leg 
EF, carrying a pencil or pen, and so fitted 
as to slide freely along it. This leg E F has 
a hinge joint at G, so that it may be set to 
make any inclination with A D , The manner 
of using the instrument is this : having the 
axes of the ellipse given, the leg A D is placed 
at the centre, and the points C and B are set 
in a line parallel to the conjugate axis ; then 
the leg_EF is turned about the hinge at G till 
the distance from the point F to the axis is 
equal to the semi-conjugate axis. It is then 
eecured at this angle by a clamp screw at G. 
The leg E F is then turned around A D till 
the point comes into the transverse axis, and 
by moving the legs A B and A C , the point F 
is brought to one extremity of the transverse 
axis ; then the point F is carried around A D , 
sliding along it so that the point F shall al
ways remain in the plane of the paper. It 

will trace out the ellipse. For, the point F 
being always at the same distance from A D , 
wiU be upon the surface of an oblique cylin
der, of which A D is the axis; and being 
always in the plane of the paper, it must 
describe an ellipse. 

Proportional Compasses. Those in which 
the joint lies not at one end of the legs, but 
at some intermediate point. The joint is 
made movable, so that when the compasses 
are opened, the distance between the points • 
of the legs at one end may be any fractional 
part of the distance between the points of 
the legs at the other end. The joint is moved 
by means of a groove in each leg, and is 
secured by a clamp screw. 

Proportional compasses are used in redu
cing drawings from one scale to another, but 
on account of their liability to get out of 
order, they are not of much use in practice. 

Besides the compasses already described, 
there are a great variety of others ; indeed a 
complete catalogue of them would exceed our 
limits. 

COM-PAT'I-BLE V A L U E S , [Fr, eompal-
ible, from L. con, with, and peto, to seek]. 
If a group of re equations containing n un
known quantities, be so combined as to elim
inate all the unknown quantities but one, the 
resulting equation containing that one is 
called the ̂ rea^ equation. If the final equa
tion be solved, its roots are called compatible 
values of that unknown quantity, because 
these are the only values of that quantity 
which are compatible with the simultaneous 
existence of the group of given equations. 

C O M ' P L E ^ M E N T . [L. complcmentum., from 
con, with, and pleo, to fill]. In general, is 
what is wanted to complete some quantity or 
thing. 

Complement of an Arc, in Trigonometry, 
is what remains after subtractmg the arc from 
90° : thus, 30° is the complement of 60°, and 
the reverse. If the given arc exceeds 90°, 
its complement is negative ; thus, the com
plement of 105° is — 15°, and tlie reverse. 

The complement of an angle, is what re
mains alter subtracting it from a right angle. 

Arithmetical Complement of a number. 
What remains after subtracting it from a unit 
of the next higher order: thus, 4 is the arith-
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mctical complement of C, and 21 is the arith- j 
metical complement of 76, 

The arithmetical complement of a logar
ithm, is what that logarithm wants of 10. 

CoiIFLEMKXrS OF A PARALLELOGRAM. The 
lesser partdlelograms formed by drawing fines 

JT-
./ 

C 

paraUel to the sides of the given parallelo
gram through the same point of the diago
nal. In the parailelograra AC. P and Q are 
complements. In every case these comple
ments are equivalent. 
Complement of Life. A term used iu dis

cussing life annuities bv DeAIoivre and 
others. It is the difference between 86 years 

and any given age : thus, 30 is tho comple
ment of 56, and the reverse. 

COM'PLEX FRACTION, [i.. complexus, 
connection of things]. A fraction having a 
fraction or mixed number in either the nu
merator or denominator, or in both: thus, 

(I) J_ (|) 4 2 | 
14' 47^' (I)' 87|' 

are complex fractions. 

COM-POS'iTE X U M B E R . One which 
can be divided by some other number greater 
than 1, in opposition to a prune number, 
which cannot be thus divided: thus, 12, 15 
and 27. are composite numbers, whilst 11, 
47. 89, are not composite. 

The following table shows all of the cora-
posite, as well as all of the prirae numbers 
to 100, and is often useful in numerical com
putations. The composite numbers are re 
solved into their prime factors. 

0 
1 
o 
3 
4 
5 
6 
7 
8 
9 

0 
0 

25 
2"5 

2-3-5 
2^-5 
2-5" 
2"3-5 
2-5-7 
2*-5 

2-3"-5 

1 
1 
11 
37 
31 
41 

3-17 
61 
71 
3* 

7-13 

o 
•z 

2" 3 
2-11 
OS 

2-3-7 
2"-13 
2-31 
2'-3" 
2-41 
2"23 

3 
3 
13 
23 

3- 11 
43 
53 

3". 7 
73 
83 

3-31 

4 
2" 
2-7 
2^ • 3 
217 
2"-11 
2-3" 
no 

2 - 37 
2-3-7 
2-47 

5 
5 

3-5 
5" 
5-7 
3"-5 
5 11 

6 
2- 3 
2* 

2- 13 
2=-3" 
2-23 
2"-7 

5-13 2 3-11 
3-5" 2=-19 
5-17 
5-19 

2-43 
2=-3 

7 
7 
17 
3" 
37 
47 

3-19 
67 

7-11 
3-29 
97 

8 
2" 
2-3" 
2"-7 
2 19 
2*-3 
2-29 
2'' - 17 
2-3-13 
2"-11 
2 • 7-

9 
3" 
19 
29 

3-13 
7" 
59 

3 -23 
79 
89 

3"-11 

To use this table, find the tens of the given 
number in t'ne left-hand column, then look 
along the corresponding horizontal line till 
you come under the number of units at the 
top of the table ; the number thus found is 
the given number resolved into its prime fac
tors. 

A careful study of this table will show 
some remarkable properties of composite 
numbers. 

First. 'Every multiple of 11 is found in the 
diagonal of the table, running from the upper 
left angle. 

Second. 3' enters into any number of the 
second diagonal, drawn from the other angle 
of the table; and parallel to this, in each 
alternate line, the other 3's of the table are 
all found. 

Third. The 5's and 2's are found in every 
vertical column in which they occur at the 

8 

top ; and under 0, they both occur in every 
line. 

COM-PO-Si"TION. [L. coTTiporeo, to, lay 
together]. In a general sense, means, uniting 
or joining several different things, so as to 
form one whole, called a compound, 

Peopoetion by Composition, Quantities 
are compared by composition, when the sum 
or difference of the antecedent and conse
quent is compared with either antecedent or 
consequent. If four quantities arc in pro
portion, they will be in proportion by com
position ; that is, if 

a • 4 : : c d, then 
ffi±4 u, : e ± d : c. 

Composition of Equations. The operation 
of finding an equation when its roots are 
given. Suppose the required equation to con
tain but one unknown quantity, which denote 
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'oy X. Then, if there are 771 roots given of̂  
the form a, 4, c, &.C., the equation from which 
they may be derived is of the form 
ĵ +Px-"—' + Qi"—'-̂  \-Tx + U=0, 
in which the highest exponent of x is equal 
to" the nunrber of roots, and goes on decreas
ing by 1 in each term to the right. The 
values of the co-efficients of the different 
terms observe the foUowing law: The co
efficient of the first term is 1. That of the 
second term is equal to the algebraic sum of 
the roots taken with a contrary sign. That 
of the third terra is equal to the algebraic 
sum of the different products of the roots 
taken in sets of two. That of the fourth 
term is equal to the algebraic sum of the dif
ferent products of the roots taken three in a 
set, with its sign changed, and so on, for the 
successive co-efficients. The co-efficient of 
x', or the absolute term, is equal to the con
tinued product of all the roots taken with its 
proper sign, if the number of roots is even 
and with its sign changed if the number is 
uneven. 

It follows frora this rule for the coraposi-
tion of the equation, that if one of the roots 
is 0, the absolute term will be 0, and the con
verse is equally true. If the co-efficient of 
the second term is 0, the sum of the positive 
roots is numerically equal to the sum of the 
negative ones : the converse of this is also 
true. 

The rule given above is very useful in 
tbeoiy, but in practice, when there are more 
than three roots, its application is tedious. 
The following method presents little diffi
culty : Subtract each root in succession from 
X, forming factors of the form x — a, x — 4, 
X — c, and so on. Multiply these results to
gether, and place their continued product 
equal to 0, and that will be the required equa
tion. If the method of multiplication by de
tached co-efficients is employed, this opera-
lion becomes a very simple one. 

COM-POUND'. [L. compono, con, with, 
and pono, to set or put]. The result of a com
position of different things. The term stands 
opposed to simple. 

Compound Addition, Compound Suhtrac-
'ion. Compound Multiplication, and Compound 
Division, are names given to these several 
operations when the numbers to be added are 

expressed in a varying scale. See Arithmeti
cal Scale, and the several articles. Addition, 
Subtraction, Multiplication, and Division. 
Compound Fractions. A fraction is com

pound when it is a fraction of a fraction, 01 
several fractions connected by the word of; 
thus, J of ̂ , -̂  of-I-of 4. 

Compound Interest is, when the interest 
on a sum of money, becoming due and not 
paid, is added to the principal and then in
terest computed on this amount, as on a new 
principal, and so on. 

The amount originally placed at interest is 
called the principal. Let us denote the prin
cipal by p, the rate per cent per annum by r, 
the time which the money is at interest in 
years by /, also let .S denote the amount which 
will be due at the end of / years. Then will 
the foUowing formulas express the relations 
existing between these several quantities : 
S = y(l + r)' or logS = logy+ /log(l + r). 
If any three of the four quantities, S, p, i, 
and r, be given, the other one can be found. 
It may happen that interest is added to prin
cipal oftener than once a year, as at intervals 
of six or of three months. In such case, / 
denotes the number of these intervals, and r 
the rate per cent for one of the periods of 
time. 

By the aid of these formulas, a table may 
be computed for fimfing by inspection the 
amount of one dollar at compound interest 
for any number of years at any rate per cent. 

Compound Number. A number constructed 
according to a varying scale, as 3 cwt., I qr., 
5 lb.; more properly, a denominate number 
See Denominate Numbers. 

Compound Ratio. The product of two or 
more ratios; thus, —r, is a ratio compounded 
. e d 
of the simple ratios - and r-

'̂  a b 
COM-PoTE'. [L, computo, con, with, and 

puto, to lop or prune]. To reckon by the aid 
of characters. 

COM-PU-Ta'TION. [L. computalio, com
puting, calculating]. The operation of com
puting or reckoning ; the practical application 
of the rules of a science to individual ex
amples. 

C O N ' C a V E . [I,, eoncavus, con, with, and 
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cara-s, hollow]. A tenn employed in speaking 
of the inner surface of a hoUow body, and bv 
analogy extended to lines. A line has its 
concavity at any point on the side which is 
opposite to the tangent drawn at the point; 
that is. it is on that side towards which the 
line bends or curves. Thus, the luie C D is 

concave on the side E, and convex on the op
posite side. In like manner, a curved sur
face is concave on the side towards which it 
bends, and is convex on the opposite side. 
Thus the surface of a sphere is concave to
wards its centre, and convex on the side op
posite to it. 

C O X - C E N T R I C . [L. concenlricus, eon, 
with, and centrum, centre]. Having the same 
centre: it is opposed to eccentric, having dif
ferent centres. The term is usually applied 
to spheres or circles, but sometimes, by analo
gy, to other surfaces and lines. T w o spheres 
are concentric which have the same centre 
and unequal radii. T w o circles are concen
tric which have the same centre and unequal 
rad"u. T w o cylinders having circular bases, 
are concentric when their bases are parallel, 
and when they have a common axis. In this 
case, every section made by a plane parallel 
to the bases, cuts out two concentric circles. 
Every oblique plane cuts out similar ellipses, 
which may be caUed concentric, since they 
have a comraon centre. Hence, w e may call 
similar eUipses concentric when they have a 
common centre, and when their axes lie in 
the same direction. 

C O N C H O I D . [L. concha, a shell, and Gr. 
etdoc, form]. A curve of the fourth order, 
first made use of by Nicomedes, who invented 
it. and whose name it bears, for the purpose 
of trisecting an angle, and for constructing 
two geometrical means between two given 
straight lines, and ultimately to construct a 
cube double a given cube. It is well adapted 
to this end, since it admits of an easy me
chanical construction. It is also used in 
architecture as a bounding line of the meri-
di.an section of columns. 

It may be constructed by points as follows : 
Let A B be any straight fine, and P a point 

not upon the line : then if straight lines P E 
be drawn, cutting A B in tho points C, and 

distances C E and C F be laid off from the 
points of intersection equal to a given fine 
C D : the curve traced through the points 
thus determined, is the conchoid. That branch 
which is most remote from P, is called the 
first or superior conchoid, and the other braach 
is the second or inferior conchoid. Both 
branches are infinite in extent, and A B is 
their common asymptote. The line A B is 
called the directrix, and P is the pole of the 
curve. The line C D = E C = E F is some
times called the modulus of the curve. 

If we denote the length of the modulus by 
a, the distance P C by 4, and take A B as the 
axis of abscissas, and the line P D at right 
angles to it through the pole, as the axis of 
ordinates, we find for the equation of the 
curve, 

. (4 + y)"(a"-y") 
X- = 7. , 

y-
which is of the fourth degree. 

If a=-b, the inferior branch wiU pass 
through the pole P, which will then be a cusp 
point of the first species. The superior 
branch will have two points of inflexion, A 
and B, whose ordinates A G and H B are equal 
to a{VTi — I). If ffi < 4, there wiU be two 
points of inflexion in each branch, as in the 
last figure. 

If a > 4, the point P is a multiple point, 
and there will be an oval part of the inferior 
branch lying between P and F, as in the an
nexed figure. If P be taken as a pole, and 
P D as the initial line, the polar equation of 
the conchoid is 
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The entire area included between the curve 
D E and its asymptote, is infinite, but the solid 
generated by revolving it about this line as 
an axis, is finite and equal to a hemisphere 
whose radius is a, together with a cylinder 
whose base is measured by Tra", and whose 

7r4 
altitude is -̂ • 
The mechanical construction of this curve 
may be made as follows : 

It -v/c 
In the ruler A B a groove is cut, so that a 

miooth pin firmly fixed in a movable ruler 
PG, may slide freely along it: a pin is fixed 
firmly at I, and a pencil at P. If the ruler 
be moved so that the pin K may slide along 
'the groove C D , and is the same time firmly 
pressed against the pin I, the pencil at P will 
mark out the superior branch of the conchoid, 

A second pencil might be arranged to trace 
the inferior branch of the conchoid. For the 
practical application of this curve, and also 
(he conchoid, in trisecting an angle, or in 
doubling a cube, see the articles,—Trisection 
of an Angle, and Duplication of ihe Cube. 

C O N ' C R e T E . [L. concretus, concrete ; 
eon, with, and eresco, to grow]. A concrete 
quantity is one that carries with it the idea of 
matter. Concrete Stands opposed to the term 
abstract. A n abstract quantity is a mere 
mental conception, and may have for its re
presentative a number, a letter, or a geomet
rical figure. A concrete quantity is a physi
cal object, or a collection of such objects, and 
may likewise be represented by numbers or 
letters, in which case the numbers or letters 

express simply the number of physical units 
that compose the quantity, the unit being a 
physical substance. Thus, 3 is an abstract 
number, and may he the number of any 
things ; but 3 pounds immediately suggests 
the idea of some ponderable substance. A 
portion of space, bounded by a surface, all 
of whose points are equally distant from a 
point within, is an abstract magnitude ; but 
if w e conceive this space to be filled with 
matter, the idea becomes concrete, and we 
have the idea of -a physical sphere or globe. 

C O N - C U R ' R E N C E . [L. con, with, and 
curro, to run]. W h e n two lines have a 
common point, which is neither a point of 
tangency, nor a point of intersection,—that 
point is called a point of concurrence. 

For example, the points A and L, in which 
the cycloid meets the axis, are points of con
currence. The vanishing point of a system 
of straight lines, which are paraUel, is a point 
of concurrence of their perspectives. 

C O N - C U R ' R E N T , meeting, but not mter-
secting, and not tangent. 

CON-Di"TION. [L. conditio, condition; 
from co77dt7, to bmld, or make]. Sec Equa
tion of Condition. 

C o N E . [L. conus, a cone; Gr. kovoc, a 
cone]. In Elementary Geometry, a com is a 
solid which may be 
generated by a right-
angled triangle C A D , 
revolving about one 
of the sides, C D , ad
jacent to the right 
angle. The side C D , 
which remains fixed, 
is called the axis, and 
its length measures 
the altitude of the 
cone. The side A D , 
perpendicular to the avis, generates a circle 
called the 4asc, and tbe hypothenuse, C.\, 
generates a curved surface, which is caUed 
the lateral or convex surface of the cone. Tbe 
length of the hypothenuse is the measure of 
the slant height of the cone. 
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-Any plane. ACB, passed through the axis 
of the cone, is called a meridian plane, and 
cuts out a meridian isosceles triangle, ACB, 
whose vertical angle is equal to twice the vi 
tieal angle of the generating triangle, and 
whose altitude is equal to that of the cone. 
\ATvcn tho vertical angle, ACD, of the gene
rating triangle is less than 45°, the veriical 
angle, ACB, of the meridian triangle, is less 
than 90°, and the cone is said to be acute; 
when the vertical angle of the generating tri
angle is greater than -15', that of the meri
dian triangle is greater than 90", and the 
cone is obtuse; when the vertical angle of the 
generating triangle is equal to 45"", that of the 
meridian triangle is 90°, and then we have a 
rectangular or right-angled cone. 
If two similar trian
gles, A B C and BDE, be 
revolved about their ho
mologous sides, A B and 
DB, the cones generated 
are similar. 
If, in a rectangle 
BD, we draw a diago
nal AC, dividing it 
into two right-angled 
triangles ; then, if the 
first be revolved about A 2i 
the side DC, as an 
axis, and the second about the perpendicular 
side CB, as an axis, the two cones, so gene
rated, are called conjugate cones. If the one 
is acute, the other must necessarily be obtuse. 
If one is rectangular, the other will he so 
also. This relation is of importance in the 
discussion of conjugate hyperbolas. 
An expression for the lateral or convex sur

face of a cone may be deduced from that of 
the right pyramid. In the right pyramid, the 
area of the convex surface is equal to the 
perimeter of the base multiplied by half the 
slant height, and this measure is true, what
ever may be the number of sides of the base; 
but when the number of sides becomes infi
nite, the base becomes a circle, the pyramid be
comes a cone, and the slant height of the left 
pyramid becomes that of the cone; hence, 
the convex surface of a cone is equal to the 
csrcumference of ihe base multiplied by one-
half of the slant height; or, denoting the sur

face by S, the radius of tho base by r, and tho 
slant height by /;, wc have the formula 

S = 7rr/i. 

In similar cones, irr/i is proportional to 
the area of the generating triangle : hence, 
their convey surfaces arc to each other as tho 
areas of those triangles. If the cones are 
shnUar, the areas of the generating triangles 
are to each other as the squares of their ho
mologous sides ; hence, the convex surfaces 
of suuilar cones are to each other as the 
squares of their altitudes, or as the squareo 
of the radii of their bases. 
If the cones are conjugate, the areas of 

their generating triangles are equal; and the 
convex surfaces of conjugate cones are to 
each other as their altitudes. 
To find the entire area of the surface of a 

cone, it is necessary to add to the area of 
the convex surface, that of the base ; the ex
pression for this area is 
S = 7rr{h + r). 
An expression for the solidity of a cone 
may be deduced as follows : 
The solidity of a right pyramid is equal to 

the area of its base multiplied by one-third 
of its altitude, and this measure is true, 
whatever may be the number of sides of the 
base ; but if the number is infinite, the pyra
mid becomes a cone, and the base of the pyra
mid becomes the base of the cone,—their 
altitudes being the same ; hence, the solidity 
of ffi cone is equal to ihe area of its base mul
tiplied by one-third of its altitude. Denoting 
the solidity or volume by P", the radius of the 
base by r, and the altitude by A, we have the 
formula 

V=-nr'X\h, or, 
V z=l-;rhr'. 
We see that the solidities of two cones are 
to each other as the products of their bases 
and altitudes. 
If the cones are similar, their bases will bo 

to each other as the squares of their alti
tudes ; or, their altitudes will be to each other 
as the radii of their bases ; hence, the solidi
ties of similar cones are to each other as the 
cubes of their altitudes, or as the cubes of 
the radii of their bases. 

file:///ATvcn
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If the cones are conjugate, we have the 
following expressions for their solidities : 

1. S = l^hr'. 
2. S' = ̂ nrh'. 

S _\'^hr' __r_ 
whence -̂ S ' ^ TT'liFr ~ h' 

That is, they are to each other as the radii 
of their bases ; or, as their altitudes. If the 
conjugate cones are rectangular, their solidi
ties are equal. 

C O N " G R U - O U S . [L. congruus, concord-
,»nt]. Two numbers, p and q, are congruous 
with respect to a third number n, when their 
difference is exactly divisible by that num-

?. 
— IS a 

ber; that is, when the expression -

whole number. Thus 12 and 7 are congru-
12-7 

ous with respect to 5, because — ^ — — 1, 
27 and 12 are also congruous with respect to 

5," because * 
2 7 - 12 = 3, and so on. The 

numbers considered may be either positive or 
negative, but they must be entire. 
: Two numbers, p and q, are incongruous 

with respect to a third number re, when their 
difference is not exactly divisible by that 
number ; thus, 7 and 2 are incongruous with 

7-2 4, because - = li-

^^"hen two numbers are congruous with 
respect to a third, either one is called a resi
dual of the other with respect to the third ; 
thus, 13 and 7 are residuals of each other 
with respect to 5, 

All the residuals of any given number 
p, with respect to any number re, are of 
the general form p + nx, x being a whole 
number. 

Of 771 successive numbers, differing from 
each other by 1, and also from another num
ber re, by 1, one of the m is necessarily con
gruous with re, with respect to ?7i, and only 
one. 

Thus, of the numbers 11, 12, 13, 14, 15, 
16, 17, and the number 8, only 15 and 8 are 
congruous with respect to »i = 7. 

If two numbers are congruous with respect 
to a composite number, they are also congru
ous with respect to its prime factors, and also 
with respect to '.he products of any number 

of these factors ; thus, the numbers 57 and 
9, which are congruous with respect to 24, 
are also congruous with respect to 2, 3, 6, 
and also with respect to 12, 8 and 4. 

If, in an expression of the form 
ffix" + 4x >"+ CX* + dx'i + &c., 

in which a, 4, e, &c,, are whole nnmiiers, if 
we substitute in succession for x, two num
bers congruous with respect to a third num
ber, the results will also be congruous with 
respect to the same number. 

Congruous numbers possess many other 
curious properties, which, with those alreadv 
enumerated, have been successfully appfied 
by Gauss and other writers in the investiga
tion of the properties of numbers. 

CON'IC SECTION. The curve of mter 
section of a plane and conic surface. Al
though the term, from its signification, is 
applicable to the intersection of a plane -with 
any conic surface, custom has restricted its 
use to the designation of those curves which 
can be cut from a right cone with a circular 
base. Since the equation of such a cone is 
of the second degree, whilst that of a plane 
is of the first degree, it follows that the equa; 
tion of the curve of intersection, when 
referred to axes in its own plane, is of the 
second degree between two variables. 
Analytical investigation has also shown 

that every equation of the second degree, 
between two variables, represents one of the 
conic sections. Every equation of this kind 
may be reduced to the form 

ay" + 4xy + cy" + dy + ex + / = 0, 
in which x and y are rectangular co-ordinates 
of every point of the curve represented. 

The curves which may be represented by 
the different cases of this general equatioii, 
are divided into three classes : 

1st. W h e n 4" — 4ac < 0, the curve is called 
an ellipse, 
2d. W h e n 4" — 4a<; = 0, the curve is called 

a parabola, 
3d. W h e n 4" — 4ffic > 0, the curve is called 

an hyperbola. 
These classes have each several species, 

which wo shall discuss in their order. But 
first we shall explain the manner of passing 
the cutting plane so as to cut out each class 
of curves. 

First. To cut out the ellipse, the piano 
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must b(> passed so as to make a less angle 
with the plane of the base, than one of the 
elements makes. In this case aU the ele-
ir.otiis of the conic surface arc cut in one 
nappe, so that the curve is a closed one, 
returning into itself. 

Sectmd. To cut out the parabola, the plane 
is passed so as to make with the plane of the 
base an angle equal to that made by one of 
the elements. In 
this case, all 
the elements in 
one nappe, ex
cept one, are cut. 
The curve has 
but one branch, 
which is infinite 
in extent, and 
does not return 
upon itself. The 
element which is 
not cut is the one which is parallel to the 
plane of the section. 

Third. To cut out the hyperbola, the cutting 
plane is passed so as to make with the plane 

of tho base a greater angle than one of the 
elements of the conic surface makes. In this 
case, all the elements except two are cut; 
half of them in one nappo and half in the 
other nappe. The curve has two branches, 
infinite iu extent, lying in opposite directions 
and on different nappes. Neither branch 
returns into itself The two elements which 
are not cut are those which lie in a plane 
through the vertex of the cone and parallel 
to the plane of the section. 

The same sections may be cut from an 
oblique cono with either a circular or ellipti
cal base, as follows-; 

First. Pass a plane in any manner so as to 
cut all the elements ; the curve of intersec
tion will be an ellipse. 

Second. Pass a plane so as to be parallel to 
any one element, and parallel to but ono; the 
curve of intersection will be a parabola. 

Third. Pass a plane so as to be parallel 
to any two elements, and the curve of inter
section -will be an hyperbola. If the two 
elements which are not cut be projected upon 
the cutting plane by lines parallel to the line 
drawn through tho centre of the hyperbola 
and the vertex of tho cone, these projections 
will be the asymptotes of the curve. 

In cutting any of those sectioiis from the 
right cone with a circular base, it may be 
observed that all sections whose planes are 
parallel, are similar curves. 

It has been observed that the analytical 
characteristic of the eUipse is 

4" - 4ac < 0 ; 
if in addition, 4 ^ 0 , and a = c, the ellipse 
will become the circle ; if 
(bd - 2ae)" - (4" - 4ac) (d" - 4fl/) = 0, 

the ellipse becomes a point; if 
(4d - 2ae)" - (4" - 4ac) (d" - 4a/) < 0, 

the curve is imaginary. Hence, the circle, 
the point, and the imaginary curve, are par
ticular cases of the ellipse. 

To cut the circle from the right cone with a 
circular base, the cutting plane may have 
any position parallel to the plane of the base. 
To cut the point, the plane must pass through 
the vertex, and may make any angle with the 
plane of the base which is less than the angle 
made by one of the elements. As to the 
imaginary curve, it is to be remarked, that 
the conditions which make the ellipse imagi-
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nary make the conic surface also imaginary ; 
and as the cutting plane is always real, there 
can, in this case, be no curve, or it will be 
imaginary, which agrees with the analysis. 

The analytical characteristic of the para
bola is 

4" - 4ac = 0-
If, in addition to this, 

4d — 2ffie = 0, 
the parabola reduces to two straight lines, 
which are parallel; they will be real and dis
tinct when 

d" - 4a/ > 0 ; 
they will coincide when 

d" - 4a/ = 0 ; 
and they will be imaginary when 

d" - 4a / < 0 ; 
Hence, tico parallel straight lines form a par
ticular case of the parabola, and they may be 
cither separate, coincident, or imaginary. To 
cut these from the cone, w e first conceive 
the vertex to be removed to an infinite dis
tance, the base remaining fixed. In this case 
the cone becomes a right cylinder, as the 
elements become paraUel. If now a plane be 
passed parallel to one of the elements, cut
ting the base in two points, it will cut out 
the two separate parallel straight lines; if 
the cutting plane be moved parallel to its first 
position, and from the axis, the elements cut 
out will approach, and when the plane be
comes tangent to the cylinder, the lines will 
he coincident; if the plane be still moved 
parallel to its first position, and from the axis, 
it will fulfill the condition for cutting out two 
parallel straight lines, but the section will be 
imaginary. The two coincident straight lines 
may also be obtained from the ordinary curve, 
by passing the plane so that it will pass through 
the vertex and be tangent to the cone. 

The analytical characteristic of the hyper
bola is 

4" — iac > 0. 
If in addition, 4 = 0 and a = — c, the hyper
bola is equilateral; if 
(4d - 2ae)' - (4" - 4ffic) (d" - 4a/) = 0, 

tho hyperbola becomes two straight lines, 
which intersect each other. Plcnce, the equi
lateral hyperbola and two straight lines which 
intersect, are particular cases of the hyperbola. 

To cut tbe two straip-ht lines which inter

sect from the cone, the plane must be passê l 
through the vertex, and may make any angle 
with the plane ol the base that is greater 
than that made by one of the elements. The 
equilateral hyperbola can only be cut from a 
rectangular or from an obtuse cone. To cut 
it out, w e first pass a plane through the vei 
tex, which shall cut out two elements that 
arc at right angles lo each other, then any 
parallel plane will cut out an equilateral hy
perbola of which these two lines are a parti
cular case. 

To cut out a pair of conjugate hyperbolas, 
we take two conjugate cones and pass planes 
parallel to the axes, at distances proportional 
to the sines of the vertical angles. 
Every pair of sub-contrary sections are simi

lar curves; and in a right cono with a circu
lar base all planes that make the same angle 
with the axis, however they may be situated, 
cut out similar sections. 

Every plane section of any surface of tho 
second order, is one of the conic sections. 
The surfaces of the second order are, the 
ellipsoid, the hyporboloid, the paraboloid, and 
their different cases. 

The equation of the ellipsoid referred to its 
centre and axis is 

a'b'z' + a"c"y" + 4"c"x" = a'4"c", 
in which a, 4, and c, denote the semi-axes 
W e shall suppose, in the following discus
sion, that a > 4 > c, and shall speak of the 
several axes as the axis a, the axis b, or tho 
axis c, meaning thereby the axes whose length 
is designated by 2a, 24,and 2c, respectively. 

The sections of the ellipsoid by a plane .ans 
all ellipses, or their varieties. If the cutting 
plane, in any case, be moved from the centre, 
continuing parallel to its first position, the 
sections will continually diminish, till finally 
the plane becomes tangent to the surface, 
when the section becomes a point; if the 
plane be moved still further from the centre, 
the curve of intersection becomes imaginary, 
or the plane does not cut the surface. If tho 
cutting plane is parallel to the mean axis I, 
and makes with the plane of the axes ab an 
angle whose tangent is 

c_ [^ -4" 

the section will be a circle. Plence, from tho 
ellipsoid we may cut every species of ellipse. 
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The equation of the hyperboloid of two nappes 
is 

a'b':- + a'chr- - iVV* = - a"4=c". 
If a plane be passed in any manner, so as 

to cut both nappes, the curve of intersection 
is an hyperbola. If it be passed so as to cut 
but one nappe, the curve cut out is an elfipse. 
If the cutting plane be moved towards the 
centre, continuing parallel to its first position, 
the curve will grow smaller and smaller, pass 
through the point, and finally become ima
ginary. Tho section wiU be a circle under 
the same conditions as have been explained 
in speaking of the elUpsoid. 

The equation of the hyperboloid of one 
nappe, referred to its centre and axes, is 

a'b'z' + a'c'y' - 4"<;=x= = a"4"c=. 
A n y plane passed tangent to the surface, 

-wiU intersect it in two straight lines, which 
cut each other ; this is a particular case of 
the hyperbola. All planes parallel to a tan 
gent plane, cut out hyperbolas. All other 
planes cut out elfipses. which become circles 
under the conditions already mentioned in 
the preceding cases. 

Since the radical expression -4" ± — 

admits of two values, it follows that there 
are two systems of parallel planes which cut 
circles from the three surfaces already men
tioned, except in some cases, which w e now 
propose to consider. 

First. In the ellipsoid. If a — b , the ex
pression becomes 0, or the cutting plane has 
but one position, and that is parallel to the 
plane of the axes ffiS. This is as it should 
be, for the supposition makes the ellipsoid 
one of revolution about the axis c. If 4 = 
the expression becomes infinite, or the cutting 
plane is perpendicular to the axis a. This 
should be so, for the supposition makes the 
eUipsoid one of revolution about the axis a. 

If ffi = 4 = c, the expression becomes 4, or 
indeterminate, and the ellipsoid becomes a 
sphere. This shows that every section of 
the sphere is a circle. A similar discussion 
may h€ had with respect to the hypcrboloids. 

In the case of the elliptical paraboloid, 
every plane parallel to the axis cuts out a 
parabola; all other planes cut out ellipses 
which may become circles, points, or imagi- \ 

nary curves, under tho various suppositions 
that may be made with respect to the direc
tion of the cutting planes. 

In the hyperbolic paraboloid, every plane 
tangent to the surface cuts out two straight 
lines, which intersect. This is a particular 
species of hyperbola, and any plane parallel 
to a tangent plane cuts out an hyperbola. 
All planes which are not parallel to a tangent 
plane cut out parabolas. The discussion of 
the particular cases of these surfaces will 
show that the sections in all cases are conic 
sections, but the limits of the present article 
forbid any attempt at developing all of the 
curious results which might be discovered by 
a complete discussion of the problem. Enough 
has been given to show the manner of pro
ceeding in the cases which may arise. 

For a particular description of the peculiar 
properties of the several conic sections, the 
reader is referred to the several articles, ellipse, 
hyperbola, and parabola. 

CON'IC S U R F A C E . In higher Geometry, 
a surface which maybe generated by a straight 
line, moving in such a manner that it shall 
always touch a given curve, and pass through 
a given point. The 
given curve, as A B , 
is called the direc
trix ; the given point, 
as C, is called the 
vertex; the straight 
line moved, is called 
tho generatrix, and 
any one of its seve
ral positions, an elc- ,/ 
ment of the surface. 

The generatrix is 
supposed to extend indefinitely on both sides 
of the vertex ; whence, it appears that the 
surface is composed of two parts meeting at 
the vextex ; these parts are called nappes; 
the one nearest the directrix being the lower 
nappe, and the other one the upper nappe. 

Every section of a conic surface, by a plane 
not passing through the vertex, is called a 
4ffise,- consequently, any conic surface may 
have an infinite number of bases. It is to 
be observed, however, that if with either of 
these bases as a directrix and the given ver
tex, a conic surface be generated, it will bo 
identical with the given surface, and it is for this reason that any conic surface mav be ra-
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garded as Having a plane curve for its direc
trix, il IS customary throughout the mathe
matical course to use the terms base and 
directrix ol a conic surface as synonymous; 
also, for simplicity of expression, the terra 
cone is orten used wlien the conic surface 
only is meant. 

If the base of a, cone lias a centre, the 
straight hne passing througti this point and 
the vertex, is called the axas of the cone or 
surface. If m e oase is a circle, and the axis 
perpendicular to Its plane, the cone is right, 
otherwise it is ootique. Since any cone has 
an InfiBite number of bases variously inclined 
to each "^her, eacti of which m ay have a 
centre, it follows tiiat the same cone m ay 
have an infinite iiumoer of different axes ; it 
follows, therefore, that tne term, axis of a cone, 
is indefinite, unless the particular base to 
which the cone is referred be given. In or-
dinaiy mathematical language, the term cone 
is appUed to the right cone with a circular base, 
and when the term axis of a cone is employed 
without explanation, it is intended to express 
the axis of a right cone with a circular base. 

The nature and properties of a conic sur
face depend, 1st. Upon the nature and extent 
of the base assumed as a directrix ; and 2d, 
Upon the position of the vertex with respect 
to the base : Hence, when these two ele
ments are given or known the surface also is 
known, and by suitably varying thera, every 
possible variety of conic surface may be ob
tained. 

If, whilst the base remains fixed, the vertex 
be moved towards it until it finally coincides 
with it, all the elements will approach and 
finaUy coincide with the plane of the base, 
giving a portion of a plane as one of the ex
treme cases of a conic surface: If, on the 
other hand, the vertex be moved frora the 
plane of the base until it becomes infinitely 
distant, each element will recede from the 
plane of the base, till finally they will all be
come parallel to each other, and w e shall 
have, for the other extreme case, a cylindrical 
surface. This observation will be found of 
importance in the analytical discussions of 
the conic sections. 

Conic surfaces are classed in orders, ac
cording to the degrees of their equations; 
or what is the same thing, according to the 
degrees of the equations of their bases. 

If the base of a cone is of the 2d, 3d, 4th, 
&c., order, the cone itself is also of the 2d, 
3d, 4lh, &c., order. 

Of all the different orders, the second is 
the most important, and amongst those of the 
second order, the right cone with a circular 
base holds by far the most conspicuous place, 
in a practical point of view. 

W e shall explain the method of finding 
the equation of any conic surface whatever, 
and then deduce the particular equation of 
the right cone with a circular base. 

Since every cone may be regarded as hav
ing a plane base, w e may take the co-ordi
nate plane X Y to coincide with it, in which 
case the general equation of the base of any 
cone, -will be 

fix, y) = 0 - - - (1). 
If w e denote the co-ordinates of the vei-

tex by x', y' and z', the equation of anj 
straight line passing through it, will be 

X — x' = a (z; — ^') - - • - (2), and 
y-y' = b(z-z')---. (3). 

If, now, equations (2) and (3) be solved 
with reference to x and y, respectively, we 
shall have 

X = a« + (x' — az') - - • • (4), and 
y = 42: + (y' - 4s') - • • • (5); 

in which the absolute terms %' — az' and 
y' — bz', are the co-ordinates of the point in 
which the straight line pierces the plane X Y . 
If these, therefore, be substituted for x and 
y, respectively, in equation (1), w e shaU have 

fix' - az', y' - 42:') = 0 - - - (6), 
which is the equation of condition that the 
generatrix [equations (2), (3),], shaU pierce 
the plane X Y , in the dircctiix. 

N o w , for each couple of values of ffi and 4, 
which wiU satisfy this equation of condition, 
the values of x, y and z, in equations (2) and 
(3), will denote the co-ordinates of every 
point of an element of the surface, and foi 
all the couples of values of a and 4, which 
will satisfy equation (6), the values of x, y 
and z, in equations (2) and (3), will represent 
the co-ordinates of every point of every ele
ment of the surface. Hence, if w e find ex
pressions for a and 4, in terras of x, y and s, 
frora equations (2) and (3), and substitute 
them for a and 4 in equation (6), the resulting 
equation will express a relation between the 
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co-ordinates of every point of the surface; 
that is. it will be tbe equation of the surface. 
Finding the values of a and 4, 

I — x" y—y' 
u, = ,̂' b = ' ' 

and subsiituiini; in (,6). we get 

/(x'-^., y'-f^.)=0,or 

(I'z — x: y'z — 1 :'\ 

which may be made the equation of any 
conic surface whatever, by attributing a suit
able form to the function indicated by /. and 
by giving suitable values to x', y' and z . 

To find the equation of a right cone, with 
a circular base, assume tho centre of the base 
at the origin of co-ordinates and denote the 
distance from it to the vertex, which wUI 
be on the axis of z by A, and the radius of the 
base by r : we shall have x' = 0 and y' = 0. 

Making these substitutions in equation (7), 
and recollecting that the equation of a circle 
referred to its centre and rectangular axes, is 
i" + y" = r", w e shall have 

h'x' , ;i"y" _ , _ (z - A)^ 
Ji-

(z - A)" 

ix'+y') = {z- h)', 

the equation of a right cone with a circular 
base. 

If w e now denote the angle which any 
element makes with the plane of the base 
by V, which gives — = tan v, the equation 

becomes 
(i" + y")tan"i7 = (z-A)', 

a more common form. 
In this equation 77 and A are arbitrary con

stants, and by attributing suitable values to 
them, every possible right cone may be ob
tained. The value of v may be varied by 
varying either h or r. If A, supposed pcsitive, 
is increased, whilst r remains constant, the 
cone becomes more and more acute, until 
when A is infinite the cone becomes a cylin
der. If A is dirainished, the cone becomes 
more obtuse, till finally, when A becomes 0, 
the cone reduces the other extreme case of a 
plane coinciding with the plane X Y . If A and 
r vary together so as to preserve the ratio — 

eonstant, the only elfcct is to raise or depress 
the entire cone, without changing the incli
nation of its elements. 

Ct)X'lC-.AL, [L, conicus; Gr. Kuviicof;. 
Sec Cone], Having the shape of a cone—• 
appertaining to a cone. 

COX'ICS. A n.ame often given to that 
branch of mathematics which tieats of the 
nature and properties of the conic sections. 
See Conic Sectio7is. 

COX'JU-0.\TE. [L. conju^atus, con, with, 
and jugo, to yoke]. Unitcii accordinn- to a 
peculiar law, as conjugate diameter, conju
gate cones, conjugate hyperbolas, &c 

Conjugate -Axis, of a conic section, is 
that axis which is perpendicular to the trans
verse axis. 

In the ellipse, it is limited by the curve, 
and its length can never exceed that of the 
transverse axis. 

In the hyperbola, it does not cut the curve, 
and it may be less than, equal to, or greater 
than the transverse axis ; these severtil eases 
arising when the curve is acute, equilateral 
or obtuse. 

The parabola has no conjugate axis at a 
finite distance. 

The conjugate axis of the ellipse may be 
readily constructed when the transverse axis 
and the foci are 
given. Let A B ( 
represent the 
transverse axis, 
and F and F' the 
foci. Then, with 
the foci as cen
tres, and with a ^̂  
radius equal to half of the transverse axis 
CB, describe arcs of circles cutting each 
other in D and E ; the straight line D!E join
ing these points, is the axis required. 

If w e have the foci and one point of the 
curve given, the conjugate axis may be con
structed as follows: 

Let F and F' ^C 
be the foci, and 
P a point of the 
curve. Draw an 
indefinite straight 
line A B through 
F and F', also a 
straight line C D 
perpendicular to it, through the middle point 
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of the line FF'. Draw also the two lines 
P F and PF'. With P as centre, and with a 
radius equal to half of P F and PF' describe 
an arc cutting C D in PI. Join H P , and the 
portion of this line P K between P and the 
line A B will be equal to the semi-conjugate 
axis. Lay this distance off from P, to C and 
D, and the line C D will be the axis required. 

In the hyperbola, the conjugate axis may 
be constructed when the transverse axis and 
the foci are given. Let A B be the trans
verse axis, and F and F' the foci; at B erect 

\ 

B H perpendicular to A B , and from C, the 
middle point of A B , as a centre, and with 
C F as a radius equal to CF', describe an arc 
cutting B H in H : the line B H is equal to the 
semi-conjugate axis. 

Conjugate Cones. T w o cones are conju
gate, when their axes are at right angles 
to each other, and when they are tangent to 
each'other along two elements which Ue in 
the plane of their axes. 

Conjugatb-Diametees. T w o diameters of 
il conic section are said to be conjugate, 
when each is parallel to the chords of the 
curve which the other bisects, as A B and 
DD'. In the ellipse and hyperbola, there are 

an infinite number of pairs of conjugate di
ameters, every diameter having one conju
gate. The axes aro the only pair of conjugate 
diameters, in either curve, which are at right 
angles to each other. In the eUipse, the 

angle between any two conjugate diameters 
can never be less than 90° • in the hyperbola 
it never can be greater than 90°. 

The parabola has no conjugate diameters; 
all the diameters in that curve being parallel 
to each other. 

If we designate by a' and V the lengths of 
a pair of semi-conjugate diameters, we have 
for the equation of the ellipse referred to its 
centre and conjugate diameters, 

a" y' + b" x' = a" b" ; 
and for the hyperbola, 

a!^y'-b"x' = - a"b". 
It will be seen from these equations and 

from the definition given for conjugate diam
eters, that the curve is so divided as to have 
a sort of symmetry with respect to both. 
This species of symmetry has been caUed 
oblique symmetry, and consists in the diame
ter bisecting a system of chords parallel to 
a given straight line. The parabola has this 
sort of symmetry with respect to any diame
ter and the tangent and its vertex. 

The analytical properties of these curves, 
when referred to conjugate diameters, are 
entirely analogous to those obtained when 
they are referred to the axes. Any aualyti-' 
cal expression in the former case may be 
derived from the corresponding one in the 
latter case, by simply changing a into a' and 
4 into 4', and recollecting that the new axes 
are oblique. 

If we designate the angle which the diam
eter a' makes with the transverse axis by a, 
and the angle which the diameter 4' makes 
with the same axis by a', we shall have the 
following analytical relation between a, 4 and 
a', 4', in terms of a and a' • 

For the ellipse, 
• ffi" tan a tan a' + 4" = 0 
a' 4' sin (a' — a) = ab 
ffi'» + 4'" = a" + b" 
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For the "hyperbola, 
a' tan a fan a' — 4" = 0 
i! 4' sin (a' — a) = a4 
a'' — 4'" — a ' - b' 

it becomes perpendicular to AB, and then 
construct an ellipse on A B and E D as axes, 
by known methods. Take any double ordi-

From the first equation of each group, we 
*iO able to find the angle between any two 
conjugate diameters, w-hen either a or a' is 
given ; or when the angle between the diam
eters is known, we can find the angle which 
each makes yvith the transverse axis. The 
second equation of each group shows that 
the parallelogram constructed by drawing 
fines through the extremities of each diame
ter paraUe! to its conjugate, is always con
stant for the same curve. 

The third equation of the first group shows 
that the sum of the squares of any pair of 
conjugate diameters of the ellipse is constant; 
and the third equation of the second group 
show-s that the difference of the squares of 
any pair of conjugate diameters of the hyper
bola is constant. 

In the eUipse, the only equal conjugate 
diameters are those which coincide in direc
tion with the diagonals of the rectangle con
structed upon the axes, except in the circle, 
where every diameter is equal to its conju
gate. 

In tho hyperbola, there are no equal conju
gate diameters except in the equUateral 
livperbola, in which every diameter is equal 
to its conjugate. It appears from the fore-
C>in I discussion, that an ellipse or hyperbola 
may be constructed when we have given the 
lengths of a pair of conjugate diameters, and 
the angle included between them. 
The ellipse may be constructed by points 

tvhen a pair of conjugate diameters is given, 
as follows: 
Let A B and E D be two conjugate diame

ters ; revolve E D around the centre C, untU 

.̂'' 

/.' : •• 
^ •'• -' 

^ 4 ^ 

^ J / _ \ 
c ,/i yl 

1—-^«/ 

nate of this curve, as HH'", and revolve it 
about the point in which it intersects A B , till 
it becomes parallel to E D ; the extremities 
H' and H " aro points of the required ellipse. 
In a similar manner any number of points 
may bo found. Having a sufficient number 
of points, trace a curve through them, and it 
W'ill be the ellipse required. 

The hyperbola may be constructed, by 
points, in a manner entirely similar. 

If we wish to construct the axes of an 
eUipse, having a pair of conjugate diameters 
given, wo can do so as follows : 

,'''K'\ 

!!'< ^ .J \ C 
Z\'^-^— 
Ji. 

1 *,VG 
Tf 
o,r\ --,-' 

Let A B and C D be an^ pair of conjugate 
diameters. Through C draw H G parallel to 
A B , and at C erect a perpendicular to G H 
and make it equal to OB. With the extremity 
of this perpendicular as a centre, and with a 
radius equal to OB, describe an arc of a cir
cle K C L . Draw the straight line 00', and 
bisect it by the perpendicular EF, cutting 
G H in F. With F as a centre and FO' as a 
radius, describe a circle, which will pass 
through 0. Through the points G and H, in 
which it cuts the line GO. draw the lines GO, 
G O ' and H O , HO'; draw LC' and K A ' par
allel to 0 0 ' ; O C and OA' will be the semi-
axes. 

CoNJUG.iTE Hyperbolas. Two hyperbolas 
are conjugate when the conjugate axis of 
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the one is the transverse axis of the other, 
and the reverse, as A B , DD'. 

If the equation of an hyperbola is 

a' y" — 4" x" = — a' 4", 

that of its conjugate is 

a" x" - 4" y" = - a" 4". 

Conjugate hyperbolas have common asymp
totes, and those diameters which terminate in 
a given hyperbola have conjugates termina
ting in the conjugate hyperbola. If an hy
perbola is acute its conjugate is obtuse, and 
the reverse ; if an hyperbola is equilateral, 
its conjugate is also equilateral. 

Conjugate Hypeeboloids. T w o hypcrbo
loids are conjugate when they have the same 
set of axes, but do not coincide. 

In this case one of the hypcrboloids must 
have one nappe, and its conjugate tw'O nappes. 
The axis which pierces the hyperboloid of 
two nappes, will not pierce that of one nappe, 
whilst the two axes which do not pierce the 
hyperboloid of two nappes, both pierce that 
of one nappe. The surfaces approach each 
other in every direction as they recede frora 
the centre, and become tangent to each other 
at an infinite distance. If one becomes a 
surface of revolution, the other also becomes 
a surface of revolution, having the same axis. 
This particular species of conjugate hypcrbo
loids may be generated'by revolving a pair of 
conjugate hypcrboloids about either axis. 

Conjugate Planes. In a surface of the 
second order, three planes are said to be con
jugate when each bisects a system of chords 
of the surface parallel to the other two. In 
the eUipsoid and hyperboloid, there are an 
infinite number of systems of conjugate 
planes. Every central place has two conju
gate planes. The properties of conjugate 

planes are analogous to those of conjugate 
diameters in the ellipse and hyperbola. 

Conjugate Points of a curve are those 
which are expressed by the same equation, 
but have no consecutive points. They are 
sometimes called isolated points, and are con
sidered as belonging to the curve, because 
their co-ordinates satisfy its equation when 
substituted for the variables. Conjugate 
points may be regarded as particular species 
of oval branches, which have become points, 
in consequence of a particular supposition 
made upon the arbitrary constants. W e have 
considered the case in which the eUipse 
becomes a point; this is the simplest case of 
a conjugate point. In this case there is no 
cither branch of the curve. 

If w e consider the curve whose equation is y = ± V x (x — a) (x — 4), 

in which a and b are both positive, we shall 
have, when ffi < 4, a curve with two branches ; 
an oval branch and a parabolic branch, sepa
rated by an interval A D . If now we sup

pose ffi to diminish, the oval branch will 
grow smaller, till finally, when a = 0, it will 
become a point coinciding with A, the origin 
of co-ordinates ; this is a conjugate point. 
Under the supposition made, the equation of 
the curve becomes 

y = ± X -/x — 4. 

AA'"c see that x = 0 and y = 0, satisfy the 
equation of the curve, but that all other 
values of x less than 4 give imaginary values 
for y, which shows that there is no point of 
the curve between A and B, A B being equal 
to 4. 
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To determine whether a given curve has 
any isolated points, w e have to ascertain 
whether there are any real values of x and y, 
which will satisl'y the equation of the curve, 
and at the same time render the first difl'eren-
lial co-eificient of the ordinate imaginary ; if 
there are any such values, each pair corre
sponds to an isolated point. 

Iu the case last considered, we have 
dy 3x" - 24 
dx -iV-r—h' dy 

r = 0 is the only value which wiU render -j-
imaginary, and at the same time give a real 
value for «; hence the origin of co-ordinates 
is a conjugate point, and is the only one. 

Co'XOID, [Gr. KuvociSyc, from Kavo;, a 
cone, and eidof, form]. A warped surface 
which may be generated by a straight line 
moving in such a manner as to touch a 
straight line and curve, and continue parallel 
to a given plane. The straight line and 
curve are called directrices, the plane is called 
a plane director, and the moving line is the 
generatrix. Any position of the generatrix 
is an element of the surface. If the rectili
near directrix is perpendicular to the plane 
director, the surface is a right conoid, and the 
directrix is called the line of sirietion, because 
the elements are compressed along this line. 
The line of striction being perpendicular to 
the plane director, is perpendicular to every 
element; and since it intersects them all, the 
shortest distance between any two wUl be 
measured on it. 

If the line of striction is vertical, and if the 
curvilinear directrix is a helix, lying upon the 
surface of a cylinder whose axis coincides 
with the line of striction, the conoid becomes 
a particular species of helicoid often used in 
architecture, for finishing the lower surface 
of spiral stairways. 

The term conoid has been used to desig
nate the solid generated by revolving any one 
of the conic sections about its axis. If the 
parabola be revolved about its axis, the solid 
generated is called a parabolic conoid, or 
more properly, a paraboloid. If an ellipse or 
hyperbola be revolved about its axis, the 
solid would be called an eUiptic or hyperbolic 

conoid. 
COX-SECH-TiVE. [L. con, with, and 

'sequor, to follow]. Following another thing 
immediately. Thus, two points of a line aro 
I consecutive when they lie together ; that is, 
jif we suppose tho line to ho generated by a 
point moving according to a fixed" law, tho 
[position which the generatrix first assumes 
after leaving any position, is a consecutive 
point. 

Consecutive Elements. In a surface 
generated by a right line, any two consecu
tive positions of the generatrix are said to be 
consecutive elements. 

To illustrate : let us consider the case of a 
right cylinder with a circular base. If a 
plane be passed through any element, it will, 
in general, cut from the surface a second 
element. If the plane be revolved about the 
first element as an axis, the second element 
wUl finally approach the first, and eventually 
pass into it. At this instant, the plane be
comes tangent to the surface, and the two 
elements are said to be consecutive. In this 
case, they are really coincident, but for the 
purposes of demonstration they are regarded 
as separate elements, the distance between 
thera being infinitely small. Or, if w e regard 
the circular base as a regular polygon, having 
an infinite number of sides, thc-two elements. 
passing through two adjacent vertices, are 
consecutive. This amounts to the same 
thing as considering the lines coincident. 

Consecutive Points. If w e regard a 
curve as being generated by a moving point, 
the first position which it assumes, after leav
ing any given position, is said to be consecu
tive with it. If w o draw a straight line in
tersecting a curve in two points, and then 
revolve it about the first point, the second 
will finally approach, and eventually coincide 
with, the first; just at the instant of coinci
dence, the two points are said to be consecutive, 
and the straight line is tangent to the curve. 

Ag<ain. if w o consider a curve as a polygon 
of an infinite number of sides, each being in
finitely small, the vertices of two adjacent 
angles are called consecutive points. For 
all practical purposes, consecutive points are 
coincident points ; but for purposes of de
monstration, it is convenient to regard them 
as separate and distinct. 

C O N ' S E - Q U E X G E . [L. con, with, and 
sequor, to follow] A conclusion deduced 
from an argument, or train of reasoning. 
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CON'SE-QUENT, [L. eonsequcns, follow
ing]. The second term of a ratio, so caUed 
because its value is consequent upon a know-
lediTO of the first term which is then called an 
antecedent. If we have the ratio a 4, 

4 
which may be written -, the term 4 is the 

-' a' 
consequent, a being the antecedent. 

If the value of a ratio is given, and the an
tecedent is known, the consequent may be 
found by multiplying the ratio by the antece-

4 
dent; thus, if - = r, we have 4 = ar. 

' ffi 
A proportion, being an expression of equal

ity between two equal ratios, must have two 
consequents, viz.: the second and fourth 
terms. A geometrical progression -being a 
continued proportion, each term must be a 
consequent of the preceding, and also an an
tecedent of the following term. 

C O N ' S T A N T Q U A N T I T Y . [L. constans, 
fixed, determined]. A quantity v/hose value 
always remains the same in the same expres
sion. Thus, in the equation of the circle, 

x" + y" = R', 
the quantity, R, remains the same for the 
same circle, and is therefore constant. It 
differs, however, for different circles ; hence, 
constants may he either absolute, or arbitrary. 
Absolute constants are those whose values are 
absolutely the same under all circumstances ; 
thus, the number 7 is an absolute constant; 
the length of the equatorial diameter of the 
earth is also absolutely constant. A n «7-4i'-
trary constant is one to which any reasonable 
value may be assigned at pleasure ; thus, in 
the equation x' + y" = R', we may give 
to R any value from 0 to co, and thus cause 
the circle to have any area from 0 to co : 
here R is an arbitrary constant. 

In analysis, an arbitrary constant is often 
introduced, and afterwards such a value is 
assiirned to it as will cause the expression to 
satisfy some reasonable condition. To illus
trate the use of fhe arbitrary constant, let us 
consider the case of the elimination of an 
unknown quantity from two-given equations. 
Take the equations 

ax + 4y+r; = 0....(l), 
and dx + ey+/='0...,(2). 

If we multiply both members of (1) by k, 

k being entirely arbitrary, and then add the 
resulting equation to equation (2), member to 
member, there will result 
{ka + d)x + (kb + e)y + (/«+/) = 0... (3), 

d 
If we make i = — -, (3) will become 

/ 4d\ dc 
-/. 

in which x has been eliminated. 
The judicious use of arbitrary constants is 

one of the most powerful instruments of an
alytical research. 

The employment of arbitrary constants, in 
integral expressions, affords a beautiful iUus-
tration of their power in mathematical inves
tigations. 

CON-STRUCT'. [L. eonstruo; core, with, 
struo, to dispose or set in order]. To put 
the parts of a thing together in their proper 
order. 

CON-STRUC'TION. [L. eonstructio, mak
ing, building]. The operation of construetino 
or of putting together according to known 
principles. 

The construction of an expression, or of an 
equation, is the operation of finding a geo
metrical figure whose parts shall be respec
tively represented by the quantities in the 
equation, and in which the relation between 
them shaU be the same as that expressed by 
the equation. 

1, To construct the value of x in the equa
tion X = a + 4. -h-A C D B 

Draw an indefinite straight line AB. From 
A, as an origin of distances, lay off to the 
right a distance A C equal to a; from C lay 
off still to the right a distance equal to 4; 
then will A D be equal to x, and is the dis
tance required. 

• — L — I - — 
A D C B 

If b is negative, the last distance, equal to 
4, must he laid off from C to the left; A D 
will, as before, represent the value of x. 

I I 
D A C B 

If 4 is numerically greater than a, and ne
gative, the point D will fall to the left of A, 
and in accordance with the rule for inter 
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pieting negative results, i wUI bo neg:iti\e, 
and still equal to A D , numerically. 

If there are more than two linear terms, 
we continue to Lay off distances from the last 
point determined, these being measured to 
the right when the term is positive, and to 
the lei"t when it is negative; the distance 
from the origin to the last point determined 
is equal to the value of x. being positive when 
the last point faUs to the right of the origin, 
and negative when to the left. 

2. To construct the vtUue of i in the equa-
ab 

tionx = —• „ 
c ^ j B 

Draw two straight j) 
lines A E and A B , 
intersecting each 
other at .A. From 
A on A B lay off a _J 
distance A C = c, also A B = a. From A on 
A E lav off A D = 4; draw D C , and through 
B,draw B E parallel to C D ; then is A E = x . 

3. To construct the value of x in the equa-

liiato B D perpendicular to .AC; B D wUl be 
equal to x. If we complete tile circle and 
produce the ordinate below .AC, till it inter
sects tho circle, the prolongation will bo equal 
to — \' ab. In this case the construction 
gives both values of x = ± Vab, as it 
should. In general, when tliere are two or 
more values of an expression, the geometri
cal construction ought to give them all. 

6. To construct the roots of the four forms 
of equations of the second degree. The 
four forms are 
1. x" + 2ax = 4". 2 x" — 2ax = 4". 
3. x" + 2ax = - I'. 4. x" - 2ax = - 4". 

and their roots are respectively. 

tion x = 

form X-

value of 

d f 

~d 
ab_ 
T ' 

Place the expression under the 

X J, and construct as before the 

caU this g-: then wiU x = -7-; 

g"« -construct -t in the same manner, and the 

tine obtained will be equal to x. 
4. If w e have an equation of the form 

e4c -h dfg 
X = 7 , 

it can be placed under the form 
abe dfg 
hm hm 

Each term in the second member can be con
structed as explained in (3), and the value 
of X finally determined as in (1). 

5. To construct the value of x in the equa
tion X = -v''a4̂  draw an indefinite straight 
fine A C and lay off from A, A B = a, and 

,' -"X 
\ \ 
\ 
1 B A ' 

from B, BC = 4 ; upon A C as a diameter, 
describe a semicircle, and at B erect an ordi-

9 

1. i = - a ± v'a" + 4". 
3. x=-a±Va'-b'. 

2. x = a ± •tt= + 4". 
4. x = a ± V a ' — b'. 

\D 

A -J? B 
Draw AB = 4, and at B erect BC perpen

dicular to A B . and equal to a; with C as a 
centre, and C B as a radius, describe the cir
cle E B D ; prolong A C to D. Then is + A E 
the first, and — D A the second root of the 
1st form. Also + A D and — E A are the 
roots of the second form. The roots of these 
tonus are respectively equal with contrary 
signs, as they should be. 
Again, draw A F = 2a, and at its middle 

point D erect D C perpendicular to it, and 
equal to 4 ; with C as a centre and a radius 
equal to a, describe a circle, cutting A F in 
E and B. Then are — F B or — E A and 

C 

A E---AL--'^-^ F 
+ A B , the two roots of the third form. Also 
-|- A E and — B A are the two roots of the 
fourth form. The roots of the third and 
fourth forms are equal with contrary signs, as 
they should be. If a = 4 the circle is tan
gent to A F in D, and the roots of each form 
become equal. If a < 4 the circle does not 
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touch A F , and all of the roots of the third 
and fourth forms are imaginary. 

These principles serve to show the method 
of proceeding in order to .construct all ex
pressions which are of the first and second 
degrees. There is an infinite variety of con
structions which may arise, but the elemen
tary principles here laid down are such as are 
most frequently applicable in the solution of 
determinable problems. 

7, Having given the equation of any plane 
curve, y =/(x). Draw two straight lines 
A X and A Y at right angles. Assume any 
value for x and substitute it for x in the 

TsTs. 

equation of the curve, and deduce the corres
ponding value or values of y ; lay off the 
distance A P equal to the assumed value of 
X, and at its extremity erect a perpendicular 
to A X , and make it equal to the deduced value 
of y ; above A X if y is positive, below it if 
negative. The extremity Q or R is a point 
of the curve; in like manner any number of 
points may be constructed. Having deter
mined a sufficient number of points, draw a 
curve through them, and it will he the curve 
required. 

For more extended rules for constructions, 
see Application of Geometry to Algebra, Con
struction of Curves from Equations, Con
struction of Roots of Cubic Equations. 

C O N ' T A C T . [L, contactus, from eontingq, 
to touch]. T w o curves are said to have a 
contact at a comraon point, when they have 
a common tangent at this point. The con
tact of a right line and curve is the same as 
simple tangency, but curved lines may have 
a more intimate contact. A complete discus
sion of the nature and order of contact can 
only be obtained by means of the Calculus. 

The following are the analytical character
istics which distinguish the different orders 
of contact: 

1. T w o curves are said to have a contact 
of the first order, w h e n they have a point in 

common, and the first differential co-efficienta 
of the ordinates of the two curves, taken at 
this point, equal to each other. This is sun-
pie tangency. 

2. They have a contact of the second order 
when they have a point in common, and the 
first and second differential co-efficients of the 
ordinates of the two curves, taken at the 
point, equal. 

3. They have a contact of the third order, 
when in addition to the previous condition 
they have also the third differential co-efii-
cients of the ordinates of the two curves, 
taken at the common point, equal. 

4. Generally, two curves have a contact of 
the re"" order when they have a common 
point, and the first re successive differential 
co-efficients of the ordinates of the two curves, 
taken at the point, are respectively equal to 
each other. 

Having given two curves, w e may ascer
tain whether they have any contact, and if 
they have, w e can determine the order of 
contact by the foUowing method : 

Combine the equations of the curves and 
find the values of x and y ; for every pair of 
real values there will be a common point. 
Next, to ascertain whether this point is a 
point of contact, differentiate the equations 
of both curves, and find the differential co-efil-
cients of the ordinates, and in these substi
tute for X and y their values corresponding to 
the c o m m o n point; if the results are equal 
the curves have a contact of the first order 
at least: differentiate the equations again 
and find the second differential co-efficients 
of the ordinates and substitute in them the 
values of x and y, already found ; if the re
sults are again equal, the curves have a contact 
of the second order at least. Continue this 
operation of differentiation and substitution 
until two differential co-efficients of the ordi
nate, taken at the common point, are found, 
which are not equal; then the number of suc
cessive differential co-efficients taken at the 
comraon point, which are respectively equal, 
will denote the order of contact. 

Having given a cun'o by its equation and a 
second curve in kind, that is, having given 
the form of its equation, it is possible to 
assign to this last curve an order of contact 
with the given ,c.irve at any assumed^point 
of it, which will be denoted by the number 
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of arbitrary constants which enter its equa
tion, less 1. X o higher order of contact can 
be assignal, though it may happen that the 
conditions which make the two curves have 
the assigned order of contact, may cause 
them to have a higher order of contact. 'The 
method is as follows : 

Assume the abscissa of any point of the 
given curve ; substitute it for x in the equa
tion of the curv-e, and deduce the correspond
ing value of y. The assumed and deduced 
values will be the co-ordinates of the assumed 
point. Substitute these values for x and y in 
the equation of the curve given in kind, and 
the resulting equation will be the equation 
of condition that the assumed point shall be 
common to the two curves. Diirereutiate 
the equations of both curves, and deduce the 
expressions for the first differential co-efficients 
of the ordinates; substitute in these for x and 
y, the co-ordinates of the common point, and 
place the results equal to each other; the 
resulting equation, with the preceding, will be 
the equations of condition that the curves 
shall have a contact of the first order. 

Differentiate the equations again, and find 
the second differential co-efficients of the 
ordinates of the curves ; substitute as before, 
and place the results equal; the equation 
which results will express the additional con
dition, that the two curves shall have a con
tact of the second order. Continue this 
operation of ditTerentiatinir. substituting and 
equatin2. till as many equations of condition 
are found as there are constants in the equa
tion of the second curve; then combine 
these equations, find the values of these con
stants, and substitute them for the constants 
in the equation of the second curve ; the re
sulting equation will be that of the curve 
which has the required order of contact with 
the given curve at the assumed point. Such 
a curve is said to be osculatory to the given 
curve at the given point. 

Since the most general equation of the 
circle contains but three arbitrary con.stants, 
it follows that the circle cannot be made to 
have a hiTheir order of contact than the 
second, with any given curve at a given 
point. It may be observed, however, that if 
the given point is one at which tbe normal 
divides the given curve symmetrically, the 
conditions which make the circle osculatory, 

will give it a conttict of tho third order. See 
Osculatory and Osculatrix. 

COX'TEXTS, [L. eontcntus, con, and tenea 
to hold]. The contents of n plane figure i» 
tho same as its area. Xuinerically, it is tho 
number of times which the figure contains 
some given area assumed as the unit of sur 
face. For the contents of some of the prin
cipal plane figures, sec ,U<;7iSKra/7077. 

Contexts of a Solid, is tho same as il 
volume. Numerically, it is the number o> 
times which the solid will contain some par 
ticular solid assumed, as the unit of volume 
See Mensuration, and Volume. 
COX-TIG'U-OUS. [L, eontiguus, co77,with, 
and tango, to touch]. Contiguous angles, 
are those which have a common vertex and 
one common side, but the other sides not in 
the same straight line. The latter condition 
distinguishes them from adjacent angles. 
See Angle. 
CO-X-TIX'U,ED FRACTIONS, icontinuo, 
con, with, and teneo, to hold], A continued 
fraction, is a fraction whose numerator is 1, 
and whose denominator is a whole number 
plus a fraction whose numerator is 1 and 
whose denominator is a whole number plus 
a fraction, and so on ; 

Thus, the fraction 1 
written in the mar- a-
gi.n, is a continued 
fraction. The separ-

1 1 1 
ffi 4 c 

&c., which make up a continued fraction, 
are called integral fractions. The number 
of integral fractions, in a continued fraction, 
may be finite or it may be infinite ; in the 
former case the true value of the fraction 
may be found, in the latter w e can only ap
proximate to the true value. 

If w e stop at any integral fraction and 
neglect all which follow, the resulting frac
tion is called an approximating fraction. If 
w e stop at the first integral fraction and 
neglect all which foUow, the result is an ap
proximating fraction of tho first order ; if 
w e stop at the second, the result is one of 
the second order; and generally, if w e stop 
at the re"' integral fraction, and neglect all 

1 

ate fractions • d, &.C. 
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that follow, the result obtained is an approxi
mating fraction of the »"> order. 

Every approximating fraction of an odd 
or,.,er is greater than the true value of the 
continued fraction, whilst every approxima
ting fraction of an even order is less than 
the true value. Hence, the true value of a 
continued fraction always lies between any 
two consecutive approximating fractions. 
The difference between two consecutive ap
proximating fractions, is equal to ± 1 divi
ded by the product of their denominators, 
and since the denominator of each approxi-
tnating fraction is greater than that of the 
preceding one, this difference is always less 
than ± 1, divided by the square of the de
nominator of the first one. Whence, w e see, 
that if w e take any approximating fraction 
as the true value of the continued fraction, 
the error committed will be less than 1, divi
ded by the square of its denominator. 

The value of any approximating fraction 
may be found from the two which i m m e 
diately precede, by the foUowing rule. 

The numerator of the re"" approximating 
fraction is formed by multiplying the numer 
ator of the (re — 1)"> approximating fraction 
by the denominator of the re" integral frac
tion and adduig to the product the numerator 
of the (71 — 2)"" approximating fraction ; and 
the denominator is formed by the same law, 
from the denominators of the two preceding 
approximating fractions. 
Continued fractions arise in various ways, 
and are of use in solving certain kinds of 
problems, amongst which may be mentioned, 
the solution of problems in indeterminate 
analysis by means of whole numbers; they 
are also useful in getting approximate values 
for fractions whose terms are expressed in 
very large numbers; and in many other 
cases. 

To convert an irreducible vulgar fraction 
into a continued fraction : divide the greater 
term of the fraction by the less, and the last 
divisor by tho first remainder, and so on, till 
a remainder is found equal to 0; the several 
quotients will be tho denominators of the 
successive integral fractions : thus, to reduce 
-jfî  to a continued fraction, the operation is 
thus performed: 

65)149(2 whence 3^\= 
130 2 + 1 
19)65(3 

57 
3 + 1 

8)19(2 
16 

2 + 1 
2+1' 

3)8(2 
6 

1 + 1 
2 

2)3(1 
2 
1)2(2 
2 

A n d the several approximating fractions are 
i ,8 -7„ il -24 and 05 
tt T7 rt? 3¥! 6? ^n" 149 J 

any one of which may be taken as an approx
imate value of the given fraction. 

If w e conv(5rt the ratio' of the diameter to 
the circumference of a circle, -f^^i'lrf offf 
into a continued fraction, and then find the 
successive approximating fractions, we shaU 
get for them, 

3 Sa .3 3 a .3.5 5 
1' 7; 106) 113! 

These approximate values of 
quent application. 

To apply the principles of continued frac
tions to the solution of indeterminate equa
tions of the first degree, in whole numbers, 
let us take the equation ax + 4y = c, in which 
a, 4 and c are whole numbers, and a and 4 
prime with respect to each other. Convert 

a 
the fraction - into a continued one, and 

4 
find the successive approximating fractions. 

J_0 3 9 9 S rt-e 
^"3lT5"l'^'^• 

- arc of fre-

the last of which will be : Designate the 

one preceding the last by — - If we subtract 

this from the preceding one, the numerator 
of the difference wUl be equal to ± l,vvhcnce 

ffi4' — 4ffi' = ± 1; 
and multiplying both members by c, we obtain 

a X ( ± b'c) + •4,X (q: a'c) = c, 
and comparing this with the given equation, 
w o see that x = ±b'c, and y==pa'e, will 
satisfy the given equation ; and, furthermore, 
that every value given by the formulas 

X = i b'c — bt. and y = ipa'c + nf. 
will also satisfy it in whole numbers, / bcuig 
any whole number whatever. The upper 

ffi 
4 
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and the loŵ er one when it is of an even 
order. 

Let us take, as an example, the equation 
65x + 149y = S. 

Then wiU 
ffi 65 24 
«" = T49' "̂̂  F = 5 5 ' 

The smallest values of x and y, in whole 
numbers wluch wiU satisfy the given equa
tion, are 

X = i'c = — 440, and y = + 192 
The other values, in whole numbers, are 

I -= — 5S9, y = + 257. 
z = - 738, y = + 322. 
X = - SS7. &c., y = + 387, &c. 

Continued fractions are also employed in 
solving exponential equations (see Exponen
tial Equations) ; also in extracting roots by 
approximation, and in the solution of numer
ical equations of the higher degrees. 

CoxTranED Product, of any number of 
quantities, is the result obtained by multiply
ing the first by the second, that product by 
the third, that result by the fourth, and so on 
to the last. 

Conti.vced Proportion, Any number of 
quantities are said to be in continued propor
tion, when the ratio of any term to the suc
ceeding one is constant. In this case, any 
term is a mean proportional between the pre
ceding and succeeding ones. The terms of a 
geometrical progression are in continued pro
portion. 

COX-TIN'U-OUS FUXCTION. [L. con-
iinuus, uninterrupted]. Is one in which the 
difference between any two consecutive states 
is less than any assignable quantity. In such 
-a function, if we suppose the independent 
variable to pass through every possible state, 
from one given value to another, the function 
will pass, by insensible degrees, through every 
.5tate from the first to the last. A function 
which follows this law, is said to he subject 
to the law of continuity. 
Every function of a single variable which 

involves only positive and entire exponents, 
is subject to the law of continuity. Upon 
this principle is based a great portion of the 
general theory of equations. 
CON-ToUR', [Fr. contour, outiine], of a 

plane figure, in Plane Geometry, is the same 
as its perimeter or 
bounding line. In the 
figure AD. tho bro
ken line A B O D E is 
the contour. 
Apparent Con-

TouR of a body in Per
spective, is the line of contact of the body 
and an enveloping visual cone, ,See Perspec
tive. If a visual plane bo passed tangent to 
the body, Ihe point of contact is a point of 
the apparent contour. The perspective of fhe 
fine of apparent contour is the bounding line 
or contour fine of the perspective. 

Contour op Ground, in surveying, is a 
term used in speaking of the surface of any 
part of the earth with respect to its undula
tions and accidents. See Topography. 

Line of Contour, in topographical survey
ing, is a line in which a horizontal plane in
tersects the surface of a portion of ground to 
be surveyed. 

COX-TRAC'TION. [L. contractio, con, 
with, and traho, to draw]. The process of 
shortening any operation. There are many 
cases in which operations may be greatly 
contracted without at all impairing the accu
racy of the results. This is particularly true 
in the operation of multiplying and dividing 
decimals, when there are a great many deci
mal places in the numbers to be operated 
upon, and only a limited number is required 
in the result. Contractions are also used in 
the Square Root. 

Contraction in Multiplication. Write 
down the multiplicand, and under it write the 
multiplier ; but instead of writing the figures 
in their proper order, write the units' place 
under the last decimal place of the mu Itiplicand, 
which is to be retained, and dispose of the 
remaining figures in an inverted or contrary 
order to that in which they ore usually 
placed ; then, in multiplying, reject all the 
figures at the right of that by which you are 
multiplying, and arrange the products so that 
the right-hand figure of each shall fall in the 
same vertical column; observing to add to the 
first figure on the right of every line tho 
number that would have been carried, had 
you not neglected the places on the right, and 
also carrying 1 when this product exceeds 4, 
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2 when it exceeds 14, 3 when it exceeds 24, 
and so on. Then take the sum, and point 
off the required number of decimal places, 
and the result wiU be the product required. 
1'he reasons for carrying, as indicated, are 
obvious. 

1. Multiply 34,17165 by 78,3333, retainmg 
only five places of decimals in the product. 

34.171650 multiplicand. 
3333,87 muUiplier inverted. 

239201550 
27337320 
1025150 
102515 
10251 
1025 

2676.77811. product. 
It should he observed that the last figure 

of the product may not be correct; it is 
therefore best to retain, through the opera 
tion, one more decimal place than is needed 
and then to reject it after the operation is 
completed. 

As a second example, multiply .546768 
by .671686, retaining only 7 places of deci
mals in the product. 

5467680 multiplicand. 
686176,0 multiplier inverted, 
3280608 
382738 

5468 
3281 
437 
33 

.3672565 product. 
which is certainly true to 6 places of decimals. 

Gonteaction in Division. Take as many 
of the left hand figures of the divisor as shall 
be equal to one more than the number of 
integral and decimal places to be retained in 
the quotient; commence the division as 
usual; consider each remainder as a new 
dividend, and in dividing it, leave off one 
figure from the right of the divisor, observing 
to carry for the increase of the figure cut off, 
as directed in multiplication. W h e n there 
are not so many places of figures in the divi
sor as are required iu the quotient, begin the 
operation as usual, and continue it till the 
number of figures in the divisor exceeds by 1 
the number remaining to be found in tho 
quotient, then begin tbe contraction 

1. Divide 2508.928 by 92.41035, carrying 
the quotient to 4 places of decimals. This 
requires 6 places in all in the quotient. 

9241035)2508,9280(27-1498 
6607210 
138485 
46075 
9111 
"794 

55 
The quotient is certainly correct to 3 decimal 
places. 

3. Contraction in Square Root. Pro
ceed as ui the ordinary method until half or 
one more than half of the required num
ber of places of figures in the root are found; 
then for the remaining places divide the last 
remainder by the corresponding divisor, by 
the preceding rule. 

Example. Extract the square root of 
14876.2357 to nine places of figures. 

i4876.2357 | 121.96 
1 

22748 
44 

241 l"l76 
241 
23523 
21861 

8175 

2429 I 

24386 1 

24392 

166257 
146316 
1 1994100 

4274 
1835-
128 
6 

Whence the required root is 121.9BSI75. 
C O N ' T R A H A R M O N I C A L PROPOR

TION. Three terms or quantities are said to 
be in contra harmonical proportion, when the 
difference between the first and second is to 
the difference between the second and tlurd, 
as the third is to the first. 

CON-VERGE'. [L. convergo. con, with, 
and va-go, to incline]. To tend or incline 
towards the same point. I'wo straight lines 
converge when they will meet if sufficiently 
produced. 
, C O N - V E R G ' I N G SERIES. A series in 
which the greater the number of terms taken 
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the nearer w ill their sum approximate to a 
fixed value, which value is the true sum of 
f-ff .v.-r!c.v. 

The object of developing a function into a 
scries is. generally, to obtain approximate 
nmuerical values t'or the function, correspond
ing to particular values of the variable which 
enters it. This can only be attained when 
the series is converging ; it is, therefore, 
important to be able to ascertain, in any given 
case, whether a series is converging. X o 
general rule can be laid down, but the foUow
ing are some of the cases in which the series 
will be converging: 

1, AVhen the terms of a series are alter
nately plus and minus, each term being 
uumericaUy less than the preceding one, the 
series is converging. The error committed in 
taking the sum of any finite number of 
terms for the true sum of the series, is 
numerically less than the succeeding term, 

2. Every decreasing geometrical progres
sion is a converging series. The error com
mitted by taking the s u m of re terms for the 
true sum of the series, is equal to the first 
term multiplied by the re*'' power of the ratio, 
and divided bj- 1 minus the ratio. If the ratio 
is small and n is large, this error will be quite 
inappreciable. 

3. A series, aU of whose terms have the 
same sign, and in which the ratio of each 
term to the succeeding one goes on dimin
ishing, finally becomes less than one, and 
then goes on diminishing continually, is con
verging. 

It is plain that after the terra whose ratio 
to the foUowing one is less than 1, the s u m 
of any number of terms will be less than the 
sum of the same number of terms of a geo
metrical progression having this term for the 
first term and this ratio for a ratio, and w e 
have already shown that the sum of such a 
progression has a finite limit. The error 
committed in ta'idng the sum of any number 
of terms for the true sum of the series (pro
vided that number of terms includes the one 
at which the ratio becomes less than 1), is 
always less than the sum of a decreasing 
geometrical progression whose first term is 
the term next following the last one taken, 
and ratio the ratio of this term to the follow
ing one, 

4. A series, all of whose terms have the 

same sign, each being smaller than the pre
ceding, will bo converging when /. the ratio 
of any terra to the succeeding one, goes on 
increasing, provided this ratio is always less 
than 1, Tho error comrailtcd in taking the 
sum of any number of terras for the true sum 
of the series, will be less than tho sum of a 
geometrical progression whose first term is 
the term next following that which iraraedi-
ately follows the last one taken, and whose 
ratio is the greatest value of the ratio of any 
term to the succeeding one. 

5. A series will not be converging w h e n 
the ratio of any term to the succeeding one 
is always greater than 1, either constant or 
variable ; that is, no series whose terms go 
on continually increasing, can be a converg
ing one. If the ratio is 1, the series cannot 
converge, and in the case mentioned in article 
4, it is to be observed that the series will not 
be converging w h e n the varying ratio has 1 
for its luuit. Thus, the series 

1 1 1 1 1 
+ 7 + ^ + S &c.. 1 "̂  2 "'" 3 ' 4 ' 5 ' 6 

is not a converging one, because the succes
sive ratios of the consecutive terms are 

1 2 3 4 
2 3' 4' 5' • 

whose limit is 1. See Series. 

&c.. 

COX'A'ERSE. [L. con and versor, to be 
turned]. One proposition is the converse of 
another when the conclusion in the first is 
employed as a supposition in the second, and 
the supposition in the first is the conclusion 
in the second. Thus, the proposition in 
geometry that " If two sides of a plane tri
angle are equal, the angles opposite to them 
are equal," is the converse of the proposition 
" If two angles of a plane triangle are equal, 
the sides opposite them are equal." Both 
propositions require separate proof; for it 
docs not follow because a proposition is true, 
that its converse is also true. For example : 
it does not follow because the axes of an 
ellipse are conjugate diameters, that a pair of 
conjugate diameters will necessarily bo axes 
of the ellipse. 

CON'VEX. [L. convexus, arched]. The 
opposite of concave. Protuberant outwards, 
as the outer surface of a sphere. 
If we regard a hollow sphere or globe, its. 
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outer surface is convex, whilst its inner sur
face is concave. 

By means of the differential calculus, we 
are able to determine whether a given line 
has its convexity or concavity, at a particular 
point, turned towards, or from the axis of X. 

Differentiate the equation of the curve 
twice, and find an expression for the second 
differential co-efficient of the ordinate. Sub
stitute in this for x and y the co-ordinates of 
the given point; if the sign of the result is 
the same as that of the ordinate of the given 
point, the curve is convex at that point to
wards the 'axis of X ; if they have contrary 
signs, it is concave towards the axis of X. 

The convex surface of a cone or cylinder 
is that surface which is generated by the 
right lined generatrix. See Cone, Cylinder. 

CO-OB'DI-NATES. [L. con, with, and 
ordinatus; from, ordino, to regulate]. Elements 
of reference, by means of which the relative 
positions of points raay be determined, either 
with respect to each other, or to certain fixed 
objects of reference. These elements, the ob
jects to which reference is made, and the 
method of making the reference, constitute 
what is called a system of co-ordinates. There 
may be any number of systems, hut two only 
are of suflicient importance to require notice 
in this place, viz. : the rectilineal system and 
the polar system. 

I, The rectilineal system maybe employed 
for the purpose of showing the relative posi
tions of points, all of which lie in the same 
plane, or of points which are situated in any 
manner in space. 

Rectilineal System in a Plane. In this 
system the relative positions of points are 
determined by referring them lo two straight 
lines, intersecting each other, by means of 
their distances from these lines measured on 
lines paraUel to them. 

The lines to which points are referred, are 
called co-ordinate axes, their point of inter
section is the origin of co-ordinates, and the 
lines d r a w n 
through any point 
[jiarallel to them 
;are the rectilineal 
-co-ordinates of the 
ipoint. 

In tho annexed 
ifigure.YY'and X 

X' are the axes, A the origin, and CP, D P the 
co-ordinates of the point P ; Y Y ' is the axisof 
ordinates, X X ' that of abscissas, D P is the or
dinate of P, and C P is its abscissa. The co
ordinates are always estimated from the axij 
towards the point; so that if w e agree to con
sider distances, estimated upwp-ds from X X ' 
as positive, those estimated downwards must 
be regarded as negative. If we agree to con
sider distances estimated to the right of Y Y ' 
as positive, those estunated to the left must 
be regarded as negative. If the axes of the 
rectilineal system are perpendicular to each 
other, the system is called rectangular; other
wise it is oblique. 

Rectilineal System in Space. In this sys
tem, tho relative positions of points are de
termined by referring them to three planes 
which intersect each other. These planes 
are called co-ordinate planes, their intersec
tions, taken two and two, co-ordinate axes, 
and their common point of intersection the 
origin of co-ordinates. 

In the annexed figure, the planes Y A X , 
Y A Z , and^ Z A X , are the co-ordinate planes, 
the lines A X , A Y and A Z , are the co-ordi
nate axes, and the point A is the origin. The 
distances BP, C P and D P , of the point P 
from the co-ordinate planes, measured- on 
lines parallel to the co-ordinate axes, are the 
co-ordinates of the point P. If the co-or
dinate planes are perpendicular to each other, 
the system is said to be rectangular, if not it 
is oblique. 

It has been agreed to consider all distances 
estimated upwards from the planes Y A X 
positive ; hence, all distances downward must 
be negative. All distances estimated to the 
right from the plane Y.AZ, are regarded as 
positive; hence, all distances to the left must 
be considered as negative. All distances to 
the point from the plane Y A Z , are considered 
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as positive; hence, all distances backward | 
from that plane, must be taken as negative. 

Tb.is convention, in regard to signs of tho 
co-ordinates of points in the two rectilinear 
systems, enables us to express the relation 
between the co-ordinates of all the points of 
a magnitude in the same general expression. 

TRAXSrORH.A,TI0N OF Co-ORin.\-.iTEs, It is 
often convenient to change the reference of 
points from one rectilinear system of co
ordinates to another; this is effected by means 
of certain formulas called formulas for passing 
from one system to another. 

In a plane system, let x and y denote the 
co-ordinates of any point referred to the 
primitive system, and x" and y' the co-ordi
nates of the same point referred to the new 
system. Designate also the co-ordinates of 
tho new origin referred to the primitive sys
tem by a and b, the angle included between 
the new axis of A"̂ , and the primitive arris of 
JV bv a, and that between the new axis of Y, 
and the primitive axis of X by a', we shall 
have the following fonnuias ; 

For passing from any system to a paraUel 
system, 

X = ffi + x'... (1), y = 4 + / .. , (2), 
For passing from a rectangular to an oh-

fique system, 
y = 4 + x' sin a + y' sin a'. . . (3), 
X = a + 1 ' cos ffi + y' cos a'... (4), 

For passing from an oblique to a rectan
gular system, 

x" sin a' — y' cos a' 
X = a + 

y = 4 + 

sin (a' — a) 
y' cos a — x' sin a 

-(5). 

-(6). 
sin (a' -̂  a) 

For passing from a rectangular system to 
another rectangular system, 

X = ffi + x' cos a — y" sin a. .. (7). 
.y = 4 + x' sin a + y' cos a .. . (8). 

To use these formulas : Having the equa
tion of a magnitude referred to one system, 
and wishing its equation referred to another 
system, substitute for x and y their values 
taken from the formulas for passing from the 
given to the required system ; the result will 
be the required equation. 

To pass from a rectangular system in space 
to an oblique system, w e have these form lias. 

x=a+,r'eosA'"+y'cosA"'-|- ;'cos A'" 1 
y = 4+x'cos Y +y'co3 l"' + c'c,os Y" > - • -(3), 
;: = c+i'cos Z + y'cos Z'-{-z'cos Z " ) 
in which x, y. and z. are the co-ordinates of 
any point re)"crred to the primitive system ; 
x', y', :', the co-ordinates of tho same point 
referred to the new system ; A', A"', A'", the an
gles which the new axes make respectively 
with the primitive axis of A'; Y, Y', Y", the 
angles which they make with the primitive 
axis of Y ; Z, Z', Z", the angles which they 
make with the primitive axis of Z ; and a, 4, c, 
the co-ordinates of tho new origin referred to 
the primitive system. Their use is the same 
as that indicated in discussing the preceding 
formulas. 

Polar System of Co-ordinates. The polar 
system may be employed to determine the rel
ative positions of points in a plane, or of 
points situated in any manner in space. 

Polar System in a Pl.i.ve. In this sys
tem points arc referred to a fixed line of the 
plane, and a fixed point of the line, by means 
of an angle and a distance. 

Let A X be the 
fixed line, and A 
the fixed point, 
and let B be any 
point in the plane. 
D r a w B A . A X is 
called the initial 
line, A B , desig
nated by r, the radius vector, the angle B A X , 
designated by v, the variable angle, and A 
the pole : r and 17 are polarCo-ordinatos. If, 
now, w e suppose r to have every-possible 
value from 0 to ro, and v to have every possi
ble value from 0 to 360°, the point B will, in 
succession, coincide with every point in thS 
plane. 

The formulas for passing from a rectan
gular system to a polar system, are 

X = a + r cos v, and y = 4 + r sin 77; 
their use is the same as already indicated. 
- The Polar System in space. 

In this system, points are referred to a 
fixed plane, a fixed straight line of that plane, 
and a fixed point of that line, by means of 
the distance of the points frora the fixed 
point or pole, the angle which this distance 
or radius vector makes with the fixed plane, 
and the ano-le which the projection of the ra-
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dius vector on tho plane makes with the fixed 
line. Designating the radius vector by r, the 
first angle by u, and the second by J7, w e 

\ 
\ 
\ 

/ 
y 

/ 

(7os a = : (5). 

have,'-for passing from a system of rectangu
lar co-ordinates iu space to a polar system in 
space, the fbUowiug formulas : 

X = r cos 77 cos u, 
y = r sin 77 cos u, and 
2r = rsinre. 

Co-ordinates Trigonometeical. SeeTn'-
gonometrieal Co-ordinates. 

COR'OL-LA-RY. L, eorollarium. a coro
net, from corolla, a crown]. A n obvious con
sequence of one ormore propositions. Thus, 
from the proposition, " If two sidos of a 
plane triangle arc equal, the angles opposite 
them are equal," the corollary raay at once be 
deduced, that " If the three sides are equal, 
the three angles are also equal." 

CO-SE'CANT The secant of the com
plement of an angle. See Trigonometry. 

CO'SiNE. The sine of the complement 
of au angle. See Trigonometry. 

The following formulas show the analytical 
equivalents of the cosine of an arc. 

sin a 
Cos a = ; = sin a cot a = v 1 — sin "ffi 

tan ffi 

tan(45°+i«) + cot(45°+ ̂ ffi) 
Cos a = 2 cos (45° + *ffi) cos (45° - |-a) 

= cos (60° + a) + cos (60° - a) (6). 

COS'MO- L A B E . [Gr. noaiiô , world, and 
lapjiavu, to take]. A n instrument resem
bling the astrolabe, formerly used for measur
ing the angles between heavenly botfies. It 
was also caUed a paniacosm. 

COS-MOM'E-TRY. [Gr. nooiiog, worid, 
and psrpov, a measure]. The art of measur
ing the world or sphere in terms of degrees. 

C O - T A N ' G E N T . The tangent of the 
complement of an angle. See Trigonometry'.' 

CO-TES'IAN T H E O R E M . A theorem 
first demonstrated by Cotes, and of great use 
in the integration of certain differentials. It 
is also sometimes employed in other branches 
of analysis. It may be enunciated as fol
lows : 

In order to find the factors of the binomials 
ffi" + X" and a" '̂  x*. when re is a whole num
ber ; with 0 as a centre, and with a radius 
equal to a, describe a circle, and suppose its 
circumference to be divided into as many 
equal parts as there are units in 2n, at the 
points A, B, C, &c. Then, on the radius 
A D , produced if necessary, take O P equal to 
X, and from the point P draw straight Imes to 

Cos a : 

-/1 + tan "a 
cot a 

'(!)• 

-v̂  1 + cot "a 

= 1 — 2sin"iffi 

cos --ia — sm * 

•(2). 

/I • 
Cos a = 2 cos "-J-ffi — 1 = \ / — 
1 — tan" -J a 

Cos a = 

1 + tan'^ffi 
cot-Ĵffi — tan-Ja 
cot -J a + tan -J a 

(3). 

1+tanatan^a (4). 

each point of division. Then, if w e take the 
factors alternately, we shall hive 

PB X PD X PF X .. .. = a" + x», 
and also 

PA X PC X PE X = ffi" ~ i» ; 
that is, a" — x" when P is within the circie, 
and .X" — a" when P is without the circle. 
For example, let re = 5; divide the circum
ference into ten equal parts, as in the figure, 
w o shall then have the following relations : 
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OA'-rOP»=BPxDPxFPxHPxKP and 
O.A»-OP»=APxCPxEP.\GPxIP. 
The values of these several factors may 

be computed trigouometricallv in terms of x, 
because w e know- the distance A O , and the j 
values of the several arcs A B , BC, c'tc. 

For instance, since the arc -AC is 72', w e 
shall have, by lettmg faU the perpendicular 
Cc upon O A , 
PC" = Cc" + x" — 2xcos 72° + cos' 72° ; but 

Ge' = sin" 72° ; whence, by reduction, 
PC" = ffi" — 2x cos 72° -T- x"; in like manner 

P E " = a" + 2,r cos 144° + x", 
and so on for the other factors. 
Generally, if we make a = 1. the general 

(actors of I — x", or of x" — I, wiU be given 
by the formula 

i" — 2 cos - X + 1 = 0, 

in -w-hich t is a whole number, and prime 
with respect to re. 

COU X ' T E R - R E A ' O L U T I O X . A revolu
tion opposed to a former one, and restoring 
things to their former state. In Descriptive 
Geometry, w e often revolve ̂  plane or luie 
for the purpose of making a particular con
struction, after which w e return to the nor
mal state of affairs, by making a counter
revolution. See Revolution. 

C O U P L E . [L. copula, a tie, band]. T w o 
things of a kind taken together. 

C o C R S E . [L, eursus, from curro, to run]. 
A direction in which motion is performed. 
In Navigation, the course of a ship is the 
angle which the track of the vessel makes 
with the meridian; it is sometimes reckoned 
in degrees, sometimes in points or quarter 
points. 

In Surveying, a course is any line measured 
upon the ground, usually from one compass 
station to the next. In speaking of a course, 
w e usually tmderstand the length of the 
course expressed in chains and links, or 
sometimes in feet. The angle which it makes 
with a magnetic meridian, is the bearing of 
the course 

C O - V E R S ' E D SINE. The versed sine of 
the complement of an arc or angle. 

CROS>S. [L. crux, a cross]. A n instru
ment used in surveying, and usually called 

the surveyor's cross. It is employed for the 
purpose of laying off offsets perpendicular 
to the main course. It consists essentially 
of two pairs of sights fixed at right angles 
to each other, so that when one pair is direct
ed along a course, the other will poiut out a 
line at right angles to it. Tho method of 
using this instrument requires no explana
tion. 

T w o lines are said to cross each other in 
space when they are so situated, that if two 
straight lines be drawn parallel to them 
respectively, through any point, these two 
lines will not coincide. The lines in space 
are considered as making the same angle 
with each other as is made by their parallels. 

C R O S S M U L T I P L I C A T I O X . See Dito-
dt:c//7iâ s, 

CU'B.A-TURE. [From cube]. The opera 
tion of finding an expression for the volume oi 
an indefinite portion of a solid. If the solid 
is one of revolution about the axis of X, the 
formula for the volume of any indefinite por
tion, that is, of a portion included between 
any two planes perpendicular to the axis is, 

1! = fmj'dx, 
ill which V denotes the volume, y and x being 
the co-ordinates of every point of the merid
ian curve. 

To find an expression for the volume of 
an indefinite portion of a given solid of revo
lution, solve the equation of the meridian 
curve ; find the v,alue ofy in terms of x, and 
substitute it for y in the integral formula, 
and perform the integration indicated. 

Then, to get an expression for a definite 
portion, take the integral between the limits 
corresponding to the limiting planes. In the 
paraboloid of revolution, w e have, from the 
equation of the meridian curve, 

y" = 2px, whence, 
1! = fiv2pxdx = Tvpx' + C; 

and, integrating between the limits x = 0 
and X = a, w e have 

v" = rrpa'. 
If w e denote the ordinate corresponding 

to X = a by 4, w e have 4" = 2pa; hence, 
v" = f̂fi X 7r4", 

or, the volume of a paraboloid is one half 
that of the circumscribing cylinder. 
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C U B E or H E X A H E D R O N . [Gr. nv/loc:; 
L. ciibus, a cube]. In Geometry, a regular 
polyhedron bounded by six equal squares. 
The cube is selected as the unit of measure 
for all volumes, and for this purpose, that 
cube is eraployed whose edges are each equal 
to the linear unit. The volume of any cube 
is numerically equal to the product obtained 
by taking one of its edges three times as a 
factor. 

Cube of a Number or Quantity, in Al
gebra, is the product obtained by taking the 
number or quantity three times as a factor : 
thus, the cube of 3, is 3 X 3 X 3, or 27 ; the 
cube of ffi, is a X a X ffi, or it may be written ffi". 

The cubes of numbers possess some re
markable properties, the principle ones being 
as foUows: 

1'. All cubes of numbers are of the form 
4re, or 477 ± 1, in which re is a whole number. 

2. All cubes ,of numbers are of one of the 
forms 971, or 977 + 1, in which n is a whole 
number. 

3, If any cube of a number be divided by 
6, the remainder will be equal to the remain
der obtained after dividing the number itself 
by 6 ; that is, tho difference between the 
cube of any number and the number itself, 
is divisible by 6, or ffi" — a = 6re. 

4. Neither the sum nor difference of two 
cubes can be the cube of a number. 
'5, -fhe sum of any number of consecutive 

cubes is ,a square, whose square root is equal 
to the sum of f>he cube roots of all the cubes : 
thus, 

1" + 2" + 3" + 4" + 5" = 225 
= (1 + 2 + 3 + 4 + 5)". 

6. Tho terms of the third order of differ
ences of a series of cubes are all equal to 
each other, each being 6 : thus, 
cubes 1, 8, 27, 64, 125, 216, 343, 512, 
Istor, dif 7, 19, 37, 61, 91, 127, 169, 
2d or. difi''s. 12, 18, 24, 30, 36. 42, &c. 
3d or. diff's. 6, 6, 6, 6, 6. &c. 

C U B E R O O T . The cube root of a quan
tity, is a quantity which being taken three 
times as a factor, will produce the given 
quantity: thus, 3 is the cube root of 27, 
because 3 X 3 X 3 = 27, 
Any number which can he resolved into 

three equal factors is a perfect cube, and its 

cube root may be found exactiy, A U other 
numbers are imperfect cubes, and their cube 
roots can only be found by approximation. 

To find the cube root of a whole number. 
Separate the number into periods of three 

figures each, beginning at the right hand; 
the left hand period will often contain less 
than three figures. Find the greatest perfect 
cube in the left hand period and place its 
cube root on the right, after the manner of a 
quotient in division. Subtract this cnbo i'rom 
the left hand period, and to the remainder 
bring down the first figure of the nextperiod. 
and call this number the dividend. 

Take three times the square of the root 
just found for a divisor, and see how many 
times it is contained in the dividend, and 
place the quotient for a second figure of the 
root required. Cube the number thus found, 
and if the result is less than the first two 
periods, the last figure is a figure of the root; 
if it is greater than tho first two periods, it 
must he diminished successively by 1, tUl the 
cube of the root found is less than the first two 
periods; having found such a cube,, subtract 
it from the first two periods, and bring doŵ l. 
the first figure of the third period for a new 
dividend. Take three times the square of the 
root found, for a new divisor, and proceed as 
before, until all of the periods have been em
ployed. 

If the remainder is 0, the number is a per
fect cube, and the root found is exact. If the 
remainder is not 0, the number is not a. per
fect cube, and the root found is true to within 
less than 1. 

To find tho cube root of a whole number 
to within less than a fractional unit —: Mid-

n 
tiply the number by n", ared extract ihe cube 
root of the product to within less than I; di
vide this result by n, and the quotient will be 
the root required. 

To extract the cube root of a vulgar frac
tion to within less than its fractional unit: 
Multiply the numerator by the square of the de
nominator, and extract the cube root of the 
proiluct to within less than I; divide this result 
by the denominator, and the quotient will he 
tlie root required. 

To extract the cube root of a whole num
ber, vulgar fraction, decimal, or mixed dcci-
malj to any number of decimal places: Plea 
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the given tmmber utuler a decimal form, so 
that tke number of decimal places shall be 
equal to three times the number required in 
the root; extract the cube root of this result to 
within iiss thiin 1, a7id point off the required 
number cf deciiruil places ; the final result will 
be th:' root required. It is to be remarked, in 
pointing oft" a mixed decimal into periods. 
that we begin at the decimal part and point 
off in both directions, the entire part to the 
left and the decinwl part to the right ; by an
nexing O's. w-e can fonn as many periods of 
decimals as may be required. 
To extract the cube root of a monomial: 

Exira--! the cube root of the co-efficient for a 
new ro-cffici-:nt; write after this each letter 
which enters the ŝ iven expression, with an ex
ponent equal to one-third of its exponent in 
that expression; the result is the root required. 
If the co-efficient is not a perfect cube, or if 
any letter lias an exponent wliich is not 
exactly divisible by 3. the expression is not 
a perf"ect cube. 
To extract the cube root of a po!\-nomial: 

.Arrange the polynomial with reference to a 
particular letter, and extract the cube root of 
the first term ; this will be the first term of 
the root required ; divide the second term by 
three times the square of the term already 
found, and the quotient will be the second 
.erm of the root; cube the part of the root 
found, and subtract the result frora the given 
polynoraial, and divide the first term of the 
remainder by three times the square of the 
first term of the root; the quotient will be 
the third term of the root; cube the part of 
the root already found, and proceed as before, 
tUl a remainder is found equal to 0 ; the root 
found is that required. If no remainder is 
found equal to 0, or if iny remainder is found 
whose first term is uot exactly divisible by 
Ihree times the square of tho first terra, the 
polynomial is not a perfect cube. W e can 
often see, by inspection, that a polynomial 
is not a perfect cube ; if any, term of tho 
polynomial which contains the highest or 
lowest power of any letter is not a perfect 
rube, the polynomial cannot be a perfect 
cube. 
Besides the methods above explained for 

finding the cube roots of numbers, we may 
employ the binomial formula, which may be 
placed under the form 

-\, X + a — 
( 
1 + - . -, 

2k X' 
1 re 

+ ---
- 1 2n - 1 a" \ 
2a 371 .i' I 

Find the nearest perfect cuhe to the given 
number, and substitute this in the formula for 
X; subtract this cube from the given number, 
and substitute this difference, lohich will often 
be negative, in the formula for a; perform the 
operations indicated, mid ihe result will be the 
required root. 
'Thus, to extract the cube root of 31, 

3 3 -. / 1 4 
V 31 = 1/27+4 = 3 ll + g - -

1 1 5 64 . \ 

1 1 16 
^3'3'729 

+ 7 • &C. : 3.14138. 3 3 9 19683 
There is stiU another method by means 

of continued fractions, which is entirely sim
ilar to that for extracting tbe square root of a 
number by continued fractions. See Square 
Root, Logarithms. 
CU'BIC EQUATION. A cubic equation, 

containing but one unknown quantity, is one 
in which the highest exponent of the un
known quantity, in any term, is 3. Every 
cubic equation containing but one unknown 
quantity can be reduced to the general forra 

x̂  + px + q — 0, 
in which the eo-efficient of x" is 1, and the 
co-efficient of x" is 0. 
Every cubic equation of the above forra has 

three roots, all of which may he real, or one 
only may be real and tho other two imagi
nary. It may be shown by the application 
of Sturm's rule for determining the number 
and places of the real roots of an equation, 
that the roots will all be real when p is essen-

P^ ?" 
tially negative, and S7 > "T' numcrieaUy, 
One of the roots only will be real and the 
other two imaginary, when p is essentially 

p" q' 
positive or when it is negative, and ̂ < . 'T, 
numerically. There is still another case in 
which p is essentiaUy negative and ^ ^^ "T' 
numerically. In this case two of the roots 
are equal, and may he determined by tho 
method of equal roots. See Equal Roots. 
In the second case, that is, when only 
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one of the roots is real, the equation may be 
solved by the following formula: 

this is 

3 / 

Cardan's : 

3 f 
P = \l -

3 / 

- 1 

i+ It 
2^ V 4 
? jt 
2"-V4 
'ormula. If 

" 2 

P 
2 

+ 1 

V i 

V 4 
/-3 

* i 

" we place 

+ ^ 7 
^ 27 

+ ^ 7 
^ 27 

and regard only the "numerical values of the 
cube roots, we shall have three formulas for 
the three roots: 

1st root X = P + Q 
2d root X = a P + 
3d root x = a'P -̂  a q 

the second and third roots are imaginary. 
1. Let it be required to find the three roots 

of the equation 
x" - 6x - 9 = 0. 

a'q\; 
VaQ ) 

Here, p is negative, being • V T 
-6and^<^. 

numerically ; hence Cardan's formula is ap
plicable. Substituting in that formula — 6 
for p and — 9 for q, we find 

/5l 3 k M ^ 
+ 71-8+^/2-^/4 -« 

'9 7 

-y\ 
; = 3; 2 2 

In this case P = 2 and (? = 1 ; hence, tiie 
imaginary roots, after reduction, are 

-3 + -/- 3 - 3 - - / ^ 
and X — -2 """ " 2 

Whe n the roots are all real, Cardan's for
mula fails to give their values ; for in that 
case tho two terms of the second member of 
tho formula become imaginary, and altiiough 
the imaginary parts must necessarily destroy 
each other, yet all attempts to put them under 
such a form as to get rid of them have proved 
unsucccssfiil. For this reason this is called 
the irreducible case. 

The following method of solving cubic 
equations of all kinds is jointly due to BoM-
BELLi, A'ieta, and Gieaod. The formulas 
raay be found demonstrated in Bonnecastle's 
Trigonometry. 
If we assign to p and q their essential 

signs, the cubic equation may appear under 
one of the four following forms : 

1st form x" + yx — y = 0 ; 
2d form x" + yx + g = 0 ; 
3d form x" — px — y = 0 ; 
4th form x" — yx + j = 0; 

each of which will be considered in succes
sion. 

1. W h e n x" + px — y = 0. 
Assume 

|r-F=tanc, and »/ tan(45°-|z)-tan!/. 

then X cot 2m. 

Applying logarithms to these formulas, they 
become 

logg^ + l O — -log-= log (tans); and 

g< log I tan (45°--2)1+20^ =log(tan!/) 

Then 
1 4;7 

log X = - log -̂  + log (cot 2jj) — 10. 

2, When x" + J7X + y = 0. 
Assume 

11-)"'^= tan::, and S/ tan(45»—12)=tan7/; 

then - 2 X cot 2u. 

Applying logarithms to these formulas, they 
become 

q 3 p 
log - + 10 - - log 3 = log (tan z): and 

- ̂  log I tan (45° — -=) j + 20 V = log (tan m). 

1 4p 
Then • - - log X = 10 - - log -- - log (cot 2m). 

In both of these cases there is but one real 
root. 

3. When x̂  — p x - g = 0. 



C U Bj CYCLOPEDIA OP MATHEMATICAL SCIENCE. 143 

This form has two cases ; 1st. when In the first case assume 

In the n",'-,*.' case, assume 

~(p\i 

>1. >\t 

Then 

— coss:; and S/tan^45"—i;)= tanu. 

•\'S 
/ ̂  X cosec 2;/, 

By applying logarithms these formulas 
become 

10 +:Tlog3 —'og^ = log(<=os-); and 

- < log (tan(45° - -1) j + 20 ̂  =log(tan u) 

Then 

log I = 10 + log 
ip 

log (sin 2m). 

In this case there is but one real root. 
j/3\f 

In the second case, assume K (~ 1 = <'us; 
and X will have the three following values : 

x = 2 
1 

gXCOSgX:, 

/v I 
2. X = - 2. /g X COS (60° - -z,) and 

I X COS (60° + 3 z). 

By applying logarithms, these formulas be
come 

o 3 p 
log - + 10 - 2 log 3 = log (cos z); and 

1 4p 1 
L logx = -log g- + log(coSg2)-10; 
1 4p / 1 A 
2. logx=-log^+log{cos(60°—-2)1 — 1 0 ; 
1 477 / 1 A • 
3. logx=2log-|-+logfcos(60° + 32)l-10. 
The value of x obtained frora the first for
mula is to he taken with a positive sign ; 
those from the second and third are to he 
taken with a negative sign. 

In this case all tbe roots are real. 
4. W h e n x' — //x + j = 0 ; this form has 

two cases: first, when 
2 /pAf 2 /;7\| 
-Igl < 1; scciTrei, when ~l3)">'-

3l-=cos2; and ,J/tan (45° —| 2)= tan u; 

then, X = — 

By applying logarithms, these formulas be
come 

3 p q 
10 + - log 3 — log - = log (cos 2); and 

3 I log f tan (45° -J 2) J + 20 ^ = log (tan u); 

4;7 
then, — logx = 10 + log-^ — log (sin 2«). 

In this case, but one of the roots is real. 
In the second case, assume 

?/3\| 
;:; I -1 = cos 2, and X wiU have the three fol-
2 \pI 
lowing values. 

/P 1 
= 2v/g X COS (60° — 3 2); 

By applying logarithms, these formulas be
come 

q 3 p 
log5 + 10 — ^logo = log(cos2); then 

1 ip 1 
1. logx = - log -3- + log (cos 3 2) — 10, 
1 4b / 1 \ 
2. logx = -log^+log(cos(60°-32)1-10, 
1 4re / 1 \ 
3. logx=2log-^+log(cos(60°+-2)l-10. 
The value of x, found from the first for
mula, is to he taken with a negative sign ; 
the values of x. obtained from the second and 
third, are to be taken with positive signs. In 
this case, all the roots are real. 

The last three cases in the third and fourth 
forms, come under the head of the irreducible 
case already considered. 

To show the manner of solving an exam
ple of the irreducible case, let it be required 
to find the three roots of the equation, 

x" - 3x - 1 = 0. 
Here, y/^t-V^H 1 

2\p 2\3 
= - = ,5 = cos i 
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2 = 60°. 
1. X --= 2 cos 20° = 1.8793852, 
2. ir = - 2 cos 40° = - 1,5320888, 
3. X = - 2 cos 80° = - 0.3472964. 

Again, let it be required to find the three 
roots of the equation, 

x" - 3x + 1 = 0. 
Here, as before, 

s|-P = ,5 and 2: = 60°. 

X = - 2 cos 20° = — 1,8793352, 
x = 2 cos 4 0 ° = 1.532088S, 
X = 2 cos 80° = 0,3472964. 

In the last example, the roots are equal to 
those of the first example, respectively, each 
being taken with a contrary sign. 

Besides these methods, there is still ano
ther by means of series. In practice this 
will often be found more convenient than 
either of the others discussed. 
The series employed depend on the form 

of the equation. 
1. W h e n the equation is of the forra 

q = 0. 

I. 
2. 
3. 

- px -

2? 
^/2^7q' 

27q 
[27 q' + 4j3' 

2-5.8-11-14 

2-5 

1 + 
2-5 
0- 9 

+ 

\ 2-5-8-11 / 2 
) + 6-9-12-15 \27q'+iff 

17/ 271?" A" 
21\27j"+4j77 6-9. 12-15- 18-21 \27q'-hip 

2, When the equation is of the form 

: 0, and -7- > 
27 

The upper sign is to be used when q is nega
tive, and the lower one when q is positive. 

x = ± 2 1 

2-5-8 
• 3-6-9-12 

2-5-8-11 

_ _2_ /27g---4A 
3-6\^ 27 q' I 

mq'-ip^Y 
\ 27<;" ) 

(27f-ifV' I 
3 6 9 12-15-18\ 275-

3. W h e n the equation is of the form 

r 
x' — pxq^ q = 0 and 

The signs to be used as before. 
4 ^ 27' 

x = ± 2 

+ 

2-5-8 
""3-6-9-12 
2-5-8-11-14 
3-6-9-12-15-18 

2 /4y"-27g"\ 
+3T6 y 27§" j 

/ip'-27q'\' 
[~^7f ) 

(if'-27q'Y I 
V !27s" ) - &<=• ] 

This corresponds to the irreducible case, 
and the series gives one root; if we desig
nate this root by r, the other two may be 
found by tho following series : 

r Vltf — 27q' 

/4/-27g"\ 
I 27s" } 

'/ — 27q' i 2-5 

+ 2-5 6-9 
2-5- •11-14-17 
6-9-12-15-18-21 

-8-11 lip' - 27q'\' 
T2-I5 \ 279" j 

The upper signs are to be used before r 
when q is negative, and the lower one when 
it is positive ; the double sign before the 
series is to be used as in ordinary cases, that 
is, the plus sign corresponds to one root, and 
the minus sign to the other. 

4. W h e n the equation is of the form 

' - y« + ? = 0, 1 ?' ̂  ?' 
and ^ < ^ 

X = ±2--
,!• 

2-5 
" 6~9 3^/2(4/-27?")' 

/ 27q' \ 2-5-8-11 / 27 q' V 
\3 J7" - 27(?"j "̂  6 - 9 - 12 - 15 \ip'-27q') 

2-5-8-11-14-17 / 279" 'V" 1 
~ 6-9-12-15-1821 \ip',27q'-) "̂  ̂'̂' ] 

This series also answers to the irreducible 
case. The rule for signs is the same as 
already explained. 

If the root found by applying the series is 
denoted by r, the other two roots will be 
found by the following series : 

x=±2d= 

\lp' - 279"/ 

4y=-279" 
1 + 

3-6 

+ 

L / "7?° .V 
12 \ip'-27q') 

[ip" -^279") - ^"^ I 

279"/ 3-6-9 
8-11-14 / 279" "V 

3-6-9-12-15-181 
The signs aro to he used as in tho preced

ing case. A'A''ith the aid of logarithms these 
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series present little or no difficulty in their 
appfication. 

Cubic Pasabol.i, A n .-Algebraic curve of 
the third order, whose general equation m:iy 
be reduced to the form 

y = ax" + 4i" + CI + d. 
If the origin of co-ordinates is taken at 

the vertex of the curve, its equation is 
y = ax". The curve consists of two branches 
K A and K D , infinite in extent, both of which 
have their convexities turned towards the 
line K L . Both are also tangent to the line 
K L at K ; K is therefore a point of inflexion. 

If a straight line A B C be drawn, cutting the 
curve in three points. A, B, and C, and if a 
straight line D E be drawn from any point 
of the curve perpendicular to it, then will 
D E be proportional to the parallelopipedon, 
whose edges are A B , A C , A E . This is 
a. characteristic property of the cubic para
bola, and it affords a method of constructing 
the roots of a cubic equation of the form 

x" + a"x = 4". 
The area of any portion of a cubic para

bola is equal to three-fourths of its circum
scribing parallelogram. 

C U R ' R E X C Y . [L. currens, from curro, 
to flow or run] In Commerce, -a, term em
ployed to express the aggregate amount of 
money, bills of exchange, and other substi
tutes for money, employed in buying, selling, 
and distributing the comraodities of the 
various nations of the earth. 

C1;R'TATE C Y C L O I D . See Cycloid, 
C U R V A - T U R E . [L. eurvatura, bowing, 

bending]. The curvature of a plane curve, 
at a point, is its tendency to depart from a 
tangent drav/n to the curve at that point. 
In the circle, the tendency to depart from a 
tangent drawn at any point is always the 
same: hence, the curvature of the circle is 
constant throughout. If two circles C and 

10 

C have a common tangent at a common 
point P, then will that circle which has the 

least radius, have the greatest tendency to 
depart frora the tangent, and consequently, 
the greatest curvature. AA'e see, therefore, 
that the curvature of the.eirele varies in
versely, as its radius. It is for this reason, 
that the reciprocal of the radius of a eirele 
is assumed as the measure of its curvature. 

In order to compare tho curvature of dif
ferent curves, or of the same curve at difl'er
ent points, w e have simply to find the ex
pression for the radii of the osculatory circles 
at the points, and then tho greatest curvature 
will correspond to the least radius. Tho 
reason for this, is that the osculatory circle, 
frora its nature, has a greater tendency to 
coincide with the curve at the point of oscu
lation than any other circle; and so intimate 
is the relation between the curve and its os
culatory circle, that for a small distance they 
may be regarded as absolutely coincident: 
hence, they have the same curvature, and 
we may take the measure of the curvature 
of the osculatory circle as the measure of the 
curvature of the curve. 

The formula for the radius of the oscula
tory circle, or the radius of curvature, at any 
point of any cun'C, is 

in which x and y are the co-ordinates of the 
point of osculation, which point may be any
where on the given curve. 

To apply this formula in any given case, 
differentiate the equation of the given curve 
twice; frora the given equation and the two 
differential equations find expressions for the 
first and second differential co-efficients o. 
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the ordinate, in terms of the abscissa; sub
stitute these in the formula, and the result
ing value of R will be the general expression 
for the radius of curvature at any point. 

To find the value of R at any given point, 
substitute for x, in the general value of R, 
the abscissa of the given point, and the re
sulting value will be the required value of R 
for the particular point. 

The general value of R, found as above 
explained, is a function of x, and its maxi
m u m or miniraum value may be determined 
by the rules for finding the maxima or mini
m a of functions of one variable. 

To illustrate, let us consider the case of 
the conic sections, whose equation's may be 
written under the general form 

y" = 2px + 7-"x", 
the origin of co-ordinates being taken at the 
principal vertex. 

By differentiation and combination, we find 
dy' ip + r'x)' _̂  d'y _ p 
d? " " ~ 

d'y 
"̂•1 d̂ '-y dx' y 

If we substitute these in the formula for 
R, taking the lower sign, it gives 

R •-
b7' + (r" + l)(2j7x + r'x')]i 

To find those points of the curve at which 
R is either, a maximum or a minimum, as
sume 

u = p' -\- ir' + 1 ) (2j3X + 7 "x"); whence, 
d7« 
^ = (7-" + 1) i2p + 2r"x) = 0 - - . (1) ; 

P 

/d H \ 
\dx')^ = ̂ l 

or, x = -

J, -2(7-"+1)7" --(2). 

In the parabola r' = 0, whence x = co ; 
that is, the point where R is a maximum, is 
at an infinite distance. 

By substituting these values in R, we have 

/i = CO, or -57- = 0 ; 

that is, the parabola has no curvature at an 
infinite distance ; or in other words, it coin
cides with a straight line. 

In the eUipse, 
4" b' 

r = — -5' in which 4" < a", and 17 = — 
ffi •* « 

These values give x = a, and make 
d ^ _ _ 2 (a" - 4")4' 
dx" - "" a« ' 

which is negative. Hence, at the points 
whose abscissas are a, the value of R is a 
maximum, and the curvature a minimum, 
but these points are the extremities of the 
conjugate axis. 

In the hyperbola, 
4" ^ 4" 

r-" = H 1 and p = — 1 
a '̂  a 

which give x = — ffi; but for x = —a, y 
is imaginary, which shows that there is no 
point of the curve at which the radius of 
curvature is a raaxiraura. 

The form of expression (1), does not at 
once indicate the conditions which render R 
a miniraum; but we have, from the differen
tial equation of the curve, 

dx̂  _ _ J j j _ _ 
dy p -\- r'x 

(3). 

Now, if we multiply equations (1) and (3), 
member by member, w e have 
du 
dy = 2 (r" + l)y = 0 ; whence y = 0, and 

ld'u\ 

which is always positive: hence, in aU of 
the conic sections, the radius of curvature at 
the principal vertex is a minimum. 

From the foregoing discussion, it appears 
that the curvature of the elfipse is a mini
m u m at the vertices of the conjugate axis, 
and that the curvature of any conic section 
is a maximum at the principal vertex. 

It may be observed that the radius of cur
vature at the principal vertex is always equal 
to half the parameter. As the parameter 
decreases, the curvature at the principal 
vertex increases; and when the parameter 
becomes 0, the curvature is infinite. This 
last supposition corresponds to the case in 
which the conic sections become straight 
lines. See Eccentricity, and Parameter, 

Curvature of Surfaces. The curvature 
of a surface at any point, is its tendency to 
depart from a tangent plane to the surface at 
that point. 

If the tangent plane to a surface at the 
point at which the curvature is to be consi-
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dered be taken as the plane X Y , and tho j case, ds will be constant, and the elements of 

•A 

normal to the surt'ice at the point he taken the curve equal to each other. 
as the axis of Z ; then every plane through 
tlie axis of Z will cut a section from the sur-' 
face, and the curvature of these sections at 
the origin of co-ordinates wUl be difl'erent in I 
each. If we denote by q, q", and q', respec
tively, what 

' d"2 d"2 d'2 
rf^ ''̂"=- l^<«y" and -^dxdy, 

become, when x, 7/. and 2, are made equal to 
0, and by 5) the angle which the plane of the 
normal section makes with the plane X Z , we 
shall have for the radius of curvature of the 
normal section at the origin, 
R = -

% V Al"' 

Let a4 and 4c, each equal to ds, be two 
consecutive elements of a curve of double 
curvature, and let 0 be the centre of a circle 
passing through the points a, 4, and c. then 

- d ) • j"'" '̂'̂  '"̂  "'̂  radius of the osculatory circle 
9 cos"9 + 29' cos 9 sin ̂  + q" sin'-'o -̂' j or radius of curvature. Produce the element 

whence, 1 a4 till the prolongation 4A is equal to a4, and 
1 , , , . , „ . . , , ! draw cA ; then, since the angle A4c is equal 
-5 ffcos'p —2(/ cosbsmo+o'sm"iJ-(2). » 07 »i, » - 1 i> , /-,, -„ v 
R ^ ^ '• • . ' t '̂  V \~j- to ffi04, the tnangles 4Ac and ffi04 wiU be 
If we make 9' = 90° + ,̂ and denote what simUar, and we shall have 

R becomes by R', we have aO • ffi4 : : 4c 
1 - q sin"^ — 2j' cos ̂  sin cJ + 9" cos"d ; 

and by Eiddition 

R ds : 0 
ds' 

^ - T c 

Ac, 
Ac; 

or 
whence. 

1 
-R+-

\ If w-e project the several linos ffi4, 4c, 4A 
-^ = q + q" ; 1 and Ac upon the axis of X, by perpendiculars 

that is, the sum of the reciprocals of the radii i *° "'=" ''̂ '''"«'« ̂ h^" hay«_ 
of curvature of two normal sections at right i "' — " ̂  = dx, 
angles to each other, when taken at the point { ̂""̂  *''=' = '^(^ + ''̂ ) = <î  + '̂'̂' 
of contact, is eonstant. : which gives for A'c', (the projection of Ac 
W e see from this result, that the section [ "P°" *"= ''"•'̂  "f ̂)> 

of least curvature is perpendicular to the sec-' yt c' = dx + d"x — dx = d'x. 
tion of greatest curvature. If the normal to "̂_ '̂1"= manner, if we project Ac upon the 
the surface is the axis of revolution of the' ̂ '̂̂  °^ ̂  "̂"l ̂ ' severally, we shall find the 
surface, the values of R become equal, and [ Projections equal to d'y and d"2; hence, Ac = VJjPx)' 

R = 

+ (d"y)" 
ds' 

every carve of section-will have the same 
curvature at the point of tangency, which 
wiU be, in that case, a vertex of the surface. 
Curvature of Lines of Double Curva

ture. If two curved surfaces intersect each 
other, the line of intersection will, in general, 
be a curve of double curvature ; and if at any 
point of it, a plane be passed so as to coin
cide with two consecutive elements of the variable, we may replace 
curve, this plane is called an osculating plane. 
The radius of the osculatory circle, which 
coincides with these elements, is the radius 
of the curve at the assumed point. 
To investigate an expression for this radius. 

let us take the length of the curve, denoted 
by s, as the independent variable; in which 

+ (d"2)"; whence. 

Vid'x)' + (d=y)" + (d"2)" ' 
1 

/Td̂ xA" /d'yV /d'z\' 
V[d^)+ [ds^)+ [d^)-

If we do not regard s as the independent 

d^ 
d? 

and 
d'z 
ds' by 

d'y 
ds' by 

i t ) 
ds 

ds 
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d̂ x 
d?" 
d'y 

becomes 

becomes 

becomes 

whence, by performing the operations in
dicated, 

d'x dx d's 
ds' ds ' ds' ' 
d'y dy d's 
d?~~dr''ds'' 
d'z dz d's 

ds' "•""""•"'" ds^ — 'd^'d^' 
These, m the formula above deduced, give 

1 
^ ^ /jd'xY jd'yy Id'zV (d's\' 

V(d7j+ \p)+ \d?)~ [d?)' 
a formula much used in mechanics. 

C U R V A - T U R E , C H O R D OF. SceCAord. 

C U R V E . [L, curvus, bent; from curvo, to 
bend], A curve is a line which changes its 
direction at every point; that is, no three 
consecutive points of which lie in the same 
straight line. 
The portion of the line between two con

secutive points, is an element of the curve. 
If we denote the length of the cur\-e by s, 
the length of any element wUl be denoted by 
ds. 

Curved Lines. Curves may be either plane 
curves, or curves of double curvature. A plane 
curve is one all of whose points are in the 
same plane, A curve of double curvature is 
one in which no more than three consecutive 
points lie in the same planed 

The only curve considered as belonging to 
elementary geometry, is the circle. See Circle. 

In the higher branches of mathematics, 
curves are classed according to the nature of 
their equations. 

The first division of lines is into algebraic 
and transcendental. A n algebraic line is one 
in which the i elation between the co-ordinates 
of its points may be expressed hy means of 
the ordinary operations of algebra ; that is, 
addition, subtraction, multiplication, division, 
raising to powers denoted by constant exponents, 
and extracting roots indicated by constant 
indices. 

A transcendental line is one in which the 
relation between tho co-ordinates of its points 
cannot be thus expressed. It is to he ob
served, that in the higher mathematics, lines 
are always regarded *as being defined by their 
equations. If w e regard a fine as being 
generated by a point moving according to 

some fixed law, the expression of that law, 
by means of the algebraic language, wiU be 
the equation of the line, and may he regarded 
as the analytical definition of the line. 

If a point moves at random, the path which 
it describes is not regarded as a curve, but 
simply as a crooked line. Hence, we see the 
distinction between a curve and a crooked 
line; the former is generated in accordance 
with a mathematical law ; the latter is gene
rated without reference to any law. The dis
tinction is analagous to that between music 
and unmeaning noise. 

In transcendental lines, the relation between 
the co-ordinates of the points of the lines is 
expressed either by the aid of exponential, lo
garithmic, or trigonometric functions. In con
sequence of the intimate connection between • 
these several classes of functions, it happens 
that we can generally refer all these relations 
to that existing between logarithmic quan
tities. 
Amongst the transcendental lines maybe 

mentioned the logarithmic curve, the cycloid, 
the spirals, the catenary, &c. 

Algebraic lines are classed into orders de
pending upon the degree of their equations. 

Lines, whose equations are of the first de
gree, with respect to the variables, are called 
lines of the _̂ rs/ 07-dcr, This order embraces 
only the straight line, which, for the purpose 
of classification, is often ranked as a curve. 

Lines, whose equations are of the second 
degree, with respect to the variables which 
enter them, are called lines of the second 
order. This order of lines includes what have 
been called the conic sections ; that is, the 
ellipse, parabola, and hyperbola, together with 
their particular cases. The order does not 
include any other lines. 

In general, a line whose equation is of the 
«"• degree, with respect to the variables which 
enter it, is called a line of the 77*'' order. 

The relation between the co-ordinates of 
any curve, may always be expressed by 
means of an equation, and if the curve lie 
wholly in a plane, that equation wUl contain 
two, and only tw(7, variables. 

Conversely, every equation between two 
variables is the equation of a plane curve, as 
may readily be shown : if wo assume a value 
for ono of the variables, substitute it for ti;-it 
variable in the equation, and deduce the-cor-
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responding value of tho other variable, the 
assumed and deduced values will be the co
ordinates of a point, which may be con
structed by known principles ; in like manner, 
any number of points may be constructed, 
and the curve line drawn through them will 
be that represented by the equation. 

This line is often called the locus of the 
eqiiation ; it is more properly the locus of the 
point, which moves in accordance with the 
law expressed by the equation. 

In order to construct this locus: from what 
has preceded, w e see that we must know the 
values of the constants which enter the equa
tion. AA'hen the constants which enter an 
equation are known, in addition to the form 
of the equation, the curve is completely given. 
W h e n the form of the equation only is given, 
the line is said to be given in kiml. The 
form of the equation then determines the 
kind of line, and the constants which enter 
it serve to determine its extent^and position 
with respect to the co-ordinate axes. 

.Since the equation of a straight line is of 
the first degree, it foUows, that if we combine 
the equation of a straight line with the equa
tion of a curve of any order, we shall in 
general get as many pairs of values for x and 
y, as there are units in the number which 
denotes the order of the curve. It may hap
pen, however, that some of the sets of values 
are imaginary, but imaginary roots go in 
pairs : hence, if the curve is of an odd order, 
there will always be one real point of inter
section. 

Curved Surfaces. A curved surface is 
one in which, if a point be taken at pleasure, 
and any number of secant planes be passed 
through it, these planes will in general cut 
curved lines from the surface : thus, the sur
face of a sphere, cone, &c., are curved surfaces. 

Curved surfaces are classified in geometry, 
inta, 

1. Single Curved Surfaces, which may be 
generated by a right line, moving in such a 
manner that any two consecutive positions 
shall be in the same plane. The conic sur
face and the cylindric surface belong to this 
class. Besides these, there is a numerous fam
ily of surfaces, which may be generated by a 
straight line, moving in such a manner as to 
continue tangent to a curve of double cur
vature. 

The distinguishing characteristic of single 
curved surfaces is, that they may be develop
ed, or rolled out upon a plane. 

2. Double Curved Sinfaees, aro thoso 
which can only bo generated by a curved 
fine: thus, the .surface of a sphere, ellipsoid, 
or paraboloid of revolution, are double curved 
surfaces, 

3. War;7cd Surfaces, are those which may 
be generated by a right line, moving in such 
a manner that its consecutive positions shall 
not be in tbe same plane. The hyperbolic 
paraboloid, the conoid, and the hyporboloid ol 
one nappe, are examples of warped surfaces. 

Neither double curved nor warped surfaces 
are capable of being developed. 

In analysis, surfaces are classed in a man
ner entirely analogous to that employed for 
classing lines. Every equation between three 
variables represents a surface of some kind, 
and if it is of a degree superior to the first, 
it is a curved surface. Every equation of 
the first degree between three variables, is 
the equation of a plane. Every equation of 
the second degree between three variables, 
is the equation of a surface of the second 
order. Surfaces of the second order com
prise the ellipsoid, the hypcrboloids and the 
paraboloids, with their several varieties, and 
none others. 

Generally, a surface is of the re"" order, 
when its equation is of the «"" degree be
tween three variables. 

Curves of Sines, Cosines, A'"ersed Sines, 
Tangents, Cotangexts, Secants, and Co
secants. Curves whose equations are re 
spectively 
y = sinx, y = cosx, y = ver-sinx, y = ianx, 
y = cot X, y = sec x, and y = cos x. 

If w e conceive a circle to roll upon i 
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straight lins, continuing in the same plane, 
and at thepoint of contact perpendiculars to be 
erected equal respectively td the sine, cosine, 
versed sine, &c., of the arc from the origin of 
the arcs to the point of contact, then will the 
loci of the extremities of these ordinates be the 
curves whose equations are given. After the 
generating circle has rolled once over, if it 
be again rolled over, a curve will be generated 
equal in all respects to that first generated ; 
and so on, every time that the curve is rolled 
over, even to an infinite number of times. 

Denote the circumference of the genera
ting circle by ir, and the radius by 1. Then lay 
off on a straight line the distance a4 equal to 
2n-, to represent the development of the cir
cumference of the circle. The curves may 
be constructed by points, from their equa
tions, by means of a table of natural 'sines, 
and when constructed, they will present the 
iippcarances represented in the figures. 

Curve of Sines. 

Curve of Cotangents. 

Curve of Versed Sines. 

ir 

A 

/ 
/ 

I 

Curve of Secants. 

C T 

\l 

f \ 

\ 
\ 

S 

\ 
T 
B 

Curve of Cosecants. 

In the figures, the lines AA', BB', C D and 
E F , are asymptotes to the infinite branches. 
The curve of sines, sometimes called the 

sinusoid, is entirely similar to the curve of 
cosines, commencing to estimate both from 
the point C: this should be the case, since, 

sin X = cos (90° — x). 
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By differentiating the equation of the curve 
of sines, w e fiud 
du 

sin X = — y ; ix = COS I, 
d^y 

and -r-i • 
ax" from the first of these results, we deduce the 

equation of a tangent to the curve at a point 
whose co-ordinates are x " and y", as follows: 

y — y" = cos x" (i — x"). 

If i " = 2ht, n being any whole number. 
we have cos x" = 1 ; at these points the tan
gent makes an angle of 45° with the axis 
of -Y. 
If x" = (2,'! + 1) TT, COS x" = — 1, and for 

these points the tangent is inclined to the 
axis of -\' in an angle of 135°. 
If i" = ; COS x'' = 0, and at those 

points, the tangent is parallel to the axis of 
A^ the ordinates at the alternate points are 
alternatelv maxima and minima. 

d^y 
From the second resuitj -j—^- = ~ y, "we in

fer that the curve is always concave towards 
the axis of X. 

To find an expression for the area of the 
sinusoid, we have the formula, 
S = fydx = /7= = - (1 - /)*+ C. 

J VI—y 
If w e integrate between the limits y = 0 

and y ̂  1, w e have A ̂  1 ; hence the entire 
area included between one branch and the 
axis is equal to twice the square described 
upon the radius of the generating circle. 
Like discussions may be had with respect to 
the other curv-es above considered. 

CUR-A'I-LI.\'E-AR. [L. curvus, bent]. 
-Appertaining to curved lines ; bounded by a 
curved line or lines ; thus, a circle or an 
eUipse is a curvilinear figure, so also is a 
spherical triangle. 

CUSP. [L. cuspis, a point]. -A cusp point 
of a curve. 

Cusp Point. A cusp point of a curve is a 
point at which two branches are tangent to 
each other, so that a point generating the 
curve suddenly stops at the cusp and returns 
for a time in the same general direction from 
which it arrived at the cusp point. A and 
A' are cusp points. Cusp points are of two 
dnds. 

1. AVhen tho two A-
branches have 
their convexities 
turned in tho same 
direction with re
spect to tho com
mon tangent at the 
cusp point. 

2, A\'hen they 
have their convex
ities turned in op
posite directions 
with respect to tho 
common tangent 
at the cusp point. 

C Y C ' L O - G R A P H , [Gr. kvk?,o(:, a circle, 
and ypaipu, to describe]. .-An instrument 
employed to describe arcs of circles when the 
radu are greater than can be obtained with 
the dividers. It is also used in those cases 
in which the dividers cannot be eraployed. 

The most simple form of this instrument 
is that employed by artificers in their work 
D C and C E are two arras turning about an 

axis C, capable of being set to any given 
angle and clamped. At C is an arrangement 
for holding a pencil or a piece of chalk. A 
and B represent two nails or pins driven into 
a wall or board, to show the extremities of 
the arc to be described. If now the instru
ment be set at the proper angle and raoved 
about so that the arms should constantly 
touch A and B, then will the pencil trace the 
required arc. 

C Y C L O I D or T R O C H O I D [Gr. kvicaoc, 
a circle, and e/dof, form]. A curve which is 
generated by a point in the plane of a circle, 
when the circle is rolled along a straight line, 
always continuing in the same plane. 

1. If the generating point is upon the cir
cumference of the generating circle, the 
curve is called the common cycloid. 

2. If the generating point lies without the 
circumference of the generating circle, the 
curve is called the curtate cycloid. 

3. If the generating point lies within the 
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circumference of the generating circle, the 
curve is called the prolate or inflected cycloid. 

Curtate Cycloid. 

Prolate Cycloid. 
I. Com,mon Cycloid. The roUing circle is 

called the generating circle. The point P 
which generates the curve is called the gen-

B 

observed that as regards the double sign ± , of 
the radical, in both equations, the upper sign 
is applicable to the portion of the branch on 
the left of the axis, and the lower one to the 
portion of the branch on the right of the 
axis. 

The foUowing are some of the principal 
properties of the common cycloid : 

1. The greatest ordinate is equal to 2r and 
the least one equal to 0 ; there are no nega
tive ordinates, 

2. The ordinate 2r coincides with the axis, 
and the tangent to the curve at its extremity 
is parallel to the base. 

3. The tangent to the curve at the point 
whose ordinate is 0, is perpendicular to the 
base. This point is a cusp point of the first 
species, and it is also a point of concurrence 
with the base. 

4. If g-re represents a diameter of the gen
erating circle in one of its positions, and is 
perpendicular to the base, and gpn a semicir-

A D L 
crating point. The line A L is the 4ase, and 
B D tlic axis. 

It is plain that each time the Circle is rolled 
over, a portion of the curve, equal to A B L , 
will be described. Each of these portions 
are called branches. The number of branches 
is infinite. 

If the origin of co-ordinates be taken at 
A, and the axis of x coinciding with the base 
A L , the equation of the curve is 

X — ver-sin—' y — V2ry — y'. 
This is the equation of a single branch, and 
it is unnecessary to regard more than one 
branch, because they are all equal to each 
other in every respect; therefore, if w e 
deduce the properties of one branch, they 
will be common to all other branches. 

The differential equation of the cycloid, 
which is more used than the equation of the 
curve, is 

ydy _ dy dx = V2ry • 
- 1 

In this and the preceding equation, r is tho 
radius of the generating circle, and vcr-sin-' y 
is taken in that circle. It is also to be 

A N D n L 
cle described upon it, then wiU the tangent 
to the curve, at any point P, be parallel to 
the corresponding chord gp, drawn to the 
upper extremity of the diameter, and the 
normal P N will he parallel to the supplemen
tary chord pn. drawn to the lower extremity 
of the same diameter. 

5. If two chords of the generating circle 
be drawn through the upper extremity of the 
diameter ng, and on opposite sides of it, 
making a given angle with each other, then 
will the locus of the point of intersection of 
the parallel tangents be a curtate cycloid. If 
a tangent he drawn to the curve at the ver
tex, the portion of it which is intercepted 
between any pair of these tangents -B'ill be 
equal in length to the corresponding arc of 
the generating circle ; that is, to tlie part 
betwean the lower extremities of the choid 
parallel to the tangents. If the tangents are 
at right angles, the locus of their point of 
intersection will pass through the upper ver 
tices of the rectangle described upon the base 
and axis of the curve. 
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6. If a tangent D T be drawn to the circle 
described on the axis, and the corresponding 
tangent P T be drawn to the cycloid, the locus 
of their point of iiuersection is tm involute 

J! .4:- ijl 
p,^::j'.'._1-_L.-Ai)'_ 

I.' 

of the generating circle. The arc B P of the 
cycloid is equal to twice the chord B D of tho 
generating circle, and the length of one 
branch is equal to four times the diameter of 
the generating circle. 

7, If the rectangle B E P R be completed, 
the area B P R is equal to the area of B D E , 
in the circle, and consequently, the area 
included between one branch of the curve 
and the base is equal to three times the area 
of the generating circle. 

8. If a line PP' be drawn parallel to the 
base and bisecting B C , then is the area P B P ' 
equal to the equilateral triangle B'DD'. If a 

area is equal to tho sum of the two tri
angles. 

10 If a line be drawn through P", the 
middle point of C B , paraUel to the base, and 

G be joined with Al' and Al"', then will the 
cycloidal sector M " C M " ' b e equivalent to tho 
isosceles triangle B Q " Q " ' 

11, The evolute AP'A' of a semi-branch 
of the cycloid, is equal, in all respects, to the 
other serai-branch. If, whilst the genoratmg 
circle of the cycloid rolls along the line A M , 

Jt-

r-

/ 
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A 
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yf'' u 

"^^-iy ^ 
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line C F be drawn through the centre of the 
generating circle parallel to the base, the area 
B C F P B is equal to the area of the triangle 
B'QC, or half of the square described upon 
the radius of the generating circle. 

9. If two lines, P M and P'AI', be drawn 
paraUel to the base, so that B P ' = GP, G 
being the centre of the generating circle. 

and the points .Al and M ' he jouied, the area 
of P P ' M M ' is equal to the difference between 
the two triangles B'PQ and B'P'Q'. If P M 
and P'M' are on opposite sides of the axis, the 

X' A' 
a second circle equal to it be rolled along 
X'A', tho two remaining tangent to each 
other on the line A M , then will the point P' 
generate the evolute, and the tangent to the 
evolute at P' will pass through the point of 
contact of the two generating circles, and he 
normal to the first cycloid. 

12. The radius of curvature at any point 
of the cycloid is equal to twice the normal; 
at the cusp point it is 0, and a minimum : at 
the vertex of the axis it is twice the diameter 
of the generating circle, and a maximum. 

13. The area of the surface generated by 
revolving one branch of the curve around its 
base, as an axis, is equal to ̂  of the area 
of the generating circle ; and the volume of 
the corresponding solid of revolution is -| of 
the circumscribing cylinder. 

14. If any curve A771B he taken, whose tan
gents at A and B are at right angles to the 
co-ordinate axes re.';pectively, and its evoluto 
B A ' be taken, beginning at B ; then tho eVo-
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lute of this last curvo A'B'be taken, begin
ning at A', and so on, each succeeding evo
lute will approach in its nature a semi-cycloid, 
and will ultimately coincide with it. 

The, cycloid possesses some remarkable 
mecha.nicaI,.properties, the most important of 
which are the following : 

1, It is the curve of quickest descent from 
one point to another ; that is, if two points 
lie.one above the other, but not in the same 
vertical line, a heavy body will descend from 
the highest to the lowest along an arc of an. 
inverted cycloid quicker.than along any other 
curve passing through the two points, quicker 
even than along the straight line joining the 
two points. See Brachystochrone. 

2. It is the tautochronous curve ; that is. 
if a pendulum be made to vibrate on the arc 
of a cycloid, the time of vibration will always 
be the same, no matter what may be the 
length of the arc over which the vibration 
may take place. This result can only be ap
proximately true in practice, since the theo
retical considerations from which it was de
duced can only be approximately fulfilled in 
any experimental operation. 

CY-CLOID'AL, appertaining to a cycloid. 
A cycloidal segment is a segment included 
between an arc of a cycloid and its chord ; a 
cycloidal sector is a portion of a cycloid 
bounded by an arc of tho cycloid and two 
lines drawn from its extremities to the middle 
of its axis. 

C Y - C L O M ' E - T R Y . [Gr. iiviiXoi;, a circle, 
and perpea, to measure]. The art of measur
ing circles. 

CYL'IN-DER. [Gr. itv-
?uvSpo(;, from Kv2.tvda, to 
roll. L. cylindrus]. In 
Plane Geometry, a cyl' 
der is a solid which may 
generated by revolving 
rectangle A E F D about ( 
of its sides E F . 

This side is the axis. 
The opposite side gene

rates a single curved surface, called the eon 
vex or lateral surface of the cylinder, and the 
two adjacent sides generate circles called 
4ases of the cylinder. 

If any plane be passed through the axis, it 
will cut from the cylinder a meridian section 
which will bo a rectangle double the generat
ing rectangle ; any plane passed perpendicu
lar to the axis, will cut from the cylinder a circle 
equal to either base. The distance between 
the bases is called the altitude of the cylinder, 
and is measured by the length of the axis: 
Cylinders are similar when generated by sim
ilar rectangles revolved about their homolo
gous sides. If the same rectangle be succes
sively revolved about two adjacent sides, the 
two cylinders' generated are called conjugate-
cylinders. If the rectangle becomes a square, 
the conjugate cylinders are equal sofids. The 
area of the convex or lateral surface of a cyl
inder is equal to the circumference of its base 
multiplied by its altitude; or, denoting the 
area required by ..4, the altitude of the cyl
inder by h, and the radius of the base by r, 
we have the formula 

4 = 27r - r - A. 
If w e include the areas of the bases, the 

formula becomes 
A = 27rr(r + A). 

B y changing r into A, and A into 7', we 
have the formula for the area of the surface 
of the conjugate cylinder, 

A' = 27rA(r + A); 
that is, the areas of the complete surfaces of 
two conjugate cylinders are to each other as 
their altitudes. 

The formula for the volume of a cylinder, 
denoting the volume by V, is 

F=-;rr"A, 
and for the conjugate cylinder, 

V = 7rA"r; 
whence w e see that the volumes of conjugate 
cylinders are as their altitudes, or as the radii 
of their bases. 

The volumes of sirailar cylinders are to 
each other as the cubes of their altitudes, or 
as the cubes of the radii of their bases. 

Cylindrical Surface or Cylixder, in 
higher geometry, is a surface which may be 
generated by a straight line moving in such a 
manner as constantly to touch a given curve 
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and be continually parallel to its first posi
tion. The moving line is called the genera-
trie; the line along which it moves, is called 
the S.rectrix; any position of the generatrix 
is called au €ieme?tt of the surface. -Any sec
tion of the surface, by a plane, is called a 4ase. 
If the base has a centre, the straight line 
drawn through it, and parallel to an element, 
is the axis of the cylinder. 

If the plane of a base is perpendicular to 
the axis, or to an element, the cyfinder is 
right, otherwise it is oblique. 

If the vertex of a cone be moved to an in
finite distance, the base remaining fast, the 
cone becomes a cylinder; hence, all the 
properties Of a cvUnder may be deduced as 
particular cases of the corresponding prop
erties of the cone. 

If the base of a cyfinder be taken in the 
plane X Y . its equation wUl be 

/(x, y) = 0, 
and the equation of the cylinder wUI be 

fix — az, y — bz) = 0. 
In any particular case, having given the 

equation of .the base or directrix, w e substi
tute in that equation for x and y the expres
sions X — az, and y — 4z ; the resulting 
equation wiU be that of the surface, in which 
a, and 4 are respectively the tangents of the 
angles which the projections of an element 
upon the planes X Z and Y Z respectively 
make with the axis of Z. B y attributing 
suitable values of a and 4, the elements may 
be made to take any direction. 

For further properties of the cyfindrical 
surface, see Cone and Conic Surface. 

CYL-IN'DRIC-AL. Having the properties 
of a cyfinder, or resembling a cylinder in 
form. 

CYL-IN'DRI-FORM. Having the form 
of a cylinder. 

CYL'IN-DROID. A right cylinder with 
an elfiptical base. 

CYI^IN-DRO-MET'RIC. Belonging to a 
scale used in measuring cylinders. 

C Y ' P H E R . See Cipher. 
D. The fourth letter of the Engfish al
phabet. In the R o m a n system of numeral 
notation, it stands for five hundred; with a 
dash on it thus, D, it denotes /77e thousand. 

Iu tho varying scale of English currency, 
d is used as a symbol to denote penny or 
pence: thus, 

£ s. d. 
4 2 7, 

is read, four pounds, two shillings and seven 
pence. 
DA'TA, [L. data, plural of datum, given or 

known]. In mathematics, is a term employed 
to express .all the given quantities and ele
ments of a propositio'n. 

In a problem, the data are the given parts, 
by means of which w e are enabled to deter
mine the unknown or required parts. If w e 
have an equation expressing a relation be
tween several unloiown quantities, and as
sume values for all except one, these assumed 
values are data for finding the remaining one. 
This one is found from the data by the appli 
cation of the principles of mathematics. In 
geometrical problems, the data aro certain 
lines, surfaces, solids, or angles. 

In the demonstration of a theorem, the 
data are the definitions, axioms and the con
clusions of previous demonstrations ; that is, 
such of them as raay be necessary. 

DA'TUAI. The singular of data. 
Datum Line, In Surveying, a line of true 

level, to which the points of a vertical section 
of the earth's surface are referred, for the 
purpose of determining its slope or grade. 

This line is principally employed in making 
preliminary surveys for a line of railroad, 
canal or aqueduct. The datum line is usu
ally taken through the lowest point of the 
section, or else through a point below the 
lowest point, so that all the vertical ordinates, 
by means of which the section is determined, 
may lie on the same side of the datum line. 
This arrangement is not absolutely necessary, 
but is usually made for the sake of con
venience. To conceive the position of the 
datum line, let us take the case of a survey 
for a line of railroad, and suppose that the 
leveling is commenced at the lowest point. 
Through this point imagine a surface of true 
level, indefinite in extent, to bo passed ; next 
imagine a vertical cylinder to be passed 
through the proposed route, projecting it 
upon the level surface ; this projection is the 
datum line, and if w e conceive the projecting 
cylinder to be developed or rolled upon a 
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plane tangent to it along one of its elements, 
the datum line (neglecting the curvature of 
the earth) will be developed into a straight 
.'ine, and the route along the surface of the 
earth will develop into a curve line, whose 
ordinates at different points are the distances 
of these points above the datum lino. 

If this curve be delineated upon paper, it 
forms what is called the vertical section of 
the route. 

In the figure annexed, A B represents the 
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datura fine developed upon a plane, and 
A a' 4' c' d! e' B' represents the vertical section 
of a route leading from A to B'. 

In order to find the data for making a plot 
of this section, w e measure, by means of a 
chain or tape, the horizontal distances Aa. 
a4, 4c. &c,, between tho points Aa',a'b', b'c', 
&c,, and by means of a level, determine the 
difference of level between the points A and 
ffi', A and V, A and c', &c., making the neces
sary corrections for curvature. 

'To plot the section: Draw the straight line 
A B to represent the datum line, and lay ofi* 
im it from A the measured distance Affi; at 
fl_erect a perpendicular, and make it equal to 
the difference of level between A and a'; lay 
off' on the datum line from a the measured 
distance ffi4 ; at 4 erect a perpendicular to it, 
and make it equal to the difl'erence of level 
between A and 4'; continue this operation 
till w e reach the extreme point B'; then draw 
a curve line through the points A, a', 4', c', 
&c., B', and it will he the plot of the section 
required. 

It is to be observed, that, as the horizontal 
distances Aa, ffi4, 4c, &c., are very great in 
comparison with the vertical distances aa', 
44',' cc', &c,. it is necessary to employ two 
scales in making the plot: one for the hori
zontal distances, and the other for the verti
cal distances. So that a line which repre
sents a vertical distance, would represent 
several times that distance if laid off on tho 
datum line. 

D A Y . A period of time which elapses 
between two consecutive transits of one of 

the heavenly bodies over the meridian. As 
the motion of the heavenly bodies are not all 
uniform, w e distinguish several kinds of 
days, which differ but slightly from each 
other. 

1. The ordinary solar day, is the time 
which elapses between two consecutive tran
sits of the sun's centre over the meridian of 
a place. O n account of the elliptical orbit 
of the earth, and of the inclination of the 
plane of the elliptic to that of the equator, 
the length of the solar day varies slightly, at 
different periods of the year. O n account of 
this Variability, the ordinary solar day has 
been foimd inconvenient, as a unit of time, 
and astronomers employ another unit. 

2. M e a n Solar Day. This, as its name 
indicates, is a period of time equal to the 
arithmetical mean of all the ordinary solar 
days in a year. The accumulated difference 
between the lengths of the ordinary and 
mean solar day, estimated from a common 
epoch, is what is called the equation of time. 
Ordinary clocks and watches are regulated 
to indicate 7?7,ca7j solar time, and they are cor
rected, from time to time, by means of ob
servations made upon the sun, and the equa
tion of time. 

3. Sidereal Day, is the period of the earth's 
rotation upon its axis once, and is measured 
by the interval of two consecutive transits of 
a fixed star over the meridian of a place. 

O n account of the motion of the sun 
amongst the stars, from west to east, the 
mean solar day is somewhat longer than the 
sidereal. Each day is divided into 24 equal 
parts, called hours; each hour into 60 equal 
parts, called minutes ; and each minute into 
60 equal parts, called seconds ; and, accord
ing to the kind of day which is thus subdi
vided, w e have mcare solar, or sidereal time: 
A mean solar day of 24 hours is equal to 24*. 
03'". 56.5554*. of sidereal time; and a side
real day of 24 hours, is equal to 23*. 66'". 
04.0907'. of mean solar time. 

4. Civil Day, This is usually counted from 
one midnight to the next, though the epoch 
from which it is reckoned, is different in -dif
ferent countries. 

5. AsTKONOHiCAL Day, comiiiencos at noon 
and continues till the next noon, and is 
reckoned through 24 hours ; so that there is 
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ctlentimes a ditrerence of date for the same 
instant, when r«koned according to the one 
or the other of these methods. 
For example, June 10'*, 10 .A, M,, by tho 

civil reckoning, would be June 9'*, 22'., by 
tbe astronomicad reckoning; but June lO**, 
10, P.M., would be June 10'*, 10*. astronom
ical reckoning. In order to convert a date 
in civil reckoning into the corresponding 
astronomical date, if it is before noon, sub
tract 1 from the number of the d.ay. and add 
12 tc the number of hours ; but if it is af
ternoon, the dates in both systems will be 
the same. 
D E A D R E C K O N I N G . In Navigation, the 

estimation of a ship's place, arrived at with
out observation of any of the heavenly bodies. 
The place of the ship is estimated, or roughly 
computed from the courses run determined 
by the compass, the length of time run upon 
each course, the, rate of sadfing as determined 
by the loir. due allowance being made for 
drift, leew-ay, (kc. 
DEC'A-GON, [Gr, 6eKa, ten, and yavia, a 

comer]. A polygon often angles and ten sides. 
If the sides are all equal, and the angles also 
all equal, it is a regular decagon, and may be 
inscribed in a circle. If the radius of a circle 
be divided in extreme and mean ratio, that is, 
so that the greater segment shall be a mean 
proportional between the whole radius and 
the smaller segment, then will the greater 
segment be equal to one side of the regular 
inscribed decagon. If w e denote the radius 
of the circle by r, and the side of the inscribed 
decagon by s, we have 
T : s :: s : r — s. or, s = -} r (v 5 — 1). 
AA'e have also, if w e denote the area of the 
decagon by A, 

A = s ' X 7.694209. 
1. To inscribe a regular decagon in a given 

circle. Let 0 be the centre and O A the 
radius of the given circle. Divide the radius 
OA into extreme and mean ratios at the point i 
.M, Take OAI, the greater segment, and lay | 
it off from A to B ; the chord A B v,'ni be the i 
side of the regular decagon, and by applying | 
it ten times to the circumference of the circle,, 
the decagon wUl be inscribed in the circle. 
To construct a regular decagon upon a I 

given line as a, side : construct, as just, 

explained, a regular decagon inscribed in any 
given circle, then draw a line parallel to one 
side, and make it equal to the given line ; 
through one extremity of this line draw a 
second line parallel to the adjacent side and 
make it also equal to the given line ; through 
the three points, thus determined, pass a cir
cle and apply the given line ten times as a 
chord, and the resulting polygon will be the 
required decagon. 

D E C A G R A M M E . [Gr. d»a, ten, and F. 
gramme, a unit of weight]. A French weight 
of ten grammes, each gramme being equiva
lent to 15.438 grains Troy. 

DEC'-A-LI-TRE. [Gr. dcsa, ten, and F. 
litre, measure]. A French measure of 
capacity, containing ten litres or 610-28 
cubic inches. 
DEC-AAi'E-TRE. [Gr, dena, ten. and 

p-Erpov, a measure], A French measure of 
length, containing ten metres, or 393.71 
English inches, 
A decigram, decilitre, and a decimetre, are 

respectively the tenth part of a gramme, litre 
and metre. 
DEC'I-MAL. [L. decimus, tenth, from 

decem, ten]. -Any number expressed in the 
scale of tens is a decimal. The system of 
arithmetic in which numbers are expressed 
decunaUy is called decimal arithmetic. But by 
the terra decimal, a decimal fraction is gener
ally understood. 
Decimal Fraction. A fraction whose de

nominator is some power of ten, thus ^̂ , 
3^, 5 are decimal fractions. For the 

sake of brevity it has been agreed, in writuig 
decimal fractions, to omit the denominator. 
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and to place a point before the numerator in 
such a manner as to indicate the number of 
O's in the denominator. The above exam
ples would be written respectively ,2, .03, 
.003 ; the nuraber of places of figures which 
follows the deciraal point indicates the nura
ber of O's in the denominator. If there are 
not a sufficient number of places of figures 
in the numerator, O's are prefixed until the 
whole number of places of figures in the 
numerator is just equal to the number of O's 
in the denominator, and then the point is 
prefixed. This point is called the decimal 
point. See Arithmetic and Arithmetical Scale. 

DE-CLI-NA'TION, [L, deelino, to slope], 
A declination circle in spherical projections is 
a great circle, whose plane passes through the 
axis of the sphere. 

Declination of tub Needle, in Survey
ing, is the same as the variation of the needle. 
See Variation. 

DE-CLIV'I-TY. [L. dcclivitas. from decli-
vis, sloping]. In Topographical Surveying, the 
slope or inclination of a surface downwards. 
The term is used in contrast with acclivity, 
which is the inclination or slope upwards. 
The measure of the declivity or acclivity of a 
line may be expressed in degrees, minutes, 
and seconds, but it is more often expressed 
by the ratio of the base to the altitude of a 
right angled triangle, constructed upon any 
part of the line. Thus the slope of the line 

A B , (AC being horizontal), is measured by 
BC 

the ratio -.-p- If B C is .̂^ of A C , the slope 
is -Xr. If through any point on the surface 
of a hUl any number of vertical planes be 
passed, cutting out vertical sections, these 
will in general have difierent declivities. The 
line of greatest declivity, or tho line sought 
by running water in flowing frora one level 
to another, is the section cut out by that ver
tical plane which is perpendicular to the tan
gent p'ane to the surface at the point. 

DE-CReASE'. [L.decresco; dc, from, and 
eresco, to grow]. To diminish. AA'hen a less 
number is taken from a greater, the latter is 
said to be decreased by the former. 

Decreasing Function, In Analysis, one 
quantity is a decreasing function of another, 
when it decreases as the other increases. 
Thus, in the equation 

M 
y = ^ ' 

y is a decreasing function of x, because as x 
is increased y is diminished, and the reverse. 
A quantity raay be a, decreasing function of 
another between certain limits, and an in
creasing function between other limits. Thus, 
in the equation 

y = ffi (4 — x)"", 
y is a decreasing function of x between the 
limits X = — CO and x := 4, but an increas
ing function between the limits x = 4 and 
X = + co-

The difi'erential co-efficient of a decreasing 
function is always negative, whUst that of an 
increasing function is positive. 

Decreasing Series. A series is decreas
ing when each term is less than the preced
ing one. Thus, a geometrical progression is 
decreasing when the ratio is less than 1. In 
any series whatever, if the quotient obtained 
by dividing any term by the preceding is 
numerically less than 1, the series is de
creasing. 

D E C ' R E - M E N T . [L. decremcntum, from 
decrcsco, to decrease]. In Calculus, the name 
given to the quantity which is subtracted from 
the variable in order to find a precedmg state 
of any given function. 

DEC'U-PLE. [L. deeupulus. Gr. faa-
TrAouf]. Tenfold, containing ten times as 
many. 

DE-DtlCE'. [L. deduco; de, from, aad 
dijco, to lead or draw]. To infer something 
from what precedes. To draw a conclusion 
from given premises. The conclusion thus 
drawn is called a deduction, and tho method 
of reasoning is called deductive. 

DE-DUCT'. [L. deduco, to draw out from]. 
To take from ; to subtract. 

DE-FECT'iVE. [L, Jcfcctinû , impcrfeclj. 
AA'anting a marked characteristic. 
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DEt-ECTivK Hyperbol,\. A cutve having 
two infinite branches and but ono rectilinear 
asymptote. 

Its general equation is 
xy- + cy = — ox' + ix" + ci + d. 

DEF'ER-ENT. In the Ptolemaic system 
of the world the planets are supposed to 
move in circular orbits, the centres of which 
are at the same time revolving in other circu
lar orbits. These secondary circles are def
erents of the first orbits, which are called 
epicycles. The system of deferents and epi
cycles was invented to explain certain 
observed phenomena, such as the eccentricity, 
perigee, apogee, &c. See Epicycle. 

DE-Fi"CIEXT. [L. dcfc7"o,tofaU]. AA""ant-
ing; incomplete. 

Deficiknt Numbers, in Arithmetic, are 
those, the sum of whose aliquot parts is less 
than the number. Thus. S is a deficient num
ber, for4 + 2 + l = 7 < 8 ; also, 16 is a 
deficient number, forS + 4 + 2 + 1 = 15 < 16. 

DEF-IN-i"TIOX, [L. dĉ 7!7"/7"o; de, from, 
and ̂7110, to I'lmit]. ,-A definition is such an 
enumeration and description of the attributes 
of an object, as serve to explain its nature 
and character, and also to distinguish it frora 
every other thing. Definitions are of two 
kinds : 

First. Those in which it is only intended 
to explain the meaning of a word, or of a 
term employed. 

Second. Those which, besides explaining 
the meaning of the word or term employed, 
imply also that there exists or may exist a 
thing corresponding to the word. 
Definitions which do not imply the exist

ence of corresponding things, that is, defini
tions of names, are those usually found in 
the dictionary of a language. They explain 
the meaning of a term or word by giving 
some equivalent expression which may hap
pen to be better known. Definitions which 
also imply the existence of things, do more 
than this. For example : '' A plane triangle 
is a polygon of three sides," This definition 
does two things. 

1st. It explains the meaning of the word 
triangle. 

2d. It implies that there exists, or may 
exist, a polygon having three sides. 

To define a word, when the definition is to 
imply the existence of a thing, is to enumer
ate its most obvious and characteristic pro
perties ; this requires a thorough knowledge 
of these properties, in order that wc raay 
seize upon those best fitted for the purpose 
of definition. 

In mathematics, and indeed in all exact 
sciences, names imply the existence of things 
which they designate, and the definition of 
those names express ono or more attributes 
of the things named. N o correct mathemat
ical definition can be framed which shall not 
express certain of these attributes of the 
thing named. Furthermore, every definition 
in mathematics is a tacit assumption of some 
proposition which is expressed in the defini
tion, and it is this circumstance which ren
ders these definitions of so much importance. 

All reasoning in matheraatics which ap
pears to rest ultimately upon definitions, does, 
in fact, rest upon the intuitive inference that 
things corresponding to the words defined 
have a conceivable existence as subjects of 
thought, and do, or may have, proximately, an 
actual existence. 

The following rules afford the means of 
testing a definition and determining upon its 
value : 

1. The definition must be adequate, that is, 
neither too much extended nor too narrow for 
the word defined. 

2. The definition must in itself bo plainer 
than the word defined, else it would not define 
it. 

3. The definition should be expressed in a 
convenient number of appropriate words. 

4. AA'hen the definition implies the exist
ence of a thing the certainty of that existence 
must be intuitive. 

D E - G R E E ' . [Fr. degre, a steep, a grade]. 
In Algebra the degree of a term is the nura
ber of literal factors which enter it, and is 
denoted by the sura of the exponents of all 
the literal factors of the term. Thus a"4" is 
of the 5th degree. 

The degree of a power is the number of 
equal factors which are taken to form tho 
power. 

The degree of a radical is the number of 
times which the radical must be taken as a 
factor to produce the quantitv under the radi 
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cal sign. The degree of a radical is indicated 
by its index. 

The degree of an equation containing but 
one unknown quantity, is tho greatest num
ber of times which the unknown quantity 
enters any term as a factor; thus, 

ax* +.4x" •\- CX =^ d, 
is an equation of the fourth degree. The de
gree is always indicated by the highest expo
nent of the unknown quantity in any term. 

The degree of an equation containing more 
than one unknown quantity, is denoted by 
the greatest sum of the exponents of the un
known quantities in any term ; thus, 

77ix"y + reyx = q. 
is an equation of the third degree. 

In trigonometry, a degree is the 360th part 
of the circumference of a circle. The degree 
serves as a unit of comparison for angles ; 
for, on account of the uniform curvature of 
the circumference of a circle, the same length 
of arc in equal circles corresponds to equal 
angles at the centre ; and in different circles, 
similar arcs correspond to equal angles at the 
centre. If with the vertex of an angle as 
a centre, and with any radius whatever, a 
circle be described, and if the entire cir
cumference be divided into 360 equal parts, 
beginning at one side of the angle, the nura
ber of parts which fall between the sides wUI 
be the measure of the angle. This number 
will be entirely independent of the length of 
the radius employed. 

Ill the French decimal system of measures, 
it was proposed to divide the entire circum
ference of the circle into 400 equal parts, to 
be called degrees, each of which was to be 
divided into 100 equal parts or minutes, and 
hose again were to be subdivided into 100 
parts or seconds. In this method, each se
cond of arc would be equal to the miUionth 
part of a quadrant. 

This arrangement was adopted by Laplace 
in his M^canique Celeste, and by some other 
distinguished writers at the time it was pro-
po^d, but it seems to be nearly abandoned. 

If w e call the radius of the circle 1, the 
length of a degree of the circumference, or 
the 360th part of tho circumference, is 
O.00872665. In the French system it is 
0,0078535. 

Degree of Latitube. O n the surface of 

the earth is the length of a portion of a me
ridian between two points, whose latitudes 
difi'er from each other by one degree. In 
consequence of the spheroidal figure of the 
earth, it happens that the length of a degree 
of latitude is different at different distances 
from the equator. By measuring the lengths 
of a degree of latitude at different points on 
the earth's surface, a knowledge of the true 
form and real dimensions of our globe may 
be determined. 

The operation is one of great nicety, and 
its successful execution has drawn largely 
upon the resources of science, A general 
idea, however, of the method of proceeding 
is by no means diflicult to conceive. In the 
first place, in order to obviate the effects of 
superficial irregularities, w e refer all measure
ments to the level of the sea ; that is, we 
conceive the surface of the ocean to be ex
tended beneath the continents, and to this 
surface w e conceive every operation to be re
duced. This being understood, let two sta
tions be selected on the same meridian, or as 
nearly so as possible, and let the distance be
tween them be measured with the greatest 
accuracy. This distance should be as great 
as possible, because any error in the mea
surements would be less felt in a long line 
than in a short one : the latitudes of the two 
stations are next determined, astronomically, 
with the utmost precision. The difl'erence of 
the latitudes in degrees, together with the 
measured distance in yards, wUl make known 
the average length of a degree of latitude be
tween the assumed stations. A long series 
of observations is necessary to find the true 
latitude of a point, and, since an error of a 
single second in arc corresponds to about 100 
feet, w e see the necessity of making the dis
tance between the assumed stations as great 
as possible. Tbe direct measurement of the 
distance between two points, might be effect
ed by means of the base apparatus in a 
country favorable to its use, but it has gene
rally been found more convenient to proceed 
by means of a system of triangulation. 

Let A and B represent the selected points 
between which the distance is to be deter
mined. A level space C D is selected, upon 
which the length of a base hne C D is mea
sured by the base apparatus used in geodeti-
cal surveys. Suitable points, E, F, G, H, &c„ 
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are selected and marked bv si.nials, so that 

' 7 \ ' ' K 
\ I / - ^ \ Z 7 \ ^ X , . 

lines joining them may form a system of tri
angles as nearly equilateral as m:iy be ; these 
are taken in such a manner that tho vertices 
of the extreme triangles shall faU at the points 
-A and B- The angles of these triangles are 
next carefully measured hy a theodolite, and, 
after the proper reductions are made, these 
measurements give the necessary data for de
termining the length of the line AB. The 
yer\- operations which are requisite in deter
mining the length of AB, require a knowledge 
of the form and dimensions of the earth ; but 
each succeedin-j operation gives us these ele
ments with greater accuracy, and the mea-
sureraents already made ̂ ive them with suffi
cient accuracy for making the necessary 
reductions. 
The first measurement of a degree of lati

tude, undertaken on correct principles, was 
undertaken by Eratosthenes, who lived during 
the third century before Christ. He deter
mined the distance between Alexandria in 
LowerEgypt,and,?yeneinUpper Egj-pt, The 
result of this measurement ofave for the length 
of a degree of latitude, 694-i- stadia ; but 
from our want of knowledge of the exact 
lengt'h of the ancient stadium, no very pre
cise idea can be formed as to the accuracy of 
the result. 

About the middle of the 16th century, 
Femel made a rough measurement between 
Paris and Amiens, and deduced the length of 
a degree of latitude 364,960 English feet. 
Jn 1635. Xorw^ood measured the distance he-
tween London and A'ork, and found the length 
of a degree to be 367,176 feet. In 1735, the 
Academy of Sciences at Paris, in order to de
cide upon the true figure of the earth, re
solved to have two arcs of the meridian mea
sured with all the accuracy of modem science. 
The one of these arcs was to be taken as near 
the equator, and the other as near the pole, 
as possible. The site of the former arc was 
chosen in Peru, and its measurement was 
committed to the charge of Boguer, Godin, 
and Condamine After many difficulties and 11 

hanlships, the oper:itioiis were completed al 
the end of about ten years, and the result 
of the measurement gave for the length of a 
degree of latitude at the equator 362,912 Eng
lish feet. The other arc was located in Lap
land, and its measurement v/as undertaken 
by Maupertius, Clairaut, and Lcmonnier, This 
party was more fortunate, and accomplished 
their mission iu about sixteen months, and 
] as a result gave for the length of a degree of 
latitude at the parallel of 66° 20' 11", 365,097 
English feet. 

Since these expeditions, several arcs of 
meridians have been measured, varying in 
length from a single degree up to nearly six
teen degrees, and all the results go to show-
that the figure of the earth is that of an ob
late spheroid, whose shorter axis coincides 
with the axis of rotation, which agrees with 
the form pointed out by theory. If the ma
terial of the earth had been originally fiuid, 
analysis shows that under the action of 
gravity and the centrifugal force, the surface 
would difi'er only in a small degree from that 
which repeated measurements show to be its 
actual shape. 
Besides the measurements already pointed 

out, there are some others which seem worthy 
of a particular mention. 
LacaiUe, in 1751, measured an arc at the 

Cape of Good Hope, and in the same year 
Maire and Boscovich measured 'one in the 
Roman States, In 1762, Leisganig mea
sured one in Hungary, and in 1764 one was 
measured in the United States by Mason and 
Dixon. 
In 1762, the measurement of an arc, ex

tending through the whole of France, from 
Dunkirk to Barcelona, was undertaken by 
Mechain and Delambre, for the purpose of de
termining a basis for a decimal system of 
weights and measures. This operation was 
completed with every precaution that science 
could suggest, and, in point of accuracy, its 
results stand unrivalled by those of any simi
lar undertaking. 
In 1790, the measurement of an English 

arc was commenced under the direction of 
the Board of Ordinance ; with the advantage 
of most excellent instruments, and the aid of 
refined theory, it was pus'ied from Dunnore 
in the Isle of AVight to Burleigh Moor in 
Yorkshire, nearly four degrees. 
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T w o arcs of tho meridian have been mea
sured under English superintendence in India, 
The first extended only about one degree and 
a half. The second extends about 16 de
grees ; it was commenced, and about 10 de
grees finished by Col. Lambtoii; the reraain-
iiig 6 degrees were completed by Capt. Everest. 

Besides these, several minor arcs have been 
measured at subsequent periods in different 
portions of the world. 

For convenience of reference, the foUow
ing table is inserted, showing the results ob. 
tained from some of the most important 
measurements, and giving the latitude of the 
middle point of each arc measured, as well 
as the authority on which the measurement 
depends. These results are taken princi
pally from an article in Brando's Encyclo
pedia. 

No. 

1 
2 
3 
4 
5 
6 
7 
8 

Where measured. 

Peru, S. America 
India 
India 
France 
England 
Hanover 
lithuania 
Sweden 

TABLE OF MEASURED ARCS. 

Authority. 

Bouguer, Godin, and Condamine 
Colonel Lambton 
Lambton and Everest 
Mechain and Delambre 
Board of Ordnance 
Gauss 
Struve 
Svanberg 

Lengili of-
arc in dep. 
0 t n 
3 7 3 
1 34 56 

15 57 39 
12 22 12 
3 57 13 
2 0 57 
3 35 5 
1 37 20 

Lat, of middle 
points. 

o / // 
1 31 OS, 

12 32 21 N. 
16 8 22 N. 
44 51 ON, 
52 35 45 N. 
52 32 17 N. 
58 17 37 N. 
66 20 11 N. 

L'gth of dcr. 
in Enĝ feel, 

362,809 
362,988 
363,040 
364,644 
365,032 
365,301 
365,377 
365,697 

In the second Indian arc above tabulated, 
latitudes were determined at six different 
points of the arc ; in the French arc, at 
seven points ; in the English arc, at four 
points; and in the Lithuanian, at three 
points ; so that the measurement of the In
dian arc affords five separate determinations 
of the length of a degree, the French six, 
the English (Arcc, the Lithuanian two. In 
the remaining arcs only the latitudes of the 
extremities of the arc were determined. The 
above table embraces therefore the results of 
twenty distinct measurements of arcs of the 
meridian. 

From these results, hy well-known math
ematical processes, the following elements 
of the earth's figure have been deduced. 

It is shown that the meridian section ap
proximates very closely to an ellipse, whose 
conjugate axis coincides with the axis of the 
earth, the elements of which are as foUows : 

Evglisli feet, Englisli miles, 
Eipiatorial or̂  ( 41 §43 33o_ 7924,87. 
transverse axis, ( 
Polar or conju- ( 41704,788, 7898.63. 
gate axis, ( 
Difference of axes 138,542, 26.24. 

The difference between tho greater and 
lesser axis divided by the greater, is caUed 
the ellipticity of the meridian. If w e denote 

this ellipticity by c, w e shall have, from I 
above results, 

1 
302.026 

If w e designate the length of the equa
torial diameter by a, that of the polar diam
eter by 4, the latitude of any place by /. and 
the length of a degree of latitude at that 
place by d, w e shall have the following for
mula : 

d = e(l — c + 3esin"0 3600 sin 1"; 
from which the length of a degree of latitude, 
anywhere upon the earth's surface, may be 
computed. 

It is to be observed, that the elements as 
above given, do not exactly agree with those 
adopted as most correct, by astronomers and 
m e n of science. 

The terrestrial elements, as given by Bes
sel, after a complete discussion of all the data, 
and which have been adopted in this country 
by the Coast Survey, and by the corps of 
Topographical Engineers, are as follows: 

Enjrlishffiet, 
41,847,194. 
41,707,308. 

Equatorial axis • • (a) • 
Polar axis (4) • 

("-^')' 
1 Ellipticity • . 

'̂  ' - ' 299.66 
In connection with these elements, the foi-
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lowing formula is used for finding the length 
of a degree of latitude, at any point of the 
earth's surfice. viz.: 

D = 364,575.579 — 1.S3 LOOS t 2/ 
ft. 

+ 3,906 cos 44 
ft. 

0.006 cos 6i; 
in which D denotes the length of a degree, 
and I the latitude of the middle pomt of the 
degree. 
The foUowing table exhibits the length of a 

decree of latitude at various points on the 
surface of the earth : 

D' = 365,491,098 cos I - 305,823 cos 31 
ft. 

+ 0,3S4cos5Z; 
in which D' denotes the length of :> degree 
of longitude, and I the latitude of the parallel 
in which it is taken. 

The following table gives tho lengths of a 
degree of longitude, in statute miles, for 
every degree of latitude frora 20° to 50', in-
elusive. 

L::. of m.J-
: c.e x-i-.Tii-
' 20' 

25 
30 
35 
40 
45 
.50 

Len^::i ;n na,::.-
ci. :r,.,«s. 
59.669 
59.706 
59.749 
59.796 
59.847 
59.899 
59.951 

Len-t;; .n statute 
"'•-•'"-

68,779 
68,822 
68,871 
68,925 
6S984 
69,044 
69,104 

The length of a degree of longitude at the 
equator, is 69.160 statute miles. 

Degree of Longitude. The 360"" part of 
any circle of latitude. -As the circles of lati
tude vary in length from the equator to the 
pole, it follows that the length of a degree 
of longitude wiU be very different under dif
ferent parallels of latitude ; but as the earth 
is a surface of revolution, the length of a 
degree of longitude, on the same parallel of 
latitude will always be the same. 

If w e could determine, by measurement, 
the lengths of several degrees of longitude, 
in different parallels of latitude, w e should 
have all the data necessary to determine the 
terrestrial elements already considered. This 
measurement may be made in a manner en
tirely similar to that employed in determining 
the length of an arc of the meridian ; but on 
account of the great difficulty of determining 
the longitudes of the extreme points of a 
measured arc. the results of such measure
ments have generally been unsatisfactory. 

If w e assume that the figure of the earth 
is an oblate spheroid, and take Bessel's ter
restrial elements, as given in the preceding 
article, the length of a degree of longitude, 
in any latitude, may be computed by the fol
lowing formula, viz.; 

P,-!,., of 
r,ira,:el 

1 20 = 
' 21 

oo 
' 23 
24 
25 

,' 26 
27 
28 
29 

! i 30 
31 
32 
33 
.34 
35 

I,,Mî th 01 (!,.'•;, 
in t,;:it, Itiili t. 

65,015 
64.594 
64,1.54 
63,695 
63,216 
62,718 
02 200 
61,664 
61,109 
60 536 
59,944 
59,334 
58,706 
58 060 
57 396 
56,715 

n-;. of 
parallel. 
: 36° 
37 
38 
39 
40 

1 41 
42 
43 
44 
45 

i 46 
47 
48 

, 49 
j 50 

Length of deg. 
in Stat, miles. 

56,013 
55,300 
54,568 
53,819 
53,053 
52,271 
51 473 
50,659 
49,830 
48,986 
48,126 
47.251 
46,362 
45,460 
44,542 

D E MOIVRE'S F O R M U L A . 
given to the formula 

A name 

(COSX+-/ — 1 sinx)'"=cosj7ix+v' — lsin7nx, 
because first deduced and published by a 
mathematician named De Moivre, This for
mula is of so ranch interest, in a scientific 
and logical point of view, that we annex the 
course of reasoning employed in its deduction. 
Let y = sin x, and v = cos x; whence 

dy = vdx, and dv = — ydx. 

If both members of the first of these dif 
fercntial equations be muitiphed by V — I, 
and the resulting equation be added to the 
second equation, member to member, there 
results the equation 
dv + V'^^dy = [- y + 77 V - l]dx - - (I), 

whence, 

d?7 -^V^^dy = iyV — 1 + 77) d x - / ^ , and 

d(7? + •• — lyi 

V + \^— I y = dx ̂  (2> 
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By integration, 
ZCi7+-vA^^y)=: 1; whence. 

.(8). 

V + V - ly = e^V-' .... (3). 
The constant to be added is 0, because 

when X = 0, y = 0. 
Substituting for v and y their values, vfe 

have 
cos X + V — I sin X =e''V—^ - - - (4); 

or since the formula is general, for x write mx. 
cos 177X + V — I sin mx = e"" V—'- - - - - (5). 

Now, if both members of equation (4) be 
raised to the m"" power, we have 

(cos X + V — I sin x)"* = C™ V^~^ • • • (6). 
Equating the first members of equations 

(5) and (6), we have the formula sought, viz : 
(cos X + V — 1 sin x)*" = cos 77ix 

+ V — I sin mx (7). 
This formula may be made the basis of a 

system of analytical trigonometry. 
Assume the equations, 
cos X + V — I sin X = c "-/-̂  1 
cos y + V — I sin y = c f-/-̂  J 

Multiplying these, member by member, we 
find 

cos X COS y — sin x sin 7/+ 
(sin X cos 7/+sin ycos x)V — I=e C»+-«)-̂ =̂i. (9). 
But, from Demoivre's formula, 

cos(x+y)+sin(x+y)v/'^=e<'-t^''y/='-(10), 
and, since the second members of (9) and 
(10) are the same, the first members must be 
equal; hence, 

cos X cos y — sin X sin y 
+ (sin X cos y + sin,7/ cos x)V — I 

=cos(x+y) + sin(x+y)-/ — 1 • (11). 

In order that equation (11) may be satis
fied, the real terms and the imaginary tenns 
in the two members must be separately equal 
to each other ; hence, 
cos (x + y) = cos X cos y — sin x sin.^ • (12), 
sin (x + y) = sin x cos y + sin y cos x - (13). 

From these formulas, all of the formulas 
of trigonometry may be' deduced analytically. 

This is hut a single application of the for
mula ; many others might be given. It may 
not be inappropriate to call the attention of 
the reader to the fact, that formulas (12) and 

(13) have been deduced from reasonings based 
wholly on imaginary expressions. Tbe re
sulting formulas are rigorously true, as may 
be shown by direct reasoning upon the lines 
themselves. The results being true, the ques
tion arises as to the logic of the demonstra
tion made use of. The only answer that can 
be given to that question is, that imaginary 
expressions do represent quantities, that they 
do admit of logical interpretation, and that 
the name imaginary as applied to them is 
erroneous, if understood to mean that they 
have no existence, and is calculated-to de
ceive the reader with respect to their, true 
logical interpretation, 

DEM-ON-STRa'TION. [L. de, from, and 
monstro, to show]. A demonstration is a 
course of reasoning brought to a conclusion. 
The object of a demonstration is always to 
show that a certain result is the necessary 
consequences of assumed premises. 

In every mathematical demonstration, the 
assumed premises are definitions, axioms, and 
previously established propositions; besides 
these, hypotheses arc often made, which aid 
in the reasonings employed. The arguments 
are the links which connect the -premises 
logically with the conclusion or ultimate trath 
to be proved. 

The nature of a demonstration is the same 
in all branches of mathematics. Two kinds 
of demonstration are, however, distinguished, 
which differ as to the method of reaching the 
conclusion—the direct and the indirect—the 
latter of which involves what is usually styled 
the rcductio ad absurdum. These are also 
sometimes called positive and negative demon
strations. 

In the direct method of demonstration, the 
premises are definitions, axioms, and pre
viously established propositions. In this 
method, by a process of logical argumenta
tion, the quantities, of which something is to 
be proved, are shown to have the marks of 
that something ; that is, they are shown to 
fall under some definition, axiom, or propo
sition, already proved. 

The indirect method consists in assuming 
an hypothesis of such a nature that either it 
or its opposite must be true. The assumed 
hypothesis is then made a premise and com
pared, by a process of logical reasoning with 
definitions, axioms, and established propo.«i-
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tions, and the reasoning continued until a 
cor.clusiou is arrived at, which either agrees 
or disagrees with some known truth. Xow, 
if the conclusion agrees with a known truth, 
tlie hypothesis is said to be established or 
proved, but if it disagrees w-ith a known truth, 
the hypothesis is disproved, and its contrary 
is necessarily established. Many of the de
monstrations of geometry, and a large share 
of those of algebra, belong to the latter 
class. 

The demonstrations in mathematics afford 
e.>;amples of the most perfect application of 
the principles of pure reason to the develop
ment of -truth. The ideas employed arc 
clearly defined by a fixed, certain, and de
finite language ; the only axioms assumed, are 
those which areuniversaily true, and to whi«h 
the mind necessarily assents from its very 
constitution ; in the course of the reasoning, 
every link in the chain of argument is clearly 
connected with some well established truth, 
by the infallible rules of logic, and the con
clusions deduced are irresistible. 

AVe shall give an Ulustratiou of the two 
methods of demonstration, chosen from the 
simplest propositions of elementary geometrv'. 

1st. As an example of the direct method, 
let us take the first proposition in Legendre's 
Geometry-: 
"• If one straight line meet another straight 

line, the sum of the two adjacent angles will be 
equal to two right angles." 
'Lei, the straight line D C (next figure) meet 
the straight line A B in the point C ; then 
wiU the sum of the adjacent angles, D C A 
and D C B , be equal to two right angles. 

To prove this proposition, -̂ -e assume the 
definition of a right angle, viz : 
'• If a straight line meets another straight 

line, making the adjacent angles equal to each 
other, each angle is called a right angle, and the 
first line is perpendicular to the second." 

AVe also assume the foUowing axioms : 
1. Tilings which are equal to the same or 

to equal things, are equal to each other. 
2. A whole is equal to the sum of all its 

parts. 
3. If the same or equal things be added to 

equals, the sums will be equal. 
W e also assume the postulate, 
That a perpendicular can always be drawn to 

a given straight line at a given point. 

Let a perpendicu
lar C E be drawn to 
the line A B at the 
point C ; then from 
the definition both 
E C A and E C B are 
right angles. From 
the second axiom .ACD is equal to A C E plus 
E C D ; and from the third axiom, A C D plus 
D C B is equal to A C E plus E C D plus D C B ; 
but E C D plus D C B is, from the second axiom, 
equal to E C B ; and from tho first axiom we 
finally have .ACD plus D C B equal to A C E 
plus E C B ; that is, equal to two right angles, 
which agrees with the enunciation of the 
proposition. 

In this demonstration the premises aro 
axioms, a definition and a postulate ; the final 
conclusion is reached by a course of direct 
reasoning, 

.As an example of the indirect method of 
demonstration, we shall select the second 
proposition of Legendre. 
" Two siraiglit lines ichich have two points 

in common, coincide throughout their whole 
extent, and form one and the same straight 
line." 

To prove this proposition, w e shall assume 
in addition to the axioms, definition, and pos
tulate already employed, the result of the 
preceding demonstration and the additional 
axioms. 

4. Between two givmpoints only one straight 
line can be drawn. 

5. If the same or equal things be subtracted 
from equals, ihe remainders will be equal. 

Let A and B be common points of the tw-o 
given straight lines. 
In the first place, from axiom fourth, the 

two lines must coincide between the given 
points A and B. 

A. B D 

Let us suppose that beyond B they begin 
to separate at some point, as C, and that the 
first line takes the direction C D and the 
second one the direction CE, At C let C F 
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bo drawn perpendicular to A C , Since A C E 
is a straight line, and since the line F C meets 
it at C. from the preceding proposition w e 
have A C F + F C E , equal to two right angles. 

Since A C D is a straight line, and the line 
F C meets it at C, w e have from the preceding 
proposition, 

ACF + FCD, 
equal to two right angles. From the first 
axiom, 

ACF + FCE = ACF + FCD. 
Now from the fifth axiom we have 

FCE = FCD, 
which is manifestly absurd, since a part can 
never be equal to the whole. Plence, the 
hypothesis made that the lines begin to sepa
rate at a point, is untrue; but if they do not 
begin to separate at a point they must coin
cide throughout their whole extent, which 
proves the proposition. In this method of 
demonstration yve introduced the hypothesis 
that the lines did actually begin to separate 
at a point, and this led to a conclusion which 
was absurd, because contrary to a known 
truth. This is caUedthe rcductio ad absurdum. 

D E N ' A - R Y S C A L E , A uniform scale 
whose ratio is ten. See Arithmetical Scale. 

DE-NOM'IN-aTE. [de, from, and nomino, 
to name]. That which may be named or 
specified, A denominate quantity is one 
whose unit of measure is a concrete quantity, 
as 7 feet, 8 pounds, &c. Or it is one in 
which the value of the unit of the quantity 
is named. The term is opposed to abstract 
quantity. Thus 7 lbs. and 10 feet are denomi
nate numbers; n feet or m pounds are 
denominate quantities; whUst 7 and 10, n 
and 771 are, respectively, abstract numbers or 
quantities. 

DE-NOM'IN-a-TOR, in Arithmetic and 
Algebra, is that term of the fraction which 
indicates the value of the fractional unit. In 
the fraction ̂ , 7 is the denominator, and indi
cates that the fractional unit is ̂  ; in all cases 
1 divided by the denominator is the unit of 
the fraction. In its primitive signification, 
the denominator is what w o have defined it 
above, but in generalizing the language of 
algebra the term denominator is applied to 
that part of any expression under a frac
tional form, which lies below the horizontal 

line, signifying division. In this sense the 
denominator is not necessarily a number, but 
may be any expression, either positive or 
negative, real or imaginary. 

The denominator of a decimal fraction is 
generally suppressed, and its value is indi
cated by means of the decimal point, and is 
always equal to 1 followed by as many O's as 
there are places of figures immediately fol
lowing the decimal point; thus, the denomi
nator of the decimal fraction .0076 is 10,000, 
See Decimal. 

D E - P i R T a J R E . [L. de, from, and partit,, 
to separate]. In Surveying, the departure of 
a course is the distance between two meridi
ans drawn through its extremities. Thus, if 
A B represent a course, N S and B E meridians drawn through 
its extremities, then 
is A E equal to the 
departure. In plane 
surveying, on ac
count of the short
ness of the courses 
in comparison with 
the radius of the 
earth, w e may re-

N 
c 
c 

W -
A. 

S 

n 

—/T 1 

-̂ E 

gard the two meridians N S and B E as par
allel. . If w e designate the bearing N A B of 
the course A B , by ,̂ the length A B by I, 
and the departure by d, w e shall have from 
the right angled triangle A B E , the formula 

d = 1 sin f. 
This formula may he used in computing a 

table of latitudes and .departures. See Trav
erse Table. The departure of a course is 
always equal to the double meridian distance 
of the middle point of the course when 
referred to the meridian through the extrem
ity. If the course makes Easting, the depar
ture is regarded as positive; if Westing, it is 
negative. 

Departure of a Course, in Navigation, is 
the distance between the meridians through 
the extremities of the course, expressed in 
degrees. Let P represent the Pole of the 
earth, E Q an are of the Equator, A B a course 
supposed to he an arc of a great circle, PB 
and P E meridians through its extremity; 
then is E Q the departure expressed in degrees. 
In this case the departure is equal to the 
difference of longitude of the extreme poinlJ 
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of the course. Iu 
the spherical triangle 
BPA. it is plain that 
from the latitudes of 
the points A and B, 
and their difference 
of longitude, w e may 
compute the length 
A B of the course. If 
we know their lati
tudes and the length 

we divide both members of tho given equation 
by x" — 4, wc shall find for the depressed 
equation 

x' - 3x" - 3x + 15 = 0, 
In like manner, any equation of this kind 

may be depressed. 
3, -A reciprocal equation, that is, one in 

which one root is the reciprocal of another, 
; may be depressed. 

Every reciprocal equation may be reduced 
lo the form of the course, we may compute their difference 11" + Px"-' + Qx"-' -\— + Qx' + Fx + 1 = 0, 

of longitudes. For a more complete discus
sion of this subject, see Navigation. 
DE-FRES'SION. [L. de, from, andpremo, 

to press]. Depression of equations iu alge
bra is the operation of reducing the degree 
of an equation. This is effected by dividing 
both members by a divisor that will divide 
them without a reraa'mder, and the operation 
depends upon the principle that if a is a root 
of an equation, the second member of which 
is 0, then will the first member be dirisible by 
the unknown quantity minus a. If we know 
one or more roots of au equation, its degree 
may be diminished by as many units as there 
are known roots, by continually dividing both 
members by the corresponding binomial 
factors. 

An equation may always be depressed to 
one of a lower degree in either of the follow
ing cases. 

1st. W h e n the equation contains equal 
roots; for the manner of effecting the opera
tion in this case, see Equal Roots. 

2. AA'hen two of the roots are numerically 
equal, with contrary signs, as + a and — a. 
Ijct us suppose that we know that the 

equation 
x' - 3x* - 17x" + 27x" + 52x - 60 = 0 (1) 
has two roots equal with contrary signs. 
Then, we may, without destroying the equal
ity, change + x into — x, which gives the 
equation 
- x» - 3x* + 17x= + 27x" - 52x - 60 = 0 ; 
or, 
x> + 3x* - 17x" - 27x» +52x + 60 = 0 (2). 
If we apply the process for finding the 

greatest common divisor to the first members 
of equations (1) and (2), we shaU find that 
they have one, x' — 4, which, placed equal 
to 0, gives X = + 2, and x = — 2; if 

in which the co-efficients of terms equally dis
tant frora the extremes of the first member, 
aro numerically equal. Conversely, every 
equation of this form, or which can be re
duced to this form, is a reciprocal equation. 

In the first place, if m is odd and the last 
term is + 1 or — 1, it may be reduced to a 
reciprocal equation of an even degree by di
viding both members by x + 1 or x — 1, as 
the case may be. 

If 771 is even and equal to 277, we first divide 
both members by x", and then substitute for 
X + —, a new unknown quantity y, the re
sulting equation in y will be of the 7i"' degree 
only. 

For example, let the reciprocal equation be 
x» - Ox* + Sx̂ " + 5x" - 6x + 1 = 0. 

Dividing both members of the equation by 
X + 1, we have the reciprocal equation 

X* - 7x" + 12x" - 7x + 1 = 0. 
Dividing both members of the last equation 
by x", and arranging, 

+ i-'(-i) + 12 = 0, 

in which, if we substitute y for x -|- —, and 
X 

reduce, we shall find 
y" - 7y + 10 = 0, 

which may be solved ; therefore, all the roots 
of the given equation of the fifth degree may 
be determined. 
Depression of the Visible Horizon : or, 

Dip of the Horizon. The angle of depres
sion included between a horizontal line and a 
line drawn through the eye, tangent to the 
surface of the earth. 

Let P Q represent a vertical section of the 
earth's surface, E the position of the eye, 
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E H a horizontal line, and E D a line through 
the eye, taugent to P Q ; then is the angle of 
lepression, D E H , called the depression or dip 

of the horizon. This angle wiU evidently 
depend for its value upon the radius O P of 
the earth, and the height E R of the eye 
above the earth's surface. In the right-
angled triangle E O P , since E O is perpen
dicular to E H , and O P perpendicular to ED, 
the angle E O P is equal to the dip. 
Designating the height of the eye above 

the surface of the earth by h, and tbe radius 
by, R, we have the hypothenuse O E equal to 
R -\- h, and from the, principles for solving 
right-angled triangles, we have the following 
formula : 

R 
cos E O P : R-i- h' 

from whicti, by substitutingfor R its constant 
value, and for h different values from 1 foot 
upwards, a table maybe computed. The fol
lowing table exhibits the dip for different 
heights of the eye frora 1 to 100 feet. 

w t 

1 
2 
3 
4 
5 
0 
7 
8 
9 
10 
11 
12 

Dip 

0' 58" 
1 21 
1 40 
1 56 
2 9 
2 21 
2 33 
2 44 
2 53 
3 2 
3 10 
3 19 

^'Z 
to,S W £• 

13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

Dip 

3' 27" 
3 36 
3 42 
3 50 
3 57 
4 4 
4 11 
4 17 
4 23 
4 30 
4 36 
4 42 

1.5 
W£-

26 
28 
30 
35 
40 
45 
50 
60 
70 
80 
90 
100 

Dip 

4' 52" 
5 5 
5 15 
5 39 
6 4 
6 27 
6 46 
7 25 
8 1 
8 34 
9 6 
9 35 

The above table is principally of use in 
making observations at sea. In consequence 
of the depression of the visible horizon, due 

to the elevation of the eye above the surface 
of the sea, it follows that all angles of eleva
tion, ref"erred to the sea horizon, will bo too 
great by the dip ; hence, every such measured 
angle must be diminished by the value of the 
dip taken from the above table. 

The following practical rule affords a very 
good approximate value for the dip : " Take 
ihe square root of the number of feet which the 
eye is above the surface, and multiply the result 
by 1.063; the product mil express the number 
of minutes in ihe dip." 
The actual dip observed is less than that 

given by the formula by about -Ĵ  of the the
oretical dip; this is again afi'ected by the 
temperature of the sea; when the sea is 
warmer than the air, the dip is greater than 
the theoretical value, and when it is colder 
the reverse obtains. 

DER-1-Va'TION.- [L. derivatio, deriva
tion]. The operation of deducing one function 
from another according to some fixed law, 
called the law of derivation. 

'The operations of differentiation and inte
gration are examples of derivation. The 
function operated upon is eaUed the prirnitive 
function, and the resulting function is called 
the derivative or derived function. 

The general method of derivations has for 
its object the discovery of the law of rela
tion between primitive and derived functions. 
Arbogast has investigated the general sub
ject of derivations as a separate branch of 
analysis, and has treated it at some length 
under the name of Calculus of Derivations. 

Derivations, Calculus of. A name given 
by Arbogast to a method of developing func
tions into a series, by the aid of certain gen
eral formulas deduced frora the principles of 
the Calculus of operations. 

The principle which lies at the bottom of 
the Calculus of derivations is, that if any 
operation be performed upon an expression, 
the form of the result will be entirely inde
pendent of the nature of the expression to 
be operated upon. 

The binomial formula, as an iUustration of 
this principle, is, 

(x + a)"* = x"* + Tnax""-* 

+ 771- 1 - a"x»'-" + &c. • . 

in which each term is derived from the pre-
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ceding, in accordance with a fixed law, that 
remains the same whatever may be the iia-
(ure of the expressions a, x and 7H, 
Another principle is. that all symbols of 

operation are distributive ; that is, when an 
expression is to be operated upon by several 
different processes, it is entirely immaterial 
in what order the operations are to be per
formed. -As a familiar exsuuple of this prin
ciple, w e may instance the fact that if a given 
expression x is to be multiplied by 771. and the 
result divided by n, it is entirely immaterial 
whether wc multiply the expression x by 771, 
and divide the result by 77, or we divide the 
expression by n and multiply the result by m, 
or finaUy conceive both operations to be per
formed together. 
In the Calculus many instances of this 

distributive nature of symbols of operation 
occur. 
Thus, if an expression has to he differen

tiated, and the integral of the result taken, 
tbe sarae effect raay be produced by integra
ting the expression and then taking the differ
ential of the result. 

Also, if an expression is to be differentia
ted, first with respect to one variable, and 
that result differentiated with respect to a 
second variable, we may, without affecting the 
final result, difierentiate first with respect to 
the second variable, and then differentiate the 
result with respect to the first variable ; thuS; 

commencing at the 0 power, tho first term of 
tho series is always «'", and tho second term 
is always of the form 77iax"'-'; the co-efficient 
of tho second terra is found by multiplying 
the first terra by the exponent of a in that 
terra, and then diminishing the exponent of 
a by 1 in the product. Let D be assuraed to 
denote this operation ; then will Da'^ denote 
77iffi°̂ ', Da"-^ will denote (771— Ija"'-', JDa—" 
will denote —tiffi—"—', and so on. D'a^' de
notes that tho operation is to bo performed 
twice in succession upon a"', or 

D'a"' = 7)1(771 — l)a"'-", 
and in like manner 

D'ffi"" = 77! (m — 1) (771 — 2)tt'»-'̂ , 
and generally, 
D»a'»=?n (771-1) (777-2) im-n-\-l)a--^. 

The formula for development will then be
come 

(ffi + x)"* = a" 

D'a-" 
-i x" 
^ 1,2,3 ^ 

D'am 
• Da^x -) r-^ x" 

+ 
D-'a 

&c. 

•$)_'(£} 
dx dy 

Instances of this principle occur in every 
branch of mathematics ; indeed, every com
bination of symbols of pure operation must 
necessarily be distributive. 

One great advantage of Arbogast's raethod 
of development, is the system of notation 
employed. In this respect he has extended 
and generalized the methods before employed 
in particular cases. As an example of his 
system of notation, we may instance his indi
cated method of developing the expression 
(a + xy». X'ow whatever operation may be 
indicated by m, that is, whether m is positive, 
negative, entire, fractional, real or imaginary, 
the form of the resulting development will be 
the same. The terms of the series will in
volve the successive integral powers of x • 

1.2,3,71 
By means of this system of notation M. 

Arbogast deduces a general formula for the 
development of 

/(a + 4x + ex" + - - • + sx» + - - •), 
in which / denotes any function whatever-
I AA'hen the indicated operations are actually 
to be performed, he shows how to deduce the 
CD-efficients in a simple manner, in terras of 
the constants which enter the given func
tions. 

H e next deduces the general form of the 
development of any functions of two ormore 
polynomials arranged with reference to tho 
ascending powers of a single variable, and 
consequently deduces a method of finding 
the form of the product of two or more scries 
arranged with reference to the same variable. 

H e finaUy shows the forra of the develop
ment of any function of two or more poly
nomials arranged with reference to the as
cending powers of two or more variables. 

The application of these principles serves 
to simplify the investigations to be made in 
discussing the theory of equations, the form 
and nature of series, tho doctrine of chance, 
of multiple arcs, the reversion of series, &c. 

DE-RiVED' P O L Y N O M I A L . In Alge-
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bra, a polynoraial which is derived from a 
given polynomial which is a function of one 
unknown quantity, as x, by multiplying each 
term by the exponent of the unknown quantity 
in that term, diminishing the exponent of ihe 
unknown quantity in the product by 1, arid 
taking the algebraic sum of the results. 

Thus, the derived polynomial of 
x" + 4x* + 3x" + 2x + 1 is 
fix* + 16x" + 6x + 2 - -

It is plain that derived polynomials are 
nothing else than differential co-efficients, as 
explained in Calculus. In Algebra, the only 
polynomials considered, are those which are 
entire functions of x; that is, those in which 
the exponent of the unknown quantity in 
each term is a whole number. 
- The second derived polynomial of a given 
polynomial, is the derived polynomial of the 
first derived polynomial. 

The third derived polynomial, is the derived 
polynomial of the second derived polynomial. 
and so on. 

The derived polynomials, taken in their 
order, are called successive derived polynomials. 
Their number is equal to the highest expo
nent of the unknown quantity iu any one 
term. 
In the case already considered, we have 

the successive derived polynomials as follows"; 
x' + 4x* + 3x" + 2x + 1 . . given polynomial. 
5x* + Ifix" + 6x + 3 1st derived polynomial. 
20x" + 48x" + 6 ... 2d " 
60x" + 96x 3d " " 
120x + 96 4th " 
120 .. : 5th " 
AA'hen the co-efficient of the highest power 

of the unknown quantity is 1, the last de
rived polynomial consists of but a single 
term, and is equal to the continued product 
of the natural numbers from 1 up to this 
exponent inclusively. In the case taken, we 
have 120 = 1 - 2 - 3 - 4 - 5, as is evident. 

If the given polynomial is placed equal to 
0, and then resolved into its binomial factors 
of the first degree with respect to the un
known quantity, then wiU the first derived 
polynomial be equal to the algebraic sum of 
the quotients obtained by dividing the given 
polynomial by each of these factors: that is, 
if wo designate the given polynomial by X, 

its binomial factors, supposed to be m in 
number, by x — a, x — 4, x — c . . . x — l, 
and the successive derived polynomials by Y, 
Z, W , V, &c,, we shall have 

X X X X 
Y = + 7 + + • • + -^,. 

X — a X — 4 X — c x — l 
The second derived polynomial divided by 

1-2, is equal to the sum of the quotients 
obtained by dividing the given polynomial by 
all the different products of the binomial fac
tors, taken in sets of 2 ; that is, 
Z ^ + ^ I - 2 

+ • 

(x — ffi) (x -
X 

-b) 

+ 

(x — a) (x — c) 
X 

(x-4)(x-c) • • ' (x-k)ix-l) 
In like manner, we shall have the equations 

W X 
-2-3 

X 

(X — a) (x -

. + ••^1 

4)(x-c) 

X 

+ 

(x—a)(x—4)(x—d) ' ' '" (X—/i)(x-i)(x-0' 

and so on for the remaining successive de
rived polynomials. 

DE-SCEND'ING SERIES. [L. de, from, 
and scando, to climb]. A series is descending, 
when each term is numerically less than the 
preceding one: thus, the progression 

8 . 4 2 : 1 : &c,, 
is a descending series. 

DE-SCRIBE'. [L, de, from, and seribo, to 
write]. To delineate or mark the form of a 
figure. In Geometry, the term describe is 
used as nearly synonymous with construct: 
thus, to describe a circle, is the same as to 
construct a circle, and so on, 

DE-SCRiB'ENT. In Geometry, is the 
same as the generatrix. In case of a line, 
the describent is a point; and of a surface, 
it is a line. See Generatrix. 

DE-SCRIP'TiVE G E O M E T R Y . That 
branch of geometry which has for its object 
the graphic solution of all problems involving 
three dimensions, by means of projections 
upon auxUiary planes. T w o auxiliary planes 
are usually employed, called planes of projec
tion. The one is taken horizontal, and is 
called the horizontal plane of projection; the 
other is for convenience taken vertical, and 
called the vertical plane of projection; the 
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intersection of these planes is called the 
ground iitu. B y their intersection, the planes 
of projection form four diedral angles, which 
are numbered as follows : tho first lies above 
the horizontal, and in front of the vertical 
plane; the second lies above the horizontal, 
and behind the vertical plane ; the third lies 
directly below the second ; and the fourth di-
rectly below the first. 

In making a drawing upon a sheet of 
paper, according to the method of descriptive 
geometry-, w e take the plane of the paper to 
coincide with the horizontal plane of projec
tion, and conceive that the vertical plane has 
been revoh-ed about tbe ground line until 
that part which lies above the horizontal plane 
shaU have coincided w-ith the part of the 
horizontal plane bevond the ground line. 
Then the projections of all pomts upon the 
vertical plane which fall above the horizontal 
plane wiU, in the revolved position, be found 
above the ground line, and the reverse. 

In this system, points, fines and surfaces 
are given by their projections, two of which 
are, in general, sufficient to fix the position 
of these elements in space. 

The projection of a point upon a plane, is 
the foot of the perpendicular drawn from the 
point to the plane; the perpendicular is called 
the projecting line of the point. If the pro
jection is made upon the vertical plane, it is 
called the vertical projection; if upon the 
horizontal plane, the horizontal projection of 
the point, the projecting lines receive cor
responding names. To show that the two 
projections of a point upon the planes of pro
jection determine the position of the point 
with respect to the planes of projection : Let 
a. perpendicular to the horizontal plane be 
erected through the horizontal projection ; it 
wifi contain the point from the definition of 
a projection ; again let a perpendicular to the 
vertical plane be erected through the vertical 
projection of the point; this wUl also, for a 
like reason, contain the point, and since the 
two straight lines both contain the point, it 
must be found at their point of intersection; 
and since they can intersect in but one point, 
this point will be completely determined with 
respect to the two planes. If n o w w e pass 
a plane through the two projecting lines, it 
wiU be perpendicular to both planes of pro
jection, and to their c o m m o n intersection, 

the ground line. Its intersection with the 
horizontal plane will also ho perpendicular 
to the ground line, and when the vertical 
plane is revolved about this line, to coincide 
with the horizonal plane, the vertical projec
tion of the point will continue in this plane ; 
and after the revolution, tho vertical and 
horizontal projections of the point will both 
be found in the same straight lino perpen
dicular to the ground line. 

The projections of a line are made up of 
the projections of all its points, and since 
the projecting lines of these points, with 
respect to each plane, arc parallel, they make 
up the surface of a plane when the given 
line is straight, and of a cylinder when it is 
curved. Hence, the projection of a line upon 
any plane, is the intersection of the plane 
with a cylindrical surface passed through the 
line, and having its elements perpendicular 
to the plane. If the projection is made upon 
the horizontal plane, it is called the horizon
tal, if upon the vertical plane, it is called 
the vertical projection of the line. 

Since the projections of a point determine 
the position of the point, it follows that the 
projections of a line determine its position 
with respect to the planes of projection. 

.-A surface may bo represented in projection 
in two ways—either by the projection of 
some of its principal elements, or by passing 
a cylinder tangent to or enveloping the sur
face, and whose elements shall be pei-pendi-
cular to the plane of projection ; in this case, 
the intersection of the cylindrical surface with 
the plane of projection gives the contour of 
the projection upon the plane : the enclosed 
area is the projection, and is named from the 
plane upon which it is made. 

B y the aid of these simple conventional 
principles, a great variety of problems m a y 
be solved, which are immediately applicable 
in architecture, sculpture, painting, civil and 
military engineering, fortification. &c. 

AVith reference to the projections of a 
point, it is to he observed, that when the 
point occupies different positions in space, 
with respect to the planes of projection, its 
projections will also have different positions 
with respect to the ground line. 

If the point is in the first angle, its hori
zontal projection will be in front, and its 
vertical projection behind tho ground fine ; as 
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(A, A'), A denoting the horizontal, and A ' the 
vertical projection of the point (1). 

< 

a: 

A 

A 
lA 

'A! 

1 
u 

&) (2) (3) (i) 

If the point is in the second angle, its pro
jections will be situated as in (3). If the 
point is in tho third or fourth angle, its pro
jections will be situated as represented in 
(3) and (4). If it is in the horizontal plane, 
it will be its o w n horizontal projection, and 
its vertical projection will be in the ground 
line. If it is in the vertical plane, it will be 
its o w n vertical projection, and its horizontal 
projection will be in the ground line. If it 
is in the ground line, both projections coin
cide with the point itself 

With respect to lines, it is to be remarked : 
1st. Both projections of a straight line are 

straight lines : if a given straight line be 
parallel to either plane of projection, its pro
jection on that plane wUl be parallel to the 
line itself, and its projection in the other plane 
will be parallel to the ground line. If a 
given straight line is perpendicular to either 
plane of projection, its projection on that 
plane wiU be a point, and its projection on 
the other plane wiU be perpendicular to the 
ground line. If a straight line is parallel to 
the ground line, both projections will be pa
raUel to the ground line : the projection of a 
limited straight line upon either plane, will 
be equal to the line itself w h e n the line is 
parallel to the plane of projection ; in all 
other cases, it will be less than the line. 

2d, A curve line will be projected into 
au equal curve w h e n it is in a plane parallel 
to the plane of projection, and the other pro
jection of the line will be parallel to the 
ground line. The projection of a plane curve 
will be a straight line when the plane of the 
curvo ia perpendicular to the plane of projec
tion, and both projections of a plane curve 
will be straight lines when the plane of the 
curve is perpendicular to the ground line ; in 

that case, the projections of the line do not 
determine its position, since all curves in 
such a plane are projected into the same 
straight line perpendicular to the ground line. 

The art of descriptive geometry, having for 
its object nothing more than the application 
of the principles of mathematics to the solu
tion of a particular class of practical prob
lems, a sufficient degree of accuracy may be 
attained by regarding curved lines as poly
gons having a great m a n y sides, which are 
very small, these polygons being inscribed in 
the curves considered. The greater tho num
ber of points taken, the nearer wiU these 
polygons approach to a coincidence with the 
curves. If the number of points be greater 
than any assignable number, the polygons 
will differ from the curves in no sensible de
gree. In like manner, curved surfaces, are 
regarded as inscribed polyhedral surfaces, 
which approximate more or less closely to 
the surface in question, as the number of 
faces is increased. If the number of faces, 
be regarded as infinite, the polyhedral sur
faces wUl differ from the one considered in no 
sensible degree. 

In this point of view, we regard the pro
longation of one of the sides of the polygon 
as a tangent to the line, and the prolongation 
of one of the plane faces of the polyhedral 
surface as a tangent plane to the surface. 

For the purposes of definition, w e regard 
the points in the former case as very- near to 
each other, and in the latter case w e consider 
the polyhedral faces very smaU. 

Hence the following definitions : A tangent 
line to a curve is a straight line, which passes 
through two consecutive points of the curve. 
A tangent plane to a surface is a plane which 
has at least one point in common with ihe sur
face, through which, if any secant planes he 
passed, ihe straight line cut from ihe plane will 
be tangent to the curve cut from the surface. 

If a curve is hi a plane, the tangent at any 
point of it will lie wholly in that plane. If 
two curves have two consecutive points in 
common, they aro tangent to each other at 
the first point; for, a straight line through 
these consecutive points is tangent to both at 
the common point. If two lines aro tangent, 
their projections are tangent; for, the pro
jections of the common consecutive points 
will be consecutive, and will be found at.tha 
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8.ime time in the projections of both curves. 
In descriptive geometry, lines are divided 
into three classes, 

1st, S:ra!oht fines, which do not change 
their directions between anv two of their 
points, 

2d. t?urves of single curvature, or curves 
aU of whose points lie in the same plane ; and, 

3d. Curves of double curvature, or curves 
all of w liose points do not lie in the same 
plane. In a curve of d>-̂ uble cur\-ature. a 
plane may be passed through any three points, 
whether consecutive or not, but four con
secutive points cannot lie in the same plane. 

Curves are re<:arded as being generated by 
points, moving accordinir to so:iie fixed law. 
or as resulting from the intersection of sur
faces which are generated by a line, either 
straight or curved, moving according to some 
fixed law. 

In generating a surface, by moving a fine, 
several cases may occur ; this gives rise to 
the classification of surf'aces as f'ullows : 

1st. Pl.̂ .vi-: Suri-.\oes. which may be gen
erated by a siraiiilit line, moving iu such a 
manner as to touch a given straight line, and 
continue parallel to its first position. 

2d. Single Curved .Surfaces, w-hich may 
be generated by a straight line, moving in 
such a manner that its consecutive positions 
shall lie in the same plane. 

3d. Double Curved Surf.vces, which can 
only be generated by a curv-ed line ; and, 

4th. AA'arped Surfaces, which may be 
generated by a straight line, moving in such 
a manner that its consecutive positions shall 
not lie in the same plane. 

In the generation of surfaces, the moving 
line is called the generatrix, the lines which 
it constantly touches are called directrices, 
and any position of the moving fine is caUed 
an element of the surface. 

The problems usually referred to descrip
tive geometry, may be included under one of 
the following heads : 

1st. To pass a plane tangent to a surface, 
or to draw a tangent to a curve. 

2d. To find the line of intersection of two 
surfaces ; and, 

3d. To develop a surface upon a plane. 
The general problem of passing a plane 

tangent to a given surface, at a given point, 
may be solved as foUows : 

I Through the given point pass two planes, 
! which shall cut from the surface two lines in
tersecting each other at the given point; 
draw straight lines tangent to the curves of 
intersection at the given point, and through 
them pass a plane : it will bo the tangent 
plane required. The lamrcnt lines may be 
constructed by any of the methods described 
in practical gconiclrv. 

To find the line of intersection of two sur-
l":iccs. we pass auxiliary surfaces intersecting 
the given surfaces ; each auxiliary surface 
will cut the given surfaces in lines, and the 
points in which these lines intersect, will be 
points of the required curve. The auxiliary 
surfaces are to be chosen in such a manner, 
that the Imes cut from the given surfaces 
shall be the simplest elements possible. The 
right line is the simplest element, then the 
circle, and after these the conic sections. 

If it is required to draw a tangent line to 
tbe curve of intersection of two surfaces, at 
any point, it may be done as follows : 

Pass two planes, ono tangent to each sur
face at the common point; their intersection 
wUl be tangent to tbe line of intersection at 
the given point. 

To develop any surface on a plane : X^o 
surface can he developed on a plane, unless 
it belong to the class of single curved sur
faces ; for, if it is a warped surface, w e 
know, by definition, that no two consecutive 
elements can be made to lie in the same 
plane : therefore, it cannot be developed or 
rolled out upon a plane surface. If a double 
curved surface be laid upon a plane, it wUI 
only touch it in a point, as in the case of a 
sphere ; and if it be rolled along the succes
sive points of contact, will trace out a lino 
upon the plane. In the case of a single 
curved surface, however, if it be laid upon a 
plane, two consecutive elements will he in the 
plane ; and if the surface be rolled along as 
each preceding element is lifted out from the 
plane, a succeeding one is brought into it, 
and so on. Finally, after every element of 
the surface to ho developed has touched the 
plane, the portion of the plane touched is 
equal in area to the surface, and is called the 
development of the surface. 

The surfaces which can be developed in 
this way are conical surfaces, cylindrical sur
faces, and a third class of single curved sur-
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faces, which may be generated by moving a 
straight line in such a manner as to remain 
constantly tangent to a curve of double curv
ature. 
, To develop a conic surface, we first sup
pose a sphere to be described, whose centre 
is at the vertex of the cone : then, if the 
cone be laid upon a plane, the intersection of 
the sphere and cone will develop into a circle 
whose radius is equal to that of the sphere : 
the points in which any element of the cone 
intersects this hi development, may be easily 
found, and therefore, the developed position 
of that clement drawn; having its position, 
its length is next found and laid oft'; the line 

uniting the extremities A, E, F, G, D, of 
these lines is the development of the base, 
and the area O C D is the development of the 
surface. 

In order to develop tho surface of a cylin
der, we conceive it to be intersected by a 
plane perpendicular to its elements : then, if 
the cylinder bo laid upon a plane, and rolled 
over, the intersection of the cutting plane 
and cylinder will develop into a straight line 
AB, and the poiut in which it cuts any ele

ment may be found. Through this point 
draw a straight line, and on it measure a dis
tance, each way equal to the distance from the 
point to each base : the line thus constructed 
will be the developed position of one element. 

Playing found a sufficient number of devel 
oped elements, draw the lines C D and EP 
through their extremities, and these, together 
with the extreme elements, will limit tho de
velopment of the surface. The development 
of the third class of single curved surfaces is 
more difficult and of less practical importance 
than those which we have considered. See 
Development of Surfaces. 

The principles of Descriptive Geometry 
are of immediate appUcation in the subjects 
of Shades, Shadows and Perspective, Spheri
cal Projections, and Stone-cutting,—which 
see. 

DE-SiGN'. [L. dc, from, and signo, to seal 
or stamp]. A term which is sometimes, 
though improperly, used as synonymous with 
drawing. Design is the mental concep
tion of the artist of any particular subject, 
and an expression of the conception may take 
place through the medium of a drawing, of 
a piece of statuary, or in any other work of 
art. 

The arts which are generally called arts of 
design, arc painting, sculpture, and architec
ture. 

DE-TERM'IN-ATE. [L. determinalus, 
limited]. That which has limits. In opposi
tion to that which is without limits. 

Determinate Equation. One which ad 
raits of a finite number of solutions. Every 
equation which contains but one unknown 
quantity, and which is not identical, is deter
minate. 

If a group of equations be independent of 
each other, and equal in number to the num
ber of unknown quantities which they con
tain, the group is determinate, and there will 
be but a finite number of sets of values for 
the unknown quantities. 

Determinate Gecmetey. That branch of 
geometry which has for its object the solu
tion of determinate problems. The solhtion 
is usually efi'ected by means of algebraical 
analysis. See Analytical Geometry. 

Determin.,vte Problems Those which ad
mit of a finite number of solutions. In every 
determinate problenl, the given conditions de
termine the number, and afford the means of 
finding the required parts. 
Determinate problems may usually 1 e solved 

analytically by the following rule : 
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CoHceire the problem solved, and draw a 
ligare whose parts shall rcipcaiveh/ represent 
Ihe given and required parts of the problem. 
Draw such oiher tines as may be required to 
cstdl'lish the relations between the known and 
required parts; denote the known parts by the 
Iciding letters of the alphabet, and the required 
parts cy the final letters ; consider the relations 
between Ihe known and unknown parts, and ex-
vress these relations by means of equations, of 
u'AicA there must be as many as there are re
quired pa'ts; combine the equations, and find 
the values of the unknown quantities; construct 
these values, aiul the problem is solved. See 
Application of Algebra to Geometry. 

Deter.min'ate Quantity. One which ad
mits of but a finite number of values. 
Thus, in an equation containing but one un
known quantity, that quantity is said to be 
determinate. 

DE-A'EL'OP. [Fr. developper, to unfold]. 
In algebraic language, to develop an expres
sion is to change its form by the execution 
of certain indicated operations, withoutehaug-
ing the value of the expression. Thus, in 
the equation, 

(x + a)" = i" + 3ax" + 3a"x + a" ; 
the first member is the indicated cube of 
X + a, and tbe second member is its .develop
ment. 

The term development often implies that 
the equivalent? expression is a series having 
an infinite number of tenns ; in this case a 
finite number of terms can only approximate 
to the true development. 

Development of an Expression. A n 
equivalent expression, in which certain indi
cated operations have been performed. 

The form of the development will depend 
in a great measure upon the nature of the 
indicated operation, and it maybe finite, or it 
may be infinite in extent. By far the greater 
part of algebraical developments have an in
finite number of terms, in which case a few 
of the leading terms, together with the law 
of the development, are sufficient to deter
mine the series to any desired extent. 

A great many developments may be made 
by means of Taylor's and McLaurin's for
mulas, which see. 
Development of a Surface. If a single 

curved surface be rolled upon a plane till 
every element comes in contact with the 
plane, that portion of it which is touched is 
called the development of tho curved surface. 
See Descriptive Geometry. 

Dl-A-CAUS'TIC C U R V E . [Gr. 6taKaiu, 
to burn or inflame]. 

If A B represent a section of tho surface of a 
refracting medium, R the radiant point, R A , 
R C , R D , &c., rays of light incident upon the 

surface, and A E , C F , D G , &c., refracted 
rays, then is the curve which is tangent to 
all the refracted rays a diacaustic curve. The 
section is supposed to be taken through the 
radiant and the centre of the deviating sur
face. 

Di-AG'O-NAL. [Gr. Siayavio^, from Uta, 
and ymna, a corner]. In Geometry, a diago
nal is a straight line joining the vertices ot 
two angles of a polygon, which are not ad
jacent. In the poly
gon A B O D E , the Unes 
A C and A D are dia-.B 
gonals. If two sides 
which are not adja
cent he prolonged till 
they meet, and their 
point of intersection 
he joined with a vertex not adjacent, this line 
is often called a diagonal, for it is found to 
possess all the mathematical properties of a 
diagonal. 

Diagonals of quadrUaterals : 
1. In any quadrilateral the sum of the 

squares of the two J3__ 
diagonals is equi
valent to the sum 
of the squares of 
the four sides di
minished by four 
tiraes the square -̂  -" 
of the line joining the raiddle points of i-ha 
diagonals ; that is, 

AC" + BD" o AB" + BC" + CD= 
+ DA' - 4EF". 
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If the quadrilateral is a parallelogram, the 
last term is equal to zero. 

2. In any qua- 1" 
drilateral inscrib
ed in a circle, the 
rectangle of the 
two diagonals is 
equivalent to the a \ 
sum of the rec
tangle of the op
posite sides taken •ĵ '"- "q 
two and two ; that is, 
AC X B D o A B X DC + AD X BC. 

If the quadrilateral is a parallelogram, it 
must necessarily be a rectangle ; the diago
nals wiU be equal, and, w e shall have the 
square of either diagonal equal to the sum of 
the squares of either two adjacent sides, 

3. In any parallelogram, either diagonal 
divides the figure into two equal triangles, 
and the two diagonals mutually bisect each 
other. 

4. In any parallelogram, a straight line 
through the middlepoint of either diagonal, di
vides the paraUelogram into two equal parts. 

5, If through any point E of the diagonal 
of a'parallelogram A C , parallels be drawn to 
the sides of the parallelogram, forming the 
two parallelograms P and Q, these are caUed 
complementary parallelograms about tbe diago
nal, and are always equivalent to each other. 

6. The diagonal of a square is incommen
surable with its side. 

7. In any trapezoid the sum of the squares 
of ,the two diagonals is twice the sum of the 
squares of the lines which bisect the opposite 
sides, taken two and two. 

A diagonal of a polyhedron is any straight 
line joining the vertices of any two polyhe
dral angles, which do not lie in the same 
face. 

J77 perspective, a diagonal is any horizontal 
line which makes an angle of 45° with the 
perspective plane. T w o diagonals may be 
drawn through any point in space, and, on 

account of the ease with which their per
spectives raay he constructed, they are ol 
much use in finding the perspective of points. 
See Perspective. 

Diagonal Scale. See Scale 
D i A - G R A M . [Gi-^laypapfia]. A drawing 

or pictorial delineation, made for the purpose 
of demonstrating or illustrating some pro
perty of a geometrical figure. 
Di'AL. [L. dies, a day]. An instrument 
for determining the hour of the day, by means 
of a shadow cast by the sun. 

In the construction of a sun-dial, the ob
ject is to find the angular distance of the sun 
frora the meridian of the place at any in
stant, and thence to determine the hour. 

In the construction of dials, the sun's ap
parent motion is supposed to be uniform 
throughout the day, and to take place iu a 
circle whose plane is parallel to the equator: 
neither of these suppositions is strictly cor
rect ; but for aU the purposes of dialing, they 
are both sufficiently so, as they afford results 
sufficiently accurate for ordinary purposes. 

The surfaces upon which dials are con
structed, may vary infinitely in shape and 
position, giving rise to a great number of 
constructions, but the same geometrical prin
ciple runs through them all. 

If a dial is constructed upon a horizontal 
plane, it is called a horizontal dial. Such a 
dial shows fhe hours from sunrise to sunset. 

If it is constructed upon the plane of the 
prime vertical, that is, on a vertical plane per
pendicular to the meridian, it is caUed an 
erect vertical dial, and shows the hours from 
6 o'clock in the morning to 6 o'clock in fhe 
evening. 

If it is constructed upon any other vertical 
plane, it is called a vertical declined dial, and 
the limits between which it shows the hours 
will depend upon its inclination to the meri
dian. If it coincides with the plane of the 
meridian and faces the east, it is called an 
cast dial, and shows the hours from sunrise 
to 12 o'clock. If it faces the west, it is 
called a west dial, and shows the hours from 
12 o'clock till sunset. 

If the dial is constructed upon a plane 
which is perpendicular to the plane of the 
meridian, but not vertical, it is called an in
clined dial. 
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If it is constructed upon a plane which is 
neither perpendicular to the meridian nor to 
the horizon, it is said to be deinelined. Such 
dials are rare, and of very little importance. 

Amongst inclined dials may be distinguish
ed ihe polar did', whose plane is parallel to 
the axis. 

AA'e shall only indicate some of the most 
useful constructions, referring the reader to 
more extended treatises for a complete ac
count of the art of dialing. 

If w e conceive twelve planes to be passed 
through the axis of the earth, making equal 
angles w-ith each other, they will divide the 
surface into twenty-four equal lunes. The 
curves of intersection of these planes with 
the surface of the earth, are called hour eir-
•.les, for the sun occupies just an hour in 
passing over the space betw-een each two. 
AVe shall consider one of these circles as 
pass"ing through the place where the dial is 
to be constructed, and suppose the meridians 
or hour circles starting from this one, and 
going around towards the west, and num
bered 1. 2, 3, & c , up to 12. which will cor
respond to the lower meridian of the -place ; 
commencing again at this meridian, and num
bering as before, 1, 2, 3, &c.', to 12, w e shall 
arrive at the meridian from which w e set oiit. 

If n o w w e conceive a plane to be passed 
through the centre of the earth parallel to the 
sensible horizon of the place, it will intersect 
the meridian planes in 24 straight lines con
curring at the centre, each of which must 
bear the sarae number as the corresponding 
hour circle. If n o w the upper half of the 
sphere be removed, the axis, supposed a ma
terial line, only remaining, it is evident that 
the shadow of this axis will be successively 
projected upon the lines marked 1, 2, 3, &c,, 
at the hours of the day corresponding to the 
respective numbers. This is, then, a sun
dial placed at the centre of the earth; the 
axis, in this case, is called the style, and the 
lines are hour-lines. 

X'ow, the dimensions of the earth are so 
small in comparison with the distance of the 
sun from it, that they may be disregarded. 
15 therefore, through the place on the earth's 
surface, w e erect a style parallel to the axis, 
and draw lines parallel to the hour-lines 
already considered, w e shall have a horizontal 
dial. \ 12 

It is evident from the same considerations 
th.at a sun-dial m;iy be transported lo any 
point of the same meridian, provided all its 
parts are disposed iu positions parallel to 
their primitive positions. 

In this case, tbe ditd will, for every other 
point of the meridian, be an inclined dial. 
AA'e may also revolve the whole dial about the 
axis of the eartii as an axis without change ; 
hence, all dials of ooual inclination are the 
same for every point in the same parallel of 
latitude. It is to be observed that the con
struction explained wiU fail at tho equator. 
In that position the style is horizontal, and the 
hour-lines are parallel to it. -At the poles, 
the style of a horizontal dial is vertical, and 
tbe hour-lines make equal angles with each 
other. 

If it is desirable to construct u dial upon 
any oblique plane, w e conceive a parallel 
plane through the centre of the earth, cut
ting the meridian planes instead of the hori
zontal plane first passed, and proceed as be
fore. If w e wish to construct a dial upon a 
curved surface, w e conceive a curved surface 
passing through the centre of the earth con
centric with the given surface ; the auxiliary 
hour-lines will be curved, and the correspond
ing hour-lines upon the dial must be drawn 
concentric with thera. 

It is sufficient to reraark, that, if w e wish 
the dial to indicate half-hours, quarter-hours, 
&c., the number of meridian planes consi
dered must be doubled, quadrupled, &c. 
Hour-planes are distant fro.m each other 15° ; 
hence, half-hour planes are at a distance from 
each other of 7° 30', and quarter-hour phmes 
at a distance of 3° 45', dec. 

The style which is employed may be a 
slender metallic rod, or it may consist of a 
thin plate of metal, generally of a triangular 
shape, and terminating at one edge in a 
smooth and sharply defined line. If a dial is 
to be constructed on a horizontal plane, the 
line indicating 12 o'clock must coincide ex
actly with the meridian. If the dial is to be 
constructed upon a vertical wall, the 12 o'clock 
line will be vertical. 

To investigate a formula which shall indi
cate the method of constructing a horizontal 
dial. 

Let S E represent the style, S A the 12 
o'clock line, A S V the plane of the dial, and 
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SA'" the shadow cast upon the dial-plate by 
the style any number of hours before or after 
twelve o'clock. If S he assumed as the cen

tre of a sphere whose radius is 1, the several 
planes A S E , A S V , and S E V , will cut from 
the surface a spherical triangle E V A , in 
which w e know the side E A equal to the 
latitude of the place; the angle V E A equal 
to the hour-angle from 12 o'clock, expressed 
in degrees at the rate of 15° to an hour ; 
and the right angle E A V . If now w e de
note the latitude by 1, the hour-angle by p 
and tho required arc A V , which measures 
the angle A S V , by x, w e shall have from the 
rules for solving spherical triangles 

tan X = sin I tan p - • - • (1). 
To find the anglS'x corresponding to 1 o'clock 
or 11 o'clock, make y = 15° and e equal to 
the latitude of the place. If now w e succes
sively attribute to p different values cor
responding to different hours from 0 up to 7. 
8, or any other limit, the corresponding 
angles may be computed by the formula, and 
being laid off and numbered as in the dia
gram, the dial-plate will be constructed. 
This is to be 
placed perfectly 
horizontal, and so 
that the line N S 
may be exactly in 
the meridian; the 
style is to be at
tached so as to 
pass through the 
point O, and making with the line N S an 
angle equal to the latitude of the place, being 
at the same time in a vertical plane through N S , 

If it be required 
to construct a dial 
upon a vertical 

wall, perpendicu
lar to theraeridian, 
formuIa(l)wiU re
duce to 
tan X = tan y cos Z, 
and the several 
hour-lines may be constructed as already ex-
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plained. In this case, the 12 o'clock fine is 
perpendicular to the horizon, and the style is to 
be placed in a vortical plane through A B , pass
ing through the point O, and making with 
the vertical wall an angle equal to the com
plement of the latitude. 

If the style is a metallic plate, then two 
parallel lines must be drawn at a distance from 
each other, equal to the thickness of the 
plate between which the shadows will faU at 
12 o'clock. The angles on each side must 
be equal, and laid off from the corresponding 
parallel. 

The hour-lines upon the plate of an erect 
vertical or horizontal died, in the cases already 
considered, admit of an elegant geometrical 
construction. 

For the hour-lines of the horizontal dial: 

With C as a centre, and a radius equal to 1, 
describe an arc of a circle A S B , and through 
C draw A B and C S at right angles to each 
other, and also the fine CD, making the 
angle D C B equal to the latitude I of the place. 
From S and A lay off the arcs S E and AF, 
each equal to p, the hour angle, and draw F/ 
and Ee perpendicular to CS, and also // 

C/' 
perpendicular to C D ; then wiU -^ = tan x. 
For, 
C/ = sinj7, Ce = cos^, andcy = sinpsin/; 
whence, 

p— = tanp sm I = tanx. 

If, therefore, the distance ek be laid off equal 
to C f , and the line CA drawn, CA wiU be 
the hour-line corresponding to the angle p. 

AVe may, therefore, construct the hour-
lines of a horizontal sun-dial as follows: 

Describe a semi-circle P F Q , and divide it 
into arcs of 15° each; draw the line F O per
pendicular to PQ, and draw chords EG, DH, 
C K , <tc,, through the-points of division, at 
equal distances frora P and Q, cutting FO in 
e, d, c, b, &c. Draw the line OP, making 
the angle P O Q equal to the latitude of the 
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place. Through e, d, c, &c,, draw the lines 
«', J.; , iScc. perpendicular to O P . Lay off 

the distances eg = Oa', dh = 04', ck = Oc', 
bl = Od' and am = Oc'; through 0 draw Og-, 
On, OA, 0/, and O m ; on the other side 
of O F draw symmetrical lines, and they will 
he the hour-lines of a horizontal dial. 

If it had been required to construct half 
hour or quarter hour lines, w e should have 
divided the arc P O into parts of 7i° or 3J°, 
and the construction would have been the 
same. 

In order to construct the hour-lines upon 
a vertical dial, whose plane is perpendicular 
to the meridian, we have only to change the 
latitude into its compleraent, and the con
struction will be the same as that already 
described. 

It has been observed that at the equator 
the hour-lines upon a horizontal dial will be 
parallel to each other ; this, with the excep
tion of the horizontal dial at the pole, pre
sents the simplest case of construction. The 
style being parallel to the dial plate, the hour-
lines arc at distances from the 12 o'clock line, 
which are proportional to the tangents of the 
hour angles. 

Draw two straight lines at right angles to 
each other, intersecting at the point 0 where 
the style is to pierce the dial-plate. AVith 0 
as a centre, and any radius OQ, describe a 
X 3g :3gi: I 
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semicircle PoQ, and from the point a in which 
it cuts the perpendicular Oa, lay off arcs ah. 
ax., ad, &c,, equal, respectively, to 15°, 30°, 
45°, &c.; through the point a draw a tangent 

to the circle, and through the points of divi
sion and the centre draw lines till they inter
sect the tangent in tho points 4', c', d', &c, ; 
through the last points draw straight lines 
parallel lo Oa, and they will be the hour-
lines. The hour-lines gradually become more 
and more distant from each other, till finally 
the hour-line of 6 o'clock will be at an infi
nite distance frora Oa ; this dial, therefore, 
can only be used for three or four hourf 
before and after noon. 

The horizontal dial at the pole presents no 
difficulty. The style is vertical, and tho 
hour-lines make angles of 15° with each 
other. 

To deduce formulas for constructing the 
hour-lines upon a vertical declined dial • 

Let SC represent the style ,*; 
parallel to the axis of the earth, 
piercing the dial plane at S ; 
•S.A the intersection of the 
dial plane and the meridian 
plane, which will be a vertical 
line; SB the projection of 
the style upon the dial plane, 
and called the substyle ; S N 
the shadow of the style upon the dial plane 
at any hour corresponding to the hour anirle 
p. Conceive a sphere with its centre at S, 
and a radius 1, to be described ; its intersec
tions with the several planes CSA, CSB, 
CSN, and A.SN, will give the right angled 
spherical triangles C A B and C B N . Denote 
the bide A B by s ; the side B N by :: ; tbe 
side C A by SO' - I; tho side B C by 0 ; the 
angle C A B by a; the angle A C B by u ; .and 
the angle .ACN by p. The rules for solving 
spherical triangles wUl give frora the triangle 
ACB, 
tan s = cot /cosffi(l), sinO = cos Z sin a (2). 

Since I is the latitude of the place, and a 
the angle which the plane of the meridian 
makes with the dial plane, both of which aro 
supposed known, equation (1) will deterrauio 
the angle which the substyle raakes with th.c 
vertical SA, and equation (2) will, with equa
tion (1), fix the position of the style iu space. 
AA'hen the plane of the dial inclines towards 
the east, the substyle will be on the left ot 
the vertical ,SA, and when it inclines to the 
west it will be on the right, the vertical de
clined dial being supposed to face the south; 
if it faces the north the reverse will obtain. 
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To show the method of tracing the hour 
lines, we have, from the triangle A B C 

cot u = sin / tan a • (3) 
In the triangle B C N , right angled at B, we 
have, since the angle at C is equal to p — u, 

tan 2: = sin 6 tan (p — u) • • (4) 
Then, to find the hour-line corresponding 

to the hour angle p, w e first find the constant 
angle u, from equation (3), and by substitu
ting in (4), we get the value of z, which 
determines the hour-line. 

AVe have supposed S N situated on the 
right of the substyle; if this line faUs in the 
angle A S B , we shall have it > p, and z will 
be negative. Finally, if S N faUs to the left 
of SA, u will be negative, and equation (4) 
takes the form 

tan z ~ sin 0 tan (y + a) - (5) 
It is to be observed that if y = «, s will he 

equal to 0, and the shadow will fall upon SA. 
By giving suitable values to a, 1 and p, all 

the hour-lines may be found frcm the above 
equations. 
The following method of tracing the hour-

lines of a vertical declined dial, is given by 
Delambre. In the spherical triangle A C N , 
(last figure), lot the side A C = 90° — I, the 
angle A = a, and A C N = p ; denote, also, 
A N by X, C N by y ; whence, 

cosx = sin 1 cos y + cos / sin y cos pi; 
cos y = sin I cos x + cos I sin x cos a ; 

from which we deduce, by eliminating cos y. cos X (1 — sill" 1) = sin I cos 1 sin x cos a ' 
+ cos 1 sin y cos p 

AVe have, also, -ŷ  
sin y sin p 
sin X • 

sm ffi 
' (7) 

Eliminating sin y, lan 
between equa
tions ^6) and (7), 
and dividing both 
members of the re
sulting equation 
by sin x cos" /, we 
have 
cot X = tan I cos a 

sin a cot» , 
+ H"--(8) 

cos / ^ 
Frora equation 

^8) we deduce the 
foUowing construction: 

(6) 

X4 = m tan I cos a + - (9) 

Draw a horizontal line l̂ L', and through 
S, its middle point, draw a vertical line SA; 
S A will lie in the meridian plane. Denote 
the parts S L and SL' each by 771, and draw 
through L and L' the lines LA and L'A', par
allel to S A ; also draw any horizontal line e'g 
below LI/. 

Let <S4 be any hour-line ; then the angle 
ASb = x; the triangle S L B gives 

Lb = S L cot X ; whence, 
m sin ffi cot j7 

cos I 
Now, for the hour-line of 6 o'clock, p — 90°, 
and 

L a = a = n tan / cos a. 
The line Sa is the hour-line of 6 o'clock m 
the evening, and its prolongation Sa' is the 
hour-luie of 6 o'clock in the morning. Since 
the first term of i4, is a ; the second term 
will express the lengths of ab, ac, ad, &c., or 
the distances from the point a to the pouits 
in which the hour-lines cut the vertical Lh. 
Denoting the general value of these distances 
by tp, wc shall have 

'm sin a cot p 
•P = r-^ (10). 

cos / ^ ' 
By means of formula (10), the different 

values of <j> are computed and laid off from 
a on LA; then, since for the corresponding 
hours in the morning.the value ofy wiUbe 
equal to its value in the evening, we shall 
have a4 = fl'4', ac = a'c', &c., from which 
the hour lines may be constructed. 

By a proper combination of the preceding 
principles, every variety of dial upon a plane 
surface may easily be constructed. 

Sometimes, instead of a style, a disk of 
metal is employed, pierced by a hole, through 
which the fight falls upon the dial plane. In 
this case, we conceive a straight line to be 
drawn through the centre of the hole parallel 
to the axis of the earth; the point in which 
it pierces the dial plane is the centre of the 
dial, and the hour lines are to be constructed 
about this point as though this imaginary 
line were the style. 
Sometimes a narrow slit is made in aplatf, 

so that the light shuiing through it may fall 
upon the dial plane; in this case, the slit is 
to be placed paraUel to the axis of the earth, 
and regarded as a style in all respects. 

To construct the meridian line upon any 



D I AJ C Y C L O P E D L A O P MATHEMA'l'lCAL SCIENCE. 181 

horizontal plane. .Assume one point through ̂  
which it is to pass, and with that point as a! 
centre, describe several concentric circles, i 
and erect a vertical pin of such length tluit 
the shadow of its top may at noon fall within 
some of the concentric circles, and at evening 
faU without them. In the morning, mark 
the points c. a, in 
which the end of 
the shadow crosses 
each circle, and in 
the afternoon mark 
the points 4, d, in 
^luch the end of 
the shadow crosses the same circles. Join 
these points with the centre, and bisect the 
angles formed hy joining the points in which 
the shadow crosses the semi-circle and the 
centre; the bisecting lines of all these angles 
ought to coincide w-ith each other and the 
meridian. 

B y repeating the operation from day to 
day, great accuracy may be reached. 
It is to be observed, that the time given by 

a sun-dial is true, or solar time, and only 
agrees with mean time at four difl'erent days 
of the year. At any other period, time indi
cated by a dial must be reduced to clock, or 
mean time, by applying a small correction 
eaUed the equation of time. See Equation 
of Time. 

Dial-Pl-ite. The plate on which the hour 
lines of a dial are drawn. 

Di'AL-ING S C A L E . A scale constructed 
according to the principles explained under 
the head of dial, and of some use in con
structing dials. See Dial. 
Di-AM'E-T£R. [Gr. Stafierpog, dia, 
through, and perpov, measure] A straight 
line which bisects a system of parallel chords 
drawn in a curve. 

If a plane curve, given by its equation, 
has a diameter, the co-ordinate axes may bo 
so taken that one of them, the axis of X, for 
example, shall coincide with this diameter, 
and the other be parallel to the chords which 
'it bisects. For this position of the co-ordi
nate axes, the equation must be of such a 
form, that for any assumed value of x there 
wUl be two corresponding values of y, equal 
with contrary signs The two values, taken 

Y/ 

^^4ii— 
\Q̂  

together, when real, correspond to one of 
the bisect Oil chords. 

Suppose that A C is a di
ameter of tho curvo c'4' 4c, 
that the axis of X coin
cides with it, and that the 
axs of A" is parallel to tho 
chords 44'. cc', which it bi
sects : for the assumed value ' 
of I = A B , the two corresponding values of 
y must represent, respectively, the distances 
B4 and B4', which together make up the chord 
44'; and in like manner, for any other assumed 
value of X, which corresponds to points of 
the curve. 

\\"c have, then, the following rule for as
certaining whether any plane curve, given by 
its equation, has a diameter. 

Substitute for x and y, in the given equa
tion, their values taken from the formulas 
for passing from tlie given system to any 
rectilineal system in tho same plane, and seo 
if such values can be given to the arbitrary 
constants which enter the new equation, as 
to place it under such a form, that for every 
value of X, the corresponding values ofy shall 
be equal with contrary signs. If any such 
values exist, the curve will have a diameter, 
and the number of sets of such values will 
determine the number of diameters. 

To illustrate, let it be required to ascertain 
whether the curves of the second order, that 
is, the conic sections, have any diameters, 
and if so. how many. 

The general equation of the conic sec
tions is 

ax" + 4xy + ex" + dy + CX + / = 0 • • (1). 
in which the axes may be considered at right 
angles with each other. The formulas for 
passing from a rectangular system of co-ordi
nates to any rectUineal system in the same 
plane, are 
X = a" + x' cos a + y* cos o' - • - (2), and 
y ='4" + x' sin a + y' sin a' - • - (3). 
Substituting thes.e values for x and y, in 

equation (1), and dropping the accents, we 
find an equation of the form 
a'y" + 4'xy + c'x" + d'y+ c'x + / ' = 0 - • (4), 
in which 

4' = [2a tan a tan a' + 4 (tan a + tan a') 
+ 2c] cos a cos a'. 
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d' -— [(2a4" + 4a" + d) tan a' + 
(2ca" + ih" + e)] cos a'. 

Equation (4) wifi be of the required form, if 
4' = 0, and d' = 0, or 

?atanatana' + 4(tana+tana')+2c=0 (5). 
(2ffi4" + 4a" + d) tana' + (2ca" + 44" 

+c) = 0 (6). 
Equations (5) and (6) are equations of con

dition that must be satisfied, in order that 
the conic sections may admit of a diameter. 
In these equations, a", 4", a and a', are ar
bitrary constants. These equations can, in 
general, be satisfied for an infinite number of 
?ets of values of a and a'. 
From equations (5) and (6), we deduce 

2a4" + 4ffi" + d 
2ca" + 44" + e 
2c + 4 tan a' 

in 

(8). 
2a tan a' + 4 

A n y assumed values of a" and 4", will 
give, in equation (7), a value for tan a', and 
this in equation (8), will give a corresponding 
value for tan a; and since there are an infi
nite number of sets of values that may be 
assumed for a" and 4", it foUows that there 
are an infinite number of positions of the co
ordinate axes, such that the axis of X shall 
be a diameter of a curve, and the axis of Y 
parallel to the chords which it bisects. The 
conic sections have, therefore, an infinite 
number of diameters. 

If w e suppose 
4-

4" — 4ffiC = 0 or 2c = 
2a' 

equation (8) becomes 

tan a ̂  — 
^^+aanffi' 

2a tan a + 4 

2a tan a' ', 4 ( 4 + 2a tan ffi' > 
2ffi { 4 + 2ffi tan ffi' J ~ 

which, since tan a is constant, that is, entire
ly indcpetident of a', shows that all diameters 
in the parabola are parallel to each other-

If in equation (6), w e assume any value 
for tan a', there will be an infinite number 
of sets of values for a" and 4", which will 
satisfy it; if w e then regard a" and 4" as 
variables, equation (6) must bo the equation 
i:f a straight line, and the origin maybe any

where on this fine, but the origin is neces
sarily upon the diameter, which is assumed 
as the axis of X ; hence, equation (6) is the 
equation of the diameter which coincides 
with the axis of X. 

N o w , equation (6) wUl be satisfied, if we 
ake a" and 4" equal to the co-ordinates of 

the centre; hence, every diameter of a conic 
section passes through the centre. 

If w e suppose the origin of co-ordinates 
to be placed at the centre, which may always 
be done, except in the case already consi
dered, in which 4" — 4ac = 0, w e shaU have 

2«c — 4d 2cd — be 
"•"=b'-iao """̂  *' = F=r47c 

for the co-ordinates of the centre. These 
values of a" and 4" being substituted in equa
tion (7), reduce it to 

0 
tan a' = jj (9); 

which shows that there is an infinite number 
of diameters, all passing through the centre, 
and also that any straight line through the 
centre is a diameter. 

Furthermore, from the form of (5), from 
which equation (7) was deduced, it is evident 
that if w e assume any value of tan a', and 
deduce the corresponding value of tan a. and 
then make tan a' equal to this value, and 
again find the corresponding value of tan a, 
this last value wiU be the same as the 
value originally assumed for tan a'. This 
shows that, if one of the co-ordinate axes is a 
diameter, and the other axis parallel to the 
chords which it bisects,—the second co-ordi
nate axis will also be a diameter, and the first 
one paraUel to the chords which it bisects. 
Such diameters are called conjugate diameters; 
and since tan a' may have any value, it fol
lows : 1st, that there is an infinite number 
of pairs of conjugate diameters in the ellipse 
and hyperbola ; and 2d, that every diameter 
has a conjugate. 

Equation (5), or (7), is the equation of con
dition for conjugate diameters, for the ellipse 
and hyperbola. The preceding considerations 
show that tho parabola has no conjugate dia
meters. 

In like manner, w e m a y discuss the equa
tion of any given curve with respect to its 
diameters. 

If a diameter is perpendicular to the chords 
which it bisects, it is caUed an axis. The 
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parabola has one axis, and each of tho other 
conic sections two axes. The circle has an 
infinite number of axes, every diameter be
ing an axis. 

D L A M ' E - T R A L C U R V E . A curved line 
which bisects a system of parallel chords 
drawn iu any given curve. 

If a given curve has a diametral curve, the 
co-ordinate axes may be taken in such a 
manner that the axis of y shall be parallel to 
the bisected chords, and then, if tho equation 
be solved with respect to y. it will be of the 
form 

y =/(x) ± - / n T ) --•- (1); 
in which, y = /"(_!-),(2\ is the equation of the 
diametral curve. This is plain; for if we 
assume any value of x, the corresponding 
values of y in equation (1) will be equal to 
the corresponding value of y in equation (2), 
increased and diminished by the correspond
ing value of the radical. If then w o con
struct the curve whose equation is y =/(x), 
it wiU bisect all the chords of the given 
curve, which are parallel to the axis of y. 

For example,'the curve whose equation is y = ax" ± V X sin 4x, 

has a, diametral curve whose equation is 
y = ax"; that is, the diametral curve is a 

parabola O A C . O n the right of the origin, 
there is a succession of closed branches, OA, 
A B , BC, the consecutive ones having com
mon tangents parallel to the axis of y. On 
the left of the origin, the diametral curve ex
ists ; but the oval branches are reduced to a 
system of conjugate or isolated points. A', 
B', C , &c., corresponding to the values of 
X, which make sin 4x = 0. 

To ascertain whether any given curve has 
a diametral curve, w e have to see whether 
the co-ordinate axes can be so placed that the 
resulting equation will be of the form of 
equation (1). If they cannot, the curve has 
no diametral curve. 

It m:iy be ob^rved that the diameters of 
conic sections, discussed in tiie last article, 
arc only particular eases of diametral curves. 

Diametral Plane. A plane which bisects 
a system of parallel chords drawn in a sur
face. By a discussion entirely analogous to 
that relating to diameters, it may bo shown 
that every surface of tbe second order has an 
infinite number of diametral planes. If a 
diametral piano is perpendicular to the chords 
which it bisects, it is called a principal plane 
of the surface : every surface of the second 
order has at least one principal plane, and 
may have three. 

Three diametral planes are said to be con
jugate, when each one bisects a system of 
chords parallel to the intersection of the other 
tw-o. AA'henever a surface of the second 
order has a centre, there is always an infinite 
number of sets of conjugate planes. Every 
diametral plane passes through the centre, 
when the surface has a centre ; and con
versely, every plane through the centre is a 
diametral plane. 

In a surl"ace of the second order, we may 
find the equation of a diametral plane, which 
bisects a system of chords parallel to the axis 
of z. The method of proceeding indicated in 
the discussion of diameters may, with some 
modification, be applied to diametral planes. 

Diametral Surface is a curved surface, 
which bisects a system of parallel chords 
drawn in the surface, a particular case of 
which is the diametral plane. 

AA'henever the equation of the surface can 
be placed under the form 

z = ax" -̂  by^ -i- e ± VJix), 
it admits of a diametral surface whose coua-
tioii is 

- = ax"! + iyn -̂- c. 
The reason is evident. The discussion is 

entirely analogous to that for diametral 
curves. 

Di-E'DRAL a n g l e . The angular space 
included between two planes which raeet each 
other in a common straight line ; the planes 
are caUed faces, and the straight line is the 
edge of the angle. The measure of a diedral 
angle is the angle included between two 
straight lines, one in each face, and both per
pendicular to the edge at the same point. 

DIF'FER-ENCE. [L. dis, and fero, to 
bear or move apart]. The result obtained by 
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subtracting one quantity froni another. AVhen 
it is not specified which quantity is to be 
taken from the other, it is generally under
stood that the less is to be taken from the 
greater, so that the difference is positive. As 
far as the numerical value of the difference 
is concerned, it makes no difference which is 
taken for tho subtrahend or which for the 
minuend. 
Differences, method of. The name given 

to a method of finding an expression for the 
sum of any number of terms of a series. 
Let a, 4, c, d, &;c., represent the successive 

, terms of a series formed according to any 
law ; then, if each term be subtracted from 
the succeeding one, the remainders will form 
a second series, called the first order of differ
ences If we again subtract each term of 
this series from the succeeding one, we shall 
form another series called the second order of 
differences, and so on, as exhibited in the 
annexed table : 
SERIES OF differences. 
a , 4 , c , d , e 

h — a , c — b , d — c , e — d , 1st. 
c-24+a,d—2c+4,c—2d+c 2d, 

d-3c+34-ffi , c-3d+3c-4 3d. 
c _ 4(J + 6c — 44 + a , 4th. 

&c. &c. 

If we designate the first terms of the 1st 
2d, 3d, &c., order of differences by di, dj, da, 
&c,, we shall have 

d| = 4 — a ; whence, 

4 = a + di. 

dj = c — 24 + ffi ; whence, 

c = a + 2di + d. 

d> = d — 3c + 34 — ffi ; whence, 

d = a + 3di + 3di+ da. 

d* = c — 4d + 6c — 44 + a; whence, 

c = a + 4di + 6di + 44 + d-t. 

&c. &c- • &c. &c. 

And if we designate the term of the series 
which has n terms before it, by T, we shall 
find by continuing the above process. 

, , , "(-"-1). ,_nin-l)in-2) 
T=a+ndi -1 ^^^d-i ̂  , , q dj 1 - 2 

7l(7l-l)(77-2)(«-3) 
+ 1-2-3-4 

1-2-3 

di + &c. • • (1) 

from which we may find any term of a series 
when we know the number of preceding 
terms, and the first term.s of the successive 
orders of differences. 
To deduce a formula for the sum of n terms 

of the series a, 4, t, &c,, assume the auxiliary 
series, 
0, ffi, a + 5, ffi + 4 + c, a + 4 + c + d, &e. 
The first order of differences is evidentiy a, 
4, c, d, &c., in the given series. 
Now it is obvious that the sum of n terms 

of the given series is equal to the (?! + 1)'* 
term of the auxUiary series. But the in + 1)'* 
term of the auxiliary series may be deduced 
from formula (1) if we observe that the first 
term of the first order of differences is a, the 
first term of the second order of differences 
di, the first term of the third order of differ
ences di, and so on. 
Hence, making these changes in formula 

(1), and denoting the sum of n terms of the 
series by S, we have the formula 

n-{n-l) , nin-l){n-2)^ 
- na -I ^ — s — di -1 ;—s~5 «. 

1 -2 1-2-

^nin-l)in--^2)in-3)^^^^^_^^^ 

AVhen all of the terms of any order of differ
ences become equal, the terms of all the suc
ceeding orders of differences are 0, and for
mulas (1) and (2) give exact results. A\'hen 
there are no orders of differences whose terms 
are all equal, the formulas do not give exact 
results, but approximations more or le.'ss 
accurate, according to the number of terms 
of the formulas eraployed. 
Forraula (1) will he referred to hereafter, in 

connection with the subjects of Interpolation 
and Summation. 
To show the application of formula (2), let 

it be required to detennine the number of 
cannon balls in a pile having a square base, 
and terminating in an apex of 1 ball. 
Comraencing at the top, the first layer con

tains 1 ball, the second layer 2 X 2 balls, the 
third layer 3 X 3 balls, and so on, the 77"' layer 
containing 71 X n balls. It is therefore re-" 
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quired 
series 
1", ••:', 
1 4 
3 5 

0 

Hence, 

to find the sum of n terms of the 

3», 4", • • 
9 16 • -
7 9 

0 0 

di = 3. dj = 

n' or 
t5:c. • • series. 
1st order of dill'erences, 
2d order of dill'erenees, 
3d order of differences. 
2, ds = 0, 

and a = 1. 
Substituting 

w e get 

di = 0, A c , 

these values in formula (2), 

S=n-
n-(7i — 1 ) r!(7i—l)(ji — 2 ) 

1-2 
-3 + 1-2-3 

S = 
n ill + 1) (71 + 2) 

Sec 
1-2-3 

Differences, Calcul-cs of Finite, 
Calculus of Finite Diff-jrences. 
DIF-FER-EN'TIAL- -A difference or part 

of a difference between two different states 
of a variable quantity. B y some the differ
ential is considered infinitely small, in which 
case the differential of a function is the same 
as the difference between two consecutive 
states of the function ; by others it is con
sidered as a finite quantity. 

The differential of the independent variable 
is always constant, and equal to the differ
ence between two consecutive states of that 
variable. 

Those w h o regard differentials as finite 
quantities, define the differential of a function 
as foUow-s: 

If the variable be increased by a constant 
increment, caUed fhe differential of the varia
ble, and the n e w state of the function he 
diminished by the primitive state, and this 
difference be developed according to the 
ascending powers of the increment, then 
is the term which is of the first degree v/ith 
respect to the increment, called the differen
tial of the function. 

The co-efficient of the differential of the 
variable in the expression for the differential 
of the function, is the differential co-effieient 
of the function. 

In a function of two or more variables, tho 
result obtained by difl'erentiatingwith respect 
to one of them, is called a partial differential 
taken with respect to that variable. There will 
be as many partial differentials as there are 
independent variables, and their sum forms 
what is caUed the total differential of the func
tion. Since, from their nature, the variables 
are entirely independent of each other, w e 
may always find the partial differential of a 
I function by simply operating upon it as 
I though that were the only varitible, by the 
simple rules for differentiating a function of 
i one variable. To find the total differential of 
a function of two or more variables of the 
second order, w e differentiate the total differ
ential of the first order with respect to each 
J of the independent variables, and take the 
sum of the results. In like manner, w e find 
the total differentials of the third and higher 
orders. The co-efficient of the differential 
of the differential of either variable, in the 
expression for the partial differential of tho 
functions, is called ihe partial differential co 
efficient of the function taken with respect tt 
that variable. 

The following notation for partial differen 
tials has been adopted. If 

u =/ ( x , y, z, &c.,) w e have 
du du du 

du = -^dx + -^dy + -̂ d̂z + &^. 
The simple expression du designates tht 

du du 
total differential, whilst -r- dx, - j — dy, &c., 
designate partial differentials, in which the 
denominator in each case shows with refer
ence to which variable the differential is 
taken. 

This method of notation, though sometimeu 
apparently cumbersome, is nevertheless suffi
ciently clear and explicit. The notation em
ployed for differentials of the higher orders, 
is analogous ; thus, if u ̂  fix, y), 

d'u d'u d'u d'u 
d'u= 

dx'^'''^d^y^''^y^d^x''y'^'^-^df''y~--
(1-) 

The simple symbol d'u designates the total 
differential of the second order ; the symbol 

indicates the result obtained by dif-

It is the differential co-efficient of a func 
tion which characterizes the function, and as' d'u 
this is independent of the differential, of the dx" 
independent variable, it is entirely immaterial! ferentiating the function twice in succession, 
what value w e suppose that to have. | and both times with respect x ; the symbol 
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stands for the result obtained by differ-
dxdy 
entiating the function first with respect to x, 
and then that result with respect to y; the 

d'u 
symbol -j—7- is the symbol which indicates 
that the given function has been differentia
ted first with respect to y, and the result with 

d"7j 
respect to x; and, finally, -5-5 shows that both 
differentiations have been performed with re
spect to y. If a function of x and y he dif
ferentiated first with respect to y, and then 
with respect to x, or, if it be first differen
tiated with respect to x, and then with re
spect to y, the final result wiU be the same ; 

d'u 
that is, the symbol -j-j- dxdy is equivalent to 
d"7i 
the symbol , . dydx : this agrees completely 
with what was said in regard to the distribu
tive character of all pure symbols of operation. 
This principle also enables us to place for
mula (1) under the form. d"« = dx' 

d'u d'u 

we have also the formulas 
d'u d̂ u 

d'u=^,dx' + 3^dx'dy 
d'u d'u 

^'^d^'^='^y"+dy''^y" 
d̂ u d*u 

d*u = ̂ ^ dx^ + i^^jdx'dy 

+6', —.^dx'dy' -^d^'^'^^y'' 
d*u 

for the differentials of a higher 
dx'dy 

and so on 
order. 

Similar results might bo obtained, though 
more complicated, by considering the higher 
order of differentials of functions of three or 
more variables. 

The formulas for differentiating all func
tions of a single variable, have been given 
under the head of Calculus Differential, 
and their application to functions of two or 
more variables, presents no difficulty. 

Differential Calculus. See Calculus 
Differential. 

is a function whose form depends upon that 
of tho given function, and which m a y be de
rived from it by a fixed law called the law of 
differentiation. It is often called a derived 
function, and m a y always be obtained as 
follows: 

Give to the variable a variable increment, 
and find the new state of the function; from 
this subtract the primitive stale, and divide the 
remainder hy the increment; pass to the limit 
of this ratio by making the increment equal to 
0, and ihe result will be tlie differential co-effi
cient required. 

In most cases, the differential co-efficient 
may be more easily obtained, but the above 
law, which is applicable in all cades, pos
sesses the advantage of showing the nature 
of the relation which exists between the 
function and its differential co-efficient. "We 
also see that the differential co-efficient is en
tirely independent of every consideration with 
respect to the method of arriving at it; so 
that, whether w e regard the difi'erential cal-, 
cuius as establishing relations between in
finitely small elements, as did Leibnitz; or 
whether w e adopt with Newton the theory 
of fluents and fluxions, or the method of 
limits; or, finally, whether w e adopt La
grange's theory of derived functions, the fun
damental conception is ahvays the same. 
The processes raay differ in form, but the 
final results must be rigorously identical. 
AA'ith respect to the mathematical character 
of the differential co-efficient, it is the cha
racteristic mark of a class of functions which 
only differ from each other by a constant 
quantity having the sign plus or minus. It 
is found in the applications of mathematics 
to science, that results may be more easily 
arrived at by operating upon these marks of 
the functions than upon the functions them
selves ; and it is this circumstance which has 
contributed so largely to the development 
and progress of the calculus. A s in the 
practical operations upon numbers, we use 
their marks or logarithms for the purpose of 
facilitating arithmetical processes, and as we 
are able to pass at any instant to the num
bers whose characteristics w e are malting use 
of, so in the analytical processes of science 
w e m a y reason upon the relations existing 
between tho differential co-efficients of func-

Differential Co-efficient. The differen
tial co-efficient of a function of ono variable | tions, being able at any time to return to the 
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functions themselves by the aid of tho inte
gral calculus. The analogy between the use 
of logarithms and ditl'ercntials is not perfect, 
but it ser\es to give a slight idea of the use 
of the calculus. 

There is, however, a great advantage that 
the calculus possesses, which is. that w e are 
of'ten enabled to find the relations between 
the differentials of functions, and thence to 
find relations between the functions them
selves that could have been discovered ill no 
other way. For example, the relation be
tween the differential of the length of a 
curve and the difi'erentials of the co-ordinates 
of its points, can always be deduced, and 
from it the length of an arc may eâ .iv be 
found in terms of these co-ordinates, by the 
aid of the calculus, whilst in many cases the 
attempt to deduce this last relation b}- any 
other process, would prove futile. The prin
cipal applications of the calculus are to the 
higher geometry, the theory of equations and 
the investigations of philosophy, mechanics, 
machines, engineering, &c. 
Differential Equations. Equations which 

express the relations betw-een variables and 
their differentials. 

In every single equation involving two or 
more variables, values m a y be assumed at 
pleasure for all the variables, except one, and 
the corresponding value of that one -will be 
made known by the equation ; whence it ap
pears that in every such equation w e may 
regard all the variables, except one, as inde
pendent variables, and that one as a function 
of them all. 

If, therefore, w e differentiate both members 
of an equation, regarding one variable as a 
function of the remaining ones, and then 
place the two results equal to each other, the 
resulting equation will be a differential equa
tion of the first order, and is called an imme
diate differential equation. A n iraraediatc dif
ferential equation is one which is obtained, 
without transformation, from a given integral 
equation; all other differential equations are 
called mediate differential equations. 

If w c have a group of simultaneous equa
tions containing more variables than there 
are equations, w e may, by combination and 
elimination, reduce them to a single equation 
whose differential equation m a y be found as 
just explained. Or, w e may regard some 

one variable as the function, and after differ-
eiitiati ig etu'li equation separately, w e may 
combine the resulting equations and the given 
equations in aeeonlance with tho rules for 
treating the difi'erentials of implicit functions, 
and thus deduce a mediate differential equa
tion which will he the same as that obtained 
! by tho former method. For example, if w e 
have tho equations, 

y' = 27-: , . . (1), z' = 3ax... (2), 
w e might deduce from (1) and (2) tho equa
tion 

y' = 24u;'"x, 
from which, by the rule, w e should obtain 

dy iap' 
Gy^dy — 2-lap'dx, or ~̂ — = — 3 - ; 

or we might, from (1) and (2), derive, by dif
ferentiation, the equations, 

2ydy = 2;7d::, and Sz'dz = 3adx, or 
-r- = - and I 

y 
•Ji/ dy 
dx dz 

dz_ 
dx 

hit -±-=-77 
dz ap iap' 
dx yz' y' 

A mediate differential equation may also 
to derived from a single equation, by forraing 
its differential equation, and then combining 
this with the given equation and eliminating 
some one quantity, usually a constant. 

If a differential equation be differentiated, 
and its differential equation found, this is 
called a differential equation of the second 
order. The differential equation of a differ
ential equation of the second order, is one of 
the third order, and so on. 

A mediate differential equation can always 
be found frora any equation which shall be 
entirely independent of the constants that 
enter the given equation, as follows: Differ
entiate ihe given equation as many times as 
there are constants, and combine the resulting 
equations with the given equation, eliminating 
all the constants; the resulting equation 
will be a mediate differential equation, and loill 
express a relation between the variables and 
their differentials of ihe different orders. 

A partial differential equation, is one which 
expresses the relation between the variables 
and their partial differentials. Such equa
tions are entirely independent of the form of 
the function. A s an iUustration, let us take 
the equation 
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,p = F(x-i-at) +/(x-a/), 
in which F and / denote any arbitrary func
tions. 
If we differentiate the equation twice with 

respect to x, and twice with respect to /, we 
nhaU have 

^ = F'ix + at)+fix-at), 

dt 
= ffi J'' (x+ ffi/) + ffi/'(x - at). 

d'd, 
~ = F"ix-\-at)+f"ix-ai), 

d'd, 
~ =a'F'ix + at) + a"/"(x - at), 

whence, by combining the last two, 

d'lp d'lp 
''' d̂ " ̂  d? ' 

which expresses a relation between the par
tial differential co-efficients of ifi, taken with 
respect to the two variables x and /, and is 
entirely independent of the forms indicated 
by/and F. 

DIG'ITS. [L. digitus, a finger]. In Arith
metic, the ten characters 

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 
by the aid of which all numbers may be ex
pressed. 

DI-MEN'SION. [L. dipien-iio, dis, from, and 
melior, to mete]. In Geometry, extension in 
one direction. Every body is extended in 
three directions at right angles to each other, 
or has three dimensions, length, breadth and 
height, or thickness. A line is extended in 
one direction. A surface is extended in two 
directions, that is, it has length and breadth, 
but no thickness. A line has but ono dimen
sion, length, without breadth or thickness. 

In Algebra, a literal factor of a product or 
term, is called a dimension : thus, the ex
pression ffi"4 has three dimensions. 

The use Of tho term in -Algebra, is due to 
the fact, that we usually employ a symbol of 
the first degree to represent a line or magni
tude of one dimension, a symbol of the 
second degree to denote a surface or magni
tude of two dimensions, and one of the third 
degree to denote a volume or magnitude of 
three dimensions. Although a magnitude 
can have but three dimensions, wc have come 

to speak of terms having four »r more dimen
sions, so that the word, as adopted in Algebra-
has widely departed from its original signifi
cation—a circumstance of frequent occur
rence in mathematical terms. 
DLO-PHAN'TINE ANALYSIS. A branch 

of Algebra which treats of the method of 
solving certain kinds of indeterminate prob
lems, relating principally to square and cube 
numbers, and rational right-angled trianglesi' 
The name is derived from Diophantus, a 
Mathematician of Alexandria, who first wrote 
on the subject, about the third century of the 
christian era. He solved a great, number of 
curious problems, and it is to his treatise 
that we are at the present day indebted for 
most of our knowledge on the subject. The 
following problem will serve to show the na
ture of the Diophantine analysis. 

Let it be required to find a right-angled 
triangle whose sides shall be commensurable 
with each other. 

If we denote the lengths of the three sides 
by X, y and z, respectively, z denoting the 
hypothenuse, we shall have 

'^'=x' + y' (1). 
It is required to find rational numbers, which, 
when substituted for x, y and z, wiU satisfy 
equation (1). AVe first substitute for z. x + u, 
which gives 
x" + 2xii + 7/" = i" + y" or y" = 2xu + u'. 

y" — u' 
whence x = — r (2), 

2u 
Any rational numbers assumed for y and 

u, will give a rational value for x and z. If 
it is required that the sides of the triangles 
shall be expressed in whole numbers, -we 
have simply to assume such values for y and 
u, in whole numbers, as will make x a whole 
number. To find what numbers wUl satisfy 
this condition, we first find expressions for 
the sides of the triangle in terms of y and u, 
which are, when cleared of fractions, 

2y7t, y' — u' and y" + u', 
in which u cannot he equal to y and cor
respond to any triangle. First, assume 7/=l, 
and y = 2 ; the three sides will be 4, 3 and 6, 
If we make i/ = 1, and y = 3, we have the 
sides 6, 8 and 10. If we make 7t = 2, anl 
y = 3, the sides are 12, 5, 13, and so or,. 
The problem evidently admits of an infinite 
number of solutions. 
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In this branch of analysis, but few- rules 
can be laid down, tb.e suceessuil solution of 
each case i-equiring some device, chiefly de
pendent upon the nature of the particular 
problem. 

A few examples will further illustrate the 
i:cueral method of treating Diophantine prob
lems. 

I. To separate a given square nuraber into 
two parts, both of which shall be square 
numbers. 

Denote the given square number by a", 
and the required square numbers by x" and 
and !,̂. respeccively : then w-e have only to 
satisfy the equation 

i" + y" = a' or i" = a" — y". 
Assume 

qx 
y = V 

^ 1 
- 7/ = — 7 and 

from which w e readily deduce 

ip'-\-q')x ip'-q')x 
2a ̂ = 7 and 2u .=̂  > 

pq ^ pq 
and from these equations, finally 

23/11 _ ip' — q')a and (1). -r -- ' p' + i' 
'm which the values for p and q may be as
sumed at pleasure. 
If a is equal to the sum of two squares, 

p and q may be assumed so that ?" + ?"= a, 
in which case the expressions for x and y 
wiU be entire ; they will also be entire if 
p" + q' is equal to any factor of a, and as 
many different integer values for thera raay 
be found, as there are ways of resolving a, or 
any of its fiictors. into the sura of two squares. 

Resolve (65j" into two squares. 
Here 65 = 8" + 1" = 7" + 4", 
also 13 and 5. which are factors of 65, give 

13 = 3" + 2", and 5 = 2' + 1". 
Iu tho first place, assume y=8, and q = l; 

these will give 
X = 16, aud y = 63 ; and 16" + 63" = 0,5". 
In the second place, assume ̂  = 7 and 

q = i; these give 
X = 56, and y = 33; and 56" -f 33" = 65". 

In the third place, assume p = 3, and 
q = 2 ; ihase give 
X = 60, and y = 25; and 60" + 25" = 65". 

In tho fourth place, assume p — 2, and 
9 = 1; these givo 
X = 52, and y = 39 ; and 52" + 39" = 65". 

There aro an infinite number of fractioutd 
solutions. 

IL To resolve a number which is equal to 
the sum of two given squares, into two parts 
which shall be perfect squares. 

Denote the given squares by ffi" and 4", and 
the required ones by x" and y", respectively. 

From the conditions of the problem, w e 
have the equation 
x' -̂- y' = a ' -̂  4", or a' — x" 
Assume 

p(y + 4) a + 1 = - and 

-.-' = y" — 4". 

(fy-h) 

q p 
whence, by combination, we deduce the 
values of x and y ; 
ap' + 24;75r — aq' 

bq-
p'+q' 
+ 2apq — bp' 

and 

" p' + q' 
in which values may be assumed at pleasure, 
for p and q. If the given sum a" + 4" can 
be resolved into factors which are squares of 
whole numbers, it will be better to resolve it 
into its factors which, in that case, will also 
be sums of two perfect squares; then their 
product will give the required squares : thus, ii 
a" + 4" = (771" + n") (77i'" + n"), then will 
a" + 4" = (m77i' =t nn')' + (77171' + tti'tz)" ; 

and, therefore, 
X = 771771'± 7i7i', and y ̂^ mn' ±m'>i. 
I, Resolve (9" + 2") into two parts which 

shall be perfect squares, and also whole 
numbers. 
Here (9" + 2") = (2" + 1") (4" + 1"); 
whence, 
777 = 2, n = 1, 771' = 4, and 77' = 1 ; 

these give 
X = 9, and x = 7; also y = 2, and y = 0, 
hence, 85 = 9" + 2" = 7» + 6". 

The first pair are fhe given squares, and 
the second pair the required ones. 

If the given number cannot be resolved 
into factors of the proposed form, the problem 
cannot be solved in whole numbers, but there 
will be an infinite number of fractional solu
tions. 
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2. Resolve 2" + 1" into two parts which 
wUI he perfect squares. Here ffi = 2 and 
i = I ; which in the formulas first deduced, 
give for the assumed values 

29 2 
p= 2 and q — 3,x = — and y = TS' "whence 

2"+ V 
/29\2 /2\f 

HI. To find three square numbers which 
are in arithmetical progression. 
Denote the required squares by x", y" and 

z'; then from the conditions of the problem, 
x' + z' = 2y". 

Assume x ̂  m + 7i and z^^m—77, whence 
y" =: ?7i" + n". 

Again assume m = p' -\- q' and n = 2pq ; 
we have, 
X = ;7" — y" + 2pq, z = p' — q' — 2pq and 

y = p' + q'; 
in which p and q raay be assuraed at plea
sure. If 
p = 2 and y = 1 ; x" = 7", z" = 1", y" = 5", 
and the progression is 49, 25, 1. 
IV. To resolve the sura of three squares 

which are in arithraetical progression into 
three parts, which shall be perfect squares, 
and also in arithraetical progression. 
Denote the given squares by a", 4", and c", 

and the required squares by x", y" and z', re
spectively, and take s ̂  a" + 4" + c". From 
the conditions of the problem, we have 

a" + 4" + c" = x" + y" + z", 
x' + z' = 2y", and evidently, 

y" = 4" ; whence 
x" + z" = 24". 

W e may, as in the second problem, deduce 
values of x and z in terras of the indetermi
nate quantities p and q ; or, we may in the 
formulas there deduced, make a ̂  b and 
change y into z, whence 

nd z = 

ip' + 2pq - q')b̂  
p' + q ' 

iq' + 2pq -

y = i, 

p')b 

Here, a = 1, 4 = 5 and c = 7. 
/85\" 

1st. If p=3, and y=2, then x"= (:|gj ' 

/35\" 
y" = 5", and z" = (-J ; 

The required progression is 

(!)• =•• (!)• 
If j9 = 4 and q ̂  3, the progression is 

If ^ = 5 and q = i, the progression is 

P' +,f 
in which values for p and q may he assumed 
at pleasure. 

1. Find three squares in arithmetical pro
gression, whose sums shall he equal to 

1" + 5= + 7" = 75. 

(?) 
md q 
/245A" -, /155\ 

&c,, &c.. &c., &c. 
If it were required to find the values of x, 

y. and z, so that they would be whole num
bers, it would be necessary to assume the 
given progression such that 4" would be equal 
to the sum of two integral squares. This 
will always be the case when 4 is equal to 
the product of any number of prime factors, 
each of which is of the form 47i + 1, k being 
a whole number. 

Thus, if 4 = (4 + 1) (12 + 1) = 65, we 
have the following progressions, 

13" + 65" + 91" = 12675. 
23" + 65" + 89" = 12675, 
35" + 65" + 85" = 12675, 
47" + 65" + 79= = 12675. 

DI-RECT'. [L. directus, from dirigo, to 
make straight]. 
Direct Demonstration, in contradistinc

tion to the indirect demonstration, or the 
rcductio ad absurdum. In the direct demon
stration the premises employed in each step 
of the reasoning, are either axioms, defini
tions, or truths, previously demonstrated. In 
the indirect demonstration, the premises in 
some of the steps may depend upon one oi 
more hypotheses. See Demonstration. 

DI-RECT'ER P L A N E . In the first class 
of warped surfaces, tbe plane to which aU of the 
right lined elements are parallel, is called the 
plane director of tbe surfaces. Since an infi
nite number of planes can be passed which 
shall be parallel to any plane director, either 
one may be assumed as the plane directer ol 
the surface ; in fact, when the plane direclel 
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is pointed out, its direction only is intended. 
5'ee IVorped iSii'.'iicts, > 
DI-RECT'LY P R O P O R T I O N A L , A term 

used in contradistinction to the term inversely 
proportional. T w o quantities are directly 
proportional when they both increase or de
crease tOiTcther. and in such a manner that 
their ratio shall be constant. 

PI-KECPlllX of a conic section, is a 
straiiilu line, such that the ratio obtained by 
dividing the distance from any point of the 
curve to it, by the distance from the same 
point to the focus, shall be constant. If P A 
represent a conic section, whose directrix is 
CD, and focus F, then wUl 

PC 
^Pp = c, a constant quantity. 

If PC > PF, the curve wiU be an eUipse; if 

c 

B 

D 

A 

P^-^ 

x ? \ 

p ^ / \ 

\ \^ 

pendieular to the axis till it moots tho 
curve in P; at P draw the tangent PT, 
cutting the axis at T ; through T draw >» 
straight line M N perpendicular to tho axis, 
and it wUI bo the directrix required. If tho 
curve is an cUipse or hyperbola, the construc
tion will give a directrix corresponding to 
each focus lying ou different sidos of the 
centre and equally distant from it. 

To find the analytical expression for the 
distance from the vertex of the curve A, to 
the point in which the directrix cuts the axis, 
take the equation of the taugent to the elfipse, 
which is 

a'yy" + 4"xx" = ffi"4", 
and make in it 

4" 
r" = -/a" — 4" and y" = ~ i 

it will become after striking out the common 
factor 4", 

ay + V a' — b'x = a", 
which is the equation of the focal tangent 
P T ; making y = o, and finding tho corres
ponding value of X, we have 

P C = PF, it will be a parabola ; and if 
P C < PF, the curve will be a hyperbola. 
In the eUipse and hyperbola, there are two 
directrices, each of which corresponds to one-
half of the curve ; in the parabola, there is 
but a single directrix. The directrix is always 
perpendicular to the principal axis, and if the 
curve is given it may be constructed as fol
lows : 

Let P A Q represent the curve, T F its axis. 

and F its focus. Through F draw F P per-

/^" — 4" « ' 
e denoting the eccentricity of the curve, and 
X the distance of the point T from the centre. 
Subtracting from this, a which denotes the 
semi-transverse axis, we have 

a(l - e ) 
A T = -̂  -̂  

e 
which since the expression is entirely inde
pendent of the conjugate axis, except in the 
value of c, wUl be true for either the ellipse 
or hyperbola. Making e = 0, which corres
ponds to the circle, w e have A T = co. 
Making e = 1 which corresponds to the case 
in which the ellipse becomes a limited straight 
line, we find A T = 0 ; and for all other cases 
of the ellipse the value of A T will be found 
between the limits. Since the values of A T 
are always positive in the ellipse, it foUows 
that the directrix cuts the axis at a greater 
distance frora the centre than the principal ver
tex. Forthehyperbola, e > 1, and thevalues 
of -AT are negative ; the directrix will there
fore cut the axis between the centre and pnn-
cipal vertex. For e = 1 which corresponds 
to the case in which the hyperbola is a straight 
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line limited towards its centre A T = 0, or the 
directrix passes through the principal vertex. 
AVhen c = to, which corresponds to ihe case 
in which the hyperbola becomes two parallel 
straight lines perpendicular to the transverse 
axis A T = — ffi, or the directrix passes 
through the centre of the curve. For all other 
values the directrix will lie between these 
extreme positions. 

In the parabola, as w e have already seen, 
the distance from the focus to the vertex of 
tho curve is always equal to the distance from 
the vertex to the point in which the directrix 
cuts the axis. If a = 0, which corresponds 
to the case in which the ellipse becomes a 
point, and the hyperbola two straight lines 
which intersect each other, w e shall have for 
both lines A T = 0, which shows that the 
directrix passes through the centre. 

In Descriptive Geometry, a directrix is a 
line along which the generatrix moves in gen
erating a warped or single curved surface. 
DIS-CON-TIN'U-OUS. Broken off, inter
rupted, gaping. 

Discontinuous Function is a function 
which does not vary continuously as the va
riable increases uniformly. 

4 
The function, — V x ' — a', is a discon-

a 
tinuous function ; for, if w e suppose x to in
crease uniformly from — cvi, the function 
will decrease to the value x = ffi, when it 
becomes 0. From x = — ffi to x = + a, 
the corresponding values of the function are 
imaginary ; and from x = ffi to x = co, 
the function increases. 

The function, tan x, is always an increas
ing function ; but it changes its sign hy pass
ing from + CO to — co, and the reverse for 
X = 90°, and x = 270°. 

D I S ' C O U N T . A n aUowance made by the 
creditor for the payment of money before it 
is due. The actual amount to be paid is 
called the present value of the bill or note, 
and the difference between the amount spe
cified in the hill and the present value, is the 
discount. 

If A gives a note to B for 106 dollars pay
able in one year, the present value of the note 
at 6 per cent is 100 dollars ; because, if 100 
dollars be placed at interest for one year, at 

6 per cent, the amount at the end of the 
year will be just 106 dollars. 

In any case, the true present value of a 
note, payable at sorae future day, is the sum 
which, being placed at interest for the given 
period, and at the given rate per cent, wUl 
at the end of the tirae amount to the sum 
specified in the note, or what is called the 
face of the note. The following rule vriU 
serve to determine the present value of a 
note. 

Add to 1 dollar its interest for ihe given 
time at the given rate, and divide the face of 
the note by this s u m ; the quotient will be the 
present value. Subtract this from the face 
of the note, and ihe remainder will be the dis
count. 

W h e n the payments are to be made in in
stallments at different times, find, by the 
above rule, the discount on each payment, 
and the sum of these will be the total dis
count. 

Bank Discount. Bankers adopt a differ
ent rule for reckoning discount, and one 
which is much more favorable to them than 
the one just explained. This kind of dis
count is called J5a77A Discount, is always paid 
in advance, and is estimated as foUows : 

Compute the interest on the face of ihe note, 
for the given time, at the given rate percent; 
this is the bank discount; and being taken 
from the face of ihe note, leaves what is paid 
to the holder. 

The bank discount on a note of 106 dollars 
for one year, at 6 per cent, is §6,36, and the 
present value is therefore 899,64, instead of 
$100, as given by the first rule. 
., The discount on notes is usually taken 
from tables, prepared for the purpose, from 
which the discount may easily he found for 
any sum, at any rate per cent, and for aiij 
given period of time. 

DIS-CRf;TE'. [L. diseretus, separate, dis
tinct]. 

Discrete Proportion is ono ui which the 
ratio of the first term to the second is equal 
to that of tho third to tho fourth, but not 
equal to that of the second to the third : thus, 
3 : 6 :: 8 : 16, The proportion 3 : 6 :: 12 : 24 
is not a discrete but a continued proportion, 
or a geometrical progression, A discrete 
qu.antity is one which is discontinuous in its 
parts. 
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PIS-CrSS . [L. discutio, to debate, to ex
amine]. 
DIS-CrSSION of a problem or of an 

equation, is the operation of assigning every 
reasoua'jle value to the arbitrary quantities 
which enter the equation, and interpreting 
the results, .Vu example of the discussion 
of an equation may be seen under the head 
of Eccentricity, where the equation express
ing the eccentricity of a conic section is 
fidly discussed, 

! employing the simple principles of Elemen-
DIS TANCE. [L. dislantia, dis, from, aud'tary Geometry. There is still a third method, 

s.'o, to stand apart]. The distance between by means of tho known velocity of sound 
two pomts is the length of a line joining the j through the atmosphere. AVe shall consider 
two points, expressed m terms of some line these methods separately. 
which is assumed as t'ae unit of length. The [ j g^ Triangulation. There are several 

cases : 
1. To determine the distance from a given 

racy is necessary, the base apparatus, already 
spoken of, is most to be relied upon. 
2, Inaccessible distances are those which 

either cannot bo reached, or which are incon
venient to reach, so as to apply to them tho 
linear unit. Such distances are determined 
by measuring cm auxiliary distance and cer
tain auxiliary angles. From these data tho 
required distances are computed by the rules 
of Trigonometry. They may also be detcr-
{mined, approximately, by various methods. 

point to an inaccessible point. 

numerical value of the distance is the ratio 
of the unit of measure to the distance to bo 
measured or expressed. When not other
wise specified, the distance betw-een two 
points is understood to mean the shortest dis
tance, or the distance estimated on a straight 
line joining the points. 
In Surveying, distances are distinguished 

as vertical distances or heights; horizontal 
distances, or those estimated in a horizontal 
plane ; and oblique distances, which are nei
ther horizontal nor vertical. 
AVe shall only consider horizontal dis

tances ; these may be classed into accessible 
and inaccessible. ĵ ĵ q ^̂  ^j^^ inaccessible point, A the 
1. Accessible distances are those which j gî gn po;„(.̂  ̂ nd let it be required to deter-

may be measured by the direct application ĵ ine the distance AC. Select some point B, 
of some linear unit of measure. ^ fro,„ ,„]jich both A and C are distinctly visi-
This class of distances requires no further hie, and measure the distance AB, the angle 

consideration than the mere statement, thatj qa^b^ a„(j t̂ e angle CBA. Then, in the tri-
they are ascertained by the repeated appfica-j â gje CAB, there"wifi be known a sufficient 
tion of some convenient scale, which may be number of parts to determine the remaining 
a chain, tape, or measuring-rod. In field- j ones. From the known angles A and B, the 
surveying, the unit of mea.snre is Gunter's .jjini angle C may be found,' and then we 
chain, which is 66 feet in length, and is sub- sj,aU have the proportion 
divided into hundredths, called links. Tapes 
and measuring-rods, when employed, may be 
of any convenient length, and may be subdi
vided into links, or into feet and parts of a 
foot. 
In all cases, when a horizontal distance is 

to be measured, care should be taken to keep 

sin C sin B 

AC = AB -

A B : AC , 
sin B 
sin C 

2. To find the distance between two ob 
jects, when there is an intervening obstacle 
Let A and B (next Figure) represent thi 

the chain or rod truly horizontal. The accu-'objects between which the distance is re 
racy of the measurement wUl depend upon | quired. Select some point C, from which 
Ihe care exercised, and upon the nature of both A and B are visible, and measure thc-
the apparatus employed. When great accu-' distances between AC, BC, and the angle C. 

13 
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W e have, to determine the two angles at A 
and B, the following proportion, 

A C + BC :AC-BC::tani(A + B) : 
tan-i ( A - B ) , 

from which the angles may be found, and the 
side A B of the triangle ABC, may then be 
found by the method given in the first case. 
3, To determine the horizontal distance 

between two inaccessible objects. 

Let E and W be the objects. Select two 
stations, A and B, frora which both objects 
may be distinctly seen, and which are visible 
from each other. 
Measure the distance AB, the angles E B W , 

EBA, E A W , and W A B . 
From the given parts of the triangle EAB, 

the side E B may be determined, as in the 
first example. Also, from the triangle A B W , 
the side B W may be determined by the same 
rule ; then in the triangle E B W there will be 
known the sides EB, B W , and their included 
angle, from which E W may be found, as in 
the second case. 
4. To determine the distance between two 

points which are inaccessible, and such that 
no. station can be found from which both are 
visible at the same time. 
Let A and B represent the objects ; select 

two points, C and D, which can be seen from 
each other, and such that the object B is visi
ble frora D, and the object A from C ; select 
also a station E from which B and D are visi-

[DIS 

ble. and a station F from which A and C are 

'a 

visible. Measure the distances FC, CD, DE, 
and the angles CFA, ACF, ACD, BDC, 
B D E and BED. In the figure draw an aux
iliary line CB. 
From the two triangles AF C and BDE, the 

sides A C and B D may be computed, as already 
explained in problem first. In tbe triangle 
BCD we shall then know two sides, and their 
included angle; we may, as in problem 
second, determine the side BC and the angle 
B C D ; subtracting the angle BCD from 
A C D gives ACB, and in the triangle ACB we 
shall therefore know two sides and the in
cluded angle from which the third side AB 
may be found as before, 
5. To find the distance of an object from 

either of three points whose relative positions 
are known. Let P denote the object and let 
A, B, and C denote the fixed points, and 
suppose that we know the distances AB, BC, 
and CA, also the angles ABC, -ACB, and 
BAC. From P measure the angles APC and 
BPC. 

_p- ..-..--

In the figure draw AO, makmg tho angle 
G A B equal to OPB and BO, and making the 
angle A B O equal to tho angle APO. In the 
auxifiary triangle AOB, we know the side 
AB, and the angles at A and B, and we com
pute the side A O and the angle OAB; the 
angle O A B taken from CAB gives OAC, awl 
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we shall then know the angle 0.\C, and the 
siilos O A and CA, from which the angle A G P 
may be computed; then in the triangle A C P 
we shall have given the side -AC, the angles 
ACP and -\PC. aud consequently the third 
angle P.AC ; the sides A P and P C may then 
be computed. In like manner the side B P 
may be found. For a more complete discus
sion of this problem in its different cases, see 
Problem of Three Points. 
A judicious combination of the various 

cases just discussed, will be amply sufficient 
to determine any inaccessible distance. 

II. To determine the distance between two 
points without instruments for measuring 
angles, by the aid of the principles of Ele
mentary Geometry. 
1. To determine the horizontal distance 

firom a given point to an inaccessible object. 
First method. 

Let A be the inaccessible object, and E 
the point from which the distance E.A is to 

A 
'h 

c,.-'-

D F E 
be determined. At E, lay off a right angle 
AED, and select a station at any point D of 
the line ED. Range a flag-staff between D 
and .A, at some point as C, and lay off a line 
CF perpendicular to D E ; measure the dis
tances DF, CF and D E ; then, from simUar 
trianu-les, 

FC X DE 
DF : FC :; DE : AE ; .-. EA = — g p — • 
Second Method. 
Let A be the inac

cessible object, and 
B the given point. 
Select a station at 
some suitable point 
C- and then range 
the flag Din the line 
AB, and the flag E 
on the line AC. Mea
sure the distances D 
BC, CE, BE. BD. 
and DC. 
In the triangle B C E all the sides are 

known, and the angle B C E may bo found 
from the formulas given in plane trigonome
try. From this we can find its supplement, 
which will be tho angle ACB. In like man
ner we can find the angle ABC, and then in 
the triangle A B C we shall know two angles 
and the included sides, from which to find 
the side BA, the required distance. 

2, To find the distance between two inac
cessible objects. 

Let Q and R be the positions of the ob
jects. Assume some convenient point as B, 
and measure off in the linos B R and BQ, 
equal distances B C and B A ; then find a 

point D such that P D and C D shall be equal 
to A B and BC. Plant flags at 0 and P, the 
former at tho intersection of A D and CQ,and 
the latter at the point of intersection of C D 
and A R ; then will the auxiliary triangle 
G D P be simUar to the triangle BQR. Mea
sure the distances OD, OP, and PD: then 

RQ: 
OP X BA" 
OD X DP ' 

for, from simUar triangles, 
AB" 

PD : DA :: AB : BR .-. BR = -5̂ ^ 

OD : OP :: BR : RQ .'. RQ = 

PD' '" 

AB" - OP 
"OD - DP" 

3, To find the distance from a point to any 
distant object, by means of a micronietei 
attached to a telescope. 
Instruments of this kind have been con

structed, by means of which very small 
angles can be measured. In employing them 
for measuring distances, all that is necessary 
to know is the angle subtended by an object 
of known dimensions, placed either horizon
tally or vertically at the remote extremity of 
the distance which we wish to measure. Ap
proximate results may be obtained if there is 
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a house at that extremity buUt of bricks of 
the ordinary size, by regarding four courses 
in height as equal to one foot, or four in length 
as equal to one yard. Distances thus found 
wiil be tolerably accurate, if care is taken to 
make the fine whose subtended angle is mea
sured, exactly at right angles with the teles
cope. The best method, when practicable, is 
to plant a staff at one extremity of the dis
tance, of known length, and exactly vertical, 
whilst the observer, with his micrometer, 
stands at the other. If A denote the height 
of the object, a tho angle subtended, and D 
the distance, then will 

D = i A cot -J- a ; or, D = A cot a. 
The first formula is used when the angle 

is a large one, and the eye opposite the middle 
of the object whose angle is measured ; the 
latter one will apply when the eye is opposite 
one extremity of the line whose angle is 
measured, or when the angle is very small, 

AVhen a table of natural tangents is not at 
hand, a very close approximation for all angles 
less than a half degree, and a tolerable one 
for all angles up to a degree, will be furnished 
by the following rule: 

If the distant object whose subtended 
angle is measured, is equal to one foot, and 
if n' denote the number of minutes, or n" 
the number of seconds in the measured 
angle, the distance will be given by the for
mulas 
D = n' X 3437", and D = 77" X 206264", 

If the distant object be 3, 6, 9, &;c., feet, 
multiply the values thus obtained by 3, 6, 9, 
&-C., respectively. 

III. By ihe Velocity of Sound. It is found 
both by theory and experiment that at the 
same temperature, the velocity of sound 
through the atmosphere is constant, and at a 
standard temperature of 32° is equal to 
1089/". 42 per second. For any other tem
perature, the velocity is given by the formula, 
V = 1089/,42-/ 1 + (« - 32°) X 0,00208, 

in which V denotes the velocity, and / the 
number of degrees indicated by a Fahrenheit 
thermometer. 

To use this formula to compute distances, 
let a gun be fired at the remote station, and 
by the aid of a watch, which heats half or 
quarter seconds, note the length of time 

which elapses between seeing the flash and 
hearing the report; note also the tempera
ture, thus obtaining the value of /. The in
terval expressed in seconds multiplied by 

1089/.42-/1 + (/ - 32'=) X 0,00208", 

will give the distance required in feet. When 
the data have been noted carefully, the for
mula gives a very close approximation to the 
true distance. 

W h e n it is not desirable to attain great 
accuracy, the foUowing rule wiU be sufli
ciently accurate: 

Assume the velocity at 32° equal to 1090 
feet, and add a half foot for each degree 
above 32°, or subtract a half foot for each 
degree below 32°; multiply this by the in
terval in seconds, and the product wiU be the 
distance required in feet. 

DI-VERG'ING. Receding, separating. 
Diverging Series is a series in which each 
term is numericaUy greater than the pre
ceding one, as 

1 : 3 9 27 81 • • &c. 
DI-ViDE'. [L. divido, to part]. To lesolve 

or separate into parts or factors. One quan
tity is said to be divisible by another, when it 
can be resolved into two entire factors, one 
of which is the first quantity or divisor 
W h e n divisible is used, it implies the second 
factor is an entire quantity, or sometbnes 
that it is a comraensurable quantity. This 
is the elementary idea, but by extension, the 
term has lost much of its original significa
tion, and w e say that one quantity can be 
divided by another, when a third quantity can 
be found, which, multipfied by the first, will 
produce the second. The first and third 
quantities are called factors. 

In Topography, a dz'i77"de is a ridge of land 
which separates the affluents of one stream 
from another. It is an irregular line, and 
the crest of the dividing ridge. The divide 
between any two streams, may be traced 
upon a map by drawing a line so that it shall 
head aU of the afiluents of both streams. 

DIV'I-DEND. A quantity which is to be 
divided by another, called the divisor. 

DI-ViD'ERS. A mathematical msfanmeilt 
used in laying off distances, and describing 
circles in drawing. 
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It is made of steel, or of a combination of 
steel and other metals, ;md consists cssen-

the 

tially of two legs a4 and <;4, which turn about 
i hinge at 4. The legs are terminated in 
sharp poiuttf, aud are sometimes so con
structed as to admit of one or both legs being 
removed, so as to be replaced by a pencil or 
pen. The use of the instrument is apparent. 
Dividing Lanu. In .Surveying, is the ope

ration of marking out upon a field lines, so 
that the portions thus marked out, may con
tain either certain given areas, or raay bear 
fixed ratios to the whole tract to be divided. 
Fields are so differently shaped, that it is dif
ficult to give any system of rules that will 
apply in aU cases of the division of estates. 
The following principles, when judiciously 
combined, wiU serve to guide the surveyor in 
most cases. 
T. To run a line from the vertex of a tri

angular field, that shall divide it into two 
parts, which shall have to each other 
ratio of m to n. » 

Let A B C be a 
plot of the field, 
and -A the vertex 
of the angle from 
which the divid- B D C 
ing line is to be run. Measure the side BC, 
and divide it into two parts, which shall bear 
to each other the ratio of m to n. Let D be 
the point of division. In the field, measure 
off the distance B D equal to its value found, 
and at D plant a staff; then wiU the line run 
from A to D be the dividing line required. 

II. To run a fine parallel to one of the 
sides of a triangular field, so as to divide it 
into parts, which are to each other as m is 
to 77. 
I.ct A B G be a 

plot of the field, 
and let it be re
quired to run the 
dividing Hne pa- ; 
rallel to the side 
AC, so that the 
part B E F shaU 
be to the part 
EFAC, as m is to n. 

On CB, as a diameter, 

describe a semi-c-rele. Divide tho side B C 
into two segments at D, such that 

B D D C : 7)1 : 7i; 
I at D erect the perpendicular D G , cutting the 
I circle in G ; draw the chord GB, and with B 
jas a centre, and with G B as a radius, de-
, scribe the arc G E , cutting the side in E ; 
through E draw the line E F parallel to CA, 
and it will be the dividuig line required. For, 

B D : D C : : 7)i : n; whence, 
B D B D + D C : • 771 : 771 +71-(1), 
but frora a known property of the eirele, we 
have 
GB" or BE" BC" • BD : BD+DE, 

BE" BC" : : 771 : 771+77 
But the triangles BEF and BCA, being sirai 
lar, give the proportion, 
B E F B C A : : B E " BC" : : 771 . 771+77, 
whence, by division, 

B E F B C A - B E F 777 n, 
which agrees with the construction. 

The distance B E may be computed from 
the above data, and the distance B F may 
be found from the proportion 

BE : BC .: BF : BA, 
BE X BA 

• •BF = — B C ^ " 
Measure off, in the field, on the side B C the 
distance BE, and plant a staff at E ; in like 
manner, measure off the distance BF, in the 
line BA, and plant a staff at F ; then will 
the line run from one staff to the other be 
the dividing line required. 

HI. To run a line from a point in the 
boundary of a polygonal field, so as to cut off 
from the field a given area. 

Let A B C D ... A be a plot of the field, ob
tained according to the rules laid down for 
field surveying, and let it be required to 
run a line from a point A, so that the portion 
ABCH.A cut off, shall be equal to a given 
area S. 

W'e may find, by examining the plot, or 
by a rough computation of tbe area by 
the aid of the dividers and a scale of 
equal parts, the angular point of the field 
nearest to which the dividing line will termi
nate. Suppose this point to be C, Draw 
the line A C ; this is cirlled the first closing 
line. From the field notes the bearing and 
length of the course C A may be determined. 
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-md then the area A B C may bo computed as 
though it wore a separate field. Suppose 
that the area thus found is less than S, and 
pendieular to C D ; know-
m g the bearings of A C 
find CD, w e can find the 
angle A C G , and the sine 
of this angle multiplied 
by the distance CA, will 
give the length of the 
perpendicular A G , which 
denote by A; then will 
the line C H be equal to 
the area of the triangle 
A C H divided by half of its 

S - S' 
altitude, or C H = — j r — 
Measure off in the field, upon the side CD, 
the distance C H , and plant a staff at H ; then 
wiU the line run from A to H be the dividing 
line required. If S' > S, the point H will 
fall upon the side CB, and w e shall then 
have to use the angle B C A , and >i perpen
dicular to the side BC. The process wUI 
be entirely analogous to that already con
sidered. 

If the point from which the dividing line 
is to be run, is not at an angular point of the 
field, but on a side, we may regard the side 
upon which it is situated as two separate 
courses, meeting at that point, both having 
the same bearing, 

DI-Vi"S10N, Is the operation of finding 
from two quantities a third, which multiplied 
by the first shaU produce the second. The first 
is called the divisor, the second the dividend, and 
the third the quotient. Both divisor and quo
tient are factors of the dividend. Division 
might then he defined to be tlie operation of 
finding the second factor of a given quantity, 
knowing the first. 

W e shall consider in their order, 1st. Arith
metical division, and second. Algebraical divi
sion. 

I. Arithmetical Division. 
I, When the numbers are expressed in the 

scale of tens. 
Write down the dividend, and on its left 

write the divisor, separating them by a line. 
Beginning with the highest order of units of 
the dividend, pass on to the lower orders 
unlU the fewest number of figures is found 

[DIV 

denote it by S'. It now remains to find the 
point H, such that the triangle A C H wiU be 
equal to S — S'. In the plot draw A G per-

that wUl contain the dividend ; see how many 
times the divisor is contained in these figures 
and write the number on the left for the first 
figure of the quotient; the unit of this figure 
will be the same as the lowest unit used in 
the di-vidend. Multiply the divisor by this 
figure of the quotient, and place the product 
under the figures of the dividend used; sub 
tract this from the figures used, and to the 
remainder bring down tlie next figure of the 
dividend ; see how often the divisor is con
tained in this result, and write the number as 
the second figure of the quotient; proceed as 
before and continue the operation until all 
the figures of the dividend have been used; 
the final result will be the quotient sought 

If the final remainder is 0, the division is 
said to be exact, or the dividend contains the 
divisor an exact number of times ; if the re
mainder is not 0, the division is not exact, and 
the quotient is true to within less than 1, 
The operation may be verified by multiplying 
the quotient obtained by the divisor, and add
ing to the product the remainder, if there is 
one ; this last result should be the same as 
the dividend, if the operation has been per
formed correctly. 

2. 'When the numbers are expressed in vary
ing scales. 

There may be several cases, according as 
the numbers are expressed in terms of ordi
nary fractional units, or in some of the vary-
ing scales of comraerce. 

If the numbers to be divided are fractions, 
they wlU be either vulgar or decimal. 
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Is/. Di{:s:u", of vulgar fractions. 
Reduce both dividend and divisor to tho 

form of simple fractions, if one or both are 
mixed t'raetioiis ; invert the terms of the divi
sor and multiply the dividend by the resulting 
firaetion ; the product wiU be the fractional 
quotient, which should be reduced to its low
est terms, or sometimes to a whole number 
by the rules for the transformation of frac
tions, 

1. Divide 5f hy 2i; 5| = \i and 2^ = V , 
hence the quotient is equal to 

43 X 7 _ 301 
S x 15 ~ 120' 

which cannot be reduced to lower terms. 
If one of the numbers is a whole number, 

it may be regarded as a vulgar fraction whose 
denominator is 1. 
2d. Division of decimal fractions. 
Both dividend or divisor, or either one may 

be a mixed decimal, but the rule applies to 
aU. 

AVrite down the d'mdend and divisor as in 
whole numbers, annexing as many O's to the 
dividend as may be necessary- ; perform the 
division as in whole numbers, continuing the 
process to any desirable extent, or till a re
mainder is found equal to 0 ; then point off 
from the right hand as many decimal places 
as the number of decimal places in the divi
dend exceeds that in the divisor ; if there are 
not so many in the quotient, prefix O's till the 
requisite number is obtained ; the result wUl 
be the quotient. 

AA'hen the numbers are expressed in any 
of the varj'ing commercial scales, as pouvjLs, 
shillings, and pence, or in any other of the 
irregularly varying scales, there may arise 
two cases; 1st. when the dividend is ex
pressed in the varying scale, and the divisor 
in the scale of tens ; and 2d. when both 
dividend and divisor are expressed in varying 
scales. 

1st. When the divisor is expressed in the 
scale of tens. 
In this case the quotient wUl be expressed 

in the same scale as the dividend. 
Divide the number of units of the highest 

order in the dividend by the divisor, the quo
tient wiU be the number of units of the same 
order in the quotient sought. Multiply the 
remainder by the number of units of the next 

lower order which mtike ono of this order, 
and to the product add tho number of units 
of the next lower order in the given number; 
divide this sum by the divisor and the quotient 
will be tho number of units of this order in 
the quotient sought; continue this operation 
till tho lowest order of tho scale is reached, 
and the result will be the quotient sought. 

1. Let it be required to divide £2b 8s. 6d., 
by 3. The operation is as follows : 

£ s. d. £ s. d. 
3)25 8 6(8 9 0 

24 
1 
20^ 
"28" 
27 
1 
12 
Ts 
18 
~0 

The operation may be much simplified in 
practice. 
2. When both dividend and divisor arc express

ed in varying scales. In this case it is neces
sary that they should both be reduced to the 
same unit, and then the quotient will be ex
pressed in the scale of tens. 

Reduce both dividend and divisor to the 
same absolute unit, generally the lowest unit 
of the scale ; then divide as in whole num
bers. 

1. Divide £25 10s. 9d. by 18s. lid. If 
both be reduced to pence, we have 
£. 8, d, d. 3, d, d. 
25 10 9 = 6129 and , 18 II = 227, 

whence 
6129 
~ss^- = 27 the quotient required. 

Or both might have been reduced to deci 
mals of a pound, thus 

£.. s. 
15 10 
whence 

9 -= 25.5375, 18 

25.5375 _ 
,94583 ~ ̂''''• 

d. £ 
11 = .94583 + 

the same quotient as before. These rules 
will enable us to perform any, case of arith
metical division. For a method of verifica
tion of division, see Properties of the 9's.. 
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II. -Algebraical Division. 
1st. Division of monomials. 
Divide the co-efficient of the dividend by 

the co-efficient of the divisor, for the co-eifi
cient of the quotient; after this, write all the 
letters which enter the dividend and divisor, 
giving to each an exponent equal to tho ex
cess of its exponent in tfic dividend over that 
in the divisor ; the result is the quotient 
sought. 

If the signs of the dividend and divisor 
are alike, the sign of the quotient will be plus; 
if they are unlike it will be minus. 

The exact division is impossible : 1st, when 
the co-efEcient of the dividend is not exactiy 
divisible by the co-efiicient of the divisor: and 
2d. when the exponent of any letter in the 
divisor is greater than it is iu the dividend. 
This last case includes that in which the divi
sor contains a letter which does not enter the 
dividend. 

A s to the co-elficient, if the exact division 
is not possible, it m a y be indicated, and by 
the employment of negative exponents the 
remaining operation m a y always be indicated, 

2d, Division of a polynomial hy a monomial. 
Divide each term of the polynoraial by the 

divisor separately, and the algebraic sum of 
the separate results will be the quotient 
sought. 

3d. Division of polynomials. 
Arrange both dividend and divisor with 

reference to the sarae leading letter; divide 
the first terra on the left of the dividend by 
the first term on the left of the divisor, and 
the quotient will be the first term of the quo
tient ; multiply the divisor by the term of the 
quotient found, and subtract the product from 
the dividend for the first remainder: divide 
the first remainder by the first term of the 
divisor for the second term of the quotient; 
multiply the divisor ~ by this term of the quo
tient, and subtract the product from the first 
remainder for the second remainder; con
tinue the operation till a remaindeir is found 
which is 0, or till ono is found whose first 
term is not exactly divisible by the first term 
of the divisor. 

In tiie former case the division is exact, in 
the latter the exact division cannot be per-
/ormcd. 

The following rules serve to indicate, by 

inspection, certain cases in which the di
vision cannot be exactly performed. 

1st. W h e n the term of the dividend which 
contains the highest or lowest power of any 
letter, is not exactly divisible by the term of 
the divisor which contains the highest oi 
lowest power of the same letter, 

2d. W h e n the divisor contains a letter 
which does not enter the dividend. 

3d. W h e n the dividend is a ihonomial, and 
the divisor a polynomial. 

If the dividend contains a letter which 
does not enter the divisor, the division cannot 
be performed unless the co-efficients of the 
different powers of this letter are separately 
divisible by the divisor. In some cases, 
w h e n the exact division is not possible, the 
operation m a y be continued, and a result 
obtained in the form of a series, having an 
infinite number of terms. 

The operation of the division of polyno
mials m a y sometimes be shortened, by per
forming the muhiplication of each term of 
the divisor by each term of the quotient, and 
subtracting the product mentally from the 
corresponding term of the dividend, writing 
down only the last result. It may, in some 
cases, be considerably abbreviated by amethod 
called 

Synthetic Division. 
This method is applicable when the diri-

dend and divisor are homogeneous, and con
tain but two letters. 

In the common method of division, each 
term of the divisor is multiplied by tho first 
term of the quotient, and the products sub
tracted from the dividend; but the subtrac
tions are performed by first changing the 
sign of the product, and then adding. If, 
therefore, the signs of the terms of the divi
sor were first changed, w e should obtain the 
same result by adding the products, instead 
of subtracting as before, and the same for the 
subsequent operations. 

B y this process, the second dividend would 
be tho same as by the common method. But 
since the second term of the quotient is found 
by dividing the first term of the second diri-
dend by the first term of the divisor; and 
since the sign of the latter has been changed, 
it follows that the sign of the second terra of 
the quotient will also be changed. To avoid 
this change of sign, the sign of the first 
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term of the divisor is left unchanged, and the 
products of all the terms of the quotient by 
the first term of the divisor are omitted, be
cause in the usual method, the first terms in 
each successive dividend are cancelled by 
these products. 

Having made the co-efficient of the first 
term of the divisor 1, proceeding by the 
method of detached co-efficients, and omit
ting these several products, the co-efficient 
of the first term of any dividend will be the 
co-efficient of the succeeding terra of the 
quotient Hence, the co-eificients in the 
quotient are, respectively, the co-eflicients of 
the first terms of the successive dividends. 
The operation thus simplified, may be fur

ther abridixed by omitting the successive 
additions, except so much only as may he 
necessary to show the first term of each divi
dend ; and also by writing the products of 
the several terms of the quotient by the 
modified divisor diagonally, instead of hori
zontally-, the first product falling under the 
second term of the dividend. The literal 
part may be written imraediately, since the 
exponent of the leading letter wUl go on de
creasing from left to right, the sum of the 
exponents of both letters in any term being 
constant. 

AVe may then write the following rule: 
Divide both divisor and dividend by the co

efficient of the first term of the divisor. 
AVrite in a horizontal line the co-efficients 

of the dividend with their proper signs, and 
place the co-efficients of the divisor with all 
their signs changed, except the first, on the 
right, observing when any term is wanting, 
to supply its co-efficient hy 0. 
Divide the co-eflBcients of the dividend by 

those of the divisor, after the manner of alge
braic division, except that no term of the 
quotient is multiplied by the first term of the 
divisor; write the products diagonally to the 
right, under the terms of the dividend to 
which they correspond. 

The first terra of the quotient is the same 
as that of the dividend; the second term is 
the sum of the numbers in the second column; 
the third term, the sum of the numbers in the 
third column ; and so on. 

W h e n the division can he exactly made, 
columns will be found to the right, whose 
sum wUl be 0: when the co-efficients are 

found, annex to each tho literal port, as al
ready explained. 

1. Divido 
a' - 5a°x + 10a"x" - 10a"x" + 5ax* - x* 

by ffi" — 2ax + x". 
operation. 

1-5+10-10 + 5-1 
+ 2 - 6+ 6-2 

- 1 + 3-1+1 

1, + 2 - 1 

1 - 3 + 3 - 1 0, 0. 
Hence, the quotient is 

ffi' - 3a"x + 3ax" - x". 
The first term of the divisor being always 

1, need not be written. 
In the above operation, the first term of 

the quotient is 1, which we write in the last 
line under the first term of the dividend ; mul
tiplying + 2 and — 1 by this, and placing the 
results diagonally in the 2d and 3d columns, 
w-e get + 2 and — 1; the sum of tho terms in 
the second column is — 3, which w e write in 
the last line as the second term of the quo
tient ; multiplying + 2 and — 1, by this we get 
— 6 and + 3, which are written diagonally 
in the 3d, and 4th columns : the sum of tho 
numbers in the 3d column is + 3, which w e 
write in the last line, and multiply by + 2 
and — 1, as before; the sum of the fourth 
column is — 1; by continuing in this man
ner, w e find that the sum of aU the remain
ing columns are 0. 

To annex the literal parts, we notice that 
the literal part of the first term is a', and that 
the exponents of a must go on diminishing 
by 1 in each term to the right. Whilst tho 
exponents of x go on increasing by 1 in each 
term to the right. 

2, Divide 
x« - 5x' + 15x* - 24x" + 27x" - 13x + 5 

by x* — 2x" + 4x" — 2x + 1. 
OPERATION. 
1-5 + 15-24+27-13+5 ! 1 + 2-4+1-1 
+ 2- 6 + 10 

- 4+12-20 
+ 2- 6 + 10 

- 1+ 3-5 1-3+ 5+ 0+ 0+ 0 + 0. 
Hence, the quotient is x" — 3x + 5. 
4. Division of Radicals. 
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First reduce the radicals to equivalent ones 
of the same degree ; then divide the co-effi
cient of the dividend by that of the divisor 
for the co-efficient of the quotient; write 
after this the common radical sign, under 
which place the quotient obtained by dividing 
the quantity under the radical sign in the 
dividend by that in the divisor. 

5. Division by means of Logarithms. 
One nuraber may he divided by another by 

means of logarithms, as follows : 
Find, from a table, the logarithm of the 

dividend and of the divisor ; subtract the lat
ter from the former, and find from the table 
the number corresponding to the remainder ; 
it will be the quotient required. 

DLVi'SOR. One of the factors of the 
dividend; that factor by which the dividend 
is to be divided. 

Divisors of a Numhee, are those numbers 
by which it is exactly divisible ; thus, 1, 2, 
3, 4, 6, and 12, are divisors of 12, because 12 
may be divided by each of them without a 
remainder. A prime nuraber can only be 
divided by 1 and the number itself 

1. Composite numbers admit of several 
divisors. If we denote a composite nuraber 
by N, and its prime factors respectively hy 
a, 4, c, &c ; and by 777, n, p, &e,, positive 
whole numbers, we shall have 

N ' = â b'̂ ĉ  • • • 
and the whole number of its divisors will bo 
equal to 

(777+ 1)(7/+ 1)(;7+ 1) &c. 
For example, 360 = 2". 3". 5', Here, 

m = 3, n — 2, p = I, and the whole number 
of divisors of 360 is 4 X 3 X 2, or 24; that 
is, there are 24 different numbers which wiU 
divide 360 without a remainder. 

2. If required, we can find a nuraber which 
shall have any number of divisors. 

Denote the required number of divisors by 
w, resolve w into any number of factors pos
sible, so that 

M = X X y X « • • • ; 
then denote x — 1 by tti, y -— 1 by r/, z — I by p • • &c., and we shall have N = a^b'^C • • &c,, in which a, 4, c, &c,, may he any prime numbers whatever, which are not equal to each other. For example: let it be required to 

find a number which has 30 different divisors. 
W e have 30 = 2 , 3 , 5 ; whence, 771 = 1, 
n = 2, p = i and N = a' 4" c*. 
Assume ffi=2, 4=3, c = 5, we find iV"=11250 

" ffi=5, 4=3, c=2, " JV= 720 
" ffi=5, 4=6, c=3 " N = 16-20 
(fee. &c. &c. &c. 

there will be an infinite number of solutions. 
3. If we still suppose 

N = a^b'cP • • • • 
ihe sum of aU of the divisors of N wiU be 
expressed by the formula am-l-i _ 1 4>H-i , 

1 1 
cJ-H — 1 

For example : the sum of all the divisors of 
360 wiU he 

S = 
2 * - 1 

X X 
5"-J 

~1 2-1 3-1" 5-
= 15 X 13 X 6 = 1170. 

This sum includes 1 and the number itself 
4. If a number is of the form /" + u', in 

which / and u are prime with respect to each 
other, then will every divisor be of the same 
form; that is, of the form /'" + u'', in which 
/' and u' are prime with respect to each 
other. For example, 65 = 8" + 1", and its 
divisors are 5 = 4" + 1" and 13 = 3"+ 2=, 
Also, 50 = 49" + 1", and its divisors are 
2 = 1" + 1", 5 = 2"+ 1", 10 = 3" + 1", and 
25 = 4" + 3". 
5. If a number is of the form /" + 2u', 

I and u being prime with respect to each other, 
its divisors will also be of the same form. 

For example: 99 = 1" + 2. 7", and its 
divisors are 3 = 1" + 2.1", 9 = 1" + 2.2", 
11 = 3" + 2.1" and 33 = 1= + 2 .4" • • -
6. If a number is of the form /" — 2k,", its 

divisors are also of the sarae form. 
Thus, 98 = 10" - 2 .1", and its divisors 

are 2 = 2" —2.1", 7 = 3" —2.1", 14 = 4" 
— 2.1", and 49 = 9" — 2 .4". 

7. If a number is of the form /" + 3»", 
every odd divisor of it is also of the same 
form. 

Thus, 133 = 5" + 3 . 6", and its odd divi
sors are 7 = 2"+ 3. 1", and 19 = 4"+ 3.1". 

8. If a number is of the forra /" — 5m', every odd divisor of it is also of the same form. For example : 95 = 10" — 5.1", and its 
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odd divisors are 5 = 5" — 5. 2" and 19 = 8" 
— 5. 3". 
The above properties of divisors of num

bers were discovered by Lagrange. 
A'arious other properties of divisors might 

be enumerated, but we shall only enunciate 
some of Uie more useful ones, which are 
employed in the theory of numbers. 
1. If a is a prime number, and if x is not 

divisible by a, then will a divide (x»—' — 1). 
2, If a is a prime numTier itwiU divide the 

expression 
[1 . 2 - 3 • - - (H - 1)] + 1. 

3. If a is a prime number, and of the form 
in + 1, it wiU divide the expression 

Tl" - 2" -3" + 1-

471 
If a is a prime number, and of the form 
- 1, it wUl divide the expression 

1" - 2= - 3" 
M ' ] - 1. 

muUiply the square of one side by 11.1961524, 
the product will be tho area required. 

DO-DEC-A-HE'DRAL. Pertaining to a 
dodecahedron. Having twelve faces. 
DO-DEC-A-He'DRON. [Gr. JotlcTca, twelve, 
and edpa, base]. A polyhedron bounded by 
twelve faces. The regular dodecahedron is 
bounded by twelve equal and regular penta
gons, and is one of the _̂77e regular polyhe
drons of geometry. The diedral angle in
cluded between any two adjacent faces is 
116° 33' 54". If we denote the length of 
one of its edges by 1, the area of its surface 
is 20,6457288. and its solidity 7.6631189. If 
we denote the length of an edge by I, the 
surface wiU be equal to ? X 20.6457288, and 
its solidity P X 7.6631189. 

If we denote by R the radius of the cir
cumscribing sphere, we shall have the follow
ing formulas, in which I denotes the length 
of the edge, s the area of the surface, and v 
the volume : 

\/T5- / 3 \ 5. If the sum of the digits of a number is 
divisible by either 3, or 9, the number itself 
wiU also be divisible by the same number, 3 
or 9, 
6, If a number is divisible by 11, the sum 

of the digits in the even places is equal to 
the sum of the digits in the odd places. 

7. If the number expressed by the n right 
hand digits of any number is divisible by 2", 
the number itself is divisible by 2", 
DO-DEC'.A-GON. [Gr. dudcaa, twelve, 

and yavia, angle]. In Elementary Geome
try, a polygon of twelve sides or twelve 
angles. 
To inscribe a regular dodecagon in a circle, 

apply the radius 6 times to the circumfer
ence as a chord and the inscribed figure wiU 
be a regular hexagon ; bisect the arcs sub
tended by each side of the hexagon, and join 
each of the points of bisection with the ver
tices of the consecutive angles ; the figure 
inscribed will be a regular dodecagon. 
If one side of a regular dodecagon be taken 

as the unit of measure, the entire area will be 
equal to 11.1961524. If it is required to find 
the area of any other regular decagon, since 
«teiilar figures are to each other as the squares 
m tteir homologous sides, we have simply to 

l = R (^-^} 

s = R'- 10 (vA-5 4 

v = R' 
20 8 /3 + y's 
3 \~r3b 

In like manner, if r denote the radius of 
the inscribed sphere, we have the formula 
for the length of an edge. 

/ = r -/50 - 22 -1/5". 

AVe have also, for the radius of the circum
scribing and inscribed spheres, 

R = 
/v'l5 + v'3\ 

X I, and 

//250 + 110-/1\ ̂  ^ 
I 20 ) 

If we have a regular dodecahedron and a 
regular hexahedron, or cube, inscribed in the 
same sphere, then if the edge of the cube be 
divided in extreme and mean ratio, the greater 
segment will be equal to the edge of the 
dodecahedron. 
If a line be divided in extreme and mean 

ratio, and the lesser segment be taken as the 
edge of a regular dodecahedron, then wUl the 
other segment be equal to the edge of a cube 

file:///~r3b
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inscribed in the same sphere. These proper
ties are demonstrated in Hutton's Mensura
tion. See Regular Polyhedron. 

DOL'LAR. A silver coin of the United 
States, whose value in the scale of coins 
adopted is equal to 100 cents, 10 dimes or ^ 
of an eagle. See Money. 

D O U ' B L E . [L. daplus]. Twice as much ; 
a quantity repeated once. 

D O Z'EN. Twelve in number. 
D R A W I N G . The operation of making 

such a representation of an object or of ob
jects upon a surface as to present to the eye 
taken at a particular point, the same appear
ance as that presented by the object itself 
See Perspective and Practical Geometry. The 
delineation is called a drawing. 

D R U M ' M O N D L I G H T . A n intense light, 
produced by directing the flame of the oxy-
hydrogen blowpipe upon a piece' of quick 
lime. The light thus produced rivals in in
tensity that of the sun itself, and has been 
used for photographic and other purposes 
•usually requiring the light of the sun. 

The light was originally used by Drum-
mond for illuminating signals, so as to ren
der them visible at a great distance, and with 
such success that they might be seen at dis
tances of 70 to 90 miles. At a distance of 7 
miles, the light of Drummond cast a well 
defined shadow of an opaque object upon a 
screen 4 feet from the body. A pretty good 
substitute for the Drummond light may be 
formed by directing a stream of oxygen gas 
through the flame of a spirit-lamp upon a 
lump of quick lime. The Drumraond light is 
still used in extensive triangulations, 

DU-0-DEC'I-MAL, [L. duodeeim, twelve]. 
A system of numbers in arithmetic, whose 
scale is 12 ; hence, the unit of each order is 
equal to twelve times a unit of the next 
lower order. This system is usually em
ployed by artificers in estimating the super
ficial and solid contents of their work. See 
Arithmetical Scale. 

DD'PLI-CaTE. \L. duplex,doMh\e]. Dou
ble, two-fold. 

Duplicate Ratio, The same as the square 
of the ratio; thus, the duplicate ratio of 
0 to 4 IS —r-

DU-PLI-Ca'TION O F T H E C U B E . The 
operation of finding a cube whose volume is 
equal to double that of a given cube. The 
solution of this problem cannot be effected 
geometrically, as it requires the construction 
of two mean proportionals between two given 
lines. It may be solved by higher geometry, 
but its solution in this mannenis rather cu
rious than useful. 

E. The fifth letter of the English alphabet ; 
araongst the ancients it stood for 250. In sur
veying, it is employed as an abbreviation for 
East, one of the points of the compass. 

E A R T H . The name of the planet upon 
which w e dwell. It is the third in order 
frora the sun, and revolves about the sun m 
an elliptical orbit, of which the centre of the 
sun is one focus, in about 365J days. It 
also revolves about its own axis in 24 side
real hours, or once in each day. The plane 
of the earth's orbit is called tho ecliptic, and 
is inclined to the plane of the equator by an 
angle of about 23° 28', which angle is con
stantly undergoing a small secular variation. 
This inclination is called the obliquity of the 
ecliptic, and it is to this cause that we are in
debted for the succession of the seasons. 

The figure of the earth is that of an oblate 
spheroid of revolution, the polar diameter be
ing to the equatorial diameter in the ratio of 
300 to 301. The equatorial diameter is nearly 
7925 English miles, and the polar diameter 
about 7898 miles. The entire surface of the 
earth contains more than 197J mUlions of 
square miles. 

The knowledge of the true figure of the 
earth has been obtained from the combined 
results of mathematical theory, actual mea
surements of the lengths of arcs of the me
ridian, and careful experiments with tho se
conds pendulum, made at different points on 
the earth's surface. A s a great portion of 
the earth's surface is covered by the ocean, 
the general form of that surface must be such 
as to conform to the principles of hydrostatic 
equilibnam. If the earth were a fluid, and 
had no motiori of rotation, its form would, 
from the princinles of mechanics, be nearly 
that of a pertest sohfire. but rotary motion 
gives rise to a ceutrifujral force, one compo
nent ot which is opooscQ to gravity, and the 
other acting tangentiall̂ v, ^o* % ttvlency to 
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heap up the matter about the cpiator, and to 
flatttn the sphere at the poles. This ten
dency must continue until a state of equili
brium is produced, which, according to theory, 
wUl happen when the form assumed is that 
of an ellipsoiil of revolution. Such theoreti
cal considerations as these, render the ellip-

the course. Tho easting is also called the 
departure of tiie course in this case. Had 
the course been run from D to .A, the course 
would have made wesliiPj instead of easting, 
and the departure would be reckoned the 
same as before, with its sign changed. See 
Departure. In any field survey, tbe algebraic aoidal form of the earth probable, and careful sum of the castings and w-estings of all the 

measurements and experiments of various courses, is equal to 0. 
kinds, fully confirm the conclusion. See 
Figure of ih-: Earth. 

E-AST. In Surveying and Navigation, one 
of the cardinal pouits of the compass. The 
direction in which the sun appears to rise at 
the equinox. If an observer stand with his 
face towards the north, then wUl his right 
hand be towards the east. 

A n east and west line through a point, is a 
line which is perpendicular to the plane of 
the meridian at that point, and a vertical plane 
through this line is caUed the prime vertical. 

Since the plane of the circle of latitude is 
perpendicular to the axis of the earth, it fol
lows that an east and west line does not coin
cide with a circle of latitude except for a 
very small distance from a given point. 
AV'here great accuracy is required, as in tra-
cino- a paraUel of latitude, correction has to 
De made for the deviation, and the correction 

EC-CEN'TllIC. [L. eccentiicus, deviating 
from the centre]. Two circles, ellipses, spheres, 
or spheroids, are said to bo eccentric, when 
one lies within the other, but has not the 
same centre. The term stands opposed, in 
signification, to concentric, which signifies 
that one lies within the other, and that the 
two have a common centre. 

Two magnitudes are not properly spoken 
of as concentric or eccentric, unless they are 
similar. 

In machinery, a circle is said to be an ec
centric when it revolves on an axis which 
does not pass through its centre. Such an 
arrangement is often made for the purpose 
of converting rotary into reciprocating motion. 

EC-CEN-TRIC'ITY of a conic section, is 
the ratio of the semi-transverse axis to the dis
tance from ihe centre to the focus. If the semi-
transverse axis be taken as 1, the eccentricity 

wUl be an increasing function of the latitude, becomes equal to the distance from the centre 
and also of the length of the course run. Atj lo ike focus ; under this supposition, it forms 
the equator the prime vertical coincides 
with the plane of the circle of latitude, and 
the correction is 0. At the pole, the prime 
vertical is perpendicular to the plane of the 
circle of latitude, and the correction is a 
maximum. For all intermediate stations, the 
corrections may be determined by formulas 
given in treatises on geodesy. For fimited 
portions of the earth's surface, the correction 
is almost inappreciable, and may, unless great 
accuracy is required, be entirely neglected. 
r.AS'TING. In Surveying, the perpendi

cular distance between 
two meridians drawn 
through the extremities 
of a course. 
If -AD represent any 

course run from .A to D, 
N S and D E the meri
dians through its extre
mities, and A E perpen
diculars to N S ; then is A E the easting of 

a very important element in astronomical 
computations. 

In order to find an expression for the eccen
tricity, let us take the' general equation of the 
conic sections 

yi — 2̂j.2 ̂_ 277,1-, 

in which the axis of abscissas coincides with 
the principal axis of the curve, the origin of 
co-ordinates being at the principal vertex. 
If, in this equation, we make y = 0, the cor-

2p 
responding values of x, are 0 and ,̂ the 
arithmetical mean of which gives for the 

p 
semi-transverse axis — -i. If we again make 

r" ° 
y = p, and deduce the corresponding values 
of X, we have Af- 2 = - 72 ± 7» V r ' + l ^ 

if we subtract the first of these values from 
the second, and divide the result by 2, w e 
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shall have, for the distance from the centre to 
the focus. 

If now w e divide this last distance by that 
previously found, and denote the eccentricity 
by e, w e shall have the formula 

c = Vr' + 1. 

For the parabola r' = 0, whence c = 1 ; 
that is, the eccentricity of the ordinary para
bola is always equal to I, 

4" 
For the ellipse, r" = — -̂, in which a and 4 

are positive, and represent the semi-axes, a 
being always greater than 4 for the real 
eUipse. Malting the substitution, and re
ducing, the formula becomes 

V a ' - b' 
a 

If a = 4, the elUpse becomes a circle, and 
w e find c = 0 ; that is, the eccentricity of a 
eirele is equal to 0. If w e suppose b ̂  a, the 
ellipse becomes imaginary, and the expres
sion for the eccentricity also becomes imagin
ary ; that is, the eccentricity of the imaginary 
ellipse is imaginary. For every value of 
4 < a, the expression for the eccentricity is 
less than 1, and greater than 0 ; that is, the 
eccentricity of the ordinary ellipse is always 
found between 0 aTid 1, If 4 ^ 0 , the ellipse 
reduces to a limited straight line equal to the 
transverse axis, the foci being at the extremi
ties ; in this case, also, w e have c = 1 ; that 
is, the eccentricity of the limited straight line 
is I. 

. ^ . 
If the ratio — remains constant, whilst a and 

4 decrease, the value of e will remain con
stant, which shows that the eccentricity of 
similar ellipses is always ihe same. If a ̂ ind 
4 go on decreasing, but retaining a constant 
ratio to each other, they wUl both become 0 
together; the ellipse will become a point, and 
7/s eccentricity will be the same as that of an 
ellipse cut out of ihe right cone, with a circular 
base, hy a plane parallel to the plane through 
the vertex which cuts out the point. If 4 is in
finite, ffi being finite, w e have the extreme 
case of the imaginary ellipse, which corre
sponds to the two imaginary parallel lines of 
the parabola ; in this case, the value of c be

comes V — co", which is imaginary; hence, 
the eccentricity of the imaginary parabola is, 
like that of the imaginary eUipse, imaginary. 

If w e make a infinite, 4 being finite, we 
have another extreme case of the ellipse, 
which also coincides with an extreme case of 
the parabola ; that is, w e have two paraUel 
straight lines drawn through the extremities 
of the conjugate axis, and parallel to the trans
verse axis. In this case, since 4" is infinitely 
small in comparison with a", the numerator 
wiU be exactly equal to the denominator, and 
w e shall again have c ̂  1- If a still con
tinues infinite, and 4 goes on diminishmg, 
the straight lines approach each other, tih 
finally, when 4 = 0, they coincide, and we 
have another case of the ellipse coincident 
with another extreme case of the parabola, 
in which the 'eccentricity is likewise'equa' 
to 1. 

W e see, then, that for the eccentricity of 
the extreme cases of the parabola, we have 
for that of the unaginary parallels, an imagin
ary expression, and for the other particnlai 
cases, 1. 

4" 
For the hyperbola, r" = - j — ^ , in which a 

and 4 are the serai-axes, and may have any 
ratio to each other. Substituting this value, 
the forraula gives 

Va' + 4" which can never he less than 1. 
For 4 ̂ = 0, the hyperbola becomes a straight 

line, limited towards the centre, the foci being 
at the limiting points, and the Ime extendmg 
from these points outwards, indefinitely. In 
this case, c = 1; that is, the eccentricity of a 
straight li?tc limited towards ihe centre, is 1. 

For all values of 4 greater than 0 and less 
than a, the hyperbola is acute and the eccen
tricity is betw-een 1 and \/¥. AVhen 4 = a, 
the hyperbola is equilateral, and the eccentri
city is equal to v 2 . 

For all values of 4 greater than a the 
hyperbola is obtuse, and eccentricity is greater 
than -v/2, until w e come to the value 4 = co, 
when the hyperbola passes to its extreme case 
and becomes two straight lines paraUel to the 
conjugate axis, and drawn through the ex
tremities of the transverse axis. In this case 
the eccentricity is infinite. If whilst 4 re-
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mains infinite, a diminishes, the lines will 
spproaeh each other, and when a = 0 they 
will coincide, aud the eccentricity is still infi
nite. Hence, the eccentricity of two straight 
fines, or of one straight line perpendicular to 
the transverse axis, is infinite. 

If b remains constant and of any infinite 
value whilst u diminishes till it becomes 0, 
the hyperbola approaches a straight line and 
finaUy coincides with the conjugate axis, and 
the eccentricity is again infinite. 

If a and 4 vary together so that the ratio 
* 
- is constant, as a and 4 diminish the hvper-
a 
bola approaches its asymptotes, and finally 
when a aud b become 0, which they will to
gether, w e shaU have the particular case of 
two straight lines intersecting, and the eccen
tricity is the same as that of the simUar 
hyperbolas which have these fines for asymp
totes. 
By changing 4 into a and a into 4, and 

denoting the eccentricity of the conjugate 
hyperbola by e' w e get 

V b ' + ffi" 

and by comparison, 

that is, the eccentricities of conjugate h-yper-
bolas are inversely as their transverse axes. 
From the preceding discussion w e infer that 
the eccentricity of the circle is 0 : passing 
through the ordinary eUipse as it becomes 
elongated, the eccentricity increases tUl at the 
limit it becomes 1; passing through the para
bola where it is 1, it continues to increase 
through the acute hyperbola tUl at the equi
lateral hyperbola it becomes equal to -/27 
still continuing to increase, it finally, in the 
lastcase, become infinite. It may be inferred, in 
general, that the eccentricity of a conic section 
is the measure of its departure from the circle. 
It is also evident, that the value of the eccen
tricity determines the kind of conic section. 

E-CLIP'TIC, [Gr. eiclirrTiKoi: ; L. Eclip-
ticus]. In spherical projections, a great circle 
whose plane makes an angle of about 23° 28' 
with the plane of the equator. The plane of 
the ecliptic is the plane of the earth's orbit 
about the sun, and its inclination to the plane 

of the equator is constantly undergoing a 
slight secular change. Seo Spherical Projec
tions. 

E D G E of an Angle, in Geometry, the line 
in which two faces of a polyedral angle meet 
each other. A n edge of a polyhedron, is the 
line in which two adjacent faces meet each 
other. In speaking of the edge of a polyhe
dron, the line is supposed to bo limited to that 
portion which lies between the vertices of the 
two polyhedral angles which it joins. 

E i D O ' - G R A P H . A matheraatical instru-
raent, invented by AVallace, and like the pap 
tograph, serves to copy plans and drawings 
on the same or on different scales. 

V S Z I O ' 

A rod or beam of brass A B , .30 inches long 
and -4 of an inch square, and made hollow for 
the sake of being light, slides freely through 
a hollow rectangular socket C, whose length 
is i^ inches. From the lower surface of this 
socket projects a steel pin, of a conical shape, 
serving as an axis ; the pin entering into a 
tube of a corresponding form which stands 
vertically on a cylindrical mass of metal, D. 
The mass serves as a base for the whole in
strument ; and whilst the beam A B may 
slide horizontally in the socket C, it is capa
ble of turning with the socket upon the ver
tical axis in the tube. Each end of the beam 
A B carries a short tube, in a vertical position, 
and through this passes the conical axis of a 
wheel or puUy E, F, which is placed below 
the beam ; these wheels are precisely equal 
in diameter, and are capable of turning freely 
on their axes in a horizontal plane. The 
edges of these wheels arc grooved so as to 
receive a piece of very thin watch spring 
a E 4, c F d ; and the ends a and c, 4 and d, are 
connected by a steel wire ; the pieces of 
watch spring are made fast near E and F to 
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the circumferences of the wheels, in order to 
prevent them frora slipping on those circum
ferences, a small movement for the purpose 
of adjustment only being allowed, SmaU 
screws at c and d serve to tighten and relax 
the band as may be necessary. Under each 
of tbe wheels E, F, are two rectangular 
sockets simUar to C, and in these slide, hori
zontally, the rectangular arms G H , K L , each 
of which is 27-J- inches long. These arras, 
which turn with the wheels E and F, are 
adjusted by means of the screws at c and d, 
so as to be always parallel to each other. At 
L is fixed a tracing point, fike that of the 
pantograph ; at G, a pencil in a socket or 
tube ; the tracer and pencil are to be always 
in a straight line, passing through the com
m o n axis of the mass D, and of the socket G. 
The pencil is made to press gently upon the 
paper by weights, but it is capable of being 
raised from it by means of a lever, one end 
of which is connected with the socket which 
carries it, and to the other is attacked a string 
which is to be' pulled by the operator when 
necessary : this movement of the pencil car
rier is facilitated by the aid of small friction 
rollers. 

The beam A B is graduated on its upper 
surface into 100 or 1000 equal parts, and 
divisions equal to them are made on the upper 
face of each of the arras G H and K L , B y 
these divisions, the distances of A and B 
from the axis D may be made to have any 
given ratio to one another, and A G , B L , may 
be made respectively equal to the last distan
ces. Thus the isocelcs triangles G A D , D B L , 
will alw^ays be similar, and the figure describ
ed by the movement of the pencil at G will 
be similar to that over which the tracer at L 
is raade to pass. 

E-LAS'TIC CURATE. [Gr. elaarpeci, to 
impel]. The curve taken by an elastic fila
ment, fixed horizontally at one end, and loaded 
with a weight applied to it 

Let the filament 
M N be fixed at tho 
point M, so that 
the direction of 
the tangent at M <* 
shall be horizontal in whatever manner the 
filament may be bent, and let it be acted upon 
by a weight at its extremity. The plane of 
curvature will be vortical, and the plane of 

the co-ordinate axes O M N may he assumed 
as coinciding with it. 

Denote by P the weight; its line of direc
tion wiU be parallel to O M , supposed vertical; 
denote tbe distance of the point of application 
of this force from the axis O M , by p. At 
any point m of the curve, an equUibrium will 
exist between the force P which tends to 
turn the curve about 771, and the elasticity 
which acts in a perpendicular to the tangent 
M T , and which resists this tendency. If we 
denote by E the moment of elasticity, and 
call the abscissa of the point 771, x, we shaU 
have 

P (p - x) = E. 
It is generally assumed that the E varies so 
as to be proportional to the tension, or in
versely as the radius of curvature at any 
point: denoting the radius of curvature by 7, 
and the elasticity at the point when the 
radius of curvature is 1 by c, the equation of 
the elastic curve wUl be 

P ip—x) = ' or since, r : (-£)" 

dx' 

Pip-x) = e 
dx̂  

h ^ f 

If the curvature is very smaU 
( f 

will 

be very small in comparison with 1, and may 
be neglected; whence, 

d'u 
Pip-r) = e^i 

and hy integrating twice. 

• A = 2^^^ ( 3 / x " - x " ) , 

k being constant and equal to OM. The 
elastic curve is the same as that assumed by 
a spider's web, when fixed at its extremities 
and blown by a uniform breeze ; or, it is the 
curve assumed by a perfectly flexible and 
hollow line, fastened at its extremities and 
filled bj' a fluid filling its entire cavity, 

E L ' E - M E N T . [L. elementum, element]. 
If w e suppose a surface to be generated by a 
right line moving according to some fixed 
law, every position of the moving fine is 
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cidlcd an eleuient. Thus, a conic surface is 
one which may be generated by a straight 
I'mc moving in such a manner as to pass 
through a fixed point, and constantly touch a 
given curve. Any position of the moving line 
is an clement of the surface. 
To find an element of a conical surface; 

draw a straight fine from the vertex to any 
point of the base or directrix, and it will be an 
element. To find an clement of a cylindrical 
surface, draw a straight line through any 
point of the base, or directrix, parallel to the 
axis ; it w-iU be an element. 

To find an element of a w-arped surface of 
the first kind ; pass a plane parallel to the 
plane director, and find the points in which 
it cuts the directrices; the straight line through 
these points is an element. 

To find an element of a warped surface of 
the second kind; assume any point of the 
first directrix as the vertex of a conic surface, 
and take the second directrix as its base ; 
join the point in which the conic surface cuts 
the third directrix by a straight line, and it 
will be an element of the surface. 

If the surface is generated by a curved line, 
every position of the generatrix is a curvi
linear element. 

In the application of Calculus to Geometry, 
the term element is often used as synony
mous with differential. Thus, the differen
tial of a plane area is often called an element 
of the area, or an eleraentary area. It is the 
infinitely small space included between the 
axis of abscissas, the curve and two ordinates, 
whose distance frora each other is equal to 
the differential of x. 

The element of a solid of revolution, or 
the elementary solid, is that portion of the 
solid included between two planes, both per
pendicular to the axis of revolution, and 
which are distant from each other equal to 
the differential of x. The surface included 
between the sarae two planes is an eleraen
tary surface, and so on. 

In this latter sense of the term, an element 
is the same as an infinitely small particle of 
the same nature as the entire magnitude con
sidered, 
EI.-E-Va,'TI0N. [L. elevalio, lifting up]. 

In Descriptive Geometry, the same as Verti
cal Projection. 

14 

Elev.vtion, .Anoi.e of. In Surveying, a 
vertical angle, one of whose sidos is hori
zontal, tho inclined side lying above the 
horizontal one. 

In Shades aud Sh.adows, and in Architec
ture, the elevation of a body is the same as 
its orthographic projection upon a vertical 
plane. 
E-LIM-I-N.l'TION, [L. c, from, and //mc7i, 
threshold]. In .Analysis, tho operation of 
combining several equations containing sev
eral unknown quantities, so as to deduce 
there'from a less number of equations, con
taining a less number of unknown quantities 
There aro several different processes of 
elimination: w e shall consider first, those 
which arc applicable chiefly to equations of 
the first degree, supposing all the unknown 
terms to be in tho first member. 

1. TAc Method by Addition or Subtraction. 
Find the least comraon raultiple of the co

efficients of the quantity to be elirainated in 
tho two equations; multiply every term of 
each equation by the quotient found by divi
ding this multiple by the co-efiicient of the 
quantity to be eliminated in that equation : 
If the signs of the terms containing this 
quantity in the two equations are alike, sub
tract one equation from the other, member 
frora member ; if they are unlike, add them 
member to member; the resulting equation 
will be independent of that quantity, 

1. Eliminate y between the equations 
3x + 8y = 25 
5x + 6y = 13, 

The least common multiple of 0 and 8 is 
24 ; multiply both members of the first equa
tion by 3, and of the second by 4, and sub
tracting, w e shall have 

9x + 24y = 75 
20x + 24y = 52 
llx = — 23, 

which does not contain y. 
2. The Method by Substitution. 
Find, from one of the equations, the value 

of the quantity which wc wish to eliminate, 
in terms of the other, and substitute this for 
that quantity in the second equation; the re
sulting equation will be independent of that 
quantity. 
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1. Eliminate y between the equations 
4x — 2y = 6 
5x + 5y = 14. 

Frora the first we fin I y = 2x — 3, and 
this, substituted for y in the second equation, 
gives 

5x + lOx - 15 = 14, or 15x = 29, 
which does not contain y. 

3. TAc Method by Comparison. 
Find, frora each equation, the value of the 

quantity which we wish to eliminate, in terras 
of the other, and place these values equal to 
each other ; the resulting equation wUl he 
independent of that quantity. 

1. Eliminate y between the equations 
3x + 2y = 5 - - - (1), 
4 x - 7 y = 11 - - (2). 

Frora the first we find 

5-3x 
y = ' and frora the second 

4 x - l l 5-
y = ;̂— ; whence — 

3x 4 x - l l 

or, 29x = 13, which is independent of y. 
4. The Method of Arbitrary Multipliers. 
Multiply both members of the first equa

tion by an arbitrary quantity, and add the 
resulting equation to the second, member to 
member; place the co-efficient of the quan
tity which we wish to eliminate equal to 0, 
and deduce from this the value of the arbi
trary multiplier; substitute this value for the 
arbitrary quantity in the preceding equation, 
and the resulting equation wUl be independ
ent of the quantity to be eliminated. 

1. Eliminate y between the equations 
3x + 2y = 5 . • . (1), 
4x - 5y = 10 • • (2). 

Multiplying both members of the first by p, 
3px -i-2py = 5p • • (3), 

and adding to the second 
(4 + 3̂ 7) X + (2;; - 5)y = 10 + 5;7 - • (4), 

placing 2;; — 5 = 0, we find 

p — -• this substituted in (4) gives 

and the equations wUl indicate which is most 
convenient: by repekted applications of the 
rules, a number of quantities may be elmi-
inated frora a group of simultaneous equa 
tions, equal to the nuraber of equations ia 
the group, diminished by 1. 

W h e n the equations are of a higher degree 
than the first, the preceding methods will in 
general he inapplicable. Other methods must 
then be resorted to. 

1. W h e n there are two equations contain 
ing two unknown quantities, both being of 
the second degree and homogeneous will 
respect to these quantities, one of them maj 
be eliminated as follows : 

Substitute, in the two equations, for one oj 
the unknown qua-ntilies, a new uriknoum quan 
tity multiplied by the other; from the residiing 
equations find the value of the auxiliary m 
known quantity, and substitute this value, it 
either ihe third or fourth equation, for this 
quantity; the resulting equation will be inde
pendent of the quantity to be eliminated. 

I. Eliminate y between the equations 
x" + xy — y' = 5 • - - (1), 

3x" - 2 x y - 2y"*= 6 - - - (2). 
Substitute for y, in (1) and (2), px; ther 

will result 
x' + px' - p'x' = 5 - •̂- (3),' 

3x" - 2j7x" - 2p'x' = 6 • • • (4). 
Finding the values of x" in terms of) 

from (3) and (4), and placing them equal V 
each other, we get 

5 6 

(4 + 5)x = = 10 + -25 

which is independent of y. 
Either of these methods may bo employed, 

l+p—p' 
or, by reduction. 

' 3-2p-2p' 

p' -\- ip = 2' ^'^°^ which 

1 9 

The first value of p in equation (3), gives 

.= (l+^-l) = :5; 

and the second value of p in the samo equa
tion, gives 

/ 9 81A 
•(^-2 + t) 

both of which are independent of y. 
2, AVhen t^3re are two equations of a'-J 
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degree whatever between two u n k p o w n quan- j 
tities. The most usual method is ) 
The Methotl of the greatest Common Divisor. 
In the first place, suppose all the terms 

in both equations to have been transposed to 
the first members ; they may be written under 
the form 

/(x,y)=0. and /'(x,y) = 0. 
It is to be observed, that if the equations 

admit of a finite number of solutions, their 
first members cannot have a common divisor 
which is a function of both x and y, or which 
is a function of either of them. If they 
have a common divisor which does not depend 
upon either x ory, w e will suppose that both 
members of each equation have been divided 
by it. 
Having made this preliminary preparation, 

and arranged both with respect to the quantity 
which w e wish to eliminate, apply to ihe first 
members of the given equations the rule for 
finding their greatest common divisor, and con
tinue the operation till a remainder is found 
which is independent of the leading letter; 
place this remainder equal to 0, and ii will be 
the required equation, which wiU be independ
ent of the leading letter. 
This equation is called the final equation, 

and the values of the unknown quantity 
deduced from it are called compatible values. 
The objection to this method of elimination 
is. that the final equation mav give values 
-.vhich do not correspond to roots of the given 
ecjuations. This arises from the circumstance 
that during the operation for finding the 
greatest common divisor, it may be necessary 
to multiply one of the polynomials by a func
tion of that unknown quantity which enters 
the final equation, and this operation may 
introduce extraneous values. As these val
ues may be tested, however, it does not make 
much difference in a practical point of view. 
In like manner, if w e strike out any factor 
which is a function of that unknown quan
tity, if may happen that the final equation 
wiU not give all the compatible values. 

Example of elimination by the method of the 
greatest common divisor. 
Having î iven the equations 
r'-3yi" + f3y"-y+l)x-7/+y"-2y=0, 

and 'X' — 2yx + y" — 7/ = 0, 
to find the final equation in y : 

First operation. 
x' - 0 w ' -t- (3y" - y + 1 ) x-y" -I- y= - 2y 

-(!/"-ylx 
-yx" + i,2y''-|-l)x—y"-l-3/" —2y ' 
-yx' \-2irv — y ' + y ' 

Sccowl operation. 
'• — 2.1-y + y" - - y I I X -
' — 2xy \ ~ z ' 

'•3'lllL 

- ,„y 

r - y 
Hence, y" — y = 0, is the equation sought. 

EL-LiPSE'. [Gr. e/./.eifir. an omission 
or defect]. One of the conic sections, and 
including its particular case, the circle, by fai 
the most important curve considered in analy
sis. The ellipse m a y be cut from a right 
cone with a circular base, by a plane which 
makes with the plane of the base an angle 
less than that made with tho same plane by 
one of the elements. All the elements are 
cut in one nappe, and therefore the curve 
returns upon itself, or is a closed curve. It is 
of an oval form, and has but one branch. B y 
giving the cutting plane different positions, 
so as to satisfy the conditions for cutting out 
the ellipse, and by varying tho angle of the 
cone, every variety of the curve may be found 

If the cutting plane is parallel to the bast 
of the cone, the section is a circle; hence tho 
circle is a particular case of the ellipse. If 
the cutting plane is passed through the ver
tex, satisfying the conditions for cutting the 
ellipse, the section reduces to a point, which 
is therefore regarded as a particular ease of 
the ellipse. If a plane be passed cutting out 
an ellipse, all parallel planes w UI cut similar 
ellipses. 

If w e regard an oblique cone, w-ith a circu
lar base, any plane which cuts all the ele
ments wiU cut out an ellipse. If w c suppose 
the vertex to approach the plane of the base, 
and finally to reach that plane, falling with
out the base, the cone will reduce to a por
tion of a plane determined by drawing two 
lines tangent to tbe base. 

In Ibis case, if the cutting platie cuts all 
of the elements, it wUl cut out a limited 
straight line, which is therefore another par
ticular case of the eUipse. 

Although the ellipse was first suggested to 
geometers from considering the sections of 

file:///-2irv
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right cone, it may be defined in various ways, 
and all its properties deduced without any 
reference whatever to the cone. 

It may be defined from some one of its 
characteristic properties, or it may be defined 
by its equation. 
AVe shall enumerate some of the definitions 

of the curve, and then proceed to mention its 
most remarkable properties. 

1. One of the most common definitions of 
the ellipse is the following: A n ellipse is a 
plane curve, such that the sura of the dis
tances from any point to two fixed points is 
equal to a given distance. The fixed points 
are called/oci, and the given distance is equal 
to that portion of the straight fine through 
the foci which is included within the curve. 

This definition gives,rise to the following 
method of constructing the curve by a con-
linuous motion : 

B 

Let F and F' represent the foci, and A B 
any given distance, greater than the distance 
between F and F'. Take a string equal in 
length to A B and fasten one extremity at F 
and the other extremity at F'; press a pencil 
against the string, so as to stretch it and 
move it about F and F'; the point of the 
pencil will describe the curve, for in any 
position w e shall have P F + PF' = A B , 
which is a characteristic property of the 
curve. 

The same property also enables us to con-

/ ^ 
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struct the curve by points. Let F and F' be 

the foci,AB the given distance F B being 
equal to F'A. Assume any point on FF' a« 
D ; with either focus as a centre, and with a 
radius equal to the segment A D describe an 
arc of a circle ; with the remaining segment 
D B as a radius, and with the other focus as a 
centre, describe an arc, cutting the first in the 
points p and g ; these wUl he points of tlie 
ellipse. In like manner any number of 
points may be constructed, and having a suf
ficient number, a curve drawn through them 
wUl be the curve required. The reason for 
this construction is evident, 

2, A' second definition of the ellipse is as 
follows : 

If F be a given point, M N a given straight 
line, and if w e suppose a point P to move in 
the same plane, so that the ratio of its dis

tances P F and P E from the fixed point and 
the fixed line shall be constant, PF being 
always less than P E , the point will descrilie 
an ellipse. The fixed point is called the 
focus, the straight line M N the directrix, and 
the moving point is the generatrix. It is to 
be observed that this definition only cones-
ponds to one half of the curve. In order to 
generate the other half w e must take the 
other focus and another directrix 77177. at the 
same distance from F' that M N is from F, 
The distance froin the centre C to the direc
trix is a third proportional to C F and CA, 
that is C F : C A :: C A : CG-

3. If two straight lines A B and D E inter

sect each other at C, and a limited stiaisl' 
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fine G H be m jved so that its extremities G 
end H sliaU lie always in these two lines 
respectively, then will any point P of tho 
moving line describe an ellipse whose centre 
is at C. 

if the fines A B a n d D E are at right angles. 
the axes of the ellipse wiU coincide with 
them, and the part P H will be equal to the 
semi-conjugate, and P G will be equal to the 
semi-transverse axis, when P H < P G , and 
the reverse when P H > P G . It is to be 
o'oserved that the point P mav fie either be
tween the two points G and H. or it may lie 
anywhere on the prolongation of G H . It is 
in accordance with this property of the ellipse 
that instruments for describing eUipses and 
lathes for tiLming ovals, are constructed. One 
of tile instruments for describing eUipses is 
called the elliptical compasses or the trararael. 
It consists of two rulers framed at right 
angles to each other, in which dovetail grooves 
C D and A B are cut. A third rule F G carries 

three movable sUdes, F, E and G, which may 
be set at any points of the ruler ; the slides 
F and E carry pins with dovetail heads, which 
fit accurately into the grooves A B and C D , and 
the third slide carries ^ pencil. Each slide 
may be made fast to tbe ruler by a clamp 
screw. To use this instrument for describing 
an elfipse, "wejay the cross upon the paper, 
so the direction of the groove -AB shall coin
cide with the transverse axis, the groove C D 
with the conjugate axis. The slides are next 
set so that the distance G F shall be equal to 
the semi-transverse, and the distance G E 
equal to the semi-conjugate axes of the ellipse, 
and all three are clamped. N o w if the rule 
be moved in such a. manner that the pins 
shall slide in the grooves, the pencil wiU trace 
an eUipse. 
4. If a circle roll upon the concave arc of 

a second circle in the same plane, if the radius 
of the first is half that of the second, any 

point in the piano of the moving circle will 
generate an ellipse. Tho fixed circle is called 
the directing circle, tho moving circle the gen
erating circle, and the point the generatrix. 
This property of the circle gives rise to a very 
ingenious instrument for describing ellipses, 
invented by Prof AVallace of Edinburgh. 
'• -A and B are two wheels, the axes of 

which turn in two holes O C , near the ends 
of the connecting bar O C . The diameter of 
one of the wheels B is just half that of the 
other wheel A, which may be of any size, 
and a band E F goes round them outside ; one 
ann C P is attached to the wheel B, and ad
mits of being lengthened or shortened by 
sfiding along its surface in a socket which 
may be anywhere on the wheel. Suppose 
now that the wheel A is fixed or kept from 
turning, and that the bar O C is turned around 
the centre 0, carrying at its other extremity 
the wheel B ; tho action of the band E F will 
then turn this wheel around its centre C, and 
while the bar makes one revolution round the 
centre of the fixed wheel, the other wheel 
will make two revolutions around its centre, 
and the point P will trace an ellipse." 

5. The ellipse may bo defined by any one 
of its equations ; of these w e shall only men
tion the two most commonly employed. 

First. W h e n the curve is referred to its 
centre and axes, its equation is 

a"y" + 4"x= = a"4", 
in which a and 4 arc the semi-axes, and x and 
y the co-ordinates of any point of the curve. 

Second. The ellipse is the path described 
by the planets in their revolutions about the 
sun, and its properties enter into almost 
every investigation of physical astronomy. 
In these investigations, it has been found 
most convenient to define the curve by its 
polar equation, which is 

ffl(l -e') 
~ 1 + e cos ij)' 
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the pole is taken at one focus : r denotes the 
radius vector or distance from any point of 
the curve to the focus, (4 is the angle which 
the radius vector makes with the transverse 
axis, ffi is the semi-transverse axis, and e is 
the eccentricity of the curve. The angle (j 
is sometimes called tho anomaly. 

Properties of the Ellipse and useful con
structions. The following definitions wiU be 
found useful: sorae that have been given are 
here repeated, so as to bring thera all to
gether. 

I. The ellipse is a curve, such that the 
sum of the distances from any point to two 
fixed points is constantly equal to a given 
distance. The fixed points are called foci, 
and the given distance is equal to the length 
of the transverse axis. 

2, The point midway between the foci, on 
the straight line joining them, is the cc7itre. 
The centre bisects all the diameters. 

3. A n y straight line which bisects a sys
tem of parallel chords, is a diameter. Every 
diameter passes through the centre. If the 
diameter is perpendicular to the chords which 
it bisects, it is an axis of the curve ; there 
are two axes, the one which passes through 
tho foci is the transverse axis, the one which 
is perpendicular to it, is the conjugate axis. 
The transverse axis is the longest diameter 
of the curve, and the conjugate axis is the 
shortest, 

4, T w o diameters are conjugate, when each 
bisects a system of chords parallel to the other. 
There are an infinite number of pairs of con
jugate diameters in the ellipse ; every diame
ter has one conjugate, and has but one, 

5, The points in which a diameter meets 
the curve, are caUed vertices of the diameter. 
The left hand vertex of the transverse axis is 
called the principal vertex of the curve. 

6. The parameter of any diameter is a third 
proportional*to that diameter and its conju
gate. The parameter of the transverse axis 
is called the parameter of the curve, and is 
equal to the double ordinate through the 
focus, 

6, If a chord be drawn through a focus 
perpendicular to the transverse axis, and a 
tangent be drawn to the curve at the point in 
which it cuts the curve, this tangent ia called 
the focal tangent. 

7 If a perpendicular be erected to the 

transverse axis produceo, at the point in 
which the focal tangeui intersects it, tlus line 
is the directrix. 

8. If any point be assumed in the plane 
of the curve, and chords be drawn through 
it, each cutting the curve in two points, then 
will the tangents to the curve at tne extremi
ties of each chord intersect each other upon 
a straight line called the polar tine of the 
point; the point is called the pole of the line. 
The directrix is,the polar line of the focus. 

9. A n ordinate lo a diameter is a straight 
line drawn from any point of the diam'Stei 
to the curve, and parallel to the conjugate of 
the diameter. The ordinates to the axes are 
perpendicular to them. 

10. A tangent to the curve at any point, is 
the limit of all secants drawn through the 
point. If a secant be drawn, cutting the 
curve in two points, and then be revolved 
about one of the points till the points of 
secancy unite in one, the secant passes to its 
limit and becomes a tangent, and the two 
coincident points become the point of contacL 
A subtangent on any diameter, is that por
tion of the diameter included between the 
point in which the tangent cuts the diameter, 
and the foot of the ordinate to the diameter 
through the point of contact. 

11. A normal to the curve, at any point, is 
a straight line pe^endicular to the tangent 
at the point of contact. 

A subnormal on any diameter, is that por
tion of the diameter included between the 
point in which the normal cuts the diameter, 
and the foot of the ordinate to the diameter 
through the point of contact, 

12. Supplementary CAords are chords drawn 
through the vertices of any diameter, and 
meeting each other on the curve. 

13. The two points into which any ordi
nate to a diameter divides the diameter, are 
called segments, and sometimes abscissas of 
the diameter. 

14. The eccentricity of the eUipse is the 
distance from a focus to the centre, expressed 
in terms of the semi-transverse axis as the 
unit of measure, or it is the distance from 
one focus to the centre cfivided by the semi 
transverse axis. 

15. T w o ellipses are conjugate with each 
other w h e n tho transverse axis of the one is 
the conjugate axis of the other, and the reverso., 
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The m.anner of constructing the curve, 
when its foci and transverse axes are given, 
h.as already been explained. Tho following 
eonstvuetions v\-ill scn-e to determino these 
elements of the curve in certain cases : 

1. When the two axes are given. Let A B 
represent the transverse axis and C D the 
semi-conjugate axis. AVith D as a centre, 
and C B as a radius, describe an arc cutting 
the transverse axis in the two points F and 
F'; these wiU fie the foci. 

2, AVhen the foci and conjugate axis are 
given. Through the foci draw an indefinite 
straight fine A B (last figure) ; lay off from 
the point C in which it cuts the conjugate 
axis the distances C A and C B , each equal to 
the distance D F ; then w-ill A B be the trans-
ver-^ axis. 

. H 

3. When the curve is traced upon a plane 
to find the axis. Draw any two parallel chords, 
and bisect them by a straight line R M ; this 
wUl be a diameter; bisect R M in C, and C 
will be the centre; on P1.AI as a diameter, 
describe a semi-circle cutting the ellipse in 
H ; draw tbe supplementary chords R H and 
H.M; they will be at right angles to each 
other, and two straight lines through 0, pa
rallel to them, will be the axes. 
The foci may be found as before. The 

diameter parallel to the chords first drawn, is 
conjugate with K M . 

4. "When the foci and one point of the 
curve are given, the curve mav be constructed. 

Through tho foci draw a straight lino indefi
nite in extent; tho point of this line mid

way between the foci is the centre; from 
this point lay off on each side a distance 
equal to half the sum of the distances from 
the foci to the given point; then will the 
line so determined be the transverse axis ; 
the construction may be completed as ex
plained in the last case. 

5. W h e n the foci and any tangent to the 
curve are given, the curve may be con
structed. 

Let F, F' be the foci, and T P a tangent. 
Draw F M perpendicular to the tangent, and 
make the prolongation OAI equal to F O ; 
through M and F' draw a straight line cutting 
the tangent in P ; thou will P be a point of 
the curve, and the construction may be com
pleted as explained in the preceding cases. 

The following properties give rise to im
portant constructions of the curve, and of 
tangents to it. 

1, If a circle he described upon the trans
verse axis of an ellipse, as a diameter, and a 
second circle be described upon the conjugate 
axis as a diameter, the first is said to be cir
cumscribed about, and the second inscribed 
within, the ellipse. A n y ordinate to the trans
verse axis of the eUipse, is to the correspond
ing ordinate of the circumscribed circle as 
the semi-conjugate is to the semi-transverse 
axis ; also, any ordinate to the conjugate axis, 
of the ellipse is to the corresponding abscissa. 
of the inscribed circle as the semi-transvpise. 
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is to the semi-conjugate axis. Upon this pro
perty the construction of the trammel de
pends ; it may also be used to construct the 
curve by points. 

Let A B and C D be the axes. O n these 
lines as diameters describe two circles ; as
sume any abscissa as O E , and at E erect a 
perpendicular to A B , prolonging it till it 
meets the outCr circle in K ; join K and 0 ; 
through L, where this line intersects the inner 
circle, draw a line parallel to A B , cutting E K 
iu P ; the point P will be a point of the 
ellipse ; find a sufficient number of points in 
this manner, and draw a curve through them, 
it will be the required ellipse. 

2, The squares of the ordinates to any 
diameter are to each other as the rectangles 
of the segments into which they divide the 
diameter. This property enables us to con
struct tbe curve, when any pair of conjugate 
diameters is given, and the angle which they 
make with each other is known. 

Let A B and "ED be any pair of conjugate 
diameters. Revolve E D about C till it be
comes perpendicular to A B ; on A B and E'D' 
as axes, construct an ellipse AD'BE'. Take 
any double ordinate to the axis A B , as H K , 
and revolve it about F till it becomes parallel to 
D E ; then -wUl its extremities H' and H " be 
points of the required eUipse : having found 
A I ifficient number of points, draw a curvo 

through them, and it wiU be the required 
ellipse. 

3. The subtangent upon the transverse 
axis of an eUipse, is entirely independent of 
the length of the conjugate axis. If, therefore;! 
any number of ellipses be constructed, having 
a common transverse axis, and if points be 
taken on the same ordinate to the transverse 
axis, and tangents be drawn to the ellipses, 
these tangents will all pass through the same 
point on the transverse axis produced. 

This property gives rise to a useful method 
of drawing a tangent to an eUipse, at a given 
point. 

•••--,P' 

Let A P B he an ellipse, and P any point 
upon it; on A B , as a diameter, describe a 
semi-circle; through P draw an ordinate to 
the transverse axis, and produce it tiU it cuts 
the serai-cirele in P'; at P' draw a tangent, 
cutting the line A B at T ; unite P and T by 
a straight line : it wUl be the tangent re
quired. This construction follows, because a 
circle is a particular case of the eUipse. 

The same result might have been reached 
by the following course of -reasoning: The 
orthographic projection of a circle is an el
lipse ; if, therefore, the semi-circle AP'B and 
its tangent P'T be revolved about the lino 
A B as an axis, the circle will constantly be 
projected into an ellipse, and the tangent into 
a line tangent to the ellipse, at a point on the 
line P'P, and constantly passing through T, 
which agrees with the above construction. 

This last view of the case suggests the fol
lowing method of drawing a tangent to an 
eUipse, through a point without the curve. 

Let A B be the ellipse, and P a point with
out the curve. O n A B , as a diameter, de
scribe a circle A R E : through P draw PC to 
the centre of the ellipse, cutting the curve in 
L, and through L draw a straight linn 
L M , perpendicular t j the transverse axis, cut
ting the circumsc/ibing circle m M ; draw 
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CM, and produce it till it intersects a perpen
dicular to the transverse axis, through P, in 

f 

•'̂ tcoiid. To draw a tangent to tho curve, 
through a point without tho curve. 

K'. 

the point P'. From P' draw P'R tangent to 
the circle at R, and through R draw a per
pendicular to the transverse axis, cutting the 
elUpse in R' ; then will PR' be tangent to the 
elfipse: two such tangents can always be 
drawn, when the point P hes without the 
curve; one. when it lies upon the curve ; 
none, when it falls within the curvo, 

4, If, at any point of an ellipse, a tangent 
be drawn to the curv-e. and tw-o straight lines 
to the foci, then wiU these lines make equal 
angles with the tangent. 
This property gives rise to the following 

constructions ; 
First. To draw a tangent to the curve, at a 

given point. 

Let A H B be the given ellipse, P the given 
point, and F, F', the foci. Draw the lines 
P F a n d P F ' ; produce PF'till F'M is equal 
to the transverse axis; draw M F , and through 
P draw P T perpendicular to M F - it will be 
the tangent required. 

Had we, in like manner, prolonged F P till 
it was equal to the transverse axis, and drawn 
through M and its extremities a straight line, 
cutting A B in T ; then would the straight 
line P T have been the tangent required. 

Let Al be the point, and F, F' the foci; 
w-ith either focus, F', as a centre, and a radius 
equal to the transverse axis, describe an arc 
K N K ' ; then, with Al as a centre, and a ra
dius equal to M F , the distance to the other 
focus, describe the arc F K H K ' intersecting 
the former in K and K'; through K and K 
draw K F ' and K'F', and unite the points, 
where these Unes intersect the ellipse, with 
Al, by the straight lines AIP and M P ' : these 
will be tangent to the curve, and will be the 
Unes required. 

5. If a chord of the ellipse be drawn 
through the extremity of any diameter par
allel to a given diameter, its supplementary 
chord will be paraUel to the tangents through 
the vertex of that diameter ; and conversely, 
if a chord is parallel to a tangent of tho 
curve, its supplement will be parallel to the 
diameter through the point of contact. 

The following constructions flow from this 
property : 

î 7'rs/. To draw a straight line tangent to 
an eUipse, at a given point. 

Lot ABGbethe eUipse, Pthe point and A B 
any diameter; draw through P the line P G 
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to the centre ; through A draw the chord A G 
parallel to PC, and also its supplement G B ; 
ihrouo-h P draw a straight line paraUel to GB, 
and it will be the tangent required. 

Second. To draw a line parallel to a given 
line, and tangent to the eUipse. Let M be 
the given line. Draw a chord B G parallel to 
M, and draw its supplement A G ; draw the 
diameter PP' paraUel to AG, and at its ex
tremities draw lines paraUel to M ; they will 
be the tangents required. 
6, The tangent to an ellipse is paraUel to 

the chords which the diameter through the 
point of contact bisects. 
W e may, therefore, draw a tangent to an 

ellipse, and parallel to a given line, as follows : 
Draw two chords parallel to the given line, 

and bisect them by a straight line; through 
the points in which this line cuts the curve, 
draw Unes paraUel to the given line, and they 
will be tangent to the ellipse, and therefore 
the lines required. In any of the preceding 
constructions, a normal raay be constructed 
by drawing a straight line perpendicular to 
the tangent at the poiut of contact. 
The foUowing properties are useful in an

alytical investigations : 
1. The angle included between two conju

gate diameters can never be less than a right 
angle. The least angle made by conjugate 
diameters, is that incluiJed between the axes, 
which is equal to a right angle. 
The greatest angle made by any pair of 

conjugate diameters, is that included by the 
two which coincide with the diagonals of the 
rectangle described upon the axes. The tan
gent of half this angle is equal to -, in which 
a and, 4 are the semi-axes ; the conjugate 
diameters, which make with each other the 
maximum angle, are equal to each other, and 
they are the only conjugate diameters which 
are equal, except in the circle, where every 
diameter is equal and perpendicular to its 
conjugate. 

2. The parallelogram described upon any 
pair of conjugate diameters, is equal to the 
rectangle of the axes. 
3, The sum of the squares of any pair of 

conjugate diameters, is equal to the sum of 
the squares of the axes. 
4. If perpendiculars be drawn from the foci 

to any tangent to the curvo, they will inter

sect it upon the circumference of the circle 
described upon the transverse axis as a di
ameter. 
The rectangles of the two perpendiculars 

upon the same tangent, are equal to the 
square of the semi-conjugate axis. 

s 

Let A B represent an ellipse, F, F' its foci, 
P T a tangent at any point, FK, F'K per
pendiculars to the tangent, and A L K B a 
semi-circle described on A B as a diameter; 
then will the points K and L fall upon tho 
circumference of the eirele, and 

LF' X K F = CO". 
The perpendiculars arc also to each other 

as the focal distances of the point of contact, 
that is 

LP' • KF : PF' PF. 
The rectangle of the focal distances of any 

point, is equal to the square of half of the 
diameter which is conjugate with the diam 
eter through the point of contact, or 

FP X F'P = OH". 
5. If two tangents be drawn, one at the 

principal vertex, and the other at the vertex 
of any other diameter, each meeting the other 
diameter produced, the tangential triangles 
so formed will be equivalent. Let A L B be 
the ellipse [see last figure], B the vertex, BS 
and PT the tangents ; then are the triangles 
O B S and O P T equal in area, or equivalent. 
6, The area of an ellipse is equal to Trai, 

in which ir = 3.1416, a and 4 being the semi-
axes. It is also equal to 7ra'4' sin a, in which 
TT = 3,1416, ffi', b', any pair of scmi-conjn-
gate diaraeters. and a the angle which these 
diaraeters make with each other. 

7. The length of the entire circumfeienc« 
of an ellipse Is given hy the formula 

l"-3 l=-3=-5 , 
l = 27Tll--e' 

= 2-(l-^. 

l"-3= 
• 2" - 4" 

2"4" 
-5"^7 
6= - 8"' 

2"4"6" 

' - &c. j ; 
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in which I denotes the length, ,t = 3.1416, 
e the eceentrieitv, the scmi-trausverso axis 
being equal to 1. 

If e = 0, the elfipse becomes the circle, 
and Z = 2 T. 

S, The rectangle of two conjugate diame
ters is a maximum, when they are equal; it 
is a minimum, when the difference between 
them is the greatest; that is. the rectangle 
of the axes is the least possible rectangle of 
any pair of conjugate diameters. The sum 
of the equal conjugate diameters is greater. 
and the sum of the ayes less than the sum 
of any other pair of conjugate diameters. 

The following analytical expressions aro 
much used. 

Let us denote by x and y, the co-ordinates 
of any point of the curve ; by x'' and y", tho 
co-ordinates of the point of contact; by a, 
the semi-transverse axis; by 4, the semi-con
jugate axis; by a' and 4', any pair of semi-
conjugate diameters ; by e, the eccentricity, 

1. The equation of the curve referred to 
its centre and axes, is 

a"y" + b'x' = ffi"4: 
The equation of the curve referred to any 

pair of conjugate diameters, is 
ffi'"y" + 4'"x" = a'"4'". 

2. The equation of the curve referred to 
the transverse axis, and a tangent at the 
principal vertex, is 

4" 
y"=-,(2ax-x"). 

The equation of the curve referred to any 
diameter, and the tangent at its vertex, is 

b" 
y' = -^,i2a'x-x'). 

3. The equation of a tangent to the curve, 
referred to the centre and axes, is 

a"yy" + 4"xx" = ffi"4". 
The equation of a tangent referred to any 

pair of conjugate diameters, is 
a"yy" + 4'=xx" = a'"4'". 

The expression for the subtangent upon 
the axis of X is, in the first case, 

a" - x"" 
sub-tan = n — ; 

X ' 
and, in the second case, 

a'" — x"a 
tub-tan = • 

4. The equation of a normal to tho curvo 
at any point x", y", when referred to tho 
axes, is 

s" 

y-y 
0- y 
•• li-^ (X - X"), 

and to any pair of conjugate diameters, it is 
a'"i7" 

y~y" = l^-i;{^-^")-

The expression for the sub-normal upon 
the axis of X, in the first case, is 

4":t" 
sub-nor = —,- t 

a" 
and, in the second case, 

4'"x" 
sub-nor = —r,—• 

a " 
5. The equation of condition for conjugate 

diameters, is 
4" 

tan ffi tan ffi' = ;; 
a' 

in which a and a' denote the angles which 
the conjugate diaraeters make with tho trans
verse axis. The same equation is also tho 
equation of condition for supplementary 
chords drawn from the extremities of the 
transverse axis. If they aro drawn from the 
extremities of any diameter whose length is 
2a', the equation of condition is 
I - ^' 

"~ a'" 
in which c and c' are respectively the ratios 
of the sines of the angles which the chords 
make with the conjugate diameters. 

6. Any equation of the forra 
ay' + 4xy + ex" + dy + ex + / = 0, 

wil! represent an ellipse, whenever 
4" - 4ac < 0. 

The co-ordinates of its centre, are 

2ae — 4d 
' 4" - 4ffic' 

2cd — 4c 
«"<i y' = b'-^^i^e 

7. Tho polar equation of the ellipse, when 
the pole is taken at the right hand focus, is 

_ a(l - c") 
~ 1 + C cos 0 ' 

in which r denotes the radius vector, and 0 
the angle which it makes with the transverse 
axis. 

EL-LIP'SO-GRAPH. [Gr, eUenpi;, and 
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yoaijia]. A n instrument for describing an 
ellipse by a continuous movement, 

EL-LIP'SOID. [Gr, eMeifig, and E/doj-, 
form], A solid, all of whose plane sections 
are ellipses. Any plane which bisects a .sys
tem of parallel chords is called a diametral 
plane. If the chords which it bisects are 
perpendicular to it, it is a principal plane. 
The ellipsoid has tjiree principal planes at 
right angles to each other, whose lines of 
intersection arc caUed axes of the ellipsoid. 
If we denote the lengths of the semi-axes 
in their order of magnitude by a, 4 and c, 
respectively; the co-ordinates of any point 
of the surface referred to the axes by x, y and 
i, the equation of the surface is 

a'b'z' + a'c'y' + 4"c"x" = ffi"4"c". 
If 4 = c, the equation reduces to 

a'z' + a"y" + 4"x" = a"4", 
which is the equation of an ellipsoid of revo
lution, which may be generated by revolving 
an ellipse about its transverse axis. Such an 
ellipsoid is called a prolate spheroid. 
If 4 = a, the equation is that of an ellip

soid of revolution which may he generated by 
revolving an eUipse about its conjugate axis. 
Such an ellipsoid is called an oblate spheroid. 

If a = 4 = c the equation becomes 
x" + y" + z" = a", 

which is the equation of a sphere. 
The eUipsoid is a solid of much importance, 

on account of its being the form assumed hy 
the bodies of the planetary system. 

Elliptical, Appertaining to the ellipse. 
Elliptical Arc, a portion of the circum

ference of an ellipse. 
Elliptical Compasses, See Compasses. 
Elliptical Segment. A portion of the 

area of an ellipse, lying between an elliptical 
arc and its chord. 
Elliptical Spindle. A solid generated by 

revolving an elliptical segment around its 
chord as an axis. 

EL-LIP-TIC'I-TY, of an oblate spheroid, 
like the earth, is the difference between its 
equatorial and polar semi-diameters, divided 
by the equatorial serai-diaraeter; or, regarding 
the equatorial serai-diameter as 1, it is the 
difference of these two semi-diameters. 

If we denote the ellipticity by E, we shall 
have 

a - 4 b ^ e' 
£ = — — = 1 , or £ = -

ffi ffi •* 
very nearly. 

The value of the eUipticity of the earth's 
meridian, as assumed by the United States 
Topographical Engineers, is j-L̂ ,, the eccen
tricity being 0.0816967. 

E-LON"Ga,'TION. [L. from elongo]. Of 
a star, an astronomical term used in Common 
and Geodesic Surveying. It is the angle 
included between the meridian plane and a 
vertical plane through the star's place. See 
Azimuth and Variation of ihe Needle. 

EN'NE-A-GON. [Gr. evvea, nine, yoivia, 
angle]. A polygon of nine sides or angles, 
commonly called a nonagon. 

E-NtJ'MER-aTE. [L. enumero; e and nu-
mero, numerus, number]. To count, toteU by 
numbers, to number. 

E-NUN'CI-aTE. le7iuncio; e, and nuncio, 
to tell]. To utter, to relate. 

E-NUN-CI-a'TION. a concise statement 
of what is to he proved in a proposition, 
which is often made before commencing the 
demonstration. 

EP'I-Cv-CLE. [Gr. eirc, and KVK?.og, a cir
cle], A small circle, whose centre is on the 
circumference of a greater circle ; or a smaU 
orb, which being fixed in the deferent of a 
planet, is carried along with it, and yet by its 
own peculiar motion carries the body of the 
planet fastened to it around its proper centre. 
A term employed by Ptolemy. 

EP-LCf'CLOID. [Gr. e7cikvk?.osi6i]( ; etti, 
/rii/c/lof, and etdof, form]. If a circle be con
ceived to roll upon the circumference of 
another circle in the same plane, either inter
nally or externally, any point of the first cir
cumference will generate a curve caUed an 
epicycloid. At the same time any point not 
in the circumference, hut lying in the same 
plane, will generate a curve called an epitro-
ehoid. 

The roUing circle is called the generating 
circle ; the point which generates the curve 
is called the generatrix; and the circle upon 
which the generating circle rolls, is called 
the directing circle or the directrix. That por
tion of the directrix, or as it is somelmics 
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called, the fundamental eirele, which lies 
betw-een two successive points of concurrence 
of the fundamental circle and the curve, is 
called a 4ftsc, and is equal in length to the 
circumference of the generating circle. "When 
the generating circle rolls on the convex side 
of the directrix, the name of the generated 
curve is properly ciooi/c'oul, but when it rolls 
on the concave side, it is called a hypocycloid. 
AA'hen the generating circle has rolled once 
over, so that every point shall have been in 
contact with the directrix, the portion gener
ated is called a branch. 

Let A E C be an arc of the directing circle, 
S its centre, O Q the generating circle, and P 

ing circle, tho epicycloid is always an alge
braic curve 

If the ratio of the circumferences cannot 
be expressed in exact jiarls of 1, tbe number 
of branches is infinite, and the curve is then 
tr.anscendental. 

To construct the point of tho epicycloid or 
hypocycloid, corresponding to any position of 
the generating circle : Let S, last figure, be 
the centre of the directing circle, A E C a por
tion of its circumference, and suppose the 

the generatrix, then is the arc .AEC a base, 
-ABC il branch, and the line S E B , which 
bisects the base, is an axis of the branch. 
A D C is a branch of a hypocycloid. 

If the ratio of the lengths of the genera
ting circle and the directing circle can be 
expressed in exact parts of 1, there will be a 
finite number of branches, and although the 
generating circle raay continue to roll, the 
generatrix will, at regular intervals, only 
repeat the portion already generated. For 
example, if the generating circumference is 
contained 7! tiraes in that of tbe directing 
circle, there wUl be n, and only 77, branches 
of the epicycloid, and n branches of the hy
pocycloid. If the circumference of the gen-

771 
erating circle is the ~ th part of that of the 

° 7! '̂  
777 

directing circle, — being an irreducible frac
tion, then after tbe generating circle has 
rolled over 77177 tiraes, the generatrix will have 
arrived at the point frora which it started, and 
then it will continue to repeat the curve 
already described indefinitely. 

W h e n the circumference of the generating 
circle is an aliquot part of that of the direct-

I point .A to be the point from which the gen
eratrix started ; let 0 be the point of contact 
of the generating and directing circles, cor
responding to which the point is required. 
Draw SO. and make O E and O E ' each equal 
to the radius of the generating circle, and 
suppose that the circles which generated the 
epicycloid and hypocycloid are equal. In this 
position, from the nature of the curvo, the 
arc .A 0 is equal to the arc OP, and the angles 
at the centre will be to each other inversely 
as the radii. Hence, construct the angles 
OEP'andOE'Fso that 
OE'P' or O E P : O S A . : S O : O E or OE'; 
then wUl the points P and P' be the points 
required. This construction can always be 
made georaetrically when the radii S B and 
O E ' are commensurable. If the chord OP' 
or OP' be drawn, it will be normal to tbe 
curve, and a lino perpendicular to it through 
P or P' will be a tangent to the curve. 

If the radius of the generating circle is an 
aliquot part, as -th of the radius of the direct
ing circle, then will tho length of one branch 
of the epicycloid be equal to 
times the length of the radius of the gcnera-

Also tho length of one branch 
be 

ting circle, 
of the corresponding hypocycloid wUl 

•(^) 
times the radius. 

The area of one branch of the epicycloid. 
that is, the area between one branch and its 

371 + 2 . 
base, wiU be equal to tunes the area 
of the generating circle, and the area of the 
corresponding branch of the hypocycloid 

377 — 2 
wUl be equal to • times the area of the 

^ 77 
generating circle. 



222 MATHEMATICAL DICTIONARY -AND [E PI 

If 77 = 1, the epicycloid becomes the cardi
oid A Q O ; its length is 16 times the radius 
SA, and the area between it and the directing 
circumference, is 2i times that of the gener
ating circle. The hypocy'cloid in this case 

reduces to a point. Let a circle OP'L, whose 
radius is equal to SO, or three times that of 
the generating circle, and whose centre is S, 
be described, and the radius A S be produced 
till it meets the circumfereuce in O ; draw 
any chord OP', and the radius SP', and make 
the angle SP'T = SP'O; then wiU P T be 
tangent to the cardioid. Hence the cardioid 
is the caustic curve of rays proceeding frora 
R and reflected frora the circle R P Q , 

If 77 = 2, tbe length of the epicycloid is 12 
times the radius of the generating circle, and 
its area is equal to 4 times that of the gener
ating circle. In this case let S represent the 
centre of the directing circle, S B its radius, 
fjlAB half of the circumference, and A D C , 
A T E , respectively, halves of the two branches 
of the epicycloid. With S as a centre, and a 
radius S C = 2SB, describe a semi-circumfer

ence O P E , and suppose the radius S A per
pendicular to E C ; draw any line R P parallel 
to S.A, and draw the radius S P ; make the 
angle S P T = S P R ; then will P T be tangent 
to the epicycloid. Hence the part of the 
epicycloid drawn, is the caustic curve for rays 
parallel to SA, and reflected from the circum
ference C P E . 

If 77 = CO, the directing circumference 

becomes a straight line, and both the epicy
cloid and the hypocycloid become the ordinary 
cycloid. The length of one branch becomes 
8 times the radius, or 4 times the diameter of 
the generating circle, and the area of one 
branch becomes 3 times that of the generating 
circle. 

The chord drawn through the generatrix 
and the point of contact of the generating 
and directing circles, is called the tracing 
chord ; denote its length by c, and the radius 
of curvature at the outer extremity of this 
chord, ?- ; then for the epicycloid we shall 
have for determining the radius of curvature, 
,. — c, and for the hypocycloid 

2?i — 2 

If 77 = 1, the first forraula gives, 

4 
r = -X- c, and the second, t- = 0. 

If 77 = 2, the first forraula gives, 

3 
' • = 2 " and the second, r = co, 

which shows that the hypocycloid in this case 
is a straight line. Hence, if one circle is 
rolled upon the concave arc of another, hav; 
ing its radius double that of the first, every 
point of the circumference wUl generate a 
strai<rht line which can easily be shown tobe 
a diameter of the directing circle. This prin
ciple has been employed for tbe purpose of 
converting circular motion into rectilinear 
alternating motion in machines. 

If 77 = CO. w e have the case of the com
m o n cycloid, and both formulas give r = 2c, 

The involute of an epicycloid is a similar 
epicycloid. 

A spherical epicycloid is a curve generated 
by a point of the circumference of a circle 
which rolls along tho circumference ol a di
recting circle, so that the plane of the gene
rating circle shall make a cou.'tanl angle with 
that of the directing circle 

The same distinction is drawn between 
trochoidal .arcs as between cpicycloidal arcs. 
W h e n the generating point lies in the plane 
of a circle which rolls ujion the convex side 
of the generating circumference, the curve is 
called an epitroehoid, when it rolls upon the 
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concave side of the arc, it is called a hypo-
tiochoid. 

If the generating circle roll upon the arc 
of an eUipse, parabola, &e., either upon the 
convex arc, or the concave arc. points in the 
plane of the generating curve generate eUip-
cal, paraboUc, &c., epicycloids, hypocycloids, 
epitrochoids, and hypotrochoids. 

If au elfipse roll upon the circumference of, 
an eUipse, analogous curves could be gene
rated. These conditions may be mfinitely 
varied. 

EP-I-Cy-GLOID'AL. Pertahimg to the 
epicycloid. 
EP-LPE-DOM'E-TRA'. [Gr. from em, 

-ovijperpov]. The operation of measuring 
lig'cres standing on the same base. 
EP-I-TRO'CHOID. See Epicycloid. 

E-QIIAL. [L. itgualis]. In Geometry, two 
magnitudes are equal when they are so relat
ed that if they be properly placed, the one 
upon the other, they coincide throughout 
their whole extent. This is the fundamental 
meaning of the word equal in Mathematics. 
Besides this kind of equaUty, there is another 
kind in which two magnitudes are such that 
they may be arranged with respect to a given 
plane, so that for every point of one magni
tude on one side of this plane, there wUl be a 
corresponding point of the other magnitude 
at an equal distance on the other side. Such 
magnitudes, when they cannot be placed so 
as to coincide, are called equal by symmetry. 

Thus, in the two spherical triangles A B C and 
A B D , if A D = A C . B D = BC, and A B 
common, the two triangles are equal by sym
metry but cannot be applied, the one to tho 
other, so as to coincide. 

In Algebra, two quantities are equal when 

their measures are equal, that is, when both 
contain the same unit taken the same 
number of times. The idea of equality in 
Algebra, is the same as that of equivalency in 
Geometrv', 
The following are some of the tests of 

equality between two quantities : 
1. Things which are equal to the sffi777c or 

to equal things, are equal to each other. 
2. If equals be added to equals the sums 

will be equal. 
3. If equals be subtracted from equals tho 

remainders will be equal. 
4. Like parts of equal things are equal. 
5. Like powers and like roots of equals are 

equal. 
E-QUAL'1-TY. [L. tequalitas, equality]. 

The attribute of exact agreement of two things 
with respect to their quantity. In Mathema
tics, the symbol employed to denote this 
relation is = ; thus, a = x. implies that u 
contains the same number of units of mea
sure of .a certain kind, that x does. 

Equal Roots. A n equation involving but 
one unknown quantity, is said to have equal-
roots when the second member being 0, its 
first member has two or more equal factors of 
the first degree, with respect to the unknown 
quantities. 

AA'hen this is the case, the derived polyno--
mial of the first meraber, which is the sum 
of the products of the J7i binomial factors of 
the first member taken in sets of (771 — IJ, 
contains a factor which is also a factor of the 
first member of the given equation : hence, 

There must be a common divisor between the 
first member of the proposed equation and its 
first derived polynomial. 

Let the given equation be 
X= 0, 

and suppose that its first member contains 77 
factors equal to x — a, 7i' factors equal to 
X — 4, n" factors equal to x — c, &c., and 
the simple factors x — k, x — l, &c. Then 
wiU the equation be of the forra 
(x-a)»(x-4)'''(x-c)''" - - (x-k){x-l) - • = 0 , 
and the derived polynomial of the first mem
ber will be 
77X 7i'X n"X , , X X 
X—ffi^x—4 x-c X — A x-l 
By comparing this with the first member oJ 
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the givon etjuation, it is apparent that their 
greatest common divisor is, 

(X - a )»-' (a: - 4)"'-' (X - c)»"-' • • • 
that is, it is equal to the product of the factors 
which enter two or more times into the first 
member of the given equation, each raised to 
a power whose exponent is one less than in 
the given equation. 

In order, therefore, to discover whether a 
given equation, X = 0, has any equal roots 
form the first derived polynomial of X and 
caU it Y ; then see if X and Y have any 
common divisor in teims of the unknown 
quantity ; if they have one, the given equa
tion contains equal roots ; if they have no 
common divisor, the given equation has no 
equal roots. 

Having found the greatest common divisor 
of X and Y, place it equal to 0 : then will 
every single root of this new equation be 
twice a root of the given equation, every 
double root will be three times a root of the 
given equation, and so on. W h e n the result
ing equation cannot be solved, the given 
equation may be freed of its equal roots by 
dividing both members by the greatest com
mon divisor already found. W h e n the equa
tion can be solved, the degree of the equation 
may be still further reduced. 

Denote the greatest common divisor by D : 
then if D is of the form of (x — A)", there 
will be three roots equal to A, and the equa
tion will be freed of them by dividing both 
merabers by (x — A)". If D is of the forra 
(X — A) (x — A'), there will be two roots 
equal to A, and two equal to A', and the equa
tion may be freed of them by dividing both 
members by (x — A)" (x — A')", and so on. 

Should the equatioii D = 0 contain equal 
roots, the same principles may be applied to 
it as to the given equation, and thus equa
tions of a very high degree may often be 
solved. 

Let us take the equation, 
x' + ax" + Ox' - 6x'̂  - 15x' - 3x" 

+ 8x + 4 = 0 (1). 
Its first derived polynomial is 

7x» + 30x» + 30x* - 36x'' - 45x'-' - 6x + 8. 
The greatest common divisor between this 

and the first member of tho given equation, 
placed equal to 0, gives 

X* + 3x" + .x" - 3x - 2 = 0 (2). 

Which cannot be solved directly, but by ap
plying the principle of equal roots to it, that 
is, by seeking a common divisor between the 
first member and its first derived polynomial, 
we find that they have one equal to x + 1. 

The first member of equation (2) has there
fore a factor equal to (x + 1)"; and by fac
toring, it may be reduced to 

(x + 1)" (x - 1) (x + 2) = 0. 
Hence, the first member of equation (1) may 
be reduced to the form 

(x + 1)' (x - 1)" (x + 2)" = 0. 
It has three roots equal to — 1, two equal to 
+ 1 and two equal to — 2. 
E-QUa'TION. [L. aquatio, from cequo, to 
make equal]. In Analysis, an equation is the 
algebraic expression of equality between two 
quantities ; thus, 

X = a + 4, 
is an equation, and denotes that the quantity 
represented by x is equal to the suin of the 
quantities denoted by a and 4. Every equa
tion is composed of two parts, connected by 
the sign of equality. The part on the left of 
the sign of equality, is called the ̂ 7-s/ member, 
that on the right, the second member. The 
second member is often 0. 

Equations are divided into two grand diri-
sions—Algebraic and Transcendental. 

Algebraic Equations are those in which 
the relation between the quantities which enter 
them, are expressed by the ordinary opera
tions of algebra ; that is, addition, subtrac
tion, multiplication, division, raising to powers 
denoted hy consiaiit etpo7ients, and extraction 
of roots indicated by constant indices. 

Transcendental Equations, are those in 
which the relations between the quantities 
cannot he expressed by the ordinary opera
tions of algebra, but are expressed by /i-a7is-
cendental relations, that is, by the aid of loga
rithmic, trigonometrical, or exponential symbols. 

Algebraic Equations may involve one, or 
more than one unknown quantity, and are 
classified into orders depending upon the de
gree of the equation. 

If the equation contains hut one unknown 
quantity, its degree is denoted by the highest 
exponent of the unknoim quantity in any term 
If it contains more than one unknown quan
tity, the degree is indicated by the grciitesl 
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Third Degree, 

sum of tke exponents of Ihe unknown qitanlilici 
in a-.y term. 

examples. 
«x + i = CJ + d 1 ,,,. .r̂  

, .,, , , > 1'irst Degree. 
ax + 31-y + 4: = c ) ° 
«i»+-.\'j + c = o ) 
, , , , - , t Second Lierrree, 

ax'+try-t z-=d j =• 
ci'+rfx"+fx+/ = 0 
4axv+ 5;" —3xyc=d 

and so on. 
Transcendental Ei.>u.vtioxs are divided 

into exponential, logarithmic, trigonometrical 
and mired. 
.-An Exponential Eqcition is one in which 

the unknown quantity enters an exponent; as, 
â  = 4, a'—- + cf = d. 

A LoGARrrHMio Eqc^tion is one in which 
the unknown quantities enter a logarithm ; as, 
log(c+ffix)=d, log{c+x)—log (y—cc") = a. 
Trigonometrical Equations are those in 

which the unknown quantities enter into some 
one or more of the trigonometrical elements; 
as, 

tan (x + y) = sin (x — y) + sin z, 
a + c cos X = d + e sin y. 

Mixed Equations are those in which the 
unknown quantities enter two or more of the 
transcendental expressions, or when it enters 
algebraically into some terms, and transcen-
dentally into others ; as, 

log X + sin y = d, ax + b" ̂  e. 
Algebraic or transcendental equations may 

be either numerical or literal. 
'̂cME-riic.iL EgctTioxs ojc those in which 

all of the known quantities are expressed by 
numbers ; as, 

2x + 3y = 4, 2 + 3 log X = 6. 
Literal Equ.itions are those in which all 

or a part of the unknown quantities are ex
pressed by letters ; as, 
ax + 4y + c = 0, a + log x + cy = 0. 
Identical Equations are those in which 

the second member is a repetition of the 
first, or in which the second member is the 
result of certain operations indicated in the 
first, this result being either expressed or 
indicated ; as. 
ax + 4 = ax + 4, (a + x)" = a" + 2ax + x", 
log(l+y)=M(y-f+ f-f + |^&e.) 
15 

It ia a characteristic property of identical 
equations, that they are true lor all values of 
the unknown quantity or quantities which 
enter them. 
The solution of an equation, or group of 

equations, is the operation of finding such 
values for the unknown quantity or quanti
ties which enter them, as when substituted 
for the unknown quantity or quantities will 
satisfy the equation or equations. These 
values are called roots of the equation, 

A\"e shall briefly explain the method of 
solving some of the principal algebraic equa
tions which are met with in analysis; and 
first, it may bo observed, that every equation 
containing but one unknown quantity, has at 
least one root, for if the two members aro 
equal, they must be so for at least one value 
of the unknown quantity, either real or ima
ginary ; this value is a root. 

1. Equations of the first degree, containing 
but one unknown quantity. 
These may be solved by the following 

method : 
Perform all of the algebraic operations in

dicated ; transpose all tho known terms to 
the second member, and the unknown terms 
to the first member; resolve the first mem
ber into two factors, one of which shall be 
the unknown quantity, the other will be the 
algebraic sum of its co-efficients ; divide both 
members by the co-efficient of the unknown 
quantity ; the second member will be the 
value of the unknown quantity. 

1. Find tbe value of x in the equation, 
ax + 4 — CX = d — /x. 

Transposing and factoring, 
(a — c +/ ) i = d — 4. 

Dividing both members, 
d-4 

a — c +/ 
2. Groups of equations of the first degree, 

containing more than one unknown quantity. 
If the number of equations is less than 

the number of unknown quantities, the group 
is indeterminate. If the number of inde
pendent equations is greater than tho num
ber of the unknown quantities, the group is 
impossible. Hence, in order that the group 
raay be deterrainate, the number of inde
pendent equations must be just equal to the 
number of unknown quantities. In this 
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case, the values of the unknown quantities 
may be found by the following rule : 

Combine ono of the m equations of the 
group with each of the m — I others, elimi
nating the same unknown quantity; there 
will result a new group of 771 — 1 equations, 
containing m — I unknown quantities. 

Combine one of the m — I equations with 
each of the 777 — 2 others, eliminating a se
cond unknown quantity ; there wiU result a 
new group of 777 — 2 equations, containing 
771—2 unknown quantities. 

Continue this operation of combination 
and elimination until a single equation con
taining a single unloiown quantity is ob
tained ; find from it the value of this un
known quantity, and substitute it in either of 
the two equations containing two unknown 
quantities, and find therefrom the value of a 
second unknown quantity; substitute the 
values of these two in either of the three 
equations containing three unknown quan 
tities, and find the value of a third unknown 
quantity ; continue this operation of succes
sive substitution till the values of all the un
known quantities are determined. 

If any or all the constants which enter the 
equations are arbitrary, it may happen that 
values assigned to them will reduce one or 
more of the roots to ̂. If such values are 
assigned in an equation containing but one 
unknown quantity, they will render it iden
tical, and the value ,§- will truly represent the 
value of the unknown quantity. If such 
values be assigned in a group as to reduce 
the roots to the form ̂ , they will cause some 
of the equations to depend upon the others, 
and thus render the group indeterminate, in 
which • case the roots ought to be indeter
minate. 

If there are more equations than there are 
unknown quantities, and the constants are 
arbitrary, w e may combine them so as to 
eliminate all the unknown quantities, and 
Ihe resulting equations will lie so many equa
tions of condition, which will express the re
lations that must exist between the constants, 
in order that the group may be determinate. 

In this case, some of the equations wiU 
become dependent upon the others. 

The following example wUI illustrate the 
operation of solving a group of equations. 

Required the values of », y, and z, in the 
equations 

5x - 6y + 4j: = 15 (1). 
7x + 4y - 3^ = 19 (2). 

2x + y + 6z = 46 (3). 
EUrainating z between equations (1) and 

(2), and between equations (2) and (3), there 
results 

43x - 2y = 121 (4). 
16x + 9y = 84 (5), 

Eliminating y between equations (4) and 
(5), w e have 

419x = 1257 (6); 
whence x = 3. 

This value of x substituted in equation (5), 
gives y = 4, and thesevaluesbeingsubstituted 
in equation (1), give z = d. Hence, 

X = 3, y = 4 and z = 6. 
The principles here explained for solring a 

group of equations containing several un
known quantities, will apply, wnatever may 
be the degree of the equations. The ehmi-
nation is to be performed in accordance vrith 
the rules laid down under the head of Elimi
nation. W e shall, therefore, only discuss the 
rules'for solving single equations contaming 
one unknown quantity, in what is to follow. 

3. Equations of the second degree. 
Every equation of the second degree, con

taining but one unknown quantity, can 
always be reduced to the general form 

x" + 2yx = g, 
by the following rule. 

Perform all the algebraic operations ind 
cated ; transpose all the known terms to th-
second member, and the unknown terms u 
the first member. 

Resolve the terms, containing x", into two 
factors, one of which shall be x*, the othei 
will be the algebraic sum of its co-efficients, 
resolve the terms containmg x, into two fac 
tors, one of which wUl be x ; then dividt 
both members of the equation by the co-efli' 
cient of x", and the resulting equation vrili 
be of the required form, 

x' + 2px = q. 
Having reduced the equation to the above 

form, its two roots may be written by the fol
lowing rule. 

The first root is equal to half the co-effi
cient of the second term taken with its sign 
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changed, plus tho square root of the second 
member increased by the square root of half 
the co-etScient of the second tenn. 

The second root is equal to half tho co-effi
cient of the second term with its sign 
changed, minus the square root of the second 
member increased by the square of half the 
co-efficient of the second term. 
These rules, expressed algebraically, give 

x = — p + V 9-r/'", 1st root. 
X = — p — V g + p'', 2d root. 

1. Find the values of z in t'ne equation 
2x + 2 = 24 — fix — 2x". 

Reducing to the required form, 
7 

x' + : ; x = l l ; 
whence, by the rule, 

7 49 
4 ' "V ̂ ^ + 16̂  

• 2, and 

11 49 
" + lT= 2 

The foUowing relations exist between con
stants entering an equation of the form 

x" + 2px = g, 
and its roots: 

1st. The algebraic sum of the two roots is 
equal to the co-efiicient of the second term 
with its sign changed. 
2d. The product of the two roots is equal 

to the second member with its sign changed. 
3d. The greatest possible value of tho pro

duct of the two roots, is equal to the square 
of half the co-efficient of the second term. 
These principles make known all the cir

cumstances attending a change in the values 
of the constants, p and q. 
With respect to the signs of p and g: they 

may both be positive; they may have con
trary signs; or they may both be negative. 
These suppositions, with respect to signs, give 
rise to four forms ; 

1. x" + 2px = q, 
2. x" — 2px = q, 
3, x" + 2;7x = - 5-
4. x" — 2;7X = — y. 

Besides these suppositions, we may suppose 
p' > q , p' = q. p ' < g ; 

we may suppose p and q, separately, equal 
to 0, and that both are equal to 0 together. 
From the Ist and 2d principles, above 

Four Forms. 

enunciated, wo see that both roots in the first 
and second forms arc always real, and that 
they have contrary signs. In the first form, 
tho negative root is numerically the greatest. 
and in tho second form, tho positive root is 
numerically the greatest. 

In the third and fourth forms, the roots 
have the srune sign in each, being both nega
tive in the third, and both positive in tiie 
fourth. 

In the third and fourth forms, if p' > q, 
the roots are real: if ̂ " = ^ the roots are 
equal in each form; if j)" < g, the roots arc 
imaginary. 

If 7> = 0, the equation is incomplete, and in 
each forra the roots are equal with contrary 
signs, real in the first and second, and imagi
nary in the third and fourth. 

If y = 0, one root reduces to 0 in each 
form, and the equation may be reduced to 
one of the first degree by dividing both mem
bers by X. 

If both p and q are equal to 0, all the roots 
in the four forms are 0. 

Any supposition which reduces one root to 
cc, reduces the equation to one of the first 
degree. 

4. Trinomial equations. 
Trinomial equations are those which involve 

but three kinds of terms, viz ; terms contain
ing two different powers of the unknown 
quantity and known terms. By a method 
entirely analogous to that employed in reduc
ing equations of the second degree, every 
trinomial equation may be reduced to the 
form 

X" + 2px^ = g. 
Such equations can always be solved when 
771 = 2n, in which case the above form becomes 

x"" +2;7X" = q, (11 
and its roots are 

<!' 
p + Vq + p'; 

Hence, to solve a trinomial equation in the 
case specified 
Reduce it to the form of equation (1); then 

will its roots be found by extracting the ii'* roo: 
of half the co-efficient of the second term with 
its sign changed, plus and minus ihe square 
root of ihe second member, increased by the 
square of half the co-ejleienl of the second term, 

I. Find the values of x. in the equation 
x* — 25x" = — la. 
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By the rule. 

x=± 
Hence, 
X = + 4, X = — 4, X = + 3, and x = — 3. 

5. Cubic equations, or equations of the third 
degree. 
The method of solving cubic equations is 

given under the head of C7i4ic equations, 
which see. 

6. Equations of the fourth degree. 
Every equation of the fourth degree may 

be reduced to the form, 
X* + Ax" + Zx" + 777X+77 = 0, (1) 

and making the second term disappear by 
a transformation about to he explained, it may 
be still further reduced to the form, 

x*-\- px' + qx + r = 0. (2) 
Assume 

X = a + 4 + c : 
then by squaring both members and trans
posing, 

x" _ (a" + 4= + c") = 2 (a4 + ac + 4c), 
and squaring both members of the last equa
tion, 
X* - 2 (a" + 4" + c=) x" + (a" + 4" + c")" 
= 2 (a"4" + a"c" + 4"c") + 8a4c (a+4+c); 
transposing and replacing the factor (ffi+4+c) 
by X, we have finally 
X* - 2 (a" + 4" + c') x" - 8a4c x ) _ 
+(ffi"+4"+c")»-4(a"4"+a"c"+4"c") S ""' (̂ ) 
By comparing equations (3) and (2,) we see 
that they will be the same if 

p = -2(ffi" + 4" + c"), 
q = — 8abc, 
r = (a" + 4" + c")" 
- 4(a"4" + al'e' + 4"c") 

Now, from the manner in which equation (3) 
was derived, it is evident that its roots are 
equal to (a + 4 + c). 
In order to deterraine the values of a 4 

and c, let us regard a", 4", c", as the roots 
of a cubic equation. The co-efficients of the 
different powers of the unknown quantity 
may then be found by the rule for the com
position of equations, and if we denote the 
unknown quantity by z, we shall have the 
to-efRcient of z' equal to 1 ; tho co-efficient 

(4) 

of z' equal to — (a" + 4" + c") which is 
P 

equal from equations (4) to -̂  i the co-efii
cient of 1 is equal to a"4" + a'c' + 4"c', or, 

p' —47-
from (4) equal to ^ a — ' ̂ '̂̂  t^^ abso-

g" 
lute terra is — a'b'c', or from (4), —r 

o4 
Hence, the auxiliary equation is, 

77 77" — 4r o" 
^̂  + f^° + - H 6 - ^ - ^ = «''"(5j 

in which the co-eificients are known from 
equation (2). 
If now, we solve equation (5) by the rules 

for solving cubic equations, and denote its 
three roots by z', z", and z"', we shaU have 
a = ± V7, 4 = ± VT', c=^ i: -/?". 
In combining these terms to find the roots of 
the given equation, such signs must be given 
to ffi, 4, and c, as to make their product nega-

q 
five, since from equation (4) a4c = — -„-• 
Only four such combinations can be made, 
and each combination corresponds to a root 
of the given equation. Denoting the four 
roots by x', x", x"', and x"", we have, 

x' = + -/? + -/i" — Vz'", 
x" = ± -/7 - /i^ + -Z?̂ , 
x'" = --/? +-/i^ +-Z?̂ , 

and -r"" = — -/? — V z" — V z'" -
Analysts have been unable to solve, in a 

general manner, any equation of a higher 
degree than the fourth, except in some very 
particular cases, as in trinomial equations of 
a certain form, and binomial equations. 

7. Equations of a higher degree. 
Every equation of the 771"' degree may he 

reduced to the form 
x™+Px'"-i+Qx'»-'+JJx'»-"+ - • +rx+!7=0, 
in which P, Q, R, T, &c., are co-eificients in 
the most general sense of the term, that is, 
positive or negative, real or imaginary, entuo 
or fractional, 777 being any positive whole 
number. 
In speaking of equations of the 777"'degree, 

we shall hereafter suppose them reduced to 
the preceding forra. 
AA'hen one or more of the co-eflicicnts P, 
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y, R, &.C., is equal to 0, tho equation is said 
to be incomplete, otherwise it is complete. 
Although no rules have been deduced for 

solving equations which are of a higher de
gree than the fourth, many useful transfor
mations have been discovered, which often 
lead to the solution of particular cases, and 
arc otherwise of importance in analytical in
vestigations. Rules have also been demon
strated for solving either exactly or approxi
mately numerical equations of any degree. 

AA'e shall enumerate sorae of the most im
portant principles employed in transfonning 
equations, and then give some of the methods 
of solving numerical equations. 
Transformations, Properties, 4'C. 

1. If a is a root of an equation, ir. — a 
wiU divide the first member; and conversely, 
if I — a wiU exactly divide the first member, 
then is ffi a root of the equation. 

2. Every equation has as many roots as 
there are units in the number which expresses 
the degree of the equation aud no more. 
As a consequence of these two properties, 

it foUows that the first member of every equa
tion has m different divisors of the first 
degree with respect to i, of the form 

(x — a), (X — 4), (x — c), &c. - - • 
If these divisors be multiplied together 

in sets of two, three, &c., there wiU be 
formed as many different divisors of the se
cond degree as there are different combina
tions of m letters taken in sets of 2, or 

there wiU be as many different divisors of the 
third degree as there are combinations of m 
letters taken in sets of 3, or 

1 777 -
and so on. 

On these principles also depends the rule 
for the composition of equations. See Cotti-
position of Equations. 
3. If the co-efficients of the different pow

ers of the unknown quantity are all whole 
numbers, all the commensurable roots of the 
eqni''on are also whole numbers. 
4. Every equation in which some of the 

•w-efficients are fractions, can be transformed 

into ono of tho general form, in which the 
co-efficients are all whole numbers. 

Assume the equation 
* - + Px»-' + Qx™-» + -•- + Tx + iy" = 0, 
some of the co-eflicients being fractional, and 

y 
for I substitute t' in which y is unknown 
and k arbitrary. After multiplying both mem
bers by A'", there wiU result 

y" + Pky"-^ + Qk'if-" + - - • 
+ rA''-»x+ ra'» = o. 

.Assign to A such a value that its powers 
in the different terms shall contain the prirae 
factors of tbe denominators in those terms, 
each raised to a power at least as great as 
that which enters the denominator. The re
sulting equation will be of the form required. 

1. X* 
5 -5x" + 7 13 

= 0. 

The transformed equation is 

y^-lky'+~k'y'-^^k'y-~k^ = 0. 

Make A = 2 X 3 X 5, and reducing these 
results, 
y» - 25y" + 375y" - 1260y - 1170 = 0. 
5. Imaginary roots and surd roots enter 

by pairs; that is, if there is a root of the 
form 

a + 4 V — I, or a + Vo, 
there wiU be a second root of the forra 

ffi — 4 V — I, or a — V~b. 
Hence, every equation whose roots are all 

of the above forras, raust be of an even degree. 
A pair of roots of either of the above fonns 

are called conjugate roots. 
6. Every equation can be transformed into 

another, in which the second term shall he 
wanting, as follows: 

Substitute for the unknown quantity, another 
unknown quantity minus tlie eo-cfficient of tlie 
second term divided by the number which ex
presses the degree of the equation. 

The transformation may also be made by 
the method of synthetic division, as will be 
explained presently. 

7. Every equation raay be transforraed into 
another, in which the roots are greater or 
less than those of the given equation by » 
constant quantity, by the aid of the derived 
polynomials of the first member. 
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The deii\-ed polynomial of a given poly
nomial, is the result obtained 'by multiplying 
every term of the given polynoraial by the 
exponent of tho unknown quantity in that 
terra, and then dirainishing the exponent of 
the unknown quantity by 1. The second 
derived polynomial is the derived polynomial 
of the first. The third derived polynomial is 
the derived polynomial of the second, and so 
on. These, taken in their order, are called 
successive derived polynomials. 
Let it he required to transform the equa

tion 
x» + Px"-'- + Qx»-"+ - - + Tx +1/ = 0, 
into one whose roots shall be less than in the 
given equation by a. If we denote the un
known quantity by u, the transforraed equa
tion, will be 

Y' Z' V 
X' + •— K + r-S tt" + 

1 1-2-3 1-2 
+ . . . +I7». = 0: 

in which X ' is what the first meraber of the 
given equation becomes when a is substituted 
for X ; Y' is v;hat the first derived polyno
mial of the first meraber becomes under the 
same supposition ; Z' is what the third de
rived polynomial becomes, &c. 
This method of transformation is some

what tedious, and it may be replaced by a 
method depending upon the following prin
ciple : 
If it is required to transform a given equa

tion to another, whose roots shall be less 
than those of the given equation hy r, divide 
the first member by x — r; the remainder 
will be the absolute term of the transformed 
equation : divide the first quotient by x — r, 
and the remainder will be the co-efficient of 
the first power of the unknown quantity in 
the transforraed equation : divide t'ne second 
quotient by x — t-, and the remainder will be 
the co-efficient of the second power of the 
unknown quantity, and so on. By continu
ing the operation, we may find all the co
efficients of the transformed equations in an 
inverse order. 
By the method of synthetic division, this 

operation becomes a very simple one, as is 
shown by the following example: Let it be 
required to transform the equation 

X* - 3.T" - 15x" + 49x - 12 =0, 
into ono whose roots shall be less-by 3 than 
in the given equation. 

OPERATION. 
1-3-15+49-12 
+3+ 0-45+12 
0-15+ 4, 0 
3+ 9-18 
3- 6,-14 
3 + 18 
6,+12 

l,+3 

1+9 + 12-14+0. 
Hence, the transformed equation is 

y* + 9y" + 12y" - 14y = 0. 
8. The foUowing are some of the proper

ties of numerical equations : 
If two numbers p and g, substituted for x, 

in succession, in the first member, give re
sults affected with contrary signs, the pro
posed equation has at least one real root 
comprised between these numbers. 
9. When an uneven number of real roots 

is comprised between two numbers p and q, 
the results obtained hy substituting them in 
succession for x in the first member. wiU be 
affected with contrary signs ; but if they 
comprise an even number, the results wifi be 
affected with the same sign. 

10. If the signs of the alternate terms of 
an equation be changed, the signs of the 
roots wiU be changed. 

11. Every equation in which the signs of 
all the terms are plus, must have aU its real 
roots negative. 

12. Every complete equation having the 
signs of its terms alternately plus and minus, 
must have all of its real roots positive. The 
same principle holds in incomplete equations 
if we take care to supply the wanting terms 
byO. 

13. Every equation of an odd degree, 
whose co-efficients are real, has at least one 
root affected with a sign contrary to that of 
the last term. 

14. Every equation of an even degree, the 
co-eificients being real, and the sign of the 
last term minus, has at least two real roots, 
ono positive and the other negative. 

15. When the last term of an equation is 
positive, the number of its real positive roots 
is even ; and when it is negative, the num
ber of such roots is uneven. 

16. Descarte's Rule. When the roots 
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of an equation are all real, the number of 
positive roots is equal to the number of vari
ations of sign, and the number of negative 
ro.'ts is equal to the number of permanences 
of sig;i. 

A variation is a change of sign in passhig 
along the equation ; a permanence is when 
two consecutive terms have the same sign. 

17. Sturm's Rule. Suppose an equation 
to have been freed of its equal roots, and 
then denote its lirst member by X. its derived 
polynomial by Xi. and then apply to X and 
Xi the process of finding their greatest com
mon divisor, difl'ering only in this respect, 
that instead of using the successive remain
ders, as at first obtained, w e change their 
sijns. and take care also, in preparing for 
the operation, neither to introduce nor reject 
any factor except a positive one. 

Denoting the successive remainders after 
their signs hav̂ e been changed, by 

A'i, X3, &C-, to -\"„, 
whi,..-h wUl be independent of x, and writing 
the expressions in their order, w e shall have 

A', Xi, X., -Y, A',, 
Suppose a number p to be substituted for x 

in each of the expressions, and the signs of the 
resulting quantities, together with the sign 
of A'a, to be arranged in a fine ; also suppose 
another number g greater than p, to be sub
stituted for X in the expressions, and the signs 
of tbe results to be arranged in like manner, 
then wUl the number of variations of signs 
in the first fine, diminished by the number of 
variations of signs in the second, be equal to 
the number of real roots comprised between 
p and g. If j? = — cv:. and ? = + co, the 
rule will give the whole number of real roots 
of the equation, from which, and from the 
degree of the equation, the number of imagi
nary roots may be inferred. 

B y substituting for p and g successive 
numbers, w e may determine the limits be
tween which the individual roots are found. 
It is to be observed that if we find any expres
sion as X , which retains the same sicn for 
aU values of x, the expressions after it may 
be neglected. 

As an application of Sturm's rule, let it be 
required to find the number and places of the 
real roots of the equation 

8,£" - Ox - 1 = 0 
AA'e shall find, in accordance with the rule, 
the following expressions: 

X :-- S,r" - 6x — 1, -A', = 4x" — 1, 
-Vi =- -l-r + 1, and A'3 = + 3, 

Making i = — co, the resulting signs aro 
— + — + . 3 variations. 
Making x = + a?, the resulting signs are 

+ + + + , 0 variations. 
There are then three real roots. To find 

their places : 
For X = — 1 the signs are • 1 h, 

3 variations. 
For z = 0, the signs are 1—h, 

1 variation. 
For I = + 1, the signs are + + + + , 

0 variation. 
Hence, two of the roots are between 0 and 

— 1, and the other root between 0 and + 1. 
18. Horner's Method. This rule only 

applies to finding the values of positive roots, 
hut if negative roots are to bo determined, we 
have only to change the signs of the alternate 
terms, w-hen the corresponding roots of the 
transformed equation will be positive, and 
raay thence be determined, and when taken 
with their signs changed wiU be the negative 
roots sought. 

Horner's process consists in a succession 
of transfonnations of one equatioii into 
another, each transformed equation having its 
roots less than those of the given equation, 
by the difference between the true value of 
the root and that part of the value expressed 
by the figures already found, which are called 
the initial figures. 

The transformations may be made by the 
method of synthetic division. 

W h e n the difference between the true 
value of the root and that part of it already 
found, is very small, the first figure of this 
difference is equal to the quotient obtained 
by dividing the absolute term by the co-effi
cient of the preceding term. 

Homer's rule is as follows : 
Find the nuraber and places of the real 

roots by Sturm's rule, and set the negative 
roots aside. Consider only the positive roots. 
Transform the given equation into another 
whose roots shall be less than those of the 
given equation, by the initial figure or figures 
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already found ; then by Sturm's rule find the 
places of the roots of this new equation, and 
the first figure of each wiU be the first deci
mal figure in the required root. 

Divide the absolute term of the transformed 
equation by the co-eflacient of the preceding 
term, and the first figure of the quotient wUl 
be the second decimal figure of the required 
root. 

Transform the last equation into another 
whose roots shaU be less than those of the 
previous equation by the figure last found, 
and operate as before, until the root is found 
to any desirable degree of accuracy. 

This method is only one of approximation, 
and it may happen that the second decimal 
figure obtained may not be correct. It wiU, 
therefore, be well to find by Sturm's theorem, 
the first two decimal figures, after which the 
method of division may be resorted to with
out danger of error. 

19. Newton's Method. The principle of 
Newton's method is, that after obtaining an 
approximate value of the root, the error is 
nearly equal to the quotient obtained by 
dividing the first member of the given equa
tion by its derived polynomial, and in the 
result making x equal to the approximate 
value of the root found. The modification 
consists in combining with it Sturm's raethod 
and the method of transformation by syn
thetic division. The modified rule, is as 
follows : 

Find by Sturm's rule the nuraber and 
places of the real roots, and set the negative 
roots aside. 

Transform the given equation by the method 
of synthetic division, into another, in which 
the roots are diminished by the initial figures 
already found. 
Form a fraction whose numerator is the 

first member of the given equation, and 
whose denominator is its first derived polyno
mial, and in it substitute for x the initial fig
ures already found; the result wUl be the 
first correction. 
Apply the correction found, and in the 

same fraction substitute for x the corrected 
value of the root; the result will be tho second 
correction. Apply this as before, and con
tinue the operation tUl the desired degree of 
accuracy is obtained. 

This rule wiU in most cases give a rapidly 

approximating value for the root; but Fourier 
has shown that for the complete success of 
the rule in all cases, the following conditions 
must be satisfied : 

1st. There must be no value of x between 
the limits within which the root is known to 
lie, that will make either the first member of 
the given equation, or its first or second 
derived polynomial, equal to 0. 

2, The approximation must be commenced 
and continued from that limit which makes 
the first iiiemher and its second derived poly
nomial have the same sign. 

W e can ascertain whether these conditions 
are satisfied by means of Sturm's rule. 

Equations, Differential. See Differen
tial Equations, 

Equations, Integral. See Integration of 
Differential Equations, 
Equjition of a Curve, is an Equation 

which expresses the relation between the 
co-ordinates of every point of the curve. If 
the curve is referred to rectifinear axes, the 
equation is called rectilinear; if to a polar 
system, it is called the polar equation. See 
Analytical Geometry, 

Equation of Condition. A n equation 
of condition is one which must be satisfied 
in order that a given condition may be ful
filled. In any given case, as many reasonable 
conditions may be imposed as there are dis
posable arbiirah/ constants entering the prob
lem, and consequently as many equations of 
condition may be satisfied. 

For example : the equation of condition 
that two straight lines shall be at right angles 
to each other,is 

1 + aa' = 0, 
in which a and a' are the tangents of the 
angles which the lines make with the axis of 
X, If ffi and ffi' are both arbitrary constants, 
the equation is indeterminate, and may be 
satisfied in an infinite number of ways. If, 
however, a value for one of them be assumed, 
it is equivalent to assuming a second equa
tion of condition, and the value of tho other 
constant may be at once determined. 

An equation of condition may also indicate 
a relation which must exist in order that 
some analytical operation may bo performed. 
Thus, in order that a differential equation ol 
the form 

Pdx + Qdy = 0, 
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may be susceptible of direct integration, it 
is necessary that the equation of condition 

dP _ dC' 
dy ~ dx' 

should be satisiied. 
Xo device of analysis is more fruitful in 

results than the proper use and management 
of equations of condition. 
Equation- of PAvaEXTs. The name of a 

rule of'arithmetic, the object of which is to 
find the mean time of payment of several 
sums due at different tunes. The rule is as 
follows : 
Multiply each payment by the time before 

it becomes due, and divide the sum of these 
products by the sum of the payments : the 
quotient wUl be the mean time. 
Let it be required to find the mean time of 

payment of a sum of .520l> due in two months, 
$200 due in four months, and -ilOO due in 
eight months. 
Here, 200 X 2 = 400 

200 X 4 = 800 
100 X 8 = 800 
500) 2000 (4 months. 

E-QUaTOR. [L. <zguo, to make equal]. 
A great circle of the sphere, whose plane is 
perpendicular to the axisof revolution. Lon
gitude is reckoned upon the equator, and lati
tude upon meridians perpendicular to it. 
The equator is sometimes called the equinoc
tial. 
E-QUI-.AX"GU-LAR. [L. <Bguus, equal, 

and angulus, an angle]. Having equal an
gles. In Geometry, a polygon is equiangular 
when all its angles are equal to each other. 
Thus, a square is equiangular. T w o poly
gons are eguiangular, or mutually eguiangu-
lar, when all the angles of the one are equal 
to aU the angles of the other, each to each; 
that is, when taken in the same order, the 
firat angle of the one is equa! to the first an
gle of the other, the second angle of the ono 
equal to the second angle of the other, and so 
on. A polyhedron is equiangular, when all 
its polyhedral angles are equal, each to each, 
as in the cube. T w o polyhedrons are equi
angular, or mutually equiangular, when the 
polyhedral angles of the one are equal to the 
polyhedral angles of the other, each to each. 
That /700 polygons or polyhedrons may be 

equiangular, it is not necessary that each be 
equiangular of itself; but the term simply 
implies that they are so, as comp.arod with 
each other. 

E-QUI-CRC'R-AL, [L. cequus, equal, and 
crws, a leg]. Having equal legs or sides. 
Thus, an isosceles triangle is equicrural. 

E-QUI-DIF'FER-ENT. Having equal dif
ferences. Thus, the terms of an arithmetical 
progression are equidifforent. 

E-QULDIS'TANT. [L. aiguus, equal, and 
distans, distant]. T w o or more points are 
equidistant from a given point, when their 
distances from it arc equal to each other. In 
a series, three or more terms are said- to be 
equidistant, when there exists the sarae num
ber of terms between each pair of consecu
tive terms. Thus, in the series of natural 
numbers, 1, 2, 3, 4, &c,, the numbers, 1, 5, 
9, 13, &c., are equidistant terms. These 
constitute a new series. 

E-QUI-LAT'ER-AL, [L. mquus, equal, 
and latus, a side]. Having equal sides. In 
Geometry, a polygon is cguilateral, when all 
its sides are equal to each other. T w o poly
gons are cguilateral, or mutually cguilateral, 
when all the sides of the one are equal to all 
the sides of the other, each to each, and taken 
in the sarae order. Equilateral polygons, in
scribed in circles, are necessarily equiangu
lar ; but the converse is not necessarily true. 
AA'hen the number of sides is odd, an in
scribed equiangular polygon is also equilat
eral ; but when the number of sides is even, 
the inscribed equiangular polygon may have 
all its sides equal, or the alternate sides may 
be respectively equal to each other, the two 
sets not being equal. 

For example, an inscribed rectangle may 
have all its sides equal to each other, hi 
which case it is a square, or the opposite 
sides may be equal to each other in pairs. 
SimUarly, for any inscribed equiangular poly
gon, having an even number of sides. 

Equilateral Hyperbola. One whose 
axes are equal. Its equation, when referred 
to the centre and axes, is in which a denotes the length of either semi-
axis. In this curve, the asymptotes are at 
right ancles to each other, and the curve is 
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equal to its conjugate. Any pair of conju
gate diameters are equal to each other, and 
make equal angles with the asymptotes. 

To cut the curve from the cone, requires 
that the cone be either rectangular or obtuse. 
Pass a plane through the vertex, cutting out 
two elements at right angles to each other ; 
then will any plane, passed parallel to this, 
cut out an equilateral hyperbola. If the 
curve be referred to its asymptotes, and the 
abscissa of'the principal vertex be regarded as 
1 ; then will the area between this ordinate, 
the curve, the axis of X , and any other ordi
nate whatever, be equal to the Naperian loga
rithm of the abscissa. Hence, this curve is 
often called the logarithmic hyperbola. 

E-QUl-MUL'TI-PLE. [L. aguus, equal, 
and multipl'ieo, to increase]. The products 
obtained by multiplying two quantities by the 
same quantity, are equimultiples of tho given 
quantities. Thus, m a and mb are equimulti
ples of a and 4. 

Equimultiples of two quantities are to each 
other as the quantities themselves : thus, 

a 4 : : m a mb ; 
in which, m may be any quantity whatever. 

E-QIJI-NOC'TIAL. [L. aquus, equal, and 
Tiox, night]. Belonging to the equinoxes : 
denoting an equal length of day and night. 

Equinoothl Coluee. The meridian which 
passes through the equinoctial points. 

Equinoctial Points. The points in which 
the equator intersects the ecliptic. The equi
noctial points in the heavens do not retain a 
constant position with respect to the fixed 
stars, but have a slow motion from west to 
east amounting to about 50 seconds yearly. 
This motion is called the precession of the 
equinoxes. 

E-QUIV'A-LENT. [L. ceguus, equal, and 
valens, to be worth]. Equal in value ; in 
power, or force, or effect. 

Equivalent Magnitudes, in Geometry, are 
those whose measures are equal but which do 
not admit of superposition. Thus, a rectan
gle is equii'alent to a triangle having the 
same base and double the altitude of the 
rectangle. To express the idea of equiva
lency, or equality of measure, the symbol O 
has been adopted. Thus, in the right-angled 

triangles A B C , 

BC" O -AC" + AB°: 
this expression is read, 
the square of the side B C 
is equivalent to the sum of 
the squares of A C and A B . 

E-RECT'. [L. erigo, to set upright]. To 
erect a perpendicular to a given fine or plane 
at any point, is the same as to construct a 
straight line perpendicular to the line or 
plane at that point. 

E R ' R O R , [From erro, to wander]. The 
difference between the true result of any 
operation of arithmetic or algebra, and an 
approximate result. This term is particularly 
employed in the rule of double position. See 
Position Double. 

ES-SEN'TIAL. [L. essentia, the essence, 
or substance]. Neces^ry to the existence 
of a thing. 

Essential Sign of a quantity, the sign 
resulting from the combination of the sign of 
the expression with the sign of operation; 
thus, in the expression 

ffi — (4 — c), 
the essential sign of 4 is —, whilst that of 
c is + , resulting from the combination of 
the two negative signs, the one preceding the 
expression (4 — c), and the other precedmg 
the quantity c. 

E ' V E N N U M B E R . A number dirisiUe 
by 2; as 6, 8, 10, &c. 

EV'0-LUTE O F A C U R V E . [L. c, from, 
and volvo, to tmfold]. The locus of the cen
tres of aU of the circles which are osculatory 
to the curve. 

If at different 
points of a given 
curve, normals 
be drawn to the 
curvo and dis
tances be laid off 
upon these nor
mals, in the con
cave side of the are, each equal to the radius 
of curvature, then a curve drawn through the 
extremities c, c', &c., of these lines will' be 
the evolute of tho curve. The given cun'e, 
with respect to the evolute, is called the iTito-
lute. 
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It î  a property of the radius of curvature 
that it is normal to the involute, and tangent 
to the evolute. This property enables us to 
construe: the evolute of a curve, approxi
mately, as foUows : 
Draw any num

ber of normals to 
the jiven curve at 
poUrts P, P', F', 
ic: draw a curve 
tjmgent to these 
several normals 
and it will be the 
evolute required, 
and wiil be more 
or less accurate 
according as the 
normals are more 
or less numerous. 
This property, taken in connection with the 
property that any arc ofvthe evolute is equal 
to the difference of the radii of curvature of 
the involute through its extremities, enables 
us to construct the involute when the evolute 
and one point are given. Let .A be the given 
point. A\ rap a string about the evolute and 
stretch it so that it will pass through A ; at 
A attach a pencU and unwind the string. 
keeping it stretched ; the pencil will describe 
the involute. It is plain, that since each point 
of the thread, as it unwinds, describes a 
curve, that the same evolute has an infinite 
number of involutes ; but any involute has 
only a single evolute. 
To find the equation of the evolute of any 

curve, let us assume two of the equations of 
condition for osculatory circles, which are 

dx" + dy' 

y-P = -' d'y 
• (1), and 

dy 
•/J);--(2)-

In these, a and /3 are the co-ordinates of 
the osculatory circle drawn to the involute at 
a point whose co-ordinates are x and y. If, 
in addition to these two equations, we assume 
the equation of the involute and its differen
tial equations of the first and second orders, 
we shall have, in all, five equations contain
ing the six quantities, u, /3, x, y, dy, and 
d'y. B y combining these equations, the 
quantities x, y, dy, d'y, may be eliminated, 
leaving an equation between a and /3. 

This resulting equation, expresses a relation 
between o, fl, and constants, and is entirely 
independent of i and y. It is the equation 
of the evolute. 

For example, the equation of the parabola 
and its differential equations of the first and 
second order are, respectively, 
y" = 2;7x-.(3), ydy=p(ix--(4), yd"y + dy" = 0(5). 

If now. equations (1), (2), (3), (4) and (5), 
be combined so as to eliminate x, dx, y, dy, 
and d'y, the resulting equation wUl be 

/''= 2?^ ("-?)'-

which is the equation of the evolute. 
Hence, the 

evolute of the 
common para
bola is a cubic 
parabola, hav
ing its origin 
at the point 
C. on the axis 
of the curve, 
and at a dis
tance from 
the vertex 
equal to half 
the parame
ter of the curve. 

In like manner, it may be shown, that the 
evolute of the cycloid is an equal cycloid. 

The evolute of any algebraic curve is always 
rectifiable. 

Evolute Imperfect. If tangents be drawn 
to a curve at every point, and at the points of 
contact instead of normals oblique lines be 
drawn, making a given angle with the tan
gents ; then will a curve tangent to all 
these oblique lines be what has been called 
an imperfect evolute. It is of littie practical 
importance in a matheraatical point of view. 

EV-O-LU'TION. [L. evolutio, unrolling]. 
In Arithraetic, is the same as the extraction 
of a root, and stands opposed to the term in
volution, which is the operation of raising a 
quantity to a power. See Extraction of Roots. 

E-VOLV'ENT, The same as Involute, 
which see. 

E X - A M ' P L E . [L, exemplum, an example]. 
A particular application of a general principlo 
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or rule, generaUy given to illustrate the nature 
•of the rule or its mode of appfication. 

EX-CEN'TRIC, EX-CEN-TRIC'I-TY. See 
Eccentric, Eocentrioity. 

EX-CESS'. [L. excessus, from cxcedo, to go 
beyond]. That which goes beyond. See 
Property of O's. 

Excess Spherical. The excess of the sum 
of the three angles of a spherical triangle 
over two right angles, or 180°, is called the 
spherical excess. This element is of much 
importance in geodesical surveying, where 
extensive triangles upon the surface of the 
earth are considered. Any triangle employed 
in a geodesic survey is necessarily a very 
small portion of the surface of the entire 
globe, and consequently the spherical excess 
is small, but not so small as to be insensible 
to the accurate instruraents now eraployed 
upon such surveys. 

Legendre has shown that when the area of 
a spherical triangle is very small, compared 
vvith the entire surface of the sphere, it is 
sensibly equal in area to a plane triangle, 
whose sides are respectively equal in length 
to those of the spherical triangle, and whose 
angles are equal, respectively, to those of the 
spherical triangle, each diminished by one-
third of the spherical excess. 

If it is assumed that the three angles of a 
spherical triangle have been measured with 
equal accuracy, it is not necessary to know 
the spherical excess in order to compute the 
parts of the triangle ; but it is important to 
determine the excess for the purpose of esti
mating the accuracy of the observations. 

The formula for computing the spherical 
excess, is 

S 

r' sin I" 

The value of the logarithm of r, the mean 
radius of the earth, as adopted by the Topo
graphical Bureau, is 6.8427917. 

Having computed the spherical excess by 
the formula given, the difference between 
this and the excess found from the measured 
angles is due to error in observation, and 
ought to be distributed equally amongst the 
angles. W h e n this error exceeds 3" in any 
triangle, the measurements ought to be re
jected, where great accuracy is required, par
ticularly where there is a long succession of 
triangles dependent one upon another. This 
limit is the one adopted on the United States 
Coast Survey. 

In order to illustrate the precedmg princi-
ciples, let us suppose that in a geodesic 
spherical triangle A B C , the side c is known, 

in which E denotes the excess, S the area of 
the spherical triangle, in square yards, and r 
the radius of the earth, in yards. 

The area S is determined by taking the 
sum of the three angles, and subtracting from 
it 180°, and then taking one third of this 
from each of the measured angles ; with the 
angles thus obtained the area may be com
puted when the length of one side is known, 
in accordance with Legendre's principles, the 
triangle being regarded as plane. 

and that the angles found by measurement 
are respectively 

B = 49° 17' 23".24 
C = 64° 08' 37".78 
A = 66° 34' 04".80 

5".82 
observed spherical excess. 

Subtracting one third of this, or I".94, fiom 
each, we have the corresponding angles of the 
plane triangle, 

B' = 49° 17' 21".30 
C = 64° 08' 35".84 
A' = 66° 34' 02".86 

The several parts may then be found fiom 
the formulas 

sin B' sin A' be AaA! 
b — C — — 7 ^ ' ffi = c -:—zzj' S = • r 

sm C sm O 2 
Substituting the value of <S in the formula 
for the spherical excess, 

S 
E — ' 
•̂  7" sin 1" 

we find E = 5".67. Hence the measurcil 
excess exceeds the true excess by 0".15, and 
this is the measure of the error committed. 
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Subtracting one third of this error from each of 
the measured auî les, the corrected angles are 

B = 49° 17'23".19 
(7=B4-"0S'37",73 
A = 66° 34' 04",75 

5",07,true excess. 
Por places whose latitudes are between 

25" and -to", which includes a great portion 
of the United States, the spherical excess is 
about 1'' for every 75,5 square miles of area. 

Hence, if the area of the triangle, in square 
mil :s, be known, a good approximation to 
the excess in seconds may be found by divid-
inff this area by 75,5 square mUes. 

E X - C H a X G E ' . [Fr. ccAaTigcr]. To barter. 
-A rule in Arithmetic. The operation of find-
the value of one commodity or denomination 
of money, in terms of another, AVhen a 
unit of each denomination is fixed upon in 
terms of some assumed standard, the practi
cal operations in this arithmetical rule become 
suuple applications of the principles of pro
portion. 

In commerce, exchange is a mercantile 
operation, by means of which debts due to 
individuals at a distance are paid without the 
transmission of money. This operation is 
effected by means of w-hat are called biUs of 
exchange. 

A bUl of exchange is an order addressed to 
some person, directing him to pay to a cer
tain other person a specified sum. There are 
always three parties to a bUl of exchange, 
and sometimes more. 

1. H e who writes or draws the order is 
caUed the drawer or maker of the bill. 

2. The persoij to w h o m it is directed is 
called the drawee. 

3. The person to w h o m the money is 
ordered to be paid is caUed the payee. 
4. Any person who buys a bill is called 

the buyer or remitter. 
5. The payee and other persons into whose 

hands the biU may pass previous to its being 
paid, and who write their names upon the 
back of it, are termed indorsers. 

6. The person in whose possession the bill 
is at any given period, is termed the holder 
or possessor. 

7. AVhen the bUl is presented to the drawee, 
if he agrees to pay it at the time specified, he 
signifies the same by writing accepted, and 

signing his name .across the face of the bUl. 
H e is then called the acceptor, and the bill is 
said to be accepted. 

The drawee does not become responsible 
till the bill is accepted. If on presentation 
he does not accept, tho holder should give 
notice of the refusal to the drawer, and to all 
the indorsers. This notice is called a protest, 
and is given by a notary or notary public, an 
officer appointed for that purpose. 

If the drawee accepts the bill, but fails to 
make payment at the time, the parties must 
be notified as before, and this is called pro
testing for non-payment. If the indorsers are 
not notified in proper time, they cease to be 
holden for the amount of the biU. 

Days of Grace are u certain number of 
days granted to the person who pays the bill, 
after the time named in tho bill has expired. 

In ascertaining the time when a bill, which 
is payable so many days after sight, actually 
falls due, the day of presentment or the day 
of the date is not reckoned. AA'hen the 
time is reckoned in months, calendar months 
are always understood, 

AVhen the month in which a bill is due is 
shorter than the one in which it is dated, it is 
customary not to go on into the next month. 
Thus, a bUl drawn on the 29th, 30th, or 31st 
of December, payable two months after date, 
would fall due on the last day of February, 
except for the days of grace, and would 
actually be due on the 3d of March. 

Bills of exchange are the true money of 
commerce. W h e n the drawer and drawee 
both reside in the same country, the bill is 
said to be inland, and when they reside in 
different countries, it is a foreign bill. 

Par of Exchange. The par of exchange 
between two countries, is the equality in value 
of a certain amount of currency in one coun
try with a certain amount in the other. Thus, 
according to the mint regulations of Great 
Britain and France, a pound sterling of the 
former country is equivalent to 25,20 francs 
of the latter, and the exchange between the 
two countries is said to be at par when a bill 
of 25.20 francs drawn in London on Paris is 
worth £1 in London, and when a bill of £1 
drawn on London is worth 25,20 francs in 
Paris. W h e n £1 in London buys a bill on 
Paris formore than 25.20 francs, the exchange 
is said to be 77! favor of London, and against 
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Paris. W h e n it takes more than £1 to buy 
a bUl of 25,20 francs, the exchange is against 
the former and in favor of the latter. 

The Commercial par op Exchange de
pends upon the market value of the currency 
of the two countries, and may fluctuate frora 
tirae to tirae. Thus the raarket value of an 
English sovereign in Nov/ York varies frora 
$4,83 to $4,85, and it is this varying value 
which determines the commercial par. 

The Course of Exchange is the variation 
of price paid at one place for bills drawn upon 
miother. This variation may arise frora two 
diffe:ent circurastances. First, from a dis
crepancy between the intrinsic value of coins 
and their value as established by the mint 
regulations ; and secondly, frora any sudden 
increase or diminution in the amount of bills 
drawn in one place upon the other. 

The exchange value of the pound sterling 
of Great Britain in the United States, is 
84,444, and it is upon this basis that bills of 
exchange are drawn in this country ; but this 
is much below both the intrinsic and comraer-
cial values ; hence, the amount of exchange 
on Great Britain has to be increased to make 
up the deficiency. The commercial value of 
the pound sterling exceeds the exchange 
value by nearly 9 per cent; thus. 

The exchange value - • • $4,444 
Add 9 per cent . . . . .399 
Which gives . . . . . $4,844, 

and this is very near the average commercial 
value of the pound sterling. W h e n , there
fore, the exchange is at a premium of 9 per 
cent on the assumed unit, it is at commercial 
par, and it would stand at this rate between 
Great Britain and this country, were it not 
for fluctuations of trade and other accidental 
circurastances. 

W h e n the nominal exchange from this 
country to Great Britain is 77torc /Aa7i 9 per 
cent, it is above par ; when less, it is below 
par 

E X - H A U S T ' I O N S . [L. ex, frora, and 
haurio, to draw], Amethod of demonstration 
much employed by the ancient geometers, 
nearly equivalent to the modern method of 
limits, and involving the principle of the 
rcductio ad absurdum. 

Tbe principle of the method of exhaus
tions might be enunciated as follows : If a 

certain magnitude is less than a second, and 
greater than a third magnitude, whUst the' 
difference between the second and third mag
nitudes m a y be made less than any assigna
ble quantity, then will the three magnitudes. 
ultimately become equal. 

For example, if a regular polygon be in
scribed within a circle, and a similar polygon 
be inscribed about the circle, the number of, 
sides of these polygons may be taken so 
great that their difference wUl be less than 
any given area. B y continually increasing, 
the number of sides, this difference is con
tinually diminished or exhausted, and as the 
two polygons approach each other in area, 
they both approach the circle in area. If, 
therefore, w e commence the computation by 
finding the area of the circumscribed and in
scribed square, and then from these the cir
cumscribed and inscribed regular octagon, 
then figures of 16, 32, 64, &c., sides, as may 
easily be done, -we shall ultimately arrive at 
two areas, one of the circumscribed, and the 
other of the inscribed polygon, which differ 
very little from each other, and as far as the 
expressions are the same, either one may be 
taken as the approximate expression for the 
area of the circle. In this manner, the area 
of the circle is arrived at in plane geometry. 

In like manner, the ancients applied the 
method of exhaustions to a great variety of 
propositions appertaining to rectifications and 
quadratures, but which are of comparatively 
little importance since the introduction of the 
calculus. 

E X - P A N ' S I O N . [L. expansio, dUatioii, 
extension]. A term sometimes employed to 
denote the result of an indicated operation. 
Thus, the indicated cube of a + 4 is (a + h'f, 
and its expansion is 

a" + 3ffi"4 + 3a4" + 4". 
Expansion in this sense is neariy synony
mous with development. 

EX-PECT-.y'TION. [L. expectatio, an 
awaiting]. In the theory of chances, the 
value of any chance which depends upon 
some contingent event. Thus, if a person 
is to receive the sum of SlOO upon the occur
rence of an event which has an equal chance 
of happening or failing, the expectation of 
the sum is worth $50. In like manner, if 
there are three chances of the event's failing. 
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and only one of its happening, the expecta
tion is VNorth only S25, 
ExPECT,iTiox of Life. The average dura

tion of Ufe after any given age as determined 
by the tables of mortcdity. If it is found 
from a great number of recorded examples, 
that of all the individuals who reach the age 
of 25. the average remaining period of ex
istence is 37,86 years, then is the expecta
tion of fife at that age 37.86 years. 

The mathematical principles involved in 
computing the expectation of fife are the 
foUowing: 
Let the probabilities that an individual of 

a given age will Uve, 
1, 2. 3. 4,.. .. 7t years, be denoted by 
P' P ' ?'" f" • • - P"', respectively ; then 
the probabilities that Ufe will fail at the end of 
the Tl" year, are y*'~' — p^'. 
In computing the expectation of life for 

any fiiture year, as the 7i"', two contingen
cies are to be considered : 

1st. H e may live through that year, the 
value of which contingency is p^'. 2d. H e 

may die in the course of that year ; and as he 
may die at any part of that year, we must 
regard his death as happening at tho middle 
of tho year ; tho value of this contingency is 
therefore 

ll(P"'-'-r')-
Adding these contingencies, we find for tho 
total value of the expectation of life, with re
spect to the7i"' year from the time considered, 

i(r' + r'-')-
If w e denote the sum of the expectations 

by E , and substitute, in succession, for 
Tt', 1, 2, 3, 4, &c,, in order to find the ex
pectation for each succeeding year up to the 
last age in the table, wc shall have 
E = -i + ?' + y" + /" + • • &c. forp = 1. 
Hence the true value of the expectation 

of life, is equal to -J- plus the sum of the 
probabUities of the life enduring through 1, 
2. 3, &c., years, up to the liraiting age of the 
table of mortality. 

The following table shows the expectation 
of life for every age, from 0 to 100, compu 
ted from the Carlisle tables of mortality. Age. 

1 
0 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

Expecta
tion. 
38 72 
44.68 
47.55 
49,82 
50,76 
51.17 
50,80 
50,24 
49.57 
48.82 
48.04 
47.27 
46.51 
45.75 
45.00 
44.27 
4357 
42,87 
42.17 
41,46 

Age. 

21 
1 22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

Expecta
tion, 
40.75 
40,04 
39,31 
38 59 
37,86 
37,14 
36,41 
35,69 
35.00 
34..34 
33,68 
33,03 
32,36 
31.68 
31,00 
30,32 
29.64 
28,96 
28,28 
27.61 

Age. 
1 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

Expecta
tion. 
26.97 
26.34 
25,71 
25,09 
24.46 
23,82 
23.17 
22.50 
21.81 
21.11 
20,39 
19,68 
18.97 
18.28 
17.58 
16.89 
16.21 
15,55 
14,92 
14.34 

Age. 

61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 

Expecta
tion. 
13.82 
13.31 
12,81 
12.30 
11.79 
11.27 
10.75 
10.23 
9.70 
9.18 
8.65 
8.16 
7,72 
7.33 
7.01 
0.69 
6.40 
6,12 
5.80 
.5.51 

Age, 

81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
90 
97 
98 
99 
100 

Expecta^ 
tion. 
5 21 
4,93 
4,65 
4,39 
4,12 
3.90 
3,71 
3.59 
3,47 
3.28 
3.26 
3.37 
3,48 
3,53 
3,53 
3,46 
3,28 
3,07 
2.77 
2,28 

EX-PLIC'IT F U N C T I O N . [L. explicitus, 
from explico. to unfold]. A function whose 
value is expressed directly in terms of the 
variable : thus, in the equation 

y = ax" + bxi ,+ c, 
y is an expUcit function. The term stands 
opposed to implicit function, in which the 

relation between the function and variable is 
not directly expressed ; as for example, in 
the equation 

y" — 2;jx = 0, 
ui which y is an implicit function of x. 

EX-Po'NENT. L, exponens; ex, from, 
and pono, to expose]. In Algebra, a iiUmbei 
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written to the right, and above a quantity, to 
show how many times it is to be taken as a 
factor: thus, in the expression a', the num
ber 3 is an exponent, and shows that ffi is to 
be taken three tiraes as a factor. The ex
pression a" is equivalent to a X ffi X ffi, and 
is read, a cube. 'The exponent is properly the 
exponent of the power, but for siraplicity, it 
is often called the exponent of the quantity a. 

Such is the fundamental idea of the term 
exponent; but custom and the advance of 
algebraical science have generalized the idea, 
and the term exponent, is now applied to 
any quantity written on the right, and above 
another quantity, whether it be entire or 
fractional, positive or negative, constant or 
variable,' real or imaginary: thus, in the 
expressions 
a', ffi^, ffi-", a', aJi and ffi'V^-', 
3, J, — 5, 4, X, and .V — 1, are all called ex
ponents. The reason for this generalization 
of the term lies in the fact that the result 
obtained by performing the operation indica
ted by an exponent, is entirely independent 
of the nature of the exponent. The quantity 
to which the, exponent is annexed is called 
the base, and when the base is the same, two 
exponential quantities raay be multiplied to
gether by simply adding their exponents; 
thus, 
a¥ X a» = a'+i-

One may be divided by the other by sub
tracting their exponents: thus, 

a? ,— 
A quantity may be raised to any power by 
"multiplying its exponent hy the exponent of 
the power: thus, 

(a-»)-» = a'y. 
A n y root of a quantity may be extracted 

by dividing the exponent by the index of the 
root: thus. 

In accordance with these principles, the 
rules for the transformation of radicals may 
be reduced to those for simple multiplicat ion 
and division. The following examples of 
equivalent expressions show the application 
of these principles in some of the simplest 
cases. 

equivalent to 

"i/a", or (-/ffi)'" 
1 

V ' ™ V a"* 
gm V a 
Fractional exponents denote that roots are 

to be extracted; negative exponents indicate 
reciprocals. 

EX-PO-NEN'TIAL. Involving variable 
exponents. A n exponential function is one 
in which the variable enters an exponent; 
thus, in the equations, 

y •= a" and y" — bx-" + c'" = 0, 
y is an exponential function of x. 

Exponential Equation. A name given to 
equations, in which the unknown quantity 
enters an exponent; thus, a" ̂  b is an ex
ponential equation. Every exponential equa
tion of the simple form a* = 4, may be solved. 
There are two principle methods of solvmg 
exponential equations ; first, by means of 
continued fractions ; and, secondly, _ by the 
aid of logarithms. 

1st. By means of continued fractions: 
Let it be required to solve the equation, 

2»' = 6?...(1). 
W e see by inspection that 2 < x < 3 ; then 
make 

x = 2 + -̂ -
Substituting this in the given equation, we 
have 

oH-i; _ 6, or 2" X 2'' = 6; whence, 

2^' = - = 2. ,.(2). 

W e see by inspecting equation ("2) that 
1 < x'< 2 ; making 

X' = 1 + ^„ 

and substituting in equation (2), we have, 

•3\'+-^ 
° = 2; whence, by reduction, 
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.(3). 
'-(!::::) 

AVe so 
l<x'< 

' by inspecting 
2 ; making 

X ' 

and substituting 
after reduction. 

r 
firom which 2 < 

x"' = 

= 1 + -

equation 

1 

in equation (3), 

4 
"^3 " 

r'" < 3 

1 

•(4), 

making 

; 

(3) 

we 

that 

have. 

and, proceeding as before, we find 
2 < x̂  < 3, &c. 

If, now, we substitute these values suc
cessively in an inverse order in the preceding 
equations, we shaU find 

1 
x = 2 -1 • 

1 + 1 
1 + 1 1 

2 + &c., 
a continued fraction. 

The first approximating fraction of the 
fractional part of x is 1; the second, ̂  ; the 
third, -|; the fourth, ̂ , which is the true 
value to within less than -y+r; hence, the 
value of X is 2 i , to within less than yJ-j-
Other examples may be solved in the same 
manner. 
2d. By means of Logarithms : 
Let us take the same example 2^ = 6 . (1). 
Taking the logarithms of both members, 

X log 2 = log 6 ; whence, 
_ log6 0.778151 - = 2,58-4, 0.301030 

which differs from the value already found 
by Yi^- Ths latter value is more accurate 
and more easily obtained. 
The advantage of the method by logarithms 

will be rendered still more apparent by con
sidering a more complicated example. 
Let it be required to solve the equation 

{of = c. 
Make 4* = y; whence, ffi? = c ; and by the 
preceding method, 

log c log y 
y = 1 , we have also x = :;—r ; 

log a' log 4 ' 
end, by substitution, we have, finally, 

16 

Km/, ' 
which may bo reduced by logarithms. 

There are again other complicated cases 
which can only be solved by trial and ap
proximation, 'Tho methods already given in
volve all principles necessary to such exam
ples as arise in practice. There is, also, 
a method of approximating to the value of 
I by means of the rule of double position. 

In exponential equations of the form x'=4, 
we can only arrive at the value of x by the 
method of trial and error, or the method of 
position. In every equation of the form 
x» = ffi, if ffi is greater than 1, there is but 
one real value of i, but if a is less than 1, 
there are at least two values of x, which are 
functions of each other. If i' is one root, 
and r be found from tho equation 
1 -^ 
I 7-'" = X ; 
! then will rx' be another root of the equation. 
The minimum value of the expression is 
in which e is the base of the Naperian sys-
system of logarithms, or 2.7182S. 
EX-PRES'SION. In Algebra, the repre

sentative of a quantity written in algebraic 
language ; that is, by the aid of symbols. 
Thus, 9x" + 3y, is the expression of the sum 
of the two quantities denoted by 9 tiraes x", 
and 3 times y. In general, any quantity or 
relation denoted by algebraic syrabols is an 
algebraic expression. W e say that an equa
tion expresses the relation existing between 
the quantities which enter it, by which we 
mean that this relation is written out iu the 
algebraic language. If a rule is translated 
into algebraic language, the resulting expres
sion is called a formula, and conversely if a 
formula is translated into common language, 
the result is a rule. Here the only differ
ence is in the mode of expression, the method 
of algebra being usually more concise. 
There is the same distinction between alge

braic expressions that there is between ex
pressions in ordinary language. Thus, a" 
may express the area of a square, one side 
of which is equal in length to some line de
noted by a; this expression is called a term, 
or is the algebraic expression of a term. 
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Again, the combination of symbols, 
a" = 4c, a" > 4c, a" < 4c, 

may express the fact that a square is equal 
to, greater than, less than a rectangle, whose 
adjacent sides are respectively denoted by 
4 and c. Such forms of expression are equi
valent to propositions in ordinary language, 
and in algebraic-language are termed equa
tions or inequatitms. In these cases the 
terms are a" and 4c, the copula being the 
symbol — or > , or < . 

EX-TEN'SION. [L. cxtensio, a stretching 
out]. In Geometry, that property of a body 
by virtue of which it occupies a limited por
tion of space. Extension has three attri
butes—length, breadth, and height, or thick
ness, and iu order that anything may properly 
be termed a body, it must possess them all. 
These dimensions of extension are supposed 
to be estimated in lines, each of which is 
perpendicular to the plane of the other two. 
There are magnitudes which may be regarded 
as having but two or even one of the attri
butes of extension. Thus, a surface has 
length and breadth by no thickness ; a line 
has length, but neither breadth or thickness. 
A line or surface cannot be called a body, 
but each has, nevertheless, magnitude, for it 
may be added to, subtracted from, and mea
sured. W e are accustomed to speak of them 
as extending to certain limits. They are, 
strictly speaking, the limits of bodies, and 
have no real existence except in the raind. 
EX-TE'KIOR. [From exterus, foreign]. 
l^xtemal, outward. 

Exterior Angle of a Polygon. The an
gle included between any side of a polygon, 
and the prolongation of the adjacent one. 
Thus, in the triangle A B C , t> 
if the side A G be pro
longed to D, then is the 
angle B A D an exterior 
angle. If all of the sides _ 
of a saUent polygon be *-! A D 
prolonged in the same direction, the sura of 
the exterior angles formed, is equal to four 
right angles. 

In a triangle, an exterior angle is equal to 
the sum of the opposite interior angle ; thus, 

BAD = ABC + ACB. 
If two paraUel lines AB and CD are met 

by a third straight line IG, theie wiU be 
formed eight angles. j 
Those which lie / -
without the paraUel -̂  7 ^ 
lines, and on the q ^ j) 
same side of the se- r" 
cant line, are called 
exterior angles on the same side; as IFB and 
DHG. 

Those which lie without the parallels and 
on opposite sides of the secant, are called 
alternate exterior angles,- as A F I and DHG. 

EX-TERM-IN-A'TION. [From ex and ter
minus, literally to drive from within the fimitsj 
The same as elimination. See Elimination. 

E X - T E R N ' A L A N G L E S . See Exteria-
Angles.' 

E X - T R A C T I O N O F RO O T S . [L. ex 
traho, to draw out]. The operation of finding 
a quantity, which being taken as a factor a 
certain number of times, will produce a given 
quantity. For the processes, see Square 
Root, Cube Root, <̂ c. 

Besides the processes laid down under the 
headings referred to, there is a general method 
of extracting roots of numbers of any degree 
depending upon the principles of logarithms. 
The rule is as follows : 

To extract the n^^ root of a number, finil 
frora a table the logarithm of the number and 
divide it by 77, the index of the root; fintl 
from a table the number corresponding to tlie 
quotient, and this will be the root required. 

The following method of extracting the 71" 
root of any number approximately, is due to 
Hutton. Let N designate any number, and 
R its nearest 71*̂  root, already found : denote 
the true root by R'; then will the following 
formula express an approximate value of K'; 

(77+l)JV+(77-l)E" 
•" "~(?l- l)iV+(?7+l)ii»^'"' 

Suppose it were required to extract the cube 
root of 2. Here, N = 2, 7t =, 3, R = 1; 
substituting in the formula, we have 

8 + 2 
^'=4+1 = 1'=̂' 

for the first approximation. Using this value 
and substituting in the formula, we again 
obtain 

8 +2(1.25)' 

R = - X 1.25 = 1.259931, 
4 + 4(1.25)" 

which is true to the very last figure. 
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EX-TK8ME' AND MEAN RATIO. In 
Geometry, a straight Hue is said to be divided 
in extreme and mean raatio, when the greater 
segment is a mean proportional between the 
whole line and the lesser segment. 

The operation is eflected geometrically, as 
foUowa • 

Let A B be the given line ; at B erect the 
perpendicular B C and make it equal to one-
half of A B ; with C as a centre, and with a 
radius C B describe an arc B D cutting A C in 
D; with A as a centre, and with A D as a 
radius, describe the arc D F ; then wiU F be 
the point of division, and w e shaU have 

AB : AF :: AF FB. 
EX-TRE^IE'. [L. cx^rcTTiTTs, last]. The first 
and last terms of a proportion are called ex
tremes, the remaining two being means. If 
the proportion has but three different terms, 
the middle one is a geometrical mean, or a 
77!Ctt7! proportional between the extremes. In 
the proportion 

ffi : 4 :: c d, 
a and d are extremes, also in the proportion 

tt ; 4 :: 4 : c 

a and c are extremes, and 4 is a mean pro
portional between them. In a limited pro
gression, either arithmetrical or geometrical, 
the first and last terms are called extremes, 
and the remaining terms are means—arith
metical means in fhe first case, and geome
trical means in the second. 
In an arithmetical progression, the sum of 

the extremes is equal to the sum of any pair 
of terms which are situated at equal distances 
from the extremes. The sum of the progres
sion is equal to the half sum of the extremes 
multiplied by the number of terms. 
In a geometrical progression, the product 

of the two extremes is equal to the product 
oi any two means equally distant from the 
extremes. 

In a geometrical progression, any term is a 
mean proportional between the preceding and 
succeeding term, and if there is an odd num
ber of terms, the middle one is a moan pro
portional between the extremes, 

F, the sixth letter of tho English alphabet. 
.-Vs a numeral, it has been employed to donoto 
40, with a dash over it, thus, f, it denoted 
40,000. In the calculus, it is employed as an 
abbreviation for the term function. For ox-
ample, the symbols, / (x), F (x, y), are em
ployed to denote functions of x, and of x and y 
respectively. 
FaCE. [L. fades, the face]. The piano 
surface of a solid. 

Face of a Polyhedron. One of the bound
ing polygons of the solid. See Polyhedron. 
F.^C'TOR. [L. factor, from facio, a maker, 
or doer]. If two quantities are multiplied 
together, each is called a factor, and tho result 
obtained is called a product. The term factor 
is used also in the same sense as divisor, so 
that any quantity which wUl divide another, 
is a factor of it. The entire factors of 12 are 
1, 2, 3, 4, and 6. Taken in pairs, the factors 
are 1 X 12, 2 X 6, 3 X 4, &c. To resolve 
a quantity into its factors, is to find two or 
more quantities, which when multiplied to
gether, will produce the given quantity. This 
may often be effected in a variety of ways, as 
in the example above given. W h e n a quan
tity is given, and also one of its factors, the 
remaining one raay be found by dividing the 
quantity by the given factor. The prime 
factors of a quantity, are those factors which 
cannot be exactly divided by any other quan
tity except 1. Every meraber has 1 for a 
prime factor. The prirae factors of 12 are 1, 
2, and 3. The operation of resolving a quan
tity into its factors, is called factoring. In 
the processes of the Diophantine analysin, 
the theory of numbers, the investigation ol 
the nature and property of equations, in short, 
in almost every branch of analysis, the opera
tion of factoring is of constant use. A single 
example in algebraic multiplication will serva 
to illustrate its utUity. Let it be required ta 
find the product of 

X* — 4* X — b 
24x + 4" and x* + bx 
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by factoring and indicating the operation, w e 
have 
- (x" + 4") (x + 4) (x - 4) (X - 4) _ x" + 4" 

X (X + 4) (X — 4; ( X — 4) ~ X 
by striking out the factors comraon to the 
two terms of the fraction. This result might 
have been obtained by performing the multi-
pUcation, and then reducing, but the process 
would have been much more tedious. 

N o definite rules can be laid down for fac
toring algebraic expressions. The following 
cases will be found useful in practice. 
ffi—4 is a factor of a^—b", for all entire values 

of 771. 
ffi+4 '• a"'—4'», when 771 is even. 
ffi+4 " ffi"'+4'", when 771 is odd. 
a — 1 " a'"—a'', for all entire values 

of -777 and 77. 
ffi+1 ' • a""—a", when im-n) is even. 
ffi+1 " a'"+a'*, when (•777-77) is odd. 
a is a numerical factor of 7-"—r, for aU entire 

nuinerical values of r, -O'hcn a is a-
prime nuraber. 

ffi is a factor of [1 . 2 . 3 . 4 .. .(a — 1)] + 1 
when a is a prirae number. 

a is a numerical factor of r°-' — 1 , when a is 
prime with respect to r. 

Imaginary factors of the second degree can 
always be reduced to the form 

ffi + 4 -Z"^^, 
'and if any real quantity has a factor of the 
form 

a + 4^-1, 
it has also a factor of the form 

a- bv^^T, 
and these factors, from the fact of their being 
always united, are called conjugate factors. 

FaIL'ING C A S E of a rule or formula. 
A case, in which the rule or formula does not 
apply, though included amongst those to 
v/hich it is in general applicable. Thus, 
McLaurin's formula fails to develop a function 
of one variable into a series, when that func
tion, or any of its successive differential co-
cfiicients becomes infinite, when the variable 
is made equal to 0. 

F E L ' L O W - S H I P . A rule of Arithmetic, 
BO caUed from its being employed in atljust-
ing the accounts of merchants and partners 

in trade. The object of the rule is, to ex-
plain the method of assigning to each part
ner his gaii. or loss, in accordance with any 
agreed conditions,—usually in proportion to 
the amount of capital contributed by each 
partner, and the time which it has been em
ployed, or the risks to which it has been sub
jected. 

The entire amount of money employed, is 
called the capital stock. The gain or loss tu 
be shared, is called the dividend. 

There may be two cases : 1st, when the 
stock of all the partners has been employed 
for the same length of time ; and 2d, when 
the different partners put in stock for unequal 
periods of tirae. These two cases give rise 
to the twerules, Single Fellowship, andDouble 
or Compound Fellowship. 
Single Fellowship. 

In this case, it is plain that the whole stock 
is to each man's share, as is tbe whole gaiu 
or loss to each man's share of the gain ot 
loss. 

1. A and B purchase goods to the amount 
of $160, of which A contributes $90, and B 
$70 ; they gain by the purchase $32: what 
is each one's share of the profit 1 
$160 : $90 : : 32 : X = $18 for A's share, 
$160 : $70 :: 32 : y = $14 for B's share. 
Double Fellowship. 

In this case, each partner's share of the 
gain or loss is proportional to the product of 
his stock hy the time which it is invested: 
hence. 

Multiply each partner's stock by the time 
which it continues in trade, and take the sum 
of the products. Then will the sum of the 
products be to each product, as the whole 
loss or gain is to each partner's share of the 
loss or gain. 

1. In an operation, -A puts in $S40 for 
4 months, and B puts in $650 for 6 months, 
and they gain $300 : what is the share of 
each in the profit 1 

84-0 X 4 = 3360 
650 X 6 - 3900 

7260 : 3360 :: 300 : a: 
$138,8418 A's share 

7260 : 3900 :: 300 :1/ 
$161.1582 B'sshaiS. 
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FIfiLD. In Surveying, a tract of ground 
to be surveyed, usually bounded by some 
well defined limit, as a fence, hedge, stream, 
or other boundary. 
FIELD-BOOK. In Surveying, a book m 

which are entered tho notes of a survey as 
they are made on the field. The method of 
entering the field-notes in the field-book de
pends upon the nature of the survey, and 
also upon the surveyor himself, every sur
veyor having some peculiarity of his own. 
See Field-Surveying and Leveling. 
FIELD'SUR-VEY-IXG. The operation 

of finding the area of any portion of the 
earth's surface. The name is generally ap
plied to those operations which are of liraited 
extent, as in finding the number of acres in 
a farm or in a township. See Surveying. 
FIG'U-RATE N U M B E R S , or Figurate 

Series. [L. figuratus]. In Arithmetic, a se
ries of numbers, the general term of each se
ries being 

71 (n + 1) (71 + 2) - - • - (Tt + 777) 
1 - 2 - 3 - 4 (777 + 1) ' 

in which m determines the nature of the se
ries, and n is dependent upon the place of the 
required term of the series. 
Figurate series are divided into orders : 

when 777 = 0, the series is of the 1st order ; 
when 771 = 1, the series is of the 2d order; 
when 77t = 2, the series is of the 3d order; 
and so on. 
The figurate series of the first order, is the 

series of natural numbers, 1, 2, 3, 4, 5, &c., 
77, &c. 
The figurate series of the second order has, 

n(n -h I) 
for its general term, —̂ -—-— ; and the sev-

1 - 2 
eral terms are deduced from this, by making, 
in succession, 71 equal to 1, 2, 3, 4, 5, &c. 
The resulting series is 

I, 3, 6, 10, 15, 21, 28, 36, &c., Iti^J^ ^ 
The numbers of this series are called trian
gular numbers, because they express the 
numbers of points which may be arranged in triangles, as in the annexed Figure. 

• " • • - . 
• » • • ) • • • ? • • • • , lEC. 

The figurate series of the third order has, 
fijr its general term, 

71(71 + 1)(77 + 2) 
1 • 2 - 3 ' 

and the terms of the scries may be deduced 
from it by making, in succession, 71 equal to 
1, 2, 3, 4, Oye. The series is 
7 . ,0 on ! n (77 + 1) (77 + 2) 
1, -i. 10, 20, &c. ' \ -1 . &c. 
The figurate series of the fourth order is 
- „ ., .̂  . n(n+l)(77+2)(77+3) 
1,5, 15, 35, &c. ĵ , g 3 ̂  • . &c. 
6:0. &c, &c. 

One of the most remarkable properties of 
these series is that if the 71"' term of a series 
of any given order be added to the ("77 + 1 ) ^ 
term of the series of the preceding order, the 
sum will be equal to the (77 + 1)'* term of the 
series of the given order. 
Take the two series of the 3d and 4th 

orders, 
1, 4. 10, 20, 35, &c. 
1, 5, 15, 35, 70, &c. 

Here, if we add to any term in the upper 
series, that terra in the lower series which 
stands one place to the left, the sum is tho 
next term in the lower series. .Starting with 
a series of I's, all of the series of figurate 
nmnbers raay be deduced ih succession by 
the aid of this principle : 

orders of FIGUR.iTE SERIES. 
Series of I's. 

1,1, 1, 1, 1, 1, 1, 1, 1 1 
1". 1,2, 3, 4, 5, 6, 7, 8, 9 &e. 
2f 1,3, 6, 10, 15, 21, 28, 36, 45 &c. 
3<i. 1,4.10, 20, 35, 56, 84,120,165 &c. 
4'*. 1,5,15, 35, 70,126,210,330,495 &e. 
5". 1,6.21, 56,126,252,462 
6'*. 1,7,28, 84,210,462 
7'*. 1,8,36,120,330 
8"'. 1,9,45,165 

It will be perceived, on inspecting the pro-
ceding table, that the nurabcrs, read diago
nally upwards, are the numerical co-efficienis 
of the terms in the developments of 3- + a, 
with an exponent corresponding to the order 
of the series. It was this fact which first gave 
rise to a complete investigation of the subject of figurative numbers. Other series may bo deduced in a manner similar to that employed for deducing the figurate series, which in this respect resemble the latter. 



246 MATHEMATICAL DICTIONARY AND [PIG 

For example : if w e assume the arithmeti
cal progression of odd numbers, ths figurate 
series deduced will he the series of squares. 
Thus, 
Assumed series 1,3,5, 7, 9,11,13, Ac. 
Deduced series 1,4, 9,16,25,36,49, &c. (1) 

In like manner. 
Assumed series 1,4, 7,10,13,16, &c. 
Deduced series 1, 5,12,22,35.51, &c. (2) 

Also, 
Assumed series 1, 5, 9,13,17,21, &c. 
Deduced series 1, 6,15,28,45, 66, &c. (3) 
The series (1) is the series of square num
bers, (2) the series of pentagonal numbers, 
(3) of hexagonal numbers, so named on 
account of certain analogies existing between 
the relations of the numbers in these series, 
and the relations existing between the poly
gons whose names they bear. If points be 
arranged in squares, pentagons, hexagons, 
&c., their numbers wifi be expressed by terms 
of these series, as explained in triangular 
numbers. 

FIG'URE. In Arithmetic, a character em
ployed in representing numbers. The Arabic 
figures are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and by 
proper combination these are sufficient to 
represent every possible number. 

W h e n the scale of tens is adopted for ex
pressing numbers, 10 separate figures are 
needed, but were w e to adopt any other scale, 
a greater or less number would be required, 
according to the nature of the scale. In the 
duodecimal scale, in addition to the ordinary 
figures emploj^ed, the Greek characters ̂  and 
K are used, the former to denote 11 and the 
latter 12. See Notation. 

Figure in Geometry. A diagram or draw
ing, made to represent a magnitude upon a 
plane surface. Thus, the diagram A B G is 
made to represent a tri
angle, and is called a 
figure. Sometimes the 
figure is accurately con
structed, so that its parts 
bear to each other the sarae relative proportion as the parts of the magnitude represented, but more usually it is B C only a rough representation, intended to facil

itate the reasoning of a proposition or to 
illustrate the application of mathematical 
principles in the solution of a problem. When 
the magnitude has three dimensions, the exact 
representation of it on a plane is impossible 
and in this case several different conventional 
methods have been resorted to, each of which 
has its advantages in its own particular 
sphere of application. Some of the methods 
of representation are, by means of the princi
ples of perspective, see Perspective ; of iso-
metrical perspective, see Isametrieal Perspec
tive ; and of projections, see Projections and 
Descriptive Geometry. 

Besides these methods, there is a rude con • 
volitional method of drawing figures, used 
generally in plane geometry, which cannot 
be referred to either of these methods, nor 
can it be reduced to any rules. A glance al 
any work on solid geometry will sufficiently 
show the nature of this kind of representa
tion. It approaches more nearly to ortho
graphic projection than to any other system
atic method. 

Figure of the Earth. The result of 
numerous measurements of arcs of the merid
ian and experiments with the pendulum, 
together with the deductions of analytical 
mechanics, show that the figure of the earth 
is that of an oblate spheroid of revolution, 
the axis of which coincides with the axis of 
the earth. The terrestrial elements as 
adopted by the United States corps of Topo
graphical Engineers are as follows : 

Equatorial radius 6377397.15 metres, de
noted by a. 

Polar radius, 6356078.96 metres, denoted 
by 4 

Eccentricity of meridian, 0.0816967, de
noted by e. 

I c"(l-c")sin'I,\i 
A n y radms = ffi ̂1 YZT^Sn] 

in which L denotes the latitude of the 
place. 

The metre employed in these elements is 
taken equal to 39.36850154 American standard inches as determined by Hassler in 1832. These elements are those at present used upon the coast survey. Reducing the elements to yards, and employing the same notation as before, we have, 
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a = 6974532.339 yards. 
h = 6951218 059 yards. 
e = 0.0S16967 

1 
" 299,66 ' 

m which E denotes the eUipticity. 
The following are the elements of tho 

earth's figure, as given by Bessell and -Viry: 

£ = : 

Eitnents. 

Eq. radius, c 
Polar •• . 
Diff.diam. I 
2a-24 I 

Ellipt'y 
a-4 

- = £ 

Bessell. 

feet mitei 
anH35!'0=3li(i-,>,-0-, 

feet mites 
i(l̂ |-,•:iT13=3ill«,̂ 21 -,:Û o3(J<i2=3Wi),M:-JUSJoS10=*)49..'>SJ! 

l:30cuS= i'i.-'C'i \ 139S06= iClT:-' 

The following terms are employed in the 
discussion of the figure of the earth: 

I, The axis is that fine about which the 
earth revolves. 

2. The equator is a circle whose plane is 
perpendicular to the polar axis at its middle 
point. It is the largest plane curve that can 
be drawn upon the surface of the spheroid. 

3. The sensible horizon of a place of the 
earth's surface is a tangent plane to the sur
face at the place. The rational horizon is a 
plane paraUel to the sensible horizon, and 
passing through the centre of the earth. 

4. The meridian of a place is a section cut 
out by a plane through the place and the axis 
of the earth. All normals to the surface of 
the earth intersect the axis. The rational 
meridian of a place is the intersection of the 
rational horizon with the meridian plane of 
the places. 

5. The geographic latitude of a place is the 
angle included between the normal to the 
earth's surface at the place and the plane of 
the equator. This angle is expressed in 
degrees, and were the earth a perfect sphere. 
it would be equal to the angular distance of 
the place from the equator, measured in the 
meridian through the place. 

The geocentric latitude of a place on the 
surface of the earth, is the angle included 
between the radius of the earth through the 
place and the plane of the equator. 

The geocentric latitude is always a little 
less than the geographic latitude. The great
est difference between these at any place on 
the earth's surface, is at those places whose 

latitude is 45°, cither north or south. Here 
it is about 11' 30" of arc. 

'Tables are constructed, by means of which 
either kind of latitude m a y bo converted into-
the other by simple subtraction. 

6. Parallels of latitude arc small circles 
whose planes are perpendicular to the axis. 

7, The longitude of a place is tho angle 
included between the meridian of the place 
and the meridian of some other place agreed 
upon as the origin of longitudes. The places 
from which longitude is reckoned are dilferent 
in different countries. In England, tho lon
gitude is reckoned from the observatory at 
Greenwich. In France, longitude is reckoned 
from Paris. In this country it is sometimes 
reckoned from Greenwich, and sometimes 
from A\"ashington. It is probable that it will 
eventually be reckoned from the latter place 
altogether. 

Longitude is reckoned in hours, minutes, 
and seconds (h., rain., sec), or in degrees, 
minutes, and seconds (°, ', "). Each hour 
of longitude is equivalent to 15° of arc, each 
minute of longitude in time to 15' in arc, 
each second in time to 15 " in arc; so that 
either m a y be readily converted into the other. 
This is usually effected by means of tables 
for the purpose. 

The following principles are extensively 
used in investigating the figure of the earth, 
and also in the operations of geodesic sur
veys : 

1. Comparison of Azimuthal angles on a 
sphere and spheroid. 

Let C be the centre of the spheroid, C P 
and C E its polar and equatorial radii, P E and 
P P any two meridians, B and 0 two stations, 

having given latitudes on these meridians, and 
sufiicientiy elevated above the surface to ba 
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visible, each from the other; O B the straight 
line joining the two stations; draw the nor
mals B R and OS, meeting the axis in R and 
S, and frora thence draw R H and S K respect
ively parallel to SO and RB. 

Let C be the centre of a sphere on which 
the points 4 and o have the same latitudes and 
the same difference of longitudes, as the 
points B and 0 on the spheroid ; draw the 
radii C4, Co, and the arc bo. 

N o w the azimuth of the point 0 as seen 
from B, is the angle included between the 
planes O B R and P B R ; the azimuth of B, as 
seen from 0, is the angle included between 
the planes P O S and BOS. Let it be required 
to ascertain in what respect these azimuths 
differ from the azimuths on the surface of the 
sphere formed by the inclination of the planes 
o4C, ̂ 40, and poC, boG. Since each of the 
planes H B R , OKS, is paraUel to o4C, P B R 
and ̂ 40 are in the same plane, and P O S and 
PoG are also in the same plane ; it follows 
that the inclination of the planes POS, K O S , 
IB equal to the angle ̂ o4, and the inclination 
of the planes PBR, H B R , is equal to the 
angle j74o ; and therefore, the azimuthal angle 
at 0 is less than that at o. by the inclination 

B draw B G perpendicular to OS, and BL 
perpendicular to the plane K O S ; from 0 
draw O M perpendicular to BR, and O N per

pendicular to the plane H B R ; join G L and 
M N . Then the tangent of the inclmation of 
O B R , H B R , is equal to 

ON 
MN' 

and the tangent of the inclination of BOS, 
K O S , is 

B L 
GL' 

now, the numerators O N and B L are equal 
to each • other, being the distances between 
the same parallel planes; let us ascertain 
under what circurastances the denominators 
will also be equal. Project the figure on the 
plane H R B , then the lines M N , GL, wiU be 
equal if O T and B T are equal, or when the 
angle B O T is equal to the angle OBT. If 
the stations are unequally elevated, the error 
in the assertion that the inclinations of OBR, 
H B R , and BOS, K O S are equal, arises from 
the fact that a perpendicular to the horizon 
at 0 does not appear vertical when viewed 
from B, but the effect is quite insensible, so 

of the planes BOS, K O S , aud the azimuthal that for aU practical purposes of Geodesy, 
augle at B greater than that at 4 by the incli
nation of the planes O B R , H B R , 

If, therefore, the inclination of BOS, K O S , 
be equal to the inclination pf O B R , H B R , 
the sum of the azimuthal angles at B and 0 
will be equal to the sum of those at 4 and o. 
This happens when R coincides with S, 
that is, when the surface is spherical, or 
when the latitudes of the two points on the 
spheroid aro equal. It also happens when 
the reciprocals of the tangents of the depres-
•sions at the two stations are equa!: for from 

the sum of the azimuthal angles on the 
spheroid, may be considered equal to the 
sum of the azimuthal angles on a sphere, 
even when the stations are not equally ele
vated above the surface of the sea. 

It has been shown analytically that when 
777 and 77 represent the number of degrees in 
tho ditfijrences of latitude and longitude of 
the two stations, the excess of the sum of the 
spheroidal over the sum of the spherical 
azimuths is less than .000012" X 7n"77, when 
the stations are equally elevated: and that 
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when these arc unequ.al, and p represents the 
difference of elev-ation in mUes, this excess 
is less than ,173' X sin'.-l X cos"i X p, in 
which -A denotes the azimuth, and L the 
middle latitude. 
The sums of these differences wiU be less 

than the probable errors of observation, and 
not large enough to be taken into account. 
Hence, we conclude, that the spheroidal 

excess in a spheroidal triangle, is the same 
as the spherical excess in a spherical triangle 
whose vertices have the same geographic lati
tudes, and the same difference of longitude. 

Radius of Parallel. 
Let CP, C E be the semi-axes of a meridian 

section of the earth, -VX a normal at .\. A M 
and A L perpendiculars from A ori the axes. 

V 

CM = -
ffi'cos L 

•\"' V b'' -I- (,(••' - Ir) cos" L 
Substituting for a its value 4(l + c), wo have 

4"(1 + 2 c +c")cos"L 
CM--

*'/r+[(l + 2c + c")- l]cos"i 

= 4—; 
(1 + 2c + c")cosL 

Denote the semi-axes by a and 4, and make 
ffi = 4 (1 + c). Then, frora the expressions 
for a sub-normal in an eUipse, 

4= 
MN = CM X -,• 

a' 
Denote the geographic latitude of A by L, 

equal to the angle -ANE. W e have 
4" 

A M = N M tan i = -5 C M tan L, and 
ffi" ' 

4' 
• A M ' = - ^ cm-tan'L; but 

/I* ' 
A M ' = ^ (ffi" - O W ) ; hence, 

4" 4* 
^ (ffi" - CM') = —̂  CM' tan" L ; whence, 

a* = (a' + 4" tan" L) CM', or 
a* a* cos"L 

^ ^ ' ~ a " + 4"tan"L 

And, by reduction, 

CM'=^^ 

a"cos»Z,+4"sin"i 

7* cos" L 
cos"i + 4"(l • 
ffi'cos"L 

b' + ia'-b')cos'L ' 

cos'L) 

whence. 

-• 1 + (2c + c") cos" L 

But e being a small fraction, its square 
may be neglected in comparison with 2e. 
Neglecting e", and denoting the radius of the' 
parallel by B, we have 

4(l+2c)c(fti 
R = - =4 cos 1,(1+C+C sin'i) -/l+2ccos"i 

If P denotes the difference of longitude 
of two places on the same parallel of latitude, 
and A denote the length of the parallel be
tween the two places, we shall have 

n-P 
180' 

X = 4cosL(l+c+ e sin"Z.) 

Radius of Curvature of Ihe Meridian. 

Retain the same notation as before, and 
denote the radius of curvature at the point 
A by p. The general formula for the radius 
of curvature for a plane curve, is 

d'y" 
dx'" 

(D-

The equation of the curve is a"y" + 4'c' 
= a"4" ; whence, by differentiation, we have 
dy" _ 4 V ^ d'y" _ 4* 
d̂ ' ^ ' """̂  di'"' " ~ ^y^" 
Substituting and reducing, we have, afi;er 

omitting the accents. 

(a'y' f bH')t 
'' a*4* 

But, from what has just been shown, we have 

a* cos"L 
CM' = x" = 4" sin" L + a" cos" L 

4* 
A M ' :=y' = -j C M ' tan' L 

ffi , 
4* a* cos" L tan' L 

and 

ffi* 4" sin" i + a'cos'i 
4*sin°L 

4" sin"L +a"cos"!,' 
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-Substituting these in (2), and reducing, 
wc find 

a^4^ 
'' ~ (4" sin" i + a" cos" L)i (3')-

4 (1 + 2e + e") 
= ' — ^ 8 • - - (3). 

[l + (2c + e")cos"X]* 
If w e neglect the square of e in compari

son with 2e, (3) reduces to 
p =4(1 + 2e — 3ecos"i) 

= 4 (1 - c + 3e sin" L). (4). 
Length of Normal on Transverse Axis. 

Denoting the normal by N , w e have 
JV" = ys/i + 

dy'" 
dx^ 

(5). 

dy" 
Substituting for -7-77 its value deduced 

above, and in that result the values of x"" 
and y"", as just founds and reducing, we 
have, after reduction. 

iV = 
V 4' sin" i + a" cos" L (6). 

Normal on Conjugate Axis, or the Radius of 
Curvature of a Section perpendicular 

to the Meridian. 
If we. take the normal on the conjugate 

axis, and denote its length by p', we have 
,_ CM _ ffi"^ 
° ' - M N ^ ^ - V b ' sin"i+ ffi"^^<i;^ • ̂''̂' 
If we denote the eccentricity by s, that is, 

make 
Va'-b' 

e = : ; whence 4" = ffi" (1 — e'), 
the preceding formulas raay be simplified. 

Substituting and reducing, we have frora 
equation (2'), for the radius of curvature of 
the meridian, 

- '^(l-e°) 
''"• (1 -e'sin'i)t " • ' ̂ ^̂" 

From ̂ equation (6) for the normal on trans
verse axis, 

To find the Radius of a Spheroid. 
Denote the radius through the point A by 

r ; then we shall have 
. 3 -—.̂  ffi* cos" X + 4 * sin" X 

r'=AM JrCM ffi" cos" X + 4 " sin" X 
(11). 

Substituting for 4 its value in terms of the 
eccentricity, w e have 

ffi* (cos" X + sin" X ) — a*sin"X(2e' - e«) 
r' = a-'il -e'sin'L) 

whence, by reduction. 
/I - (2£"-£*)6in"X 

»• = « V l-£"sin"X • (12). 

r = ffi [(1 — -Je" sin" X) 
+ -Jc* sin" X (4-5 sin" L) &c.] • (13). 

If we assume 
sin ̂  = £ sin X, 

whence. cos 'f = -1/ 1 — e" sin' X, 
we shall have for the radius of the paraUel, 

ffi cos X 
R = ;— (13) 

co s <j} ' 
For normal ending at transverse axis, 

4» ffi 
N = = p' (1 - E?) -. (14), 

a cos^ "̂  "• ' ^ I 
For normal ending at conjugate axis, or 
radius of curvature of a section perpendicu
lar to the meridian. P = cos f 

(15). 

For radius of curvature of meridian. 

N = 
a(l-e') 

(9) -/!-£= sin' X 
From equation (7), for the normal on conju
gate axis. 

P = ; V 1 T;3T (10) 

p = ' =^(l-e")-(16). 
ffi cos"0 

For the radius of the spheroid, 

r = —^ Vl- i2s' - £*) sin" X 
cos 9 ^ ' 

= p' Vl-(2c''-£*)sin"X ill). 
For the normal ending at transverse axis, 
• (18). 4" 

iV = --
:p'(l-

ffi COS d) 
In like manner the following formulas may 
be deduced : 

For the tangent to meridian, ending at 
conjugate axis, 
t = p'cot L = • T cot X • . • '19)., 

7̂  cos CI 
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For the tangent ending at transverse axis, 

tanX- (20). 
4' 1 

r=p'(l-£')tanX= — cos ̂  
For the distance on the conjugate axis be

tween the points of intersection of two nor
mals p', p", at points whose latitudes are L 
and L', 

D = ip" sinX' - p'sinX) c" ^ 
^ /sinX'_ sinXX _̂ I (21) 

\ cos f' COS ̂  / J 
If p'" denote the radius of curvature of any 

section making an angle B with the meridian, 
we shaU have 

,„ ̂  . Pji_ (20-, 
" p sin" f? + p'cos" 6 

FI'NiTE. [L. finilus, from finio, to finish, 
and finis, a limit]. Having a limit or bound, 
in contradistinction to infinite, which has no 
limit. See Infinite. 
FLEX'URE [L.flexura, a bending]. Flex

ure of a curve, its bending towards or from a 
straight fine. 
Flexure, Point of Contrary, or Point 

Of Inelexion, In the analysis of curved lines, 
a point at which a curve ceases to be concave 
and becomes convex, or the reverse, with 
respect to a given straight line not passing 
through the point. 

Thus S is a point of contrary flexure, or 
point of inflexion, in the curve PSQ. The 
analytical characteristic of a point of inflex
ion is, that the second differential co-efiRcient 
changes its sign at the point. This affords a 
means of ascertaining whether a given curve 
has any pomts of inflexion. 
Differentiate the equation of the curve 

twice, and from the differential equation and 
the equation of the curve, find an expression 
for the second differential co-efficient of the 
ordinate in terms of the abscissa and con

stants : place this equal to 0 and <x), and 
solve the resulting equations ; the roots found, 
wUl be all the values of the abscissa that can 
possibly correspond to points of inflexion. 
To see vxhich of these roots correspond to 
points of inflexion, each must be tested sepa
rately, as follows : Substitute first, one of the 
roots plus an infinitely small quantity, then 
minus an infinitely small quantity for x in 
the second differential co-efficient of the ordi
nate ; if the results thus obtained have con
trary signs, the point corresponding to this 
-value of X will be a point of contrary flexure, 
or point of inflexion. If the results obtained 
have the same signs, there wUl be no corres
ponding point of inflexion. 

At a point of inflexion, the radius of curva
ture changes its sign by passing through in
finity, as a general thing, though there are 
cases in which it changes sign by passing 
through 0. 
FLU'ENTS A N D FLUX'IONS. iL. fluo, 

to flow]. These two terms are so connected 
that they can best be defined together. The 
fluent, or flowing quantity as the term signi
fies, is the sarae as that which, in the modern 
calculus, is called the function, and the flux
ion is its differential. In this connection, the 
fluxion indicates the law of increase of the 
fluent, under the supposition, that the motion 
which generates the fluent is uniform. 
The idea of fluids and fluxions was first 

presented by Newton, and was based upon 
the idea of motion. According to his view, 
a plane curve or line may bo conceived as 
generated by a point moving uniformly in the 
direction of some fixed line,-and having at 
the same time a lateral motion with respect 
to this line, which is governed by some law 
dependent upon the nature of the curve gene
rated. The part of the curve generated at 
any instant of time, is called the fluent, and 
that infinitely small element generated during 
the next infinitely small and constant period 
of time, is called its fluxion. 
Let us suppose that C is the position of 

the generating point at any instant of time, 
that D E is the line in the direction of which 
the motion of C is uniform, and suppose that 
D E is the distance over which the point C 
moves in the direction of the line D E , in 
an infinitely small portion of time ; suppose 
also, during the same space of time, that the 
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point has a transverse motion at right angles 
to D E , measured 
by F M , then wUl 
M be the position 
of the generating 
point, and C M is 
the fluxion of the 
fine B M . For an 
infinitely short 
space, the line C M 
m a y be regarded 
as a straight line, 
and is equal to •V MF' + CF'. 
Although the spaces passed over in the direc
tion of D E , in equal small intervals of tirae 
are equal, the spaces passed over in lateral 
direction are unequal in case of curves, and 
will always depend upon the nature of the 
curve : conversely, if w e know the law of 
variation of these last spaces, the nature of 
the curve raay be deterrained. It is upon this 
fact that the science of fluents and fluxions rest 

If in addition to the two motions already 
explained, w e conceive the point to have a 
third motion at right angles to the plane of 
the other two, and also regulated by a law 
which must depend upon the nature of the 
curve, the generating point will describe a 
curve in space which may be either a plane 
curve, or one of double curvature. 

It is easy to conceive, that by suitably regu
lating the laws of motion of the generating 
point, any curve whatever may be described ; 
it is also plain, that from the law of relation 
between the fluxions of the elements, the 
nature of the curve may he made known. 
•Recurring to the figure already employed, 

the line -OD is the abscissa of the point G, 
C D its ordinate, and during the motion each of 
these varies by infinitely small increments, 
which are the fluxions of these elements. 
D E is the fluxion of the abscissa, and is con
stant, under the supposition made, and M F 
is the fluxion of tho ordinate. 

If we suppose the ordinate of the curve to 
move with the generating point, a plane area 
will be generated bounded by the curve, the 
axis of X, and by two ordinates perpendicu
lar to this axis. The infinitely small area 
included between the two ordinates C D and 
E M , is the fluxion of this plane area. If we 
suppose the plane Y A X to turn around the 

axis of X as an axisl the line B M wiU gen
erate a surface, and the area B C D a volume 
of revolution ; at the same tirae, the fluxion 
C M will generate the fluxion of the surface 
of revolution, and the area D O M E will gen
erate the fluxion of the solid of revolution. 

In general, if w e suppose any line which 
may vary according to some law, to move 
according to any fixed law, it will generate a 
surface, and the portion generated during an 
infinitely small portion of time, wiU be the 
fluxion of the surface, and the portion gen
erated will be the fluent. 

In Uke manner, if a plane arc move in any 
direction, the area being supposed to vary by a 
fixed law, then will the infinitely small vo
lume generated in an infinitely smaU portion 
of time be the fluxion of the solid, and the 
portion generated will be the fluent. 

In this system, any magnitude may be re
garded as flowing ultimately from a point, 
for the point in its motion may generate any 
line, a line in its motion may be made to 
generate any surface, and a surface may be 
made to generate any volume. 

The system of fluents and fluxions was 
exceedingly ingenious, and for conveying au 
idea of the nature of the operations of cal
culus, has had no superior. It has, however. 
been superseded by the method of integrals 
and differentials ; which method, on account 
of its wider range, and of its dispensing with 
the foreign idea of time, has been found 
more convenient in practice. 

The principal advantage of the system of 
differentials, consists in its more convenient 
and elegant system of notation. 

A s the notation of fluxions is often met 
with in works of science, a short account of 
it is here appended. 

The variables are denoted by the final let
ters of the alphabet; as, x, y, z, &c., and 
their fluxions are indicated by the same let
ters with a dot over them. Thus, X. y, and z, 
are symbols for the fluxions of x, y, and s. 
If tho fluxions are variable, they may be re
garded as fluents, whose fluxions may be 
taken, and then are denoted by the same 
letters with two or more dots over them, ac
cording to the order of the fluxion. Thus, 
y, y, y, &c., denote fluxions of y cf the so 
co?7d, third, fourth, &c., orders 
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If the fluent is a radical, as V x — y, its 
fluxion is denoted by placing the radical ia a 
parenthesis, and writing a dot over it and to 
the right, ;is (Vx — y)-. Also, the fluent of 
a fraction is written in a simUar manner, 

(;) 
thas, the fluent of- is written 

y 
Sometimes the fluxion is indicated by the 

letter F. and the fluent by the letter/. Thus, 
F(', X — y). is the same as 

{Vx - y)- and -f (:^), as (^\ . 

Also, the expression, 

f{iVa + 4x") and f{j^\ 

denote the fluents of 

xV a + 4x" and 4x respectively. 

This notation is exceedingly cumbrous, par
ticularly in the higher branches of analysis, 
and for this reason, principally, the method 
effluxions has gone into disuse. 
FLUX'ION-.-V-RY. Pertaining to fluxions, 

as the fluxionary calculus, or analysis. 
Flcxioxary Analysis. A U operations in

volving fluxions and fluents. See Fluents and 
Fluxions. 

FLU.X'ION-IST, One skilled in the Flux
ionary Analj^sis, 

Fo'CAL. Pertaining to the focus. A focal 
tangent to a conic section is the tangent 
drawn to the curve at the extremity of the 
ordinate through the focus. 

Fo'CUS. [L. focus, tire, ihe hearth]. A 
point in which rays of light meet after devia
tion by a lens or mirror. 

Foccs OF A Conic Section. A point on the 
principal axis, such that the double ordinate 
to the axis through the point shall be equal 
to the parameter of the curve. The most im
portant property of the focus has been adopt
ed as a suitable definition, though its name 
might indicate a very different definition. This 
method of defining elements of a curve hy 
describing some characteristic property of 
them, is very common in mathematics. Such 
are the definitions of the parabola, ellipse and 
hyperbola. 

The equation of the conic sections, referred 

to tho principal vertex, and the principal 
axis, is 

y' = 2px + r'x', 
in which 2;> is the parameter of the curve. 
In the ellipse r" is negative, in the hyperbola 
it is positive, and in the parabola it is 0. In 
order to find the number and positions of the 
foci in the conic sections, w e have only to 
substitute p for y in the equation of the curve, 
and deduco the corresponding values of x ; 
these will be the abscissas of the foci. 

Making the substitution, and reducing, w e 
have 
; whence. 

2px 
I + —• = • 

X = - ^- ± 

1. In the parabola, r" = 0 : this reduces 
the first value of x to co, and the second one 
to ̂. The last value is, for r" = 0, a vanish
ing fraction. Finding its value by the rule 
for finding the value of a vanishing fraction, 
which we do by taking the differentials of 
both terms, and then making r' = 0 in th 
results, w e have 

(-p{l-Vr' + l\ 
(x).,= o = ^ -. j^^^^ 

rdr 
_/y-/r" + ll _ 
"~̂  2rdr 'r==„ ~" 2' 

This shows that the parabola has but one fo
cus at a finite distance, and that it is situated 
on the axis at a distance from the vertex 
equal to one-fourth of the parameter. 

2. In the ellipse, r" < 0, and is always 
numericaUy less than 1. Both values of x 
are, in this case, real, and both positive. The 
half sum of the two values of x is equal to 

P 
b"2' which is the abscissa of the centre. 

Hence, in the ellipse, there are two foci, 
which are equally distant frora the centre. 

The distance from the centre to either 
focus is 

In the ellipse 

p = + ' 4" 

--/I +r". 

and 
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which reduces this distance to 
± Va' - 4". 

3. In the hyperbola r" > 0; hence, the 
two values of x are always real, the one be
ing positive, and the other negative. This 
"shows that the hyperbola has two foci on op
posite sides of the principal vertex. If w e 
take the half sum of the two values of x, 

17 
w e shall find — r-;, which is the abscissa of 
the centre. Hence, in fhis case, the foci lie 
at equal distances from the centre. The dis
tance from the centre to either focus is 

±4v'T+? 

in the hyperbola. 
4" 
: — and 

4" 
r' = -i; 

hence, this distance becomes 
±Va' + 4". 

In all the conic sections, the foci possess 
the remarkable property of being the only 
points in the plane of the curves, from which 
the distances to every point of the curve can 
be expressed rationally in terms of the ab
scissas of the points. 

The name focus was originally given to the 
points just discussed, on account of the pro
perty, that when rays of light proceeding 
from one focus are reflected from the curve, 
the reflected rays all pass through the other 
focus. 

In the eUipse, rays proceeding from one 
focus, and reflected at the curve, pass directly 
to the other focus. In the parabola, rays 
proceeding parallel to the axis, and reflected 
at the curve, pass directly to the focus. In 
the hyperbola, rays proceeding towards one 
focus, and reflected at the curve, go to the 
other focus. 

FO'LI-ATE C U R V E . [L. foliatus, leaf-
shaped]. A species of curve of the third 
order, whose general equation is 

x" + y" = a.ry. 

It consists of two infinite branches which 
have a common asyraptote, and which inter
sect each other, forming a leaf-shaped branch, 
— w h e n c e the name of the curve. 

F O O T . -A linear measure whose length 
difiers in different countries. The Engfish 
foot, and the foot of the United States, is 
twelve inches in length, the inch being deter
mined as follows : 

The length of a simple pendulum, which 
beats seconds in the Tower of London, is 
taken as the unit, and an inch is ̂ ^,-A -. 
of this; so that an English foot is g^ 1|" 
of the length of a simple seconds pendulum 
in the Tower of London. This is equal to 
'ST^TITB' "̂  ^ simple seconds pendulum in 
the City Hall of N e w York. The length of 
the seconds pendulum serves in Great Britain 
and the United States, as the basis of a sys
tem of weights and measures. See Weights 
and Measures. 

Foot of a Perpendicular. In Geometry, 
the point in which a perpendicular meets the 
line or plane to which it is drawn. 

F o R E ' S i G H T . In Leveling, any reading 
of the leveling-rod, after the first, t̂ aken at a 
given station. 

The first reading is called a back-sight, and 
serves to connect the observations at the new 
station with those of the former station. 

A n y number of foresights may be taken at 
a single station. In Topographical Survey
ing, it is customary to take as many in every 
direction as can be reached by the instru
ments employed. 

The excess of the back-sight, taken at a 
given station, over any foresight, is equal to 
the height of the point at which the foresight 
is taken, over that of the point at which the 
back-sight is taken. If the hack-sight is less 
than the foresight, the first point is lower 
than the second. 

F O R E ' S T A F F . A n instrument formerly 
used for taking altitudes of the heavenly 
bodies. It is so named, because the observer 
turned his face to the object, instead of turn
ing his back, as in the case of the back-staff. 
Neither of these instruments is now in use, 

F O R M , [L,/or?7ia, aform]. In Geometry, 
the shape of an object. In Analysis, the 
mode of algebraic express! m. Two e.tpres-
sions are said to be of the same form, wdien 
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they indicate the same relation between the 
quantities which enter them. Thus, (8+4)" 
and (c + dy are of the same form. Tho form 
of an expression can often be changed with
out altering its value ; thus, 

(x+ a)* = x' + 2ai + a". 
In the first member, the form indicates an 

operation to be performed; in the second, the 
operation is performed, but the value of the 
expression is unchanged. A large portion 
of the operations of analysis consists in 
changing the form of expressions, without 
altering their v-alue. 
FORilU-LA. [L. formula, a form, or 

model]. The algebraic expression of a gene
ral rule or principle. If a rule or principle be 
trtmslated into algebraic language, the result 
is a formula; conversely, if a formula is 
translated into ordinary language, the result 
is a rule, or principle. 
For example, the equation 

(a + 4) (a - 4) = a' - 4", 
is a formula, being the algebraic expression 
of the fact, that the sum of two quantities 
multiplied by their difference, is equal to tlie 
difference of their squares. This is true, 
whatever may be the nature of the quantities; 
that is, the form of the expression does not 
depend at aU upon the nature of the quan
tities which enter it; hence, the name formula. 
In -Algebra, the binomial formula holds a 

prominent place on account of its frequent 
use in all branches of analysis. 
In the Differential Calculus, there are three 

ibrmulas which, from the universaUty of their 
application, require particular notice. In
deed, by the aid of one or the other of these 
formulas, most of the developnlents of analy
sis are effected. 

1. McLaurin's Formula. 
The object of McLaurin's formula is, to de

velop a function of a single variable into a 
scries, arranged according to the ascendinir 
powers of that variable, with constant co-efli
cients. The formula is as follows ; 
fi^)=A-

•^^ + rr-2-'+i7^3-' + '-

+ -x» + 1-2-3-77 
In which the first member is any function of 
%; Ais what that function becomes when x is 

made equal to 0; A', A", A'", - - - - &c,. A"', 
&e,, aro respectively what the first, second, 
tlurd, &c, 7i"', &c. differential co-eflicients of 
the function become, when x is made equal 
to 0 ill them. 
If the function to be developed, or if any 

of its successive differential co-efficients be
comes infinite, when the variable is made 
equal to 0, the formula fails and the function 
cannot be developed acconling to the proposed 
law. It is to be observed that the formula 
holds good until the term is reached which is 
infinite and here the law of the series changes. 

2. Taylor's Formula. 
The object of Taylor's formula is to develop 

any function of the Algebraic sum of two 
variables into a series arranged according to 
the ascending powers of one of the variables 
with co-eflBcients which are functions of the 
other. It is 

du d'u 
/(x + y) = 7« + ̂ y + ̂ ^^rfTiy" 

d'u 
+ - -.3^'+' • + ; -x'+ dx"-l-2-3^ ' ' dx»l-2-3--77'' 

In which the first member is any function 
of the sum of two variables ; u is w-hat the 
fiinction becomes when the leading variable 
is made equal to 0 ; 

du d'u d'u 
dx dx' '' dx* 

are the successive differential co-eflficients of 
the first term of the development. If the first 
term of the development, or any of its suc
cessive differential co-efficients become infi
nite for any particular value of the variable 
which enters them, the forraula fails for that 
particular value from the term which becomes 
infinite. The law of the series chano-es at 
this term, as explained under McLaurin's 
formula. 

3, Lagrange's Formula. 
The object of this formula is to develop 

any function of two variables into a series 
arranged according to the ascending powers 
of tiie two variables. It is as follows : 
fix, y) = A + (Bx + B'y) 

I 
+ f-^ (C-'̂ ' •+ 2C" xy + C"y') 

1 
+ j-y-g (Dx' + 3D'x"y + 3D"xv' 
+ D'" y') + &c. 
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The first meraber is any function of two 
variables ; A is what that functioA becomes 
when both variables are made equal to 0 ; 
B and B' what the partial differential co-effi
cients of the first order become under the 
same supposition; G, C", C " are what the 
partial dilferential co-efficients of the second 
order become under tfie same supposition; 
D, D', D", D'" are what the partial differen
tial co-efficients of the third order become, 
under the same supposition, and so on. 

If the given function, or any of its partial 
differential co-efficients become infinite, when 
both variables are made equal to 0, the for
mula fails ; that is, the function cannot, in 
such a case, be developed according to the 
proposed law. 

In the Integral Calculus there are several 
formulas which aid in performing the integra
tion of differentials, sorae of which will be 
given. W e have already, under the head of 
Calcvhio Integral, given sorae of the most 
useful formulas for integration ; those now 
to be given are only used as auxiliary means 
jf reducing differentials to more simple forms. 

1 Formula for integrating by parts. 
fudv = uv — fvdu. 

'Wherever fvdu is more simple than fudv, 
this can be used with advantage. To apply 
it w e resolve the given differential into two 
factors, one of which is integral, and which 
we, denote by u ; the other is differential, and 
is denoted hy dv. W e then differentiate the 
first and integrate the second, and substitute 
the results in the formula. The same for
raula may be again eraployed to siraplify the 
second term of the second member, and so 
on. 

From this formula result several formulas 
for simplifying binomial differentials which it 
will be sufficient to write out, their form indi
cating sufficiently the manner and circum
stances untler which they are to be applied. 

2. Formula A. 
/x""-' dx (a + bx")!' = 
x'»-» (a+4x») P+^—a {m—77)/x'''-"-Mi(a+4x")? 

4 [pn + 777) 
3. Formula B. 
/x"-' dx (a + 4x")? = 

a'"(ffi+4x'')?+p7ia/x''*-'dx(a+4x'')7'-' 
pn + 771 

4. Formula C. 
/x-i"—' dx ia + 4x«)? = 

p-\-\ -ffl-f-«-i 
x-''(ffi+4x") —b{n—m-)rnp)fx dx(a+4x"). 

5. Formula D. 
/x™-' dx (a + 4x»)^ = 

-H-i m-l 
x"(a+4x") —(777+77-7ip)/x dx(a+4x'') 

•?H' 

an (p — 1) 

6. Formula E. 
xiax X?—' V2cx -

f V2cx — x" ? 
(2g — l)c p X7-' dx 

9 
+ / ; V 2ex — x" 

The following formulas are of use in recti
fications and quadratures : 

7. Differential of plane arc, 
dz = V dx' + dy'-

8. Differential of plane area, 
ds = ydx. 

9. Differential of surface of revolution, 

du = 2ivy V dx' + dy'. 
10. Differential of solid of revolution, 

dv — Try" dx. 
See Calculus, Radius of Curvature, (tc, 

&c. 

FRACTION. [L. fraetio, from frango. 
fractus, to break]. -A collection of equal parts 
of 1. The term collection is technical, and 
embraces the case in which there is but one 
part considered. One of the equal parts of 
the collection is called the fractional unit. 
For example, 

3 8 a 
4' g. -J. -05, &;c., 

are fractions. In the first case, the collection 
consists of 3 parts of 1, each equal to J; 
and the fractional unit is J. In the fraction 
a 
r, each of the equal parts collected is equal 
to T-, and there are a of them collected or 

taken. In the fraction .05, the fractional 
unit is -r^, or .01. 

Fractions are usually divided into two 
kinds, Vulgar and Decimal. Vulgar frac
tions are those in which the denominator is 
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erpresscJ, and may be any quantity. Deci
mal fractions are those in ̂ vhich the denomi
nator is not expressed, and is always some 
power of ten. 

I. A'lTLQAR Fractions. 
A vulgar fraction is generaUy written under 

the form -, "which denotes that the quantity 
b 

1 
T is taken a times. In this case, the frac-

1 
tional unit is t-* The parts a and b are 
called terms of the fraction; the one lying 
above the horizontal line is the numeralor, the 
one below is the deiiomiTiator. Hence the 
denominator shows into how many equal 
parts the unit 1 is divided to form the frac
tional unit, and the numerator shows how 
many of these are collected or taken. Vul-
ĝar fractions are -pToper and improper. A 
proper fraction is one in which the numerator 
is less than the denominator; an improper 
fraction is one in which the numerator is 
greater than the denominator. Thus, f is a 
proper fraction, and ̂  is an improper fraction. 
A mixed fraction is an expression composed 

of two parts, one of which is entire and the 
other fractional. Thus, a + _, or 5J, are 

d 
mixed fractions. Every entire quantity can 
be reduced to a fractional form, having a 
given fractional unit, hy multiplying it by 
the denominator of the fractional unit and 
then wrtting the result over the denominator. 
Thus, c may be reduced to the form ~, -i—. 

' ' h ' f 
and so on. Con-versely, if there is a common 
factor in both terms of the fraction, it may be 
stricken out without changing the value of 

be 
the fraction, since i = c. 
Upon the foUowing principles depend all 

the rules for transforming fractions ; that is, 
changing their forms without altering their 
values : 
1. If the numerator a of any fraction -, 

b 
be multiplied by any quantity g, the resulting 
fraction will be q times as great as the given 
fraction. Hence, multiplying the numerator 
of a fraction is equivalent to muUiplying the 
fraction by the same quantity. Also, dividing 17 

the numerator of a fraction is equivalent to 
dividing tho fraction by the samo quantity. 

2. Multiplying the denominator of any 
fraction by a given quantity, is equiv.alent to 
dividing tho fraction by the same quantity. 
-•Mso dividing tho denominator of a fraction 
by any quantity, is equivalent to multiplying 
the fraction by the same quantity. 
3. If both terras of a fraction be multiplied 

or divided by the same quantity, the value of 
the fraction will be unchanged. 

Transformation of Fractions. 
The transformation of a fraction, is the 

operation of changing its form, without alter
ing its value. 

1. To reduce a fraction to its simplest form. 
Resolve both terras of the fraction into 

their simplest factors ; then suppress all the 
factors common to the numerator and denomi
nator, and the fraction will be in its simplest 
forra. Thus, 

3ab + 6ac 3« [b + 2c) 6 + 2c 3ad + 12a 3a (d + ia) d + ia 
Also, 

36 
48 ' 

3.a.8.3 
's.&.2.2.a' 

2. To reduce a mixed fraction to an equiva
lent vulgar fraction. 
Multiply the entire part by the denomina

tor of the fractional part, and add to the pro
duct the numerator of the fractional part; 
write the sum over the denominator of the 
fractional part, and the result will be the 
equivalent fraction required. Thus, 

a + 
ac + i 9 
= —^—; also, 2i = ̂ -

The result in the last case is an improper 
fraction. 
3. To reduce an improper fraction to an 

equivalent mixed fraction. 
Apply the rule for dividing the numerator 

by the denominator, and continue the opera
tion till a remainder is found less than the 
denominator ; write this over the denomina
tor and add the fraction thus formed to the 
quotient obtained; the result wiU, be the 
equivalent mixed fraction. Thus, 

25 

"When the fraction is expressed in algebraic 
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language, continue the division as long as 
possible, and proceed as before. Thus, 

a-b b 
1 • 

•4. To reduce fractions having different frac
tional units to equivalent ones, having a com
mon fractional unit. 
Find the least common dividend of all the 

denominators, this wUl he the common de
nominator of the required fractions ; divide 
this dividend by the denominator of each 
fraction, and multiply the results by the 
numerators of the several fractions; these 
products will be the respective numerators of 
the required fractions. Thus, 

\, \, and jlj, are respectively equal to 
i h -zV- and -j«j-

This operation is called, reducing the frac
tions to a common unit, or common denominator. 

5. To convert a decimal fraction into an 
equivalent vulgar fraction. 

Omit the decimal point, and the resulting 
number is the numerator of the required 
fraction, under which write the number 1, 
followed hy as many O's as there are decimal 
places, and the result is the denominator of 
the required fraction. Thus, 

50 
10000 ' 

The preceding transformations apply to deci
mal fractions, after they have been converted 
into vulgar fiactions. 

G. To add fractions. 
Reduce them to a common fractional unit 

(4); add the numerators together, the sum is 
the numerator of the required sum; write 
this over the common denominator, and the 
result is the sum required. Thus, 

1 _ 1 _ 3 2 _ 5 
23~6"'"6~6" 

7. To subtract one fraction from another. 
Reduce the fractions to a common unit, 

subtract the numerator of the subtrahend 
from that of the minuend ; the difference is 
the numerator of the remainder; write this 
over the common denominator and the result 
is the difference required. Thus, 

5 2 _ 2 5 _ 1 4 _ 1 1 
7 ~" 5 ~ 35 "" 35 " 35 

.0056 =• 

also, 

ad 
bd • 

be ad — be 
b d ^ b d ~ ' 

8. To multiply one fraction by another. 
Multiply their numerators together, and 

the product is the numerator of the required 
product; multiply the denominators together, 
and the product is the denominator of the 
required product. Thus, 

5 2 10 , a c ac 
- X - = —> also, _ X - = — -
7 3 21 b d bd 

9. To divide one fraction by another. 
Invert the terms of the divisor, and multi

ply the dividend by the resulting fiaction, the 
product is the required quotient. Thus, 

3 2 _ 3 9_27_9 
6~9~6^2'~12''4~^' 
1 a c a d ad 
also, ; r= — X — = 

b ' d b c be 
"Whole numbers may he regairded as fractions 
whose denominations are equal to 1, and the 
above transformations then become applicable 
to them. 

In applying the above rules, it wiU be 
found useful tj> reduce the fractions to their 
simplest form. Further simplifications may 
be raade by the operation of factoring in cer
tain cases : that is, by striking out common 
factors which would otherwise enter both 
terms of the result. 

Thus, let it be required to find the con
tinued product of |,, |,, ,j^: indicating the 
operation and resolving into factors, yre have, 

•a _ 1 
•s X"S S X 4 '" 10 

and striking out the common factors, 3, 3, 
and 2, and performing the indicated operation, 
there results .̂ . 

II. Decimal Fractions. 
Decimal fractions may be transfonned into 

equivalent -vulgar fractions, and then be treat
ed by the rules already laid down, but it is 
found more convenient, in most cases, to 
operate upon them by separate rules. The 
following are the principles upon which the 
transformation of decimal fractions depend. 

1st. Annexing O's to a decimal fraction 
does not alter its value. 

2d. Prefixing O's to a decimal, removes 
the point to the left, and is equivalent to divid-
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ing the liraction by that power of ten whose 
index is equal to the number of O's prelixed. 

The rules for addition and subtraction, are 
the sai'.ie as in whole numbers. The rules 
for multiplication and division differ only in 
the method of pointing otf the result. 

1. To multiply decimal fractions together. 
Neglecting the consideration of the deci

mal points, multiply as in whole numbers ; 
point off from the right of the product as 
many decimal places as there are in both 
factors together, prefixing O's if neeessarv, 
the result is the product required. Thus, 

2 . 5 X 4 .16 = 10.400. 
2, To divide one decimal fraction by another. 
Make the number of places of figures after 

the decimal point the sarae in both, by an
nexing O's to one, if necessary ; neglecting 
the decimal points, divide as in whole num
bers, the quotient wiU be the quotient sought. 
B y this rule the quotient will often appear as 
a vulgar fraction, which raay be converted 
into a decimal by the usual process, or after 
having obtained the entire part of the quotient, 
the decimal part m a y be found by annexing 
O's to the last remainder, and continuing the 
operation. 

The above rule is equivalent to the follow
ing : 

Annex as many O's to the dividend as may 
be necessary ; di-vide as in whole numbers, 
and point off from the right hand of the 
result, as many places of decimals as the 
number of deciraal places in the dividend ex
ceeds the nuraber of decimal places in the 
divisor, prefixing O's, if necessary, to make 
the requisite number. Thus, 

1.38483 -4- 60,21 = .023. 
3. To convert a vulgar, into an equivalent 

decimal fraction. 
Annex a sufficient number of O's to the 

numerator, considering them decimal places, 
and divide the resuU by the denominator ; 
point off in the quotient as in the division of 
one decimal fraction by another ; the result 
is the equivalent decimal- fraction required. 
Thus, 

3 1 
-| = .75 ; also, ^ = ,0416. 

There aro two kinds of dccim-il fractions re
sulting from the conversion of a vulgar frac
tion ; first, those which can be expressed by 

I means of a limited number of places of deci-
I mals, and second, those whoso expression 
I would require an infinite number of places. 
I 1. In the first place, if the denominator 
j contains, as prime factors, tho numbers 2 and 
: 5, and does not contain any other factors, the 
resulting decimal fraction will be expressed 
by a finite number of places of decimals. 
For, let T he a vulgar fraction, which w e 

suppose reduced to its simplest form ; sup
pose also a<, b. N o w , if b contains only the 
powers of 2 and 5, the fraction may be 
written -. If m > n , multiply the nu-

2'" X 5» '̂  •' 
merator by 10'" ; or, if n >777, multiply the 
numerator by 10», then will the resulting 
product necessarily be divisible by 2"' - 5", 
and the resulting decimal will, in the first 
case, contain tti places of figures, and in the 
second place, it will contain n places of 
figures ; since, raultiplying by 10'" or by 10", 
is equivalent to annexing 771 or ?7, O's. Hence, 
in order to determine the number of places 
of decimals in a fraction of the kind consi 
dered, resolve the denominator into its prim* 
factors 2 and 5 ; then will the number of de
cimal places be indicated by the highest ex
ponent of the factors 2 or 5, Either ?» or n 
may be 0, 

2, /77 the second place, suppose that the de
nominator of a proper vulgar fraction, re
duced to its lowest terras, does not contain 
cither of the factors 2 or 5, or that it con
tains any other factors : 

It is a property of numbers, that if a num
ber divides the product of two given numbers, 
and does not divido one of them, it must di
vide the other- N o w , by hypothesis, in the 
given fraction -, a is prime with respect to 
b, and is therefore not divisible by it. Now, 
to annex O's to a, is equivalent to multiply
ing it by some power of 10, 
Since the only prirae factors of 10 are 5 

and 2, it foUows that no power of 10 can be 
divided by b ; hence, in accordance with the 
principle above enunciated, the fraction can 
not be expressed decimally by a finite num
ber of places of figures. 

Every vulgar fraction, that cannot be ex
pressed by a finite number of places of 
figures, gives rise to a circulating decimal 
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Let ~ be a vulgar fraction in its lowest 
terms, in v/hich b is prime with respect to 10, 
or which does not contain cither of the fac
tors 2 or 5. By the rule for converting it into 
an equivalent deciraal fraction, we multiply 
a by some power of 10, or annex a certain 
number of O's, and then divide hy the deno
minator. If we denote the first digit by d', 
the second by d", the third by d'", and so on, 
we shall eventually reach sorae digit d"', ex
actly equal to some preceding one ; and then, 
since tho remainders will be the same as in 
the preceding case, the following digits will 
be the same as before, and be repeated in the 
same order ; consequently, the decimal will 
be circulating, as enunciated. 

Those decimal fractions which are ex
pressed by a finite number of places of 
•figures, are called terminating decimals. 

A terminating decimal may be transformed 
into an equivalent vulgar fraction by the foi 
towing rule : 

Omit the deciraal point, and write the de
cimal fraction for the numerator of the vulvar 
fraction, and the denominator will be equal to 
1, followed by as many O's as there are places 
of figures in the decimal fraction. Thus, 

X + A"x'^'' + B"xf-' + - • + M' 

,25 = : 
25 also, .099 - 99 and so on. 
100' 1000 

For the method of converting circulating 
decimals into equivalent vulgar fractions, and 
also for performing other transformations 
upon them, see Circulating Decimals. 

Feactions Continued. See Continued 
Fractions. 

Fkaotion Rational. A rational fraction, 
in analysis, is one in which tho variable is not 
affected with any fractional exponents. The 
co-efiicients may be irrational, but that does 
not prevent the fraction's being considered as 
a rational fraction. Every rational fraction, 
which is il function of one variable, may be 
reduced to tho form of 

Ax'' + Jx"--' + Co^' +••-- + JC 
A'x' + iJ':!;"-' + - - • - + L' " 

If m > n, the operation of division may bo 
applied and continued till the highest power 
of X in the remainder is, at least, one less 
than in the denominator, when the fraction 
wUl take the fonn 

A'x:' + iJ'a?̂ ' + +i' ' 
in which the entire part is a rational function 
of X, and the remaining part a rational frac
tion, having its numerator of a lower degree, 
with respect to x, than the denominator. 
Every such fraction can be separated into 
partial fractions ; that is, into parts, so that 
their sum will equal the given fractioL. This 
separation is of great use, in the Integral Cal
culus, for integrating rational fractions which 
are differentials of a single variable. "We 
shall point out sorae of the methods of sepa
rating fractions into their component parts. 

The theory of separation depends upon the 
possibility of resolving the denominator into 
factors of the first degree. "We shaU suppose 
this always posisible. There wiU be two 
cases : first, when the factors of the denomi
nators are all real; second, when some of 
them are imaginary. 

1. "When the factors of the denominators 
are all real. 

AVrite the given fraction equal to the sum 
of as many partial fractions as there are units 
in the highest exponent of the variable in the 
denominator, the numerators of which are 
constants to he determined, and the denomi
nators the different powers of the factors of 
the first degree from the 771"' to the P' inclu
sive, m being the number bf times any factor 
enters ; then clear the equation of denomina
tors, and equate the co-efiicients of the like 
powers of the variable in the two members; 
from these equations find the values of the 
constants, and substitute them for the con
stants in the partial fractions : the resulting 
fractions wiU be the fractions required. Thus, 
let it be required to separate the fraction 

x' •\- x' + 2 
a-" - 2^'+T 

into partial fractions. The factors of the de
nominator are 
•A {x + I)' 
hence by the rule, 
x'+x'-V2__A ̂  B^ 
x''-2x'-\-x'' which cleared of denominators equation, x' + x' + 2 = Aix' - I)' -\-Bxix- I) + Cx{x+ I) (a- - 1)= + Dx 'X + 1)' + Exix-\- If {x - 1). 

and (x — 1)', 

0 D 
ix+l)''^'^l'^ ix-lf i-l' 

giv the 

file://-/-Bxix
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Developing and equating the co-efficients of 
like powers of x, we obtain a system of equa
tions from wliich we find, 
A=2.B=-i, C = -|, D=landE=-}, 
hence, 
x'-i- x' -{-2 _ 2 _ 1 5 
J-' - 2,£-̂  + r: " X 2^x~+lf ~ 4(2+1) 
+ —' ?_. 

(i-l)' 4 (x-l) 
2. "When the factors of the denominator 

are all imaginary, w e suppose the denomina
tor to be resolved .into factors of the second 
degree, each of which set equal to 0, will 
give two imaginary roots. Then write the 
traction equal to the sum of as many partial 
fractions as there are single factors of the 
second degree in the denominator, the nume
rators being of the form Alx + N, M and N 
being constants to be determined, and the 
denominators being the different powers of 
the factors of the second degree from the 777*̂  
to the 1st inclusive, m being the nuraber of 
times any factor is taken. Then proceed as 
before. Thus, 

m 
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(x' + 2az + a= + b') »ix' + 2ex' + d= + p 
M + Ax 

:5r» + 7 
M'+N'x 

~{x'+2ax+a'+b')' ' ix'+2ax-\-a'-i-b')''-̂  
M"' + N"'! 

+ "̂̂  + x'-i-2cx + c'-t-f' 
For the method of integrating rational frac

tions, see Integral Calculus. 
The following simple rule serves to separate 

a given rational fraction into partial fractions. 
when the denominator can be separated into 
real factors of the first degree, no two of 
which are alike. 

U 
Let ihe fraction be yt in which JI and V 

axe entire functions of x. 
1st. Let 

E . - ^ ^ 
V ~ X - a'^ Q 

to find N ; P and Q being entire functions, 
reducing to common denominator, w e have, 

V- NO 
V = Nq + P{x-a) :,p = -_^_2' 

since P is an entire function of x, U — N Q 
must be divisible by (x — a); hence 

(P)fc»-JV"(Q)»_,=0, 01 N = 
(.Q). 

Hence, to find the partial fraction corres
ponding to any factor of the 1st degree of the 
denominator : 

Substitute the corresponding value of x in 
the numerator of the given fraction, and also 
m the continued product of all the remaining 
factors of the denominator. Divide tho first 
result by the second, and this quotient wiU 
be the numerator of the required partial frac
tion, and its denominator will be the binomial 
factor of the 1st degree. 

V > 2i + 3 
Example. ,̂3 _ ̂ = _ „^ ; 

1 = 0, X = 2, a;= — 1; 
(D")^„=(27; + 3)._„=3, 
((?)„„= {x'-x- 2)^„ = - 2 .-. A' = -|, 
(J/)._,=7, ((?)._,= 6 .-. iV' = |; 
iU), , = 1, (Q),__,=3 .-. N = l-; 

2i + 3 3 7̂  
"2^ "̂  6(2-

1 
2) "*'"3(a: + l)" x' — x' — 2x 

Fractions, Vanishino, A vanishing frac
tion is one that reduces to the forra of 4 for 
a particular value of the arbitrary quantity 
which enters it, in consequence of the exist
ence of a coraraon factor in both terms of the 
fraction, which factor reduces to 0 under the 
particular supposition made upon the arbitrary 
quantity. Thus, 

x' - a= is a vanishing fraction for x = a, in conse
quence of the existence of the factor (a; — a) 
in both terms of the fraction which reduces 
to 0 when x = a. The fraction may be 
written 

X — a 3; + a 
X — a x' -i- ax + a' 

which, on suppressing or canceling the com
mon factor, and then making i = a, reduces 
to 

2a^ _ 2 
3a^ ~ 3 a ' 

this is the true value of the fraction under 
the particular hypothesis. 

Every vanishing fraction may be consider
ed a particular case of the fraction 

M(x — a)' 
N i x - a)"' 



262 MATHEMATICAL DICTIONARY AND [PEA 

m which M and iV are functions of x, and 
which always takes the form of -̂  when 
, i = a. Now there may be three cases. 

1st. "When 77i > 7i; in this case the frac
tion takes the form of 

M 
N i x — a)"*-"' 

which for a; = a becomes co. 
2d. W h e n m = n; in this case the fraction 

M 
takes the form of j^' which for x = a reduces 
IM\ A 
to llvi ""B"' «./«"»'* ?"'̂ "'"2'-
3d. When J7i < » ; in this case the fraction 
takes the form 

M ix — a) " ^ 
— w — 

which for x = a reduces to 0. 
These are the only cases that can ever 

arise ; hence, the true value of a vanishing 
fraction for that value of the variable which 
causes it to reduce to the form -§-, is always 
infinite, finite, or zero. 

If a fraction reduces to -J for a particular 
value of the arbitrary quantity which enters 
it, we should first examine carefully whether 
the result is due to the existence of a com
mon factor in the terras of the fraction which 
becomes 0, for the particular supposition 
made, if not, the expression is truly indeter
minate ; but if so, then the true value raay be 
found by either of the following rules : 

1. Seek the common factor which reduces 
to 0, under the particular supposition, and 
strike out the highest power of it which is 
common to both terms of the fraction, after 
which, make the particular supposition, and 
the result obtained will be the required value. 

2. Substitute for the arbitrary quantity 
that value of it which reduces the common 
factor to 0, plus a variable quantity : reduce 
the result to its simplest form and then make 
the variable equal to 0 ; the result will be the 
true value of the fraction under the particular 
supposition. 

3. Differentiate both numerator and de
nominator of the fraction with respect to the 
arbitrary quantity, and in these results make 
the particular supposition ; it both do not 
reduce to 0 or co, what the first becomes 
divided by what the last becomes, is the true 

value ; if both reduce to 0, find the second 
differentials of the terms and make the same 
supposition : continue this operation tiU two 
differentials are found of the same order both 
of which do not reduce to 0 or m , for the 
particular value of the arbitrary quantity in 
question ; then what the first becomes divided 
by what the last becomes, is the true value 
of the fraction for the particular value of the 
arbitrary quantity. 

The first and second rules are perfectly 
general, but cannot always be so easily ap
pfied as the third one, which fails in a certain 
case, viz.. when the exponents of the com
mon factors in both terms are fractional, and 
lie between two consecutive whole numbers. 
The reason of this failure is, that by a con
tinued application of the rule, we must at 
length arrive at two differentials of the same 
order which both become co, for the particu
lar value of the arbitrary quantity, and in all 
subsequent applications the same results are 
obtained. In this case, we have to faU back 
upon the preceding rules. 

Let it be required to find the value of 1 - ^ 
when X = 1. By the first rule, we have 

xil-x)il-i-x + x'-i-x') 
I — X 

which after striking out the common factor 
gives 

x(l -{- X + x'-i-x') 
and this, for a: = 1, becomes 4. 
Hy the second rule making i = 1 + A, we 

have 
1 + ?7 - (1 + 5A + 10;i' + lOh' + 5A* +y) 

1-(1 + A) 
and reducing 

4 + 107i + 10?i" + 5/7= + h*; 

this, by making h = 0, reduces to 4. 
By the third rule, 

dix—x^)=dx—5x*dx and d{l—x)=-ix, 

making 1 = 1, the first becomes — idx, and 
tbe second — dx, and the quotient obtained 
is 4, The results of these three rules agree, 
as they ought. 

There are several other expressions, which 
for particular values of the arbitrary quantity, 
may be reduced to the form of vanishing 
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fractions, and treated accordingly. The prin
ciple ones are the following : 

P *" 
1st. Let 1 be an expression in which 

g s ^ 
p. q, r and s, are functions of i, such that 
for X = a both q and « reduce to 0 : then 
will the expression become co — co. To 
reduce this to the form of a vanishing frac
tion, let the fractions be reduced to a com
mon denominator, then will tho expression 

-rq. 
have the form 

qs 
which,- for 1 = 0, 

becomes 4, a vanishing fraction. 
P 

Again, let there be the fraction —, which 
CO 

for I = a, reduces to —. To reduce this to 
CO 

the form of a vanishing fraction, let it be 
(-) 
placed under the form rryr which for i = a 
reduces to .J, a vanishing fraction. 

.\lso, let there be the expression, pg, in 
which for X ̂  a, p reduces to 0, ,and q to 
infinity, then to reduce it to the form of a 

P 
vanishing fraction, let it be written / i\ 
which, for x = a, becomes ^, a vanishing 
fraction. 
FRAC'TIOX-AL. Pertaining to fractions ; 

as, fractional numbers, fractional exponents, 
&c. 
FRUS'TDM. [From/nisio, to break]. A 

piece or part of a solid separated from the rest, 
Fecstcm of a Pyh.4mid ok Cone. In Ge

ometry, the part contained between the base 
and a plane parallel to the base between it 
and the vertex. In general, the frustum of 
any solid body is that portion of the body 
lying between any two paraUel planes which 
intersect the body. A frustum of a sphere 
is often caUed a segment. A middle frustum, 
or segment of a sphere, is that frustum whose 
bases, or plane sections, are equal circles. 
To find the volume of the frustum of a 

cone or pyramid, add to the sum of the areas 
of the upper and lower bases a mean propor
tional between them, and multiply the sum 
by one-third of the altitude ; the product will 
be the volume required. Or, denoting the 
upper base hy A, the lower base by B, the 
altitude by h, and the volume by u. 

v = yi(A + B + xfTll). .. 
The volume of a spharical frustum may be 

found by adding together the squares of the 
radu of the parallel bases, J of the square of 
its altitude, and multiplying tho sum hy -jTr, 
the formula is 

r = (r- + r" + ih')irv. 
In general, the volume of any frustum of 

a solid of revolution may be found by adding 
together the area of its two parallel bases, 
and four times the area of the middle section, 
and raultiplying this sura by one-sixth of the 
altitude of the frustum. The formula is 

v = (A + B-\-iC)X ih, 
in which A and B denote the areas of the 
two bases, C the area of the middle section, 
and h the altitude of the frustum. 

F U N C T I O N . [L. funetio, from, fungor, to 
perform]. One quantity is said to be a func
tion of another, when it is so connected with 
it, that no change can be made in the latter 
without producing a corresponding change in 
the fonner. Thus, in the equation 

y'-= R' - x', 
yis a function ofx, and x is also a function of 
y, a general relation of dependency of value, 
that may be expressed hy the symbols 
y=fi^), or ̂ =f(y)< or (ii(x,y) = 0. 

These symbols aro called functional, the first 
indicating that y is a function of x, the second 
that z is a function of y, and the third that 
X and y are functions of each other, 

A quantity is a function of two or more 
quantities, when it is so connected with them, 
that no change can be made in either of 
the latter without producing a corresponding 
change in the fonner ; thus, in the equation, 

y' = 2x-\r 'iz + b, 
y is a function of x and z, z is also a func 
tion of X and y, and x is a function of z and 
y, relations that may he expressed thus, 

y=fix,z), z=fiy,x). 
» =f"'iy, z), or ^(x, y, z,) = 0. 

The symbols used to denote functions, are 
generally the letter /, with dashes, if neces
sary, and the Greek letters, ,̂ i/i, tt, &c. 

The terra function implies variability, or 
that two or more quantities vary together in 
accordance with sorae mathematical law. All 
the quantities in an equation, except one. 
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may vary in any arbitrary manner ; the for
mer are called independent variables, whilst 
the term function is reserved for the latter 
one only. In a curve, for example, w e gen
erally suppose that the abscissa varies arbi-
trarUy, whilst the ordinate varies with it to 
correspond with the law expressed by the 
equation of the curve. In a curved surface, 
w e generally suppose the horizontal co-ordi
nates to vary arbitrarily, whilst the vertical 
one varies with them to correspond to the 
law expressed by the equation of the surface, 
and so on for other functions. 

Division of Functions. Functions are di
vided into Algebraic and Transcendental. 

Algebraic Functions are those in which 
the relation between the function and the in
dependent variables can be expressed by the 
six ordinary operations of algebra ; that is. 
Addition, Subtraction, Multiplication, Division, 
raising to powers denoted by constant exponents, 
and ihe extraction of roots, indicated by con
stant indices. 

Transcendental Functions are those in 
which the relation between the function and 
independent variables cannot be thus express
ed. In the expressions 
y' = 2px + -/t/S, and y' — x' = Rz', 

ij is an algebraic function ofx and z. In the 
expressions 

y = a", y = sin—' x, &c,, 
7/ is a transcendental function of x. Trans 
cendental functions are differently named 
irom the manner of expressing the relation 
Ijetween the function and variable. 

Logarithmic Functions are those in which 
the relation is expressed by the aid of loga
rithms, as 

y = log X. 
Exponential Functions are those iu which 

the variable enters an exponent, as y = a". 
CiEOULAB Functions are those in which 

the variable enters sorae trigonometrical ele
ment, as 

y = sinz, x = cos —'y, &c. 
Functions are explicit and implicit. Expli

cit, when the value of the function is directly 
expressed in terms of the independent va
riable, as 

y = V a' — x', y — sin z, &c. 
Implicit, when the relation is expressed im

plicitly, or when the functional equation re 
quires solution, in order to show the value of 
the function in terms of the variables ; thus, 
y is an implicit function of x, in the expres
sions 
y' + 2x7/ + x" + i = 0, x'siny = 2ax cos y. 

Functions are direct and inverse. These 
terms are correlative. Thus, the functions 

y =- a? and x = log y, 
are direct and inverse with respect to each 
other. It iscustomary to consider the fomier 
as the direct function, and the latter as its 
inverse. The following are instances of di
rect circular functions : 

7/ = sin X, 1/ = cos X, y = tan x, 
y = cot X, y =- ver-sin x, &c. 

The inverse circular functions are 
X = sin—'y, x = cos—'y, x = tan—'y, 
X = cot—'y, X = ver-sin—'y, &c. 
The entire number of fihnctions is ex

tremely small, the following table comprising 
all at present known. They are arranged in 
pairs, each pair being correlative, so that if 
one be regarded as direct, the other is inverse 
with respect to it. 

.. Sum. 
Difference. 

ax Product. 
2d. pair \ u 

. ( a = X + a.... 
1st. pair { 

^ ( a: = ffi — 7i.... 

X : - Quotient. 

3d. pair 

5th, pair 

{7i =x'". 
x = V{/u 

Algeb. power. 
S/ji Algebraic root. 

. (7j = a" Exponential. 
' ̂  1 a; = log u Logarithmic. 

. .. Direct eircnlar. 
, .. Inverse " 

! u = sin X . 
X =^ sin~̂ 77 

There are certain definite integrals, which, 
from their constant use, are getting to be con
sidered as elementary functions. 

Function Dekiveu. Same as differential 
co-effieient, which see. The correlative term 
of derived function, is primitive function. If 
wc regard 2ax'' + x' as a primitive function 
of X, then is iax + 3x' its derived function, 
or its first derived function, and 4a + 6x is 
its second derived function, and so on. If 
any function is regarded as a derived func
tion, then the primitive function may he 
found by integration. In tho theory of equa
tions containing but one unknown quantity, 
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after aU of the terms have been transposed to' Tho most simple of tho symmetric func-
onemember, that member taken by itself is; tions of the roots of an equation, and those 
a function of the unknown quantity, which from which all others may be formed, are the 
then becomes variable, and the successive de- ] sums of the like powers of tho roots • thus 
rived polvnomials are nothing else than sue- f . , , poly 
cessive derived functions of it, regarded as a 
primitive function. Thus, in the general 
equation 

X- + Px—' + Qj."-' + h t' = 0. 
X- +Fx—1 + Qx»-^ + - - - + J7, 

is the primitive function, and 

m x — ' + ((» — 1) P3f>-' + &c., 
t!l(771—1)X»-"+ (771 — 1) (m — 2)Pz—-", ic. &C., 
are the successive derived functions. 

FcxCTiox SrsistETRiCAL. A symmetrical 
fiinction of the roots of an equation, is an alge
braic expression which contains these roots 
combined in the same manner, either with 
each other, or with other quantities. Thus, 
the sum 

ffl + i + c+ hi + l, 
of the roots of an equation, the sum 

ttj + ac + ad + - - - + tZ 
of their products taken in sets of 2, the sum 

abe + abd + &c., 
of their products taken iu sets of three, are 
called symmetrical functions of the roots. It 
is a characteristic property of these functions 
that any two roots whatever may change 
places throughout, without changing the value 
of the function. 
Since, iu the most general equation con

taining bat a single unknown quantity, we 
have 
P = — a —J —c —&c. Q=ai+ac + &c. 
R=^ — ahc — a6d — &c. &c., 7i = + abed.. 
it follows that these coefiicients are symmet
rical fiinctions of the roots. It is susceptible 
of demonstration, that every symmetrical func
tion of the roots of au equation can he 
expressed in terms of these co-efficients with
out even knowing the roots themselves, 

J!7a»-» •+ S^ I xf'-' + Sj 
+ mP\ + PS^ 

+ Q 

a + 4 + c + 
a» + i" + c' + . . . + ;=, 

- - - - a» + i» + c" + . . . l". 

To show that these functions may be ex
pressed in terms of the co-efficients P, Q, R, 
&c., without knowing the value of the roots, 
let us take the general equation 
X'" + Px—1 + Qx"-' + - . + Tx + £7 = 0, 

the roots of which are a, b, c. d, • , k, I. 
If now the first member of the proposed 

equation be successively divided by the quan
tities X — a, X — b, 
will take the forms 

X — c, &c., the quotients 

'-r a 
+ P\ + Pa 

+ Q 

—' + 5 
+ P 

z—" + b' 
+ Pb 
+ Q 

' + . 

. + a" 
+Pa» 
+ Qa« 
+ . 

+Pi—» 
+ Qi^-^ 
+ . 
+ . 
+ • 

&c 

and so on for each factor. If now we take 
the sum of these quotients, and for simplicity 
make 

a 

a + J + c + -. 
+ P + c= + , 

a' + S= + ĉ  + , 

a" + i" + c» + . 

+ l = S.r, 
..+1'=S^; 

..+l' = S,; 

..+/" = &; 
&c. 

I we shall evidently obtain for the sum, 
X—* + . . . . + S,„_, 

+ P.5„_, 
+ e s „ _ 
+ RS„,_̂  

X— + «3 
+ PS, 
+ QS, 
+ R 

+ mT 
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Now the first derived polynomial of the first 
member of the given equation is equal to the 
sum of the quotients first obtained, and since 
this derived polynoraial is equal to 

777X»^'+(ot—l)Px«'-»+(-7re—2)Qx™-^+.. .+2' 
we shall have, by equating the co-effieieBte". 
of the like powers of x, in these identical 
expressions. 

S,+?77P = (7n-l)P 
,S',+PS'i+777Q=(m-2)Q 
S'3+PSj+QSi+?7iR=(m- 3)P 

or 
or 

S,-hP=0 
S s + P S i + 2 Q = 0 
S 3 + P S , + QSi+3JJ= 

,S'„_i+P,S„_2+§,S„_3+..mT=r or /S„^i+P;S'„_j+QS„_3+..+(77i-l)2'=o _ 

Hi) 

The first" of these formulas makes known the 
value of Si in terms of P; the second makes 
known the value of S^ in terms of P, Q and 
8 ; the third makes known the value of S^ in 
terms of P, Q, R, S^ and iŜ , and so on in 
succession the values of Ŝ , Ss, &c,, may be 
determined up to Sm—i, To extend these for
mulas to cover the case of the sura of any 
powers whatever of the roots, let us substi
tute a; b, c, Ac, for x, in the general equa
tion, giving the results 

a" + Pa"^i + Qa"!-' + Ac. + Ta + V = 0, 
im 4. pjm-x 4. Qlv̂ --. + ^c, -|- ̂ J 4 p-_ g 

Multiplying both members of these equations 
respectively by a", J", c", &c., and adding 
them member to member, we find 
S„+„+P/S„^t-^-i-f-Q'S,„+„_2+ +2',Sf„^., 

+ US„ = 0. 
In this result make ?t = 0; since 

<S„ = a° + J» + c» &c. = jii. 

it reduces to S„ + PS,„_-i + QS,^, + 
for n = l , S„+i + PS„, + QS„^i + 
for 77 = 2 , S„,-i-2 + P/S'„,+i + QS™ + 

+ rS,+ mD"=0" 
+ TS,+ VS,= 0 
+ r.s',+ vs„=o r̂''' 

This group of formulas is immediately 
connected with the group already deduced, 
and their use is the same. By inspecting 
these formulas, we see that the sums of the 
first 777 powers being known, the sums of the 
following powers are consecutive terms of a 
recurring series, whose scale is the 777 co-effi
cients P, Q, R, &c., of the proposed equa
tion, with their signs changed. 

The same formulas are applicable to the 
summation of negative pdwers ; for making 
n = — 1, we have 
S,»_,+PS,„_5+ QS,_3+ . + TO„+ J7a_i=0, 
from which we can find the value of S_i in 
terms of Sm^i, /S,„_s, &c., S^, S. 

S, = - P = _ 1 
/S'j = -PS,-2<3 = 1 + 14 
-B, = - P S , - Q S , - 3 P = -
S« = - PS, - QS^- RS, -

In like manner, making ?7 ̂  — 2.77 = — 3, 
« = — 4, &c., we can find formulas from 
which the values of S_5. S_3, S_j, &c., may 
be determined in succession. 

From the preceding discussion we conclude 
that any equation being given. We may, with
out knowing its roots, always find the sum 
of their similar powers of any degree, eilhei 
positive or negative. 

As an example, let us take the equation 
X* + x= - 7x=' - s + 6 = 0, 

in which 
P=l, Q = -7, P = -L U=6. 
By applying the preceding formulas, we 

find = 15 
- 1 5 - 7 + 3 = -19 
417= 19 + 105- 1 - 24 = 1 

-a,-PS,-QS,-RS, 19-15-7+4 1 
^-'- If - 6 = 6 

_ - S, - PS, - QS„- Pg_i _ -15 + 1 + 2 8 + ^ _ 85 
'̂ -« ~ 1/ - 6 36 
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and so on. The symmetrical functions eon-
sideroJ have been supposed' raliontd and 
entire, and no others will be discussed. 
Synuuelrical functions are distinguished as 

those of 07if, two, three, &c., letters. Those 
alrcaily discussed, in which but a single root 
enters each term, are called symmetrical 
functions of one letter. Those in which two 
roots enter each term, are called syminetrieal 
fiinctions of two letters, ;is 

a" S? + a" c? + a" d? + iScc. 
Those in which three roots enter each term, 
are called symmetrical functions of three let
ters, as 

a'JJ" cl + a' bP di + a" c" di + &c. 
and so on. The method of forming syramet-
rical functions of two letters is to take all 
the arrangements of the roots in sets of two, 
and afl'ect the letters of each product with 
the respective exponents, n and p. To form 
the symmetrical functions of three letters, form 
aU the arrangements of the m roots in sets 
of three, and give to the letters, respectively, 
the exponents n, p, and g, and so on. The 
liiimber of terms in a symmetrical function of 
two letters is ri{m ̂  1) ; the number of terras 
in one of three letters is 777(177 — 1) (?a — 2); 
the number of terms in one of four letters is 
771 (771 — 1) (tti — 2) (Ta — 3) ; and so on, the 
law being apparent. 
For the purpose of simplifying the nota

tion, we represent a symmetrical function by 
writing a single term preceded by the symbol 
2, which stands for alstebraie sum. 
Thus, a* + i" + c» + &c., would be written 

S (a"); a«J? + a'c? + a"d? + &c., would be 
written S (a"6?); a»i7c7 + â brdJ + b'cfdJ 
+ &c., would be written 2 ia'bW); and, in 
like manner, other functions are expressed. 
To show how to find the values of symmetrical 
fiinctions of two or more letters in terms of the 
co-eificients of the equation, let us take the 
equations 

a» + J» + cl* + &c. = 2 (a»), 
and ay + J? + ci' + (fee. = 2 [af). 
Multiplying them, member by member, the 

second member becomes, 2 (a") X 2 (ai"). As 
to the first, two cases may arise : 1st, the 
terms of the multiplicand and multiplier may 
have the same letter ; in which case, the par
tial product is one of the terms of the func
tion 2 (a"*?); 2d, the factors of a partial pro

duct may have different letters; in which 
case, tho product is a term of tho function 
2(a"i?). 'Tbe first member then becomes, 
2 (o'+P) + 2 (a'bP). 

Hence, 
2 (a-bP) + 2 ia'br) = 2 (a») X 2 (Ji") ; 

whence, 
2 (a'bP) = 2 (a-) X 2 (i)') - 2 ia'+P) (3) ; 

or, returning to the notation first used, 
2 ia'br) = &,Sy _ S„4^ (4). 

The functions, S„, Sp, and S„.^, being 
made known by formulas (1) and (2), we aro 
enabled to find the value of 2 [a'bP) in terms 
of P, Q, R, &c. 

If, in formula (4), we suppose n = p, the 
second member reduces to {S„)' — Sj,. To 
find what becomes of the first member, we 
must recollect that 

a'cP + a'dP + • - -2(a"bP) = a'bP -
-l-h"aP + • + e'aP + -

and when n = p , the terras of this expression 
become equal, two and two ; that is, 2 (a'bP) 
= 22(a"i"); in which the nuraber of terms 
in the function, instead of being equal to the 
number of arrangements of m letters, two iu 
a set, is equal to the number of combinations 
of 771 letters, taken two iu a set, or to 

777 (771 — 1) 
2 • 

Substituting, we have finally, in the case 
where n = p. 

Again, let us seek to find the value of 
2 (a'bPci) in terms of P, Q, R, &c. W e 
have the equations* 

a'bP + a'cP + a'd? + • - - + b'aP + • • • 
= 2 ia'bP); and 

a7 + J?+c7 + --- =2(aO-
Multiplying these, member by member, wb 

find, for the second member, 
2(a'bP) X 2(a?); 

and, for the first member, we get three spe
cies of terms, viz,: terms of the form a'+'b, 
a"iJ+?, and a'bPc7 ; hence, we have 

2 (a"+7i) + 2 (a-i^+s) + 2 (a'bPa) 
= S {a'̂ br) X S (a?); 

or transposing, substituting the values of 
S(a»S?), i:.{a*̂ ibr), and Z^a'bP+i), taken 
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frora formula (t), and returning to the primi
tive notation, we have 

^n-f^Oj --S, 
P+9*^» • -2S, +P-H (6). 

If p — q, we shaU have, by the same course 
of reasoning as before, 
2(a'bPcP) — 

S„{Sp)' - 2S,^Sp -S„S,p + 2S,H-:7? n-, 
2 *• "̂ 

If JO = J = 77, w e shall have, by making the 
necessary reductions, 

_ {S„f - 3S,„S„ + 2 S 
S(a»6»c») 

2-3 
(8). 

This operation of seeking the values of 
symmetrical functions of any number of let
ters, raay be continued as already indicated, 
to any extent; hence, w e may affirm, that it 
is always possible to express the value of any 
symmetrical function of the roots of an equa
tion in terms of the co-efficients alone, with
out knowing the values of the roots. 

The principle of symmetrical functions has 
been extensively applied in analysis, both in 
developing the general properties of equa
tions, and in elimination. W e shall only in
dicate the method of application in each case. 

Let it be proposed to find an equation, 
whose roots are equal to the sum of those of 
m e given equation, taken two and two. 

Let a, b, e, &c., he the roots of the given 
equation ; then will a + 5, a + c... i + c, 
i + d, &c., he those of the required equation, 
and their number will he the number of dif
ferent combinations of m letters, taken in sets 
of two ; that is, the degree of the resulting 
equation will he indicated by the number 

m(m — 1) 
' 2 • 

From the rule for the composition of equa
tions w e shall have, for the co-efficient of the 
second term, 

- (a + i) - (a + c) - (a + d) . . ..; 
an •>xpression in which a, b, c,'<f-c., all enter 
in tho same manner, and which is conse
quently a symmetrical function of these roots, 
and may be computed by the preceding for
mulas. In like manner, the co-eflicient of the 
third term, 
(a + 6) (« + c) + (a + b) (b + e) + &c., 

is a symmetrical function, and may ho com

puted by previous formulas. The same con
clusion may be arrived at in regard to the 
several remaining co-efficients of the new. 
equation. Hence w e may, from the formulas 
already given, find the co-efficients of the 
new equation in terms of those of the given 
equation, and consequently may findihe new 
equation. 

Again, let it be required to find an equa
tion such that its roots shall be equal to the 
squares of the differences of the roots of a 
given equation. If the degree of the pro
posed equation is indicated by 771, that of the 
required equation wiU be indicated by 

m ( m — 1); 
moreover, it contains only the even powers 
of X, if, therefore, w e make 

777(777 — 1) 
x' = z and • = n, 

the form of the required equation wUl be 
2»+P'2«-i + Q'2"-^+ . - T's+[/'=0..(l). 
The roots of this equation are 

(a - b)', (a - e)', {b - e)', &c. 
From the properties of equations, we de

duce 
P'=-{a-b)'-^ia-c)' {b-c)'-
§'=+(a-i)'X(a-c)=+(a~S)= (6-c)H 
R'=-[a-b)'x{a-c)'X{b-cf- &c. 
All the expressions being symmetrical fiinc

tions of a, b, e, &c., the values of P', Q',Ii', 
&c., may he found by the aid of the formulas 
already given; consequently, the equatioii 
required becomes known. 

In like manner, equations may be deduced 
whose roots are of the form 
a + i + kab, a + c + iac, a + d + kai, &c. 
k being any quantity. 

The following method of applying the prin
ciple of symmetrical functions to the opera
tion of elimination, w e translate from Uour-
don's great work on Algebra. 

The following theorem is due to Bezout; 
" The degree of the final equation resulting 
from the elimination 'of one of the unknown 
quantities from two equations containing two 
unknown quantities of any degree whatever, 
can never be greater than the product of lie 
nuiubers expressing the degrees of the two 
equations ; and it is just equal to that pro
duct, when the proposed equations are the 
most general of their respective degrees." 
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Before developing the demonstration, it is | Every such equation is of the fonn 
necessary to make known the form of a com- pjj„ ̂  Qx~—' +A'x»-' + 
plete equation of the m"" degree between two 
unknown quantities. 

Q i 
R 

T 

Let there be two equations of this form, 
Fxr+Qxf^+Rx»-'+-+Tx + r=0(l)) 
Fi-+(^"x'^'+iJ'x'^+ • + T ' x + r'=0 (2) S • 

Let us consider the first of these equations, 
solved with respect to x. although we have 
not the means of effecting the operation, and 
suppose that it gives the 777 roots a, b, c, &.c. ; 
a, b, c, &c., being functions of y. Each of 
these 771 values of x substituted for x iij equa
tion (1) ought to satisfy it, whatever the value 
attributed to y after the su't'slitution. If. 
now, w e substitute these values for x in the 
first member of equation (2), w e obtain the 
expressions. 
P'a- -r Q'a"-' + &"c., P'i" + Q'b'^', &c., 
Ĵ 'c* + Q'c—' + &c. &c. &c., 

which are, in general, irrational functions of 
y. No-,v any value of y, as y = ,5. which 
reduces one of these expressions to 0, is a 
compatible value. Suppose, for example, that 
y = /? renders the expression 

P'a» + Q'a"-i + &c., 0. 
Denote by a what a becomes, when for y in 
It we substitute j3 ; the set of values a and /3 
evidentiy satisfy equation (1). Since, as w e 
have already seen, x = a verifies that equa
tion, whatever value may be attributed to y. 
In the second place, y=/3 makes the function, 

P'a" + Q'a"-' + &c. 
equal to 0, or, what is the same thing, satis
fies equation (2;, after having substituted 
17 for X. Hence, x = a and y = j3 are a set 
of compatible values. Conversely, every com
patible value of y ought to render one of the 
above functions zero, for in order that it may 
be compatible, it must satisfy the two equa
tions, at the same time with a certain value 
of X. Now, all compatible values of x are 
comprised amongst the values 

X = a, x — b, X = c, &c., 
«nd when 

« = a, X = b, <tc. 

+ ra: + l7 = 0, 
in which P is a known quantity. 

a polynomial of the first degree in y ; as, by + b' 
•' " second " " '' cy'-\- c'y + c" 

ĉ CC. î C. &c. 
•• (771 - 1 ) " " " " <y»-' + t'y^-' + -. • 

771"' ' «y'" + 7(y"'-i + &c. 
the first member of equation (2) reduces to 
one of the above functions, and ought conse
quently to be satisfied for the value y = /3. 
W e conclude, therefore, that if w e equate 
with 0. the product of all the above functions, 
the resulting equation will be the stuiie as 
the final equation that would be obtained by 
eliminating x between the two given equa
tions. This final equation is, therefore, 

{P'a' + Q'a-^' + <tc,) X 
(P'i* + e'4'--'+ &c.) (...)..= 0 ... (3). 
The formation of this equation seems to 

depend upon the complete solution of equa
tion (1), but in reality that operation is not 
necessary. W e remark that equation (3) 
does not change, whatever changes w e may 
make between the quantities «, b, c, (fee.; 
hence, the first meraber is a symraetric func
tion of the roots of equation (1), when solved 
with reference to x. This first raembcr may 
therefore be expressed by means of the co
efficients P, Q. R, &c,, of equation (1), and 
it is possible to form equation (3) without 
solving equation (1). 

The operation is simple enough when tho 
equations are of the second degree, but when 
of a higher degree, it becomes tedious. In 
the latter case, however, it has the advantauo 
of conducting to the true final equations, 
without introducing any foreign factor. 

In order to determine the degree of the 
final equation, it is suflicient to consider that 
of any term whatever. N o w , every term of 
the product is formed, by multiplying a term 
of the first factor by a term of the second by 
a term of the third, &c. Let 

A"a», K ' W , K"c'-", &.C., 
be terms taken at random, one from each of 
the 771 factors ; the corresponding term in the 
product is 

K K ' K " . . . . X a''b'''c''" 
and the total product is symmetrical with re
ference to u, b, e, &c,; therefore this terra 
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makes =< part of the symmetrical functions 
which enter into the composition of the first 
member of equation (3), and this partial func
tion raay itself be represented by 

K K ' K " .... X E(a''i»'c''" . . . . ) . 
It is sufficient to determine the highest 

power of y in this function. If we recall the 
composition of the formulas, which give 
S,, Sj, Sj. &c,, and if w e regard the expo
nents of y, in the co-efficients P, Q, R, &c., 
of equation (1), w e shall see that S^, S^, S,. 
are of the lst.,'2d,, 3d,, &c., degrees, with re
ference to y. Hence, the product 

Ŝ  X S,̂  X Ŝ  
is of a degree denoted by 

A + A' + A" -1 , 
and from the formulas which give the value 
of any symmetrical function whatever, 

E(a''4'''c''"....), 
is also of a degree expressed by 

7i + A' + /i" H , 
and cannot exceed it. O n the other hand, 
let k, k', k", . . ., &c., he the exponents of 
y in the co-efficients K, K', K", &c., the sura 
of the exponents of the product 

K K ' K " , ... is 4 + i' + k", &c. 
Thus, in the function, 

K K ' K " . . . ZiaH'̂ 'c'̂ " . . . ) , 
the sum of the exponent is 
A- + 4' + Tt" + - - - + 7i + ft' + h" -1 

Out from Ihe composition of equation (2), w e 
have, at most, 

/c + /i = n, k' + h' = n, 
k" + A" = 77, &c. ; 

hence, the symmetrical function considered, is 
at most of the degree expressed by 

77 + « + 71 + - -= 77777. 

F U R ' L O N G . A unit of linear measure, 
equal to the eighth part of a mile, or 060 
English feet. 

G. The seventh letter of the English alpha
bet. A s a numeral, it has been used to 
represent 400, and with a dash over it, g, it 
represented 400,000. 

CtaUG'ING. In Mensuration, the opera
tion of finding the contents of casks, barrels, 
vats, <Scc. The operation depends upon the 
same rules as the other operations of mensu

ration, but on account of the great frequency 
with which these measurements have to he 
made, a set of technical rules and instruments 
have been arranged for determining the vol
umes approximately. The instrument gene 
rally used is called a gauging rod, by means 
of which the contents of a cask arS inferred 
from the diagonal distance from the bung to 
the extremity of the opposite stave at the 
head. The gauging rod has a square section, 
and on one face is marked a scale of inches for 
measuring the diagonal distance, and on the 
opposite face, a scale expressing the corres
ponding contents in gallons. The results 
obtained hy the gauging rod are very rough, 
but sufficiently accurate for the ordinary 
liquids of commerce. 

The following rule for obtaining an approx
imate expression for the contents of any cask 
is given by Hutton. 

Add together 39 times the square of the 
bung diameter, 25 times the square of the 
head diameter, and 26 times the product of 
these diameters ; multiply this sum by the 
length of the cask, and divide the product hy 
114: this quotient divided by 231 wiU give 
the contents in wine gallons, and by 282 will 
give it in ale gallons. 

The following are the formulas for the two 
kinds of gallons. 

I 
w g = (394= + 25A' + 266/7) J^r^^^^^ 

I 
ag = (394'' + 2hh' + 2644) j ^ ^ 
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G E N ' E - R A N T . [L. genero, to produce]. 

Anything generated by a generatrix, moved 
according to a mathematicsl law. 

GEN-ER-a'-TION. [L. from genera, to 
produce]. The formation of any magnitude 
by the raotion of a point, or a magnitude of 
an inferior order. Thus, if a point move in 
accordance with any mathematical law. the 
path which it traces out is said to be generat
ed by the point, and is a mathematical hue. 
If a mathematical line be moved in accortl-
ance with a mathematical law, the surface in 
which it is always found is said to be gene
rated by the line, and is always a mathemati
cal surface. If « mathematical surface be 
moved according to a mathematical law, the 
volume swept over by it, in its motion, is saifl 
to be generated -by it, and is a mathematical 
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sofid or volume. It", of two straight fines 
coinciding with each other, the one be revolv
ed .about some fixed point of the other, re
maining in the same plane, the indefinite 
space swept over by that part of the moving 
fine, lying on either side of the fixed point, is 
an angle, and is said to be generated by the 
revolving line. Thus w e have a complete 
idea of the mathematical theory of the origin 
of all mathematical magnitudes. 

T h e moving point or magnitude, is called 
the :reneratrix, the magnitude generated, is 
called the generant, and the law according to 
which the motion takes place, is caUed the 
law of generation. W e subjoin an instance 
of each of the principal modes of generation. 

If a point m o v e in the same plane, in such 
a manner that the sura of its distances from 
two fixed points of that plane shall be equal 
to a given line, the curve generated wiU be an 
ellipse. 

If a straight line be moved in such a m a n 
ner as to touch a given curve, not in its o w n 
plane, and continue parallel to a given 
s-̂ raight line, the surface generated wiU be 
that of a cylinder. 

If a semicircle be revolved about its diame
ter, as an axis, the soUd or volume generated, 
is a sphere. 

In general, the generant is measured by 
the generatrix, multiplied by the path describ
ed or generated by its centre of gravity. 

GEN'£R-a-TRIX. That which generates 
a fine, surface or solid. See Generation. 

GEX'E-SIS. a term formerly used, mean
ing tbe same as generation (see Generation). 
In the genesis of figures, the moving magni
tude or point, is called the describent; the 
guiding line of the motion is caUed the diri-
gent. 

Generation and Genesis, are terms some
times used in fluxions, signifying the produc
tion of the fluent according to a particular law, 

G E N ' E R - A L T E R M of a series. That 
term from which any term whatever may be 
deduced, by assigning proper values to the 
arbitrary constants which enter it. Thus, in 
the binomial formula, the general term is, 

777.(77t-l)(7?l-2) . . . (771-77+1) 
1 . 2 3 .. .. n 

and may be made to represent the 4th term 
by making 77 = 3, which gives, 

777 (771 -JlO?Ln5.)a-v, 
1.23 

and, so for any other term that might be re
quired. 

It will be perceived, that the general term 
is the one which has 71 terms preceding it. 
This is true m nearly every series. 

GE-0-CEN'TRlC. [Gr. 777, the earth, 
and Ksvrpov, centre]. Having tho same cen
tre as the earth. The geocentric latitude of 
a place, is the angle made by the radius of 
the earth through the place and the plane of 
the equator. 
GE-0-DES'IC, OR, GE-0-DET'IC. Per 
taming to geodesy. See Geodesy. 

GE-OD'E-SY. [Gr. 777, the earth, and 
data, to divide]. That branch of Surveying 
in which the curvature of the earth is taken 
into account. This becomes necessary in all 
extensive operations, such as the survey pf a 
state, or of a long line of coast, as in the 
United States Coast Survey. 

The general operations of geodesic survey
ing are conducted on the supposition that the 
form of the earth's surface is that of an oblate 
spheroid of revolution, the shorter axis coin
ciding with the polar diameter : setting aside 
the comparatively minute irregularities of 
surface, repeated measurements have shown 
that this supposition is sufficiently accurate 
for all practical purposes. 

The multiplicity of observations to he taken, 
the numerous corrections to be made, the 
nice calculations to be performed, together 
with the great practical sagacity required in 
the observer, serve to render a geodesic sur
vey, the most difficult, as well as the most 
delicate, of aU the operations of applied 
matheraatics. 

To attempt anything more than a mere 
outline of the operations of such a work, 
would far exceed the limits of a single article; 
w e shall therefore confine our attention to a 
brief synopsis of the principles employed, re
ferring the reader, who desires a more detail
ed account, to the voluminous works relating 
to tbe subject, by Airty, Katek, Puissant, 
Fkancouer, Fischer, &c. 
Preliminary Reconnoissancc-—The first step 

in a geodesic survey consists in making a 
preliminary reconnoissancc of the country to 
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be surveyed. The object of this reconnois
sancc is to acciuire a general knowledge of 
the great natural features of the country, the 
direction and extent of its coasts, its moun
tain ranges and its water courses, to select 
proper stations for trigonometrical points, 
and to decide upon the most suitable locality 
for the measurement of a base'line. Upon 
the proper location of the base line, and the 
judicious selection of trigonometrical points, 
depends, in a great measure, the success of 
subsequent operations. The base line is gen
erally selected on a smooth surface, as near 
the level of the sea as possible, and so that 
its two extremities shall conform to the gen
eral conditions imposed upon trigonometrical 
points. Tho triangulation points are to be 
chosen in conformity with the following con
siderations : when united by straight lines, 
the triangles formed should be' well condition
ed, that is, their angle should be neither too 
acute, nor too obtuse; a rigorous analysis 
has shown that there is less probabifity of 
error, when all of the angles of each triangle 
are equal, and it m a y be laid down as a rule, 
that no triangle should, except under extra
ordinary circumstances, be admitted, any of 
whose angles are less than 30° ; the succes
sive triangles formed, starting from the base 
line, should gradually increase in size until 
the lengths of their sides-reach the m a x i m u m 
limit, fixed by the extent of the survey, or by 
the distance of distinct vision; the several 
triangulation points should be selected so 
that from each, as m a n y of the remaining 
ones as possible m a y be distinctly visible, and 
that without the necessity of raising artificial 
structures. 

Signals.—The triangulation points having 
been sele<-ted, are to ho marked by signals. 
To the variety, character, and form of signals, 
there is no limit ; they depend upon the 
nature of the country, the distance between 
stations, the accuracy of the proposed survey, 
and a great variety of other circumstances. 
The object, in all cases, is to mark the exact 
locaUty of the point at which they are erect
ed, and at the samo time to admit of the 
exact placing of the instrument over the cen
tre of the station when required. 

The simplest signal consists of a simple 
Ulaff, often painted of difl'erent colors, and 
liurmounted by a flag, or more commonly by 

a frustum of a tin cone. Such signals aro 
visible at considerable distances. 

W h e n their height is considerable, they 
m a y be braced by pieces driven obfiquely uito 
the ground and nailed to the body of the 
mast. 

W'hen larger signals are required, they aro 
to he constructed of frame-work of timber, or 
scantling, thoroughly braced so as to stand 
firm against the winds and storms ; these 
usuilly terminate at the top in an apex, 
which is directly over the centre of the 
station, and are sometiraes arranged in such 
manner, that the instrument for measuring 
angles can be planted upon a platform several 
feet above the ground. The riianner of form
ing signals must depend, in a great measure, 
upon the locality, the facilities for obtaining 
materials, and upon the peculiar views of the 
surveyor. N o definite rules can be given. 

Various expedients have been resorted to 
for rendering distant signals visible, some of 
which are as follows : 

The first and most common is that already 
alluded to, of fastening to the top of the sig
nal a frustum of a tin cone ; this serves to 
reflect the rays of light in aU directions, and 
experience has shown that they answer a 
useful purpose. Another method consists in 
reflecting the light from a mirror, so that the 
reflected rays shall proceed directiy from the 
station observed to the observer. The par
ticular apparatus by which this is effected, is 
called a heliotrope ; this obviously requires an 
assistant at the station to be observed, who is 
called a heliotroper. The heliotroper, on a 
given signal from the observ-er, so directs his 
instrument, that the rays of light falling upon 
the heliotrope, m a y enter the telescope of thje 
observer. 

Another contrivance, by means of which 
extremely distant stations are rendered visi
ble, consists in heating a piece of quick lime 
before the oxy-hydrogen blowpipe. This 
affords a brilliant light, which has been seen 
60 to 90 miles, and even at considerably 
greater t^istances. 

Parabolic reflectors, similar to those useil 
in light-houses, have also been employed with 
advantage under certain circumstiinces, 

ilfca5M7-c7T7e77( of base line. The base line 
is the principal lino of the survey, to which 
all the sides of the triangles are rcfeneil, 
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and upon the accurate measurement of which 
much of tho final aceur;>ey of the work is 
dependent. Diftcrcnt instruments h.avc been 
employed at diti'ercut times for measuring 
"base fines. Deal rods were early employed, 
but were soon laid aside, in consequence of 
their great Uabilily to sudden changes in 
length, due priiicipaUy to thermometric and 
hygrometric changes of the atmosphere. 
However, for ordinary purposes, deal rods 
saturated with boding oil, and thickly coated 
with varnish, are found to answer very well. 
"\̂ Tien they are employed they should be 
capped at their ends with metallic cases, to 
prevent wearing, tmd to assume a more per
fect contact. 

In some of the early English surveys, rods 
of glass, furnished with caps of bell metal, 
were used. It was found that hollow glass 
tubes were less likely to sudden contraction 
and expansion than solid glass rods. 

Steel chains have also been used, and are 
preferable to glass rods. The chains are of a 
pecufiar construction, and when used have to 
be stretched, by means of weights, to a certain 
degree of tension. The chain, with the 
stretching weights attached, is made to rest 
upon deal trestles tUl a perfect level is insured, 
and coincidence of the ends of tbe measures 
is only made when the detached thermometers 
disposed along its length indicate a uniform 
temperature throughout. The reading of the 
thermometer in each case gives the means of 
correcting the measured length by reducing 
it to a given standard at a given temperature. 

Some French engineers made use of a 
combination of rods of platina and brass, in 
accordance with a suggestion madebyBorda. 
In this combination the mercurial thermome
ter is dispensed with, the combination itself 
acting as a sort of metallic thermometer. It 
was found by experiment, that for every 
degree of the centigrade thermometer, the 
expansion of platina was 0.000008565 of the 
entire length, whUst that of brass was 
0.000017843 of the length, A rod of platina 
12.78 feet in length, was overlaid by a rod 
of brass about 6 inches shorter, and both 
were firmly riveted together at one extremity 
only. The other extremities being left free, 
the different changes of temperature were 
rendered manifest by the difference of expan
sion in the two metals. This difference was 18 
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measured by a delicate vernier. It was found 
that changes of temperature considerably less 
than a degree could be delected and noted. 

.More recently, compensating rods have 
been introduced, and the state of perfection 
to which an apparatus of this kind has been 
carried by Prof BAtiii:, the able head of the 
United States' Coast Survey, will probably do 
aw-ay with all other methods, where great 
accuracy is required. The principle of the 
compensating base apparatus consists in com
bining rods of different mctala so that by 
their expansion the length of the combined 
rod shall be as much increased by the expan
sion of one metallic rod as it is diminished 
by that of another. 

The following description of a compensa
ting rod used by Col. Colby in measuring a 
base of between 7 and 8 miles in Ireland, 
will serve to illustrate the principle which has 
been more completely developed in this coun
try. It may not be amiss to state that in the 
long base of more than 7 miles, above referred 
to, " the greatest possible error is supposed 
not to exceed 2 inches.'' The apparatus 
used is constructed as follows : " T w o bars, 
one of iron, the other of brass, 10 feet long. 
were placed parallel to one another, and riveted 
together at their centres, it having been previ
ously ascertained by numerous cvperiments, 
that they expanded or contracted in their 
transition from heat to cold, and the reverse, 
in the proportion of 3 to 5. The brass bar 
was coated with some non-conducting sub
stance, to equalize the susceptibility of the 
two metals to change of temperature. Across 
each extremity of these combined bars was 
fixed a tongue of iron, with a minute dot of 
platina, almost invisible to the naked eye, and 
so situated on this tongue, that uti er every 
change of contraction or expansion, the dots 
at each extremity always remained at the 
constant distance of 10 feet. 

3) 
'E 

.ML. 
•4. 

Let A be the iron bar, the expansion of 
which is represented by 3 ; B the brass bar, 
the expansion of which is 5, the two being 
riveted together at C ; D and d are two iron 
tongues pinned on the bar, so as to admit of 
their expansion, with the platina dots D and 
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d. The tongues are, hy construction, made 
perpendicular to the rods at a mean tempera
ture of 60° Fahr., and the expansion taking 
place from their common centre, when A 
expands any quantity which may be ex
pressed by 3 ; B expands at the same time a 
quantity equal to 5, and the inclination of the 
tongue is changed, the dots D and d remain-
ingunalterably fixedatthedistanceof lOfeet." 

The distance between thebars being given, 
the position of the dots D and d is found by 
the following proportion : 

DG : GH :: DE - DG : FE - HG. 
If G E is equal to 4 in- ]) 

ches, wc shall have 
DG:3::4:2.-.DG=6in. 
From the construction of 3' "S I' 

these bars, the dots on two bars cannot be 
brought to coincidence. The distance be
tween them, when the rods are placed, is 
measured by a micrometrical arrangement. 
Enough has been said to indicate the general 

methods of measuring base lines. The ten
dency towards accumulation of error, is so 
great, even in trigonometrical operations of 
limited extent, that too much care cannot be 
taken in the measurement of the fundamental 
line of a survey, and particularly when that 
survey is to extend over hundreds of miles 
of territory. 

The base line is first carefully ranged, and 
the measurements made as above indicated, 
the various corrections for want of contact, 
&c,, are next applied, and we have the hori
zontal distance between the stations at the 
two extremes of the base line. 

If the base is not on the level of the sea, it 
must be reduced to what it would have been, 
had it been measured on that level, as follows : 

Let R denote the 
radius of the earth 
at the level of the 
sea, that is, the ra
dius of curvature of 
the earth at the mid
dle latitude of the 
base line; R + A the 
radius at the eleva
tion of the measured 
base ; A the length of the measured base 
regarded as an arc of a circle ; a the length 
of the reduced base ab. From the figure. 

R - A 
R + A' 

R A 
R + A' 

A-A 

R + A : R : : A : a 

whence the reduction, 

A — a = A 

or by reduction, 

-A- — * == T) I 7-
R + A 

The reduction to the level of the sea should 
be raade to coincide with that of mean low 
water mark. 

It may happen that *i base line cannot he 
measured on ground thatis continuously hor
izontal ; in which case tho fine may be mea
sured along the inclined line of the surface, 
and then reduced to the horizontal by com
putation. 

3 

Let 0 he tho centre of the earth, and 
A B D E F the measured base, of which differ
ent portions are at different elevations, and 
variously inclined to the horizon. The lines 
A4, 4D, D E , E/, are horizontal. To reduce 
one of the lines, as A B , for example, to the 
sea level, let the difference of level between 
A and B he ascertained by the ordinary pro
cess of leveling; then we shah have 

A4 = -/AB" - B4^ 
and each result may be reduced to the 
sea level by the process already explained. 
Having reduced each section in this manner, 
the sum of the reduced levels wUl make op 
the required length, K4L, of the base. If 
the angles which the several sections make 
with the horizon are known, the first reduction 
may be made by the trigonometrical Ibminia 
for finding the base of a right angled trian
gle from the hypothenuse and angle at the 
base; thus, 

A4 = A B cos BA5. 
W h e n parts of the measured base are in 

different vertical planes, as may somothnra 
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occur when obstacles intervene between tho 
two extreme points, or when the extremities 
are unfitted for stations. 

s p s 
' - = - = ^ = ^ = ' ^ ^ " \ l 

-V' 0 
Let .\BC be the measured base, S and « 

stations near its extremities; the angles 
A B C , B A S , or C A S and ACs, or BC.t, are 
measured with extreme care. In the trian
gle A B C w e have two sides, and the included 
angle, hence w e may compute A C and the 
remaining angles. In the triangle AGs, w e 
have two sides and their included angle, 
hence w e may compute .-is. In the triangle 
ASs w e have two sides, and their included 
angle, hence w e may compute Ss, the re
quired base, by the ordinary formulas. 
These latter corrections should be avoided, 

except in cases of extreme necessity. 
Test bases, or bases of verification, are 

measured at a part of the survey, remote 
from the beginning, for the purpose of test
ing the accuracy of the work. .After a long 
succession of triangles has been completed, 
the last side of the last triangle may be mea
sured with all the accuracy of the original 
base line; its length is also computed, and 
by comparing the measured and computed 
lengths, w e may decide as to the accuracy 
of the entire work. See Base and Base 
Apparatus. 

Triansulaiion. 
The next step after measuring the base, is 

the triangulation. This consists in measur
ing with great care each angle of the trian
gles formed by joining the several stations 
by lines. 

The angles are generally measured with a 
theodolite, and, where great accuracy is de-
iired, instruments are constructed for the 
purpose much more accurate than ordinary 
theodolites. The instrument used in the 
primary triangulation of the coast survey, has 
a limb of 30 inches diameter, and is gradua
ted with the nicest care. Each station is 
occupied for a sufficient length of time to 
ensure a complete set of observations upon 
all of the visible signals, which in extensive 
works often requires many weeks. The mea
surement of each angle is repeated a great 
number of tunes, and upon aU parts of the 

graduated limbs, in order to neutralize both 
tho errors incident to the construction of the 
instruments employed, and those due to ob
servation. 

The first class of errors arise from want of 
accuracy in graduating the limb, frora defect 
of centering, from the impossibUity of making 
the axis of the limb exactiy at right angles 
to the plane of the limb, together with the 
constantly varying changes in the masses of 
metal of which the instrument is composed, 
due to the ever-changing fluctuations of heat 
and cold. N o human skill can provide in
struments which arc not more or less subject 
to these errors, and it is therefore left to the 
observer so to combine his observations, 
choose his opportunities, and so to familiar
ize himself with all the causes of instru
mental derangement, as to eliminate that 
which is erroneous, and retain only that 
which is true. The perfection of modern 
instruraents has reduced the instrumental 
errors to very narrow limits. The second 
class of errors, or those of observation, arise 
from inexpertness, defective vision, atmo
spheric indistinctness, and irregular refrac
tion, to which may be added momentary in
strumental derangement, slips in clamping, 
looseness of screws, &,c. In all cases, the 
greatest vigilance is requisite in the detection 
and correction of errors, and it is only from a 
long succession of observations that anything 
like perfection in the measurement of an an 
gle can be arrived at. 

Besides the measurement of the angles of 
the chain of triangles thrown over the coun
try, observations are made at the principal 
stations for determining their latitude and 
longitude, and also for determining the azi
muth or bearing of the sides of the triangles. 
These data serve to correct the work, and aid 
in making the plots of the whole on,paper. 

W h e n permanent objects, as towers, spires, 
or trees, tire employed for signals, as is some
times the case, it is not convenient to place 
the axis of the instrument exactly over the 
centre of the station ; in this case, an aux
iliary station is assumed as near as practica
ble to the main point, and such angles mea
sured as will enable the observer to determinii 
what the angles would be, were the instru
ment properly placed. 

After the principal triangulation is com-
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pleted, the m a m triangles, whose sides are 
often from 30 to 80 or 90 miles in length, are 
broken up into smaller triangles, and these 
agiun may be subdivided into still smaller 
ones till the final filling in is brought within 
the limits of plane surveying, by the aid of 
the plane table or the compass. These com
plete what-are called the field operations of a 
geodesic survey. 

W e come next to the corrections, compu
tations, and final reduction of the whole to a 
map or draft. Before leaving the subject of 
field operations, however, it may not be inap
propriate to make a single remark as to the 
preservation of monuments to mark the prin
cipal points, so that they may be found should 
they be needed at any subsequent time. 

Under each extremity of the base line, and 
under each principal station, a permanent 
monument of stone, or pottery, should be 
buried, at a sufficient depth to escape acci
dent. Upon this monument a plate of gold 
or silver should be fixed, and the exact axis 
of the station marked upon this plate by a 
small point of platina. The bearings of sur 
rounding stations should be taken and care
fully noted on the records of the survey. 

Reduction to the Centre. 
The first correction to be made upon the 

observation is called the reduction to the 
centre. This reduction is necessary when 
the instrument cannot be exactly placed over 
the station, as in the case where a tower is 
employed as a signal. 

Jt Ji 

- Let C be a triangulation point, from which 
it is required to measure the angle A C B , and 
suppose D to be the nearest convenient place 
for the instrament. W e measure carefully 
the distance C D , the angle C D A , and the 
angle C D B . If the angles C A B and CBA 
have been measured, w e raay compute the 
approximate lengths of A C and BC, but if 
both of these angles are not known, we mav 
use the measured angle A D B for the angle 
A C B , and with one of the angles A or B, 
and the side A B , w e may compute A C and 
BC. It is plain, that since C D is very small 
in comparison with the sides of the triangles 
that no great error can arise in making that 
change for the purpose required. 

N o w , from the figure w e have the foUow
ing relations between the angles : 

CED = CAD + ACB .., (1), 
CED = CBD + ADB ... (2); 

whence, by equating the second members, 
and transposing, 
ACB = ADB + (CBD - CAD).., (3). 

W e have also from the property of sines oi 
angles 
sin CBD sin BDC : : CD : BC. .. (4), 

CD 
.-. sm CBD = sin BDC —, 

BC 
sin CAD : sm A D C : : CD AC .., (5), 

CD 
. . sm CAD = sin ADC — ; 

AC 
and, because the angles CBD and CAD are 
exceedingly small, never being over a few 
seconds in magnitude, it follows that the an
gles may be taken for their sines, and the 
reverse ; hence, substituting in (3), we have 

ACB = ADB + 
(•' 

CD CD\ 
smBDC- sin ADC—• 

BC AC/ 
The quantity within the parenthesis is 

called the correction, and may be computed, 
as all the elements entering the expression 
are known. The correction will be expressed 
in linear units, and denoting it by c, it may 
be reduced to seconds of arc by the propor
tion, 

3,1416 • 648000 : : c : •«, 
71 being the number of seconds in the cor
rection. The correction wiU be positive when 
the first term in the parenthesis is greater 
than the second, and will be negative wlira 
the second term is the greater. If greater 
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accuracy is required, the operation may be 
repeated, using the angle just found for the 
angle at C. 

Correction for Oblique Blumination. 
The next correction is for oblique Ulumina-

tion. W h e n the light falls obliquely upon 
the observed signal, the signal appears to be 
differentiy situated from what it does when 
the fisrht is direct. This idea is better Ulus-
trated hy considering the case in which a tin 
cone is used. If the light falls upon the 
cone obliquely, the brilliant element seen by 
the observer is not in the line firom him to the 
axis of the signal, and a correction has to be 
made m the observed angle, which can be 
effected by the following forraula : 

r cosH,Z 
C = ± „ . ̂  , 

D sin 1" 
in which C denotes the correction, r the ra
dius of the signal, Z the augle at the point 
of observation, and D the dist.incc to the 
signaL 

The circumstances of the case will make 
known which of the two signs of the second 
member is to be used. 

Correction for Spherical Excess. 
Tlie measured , angles are really spherical. 

angles, or rather spheroidal angles, and the 
triangles of the survey are spheroidal; hence, 
it generaUy foUows that the sum of the three 
measured angles of a triangle exceeds 180° : 
this excess is called the spherical excess. The 
principle object in determining the spherical 
excess in any case, is to arrive at an idea of 
the accuracy of the measured angles. The 
method of making the application is as fol
lows : 

Legendre has demonstrated that the area 
of a spherical triangle, which is small in 
comparison with the whole sphere, is equiva
lent to a plane triangle, whose sides are equal 
to the sides of the spherical triangle, and 
whose angles are equal to those of tho sphe
rical triangle, each diminished by one-third 
of the spherical excess. Taking, then, the 
sum of the raeasured angles of a triangle. 
and deducting 180° from it, w e have the mea
sured excess. Subtracting one-third of this 
from each measured angle, w e have the ap
proximate angles of the equivalent plane 
triangle, whose area raay then be computed. 
K n o w m g the approximate area of the sphe

rical triangle, its true spherical excess may 
be computed by tho formula, 

_ -S ab sin C 
r' sin 1" ~ 2t-" sin 1'' '' 

In which S denotes the area of the triangle, 
r the radius of the earth, a and 4 two sides 
of the triangle, and C their included angle. 
See Excess Spherical. 

Having the true spherical excess, it may be 
compared with the measured excess, and 
their dUferencc is the error duo to measure
ment. W h e n this error exceeds 3", it is cus
tomary in the coast survey to reject the work 
and repeat the observations. To such a 
state of accuracy has that great work been 
brought, that few cases of re-measurcment 
ever occur. 

Besides these corrections, some others have 
to be made, depending upon local circum
stances, which need not he described. The 
correction being made, the lengths of the 
sides of the several triangles raay be accu
rately computed, beginning at those having 
ono side coinciding with the base fine, and 
so on to the most remote, the whole being 
checked by suitable test bases. 

The latitudes and longitudes of stations 
are computed as well as the azimuths. The 
secondary and tertiary triangles are in like 
manner computed, and the whole is then 
ready for projection upon the maps. 

The method of projecting the map, plotting 
in the triangulation, and fiUing in the details 
of the map, will be found under the several 
heads of Plotting, Projections, Plane Survey
ing, &c. 

GE-0-DET'IC L I N E , on the surface of 
an ellipsoid, is the shortest luie that can be 
drawn between two points on the surface. 
It is a characteristic property of this lino 
that at every point of the curve, its curvature 
is less than that of any other curve of the 
surface through that point; that is, its radius 
of curvature at every point is greater than 
the radius of curvature of any other curve of 
the surface through that point. 

The geodetic line, then, has no curvature 
in the direction of a tangent plane to the 
surface at any point, except in the direction 
of the surface. The .shortest line that can 
be drawn on any surface, whatever, is of the 
same general character. On the surface of 
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the cone, cyfinder, or other developable sur
face, the curve is such that if the surface be 
developed, the curve wiU develop into a 
straight line. 

GE-0-GRAPH'IC L A T I T U D E of a place 
on the earth's surface. The angle included 
between the nonnal to the surface at the 
point, and the plane of the equator. See 
Figure of the Earth. 

GE-OM'E-TER. [Gr. yeuperpric; from 
yrj, the earth, and perpov, measure]. One 
skiUed in Geometry, a geometrician. 

G E - O M ' E - T R A L . Pertaming to Geom
etry. See Geometrical. 

GE-0-MET'RIC-AL. Something relating 
to Geometiy. Thus, a geometrical construc
tion is the operation of drawing a figure, by 
means of right lines and circles. The geo
metrical construction of an algebraic expres
sion consists in drawing a figure such, that 
each of its parts shall have its representative 
in the expression, and that the relation be
tween them shall be the same as that between 
their representatives in the given expression. 

Geometrical Curve. Same as Algebraic 
Curve,—^which see. It is so called, because 
its ordinates can, in general, be constructed 
by the aid of the right line and circle. 

Geometrical Locus. The curve or sur
face in which a point or line is always found 
moving, in accordance with an algebraic law. 
See Locus. 

GEOtaETRiCAL Peogkession. A progres
sion, or series, in which each term is derived 
from the preceding, by multiplying it by a 
constant quantity, caUed the ratio. See 
Progression. 

Geoiuetrical Solution^ A solution of a 
problem effected geometrically ; that is, by 
the aid of the right line and circle. This re
jects aU solutions made by aid of the higher 
curves, or by approximation. 

GE-OM'E-TRY. [Gr. ycuperpia; from 
yy, the earth, and /ierpov, measure]. That 
branch of Mathematics which has for its ob
ject the investigation of the relation, proper
ties, and measurement of solids, surfaces, 
fines, and angles. 

A solid or volume is a portion of space lim
ited in all directions. The term volurae, is 
the preferable one of the two ; because the 

idea of a solid carries with it that of matter,, 
which, in fact, has nothing, and should have, 
nothing to do with geometrical considera
tions. 

Every sofid or volume occupies a portion 
of space ; the boundary of this is common to 
both the volurae and the surrounding portion 
of space, and is called a surface; hence, we 
define a surface as having length and breadth, 
but no thickness. 

If w e conceive a surface to be made up of 
two parts, that which is coraraon to both is 
called a line. Hence, w e define a line to have 
length, without breadth or thickness. If a 
line is conceived as made up of two parts, 
that which is common to both is a point; 
hence, a point has neither length, breadth, nor 
thickness, hut position only. 

A plane angle is ̂  portion of a plane in
cluded between two straight Unes meeting in 
a common point, called the vertex. 

A polyhedral angle is a portion of space in
cluded between several plane angles havinga 
common vertex. The four magnitudes, viz,: 
lines, surfaces, solids, and angles, are called 
geometrical magnitudes, and taken together, 
they constitute the only things with which 
geometry, as a science, is conversant. 

Geometry is divided into two parts: 
I. Elementary Geometry, which treats of 

those magnitudes whose elements are the 
straight line and the circle. 

It embraces : 
1. All propositions relating to plane figures 

bounded by right lines, or by the circumfer
ence of a circle, or by » circular arc and a 
straight line. 

2. All propositions relating to the surfaces 
of the cone, cylinder, and sphere,—^which 
are called the three round bodies. 

3, All propositions relating to sofids bound
ed by planes, or to the solidities pf the three 
round bodies. 

A n immediate application of this part of 
geometry is found in plane and spherical 
trigonometry, which treat of the relations 
of the sides and angles of triangles. It also 
embraces all constructions that can be made 
by the aid of the straight fine and circle. 

II, Higher Geometry embraces those 
branches, in which the elements are more 
complex lines, such as the Conic Sections, 
&o. It includes the higher investigations of 
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tbe ancients, which are now more elegantly 
treated of in -Au.ilytical Geometry, and by 
the aid of the Calculus, 
It also embraces the treatment of the 

' Objects to which the reasoning is applicable. 
1st. Lines.—The only lines considered, are 

I the straight line aud tho eireumfereuci^ of the 
: circle. The siraiaht line is a lino which 

famous isoperimetrical problems, from which does not change its direction between any 
originated the Calculus of Yariations, as weU two of its points. Straight Unes are. in 
as the irrcat problems of the duplication of general, supposed to extend indefinitely in 
the cube, aud the trisection of an angle. It jboth directions, hut in Elementary Geometry, 
includes also the solution of aU geometrical 
problems which cannot be eflected by the aid 
of the circle and straight line alone. 

The direct applications of Geometry, in 
general, are 

1st. D.:sos-ipt!ce Geometry, which has for 
its object the graphic solution of all problems 
involving three dunensions. In this branch 
of construction, fines are given by their pro
jections upon two planes of reference, gene-
raUv taken at right angles to each other. 
Planes are given by their traces upon these 
planes, and surfaces hy the projections of 
certain of their elements. 
A n extensive and useful part of Descrip

tive Geometry is found in its application to 
problems of Shades and Shadows. 

2d. Perspective, in which objects, as they 
would appear to the eye, taken in a certain 
position, are represented upon a plane or 
other surface. The plane employed is called 
the perspective plane, and the position of the 
eye is the p07"77/ of sight. 

A modification of perspective is employed 
in projectins the circles of the sphere on a 
plane, called spherical projections. It is used 
in constructing maps of the earth, or heavens, 
or any portion of them. 
For a more full account of these several 

applications of geometry, see Descriptive Ge
ometry, Shades and Shadows, Perspective, 
Spherical Projections, and Isometrical Projcc-
t'tons. 

For more detailed information on the sub
ject of the higher geometry, see Analysis. 
Analytical Geometry, Calculus, Calculus of 
Variations, Isoperimetrical Problems, Duplica
tion of the Cube, and Trisection of an Angle, 
under their respective heads. 
W e shall now enter a little more into de

tail with respect to the nature of Elementaiy 
Geometry, and a good portion of the explana-
tion given wUl be found applicable to higher 
Geometry, and its appUcations. 

they are often supposed to be limited, that is, 
terminated by points. The length of a straight 
line is the shortest distance between its limit
ing points, or extreiuilie.s. No property of 
the straight lino is either assumed or proved, 
in addition to those already mentioned, ex
cept the additional fact, that two straight 
lines cannot include a space. 

-•V circle is a portion of a plane bounded by 
a curved line, every point of which is equally 
distant from a point w-ithin, called the centre. 
Tho curve is called the circumference, or 
in common language, the circle. So that in 
speaking of tho circle, w e sometimes mean 
the surface within the circumference, and 
sometiraes the circumference itself, but the 
connection in which the term is used serves 
to prevent any ambiguity in the meaning. 

2d, Surfaces.—The surfaces considered 
are of two kinds, plane and curved surfaces. 

A Plane Surface, is a surface in which, if 
any two points be taken at pleasure and joined 
by a straight line, that line will be wholly in 
the surface. As in the case of right linos, 
only liraited portions of planes are generally 
considered in Eleraentary Geometry. These 
limited portions may be bounded by straight 
lines, by curved lines, or by both. Those 
bounded wholly by straight lines, are called 
polygons; those by curves are circles, and 
those hy both, form parts of circles, as sec
tors, segments, &c. 

A polygon is a part of a plane bounded by 
straight lines, called sides. 

The simplest polygon is the triangle bound
ed by three sides; then the quadrilateral, 
hounded by four; the pentagon, by five; the 
hexagon, hy six ; the heptagon, by sc7;c77; tho 
octagon, by eight; the nonagon, by 71777c; the 
decagon, by ten; ihe undecagon, by eleven; 
the dodecagon, hy twelve ; and so on. 

A Curved Surface is any surface not a 
plaTie surface, or made up of plane surfaces. 
The only curved surfaces treated of in Ele
mentary Gooraetry, are those of tiie three 
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round bodies, the cone, the cylinder, and the 
sphere 

3d. Solids,—The solids, or volumes con
sidered, aro either bounded by polygons, by 
curved surfaces, or by both. 

Those bounded by polygons are called poly
hedrons. Amongst these, are found the pyra
mid, the prism, the parallelopipedon, the ocla-
liedron, the dodecahedron and the icosahedron. 

The only solid of Elementary Geometry, 
bounded entirely hy a curved surface, is the 
sphere. 

Of those bounded in part hy curved, and 
in part by plane surfaces, may be mentioned, 
cones, cylinders and their frustums or seg
ments, and Segments of the sphere. 

4th. Angles,—Angles are plane or poly
hedral, both of which have already been de
fined. 

The magnitudes above enumerated, are the 
only ones considered in Elementary Geome
try, 

Object of Elementary Geometry. 
The object of,Eleraentary Georaetry is to 

investigate the properties, and relations of 
the magnitudes above named. 

A property of a geometrical magnitude 
is an attribute common to all of the class to 
which the magnitude belongs. For example, 
it is the property of a plane triangle that the 
sum of its three angles is equal to two right 
angles ; because, this is one of the attributes 
common to all plane triangles. 

A property m a y be characteristic or second
ary. 

A characteristic property is ono without 
which the magnitude could not exist, and it is 
one not possessed by any other class of mag
nitudes. Thus, that every tri.iDgle has but 
three angles is a characteristic property. 

Secondary properties are those upon which 
our conception of the existence of the magni
tude is not dependent, and whichmay be shared 
by magnitudesof otherclasses. Thus, thatthe 
area of a square is equal to the product of the 
perimeter, and one-half of the radius of the 
inscribed circle is a secondary property of the 
square. It is secondary, because w o can 
conceive the existence of the square as inde
pendent of tills property, and further, the 
same property holds true of every regular 
polygon. It is a property, then, rather of 
regular polygons, to which class tiic square 

belongs, and only secondarily, a property of 
the square. 

The enunciation of a characteristic proper 
ty is a sufficient definition of a magnitude 
In general, a definition is nothing else than 
an enumeration of one or more characteristic 
properties of the magnitude defined. Since 
the sarae magnitude may have several charac-
teristic properties, it follows that it may be 
defined, and correctly too, by several differcat 
definitions. A n investigation of the proper
ties of a magnitude enables us to select the 
best definition, that is, the one most calculat
ed to aid us in the ultimate object of compar
ing different magnitudes. 

The relations investigated in Elementary 
Geometry are of two kinds. Those of equal
ity or inequality, and those of proportion
ality. A s an example of the first species of 
relation, w e raay instance the foUowing. The 
sum of any two sides of a plane triangle 
is greater than the third, and their difference , 
is less than the third. The square described 
upon the hypothenuse of a right angled tri 
angle, is equivalent to the sum of the squarea 
described upon tbe other two sides. 

The second kind of relation is that of pro
portionality, and it is reached by the process 
of comparison of the things between which a 
relation is sought, with some known or as
sumed thing of the same kind, regarded as a 
standard ; the standard is called the unit of 
measure. 

The unit of measure for lines, is a straight 
line of known length, as afoot, a yard, amilc, 
&c. The unit of measure for surfaces, is a 
square described upon the lineal unit as a 
side. The unit of measure for volumes, is a 
cube described upon the lineal unit as an edge. 

It is sometimes possible to' compare one 
magnitude with another directly, but in gen
eral, this comparison is effected through the 
instrumentality of a unit of measure. Two 
figures or magnitudes are equal, when one 
may be placed upon the other so that they 
will coincide throughout their whole extent. 
T w o magnitudes are equivalent, when they 
contain the same unit of measure the sanw 
number of times. Equality refers to possi
bility of coincidence ; equivalency, to equality 
of measure only. Equal quantities are neces
sarily equivalent, but equivalent quantities 
may not be eqrial. 
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Md'hc.ls of Investigation. 
The truths of Geometry form a cham of 

dependent propositions, which may be sepa
rated into three classes, 

Ist, Truths implied in the definitions, viz.: 
that things do or may exist corresponding to 
the things defined. For example, when we 
say. -'a quadrilateral is a polygon of four 
sides," w-e imply that such a figure may 
exist. 

2d. Seli'-evident, or intuitive truths, which 
are contained in the axioms. 

3d. Truths inferred from the definitions and 
axioms, caUed demonstrative truths, ^̂  e 
S3v that a truth, or proposition, is demonstrat
ed, when by a course of reasoning it is shown 
to be included under some other truth or pro
position previously known, and from which 
it is Slid to follow. A demonstration is a 
train of logical arguments brought to a con
clusion, in which the premises are definitions. 
axioms, hypotheses, and propositions already 
estabUsbed. The arguments are the links 
that connect the premises, logically, with the 
conclusion, or ultimate truth to be proved. 

Two met'nods of demonstration are em
ployed ; the direct and the indirect, or the 
rcductio ad absurdum. 

In the direct method the premises are defi
nitions, axioms, and previous propositions, 
and by a process of logical argumentation, 
the magnitudes of which something is to be 
proved, are shown to bear the mark by which 
that something may always be inferred ; or, 
in other words, they are shown to fall under 
some definition, axiom, or proposition previ
ously laid down. Direct demonstrations are 
divided into two classes. 1st. ̂ \"here the 
argument depends upon superposition ; that 
is, on the coincidence of magnitudes when 
applied one to the other. 2dly, W h e n it de
pends on addition, subtraction, or immedi
ately on principles previously laid down. 

The indirect method rests upon an hypo
thesis. This hypothesis is combined in a pro
cess of logical argumentation with defmitions, 
axioms, and previous propositions, until a 
conclusion is obtained, which agrees or disa
grees with some known truth. Now, if the 
conclusion arrived at agrees with sorae pre
viously known truth, the hypothesis is said 
to be proved ; if it disagrees with some known truth the hypothesis is false, and its contrary 

is said to be proved. In the indirect demon
stration, therefore, the conclusion is compared 
with the truths known antecedently to the 
proposition in question. If it agrees with any 
one of these, the hypothesis is correct; if it 
disagrees with any one of these, the hypo
thesis is false. 

W e will give for an illustration of this 
method, proposition X\'II. of the first book 
of Letrendrc. " W h e n two right angled tri-
anirles have the hypothenuse and a side of 
the one equal to the hypothenuse and a side 
of the other, each to each, the remaining 
parts wUl be equal each to each, and the tri-
ancles themselves will be equal." •D 

In the two right angled triangles B.AC and 
E D F , let the hypothenuse A C be equal to 
D F , the side B A to the side E D ; then will 
the side B C be equal to the side E F , the 
angle A to the angle D, and the angle C to 
the angle F. To prove this proposition w e 
need the following, which have been before 
proved, viz: 

Prop X, (of Legendre). " W h e n two tri
angles have the three sides of the one equal 
to the three sides of the other, each to each, 
the three angles will also be equal, each to 
each and the triangles themselves will be 
equa.." 

Prop. "V". " "Wlien two triangles have two 
sides, and the included angle of the one equal 
to two sides and the included angle of the 
other, each to each, the two triangles wiU be 
equal. 

"Axiom 1. Things which are equal to tho 
same thing are equal to each other." 

Axiom 10 (of Legendre), " A U right an 
gles are equal to each other." 

Prop. X V . " If from a point without a 
straight line a perpendicular be let fall on the 
line, and oblique lines be drawn to different 
points. 
" 1st. The perpendicular will be shorter 

than any oblique line. 
" 2d. Of two oblique lines drawn at plea 

sure, that which is further from the perpen 
dicular will be the longer." 
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N o w the two sides B C and E F are either 
equal or unequal. If they are equal, then by 
Prop. X, the remaining parts of the two tri
angles are also equal, and the triangles them
selves are equal. If the two sides are un
equal, one of thera must be greater than the 
other. Suppose B C to he the greater. 

O n the greater side B C , take a part B G , 
equal to E F , and draw A G . Then in the 
two triangles B A G and D E F , the angle B is 
equal to the angle E hy axiom 10, both being 
right angles. The side A B is equal to the 
side D E , and by hypothesis, the side B G is 
equal to the side EF. Then it follows from 
Prop. V, that the side A G is equal to the 
side D F . But the side D P is equal to the 
side A C ; hence, by axiom 1, the side A G is 
equal to A C , But the line A G cannot be 
equal to the line A C , having been shown to 
he less than it by Prop, X"V̂  ; hence, the 
conclusion contradicts a known truth, and is, 
therefore, false ; consequently the supposition 
(on which the conclusion rests) is false 
therefore, the triangles are equal and all of 
their parts are equal, each to each. 

It is often, though erroneously, supposed 
that the indirect demonstration, or the " rcduc
tio ad absurdum," is less conclusive and satis
factory than the direct demonstration. This 
impression arises from want of proper analy
sis of the nature of the reasoning. 

For example: in the demonstration just 
given, it was proved that the two sides B C and 
E F cannot be unequal, for such a supposition, 
in a logical argumentation, resulted in a con
clusion directly opposed to a known truth, 
and as equality and inequality are the only 
general conditions of relation that can sub
sist between the two quantities, it foUows if 
they are not unequal they must be equal. 

In both kinds of demonstration the prem
ises and conclusion agree ; that is, they are 
both true or both false, and the reasoning or 
argument in both is supposed to be strictly 
logical. In the direct demonstration the 
premises are known, being antecedent truths, 
and hence the conclusion is true. In the 
indirect demonstration, one element is assumed, 
and the conclusion is compared with truths 
previously established. If the conclusion is 
found to agree with any one of these, w e 
infer the assumed element is true ; if it con
tradicts any one of these, w e infer that the 

assumed element is false. The method of 
reasoning in both cases is precisely the same, 
being according to the strict rules of logic., 

GILL. A measure of capacity, containing 
one-fourth of a pint, or nearly 8f cubic 
inches, 

G I V E N . Something that is known, or 
whose real value is assumed. Thus we say 
that a straight line is given in position, when 
w e know its direction with respect to some 
other line regarded as fixed. A circle is 
given when w e know the position of its 
plane, its centre, and the radius with which 
it is described. In analysis a line or surface 
is said to be given when its equation is given,-
that is, when w e know the form of the equa
tion, and the constants which enter it. The 
term given is often used to imply that a thing 
can be found. Thus, w e say that a circle is 
given when three of its points are given, for 
w e then have the means of constructing it hy 
known rules. If we know the ratio between 
two quantities, they are said to have a given 
ratio ; in short, any element of mathematics 
supposed to be known is said to be given, 

G L o B E . IL. globus, ahail]. In Geometry, 
the same as Sphere, which see. 

GLOB'U-LAR. Relating to, or partakmg 
of, the nature of a globe. Thus, we say 
globular chart, globular projection, globular 
sailing, &c. 

Globular Projection. In Spherical Pro
jections, that species of projection in which 
the point of sight is taken in the axis of the 
primitive circle, and at a distance from the 
pole of this circle equal to the sine of 46°. 

Let A O B C be the great circle of the sphere 
cut out hy a plane through CP, the axis of the 
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primitive eirele; and let A B be the diameter 
of the primitive circle lying in this plane ; 
make O P equal to sin -lo' Xow if the arc 
.\C or B C be divided into equal parts, and 
the points of division be projected upon A B 
by lines drawn to P. then will the spaces 
-AD,DE, ES. etc , be nearly equal, and this is 
the advantage claimed for this mode of pro
jection over the other methods. 

In the stereographic method, the projection 
of those parts of the sphere near the pole are 
imduly crowded together, and in the ortho
graphic projection, those near the primitive 
circle are crowded together, whilst in the 
globular, this crowding is, in a measure, 
avoided. 
If the primitive plane coincides with the 

equator, the globular projections of the meri
dians are straight fines, and the projections 
of the circles of latitude are circles : in other 
cases, the projections are ellipses. See Spher
ical Projections. 

GNo'MON. [Gr. yvapov, an index]. A n 
instrument employed for measuring the alti
tude of the sun by means of the lengths of 
shadows cast. Let A C represent a vertical 
style, column, or piUar, f̂  
and B A a horizontal 
plane. Suppose that 
the sun, shining upon 
the style, casts a shad
ow of the point G at 
B. Then is B A the 
length of the shadow 
of the style, and it may 
be measured by any 
scale of equal parts. Then, suice A C is sup^ 
posed to be accurately known, w e may find, 
from the right-angled triangle A B C , the value 
of the angle C B A at the base, which will he 
the altitude of the sun at the time of obser
vation. If the fine B A is in the meridian of 
the place, the altitude determined is the meri
dian altitude. This method of determining 
altitudes admits of co:j;̂ iderable accuracy. 
The gnomon, if attached to a movable plane, 
susceptible of being leveled by a spirit-level. 
may be applied to measuring heights by 
means of shadows, as foUows : 

Set up the gnomon, and level its horizon
tal limb. Measure the length of the shadow 
projected by it, and at the same time measure 
the length of the shadow cast by the object 

whoso height is desired ; then, the length of 
the shadow of tho gnomon is to the length 
of tho shadow of the object, as tbe length of 
the gnomon to the height of the object. 

Gxo.MoN, IN Dialing, is the style or pen, 
the shadow of wluch points out tho hours. 
See Dial. 

Gnomon, in Geometry. The space in
cluded between the lines forming two simUar 
parallelograms, the smaller being so situated 
that it shall have an angle in comraon with 
the larger. 

A _ K 

Thus, if A B C D and A H E K are similar 
parallelograms, the space K B C D H E K is a 
gnomon. If the sides K E and H,E be pro
duced to G and F, then is the space 
F E G D A B F a gnomon with respect to the 
parallelogram B D and FG. 

Gnomonic PitojECTioN of a sphere, is the 
projection of the fines of a sphere upon a 
plane tangent to the surface of the sphere, 
the point of sight or the eye being taken at 
the centre of the sphere. In this projection, 
all great circles of the sphere are projected 
into straight lines ; all small circles, whose 
planes are parallel to the plane of projection, 
into concentric circles, having their common 
centre at the point of contact; and all other 
small circles into ellipses. 

The gnomonic projection is also called the 
horologiographic projection, on account of its 
use in dialing. 

GNO-MON'ICS. The art of diaUng, so 
called, because it shows how to determine the 
time of day by the shadow of a gnomon. 
See Dialing. 

G o L D ' E N N U M B E R . So called, from 
its having been formerly written in golden 
letters in the almanac; it is'the number 
denoting the year of the cycle of 19 years, 
in which the year in question falls. To find 
the golden number for any given year, add 1 
to its number in the christian year, and di-
ide the sum by 19, the remainder is the gol
den nuraber of the year, unless the reraainder 
is 0, in which case the golden number is 19. 
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For example, to find the golden number for 
the year 1854 : dividing 1855 by 19, the re
mainder is 12 ; hence, 12 is the golden nura
ber required. 

G O L D ' E N R U L E . A name given to the 
Rule of Three, on account of its universal 
use and great practical value. 

G O - N L O M ' E - T R Y . [Gr. yavia, angle, 
and perpov, measure]. The art of measuring 
angles, cither upon paper, or on the surface 
of the earth. 

G O R G E . In Descriptive Geometry, the 
throat, or the smallest section of an hyperbo
loid of one nappe. In general, the- section 
of the gorge is an ellipse, but in the par
ticular case of the hyperboloid of revolution 
of one nappe, it is a circle, aud is called the 
Circle of the Gorge. If w e conceive a 
straight line to revolve about another straight 
line, not in its own plane, as an axis, the sur
face generated is an hyperboloid of revolution. 
If a straight line be drawn perpendicular to 
the generatrix and the axis, and intersecting 
both, this will, during the revolution, gene
rate the circle of the gorge. As the distance 
between the generatrix diminishes, the circle 
of the gorge diminishes, and when it be
comes 0, the circle of the gorge becomes a 
point, and the surface passes into a cone. 

G R a C E , d a y s of. See Exchange. 
GRAD-U-a'TION. [L. g-radus, a step]. 

The operation of dividing any given scale or 
arc of a circle into equal parts. This is the 
most important of the practical operations of 
the mathematical instrument-raaker. 

The most simple operation of graduation 
consists in copying any given graduated 
limb. Straight scales may be copied as fol
lows : 

The original pattern, and the scale on which 
the copy is to be made, are placed side by 
side, and strictly parallel; a straight edge 
with a shoulder at right angles, like a carpen
ter's square, is made to slide along the origi
nal, stopping at each division, when a corre
sponding stroke is cut by the dividing knife 
on tho copy. With care, this method admits 
of considerable accuracy. 

The divisions of a graduated circle may he 
copied upon a concentric circle, by laying a 
straight edge upon each division in succes

sion, so that it shall pass through the centre, 
and then, with the dividing knife, making the 
proper mark upon the copy : in this manner, 
protractors and scales upon rough instru
ments, might be graduated. The pattern 
used, is called the dividing-plate. This meth
od of dividing is now nearly superseded by 
the dividing engine. The first engine of this 
kind was invented by Ramsden, of which the 
foUowing is a general description : 

A horizontal circle, four feet in diameter; 
turns upon a vertical axis ; the outer edge is 
notched ; it is put in motion by an endless 
screw, ono revolution of which carries the 
circle around 10'; the screw is turned by a 
treadle, and hy an ingenious contrivance, the 
operator can cause the screw to turn through 
any part of a revolution by one descent of the 
treadle, whilst, on removing the foot, the 
screw is prevented frora returning. The 
circle to be divided is fixed upon the engine, 
and made concentric with the revolving 
wheel, and a division line is cut, after each de
scent of the foot. Improvements in this en
gine have been made by the Troughtons and 
others, and the engine, thus improved, still 
continues to be used for graduating instru
raents of minor importance. 

Engines differing from Ramsden's, have 
been constructed by Reichenbach, of Ger
many, and Gamdet, of Paris. The German 
method of division is performed by copying. 
A large circle having been graduated with 
great care, the copy is placed upon and con
centric with it: A microscope is fixed uide-
pendently over the divided circle, and the 
divisions are brought in succession under the 
wires of the micrometer, and a line cut in the 
copy after each bisection- This process gives 
better results than the English dividing en
gine. In aU the cases considered, a copy or 
original circle has to be graduated. W e now 
propose to give a brief sketch of the method 
of original dividing. 

The first attempts of original graduation, 
according to correct principles, were by 
Graham, an Englishman, distinguished for 
his clocks and watches. The tool employed 
by him was a beam compass, a straight rod 
of wood or metal on which points of steel 
are fixed. In order to bisect a line, the- points 
of the beam Compass are placed at a distance 
from each other, nearly equal to half the 
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length of the fine ; supposing the extremities 
of the line to be marked by dots, one point of 
the compass is placed at one dot. and a faint 
arc of a circle struck with the other towards 
the distant dot, and the operation is repeated 
with the other dot as a centre. The two faint 
arcs w-ill either include a small space, or leave 
a small space between them,which can be most 
accurately divided with a pointer by the hand, 
aided by a magnif"ying glass. Gr.vham appUed 
this principle in graduating tho ,\ormal eirele, 
which he erected at Greenwich, To divide 
the quadrant, he stepped off from the 0 of tho 
fimit au arc whose chord was equal to tbe 
radius of the circle ; this gave the 60° point ; 
he next bisected the arc of 60°, and from the 
point of bisection he again stepped off an 
arc of 60°, which gave the 90° point. The 
arcs of 30° w-ere by continual bisections di
vided, each into 32 parts, and the subdivisions 
were on the same principle divided into 18 
parts. These divisions not being aliquot 
parts of a degree, had to be reduced by formu
las or tables to the standard degree, a matter 
giving some trouble, but easily enough elfect-
ed. .\ great improvement was made upon 
Graham's system by Bird. H e constructed, 
by the principle of bisections, a scale of equal 
parts, havmg a vernier, and by means of this 
scale he was enabled, with great exactness, 
to construct an arc of 85° 20', which by per
petual bisection gave 5' spaces on the limb. 
The details of this operation it is not neces
sary to give. Finally, by the introduction of 
magnifying glasses, the method of bisection 
in connection with the scale of equal parts, 
attained a great degree of perfection, 

A further improvement was made by 
Teoughton. W e will suppose a circle to be 
divided originally. After the edge of the 
circle is very carefully turned upon its own 
centre, a small circular roller, 16 revolutions 
of which carry it exactly around the circle, 
is prepared and so fitted to the circle by a 
radial frame joining the two centres, that on 
turning the frame around, the roller is turned 
in an opposite direction by the friction between 
the edges of the circle and roller. The roller 
is divided into 16 parts, and a microscope j 
placed over the divisions ; as each division j 
comes under the microscope, a small round 
dot is made upon the circle, which is thus 
approximately divided into 256 equal parts. 

By the aid of an optical beam compass, the 
aeeuraey of those divisions was tested, and the 
error of position of each dot determined and 
tabulated. The error being thus determined 
in the case of each dot, Troughton returned 
to the roller, and by the aid of a sector which 
revolved with it and gave him an enlarged 
scale, he was able to reduce the approximate 
divisions of 256 parts to 360 equal parts, 
mechanically, and to cut the actual divisions 
of degrees upon the circle. Enough has been 
said to show the principles employed in the 
graduation of fimbs; nothing more was in
tended. Should the reader desire further 
infonnation, ho is referred to a valuable arti
cle By Troughton. in the Edinburgh Ency-
cloposdia, entitled Graduation. It is to be 
remarked before lea\ing the subject, that in 
any given divided circles, an error due to 
want of centering, caUed eccentricity, is of 
frequent occurrence. To illustrate the extent 
and effect of this 
let A represent v 
the axis about 
which the circle 
rotates, and Cc 
the small circle 
described by the 
centre of the 
graduated arc. 
.Suppose the circle to have revolved through 
the angular space V A r , then will the angle 
read oft' be equal to Vci», which is evidently 
in error hy the small angle cVA. The sine 
of the angle cVA is measured by 

CX A c 
—^ = —TT Bin VAv. 
cV cV 

If w e suppose V to be the 0 point of the scale, 
the error for a given instrument will vary 
between certain limits, being 0 when Av 
coincides with, or is in the prolongation of 
A V , being a maximum when Av is at right 
angles with A V , It is also apparent, that 
if the reading of the line Att is also taken 
at the opposite extremity of the diameter at 
V , this wiU be as much in defect as the first 
is in excess, and that their mean diminished 
by 90° will give the true reading. W e see 
from the fonnula for the error, that it will be 
0 when Ac = 0, that is, when there is no 
eccentricity. B y the aid of the given formula 
a table m a y be constructed for correcting 
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each leading for error in eccentricity. Such 
a table would be necessary in a sextant when 
readings at both extremities of a diameter are 
impossible. 

GRAPH-OM'E-TER. [Gr. ypacju.!, to de
scribe, and jxcrpov, measure]. A n instrument 
used for measuring angles whose vertices are 
at its centre ; the protractor is a graphometer. 

G R O I N S . Lines of intersection of the 
under surfaces of arched vaultings. Arches 
of this kind are called̂  groined arches. The 
groin forms the basis of an extensive system 
of decorations in architecture. If the lower 
surfaces of the intersecting arches are cylin
drical, having equal circular bases, and their 
axes lying in the same plane at right angles, 
the groins are eUipses whose conjugate axes 
are equal to the diameter of the base of the 
arch, and whose transverse axes are equal to 
this diaraeter multipled by -\A2! This is the 
simplest case. By using oblique arches, a 
great variety of lines will be produced. 

GROUND'-LINE. In Descriptive Geome
try, the line of intersection of the horizontal 
and vertical planes of projection. The planes 
of projection being infinite in extent, the 
ground line is infinite in length. 
GROUND'-PLANE. In Perspective, the 
horizontal plane on which tbe objects to be 
put in perspective are situated. The horizon
tal plane of projection, 
GR6UP OF EQUATIONS. In Analysis, 
several equations considered together or 
simultaneously. It is a property of any 
group of simultaneous equations, that in 
order that they may be determinate, there 
must be just as many of them as there are 
unknown quantities entering them. If they 
are all independent, and their number is 
greater than the number of unknown quanti
ties, the group is impossible ; if they are 
fewer in number than the nuraber of unknown 
quantities, the group is indeterminate. 

G U N T E R . Inventor of Surveying and 
Drawing instruraents. 

Gunter's Chain. A chain, first used by 
Gunter, for the purposes of land surveying. 
It is 66 feet, or four rods in length, divided 
into 100 links, each 7,92 inches in length, every 
tcHth one being marked, for convenience in 

counting. The advantage of this mode of divi
sion is, that a square chain or square link is a 
decimal fraction of an acre, and consequently, 
if the area of a piece of ground be found in 
square chains and links, it may at once be 
converted into acres by pointing off a suitable 
number of decimal places. To convert square 
chains into acres, point off one place of deci
mals from the right. To convert square Unks 
into acres, point off five places of decimals 
from the right. 

Gunter's Line. A sliding scale corres 
ponding to logarithms of numbers, by means 
of which the operations of multiphcation and 
division may be performed by inspection. 

Gunter's Scale. A wooden ruler two 
feet in length, upon which is marked a great 
number of different scales, by means of which 
a great variety of problems in Surveying and 
Navigation can be solved mechanically by the 
aid of the dividers alone. On one side of the 
ruler are scales of equal parts, of sines, of 
tangents, of rhumbs, &c., on the other side 
are scales of the logarithms of these various 
parts. 
H. The eighth letter of the English alpha
bet. As a numeral, it has been used to de
note 200 ; with a dash over it. thus, H. it 
denoted 200,000. As an abbreviation, it 
stands for hour. 
HaR-MON'IC p r o p o r t i o n . The re

ciprocals of quantities in arithmetical pro
gression are said to be in harmonic proportion, 
thus, the numbers, 

1 1 J 1 
a' a + 4' a + 24' a + 34' '̂"•' 

are in harmonic proportion, or, more properly, 
in harmonic progression. 
A. "C 3i i 

A given line AB, is said to be harmonically 
divided when two points, one on the line, and 
the other on its prolongation, are so placed 
that 

AC CB AD DB. 
In this construction C D is a harmonic mean 
between A D and B D or A D ; C D and BD 
are the reciprocals of distances which are in 
arithmetical progression. 
H E G T O - G R A M M E , [Gr tKarov.ahm 

dred, and ypappa, a gramme]. In the Frencl) 
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system of weights and measures, a weight of 
100 grammes. 
HECTO-Lii-TRE. [Gr, inarov and Airpa, 

a pound]. A French measure of capacity, 
contaming 100 Utres. 

H E C - T O M ' E - T R E . [Gr. ̂ tcotov and pe-
r.v,; measure]. .V French measure of length, 
equal to 100 metres, 

H E I G H T . The third dimension of space. 
when it is supposed to be reckoned upwards. 
In general, any distance estimated or mea
sured upwards. In leveling, the height of 
one point above another is the difl'erence of 
their distances from the centre of the earth. 
See Altitude and Leveling. 
HEL'I-COID. [From i?.ii. a scroll]. A 

warped surface, which may be generated by 
a straight fine moving in such a manner that 
each point of it shall have a uniform motion 
in the direction of a fixed straight line, and 
at the same time a uniform angular motion 
about it. The fixed straight line is the axis 
or directrix of the surface, and the moving 
fine the generatrix. The conditions of gen
eration require that the same point of the 
generatrix shall remain upon the directrix, 
and that the Mgle between the directrix and 
generatrix shaU be constant, ^\'hen this 
angle is a right angle, the helicoid is right; 
when it is obUque, the helicoid is oblique. 
The curve generated by any point of the 
moving line, is called a Ac/?"x. 

The right helicoid forras the under surface 
or soffit of the spiral staircase; also, the 
upper and lower surface of the thread of the 
rectangular threaded screw. The oblique he
licoid forms tbe upper and lower surfaces of 
the thread of the triangular screw. 

The right helicoid is a species of right co
noid. Every plane passed through an ele
ment of the heUcoid is tangent to the surface 
somewhere along the eleraent. W h e n it 
passes through the axis, the point of contact 
is where the element intersects the axis, and 
if the axis is vertical, the tangent plane 
makes with the horizontal plane an angle of 
90°, and is a maximura. If, now, the plane 
be revolved about the element, as an axis, the 
point of contact recedes from the axis, and, 
finally, when the tangent plane makes with 
the horizontal plane the same angle that the 
element does, the point of contact is at an in

finite distance from the axis, and the angle is 
a minimum. To pass a plane tangent to the 
helicoid at any point, find the tangent line to 
the helix through this point, and pass a piano 
through it and tho clement through tho point 
of contact. The curvo of intersection of the 
oblique helicoid with a plane perpendicular to 
the axis, is the spiral of Archimedes. 

He',LI-0-ST.-VT. [Gr. f/Xiog, the sun, and 
cr-arof]. A n instrument by means of which 
a reflected ray of light may be retained in a 
fixed position, notwithstanding the motion of 
the sun. 

H E L - L S P H E R ' I C - A L LINE. A rhumb 
line, more commonly caUed the loxodromic 
curve, 

He'LIX. [Gr. eAif, a winding]. A curve 
generated by any point of the generatrix of 
a helicoid in its motion, as described under 
Helicoid. From the nature of the genera
tion, it follows that every point of a helix is 
equally distant from the axis ; hence, when 
the axis is vertical, the horizontal projection 
of the helix is a circle ; and, further, a tan
gent to the sarae helix at each point, makes 
with the horizontal plane a constant angle. 
If the horizontal projecting cylinder of any 
helix be developed upon a plane surface, the 
helix will develop into a right line, making 
with the development of the base an angle, 
equal to the angle of the helix with the hori
zontal plane. The tangent of the angle 
which any helix raakes with the horizontal 
plane, is equal to the distance ascended by 
the helix during any portion of a revolution 
divided by the horizontal projection of the 
sarae portion of the helix. The helix gen
erated by the point in the axis of the heU 
coid, makes with the horizontal plane an an
gle equal to 90°, which is a maximum ; that 
generated by the point at an infinite distance, 
is 0, which is a minimum. The edge of the 
thread of a screw is a helix, as is also the 
path described by any point of the surface of 
the thread when moved in tho nut. This 
curve is principally of importance in the me
chanical discussion of the properties of the 
screw. 

H E M ' L S P H E R E . [Gr. ypicipaipiov, a half 
sphere]. If a sphere be divided into two 
equal parts by a plane through its centre, 
each part is a hemisphere. In ordinarv Ian-
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guage, the term hemisphere is applied simply 
to the surface; thus we speak of the north
ern and southern hemispheres, meaning their 
surfaces. 

PIEP'TA-GON, [Gr. irtra, seven, and 
yuvia, an angle]. A polygon of seven angles, 
or seven sides. 

PIEP-TAG'ON-AL. Having seven angles, 
and, consequently, seven sides, 

Heptagonal Numbers. A" kind of poly
gonal numbers, formed as follows : Let 
these be the arithmetical progression, 

1, 6, 11, 16, 21, 26, & c , 
and 1, 7, 18, 34, 55, 81, Sac, 
will be the series of polygonal numbers, 
called heptagonal. The law of formation is 
to add each number in the lower line to the 
next one on the right in the upper line. The 
general fonnula for heptagonal numbers is 

571= - 377 
N = . 

2 
iu which N denotes the heptagonal number 
in any place, and 77 the order of the place. 

It is a property of heptagonal numbers 
that if any one of them be multiplied by 40, 
aud the product be increased by 9, the result 
wiU be a perfect square. For, 
577= - 3t7 , , 

x4 0 + 9 = 100?i'-60?7+9=(1077-3)'. 
See Number. 

HET-E-RO-Ge'NE-OUS. [Gr. irepog, 
other, and yevoe;, kind]. A polynomial is he
terogeneous when all of its terms have not 
the same number of literal factors ; thus, 

a' + 24c' — y, 
is a heterogeneous expression. 

HEX'aDE, a series of six numbers. 
HEX'A-GON, [Gr, î , six, yuvia, angle], 

A polygon of six angles or sides. To inscribe a 
regular hexagon in a circle, apply the radius 
six times as a chord, then will there be in
scribed a regular hexagon. This construc
tion arises from the fact that the side of a 
regular hexagon is equal to the radius of the 
circumscribing circle. 

HEX-AG'ON-AL. Having six angles. 
HEX-A-He'DRON o r CUB E . [Gr. î , 

six, and Bpa, a base]. A polyhedron of six 
faces See Cube. 

HEX-OC-TA-He'DRON. a polyhedron 
of 48 equal triangular faces. 

HOGS'HeAD. a measure of capacity. 
See Measures. 

HO-LOM'E-TER. [Gr. ̂ Aof, all, perpov]. 
A n instrument for measuring distances of all 
kinds. 

HOM-0-CEN'TRIC. [Gr. opoQ and ksv-
rpov]. Having the same centre. See Con
centric. 

HO-MO-GS'NE-OUS. [Gr. 6poc, fike, and 
yevog, kind]. In Algebra, a polynomial is 
homogeneous when each term contains the 
same number of literal factors ; thus, 

ax' + bxy + c' 
is a homogeneous expression. 

HO-MOL'0-GOUS. [Gr. 6po(, simUar, and 
?Myoc, proportion]. In Georaetry, the parts 
of similar magnitudes, which are like placed, _ 
are called homologous. Thus, in similar po
lygons, the corresponding sides, angles, diag
onals, &c., are homologous. In suuilar solids, 
the corresponding faces, edges, polyhedral 
angles, diagonals, &c,, in each are homolo
gous. In a proportion, the antecedent and con-
sequent of the same couplet, are homologous 
with respect to each other. This case covers the 
relations between homologous elements in aU 
cases. Between any two magnitudes what
ever, which are similar, the ratio of any two 
homologous elements of the same name, is 
always constant. Thus, in two simUar poly
hedrons, the area of any face of the first, is 
to the area of its homologous face in the se
cond, as the area of any other face in the 
first, is to the area of its homologous face in 
the second. Like results obtain in all other 
cases. 

HO-Ri'ZON. [Gr. ipifuv, from, optica, to 
bound, and opo^, a limit]. The horizon of any 
point on the surface of the earth regarded as 
a sphere, is a great circle perpendicular to the 
radius of the earth, regarded as a sphere, 
through the point. This is called the true 
horizon, and divides the earth into two equal 
parts or hemispheres The apparent horizon 
is the plane passed tangent to the surface ot 
tho earth at the point considered. Its poles, 
like those of the true horizon, are at the 
zenith and nadir of the place. If the planes 
of the true and apparent horizon be extended 
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infinitely liU tkoy cut the he.avens. the circles 
cut from the celestial sphere will sensibly 
coincide. 
In Navigation, the horizon is understood 

to be the eirele determined by the intersec
tion of the heavens with a cone whose ver
tex is at the eye, and whose elements are 
cantrent to lines of the earth's surface. 

Let R P Q represent a section of the earth 
through the point C mads by a vertical plane, 
and let E P be tangent to it; now-, if this 
line K P be revolved about the line E O as an 
axis, it will generate the surface of a cone 
which limits the visible horizon as seen from 
E. The angle H E P is caUed the dip of the 
horizon. See Dip. 
Horizon in Perspective. The intersection 

of the perspective plane, and a horizontal 
plane, passed through the point of sight. It 
is the vanishing line of all horizontal planes. 
and is the locus of the vanishing points of 
all horizontal lines. See Perspective. 
HOR-LZON'TAL. ParaUel to the horizon. 

A line is said to be horizontal when it is pa
rallel to the horizon ; or, if a short line, pa
raUel to the surface of stiU water. In level
ing, it is the same as a level line. See Level. 
-A horizontal plane is one which is parallel 

to the horizon. 
Horizontal Dial. A dial constructed on 

a horizontal plane, having its gnomon or style 
parallel to the axis of the earth. See Dial. 
Horizontal Distance. In Surveying, any 

distance estimated in a horizontal direction. 
Horizontal Projection. The horizontal 

projection of a point, is the foot of a straight 
fine drawn through the point perpendicular 
to the horizontal plane of projection. 
Horizontal Projection of a line, is the 

intersection of the horizontal plane of projec
tion with n cylinder passing through the line, 

19 

and having its elements perpendicular to the 
horizontal plane of projection. 

Horizontal Projection of a surface, is 
that portion of the horizontal plane included 
within a cylinder perpendicular to it, and tan
gent to, or enveloping the surface. The hor
izontal projection of a surface is generally 
determined by projecting some of the princi
pal elements of the surface. See Descriptive 
Geometry. 

H O - R O G ' R A - P H Y . [Gr. upa, hour, and 
ypaipo, to write]. The art of dialing, 

HO-ROM'E-TRY, [Gr, (ipa, hour, and 
/icrpov]. The art of measuring time by hours. 

H O U R . [Gr upa]. A unit of time equal 
to the twenty-fourth part of a day. Hours 
are solar and sidereal. 

A solar hour is the twenty-fourth part of 
the time which elapses between two consecu
tive passages of the sun over the meridian 
of a place. As this interval varies slightly, 
from day to day, a mean of all the days in 
the year is taken, and the hour thus deter
mined is called the mean solar hour. 

The sidereal hour is the twenty-fourth part 
of the interval between two consecutive pas
sages of a fixed star on the same meridian. 
A sidereal hour is a little shorter than the 
mean solar hour, since 365 solar days corres
pond to about 366 sidereal days, so that a 
solar hour exceeds a sidereal hour by nearly 
10 seconds. 

Hour Circles. Meridians of the sphere 
making angles of 15° with each other, are 
called hour circles. There are twelve entire 
hour circles, which divide the surface of the 
spheres into 24 equal lines. 
Hour Lines. Lines drawn on tho face of 

a dial to indicate the hours of the day. See 
Dial. 

H y - D R O G ' R A - P H Y . [Gr, Hup, water, 
and ypaipu, to describe]. That branch of mar
itime or nautical surveying which has for its 
object to ascertain the channels, their depth, 
width, &c., the position of shoals, the deptii 
of water thereon ; in general, it embraces all 
the operations necessary to a complete deter
mination of the contour of the bottom of a 
harbor or other sheet of water. Hydrograph-
ical operations are generally carried on in 
connection with geodesic surveys of the 
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country bordering on the coast, and are 
always intimately connected with them. For 
the purpose of fixing points of reference on 
the surface of tho water, a suflicient number 
of buoys are anchored, so that the lines join
ing them shall form a system of well condi
tioned triangles, tile positions of which are 
carefully determined frora a base line on shore 
by means of angles raeasured with a theodo
lite or other instruraent. 

From the nature of the case these positions 
cannot be so readUy or so accurately fixed as 
the stations on shore. The buoys having 
been established, fines of soundings are taken 
in every possible direction between the buoys, 
also between the buoys and stations taken on 
the shore. By means of these soundings, 
the depth of water is determined at a great 
number of points, and w e are thus enabled 
to determine the relative position of these 
points with respect to a plane of reference, 
which is generally taken as the plane of mean 
low water. 

There are several methods of taking sound
ings and determining the places at which 
they are made. One of the simplest is as 
follows : tiaviug provided-a suitable boat and 
crew, the surveyor causes the boat to be rowed 
uniformly from one buoy to another, or from 
a buoy to a station on shore, and at intervals 
of time, generally equal, the lead is cast, and 
the depth entered in a note-book, together 
with the time at which the sound is taken ; 
then knowing the length of time occupied in 
rowing from one station to another, and the 
length of time between each sounding, the 
position of the boat at each cast of the lead 
raay be deterrained by a simple proportion. 
The length of tirae between the two stations 
is to the distance between them as the length 
of tirae between any two soundings is to the 
distance between the two points at which 
they are taken. Could perfect uniformity in 
rowing be attained, and currents be avoided, 
this method would be sufficiently accurate, 
but neither of these conditions can be ful|illed, 
and to col-rect for the necessary errors, the 
following process is often adopted; 

A n assistant is stationed on shore with a 
theodolite, and at a given signal made by the 
sounder, at every second or third sounding, 
he measures the angle subtended by the 
Toat and somo fixed signal on shore. The 

position of the boat m a y then be determined 
on the plot by plotting the irieasured angle, 
and finding where its second side intersects 
the plot of the line joining the two buoys 
There is sometimes a little difficulty in keep 
ing the boat on the line between the buoys, 
on account of currents and unskillfulness in 
the oarsmen. In order to keep the boat in 
line, a third flag or signal is generally planted 
on shore, so as to be in line with the two 
buoys, between which the soundings are to 
be taken, and the oarsmen keep one buoy 
and flag in the same line with the boat, which 
insures the boat being on the propor course. 

B y the aid of two assistants with theodo
lites, on shore, one stationed at each extrem 
ity of a line taken as a base, the position of 
the sounding boat may be accurately deter
rained at each signal. 

There is another method of determining 
the position of a sounding, where the preced
ing ones are not practicable. Suppose that 
a sounding is to be taken at some point: the 
boat is brought to and anchored, the sound
ing taken, and by means of a sextant the 
angles subtended by three fixed objects on 
shore, taken two and two, are carefully mea
sured ; then the place of the boat can he 
found by the problem of three points. See 
Problem of Three Points. 

The sounding is made by meant of the 
lead and line. The line is of strong cord and 
divided from the lead into fathoms, the points 
of division being marked in such manner 
that they can easily be counted. The lead is 
shaped like the frustum of a cone, with the 
base B hollowed out to hold some grease. 

The object of this arrangement is to bring up 
specimens of the mud, sand, &c., at the bot
tom, for the purpose of ascertaining the na
ture of the anchorage. These observations 
are to be recorded in the note book, and are 
generally laid down upon the chart. 

It has been remarked that the time of 
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making each sounding is entered on the note j 
book of the surveyor. This, besides aiding 
in plotting, is also of use in reducing the 
sounding to a fixed plane of reference. 

.\t some suitable locality a tide gauge is 
erected, and during the time of sounding an 
assLs:.;ii: notes, at intervals of 15 minutes, the 
exact height of the tide; then by comparison 
the surveyor cim at once make the neeessarv 
deduction from each sounding to reduce it to 
what it would have been if taken at low 
water. This reduction in some localities is 
often several feet. Having determhied tho 
depth of the w-ater at a sufficient number of 
pomts, and plotted the positions of these points 
on the map, the contour lines can be drawn 
approximately. These are usually taken in 
planes one fathom distant from each other, 
the first fathom curve being 6 feet below the 
plane of moan low water, the second one 0 
fee: below it, and so on. It is not customary 
to delineate more than five or six horizontal 
contour Unes, that indicating the nature of 
the bottom for a sufficient depth to accommo
date the largest class of vessels. 

Besides these lines, the depth of water and 
nature of the bottom is set down on the map, 
so as to indicate the best places for anchor
age. The direction and velocities of the cur
rents are also determined and Uid down upon 
the chart at suitable places, and in addition, 
the magnetic bearings of prominent objects 
on shore from prominent points in the harbors 
are laid down. Sometimes there is added a 
perspective view of the land objects on ap
proaching a harbor, together with suitable 
sailing directions for the use of mariners. 
All buoys, light houses, fight ships, and other 
objects interesting to navigators, are to be 
carefully located and mapped ; these, with a 
suitable topographical representation of the 
adjoining coast, constitute a complete hydro-
graphical map of the harbor or other sheet 
of water in question. 
For ease of reference, a scale of English, 

and a second scale of nautical miles ought to 
be drawn upon the map 
In hydrogr-aphical surveying in deep water, 

nothing more is attempted than to ascertain 
the d^pth of water and the nature of the bot-
to.-n, together with the f.ircc and direction of 
the currents at various places, sufficient to 
guide the navigator. 

H f - P E R ' B O - L A , [Gr. imrp, over, and 
pa?,/lu, to throw]. One of tiie conic sections. 
Its particular ctises are the equilateral hyper
bola, and two straight lines intersecting each 
other. The general case of the hyperbola 
m;iy be cut from a right cone with a circular 
base by any plane which makes, with the 
base, an augle greater than that made by tin 
element. In this case all of the elements 
except two are cut, half of thera in the lower 
and half in the upper nappe. It is composed 
of two branches, one lying upon one nappe, 
and the other upon the other nappe of the 
cone. If a plane is passed through the ver
tex of any cone with a circular base, so as to 
cutout two elements, and then if any plane 
be passed parallel to it, the section is an hy
perbola. 

If the elements cutout by the plane through 
the vertex, raake an acute angle with each 
other, the hyperbola is acute; if an obtuse 
angle, the hyperbola is obtuse; if a rigid 
angle, the hyperbola is right or equilateral. 
All the hyperbolas cut out of a given cone by 
a system of paraUel planes are similar curves. 
The section raade by a plane through the ver
tex is, analytically considered, an hyperbola ; 
hence, two straight fines intersecting eaoli 
other are considered as a particular case of 
the hyperbola. 

In general, if tho lines cut out by the plane 
throuiî h the vertex, be projected upon the 
plane of any hyperbola whose plane is par
allel to them, by straight lines parallel to that 
joining the vertex of the cone and the centre 
of the hyperbola, the projections will be 
asymptotes of the hyperbola. 

If w e regard the oblique cone with a circu
lar base, any plane parallel to two elements 
cuts out an hyperbola, as in tho case of the 
right cone. If w e suppose the vertex to 
approach tfie plane of the base and finally to 
reach that plane without the base, the cone 
will reduce to a portion of a plane determined 
by drawing lines through the vertex tangent 
to the base. In this case, the cutting plane 
through the vertex cuts out but one eleraent. 
or, rather, the two elements have united and 
become one. Under this supposition the par
allel planes cut out straight lines limited 
towards the centre; hence, a straight line, 
with a portion removed, or liraited towards 
the centre, is another particular case of the 
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hyperbola. A s the plane moves towards the 
one through the vertex, the limiting points 
approach each other and finally unite at the 
vertex; hopce a straight line estimated in 
both directions from a point, is a particular 
case of an hyperbola. 

Although the hyperbola was first suggest
ed to geometers from a consideration of the 
sections of a cone, it may be defined, and its 
properties deduced, without any reference 
whatever to the cone. 

The following are some of the definitions 
that have been given, as well as some of the j 
leading properties of the curve. 

1. A n hyperbola is a plane curve, such that 
the difference of the distances from any point 
of it to two fixed points, is equal to a given 
distaî ce. The fixed points are called foci, 
and the given distance is equal to that por 
tion of a straight line drawn through the 
foci, which is included between the two 
branches of the curve. 

This definition gives rise to the following 
construction by a continuous movement. 

FP -FP = AB, 
which corresponds to the definition. 

The same property enables us to constru*̂ ' 
the curve by points, as follows : 

With any distance greater than F'C as a 
radius, and with F' as a cemre, let an arc of 
a circle be described, then with a radius equal 
to that first employed, diminished by AB, and 
with F as a centre, let a second arc be 
described, cutting the former one in P; then 
will P be a point of the curve ; for, 

FP-FP = AB. 
B y changing centres and using the same 
radu, two other points P' can be constructed, 
and so on for any number of points. 

W h e n a sufficient number of points have 
been fonned, let a curve be drawn through 
thera and it will be the hyperbola. 

2, A second definition of the hyperbola is 
this. 

V 

Let F and F be the foci; fasten a ruler 
F'C of suflicient length so that one end shall 
remain fast at F', and be free to revolve about 
it: attach a string at H, whose length shall 
be less than the length of the ruler by a given 
distance A B , less than FF'; fasten the other 
end of the string at F ; press a pencil P 
against the string, keeping it close to the 
ruler, and keeping the string tense ; then 
move the ruler about F'; the pencil will 
describe one branch of the curve ; a simUar 
construction, with F as a centre, will give 
the other branch; or w e might make the 
string longer than the ruler by A B , and then 
construct tho other branch. The reason of 
this construction is evident: for, in every 
position of tho pencil wo have, by the condi
tions given. 

Let F be a given point, M N a given 
straight line, and suppose a point P to move 
in the same plane, so that the ratio of its dis
tances from the fixed point and the fixed line 
shaU be constant, P F being always greater 
than P E , then wiil the point P describe ̂ n 
hyperbola. The other branch is evidently 
constructed in the same manner as Ihe first 
The fixed point is the focus, and the straight 
line, the directrix. The distance from the 
centre C to the directrix is a third propo^ 
tional to C F and CB, that is, 

CF • CB :: CB CG. 
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3. The hyperbola may he defined by any 
one of its equations. The three most impor
tant equations of the hyperbola are the fol
lowing : 

1. ̂ ^'hen the curve is referred to the cen
tre and a pair of conjugate diameters, its 
equation is 

a ' y ' - b"x' = - a'=4'', 
in which i and y are the rectilineal co-ordi
nates of all the points of the curve, and a' 
and 4', the semi-conjugate diameters to which 
it is referred. If these are at right angles. 
a' = a, i' = i, and the equation becomes 

a'y' — '(-"•%' = — a'i', 
which is the equation of the hyperbola, re
ferred to its centre and axes. This is the 
form in which the rectilineal equation of the 
curve is most often used. 

2. The polar equation of the hyperbola is, 
a(l-e'-) 
1—ecos9 

111 which the pole is at the focus within the 
right hand branch, e the eccentricity, r the 
radius vector, a the semi-transverse axis, and 
9 the angle between the principal axis and 
the radius vector : o is sometunes called the 
anomaly. 
3. The equation of the curve referred to its 

asymptotes is, 
xy = .IL 

in which x and y are the co-ordinates of 
every point of the curve, and 

b' 
J/ = -

a and I being the semi-axes. 

Properties of the Hyperbola and useful con
structions. 

W e shall first give some useful definitions, 
collecting and arranging them, so that they 
may be together. 

l. The hyperbola is a plane curve, in which 
the difference of the distances frora any point 
of it, to two fixed points, is equal to a given 
distance. The fixed points are foci. 

2. The straight line through the foci is the 
indefinite transverse axis ; that part of it 
-lying between the two branches of tbe curve, 
13 the definite transverse axis, and it is this 
which is always meant when tlie transverse 
axis is spoken of Its middle pomt is the 
cerdre of the curve. 

3, .-Viiy straight line that bisects a system 
of parallel chords, drawn in tho curve, is a 
diameter. If the diameter is perpendicular 
to the chords which it bisects, it is an axis of 
the curve : there are two axes, the transverse 
axis already described, and the conjugate axis 
which passes through tho centre, and is per
pendicular to the transverse axis. 

4. Every straight line through the centre 
is a diameter : tw-o diameters are conjugate 
when each bisects a system of choids parallel 
to the other. There are an infinite number 
of sets of conjugate diameters. 

5. The points in which a diameter inter
sects the curve, are called its vertices. The 
right hand vertex of the transverse axis is 
called the principal vertex of Ihe curve. 

6. The parameter of any diameter is a third 
proportional to the diameter and its conju
gate. The parameter of the transverse axis 
is called the parameter of the curve. 

7. If a chord be drawn through the focun 
perpendicular to the transverse axis, and at 
its extremity a tangent be drawn, it is called 
the focal tangent. If a perpendicular be 
drawn to the transverse axis at the point in 
which the focal tangent intersects it, that line 
is the directrix of that branch of the curve. 

8, If any point be assumed in the plane of 
the curve, and chords be drawn through it 
cutting the curve in two points, then will the 
tangents drawn to the curve at the points of 
intersection of each chord, intersect each 
other upon a straight line, which is called, 
ihe polar line of the point. The point is cor-
relatively called, the pole of the polar line. 
The directrix is the polar line of the focus of 
that branch. 

A n ordinate to any diameter is a straight 
line drawn from any point of the diameter to 
the curve, and parallel to the conjugate of tho 
diameter. Every chord bisected by a diam
eter, is a double ordinate to the diameter. 
The ordinates to the axes are perpendicular 
to them. 

10. A tangent to the curve, at any point, is 
the limit of all secants to the curve drawn 
through that point. If any secant be drawn 
through a point of the curve, and then be re
volved about that point, as an axis, until the 
second point of secancy unites with the first, 
the secant passes to its limit, and becomes a 
tangent; at the same time, the two secant 
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points unite, aud constitute the point of contact. 
A subtangent, on any diameter, is that portion 
of the diameter included between the point, 
where the tangent intersects it, and the foot 
of the ordinate to the diameter drawn through 
the point of contact. 

11. A normal to the 'curve is a straight lino 
perpendicular to a tangent, at the point of 
contact. A subnormal, on any diameter, is 
that portion of the diameter between the point 
in which it is intersected by the normal, and 
the foot of the ordinate to the diameter drawn 
through the point of contact. 

12. Supplementary Chords are chords drawn 
through the extremities of any diameter, and 
meeting each other at a point of the curve. 

13. The distances from the foot of any or
dinate to a diameter, to the vertices of that 
diameter, are called segments of the diameter, 
and sometimes the abscissas of the diameter 

Ii. 'fhe eccentricity of the hyperbola is the 
ratio obtained by dividing the distance from 
the centre to either focus, hy the semi-trans
verse axis. 

15. T w o hyperbolas are conjugate, when 
the transverse axis of the one is the conju 
jugate axis of the other, and the reverse. 

16. The asymptotes of an hyperbola are 
two straight lines, to which the curve con
tinually approaches, touches at an infinite dis 
tance, but cannot pass. The asymptotes are 
prolongations of the diagonals of the rectan
gle, constructed on the axes, or of the dia-
gtmals of the parallelogram of any pair of 
conjugate diameters. 

Constructions. 
1, When the Axes are given. 

Let A B represent the transverse axis, and 
C D tho conjugate axis. Draw D Q parallel 

lo A B , and B Q parallel to C D , intersecting 
D Q at Q : d r a w O Q , and with 0 as a centre, 
and O Q as a radius, describe a circumference, 
cutting the transverse axis produced in F 
and F' ; then will F and F' be the foci. 
2. When the Foci and the Conjugate Axis are 

given. 
Let F and F' be the foci, C D the conjugate 

axis, and 0 the centre. Through D draw 
D Q parallel to the line joining F and F'; 
with O as a centre, and O F as a radius, de
scribe an arc, cutting D Q in Q and Q"; from 
these points let fall perpendiculars upon FF': 
the part A B , intercepted between these per
pendiculars, is the transverse axis. 
3. When the Transverse Axis and the Foci are 

given. 
Let F and F' be the foci, and A B the 

transverse axis. O n FF', as a diameter, de
scribe a circle, aud through B draw B Q per
pendicular to A B , cutting rhe circle in Q and 
Q' ; through these points draw lines paiallei 
to A B , cutting the perpendicular through the 
raiddle point of A B in C and D : then is CP 
the conjugate axis of the curve. 

Also, F" and F'" are the foci of the conju 
gate hyperbola, and the lines QQ'", Q'Q", are 
comraon asymptotes to the two curves. 
4. When ihe Curve is traced on a plane. 

Draw any two parallel chords in either 
branch of the curve, and bisect fliem by a 
straight line ; this will be a diameter of the 
curve : on that part intercepted between the 
branches of the curve, as a diameter, describe 
a semicircle, cutting the curve in a point; 
draw a pair of supplementary chords through 
this point and the vertices of the diameter 
used, and through the centre draw two lines 
parallel to these chords ; the ono which cuts 
the curve wiU be the transverse axis, and the 
other one wiU be the indefinite conjugate 
axis. At the principal vertex of the cune, 
erect a perpendicular to the transverse axis, 
and equal to the semi-transverse axis; join 
the extremity of this perpendicular with the 
centre, and with the centre of the curve as a 
centre, and the line as a radius, describe a 
circle, cutting the transverse axis in a point; 
draw the ordinate through this point, and 
through the point in which it meets the curve, 
draw a line parallel to the transverse axis, till 
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it meets the e.-mjugate axis ; this point is one 
extremity of that axis: the remaining ele-
tnonts uuiy be found as already explained. 
5, When the Foci and one point of the Curve 

are given. 

\>'..n / 

Let F and F' be the foci, and P a point of 
the curve. Draw FF', and bisect it at 0 ; O 
is the centre of the curve : with P as a cen
tre, and P F as a radius, describe the arc F E ; 
bisect EF" in G, and make 0-A and O B each 
equal to E G ; then is A B the transverse axis. 
The other axis may be constructed. 
6. Wr.en the Foci and any Tangent to the 

Curve are given. 
Let F and F' be the foci, and P T any tan

gent : draw F E perpe.udicular to PT, raake 
D E = FD, through E draw P E. and produce 
it tiU it meets P T in P ; then is P a point of 
the curve, and tbe construction may be made 
as in the preceding case. 

The foUowing properties give rise to use
ful constructions. 

1. The squares of the ordinates to any 
diameter, are to each other as the rectangles 
of the corresponding segments of the diame
ter. This property enables us to construct 
the curve when n pair of conjugate diame
ters are given, in a manner entirely analogous 
to the corresponding construction in the case 
of the ellipse. See Ellipse. 
This construction is of little value, as a 

better one arises from the property of asymp
totes. 

the lines drawn to the fiu-i. This property 
gives rise to the following constructions : 

To diaw a tangent to the curve al any 
poiiit P. 

Draw P P and PF', and draw also P T bi
secting the angle F'PF ; then is P T the tan
gent required. 

To draw a tangent through a point without 
the cunc. 

II 

2. If at any point of the curve a tangent 
be drawn, and two lines to the foci, the tan-
£ent will bisect the angle included between 

Lot H be tho point: draw H F , and with 
H F as a radius, and H as a centre, describe 
the arc F G ; with F' as a centre, and the 
transverse axis as a radius, describe the arc 
GG', cutting F G iu G and G'; draw H G 
and H F , and bisect the angle between them 
by H T ; then is H T a tangent. Draw F'G, 
and produce it to the curve at P ; P is the 
point of contact. 

3. If any chord he drawn parallel to a 
diaraeter, then is its suppleraentary chord pa
rallel to the tangent at the vertex of the 
diaraeter. 

This property gives rise to the following 
constructions : 

To construct a tangent to ihe curve at a 
point. 

Draw a diameter through the point, and 
through the extremity of any other diaraeter, 
draw a chord parallel to the first diameter ; 
draw the supplementary chord, and, parallel 
to it, draw a line through the given point; it 
will be the tangent required. 

To draw a tangent to ihe curve parallel to a 
given line. 

Draw a chord parallel to the line, and draw 
its suppleraentary chord ; draw a diameter 
parallel to the last chord, and through its 
vertex draw a line parallel to the given line-; 
it will be the tangent required. T w o such. 
tangents may be drawn. 
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•4. A tangent to the curve is parallel to the 
chords bisected by ihe diameter through ihe 
point of contact. 

Hence, the following construction for a 
tangent parallel to a given line. Draw two 
chords in the curve paraUel to the given line, 
and bisect them by a straight line : through 
tlie points in which this intersects the curve, 
draw straight lines parallel to the given line, 
and they will be the tangents required. T w o 
such lines can, in general, be drawn. These 
are the same as the corresponding construc
tions in the ellipse. See Ellipse. 

The following properties of the curve are 
useful in analysis: 

1. TJie angle between two conjugate diam
eters can never be greater than a right angle. 
The greatest angle is that between the axes, 
which is a right angle. 

If one of the diameters be revolved about 
its centre towards the asymptote, the other 
one will approach the same asymptote, and 
they will meet upon it. Hence, the asyrap
tote is the locus of coincident conjugate diara
eters, and w c infer that the least angle made 
by a pair of conjugate diameters is 0. 

In the equilateral hyperbola, each diameter 
is equal to its conjugate, but in the acute and 
obtuse hyperbolas, there are no equal conju
gate diameters. 

2. The parallelogram described upon any 
))air of conjugate diameters, is constant for 
the same hyperbola. 

3. The difference of the squares described 
upon any pair of conjugate diameters is con
stant for the same hyperbola. 

4, If perpendiculars be drawn from the 
foci to any tangent, the locus of these points 
of intersection with the tangent is the cir
cumference of a circle, of which the trans
verse axis is a diameter. 

5. The rectangle of any pair of these per
pendiculars is equivalent to the square de
scribed upon the serai-conjugate axis. 

6. Perpendiculars let fall from the foci 
upon any tangent, are to each other as the 
focal distances of the point of contact, 

7. If two tangents be drawn to the curve, 
ono at the principal vertex, and the other at 
tho vertex of any diameter, each meeting the 
other diameter, the tangential triangles form
ed are equal. 

[HYP 

8. If the curve bo referred to its asymp
totes, the parallelogram of the co-ordinates 
of any point is constant for the same curve, 

9. If a tangent be drawn to the curve al 
any point, and fimited by the asymptotes, that 
portion of it is bisected at the point of con
tact. 

10. If a secant be drawn, cutting the curve 
in two points, and limited by the asymptotes, 
the parts intercepted between the curve and 
asymptotes are equal. 

The last mentioned properties give rise to 
constructions for the curve and tangent that 
are far simpler than any heretofore considered. 

Take any pair of conjugate diameters, 
axes, or otherwise, and upon them construct 
a parailelograra ; draw its diagonals; these 
will be the asymptotes ; through the vertex 
of the diameter which cuts the curve, draw 
any straight line, and lay off from the point 
in which it cuts one asymptote, a distance 
from the assumed point to the other asymp
tote ; the extremity of this distance is a point 
of the curve; in this manner any number of 
points may be found, and the curve described 
through them. 

To draw a tangent at a given point. Draw 
through it a line parallel to one asymptote, 
till it meets the other; from its foot lay off 
from the centre a distance equal to that from 
the foot to the centre, and through the point 
thus found, and the given point, draw a 
straight line ; it wUl be the tangent required. 

It will be observed that the properties of 
the hyperbola are strikingly analogous to the 
corresponding properties of the ellipse; in 
many cases they may be expressed by tiie 
same words. See Ellipse. 

Tho following analytical expressions aro 
useful. 
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Let us denote the co-ordinates of any point 
of the curve by i and y. the co-ordinates of 
thepoint of contact by x" and y", the senii-
Iransverse axis by a, the semi-conjugate axis 
by b. any pair of semi-conjugate diameters by 
a' and 4 . and the eccentricity by e. 
The equation of the curve referred to its 

centre and axis, is 
a'y' - b ' j ^ = - a'b' (1). 

The equation of the cun-e referred to any 
pair of conjugate diameters, is 

n'-f — b -x~- = — a''b'' - - - • (2), 
The equation of the curve referred to any 

diameter and the tangent at its vertex, is 
4" 

(3). 

The equation of a tangent referred to the 
centre and axes, is 

a'yy" - b'xx" = - a'b' - - - (4). 

The equation of a tangent referred to any 
pair of conjugate diaraeters, is 

a''yy" - V'lx = - a"b'' • • • (5). 

The expression for the sub-tangent, on the 
a,ris of X, iu the first case, is 

-xf" 
S = • 

X 
and in the second case, it is 

a' - x' 
S = -

•(6), 

x" 
(7). 

The equation of a normal to the curve at 
the point (x", y") is, when referred to the 
axes, 

ay • X") - . • (8), 

And when referred to any pair of conjugate 
diameters, it is 

a 'y' 
-y" = - y ^ . { x - '^') (9). 

The expression for the sub-normal on the 
axis of X, in the first case, is 

b'x" 
'̂ = - - ^ (10)' 

and in the second case. 

S ' = - •••..•--(11). 

The equation of condition for supplemen
tary chords, through the extremities of the 

transverse axis, and also for conjugate diame
ters, is 

4= 
tan a tan a' = -̂  (12), 

in which a and a' denote tbe angles which 
they make with the transverse axis. If tho 
supplementary chords are drawn from tho 
extremities of any diameter, whose length 
is 2ii', the equation of condition is 

b" 
" = 7 ' (13). 

in which c and c' are the ratios of the sines 
of the angles, which the chords or conjugate 
diameters respectively make with the axes of 
co-ordinates, or the conjugate diameters. 

Any equation of the general form, 
ay= + ixy + ex' + dy + CX + / = 0 - (14), 

wUl represent an hyperbola, when 
4' — 4ac > 0. 

The co-ordinates of its centre are, 
2ac — 4d 
b' — iac' 

2ed — be 

The polar equation of the hyperbola, when 
the pole is taken at the right hand focus, is 

(15), 
_ a(l - e') 

1 + e cos <p 
in which r is the radius vector, and ̂  the 
angle which it makes with the transverse 

Equation (14) represents an equilateral 
hyperbola, when 4 = 0 , and a = — c. W h e n 
a = 0 and c = 0, it represents an hyperbola 
referred to fines parallel to its asymptotes. 

Hyperbolas of Higher Orders. Every 
curve whose general equation can be reduced 
to the form 

y"" X" = a, 
in which m and 7i are positive whole numbers, 
is called an hyperbola. 

In the case when 771 = ?7 = 1, we have the 
common hyperbola; all other cases are of the 
higher orders of hyperbolas. These curves 
have often, hut improperly, been called hypcr
boloids. 

Hy-PER-BOL'IC. Appertaining to, or 
relating to the hyperbola. 

Hyperbolic Arc. The arc of an hyper-, 
bola. If we denote by d and d' any pair ol 
semi-coru'ugate diameters, and by y the ex-
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treme ordinate of the arc, estimated from the 
vertex, and make 

q, also, I 
/y + -/d" + y"> 

and 3^iyVd''-\-y' - d'M)= B, 

i iy'Vd'' + y' - 3d" B)= C, 

i(7/=-/Z»"+y» - 5d'" C ) = D). &c., 

we shall have for the length of the arc, denot
ed by Z, 

Z-d 
\^ 

+ Ib 
2.4' 

+ 
3?° „_ 3.5q* 

2.4.6-̂  2.4.6. 
:E+&c., [-(1) 

also the following formula. 

Z = y 

id'-
1 + Od'* " 

d* + 4d°d" 
"40d^»~~ 

+ 
-4dV=-l-8d^)y*. 

ri2d̂ I '̂''• -(2) 

Hyperbolic Arka, or Segment. The area 
of a portion of an hyperbola. To find the 
area, from the principal vertex to the double 
ordinate 2y, we have the following formulas, 
in which d and d' are, as before, any pair of 
semi-conjugate diaraeters. 

S = 2xy r 
3 1.3.5 3.5.7 5. 

-&c. (1) 

S=2xy I g-g.-dg—yBj-gCj-&c \ - (2) 

in which A, B, C, &c., and the same as ex
plained in the last article. 
Hyperbolic Logarithms, Same as Na

perian logarithms. See Logarithms, Naperian. 
They are caUed hyperbolic logarithms, on 
account of their relation to the area between 
the hyperbola and its asymptote. 

Let B and C bo the vertices of an equila
teral hyperbola, A K and -AD its asymptotes, 
Draw the fine BB' paraUel to AK, and call it 1; 

draw any ordinate whatever, as PP'paraUel to 
A K ; then will the area BB'P'Pbe equal to the 
Naperian logarithm of the abscissa AP'. 
There is, however, no reason for calling the 

Naperian logarithiris hyperbolic, rather than 
any others, for it may easily be shown, that 
if an acute or obtuse hyperbola be taken in
stead of an equilateral one, that the corres
ponding area will be equal to the logarithm 
of the abscissa of the extreme point, taken in 
a system whose modulus is equal to the sine 
of the angle of the a,symptotes. 
Hyperbolic Paraboloid. A surface whose 

plane sections are hyperbolas and parabolas. 
It is a warped surface, and raay be generated 
by a straight fine raoving in such a manner 
as to touch two given straight lines, and con
tinue parallel to a given plane; the plane is 
called the plane directer. This is caUed the 
surface of first generation. If any two ele-
raents of the first generation be taken as 
directrices, and with a plane directer parallel 
to the directrices of the first generation, and 
a warped surface be generated, it wiU be 
identical with the one already described. This 
is caUed the surface of second generation. 
Through any point of this surface two straight 
fines can always be drawn, which fie-wholly 
in the surface, one an element of the first, the 
other of the second generation. The-plane 
of these two eleraents is tangent to the sur
face at their point of intersection. Hence, 
to press a plane tangent to the surface at a 
given point, find the elements of the first and 
second generations passing through the point; 
their plane is the tangent plane required. 
Every section of the surface made by a 

plane paraUel to a tangent plane, is an hyper
bola whose asymptotes are paraUel to the 
elements contained in the tangent plane, and 
consequently, are similar curves, or conjugate 
with similar curves. All other sections are 
parabolas. The elements of the surface diride 
the directrices proportionally ; conversely, if 
any three straight lines divide two given 
straight lines proportionally, they are elements 
of an hyperbolic paraboloid, of which the 
elements are directrices. 

-Analytically considered, the hyperbolic 
paraboloid is a surface of the second order. 
Its equation may be reduced to the form 

Mz' - Ny' + L'x = 0. 
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In this e.ise the sections of the surl.u-e par
allel to the plane Y Z are hyperbolas, and 
those parallel to tho planes X Z and -\ Y arc 
p.ir.iboI.-.s, The section of the surface by the 
plane Y Z is two straight lines intersecting 
each other: t'uu is, the plane Y Z is tangent 
to the surt",iL-e, If two planes be passed 
through these lines, and the asymptotes of 
any parallel section, they will include the sur
face and be asymptotic to it. There are an 
infinite number of such systems towhich the 
surface may be referred. 
Hy-PER'BO-LOID. a surface whose 
plane sections are either ellipses or hyperbo
las. There are two species, those of one 
nappe, and those of two nappes. 

The hyperboloid of one nappe is a warped 
surface which may be generated by a straight 
line moving in such a manner as constantly 
to touch three straight lines situated in any 
manner in space. This is called the surface 
of first generation. If w-e take anv three 
positions of the generatrix as dircetrices, and 
move a straight fine in such a mamier as con
stantly to touch them, the same surface will 
be generated. This is called the surface of 
second generation. Through any point of the 
surface it is always possible to draw two 
sttaight fines, which will lie wholly in the 
surface, viz. : the elements of the first and 
secoTid generation. The plane of these lines 
is tangent to the surface at their point of 
intersection. Hence, to pass a plane tangent 
to the surface of an hyperboloid of one nappe 
at any point, w e find the elements of the first 
and second generation through the point, and 
pass a plane tangent through them; it wiU 
be the tangent plane required. -Any plane 
paraUel to the tangent plane intersects the 
surface in an hyperbola whose asymptotes 
are parallel to the elements of the surface 
lying in the tangent plane. A U other sec
tions are eUipses. 

If t'ne three directrices of either genera
tion are symmetrically disposed with respect 
to a fourth line, the surface is an hyperboloid 
of revolution of one nappe, the fourth line 
being the axis of revolution. Every plane 
through the axis cuts an hyperbola, which, 
'tjeing revolved,about the axis, will generate 
ine surface. Every ordinate to the axis. 
during the revolution, generates a circle ; the 

shortest ordinate generates the smallest cir
cle, called tbe circle of the gorge. The hyper
boloid of revolution may also bo generated by 
either one of two straight Unes intersecting 
each other and revolving about an axis par
allel to their plane. In this case the perpen
dicular drawn frora theirpoint of intersection 
to the axis, generates the circle of the gorge. 
The axis must be so taken that this line shall 
also be perpendicular to the plane of the lines. 

The hyperboloid of two nappes consists of 
two branches or nappes, each extending to 
an infinite distance. If a plane be passed 
tangent to the surface at any point, it will 
have no other point in common with the sur
face. Every plane parallel to a tangent 
plane, which intersects the surface, cuts from 
it an ellipse. All planes not parallel to a 
tangent plane intersect the surface in hyper
bolas, the rule in this case being exactly the 
reverse of that in the case of the hyperboloid 
of one nappe. 

A n y plane which bisects a system of par
allel chords of the surface of an hyperboloid, 
is called a diametral plane. If it is perpen
dicular to the chords which it bisects, it is a 
principal plane. The hyperboloids have three 
principal planes, which intersect in lines 
caUed axes of the surface. Tho point com
mon to all the diametral planes is the centre 
of the surface, and possesses the property of 
bisecting every straight line drawn through 
it and terminating in the surface. 

If w e designate the lengths of the semi-
axes of the surface according to their order 
of magnitude, by a, b, and r, w e have, for the 
equation of tho hyperboloid of one nappe, 
referred to its centre and axes, the equation, 
a='4=z= + a'-'c'ŷ  - 4=c=x' = a'b'c' (1) 
and for the equation of the hyperboloid of 
two nappes, 
a'b'z' + a'c'y' - b'c'x' = - a=4=c' .... (2) 

In the first case two of the axes pierce the 
surface, and the other one does not. The 
one which does not pierce it coincides with 
the axis of X . 

In the second case the axis coinciding with 
the axis of X , alone pierces the surface, 
whUst the other two do not. 

If w e make c = 4, the two surfaces be
come surfaces of revolution, having their 
axis coinciding with the axis of X 
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If any number of planes be passed through 
the centre, cutting out hyperbolas, their 
asymptotes taken together will form a conic 
surface asymptotical lo thq hyperboloid. 
Hy-POTH'E-NuSE. [Gr. irvoretvo,, to 
subtend]. The side of a right angled trian
gle opposite the right angle. In a plane tri
angle the square described upon the hypothe
nuse is equivalent to the sum of the squares 
described upon the other 
two sides. C 

In the right angled tri
angle B A C , right angled 
at B, w e have 
AĈ  O BA= + CB^ 
In the right angled 

spherical triangle, right angled at A, w e have 
the relations expressed in the following 

equations, in which the small letters stand 
for the sides, opposite the corresponding 
angles : 

sin a = cot B cot C • - • ( ! ) ; 

sin a = sine sin 4,- • • (2). 

H-if-POTH'E-SIS. IGx.vTToesaig, a suppo
sition]. A supposition made in the course 
of a demonstration, or upon the arbitrary 
constants of a problem during a discussion. 
The hypothesis made during the course of a 
demonstration, is introduced as though it 
were true, and the reasoning continued by 
the rules for logical argumentation till some 
result is found which agrees or disagrees with 
some known truth. If the result agrees with 
a known truth, the hypothesis is pronounced 
correct, and is said to be proved ; if it disa
grees with a known truth the hypothesis is 
not correct, and the contrary of the hypothe
sis is proved. In assuming an hypothesis it 
must be of such a nature that cither it or its 
contrary must necessarily he true. In the 
discussion of a problem an hypothesis is often 
made upon the arbitrary constants which 
enter tho equations of the problem, and if 

real results are obtained, the interpretation 
shows the consequence of the hypothesis; 
if imaginary results arise, the hypothesis is 
pronounced impossible. See Indirect Demon
stration, and Discussion. 

I, The ninth letter of the English Alpha
bet. It forms one of the seven Roman 
numeral letters, and stands for otic. When 
repeated, the number is to be repeated. Thus, 
II stands for two. III for three. W h e n writ
ten before another numeral letter, one is to be 
subtracted from the number indicated by that 
letter; when after it, the number one is to 
be added. Thus, IV stands for four, and VI 
for six. 

i-CO-SA-He'DRON. [Gr. stmt, twenty, 
and iSpa, a base]. A polyhedron bounded by 
twenty polygons. If the bounding polygons 
are regular, the polyhedron is a regular icosa
hedron. See Regular Polyhedron. 

i-DEN'TI-CAL. [L. idem, the same]. 
Identity implies sameness under aU circum
stances. A n identical equation is one iu 
which the two members are in reality the 
same, though often expressed under different 
forms. Hence, w e define an identical equa
tion to be one hi which one member is merely 
the repetition of the other, or in which one 
member is the result of certain operations 
indicated in the other. 

Sometimes an identical equation takes a 
form in which one member indicates a certaui 
operation to be performed, whilst the other 
indicates simply the forra of the result which 
would obtain were the operation performed 
according to certain indications. Thus, 

ax + 4y = ox + 4y, 
is an identical equation of the first kind; 

a' - 4= 
= a= 

a-4 
is one of the second; whUst 

a + 4x 

+ a4 + 4', 

/j_,/ , , ,=P+Qx + Px= + &H&o. 
a + bx + CX 
is one of the third kind. In it the first mera
ber is a fraction, and the second is the indi
cated form of a series which would result 
frora the division actually performed. The 
quantities P, Q, R, &c,, are not determined, 
but from the nature of identical equations, 
the conditions which fix their values are 
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expressed In every identical equation there 
is alwiivs one or more arbitrary quantities ; 
that is. quantities which may have any value 
vvlw.evcr assigned to them without destroying 
the equafity of the members. This follows 
from ihe nature and construction of an iden
tical equation. The follow lug properties of 
identical equations are readily proved: 

1st. Iu every identical equation containing 
but one arbitrary quantity, in which one 
member is 0, the co-eflicients of the difier
ent powers of the arbitrary quantity are sep-
aiatelv equal to 0 ; or when neither member 
is 0, the co-etfieieuts of the fike powers of 
the arbitrary quantity in the two members are 
separately equal to each other. 
2d. In every identical equation, containing 

more than one arbitrary quantity, one mem
ber of which is 0, the co-efficients of the dif
ferent powers and combinations of powers of 
the arbitrary quantities, are separately equal 
to 0; or when neither m e m b e r is 0, the co-elfi-
cier.ts of the different powers and combina
tions of powers of the arbitrary quantities in 
the two members, are separately equal to 
each other. These two principles are m u c h 
used in developing analytical expressions 
into series; they thus afford one of the 
most potent instruments of analysis. For 
the practical application of these principles, 
see Indeterminate Co-effieients, Taylor s and 
McLaurin's Theorems. 
IM-AG'IN-A-RY EXPRESSIONS. Indi

cated even roots of negative quantities, such 
as 

They are called imaginary, because it is impos
sible to conceive of quantities which they 
represent, according to the ordinary methods 
of interpreting Algebraic symbols. W e know 
that any even power of a quantity, whether 
positive or negative, is always positive, and 
it is impossible to conceive of such a quantity 
that being taken an even number of times as 
a factor, will give a negative result. 
Iir.agiriar;; expressions arise from correct 

algebraic combinations, and although in an 
arithmetical point of view their exact value 
cannot be determined, they are, nevertheless, 
subject to all the rules of analysis, as much 
as other expressions. From the greater gen
erality of Algebraic operations, many expres

sions result which can with difficuhy be 
brought within tho range of ordinary inter
pretation. These expressions arc, however, 
correct expressions of analytietil facts, and it 
only requires a more enlarged view to render 
their meaning perfectly comprehensible. It 
w-ill probably be found, on a proper analysis, 
that the subject of imaginary expressions 
presents no more diflicultios than that of 
negative quantities, which is now so thor
oughly settled as to leave nothing to be 
desired. 
W e shall first explain the form to which 

every imaginary quantity may be reduced, 
aud then give an account of the signification 
to be attached to imaginary expressions gen
eraUy. Every imaginary quantity can be re
duced to the form „ + i-/^ 1, 

in which a and 4 are real, and v — I imagui-
ary. 
To show this, let us assume the well-

known formula, for the simplification of radi
cals. 

/a + -/! = a + c 
• + (1); 

in which c = Va' — b. Making, in formula 
(1), 4 = — b', which gives- c = va' + 4", 
and reducing, it becomes 

V^ + 4- 1 = 
a + v'VT b' 

/ 

Va' + b' 
(?.). 

In formula (2), the first radical in the 
second m e m b e r is positive and real, and m a y 
be denoted hy c ; the quantity under the 
second radical sign, in the second meraber, is 
negative, since a < V a' + b'; denoting it 
by — d', and reducing, w e have 

-v/a + i T ^ = c-\-d V^^-l . . . (3); 

which shows that the square root of an ex
pression of the form, a + 4 V — I, is of the 
same form as the expression itself Hence, 
the fourth root of the expression, a + 4 V — I, 
is of the same form, and so on for the 6th, 
8th, or any other even root. This shows that 
every imaginary expression may ultimately 
be reduced to the form, a + 4 v^— 1, which 
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was to be proved. Hence, in the treatment 
of imaginary expressions, w e need only con
fine our attention to imaginary expressions 
of the second degree, and in these w e shall 
only consider the parts involving •/ — 1, as a 
factor. Every such quantity can he placed 
under the forra 4 -/ — 1, by the rule for re
moving a factor frora under the radical sign. 
For multiplying imaginary expressions to
gether, w e make use of the following formu
las : 

in which n raay be 0, or any positive whole 
nuraber. 

To raultiply any nuraber of iraaginary ex 
pressions together, reduce them to tho form 
/; V — I ; multiply the co-efficients of V -
tocrether for one factor of the product: to 
find the other factor, look in the above for
mulas for that one in which the exponent of 
V — 1 equals the number of factors to be 
multiplied together ; the second member of 
it will be the second factor of the required 
product. 

Thus, let it be required to find the 17"' 
power of V — a'. Reducing to the required 
form, w e have a V — I ; the 17"' power of 
the co-efficient is a" ; making ?7 = 4, w e see 
that formula 1 is applicable; hence, the 
second factor is V — I, and the required power is a " X •/ — 1. 

This rule wUl cover aU operations, which 
differ from the corresponding operations for 
real quantities. 

With respect to the logical value of the 
symbol -/ — 1, it may be remarked that there 
are two separate views that may be taken of 
the expression. In the first place, w e raay 
regard it as a symbol of operation, in which 
case it indicates an operation absolutely im
possible ; for no quantity whatever, taken 
twice as a factor, can produce — 1. In this 
sense, the quantity indicated by tho expres
sion, is truly imaginary or impossible. The 
expression may, however, be regarded as a 
symbol of interpretation; that is, it may be an 
expression resulting frora the correct appli
cation of the princip.es of analysis. In this 

point of view, it admits of complete and sat
isfactory interpretation. The method of in
terpretation, v,'hich w e are about to give, ia 
due to M . MoNREY, a distinguished modem 
analyst. Before proceeding to give an ac
count of his method of interpretation, some 
preliminary explanations are necessary. 

W e have seen that every imaginary expres 
sion can be reduced to the form a + 4 V — 1. 
The expression, -i/ a^ + 4", is called the mo
dulus of the expression. It is a property of 
these expressions, that, if two of them be 
multiplied together, the resulting product 
will be of the same form as each factor, and 
its modulus will be equal to the product of 
the moduli of the two factors. 

Thus, 
(2 + 3-vA:^!) (3 _ 7-/-rj) = 27 - 5-v/;^L 

The modulus of the first factor is -i/l3̂  
that of the second is v/58, and that of the 
product, 1/754 = -/I3 X -/58. 

In general, if any n umber of factors of the 
given form be taken, their product will be of 
the sarae form, and its modulus will be equal 
to the product of the moduli of aU tho fac
tors. 

W e may n o w proceed to an examination 
of M. MoNREv's explanation of imaginary 
results. 

If w e take the expression a + 4 V — l , 
and denote its modulus by WI, we shaU have, 
for the expression 

B y inspection, w e see that if -- is taken 

for the cosine of an angle ifi, •—. wUl repre; 

sent the sine of the same angle, and by sub
stitution, the expression becomes 

A (cos ̂  + sin ̂ v — 1). 

|̂"D 

\ 
\ 
v \ 

1 

A. 
f 
/ / ^/ 

x" 
Let A be the origin of a system of polar 

http://princip.es
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co-ordinates, A B the initial line, aud ij> tho 
angle made with it by any straight line .-VD, 
It now the length of the line .\D be taken 
equal to .V, then will the line A D fulfill two 
conditions, viz,: it is of a given length M , 
and makes with the initial line an angle 0, 
which conditions make up the relation of t'ne 
line -AD to the system. 
The angle f is called the verscr, and the 

given expression represents the line A D , 
ho:'.\ in length and position ; or, in other 
K̂ orus. expresses the relation of the line A D 
to the svstcm of polar co-ordinates. 
If 0 = 0, the fine takes the position .\E. 

and the given expression reduces to .1/. and 
we have also M = a. This corresponds to 
our conventional system of representing a 
positive quantity by a straight fine of definite 
length, estimated from a fixed point towards 
the right. If d = 180°, the expression bo-
comes—ilf, and the fine takes the position AF, 
which also corresponds to the same system. 
of 0 = 90°, the expression becomes M V — l, 
and the line takes the position AG. If 
6 = 270°, the expression becomes — M V — l, 
and the lifie takes the position A H , In any 
given expression, the value of ip may be found 
from the equation 

a 
cos ̂  = ; 

Va'-^rb' 
and this, together with the value of 
.V = Va' + b', will serve to determine the 
relation of the radius vector to the system. 
This method of representation conforms 

perfectly to every case of an expression of 
the form a + 4 V — 1 ; it now remains to ex
plain the results obtained by operating upon 
it by the rules of aln-ebra. 
Let us consider the result of multiplying 

a + 4\/—1 by c + d V^^^l. 
Performing the multiplication, we have for 
the product, 

(ac - 4d) + (aJ + 4d) l A ^ . 
Now, the angle which the line whose rela
tion is given by this product, makes with the 
initial fine an angle y, whose cosine equals 

ac — bd 

thatis 
Va'-^b' Vc'-^ d' 

ac — bd 
' ~ v'(a" + 4=)(c=' + d=)' 

If wo denote the angles made by the first and 
second lines with the initial line, by a and 0, 
we shall have, 

a c 
cos O = . ) COS B = . =' 

Va' + b' ^ /i^ + d» 
i d 

sin o = -7=Tzz=:r, sin fl = — ^ = . . 
Va'^b' ^ V^-^d" 

we have also, 
cos (a + ̂ ) = cos a cos /3 — sin a sin jS 

ac — bd 
V a ' + b' -/c=-+ d= 

and consequently 
cos y = cos (a + /3). 

Hence, the product represents the relation of 
the line A E to the system, whose length A E 

E 

is equal to the length -AC, taken as many 
times as there are units of length in AD, ana 
making with the initial line an angle equal to 
the sum of the angles which the fines A G ano 
A D make with it. 

In general, the product of any number of 
factors of the given form, represents the rela 
tion of a line to the system, which is equal in 
length to the length of any one of the lines 
taken as many times as there are units in the 
continued product of the number of units in 
each of the other lines taken separately, ana 
which makes, with the initial line, an angle 
equal to the sura of the angles made by each 
line with the initial line. W h e n this angle 
is any multiple of 180° the product becomes 
real. The entire subject of imaginary quan
tities may be clearly explained, and as we 
see, without any impossible circumstances 
arising. 

W e see, then, thai to interpret the expres
sion V — a', we have suuply to regard it as 
the representation of a straight line perpen
dicular to the initial line at the origin, aad 
equal in length to a. Whilst the expression 
— V — a' represents a line equal and directly 
opposed to that represented by V — a' 
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Thus interpreted, every idea of impossibility 
disappears from the mind, and the subject 
becomes as plain as the interpretation of 
negative results. 

Imaginary Roots. It is aprinciple of Alge
bra, that if an equation, having real co-effi
cients, contains any imaginary roots, it will 
contain an even nuraber of thera, and all of 
thera must, from the preceding article, be par
ticular cases of the general form a + 4 V~— I. 
It has been shown, that for every root of the 
form a + 4 V — l , there is a root of the form 
a — 4 V — l ; this principle is expressed by 
saying that imaginary roots enter hy pairs. 

Sometimes a real root of an equation may 
he expressed in an imaginary form ; we have 
an example in the roots of a cubic equation 
as solved by Cardan's method. The nuraber 
of imaginary roots of an equation raay be 
ascertained by means of Sturm's Theorem ; 
for by it we may find the nuraber of real roots, 
and then taking this from the number denot
ing the degree of the equation, the remainder 
will denote the number of imaginary roots. 

IM-PER'FECT N U M B E R , [L. imperfec-
tus, in, and perfecius, finished]. A number, 
the sura of whose divisors is not equal to 
the nuraber itself. 

W h e n this sum is less than the number, 
the number is said to be defective; when 
greater, it is abundant. Thus, 10 is a defec
tive number because l + 2 + 5 < 1 0 , and 12 
is an abundant number, because 1 + 2 + 3 
+ 4 + 6 > 12. See Number. 
Imperfect Power. A number whose root 

cannot be expressed in exact parts of 1, that 
is. a number such that no whole number or 
vulgar fraction can be found, which, taken 
any number of times as a factor, wUl produce 
the given number. Thus, 5 is an' imperfect 
power. Some numbers may be imperfect 
powers of one degree, but perfect powers of 
another degree; thus, 8 is an imperfect square, 
but a perfect cube. Hence, in speaking of 
imperfect powers, it is customary to designate 
tho degree of the power referred to ; thus, we 
say an imperfect square, an imperfect cube, 
and imperfect ti"" power, and so on. 

IM-PLiC'IT F U N C T I O N . [L. implicitus, 
from in, and plico, to fold]. A n expression 
in which the form of the function is not 
directly given, but which requires some 

operation to be performed, to render it evi
dent. 'Thus, in the equation, 

ay" + 4xy + ex" + dy + ex + / = 0, 
is an implicit function of x. See Function. 

IM-POS'SI-BLE. [L. impossibilis, from in, 
and possum, to be able]. In Analysis, the 
same as imaginary. W e sometimes speak 
of impossible equations, impossible roots, im
possible expressions, &c., meaning Ihe same 
as imaginary equations, roots, expressions, 
&c. The term imaginary is preferable. See 
Imaginary. 

I M - P R O P ' E R F R A C T I O N . [L. impro-
prius, from in, and proprius, proper]. A 
vulgar fraction whose numerator is greater 
than its denominator. Thus, ̂  is an impro
per fraction. See Fractions. 

IN-AC-CESS'I-BLE. In Surveying, a 
distance or height which cannot be reached, 
for the purpose of measuring it directly, on 
account of some obstacle. See Distances 
and Heights. 

INCH. [L. uncia, the twelfth part]. A 
measure of length equal to the twelfth part 
of a foot. 

IN-CLi-Na'TION. iL.inclinatio, auincKn-
ing]. The inclination of one line to another, 
or of one plane to another, is the same as 
the angle which they make with each other 

IN-COM-MEN'SU-RA-BLE. Two quan
tities of the same kind are incommensurable 
with respect to each other, when they have 
not a common unit, that is, when there is no 
quantity of the same kind so small that it is 
contained in both an exact number of times. 
Thus, the diagonal and side of a square are 
incommensurable, for it has been shown, that 
if w e denote the side of the square by 1, the 
diagonal will be denoted by V i l but the 
square root of 2 is incommensurable with 1, 
because the square root of au imperfect 
square cannot be expressed in exact terms 
of 1 ; were we to extract the square root of 
2 and carry on the operation decimally, there 
would be an infinite nuraber of decimal places 
in the result. W e may, however, find a lUiin-
ber which will approximate to a common 
unit as closely as we wish ; for example, 
were we to stop the process of extraction ol 
the square root at the 5th place of decimids, 
and take the result as the true value of-/S, 
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then would .00001 be a common unit of 1 aud 
v"?. approximately, Xo two whole numbers 
or vulgar fractious are incoimueusur.able : for. 

a e 
let T and -v be any two vulgar fractions, then 
since they may be transformed into the equiv-

ad be 
alent fractions Tj and t-j ' it is clear that 

1 
they have a common unit -j-y the first con
taining this unit ad times, and the second 4c 
times. Prime quantities which can only be 
expressed by series, or by decimals having an 
infinite number of places of figures, are in
commensurable with those which can be other
wise expressed. 
The following is the geometrical method of 

proving that the side of a square and its diago
nal are incommensurable, and it also gives a 
ven- clear idea of the meaiung of the term 
incommensurable. If the two fines have no 
common divisor they are of necessitv, incom
mensurable. 

33 

A -e B 
Let A B C G be a square, and A C one of its 

diagonals. W e first apply C B to CA. For 
this purpose, let the semi-circumference D B E 
be constructed from C as a centre, with the 
radius CB, and produce A C to E. It is evi
dent that C D is contained once in CA, with 
the remainder AD, The first result is, there
fore, a quotient 1, with the remainder AD. 
This remainder must now he compared with 
CB, or its equal AB. 
Since the angle A B C is a right angle, A B 

is tangent to the arc D B E , and A E a secant 
terminating in the concave arc, whence 

AD . AB :: AB • AE. 
Hence, in the second operation, where A D is 
compared with A B the equal ratio, A B to A E 
may be taken instead ; but A B or its equal 
CD is contained twice in A E , with the re
mainder AD. The result of the second opera-

20 

tion, therefore, is a quotient 2, with tho re
mainder .VD, and this must be again com
pared w-ith -VB. Then, the third operation 
consists in comparing .VU with .VB, which 
gives, as before, the quotient 2, with a re-
remaimler AD, and so on indefinitely. Since 
the process will never terminate, there is uo 
remainder which is contained an exact num
ber of times in tho preceding divisor, and 
consequently the fines A C and B C have no 
common measure ; they are therefore incom
mensurable. 
IN-C0.\I-PLeTE' EQUATION, A n equa

tion, some of whose terms are wanting; or 
an equation in which the co-efficient of sorae 
one or more of the powers of the unknown 
quantify are equal to 0. .See Equation. 
IN-CON'GRu-OUS NU.MBERS, See Con-
gruous Nuiubers. 

IN-CPveASE'. [I,, frora 777 and eresco, to 
grow]. To augment, to make greater by 
addition. 

Increasing Function. A function that 
increases as the variable increases, and of 
course decreases as the variable decreases. 
See Function. 
IN'CRE-MENT. [L, incrcsco. to increase]. 

.-V quantity, generally variable, added to the 
independent variable in a variable expression. 
The function also undergoes a corresponding 
change, which is called an increment or de
crement, according as the function is increas
ing or decreasing. W h e n the increment or 
decrement is infinitely small, it is called a 
differential. 

IN-DEF'IN-iTE. [L. indefinitus, indefi
nite]. Unbounded or unlimited. That por
tion of a straight line included between any 
two of its points is definite, and is called a 
definite straight line ; but if the direction of 
the line only is given, it is supposed to ex
tend in both directions frora any point of it 
without lirait; such a line is, properly speak
ing, an indefinite line. If we speak of that 
portion of a straight line which lies entirely 
on one side of any point of it, it is said to 
extend indefinitely in that direction. A plane 
extends indefinitely in all directions, unless 
lunited by a boundary: it may be limited in on'? 
or more directions by a line or lines, and in
definite in all other directions. 
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Space is indefinite in all directions, unless 
limited by a surface ; when so limited, it is 
indefinite in all other directions. Properly 
speaking, space is indefinite in the most en
larged sense of the word, but for convenience 
of speaking, w e are led to admit the distinc
tions above drawn. 

The term indefinite is often and erroneously 
used as synonymous vvith infinite. Thus, it 
is common to speak of a magnitude as inde
finitely great or small, of a polygon with an 
indefinite number of sides, &c., in all of 
which cases, it is better to use the term in
finite, as that is the only correct terra to ex
press the idea intended to be conveyed. 

Whenever lines or surfaces arc given by 
their equations, if they are not from their 
nature necessarily limited, the equation stands 
lor them in their indefinite sense ; thus, the 
equation 

y = ax + 4, 
is the equation of a straight line indefinite in 
length. 

There is another sense in which the word 
indefinite is used in analysis ; for example, 
in the equation above given, so long as the 
constants a and 4 arc not given, but remain 
arbitrary, the position of the line is said to 
be indefinite. In this case, the term arbitrary 
is better. 

I N - D E - P E N D ' E N T . One quantity is said 
to be independent of another with which it 
is connected, when it does not depend upon 
it for its value. In this case, the term is 
nearly synonymous with arbitrary, hut not 
quite, as we shall presently show. In an 
equation containing more than one variable, 
as does the equation of any magnitude, all 
the variables, except one, are independent; 
that is, any value may he assigned to them 
at pleasure, and the corresponding value of 
the other will be found for the solution of 
the equation. Thus, in the equation of the 
straight line, 

y = ax + 4, 
w e may take x as the independent variable, 
in which case, whatever be the value assigned 
to it, the corresponding value of y m a y be 
found. The assumed and deduced values de
termine a point upon the line. The variables 
X and y represent, at tho same instant, the 
co-ordinates of every point of the line, x in
dependently, y dependently ; that is, subject 

to the form of the equation, and to the values 
of a and 4. The quantities a and b serve to 
determine the position of thei line, with re
spect to the co-ordinate axes, and may hi 
assumed at pleasure. These are caUed arbi
trary. That is, the arbitrary quantities ad
mit of a?7y set of values, whilst the variables 
have necessarily at the same instant eveiy 
possible value that will satisfy the equation. 
This constitutes the difference between inde
pendent and arbitrary quantities, which is ex
actly the same as that between the words 
aTiy and every. Equations are independent 
when they have no connection with each 
other; that is, when the quantities entering 
the different equations are not at all depend
ent upon each other. See Simultaneous 
Equation. 

IN-DE-TERM'IN-ATE. A quantity is in
determinate when it admits of an infinite 
number of values. In the equation of a 
straight "line, 

y = ox + fr. 
X represents the abscissa of any point of the 
line, and is indeterminate when considered 
only with reference to its value ; when con
sidered with reference to its connectio,n with 
y, it is independent of it, provided we agree 
to assume it as the independent variable. 
See Independent. 

Indeterminate Equation. A n equation is 
indeterminate when the unknown quantifies 
which enter it admit of an infinite number of 
values ; the equation of the right line is an 
example of an indeterminate equation; in 
general, most of the equations used in analy
sis are indeterminate. 

Whenever an equation contains more than 
one arbitrary or unknown quantity, that, con
sidered by itself is indeterminate, for any 
nuraber of sets of values may be attributed 
to all the unknown quantities, except one, 
and the value of that one deduced. The as
sumed and deduced values satisfy the equa
tion, and therefore the unknown quantities 
admit of an infinite number of systems of 
values, each of which satisfies it; hence it is 
indeterminate by definition. In like manner, 
a group of equations contaming more un
known quantities than there are equations, 
is indeterminate. 

Indeterminate Problem. A problem is 
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inJe:er;uiiia'.c when it admits of an infinite 
number of solutions. This will always be 
the case when there are fewer imposed con
ditions than there are unknown or required 
parts : for, in that case, the equations which 
express the imposed conditions will be fewer 
than the number of unknown quantities 
which enter them; consequently, they will 
be indeterminate, and of course the problem 
itself wiU also be indeterminate. 
Indeterminate Analysis. .-V branch of 

analysis which has for its object the solution 
of indeterminate problems. .V problera is in
determinate when it admits of an infinite 
number of solutions. In all cases, when the 
conditions of a problem do not furnish as 
many independent equations as there are un-
know--n quantities, the equations of the prob
lem, and consequently the problera itself, is 
indeterm'mate. In most cases, the conditions 
require the solutions to be expressed in whole 
numbers, and these conditions often greatly 
diminish or restrict the number of solutions. 
Indeterminate analysis may be of the first, 
second, or higher degrees, according as the 
equations arising are of the first, second, or 
higher degrees, 

-\» an example, let it be proposed to divide 
159 into two such parts, that one shall be 
divisible by 8, and the other by 13. 
If we denote the quotients by x and y re

spectively, w e shall have, for the equation of 
the problem, 

8i + 13y = 1.59 . .. (1). 
Let it be required, in addition, that the 

results shall be whole numbers. 
W e have, from equation (1), 

159 - 13y 
= 19-y + 5y 

8 
In order that x and y may be whole num

bers, it Is necessary that 
7-5y 

8 
should be a whole number also. Denote this 
number by 7J, and w e shall have 

7 — 5 y 
8 

- = 77 or 877 + .5y = 7 . . 

an equation of the sarae forra as (1). 
ing fhe value of y, w e have 

7 —8?7 2 
y -' • or y = l — 77-! 

(2). 

Find-

-3n 

-(6). 

Now. as before, since y and n arc to be 
whole numbers, so must 

2 - 3n 
5 

be a whole number: denoting tiiis by n', wo 
have 

2 — 3?i 
- ^ — = 77'; 

or, clearing effractions, 
377 + 57i' = 2 . . . (3). 

Continuing this process of transformation, 
we shall obtain the equations 

27i' + 37i" = 2 . . . (4), 
?i" = 2ri"'. . . (5). 

For any value assigned to 77'", which is 
entire, all the quantities 77", 77', 77, y and x, 
will be entire, and the last two will forra an
swers to the problera. Collecting the equa
tions, and substituting, w e have 

I = 19 — y + 77 
y = 1 — 71 + 71' 
n = — 71' + Tl" 
71" = 277'" 
Combining the equations in group (6), and 

eliminating, we have, finally, 
X = 15 + 137i"' and y = 3 — 877'" .. , (7) 

Making 77'" successively equal to 

0. 1, 2, 3, &c.. - 1, - 2, &,c., 

w e shall find all the values of x and y, which 
will satisfy the conditions of the problera. 
If the conditions of the problem had required 
that the solutions should all be positive whole 
numbers, such values must be given to n"' 
as will raake both 15 + 13?i"' and 3 — 877"' 
positive. The only values for n'", which will 
satisfy these conditions, are 

71'" = 0 and 7t"' = — 1 ; 
these, being substituted in equation (7), give 
for the only solutions 

1 = 1 5 , y = 3, and x = 2, y = ll. 
All other indeterrainate probleras of the first 
degree, involving but two unknown quanti
ties, may be solved in a similar manner, and 
by extending the principles, rules may be 
formed for solving all indeterminate problems 
of the first degree, involving any number of 
unknown quantities. 

For the method of solving indeterminate 
problems of the second degree, the reader is 
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referred to the works of Legendre, Gauss, 
Barlow, Euler, Lagrange, &c. 
The following indeterminate formulas are 

taken from Barlow's Theory of Numbers : 

1 ax — 4y = ± c. 

Value of X . . . x = ?7i4 ± eq, 
" •• y . . . y = ma ± cp. 

In which 777 is indeterminate, and p and q re
sult from the solution of the equation 

ap — 4j = ± 1. 

2. ax + 4y = c. 

"V"alue of X . . . X = CJ — 7T74, 
" " y . . . y = m a — cp. 

In which 771 is indeterminate, and p and q 
may be found from the equation ap—4-7 = ± 1. 

3. ex + 4y + cz = d. 

Value of X = (d — cz)q — mb, 
" " y = ma — (d^— ez)p. 

In which m is indeterminate, z any whole 
d 

number less than —, and p and q the same as 
in (1) and (2). 

Value of X . . . x = y'' + ag', 
" " y • • • y — 2??> 
" " z . . . 2 = p- — aq' 

in which p and g may be assumed at plea
sure. 

5. x' + ay'' = z'. 

Value of X . . . x = p' —ag'. 

m'x' + 4x + c = 2'. 

Value of X - cq'. 

(i ., 

in which p 

6. 
Value of 

U ti 

in which p 

7. 

Value of 

y • 
z 
and 5 

ax 
X . 
y • 
z . 

• • y = ^pq, 
. . z=p' + ag'; 
are entirely arbitrary. 

' + 4xy + y= = z'. 

• • x = 2pg + bq', 
. . y = p ' — ag', 
. . z = p' -'r bpq + aq' ; 

and q are entirely arbitrary. 

X . 

ix' + b x = z'. 

p' - ag' 
bnq 

bq' — 2mpq 
mp'-\-mcq'—bvn'' 

* Z . , . Ẑ :̂  
bq' — 2mpq ' 

in which p and g are indeterminate. 
9. ax' + 4x + 771̂  = z'. 
Value of X 

bg' —• 2mpg 
"""̂  p' - aq' ' 

mp'-hamq'—l 

ag" 
ill which p and q are arbitrary. 

in which p and q are; as before, entirely arbi
trary. 

M a n y other forms might he given, but the 
reader desirous of examining them is referred 
to Barlow's theory of numbers. 

Indeterminate Co-efficients. It has been 
stated that an identical equation is true for 
all values of the arbitrary quantity or quanti
ties which enter it. If, in such an equation, 
all the terms-be transposed to one member 
of the equation, the co-eificients of the differ 
ent powers of the arbitrary quantity are 
called indeterminate co-efficients, not because 
they are themselves indeterminate, bat be
cause they are co-eificients of indeterminate 
quantities. These co-efficients are in reality 
each equal to 0. This is caUed the principle 
of indeterminate co-efiicients, and may he 
enunciated as foUows : 

1. In every identical equation, containmg 
but one indeterminate quantity, tbe second 
member of which is 0, the co-efficients of the 
different powers of that quantity are sepa
rately equal to 0. 

Or, in every identical equation, contaming 
but one indeterminate quantity, the co-effi
cients, of the different powers of that quan
tity in the two members are separately equal 
to each other. 

2. In every identical equation containing 
more than one indeterminate quantity, the 
second member of which is 0, the co-efiicients 
of the different powers and combinations of 
powers of these quantities, are' separately 
equal to 0. 

Or, in every identical equation contaming 
more than one indeterminate quantity, the 
co-efficients of the different powers and coiu-
binatioiis of powers in the two members, aro 
separately equal to each other. 
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into a series, according to the 

These principles are of extensive applica
tion in analysis. W e shall givo but a single 
example, namely, that of developing an ex
pression into a series. 
Let it be required to develop the expres-

1 
sion z—r 

1 T 
ascending powers of x. 
.\ssume a development of the required 

form 
•-^ = P + Cx + -Rx' + d-c. 

1 -r X 
in which P, Q, R, &c.. are to be determined 
so that the equation shall be true for all val
ues of x; that is. so that the equation shall 
be identicah Clearing the equation of frac
tions, 

l = P-{-Qlx-̂ -R\x'-\-&c. 
+ p\ +q\ 

Equating the co-efficients of the like powers 
of X in the two members, w e have 
1 = P, Q + P = 0, JJ + Q = 0, &c. ; 

whence, 
P = 1, Q = - 1, iJ = + 1, &c. 

Henee, by substitution, 
1 

iTi 
Any other expression may he treated in a 
similar manner; hence the foUowing rule : 
Place the expression to he developed equal 

to a series of the proposed form, the co-effi
cients of which are to be determined so as 
to make the equation identical. Clear the 
equation of fractions and equate the co-effi
cients of the like powers of the unknown 
quantity in the two members separately, and 
from these equations find the values of the 
co-efficients ; substitute these in the assumed 
development, and the result will be the 
required series. W e have only explained 
the manner of developing an expression con
taining but one unknown quantity ; but the 
rule rnay be extended to the development of 
a quantity containing any number. 
The various applications of the principle 

of indeterminate co-efficients are too numer
ous to admit of numeration in an article like 
this; in fact they extend throughout every 
branch of the higher mathematics and philos
ophy,- and upon them depends a large share 

of the most miportant demonstrations of 
both. 

IN'DE.A", [L.i?T,from,andd7'co,tosay]. The 
index of a radical is a number written over the 
radical sign to denote the degree of the root 
to be extracted. Thus, in the expressions 

\/7, Y ^ ic, 
3. 4, <tc,, are called indices. A n index is 
generally a whole number greater than 2. 
W h e n the square root is indicated, the index 
is generally omitted, being understood. 

There is a second method of representing 
radicals by means of fractional exponents; 
thus, 

i/1. -iA V ^ &c., 
may be written 

(4)^", (5)V, (c)» 

1—i + x'' — x' + x' — &c. 

&,c. 

In these cases the fractional exponent is often-
called the fractional index. 
IN-DLRECT' DEMONSTRATION. See 

Demonstration. 
IN-DI-VIS'I-BLE. That which cannot be 

exactly divided. One quantity is said to be in
divisible by another when no commensurable 
expression can be found, which, being multi
plied by the latter, will give the fonner. See 
Division. 

IN-DI-VIS'I-BLES. In ancient geometry 
the same as infinites—small or infinitely 
small quantities. 

According to the views of the first inventor 
of the system of indivisibles, lines are made 
up of an infinite number of points, surfaces 
of an infinite number of lines, and volumes 
of an infinite number of surfaces. This cor
responds with the idea of fluents and fluxions, 
as originally conceived. W e subjoin an 
example of the method of reasoning. Let 
it be required to deduce an expression for the 
volume of a cone. 

Let S B C be a cone, S its vertex, S A a 
perpendicular let fall upon the base. Let 
S A be divided into an infinite number of 
equal parts, and through each point of divi
sion let a plane be passed parallel to the base 
According to the idea of indivisibles each of 
these sections is an element of the volume, 
and the sum of these elements is equal to the 
volume of the cone Now, from the princi 

file:///ssume
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pies of elementary 
geometry these el
ements are to each 
other as the squares 
of their distances 
from the vertex. If 
w e denote the area 
of the base hy A, 
and that of the par
allel element F H by Q( 
a. Vie shall have 
A: a:: SA' : SG' ; 
whence. a = 4 • 

SG' 
'SA' 

Ah" 

h denoting the altitude of the cone, and h' 
the distance of the element F H from the ver
tex. If V be taken to represent the volume 

of the cone, it wiU he equal to -j^, multiplied 

by the sum of the different values of h' for 
every possible section. But the distances A' 
increase from the vortex as the series of natu
ral numbers 0, 1, 2, 3, 4, &c,, up to A inclu
sive. But the sum of the series from 0 up to 
the limit A, the whole number of terms being 
infinite, is equal to ̂ h'; hence 

V = ̂ A X A, 
a well known formula for the volume of a 
cone. 

IN-DUC'TION. [L. inductio, from 777 and 
d77co, to lead]. The method of induction in 
its true sense is not known in pure mathe
matics, except perhaps in the processes of 
establishing the axioms. It is often, how
ever, employed in inferring principles which 
are afterwards submitted to a process of rigid 
demonstration. There is a raathematical pro
cess of demonstration which possesses some
what the character of induction, inasmuch as 
a general truth is gathered from the examina
tion of particular cases, but it differs from it 
inasmuch as each successive case is made to 
depend upon the preceding one. This pro 
cess has been called the process of successive 
induction. The following demonstration is 
suflicient to illustrate the process. 

Let it be required to prove that the differ
ence between the like powers of two quanti 
ties is exactly divisible by the difference of 
the quantities. 

T<et x» — a"- denote the difference of the like 

powers of two quantities, Tt being any whole 
number ; then will x — a denote the differ
ence between the quantities. W e have the 
relation 
x» — a» = X (x«-i — a"-^) + a»-' (x - a), 

as m a y readily be shown by performing the 
operations indicated in the second member, 
and reducing. In the second member the 
last term is evidently divisible by (x —a), 
consequently the second member itself, and 
of course the first member, wiU be divisible 
by X — a if X"—' — a"—' is divisible by x—a. 
This shows that the difference of the like pow
ers of two quantities is exactly divisible by Ihe 
difference of the guantities. if the difference 
of ihe powers of the guantities of a degree less 
I is thus divisible. N o w w e know that x'—a' 
is divisible by x — a , hence from the above 
principle x' — a' is thus divisible. Again, 
since x° — a' is divisible, x* — a* is thus 
divisible, and ^0 on. Since this process may 
be carried on to any extent, w e infer gener
aUy that x" — a" is divisible by x — a, 71 being 
any whole number whatever. 

There are cases where w e reason by suc
cessive steps, as above, but infer in every case 
from two preceding conclusions. For exam
ple, to demonstrate the universaUty of the 
formula 

X' + -^, = 2 cosine); 
this is a consequence of the relation 

1 
X H — = 2 cos d. 

X 
N o one case of this can be proved without 
showing that the preceding two eases hold 
true. Thus, if it is true when 71= 1 and 
77 = 2, it is necessarily true when 77 = 3. If 
true when 77 = 2 and n = 3, it is so when 
71 = 4, and so on ; hence the generality of 
the formula is proved. 

IN-E-QUAL'I-TY. [L. 7"7!, and, aqualilas, 
equal]. In Algebra, the expression of two 
unequal quantities, connected by the sign of 
inequality. Thus, 2 < 3, 4 > 1, are inequal
ities. Every inequality consists of two parts: 
that on the left of the sign of inequality, is 
caUed the first member; that on the right is 
called the second member. 

T w o inequalities are said to exist in the 
samo sense when the first members are both 
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greater, or both less, than tho second mem- [ 
hers. They exist in a contrary sense when 
the lirst member is greater than the second 
in one inequality, and the second member 
greater than the first in the other. 
The inequafities, 

4>2. 5>3, or 7< 9, 11< 13, 
are s.iid to exist in the same sense. The in
equalities. 7 < 9 and 8 > 4. exist in a con
trary sense. 
The following transformations may be made 

in inequafities : 
1. If we add the same quantity to both 

members of an inequality, or subtract the 
same quantity from both members, the re-
s-o.lting inequaUty w'dl exist in the same 
sense. 

2. If two inequalities exist in the same 
sense, and we add them member to member, 
the resultinff inequalitv will exist iu the same 
sense. But this is not always the case when 
we subtract them member from member. 
3. If both members of an inequality be 

maltiplied by the same positive quantity, the 
resaltini inequality wiU exist in the same 
sense. If both members be multiplied by 
the same negative quantity, the resulting in
equaUty wUl exist in a contrary sense. 
4. If both members of an inequality are 

positive, and if both be squared or raised to 
any power, the resulting mequality w-ill exist 
i:i the same sense. 
If both members of an inequality are ne

gative, and if both members be squared or 
raised to any even power, the resulting in-
equafity will exist in a contrary sense. 
These principles enable us to find from a 

given inequality another, in which one mem
ber wiU contain the unknown quantity only. 
Such operation is caUed solving the inequality, 
IN-E-Qi;.A'TION. The same as inequal

ity. See Inequality. 
I N T E R - E N C E . [From 777, and fero, to 

bear]. A conclusion—a truth drawn from 
another which is admitted, or which has been 
proved. 

IN-Fe'RI-OR. The inferior limit of the 
roots of an equation, is a number less than the 
lea<:t root of the equation. It is evident from 
this definition, that there may be an infinite 
number of such limits. The greatest one. 

or the gre:itest one in whole numbers, is the 
one generally referred to. Seo Limit. 

!.\-FllS'I-TY, A term employed in mathe-
nialies,to express a quantity greater than any 
assignable quantity of the same kind. Mathe
matically considered, infinity is ahvays a limit 
of a variable quantity, resulting from a par
ticular supposition made upon the varying 
clement which enters it. 

In order to illustrate, let us consider the 
a 

fraction -, in which a retains the same value 
throughout, whUst x is entirely arbitrary. If, 
now, the value of x become smaller and 
smaller, that of the fraction will bccorae 
greater and greater. If x becomes exceed
ingly small with respect to a, the value of the 
fraction becomes exceedingly great, and, 
finally, when x becomes smaller than any 
assignable quantity, the fraction becomes 
greater than any assignable quantity; it is 
this value that we call infinity, and designate 
by the .symbol cm. 

In consequence of the technical meaning 
of the term, infinity, having been confounded 
with its absolute or popular meaning, a great 
deal of metaphysical discussion has arisen as 
to the propriety of employing it iii mathe
matics. 

Without entering upon any of these dis
cussions, which after all are merely verbal, 
we shall endeavor to explain as clearly as 
possible the proper signification of the term. 
This may best be done by citing some parti
cular instances of its appropriate application 
and use. 

In Arithmetic, infinity is the limit or last 
term of the series of natural numbers. This 
series is an arithmetical progression, each 
tenn of which is derived from the preceding 
one by the addition of the unit 1. It is plain 
that each terra of the series is greater, than 
the preceding one, and if a terra be taken 
sufficiently remote, it may be regarded as 
greater than any assignable nuraber, or as 
infinite. In like manner, if we regard tho 
decreasing series of natural numbers, 

0, — 1, — 2, — 3, &c., 
we may regard its final limit as minus in
finity ; hence, tho two limits of all numbers, 
both positive and negative, arc 

+ CO and — CV3. 
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In Algebra, the idea of infinity may be ob
tained by considering the following problem : 

Tw o couriers travel on the same line, and 
in the same direction, the foremost courier 
at the rate of ??i miles per hour, and the rear
most one at the rate of 71 miles per hour. At 
a certain time they are distant from each 
other a miles ; in how many hours from that 
time are they together^ 

If w e designate the required number of 
hours by t, w e shall find, by solving the prob
lem, the relation, 

a 
t = 

In assigning particular values to 771 and 77, 
and interpreting the results, there arises the 
case in which m = ?7, This supposition gives 

a 
^ = 0 = "' 

To understand the meaning of infinity in this 
case, w e have only to consider the nature of 
the problem in a common sense point of 
view. If 771 is not quite equal to 77, but a 
little smaller, then will t he very great, and 
the value of I will increase as the difference 
7i — 777, is diminished ; and, finally, it is plain 
that i is greater than any assignable nuraber, 
or, according to the definition of the term, is 
infinite. In fact, it is plain, that if the cou
riers are separated by a distance 77 miles, and 
travel both at the same rate, as the supposi
tion indicates, they can never he together, 
and this is the interpretation put upon the 
result 7; = CO, an interpretation entirely con
sistent with the nature of the case. Of this 
nature are all of the cases in which infinity 
appears in algebraic results. 

In Geometry, if we inscribe a regular poly
gon in a circle, and then bisect each arc sub
tended by a side of the polygon, and join the 
points of bisection with the vertices of the 
iuljacent angles, a new polygon, regular and 
inscribed, will be formed, having double tho 
number of sides. This polygon will coincide 
more nearly with tho circle than the pre
ceding. If we again form a third regular 
polygon, in like manner, having double the 
number of sides that the second has, it will 
coincide still more nearly with the circle, and 
SI) on. If wo conceive this process of bi
section and fiirmation of polygons, each hav
ing double the number of sides of tho pro-

cediufr one, to be continued, the varying poly
gon will continue to approach the circle In 
area, hut it is evident that no polygon having 
a finite number of sides, can ever be exactly 
equal to the circle, though a polygon can 
always be found which will differ from the 
circle by less than any assignable quantity. 
The circle is the limit towards which the 
varying polygon approaches as the number 
of sides increases ; hence, w e say with pro
priety that the circle is u. regular polygon, 
having an infinite number of sides. In like 
manner, every curve may be regarded as a 
polygon, obeying a certain law, and having 
a?7 infinite number of sides. The sphere, the 
cone, and the cylinder, are polyhedrons, obey
ing certain laws, and having an infinite num
ber of faces. 

In Trigonometry, the tangent of an arc is 
the portion of the tangent drawn at one ex
tremity of the arc, and limited by the pro
longation of the radius through the other 
extremity. If the arc be increased from 0" 
towards 90°, the length of the tangent will 
increase, and as the arc approaches 90°, the 
prolonged radius becomes more nearly paral
lel to the tangent; and, finally, at 90° it be
comes absolutely parallel to it, and the length 
of the tangent becomes greater than any as
signable line. Hence, we say that the tan
gent of 90° is infinite; in like manner, the 
tangent of 270° is — co, the secant of 90° is 
+ CO, that of 270° is — co, and so on. 
In Analysis, the equation of the common 

hyperbola, referred to the diagonals of the 
rectangle on tho axes, is 

xy = 771, 
in which x and y are the co-ordinates of every 
point, and 771 is constant. In this equation, as x 
diminishes, y increases, and when x becomes 
less than any assignable quantity, y becomes 
greater than any assignable quantity, or t7i-
_;5777/e. In like manner, for all similar cases 
in analytical geometry. The interpretation 
of tho case just considered is that for an ab
scissa 0, there is no ordinate whose length 
can be expressed in finite terras. 

In all the cases considered, which h.ave 
been purposely selected frora the difl'erent 
branches of matheraatics, w e have seen that 
infinity denotes a limit of a vari/ing magni
tude or qua7itity, and that it admits of an in
terpretation entirely m accordance with the" 
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established principles of reason, and of ma
thematical deduction. In this point of view, 
the consideration and interpretation of in
finite results, presents no greater difficulties 
than arise frora the consideration and inter
pretation of any other results. 

W e come next to show that two infinite 
quantities are not necessarily, nor, indeed, 
are they generally, equal to each other. 'To 
iUustrate this principle, let us consider the 
cisc of a plane an^lc, which is defined to be, 
tCai portion of a plane lying between two 
stTit:c:'it lines, meeting at a common point. 
The fines meet at a point, and are limited in 
that direction, but extend indefinitely in the 
direction of the angle. From these consi
derations, it is evident that the area of that 
portion of the plane which constitutes the 
angle, is infinite. It is the fimit of the sec
tor of a circle, having its centre at the vertex, 
when the radius becomes infinite. 
Now, as the angle increases, the area be

ing infinite, is continually increased by an 
infinite quantity, tUl when the angle becomes 
twice its original magnitude, the infinity ob
tained is twice that obtained in the first case. 
If two equal angles be compared, w e have 
the case of two equal infinite quantities, 
equal because one may be so placed upon tho 
other as to coincide with it throughout its whole 
extent. If two unequal angles be compared, 
we have the case of two unequal but infinite 
quantities, which must have the same rela
tion to each other as the angles themselves. 
W e see, also, from this discussion, that in 
certain cases, infinities may be compared, 
measured, or computed, in the same manner 
as finite quantities. 
It foUows also, that one infinite quantity 

may be infinitely small with respect to an
other. To make this more clear, let us take 
the identical and continued equation 

1 
&.C., &c. 

X-' 

In which x is supposed to be less than any 
assignable quantity; then from the definition, 
1 . , 
~ is infinite, that is, the quantity 1 is infinitely 
great in comparison with the quantity x; 

hence, -j is infinite, or x' is infinitely small 

in comparison with x; also, x' is infinitely 

small in comparison with x' and so on ; x is 
infinitely small eorapared with 1, and is called 
an inlinitely smaU quantity of the first order; 
i" is an infinitely small quantity of the second 
order; x', x*, & e , x" are infinitely small 
quantities of the third, fourth, &c. 71"' orders. 
The order of an infinitely small quantity is 
determined by the number of infinitely small 
factors of the first order which it contains. 
The last principle finds an appUcation in the 
processes of the Differential and Integral Cal
culus. 

IN-FIN-LTES'I-MAL. A n infinitely smaU 
quantity. Infinitesimals are of different orders. 
N o quantity is great or small except in com
parison with some other quantity. .4n infi
nitely small quantity of the first order is one 
that is infinitely small with respect to a finite 
quantity, that is, so small that it may be con
tained in it an infinite number of times. A n 
infinitely small quantity of the second order 
is one that is infinitely small with respect to 
an infinitely small quantity of the first order. 
In general, an infinitely small quantity of the 
77"' order is one which is infinitely small with 
respect to an infinitely small quantity of the 
(?7—l)^'' order. V^hen several quantities, 
either finite or infinitesimal, are connected 
together by the signs plus or minus, all ex
cept those of the lowest order may be neglect
ed without affecting the value of the expres
sion. Thus, 

a + dx + dx' = a, 
also, 

dx + dx' + dx' = dx, 
dx being infinitely small with respect to a, 
dx' infinitely small with respect to dx, &.c. 

IN-FLEX'ION. A point at which a curve 
ceases to be concave and becomes convex, or 
the reverse, with respect to a straight line not 

/ 

passing through the point. The point S is a 
point of inflexion. If w e take a system of 
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co-ordinates, such that the axis of X shall 
not pass through a point of inflexion, w e .shall 
have one of the following cases. 

1. If, just before reaching the point of in
flexion, the curve is convex with respect to the 
axis of X, and the ordinate of any point and 
the second differential co-efficient of the ordi
nate, taken at the same point, have the same 
sign ; then just after passing the point of in
flexion the curve will be concave, with respect 
to the axis of X, and the ordinate and second 
differential eo-efficient will have contrary 
signs. N o w , since the sign of the ordinate 
has not changed, that of the second differen
tial co-efficient must have changed. 

2. If, just before reaching the point of in
flexion, the ordinate and second differential 
co-efficient have contrary signs, then just after 
passing it. they have the same signs ; hence, 
in this case, the second differential co-efficient 
of the ordinate must have changed its sign in 
passing, the point of inflexion. N o w , a 
quantity can only change sign by reducing 
to 0 or CO. Hence, w e have the following 
rule for finding aU of the points of inflexion 
of any given line : 

Differentiate the equation of the curve 
twice ; combine the resulting and given equa
tions and find the value of the second differ 
ential co-efiicient of the ordinate of the curve 
in terms of x; place this equal to 0 and co, 
and deduce the roots of the resulting equa
tions ; these will include aU of the values of 
X that can possibly belong to points of inflex
ion. Substitute each value of x, increased 
and dirainished by an infinitely small quantity, 
for X in the expression for the second differ
ential co-effieient, and see if they give con
trary signs ; if so, the value of x belongs to 
a point of inflexion, and this point may be 
found by substituting this value in the equa
tion of the curve, and deducing therefrom the 
corresponding value of y. 

The radius of curvature m a y be 0 or co at 
a point of inflexion, but it can never be finite. 

IN-SCRlBii;D' L I N E , [L, from in, and 
seribo, to write], A straight line is said to 
be inscribed in a circle when its two extrem
ities lie in the circumference of the circle. 
Thus, A B is inscribed in the circle A B C D , 
A n angle is inscribed in a circle when its 
vertex lies in the circumference, and when 

its sides form chords of the circle. The 
angles A B C , A B O . &c., are inscribed angles. 

TT O 
A polygon is inscribed in a circle when all 

of the vertices of its angles lie in the circum
ference. Thus, the polygons A E C , ACD, 
A B C O D , are inscribed in the circle ABCD. 
In like manner, w e say that a line, angle, or 
polygon, is inscribed in an eUipse or other 
plane curve. A polyhedron is inscribed in a 
sphere or other curved surface, when its ver
tices are all contained in the surface. 

IN-SCRIP'TLBLE. A polygon is said to 
be inscriptible when it can be inscribed in a 
circle, or when the circumference of a circle 
can be passed through all its vertices. All 
regular polygons are inscriptible. A quadri
lateral is inscriptible when the sum of any 
two opposite angles is equal to 180°. 

A polyhedron is inscriptible when the sur
face of a sphere can be passed through aU of 
its vertices. 

A circle is inscribed in a triangle or other 
polygon, when it is tangent to every side of 
the polygon. A sphere is inseribed in a 
polyhedron when it is tangent to every face 
of the polyhedron. 

A eirele can always be inseribed in any 
triangle. A circle can always be inscribed 
in a quadrilateral, when the sum of two oppo
site sides is equal to the sum of the other two 

opposite sides. Thus, in the quadrilateia. 
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-VO. if the sum of the sides D C and A B is 
equal to the sum of the sides D.V and BC, then 
can a circle be inscribed in it. The only paral
lelograms in which a circle can bo inscribed, 
are the sqiidre, and the rhombus, or lozenge. 
A circle can always be inscribed in a regular 
pjlygon of any number of sides, 
A sphere can be iuscribed in any regular 

polyhedron. -A sphere can also bo inscribed 
in aiiv triangular pyramid. 
IN-SCR -VNCE. An agreement by which 

an individual or a company agrees to exempt 
the owners of certain property, as ships, 
goods, houses. >i,c,, from loss or hazard. 
The agreement is generally in writing, and 

the uistrument is called a policy. The amount 
paid by the owner of the property insured, as 
a comoensation for the risk assumed, is called 
the premium. The premium is generally 
computed at a certain rate per cent., which 
varies according to the nature of the risk 
taken. The amount of premium may be 
found by the same rules as used in computing 
simple interest. 
In aU cases, the first thing towards deter

mining the rate, is to ascertain the probabUity 
that the loss insured against will take place. 
From the very nature of the case, this ele
ment, as an isolated case, cannot be deter-
nsined with any degree of accuracy. For ex
ample, t'ne loss of a ship at sea is contingent 
upon hundreds of events, which cannot be 
embraced in any mathematical formula, such 
as storms, fires, hidden reefs, &c. The only 
clue that can be had upon this subject, is the 
record of past experience; but this cannot 
be of fixed value, on account of the continual 
change that is going on in the method of 
constructing and navigating vessels. The aid 
which science is daUy affording, in devising 
better models for vessels, in seeking for and 
mapping down hidden dangers, and particu
larly in systematizing the science of currents 
and ocean storms, serves to render the records 
of the past of less avail than they would 
otherwise be. In the case of insurance 
against fire, the exact appreciation of the 
risk is quite as difficult as in marine insu
rance. Here, too, the recorded experience of 
the past is made a basis of calculation. 
The thing aimed at, in all kinds of insur

ance, is to reduce to an average value the 

profits arising from speculations of the 
same kind, however numerous they mtiy be. 
The result to the insured is the sumo, as 
though each one contributed to a common 
fund a certain sura, from which fund all 
losses were to be paid. Prom the necessary 
competition between rival companies, exces
sive premiums aro prevented, and the rates 
are reduced nearly to their minimum. 
The principle of mutual insurance consists 

in each of tho insured paying into a common 
treasury a certain amount of money, and 
executing an obligation to pay a certain 
other amount, should the losses require such 
payment. 
A mercantile firm employing a great num

ber of ships, or a large property-holder hav
ing a great variety of buildings in difierent 
localities, would be little benefited by insur
ing ; since the amount of premiums that he 
would have to pay, would soon be sufficient 
to cover all probable losses. It is upon this 
principle, that the United States Government 
never insures any of the supplies that are 
being continually transported from one part 
of the country to the other. 
IN'TE-GER. A whole number as distin

guished from a fraction ; that is, it is a num
ber which contains the unit 1 an exact number 
of tiraes ; 2. 13,42, 25,16, &c,, are integen,. 
IN'TE-GRAL. In Arithmetic, it denotes 

a whole number. In Calculus, an expression 
which, being differentiated, wUl produce a 
given differential. See Calculus. 
Lntegral Calculus. See Calculus. 
IN-TE-GRa'TION. The operation of find

ing the integral of a given differential. See 
Calculus. 
IN-TER-CEPT'. [L. intercipio, to stop]. 

To include between. When a curve cuts a 
straight line in two points, the part of the 
straight line lying between the two points, is 
said to be intercepted between the two points. 
And, in general, that part of a fine lying be
tween any two points, is said to be inter
cepted between them. 
IN'TER-EST. An allowance made for the 

use of borrowed money. The money, on 
which interest is to be paid, is called the prin
cipal. The money paid is called the interest. 
The principal and interest, taken together, 
are called tho amount. The ratio of the prin-
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cipal to the interest, per annum, is the rate, 
or rate per cent. 

Interest is cither simple or compound. 
Simple Interest is the interest upon the 

principal, during the time of the loan. 
Compound Interest is the interest, not 

only upon the principal, hut upon the interest 
also, as it falls due. 

Simple Interest. 
Denote the principal by p, the rate by r, 

the interest by i, the number of years hy t, 
and the amount by s ; then will the foUowing 
formulas be sufficient to solve every problera 
that can arise in simple interest : 
i =ptr (1). s =^(1+ tr) (2), 
? = I^.--(3)-^ = ^ W-

S — JtT 
t may be fractional, as, when the interest is 
for 60 days, 

60 12 
' "̂  365 ~ 73' 

If the rate is 4 per cent, then is r = .04; if 
5 per cent, r = .05, and so on. 

Compound Interest. 
Assuming the same notation as in simple 

interest, and supposing the interest to be 
compounded annually. 
At the end of one year, we shall have, from 

formula (2), 
* = p ( l + r). 

This sum now becomes a new principal, 
and, from the same formula, at the end of two 
years, we shall have 

s ^p{l-\-r)il-{-r)=p{l +r)'. 
This again becomes a new principal, and, 

as before, at the end of the third year, w o 
have 
s=p(l +r)'il +r)=p(l-hry . . . (1); 
and so on indefinitely : hence, the amount at 
the end of i years is given by the forraula 

s=p(l + r)'; 
or, by taking the logarithms of both mem
bers, 
log s — hgp + t logil + r) (1), 

a formula well adapted to computing inter
est in a given case, or for computing tables 
for practical use. 

D I C T I O N A R Y A N D [INT 

From formula (1) we deduce the foUowing; 

^ "(1 + r)' 
log p = log s — 

= s(l+r)-'; or 

tlogiX^-r)., 
log p 

-(2)-

-(3). 

-(4). 

Zog-Cl+r) 

. = (1)^-1....... 

As an example, let it he required to find 
the number of years that it wiU take a sum 
of money to double itself at the rate of 5 per 
cent per annum. In formula (3) we have 

s = 2p, 1 + r = 1.05 ; 
hence, 
_ log 2s — log « _ log 2 _ 0.301030 

' " log 1.05 " log 1.05 ~" 0.211899 
= 14.2067 nearly. 

Hence it would double in 14^ years. 
Here w e have supposed that interest is 

added to principal at the end of each year. 
Were it added oftener, r would represent the 
rate per cent for the period. For instance, 
if it were added half yearly, and the rate per 
cent per annum were 6, then would r = ,03 
in the above formulas; and tn fike manner for 
any shorter interval. It is an advantage to 
the lender to have the interest added to the 
principal as often as possible. If it is added 
semi-annually the annual interest wUl be 

(.-:)• 11 + 2) =!+'• + 

instead of 1 + r, as it would be, were it added 
annually ; hence in this case the advantage 

r' 
for one year would be -5. Were it added 
quaterly, the annual interest would be 

3r' (-1)-^ 
or an advantage of 

I+r + + 16 "*" 25ti' 

3r' r' 7-' 
T " "*" le "''256 ' 

and generally, were the interest added every 

—th part of a year, the advantage would bo 

expressed hy 
777-1 

-r" + 
(777 - 1) (777 - 2) 

+ &c. 
2771 ' ' 2-3777" 

If r is very small, all powers of it, grestcl 
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than the second, may be neglected, and the 
TJl — 1 

advantase would be — , ,•-•', It r = cc, m 
which case the interest is added eoutinuaUy, 
the total interest for the year wUl be 

r- r' r* 
1 + •" "̂  n-+riTs + TT^O+*"=• 

The sum of this series is equal to the number 
whose logarithm is .4342945. Let us take 
the e?.se in which r = .05, then will the 
amount of one dollar for one year, under the 
list hypothesi's. be S1.05127. which exceeds 
the nominal rate by SO,00127. 
IN-TEK-F.lCI-\L. Included between two 

plane faces. An interfacial angle of a poly
hedron is a diedral angle included between 
two faces of the polyhedron. -All interfacial 
angles of a regular polyhedron are equal to 
each other. 
1N-Te'RL0R. [L. intra, within]. lJ^ng 

within. An interior angle of a polygon is 
an angle included between two adjacent sides 
and lying within the polygon. The term is 
used in contradistinction to exterior, the ex
terior angle being included between any side 
and an adjacent one produced. See Angle. 
IN-TER-Me'DI-ATE t e r m s . [L. inter, 

between, and medius, middle]. In a progres
sion the first and last terms are called ex
tremes, the remaining ones are called inter
mediate terms or simply means. 
IX-TERN'.VL a n g l e s . Same as inte

rior angles. See Interior. 
IN-TER-PO-La'TION. [L. interpolo, to 

interpolate]. The operation of finding terms 
between any two consecutive ones of a series 
which shall conform to the law of the series. 
In most cases the law of the series is not 
given, but only numerical values of certain 
terms of the series, taken at fixed and regu
lar intervals. In this case we may approxi
mate to the interpolated term by the formula 

77 77 - (77 — 1) 
T = a + Ŷ 'i "• —̂̂ —̂ '̂1 

'interpolated term, d,, d,, d„ d̂ , &e,, are the 
[first terras of the successive orders of dlfl'er-
enees, counting from the term a, and ?7 denotes 
I the order of the interpolated terra. To illus
trate the process of interpolation, let us take 
the equation y =/(x). Now, by assigning 
values to x. and deducing corresponding val
ues of i/,we shall have sets of values of xand 
y which may be regarded as the co-ordinates 
of a plane curve that may bo constructed. 

Suppose O-'V and O Y to be the axes of 
co-ordinates, and ab'c'd', &c., the curve ; let 

TT 

1 1 -2 
77 (77 - 1) ̂77 - 2) 

+ x-2-3 '̂' + &C. - - (1) 

Formula (1) expresses any term of a series 
whose terms are computed for values of the 
variable in arithmetical progression ; a de
notes the term of the series preceding the 

I 

/ 
A 1 

'?:--
C"'^ 

y^ 

i 9 c L I 

bb', cc', dd', &.C., be ordinates taken at equal 
intervals, that is, so that 

Oa — ab = be = cd, &c. 
Now, if the curve were accurately constructed, 
any ordinate gg' between 44' and cc', might 
be found by drawing gg' parallel to O Y and 
measuring the length of it by means of a 
scale of equal parts, but if the curve were 
only approximately given, the value of gg" 
could only be approximately determined. 
Now, if we have tabuhited a series of 

values of y for values of x in arithmetical 
progression, we can by interpolation obtain, 
to any degree of exactness, any intermediate 
ordinate. In order to apply formula (1), to 
find the value of gg', we should make in it 
*g" 

a = 44', 77 = ;j;̂ . 
and taking the tabulated values of 44', cc', dd', 
&c.. And the successive order of differences 
to any required degree of accuracy, and raake 
dj, dj, d,. &c., equal to the first terras of the 
successive orders of differences. Substitu
ting these expressions, in formula (1), the 
value of 7' will he the ordinate required, or 
the interpolated terra. 
To Ulustrate, let it be required to find from 

the tabulated values of the logarithms of the 
numbers 12, 13, 14, and 1.5, the value of the 
logarithm of 12J. 
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Numbers 12 13 14 15 
Log. 1,079181 1,113943 1.146128 1.176091 
1" M, diff's. 0.034762 0,032186 0,029963 
2" do.' —0.002577 —0.002222 
3'' do. + 0.000355. 
Counting from log 12, w e have 

a =1.079181, 77 = 4, d, = 0,034762 
., = - 0.002577 dj = 0,000355. 

Substituting these values in formula (1), and 
neglecting all thejerms after the fourth, as 
inappreciable, w e have 
T = log. 12i = a + ^d, + \d^ +J-jd,+&c, 

= 1,079181 + 0,017381 + 0,000322 
+ 0,000022 = 1,096906, 

Had it been required to find the logarithm of 
12.39, w e should have made ?i = 0,39, and 
the process would have been the same as 
above. In like manner we raay interpolate 
terras between the tabulated terms of any 
mathematical table. 

The method of interpolation is of exten
sive use, not only in pure analysis and geom
etry, but also in various other subjects of 
mathematical inquiry and computation, par
ticularly in Astronomy. In this latter branch 
of investigation it is the means of saving, in 
many cases, iramensely laborious computa-
tioris. Thus, for example, in finding the 
places of some of the planets whose inotions 
are not very rapid, it wUI be sufficiently accu-
late to compute their places for every fourth 
or fifth day, and then by interpolation, to find 
their place? for intermediate days. Again, in 
finding the moon's place for any particular 
hour, supposing its place for every 3, 6, or 12 
hours to be given, the raethod of interpolation 
may be applied with great success, the results 
difiering inappreciably from those of actual 
computation. 

By this means, also, the place of a comet 
at any particular time may be determined from 
observations made previous and subsequent 
to that precise period. In a word. Astronomy 
has derived more assistance from this princi 
pie than frora almost any other raathematical 
device. 

IN-TER-PRE-Ta'TION. [L, intcrpretatio, 
cxplanatioil]. Tho process of explaining 
results arrived at by the application of raath
ematical rules. W h e n , for example, an alge
braic definition is laid down, there is fre

quently some restriction implied in making 
the definition, so that the result to which it 
leads presents more cases than can be ex
plained by it, or even than was contemplated 
by it. Thus the abbreviation of aa, aaa, into 
â , a^, and the rules which spring from it, lead 
to results of the form 

ar-', a", ai, a—i, &c. 
These results, until interpreted, are without 
any intelligent algebraic meaning. 

"V\'lien such results arise, the province of 
interpretation begins ; their meaning and 
force are investigated and explained, and the 
definitions heretofore too narrow, are extended 
so as to cover these and other results. 

The rule to be adopted in interpreting new 
expressions obtained by applying known pro
cesses, is to attribute to them such a meaning 
as to make the whole of the process true by 
which they were obtainetj. For example: 
the formula 

a" X a' = a'"-̂  
is perfectly intelligible so long as 777 and 77 are 
whole numbers. Suppose it were required 
to interpret the symbol a°, that is, to give to 
it such a meaning, that the above formula 
shaU be true in that case. Making 77i = 0, 
the formula becomes 

a° X a" = a°+» = a" ; 
hence, a° = 1. Again, suppose, it were 
required to interpret the symbol ai. Make 
m = i and 7i = -J, and the formula becomes 

ai X ai = ai+i = a, hence, ai = V a , for V a X V a = a, by 
definition. 

Besides the application of the prmciples 
of interpretation to the explanation of new 
symbols, another very important application 
consists in making suppositions upon certain 
arbitrary quantities which enter formulas, anil 
then comparing Ihe results with known facts, 
thus deducing new trutiis. As an example 
of this method of interpretation let us lake 
the equation of the ellipse 

a" y' + 4= x= = a' b', 
and suppose x > a, finding the value of i/ in 
terms of x, we have 

4 
1/ = ± - Va' — x', 
-' a 

from which we see that for aU values of» 
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greater tiiau u, y is imagirmry. N o w an imagi-1 
ntury result indicates an impossibility in the! 
assumption. Henee. we interpret the result 
;-.5 indicating that no point of the ellipse can 1 
lie at a greater distance from its conjugate 
axis than the extremity of the transverse j 
axis. 
In integrating the differential of a trans

cendental function by an algebraic rule, a 
result CO is reached, which is manifestly 
at'surJ. since no function can be co. VV"e 
interpret this as indicating that the rule fails 
in the case considered. 
IN-TER-SECT. [L. from inter, between, 

and seco, to cut]. To cut each other. Two 
lines are said lo intersect w-hen they cross 
each other, having a poiut in common. T wo 
surfaces intersect when they cut each other. 
having a fine, or lines, in common. 
To find the point in which two lines, given 

in a plane by their equations, intersect, com
bine the equations of the lines and find the 
values of the variables, these wiU be the co-
ordmates of the point of intersection. The 
number of sets of real values found will indi
cate the number of points of intersection. 
To find the points of intersection of two 

fines in space, combine the equations of their 
projections upon the plane of X Z ; find the 
values of z and set them aside ; combine the 
equations of the projections of the lines upon 
the plane Y Z , and find the values of -, and 
set them aside ; for each pair of real and 
equal values of z found, there wUl be a point 
of intersection, the co-ordinates of whichmay 
be found by substituting this value of z, for z 
in the equations of the line, and finding the 
corresponding values of x and y. In either 
ease, where there are no sets of real values 
found for the variables, the lines do not in
tersect. 
To find the intersection of two surfaces 

whose equations are given : combine the 
equations and eliminate one of the variables ; 
the resulting equation is that of the projec
tion of the line of intersection on the plane 
of the other two ; combine the equations 
again, eliminating a second variable; the 
resulting equation is that of the projection of 
the intersection on the plain of the other two. 
These equations, taken together, fix the posi
tion of the line of intersection. 
In Descriptive Geometry, the line of inter

section of two surfaces is found by points, 
as follows : Pass auxiliary surfaces inter
secting botii the given surfaces in lines, tho 
points in which these lines intersect, are 
points of the line of intersection of the two 
surfaces. Having found a sufficient number 
of these points, draw a line through them, 
and it wUl be the line of intersection re
quired. 
1N-Ya'RI-A-BLE, Unchanging, constant. 

In-variable Function. A function which 
enters an equation, and which may vary 
under certain circumstances, but which does 
not vary under the conditions imposed by the 
equation, is caUed the invariable of the equa
tion. 

In a comraon differential equation which 
holds true for all values of x and y, the only 
invariables raust be absolute constants ; but 
in an equation of differences in which the 
value of X only passes from one whole num
ber to another, any function which does not 
change value whUst x passes from one whole 
number to another, may be an invariable. 

For example, let it be required to find the 
integral of the equation of finite difl'erences. 

Ay = X + 1, 
in which the value of i only chenges from 
one whole number to another. From the 
rule for integrating finite differences, we 
have, 

y = -} (x= + x) + c, 
in which c may have any value consistent 
with the conditions of the question .Since 
/(cos 27rx) does not change its value, whilst 
I passes from one whole number to another, 
we may place it for c, giving, 

y = -J (x° + x) + /(cos 27rx), 
the required solution. In this case, /(cos 27rx) 
is the invariable of the equation. 

IN-VERSE'. [L. inverto, to turn about]. 
Two operations are inverse, when the one is 
exactly contrary to the other, or when being 
performed in succession upon a given quan
tity, the result will be that quantity. Addi
tion and subtraction are inverse operations, 
for. if we add to a the quantity 4, and from 
the sum subtract the quantity 4, the result 
wiU be a. Multiplication and division, raising 
to powers and extracting roots, differentiation, 
and integration, are all inverse operations. 
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If two variable quantities are connected 
together by an equation, either one is a func
tion of the other. If it be agreed to call the 
first a direct function of the second, then is 
the second au inverse function of the first. 
The forms of direct and inverse functions, as 
dependent upon the connecting equation, 
may be determined by solving the equation 
with respect to each function separately. 

Let x' — 2x be the forra of a direct func
tion, required that of its inverse. Assuraing 
the equation. 

y = x' — 2x, 
and solving it with respect to x,,we find, 
and 
X = 1 + V y + 1 , and x = 1 — V y + 1. 
The second merabers indicate that both 

1 + t/x+ 1 and 1 — V x+ I, 
are inverse functions of x' '— 2x. In this 
case there are two inverse functions, in other 
cases there may be more than two. If we 
denote the form of any direct function of x 
by the symbol ,̂ and that of its inverse hy 
-̂', there may be two cases ; 1st. When 
both of the equations 
^ [ r' (.̂)] = X, and -̂' [<j>(x)]=x, 

are satisfied; and 2d. When both are not 
satisfied. When both are satisfied, the in
verse is said to be convertible, when both are 
not satisfied, it is said to he inconvertible. 
Every function has one convertible inverse 
and only one, the remaining ones being in
convertible. In the preceding example, 

is the convertible inverse of 
1 + v ¥ n 
x' - 2x, for 
1 +VW~-

also. 
2x) + 1 = 1 + (a - 1) = X, 

(1 + VJTT)' - 2 (1 + -/^TT) = X : 

hut 1 — V X + 1 is an inconvertible inverse, 
for, 

1 2x) + 1 = 2 • - X, 
whilst as before, 

(1 - V^TT)' - 2 (1 - V^TT) = X . . . 
There is, however, a function of a function 
of X, of the given form, to which 1 — -/x+ 1 
is a convertible inverse, which is 
(2-x)=-2(2-x); for,(2-x)=-2(2-x) = 2=-2x, 
also, 

l--/(2-x)''-2(2-x) + l = l-(2-x-l)=x. 

[INT 

It may be shoWn that every functiDn of x 
which has more than one inverse, is not only 
a function of x, but the same function of 
other functions of x, differing simply in form, 
and the whole number of forms is exactly-
equal to the number of inverse functions; 
furthermore, each inverse is the convertible 
inverse of one of these forms, and of only one. 

Having the convertible inverse of a given, 
function, to find the remaining inverses. 
Solve the equation 

^[/(:f)] = ^(=:), 
and let the forms found be 

/(x),/"(x),/'"(x), &c. 
Then, ̂ -' (x) being the convertible inverse ol 
<l> ix), the remaining inverses are 
/' [ r' (̂) ]. /' [ r' (̂ ) ]- /'" i r (̂) ]- ic. 
Thus, in the preceding example, ̂ '(x) 

being the convertible inverse, the other is 
2 - f--' ix). 
There is a remarkable class of fiinctions 

each of which is its own inverse; thiis, 
1 - X, I, V l - a f . Now, if ̂ (x) = 6-'(x), 
we have, iji [0 (x) ] = x, = periodic function 
of the second order, to which class those 
mentioned evidently belong. 

IN-VER'SION. [L. inverto, to turn about]. 
The operation of changing the order of the 
terms, so that the antecedent shaU take the 
place of the consequent and the reverse, in 
both couplets. Thus, from the proportion, 

a 4 ;: c d, 
we have, by inversion, 

4 : a : : d : c. 
Inversion of Series. See Series. 
IN-VERT'. [L. inverto, from 77!, and verto, 

to turn]. To place in a contrary order To 
invert the terms of a fraction is to put the 
numerator in place of the denominator, and 
the reverse. 

IN'VO-LUTE. [L. involutio, that which 
is inwrapped, or infolded]. If a thread be 
tightly wrapped about a given curve and then 
unwrapped, being kept stretched, each point 
of it will generate a curve, called an imohie 
of the given curve. The given curve with 
respect to any of its involutes is called an 
evolute. From the preceding definition, we 
see that any given curve has an infinite nimi-
ber of involutes, and in order to fix the posi
tion of any one of them, it is necessary to 
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know not only the evolute. but also one point 
of the mvolute. 
To construct the involute of a given curve, 

when one point of it is given, ^^'rap a thread 
tiihtly about the evolute until it passes 
through the. given point and is tangent to 
the evolute : fix a pencil at the point and 
unwrap the thread, keeping it stretched ; the 
point of the pencil wUl describe the required 
involute. 
To find the equation of the involute, under 

the same conditions, let the equation of the 
evolute be 

fia,3) = 0, (1). 
assume the second imd third equations of con-
,(Utionfor osculatorv circles, which are 

aud 

:3 = 

a = 

dx' + du' 
d'y 

- | ( V - « " 

"(2) 

--(3) 

Combining equations (1), (2). (3), and elimi-
nat'uig a and 3, there will result a differen
tial equation of the second order, which is 
the differential equation of the whole class of 
involutes. To find the equation of the partic
ular involute, let the equation be integrated 
twice, and the constants of integration be 
determined in accordance with the conditions 
of the problera ; the resulting equation is that 
of the particular involute in question. This 
problem is not of so much importance as its 
converse, that is. the raethod of finding the 
equation of the evolute corresponding to a 
given involute. The terras involute and evo
lute are correlative, neither having any signi
fication without reference to the other. 
IN-VO-Lu'TION. [L. 7"T77!o/a/70, that which 

is unfolded]. In Arithmetic and Algebra, 
the operation of finding any power of a given 
quantity. It is the reverse of evolution, which 
is the operation of finding a root of a given 
quantity. The operation of involution may 
be directly performed by continued multipli
cation, but it is often performed by means of 
formulas, particularly by the binomial for
mula. 
IR-Ra"TI0N-AL. [L. in, and ralionalis, 

from ratio]. Any quantity which cannot be 
exactly expressed by an integral number, or 
hy a vulgar fraction; thus, V 2 is an irra
tional quantity, because we cannot write for 

21 

it either an integral number, or a vulgar frac
tion ; we m:iY, however, approximate to it aa 
closely as may be desired. In general, every 
, indicated root of an imperfect power of the 
degree indicated, is irratiimul. Such quanti
ties are ofien called surds, Seo 27iC0)7i777CTi-
surable. 

IR-RE-Du'CI-BLE, In Algebra, the irre
ducible case of a cubic equation in which 
Cardan's rule fails to give tho roots. This 
case arises when all the roots are real. For 
the raethod of treating the irreducible case, 
see Cubic Equation. 
i-SO-.MET'RIC-AL PROJECTION [Gr, 
laoi:, equal, and perpov, raeasure], A spe
cies of orthographic projection, in which but 
a single plane of projection is used. It is 
caUed isometrical frora the fact, that the pro
jections of equal lines, parallel respectively 
to three rectangular axes, are equal to each 
other. This kind of "projection is principally 
used in delineating buildings or machinery, 
in which the principal lines are parallel to 
three rectangular axes, and the principal 
planes are parallel to three rectangular planes 
passing through the three axes. 

If w e conceive a cube to be placed so, that 
its edges shall be parallel, respectively, to the 
principal lines of the figure to be projected, 
and then draw a diagonal of this cube, this 
diagonal is called the axis of the projection, 
and all the projecting lines of the points are 
parallel to it. The plane of projection is 
taken at right angles to the axis of the pro
jection. The three edges of the cube, meet
ing at the vertex through which the diagonal 
is drawn, are projected into equal straight 
lines, raaking angles of 120° with each other ; 
the rcraaining edges are also projected into 
equal and parallel lines. 

Let A be the 
vertex of the an
gle through which 
the axisof projec
tion passes; draw 
A B , A C , and A D , 
raaking angles of 
120° with each 
other, and lay off 
the distances A B , 
A C , A D , respectively equal to each other. 
Draw C H parallel to A D ; D H parallel to 
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-AC; draw DE, HA, CG, parallel and equal 
to AB, and join BE, BG, GA, and EA: the 
figure formed is the isoraetrical projection of 
the cube. Thecube which we have assuraed, 
is called the directing cuhe. The vertex A, 
through which the axis of projection and the 
plane of projection both pass, is called the 
ce-T7//-c of projection., and the projections of the 
indefinite edges of the directing cube, which 
pass through A , are called directing lines of 
the projection. 

The planes passing through the edges of 
the cube, which meet at the centre of projec
tion, are called co-ordinate planes. One of 
these planes is usually taken parallel to the 
horizon, and is called the horizontal plane; a 
second is supposed to be in front of the point 
of sight, or the point from which the projec
tion is to be viewed, and is called the frontal 
plane ; the other one, perpendicular to these, 
is supposed to he to. the left of the point of 
sight, and is called the lateral plane. 

If w e construct a scale of equal parts upon 
a line parallel to one of the edges of the 
cube, and project the scale upon the projec
tion of that edge of the cube, the projection 
thus obtained, is caUed the scale of the direct
ing Vine. The scale of each directing line is 
the same, and m a y be assumed at pleasure. 

Points of objects to be represented by this 
mode of projection, are given by means of 
their distances frora the co-ordinate planes, 
and their projections m a y be constructed as 
foUows 

[ISO 

Aa, equal to the distance of the given poini 
from the frontal plane ; draw ab parallel to 
A X , and make it equal to the distance of the 
point from the lateral plane; draw 4c parallel 
to A Z , and make it equal to the distance of 
the point from the horizontal plane; then 
will c be the projection of the point. In like 
manner, any nuraber of points may be con
structed, and by joining these by suitable 
lines, the projection of the body may be con
structed. 

A circle, whose plane is parallel to either 
co-ordinate plane, is projected into an ellipse, 
having a pair of equal conjugate diameters 
parallel to the directing lines of that plane. 

Suppose, for example, that the plane of 
the circle to be projected is parallel to the 
frontal plane, and that the centre is 4 feet 
above the horizontal plane, 8 feet to the right 
of the lateral plane, 1 foot in front of the 
frontal plane, and that the radius of the circle 
is 2 feet: 

D r a w the directing fines A X , A Y , A Z , 
making angles of 120° with each other. 
Lay off from A , on the directing fine A Y , 
from the scale of the directing line, a distance 

Construct the projection of the centre c, as 
before described. Draw cd parallel to AX, 
and make cd = ce = 2 feet, from the scale 
of the directing line; draw fcg paraUel to AZ, 
and make fc = eg = 2 feet, taken from the 
same scale. Then, on cd and fg, as conju
gate diameters, construct an ellipse, and it 
will be the projection required. 

In like manner, the projection of a circle 
paraUel to either of the co-ordinate planes 
m a y be constructed. 

The projections of all circles paraUel to the 
co-ordinate planes are similar eUipses. Frae-
tically, it is usual to draw those projections 
by means of elliptical disks cut out of card 
board of difi'erent sizes, to suit the diflferenl 
radii of the circles to be projected. 
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This species of projection is principally 
employed in representing frames and machi
nery ; and if the co-ordniate planes are pro
perly selected, the principal lines of the ob
jects to be represented will be projected par-
•allel to the directing Imes, and the principal 
circles of the objects wiU be paraUel to the 
eo-ordinate planes. 

Farther details of this method of projection 
need not be given. B y a judicious combina
tion of the principles already laid down, 
every possible figure may be constructed, 
either accurately or approximately. 
i-SO-PER-I-.MET'RIC-AL. Relating to 

figures having equal perimeters. 
i-SO-PE-RIM'E-TRA'. [Gr. laos, equal, 

-fj;. around, and perpov, measure]. That 
branch of Higher Geometry which treats of 
the properties and relations of isoperimetrical 
figures, viz.: of surfaces having equal per
imeters, volumes bounded by equal sur
faces, &c. 
The simplest of the isoperimetrical prob

lems is to find, amongst aU the curvilineal 
areas bounded by the equal perimeters, which 
may be shown by elementary geometry to be 
the circle. 
In all isoperimetrical problems, there are 

two conditions to be fulfilled: according to 
the first of which, a certain property is to re
main constant, or to belong to aU individuals 
of the species ; and according to the second, 
another property is to be the greatest or least 

. possible. In the problems of this class, 
which were first considered, the first property 
ŵ as tbe length of the perimeter of a curve, 
and it w.as from this circumstance that the 
term isoperimetrical was derived. More re
cently, the principles used in the investigation 
of these probleras have been greatly extended, 
and have given rise to a new branch of math
ematical analysis, now known as the Calculus 
of Variations. See Calculus of Variations. 
!-S(JS'CE-LeS, [Gr. tffo(j/.-c/'-77f; fromwof, 

equal, and c/ccAof, a 
leg]. A triangle is 
isosceles, when two of 
its sides are equal. 
Thus, in the trian

gle A B C , if A B = B C , 
the triangle is isosce
les. It is B property 
of an isosceles trian

gle, that the .angles opposite the equal sides aro 
equal, and this is true, whether the trianglo 
is plane or spherical. A B G is a spherical 
isosceles triangle. 

It", in a plane or spher
ical isosceles tri
angle, a line be drawn 
from the vertex formed 
by the meeting of the 
equal sides, to the mid
dle point of the base, it 
wUl be perpendicular to 
the base; and converse
ly, if the line is perpendicular to the base, it 
will bisect it, and also will bisect the angle at 
the vertex. If the third side is equal to the 
other two, the triangle becomes equilateral: 
hence, an equilateral triangle is a particular 
case of the isosceles triangle. 
K. The eleventh letter of tho English 
alphabet. A s a numeral, K has been used 
to denote 250 ; with a dash over it, thus, K, 
it stood for 250,000. 

K I N D . Genus, generic class. In technical 
language, kind answers to genus The term 
is, however, loosely used for sort. W e say 
that a line or surface is given in kind when 
the form of its equation is given, the con
stants which enter it being arbitrary. 

K N O W N Q U A N T I T I E S . Those whose 
values are given or determined. They are 
generally denoted by the leading letters of 
the alphabet, or by the final letters, with one 
or more dashes ; as, 

a, 4, c, X , y", z'", tScc. 
L. The twelfth letter of tho Engfish alpha 
bet. As a numeral character, it stands for 
50 ; with a dash over it, thus, L, it stands 
for 50,000. It is used as a symbol for pounds 
in the system of sterling currency. Generally, 
the written symbol is crossed by a hori
zontal mark ; thus, £. 

L A N D ' - S U R V E Y I N G . Seo Surveying. 
Land Measure. A collection of numbers, 

constructed according to a varying scale, by 
which we designate the quantity of land con
tained in a small portion of the earth's sur
face. The principal unit of this measure is 
1 acre, which is divided into 4- equal parts, 
each of which is called a rood, and each rood 
is again divided into 40 equal parts, called 
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perches. The acre contains 10 square chains; 
that is, it is equivalent to a parallelogram 
whoso base is 10 chains = 6 6 0 feet, and 
bn-adth = 1 chain = 66 feet, 

L A N " G U A G E O F M A T H E M A T I C S . 
[From lengua, a tongue]. The symbols and 
combinations of symbols, employed in raathe
matical reasoning and in mathematical opera
tions. Language is an instrument of thought, 
and one of the principal helps in all mental 

, Dperations. Any imperfection in the instru
ment, or in the mode of using it, will mate
rially affect any result attained through its 
aid. Every branch of science has, to a cer
tain extent, its own appropriate language; 
this is particularly the case with mathematics. 

The language of matheraatics is mixed. 
Although made up mainly of symbols which 
are defined with reference to the uses which 
are made of them, and which, therefore, have 
a precise signification, it also is composed in 
part of words transferred from ordinary lan
guage The symbols, though arbitrary signs, 
are nevertheless entirely general as signs and 
instruments of thought, and when their mean
ing is once fixed by definition, or by inter
pretation, they always retain that meaning 
under the same circumstances throughout 
the entire analysis. The raeaning of the 
words borrowed from the coraraon vocabulary, 
are often modified, and sometiraes totally 
changed when transferred to the language of 
science. They are then used in a particular 
sense, and are said to have a technical signi
fication. 

The great power and universaUty of the 
mathematical language depends upon its con
ciseness, its generality, and the definite na
ture of the terms employed. By it, all quan
tities, whether abstract or concrete, are pre
sented to the mind by arbitrary syrabols. 
These representatives of quantity are rea
soned upon and operated upon by means of 
another set of symbols called signs; and the 
sic-ns and letters, with the words borrowed 
from the ordinary language, make up, as we 
have slated above, the language of pure ma
theraatics. By means of this language, we 
are able to state the most general proposition, 
and present to the mind, in their proper order, 
every elementary principle employed in its 
demonstration. By its generality, it reaches 
over the whole field of the pure and mixed 

sciences, and presents in condensed forms,all 
the conditions and relations necessary to the 
development of particular facts and general 
truths. Each branch of mathematics has its; 
own particular language, and it is from this 
fact that the different branches present such 
widely divergent methods, though the reason-' 
ing process is the same in all. See Nolatim, 
Symbols, &cc, 
LAT'ER-AL. [L. lateralis, from, latus, a 

side]. Appertaining to the side. The lateral 
faces of a pyramid are those which meet at 
the vertex : the lateral faces of i prism are 
those which have a side lying in the peri
meter of each base. 

The term lateral equation was formerly; 
used instead of the more common appella:, 
tion, equation of the first degree, 
LAT'I-TUDE. [L. latitudo, breadth]. The 
latitude of a place on the surface of the earth, 
is its angular distance from the equator, mea
sured on the meridian of the place. Lati
tude is north or south, according as the place 
is north or south of the equator. Circles 
whose planes are parallelto that of the equa
tor, are called circles of latitude, or parallels 
of latitude, because the latitude of every point 
of each circle is the same. The latitude of 
a place is always equal to the inclination of 
the axis of the earth to the horizon of the 
place, and conversely. See Geocentric and 
Geographic, 
Latitude in Surveying. The distance be

tween two east and west lines drawn through 
the two extremities of a course. If the 
course is run towards the north, the latitude 
is caUed northing, if towards the south, il is 
called smithing. 

The latitude of any course may be com
puted from the following formula, 

L = D X cos a, 
in which L denotes the latitude, D the length 
of the course, and a the bearing in degrees. 
In Navigation, the term difference of kii-

tude of two points, is the arc of any meridiai!, 
intercepted between the parallels of latitude 
through the poitits, expressed in degrees,, 
W h e n the two latitudes are of the same 
name, the algebraic difference is the same .as 
the arithmetical difference of the latittiili'=; 
when they are of different names, th;e alge-
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braic ditTerence is the arithmetical sum, the 
southern latitude being regarded as negative. 

Middle L.atitude. In Navigation, the 
mean of two latitudes found by taking half 
of their algebraic sum. 
L.VTUS R E C T U M , of a conic section. 

The same .is the parameter. It is a straight 
line drawn through either focus perpendicular 
to the transverse axis, and limited by its in
tersection with the curve. See Parameter. 
L.\W. A n order of sequence. In Mathe

matics, the term law is oftentimes used as 
nearly synonymous with rule ; there is this 
distinction, however, the term law is more 
general than the term rule. The law of a 
series is the order of succession of the terms, 
and explains the relation between each and 
the preceding ones. A rule, assuming the 
fects expressed by the law. lays down the 
necessary directions for finding each term of 
the series. 
The laws of series are expressed in the 

general formula, 
n(n-l) 

r = a + nd, + -
1.2 

, 71(77-1) (77-2), 
i : d. &c. 

1.2,3 
In which T denotes any term, the 77"', esti
mating from a given one, a denotes the given 
term, and dj, d„ d̂ , &c., the first terms of 
the successive orders of differences. 
The mathematical law of a phenomena is 

nothing more than the expression, by means 
of mathematical language, of the invariable 
order of sequence, or of relation between the 
quantities considered. 
LeAD'ING L E T T E R of an expression or 

series. The letter with reference to which its 
terms are arranged. 
LEE'W lY. The distance made by a ship 

at right angles to the course steered, in con
sequence of imperfect saifing, currents, &c. 
See Navigation. 

The leeway, expressed angularly, is fhe 
angle made by the keel of the ship, and the 
course actually described through the water. 
L E G of a triangle. The same as side. 

W e generally understand, by the term leg, 
one of the sides about the right angle of a 
right angled triangle. 
Les of an hyperbola. The same as branch. 

Hyperbolic legs are branches of a enrve which 
partake of the nature of an hyperbola in hav
ing an asymptote, 

L E M ' M A . [Gr. T̂ ypfia, from, Tiappavu, to 
receive]. -Vn auxiliary proposition, demon
strated on account of its immediate applica
tion to some other proposition. The conclu
sion of the lemma becomes requisite to the 
demonstration of the main proposition, and 
rather than encumber that proposition, a 
separate demonstration is introduced. The 
idea of a lemma is, that it is introduced out 
of its natural place, and this serves to distin
guish it frora ordinary propositions which, 
entering in their proper places, are of more 
or less use in demonstrating subsequent ones. 
The 11th, 12th, and 13th propositions of 
Davies' Legendre, Book VIII, are Lemmas. 

L E M - N I S ' C A T A . [L. lemniscus]. The 
lemniscata is the locus of tho points in which 
the tangent to the hy
perbola intersects the 
perpendicular let fall 
upon it from tho centre. 
If the equation of the 
hyperbola is 

y2 _ J.J _ gâ  
that of the lemniscata, referred to the same 
axes, is 

(x' + y')' = a'(j/' - x'), 
and its polar equation, 

r' = a' cos 27). 
If the equation of the hyperbola is 

a-'y' - l'x' = - a'b', 
that of the lemniscata i 

(x' + i/j- = a'x= - b'y'. 
The general equation of curves of this kind, is 

y' = 777x'(â  — x'). 
L E N G T H . One of the three attributes of 

extension. Length generally implies exten
sion in a horizontal direction, and generally 
is the greatest horizontal diraension of d 
body. 

L E S S . The coraparative of fitUe. One 
quantity is less than another when the lattei 
exceeds the forracr in raeasure. 

L E V E L . A surface is said to be level 
when it is concentric with the surface of the 
sea, or the surface which the ocean would have 
were the surface of tho globe entirely covered 
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with water. For small areas, that is, for an 
extent of a few miles, w e may regard a level 
surface as that of a sphere which is oscula
tory to the ellipsoidal surfijce of the earth. 
'The level surface which w e have considered, 
is one of true level; a surface of apparent 
level, at any point, is a plane drawn tangent 
to the surface of true level at the point. For 
ordinary surveying, it is sufficiently accurate 
to consider the surface of the earth as sphe
rical ; in this case, a surface of apparent level 
is a horizontal plane at the point. 

A line of true level is any line of a sur
face of true level. A line of apparent level 
is any line of a surface of apparent level 
The instruments employed for leveling, indi
cate Unes of apparent level, and have to be 
reduced to lines of true level hy certain 
corrections called corrections for curvature. 

L E V E L . A n instrument employed in level
ing. There are several kinds of levels, more 
or less used ; some of the most important of 
which w e shall proceed to describe. Levels 
are constructed on three different principles. 

1st. The line of apparent level is deter
mined by means of a plumb line. 

2d. It is determined by means of the sur
face of a fluid in equilibrium ; and 

3d. It is determined by means of an opti
cal property of reflected rays of light. 

1. Levels in which the plumb line forms an 
essential pari. These are those generally 
used by bricklayers, carpenters, &c. They 
are constructed on many different plans, but 
the general arrangeraent is as follows: 

®D 
A frarae or hoard is prepared, having one edge 

A B perfectiy straight, and a line C D drawn 
op the board or frame exactly at right angles 
to the straight edge ; and at some point C 
of this line a string is attached, carrying a 
plummet D ; when the frame is so placed 
that the plumb line, hanging freely, coincides 
vvith the straight line drawn on the frame, 
the line A B will he horizontal, and by its 
direction will point out a fine of apparent 
level. This instruraent is of fittle use in 
field leveling. 

2. Levels which depend upon the surface of 
a fluid in equilibrium. These are of vanous 
kinds. The most important is the Y level. 

This instrument consists, essentially, of a 
telescope mounted in supports, which, from 
their shape,, are called Y's or wyes; to the 
telescope is attached a delicate spirit level; 
the Y's are attached to a bar or limb, which 
is connected with a supporting tripod by 
means of a ball and socket joint, so arranged 
that the instrument can be leveled by the aid 
of leveling screws. The telescope bears an 
internal diaphram, with cross hairs and 
antagonistic screws, by means of which their 
intersection m a y be brought into the axis of 
the telescope. The attached level has two 
sets of adjusting screws, hy means of which 
its axis may he rendered parallel to that of 
the telescope. The Y's have also an arrange
ment of adjusting screws, by means of which 
the axes of the telescope and level raay be 
made perpendicular to the axis of the Hmb. 

The axis of the instrument is the line that 
remains fast when the instrument is turned 
round horizontally. The axis of the teles
cope is the line that remains fast when the 
telescope is revolved in the Y's. 

Before using the Y level it must be ad
justed, that is, all its parts must be brought 
to their proper relative positions. There are 
three adjustments. 
•First adjustment. To fix the interscclim 

of the cross hairs in the axis of the telescope. 
Turn the telescope on its axis till one of the 
hairs is horizontal, and direct it to some fixed 
and well defined object; then turn it in the 
Y's, through 180", tiU the same hair is again 
horizontal, and see if it remains upon the 
object; if it does, that hair is adjusted; if 
not, move it through half of the displace
ment by means of two of the antagonistic 
adjusting screws. Then repeat the operation 
and continue approximating till the hair 
remains in both positions upon the fi.ved 
objects. Next turn the telescope about its 
axis 90°, making the other hair horizontal, 
and then adjust it in the same manner as 
the first. If both have been properiy'̂ d-
justed, the intersection of the cross hairs will 
remain upon the sarae point during an entire 
revolution of the telescope in the Y's, in 
which case the first adjustment is complete. 

Secoijd Adjustment. To make thk sw 
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.:f lie level pc-itllc! lo the o.xi.< of the telescope. 
T.".;s adjastnient consists of two parts, Fir.it. 
briiij the level over two of the leveling 
screws, and by means of them bring the bub
ble to the middle of the tube ; then take the 
telescope from the Y's and reverse it, that is, 
change it end for end, and see if the bubble 
stiU remains in the middle of the tube ; if it 
does, litis part of the adjustment is complete : 
if not, raise the depressed, or depress the 
elevated end of the level half w-av. by means 
of the proper adjusting screw, and repeat 
the operation till by continual approximation 
the bubble is brought so as to remain in the 
middle of the tube in either position of the 
telescope. 

Second. Turn the telescope in the Y's, and 
watch the bubble; if it remains in the raid-
die of the tube, the second part of the adjust
ment is complete; if not. make the correc
tion by means of the lateral adjusting screw. 
\Vhen the bubble remains in the middle of 
the tube, the telescope being revolved in the 
Y's. the second adjustment is complete. 

Third Adjustment. To make the axis of 
the telescope perpendicular to tlie axis of the 
mstniment. Bring tho bar or limb over two 
of the levefing screws, and by turning thera, 
bring the bubble to the middle of the tube ; 
revolve the telescope about the axis of the 
instrument 130^, and observe whether the 
bubble remains in the raiddle ; if so, the 
adjustment is complete ; if not, make half the 
correction with antagonistic screws, which 
connect the Y's with the limb. Repeat the 
examination, continuing the approxiraation 
tUl the bubble remains exactly in the middle 
in both positions of the instrument; the 
adjustment of the instrument is then complete. 
The adjustments should be examined from 

time to time, as they are liable to become 
deranged from a variety of causes. 

Troughton's improved Level. 
This instrument is constructed on the sarae 

general principle as the Y level already 
l̂escribed. The telescope rests on a horizon
tal bar, which turns about an axis at right 
angles to its length in the same manner as 
the Y level. O n the top of the telescope, 
and partly imbedded within its tube is a spirit 
level, over which is supported a compass box 
standing on four piUars. The bubble is long 
fBongh so that each end may be seen beyond 

I the compass-box. The telescope is achro
matic and inverting, and being placed nearer 
, the horizontal bar, it is much firmer than the 
telescops in tho A' level. 

The adjustments are essentially the samo 
as in the Y level ; there are but two of them. 
The line of collimation, or axis of the teles
cope, and tiic axis of tho level, must be mado 
parallel to each other, and both raust be made 
perpendicular to the axis of tho instrument 
The adjustment of the level is effected by 
means of capstan screws, which attach thf-
telescope to the horizontal bar. The spiri) 
level being firmly attached to the telescope 
by the maker, the line of collimation must be 
adjusted to it, which can be done by tw> 
screw-s near the eye end of the telescope, 

'To adjust the line of collimation, set uj 
the instrument on a level piece of ground 
level the telescope by the paraUel plate screws 
and direct it to a staff held by an assistant a* 
from ten to twenty chains distance ; let thf 
vane of the staff'be run up tUI its central line 
coincides with the horizontal cross hair of the 
telescope, and measure the height above the 
ground ; now measure the height of the tel
escope above the ground, and from those 
heights find the difference of level between 
the two points. Let the instrument and staff 
change places, and the difference of level be 
determined, as before. If these differences 
of level are the same, the adjustment is com
plete ; if not, take half the difference between 
the results and elevate or depress the cross 
wires that quantity, according as the last 
result gives a greater or less difference than 
the first. Again, direct the telescope to the 
staff, and make the coincidence of the hori
zontal wire and the central line of the bar by 
turning the collimation screws. 

A sheet of water furnishes an easy mode 
of adjusting the line of collimation. A mark 
being fixed at sorae convenient distance at 
exactly the same height above the water that 
the instrument is, (allowing for curvature), 
the cross wires are made to intersect at that 
point. 

The telescope is generally provided with 
two vertical wires, and one horizontal one. 
Some instruments have also a finely divided 
microraetor scale for reading off any portion 
of the rod that may be intercepted between 
the horizontal wire and the upper or lower 
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division. Such a scale may be used for deter
mining the distances of l̂ie leveling staves 
from the instrument. This requires a table 
prepared by a series of successive observa
tions with the instruraent. 

Gravatt's level. 
'The advantages claimed for this level are, 

that it possesses the power of a larger instru
ment without being of inconvenient length. 

It has a telescope having a diaphram and 
cross hairs, as in the Y level. The internal 
tube which carries the eye piece, is nearly 
equal in length to the external tube. The 
internal tube is drawn in or thrust out hy a 
rack and pinion turned by a milled head 
screw. The spirit level is placed above the 

Water Level. 
The W a t e r Level is an instruraent 

that possesses the advantage of never 
requiring adjustment, and also of 
being very cheap, in fact, any ordinary 
workman can construct one. Having 
no telescope, it is impossible to take 
long sights, but for such work as is 
required to be done by an ordinary 
surveyor, it gives very good -results. 
brass or tin cups an inch in diameter, 
four in height, are soldered to a hollow tube, 
three feet long and half an inch in diameter. 
The cups are for the purpose of receiving 
the ends, E and F, of two vials, the bottoms 
of which have been cut off and fixed in the 
tubes with putty ; the projecting axis works 
in a hollow cylinder which forms the top of 
a stand. The tube, when the instrument is 
required for use, is filled with water (colored 
with lake or indigo), till it nearly reaches'the 
necks of the bottles. After placing the stand 
tolerably -level by the eye, withdraw both 
corks, and the surface of the water in the 
bottles will indicate a horizontal line in 
whatever direction the tube is turned. This 
level is well adapted to tracing contour 
lines, 

3. Levels which depend upon the reflection 
of light. 

The reflecting level consists of a small 
piece of looking glass set in a metal frame, 
and suspended from a point so adjusted that 
the plane of the glass shaU always be vertical 
It is evident, that when w e sec the reflection 
uf our own eye in the mirror, that the line 

telescope, being attached to two bands which 
embrace it; two capstan screws serve to 
adjust the axis of the level so that it shtdl he 
paraUel with the axis of the telescope ; a 
small level, placed at right angles to the axis 
of the telescope is used in setting up the 
instrument. A mirror plate, on a hinge joint, 
is used to reflect the image of one end of the 
air bubble to the eye, so that the observer can 
see, whilst reading the rod, that the instru
ment retains its position. The parallel plates 
and screws are similar to those in the Y level. 
The adjustments of this instrument are suui
lar to those of Troughton's improved level. 
O n account of its dumpy appearance it ia 
often called the D u m p y Level. 

T w o 
and 

from the pupil to its reflect
ed image raust be perpen
dicular to the plane of the 
glass, and therefore to the 
direction of gravity, or hori
zontal. B y shifting the in
strument, w e have the 
means of tracing any num
ber of horizontal lines. 
The instrument may be 
used for tracing contour 
lines. Reflecting levels are 
not very accurate in prac
tice, though beautiful in 
theory. The figure repre
sents a level of this class. 

LEV'EI,,-ING S T A V E S . Rods used to 
determine the point in which a given horizon
tal line intersects a vertical one, to show its 
height above the surface of the ground. There 
are several kinds. 

1. One of the best consists of a staff of 
hard wood capped with metal, from 12 to 15 
feet in length, and graduated to feet, tenths. 
and hundredths. A sliding vane is made to 
move up and down by a cord and pulleys, 
and on the vane is a vernier by means of 
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which the reading of the staff may bo efl'ected 
to thousandths of a foot. 

E Fb-

t 1.4 

AB represents a portion of the staff, DC 
the movable vane, with an opening E F , 
through which the graduation on the staff is 
seen. F is the vernier of the vane, the 0 
hemg determined by the transverse line D C . 
To render this line more distinct, the vane is 
divided into four quarters, and the alternate 
ones are painted black ; by their contrast with 
the white quarters the fine D C is distinctly 
shown. 
2, A second variety of leveling staff is 

fonned of two pieces of hard wood, each about 
six feet in length, one of which slides in a 
groove of the other, and bears a vane similar 
to that already described, except the opening. 
The rod is graduated to feet, tenths, and hun-
dreths, and a vernier may be attached for 
readmg smaller divisions. The line of sight 
of the telescope is directed to the vane, and 
when it intersects the rod at less than six 
feet from the ground the staff is reversed, 
the vane run up the staff, and fhe readings 
made by means of tbe reversed figures at the 
right. W h e n the line of sight intersects the 
rod more than six feet frora the ground, the 
staff is used directly, and the reading is then 
made at the top of the lower half, and the 
figures indicating the height of the vane are 
found on the sliding tongue of the rod. 
3. Another variety of leveling rod is used, 

where great accuracy is required, in which 
the vanes are of metal. There are two vanes 
on each rod facing in opposite directions, and 

when possible, the vane used in one observa
tion is not disturbed till the next one is 
obtained. The vanes move on the staff by 
means of a sliding clasp, which is connected 
by an adjusting screw, with a spring clasp B, 
somewhat lower down, which can, when 
necessary, be firmly attached to the staff by 
means of clamping screws, Tho adjusting 
screw D, is fmely cut so as to admit of deli-

X 

N k i 

V 
Back. Front. 

cate motions of the vane. W h e n the vane is 
so high on the staff that the arm cannot 
reach to manipulate it, a rod is used, having 
a universal joint, and fitting tho head of tho 
screw. 

A triangular space c, is cut from each side 
of the vane, so that the line joining the verti
ces shall be perpendicular to the rod and pass 
through the 0 of the veniier. At the back 
of these openings small mirrors are fixed, 
turning upon hinges, so as to reflect light 
towards the telescope at different angles of 
incidence. In observing, the horizontal line 
is seen sharp and well defined upon the faces 
of the mirrors, and is made to bisect the oppo
site angles of the openings, and thus to coin
cide with the 0 of the vernier. - The rod is 
graduated so that with the vernier, readings 
may be taken accurately to within a thou
sandth of a foot, and approximately by the 
eye to another place of decimals. The rod is 
supported upon a tripod stand, having on its 
top a strong brass plate 
to which a horizontal 
motion can be given 
by means of screws 
sss. The staff is passed 
through an opening B 
in this, and rests upon 
a "massive iron shoe A, 
in which there is an opening to receive it, 
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the vertical position is then given to the rod 
by means of the screws sss. 

4, Tliere is a fourth kind of leveling rod 
which is coming into c o m m o n use, and is 
particularly used with the Gravatt level. This 
rod has no vane, but the graduation is made 
so distinct and clear that the observer can 
take the reading of the rod, and thus avoid 
,rrrors of reading by an assistant. The tele
scope used is achroifiatic and inverting, which 
requires that the figures should be inverted 
upon the rod. The staff rests upon an iron 
shoe, within - which it turns upon a point, 
without being lifted from the ground. 

L E V ' E L - I N G . The operation of finding 
the difference of level between two points on 
the surface of the earth, that is, the distance 
between two level surfaces passed through 
the two points. O n e point is said to be above 
another point, in leveling, w h e n it is farther 
frora some level surface taken as a surface of 
reference, and the difference of the distances 
of two points from a fixed level surface of 
reference is the difference of level of the two 
points. The operation of leveling is carried 
on by means of a level and leveUug rods. 

The operation m a y be undertaken, 
1st. For the purpose of determiniug the 

difference of level between two points. 
2d For the purpose of obtaining a section 

or profile along a given route, as in the re
connaissance,- for establishing a line of rail
road, canal, or other work of internal im
provement. 

3d. In determining the contour lines in a 
topographical survey. Before considering the 
operations to be performed, w e shall deduce a 
formula for correcting the readings of tho 
rod. 

H -A. 32 B 

Let A O be a section of a level surface re
garded as spherical, by a plane through the 
earth, C the centre of the earth, A D a line of 
apparent level, lying in the plane of the sec
tion considered, and C E a vertical line at O. 
The instrument indicates at A the line of 

apparent level A D , and the distance O E is a 
correction that must be subtracted from the 
reading of the rod at 0, in order to -educe 
the reading to what it would be if the ievel 
had pointed out a line of true level. Now, 
if w o denote the correction at any point, as 
0 by X, the diameter of the earth by d, and 
the distance A O , which m a y be taken equal 
to A E , by h, w e shall have from Elementary 
Geometry, 

h'=xid + x), 
or, since x is so small with respect to d, that 
it m a y be neglected in comparison with it, 
w e shall have. 

: dx. (1)-

N o w , since d remains constant, or sensibly 
so, w e see that the correction varies as the 
square of the horizontal distance from the 
level to the rod. 

If in formula (1) w e mak e h equal to 1 
chain, 2 chains, 3 chains, &c., and find the 
corresponding values of x. and arrange them 
in a table, the table formed will enable us to 
make the corrections in any reading, when 
w e knoyv the distance frora the level to the 
rod. W h e n great accuracy is required, a 
sraall correction has to be made for refrac
tion. 
T A B L E . — S h o w i n g ihe Correction for Curva

ture in thousandths of a foot for distances 
from I to 100 chains. CHAINS. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
10 
17 
18 
19 
20 
21 

FEET. 

0.000 
0.000 
0,001 
0,002 
0,003 
0.004 
0.005 
0,007 
0,008 
0,010 
0,013 
0,015 
0,018 
0,020 
0023 
0,027 
0.030 
0,034 
0,038 
0,042 
0,046 

CHAlTiS, 

22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 

FEKT. 

0.050 
0.055 
0,060 
0,066 
0,070 
0,076 
0.082 
0.088 
0.094 
0.100 
0.107 
0,113 
0.120 
0.128 
0.135 
0,143 
0.150 
0.158 
0.167 
0,175 
0,184 
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CHAIKS. 

43 
44 
4o 
46 
47 
+? 
49 
50 
51 

FEKT. 

0.193 
0.202 
0,211 
0,2':0 
0,230 
0.240 
O'ioO 
0 2o0 
0,271 

i Cll V1N9, 

: 72 
i •''3 
1 74 

75 
76 

1 77 
78 
79 
80 

FRKT. 

0.540 
0.555 
0.570 
0,586 
0.002 
0,618 
0,634 
0.6.50 
0.666 

53 
54 
55 
56 
57 
5S 
59 
60 
61 
62 
63 

o.':si 
0,293 
0.304 
0.315 
0 327 
0.33S 
0 350 
0 362 
0,375 
0,3SS 
0.400 
0.414 

81 
8'-
83 
84 

90 
91 
92 

0,15̂ 3 
0.700 
0.7 IS 
0,736 
0,7.53 
0,770 
0.783 
0 807 
0 S2 j 
0.844 
0.863 
0.S82 

venient lengths, so that tho rods wUl not bo 
more than 130 or 110 yards apart. The level 
is placed at somo convenient station, nearly 
equi-distant from the rods, so as to avoid cor
rection for curvature and refraction. 

Beginning at tho first station, the instru
ment is set up between it and the second 
station and leveled ; the rod beinn- at .V. the 
reading is talten and recorded under the head 
of back-sights, as in the following table : 
Suition.llJiick si,;:lu. Foresight, DilT, level 

2,040 
1,998 

7,931 
6,021 

- 5,885 
-4,023 

SB.") 
-9,908 

64 
65 
66 
67 
68 
69 
70 
71 

0,427 
0.-440 
0.454 
0.45S 
0,482 
0-496 
0.510 
0..525 

93 
94 
95 
96 
97 
98 
99 
100 

0.901 
0,920 
0.940 
0.960 
0.980 
1 001 
1,020 
1,040 

Observing that for 80 chains, = 1 raile, the 
correction is .666, or two-thirds of a foot, and 
that the correction varies as the square of 
the distance, we have the following easy rule 
for finding the correction in feet: 

The correction for curvature infect, is equal 
lo two-thirds of the number of miles from the 
lend to the staff. 

1. Difference of level between two points. 
"When it is proposed to find the difference 

of level between two points or stations, all 
readings taken in the direction of the first 
pomt are called back-sights, all taken in the 
direction of the second point, are called fore
sights. W e shall suppose that the rod used 
is of the last kind described ; that is, having 
no vane. 

The line to be leveled is divided into con-

Then the rod being set up at B. the read
ing is taken and recorded under the head of 
foresights. Suppose the readings to bo 
2,046 and 7.931. The level is then moved 
so as to be nearly equi-distant from B and 
C, and tho readings taken and recorded as 
before. Suppose them to be 1,998 and 0,021, 
The instruinent is again raoved, and the ope
ration continued till the last stal:ion is reached, 
'Then the sum of the back-sights, minus the 
sum of the foresights, is equal to the differ
ence of level between the two points. If 
the remainder is positive, the second point is 
higher than the first; if negative, the reverse 
is the case. The columns of dilTcrences of 
level, and of total differences, show respect
ively the difference of level between each 
two positions of the rod, and the difference 
of level between each position of the rod and 
the first point. The method of forming the 
first is to subtract each foresight from the 
corresponding back-sight and enter it in the 
column of difference of level. To form the 
second column, each difference in the second 
column is added to the algebraic sum of all 
the preceding ones in the same column. 
These columns serve as a check upon the ac
curacy of the work. 

W e have supposed the level to be taken at 
equal distances from the rods in each case; if 
it is not so taken, another column must be 
ruled for the distances from the level to the 
forward rods, and a second one for the dis
tances to the hindraost rod, and with these 
distances the corrections for curv;iture must 
bo taken frora the table already given, and 
subtracted from the readings, which must 
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then be treated as w e have explained. This 
correction raay be avoided, if, w h e n w e take 
tho level nearer one rod than the other, w e 
at the next station reverse it so that the level 
shall be nearer the second than the first. 
T h e remarks on correction for curvature, are 
in general applicable to the other methods of 
leveling yet to be described, 

2. T o level for section or profile. 
The general, method of proceeding is the 

same as in the preceding case. The annexed 
table shows the additional measurements that 
have to be taken. W h e n a plan, as well as 
profile, is wanted, hearings from point to 
point m a y be taken with a compass. 

FORta OF note-book. 

,= 
7j 

1 
2 
3 
4 
5 
•6 

7 
8 

.3 
is 

R 
650 
700 
750' 
650 
600 
6.̂ 0 
B,M. 
500 
750 

t 

n 
2,35 
3,56 
10,34 
14,55 
9,98 
3,R2 
1,23 
2,23 
6,20 

-J 
• -a 
•s b. 

14,55 
9.58 
6.21 
0,25 
1,67 

14,154 
13.45 
12,05 
19,55 

£03 
Ii 

-(5(0 
— 12,20 
- 6.02 
+ 4.13 
+ 14,30 
+ 8.31 
-10,92 
-12,22 
- 9.82 
-13,35 

•s 

!l 
^ 

-12,20 
-18.22 
-14,09 
+ 0 21 
+ 8,52 
- 2.40 
-14,62 
-24,44 
-37,79 

Uemarka. 

Cairanencfld 
murk A. 

Bench mark 
Tenn inn ting 
oiik-tree. 

It will be seen that the point of termina
tion is 37.79 feet below the starting point. 

Plotting the Section. 
The vertical distances being small in com

parison with the horizontal ones, two differ
ent scales become necessary in plotting a 
profile. 

In order that the vertical distances raay be 
fully represented in the plot, the scale used 
for them must be m u c h longer than is used 
for horizontal distances. This becomes ab-" 
solutely necessary when long lines of profile 
with gentle slopes are to he plotted, as is 
always the case in the trial section of a rail
road survey. W e shall illustrate the manner 
of plotting, by drawing the section indicated 
by the field-notes just given. 

Draw a horizontal line A K , called a datum 
line, and assume some point A to represent 
the point of beginning : lay off on the datum 
line distances, equal to the measured dis
tances, 650, 700, 750, &c., feet, to K, using 
in this case say a scale of 1500 feet to the 
inch. At the points B, C, D, E, &c., thus de
terrained, erect perpendiculars, making them 
equal to the corresponding differences of 
level taken from the field-hook on a scale, 
say of 25 feet to the inch. Through the 
upper ends of these perpendiculars draw the 
irregular line A P L M , and it will represent 
the surface of the ground along the line in 
which the section is made. W e have sup
posed the section to be developed by means 
of rolling its projecting cylinder upon a tan
gent plane. In plotting the plan, we make 
use of the compass notes as determined in 
the survey. It is usual for the compass 
party to precede the leveling party, and to 
leave at suitable intervals marked stakes, 
which are used as stations by the following 
party of levelers. The compass party may 
also detennine the general topographical fea
tures of the country. JL _650_ B 700 C 7C0 I) 630 MI-bbo___\_ SŜ Ĵ _̂  (4 50O K __750 K 

3. T o level for a Topographical Survey. 
A Topographical survey is undertaken for 

the purpose of determining the form and acci

dents of the ground, and for making such a 
plan as wiU sho w the minute details of the 
surface, its hills, its vaUeys, streams, &c. In 
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oiJfr to represent tho irregularities of the 
sari'aee on a pl.aue, we conceive a succession 
of planes lo be passed at equal distances 
from each other; these secant planes cut. 
from the suriliee of the ground, curves which 
rire called contour lines. Now-, if these 
contour fines be projected upon a horizontal 
plane, the projection will show the form of 
the suri".ico ; where the slope is gentle the 
proicctious will be distant from each other, 
and where it is rapid they wUl be close to 
each other. To a practiced eye such a delin

eation conveys a perfect imago of the surface. 
The object of leveling is to determine tho 
contour lines. The following explanation will 
show the general method of proceeding : 

By means of a theodolite or transit, range 
a fine of stakes. .V. B, C. &c., along one side 
or through the middle of the ground to bo 
surveyed, at equal and convenient distances 
apart, say 50 or 100 feet. Mark with a piece 
of red chalk, on each stake, the letters .V, B, 
C, & e . in their order. -At .\ range a line of 
stakes perpendicular to .VE, planting tbe 

A 

B 

C 

0) 

V 

.1 
1 

B 
1 

r 
1 

u 
2 

Et 

i 

"̂  

c 
1 

T) 
2 

El 

A 
z 

B 

b 

I' 
3 

n 
" a 

F..1 

A A 
•1 s 

JI M 
4, i 

C fl 
4 i 

D J) 
4 S 

E4 Il.i 

stakes at the same interval (of 50 or 100 feet), 
and mark them with the letters A^, Aj, A3, 
&c., in their order. .-\t B range a line of 
stakes at right angles to A E . at the same dis
tance apart, and mark them Bj, Bj, B3, Ac. 
Do the same at C, D, &c., until all the stakes 
are planted, dividing the area to be surveyed 
into squares of 50 or 1(J0 feet on a side. The 
letters and figures should be plainly marked 
on the side of the stakes, so that there may 
be no difficulty in making the record. 
The next step consists in determining the 

height of each stake above some plane taken 
as the plane of reference. If the sea is 
near, the surface of mean low water mark 
will afford the most natural plane of refer
ence. If not, let the plane be taken through 
tire lowest point of the surface, or below that 

point. In the example that w e have taken, 
the plane is assumed through the lowest 
point of the field, supposed tobe E3. Setup 
tbe level at some convenient point, as a, take 
the reading of the leveling rod at E3, and 
enter the reading in the column of back-sights; 
then take the reading of the rod at as many 
stakes as can be reached frora the position 
of the level a, entering them as foresights, 
endeavoring to make the last reading as small 
as possible. At the last stake Cj drive 3 
small peg to serve as a bench mark. Move 
the level to a second point 4 and take a back
sight to C4, and as many foresights as possi
ble, and so on till the rod has been placed at 
each stake. The following forra will show 
how the height of each stake above the plane 
of reference is found : 
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FIELD NOTES. 

[LEY 

BACK-SIGHTS. 

Object. 

E. 

G4 

B« 

c, 

A , 
1 

Reading. 

11.432 

11.112 

11.882 

11.149 

10.102 

IroIlESlGHTS. 

object. 

Da 
C 
E. 
E. 
d! 
d! 
C3 
B 
Ca 
b1 
Ex 
B 
d' 
C, 
A* 
Ai 
D5 
E5 
A3 
Cr 
B 
Br 
A, 

A, 

- Reading, 

1,211 
0,897 
5,281 
6,154 
6.001 
1.182 
2.917 
6,080 
0,921 
0,113 
8,019 
3,990 
4.118 
1.880 
5,000 
9.928 
1.675 
1.111 
0.108 
0.004 
4.181 
2,008 
0,817 

4,332 

DIFFEKEXCE. 

+ 10.221 
+ 0.314 
+ 5,831 
- 0,873 
+ " 0 153 
+ 4,819 
- 1.735 
- 3,163 
+ 5,159 
+ 0.808 
+ 3,863 
.+ 4,029 
- 0.128 
+ 2.238 
- 3,120 
- 4,928 
+ 8 253 
+ 0 564 
+ 1,003 
+ 0,104 
+ 6,968 
+ 2,173 
+ 1.191 

+ 5.770 

TOTAL D 
AB 

Object, 

E3 
D3 
C4 
E. 
E. 
D. 
D, 
C3 
B» 
C5 
Bt 
E, 
B3 
Dx 
C3 
A4 
As 
D5 
E5 
A3 
Cl 
B. 
B, 
A. 

Al 

FF. OF LKVEL 
JVE .E3. 
Reading. 

0,000 
10,221 
10,535 
16,366 
15,493 
15.644 
20.465 
18,730 
15,567 
20,726 
21.534 
25.397 
29.426 
29.298 
31,536 
28,416 
23,488 
31,741 
32,305 
33,308 
33,412 
40,380 
42,553 
43,744 

49 514 

HEMAHKS. • 

Check 10.535 

„, , 10,999 
r^^'=''21,534 

C 11878 
\ Check KX^T— 
( 33,412 

10,332 
1 Check ^ 3 ^ ^ 

( 5,770 
1 ̂ '̂ '"=1'49,514 

If w e subtract the first foresight (D3) from 
the back-sight (Ej), the difference, entered in 
the column headed difference, is evidently the 
height of Dj, above the plane of reference, 
through E3, and we accordingly enter it under 
the column headed total difference of level, as 
well as in the column of differences. 

If w e subtract the foresight C^ from the 
.foresight D3, the difference entered in the 
column of difference is evidently the height 
of G^ above D3 ; and if w e add this differ
ence to the previous total, w e shall find the 
height of C, above Ej. Subtracting the fore
sight (Ej) from the back-sight (C^), we get the 
difference of level between Ej and C^, which, 
added to the previous total, gives the height 
of Eg above the stake E3, In subtracting the 
foresight Ej frora the foresight Ej, w e find a 
negative result, which shows that E^ is below 
Ej. W e then enter this difference with its 
negative sign, and to get the total subtract it 
from the previous total, and so on. 

As a check on the work, subtract the fore

sight (CJ from the back-sight (Ej), and the 
difference will give the height of C, above 
the surface of reference through E,. 

Again, subtract the foresight (BJ from the 
backsight (CJ, and add the remainder to the 
height of Cj, and w e Shall find the height of 
Bj, which should agree with the height of 
B4 as found under the heading total difference 
of level; and so on for each time that the 
level is moved. ,• 

Plotting the Work. 
Draw on a piece of paper a straight line 

A E . From a scale of equal parts, set olf 
distances A B , BC, &.c., each to represent 50 
or 100 feet, as the case maybe. Suppose in 
tjus case 50 feet. Erect perpendiculars at each 
of the points A, B, C, &c,, and set off on these 
perpendiculars from A to 2, from 2 to 3, i9c,, 
distances to represent 50 feet, and through 
tiie points 2, 3, 4, &c., draw lines parallel to 
A E . These, by their intersections with th« 
lines drawn through A, B, C, &c., wUI dc-tcp 
mine the plot of the stakes A,, Aj, &!!• 



K Y] CYCLOPEDIA OF M.ATHEM.VTICAL SCIENCE. 335 

AVrite hi red ink on tho plot the height of 
each st;ike above E,, taken from the column 
of total differences in the field book. 

3 

Let us suppose the level surfaces are taken 
at distances of six feet apart. W e may find 
the points in which the contour lines in pro

jection cut the fines drawn at right angles to 
each other by a simple proportion, or perhaps 
stUl better by taking the plot into the field, 
and sketching in the lines by the eye. Sec 
Topography, Topographical Surveying, <f-c. 

Leveling with ihe Theodolite. 
To determine the difference of level between 

two points on a line, by means of the theodo
fite, set up the theodolite and examine the 
adjustments with great care, and level it. 
Measure the exact height of the axis of the 
telescope above the ground at the station 
where the theodolite is placed, and set a vane 
on a levefing rod at the same height, and 
send the rod forward to a second station. 
Direct the instrument upon the vane, and 
read the vertical limb of the instrument. Mea
sure carefully the horizontal distance between 
the first and second stations. Change places 
with the instjumeut and rod, and repeat the 
(ibsen'ation of the angle of inclination ; this, 
with the preceding observation wUl give us' 
the angle at the base of a right angled trian
gle, and the measured distance will he the 
base. Compute the perpendicular, and this 
wUl be the difference of level between the 

first and second stations. Now let the oper 
ation be repeated, using the second, third, 
fourth, &c,, stations, until the final point of 
the line is reached. Then the algebraic sum 
of the partial differences of level will be the 
total difference of level between the two 
points. This method is not very accurate iu 
practice, though there is no objection to it in 
theory. 

Leveling with the Barometer. 
When lines of levels are to be run several 

hundred miles in length, and only approxi
mate results are required, resort may be had 
to the raethod by the barometer, or the 
boiling points of water. W e shall first ex
plain the method of finding the difference of 
level of 'two points near each other, by baro
metrical measurement. 
Set up the barometer, and take the reading 

of the height of the mercury in the tube, the 
reading of a thermometer attached to the 
barometer, and of a thermoraeter detached 
frora it, and hanging freely exposed to tho 
air ; note also the time of making the obser
vation. Suppose the first set of observations 
to be raade at the lower station. Then pro-
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ceed to the second or upper station, and raake 
the same observations as soon as possible, 
after the first set. At an interval of time 
equal to that between the time of taking the 
first and second set of observations, let 
third set be taken at the lower station. Re
duce the height of the barometer's column, 
as last observed, to what it would have been, 
had it beer of the same temperature as when 
the first set of observations were taken, by 
the forraula 

A" = 7i [1+(r - r') X 0,0001]; 
in which h" denotes the required height, h 
the observed height, T the height of the at
tached thermometer at the first set of obser
vations, and T' the height of the attached 
thermoraeter at the third set of observations. 
Take a mean of this, and the height of the 
column at the first observation, as the height 
of the barometer at the first station ; take 
also a mean of the temperatures of the air at 
the first station, and with the temperature of 
the mercury, as first observed, let these be 
considered as a set of observations made con
temporaneously with the set at the second 
station. 

The difference of level between the two 
stations may then be found by means of the 
formula 
x = 60345,51 [1 + ,001111 (i + <' - 64)] X 

1 

, 77 
log\-ji 1+.0001(7-

(1 + 0.002695-COS2 5 

T') 

In which ij> denotes the latitude of the place, 
h tho height of the barometer at the lower 
station, h' that at the upper station, T the 
temperature of the mercury at the lower sta
tion, T' that at the upper station, t the tem
perature of the air at the lower station, t' that 
at the upper station. Make 
4 = 7og-(60345.51 [1 + ,001111 ((+<'-64)]), 
B=log[l-\- ,0001 ( T - T ' ) \ 
C=log'il + ,002695 cos 2 <>]. 

D=logh-(logh' +B). 

Then shall we have the equation 

logx = A + C -{-logD; 

a formula from which the value of x may be 
very easily computed by the aid of the follow
ing tables : 

Table I.—Thekmometee in 

t+t' 

1° 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

A 

4.74914 
.74966 
.75017 
•75069 
.75120 
.75172 
.75223 
.75274 
,75326 
.75377 
.75428 
.75479 
.75531 
.75582 
.75633 
.75684 
.75735 
.75786 
.75837 
.75888 
.75938 
.75989 
.76039 
.76090 
.76140 
.76190 
.76241 
.76291 
.76342 
.76392 
.76442 
.76492 
.76542 
.76592 
.76642 
.76692 
.76742 
.76792 
.76842 
.76891 
.76941 
.76990 
.77039 
.77089 
.77138 
.77187 
,77236 
.77285 
.77334 
.77383 
.77432 
.77481 
.77530 
.77579 
.77628 
,77677 
.77726 
.77774 
,77823 
.77871 

i-̂ i' 

61° 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
no 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 

A 

4.77919 
.77968 
.78016 
.78065 
.78113 
.78161 
.78209 
.78257 
.78305 
.78352 
.48400 
.78449 
.78497 
.78544 
.78592 
.78640 
.78688 
.78735 
.78783 
.78830 
.78878 
.78925 
.78972 
.79019 
.79066 
.79113 
.79160 
.79207 
.79254 
.79301 
.79348 
.79395 
.79442 
.79488 
.79535 
.79582 
.79629 
.79675 
.79722 
.79768 
.79814 
.79860 
.79907 
.79953 
.79999 
.80045 
.80091 
.80137 
.80183 
,80229 
.80275 
.80321 

THE OPEN A m 
l + t' 

121° 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 

.80367;! l'̂ 3 
,80412,1174 
.80458 
.80504 
.80550 
.80595 
,80641 
.80687 

175 
176 
177 
178 
179 
180 

A 

4.80732 
.80777 
.80822 
.80867 
.80912 
.80957 
.81002 
.81047 
,81092 -
.81137 
.81182 
,81227 
.81272 
.81317 
.81362 
.81407 
.81452 
.81496 
.81541 
.81585 
.81630 
.81675 
.81719 
.81763 
.81807 
.81851 
.81895 
.81939 
.81983 1 
.82027 '. 
.82071 : 
.82115 
.82159 
.82203 
.82247 
.82291 
.82335 
.82379 
.82423 
.82466 
.82510 
.82553 
.82596 
.82640 
.S26S3 
.82727, 
,82770 
,82813 
.82857J 
.82900; 
.82943 
.82986 
.83030 
.83073 
.83116 
.831B9 
.83201 
.83244 
.83287, 
.83329 
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Table 11.—--V-rr-tcHED Tui:R,MoiiK 

T-r 

0 
1 
2 
3 
4 
5 
6 
7 
^ 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

"•" 

o,ooooo' 
.0000-: 
,00009 ' 
,00013 
,00017 
.00022 
,00026 
,00030 
,00035 
.00039 ; 
,00043 
,00048 
,00052 
,000.̂ 6 
,0tX)61 
,00065 
,00069 
,00074 
.00078 
.00083 

T-T 

20 
21 
22 
23 
24 
25 
26 
27 
2S 
29 
30 
31 
32 
33 
34 
35 
36 
37 
33 
39 

B. 

,00087 
,00091 
,000116 
,00100 
,001041 
.00109 
.00113 
.00117 
00122 
,00126 
,00130 
,00135 
,00139 
001-13 
,00MS 
,00152' 
0015ti 
00161 
001G5 
ooioy. 

T-T 

40 
41 
42 
43 
44 
43 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
5S 

, 59 

B. 
t 

,00174 
.00178 
,00182 
,00187 
,00191 
,00195 
,00200 
,00204 
,00203 
,00213 
100217 
00221 
,00226 
,00230 
,00234 
,00239 
,00243 
,00247 
00252 
,00256 

Table III.—Latitude of Place. 

0 
0'-
5 
10 
15 
20 
25 
30 

C 
.00117 
.00115 
.00110 
.00100 
.00090 
.00075 
.00058 

o 
35 = 
40 
45 
50 
55 
60 

, 65 

C 1 
.00040 
.00020 
.00000 

9.99980 
.99960 
.99942 
,99925 

0 
70" 
7 0 

' 80 
85 

I 90 
1 

C 
.99910 
.99900 
.99890 
.99885 
.99883 

Example. 
Upper,Station. Lower Station. 

Height of barometer, h' =23.66 h =30.05 
Attached thermometer, T'=70.4 7=77.6 
Detached " • t' =70.4 t =77.6 

B = 0.00031 log D = 9.01502 
log h' = 1.37401 

1.37432 
logi 1,47784 

C = 0.00087 
A = 4.81939 

i^ = 0.10352 
3.83528 

: 6843.7 feet. 

In long lines of barometric levels, it is im
possible to make contemporaneous observa
tions ; in that case the baromet.er used ought 
to be carefully compared with a standard kept 
at some fixed station, and the mean of a 
great number of observations taken at the 
fixed station, should be taken as the cotera-
poraneous observations made for each set of 
obscirations along the line. 

22 

Leveling bq means of Ihe boding point ol 
water. 

Under tho same circuiustances of atmos
pheric iiressure, temperature, and hygrome
tric state of the atmosphere, the boiling point; 
of pure water is constant. A s the pressure 
is diminished the hoUiug point is lowered, 
and generally, as the barometric readings are 
diminished tho boifing point is lowered 
These facts furnish an indication of tho 
method to be pursued, in determining the 
altitude of a point above some fixed level 
surface, taken as a surface of reference. 

Previous to using a thermometer, it should 
be tested at the level of the sea, to ascertain 
its height w h e n immersed in boiling water ; 
this ought to be 212', but on account of the 
little care taken in the construction, it often 
happens that the boiling point differs from 
212' as m u c h as a degree or two. This error 
should be ascertained, and applied as a cor
rection to each result obtained. The observer 
should have as m a n y as two or three ther
mometers, and should use each one, at every 
point of observation. The thermometer 
should be fitted up with a scale, having a 
hinge joint, so that the bulb m a y be freely 
immersed. The most convenient apparatus 
for practical use, consists of a tin pot 9 inches 
deep and 2 inches in diaraeter; a sliding 
tube of tin fits into the top, the head of which 
admits of the insertion of the thermoraeter 
through a collar of cork; slits on the side of 
the tube perrait the escape of steara, and 
keep up the communication with the exter
nal air. F r o m 4 to 5 inches in depth of pure 
water is put into the pot, and the thermome
ter inserted in its collar of cork ; the tin slide 
is then moved up or down, tiU the bulb of the 
thermometer is within two inches of the bot
tom. Heat is applied, and after ebullition 
has been continued for ten or fifteen minutes, 
the reading is taken several times, and the 
temperature of the air noted. Similar opera
tions are then performed, using a second and 
third thermometer. The m e a n of the results 
m a y be taken as a single observation. 

T h e corresponding heights of the barome
ter column m a y then be found from the fol
lowing table, and the difference of level com
puted, as though the height of the barometer 
had been read. 
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Table of barometric heights corresponding to 
different temperatures of boiling water. 

186 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
206 
206 
207 
208 
209 
210 
211 
212 

Te.n'ths of a Decjiiee Fahuekiieit. 

0 

Inches. 
17.048 

.425 

.808 
18.198 

.595 
,999 

19,410 
.828 

20,254 
,688 

21.129 
.578 

22.036 
.502 
.970 

23,458 
,948 

24,446 
.952 

25.467 
.991 

26 524 
27.066 

.617 
28,178 

,749 
29,330 
29,921 

Inches. 
17,123 

.502 
,886 

18.277 
.676 

19.081 
.493 
.913 

20,341 
,776 

21,219 
,669 

22,129 
,597 

23,072 
,556 

24,047 
.547 

25,055 
,572 

26,097 
.632 

27.176 
.729 

28.292 
' .865 

29,448 
30,041 

4 

Inches 
17,199 

,578 
,964 

18,357 
.756 

19,163 
.577 
.998 

20.427 
.864 

21.309 
.761 

22,222 
,692 

23,169 
.654 

24.147 
.648 

25.1.58 
.677 

26,204 
.741 

27,286 
.841 

28.406 
.981 

29.566 
30,161 

6 

Inches. 
17.274 

.655 
18.042 

.436 

.837 
19,245 

.661 
20.083 

.514 

.952 
21,398 

,853 
22,315 

.786 
23-265 

.752 
24.247 

.750 
25.261 

.781 
26.311 

.849 
27.397 

.954 
28.521 
29,098 

,685 
30,281 

Inches. 
17.350 

.731 
18.120 

.516 

.918 
19,328 
.744 

20,169 
.601 

21,041 
.488 
.944 

22.409 
.881 

23.362 
.850 

24.346 
.851 

25.364 
.886 

26,417 
•957 

27.507 
28,066 

.635 
29,214 

.803 
30,402 

The following tables afford pretty good 
approximate results. The barometric heights 
from which Table I. is computed, are a little 
greater than those given in the preceding 
table, being generaUy those due to a boiling 
point about .3 of a degree Fahrenheit lower 
than in the above table. 

Table I. 
Boiling 
Point. 

185° 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 

Altitude 
above the sea. 

14548 ft. 
i3,rn 
13408 
12843 
12280 
11719 
11161 
10606 
10053 
9502 
8953 
8407 
7864 
7324 
6786 

Boiling 
Point. 

200° 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 

Altitude 
above the sea. 

6250 ft. 
.5716 
5185 
4657 
4131 
3607 
3085 
2566 
2049 
1534 
1021 
.509 
0 

-507 
-1013 

Table II. 

Temp're 
of air. 

32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 

.Multiplier. 

1.000 
1.002 
1.004 
1.006 
1.008 
1.010 
1.012 
1.015 
1.017 
1.019 
1.021 
1.023 
1.025 
1.027 
1.029 
1.031 
1.033 
1.035 
1.037 
1.039 
1.042 
1.044 
1.046 
1.048 
1.050 
1.052 
1.054 
1.056 
1.058 
1.060 

Temp're 
of air. 

62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 

Multiplier. 

1.062 
1.064 1 
1.066 ] 
1,069 1 
1.071 1 
1.073 
1,975 ' 
L077 ' 
1.079 • 
1.081 
1.083 
1.085 
1.087 
1.089 
1.091 
1.094 " 
1.096 
1.098 
1.100 
1.102 
1,104 
1.106 
1.108 
1.110 
1.112 
1.114 
1.116 
1.118 
1,121 
1.123 

To use the above tables, enter Table I. with 
the observed boiling point, and take out the 
corresponding height above the level of the 
sea; taking proportional parts for fractions of 
a degree : then, take from Table II, the mul
tiplier corresponding to the observed temper
ature of the air, and form the product of these 
two numbers, the result wul be the approji-
mate altitude required. 

1. Boiling point on a hUl 204°.2, tempera
ture of the air 76° : required the altitude of 
the hill above the level of the sea. 
From Table I. for 204°, height, 4131 ft, 

Prop, part for 0°.2 , deduct, 104 
4027 

Multiplier from Table II. for 76°, 1,091_ 
-Approximate height required, 4393 ft. 

LiFE'-ANNUITY. See Annuity. 
Life Assurance, or, Insbkance. See Ai-

surance, and Insurance. 
LIFE. Of a thousand lives, equally gofA 

any one m a y expect to endure tiU 500 are 
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evti-.tct. Th s period has been denominat
ed the .•'•.-;..•:."!' life. The mean duration 
of life is found from the tables of mor-
talitv, which give out of a certain num
ber bom. the number living at each suc
cessive birthday. If the absolute average law 
of human fife were given, and if /(x)((x re-
lesented the chance of an individual aged 

«, living precisely x moments of time, then 
would ffix) dx between the limits 0 and the 
fc"i^:-.-'' term of life, represent the average 
duration of life of persons aged ji. The tables, 
however, are so imperfect that it is useless to 
attempt the accurate application of the formu
la ; nothing more is necessary than :> very 
rough approximation to its appUcation. 
The tables for mean duration of life are 

constructed as foUows. Let a denote the 
number fixing at the age in question, of 
whom b, c, d, &.C., aro left alive at the end of 
the successive years. Then, a — b die in the 
first year, and as their deaths occur, scattered 
through the year, they enjoy amongst them 
•}(« — i) years of fife, whilst the b survivors 
enjoy the whole year ; consequently, the a 
persons enjoy in the first year of the calcula
tion 

A + ^ (a — i) = -J (a + i) years ; 
in like manner, they enjoy 

iib + c). -i (c + d), &c. years ; 
in the second, third, &c. years of the calcu
lation. If these results be summed, and the 
result divided by a, w e shall have 
Ka+2i + 2c+2d + &c.) & + c + d + &c. 

;; — -J "I ;; for the mean duration. Hence, to find the 
mean duration, add together the numbers left 
at every age, greater than that given, divide 
by the number alive at the given age, and to 
the quotient add 4, this will be the number 
of years in the mean duration. 
LiKE QUANTITIES. Same as similar 
quantities. See Similar Quantities. 

LIMB, of an instrument, the graduated 
part. .-Vnv scale of equal parts, whether 
straight or circular, is called the limb with 
re.spect to a second scale of equal parts ap
plied to it, for the purpose of reading to a 
greater degree^ of accuracy, than one of the 
equal parts which is called a vernier. 

In the theodolite there are two limbs. The 
plane of the first is perpendicular to the axis 
of the instrument, and consists of a complete 
circle whose centre is in the axis, and whose 
eircumferenco is divided into a number of 
equal parts, dependent upon the diameter of 
the circle and the accuracy of the instrument; 
this is called the horizontal limb. The vertical 
limb is generally a serai-circle whose plane is 
perpendicular to that of the horizontal lirab, 
and is graduated into equal parts, whose 
number depends upon the diameter and the 
accuracy of the instrument. In the leveling 
rod, the graduation on the rod is often called 
tho lirab, whilst that on the vane is called the 
vernier. 

LIM'IT. [L. limes, a limit; Fr, limites]. 
.\ quantity towards which a varying quantity 
may approach to within less than any assign
able quantity, but which it cannot pass. 
Thus, the quantity a' + 2ax'' varies with ,̂ 
or it is a function of x. and approximates 
towards a' in value,as x is dirainished, and 
raay, by giving a suitable value to x, be raade 
to differ frora a' by less than any assignable 
ijuantity. Hence, a' is, properly speaking, a 
I limit of the expression, which in this case 
may be found by making x = 0. 

If a regular polygon be inscribed in a circle, 
and the number of sides be increased, the 
area of the inscribed polygon approaches that 
of the circle, and may be made to differ from 
it by less than any assignable quantity; finally, 
when the number of sides becomes infinite. 
wc may regard the two areas as equal, but 
no supposition can cause the area of the poly
gon to exceed that of the circle. Plence, in 
this case, the area raay be regarded as tho 
limit of the area of inscribed regular polygons. 

In like manner, the circumference of the 
circle is the limit of tho periraetcr of all in
scribed regular polygons. 

The surface and volume , of the cono and 
cylinder are also limits of inscribed pyramids 
and prisms, having regular bases. 

In all such cases, any property which is 
true far all states of the varying magnitude, 
is true also at the limit. 

This principle is of use in deducing many 
useful properties of lines, surfaces, and sofids. 
In Analysis, the principle of limits is of ex
tensive application, and is now made the basis 
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of demonstration of the principles of the dif
ferential calculus. 

The differential co-eflicient of a function of 
one variable, being the lirait of the ratio of an 
increment given to the variable, to the corres
ponding increment of the function, the whole 
of the theoretical part of the differential cal
culus reduces to the different processes of 
finding the ratios of these simultaneous in
crements, and from these, the ratio of their 
limits. 

In the theory of tangents, the principle of 
limits is also of much value. W e may define 
a tangent, at any point of a curve, to be the 
lirait of all secants through the point. That 
is, if any secant be drawn through a point of 
the curve cutting it in some other point, and 
then be revolved about the first point till the 
second approaches it. and finally coincides 
with it, at that instant the secant becomes a 
tangent, or passes to its limit. If the revolu
tion be continued, the line again becomes 
secant, cutting the curve on the other side of 
the assumed point. 

A tangent, plane to the surface at any point, 
is a limit of all secant planes through that 
point. It may be conceived, as follows : Let 
a plane be -passed through a straight line, 
tangent to a section of the surface at the 
point; it will, in general, be a secant plane. 
N o w , if this plane be revolved about this line 
as an axis, till the section cut out reduces to 
its limit, the plane becomes a tangent plane. 
N o single principle has been more fruitful iu 
results, both geometrical and analytical, than 
that of limits. 

Limit of the Roots of a Numerical Equa
tion. A number greater or less than any 
one of the roots of the equation. In this 
sense, th'ere must be an infinite number of 
limits, and the terra limit departs from its true 
meaning and becomes -purely technical. 

A SupERi'oR Limit of Positive Koots of 
a numerical equation, is any number greater 
than the greatest positive roots of the equa
tion. The numerical value of the greatest 
co-efficient, increased by 1, is always a supe
rior limit, and of course all greater numbers 
are also superior limits. This limit, in gen
eral, is unnecessarily great; hence, w e usually 
seek what is called, the ordinary superior 
limit. This is equal to 1, increased by that 
root of the numerical value of the greatest 

negative co-efficient, whose index is the num
ber of terms preceding the first negative 
term. If the co-efficient of any term is 0, 
that terra raust stUl be counted. The least 
superior limit of positive roots, in whole num 
bers, may be found hy the foUowing rule .-

Write down the first member of the given 
equation, the second member being 0, and 
also its successive derived polynomials. Find 
by trial, such a number as wUl make all 
these polynomials, including the first member 
of the given equation, positive ; then, if this 
number diminished by 1 will make the first 
member of the given equation negative, it is 
the least superior limit of the positive roots. 
This rule is easily applicable in most cases. 

The inferior limit of positive roots is a 
number, less than any positive root of the 
equation. To find it, transform the equatioii 
into another by substituting - for x, and bv 
any of the preceding methods, determine the 
superior limit of positive roots of the result
ing equation : the reciprocal of this limit is 
the inferior luuit required. 

The superior limit of the negative roots (nu
merically considered), is a negative number 
numerically greater than any of the negative 
roots of the equation. To find it, transform 
the given equation into another, by substitu
ting — 7/ for X ; then find by any of the pre
ceding methods, the superior limit of positive 
roots of the transformed equation, and this 
taken with a contrary sign wiU be the limit 
required. 

The inferior limit of negative roots (numeri
cally considered), is a negative number nu
merically less than the least negative root 
To find it, transform the equation into another 
by substituting for x. Find by any of 
the preceding methods, the superior limit of 
positive roots of the transformed equation, 
the reciprocal of this limit, taken with a con
trary sign, is the Umit required. 

The superior limit of positive and negative 
roots m a y he found verj' readily, by the aiil 
of Sturm's theorem. Having determined the 
polynomials as directed by Stunn's rule, find 
by trial, two numbers which vviU give the 
same number of variations of sign, as + M 
and — CO ; these w-ill be superior fimits ol 
positive and negative roots, numerically c»n-
sidered. The inferior Umits "may be found by 
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trausi'ormingtho given equation, by substitut- • 

in<r - for X; then finding the superior limits j 

as iust explained and taking their reciprocals. 
This method is at once the most complete and 
satisfaetorv-. and the one that will, in most 
cases be found most expeditious. 
LIM IT-ED. Bounded: w e say that a 

line is fimited, when only a definite portion 
of it is taken ; this portion is said to be lim
ited by its extreme points. .-V limited surface 
is a surface bounded by a fixed and definite 
line, and a limited portion of space is a portion 
bounded by a fixed and defmite surface. In 
these cases the limits are of onedegree inferior 
to the maf^nitude limited; that is, points limit 
lines, lines limit surfaces, and surfaces limit 
volumes, 

LIM'IT-ING, Bounding; w e speak of 
tbe limiting points of Unes, the luniting lines 
of surfaces, and the limiting surfaces of vol
umes -A,nalytically, w e speak of limiting 
values of expressions, which are nothing else 
than the fimits of those expressions. 
LINE. [L. lirua, a line. Gr. '/.ivov, flax]. 
A magnitude which has length, but neither 
breadth nor thickness. It possesses one, and 
only one, attribute of extension. In Elemen
tary Geometry, lines are classed as straight 
and curved. A straight line is one which does 
not change its direction between any two of 
its points. A curved line is one which changes 
its direction at every one of its points. Such 
a line is often called a curve. A broken line 
is one made up of Umitcd straight lines lying 
in different directions. 

In Descriptive Geometry. Unes are regard
ed as being generated by points, moving in 
accordance with some mathematical law. 
The moving point is called the generatrix of 
the line, and the position which the genera
trix takes immediately after leaving any given 
point, is said to be consecutive with the given 
point. In accordance with this view of the 
subject, every line is regarded as made up of 
rectilineal elements, each less than any assign
able line, or infinitely smaU. 
Lines, in Descriptive Geometry, are classed 

as in Elementary Geometry, into straight 
and curved lines. Curved lines are subdivid
ed into two classes, curves of single curvature 

and cur\-es of double curvature, according ti
the method of generation. 

.-V Curve op Single Curvature is ono 
which raay ho generated by a point moving 
in such a manner that all its positions shall 
lie in the same plane, as the circle, the conic 
sections, *.̂ c. 

A CcKVE OF Double Curvature is one 
which may be generated by a point moving 
in such a manner that no more th,m three of 
its consecutive positions shall lie in the same 
plane, as a spiral, &c. 

In either case, if any element of the curve 
be prolonged in the direction of tho motion of 
the point, it is tangent to the curve at the 
first of the two consecutive points through 
which it passes. 

Lines, in Analysis, are classed as algebraic 
and transcendental. 

A n Algebraic Line, is one whose rectilin 
eal equation may be expressed by the ordin
ary operations of algebra, that is, by addition, 
subtraction, multiplication, division, raising 
to powers denoted by constant exponents and 
extraction of roots indicated by constant in
dices. 

Tr.inscendental Lines are those whose 
rectilineal equations cannot be expressed by 
the ordinary operations of algebra. 

Algebraic lines are classed into orders, ac
cording to the degree of their equations. 
Lines whose equations are of the first degree, 
constitute the first order, those whose equa
tions are of the second degree, the second 
order, and so on. 

All algebraic lines of the first order art 
straight lines; all those of the second order 
are conic sections. Transcendental lines aro 
sometimes classed according to the nature ot 
the transcendental quantity eraployed in ex
pressing their rectilineal equations, as the 
losarithmic curves, curve of sines, curve of tan
gents, &c. As yet no systematic classifica
tion of transcendental lines has been estah
Ushed. 

Lines of Silide and Shadow. The line 
of shade on a body, 's the line of contact of an 
enveloping cylinder of rays with the surface 
of the body. 

The line of shadow, on a body, is the inter 
section of the surface of the body by a cyliu 
der of rays which envelopes the body casting 
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the shadow. The line of shadovf may be re
garded as the shadow cast by the line of shade. 

The line of shade in a body separates the 
shade frora the illuminated part, and the line 
of shadow separates the shadow from the il
luminated part. The line of shade is always 
a line of contact, the line of shadow is always 
a line of intersection. W e have supposed 
the light to proceed from a point so far distant 
that the rays m a y b e regarded as paraUel; if 
such is not the case, the term cone may be 
substituted wherever the term cylinder is 
used, and the preceding explanation wiU hold 
true in that case. The cone of rays is a cone 
enveloping both the luminous body and the 
body casting the shadow. 

Line of Measures. The line of meas
ures of a circle, in spherical projections 
is the line of intersection of the primitive 
plane with a plane passed through the axis 
of the primitive circle and that of the given 
circle. W h e n the circle to be projected is 
parallel to the primitive plane, any straight 
line through the centre of the priraitive circle 
is a line of measures ; in all other cases there 
is but one line of measures, and that is found 
by drawing a straight line through the centre 
of the primitive circle, perpendicular to the 
trace of the plane of the circle tobe projected 
upon the primitive plane. The line of meas
ures possesses this property, viz.; that one 
of the axes of the projection of any circle 
always lies in it. See Spherical Projections. 
LIN'£-AR, [L. linearis, pertaining to a 
line.] Appertaining to a line. Thus, w e 
speak of linear dimensions, &c. 

A Unear expression is one, whose terms 
are all of the first degree. A linear equation 
is an equation of the first degree. A linear 
problem is one that can be solved by the use 
of right lines only. 

LINK. A unit of measure eraployed in 
land surveying, equal to the hundredth part 
of Gunter's chain. The chain being 66 feet 
in length, the link must be 7,92 inches. A 
square link is equal to .̂ d̂ df,/, of an acre. 
See Chain. 

LIT'ER-AL. [L. litera, a-letter]. Ex
pressed by means of letters. A literal equa
tion is ono in which some of the known 
quantities arc expressed by letters, as 

ax -1- by = e. 
It is so named to distinguish it from a numei 
ical equation in which all the known quanti
ties are expressed by numbers. A literal 
expression is one in which some of the quan
tities entering it are expressed by letters. A 
literal factor is a factor denoted by a letter, or 
some power of a letter, as a, a', &c. 

LI'TRE. A French measure of capacity, 
in the decimal system. It is a cubic decune-
ter, or a cube each edge of which is 3,9371 
English inches. It contains 61.028 cubic 
inches ; four and a half litres make about an 
English imperial gallon. The litre is there
fore a little less than a quart, or more pre
cisely, it is .22009687 gaUon. 

Lo'CUS. [L. locus, a place]. The locus 
of a point is the line generated by the point 
when moving according to some determinate 
law. 

The locus of a, line is the surface generated 
by a line moving according to some fixed 
law. Thus, if n point moves in the same 
plane in such a manner that the sum of its 
distances from two fixed points of the plane 
is constant, the locus of the point is an 
ellipse. If a straight line move in such a 
manner that it shall always pass through a 
fixed point, and continually touch a fixed 
curve, the locus of the line is a conic surface. 

To find the equation of a locus we have 
only to express the law of motion by means 
of one or more indeterminate equations. 

The geometrical analysis of the Greeks 
depended much upon the investigation of 
loci; the following example wUI serve as an 
illustration. Let it be required to find a tri
angle whose base is equal to a given line, 
whose area is equal to a given area, and 
whose vertical angle is equal to a given angle. 

Let A B be the given 
base ; it is easy to con- C : 
struct the line CD, 
which is the locus of 
all the vertices of tri
angles having the given 
area and the given base. Next upon the 
line A B , as a chord, construct an arc of a 
circle which shaU contain the given angle. 
If the parallel and arc intersect, the point ot 
intersection E will be the vertex of the re
quired angle. In the case taken there are 
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iwo such points, but the two triangles are 
exactly equal in all respects. 

It is to be observed, that no curve what-
e%er is called the locus of a point, unless any 
point whatever of the curve may be taken as 
the point in question. Thus, if each of six 
points should satisfy certain conditions, and 
all fie upon the circumference of a given 
circle, and if aU other points of that eircum-
fer«uee should not satisfy the same conditions, 
the circle could not, in the teclinical sense, 
be called the locus of the six points, 
L O G , AND LOCi—LINE. .A contrivance 

for determining the velocity of a ship in pass-
m i through the water. If at any moment a 
piece of wood be thrown out of a ship, as 
soon as it strikes the water it ceases to par
take of the ship's motion, the ship goes on 
and leaves it behind. If then, after a certain 
interval, say half a minute, the distance from 
the ship to the floatuig body be measured, 
the velocity of the ship may be ascertained. 
This of course supposes that there are no 
currents which bear the float along. W h e n 
such currents exist, the log only shows the 
relative velocity of the ship svith respect to 
the surface water. Such is the principle of 
the log and line. 
In practice, the log is a flat piece of wood, 

generally in the shape of a quadrant, loaded 
with lead at one of its sides, to make it float 
upright; to this is attached a line about 150 
fathoms in length, divided into equal parts by 
pieces of twine t-,visted into it. These divi
sions begin twenty or thirty yards from the 
lo_r. whereapiece of red rag is usually fastened 
in order to show the place readily. A U the 
Une between the rag and the log is called the 
stray Une, and is omitted from the account. 
V̂ hen the log is thrown into the sea, which 
is done from the lee quarter of the vessel, the 
log-line, by the help of a reel on which it is 
wound, is immediately veered out as fast as 
the ship saUs ; as soon as the red rag leaves 
the reel, a half-minute glass is turned, and 
when the sand is all run down, the reel is 
stopped. Then, by measuring the quantity 
of line run out, the distance sailed in half a 
minute becomes known, and thence the dis
tance per hour is readily ascertained. 
The most usual way of dividing the line, 

is into parts of 50 feet each, which will then 
indicate very nearly the number of miles per 

hour, by tho number of knots run out in a 
half-minute. 

The Une should often be renieasured, and 
to prevent stretching and contracting in con
sequence of hygrometric changes, it raay bo 
soaked in a raixture of tiiree parts of linseed 
and one part of fish-oil, Tho log is generally 
thrown every hour, and tho rate recorded in 
a book, called the log-book. 

L O G ' A - R I T H M [Gr. P.oj-of, ratio, and 
apW/joc, nuraber]. The logarithm of a 
number is the exponent of tho power to 
which it is necessary to raise a fixed number, 
called the base, to produce the given nuraber. 

If w e suppose a to preserve a constant 
value in the equation, 

a' = N, 
w-hilst A" is raade, in succession, equal to ev
ery possible nuraber, it is plain that x will 
undergo corresponding changes. The values 
of X, corresponding to tho difierent values of 
A', are the logarithms of these values of N. 
In this case, a is the base of the system. 
--\iiy positive number, except 1, may be taken 
as a base ; and if for that particular base, we 
suppose the logarithms of all numbers to be 
computed, they constitute what is called a 
system of logarithms. There may be an in
finite number of systeras, but two only are 
used : the common, and the Naperian. In 
the coraraon systera, the base is 10; in the 
Naperian, it is 2.71828L 

A table of logarithms is a table so arranged, 
that, by means of it, the logarithms of all 
numbers, within certain limits, may be found. 
The logarithm of a nuraber is composed of 
two parts : an C7i//rc and a decimal part; tho 
entire part is called the characteristic, the de
cimal part is soraetimes caUed the mantissa. 
Thus, the common logarithm of 52 isl.716003, 
in which 1 is the characteristic, and .716003 
the mantissa. 

Of the various tables of logarithms, the 
common table presents the following advan
tages : 1st, it is not necessary to write the 
characteristic, it being always equal to 1 plus 
the number of places of figures in the given 
number ; 2d, the logarithms of decimals can 
be as readily found from the tables as those 
of whole numbers. The mantissa is tho 
same as though the decimal wore a whole 
number; the characteristic is negative, and 
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numerically, 1 greater than the number of O's, 
which uumediately follow the decimal point. 
For these reasons, and generally, on account 
of their greater adaptability to the deciraal 
system, common logarithms are almost exclu
sively used for purposes of computation. 

The following properties of logarithms are 
c o m m o n to all systems : 

1. The logarithm of the product of any num
ber of factors, is equal to the sum of the loga
rithms of 4he factors, taken separately. 

2. The logarithm of the quotient of one 
number by another, is equal to the logarithm of 
the dividend, mitius ihe logarithm of the divisor. 

3. The logarithm of any power of a quan
tity, is equal to the product of the logarithm of 
the quantity by the exponent of the power. 

4, The logarithm of any root of a quantity, 
is equal to the logarithm of the quantity, divided 
by the index of the root. 

These four principles are used for abbrevi
ating the arithmetical processes of multipli
cation, division, raising to powers and ex
tracting roots ; and frora thera w e readily de
duce the following rules : 

1, To multiply one number by another: find 
from a table the logarithms of the tico numbers, 
and add them together; find from the table the 
number corresponding to this logarithm, and it 
will be the product required. 

2. To divide one number by another: find 
from a table the logarithms of the dividend 
and divisor, and subtract the latter from the 
former; find from the table tlie number corre-
.ipcmding to this logarithm, and ii will be ihe 
quotient required. 

3. To raise any number to any power: find 
from a table ihe logarithm of the number, and 
multiply it by the exponent of the power ; find 
from the table the number corresponding to this 
logarithm, and it will be the power required. 

4. To extract any root of a number : find 
from a table the logarithm of tlie number, and 
•divide it by the index of the root; find from ihe 
liable the nurnbcr corresponding to the logarithm, 
.and it will be the root reguired. 

Besides these principles, which are of cv-
.ery-day use in .irithroetical computations, the 
•following are also of much importance in an
alytical discussions: 

1. The logarithm of 1, in any system, is 0. 

2. Whatever may be the base of a system, 
its logarithm, taken in that system, is 1. 

3. Ill any system whose base is greater 
than 1, the logarithms of all numbers greater 
than 1 are positive ; of all numbers less than 
1, negative ; the logarithm of co is + CO ;' 
the logarithm of 0 is — co. 

4, In any system of logarithms whose base 
is less than 1, the logarithms of all numbers 
greater than 1, are negative ; of all numbers 
less than 1, positive : the logarithm of co is 
— CO ; and the logarithm of 0 is + co. 

5. N o negative number has a real loga
rithm. 

Every logarithm is composed of two fac
tors : one depending upon the base of the sys
tem, and constant; the other upon the num
ber itself, and changing as the number 
changes. 

The first factor is called the modulus of ti 
system. The modulus of a system of loga
rithms m a y be defined to be that number by 
which it is necessary to multiply the Nape
rian logarithm of any number, in order to 
produce the logarithm of the same number in 
that system. 

The modulus of the common system is 
.434294482 . . . ; and that of the- Naperian 
system is 1. The modulus of any system is 
equal to the reciprocal of the Naperian loga
rithm of the base of that system. 

The Naperian system is that to which aU 
other systeras are referred, and from which 
any other systera may be readily constructed. 
The Naperian logarithms are sometimes calleii 
hyperbolic logarithms, from their relation to 
certain areas included between the equilateral 
hyperbola and its asymptotes. 

K 

Let B P represent one branch of an ê -u-
lateral hyperbola, and A K , A L , its asyu.i' 
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totes. Assume -AB', the abscissa of the ver
tex, as 1; then wiU the number of superficial 
units, in any area included between the ordi-
nLUe B B and any other ordinate PD, be equal 
to the Naperian logarithm of the absciss;i of 
the extreme ordinate P D ; that is, the area 
B'BPD = li.iD). 
There is no reason why the Naperian log

arithms should be called hyperbolic, rather 
than those of any other system ; I'or. the 
same relation -B-htch exists betw-een the Na
perian system and the equilateral hyperbola, 
also exists between other systems and oblique 
hyperbolas. In the case of obUque hyperbo
las, the area is limited by two oblique ordi
nates. and the modulus of the system is 
always equal to the sine of the angle between 
the ordinates. 
In a svstem. whose base is irreater than 1, 

the modulus is positive; in one, whose base 
is less than 1, the modulus is negative. 
Computations of Tables of Logarithms. 

These computations are generally effected 
by the aid of series, of which the funda
mental one, however deduced, is called the 
logarithmic series ; it is the following : 
"4""i 
in which log denotes a logarithm taken in 
any system, M the modulus of that system, 
and y any number whatever. If we make 
-•^=1, we have the Naperian system, and 
denoting the logarithms in this system by the 
symbol /, we have 
'(i+y)=y-|-V|'-J+f-&c....(2).. 
This series is not suificiently converging to 
be employed in computing tables, but it may 
readUy be transforraed so as to be used for 
that purpose. If in (2) we write — y for y, 
it becomes 
,,. , y' y' y* v' 
Ki-y)=-y-l-l-i-i---i3); 

and, subtracting (3) from (2), member from 
member, and writing for 
l(l + y)-l{l-y), its value ^(f^Y 
we have 
'(Sf) = 2(y+f-f+&e.)-..(4). 

Making y = . , , . , and writing for //"" .,- j, 

its value i(= + 1) — /;, we have, after trans
position, the formula, 

Z(,c + 1) = /c + if—i- + . ^ 
V2= + 1 3^2- + I)' 

+ -^,hy^''') (^)' 
which is rapidly converging. 

It is to be observed, that in computing 
tables, it is only requisite to compute the 
logarithms of prirae numbers, because those 
of composite numbers may be found more 
easily by the properties of logarithms already 
explained. 
i To show the use of formula (5), we shall 
compute the Naperian logarithms of the first 
i ten numbers. 
j The logarithm of 1 is 0. If we raake z^l 
in formula (5), we can find frora it the loga
rithm of 2, and so on, as foUows : 

( i r v' 77* ir" \ 
y---^-^---+^-<fec.j(l). 

11 

12 

13 

Ii 

15 

= 0 

-2(1+ ' + ' 
\3 3.(3)= 5,(3)= 

^ - ( 3 ) ' - ^ ^ - • 
/I 1 

= 0.693147 +21 tH 
\5 3.(5)3 1 1 \ 

+ h f- &c. 1 
5,(5/ 7,(5)' ; = 2 X 1 2 . . . . 

= 1.386294 + 2(i + - ^ 
V9 3,(9)= 

, 1 , 1 , . \ 

= 0,000000 

= 0,693147 

= 1.098612 

= 1.386294 

5.(9)' 
m =i2-\-i3 

+ + &c, 
7,(9)' 

17 = 1.791759 + 2 1 • 
13 3,(13)= 
\13 

= 1,609437 
= 1.791759 

+ - 1 + -
1 + &c. : 1,945910 

5.(13)» 7,(13)' 
18 =li-\-12 = 312 . . = 2.079441 
B = 2 X 1 3 . . . . =2.197224 
110= 15->r 12 =2.30258!= 

&c. &c, &c. &c. 
In like manner, the logarithms of the series 

of natural numbers might be computed to 
any desired extent in the Naperian system. 
Then, to get a comraon table, we need onlv 
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multiply each logarithm by the modulus of 
the common system, 

The operation of computing logarithms hy 
the formula given, is extremely tedious, and 
to facilitate it other series, stiU more con
verging, have been deduced. 

The following is Borda's series : 
Z(= + 2) = 2liz + 1) - 21{z - 1) -I- l{z - 2) 

r 2 1/ 2 y 
'̂  \_z'-3z'^3\z'-3z) 
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^l\z'-3z) + &C.1 - - -

From this series, we can compute the loga
rithm of z + 2, when we know those of 

z + 1 , z — I, and z — 2 . 
This series is rapidly converging, hut a still 
more converging one is that of Haros, as 
follows : 

l{z + 5) = l{z + 4) + l{z + 3) - 2lz 
+ l{z - 3) + liz - 4) - l{z - 5) 

r 72^ 1/ 72 Y -| 
" \_z''-25z'-\-72 ^\z*-25z' + 72) J 
This series requires six logarithms to be 

known 
W h e n only two logarithms are given, the 

following series is pretty converging : 
fe = i[?(s-i) + ;(z + i)] 

+ -^— + U—^\ + &c. 
K ^ y + ^ -

cos 9 + sin 0 -/ — 1, 
and in-it make 

e = 2m7r, 
m being any whole number, positive or nega
tive. W e shall have 

cos 27777r = 1, sin 2j7i7r = 0 ; 
and, consequently, 

gS^TT/j ̂ 1 (2). 
Multiplying equations (1) and (2), member by 
member, we shall have 

eH-">n:V^ = X (3). 
Hence, if y is the arithmetical logarithm of 
X, then is 

7/ + 2m7cV — 1, 
fhe general logarithm of x, or denoting the 
Naperian logarithm by the symbol /, as we 
have done heretofore, we shaU have the 
equation 

Lx = lx + 2mivV — 1 (4); 
we have, also, 

L z = lz-\- 2nrrV- l^ ... (5). 

By adding equations (4) and (5), member to 
meraber, and subtracting (5) from (4), mem
ber from meraber, we deduce the general 
formulas, 

L{xz) = l{xz) + 2(771 + 7 7 ) / ^ , 

22=-1 
N o examples of the application of these 

formulas need be given, as the student who 
v/ishes to examine further into the subject, 
would be likely to consult more extended 
treatises. 

General Logarithms. If we denote the 
base of Jhe Naperian system by e, we shall 
have the equation, 

c? = X . . .. (1), 
in which y is the Naperian logarithm of x 
for all values of x. Hitherto, we have con
sidered only the real values of y, which cor
respond to the arithmetical logarithms. There 
is, besides, an infinite number of imaginary 
values for y that will satisfy the equation, and 
which constitute what may be called the alge
braic logarithm of x. The arithmetical and 
algebraic logarithms, taken together, make 
up tho general logarithm, which we shall 
designate by the symbol L. 

Let us assume the equation. 

l\-\ + 2(777-77)1/-1... (6). 

It has already been stated that a negative 
number has no real logarithm; it has, how
ever, a general logarithm, which is imagmaiy 
If we make 

0 = (2777 + I)!r, 
we shall have, J7i being a whole number, 

c(='»+>)'^-/^ _ cos (2771 + l)7r 
+ sin (2m + l)7r-/^ = - 1-

"Wlience, 
X ( - 1) = (2777 + l)7ry'"^. 

Now, 
Z,( - x) = i x + i ( - 1) = /x + 27771-/^ 

+ (2777 + l)jr-/^, 
or i( - x) = /x + (2777 + l)7r-/^, 
since for 2771+1 +B77, we may write 2m+l-

From the value of i ( — 1), we deduce the 
relation, 

i ( - l ) 
(2771 + l)7r = \ ,-
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If m = 0, w e have the result. 
£ ( - 1 ) 

- = 3,1416 = - ^ = i -
Asti-Looarithms. It may not be inappro

priate in this connection to explain the meth
od of computing a table of anti-logarithms. 
Assume the exponential equation, 

aud in it substitute for a, 1 +p, and for .r. the 

fraction t, A and k being so small that their 

higher powers may be neglected when added 
to finite quantities, and we shall have 

.Y = (l+p)'. or A-<^ = (l+p)» = l 
•(1-U . , *(A-l)(A-2) 

loff ,Y 

+ 

l/logiY\= 1 /logA\ = 

J pogNy 
2.3.i\jr} ' + &0 

This series is not immediately adapted to 
computation, but can easily be converted into 

Let us assume one that is so. 
777 

A = —; whence 

+ hp -p' + &c. 
1 . 2 ' 1,2,3 

Neglecting the terms involving the higher 
powers of A, we have 
yi = 1 + A(p - ip' + ip' - &c.) = 
l + A[(a-l)-i(a-l)= + Ka-l)'-&c.l 

The quantity within the parenthesis is equal 
to the reciprocal of the modulus of a system 
of logarithms, whose base is a; denoting this 
reciprocal by A, we have 

1 
-V = 1 + AjI, or A' = (1 + hA-f. 

Developing the second member by the expo
nential the equation, formula becomes 
Y = l+i(A.4) + i-^^(A^)= 

1.2.3.F ^ ' 
and, neglecting the powers of k, higher than 
the first, we have 

A 1 A= 1 A= 
A'= l + - ^ + - -A'-i- A' + &c. 

k 2 k' 2.3 k' 
replacing x for t, we get 
A" = 1 + ^Ix + - A'x' -\ A'x? + &c., 

2 2.3 
which gives the value of any number, in 
terms of its logarithm, and the reciprocal of 
the modulus of the system. 
Now, j1 = —, and x = logN, M being the 
modulus ; these, substituted in the last equa
tion, give 

log .Y = log m — log 71; 

replacing the second member by d, and pass
ing to the Naperian .system, by making Jf = 1, 
we shall have, after reduction, 

/ d' d' \ 
771 = ri( 1 + d + + + &c.) - - -

V 1.2 1.2,3 / 
If, now^, we compute tho anti-logarithms of 

a series of logarithras, differing from each 
other by .00001, we shall have d = .00001, 
which gives 

/ (.00001)" 

1 + .00001 + 

(.00001)= 
+ ~—:—:~ + &c. 

\=77(1.' 00001000005), 
1.2,3 

in which 77i and 77 are two numbers, whose 
logarithms differ by .00001. 

If we commence by supposing 
Im = .00001, whence 77 = 0, 

we find the anti-logarithm of 
.00001 to be 1.00001000005. 

Making lm=.00002, we have ;77 = .OOOOI, 
which, substituted above, give the anti-loga
rithm of ,00002 to be (1,00001000005)". 

In like manner, the anti-logarithms of 
.00003, .00004, &c., maybe successively com
puted. 

In the common system, the formula for 
computation of anti-logarithms is 

m = m X (1,000023026116), 
which gives 

a = log (.00002) = (1.000023026116)", 
a = log (.00003) = (1,000023026116)=, 
a - log (,00004) = (1.000023026116)*. 

&c. &.C. &.C. 
Logarithmic Curve. A curve that may be 

referred to a system of rectangular co-ordi
nate axes, such that the ordinate of any point 
will be equal to the logarithm of its abscissa. 
Its equation, when referred to this system, is 
of the form 

y = log X 
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for any point C, we have the relation 
C B = log OB. 

The axis of X 
is called the axis 
of numbers, and 
the axis of Y 
the axis of loga
rithms. The par
ticular curve will 
depend upon the 
particular system 
in which the logarithms are taken, but m all 
cases there are certain general properties, 
which w e proceed to enumerate. 

The curve always cuts the axis of X at a 
point D, whose distance from the origin of 
co-ordinates is equal to 1. If the base of 
the system of logarithms is greater than I, 
the curve takes the position K D C . The axis 
of Y is an asymptote to the curve, at an in
finite distance below the origin ; the part D K 
is convex towards the axis of X, and the part 
D C concave towards the sarae line, both being 
convex towards the axis of Y. If the base 
of the system is less than 1, the curve as
sumes the position C'DK'; the axis of Y is 
an asymptote to the curve above the origin ; 
the part D K ' is convex towards the axis of 
X ; the part D C is concave towards the axis, 
and both are convex towards the axis of Y. 

If a tangent be drawn to the curve at any 
point 0, the sub-tangent TT', taken on the 
axis of logarithms, is constant, and equal to 
the modulus of the system 

If we suppose the base of the system equal 
to 1, the curve reduces to a straight line 
through D and parallel to the axis of Y. 
This is the limit of the two classes of loga
rithmic curves, and separates the two systems. 

If A B = 2, the area O D C T ' is equal to the 
entire area between the part D K , the axis of 
X, and the axis of Y, each being equal to the 
modulus of the system of logarithms. 

Logarithmic Spiral. A spiral whose equa
tion is of the form 

log r = 7), 
in which the pole 
is at the eye of 
the curve. Let 0 
be the pole, O S 
the initial line. 
Then is the origin 

of the spiral at A, O A being equal to 1. 
There are an infinite number of spires 
outwards from A, and an infinite num
ber of spires inwards towards the eye of the 
curve 0. If any number of radii-vectors 
be drawn, making equal angles with each 
other, these radii will be in continued propor
tion. That is, if 

A O a = aOb = bOc = &c., 
then wiU 
O A • Oa' :: Oa' Ob' :: Ob' . Oc':: &c. 
This property affords the means of making 
a graphic construction of the curve by points. 
Suppose that we know the radius vector Ou' 
and the angle AOa'. Draw any number of 
lines OA, Oa, Ob, Oc, &c., making angles 
with each other in succession, equal to AOa'. 

Draw any two straight lines, A'F and 
A'/, intersecting each other at A' • make 
A'B = OA, and A'b = Oa'; with A' as a 
centre, and a radius A'6, describe an arc 
of a circle cutting A F in C. Draw Cc 
parallel to the line Bb ; 
with A' as a centre, and 
A'c as a radius, describe 
the arc cD and draw Dd 
parallel to BS, and so on : Lay off 

Ob' = A'c, Oc' = A'd, &c,, 
the points a', b', c', &c., wfil be points of the 
curve. 

If it is required to find a point of the curve 
intermediate between any two constructed 
points, bisect the angle between tho radii 
vectors of these points, and on the bisectmg 
line lay off from 0 a radius vector equal to a 
mean proportional between the two radu, II 
a tangent be drawn to the curve at any point, 
the angle between this line aud the radius 
vector of the point is constant, and its tan
gent is equal to the modulus of the system. 

If, with 0 as a centre, and a radius equal 
to 1. a circumference be described, we may 
regard this as the directrix of the curve. 
Now, if distances be laid oft' from A on this 
circle, respectively equal to the ordinates bf 
points of the logarithmic curve, and radu be 
drawn through the extremities of these dis
tances equal to the corresponding abscissas, 
their extremities wUl lie in the logarithmic 
spiral taken in the same system. This show 
tho intimate connection between the logarith
mic curve and the logarithmic spiral. See 
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Si'ind. Both these curves are sometimes 
called logistic curves, 
Newton has shown, that if the intensity 

of the I'orce of gravity had varied inversely as 
the cubes of the distances, the planets would 
have continually receded from the sun in 
paths which would have been logarithmic 
spirals. The logarithmic spiral is the equa
torial projection of the rhumb line, 

LO-GIS'TICS. OR, LO-GIS'TIC-AL 
ARITH.METIC. The same as Sexagesimal 
arithmetic, that is. that system of arithme
tic in which numbers are expressed in the 
scale of 60. The use of this scale is almost 
entirely confined to trigonometrical operations 
tor expressing fractional parts of a circum
ference, or of a right angle. 
Logistic Logarithms, The logistic loga-

nthm of a number of seconds is the excess 
of the logarithm of 3600 over the logarithm 
of the given number of seconds. 
For example, to form the logistic logarithm 

of 3' 20' or 200", w c take the logarithm 
2.3010 from 3.5563 and w e have 1,2553 for 
the logistic logarithm of 3' 20" Logistic 
logarithms are tabulated and employed in 
certain astronomical computations. 
LON'GI-TUDE. [L. longitudo, from lon-
gus, lonj]. The longitude of a place, is the 
arc of the equator intercepted between the 
meridian of the place and a meridian passing 
through some other place from which longi
tude is reckoned. Longitude, in this coun
try, is most generaUy reckoned from the meri
dian of Greenwich. It is also frequently 
reckoned from the meridian of Washington, 
LOSS A N D G A I N , A rule of Arithmetic 

employed by merchants to find the amount 
lost or gained in the purchase and sale of 
goods. It is also used to dbscover the price 
a; which goods must be sold to insure a cer
tain amount of profit. It is merely a practi
cal application of the Rule of Three. See 
Cause and Effect, Rule of Three, <5-c. 
LOX-0-DROM'IC C U R V E . [Gr. lo^o^, 

oblique, dpopoc, course]. A curve bearing a 
strong resemblance to the logarithmic spiral. 
It is traced upon the surface of a .sphere bv a 
point moving in such a manner that its path 
cuts all the meridians at ths same angle. 
In Navigation, the loxodromic curve is the 

same as the rhumb Une, and is the path of a 
ship sailing always iu the same tack. Tho 
loxodromic curve turns continually about tho 
pole. But does not reach it till after an infinite 
number of turns. 

To find the equation of a loxodromic curve, 
let <;> denote the arc of the meridian intercept
ed between any point of the curve and the 
pole, and ?. tho lorigUude of the point; then 
the infinitely small arc of tho parallel of lati
tude corresponding to an increment 
of the curve is dH sin 6. and the dif- i 
fcrential of the co-latitude is diji; but 
because the curve cuts all the me
ridians in the same angle, the varia
tion of the parallel of latitude corres
ponding to an increment of the curve, 
is proportional to the variation of the 
co-latitude ; consequently. 

'̂ ;a\ 

ad ?. sin <j> = dip, or, adX = 
sin iji 

which is the differential equation of the loxo
dromic curve, a being a constant quantity. 
See Navii^ation. 

L O Z ' E N G E . A n equilateral rhomboid, or 
rhombus. See Rhombus. 

Lu'MIN-OUS B O D Y . In Shades and 
Shadows, a body which emits light, as the 
sun. 

L c N E . [L. /7777a, the moon]. The area 
included between the arcs of two circles 
which intersect each other. 

The lune of Hippocrates is famous as hav
ing been the first curvilinear space, whose 
area was exactly determined. The construc
tion of the lune of Hippocrates is as follows 

O n the line A B , as a diameter, describe a 
semicircle, and within it inscribe a right an
gled triangle A D B ; then on each of the sides, 
A D and D B , as diameters, describe semi
circles : the two figures A G F D and D H B E 
wiU he lunes, and the sum of their areas wUl 
be equivalent to that of the triangle A D B . 

For, semicircles are to each other as tha 
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squares of their diameters ; hut 
AB'=AD' + BD'. 

Hence, the semicircle A D B is equivalent to 
the sum of the semicircles A G D and D H B ; 
from these equivalents take away the comraon 
segments A F D and D E B , <and there remains 
the right angled triangle A D B equivalent to 
tho sum of the two Itines, -AG'DF and 
DHBE. 

If tho two sides A D and D B are equal, the 
lunes are equal, and each is equivalent to one-
fourth of the inscribed square. 

This property is called the property of the 
lune of Hippocrates. 

This property has been employed by geome
ters as a stepping-stone to the solution of the 
great problem of squaring the circle, but of 
course, without success. It has, however, 
led to icany interesting results. 
M. The thirteenth letter of the English 
alphabet. It is one of the Roman numeral 
charoi'ters ; it stands for 1000. With a dash 
over it. thus, M , it stands foi 1,000,000. 

M A G ' I C C I R C L E O F C I R C L E S . In
vented hy Dr. Franklin, founded upon the 
same principles and possessing similar pro
perties with the magic square of squares. 

It consists of 8 concentric rings, each divid
ed by radii into 8 equal parts ; within tho 
circular spaces thus formed, aro written the 
numbers from 12 to 75, and in the middle tho 
nuraber 12 is also placed. 

It possesses the following properties : 

1. The sum of all the numbers in any ring. 
together with the number in the middle, is 
equal to 360, the number of degrees in a cir 
curaference. 

2. The sura of the numbers between two 
consecutive radii, together with the number at 
the centre, is equal to 360, 

3, The sum of the numbers in any half 
ring, taken either above or below the double 
horizontal fine, with half the number at tiie 
centre, is •x80. 

4. If any four adjoining numbers, as if hi 
a square, be taken, their sum, together whh 
half the central number, is equal to ISO. 

5. There are also four other sets of circular 
spaces, -bounded by eccentric circles with 
regard to the primitive centre, each of which 
set contains 5 spaces, their centres beuig at 
A, B, C and D. 

These sets intersect the first sets and each 
other, and yet the sura of the numbers in each 
of the eccentric spaces taken all around 
through the 20, which are eccentric, together 
with the central nuraber, is 360°. Their 
halves also taken above or below the double 
central line, together with half tho central 
number, make 180. 

M A G ' I C S Q U A R E . Several numbers 
arranged in the form of a square, disposed in 
parallel and equal ranks, so that the suras of 
each row taken horizontally, vertically, or 
diagonally, shall be equal to the same number 

The simplest form of the magic square is 
formed by arrauging the first 9 
numbers, giving the square an
nexed. Here, the sum of any 
row of three figures, whether 
horizontal, vertical, or diagonal, 
is equal to 15. 

The magic square formed from the first 2,5 
numbers, is arranged as in 
the annexed diagram. In it 
every row of 5 numbers, in 
whatever direction taken, 
has for its sum 65, There 
are many different ways in 
which numbers may be arranged so as to 
form magic squares. 

The following rule enables us to form a 
magic squaie of an odd number of terms in 
geometrical progression. 

4 
3 
8 

9 
5 
1 

2| 
1̂ 

Ii 

16 
"s 
Tf 
24 
"7 

14 8 
22,20 
~1. 
18 
5 

1 
12 
21 

2 
IT 
23 
To 
19 

25 
9 
TT 
1 
13 
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5 1 23 

30 , 6 

13 31 

16 

48 

24 

7 

41 

17 

49 

20 

10 

42 

18 

43 

35 

11 

36 

19 

1 

29 

12 

37 

' 3S 14 32 1 i 26 : 44 I 20 i 
! : ! ! ' 1 
I 21 39 ' S 33 j 2 27 ' 45 

! 46 15 ^ 40 9 I 34 3 ! 2S 

Rule a square, and divide it into the re
quired number of cells; place the number 1 
in the ceU immediately under the central one, 
and the succeeding terms in their natural 
order in a descending diagonal direction till 
thev run off. either on the bottom or on the 
side; when they run off at the bottom, carry 
the ne-xt term to the uppermost cell that is 
not occupied of the same column that it would 
have occupied below ; then proceed as before 
as far as possible ; or till the numbers run 
off at the bottom, or side, or are interrupted 
by coming to a cell already filled. N o w when 
a term runs off at the right-hand side, bring 
it to the furthest ceU of the same row it would 
have faUen in to the right; when the progress 
liiajonal-wise is interrupted by coraing to a 
full cell, descend dfagonally to the left till an 
empty ceU is met with, and then enter it 
proceeding as before till aU the terms arc dis
tributed. 
The number 4 runs off at the bottom and 

is carried to the top of the next column ; the 
number 5 runs off at the side and is carried 
to the left of the next row below; the 
number 8 faUs upon an occupied cell, and 
is canied diagonally to the left ; 10 runs off 
at the bottom and is carried to the top of the 
next column ; 13 runs off at the side and is 
carried to the left of the next row below; 15 
faiis upon an occupied cell and is carried di
agonally to the left; 16 runs off at the bot
tom and is carried to the top of the next 
colnmn ; 21 runs off at the side and is carried 
to the left of the next row ; 22 falls upon an 
occupied cell, and on being carried diagonally 
to the left, runs off at the bottom ; it i.« then 
placed in the highest cell at the top of the 
colnmn it would have occupied : 29 runs off 
both at the bottom and side, and is carried to 
the highest vacant cell in the same column ; 

and so on. These examples, and a little 
study of the figure, will show how any magic 
square of an odd number of cells, may bo 
constructed. 

There is another and simpler rule than that 
just given, for forming a magic square. Sup
pose the first 25 numbers are to be arranged 
iu a magic square. First set down the num

bers in the form of a natural square, as 
shown in diagram (1). Next draw straight 
lines, cutting off three numbgrs at each cor
ner, viz : 1, 2, and 6, at the left hand uppei 
corner; 4, 5, and 10 at the right hand upper 
corner; 16, 21, 22 at the lower left hand cor
ner : and 20, 24, 25 at the lower right hand 
corner ; these four lines form a square ; then 
draw inner lines paraUel to these, as in the 

diagram dividing the square into 25 ceUs ; 13 
of these cells will be occupied by numbers, 
as shown in diagram (2). The empty ceils 
are to be filled from the 4 corners as follows 
each nuraber in the corners is to be carried 
obliquely up or down along the row where 
it is found, to the most remote vacant ceU, 
and then written. 

The diagram (3) indicates the manner of 
filling up. The principles explained are 
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(3). 
8 

4 

128 

256 

16 

1 

2 

64 

32 

(5,) 

applicable to any arithmetical progression as 
, well as to the progression of natural numbers. 

If the numbers of a geometrical progres
sion be arranged magically, the continued pro-
duet of the numbers in any row is constant. 
Let us take the progression 

1, 2, 4, 8, 16, 32, 64, 128, 256, 

and arrange it magically, (4,) 
we shall have the arrange
ment exhibited in diagram 
(4). 

If the terms of a harmo
nical progression be ar
ranged magically, the num
bers in each row will 
be in harro-inical pro
gression. Such an ar
rangement is exhibited 
in diagram (5). 

Magic Square of Magic Squares. A 
magic square of 256 cells filled up by the 
numbers from 1 to 256, arranged as in dia
gram (6). It possesses the following proper
ties : 

1. The sum of the four numbers in any 
four cells forming a square, wherever taken, 
is equal to 514. 

1260 

504 

315 

840 

420 

280 

630 

360 

252 

MAGIC SQUARE OF SQUARES. 

226 

32 

239 

17 

228 

30 

237 

19 

230 

28 

235 

21 

232 

26 

233 

23 

255 

1 

242 

16 

253 

3 

244 

14 

251 

5 

246 

12 

249 

7 

248 

10 

«̂ 18 

240 

31 

225 

20 

238 

29 

227 

22 

236 

27 

229 

24 

234 

25 

231 

15 

241 

2 

256 

13 

243 

4 

254 

11 

245 

6 

252 

9 

247 

8 

250 

194 

64 

207 

49 

196 

62 

205 

51 

198 

60 

203 

53 

200 

58 

201 

55 

223 

33 

210 

48 

221 

35 

212 

46 

219 

37 

214 

44 

217 

39 

216 

42 

50 

208 

63 

193 

52 

206 

61 

195 

54 

204 

59 

197 

56 

202 

57 

47 

209 

34 

224 

45 

211 

36 

222 

43 

213 

38 

162 

96 

175 

81 

164 

94 

173 

83 

166 

92 

171 

22« . 85 

41 

215 

40 

199 J 218 

168 

90 

169 

87 

191 

65 

178 

80 

189 

67 

180 

78 

187 

69 

182 

76 

185 

71 

184 

74 

82 

176 

95 

161 

84 

174 

93 

163 

86 

172 

91 

165 

88 

170 

89 

167 

79 

177 

66 

192 

77 

179 

68 

190 

75 

181 

70 

188 

73 

183 

72 

186 

130 

128 

143 

113 

132 

126 

141 

115 

134 

124 

139 

117 

136 

122 

137 

119 

159 

97 

146 

112 

•157 

99 

148 

110 

155 

101 

150 

108 

153 

103 

152 

106 

114 

144 

127 

129 

116 

142 

125 

131 

118 

140 

123 

133 

120 

138 

121 

135 

111 

145 

98 

160 

109 

147 

100 

158 

107 

149 

102 

156 

105 

161 

104 

154 

Z. Tlie sum of the 16 numbers in any IG 
ccUs, forming a square, is equal to 514 X 4 
= 2056. 
3. The sum of the 36 numbers in anv 36 

cells, forming a square, is equal to 514 X 3 
= 4626, &c. 

4. The sum of the four corner numbers of 
either of these squares is always equal to 514 
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5. The sum of the 16 numbers in any bent 
row. whose halves are parallel to the diago
nals, is 2036. Thus, from 20 to 36, and from 
173 to 151, is a bent row ; ;ilso. from 7-1 to 
;•;, and firom 227 to 191, is another bent row. 
6. If the squire be divided horizontally or 

vertically through the middle, the halves may 
c'ns-.ige places, and the properties of the 
s,;-L!3re wfil remain the same as before. 
7. If the square be cut into 16 squares, it 

is manites: that any four of them will niako 
a magic square of 64 cells ; any nine of them 
will make a magic square of 144 ceUs. Con-
sequentlv. as many magic squares of 64 cells, 
and also of 144 ceUs, may be made of the 16 
partial squares, as there are different combi
nations of 16 quantities taken in sets of four 
and in sets of nine. 
The construction of the great square de

pends upon that of a magic square of 16 
celis having the sum of the four numbers in 
any square of four cells always the same. 
To construct such a. square from the series 
1. 2. 3, • - - • &.C., to 16 : First, (16 + 1) •• 

= 34. 

(7.) 
1 5 

2 6 

3 7 

4 1 8 

9 

10 

11 

12 

13 

14 

15 

16 

the sum of each column or diagonal, or in 
(he four cells. N o w arrange the 16 numbers 
as in diagram (7); then from the nature of 
(he case the sum of the 
numbers in each diago
nal is 34. The excess 
above 34 in the sum of the 
4th column is equal to the 
defect in the sum of the 
first column, and the ex
cess of the sum of the 
lower ro-,v is equal to the defect in the sum 
of the upper row; hence, the comer numbers 
remaining the sarae, if 2 and 15, 3 and 14, 
5 and 12, 9 and 8, respectively change places. 
we have the magic square 
(8). In this square, how
ever, only the middle 
square of four cells and 
the four comer ones con
tain 34 each. But in 
magic squares varieties are 
readily obtained by shifting 
the columns; thus, in (8), the second column 
from tbe left may be made the last column on 
the right, or the third from the left may be 

23 

(8.) 

1 

15 

14 

4 

12 

6 

7 

9 

8 

10 

11 

5 

13 

3 

2 

16 

made tho first, or the two upper or the two 
lower rows may take the place of each other. 
Let the third column from tiio left be brought 
to the left, and change tho two upper hori
zontal row-s one for the other, and v,o get tile 
magic square (9), having (g \ 
the sum of the four num
bers, ill any square of four 
cells, equal to 34, The 
numbers in (9) consist of 
pairs situated alternately, 
the sums being 16 and 18 
respectively. Hence, to 
make the great square 

10 

8 

11 

5 

15 

1 

14 

4 

6 

12 

7 

9 

3 

13 

2 

16 

1, 2, 
thus : 

with tho series 
to 256, let the numbers be arranged 

256 255 254 
1 2 3 

253 
4 &c,. 

1 
2 
3 
4 
5 
6 
7 
8 

16 
15 
14 
13 
12 
11 
10 
9 

17 
18 
19 
20 
21 
22 
23 
24 

32 
31 
30 
29 
28 
27 
26 
25 

the pairs, taken diagonally, making 258, 256, 
258, (kc, and call the upper numbers com
plements of the lower numbers ; then arrange 
the first 32 numbers of the lower series, as 
in diagram (10); next place 
the 8 - upper numbers with 
their complements in a square 
of 16 cells, in the same order, 
from the least to the greatest, 
as they stand in diagram (9), 
and we shall have the first or 
comer square, on the left at 
the top. 
The next 8 numbers, or 

3. 4, 13, 14, 19, 20, 29, 30, with their com
plements, make the second square down
wards ; and for the next four squares, the 
numbers from 32 to 64 are arranged as above, 
and two raore arrangements, viz : from 64 to 
96, and'from 96 to 128, in the same manner, 
wiU complete the 16 squares. 

MAG-NET'IC. The magnetic bearing of 
a course is the angle included between a 
course and a magnetic meridian, drawn 
through the first extremity of the course. 
See Bearing. 
Magnetic Meridian. If a vertical plane 

be passed through the axis of a magnetic 
needle, freely suspended at a point, its inter
section with the surface of the earth is called 
a magnetic meridian of the point. The angle 
included between this meridian and the trae 
meridian through the point, is called the va
riation of the needle. 
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Magnetic Needle. A bar of steel in the 
shape of a needle, magnetized and suspended 
at its centre upon a sharp-pointed pivot. It 
is the essential part of the surveyor's com
pass, and of the mariner's compass. See 
Compass. 

M A G ' N I - T U D E . [L. magnitudo,-magni
tude]. Size, extent, quantity. This terra was 
originally appfied to signify the space occu
pied by a body. A s thus used, it applied 
only to those portions of space which possess
ed the three attributes of extension : length, 
breadth, and thickness, or height. B y exten
sion of meaning, it has come to signify any
thing that can be increased, dirainished, and 
measured. Thus, a line or a surface, an 
angle, or a number, are magnitudes. Time 
and weight are magnitudes ; aud, in general, 
anything of which greater or less can be pre
dicated, is a magnitude. See Quantity. 
_ MAN-TIS'SA. [L. mantissa, addition]. 
The decimal part of a logarithm. Thus, the 
logarithm of 900 being 2.95424, the part 
95425 is the mantissa. 
M A P . [L, mappa, a napkin], A represen

tation of a portion of the earth's surface upon 
a plane. A representation of a portion of the 
heavens upon a plane, is also called a map. 
There are, therefore, two kinds of maps, ter
restrial and celestial: the former only wiU be 
considered. 

Terrestrial maps are of two kinds, those 
which represent portions of land and water 
together, which are properly called maps, and 
those which represent portions of the ocean, 
only indicating the directions of currents, 
soundings, anchorages, rocks, shoals, buoys, 
lighthouses, &c. ; these are called hydro-
graphical maps or charts. 

Maps are geographical and topographical. 
Geographical maps represent the boundaries 
of countries, the positions of the principal 
towns, rivers, lakes, mountain ranges, &c. 

Topographical maps represent the minuter 
features of the surface of the earth, and are 
more full in detail than geographical maps. 
O n account of the greater minuteness of 
detail required, topographical maps generally 
represent smaUer portions of the earth's sur
face than are embraced in geographical maps. 

Besides geographical and topographical 
maps, there are others constructed for a spe

cial purpose, such as geological, statistical, 
historical, ethnological, &c., maps. 

It being impossible to represent a spherical 
surface on a plane, so that the parts shall 
have to each other their proper relative posi
tions; the representation is, in all cases, con
ventional. Various devices have been resort
ed to, each of which has its own peculiar 
advantages and disadvantages. 

A representation of the meridians and 
circles of latitude, forms, in aU cases, the 
skeleton or basis of every map of an exten
sive portion of the earth's surface, and it is 
upon a correct delineation of these that the 
accuracy of any m a p depends. 

There are five principal methods of projec
tion used; 1st. the orthographic; 2d. the 
stereographic; 3d. the globular; 4th. the ecn-
ical; and 5th. the cylindrical, or Mercator's 
projection, besides the various combinations 
and modifications of these several methods. 

In the first three cases, the plane upon 
which the m a p is to be drawn is called the 
primitive plane, and is supposed to be passed 
through the centre of the earth. The various 
lines are projected upon this plane, hy lines 
drawn through their different points and 
some fixed point, caUcd the point of sight. 
Upon the location of the point of sight 
depends the peculiarities of the three methods 
of projection. 

In the orthographic projection, the point of 
sight is talcen in a line through the centre of 
the sphere, perpendicular to the primitive 
plane, and at an infinite distance from the 
prunitive plane. This corresponds to the 
ordinary orthographic projection of Descrip
tive Georaetry-
In the stereographic projection, the pomt of 

sight lies in the same Une, at the point where 
it pierces the surface of the spherS. In the 
globular projection, the uoint of sight is m 
the same line and at a distance from the sur
face, equal to the radius into tho sine of 45 . 

In the conical projection, the point of sight 
is taken at the centre of the sphere, the cir
cles are then projected upon a cone passed 
tangent to the sphere in some circle of lati
tude, or cutting the sphere in two parallels 
of latitude. After the projection is raaie, 
the surface of the cone is rolled upon a plane 
and the developments of the projections 
deterrained. 
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In the cyfindrical projection, tho point of 
sight is taken at the centre of the sphere, and 
the circles projected upon a cylindrical sur
face passed tangent to the sphere along the 
equator. -After the projection is made, the 
cylindrical surface is rolled upon a plane and 
the developments of the projections deter
mined. 
Various modifications of these methods 

have been used, but they involve all the prin
ciples employed in projecting maps. For the 
fiill explanation of these methods, the reader 
is referred to the article on Spherical Projec
tions. 
In the orthographic projection : 1st. circles 

whose planes are perpendicular to the primi
tive plane are projected into straight lines. 
and aU other circles into ellipses ; 2d. equal 
spaces or equal distances on the surface are 
represented in the projection by unequal 
spaces and distances ; 3d. the projections of 
equal spaces lessen successively from the 
centre towards the circumference of the pro
jection, so that whilst objects are repiesented 
by nearly their proper shapes about the cen
tre, they are very much distorted and crowded 
together near the circumference. 
In the stereographic projection; 1st. all 

circles which pass through the point of sight 
are projected into straight lines ; all other 
circles are projected into circles ; 2d. equal 
spaces and equal distances are projected into 
unequal spaces and distances ; 3d. the pro
jections of equal distances increase frora the 
centre towards the circurafereiice, so that 
maps made by this mode of projection are 
crowded towards the centre, and scattered 
towards the circumference ; but the forms of 
the several parts are better preserved in this 
method than in the orthographic. 
In the globular projection : 1st. equal spaces 

are represented in projection by nearly equal 
spaces, and the relative dimensions of the 
countries mapped are more nearly preserved 
than in either of the other methods. But on 
account of the projections not being similar 
in shape to the area projected, there is a dis
tortion in form, which distortion increases 
the farther w-e go frora the centre. This and 
the stereographic projections have been the 
favorite projections, when it has been a ques
tion of projecting an entire hemisphere. 
"W'hen fhe equatorial regions of the earth 

I are to be mapped, Mercator's projection is a 
' good one : it has many advantages iu the con
struction of sailing charts, and it is frequently 
employed in projecting that kind of maps. 
In constructing maps of small portions of tho 
country, the conical method or some of its 
modifications, presents the most advantages. 

The methods of filling in a map, after the 
skeleton is projected, are infinitely various. 
Sometimes they are filled in by minute actual 
survey, aU the details aro then carefully plotted 
in accordance with the kind of projection 
employed. Again, they are filled up from 
rapid reconnaissance, or somotimes from tho 
mere report of travelers. Of course, the 
raaps resulting from these different methods 
of proceeding are of very different value 
N o general principles can be laid down foT 
completing a raap after the outiine is project
ed, but each case must be governed by its 
own particular attendant circumstances. For 
details on this subject, see Geodesy, Spherical 
Projections, Topography, Topographical Maps, 
See. 
MAR'I-NER'S COMPASS. See Compass. 
-MAR'I-Ti.ME SURVEYING. See Hy

drography. 
M A R Q U O I ' S R U L E R S . A set of rulers 

devised by an artist named Marquoi, for the 
purpose of facilitating the operations of plot
ting and plan drawing. The set consists of 
a triangular ruler, whose bypothenuse is 
three tiraes as long as the shorter side of tho 
triangle, and several rectangular rulers, gradu
ated into equal parts, according to different 
scales. The rulers are made of hard wood, 
ivory, or metal, and the graduation lines are 
cut close to the edges of the rectangular 
rulers for facility of application. 

The scales on the rectangular rulers are of 
two kinds : 1st. the natural scales, varying 
from 20 to 60 parts to the inch ; 2d. artificial 
scales, each division of which is equal to 3 
divisions of the natural scale. The fonuer 
are used for ordinary plotting, and the latter 
for drawing parallels by means of the ruler. 
The former needs no explanation, the latter 
may easily be understood by the following 
description : 

The triangular ruler has an index C, about 
the middle of its hypothenusal edge, which, 
as in the figure, w e will suppose to be set at 
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the 0 of the rectangular scale. N o w , "if a 
straight line is drawn along the edge E D , or 
if the combination be placed so that the edge 

E D coincides with a given line, and whUst 
the rectangular ruler is held fast, if the trian
gular one is slid along till the index stands at 
the lO"" division of the scale, and a second 
line be drawn along the edge E D , then wiU 
this be parallel to the first and at a distance 
from it equal to 10 parts of the natural scale, 
or the scale of the plot. This arrangement 
requires as many rules as there are scales 
employed, hut when a great number of hues 
have to be drawn to a scale, as in architectu
ral plans, the rulers will be found of use. 
Instead of having one triangular ruler and 
several rectangular ones, the case might be 
reversed, having one rectangular ruler and 
several triangular rulers, whose hypothenusal 
and shorter edges have different ratios to each 
other, to correspond to different scales. This 
method is not so good as the former. 

M A T H - E - M A T ' I C - A L . [L. mathematicus]. 
Pertaining to mathematics ; as, mathematical 
instruments, mathematical demonstration, &c. 

M A T H - E - M A T ' I C - A L - L Y . According to 
the principles of mathematics : with mathe
matical certainty. 

M A T H - E - M A - T i " C I A N . One skUled in 
the science of mathematics. 

M A T H - E - M A T ' I C S . [L. maihemaiica; 
Gr. paBypariKri, from /xavdava, to learn]. 
Tha,t science which treats primarily of the re
lations and measurement of quantities, and 
secondarily of the operations and processes, 
by means of which those relations are ascer
tained. 

The science is based upon a few self-evi
dent and universally admitted relations of 
quantities., From those relations, by a course 
of logical argument, the most complicated 
results are obtained. A s the science becomes 
extended, old processes aro found inconveni
ent and cumbersome, and a want of new 
ones begins to be felt. This want leads to 

the discovery or invention of new methods, 
better adapted to the attainment of the de
sired end. Hence it happens, that a thor
ough examination of the philosophy of math
ematical operations comes to be a most impor
tant branch of the science. A careful study 
of the philosophy of operation has done much 
to perfect and advance the science, and to it 
w e are to look for stUl further advancement. 

Mathematics, considered as the science of 
exact relation, is divided into three branches: 
1. Arithmetic 2. Geometry. 3. Analysis. 

1. Arithmetic is that branch which treats 
of the relations of numbers, expressed by the 
aid of figures and combinations of figures. 

It is divided into two parts. The first 
treats of the methods of representing and 
reading numbers by means of figures, to
gether with the fundamental operations. 
These embrace Notation and Numeration, 
Addition, Subtraction, Multiplication, Divi
sion, Raising to powers, and Extractmg 
roots of numbers, whose units are either en
tire or fractional. It also treats of the trans
formation of numbers from one scale to an
other, in which the fundamental unit may be 
different, or in which the scale of places may 
be different. It also treats of the theory of 
the construction of scales, and of the gene
ral relations existing amongst all numbers. 
This makes up what may be caUed the sci
ence of Arithmetic. 

The second part treats of the applications 
of the principles of the first part, to the prac
tical wants of life. It embraces the Rule of 
Three, Percentage, Interest, Practice, Fellow
ship, and a variety of other rules. 

2. Geometry has for its object the investi
gation of the properties and relations of 
magnitudes, by reasoning directly upon the 
magnitudes themselves, or upon their picto
rial representatives. The magnitudes, con
sidered as this branch of mathematics, are 
simply lines, surfaces, volumes and angles. 

Geometry is divided into two parts : 
1st. Elementary Geo777e<rj/, which treats ot 

those magnitudes whose elements are the 
right line and circle. 

It embraces all propositions relating to 
figures bounded by straight Unes, circles, ot 
portions of circles, together with the ,-',ir-
faces of the sphere, cylinder, and cone, It 
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treats of the properties of all volumes 
bounJed by plane faces, together w-ith the 
three round bodies, the sphere, the cylinder, 
and the cone. 

A n immediate application of this part of 
Geometry is to Plane Trigonometry, w-hich 
tieats of tiie relations betw-een the sides and 
aiijks of plane triangles. 
It also embraces the construction of all 

problems, which can be performed by the aid 
of the circle and straight line alone. 

2d. Higher GeometiT/ embraces all propo-
si:!o:is appertaining to magnitudes, w-hose 
elements are more complex lines than the 
straight fine and circle ; such as the Conic 
Sections, &c. It includes the higher inves
tigations of the ancient geometers, many of 
which are, in a great measure, superseded by 
the recent improvements in analysis. Of 
this class, arc the famous isoperimetrical 
problems, from which originated the Calculus 
of Variations, as well as the noted problems 
of the duplication of the cube, and the trisec
tion of an angle. It includes the solution of 
all geometrical problems, which cannot be 
solved by the circle and straight Une. 
The direct application of both branches of 

Geometry are 
1st. Descriptive Geometry, which has for 

its ohject the graphical solution of all prob
lems involving three dimensions. In this 
branch of construction, lines are given by 
their projections upon two planes of refer
ence, taken at right angles to each other; 
planes are given by traces upon these planes 
of reference ; and surfaces by projections of 
certain of their elements. The principles of 
both Elementary and Higher Geometry are 
employed in the solutions of Descriptive Ge
ometry. .1 very extensive and useful branch 
of Descriptive Geometry is found in solving 
problems of Shades, Shadows, Stone-cutting, 
and Architecture. 

2. ,\ second application of Descriptive Ge
ometry is found in Perspective, in which ob
jects are represented upon a single plane, 
by means of projections made by drawing 
straight lines through a particular point, 
called the point of sight, and through points 
of the lines to be projected. The plane upon 
which the projections are made, is called the 
perspective plane. 
Spherical projections are but modifications 

of perspective; the perspective phano being 
in general, taken through the centre of the 
sphere. 

3. Analysis embraces all tiiat part of math
ematics, in which the quantities considered 
are represented hy letters, and the operations 
to be performed are indicated by means of 
signs or conventional symbols. Analysis is 
generally treated of under the heads of Al
gebra, Analytical Geometry, and Calculus. 

1st. Algebra investigates the relations and 
properties of numbers analytically. It con
sists of two parts : Elementary, and Higher, 
or, as it is sometimes called, Transcendental 
Algebra. 

Elementary Algebra explains the nature of 
the symbols employed, develops the nature 
of the operations indicated by the signs, and 
teaches the method of interpreting results. 
It investigates the methods and principles of 
performing what are called the ordinary ope
rations of algebra ; that is, addition, subtrac
tion, multiplication, division, raising to pow
ers denoted by constant exponents, and the 
extraction of roots indicated by constant in
dices. It also embraces the investigation of 
the nature and properties of all equations, iu 
which the relation between the known and 
unknown quantities is expressed by the ordi
nary operations of algebra ; which equations 
are caUed algebraic equations. 

Higher, or Transcendental Algebra, treats 
of those quantities which cannot he expressed 
by a finite number of algebraic terras. It 
also investigates the nature and properties of 
transcendental equations, thatis, all equations 
which are not algebraic. Under this part of 
algebra, comes the investigation of logarithmic 
and trigonometric formulas, and series of all 
kinds having an infinite number of terms, 

2d. Analytical Geometry, is that part of 
analysis which has for its object tho analy
tical investigation of the properties and rela
tions of geometrical magnitudes. In Analy
tical Geometry, points, lines and surfaces 
are referred to fixed objects by means of cer
tain elements of reference, which elements 
vary from point to point, and are called co
ordinates. The equation which expresses a 
relation between the co-ordinates of every 
point of a magnitude, is called the equation 
of the magnitude. All lines whose equa
tions can be expressed, are called mathe-
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matical lines. B y proper transformations and 
combinations of the equations of magnitudes, 
and a judicious interpretation of the results, 
all the properties of magnitudes m a y be de
duced 

Analytical Geometry is divided into two 
parts—Determinate and Indeterminate. 

Determinate Geometry has for its object the 
solution of determinate problems, that is, 
those problems in which the given conditions 
limit the number and afford the means of de
termining tbe values of the required parts. 
This part includes the entire subject of the 
application of algebra to the solution of geo
metrical problems. 

Indeterminate Geometry investigates the 
general relations of lines and surfaces. In
deterrainate Geometry has two branches. The 
first embraces all investigations when the 
relations of the co-ordinates of points of mag
nitudes can be expressed by the ordinary 
operations of algebra. This is called Ele
mentary Analytical Geometry. The second 
embraces those investigations in which the 
relations between the co-ordinates cannot be 
expressed by the ordinary operations of alge
bra. This is called Transcendental Analytical 
Geometry. 

The first embraces a coraplete discussion 
of the straight line, and the conic sections 
and all surfaces of the first and second orders : 
the second erabraces a discussion of a great 
variety of curves, such as the cycloid, loga-
rithraic curve, curve of sines, tangents, &c., 
spirals of all kinds, together with the corres
ponding surfaces of which these lines form 
elements. A complete theory of the latter 
magnitudes is more readily formed by the aid 
of calculus. 

3d. Calculus. A name originally applied 
to any operation involving computation or 
calculation, is now, hy universal consent, ap
plied solely to the highest branch of mathe
matics, viz. : that which treats of the nature 
and forms of functions. It is divided into 
three principal parts—Differential Calculus, 
Integral Calculus and the Calculus of Va
riations. 

Differential Calculus explains, 
1st. The relations which functions bear to 

certain derived functions, called their differ
ential co-efficients ; and, 2d., it explains the 
method of applying them in the discussions 

of the higher branches of Analytical Geome
try. Hence, w e see that there are two divi
sions of Differential Calculus, The first re
lates to the method of finding the differential 
co-efficients of all kinds of functions ; the 
second to the methods of applying them in 
the processes of Analytical Geometry, or in 
the various branches of Mathematical Philo
sophy. 

Integral Calculus is the inverse of Differ
ential Calculus, and Uke it, may be divided 
into two parts. The object of the first part 
is to show h o w to pass from any function, 
regarded as a differential co-efficient, to the 
function from which it might have been de
rived. The object of the second part is to 
show the various applications of the princi
ples deduced in the first part, in the investi
gations of Analytical Geometry and Physical 
Science. 

One great advantage of the differential and 
integral calculus consists in this, viz.: that 
w e are often able by the aid of the first to 
find the differential co-efficient of a function 
without knowing the form of the function, 
and then, by the aid of the second, to deduce 
from this differential co-efficient the form of 
the desired function, which might not have 
been readied by any other known process. 
Hence, the great use of the calculus in find
ing expressions for the lengths of curves, the 
measures of curvilinear areas, and of curved 
surfaces, the volumes of solids, &c. It is of 
still more importance in the investigation of 
Physics. 

The Calculus of Variations is the highest 
branch of mathematics, and treats of the law 
of forms of functions. The first part of this 
branch treats of the methods of deducing the 
variations of functions, which variations are 
but mathematical expressions for the law of 
variation in the forms of the functions : the 
second part explains the method of applying 
these principles to transcendental problems, 
and to the more complicated investigations 
of physical science. 

Such is a rapid outline of the great divi
sions, and the most important sub-divisions 
of the science of mathematics. 

It will be observed that throughout this 
sketch, in every division, there are two parts, 
the first having for its object the investigation 
of general principles and rules, whUst the 
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socotiJ explains their application. The first 
p.irts constitute tho science of pure mtithe-
maiics, whilst the latter may with propriety 
he called the art of mathematics. The first 
p.i:t is often called pure mathematics, the 
second, mixed mathematics 
The science of mathematics forms an im

portant element of a liberal education. It 
impresses the mind with clear and distinct 
ideas ; cultivates habits of close and accurate 
discrimination ; gives, in au eminent degree, 
the power of abstraction ; sharpens and 
strengthens aU the faculties, and develops to 
their highest range the reasoning powers. 
The tendency of this study is to raise the 
m m d from tbe servile habit of imitation to 
the dignity of self-reUance and self-action. 
It arms it with the inherent energies of its 
own elastic nature, and urges it out on the 
great ocean of thought, to make new discov
eries, and enlarge the boundaries of mental 
effort. 
I:i its practical applications, Mathematics 

aids in developing the physical sciences, and 
contributes directly and indirectly to the ra
pid progress of the race in the advancement 
of every science and art. It is at once the 
guide and support of the astronomer. The 
laws of nature eluded the researches of the 
phUosopher, until he brought to his aid the 
irresistible power of mathematical science ; 
and, without this, the chemist could never 
have reached the inner laboratory of the ma
terial world. 
The ndcs and practice of aU the raechanic 

arts are but appUcations of mathematical 
science. The mason computes the quantity 
of his materials by the principles of geometry 
and the rules of arithmetic. The carpenter 
frames his building, and adjusts all its parts, 
each to the others, by the rules of practical 
geometry. The mUl-wright computes the 
pressure of the water, and adjusts the driving 
to the driven wheel, by rules evolved from 
the formulas of analysis. 
Workshops and factories afford marked 

illustrations of the utility and value of prac
tical science. They are the embodiments, by 
intelligent labor, of the most difiicult investi
gations of mathematical science. 
M A X T - M A AND MIN'I-MA. [L,] A func

tion of a single variable is at a maximum 
state, when it is greater than both the state 

which immediately precedes and the state 
which immediately follows it; and it is at a 
minimum state, when it is less than both tiin 
state which imraediately precedes and the 
state which immediately follows it. 

0 All 0 B Its" 
Thus, if w e regard tho ordinate of any 

point of the curve K L as a function of the 
corresponding abscissa, w c shall have Bb a 
maximum, because A a <. Bb > Cc ; and Ee 
a minimum, because D d > Ee < Ff. 

In speaking of preceding and succeeding 
states, reference is had to the order of in 
crease of the variable, so that one state of a 
function precedes another, when it corre
sponds to a less value of tho independent 
variable ; apd one state succeeds or follows 
another, when it corresponds to a greater 
value of the independent variable. 

-A function of one variable may have any 
number of m a x u n u m and minimum states : 
blit if the function is continuous, there raust 
be a maximum state between any two mini
raum states, and a minimum between any 
two raaxiraura states. For it is evident that. 
after a maximum, the function decreases as 
the variable increases ; and suice, before it 
reaches a second raaxiraura state, the function 
raust again increase, it follows that there is 
some intermediate state at which the function 
ceases to decrease, and begins to increase : 
that state is a minimum. In like manner, it 
may be shown, that between each two mini
m u m states there must be a m a x i m u m state. 
Hence, the number of*maximura states of a 
fiinction is either equal to the nuraber of 
minimum states, or, at most, differs from it 
by 1. 

Just before reaching a maximum state, the 
function increases as the variable increases, 
hence, its first differential co-efficient is posi
tive : just after passing the m a x i m u m state, 
the function decreases as the variable in
creases, and consequently its differential co
efficient is negative : this shows that tho 
sign of the differential co-efficient must. 
change from plus to minus, in passing through. 

raaxiraura state. Just before reaching a. 
minimum state, tbe function diminishes as 
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the variable increases, and therefore its differ
ential co-cflicient is negative : just after pass
ing the minimum state, the function increases 
as the variable increases, and consequently 
its differential co-efficient is positive: this 
shows, that the sign of the differential co-ef
ficient raust change from minus to plus, in 
passing through a minimum state, plere w e 
see that a change of sign of the first differen
tial co-eflicient is the analytical characteristic 
of either a maximum or minimum state of a 
function of one variable. 

But a continuous function cannot change 
its sign except by becoming either 0 or co. 
These principles indicate, a general rule for 
finding all those values of the variable, which 
can possibly make a function of one variable 
either a raaxiraura or rainimum. 

Differentiate the function, and find its first 
differential co-elficient, and place it equal to 
0, and also equal to co. Solve the resulting 
equations, and find the values of the variable ; 
these values will he the only ones that can 
possibly make the given function either a 
maximura or a rainiraum ; there may be 
araongst them some values that do not corre
spond either to a maximum or a minimum. 
It therefore becomes necessary to introduce 
some test to separate those which correspond 
to maxima, from those which correspond to 
minima states. There are two such tests : 

First. Substitute one of the roots minus 
an infinitely small quantity, for the variable 
in the given function, and set the result 
aside ; next, substitute the root itself, and 
then the root plus an infinitely small quantity, 
cUid set the results aside. If the second re
sult is greater than both the first and third 
results, this is a maximura state, and the root 
is the corresponding value of the variable ; 
if it is less than both these states, it is a 
rainimura, and the root is the corresponding 
value of the variable ; if it is -greater than 
one, and less than the other, it is neither a 
m a x i m u m nor a minimum, and the root is to 
be rejected. Test each root in this way in succession, rejecting all that do not correspond to maxima or minima. Second. Substitute the root, minus an infinitely small quantity, and then plus .an infinitely smaU quantity, for the variable in the expression for the first differential co-eflacient, and note the signs of the result. If the first 

is positive and the second is negative, the 
root corresponds to a maximum ; if the first 
is negativfe and the second positive, the root 
corresponds to a minimum ; if they are both 
alike, the root corresponds neither to a maxi
m u m nor a minimum, and is to be rejected. 
The maxiraa and minima may be found by 
substituting the corresponding values of the 
variable in the function. 

The second test wiU, in general, be found 
most convenient. 

To illustrate the preceding rule, let it he 
required to find the maximum and minimum 
values of the function, 

7i = a — Sx + x". 
du 

Differentiating, w e find -— = — i + 2i; 
dx 

and, by the rule, — i + 2x = 0; whence, 
X = -, and — 6 + 2x = CO ; which 

2 
gives no finite value for x. 

Applying the first test to the root, x = -, 
w e find the relations : 

for X = n — A, w e have a — b 
it 

A H ' 

§-') 

- a — -T +h' 1st result; 

b b' 
for X = n, w e have a — -j ... 2d result; 
b lb \ 
for X =-^ + A, we have a —M-s + 41 

+ /- + a"! = a" - j+ A" 3d result 

Whence, 
b' b' b' , „ 

a--^+A">a_-^<a-j + i"; 
which shows, that x = - corresponds to i 

b' 
minimum, which minimum is a — —. 
Applying the second test, we find the foi 
lowing results : 

for X = — — A, w e have — i + 2 

= - 2,A, a neg,ative result 

for X = 5- + A, w e have — i + 2 
2 

= + 2A, a positive result. 

t; 
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These results indicate, that x = - corre

sponds to a minimum, which may be found 

bv making x = -. in the givon function. It 

b" 
is found equal to a — —-, as before indicated. 
There is a practical rule w-hich corresponds ! 

to those cases, in which the first dilVerenti,al' 
co-efficient is equal to 0, and w-liich applies 
to a great majority of eases, founded on the 
fcmiof the development of a function of one 
variable and its increment, according to the 
ascending powers of the increment. It is as 
foUows; 
Differentiate the given function, find its 

first differential co-efficient, and place it equal 
to 0. Solve the resulting equation, and find 
the roots. Substitute each root in succes
sion, in the second, third, fourth, &c. differ
ential co-efficients, tiU one is found, which 
does not reduce to 0 or o::. If the first one, 
which does not reduce to 0 or co, is of an 
odd order, the root does not correspond to 
either a maximum or minimum; but if the 
first one, which does not reduce to 0 or co, is 
of an even order, and becomes negative, the 
root corresponds to a maximura ; if positive, 
to a minmium : all the roots which do not 
correspond to maxima or minima, are to be 
r̂ejected. Those which correspond to maxi
ma and minima, are to be substituted in suc
cession in the function, and the correspond
ing results wiU be the maxima and minima 
required. It will not, in general, be found 
necessary to carry the substitution further 
thaa the second differential co-efficient. 
To iUustrate the rule, let it be required to 

find the maxima and minima values of the 
fimction, 

u = 3a=x= —• S*x + c°. 
Differentiating twice, we find, 

du d'u 
-T~ ̂ = Sa'x' — b*, and -t~. 

from the equation 9a"x" = i*, we find 

2i« 
Qa. 

for tho rainimura, and 

• = 18a"x. 

X = ± 5--
3a 

The plus root substituted in 18a"x gives 
+ Sab' and indicates a minimum. The 
minus root substituted in 18a"x gives — 6ai", 
and indicates a maximum. The roots in the 
function give 

2/7̂  
c' + ~,r - for the maxiuium. 

9(7 
It often happens that an important simplifi
cation can be made, in finding the value of 
the second differential co-efficient correspond
ing to a root which is to be tested. This 
happens when the first diflerential co-efficient 
is composed of two factors, one of which 
placed equal to 0, gives the root in question. 
The simplification is this ; differentiate the 
factor corresponding to the root, multiply its 
difi'erential co-efficient by the other factor, 
and in this product make thrf required substi
tution, the result will be the same as though 
the substitution had been made in the second 
differentia! co-efficient itself This principle 
raay be extended to the ease where it is 
necessary to substitute in the successive 
differential co-etficients. 

To illustrate the method of making the 
simplification, let it be required to divide a 
quantity into two parts, such that the n" 
power of one of them multiplied by the n̂ ^ 
power of the other shall be a m3,ximum or 
miniraum. 

Denote the given quantity by a, said one of 
the parts by x, the other one will be denoted 
by a — X, and we shall have for the function, 

« = X'" (a — x)", 
whence, 

d7i 
dx " 
= (j7ia — 777Z—77x)x^' (a — x)»-', 

and by placing each factor separately equal lo 
0, we have, 

ma 
X =^ i — ' X = 0 and x = a. 

771+77 
The differential co-efficient of the first factor 
multipfied by the remaining factors, is 

7aa 
— (nt + ?i) x'̂ ' (a — x)*^' ; for X = — — — 
it reduces to 

— m"^' «"-' a»+^= 
. im + 77)'»-l-"-= ' 

a negative result; hence, this value corres
ponds to a maximum. The other values 
satisfy the equation of the problem, but do 
not conform to the conditions of it and need not be considered. 
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In seeking for the values of the variable 
which correspond to maxima and minima. 
any positive constant factor of the function 
may be omitted without changing the final 
result. W e may also throw off a radical 
sign, and be sure to find all the values of the 
variable, but in this case we may get some 
values that will make the power a maximum 
or minimum, but which will not make the 
root a maximum or rainiraum. 
A function of two variables is at a maxi

m u m state, when it is greater than all the 
consecutive states, and it is at a minimum 
state, when it is less than all the consecu
tive states. 

Every function of two variables may be 
regarded as oneof the rectangular co-ordinates 
of a point of a surface, of which the two 
variables are the other two co-ordinates ; it is 
generallyJ;aken as the vertical one. W e may 
conceive the idea of a raaxiraura ordinate, if 
we consider a sphere lying upon a plane. 
The ordinate of the highest point is a maxi
mum, and that of the lowest point a minimum. 

The practical rule for finding the maximura 
and minimum states of a function of two 
variables is as foUows : 

Differentiate the function, and find the 
partial differential co-efficients of the first 
order, and also, the partial differential co-eifi-
cients of the second order. • Place the partial 
differential co-efficients of the first order 
separately equal to 0 : combine the resulting 
equations, and find the values of the variables. 
Substitute these in each of the three partial 
differential co-efficients of the second order, 
and find the results. 

Multiply the first and third results together, 
and square the second ; then, if the product 
of the first and third is greater than, or equal 
to, the square of the second, there wUl he 
either a raaxiraura or minimum ; a maximum 
when the first result is negative, a minimum 
when it is positive. 

For example, let it be required to find the 
maxima and minima of the function 

u = x'y'{a — X — y). 
Differentiating, we have 

du 
^ = x'y' (3a - 3 y - ix), and 

du 
^ = x=37(2a-3y-2x). 

Placing-these separately equal to 0, 

3a — 3y — 4x = 0, and 2a — 3y — 2x = 0; 
whence, by combination, 

a a 
x = 2- y = 3 

We have, also, 
d"7t 
^ = 2xy=(3a-37/-6x), 

d'u 
• ^ = x'y (6a - 9 y - 8x), and 

d': 
dy' -- x' (2a - 6y - 2x). 

Substituting in these the values of x and y 
deduced above, and applying the rule, we get 

a* a* 
— -g- • • first result; — jo "' second result; 

a* 
— -3- • • ;A77-d result; aud since 

"'' 72>T44' e>)(-?)>(-sr 
the deduced values correspond to either a 
maximum or a minimum, and since the first 
result is negative, it is a maximum. Substi
tuting these values in the function, the ma,vi-
m u m value is found equal to 

432 
M E A N . The mean of two quantities is a 

quantity lying between thera and connected 
with thera by some mathematical law. 

There are several kinds of means, the prin
cipal ones being the Arithmetical and the 
Geometrical mean. 
The Arithmetical mean, or average of sev

eral quantities of the same kind, is their sum 
divided by their number. Thus, the arith
raetical mean of 10, 12, 17, and 25, is ̂  <" 
16. The arithmetical mean is understood 
when the word mean is used alone. 

The Geometrical mean of two quantities, is 
the square root of their product: thus, the 
geometrical mean of 3 and 8 is VI6 =4. 
The greater of the given quantities is as 
many times greater than the 777ca77, as the 
77iea?i is greater than the less quantity. Such 
is the idea of the geometrical mean. In a 
geometrical progression, each term is a geo
metrical mean between the preceding and suc
ceeding terms; in an arithmetical progres-
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sion each term is an arithmetical mean be
tween the preceding and succeeding terms. 
The practical applications of tho principles 

of means, is in determining the most proba
ble atnongsl several discordant results obtain
ed by uie-isurement, or by experiment. Sup
pose that by dift'erent measurements, all con
ducted with equal care, we find that the 
length of a given line is 23.021, 23.012 
23.101, and 23.010 inches, then it is probable, 
from the data, that the true length is a mean 
of the measured lengths, or 23.036 inches. 
This rule supposes that aU the measurements 
are equally trustworthy, which is not always 
the case, ^^'hen some of the observations 
are better than others, they aro said to have 
greater w-eiijht ; thus, suppose three observa
tions to give 26. 23 and 29. and that it is 
thought by the observer, that the observation 
giving 26 is as good as a mean of four obser
vations, that giving 28 is as good as a mean 
of eight observations, and that giving 29 is 
as good as a mean of six observations, w e 
may regard the whole system as composed of 
IS observations, 4 of which give the result 
26. S the result 23, and 6 the result 29 The 
numbers 4, 8, and 6, are called the weights 
of the observations respectively. 
To find the mean or probable result, multi

ply each result by its weight, and take the 
sum of the products ; divide this by the sum 
of the weights, and the quotient will be the 
value sought. Thus, 
8X23 + 6X29+4X26 = 502, 
which, divided by 18, gives 27.89 as the most 
probable result. 
The constant use of the principle above 

explained, in all branches of experimental 
philosophy, and particularly in astronomy, 
has given rise to much research, in order to 
find the most probable result in any given 
chain of observations. 
Omitting the analysis, which has- led to the 

subjoined rule, w e simply annex a table, 
which has been computed in accordance with 
the principle of least squares, and an exam
ple to show its use. 
Suppose that w e have a number of obser

vations on a given phenomenon, and wish to 
determine the probabUity that the tmth lies 
within a given degree of exactness to the 
average of them. 

The following is the rule : Let J\I denote 
the average of the observations, and lei 

M + 771 and M — m 
be two limits. Let it be required to ascer
tain the probability of the truth lying between 
them. Take the difference between M and 
each of the results of observation, and add 
together the squares of these differences. 
Multiply 100 times the number of observa
tions by 77t, and divido by tho square root of 
twice the sum just found ; take the number 
nearest to the result in the column marked 
-4, and opposite to it, in the column marked 
B, will be found the number of chances out 
of 10,000 for the degree of nearness required. 

TABLE. 
A 

I 
2 
3 
4 
5 
6 
7 
8 
9 
10 
n 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 

B 

113 
220 
338 
451 
564 
076 
789 
901 
1013 
1125 
1236 
1343 
1459 
1569 
1680 
1790 
1900 
2009 
2118 
2227 
2335 
2443 
2550 

A 

24 
25 
20 
27 
28 
29 
30 
31 
32 

! 33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 

B 

2657 
2763 
2869 
2974 
3079 
3183 
3286 
3389 
3491 
3593 
:S691 
379! 
:!393 
3992 
1090 
1187, 
42S4i 
•1380, 
44751 
4369, 
4662; 
4753; 
4847! 

A 

47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 

B 

4937 
5027 
5117 
5205 
.5292 
5379 
5465 
5549 
5633 
.5716 
5798 
5879 
5959 
6039 
6117 
6194 
6270 
6346 
6420 
6494 
6566 
0638; 

1 

A 

69 
70' 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 

B 

6708 
6778 
6847 
6914 
6981 
7047 
7112 
7175 
7238 
7300 
7361 
7421 
7480 
7538 
7595 
7851 
7707 
7761 
7814 
7867 
7918 
7969 

Suppose, for example, that seven observa, 
tions give 10.03, 10.71, 10,98, 10,20, 10,30, 
10.72, 10,81, the average of which is 10,54, 
differing from the respective observations by 
.51, .17, .44, .28, .24, .18 and .27. The sum 
of the squares of these is .7239, and twice 
the sum is 1.14478, the square root of which 
is 1.203. Let it be required to find the 
chance of the trath lying between 10,48 and 
10.60. W e multiply .06 by 700, which gives 
42, and dividing by 1.203 we find 34.9: oppo
site to 35, in the column B we find 3794, so 
that A 7 A 1 is the chance of the truth lying 
within the limits assigned. 
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To construct a mean proportional between 
tw.o given lines, geometrically. 
Draw an indefin- ,,, Jf 

ite straight line ACj ,''' | '"-., 
and lay off on it / | N 
a distance A B , / { '\ 
equal to one of the A 3 ^ 
lines, and from B lay off the distance BC, 
equal to the second line ; construct a circle 
on A C as a diameter, and draw the line B D 
through the point B perpendicular to AC, till 
it meets the curve in D : B D is the mean 
proportional required. 

To find two mean proportionals between 
two quantities, that is, to insert two quan
tities between them, so that the four shall be 
in geometrical proportion. 

Multiply each quantity by the square of 
the other, and extract the cube roots of the 
product; these will be the means required. 

Lot it be required to insert two means be, 
tween 2 and 16. By the rule, wc find ^2'^ X 16 = 4, first mean^ 

and i/l&^~x4: = 8, second mean; 

hence, the progression is 

2 . 4 . 8 16. 

The foUowing table exhibits the method of 
proceeding to insert any number of means 
between any two given quantities. Let the 
quantities he denoted by a and b : 
1- mean, a : Vab : b. 
2 means, a :if^b:^faE' : b. 

3means, a:i/a=ft":*/a^:*/a5^ : J. 

4means, a : ̂ /S^J: ̂ /aV : y S ^ : y S * : i. 

(it — 1) means 

a :Vr7,"-'A :"/a"-=4= : !f/a«—=4^ .i/ab'-'^ : b. 

The geometrical construction of (77 — 1) 
geometrical means is impossible by the aid of 
elementary geometry, hut it can be effected 
by means of the higher geometry. The loga
rithmic spiral affords the readiest means of 
effecting the construction. 
With the, first quantity as a radius, de

scribe a directing circle, and through its 
centre draw a radius ; lay off from this, as an 
initial, in succession (« — 1) equal angles of 
any given value ; on the last side of the last 

2a 26 
hence 

angle, lay off from the centre a distance equal 
to the second quantity; through the extremi
ties of the first and last distances laid off, 
draw a logaritfimic spiral; this can always 
be done; the distances cut off from the suc
cessive sides of the intermediate angles wiU 
be the required means. 

Harmonical JIean between two Quanti
ties, The reciprocal of the arithmetical means 
of the reciprocals of the two quantities. Let 
a and b denote the quantities ; then wiU theii 

1 . . 1 
a J' 

mean of these reciprocals wUl he denoted by 
a_+S 
2ab ' 

2ab 
a + b 

is the harmonical mean between a and b. The 
harmonical mean is a third proportional to the 
arithraetical and georaetrical means ; that is. 

a + b . .— 2ab 
2 '̂  " ' a + b 

Mean Diameter. In Gauging, a mean 
between the head diameter and the bung 
diameter. 

MeAS'URE. [L. mensura, a measuring]. 
The measure of a quantity is its extent, or 
its value, in terms of some other quantity of 
the same kind, taken as a unit of measure. 
The measure of a line is the number of 
linear units, as feet, yards, miles, &c, which 
it contains. 

The measure of a surface is the number of 
square units of surface which it contains. 
The measure of a volume is the number of 
cubic units which it contains. The measure 
of an angle is thfe number of angular units 
which it contains, whether the angular unit 
be a right angle or a degree. A measure of 
a quantity is ahvays expressed by means of 
some number and the unit of measure. The 
mea.sure of a ratio is the numerical value of 
the ratio. 
Measure or Unit of Measure. A given 

quantity, used as a standard of comparison 
in measuring a quantity of the same kintl 
Every kind of quantity has its own unit of 
measure, and, under different circumstances, 
the same kind of quantity may have different 
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uaits of measure. Thus, iu measuring dis
tances, we may compare them with a foot, :i 
vaid, a rod, a mile, a league, &c.. but in all 
rach cases, these difierent units are so re-
U;od to each other, that the measurement 
call .-.Ivvays be reduced to a comparison w ith 
some one fixed unit; so that, in fact, though 
ui:'."orent units may have been used, there is 
virtually but a single unit, that unit behig, m 
any iriven i::staiice, arbitrary. Since every 
kind of magnitude hr.s its own unit of mea
sure, we have units of distance, units of sur
face, units of volume, units of w-eight, units 
of force, units of temperature, in short, units 
of every kind of quantity. There appears to 
be an exception to the general principle laid 
down, that the unit of measure is alwav's of 
the same kind as the quantity measured, in 
the case of the measurement of angles, when 
the angle is measured in terms of the arc of 
a circle. The exception in this case is only 
apparent, for it is shown that the measure of 
the relation between two angles is the same 
as that between two arcs of circles, whose 
centre is at the vertex of the angle, and the 
ar':s thus intercepted between the sides of 
the angle. So that, in this case, we replace 
both the unit and the quantity measured by 
other quantities, which bear the same relation 
to each other as the given quantities. Ill all 
cases, we again assert, the unit of measure 
is of the same kind as the thing measured, 
no matter what may be the form of expres
sion used in giving the result of the mea
surement. 
Units of Measure for Distances, One 

of the most important units of measure is 
that for distances or measures of length. A 
practical want has ever been felt of some 
fixed and invariable standard by means of 
which all distances may at once be com
pared, and such fixed standard has been 
.•-•Jiight for in nature. There are two natural 
laws, either of which afford this desired na
tural element. Upon one of them, the Eng-
bsh have founded their system of measures, 
and upon the other the French have based 
their system. The.-e two systems being the 
only ones of importance, w e shall only con
sider them, disregarding the various sug
gestions that have been made, looking to the 
adoption of some other clement as a stand
ard of comparison. 

First. The English system of measures, to 
which our own system conforms, is based 
upon the law of nature that tiio force of 
gravity is constant at the same point of the 
earth's surface, and consequently that Ihe 
length of a pendulum which oscUlates a cer
tain number of times, in a given period, is 
also constant. It is accordingly decreed by 
the English law that tho . th part of 

the length of a simple second's pendulum at 
the Tower of London shall be regarded as a 
standard English/ooi, and from this, by mul
tiplication and division, the entire system of 
linear measures is established. 

Second. The French system of measures 
is founded upon the principle of the invaria
bility of the length of an arc of the sarae 
meridian between two fixed points. B y a 
very minute survey of the length of an arc 
of the meridian from Dunkirk to Barcelona, 
the length of a quadrant of the meridian 
was computed, and it has been decreed by 
French law that the ten millionth part of this 
length shall be regarded as a standard French 
metre, and from this, by multiplication and 
division, the entire system of linear measures 
has been established. O n comparing two 
accurate scales, Capt. Kater found that the 
French metre was equal to 3.280899 English 
feet, or 39,37079 English inches. This rela
tion enables us to convert all measures iu 
either system into the corresponding mea
sures of the other system. 

0/Acr Units of Measure. The unit of 
length having been established, the 77777"̂  of 
surface is taken, equal to the area of a square, 
one of whose sides is the unit of length. 
The unit of volume is taken equal to the vol
urae of a cube, one of whose edges is equal 
to the linear unit. The cubic unit, or unit 
of volume being established, it affords the 
means of fixing a convenient unit of weight. 

It has been agreed that a cubic foot of dis-
tUled water, at the temperature of 39,83'F-, 
shall be regarded as weighing 1000 ounces. 
This fixes the standard ounce, and all other 
weights are then determined by being referred 
to this as a standard. See Weights. 

The following statements shew the rela
tions between the measures of the United 
States, Engla-jd and France; 

1. 'Weights and Measures of the United 
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States. The unit of length is the same as 
the English unit. The comparison is made 
by means of a scale 82 inches in length, n o w 
in the possession of the Treasury Depart
ment, and manufactured by Troughton in 
London. 

The standard unit of weight is the Troy 
pound, copied in 1827 by Capt, Kater, from 
the imperial pound Troy of England. This 
standard is to be used at a standard height 
of the baroraeter equal to 30 inches, and a 
temperature of 62° Fahrenheit. The stand
ard is at present kept at the mint of the 
United States at PhUadelphia. 

The standard of liquid measure is the gal
lon, a vessel which contains 58372.2 grains, 
or 8.3389 pounds, avoirdupois weight, of 
water, when at a temperature of 39°.83 Fah
renheit ; the water to be weighed in air 

when the barometer stands at 30 inches, the 
temperature being 62° Fahr. This gallon is 
the wine gallon, nearly, and contains about 
231 cubic inches. 

The standard of dry measure is the bushel. 
which holds 543391.89 grains, or 77.6274 
pounds avoirdupois weight of distilled water, 
determined under the same conditions as in 
the preceding case. This coincides nearly 
with the English bushel. 

, • , - , 1 7 5 
The avoirdupois pound is equal to -—j 

times the Troy pound 
2, Linear Measures. English Measures. 

The unit of linear raeasure is the yard, equal 
to 3 feet. The following table shows the 
relation between the different linear units 
often used: 

Inches. 

1. 
12, 
36, 
198. 

7920. 
63360. 

Feet. 

0.083 
1, 
3, 

,16.5 
660. 

5280. 

Yards. 

0,028 
0,3333 
1. 
5.5 

220. 
1760, 

Poles. 

0,00505 
0,06060 
0.1818 
1. 

40. 
320. 

Furlongs. 

0,00012626 
0,00151515 
0,00454545 
0,025 
1. 
8. 

Miles. 

0,0000157828 
0,00018939 
0,00056818 
0,003125 
0.125 
1. 

Measures of Surface. The unit of mea
sure is the square yard. The units employed 
in land measure are the perch, rood and acre. 

The following table shows the relations 
between these various units: 

Square Feet. 

1. 
9, 

272,25 
10890. 
43560. 

Bq'uare Yards 

0,1111 
1. 

30,25 
1210, 
4840. 

Perches. 

0.00367309 
0,0330579 
1. 

40. 
160. 

Roods. 

0,000091827 
0,000826448 
0,025 
1. 
4. 

Acres. 

0.000022957 
0.000206612 
0,00625 
0,25 
1. 

Measures of Volume, Solids are estimated 
in cubic yards, feet and inches, 1728 cubic 
inches make a cubic foot, and 27 cubic feet 
make a cubic yard. 

The contents of the imperial standard gal

lon are about 277.274 cubic inches. Tho 
parts of a gallon are quarts, and pints. The 
multiples of a gallon are pecks, bushels and 
quarters. Their relations are shown in the 
following table ; 

Pints. 

1. 
2, 
8. 
16, 
64. 

512, 

Quarts. 

0,5 
1, 
4. 
8. 
32. 

256. 

Gallons. 

0,125 
0,25 
1. 
2. 
8. 
64. 

Pecks. 

0,0625 
0,125 
0.5 
1. 
4. 
32. 

Bushels. 

0.015625 
0.03125 
0 125 
0.25 
1. -
8. 

Quarters. 

0,001953126 
0,00390625 
0,015625 
0,03125 
0 125 
1. 

French Measures, The unit of length is I surface containing 100 square metres. Tli« 
the metre The superficial unit is the arc, a| unit of volume is the litre, the cube of the. 
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decimetre. The standard temperature being 
32'" Falir. 
Tke following t;ibles show the relations 

existing between the several units in the 
French system: 

Measures of Length. 
Myriametre, equal to 10000 metres. 
KUometre, '• 1000 
Hectometre, •' 100 
Metre, " 1 
Decimetre, '• 0.1 " 
Centimetre, '• 0.01 
MUUmetre, " 0.001 " 

Measures of Surface, 
Hectare, equal to 10,000 square metres. 
Are, " 100 
Centiare, " 1 " 

Measures of Capacity, 
Kilolitre, containing 1000 litres. 
Hectolitre, " 100 " 
Decalitre, •' 10 " 
Litre, " i " 
DecUitre, " o. 1 " 
Centilitre. " 0.01 " 
The unit of volume for solids is the sicre. 

or the cube of the metre, which is equivalent 
to 35.31658 cubic feet. No system of metro
logy has equaled the French in sirapUcity, 
nevertheless, it is not in general use, even in 
France, for every day purposes. There is iu 
fact, at present, three system of measures 
raore or less used. 

The following table shows the relations 
between the standard foot, in some of the 
principal countries of Europe. 

English feet. 

Russian. 

1. 

Prussian. 

1.065765 

Bavarian. 

0.957561 

Hanoverian. 

0.958333 

Saxon. 

0.929118 

Austrian. 

1.037128 

Measure of Angles. The right angle 
being taken as the angular unit, its subdivi
sions are degrees, minutes,, and seconds. 
The right angle contains 90 degrees, the 
degree 60 minutes, and the minute 60 seconds. 
.A,U smaller fractions are expressed decimally 
in terms of the second. The French have 
proposed to divide the right angle into 100 
equal parts, called grades, but the suggestion 
has not been extensively adopted. For mea
sures of weight, see Weight, 
Measure, Common. The same as comraon 

divisor. xVny quantity which will exactly 
divide two quantities, is said to measure them 
both, or is their common measure. 
Measures, Line of. The line of inter

section of the primitive plane, with a plane 
passing through the axis of the primitive cir
cle and the axis of the circle to be projected. 
See Line. 
ME-CHAN'IC-AL CURVE. The same 
as transcendental curve. See Line. 
Me'DI-AL ALLIGATION. See Alliga-
tion. 
MEM'BER. [ L, membrum]. Every equa

tion is made up of two parts, connected by 
the sign of equafity. These parts are called 
members ; the one on the left is called the first 
member, and the one on the right, the second 

meraber. It often happens that the second 
member is 0 ; indeed, in all general discus
sions, with respect to equations, we suppose 
them reduced to such a form that the second 
member shall be 0. 

MEN-SU-Ra'TION. [I,, mensura, mea
sure]. That branch of applied geometry 
which gives the rules for finding the lengths 
of lines, the areas of surfaces, and the volumes 
of solids. The following are some of tho 
most important formulas : 

I. Length of Lines. 
1. Circumference of Circle. 

s = 2Ttr (1), 
in which r denotes the radius, <̂  the lengtl 
of the circumference, and ir = 3,14159. 

aTrr 
* = i r o (2), 

in which -'' denotes the length of any arc, « 
the number of degrees in the arc. 

8c' — c 
,« = — n — nearly . • • - (3); 

in which *-' is the length of any arc. c the 
chord of the arc, and c' the chord of half tho 
arc, or c' = Vic' + ver-sin'. 

Cir'umference of Ellipse. 
199 

« = 200 '̂  v^i(a= + b'),nearly (4), 
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in which ^ denotes the length of the circum
ference, a and b the serai-axes. 
3. Arc of Parabola from the vertex. 

/ia' 
s = SJ "g !- Vb, nearly ; • • (5); 

in which s denotes the length of the arc, a 
the abscissa, and b the ordinate of the extreme 
point. 

4. Arc of any Plane Curve. 

s = f Vdx' + dy-' (6); 

in which i denotes the length of the arc, a 
and b the abscissas of the extreme points, dy 
is to be determined in terms of x and dx, 
from the equation and differential equation of 
the curve. 

II. Areas of Surfaces. 
1. Plane Triangle. 

bh 
^ = 2 «•• 

in which A denotes the area, b the base, and 
h the altitude 

ai sin C 
^ ^ = ^ ^ - - " («); 

in which a and b are adjacent sides, and C 
their included angle. 

A = Vsis — a)is — b)is — c) • (9); 
in which a, b and c, are the three sides, and 

a + b + c 
*"= 2 

2. Parallelogram. 
A = b h (10); 

in which b is the base, and h the altitude. 

^ = aJ sin C- (11); 
in which a and b are adjacent sides, and C 
their included angle. 

, b-\ b 
A = — ^ leinO . • • • (14); 

in which I is the length of one of the oblique 
sides, and C the angle between it and one of 
the paraUel bases, b and V being the same as 
before. 

4. Any Quadrilateral. 
dd! 

^ = — sin C > (15); 

in which d and d' are its diagonals, and C 
their included angle. 

5. Any Regular -Polygon. 

A = -
tan 

A = 2 V s i s - c ) i s - a) i s - b ) - (12); 
in which a and b are adjacent sides, c the 
diagonal of the parallelogram joining their 
extremities, and 

a-f J-l-c 

3. Trapezium. 
b + b' 

A = —;r-h (13); 

in which b and V are the parallel bases, and 
h the altitude of the trapezium. 

(if) 
(16); 

in which n is the number of sides, and a the 
length of one of thera. 

6. Circle. 
A = nf' (17); 

in which r is the radius. 

^' = 360'"''' ...(18); 

in which A' denotes the area of a circular 
sector, n being the number of degrees in the 
sector. 

/ 4 /•? \ 4 
^" = (" + 3 V T + *' I io "' "'"'•̂ y (19),; 

in which A" denotes the arc of a chcular 
segment, c its chord, and v its height, or the 
ver-siu of half the arc of the segment. 

7. EUipse. 
A = nab (20); 

in which a and b are tho semi-axes. 
8. Parabola. 

2 
A = - ^ a b . 

(21); 

in which a is the abscissa, and b the ordinate 
of the extreme point. 
9. Surface of Cylinder, exclusive of bases. 

A = 2iTrh (22); 
in which r is the radius of the base, and h the 
altitude. 

10. Surface of Cone, exclusive of base. 
A=rvra (23); 

in which r is the radius of base, and a the 
slant height. 
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.-1' = IT (r -I- r') * C-1) ; 
in which-4'denotes tbo area of the surface 
of a conic frustum, r and r' radii of the upper 
and lower bases, and u the slant height. 

11. 6';i';'"ji-<- of Sphirc. 
-4 = 4,T,-' (25); 

in which r is the radius of the sphere. 
A' = 2z'h (26); 

in which .4 represents the area of a zone, r 
the radius of the sphere, and h the altitude 
of the zone. 
A' = i-r-siniif-rtcosiir + l). . . (27) ; 
in which.!' denotes the area of the surface 
of a zone whose bases are parallel to the 
equator : r the radius of the sphere ; I and /' 
the latitudes of the bases of the zone, -|-
when north, — w-hen south. 
-•^"=^^"''~"'^'''""*^''~'^ 

Xcosi(i'-rO (28); 
in which .+ denotes the area of a spherical 
quadrilateral bounded by two parallels of lati
tude and two meridians ; m and m' the lon
gitude of the extreme meridians in degrees ; 
I and I' the latitudes of the bounding paral
lels, + when north, — when south ; and r 
the radius of the sphere. 
in which A'" is the area of a spherical trian
gle ; ,-1 B and 0 three angles in degrees ; 
and T is the area of the trircctaugular trian
gle, or equal to i -r''-
jI" = (s - 2)7 4- 4) X T (30) ; 
in which A'^ denotes the area of a spher
ical polygon ; s the sum of all the angles in 
degrees, divided by 90° ; n the number of 
sides; and T the area of the trirectangular 
triangle, or equal to î -r'. 
12. Area of any Plane Curve. 
A = Pydx (31) ; 
in which a and b are the abscissas of the ex
treme ordinates ; and y inust he deduced by 
solving the equation of the curve with re
spect to y. 
13. jlrca of any Surface of revolution. 
^~ I 27ry Vdx' + dy' (32) ; 

24 

in which y and dy are to bo found from the 
equation aud differential equation of the meri
dian curve referred to the axis of revolution ; 
a and b denote tbe abscissas corresponding to 
tho limiting circles of the surface of revo
lution. 
14. jlrca of any Surface. 

in which -r-, -r--, are to be found from the equa-
dx dy ' 

tion and partial differential equations of the 
surface, in terras of x and y ; a and b the or
dinates of the extreme limits, in the direction 
of the axis of X ; c and d the ordinates of 
the extreme limits, in the direction of the 
axis of Y. 

III. YoLUMEs OF Solids. 
1. Parallelopipedon. 

V = abh (34) ; 
in which V denotes the volurae, a the length 
of the base, b the breadth of the base, and A 
the altitude. 

2. Prism and Cylinder. 
V = Bh (35) ; 

in which B denotes the area of the base, and 
h the altitude. 

3. Pyramid and Cone. 
y^Bh 

3 ' 
in which B denotes the area of the base, 
h the altitude. 

(36); 
and 

V = (.4 -f S -f - • (37); 

in which V denotes the volume of a frustum, 
A the area of the upper, B the area of the 
lower base, and h the altitude of the frustum. 
4. Sphere. 

V = ^rvr' (38) ; 
in which r is the radius of the sphere. 

V =f7Tr'h (39) 
in which V denotes the volume of a spher
ical sector, r the radius of the sphere, and h 
the altitude of the zone that forms the base 
of the sector. 

F" = : ^ ^ - ? i + 7̂r/7' ..(40); 
in which V" denotes the volume of a sphor-
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ical segment, A and B the areas of its par
allel bases, and h the altitude of the segment. 
Either A or B raay become 0; in which case 
the segment has hut one base. 

5. Prismoid. A solid similar to that 
formed in rail-road cuttings, terminated by 
parallel cross-sections perpendicular to the 
axis of the road-way. The volume is equal 
to the sum of the end-section plus four times 
a section midway between them, multiplied 
by one-sixth of the length of the volume, in 
the direction of the axis of the road-way ; or. 

( 

(6-

+ i i b + r -

- rh') h' + {b + rh) h 

h + h'\ h + h'-
-j 2 Je (41); 

in wh'ich 6 denotes the breadth of the cut
ting at the bottom; h the perpendicular 
height of the cutting, at the upper end ; 
h' the height, at the lower end ; I the length 
of the volume, and r the tangent of the 
angle which the slope of the side makes 
with the vertical; h and h' the mean heights, 
at the two ends. 

, (42) 

— I I zdxdy . 

6. A n y Solid of revolution. 

V = f mj'dx 

in which y is to be deduced from tho equa
tion of the curve, in terms of a:; a and b are 
the abscissas of the liraiting planes perpen
dicular to tho axis of revolution. 

7. A n y Solid, the equation of whose bound
ing surface is given. 

• (43); 

in which z is to be deduced frora the equation 
, of the bounding surface, in terms of a: and y ; 
a and b are the ordinates of the limiting 
planes perpendicular to the axis of X ; c and 
d the ordinates of tho limiting planes perpen
dicular to the .axis of Y. 

The following principles of mensuration 
are duo to Guldinus : 

Ist. The area of any surface of revolution, 
generated by a plane curve revolving about a 
straight Une, as an axis, is equal to the length 
of the curve multiplied by the circumference 
described by tiie centre of gravity of the arc. 

2d. The volume of a solid, generated by 

revolving a plane curve about a straight Une 
in its o w n plane, as an axis, is equal to the 
area of the curve multiplied by the circum
ference of the circle described by the centre 
of gravity of the revolving circle. 
MERCATOR'S CHART. A representa
tion of a portion of the surface of the earth 
upon a plane, in which the meridians are re
presented by equi-distant parallel straiirht 
lines..and the parallels of latitude by straight 
lines perpendicular to them. 

This chart is particularly adapted to the 
purposes of navigation, inasmuch as the plot 
of a ship's course, or a rhumb line between 
two points upon it, is represented by a straight 
Une. O n this account, as weU as on accouiit 
of the facilities which it affords for makmg 
calculations necessary in navigation, Merca
tor's Chart is n o w Almost universally adopted 
for sailing purposes. 

The principle on which the projection is 
made, is this : The projection of the meri
dians being assumed as equi-distant parallel 
straight lines, it is plain that as we recede 
frora the equator, the scale on which a degree 
of longitude is represented will continually 
increase. In order, therefore, that the chart 
raay fulfill the required conditions, the scale 
of latitudes is made to increase in the same 
proportion. 

N o w the length of a degree of longituBo 
in any degree of latitude, is equal to the 
lenirth of a degree of longitude at the equa
tor multipUed by the cosine of the latitude, 
but as the length of a degree of longitude is 
in every latitude represented by a constant 
distance, it follows that the scale increases 
inversely as the cosine of the latitude, or, 
what is the sarae thing, as the secant of the 
latitude ; hence, the scale of latitudes must 
increase as the secant of the latitude, that is, 
if a given line represents the length of a de
gree of latitude at the equator, then will that 
line, multiplied by the secant of the latitude 
I, represent the length of a degree of latitude 
at the point whose latitude is /. 

If a minute of the equator, or a nautical 
mile, be taken as the unit of measure, and 
that unit be taken as the radius of the tables 
of natural sines, &c,, then will the represen
tation of a minute of latitude, at any poin'i 
be represented by the number which is found 
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/ 
VB 

from the tsibles for the secant of the latitude 
of that point. -V table of results formed by 
the successive additions of the secants cor
responding to each minute of latitude, is 
given in every work on n.avigation, under 
the head of meridional parts, and by its aid 
Mercator's Chart may easily be projected. 
See SBheiical Projection, 
Mercator's S-viling. The method of com

puting the cases of sailing in accordance with 
the principles of Mercator's Chart. 
In the right an

gled tiiangle ABB', C l c 
let A B ' represent ; / 
the true d'lfference ; 
of htitude between ", 
two places, the an
gle B,\B' the angle ' 
vhich the course | 
sailed makes with 
the meridian, and 
AB the true dis
tance sailed; then 
is BB' what is caU
ed the departure, 
as in plane sailing. Produce A B ' till ,A,C'is 
equal to the meridional difference of latitude, 
and draw CG' parallel to BB', then wUl C C 
represent the difference in longitude. If w e 
denote the angle B A B ' by 6, we shall have, 
from the right angled triangle of the figure, 
the proportions, 
1 : sin (i : : distance : departure, 
1 : cos ̂  : : distance : diff. of latitude, 
1 : tan d : : mer, diff. of lat. : diff. of long. 
By means of these formulas, all cases of 

Mercator's Sailing may be solved. 
ME-RIiyi-AN O F A P L A C E . [L. meri-

iies, noon]. The intersection of the surface 
of the earth, with a plane passing through 
tbe axis of the earth and the place. The 
meridian is the same as a. north and south 
Ime. The meridian, as defined, is called the 
true meridian. 

Magnetic Mf,ridian of a place, is the in
tersection of the surface of the earth, with 
a vertical plane through the axis of a mag
netic needle suspended freely at the place. 
The magnetic meridian of a place is contin-
nally changing. The angle which it makes 
with the true meridian, is called the variation 
'if the needle, consequently the variation of 

the needle at any place, is continually 
changing. 

Meridian Curve of a Surface of Revo-
LUTicv, Tho section of the surface made by 
a plane passing through the axisof revolution. 

Meridian Distance of a Point. In Sur
veying, the distance from the point to some 
assumed meridian, generally the one drawn 
through the extreme cast or west point of 
the survey. The meridian distance of a 
course is the meridian distance of its middle 
point, or it is the arithmetical mean of the 
meridian distances of all of its points 

Meridian Distance in Navigation. The 
same as departure or easting and westing, or 
the distance between two meridians, one 
drawn through each of the points, whose 
meridiafi distance apart is considered. 

Meridian Planb: of a Surface of Revo
lution. Any plane passed through the axis 
of revolution. 

ME-RID'L0.\-AL p a r t s . Parts of the 
projected meridian, according to Mercator's 
system, corresponding to each minute of lati
tude, from the equator up to some fixed limit, 
usually 80°. 

These parts are tabulated, and the tables 
are of use in projecting charts, and in solving 
cases in Mercator's Sailing. The theory of 
the construction of the table of meridional 
parts is very simple. If wc take the length 
of one equatorial minute as the unit of mea
sure, and as the radius of a system of natural 
secants, then wUl the length of a minute of 
the meridian in any latitude be represented 
by the natural secant of that latitude, and the 
distance of the projection of any parallel of 
latitude from the equator, will be equal to the 
sum of all the secants of the arcs frora 0 up 
to the given latitude. For most purposes, 
the sum of the secants corresponding to each 
rainute, will be sufficiently accurate. 

The construction of the table is as follows: 
For 1' mer. part = see 1', 
" 2' " = sec 1' 4- sec 2', 
" 3' " = sec 1'-f sec 2'-t-seo3', 

= secl'-Fsec2'-f-sec3' + 
.. • • -fsecn'. 
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The second member of each of the above 
formulas, when reduced, gives the distance 
of the projection of the parallel from the 
eq'i.ator. 

The table as above constructed is only ap
proximately true, and is, besides, somewhat 
tedious to compute. Other methods have 
been invented, both more accurate and of 
easier application, but the method above given 
shows more clearly than any other the nature 
of the tables. Of the other methods of com
puting tables the best is founded on the pro
perty that the scale of latitudes, in Mercator's 
projection, is analogous to the scale of logar-
' ithmic tangents of half the complements of 
the latitudes. 

Meridional parts on the Spheroid. Di 
note the eccentricity of the ellipsoidal merid
ian by c ; denote the latitude for which the 
meridional part is required by I; and denote 
the natural sine of the latitude by s. Find 
the arc whose sine is se, and call it I'; take 
the logarithmic tangent of half the comple
ment of /' from the comraon tables, and sub
tract it from 10; raultiply the reraainder by 
7915.7044679, and that product by e ; this 
result tjken frora the meridional part found 
from the table of meridional parts for the lat
itude ̂  will be the meridional part for the same 
latitude on the surface of an oblate spheroid. 

M E S ' 0 - L A B E , [Gr. ^cfof,' middle, and 
'kapjiavu, to take]. A n instrument invented 
for constructing two mean proportionals be
tween two given straight lines mechanically. 
It was used in solving the problem of the 
-duplication of the cube. 

M E ' T R E , A unit of measure in the French 
decimal system. It is equivalent to the ten 
raillionlh part of tho distance from the equa
tor to tho north pole, or about 39,37 inches. 
See Measure, 

M E - T R O L ' 0 - G Y - [Gr. lierpov, measure, 
and Aoyof, discourse], Tho art and science 
of mensuration. See Mensuration, 

M I D - D L E . [L.TOcd7'7««, in the midst]. Equi
distant from the extremes. The middle point 
of a lunited straight line is the point which 
is at the same distance from each extremity, 

M I D - D L E L A T I T U D E . The middle lati-
itude of two points on the surface of a sphere 
or spheroid, is the half sum of tho two lati-

[m e's 

tudes when both are of the same name, or 
the half difference of the latitudes when both 
are not of the same name. The middle lati
tude is affecled with the name of the greater. 
If w e agree to call north latitudes positive, 
and south latitudes negative, the middle lati
tude in all cases is equal to half the algebraic 
sum of the two latitudes. 

Middle Latitude Sailing. The method 
of computing cases in sailing, by means of 
the middle latitude, by a combination of the 
principles of plane and parallel sailing. This 
method is only approximately correct. The 
computations are made on the following 
principle : 

The departure is considered as the meridi 
onal distance for the middle latitude of the 
place sailed from and the place sailed to. The 
results are the more accurate as the two 
places are near the equator. 

The following proportions serve to solve 
aU cases of middle latitude sailing. Calling 
the latitude of the tw-o places / and /' vie 
have 

igitude. 

tan of course : : difference of 

1 :: departure : difference of 

longitude. 
+J.'\ 
2 

latitude difference of longitude. 

MILE. [L. mille passus, a thousand 
paces; passus has been dropped by usage, 
and the numeral mille has acquired a sub
stantive signification]. A unit of measure 
equivalent to 5280 feet, or 1760 yards. The 
mile of different countries is somewhat dif
ferent. See Measure, The Roman mile 
contained 1000 paces of 5 feet, each foot being 
equivalent to 11.62 inches; whence the name 
7777/c. 

A square mile contains 640 acres, and has 
been adopted by the United States govern
ment as a unit of surface in dividing the 
pubUc lands. A square mUe of land is called 
a section, 

M I L L . [L. mille, a thousand]. The tenth 
part of a cent, or tho thou.sandth part of a 
dollar. A unit of money in tho United 
States of the lowest denomination, 
MILI^ION. [L. 7777̂ /6, one thousand], A 

thousand thousand, or 1,000,000. 
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MIX I-Ml'M. [L. ini7iimu.v, smallest]. See 
Miixir̂ ia and Minimo.. 
MIN l'-EN"D. [L. minMCTidiw, from 7m"«7(o, 

to lessen]. That quantity from which another 
is to be subtracted. The second quantity is 
caUed the subtrahend. 
M T M l S. [L. minus, less]. The name of 

the sign of subtraction ; it is a simple hori
zontal mark, thus —. See Symbols. 
MIX TTE. [L. •mt777«i7iia. a small portion]. 

The 60th part of an hour, or the 1440th part 
of a day. See Day. 
In angular measure,the 60th part of a de

gree, or the 5400th part of a right angle. See 
Degree. 
M I X £ D . [L. tniseeo, to mix]. Composed 

of heterogeneous elements. 
Mixed Mathematics. The appUcation of 

mathematical principles to practical construc
tions, or to the investigations of general 
science. The term is used in contradistinc
tion to the term pure mathematics, which im
plies the investigation of the purely scien
tific principles of mathematical science. 
-Mixed Number. A number expressed by 

the aid of both integral and fractional parts ; 
thus, 2^ is a mixed number, or mixed frac
tion ; so also is 2,5. This is often called a 
mixed decimal. 
Mdced Quantity. A quantity composed 

c 
of entire and fractional parts ; thus, a -|—-, 
is a mixed quantity. All mixed quantities 
can be reduced to the form of simple frac
tions. See Fraction. 
.MOD'U-LUS. [L. modulus, a measure] A 

constant factor of a variable function whic'n 
scives to connect the function with a particu
lar system or base. 
The modulus of a system of logarithms is 

a constant factor, by which, if the Naperian 
logarithm of any number be multiplied, the 
product will he the logarithm of the same 
number in that system. 
The modulus of any system of logarithms 

is always equal to the reciprocal of the Nape
rian logarithm of the base of the systera ; it 
is also equal to the logarithm of the Naperian 
base, 

c = 2.718281828, 
taken in that system. Tho modulus of the 

Naperian system is 1, the base of that sys
tem being 2,7).S2S IS28, The modulus of tho 
common system is ,431294182, and the base 
of that system is 10. From the definition of 
the modulus of a system of logarithms, it fol
lows that the logarithms of the samo nuraber, 
in different systems, are to each other as the 
moduli of those systems. 

Modulus op a Number or Quantity. 
M. Mourey has shown that every quantity 
e,-;!i always be reduced to the general forra 

a + bV— I, 
in which a and b are always real, but raay bi' 
entire or fractional, positive or negative 
rational orirrational. W h e n b = 0 , the quan 
tity is real; when b is not 0, the quantity ii 
iraaginary. H e proposes to call 

Va' + b' 
the raodulus of the quantitj', and in his geo
metrical interpretation of imaginary results, 
he shows that this modulus represents tho 
length of a straight line, whilst the relation 
between a and b determines the direction of 
the line with respect to a fixed initial line. 
MO-No'MI-.\L. [Gr, fiovog, sole, and ovo/ia, 

name], A single algebraic expression ; that 
is, an expression unconnected with any other 
by the signs of addition, subtraction, equality, 
or inequality. 

M O N T H . The twelfth part of a year. 
Months are variously distinguished. 'The 
calendar months are named January, Febru
ary, March, April, M.ay, June, July, August, 
September, October, November and Decem
ber. The first, third, fifth, seventh, eighth, 
tenth and twelvth. have each 31 days, all tho 
rest have 30, except February, which has 28 
in ordinary years and 29 in leap years. A 
lunar month embraces the period between 
two consecutive new moons. It is about 29J 
days in length, so that there are nearly 13 
lunar months in a year. 

The civil lunar month is a period alter
nately of 29 and 30 days. The civil solar 
month is a period alternately of 30 and 31 
days, except one month, which consists only 
of 29 days, which in leap year has 30 days 
These distinctions are not now regarded. 

M U L T - A N " G U - L A R . [L, multus, many 
and angulus, angle]. Many angled, polygo
nal. See Polygon. 
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MUL-TLNo'MLAL. [L. multus and no-
men, narae]. An expression composed of 
two or raore monomials, connected by the 
signs plus or minus i+ or — ) , See Polyno
mial. 
MuLTiNoiaiAL Theorem, A theorem of 

Algebra, which has for its object to deduce a 
formula for developing any power of a poly
nomial. This formula is called the multino
mial formula.,. 
Multinomial Formula. A formula for 

developing any power of a polynomial with
out performing the successive multipUcations 
The formula is as follows: 

ia + bx + ex' + .. 

+ mbB - + 2mcB 

+ (777-

+ imeB 
+ (3771- l)dB' 
+ {2m - 2) c B" 
+ ( 771 - 3) 4 S'" 
in which B = a" 

- l)bB' 

X* 
ia + ̂  

; and 

+pi^)'" = B 
x' 
:r- + 3mdB 
2a +(2m-l)cB' 

+ {m-2)bB" 

c. 

B', B". B'", i 

3a 

&c. 
represent the co-efficients of the terms imme
diately preceding those iu which they first 
appear. 

1. Let it be proposed to find the cube of 
the polynomial 

I +X + x' +x' +&C.; 
here, 

a = b = c = d = &c. = 1, 771 = 3 ; 
hence, 
o" = B = 1, mbB = 3 X 1 X 1 = 3 = B', 
2mcB+im-l)bB' _ 6+2x3 

2a 
• = C = B", 

3mdB + (2771 - 1) cB' + jm - 2) bB" 

1 
a"- = 13 = 1 = iJ ; mbB = ̂ --̂  B' 

2mcB+im-l)bB' 
2a 

3mdB + (2m 

= i(f-J-s) = ̂ 5 = -B"; 

- 1) cB' + im - 2) bB" 
3a 

35 
= = B'" • &.C î e 

648 ' °"=-''̂ <̂-

9 + 15 + 6 
3a 

B'" ; &c., &c. 

Substituting these, in the formula, we find 

•,).+x +x'+:^ + .. + x«f = I + 3x 
+ Qx:' + lOi" + 15a:* + &c. 

2. Again let it be required to find the cube 
root of the series 

1 + i.i; + \x' + ix' + &c.; 
here, 
, = 1, J = J, c = -J, d = i, &c., and m = -̂, 

Hence, from the formula, 
(1 + -ii + ̂ x' + ix' + &c.... )1 
= l + \x + ̂ -̂ _x' + -if̂ x? + kc., &c. 

MUL'TI-PLE. The multiple of two or 
more quantities, is a quantity which they wiU 
separately divide without a remainder. 
Thus. 12 ia a multiple of 2, 3 and 4; 24 

is also a multiple of 2,3 and 4 ; hence, there 
may be more than one multiple of any given 
set of quantities. 
Least Common Multiple. The least com

mon multiple of two or more quantities, is 
the least quantity which they wUl eeparately 
divide without a remainder. Thus, 12 is the 
least common multiple of 2, 3, 4 and 6. 
The least comraon raultiple of several quan
tities must contain all the prime factors which 
enter each quantity, and it must contain each 
factor raised to the highest power to which 
it enters any one of the numbers, nor will it 
contain any other factors. Hence, to find 
the least common multiple of several quanti
ties. 
Resolve them into their prime factors; 

form the continued product of all the prime 
factors of the quantities, each raised to the 
highest power to which it enters any of the 
quantities, and this will he the least common 
multiple sought. 
Let it be required to find the least common 

multiple of 
98, 72, 63 and 49 : 

resolving them into prirae factors, the num
bers take the respective forms, 

2 X 7=, 2' X 3', 3= X 7 and 7'; 
hence, the least common multiple is 

3528 = 2= X 3» X T. 
The least common multiple of 

8â i, 4ai=c and 72, is 
72a'S=c = 2^ X 3'a'b'e. 

It has been proposed to call the least com-
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m.ni multiple of several quantities, their j 
i-.'.s: eominou dividend. Hence, we should | 
detiue the least common dividend of several; 
quantities, to be the least quantity that they j 
wUl separately divide without a remainder. I 
The term least, as used above, refers only 
to the numerical value of the quantities to 
which it is appfied. 

Multiple Point of a Curve. In .-Vnaly-
sis. is a point in which two or more branches 
of a curve intersect each other. The analyti
cal characteristic of a multiple point of a 
curve, is that at it the first dilferential co
efficient of the ordinate must have two or 
more values. Hence, to find w-hethcr a given 
curve has any multiple points, difl'erentiate 
its equation, and from the equation of the 
cune and its differential equation, fiud an 
expression for the first differential co-efficient 
of the ordinate. See whether there are any 
real values of the variables which will give to 
the first differential co-efficient found, two or 
more values, and at the same time satisfy the 
equation of the curve ; if so, the correspond
ing points are multiple points. The number 
of multiple points wUI be determined by the 
number of sets of real values of the variables 
which fulfill the required conditions. 

If the differential co-efficient has twovalues 
at a point, the point is a double multiple 
point; if three, a triple multiple point; if 
four, a quadruple multiple point, and so on. 
See Singular Points. 
.MUL-TLPLLCAND'. [L. multiplico, to 

multiply]. That quantity which is to be re
peated, or which is to be piultiplied. 

MI;I,-TLPLLCa'TION. [L. mulUpUcatio, 
increasing]. The operation of finding the 
product of two quantities. The product is the 
result obtained by taking one of the quanti
ties as many times as there are units in tho 
other. The quantity to be multiplied or taken 
is called the multiplicand, the quantity by 
which it is to be multiplied is called the mul
tiplier, and the result of the operation is caUed 
the product. Both multiplicand and multi
pliers are called factors of the product. 

I. .A.RITHHETICAL MULTIPLICATION. 
1. To multiply any number by a multiplier 

less than 10. 
"Write the multipUer under the right hand 

figure of the multiplicand. Multiply in suc
cession Ciieh digit of the multiplicand by the 
multiplier, beginning at tho right hand ; if 
any product is expressed by more than one 
figure, set down tho right hand figure under 
the digit multiplied and add the number ex
pressed by the remaining figure or figures to 
the next product, and so on to tho last figure 
of the multiplicand, when the entire product 
is set down. 

Multiplicand, 
MultipUer, 
Product. 

3896439 
8 

31171512 

2. To multiply any number by a multiplier 
greater than 10. 

\\'rite down the multiplier under the mul
tiplicand, so that units of the same order 
shaU fall in the same column. Multiply the 
entire multiplicand by each digit of the mul
tiplier, and write down these partial products 
so that units of the same order shall fall in 
the same column, and take their sum, which 
wUl be the product required. 

Multiplicand, 45681 
MultipUer, 4374 

f 
Partial products, 

Product, 

182736 
319788 
137052 

182730 
199821816 

The preceding rule is equally applicable to 
decimal fractions, and to mixed decimals. 

3. To multiply one vulgar fraction by an
other. 

Multiply the numerators together for the 
numerator of the product, and the denomina
tors together for the denominator of the pro
duct. 

This rule applies when either factor is a 
whole number or a mixed number. In the 
former case, the denominator is 1, and in the 
latter case, the mixed number must be trans
formed into an equivalent fraction by the 
rule. See Fraction. 

II. Algebr-aic Multiplication. 
1. To multiply one monomial by another. 
Multiply the co-efficients together for a new 

co-efficient, after this write all the letters that 
enter both factors, giving to each an expo-
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nent equal to the sum of its exponents in 
both factors. 

The rule of signs, applicable in all cases 
of algebraic multiplication, is that the pro
duct of two tenns, preceded by like signs, is 
affected with the sign + ; and the product 
of two terms,, preceded by unlike signs, is 
affected with the sicn —. 

Multiplicand — 2aSc'/ 
Multiplier ic'bf 
Product aab'c'f-

2. To multiply a polynomial by a monomial. 
Multiply each term of the polynomial hy the 

monomial, and connect the results hy their 
respective signs; the final result will be the 
product. 
Multiplicand 8ab — ex' + 2ef — g 
MultipUer 3cg= 
Product 2iabcg' — 3c'gh:' + 6c'fg'~3cg' 
3. To multiply one polynomial by another. 
Write down the multiplier under the multi

plicand, arranging both with reference to the 
same leading letter. Multiply all the terms 
of the multiplicand by each term of the mul
tiplier in succession, placing similar terms of 
the product, if there are any. in the same 
column ; then reduce the polynomial result 
to its simplest form, and it will be the required 
product. 

Multiplicand 3a' + iab + b' 
Multiplier 2a + 56 

6a^ + 8a'b + 2ab' 
I5a'b + 20ab' + 5b' 

plication of the two terms, which are of the 
lowest degree with respect to the same letter. 

Algebraic fractions are multiplied by the 
same rule as arithmetical fractions, 

4. To multiply one radical by another. 
Reduce the radicals to equivalent ones .if 

the same degree ; multiply the co-efficients 
together for a new co-efficient, after which 
write the radical sign with the common index, 
and under it place the product of the quanti
ties under the radical sign in both radicals. 

Let it be required to find the product of 
1?b 

Product 6a^ + 23a"6 + 22ai" + 5b'. 
If both factors are homogeneous, the pro

duct will be horaogeneons, and its degree 
will be expressed by .the sum of the numbers 
which express the degrees of the factors 
taken separately. 

If no twt) terms of the partial products are 
similar, the nuraber of terms in the product 
will be equal to the number of terms in the 
multiplicand multiplied by the number of 
terms in the multiplier. 

There are always at least two terms of the 
partial products which cannot be reduced 
with any others, 1st, tho term arising from 
(he multiplication of those terms of the mul
tiplicand and multiplier, which are of the 
highest degree with respect to the' leading 
letter ; 2d, that which arises from the multi-

2,/6a'6 and 3l/8la'b; 
reducing them to equivalent radicals of ttie 
6th degree, they become, respectively, 

8 «/216aV am 

Then 8 8/'216aV 

= 72 !/216 X 6661a" 4=. 

Where radicals are expressed by means of 
fractional exponents, they are multiplied by 
the same rules that are applicable to quanti
ties affected with entire exponents. 

6. Multiplication by detached co-efficients. 
"When the multipUcand and multipUer are 

both homogeneous, and contain but two let
ters, if both be arranged according to the 
same leading letter, the literal part of the 
several terms of the product may be written 
immediately, since the exponents of the lead
ing letter wiU go on decreasing from left to 
right by a constant difference, in each term, 
and the sum of the exponents of both letters 
in each term is constantly the same. 

Hence, the product may be obtained by 
writing down the co-efficients alone, and mul
tiplying by the general rule, aft;er which the 
literal parts are annexed in accordance with 
the law above indicated. It must be observed 
that when any power of the leading letter 
does not enter, the corresponding co-efiicient 
must be taken equal to 0. 

1. Let it be required to multiply 
2a' - 3ab' + 5b' by 2a= - 56". 

Multip'd 2 + 0 — 3 + 5, co-ef's of multip'd-
Multip'r 2 + 0 — 5 , co-ef's of multipl'r. 4+0- 6 + 10 

-10- 0 + 15-25 
Co-ef's. 
Product 

4+0-16 + 10 + 15-25 
ia'- 16â i'-' + 10a=6^ + 15ai*-25i». 
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ITus method by detached co-efficients is appli
cable when the multiplicand and multiplier 
contain but a .*iiij;le letter. 
6. Multiplication by means of logarithms. 
Find, from a table, the logarithms of both 

factors, and take their sum; find from the 
table the number corresponding to this logar
ithm, and it wiU be the product of the two 
factors. 
1. Let it be required to multiply 7843 by 

63",;S, 
Log 7>43 3,8944822 
Log. 63-28 3,SO 12665 
Log 49630504 7,6957487 
Hence, the product is 49630504. See Log-

MULTIPLICATION T A B L E . A table 
showing the product of factors, taken in 
pairs, up to some assumed limit. The ordi-
Xttltiplieation Table, from 1 to 9, ttTid frmn 

1 to 25, 

: 1 
1 2 

2 3 
4i 6 
6; 9 

4 ^ 12 
5 10 15 

!~6 12 1? 
7 
8 
9 

14 2! 
16 24 
i8|27 

10*20 30 
11 22 33 

24 36 
:13,26 39 
14 29 42 
15,30 45 
16 32|48 
17 
18 
'19 

34; 51 
36 .54 
38 57 

20 40 60 
21 42 63 
22 
23 

44,66 
46 69 

24.48 72 
25 50 [75 

4 

12 
16 
20 
24 
28 
32 
36 
40 
44 
48 
52 
56 
60 
64 
68 
72 
76 
80 
84 
88 
92 
96 
100 

5 
10 
15 

•20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 
95 
100 
105 
110 
115 
120 
125 

6| 7 
12 
18 

14 
21 

8 
16 
24 

24 ! 2S j 32 
30 j 35 40 
36 42, 48 
42 49 
48 56 
54 
60 
66 
72 
78 
84 
90 
96 
102 
108 
114 
120 
126 
132 
138 
144 
150 

63 
70 
77 
84 
91 
98 
105 
112 
119 
126 
133 
140 
147 
154 
161 
168 
175 

56 
64 
72 
80 

96 
104 
112 
120 
128 
136 
144 
152 
160 
168 
176 
184 
192 
200 

9 
18 
27 
36 
45 
54 
63 
72 
81 
90 
99 
108 
117 
126 
135 
144 
153 
162 
171 
180 
189 
198 
207 
216 
225 

nary tables run both ways from 1 to 12. A 
more useful t̂ ble -n'ould extend to 9 in one 

scries of numbers, and to 25 in tho other. 
There is no reason why the operation of mul
tiplying a number by a number less th.an 25, 
should not be performed directly, instead of 
by following the rule and making two partial 
multiplications, as is generally done for num
bers between 12 and 25, Tbe subjoined table 
is easily committed to memory, and will be 
found of great utility in performing multipli
cations. 

To use the table : Look for the least factor 
at the top of the table, follow down the table 
till the number is found, which stands oppo
site the other factor ; this number is the pro
duct of the two factors which is sought. 

Multiplication tables have been formed ex
tending much farther in each direction, but 
such tables are intended for reference simply, 
and not to be committed to memory for every
day use. The famous table formed by Pytha
goras, and called from its inventor, the abacus 
Pythagoricus, was of this kind, and extended 
to 60 iu both directions. 

MUL'TI-PLI-ER. That factor of a pro
duct which indicates the number of times 
which the other factor is to be taken. See 
Multiplication. 

.MC'TU-AL. [L. mutuus; from 77777(0, to 
change]. A species of relation in which two 
quantities are similarly affected with respect 
to each other. Thus, two straight lines, as 
the diagonals of a parallelogram, are said to 
bisect each other mutually ; that is, the first 
bisects the second, and the second bisects the 
first. The three angles in each 9f two tri
angles, are mutually equal when taken in tho 
same order : the first angle of the first trian
gle is equal to the first angle of the second 
triangle, the second angle of the first trian
gle equal to the second angle of the second 
triangle, and the third angle of the first tri
angle, equal to the third angle of the second 
triangle. 
N. The fourteenth letter of the English 
alphabet. In surveying, it stands as an ab
breviation for North. In Analysis, n is gen
erally taken as a symbol to represent any 
nuraber. As a numeral, it stood for 900 ; 
with a dash over it, thus, N, it represented 
900,000. 
NA'DIR. The point of the celestial sphere 

directly opposite to the zenith. If at any 
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place a vertical Une be erected to the earth's 
surface, and prolonged indefinitely in both 
directions, the point above,inwhich it pierces 
the celestial sphere is the zenith, and the 
point below, in which it pierces the celestial 
s-phere, is the Nadir. Every point on the 
earth's surface has a different nadir point. 

N A P E R I A N L O G A R I T H M S . A system 
of logarithras whose base is 2.718281828, 
and whose modulus is 1. Tho system was 
thus named from its discoverer. Baron Na
pier. They are sometimes caUed hyperbolic 
logarithms, for if B P represents one branch 
of an equilateral hyperbola, A K and A L its 
asymptotes at right angles to each other, 

B its principal vertex, and B B ' the ordinate 
through the vertex ; then if A B ' is taken 
as the unit, or 1, the curvilineal area B'BPD 
will be expressed by the logarithm of A D , 
the abscissa of its extreme ordinate D P . 

Napier's Rods or Bones. A set of rods 
contrived by Baron Napier, for the purpose 
of facilitating the numerical operations of 
multiplication and division. They consist of 
pieces of bone, or ivory, in the shape of a 
parallelopipedon, about 3 inches long and A , 
of an inch in width, the faces of each being 

divided into squares, which are again sub--
divided on ten of the rods by diagonals into 
triangles, except the squares at the upper 
ends of the rods. These spac:es are num
bered as shown in the diagram. 

The analogy betwen the numbering and 
the multiplication table will be perceived on 
inspection. The rods, in fact, constitute a 
sort of movable or portable multiplicatitJn 
table. 

To show the manner of performing multi
plication by means of the rods, let it be re
quired to multiply 5978 by 937. Select the 
proper rods, and dispose them in such a man
ner that the numbers 
at the top shall exhibit 
the multiplicand, as in 
the figure, and on their 
left place the rod of 
units. In the rod of 
units seek the right 
hand figureof the mul
tiplier, which, in this 
case, is 7, and thenum-
bers corresponding to 
it on the other rods. 
Beginning on the left 
add the digits in each parallelogram, formed 
by triangles of adjacent rods, and write them 
down as in ordinary multiphcation; then 
take the sum of the several pro- 41846 
ducts as in ordinary raultiplica- 17934 
tion, and it will be the product 53802 
required. 560138(1 

From the outermost triangle on the line 
with 7, write out the number there found, C; 
in the next parallelogram on the left add 9 
and 5 there found; their sum being 14, set 
down the 4 and carry the 1 to be added to 3, 
and 4 found in the next parallelogram on the 
left; this sum being 8, set it down ; in the 
next parallelogram on the left occur the num
bers 5 and 6, their sum being 11, set down 1, 
and carry 1 to the next number on the left; 
the number 3 found in the triangle on the left 
of the row, increased by 1, gives 4, which 
set down ; proceed in like manner till all of 
the partial products are found, and take their 
sum as in the example. This contrivance is 
rather curious than useful. 

N A P P E . One of the two parts of a conic 
surface, which meet at the vertex. If a 
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straight fine be moved in such a niamier as! 
to pass through a fixed point, and continually 
touch a given curve, the surface generated 
is that of a cone, the fixed point bcuig the 
vertex. If the straight line be prolonged in 
both directioiis. through the vertex, the sur
face generated niU consist of two parts, meet
ing at the vertex, and symmetrically disposed 
with respect to the vertex : these are called 
nappes. The nappe on which the directrix 
lies, is called the lower, and the other one, 
the upper nappe of the cone. 
Nappe of a.n Hyperboloid. One of the 

branches, of which the surface is composed. 
If an hyperbola be revolved about its trans
verse axis, as an axis of revolution, each 
branch of the hyperbola will generate a sepa
rate branch of the hyperboloid of revolution, 
each of which is called a nappe. If the hy
perbola be revolved about its conjugate axis, 
as an axis of revolution, both branches will 
generate the same branch, and tbe hyperbo
loid has but one nappe. Hence, hyperboloids 
are of one or two nappes. Those of one 
nappe are warped surfaces ; those of two 
nappes are double curved surfaces, 
NAT U-RAL. [L. naturalis, natural]. A 

term used in mathematics to indicate, that a 
function is taken in, or referred to, some sys
tem, in which the base is 1. Natural num
bers are those commencing at 1 ; each be
ing equal to the preceding, plus 1. Natural 
sines, cosines, tangents, cotangents, &c., are 
the sines, cosines, tangents, cotangents, &c., 
taken in arcs, whose raulii are 1. Natural 
logarithms, or Naperian logarithras, are those 
taken in a system, whose raodulus is 1. 
N.\U'TIC-AL. [L. nauticus; from nauia, 

a seaman]. Appertaining to navigation. A 
• nautical mUe is the 60th part of a degree of 
latitude ; 60 nautical miles make about 69^ 
Engfish mUes. A nautical chart is a chart 
constructed for the use of navigators. 
N.VV-I~Ga'TION, \L, navigatio; from?ia-

ri.!, a ship]. The art of conducting vessels 
from one port to another, on the ocean, by 
the best route. It embraces all the rules and 
•principles necessary to determine the position 
of the vessel at any moment, and also to de
termine the direction and distance of the 
destined port. There are two methods of 
»'«termining the position of a ship at sea: 

the first is by means of the reckoning ; that 
is. from a record which is kept, of the 
courses sailed, and distances madci on each 
course ; tho second is, by means of observa
tions made on the heavenly bodies, and the 
aid of Spherical Trigonometry. Tho first 
method gives only appro.vimato results ; the 
second admits of great accuracy. The posi
tion of the vessel being known at any mo
ment, the direction and distance of any other 
point may be determined, either by the aid of 
a chart, or by the application of tho princi
ples of Trigonometry. 
To understand the principles of navigation, 

it is necessary to know the form and magni
tude of the earth, the relative positions and 
the forms of lines drawn upon its surface ; 
together with the relative positions of places 
on the earth's surface, as well as their posi
tions with respect to certain fixed lines on the 
earth's surface. The positions of places on 
the earth's surface, with respect to certain 
fixed lines of reference, arc given by means 
of charts. Besides these elements of know
ledge, we must know how to obtain and use 
tho data, frora which the position of the 
ship's place, at any time, can be ascertained. 
This involves a knowledge of the instruments 
used, the raethod of using them, and the 
methods of making the necessary computa
tions required to deduce, from the observa
tions raade, the ship's position. The method 
of making the necessary observations does 
not properly fall within the Uraits of a raath
ematical discussion of the subject of naviga
tion, and wiU not therefore be treated of in 
this article. 
The forra of tho earth's surface is that of 

an ellipsoid of revolution, the axis of revolu
tion coinciding with the shortest diaraeter of 
the surface. The length of the longest, or 
equatorial diaraeter of the earth is nearly 
7925 English mUes, and that of the shortest 
or polar diameter is about 7898 miles. The 
mean radius is about 3956 miles. For the 
purposes of navigation, the earth may be re
garded as a sphere, having the radius equal 
to the mean radius of the real form, and wUl 
be so regarded in this article. 

Every plane through the axis is called a 
meridian plane, and its intersection with the 
surface of the earth is a meridian curve, or 
simply a meridian. The plane through the 
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centre, and perpendicular to the axis, is called 
the plane of the equator, and the circle cut 
from the surface is the equator. Every plane 
paiaUcl to the plane of the equator, cuts from 
the surface a circle, caUed a circle or parallel 
of latitude. A curve passing through any 
two places on the surface of the earth, and 
making the sarae angle with every meridian 
which it crosses, is called a rhumb line. The 
angle which a rhumb line, between any two 
places, makes with any meridian which it 
crosses, is called .the course from one place to 
the other. 

If the two places lie on the same meridian, 
the rhumb is that meridian, and the course is 
cither north or south, according as the ship 
saUs from or towards the North pole. In this 
case, the distance of the places, estimated on 
the rhumb, is the same as their distance on 
>he great circle passing through them. If 

the two places lie on the same parallel of lati
tude, the rhumb line coincides with tho 
parallel, and the course between them is east 
or west, according as tho ship sails in the 
same or in a contrary direction with the 
motion of the earth on its axis. If the 
places are both on tho equator, the rhumb-line 
distance, or, as it is called, their nautical dis
tance, is the same as their distance reckoned 
on tho groat circle through tiie places. In all 
other cases, tho rhunib line, or nautical dis

tance of two places, is greater than their dis
tance reckoned on the great circle throush 
them. If the ship makes both northing and 
easting, the course is lettered N. and E,, 
thus, N . 15° E. ; if it makes northing and 
westing, the course is lettered N. and "W., 
thus, N . 15° W . ; if it makes both south
ing and easting, the course is lettered S. and 
E., thus, S. 15° E. ; if it makes both south
ing and westing, the course is lettered S, and 
"\V,, thus, S. 15° W . This system of nota
tion embraces every possible case. But it is 
customary to designate courses so as to cor
respond with the lettering of the Mariner's 
Compass. In the Mariner's Compass, a card 
is attached to the needle, whose circumfer
ence is divided into 33 equal parts, called 
points, each point being sub-divided into 4 
equal parts, caUed quarter points. The 
direction of the needle coincides with the 

line N S , the head being towards N. 
The points of the compass beginning 
at the point N, are read around to
wards the east; thus, north, north 
and by east, north northeast, north
east and by north, northeast ; and 
so on around. The needle bearing 
the card being poised freely upon 
a pivot, wUl indicate the magnetic 
meridian. O n the compass-box are 
marked two points, a and b, which he 
on a line passing through the centre 
of the card, and the compass box is 
so placed, that the points a and h 
shaU lie on a line parallel to the keel 
of the ship, b being placed towards 
the bow of the vessel; the point of 
the card which is opposite b wiU show 
the magnetic course of the ship, 
which on being corrected for variation 
of the needle, gives the true course-

The course is generally read to quarter points. 
which by means of a table given in all works 
on Navigation, can bo converted into degrees 
aud minutes, or the reading may be convert
ed into degrees and minutes, by recollectmg 
that each point is equal to 11° 15', and con
sequently, each quarter point is equal lo 
2° 48' 45". 

Before being used, tho course has to be 
corrected for Icexaay. The leeway is the 
deviation of the course actually run, from that 
steered upon, in consequence of winds, cur-
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rents, or other causes, or it is the angle form
ed hy the ship's keel with the line that she 
aciu-dly describes in passing through the 
w-ater. Let A B 
be the direction J-
steered upon, or 
the direction of 
the ship's keel, and .AD the lino upon which 
the ship actually runs in consequence of the 
action of the wind, currents. &c.; then is the 
angle D.-\B the leeway, and must be aUowed 
for, by being added to the leeward. To 
obviate the efi'ect of making leeway, the ship 
is steered that much nearer the wind. 
The nautical distance, is the distance sailed 

in the direction of tho rhumb line on the 
course, and is practically determined by the 
io:: and line, which is thrown every hour. 
See Loz. The elements of course and dis-
tance,are tho data for determining the ship's 
place, by reckoninir. at any time. 
The difference of latitude of any two places, 

is the arc of a meridian intercepted between 
the parallels of latitude passing through the 
places, expressed in de;_n-ecs. If both places 
are on t'ne same side of the equator, the 
numerical value of the difference of latitude 
is equal to the difference of the latitude of 
the two places ; if on opposite sides, it is 
equal to the sum of their latitudes. 
The difference of longitude of two places, is 

the arc of the equator intercepted between 
two meridians, one passing through each 
place, and expressed in degrees. Longitudes 
are all reckoned frora sorae fixed meridian, 
caUed the principal meridian, which w e shall 
suppose to be that of Washington. If the 
two places lie on the same side of the prin
cipal meridian, the numerical value of the 
difierence of longitude is equal to the differ
ences of the longitudes of the two places ; if 
they lie on opposite sides of the principal 
meridian, it is equal to their sura. The lon
gitudes are supposed to be estimated from 
the principal meridian in both directions to 
IS0\ If, however, we were only to estimate 
in one direction, the difference of longitude 
would, in all cases, be equal to the difference 
of the longitudes of the places. 
W h e n a ship, sailing on a rhumb Une 

between two places, arrives at the second 
place, the arc of the parallel through the 
second place, intercepted between the meri

dians of tho two places, is called the meri
dian distance which tho ship has made, and 
tho sum of all the intermediate meridian dis
tances corresponding to infinitely small por
tions of the rhumb line, is called the depar
ture. 

Let P be tho pole of the earth, A and B 
any two places, P.\ and P B meridians through 

them : and suppose that Ab, be, cd, A-e,. are 
indefinitely small portions of the rhumb line 
through .-V and B. Let B B ' be a circle of 
latitude through B, bb', eel", dd'. &.C.. be cir
cles of latitude through the points of division, 
and P6, Pc, &-c., meridians through the same 
points. Then is .4,B' the difference of lati
tude of A and B, B B ' is tiie meridian distance 
made, and the sum of the arcs bb', cc', dd', 
&c,, to B, is the departure. N o w the angles 
b.\b', cbc', &c,, being all equal, and the tri
angles so sraall that they may be regarded as 
rectilinear, the difference of latitude, the dis
tance sailed, (equal to Ai + ic + cd + &c.), 
and the departure, raay be represented by the 
sides of a plane right angled triangle, and 
these with the course form four elements of 
the triangle, any two of which being given, 
the remaining ones may be found. Upon 
these principles depend what is called 

Plane Sailing. B'_ _.̂ ' 
Let A B B ' be a 

right angled trian
gle, right angled at 
B', the angle B'AB 
being the course 
sailed, A B the dis
tance, B B ' the de
parture, and A B ' 
the difference of lat
itude. Denote these 
quantities respect
ively, by V, e, d and 
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I, then from the right angled triangle, w e 
have the relations 

d = . c sin t) = Z tan v = V c ' — I' • (1). 
I = c cos 7) = d cot 7) = V c' — d' • (2). 

c = V d ' + 1 ' = dco-sec 1) = lsecv . (3). 
d I d 

s.in 1! = - cos 7) = - tan v = -j • • • (4). 

By means of these formulas any problem 
in plane saUing may be solved. 

1. A ship leaving a point in lat. 47° 30' 
N., sails S. W . byS, 98 nautical mUes. W h a t 
latitude is she in, and what departure has she 
raade 1 

From the table of rhumbs w e find S. W . 
by S. corresponds to a course of S. 33° 45' 
W., hence, v = 33" 45', c = 98 miles. From 
formula (1), we find I = 81'».48, or 81'.48, or 
1° 21' 29" ; hence, she is in latitude 46° 08' 
31" N. W e find frora forraula (1) d = 54™.45. 

This method gives the departure, but does 
not give the difl'erence of longitude, except 
when sailing on a parallel of latitude. In 
this case the departure in miles can be con
verted into difference of longitude in min
utes, by multiplying by the cosine of the lat
itude. W h e n the ship sails on a rhumb line 
the difference of longitude raay be found by 
the middle latitude method, or by Mercator's 
tnethod. 

Middle Latilude Sailing. 
Middle latitude sailing is based on the prin

ciple that the sum of all the raeridian dis
tances bb', cc', dd', &c., is equal to the dis
tance MM', the arc of a parallel of latitude 

equidistant frcm the parallels through T and 
O. This supposition is only approximately 
true, but it serves to make a very close ap
proximation in most cases. This method is 

very inaccurate when the course is small and 
the nautical distance is great, but it is very 
correct when the course is great and the dis
tance small. The method is, however, ren
dered applicable in most cases by a table of 
corrections computed by Workman, called 
Workman's tables, which may be found in 
every work on navigation. 

To find forraulas-for solving the problems 
of middle latitude sailing, let us take the 
triangle T'OT. 

If the ship sails on a 
rhumb line from 0 to T, 
the hypothenuse O T 
will represent the dis
tance, O T ' the difference 
of latitude, and T'T the 
departure. N o w by the 
hypothesis made in this 
kind of sailing, the de
parture T'T is equal to 
the middle parallel in
tercepted between the 
meridians of the tw-o places ; so that the dif
ference of longitude between the two places 
can be had by multiplying T'T by the cosine 
of the middle latitude. Draw TO', making 
the angle O'TT' equal to the middle latitude 
of the two places, denoted by m. Then in 
the triangle O'TT', having adopted the pre
vious notation, 
cos 771 ; d : : 1 : diff. of longitude - • - (5). 

In the triangle O'TO, w e have 
cos m : c :: sin v : diff. of longitude - - (6). 

From the triangle OTT", we have 
/: diff. of longitude :: cos jn : tan 17 • • (7). 
By the aid of these three, and the previous 

formulas, every problem in middle latitude 
sailing may be solved. 

To use Workman's table in solving prob
lems of middle latitude sailing, enter the 
tiable with the middle latitude and the value 
of d, take out the corresponding correction, 
and add it to the middle latitude; this sura 
will be the latitude in w hich the meridian 
distance is exactly equal to the departure. 

Mercator's Sailing. 
For an account of this method of comput

ing the elements used in navigation, see Mer
cator's chart and Mercator's sailing. 

It only remains to indicate the raethod of 
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determining the dUl'erenco of latitude and 
longitude when the ship sails successively ou 
difierent courses. The broken line which tho 
ship s.iils under these circumstances, is called 
a fractTsc, and the method of making the 
computations is called 

Traverse Sautni^. 
In this method the operation of finding a 

sinL̂ 'O course and distance equivalent to the 
aggregate of the partial courses, is called 
resolving, or working the traverse. The 
method of working a traverse is best shown 
by an example. 
Rule a table with eight columns, as shown 

below. In the first, enter the number of each 

course; in I he second, the course as taken from 
the log-book; in tho third, the samo course 
reduced to degrees by means of the table of 
rhumbs, and in the fourth column, the dis
tance in nautical miles sailed on each course. 
The remaining four columns aro headed N. 
S, E. "W. From a table of latitudes and 
departures, the latitude .and departure of each 
course is taken and entered under their proper 
headings. Then will the. iigebraic sum of 
the northings and southings give the northin" 
or southing of the single course, and the 
algebraic sura of the eastings and westings 
wiU give the easting or westing of the single 
course. 

Angle. 

S. S, E. i E. 
E. S, E. 
S. W. bv W. i W, 
W. J N, 
S, E. by E, i E. 

25= 18' 
67 30 
61 52 
81 33 
59 03 

DisT. DiFF, OF Latitude, 

16 
23 
36 
12 
41 

From formulas (1), we find ti = 18° 13', 
and c = 62.83. Hence, the bearing from 
the starting point to the last point is S. 
18° 13' E., and the distance 62.83 mUes. 
The traverse may be wrought by means of 

a plot, as shown in the figure. The plot is 
made by means of what is called a mariners 
scale and a pair of dividers. One line on 
the marineps scale, is a scale of chords to 
every quarter point of the compass. 
To construct the transverse : with any 

point A as a centre, and with a chord of 60 
degrees as a radius, describe the circle N.S, 
and draw the meridian NS, Take from the 
scale the chord of 2 | points, and apply it 
from S to 1, to the right of S, since the first 
course is southeasterly, and draw Al. Lay 
off AH . equal to 16, from the scale of equal 
parts. Lay off the chord of 6 points from S 
to 2, and draw A 2 ; then through H draw 
H C parallel to .\2, and from the scale of equal 
parts lay off H C equal to 23, and in like man
ner continue the plot tiU the last point F is 
reached ; then draw AF. Take A F in the divi
ders and apply it to the scale of equal parts, 
it wUl indicate the length of the single course 

1.77 

1.77 

Diff 

14.47 
8,80 
17 04 
21,12 

61,43 
1,77 

59.66 

E. 
6.83 

21.25 

35.14 

63.22 
43.58 

19.64 

3171 
11.87 

V*.^ 
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required, and the measure of the angle a A S 
will indicate the angle which the course 
makes with the meridian. 

All matters relating to the navigation of a 
ship are entered in a book called a log book, 
and the record thus made, is called tho ship's 
journal. The principal columns in the log 
book are, for the hour of the day; the course, 
the rate of sailing, leeway, and winds. 
There are also columns for entering general 
remarks, the results of astronomical observa
tions, for notes on the weather, and notes 
relating to the most important points of duty 
attended to on ship-board. To this is daily 
appended the latitude and longitude of the 
ship at noon, both as determined in the man
ner already explained, and by astronomical 
observation. The place of the ship determined 
by the principles explained in this article, is 
called the place by dead reckoning. 

To the approximate methods of determining 
a ship's position already given, it is necessary 
to add frequent checks hy astronomical obser
vations. The principal objects to he attained 
by astronomical observations are, to ascertain 
the latitude, the longitude, and the variation 
of the needle, for correcting the dead reckon
ing. For a full explanation of these princi
ples the reader is referred to works on practi
cal astronomy. 
NEE'DLE, MAGNETIC. A bar of steel 
in the shape of a needle, magnetized, and 
freely suspended upon a pivot, so that it may 
yield freely to the directive force of the earth's 
magnetism, by virtue of which it takes the 
direc.tion of the magnetic meridian. It forms 
the principal part of the Surveyor's and 
,Mariner'B Compass. In these instruments, 
the needle has sometiraes a hard stone set in 
its under face, into which a hole is drilled, to 
receive the pivot of hardened steel upon which 
the needle turns. The object of this arrange
ment is to diminish, as much as possible, the 
friction between the needle and pivot. The 
needle should be well balanced. See Com
pass. 

NEG'A-Ti"VE SIGN. [L. negaiivus, from 
nego, to deny]. The algebraic sign, —, also 
called minus,. 

Negative Quantity. Any quantity pre
ceded by the sign —, is called a negative 
fuantity. 

Nesative Result. W^henevcr the result 
of any analytical operation appears, preceded 
by the sign —, it is called a negative result. 

The negative sign, regarded as an algebraic 
symbol, may be considered in two different 
points of view. 

First. It may he regarded as a symbol of 
operation. In this sense, when written be
tween two quantities, it indicates that the 
one on the right is to be subtracted from the 
one on the left. Here, w e understand the 
term subtraction in its most general sense, 
that is, the operation of finding siieh a quan
tity as being added to, or aggregated with, a 
second quantity, wiU produce the first. Thus, 
in the expression, 7 — 9. the symbol — is 
one of pure operation, and the subtraction 
indicated gives the result — 2, which beino-
added to, or aggregated with 9, produces 7. 
In this point of view, the negative'sign pre 
sents no difficulties. It has been said that 9 
cannot be subtracted from 7, and therefore, 
the result — 2 is absurd. This is true, if the 
term subtraction be regarded in the fimited 
point of view, which the original derivation 
of the term would indicate. But the. alge
braic language is infinitely more general and 
comprehensive than our ordinary language, 
and the a.bsurdity consists in attempting to 
use terms of ordinary language, as synony
mous with the more comprehensive ones of 
the algebraic language. Subtraction, as used 
in Arithmetic, implies the operation of taking 
a less quantity from a greater : in Algebra, 
there is no such Umitation in regard to the 
relative values of the quantities, the idea being 
simply to find a third quantity, which united 
with a second, by aggregation, or algebraic 
addition, the result shaU be the first quantity. 
Of course, results of operations conducted 
under these different views, though known 
by the sarae names, will present points of 
difl'erence, but. as in the present case, none 
that are not perfectly consistent with the 
arbitrary definitions of the same terms in the 
two difl'm-ent cases. 

Secondly. W e may regard the negative 
sign as a symbol of interpretation. In this 
case, a result affected with the negative sign 
is to he interpreted in a sense exactly contrary 
to what it would have been interpreted, had 
it been affected with the positive sign. This 
view embraces the whole subject of the inter-
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pretation of negative quantities. From the 
veiv nature of tbe ease, the operations indi
cated by the signs + :uid — are diiunetrically 
opposed to each other, and it is natural to 
infer that, if we agree to consider a quantity 
in any particular sense as positive, a quantity 
considered in an opposite sense should be 
leirarded as negative. Hence, if w e regard 
certain quantities in an analytical investiga
tion, as positive, and then operate upon them 
by correct rules of analysis, properly appUed, 
and find a negative result, that result indi
cates that the quantity sought is to be taken 
in a sense directly contrary to the quantities 
that were taken as positive- For example, 
let the element sought be the period of some 
event. Suppose that we agree to consider 
time following some fixed epoch, as positive, 
Xow. if by algebraic investigation, the value 
of the time sought comes out with a negative 
sign, the only interpretation that can be given 
to the result is. that the time of the event was 
before the fixed epoch. In like manner, 
every negative result may be interpreted from 
a knowledge of the nature of the assumed 
elements of the problem in question. 
XiXE. The number 9 possesses some 

remarkable properties a few of which it is 
proposed to develop and explain in the present 
article. If any number be divided by 9. the 
remainder is caUed the excess of 9's. If in 
performing the division w e neglect the 
quotient, the operation is called casting out 
Ihe 9's. 
The number expressed by 1, followed by 

any number of O's, may be written 
1000 ... 000 = 999... 999 + 1 ... (1). 

Xow, if we multiply both members of equa
tion (1) successively by 2, 3, 4, <kc., up to 9, 
we shaU deduce the group of equations, 
2000 ... 000 = 2 X 999 ... 999 + 2 
3000... 000 = 3 X 999 ... 999 + 3 
4000 ... 000 = 4 X 999 .. . 999 + 4 

(2). 

8000 ... 000 = 8 X 999 ... 999 + 8 
9000 ... 000 = 9 X 999 ... 999 + 9 ; 
If now we examine the second member of 

each equation of the group, w e see that it is 
composed of two terms, the first of which is 
exactly divisible by 9, and the second is there
fore the excess of 9's of the first member, 
except in the last equation, where the excess 

is 0. Hence w e conclude, that the excess of 
O's in a number, expressed by a digit followed 
by any number of O's, is denoted by that 
digit. 

If now w e have any number, as, for exam
ple, 3865, it may bo written 

3000 + 800 + 60 + 5 ; 
or, from (2), 
3X 999+ 3 + 8X 99+ 8+6x9 + 6 + 5; 
or, 

9 (333 + 88+ 6)+ 3 + 8 + 6 +5. 
Now, since tho first term of the result is 

divisible by 9, it follows that the excess of 9'8 
in the given number is equal to the excess 
of 9's in the sum of its digits. This princi
ple is general, and serves, as a basis, for the 
deduction of several practical rules, 

1. The excess of 9's, in any number, is 
equal to the excess of 9's in the .aggregate 
of its several parts. Hence, to prove addi
tion, take the excess of the 9's of the sum 
of the digits, in each of the added numbers, 
and take the excess of 9's in the sura of 
these excesses. Then take the excess of O's 
iu the sum found; if these results are equal, 
the work is probably right; if,they are not 
equal, tbe work is certainly wrong. 

Example. 
The excess of 9's in the 
first number, is 4 ; in the 
second, 2 ; in the third, 
5 ; and in the fourth, 1 ; 
the excess of 9's in the 

sum of these, is 3. But the excess of 9's 
in the sum of the four numbers, as found, 
is also 3 ; hence, the work is probably right. 

2. The excess of 9's, in the difi'erence of 
two numbers is equal to the difference of the 
excesses of 9's in the two numbers ; that is, 
the excess of O's, in the sum of the remain
der and subtrahend, is equal to the excess of 
9's in the minuend. Hence, to prove sub
traction hy casting out the 9's : 

Find the excess of 9's in the subtrahend 
and in the minuend, and take their sum, 
from which cast out the nines, and find the 
excess. Find the excess of 9's in the m m u -
end, and if these results are equal, the work 
is probably right. 
"̂  -̂  ^ Excess of fi's. 

Minuend 8713864 I 1 
Subtrahend 223568 | 8 
Remainder 8490296 | 2. 

4567 
8903 
3245 
6887 22602 



386 MATHEMATICAL DICTIONARY MUD [NOR 

Here, the excess of O's in the subtrahend 
it 8; in the remainder it is 2 ; and in the 
sum of 8 and 2 it is 1: this is also the excess 
of O's in the minuend ; the work is therefore 
presumed to be correct. 

3. The excess of 9'b, in the product of two 
numbers, is equal to the excess of 9's in the 
product of the excess of 9's in the two fac
tors. Hence, to prove multiplication : 

Find the excess of 9's in both multiplicand 
and multiplier; multiply these excesses to
gether, and cast out the 9's from the product, 
finding the excess. Find the excess of 9's 
in the product found ; if these results are 
equal, the work is probably correct. 

Excess of 9's 
Multiplicand 818327 I 2 
Multiplier 9874 | 1 
Product 8080160798 | 2. 
Here, the excess of 9's in the multiplicand 

is 2 ; in the multipUer, 1; and in their pro
duct, 2. The excess of 9's, in the product, 
is also 2 ; hence, the work is probably right 

4, Since the dividend, in division, is the 
product of the divisor and quotient, the rule 
for proving division comes at once from the 
preceding : 

Cast out the 9's of the divisor and quo
tient, multiply the excess together, and find 
the excess of 9's in this product. Find the 
excess of 9's in the dividend ; then, if these 
results are equal, the work is probably right 
Divisor. Dividend. Quotient. 

87603 I 864203595 I 9865 
Excess of 9's 6 I 6 | 1 

Here, the excess of O's, in the divisor, is 
6 ; in the quotient, 1; and in their product, 6. 
The excess of 9's, in the dividend, is also 6 ; 
hence, the work is probably right. These 
rules are of little use in practice. 

From the rule for proving subtraction, it 
at once follows—that, if two ntjmbers are 
expressed by the same digits, no matter how 
taken, their difference will always be divisible 
by 9. 

Thus, 8436832 
2386348 9 1 6050484 
672276 

Since the excess of O's, in the minuend, is 
tho sarae as tho excess of 9's in the sum of 
its digits ; and since the excess of O's, in the 

subtrahend, is equal to ..le excess of 9's in 
the sum of its digits, and since the digits aro 
tile sarae in each case,—it follows, that the 
excess of O's in the remainder, must be 0, or 
the remainder must be divisible by 9. It is 
plain that any number of digits may be intro
duced into either number, provided their sum 
is divisible by 9, and the property enunciated 
will remain true. 

The nuraber 3 possesses properties analo
gous to those of the nuraber 9. 

N O R ' M A L . [L. normalis; from norma, a 
square, a rule]. A norraal fine to a plane 
curve, is a straight Une in the plane of the 
curve, perpendicular to the tangent at the 
point of contact. If w e denote the co-or
dinates of the point of contact, and normalcy, 
by x" and y", the equation of the tangent is, 

dy" 
v - y ' = -d^'^''-^')-

N o w , since the normal must pass through 
the point of contact, and be perpendicular to 
the tangent, its equation is 

dx" 
y-y" = -d̂ '̂ ---"̂ -

The name, normal, is given to that portion 
of the normal lying between the point of 
contact and the point in which the normal 
cuts the axis of X . The general formula for 
the length of the normal, with respect to the 
axis of X , is N 

I ¥ ^ 

The term, norraal, is sometimes used to 
denote the distance from the point of con
tact to the centre of the osculatory circle, at 
the point of contact. 

This appears to be the correct and only de
finite view to be taken of the norrhal; and 
when wte come to curves of double curvature, 
the appropriateness of this view will he 
manifest. In this case, the formula for the 
normal is. 

iV = 
iix>'' + dy"'f 

dx"d'y" 
M S I 

d'y" 

In applying cither of those formulas, tho 
values of 

dy" d'y'-
•— and 
dx" dx'" 
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are to be found by combining the equation 
and ditVereiuial equations of tho curve, and 
subsiitutitig in the results x" and y" for 
I and y. 

The normal to a curve of double curva
ture, is a straight line lying in the osculatory 
plane, and perpendicular to the tangent at 
the point of contact. The length of the nor^ 
mal, in this case, will be equal to the dis
tance from the point of contact to the centre 
of the osculatory circle at the point. The 
formula for the normal in this case is 
.V = -

ds-
V ( d V ) " + [il-y'/ -r {if-- ' ) ' -(irs J 

A normal plane to a curve is a plane 
through the normal line, perpendicular to the 
tangent at tbe poiut of contact. 
A normal line to a surface is a straight line 

perpeitdicular to the tangent plane at the 
point of contact. 
The length of the normal is the distance 

fiom the point of contact to the centre of the 
osculatory sphere at the point. 
A normal plane to a surface is any plane 

passed through a normal line to the surface. 
N O R T H . One of the four cardinal points of 

the compass. True north is the direction of 
the tme meridian from the equator to the north 
pole. .Magnetic north is the direction of the 
magnetic meridian towards the north mag
netic pole. 
NORTH'ING. In Surveying, the distance 

between two east and west lines, one through 
each extremity of the course. See Course, 
Latitude, and Navigation. 
N0-T.a'TJ0N. [L. notatio, from, nolo, to 

mark]. The conventional method of repre
senting mathematical quantities and opera
tions by means of symbols. 
A complete analysis of this method em

braces the entire science of mathematical lan
guage, including not only an accountof the 
symbols employed, but also the methods of 
combining them so as to express, in the sim
plest manner, every mathematical operation. 
A correct system of notation is of the ut

most importance in every branch of science : 
It facilitates the acquirement of truths already 
established, and serve:: to impress them more 
deeply upon the memory, and is a powerful 
instrument in the development and dLscovery 

of new principles. In no branch of scionco 
is a perfect system more necessary than in 
that of mathematics, and in no branch has 
there been a greater diversity of systems pro
posed by difi'erent writers. Tho present state 
of the mathematical language is due to the 
labors of many men, living in different ages, 
speakuig difl'erent languages, and of different 
habits of thought; from these elements a 
language has sprung up, defective in many 
respects, but nevertheless sufficiently copious 
for most of the purposes of analysis and in
vestigation. 

It is not our purpose in this article to give 
an account of the origin and progress of this 
language, or to attempt any detailed account 
of its many mutations and dialects ; but we 
shall simply endeavor to explain the raean
ing and use of those sy-rabols which have 
stood the test of tirae, and which have been 
adopted by the best raathematical writers. 
To arrive at this result, w e shall endeavor to 
analyze the notation of each branch, sepa
rately, as far as possible, without repetition. 

I. Arithmetical Notation. 
The principal part of arithmetical notation 

consists in representing nurabers by raeons 
of characters. 

Only two methods of expressing nuraber* 
are at present in use—the Roman and the 
.\rabic. 

1, Roman Method. 
1, In the R o m a n method, seven characters 

are employed, callfeid numeral letters. The 
letters, separately, stand for the following 
numbers, viz. . I for one, V for ̂ tjc, X for 
ten, L for fifty, C for one hundred, D for fivi 
hundred, and M for one thousand. By com
bining these characters, in accordance with 
the following principles, every number may 
be expressed : 

1. W h e n a letter stands alone, it represents 
the number above given; thus. Islands forone. 

2. W h e n a letter is repeated, the combina
tion stands for the product of the number 
denoted by the letter by the nuraber of limes 
which it is taken ; thus. Ill stands for three, 
X X for twenty, &c. 

3. W h e n a letter precedes another, taken 
in the above order, the combination stands for 
the number denoted by the greater dimin
ished by that denoted by the less ; thus, IV 
stands for four, IX for ?i7"77e, &c. 

file:///rabic
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4. W h e n a letter, taken in the above order, 
follows another, the combination stands for 
tbe sum of the numbers denoted by the lot
to: s taken separately ; thus, VI stands for 
SIX, L V fox fifty-five, CIV for 077e hundred and 
four. 

In accordance with these principles, we 
have the foUowing table, exhibiting some of 
tbe most important combinations : • 

Table op Roman Numerals. 

I. 
II. 
IH. 
IV. 
V . 
VI. 
vn. 
VIH. 
IX. 
X. 
XI. 
XH. 
XL. 
L, 

1 . . one, 
2.. two, 
3 .. three. 

. 4.. 

. 5. , 

. 6 . . 

. 7 . , 

. 8 . , 

. 9 . . 

.10.. 

.11 . 

. 12. 

.40 

.50 

four, 
. five, 
. six, 
.seven, 
. eight, 
. nine, 
. ten, 
. eleven, 
. twelve, 
. forty, 
• fifty, 
. fifty-five, 
. sixty, 
. ninety, 
. one hun-

CX 

CD. 

D. 

110 . one hun
dred and ten. 
400. four hun
dred, 
500 . five hun
dred, 

D C . 600. six hun
dred, 

M . 1000. one thou
sand, 

MD.1500.fifi;een 
hundred, 

M D C . 1600. sixteen 
hundred, 

M DCCCLIV. 1854. 
one thousand eight 
hundred and fifty. 
four. 

L V .. 55 
L X . . 60 
X C .. 90 
C. 100 

dred. 
This method of notation is now only used 

tor dates, headings of chapters, &c. 
2. Arabic Method. 

In the Arabic method, numbers are repre
sented by the symbols, 

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 

and by their combinations, according to cer 
tain conventional rules. These characters 
are caWed figures, and, taken in their order, 
stand for naught, one, two, three, four, five, 
six, seven, eight, nine ; the value of the unit 
depends upon the place which the figure oc
cupies in the scale adopted. In the ordinary 
method of numbering by tens, numbers are 
arranged in groups, so that ten units of any 
group or order make one unit of the next 
higher group or order. 

The scale of place indicates the value of 
the unit, and the digit standing in any place 
indicates tho number of units of that order 
which aro taken. 

Ascending Scale. Descending Scale 

. tn-O *- E'D, -̂  d'cJ 
oc:P'*-*5E'*-'rfP 
*i,S-S =.2-So|.3 . .: 
••oooooooooo 

s-ai! 
2 S S ot 

•c:5 
PC 

.13 ̂  O f. 
S -o ,S g 

h.S5sJSS.S3 
0 0 0 0 0 0 0 0 0 In the above blank scale, if a diirit be 

written in the place of any 0, its unit wiU 
correspond to that order, and it wUl stand for 
as many units of the kind named as the digit 
indicates. Units of the first order always 
occupy the first place on the left of tho deci
mal point; those of the second order, the 
second place; those of the third order, the 
third place, and so on. 

The descending scale is caUed the scale of 
decimals, and the relation of the successive 
orders of units is the same as in the ascend
ing scale. The orders of decimal units are 
reckoned from the decimal point to the right, 
and any digit wrritten in the place of a 0 in 
this scale, indicates as many decimal units of 
the kind named as the digit stands for. 

In general, in either branch of the scale 
of tens, a unit of any order is equal to ten 
units, of the next order on the right. To 
write any number in this scale, write a digit 
in each order expressing the number of units 
of that order in the given number; if there 
are no units of a particular order, the 0 of the 
scale is allowed to occupy the place, to indi
cate that fact. Let it, be required to write 
the number three thousand four hundred and 
five, and seventy-five thousandths; it will 
be expressed thus : n3 <U f-t •T3 

4 

tc 
1 
0 

'S 

5 

n 
C 

0 

•̂3 QJ Ih 

7 

t: to 
§ 

5 
.a 
3 

In this way any number in the scale of tens 
m a y be written. It is not necessary to write 
the value of a unit in each place, but it is 
done iu the above example to indicate more 
fully the method of writuig numbers, and to 
show the law of the scale. 

Numbers may be expressed in any other 
scale in which the values of a unit in the sue-
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cessi\ e places are in geometrical progression, 
hut such scales .arc not in common use. 
There is a kind of scale often used, called 

the varjing scale. In these cases, the value 
of a unit of each order is connected with 
dial of the succeeding order by some con
ventional law. 
Thus the scale of long measure is written 

as shown below-; 

0 0 0 0 0 0 0 0 
In it, 12 uiuts of the first order are equal to 

1 of the second ; 3 of the second to 1 of tbe 
third; 2 of the third to 1 of the fourth; 2 | 
of the fourth to 1 of the fifth; 40 of the 5th 
to 1 of the sixth; 8 of the sixth to I of the 
seventh; and 3 of the seventh to 1 of the 
eighth. 
There is a great variety of these varying 

scales used in arithmetic; in each case the 
law of the scale is given in a small table, 
constructed for the purpose. 

Fractions. 
To represent a vulgar fraction, it has been 

agreed to write one number over another. 
with a horizontal line between them. The 
upper number is called the numerator; the 
lower one, the denominator. The denomi
nator indicates the number of equal parts 
into which 1 is divided to produce the unit of 
the fraction, and the numerator indicates the 
number of these units which are taken to 
constitute the fraction. The numerator is 
written as any other number in the scale of 
tens. The ordinary algebraic symbols of op
eration are employed to indicate the opera
tions of addition, subtraction, multiplication, 
division, raising to powers, extracting roots, 
equality, proportion, and so on. See Alge
braic Notation. 
The sign of cancellation is simply an ob

lique stroke drawn across the factors can
celed. These, with the conventional abbre
viations for the names of things, such as 
£, s, d., °, ', ", &c., make up the system of 
arithmetical notation. 
II. Algebraic Notation. 
There are four kinds of symbols used in 

ra: Ist, the symbols of quantity; 2d, 

those of operation; 3d, those of relation; 
and 4th, those of abbreviation. 

1st. Symbols of Quantity. Quantities are 
generally represented by letters. Knmon 
quantities are represented by the leading let
ters of tho alphabet, or by the final letters 
with one or more accents, thus: x', x'", y". 
&c. Unknown quantities are represented, by 
the final letters of the alphabet, as x, y, z, &c. 
Besides the letters of the EngUsh alphabet, 
those of the Greek alphabet are often made 
use of. Certain letters have come to repre
sent certain quantities. Thus, -n- generally 
stands for the ratio of the diameter to the 
circumference of a circle, or the nuraber 
3.1416; e denotes the base of the Nape
rian systeiu of logarithms, or the number 
2.718281828 ; jUdenotes the modulus of any 
system of logarithras. In the common sys
tem, it is 0.434294482. In choosing letters 
to denote particular quantities, attention 
should be directed to such a selection as will 
suggest the nature of the quantity, as tho 
initial letter, or something of the kind; thus, 
the letters r, Ji, p, <kc., may*be taken to denote 
radii of circles ; h, H, &c., to denote altitudes 
of triangles, pyramids, &c,; B, b. to denote 
the base of a magnitude; L, I, H, to denote lati
tude, &CC. The leading letters of the Greek 
alphabet are generally used to denote known 
angles; the final ones to denote unknown 
angles. W'hen several quantities of the same 
kind are involved in an investigation, they 
may be designated by the same letter, differ
ently accented, as, a, a', a", â , â , &c. The 
symbol co denotes an infinitely great quantity. 

2. Symbols of Operation. The sign + , 
plus, when written between two quantities, 
signifies that the second is to be added to the 
first; as, a + b. The sign —, minus, when 
placed between two quantities, denotes that 
the one on the right is to be subtracted from 
the one on the left; as, a — b. The sign 
X , when placed between two quantities, 
denotes that the ono on the left is to be mul
tiplied by the one on the right; as, a X b. 
Multiplication may be indicated by placing a 
point between the factors when they are both 
expressed hy letters ; as, a.b: This method 
of notation is not applicable when the factors 
are nurabers, because in that case tho indi
cated product would be cotjfoundi-d with a 
mixed decimal fraction ; thus, 5 , C, nstea/ 
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of being read, product of 5 by 6, would he 
read 5 and 6 tenths. There are cases, how
ever, where the sign is used as a sign of 
multiplication between numerical factors, as 
in series where the factors follow a law which 
it is desirable to keep before the eye: thus, 
the general term of the binomial formula is, 
m • (777 — 1) . (777 — 2) • - • (m — « + 1) 

1-2-3-4 n. 
The sign -̂ , placed between two quantities, 
indicates that the one on the left is to be 
divided by, the one on the right; as, a -t- b. 
Division may also be indicated by writing 

. . a 
..he quantities m place of the points; as, t. 
It may also be indicated thus : a\b . . . 
The sign '̂  denotes the difference between 

two quantities, without implying which is to 
be subtracted from the other; as, a '̂  b. 

A number written before a letter, or com
bination of letters, is called a co-efficient, and 
indicates the number of times that the quan
tity before whiclj, it is placed is to be taken 
additively; as. 6 a. A nuraber written to the 
right, and a little above a quantity, is called 
' an exponent, and denotes the number of times 
that the quantity is taken as a factor ; as, a'. 
The sign V is called the radical sign, and 
when placed over a quantity, indicates that 
Its root is to be taken ; as, -\/a: the degree 
of the, root is indicated by a number written 
over the sign, which is called the index of 

» — 4 — 
the root or radical; thus. Va, Va, &c. The 
sign V , indicates the square root. 

Radical quantities and reciprocals are also 
indicated by means of fractional and negative 
exponents, in accordance with the following 
principles : "When a quantity is affected with 
a fractional exponent, the numerator indicates 
the degree of the power to which the quantity 
is to be raised, and the denominator indicates 
the degree of the root of that result, which is 
to be extracted. When a quantity is aflectod 
with a negative exponent, whether entire or 
fractional, it indicates the reciprocal of the 
samo quantity with tho sign of the exponent 
changed. From these principles wo have the 
following equivalent expressions: 
X equivalent to -/^ 
" • Va" 

ar-* equivalent to 

1 
a n 

1̂  
f/a" 

_ ™ 1 1 
" " - ^ T 7 ~ 

- ya" 
a 

A vinculum , bar | , brackets [],{}, 
parenthesis (), &c., indicate that the quan
tities enclosed by them are to be regarded 
together; as, {a+b) x, all, Ac. 

+b\ 
The symbol S denotes that the algebraic 

sum of several quantities of the same nature 
as that to which the symbol is prefixed, is tc 
be taken ; thus, 
nin + p) p\_ \n) \n + pjj 
is a formula, in which p being constant and 
q and n arbitrary, signifies that of the alge
braic sum of any number of terms deduced 
hy attributing values to q and n. is equal to 
— multiplied by the difference of the algebraic 
sums of the terras, which are deduced by 
attributing the same values to q and ?7 in the 

expressions - and n + p 
The expression 

(2» _ y7l\ 

denotes the values which the quantity within 
the parenthesis reduces to, when z is made 
equal to y. 
3. Symbols of relation. 
The letters f.F,^, written before any quan

tity, or quantities, separated by commas, as 
Fix), f{x,y), 6{x,y,z),&c., 

denote quantities depending upon the quan 
tity or quantities within the parenthesis, with
out designating the nature of the relation. 
The sign of equality, =, between two 

quantities, denotes that those quantities are 
equal to each other. 
The sign of inequality, >, placed between 

two quantities, denotes thatthe one placed at 
the opening of the sign is greater than the 
one placed at the vertex of tho sign ; thus, 
a > 6, a greater than b. 
Tho signs of proportion 
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when placed between quantities, taken two 
and iv.o. sh'u that the quantities aro in pro
portion ; thus, 

n i : : c d. 
is read, a i.t to b. as c is to d. The first and 
third are signs of ratio, and the second the 
sign of equality, so that the above proportion 
might be written 

h d 

i. Symbols of abbreviation. 
The sign .. stands for hence, or conse

quently. 
The sign v stands for because. 
The symbol y = f{x) is a general sign 

which indicates that there is a general rela
tion between y and x; that is, that thev are 
so connected that x cannot change without y 
changmg at the same time. The symbol 
Fix, y, z) = 0, implies that there is a gen
eral relation between x, y, and -. without 
specifying the nature of the relation. 
HI. Geometrical Notation. 

The notation of Geometry borrows most 
of i-.s elements from the algebraic notation 
just explained. Magnitudes are represented 
pictorialty. -A line is designated by the two 
letters standing at its two extremities. Angles 
are denoted by the three letters at the two 
extremities of the sides of the angles, the 
letter at the vertex being 
in the middle: thus, ACB, 
or sometimes, when there 
can be no doubt as to the 
meaning, the letter at the 
vertex alone is used. 
The symbol Z., is some
times used as an abbrevi
ation, or pictorial symbol for angle. 
IV. Trigonometrical Notation. 

In Trigonoraetry, besides the notation of 
Algebra and Georaetry, the symbols sin, cos, 
tan, co-tan, sec, co-see, ver-sin, and co-ver-sin, 
are used as abbreviations for the words, sine, 
co-sine, tangent, co-tangent, secant, oo-secant. 
versed-sine, and co-versed-sine. "When the-
arc varies, these several quantities vary to 
correspond with it, and w o call them direct-
trigonometric functions. When the arc is 
supposed to depenci for-its value, upon any of 

tho trigonometric lines, the function is called 
an inverse trigonometrical function. The fol
lowing symbols are used to denote this kind 
of relation : sin-'y, cos-'y, tan-'y, cot-'y, 
sec-'y, co-se9-'y, ver-siir'y, co-ver-sin-'y, 
which stand respectively for the arc upon 
sine, co-sine, tangent, co-tangent, secant, 
co-secant, versed-sine and co-versed-sine, 
is y. This principle of notation has been 
extended to all inverse functions ; thus, 

log-'y, d-̂ ixdx), &c. ; 
which stand respectively for the quantity 
whoso logarithm is y, the quantity who'll! 
differential is xdx, &c. 
V. Notation of Analysis and Calculus. 

RectiUneal co-ordinates of poirtts in a 
plane, are represented by x and y, x denot
ing the abscissa, and y the ordinate. Recti
lineal co-ordinates of points in space, are 
denoted by x, y and z. z denoting the verti
cal ordmate, and x and y the horizontal co
ordinates. Polar co-ordinates of points in a 
plane are denoted by r and v, r representing 
tbe radius-vector, and v the angle which it 
makes with the initial line. Polar co-ordi
nates of points in space, aro represented by 
r, 77 and u, r denoting the radius-vector, 
V the angle between it and the initial plane, 
and u the angle which the projection on tha 
initial plane makes with the initial line ia 
that plane. 

Lines and surfaces are given by equations 
which express the relations between tho co
ordinates, either rectilinear or polar, of every 
point of the lines or surfaces. 
The differential of a function, or an indo-

pendent variable, is denoted by the letter d; 
thus, 

d{T/') = 2ydy. 
Differentials of functions of the second, third, 
&c., orders, are designated thus, 

d*7i, d'y, d*z, &c., 
in which u, y and z, are symbols standing 
for the functions. If we suppose x to be tho 
independent variable, tho second, third, fourth, 
&c., differential co-efficients are thus ei-
pressiid, 

d'u d?y d*z 
d ? ' dx'' d?' "̂̂  

A partial diffeiTOtiaJ oo-efiiefont of a fiuw^ 
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tion of any order taken with respect to one 
variable, is expressed thus, 

d'Hi 
dx" ' 

a partial differential co-efficient taken with 
respect to several variables is thus expressed; 

d"u 
dxPdy,d̂ ...'̂ '̂ ''̂ -ŷ ''---

If we suppose the form of the function to 
vary, the symbol eraployed to denote the vari
ation is 6, thus : Su, dy, 6x, &c. If both the 
form of the function and the independent 
variables of the function vary together, the 
resulting variation is denoted by the symbol 
D : thus, Df{x,y). . 
The differential is the difference between 

two consecutive states of the quantity differ
entiated. If it is desired to represent the dif
ference between two states of a function 
which are not consecutive, the symbol A is 
employed: thus, 

A ifx) is the same as fix + h) — fx; 
h being the increment of the independent 
variable x ; li itself may be denoted by the 
symbol Ax. 
'The ratio of an increment of a variable to 

the corresponding increment of the function 
Au 

raay be written —— The lirait of this ratio 
t\X 

may he designated symbolically by the sign 
(A7;,'\ dTt 
-T— j and is equal to -r- The symbol L is 

generally used by itself, to denote this ratio. 
Successive finite differences are represent

ed by the symbols, 
Alt, A'u, A'u, A*7i, &c. 

In the same manner, all other successive 
operations are denoted. Thus, if D stands 
for an operation to be performed upon any 
function, and if the sarae operation is to be 
performed, in succession, upon the result of 
each preceding operation, these successive 
.operations will be indicated by the symbols, 

Du, D'u, D'u, and so on. 
These symbols, being set apart to denote 
.operat'jns, ought not to be taken as the 
representatives of quantities, for fear of con
fusion. 
Tbo symbol S is used, as in Algebra, to 

.denote an algebraical sum, but its use is 
Ijirincijially restricted, in Calculus, to the 

denotation of the sum of the finite differences 
of a function. 
The symbol / denotes an integration to be 

performed, thus, 
fdx is the same as d'̂ idx). 

When several successive integrations are to 
be performed, the symbol /"• is used, in which 
777 denotes the nuraber of times that the 
operation is to be successively performed. 

The symbol / is used to denote a definite 

integral taken between the limits a and b. 
When a quantity is to be integrated, succes
sively, with respect to different variables, the 
syrabol eraployed is 

/ / 
udxdy ; 

this symbol implies that the quantity udxdy 
is to be integrated, first with respect to y, 
between the limits c and d, and that result 
with respect to x, between the limits a and b. 
The symbol, T {x + 1), stands for the inte

gral fe-^v'dv. 
T{x) = fer̂ v'-̂ dv, and T{x+l) = xTix) 
is a functional equation. 
The foregoing embrace nearly aU the sym

bols employed hy American writers. Others 
are sometimes adopted, for explanations of 
which, the reader is referred to the works 
where they occur. 
NOTH'ING. A term sometimes employed 

as synonymous with zero, (0), but when so 
employed the idea conveyed is generally 
erroneous. Zero stands for a quantity less 
than any assignable quantity, and sometimes 

a 
for 770 quantity. Thus, in the fraction j' 
if, while a remains the same, b continually 
increases, the value of the fraction continually 
diminishes. When b becomes exceedingly 
great, with reference to u,, the fraction be
comes exceedingly small, and when b becomes 
greater than any assignable quantity, the 
fraction becomes less than any assignable 
quantity, and is then called zero. This is the 
true matheraatical idea of zero, in almost 
every case in which it is used. Again, if a 
be subtracted from a, the result is also denot
ed by the symbol 0, and is called zero. The 
remainder, in this case, is synonymous with 
nothing, but in the former case, zero and 
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nothing are fax from being synonymous terms. 
.V.-;'!:«i.'. is fast falling into disuse as a raathe
matical term, and the proper terra, zero, is as 
rapidly acquiring its true place in the mathe
matical vocabulary. See Zero. 
N U M B E R . Abstractly considered, the 

measure of the relation between quantities or 
Ihinss of the same kind. W e can form no 
conception of the absolute magnitude of any 
quantity, and can only acquire a relative con
ception of it, by comparing it with some other 
quantity of the same kind, assumed as a 
standard of comparison. The comparison is 
made by seeking how many times the stand
ard is contained in the quantity measured. 
The result of this comparison is a number. 
The quantity compared with the standard 
may be equal to it, or it may not: in the first 
case, the resulting relation is one of equality, 
and the measure of that relation is called 
one (I). To this result, all other like compari
sons are referred by a natural process of the 
mind, and hence it is, that the unit 1 becomes 
the base of all numbers. 
If the relation is one of inequality, w e have 

different measures, consequently, different 
results ; and since the relations may he infi
nitely various, the results must be equally so : 
these several results are called numbers. 
"When Ihe relation is that of inequality. 

there may be two cases ; first, when the 
quantity measured is made up of parts, each 
- equal to the standard, in which case the num
bers are caUed, whole, or integral numbers ; 
secondly, when it is not thus made up, in 
which case, the numbers are fractional 
If the quantity measured is double the 

standard, the resulting nuraber is called iwo 
(2). Two is then equal to o?7e, and one more. 
If the quantity considered is triple the stand
ard, the resulting number is called three (3). 
Three is therefore iwo and one more. If the 
quantity is quadruple the standard, the re
sulting number is called four (4). Four is 
therefore equal to three and one more ; and 
80 on through the series of natural numbers, 
e'jch of which is equal to the preceding one, 
and one more. Here, then, w e acquire the 
idea of eoUeetion, and by analyzing the pro
cess of arriving at numbers, w e see that all 
whole numbers are collections of ones, and 
we may show that aU fractional numbers are 
coUections of equal part.'< of one. Numbers, 

thus considered, aro purely abstract, and have 
no reference to the nature of the quantities 
or things compared. But it sometimes hap
pens that we name the unit of comparison, as 
when w e speak of scrc77/cc<, nine pounds, c{-c., 
in which cases, from analogy and common 
custom, w e come to regard these quantities 
as numbers, and w e call them concrete oi 
denominate numbers. In these cases, num
bers are collections of units of the kind named, 
thus, seven feet is a collection of feet, seven 
in number ; the unit is a fool, and the num
ber of times that it is taken is seven. 

W e have, therefore, the ordinary definition 
ofnumbers, viz.: " a collection of things of the 
same kind." One of these things forms the 
base of the number, and is caUed a unit. 

It has been a question, whether, in accord
ance with this definition, the unit 1 is a num
ber. Since 1 cannot be regarded as a collec
tion in the ordinary sense of that term, it has 
been urged that it ought not to be considered 
as a number. If, however, w e go back to 
the abstract idea of number, viz.: that it is 
' the measure of the relation between quanti
ties or things of the same kind," we see that 
it is not only a number, but is also the base 
of all numbers. It is evident, therefore, that 
the term coUection, as used in the common 
definition of number, is technical, and by 
convention, is made to cover the case of a 
single thing of the kind collected. W e there
fore regard 1 as a number, falling under the 
definition last given. 

W h e n the unit of a number is abstract, tho 
number itself is abstract, when it is concrete 
or denominate, the number is concrete or 
denominate. Thus, seven pounds, seven feet, 
seven hours, are all concrete numbers, in 
which the numerical idea is the same, but 
which differ from each other, in the fact, that 
the kind of quantity collected is different in 
each case. 

So far as arithmetical operations are con
cerned, there is no difference between abstract 
and denominate numbers, provided w e reject 
the name of the denominate unit. The only 
difference in the final result is one of inter
pretation. {See Interpretation). If w e raulti
ply 7 feet by 5 feet, w e neglect the name of 
the unit and multiply 7 by 5, but in interpret
ing the product, w c take into account the 
nature of the concrete factors, and pronounce 
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the result to be 35 square feet; and in like 
manner for all other simUar cases. 

W e have seen that the unit of comparison 
is arbitrary, so that w e may, if w e please, 
refer the same nuraber to different units, in 
succession. In fact, a good share of tho 
science of arithmetic consists in transforming 
numbers from one unit to- another. If w e 
have the number 300 w e may regard it in sev
eral points of view. 1st. W e may regard it 
as a collection of hundreds, and write it 3 
hundreds ; here, the base or unit is 100, and 
it is taken three times. 2d. W e may regard 
it as a collection of tens, and write it 30 
tens; here, the unit is 10, and it is taken 
thirty tiraes. 3d. W e may regard it as a 
coUection of ones, and write it 300 ; in this 
case, the unit is not named, it being under
stood to be 1, or the primary base of aU num
bers. 

If w e analyze the denominate number cwt. 
13 

qr. 
2 

111. 01. 
20 12 

w e see that 1 cwt, is the unit or base of 13 
cwt,; 1 qr. the base of 2 qrs. ; 1 Ib. the base 
of 20 lbs, ; 1 oz, the base of 12 ozs,, and 1 
dr, the base of 4 drs. Here is a complex 
denominate number, hut aU the bases raay, by 
transforraation, be referred to 1 drara as a 
base ; and since the same raay be done in all 
cases, w e see that all complex concrete num
bers can be referred to the primary base 1, 

W e come next to consider fractional num
bers, or fractions, as they are most comraonly 
called, and w e shall endeavor to show their 
connection with the priraary base 1. 

A fractional nuraber may be defined to be 
" a collection of equal parts of 1." The word 
collection is used here, in its technical sense, 
to include the case of 1 of the equal parts. 
If w e suppose the number 1 to he divided 
into any number of equal parts, as b, one of 
these parts is called a base, or a fractional 

1 
unit, and raay be written -r, which is a frac
tion. If a certain nuraber of these units, as 

a 
a, he talten, the collection is written ̂  • Here 

a 
w e see that the fraction j differs in no re
spect from a whole number, except in the 
value of the unit. If w e have the fraction |,, 

w e see that the unit or base is ̂ , and the col
lection is made by taking 7 of these units. 
The unit 1 is still the primary base of the 
fraction, whilst i is the fractional unit, just 
as w e regarded 300 as 3 hundreds, or 30 tens, 
whilst the primary base 1 remained unaltered. 

Frora the preceding discussion w e see that 
the measure of the relation of equality is 
called 1; that this unit 1 is the base of all 
numbers, integral, fractional, and concrete, and 
that numbers of aU kinds are merely collec
tions of 0776* or equal jiarts of one, called 
747it/s. It may be added that every arithmeti
cal rule, and every analytical process has a 
direct reference to the unit I, and that a 
great share of the science of mathematics 
consists in transforming numbers from one 
unit to another. 

The symbols, by means of which numbers 
are most usually denoted, are the Arabic 
characters 0, 1, 2. 3, 4, 5, 6, 7, 8, 9 Taken 
separately they are called figures, but when 
grouped according to thq rules of notation, 
they forra the names of numbers. These 
naraes are often used for the numbers them
selves, so that, instead of regarding the com
bination 29, as the symbolical name of the 
number twenty-nine, it is regarded as the 
number itself For all practical purposes 
this conventional term, when well understood, 
is amply sufficient. 
Numbers, Appellations of. Various names 
have been given to classes of whole numbers 
which are expressions of some property or 
properties common to the whole class. The 
following are some of the appellations em
ployed : 

1. The series of whole nurabers, 1, 2, 3,4, 
5, &c., is called the series of 77ai7(rai7i7i77iic7-s; 
it is subdivided into the scries of odd numiers, 
1,3,5, 7, & c ,' and the series of even numbers, 
2, 4, 6, 8, &c. The odd numbers are again 
subdivided into the oddly odd numbers, 3,7, 
11, 15, &c., and the evenly odd numbers, 1,5, 
9, 13, Ac. The even numbers are subdivided 
into the oddly even numbers, 2, 6, 10,14, &c,, 
and the evenly even numbers, 4, 8, 12, 16, &c, 

2, The series of square numbers is mane 
up of the squares of the natural numbers; 
it is 1, 4, 9, 16, 25, &c. The series of cuk 
numbers constituted in like manner, 1, 8, 27. 
64, 125, &c. The .series of fourth pmcrs. 
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1,16, 81. 25tl. 625. &.C., and so on to any ex
tent. 
3. Prime numbers are those that cannot 

be exactly divided by any other number ex
cept 1; thus, 3, 5, 7, 11, 13. Ac. Composite 
Kunbers are those which may be resolved into 
factors differing from 1. 
4, Ft,.~iiratc numbers are deduced from a 

fonnula which wiU be understood from an 
examinatioQ of the subjoined table : 

I 
11 
111 
IV 
V 

' 2 
3 
4 
5 
6 
7 

3 
6 
10 
15 
21 
28 

4 
10. 
•20, 
35. 
56. 
84, 

5 
15 
35 
70 
126 
210 

6 
21 
56 
126 
252 
462 

7. 
28 
81, 

210. 
462. 
924. 

8&C. 
36 &c. 
1-20 &c. 
330 &c 
792 &c. 
1716 &c. 

&C. &e. &c. &c. &.C. 6cc. 
The figurate series are marked I. II. III. 

&c., and are deduced as follow-s. The num
bers in the series marked I. are deduced by 
taking the sura of aU the numbers in the pre
ceding row up to the rank of the required 
number. Thus, the number 

10 = 1 + 2 + 3 + 4, 
15 = 1 + 2 + 3 + 4 +5, 

and so on. The second figurate series is de
duced from the first by the same law ; thus, 

35 = 1 + 3 + 6 + 10 + 15. 
The third series is deduced from the second 
by the same law ; thus, 

70 = 1 + 4 + 10 + 20 + 35, 
and so on for aU the subsequent series. The 
general formulas are as follows : 
1. For the n"" term of the first series, 

n(n + I) 
T-l 

2. For the ti"" term of the second series, 
nin + l)in + 2) 

1-2-3 
3. For the n"" term of the third series, 

n (77 + 1) (77 + 2) (77 + 3) 
1-2-3-4 

and so on. 
5. Polygonal Numbers, so called on ac

count of their relation to polygons. The 
numbers of balls which can he regularly ar
ranged in triangles, thus. 

are called triangular numbers; they are de

noted hy 1, 3, 6, 10, 15, &c., the first series 
of figurate numbers. 
The numbers of balls which can bo regu-

lariy arranged in squares, thus. 

are called square numbers, or quadrangular 
numbers; they aro 

1, 4, 9, 16, 25, Ac, 
In like manner we-have pentagonal numbers, 

I, 5, 12, 22, 35, &c., 
hexagonal numbers, 

1, 6, 15, 28, 45, &c., 
and so on. 

Pyramidal Numbers, are the numbers of 
baUs which can be arranged in pyramids : 
they are formed by summing polygonal num
bers. The triangular pyramidal numbers are 
1, 4, 10, 20, &,c,, the second scries of figurate 
numbers. The pentangular pyramidal nura
bers are 1, 6, 18. 40, 75, 125, &c, 
' 6, Numbers Redundant, perfect and de

fective- A redundant number is one in which 
the sura of all its divisors, except itself, ex
ceeds the number ; 12 is a redundant nura
ber, because 

l + 2 + 3 + 4 + 6>!2, 
A perfect number is one in which this sum 
equals the number; 6 is a perfect number, 
because 

1-1-2 + 3 = 6, 
A defective nuraber is one in which this sum 
is less than the number; 10 is defective, 
because 

1 + 2 + 5 < 10. 
Whenever (2" — 1) is a prime number, then 
21.-1 (2» — 1) is perfect; thus, 2' — 1 or 127 
is prime ; hence 2° (2' — 1), that is, 8128, is 
a perfect nuraber. 

Amicable Numbers are those, each of 
which is equal to the sum of all the divisors 
of the other ; such are 284 and 220 ; 17296 
and 18416 ; 9363583 and 9437056. Other 
appellations have been given to nurabers, 
which are alluded to in their proper places, 
but these are some of the most important. 

Numbers of Bernouilli. This name is 
given to certain numbers, first made use of 
by James Bernouilli. They are, in fact, tho 
co-efficients of the powers of X in the differ-
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ent terms of the series, obtained by develop

ing the expression "ji^TT- Tlie form of the 

development is 
1 

The numbers B', B'" &c., are BernouUU's 
numbers. The following table contains some 
of these nurabers : 

No. 

1 
3 
5 
7 
9 
11 
13 
15 
17 
19 
21 
23 
25 
27 
29 

Numerator. _ 

1 
1 
1 
1 
5 

691 
7 

S617 
43867 
174611 
854513 

236364091 
8553103 

....23749461029.... 

...861584127600,5... 

Denominator. 

6 
«0 
42 
30 
66 

2730 
6 
510 
798 
330 
138 
2730 
2 
870 
14322 

The first column gives the exponents of x, 
the second the numerators, and the third the 
denominators. 

-ris 
Thus the co-efficients of 1-2-3- •16 

3617 
-.„ - These numbers are used iu the higher 
branches of mathematics in developing series. 

NtJ'MER-ALS. The characters, by means 
of which numbers are expressed. In the 
Arabic system, they are 0, 1, 2, 3, 4, 5, 6, 7, 
8, and 9. In the Roman system, they are 
I, V, X, L, C,,D and M. 

NU-MER-a'TION. [L. numeratio, a count
ing]. The art of reading numbers, when ex
pressed by means of numerals. The term is 
almost exclusively applied to the art of read
ing numbers, written in the scale of tens, hy 
the Arabic method. 

For the convenience of reading numbers, 
they are separated into periods of three figures 
each. The units of the first order are read 
simply units: those of the second order, tens; 
those of the third order, hundreds; and so on, 
according to the following 

Period of 
SeptiUio'e. 

Period of 
Soxtillio'8. 

Period of 
QiiiiiUU'a. 

NUMERATION TABLE. 

Period of 
QiuidjiU's. 

Period of 
Trillions. 

Penod of 
BiUiciis. 

Period of 
AimiioiiB. 

Period of 
ThouBft'da. 

Period of 
Units. 

ft O 

5 C ft 
.̂  QJ (U 

W W g 

'^ to S 
S e x 

.S 5 
as 
O 13 to 
Ij'l 

000 000 000 

C»J5 

.c?i 

tH o 

hct 
0 0 

T h e table m a y be continued to a n y extent; 
the next higher periods are octillions, noiiil-
lions, decillions, undecillions, duodecillions, 
& c . T h e table m a y be continued to the right, 
giving the numeration-table for decimal frac
tions. (See the Table opposite.) 

N u ' MER-A-TOR. That term of a frac
tion which indicates the number of fractional 
units that are talcen. It is the terra written 
above the horizontal Une. In the fraction -p, 

,0 a is the numerator. In a deciraal fraction, 
the numerator is the number foUowing the 

fq S 
u.- zz u.-'zi 
Di Eh ioH 

JZ ° ̂  

0 0 0 

^ o 
o ::i 
m ̂  
«̂ "« s 
^ o s 
S c'= 
lis 
0 0 0 

3'S 

^M o 
O J3 
icE-i-oS £ 
E c o 
j:; o .r: 

.:- Q c 

0 0 0 0 0 0 

Period of 
ThouBtli'g 

» e 3 
-Org " 
-̂  r- 3 
•= H 2 
E-iWH 
0 0 0 

Period of 
Wii];ooitis. 

n3 
•« g 
•3 " 
c 2 
J3 O 
E-i 0! 2 
o K ci 
i§.= 
0 0 0 

Period of 
Biltionlhs. 

13 " m 

c S 2 
^,B:^ 
0 0 0 
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decimal point, the denominator not being 
written : thus, in the decimal traction ,761, 
the numerator is 764. and the denominator, 
which is understood, is 1000. In general, 
the denominator is expressed by 1 followed 
bv as many O's as there arc places of figures 
in the numerator. See Fraction. 
M'-MLR'IC-AL. -A term which stands 

opposed to literal, and implies that the num-
'pers entering a given expression are ex-
rro.-sed by figures, and not by letters. .-V 
numerical equation is an equation, in which 
all the quantities, except the unknown or va
riable quantities, are numbers. Numerical, 
as opposed to algebraical, is applied to the 
values of quantities ; thus w c say. that — 5 
is numerically greater than — 3, although its 
algebraical value is less, 
NrMEEic,\L V.iLuE of an expression, in 

algebra, is the number obtained by attributing 
numerical values to all the quantities which 
enter the expression, and performing all the 
operations indicated. Thus, the numerical 
value of a'b — c'd, where a = 2, 6 = 3, 
c = 1 and d = 2, is 10. 
The numerical value of an expression gen

eraUy varies with the values given to the 
quantities which enter it, but not always. 
Thus, a — 4 is equal to 10, when a = 12 
and 4 = 2: or, when a = 16 and i = 6, 
and so on, for an infinite number of sets of 
values of a and b. 
0, the fifteenth letter of the English alpha
bet. .A,s a numeral letter, it has been used 
to denote the number 11. With a dash over 
it thus, 0, it denoted 11,000. 
OB'JECT-GUiSS. The object-glass of a 

telescope is the lens which is directed to
wards the object viewed. It forms the image 
of the object, which is then viewed by the 
eye-glass or eye-lens, regarded as a simple 
microscope. 
OB-LaTE'. [L, oblatus; ob, on account of, 

and fero, to bear]. Flattened or depressed. 
If an ellipse be revolved about its conjugate 
axis, the volume generated is called an oblate 
spheroid. The earth, on which w e dwell, is 
of the general form of an oblate spheroid. 
See Figure of the Earth. 
OB-LiQUE'. [L. obliquus, oblique]. Not 

tect, deviating from the perpendicular. A 

right line is oblique with respect to another, 
when it makes, on one side, an angle with it 
less than a right angle, and on the other side, 
an angle greater than a right angle. 

II 

D E F 

Tho Une H E is oblique to the line D F . 
One plane is oblique to another, when the 
diedral angles which they form with each 
other, are unequal. If two planes be passed 
through the lines D F and H E , respectively 
perpendicular to their plane, they will bo ob
lique to each other. 

-A,n oblique angle is one either greater or 
less than a right angle ; the angles H E F and 
H E D are both oblique angles. Oblique-ancrled 
triangles are those inwhich all the angles are 
oblique. A n oblique circle, in Spherical Pro
jections, is one whose plane is oblique to tho 
axis of the primitive plane. A n oblique 
plane, in Dialing, is one which is oblique to the 
horizon. A n oblique system of co-ordinates, 
in Analysis, is a system in which the co-ordi
nate axes are oblique to each other. Oblique 
projections are projections made by lines ob
lique to the plane of projection. A n oblique 
cylinder or cone is one whose axis is tibUque 
to the plane of its base. 

O B ' L O N G . [L. oblongus; ob, for, and 
longus, long]. A name given to a rectangle 
whose adjacent sides are unequal. In com
m o n language, any figure approximating to 
to this form, is called an oblong ; in fact, any 
body which is longer than it is wide, is often 
called an oblong. The prolate spheroid is 
often called an oblong spheroid. 

OB-TCSE'. [L. obiusus, from obiundo, to 
beat against]. Blunt, opposed to sharp, or 
acute. A n obtuse angle is an angle greater 
than a right angle : an obtuse polyhedral an
gle is one whose measure is greater than the 
tri-rectangular triangle. It is to be noted, 
that the measure of any polyhedral angle is 
the area of that portion of the surface of a 
sphere having its centre at the vertex of the 
angle and radius 1, which is intercepted by 
the faces of the polyhedral angle. A n ob
tuse cone is a right cone, such that the angle 
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formed hy two elements cut from the cone by 
a plane passed through the axis, is greater 
than a right angle. A n obtuse hyperbola is 
an hyperbola in which the asymptotes raake 
with each other an obtuse angle, or it is one 
in which the length of the conjugate axis is 
greater than that of the transverse axis. A n 
obtuse hyperbola can only be cut frora an ob
tuse cone. To cut an obtuse hyperbola frora 
an obtuse cone, pass a plane through the 
vertex, cutting out two elements, which make 
an obtuse angle with each other, then will 
any parallel plane cut from the conic surface 
be an obtuse hyperbola. A n obtuse ellipsoid 
is the same as a prolate spheroid. See Pro
late Spheroid. 

OC'TA-GON. [Gr. okto, eight, and yavia, 
angle]. A polygon of eight angles or sides. 
A regular octagon is an octagon all of whose 
sides and angles are respectively equal to 
each other. The angle at the centre of a 
regular octagon is 45°, and the angle at the 
verte,x of any angle is 135°. The area of a 
regular octagon, whose side is 1, is equal to 
4.8284271, and for a regular octagon, whose 
side is equal to a, we have the forraula, 

A = 4,8284271 a' . . . 
To construct a regular octagon on a given 

line as a side. 

Let A B be the given line. Erect at A and 
B the perpendiculars A F and B E . Produce 
A B , in both directions, to ?7i and J7. Bisect 
tho angles EB77i and FAti by the lines B C 
and A H , and make B C and A H each equal 
to AB. Through C and H draw CD, and 
H G perpendicular to A B , and each equal to 
AB. With D and G as centres, and with a 
radius equal to AB, describe arcs of circles 
culling B E ,and A F in the points E and F : 
join D E , EF, and F G ; then will the polygon 
thus formed be a regular octagon. 

To inscribe a regular octagon in a circle. 

Draw two diameters at right angles, and 
bisect both angles which they form with 
each other by diameters ; join the adjacent 
points, two and two, in which these four 
diaraeters cut the circuraference hy straight 
lines, and the figure formed will be the re
quired inscribed octagon. 

To circumscribe a given circle by a remilai 
octagon. Draw tangents to the circle at tho 
points in which these four diameters cut the 
circumference, and they will, by their inter
sections, determine the required octaffon. 

OC-TAG'ON-AL. Appertaining to an oc
tagon. 

OC-TA-Hl'DRON, O R OCTAEDRON. 
[Gr. o/CTU, eight; and idpa,hase]. A poly. 
hedron hounded by eight polygons. A regu
lar octahedron is an octahedron bounded by 
eight equal and equilateral triangles. If the 
centre of each face of a cube be taken, and 
if planes be passed through these points, each 
plane passing through those lying in faces, 
which raeet in the same angular point, these 
planes wUl, by their intersections, determine 
a regular octaedron ; and, conversely, if the 
centre of each face of a regular octaedron be 
found, and planes be passed so that each 
plane shall pass through the centres of the 
faces, which meet at the same angular point 
they will, by their intersections, determine a 
cube. If we denote the length of one edge 
of a regular octaedron by I, the area of the 
entire surface by A, the volume by V, the 
radius of the circumscribed sphere by R, and 
that of the inscribed sphere by r, there will 
exist the following relations between these 
quantities : 
/ =r^/6=RV'2 = \/iAV3=-{/iVVT 

A=l2r'y'3=iR =/3=2Z,^3 
V= ir'y/3=i^R'=:^l'V'2 R = rV3=ilV 2 =J,-VaV3 = \/^V. . 

r = ^RV'3=llV'6 = :^-/AV3 

-(1), 

-(2). 

•(3). 

-(*). 

.(5) 
OC-TAN"GU-L.VR. Having eight angles. 

O C T A N T . The eighth part of a circum 
ference of a circle, or the half of a quadrant 

OC-To'BE,R, The tenth month of the year 
It contains 31 days. 

O D D . .̂ n odd number is a whole number, 
which cannot be exactly divided by 2. Th* 
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alternate numbers beginning at 1, as 1, 3, 5, 
7, 9, &e,, form the series of odd numbers. 
Every odd number, when divided by 2. leaves 
1 for a remainder. 
Oddlv Odd Number, A number which, 

when divided by 4, leaves 3 for a remainder, 
or which is of the form 4n + 3. Thus, 3, 7. 
11. 15, .See , are oddly odd numbers. The 
alternate ter.r.s of the series of odd numbers, 
beuinning at 3, constitute tbe series of oddly 
odd numbers. 
O-DOM'E-TER. [Gr. odof, way, and pe

rpov, measure]. A n instrument employed for 
î 'istering the number of revolutions of a 
carriage-wheel, to which it is attached. Know
ing the length of the tire of the wheel, and 
the numbei of revolutions made between any 
two places, we can find the distance between 
the places. The principle of the odometer is 
enrircly simUar to that of the vernier. T w o 
wheels of the same diameter, and turning 
freely on the same axis, are placed face to 
fece; the edge of one is cut into 100 teeth, 
and that of the other into 99 teeth, and an 
endless screw works into the notches in each 
wheel. ^^Tien the screw has turned 100 
times arOund, the wheel having 99 teeth will 
have gained one notch on the other, which 
gain is shown by an index attached to one 
wheel, which passes over a graduated arc on 
the other. Every hundred turns are thus 
registered on the second wheel, and all turns 
less than 100, are shown by a separate index. 
Xow, instead of the screw turning on its 
axis, it is found more convenient to have the 
screw fast, and to allow the weight of the 
machine to be suspended freely, so that as 
the carriage wheel turns, the* effect is the 
same as taming the screw on its axis. 
OFF'SET. In Surveying, a short course 

measured perpendicular to a longer one. The 
method of offsets is employed in surveying 
fields bounded by irregular lines. 
Let .-^BCDE be a piece of ground to he 

surveyed. Assume stations at the principal 
points, A. B, C, D and E. Take with the 
compass the bearings from A toB, from B to 
C, fro.-n C to D. from D to E, and from E to 
A ; measure with the chain, the distances 
AB, BC, CD, D E , and E A . At convenient 
points of the course A B , as e, e, and/, mea
sure the offsets, eb, cd, and fg. Then, having 

measured these as well as the distances, 
Ac, ec. cf, and/B, enough will be known to 

determine the area' which lies without the 
station line A B . The points b, d and g, of 
the fence which runs from A to B, are also 
deterrained. Erect, in a similar manner, ofi'-
sets to the other courses, and determine the 
areas which lie without the station lines. 
These several areas, being added to the area 
within, will give the entire area of the ground. 
If the offsets fall within the station lines, the 
corresponding areas must be subtracted from 
the area which is bounded hy the station 
lines. 

The method of offsets is also employed 
with advantage in Surveying, for the purpose 
of making a map of aportion of country; as for 
example, in mapping a shore line. Principal 
stations are selected at the most prominent 
points, in the general direction of the line to 
be mapped, and the courses are run at suitable 
intervals, and opposite the points where the 
lines bend; offsets are measured, and their 
distances from the last station noted in the 
field-book. These measurements enable us 
to plot the principal points of the lines to bo 
determined, frora which the line can be 
sketched in by the eye. 

The method of offsets is often employed in 
surveying large estates. Several prominent 
stations are selected, and the lines joining 
them surveyed with great care. These form 
a system of triangles, and raay be plotted. 
N o w , from these stations, let lines he run in 
suitable directions, noting where they cut 
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fences, streams, &c., and from proper points 
of them, let offsets be taken to angular points 
in fences, &c,, then these Unes and offsets 
being plotted, the entire area may be found 
frora the plot. See Surveying. 

Offset Staef. A rod used in surveying 
for measuring ofi'sets ; it is usually 10 links 
in length, and is divided into ten equal parts, 
which are numbered from one end to the 
other. 

O-PaKE'. [L, opacus, shady]. In Shades 
and Shadows, a body which does not permit 
rays of light to pass through it. Opake 
bodies cast shadows and receive them. 

OP-EH-a'-TION. [L. operatic, operation]. 
A n operation in Mathematics is something to 
be done ; generally some transformation to 
be made upon quantities, which transforma
tion is indicated either by rules, or by symbols. 

The operations indicated by rules are suffi
ciently explained in the rules themselves; 
those indicated by symbols cannot be fully 
understood without a complete knowledge of 
the nature and force of those symbols. There 
are four kinds of symbols eraployed in Mathe
matics. 1st. Those which stand for quanti. 
ties ; such as letters standing for numbers, 
time, space, or any of the georaetrical magni. 
tudes. 2d. Those of relation, as the signs, 
= , > , : :: :, &.C., which indicate respec
tively, the relations of equality, inequality 
proportion, &c. 3d. Those of abbrovhation, 
as. .'., for hence, '.', for because; exponents 
and eo-efficienis, are likewise symbols of 
abbreviation, the symbol consisting in the 
manner of writing these numbers. 4th. Sym
bols of operation, or those employed to denote 
an operation to be performed, or a process to 
be followed; such are the symbols of alge
bra and the differential and integral Calculus, 
&c., v\hich do not come under the precedmg 
heads. Those of the 3d. class are generaUy 
regarded as symbols of operation. 

Symbols op Operation are of two kinds. 
1st. Those which indicate invariable processes 
and aro, in all cases, susceptible of uniform 
interpretations. This kind includes most of 
what are usually called, the signs of algebra, 
as + , —, X, -i-, V , Ac. 2d. Those which 
indicate general methods of proceeding without 
reference to the nature of the quantity to he 
eperated upon ; for example, the symbol d in 

the expression dfix), denotes that the func
tion of X, whatever it may be, is to be differ
entiated ; of this nature also, is the sign for 
integration and many others which have been 
employed in extending and generalizing the, 
processes of the higher branches of Mathe
matics. 

W h e n a symbol is agreed upon, as denot
ing a certain process, it often happens that in 
the course of tirae, the meaning of the sym
bol becomes very much extended and gene
ralized, so that its primitive meaning is either 
lost sight of, or at most, forms but an insigni
ficant portion of its meaning. For example, 
an exponent was originally employed to 
denote the number of times that a factor was 
to be taken to produce a given quantity. But 
by extending this use, exponents have come 
to be negative, fractional, and even imaginary, 
and the operations which they denote, though 
perfectly comprehensible to the mathemati
cian, would cease to be intelligible, if the 
meaning of the term exponent were restricted 
to its original signification. 

In common Arithmetic, the symbol —, 
when written before two numbers, implies 
that the second is actually to be taken from 
the first, and so long as the symbol has 
this restricted signification, such expressions 
as 4 — 7 are necessarily unintelligible ; but 
in a more extended signification, it implies 
the operation of finding a number, or quanti
ty, which being added to 7 will produce 4; 
this nuraber is — 3. In this point of view, 
the symbol can never give rise to any mis
understanding. 

Again, the symbol V implied, originally, 
that the square root of the quantity written 
under it is to be taken. But if we suppose 
that quantity to become negative, as / — 1 , 
the expression is unintelligible. But if we 
extend the signification of the symbol so that 
it shall imply the operation of finding an ex
pression, which being taken twice as a factor, 
or being operated upon according to a certain 
process, shall produce — 1, the symbol be
comes as intelligible as any in the range of 
Mathematics. 

W e see, then, that the language of mathe
matical symbols is much more general than 
comraon language ; in fact, as the science is 
extended, it is universally found that the 
symbols before used may be so interpreted as 
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to be amply suineient to expiess e\ ery new or ehiss. In analysis, magnitudes aro classed 
operation that may arise from the process of ; into orders, depending upon tho degree of 
generalization. j their cpuiiioiis. Algebraic magnitudes only 
Of Kite years, a very extensive branch of i are classed in this w av. All ab'ebraie lines 

.-iiitilvsis h:is been opened, called the Calculus w-liose equation.-; are of tho lirst dê 'ree are of 
ofi!vera!io:ts; this calculus is conducted on Uhe first order; those whose e(pi,iiions are of 
the principle of separating the symbols of j the second, third, &e,, degrees, are respect-
operation from those of quantity, and then , ively of the second, third, A c , orders. All combining them, according to established 
principles, as though they represented quan
tities, and then deducing from the results, by 
interpretation, the truths required to be 
demonstrated. This branch of science is yet 
in its infancy, but already it has been the 
instrument of greatly extending the domains 
of science, and we may reasonably look to it 
for the next great step in the direction of 
mathematical progress. It is almost impossi
ble to give any adequate account of the nature 
of this branch of mathematics, in the narrow 
Umits to which we are restricted in this woik. 
OP'PO-SiTE A N G L E S , Angles lying on 

opposite sides of two lines which intersect 
D C 

each other. The angles A O D and B O C are 
opposite; so are the angles A O B and DOG. 
OR'DER [L. ordo, order, series]. Rank 

I. Lines. 
Order. Class. Species. 

f _ / -irn: 
Ellipse, 

lines of tho first order are straight lines, tmd 
conversely all straight Unes are of the first 
order. All Unes of tho second order aro conic 
sections, that is, either ellipses, bvjierbolas, 
parabolas, or some of their particular cases, 
cuid conversely all conic sections and their 
particular cases are of the second order. 

Algebraic surfaces are ehissed into orders, 
according to the degrees of their equations. 
Those whose equations are of the first, second, 
third, &e,, degrees, are surfaces of the first. 
second, third, cSlc , orders. .Ml surfaces of 
the first order are planes, and conversely, all 
planes are surfaces of the first order. All 
surfaces of the second order are those whose 
plane sections are conic sections ; that is, 
ellipsoids, hyperboloids, paraboloids, and their 
particular cases; conversely, all ellipsoids, 
hyperboloids, paraboloids, and their particular 
cases, arc surfaces of the second order. 

The following tables show the divisions 
and subdivisions of lines and surfaces of the 
second order: 

Second. 

( Ellipse, 
1 avictics. 

Hyperbola, 

Parabola, 

Order. Class. 
( 
\ Elfipsoids, 

Circle, 
( Hyperbola, 
\ Equilateral Hyperbola, 
Parabola, 
T w o parallel straight lines 

II, Surfaces. 
Species. 

( Ellipsoids, 
< Ellipsoids of revolution, 
' Sphere, 

u 
Point. 
maginary curve. 

i T w o straight lines in-
( tersecting. 
real, not coincident. 
real coincident. 
imaginary. 

Varieties. 

Hyperboloids, < 
Second.. 

Hyperboloids of one nappe, 

( Point. 
i Imaginary surface. 
( Hyperboloids of revolution of 
< one nappe. 
' Conic surfaces. 
( Hyperboloids of revolution of 

Hyperboloids of two nappes, < two nappes. 
' Conic surfaces. 
( Paraboloids of revolution. 
( Cylinders with elliptical bases. 
( Cylinders with hyperbolic do. 
( T w o planes intersecting. 
( Cylinders with paraboUo 
( bases. 

I Elliptical Paraboloids, 

Paraboloids, < Hyperbolic Paraboloids, 

Parabolic Paraboloids, 
26 
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These are distinguished analytically hy the 
relations which exist between the constants 
which enter their equations. 

Lines and surfaces of other orders might 
he classified in a similar manner, but tho 
discussion becomes more intricate as the 
order is higher. 

Oli'DI-NA-RY LIMITS of the roots of an 
equation: the limits ordinarily used in search
ing for the roots of a numerical equation. 
The ordinary limit is equal to 1 increased by 
that root of tho numerical value of the great
est co-efficient, whose index is the number 
of terms that precede the first negative term. 
If any of the terms, preceding the first nega
tive one, are 0, they must be counted in 
determining the index. Thus, the ordinary 
superior limit of the roots of the equation 
X* -1- ll.-c= - 25j: - 67 = 0, is 1 -I- -•'67 or 6 
It will be perceived that the cuhe root of 67 
is between 4 and 5; and as it is desirable 
that the limit should be expressed in wliole 
numbers, the highest number is taken. See 
Limit. 

O R ' D L N a T E . The ordinate of a point is 
one of the elements of reference, hy means 
of wliich the position of a point is determined 
with respect to fixed straight lines, taken as 
co-ordinate axes. The ordinate of a point to 
a diameter-of a conic section, is the distance 
of the point from that diameter, measured on 
a lino parallel to a tangent drawn at the ver
tex of the diameter. The ordinate to a diam
eter is equal to half the chord through the 
point which is bisected by the diameter. See 
Co-ordinate. 
0,R'I-G,TN OF CO-ORDINATE AXES. 
That point in the system in which the co
ordinate axes intersect. It is called the ori
gin, because the co-ordinates of any point 
may he measured on the a.xes from this point. 
See Co-ordinates. 

OR-THOG'ON-AL. [Gr. opOoi:, right, and 
ycivta, angle]. Right angled. The orthog-
ontil projection of a magnitude is that pro
jection which is made by projecting lines 
drawn perpendicular to tho plane of projec
tion. Sec Orthographic. 

O R - T H O - G R A P H ' f C P R O J E C T I O N . 
That projection in which points are projected 

by means of straight lines drawn through 
them, perpendicular to the plane of projection, 
A U the projections of descriptive geometry are 
orthographic, also that particular kind of 
spherical projection called the orthographic 
projection. The name is almost exclusively 
applied in the latter case. The rules for 
making the orthographic projection of the 
circles of a sphere are few and simple. The 
projection of a circle is alwaj's an ellipse or 
some of its varieties. The rule for making 
the projection is this: project that diameter 
of the circle which is parallel to the piano of 
projection; this wiU be the transverse axis 
of the projection ; project the diameter per
pendicular to it, and this wUI be the conjugate 
axis of the projection. The length of tbe 
transverse axis is equal to the diameter of 
the circle projected; the length of the conju
gate axis of the projection, is equal to the 
diameter of the circle multiplied by the cosine 
of the inclination of the plane of the circle lo 
the plane of projection. W h e n this inclina
tion is 0, the cosine of it is I, and the two 
axes of the projection are equal; that is, the 
projection of any circle parallel to the plane 
of projection, is an equal circle. If the 
inclination is 90°, the cosine is 0, and the 
conjugate axis is also 0; that is, the projec
tion of a circle whose plane is perpendicular 
to the plane of projection is a limited straight 
Une, equal in length to the diameter of the 
circle. These are the only particular cases. 

The orthographic projection of the circles 
of the sphere may be regarded as the per
spectives of the circles, the point of sight 
being at an infinite distance from the princi
pal plane, or plane of projection, which is, in 
this case, the perspective plane. 

OS-CU-La'TIO-N. [L. osculaiio,a1dssaig]. 
A contact of one curve with another, at a 
given point, of the highest order possible. 
See Osculatrix. 

OS'CU-LA-TO-RY. See Osculatrix. 
Osculatory Circle. The osculatory cir

cle is by far the most important of aU the 
osculatrices. The most general equation of 
the circle is 

{x - a)' + i y - IS)' = R'. 
By following the ride already given, the fol
lowing equations of condition, for osculatory 
circles, may be deduced, viz : 
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a)' + iy" - ^ ) ' = R' 
dy" x" - a 
dx"-''y'-t} 

dy'" 
d'y" -̂  "*" dx" 
dx '' y' — iS 

• (1). 

(':i 

• (3), 

from these the values of a. iS and R may be 
deduced, which, being substituted in the 
assumoJ equation of the circle, wUl render it 
the equation of an osculatory circle to a given 
curve, at the point whose co-ordinates are x" 
and »". But in most cases the value of R 
alone is aU that is needed ; by combination, 
we find 

R= ± 
(-g;)» 

This value of R, -n-heri deduced fiir any i 
particular curve, is caUed the radius of curva-
tur-: of that curve, because at the point of 
Oscuiatijtt. the curvature of the given curve 
is the same as that of the osculatory circle at 1 
that point. If x" and y" vary so that the 
point of osculation shaU coincide, in succes
sion, with different points of the given curve,', 
the locus of the other extremity of the radius 
of curvature is the evolute of the given cur^e. 
The radius of curvature of a:iy given curve 
is always normal to that curve, and tangent; 
to its evolute. See Cur nature, Radius of Cur-1 
vatiivc, Evolute. Involute, &,c. i 

OsctrL-iTosv Circle in Space. A circle 
which passes through three consecutive 
po'mts in space. It lies in the osculatory 
plane to the curve at the point of osculation. 
The normal plane to a curve in space, at any 
point, is a plane perpendicular to the tangent 
to the curve at the point. The centre of Ihe 
osculatory circle is found at the point in 
which the osculatory plane at the point is 
pierced bj the fine of intersection of two 
consecutive normal planes. The general for
mula for the radius of the osculatory circle, 
or radius of curvature, at any point of a curve 
in space is 

rf,v= 

11 = -
Ili'j-V - Iu 

r\ 
•ijr -r [d'z • di" 

•"t;L,47'nv r.-.- •-•/?vy.". The most 
fc-r,erU form of the equ.it;-jn of th. 
sections is 

conic 

ay' + bxy + cr' + dy + cx+f = 0 • (I) 
which represents 

the parabola when 4° — 4ac = 0, 
the ellipse when b' — iac < 0, and 
the hyperbola when b' — iac > 0. 

Suppose that tho equation of tho i;iveu 
curve is 

y = f { x ) . . . . (2) 
and denote the co-ordinates of the given point 
of osculation by x" and y" ; then will 
ai/-' + bx"y" + ex'" + dy" + fx" -|-/=0(3) 
be the equation of condition that the conic sec
tion shaU pass through the given point, and 

y" =fi.^"), 
the equation of condition that the sjiveii point 
shall lie upon the given curve. .\u\v, since 
there are five arbitrary constants entering the 
most general form of the equation of the 
conic sections, it follows that at every point 
of the given curve there will ahvays be an 
oseukitory conic section, having, with the 
{liven curve, a contact of the foyrlli order. 
The nature of the conic section will depend 
upon the sign of 4̂ " — 4ac, in the e juiiliuii of 
the o,-,culatrix at the point in question. 

'To determine tho circumstances of (••-r,!!a-
tion. Since b' — 4ac depends upon the co-, 
ordinates of tho point of osculation, it wiU 
vary as that point changes, and may, there
fore, be regarded as a function of x" and if, 
supposed \:.ri:ib!es. If wefollow the pn oo-.t 
inific-iteii, the v-:!ufs of a. b and c, and con-
scjuc-titly that of b' — 4ac, iii:iy be found in 
terijis of x", y" and known quantities ; and 
if this equation be combined with the equa
tion y" = / ( « " ) , and y" eliminated, there will 
result an expression for the value of 4- — 4ac 
in terms of x" alone and known quantities. 

Place this expression equal to 0, and solve 
the resulting equation, and denote its roots 
by x'", x", . . . &c. Then for eveiy point of 
the curve corresponding to the real roots, the 
osculatory conic section.is a parabola, and for 
all the points between earli pair of these, 
taken in order, the osculatory conic section 
wUl bo alternately an eUipse aud a hyperbola, 
since I' — -'mc can only change sign by 
passing through 0. If the roots are all imag
inary the sî iii of 4^ — 4af:will always remain 
tho same, and the osculatory conic section 
v>id always be cither an ellipse or an hyper 
bola. If the value of b' — 4ac is equal to ̂, 
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independently of all values of x", the oscu
latory conic section will always be a parabola. 

Osculatory Planf,, to a curve of double 
cuivaturc, is a plane which passes through 
three consecutive points of the curve. Or. 
if a plane be passed through three points of 
the curve whose abscissas differ from each 
other by the arbitrary quantity h, and then 
the value of h be diminished continually, tUI 
it is less than any assignable quantity, the 
plane will reach its limiting position and be
come osculatory. The angle between two 
consecutive osculatory planes is called the 
angle of torsion. The equation of an oscula
tory plane to any curve in space, is 

(x - x") {dy'd'z" - dz"d'y") ) 
+ { y - y")(dz"d'x" - dx"d'z") [ = 0 ; 
+ { z - z") {ilx"d'y" - dy"d'x") ) 

in which x", y" and z" are the co-ordinates 
of the point of osculation. 

Osculatory Sphere, to » line of double 
curvature. A sphere passing through four 
consecutive points of the curve. If a circle 
be passed through three consecutive points 
of the curve, and a second circle pass through 
the second of these points and the next two 
consecutive ones, the two circles will have 
two consecutive points in coraraon, and con
sequently will be tangent to each other; 
their planes willmake with each other the angle 
of torsion, and a sphere passed through them 
both, wiU be the osculatory sphere to the curve. 
The general theory of osculatory surfaces 
is intricate, and of but little practical utility. 

Osculatory Surfaces. If two surfaces 
have a point in common, and the partial suc
cessive difiercntial co-efficients of the ordi
nates of the two surfaces of tho first n orders, 
taken at the common point, respectively equal 
to each other, the surfaces have a contact of 
tho Tl"" order. Since the most general equa
tion of,the sphere has but four arbitrary con
stants, it is impossible to assign to it a con
tact of the second order with any given sur
face. But a sphere may be made osculatory 
with any lino drawn through the point of 
osculation on the surface. 

Osculatrices to Curves in Space. If 
two curves in space have a point in common, 
and the partial differential co-efficients of «, 
of the first n orders of tho two curves, taken 
at that point, aro respectively equal to each 

other, the curves have a contact of the n't 
order. This requires that the projections 
of the curves on the co-ordinate planes 
should have a contact of the 77"" order; 
hence, if the projections of two curves in 
the three co-ordinate planes, respectively, 
have a contact of the m * order, the curves 
themselves will also have a contact of theTi'i" 
order ; and conversely, if one curve is given 
in kind, and the other completely, and such 
values he given to the constants as to make 
the projection of the curves osculatory, then 
will the curves in space be osculatory. "We 
see, therefore, that the subject of osculation in 
space is reduced to a consideration of the mat
ter of osculation in a plane. See Osculatrix. 
OS-CU-LA'TRIX. If two plane cun-es 
have a point in common, and the first dUfer-
ential co-efficients of the ordinates taken at 
that point equal, the curves are said to have 
a contact of the first order at that point. If, 
in addition, the second differential co-effi-
cicnts of the ordinates of the curves, taken 
at the point, are also equal, they have a con
tact of the second order. In general, if two 
plane curves have a point in common, and 
the first 77 successive differential co-efficients 
of the ordinates of the curves taken at the 
point respectively, equal, the curves are said 
to have a contact of the Ji"" order. A curve 
which has a higher order of contact with a 
given curve, at a given point, than any other 
curve of tho same kind, is caUed an osculatrix. 

The subject of the contact of curves may 
be viewed in another light. If two curves 
have a point in common, and if the consecu-' 
live ordinates of the two curves differ from 
each other by an infinitely small quantity of 
the second order, the curves have a contact 
of the first order. If this difference is of 
the third order, the contact is of the second 
order, and, in general, if it is of the (ji-l-l)''' 
order, the contact is of the 77'** order. The 
definition of an osculatrix remains the same 
as before. These definitions indicate the 
method of solving the following two pro
positions : 

First. To find whether tiro given eunr.i 
have any contact, and if so, to determine the 
order of contact. Combine the equations of 
the curves, and find the values of tho v-ria-
bles. For every pair of real values found for 
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I and y, there wUl be a point common to the 
two curves. Suppose that there is one com
mon point. Differentiate tho equations of 
ihe curves, and find the first differential co
efficients of the ordinates of the curves, and 
in them substitute tor x and y the co-ordinates 
of the common jwints ; if the results are | 
equal, the curves have a contact of the first | 
order, at least. Difl'erentiate again, and find 
the second differential co-efficients of the or-
dmates of the two curves ; substitute as be
fore, and compare the results. If these are • 
equal, the two curves have a contact of the 
seoottii order, at least. Continue the opera
tion of successive dUfi,'rentiation, substitution, 
and comparison, until two difi'erential co-efii
cients of the ordinates, ttiken at the common 
point, are found, which are not equal; then 
will the number of successive differential co
efficients of the ordinates, taken at the com
mon point, which were found equal, denote 
the order of contact of the two curves. If 
bv the first combination, more than one com
mon point is found, the same operation is to 
be gone through with for each common point. 
The equations resulting from the total opera-
fions, wUl indicate whether the curves have 
any contact, and the order of the contact. 
Second. To assign to a curve, given in 

k'md, the higliest order of contact that can be 
assigned lo curves of that kind, with a given 
curve,at a given point. 
.Vssnme the most general form of the equa

tion of the kind of curve given. .Substitute 
in it for x and y the co-ordinates of the given 
point of the given curve ; there will result an 
equation of condition that the assumed curve 
shall pass through the given point. Differen
tiate the equations of both curves ; find the 
first differential co-efficients of the ordinates ; 
substitute in these for x and y the co-ordinates 
of the given point, and place the results equal; 
there will result a second equation of condi
tion, which, with the preceding one, wiU 
cause the curves to have a contact of the first 
order Continue the operation of successive 
ilifferent'iation, substitution, and formation of | 
equations of condition, till as many such 
pquations are formed as there are arbitrary 
constants in the equation of the curve given 
in kind. Combine these equations, and from 
Ihem deduce the values of the constants re-
qiiired, and substitute these values in the 

assumed form of tho ecpi.-itlon of ''c curve 
given in kind, and the result wil! be tho 2qu?-
tion of the oseubatrix cf that !.-inL'. Il -v̂'l 
be seen that tbe highest order of foit:,:, that 
can be assigned to a curve, given in kind, 
with a given curve at a given point, is do-
noted by the number of arbitrary c<uistaiits 
in the equation of that curve, diminished by 
1. Itmtiy happen, however, lh;it the condi
tions which make that number of successive 
dUl'eretitial co-efficients of the ordinate taken 
at tlie given point equal, will also make one 
or more of the successive ones equal, in which 
case there maj' be a higher order of contact 
at certain points, than that indicated. This, 
however, can only take place at certain points 
of any given curve. W e have an instance of 
this in the case of the eUipse at the vertices 
of the axes. In general, it is impossible to 
assign a higher order of contact to a circle 
with the elUpse. at a given point, than the 
second, but at the vertices of the transverse 
and conjugate axes, the conditions wliich 
raake the circle have a contact of the second 
order, will also make it have a contact of the 
third order. In general, at any point of a 
given curve, when the curve is symmetrical 
with the normal at that point, it happens, 
when the osculatrix is of an even order, that 
the imposed conditions give a contact of the 
next higher order. This is not to be regarded 
as an exception to the general rule. 

The equation of the osculatrix of any given 
kind, with a given curve at a given point, may 
be arrived at by means of the following con
siderations : 

If we denote the abscissa of the given 
point by x", and substitute for x in t'.ic equa
tion of the curve the successive value.", 

X', X + h , x' + 2h, r' + 34, <̂ ',., 
(A being arbitrary), we may dcdure corres 
ponding values fory, which, with the ,is-:imied 
values of x, will del ermine the position of a 
succession of points of the curve -rvnose ab
scissas differ by the arbitrary quantity h. 
Now. the curve which is given in Kind, may 
be made to pass through as many of ihese 
points as there are arbitrary constants in its 
most general equation. Substitute for x antl 
y in the equation of the curve given in kind, 
the co-ordinates of these points, in succes
sion, beginning with the first point, until as 
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ma'̂ .y ceuationc are found as there are con-i Cartesian oval: denote the distance between 
stant,-3 to be determined. Combine these equa
tions, and find tho values of tho constants in 
teri?,s cf the kn'ov™ quantities, and the arbi
trary quantity h, and substitute them in the 
general form of the equation. This will be 
the equation of a curve of the given kind, 
which passes through as many points of the 
given curve as there are constants in the 
second equation. Now, if w e suppose h to 
diminish, the several points will approach 
each other and the given point, in accordance 
with the law of the given curve, and when h 
becomes less than any assignable quantity, 
they will become consecutive, the curve will 
be the osculatrix, and the resulting equation 
will be the equation required. If the curve 
passes through two consecutive points, the 
contact is of the first order, if through three, 
it is of the second order; and, generally, if 
through 77-1-1 points, the contact is' of the 
«''' order. 

O U N C E . [L. uncia, the twelfth part of a 
thing], A unit of weight. In Troy weight, 
the ounce is the twelfth part of a pound, and 
is equivalent to 480 grains. In avoirdupois 
weight, the ounce is the sixteenth part of a 
pound, and is equivalent to437j- grains. See 
Weight. 
OUT'LiNE. The outline of a figure is a 

contour line which bounds the figure ; thus, 
in perspective, the outline is the intersection 
of the enveloping visual cone of the body 
with the perspective plane. See Perspective. 

6'"V'AL. [L. 07777777, au egg]. A n cgg-
, shaped figure, or a figure resembling an 
ellipse. A n oval is sometimes used hy car
penters instead of an ellipse, and may be 
formed from arcs of circles of different radii, 
and tangent to each other. 

Oval of Descartes, or Cartesian, A 
curve such that the simultaneous increments 
of two lines drawn from the generating point 
of the curve to two fixed points, have always 
to each other a constant ratio. If tho ratio 
is equal to — 1 , the oval becomes an ellipse; 
if it is equal to -hi, it is an hyperbola. This 
kind of oval may be defined to be the locus of 
tho vertex of a triangle having a given base, 
one of whoso sides has a constant ratio to the 
other, increased or diminished by a given 
straight lino. To find the equation of the 

the fixed points by 2c; the distances from 
them to any point of the curve by r and r". 
Then from the definition of the curve, 

dr + mdr' = 0 ; 
or, by integration, 

r -H mr' = 2a (1), 
2a being an arbitrary constant. Denotmg 
the angle between r and 2e by ̂ , we have 

r' + ic' — r" 
cos iji = - • - (2). 

')r+i{m'c'-a')= 

icr 
Combining equations (1) and (2), and eUmi 
nating r', we have 
(771̂  —l)r^-f 4(a—?77"c cos ̂  
which is the polar 
equation of a curve 
of the fourth order, 
except when 

m = db 1, 
in which case, after 
reduction, it becomes 

I — e cos ̂  
the polar equation of an ellipse or hyperbola. 
The Cartesian oval being revolved about its 
axis, generates a surface which must divide 
two media of different densities, so that rays 
of light emerging from a given point, shaU be 
refracted accurately to another given point. 
If the radiant point is at an infinite distance, 
or if the rays are parallel, the surface becomes 
that of the ellipsoid. 

OX'Y-GON. [Gr. ofuf, sharp, and ymia, 
angle]. A triangle having three acute angles. 
P. The sixteenth letter of the Erghsh 
alphabet. As a numeral, it was formerly 
used to denote 100 ; with a dash over it, 
thus, P, it denoted 100,000. 

P A I R O F Y A L U E S . T w o values so re
lated that neither can exist without the other. 
Thus, in an equation between two variables, 
if any value be assumed for one, and the 
corresponding v,alue of tho other be de
duced, the assumed and deduced values are 
called a pair of values. Conversely, if either 
of the deduced values be substituted, the as
sumed value will result. 

P A N ' T O - G R A P H . [Gr. -jraî, all, and 
ypafu, to write], A n instrument used in 
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copying plans, maps, and other drawings. 
The principal p.arts of the pantô irtiph in 
most t'cneral use, are shown iu t!ie diagram. 

It is essentiaUy composed of four orass rulers 
or bars, jointed to each other at B,D,E,F. 
These joints should be executed with the 
grc;itcst care, to insure smoothness and 
steadiness of motion, upon which the utility 
of the instrument principaUy depends. At 
the point C is fixed a small tube, which car
ries the tracing point or tracer, so fitted as lo 
move freely within it, without shaking. The 
Ljr ED, and the lower part of the bar .-VB, 
are furnished each with a tube simUar to that 
at C, but movable on the bar with a screw to 
fasten it down at any point. A pencil stem 
is arranged so as to fit either of the tubes in 
the same manner as the tracer; on the top 
of this stem is a cup to receive a weight to 
keep it down upon the paper, and the lower 
end carries a pencU or marking point. A silk 
cord is attached to the pencil stem, carried 
through eyes made for the purpose over the 
joints E,B,F, and fixed in a notch at the top 
of the tracer, so that the pressure of the 
thumb upon the cord Ufts the pencU from the 
paper. There is also a flat leaden weicrht A 
with a brass stem rising out of it, which fits 
in the tube in the same manner as the pencil 
and tracer ; this is called the fulcrum, and is 
the point upon which the whole instrument 
turns; the weight has three or five short 
po'mts on its under side, to keep it from shifl-
ing its place on the paper. The whole in
strument is supported upon castors, which 
admit of free motion in all directions. The 

pin or uiK-vum ia placed near the edge of tho 
weight, so :is to allow room for tho castor to 
work when the fulcrum is near the points 
A or D. 

Tho length of the bars is so arranged that 
B F equals E D and B E equals F D , making 
the figure B E D F alw.ays a parallelogram. 

Now-, if the tracer at C is carried over the 
lines of the drawing to be copied, the fulcrum 
being fixed at A, and the pencil tube at G, 
the pencil will make an exact copy of the 
drawing half the size of the original ; that is, 
each Une wiU be half as long as in tho draw
ing to be copied ; for, the points .V. G and C 
aro capable of being brought close together, 
and when the instrument is open as in the 
figure, G is exactly half way between C and 
-V ; C, then, travels twice as fast as G, in tho 
direction A G O , so that to whatever extent 
the pantograph may be opened, G and C being 
considered as points in a lever of which A is 
the fulcrum, it will be seen that C describes 
an arc of a circle of any radius ; G at the sarae 
time describing a circle of half the radius, 
so that C moves in a direction perpendicular 
to .-VGC, twice as fast as G. N o w it was 
shown above, that it moved twice as fast as 
G in the direction .AGt!;, and as by the com
position of these two motions all lines, whether 
rectilinear or curved, arc produced, it follows 
that the pencil at G will produce a copy, all 
of whose lines are half the length of the cor
responding ones in the original drawing, and 
which wil! have the same relative situation 
with respect to each other, that their homolo
gous Unes have to each other in the original. 
It will be apparent that the actual area of the 
drawing in the case considered, is only one-
fourth that of the original, but it is customary 
to say that it is a drawing half the size of the 
original, because its lines are half of those to 
which they correspond. 

To produce a copy whose lines shall be 
one-fourth their homologous lines in the 
original, w e must shift the pencil to g, and 
the fulcrum to a, ag being one-fourth the 
length of aC, and so on for other proportions 
W e may express the rule thus : 

A s tho distance from the pencil to the ful
crum is to the distance from the tracer to the 
fulcrum, so is any line in the copy to its 
homologous line in the original. 

For the purpose of producing copies of any 
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fractional portion of the size of the originals, 
the arms bearing the tracing and pencil tubes 
are graduated and numbered so that these 
tubes can he set with great ease and accu
racy. If it be required to produce a copy 
whose lines are more than half the length of 
their homologous lines in the original, the 
fulcrum must be placed on the arm E D , and 
the pencil on A E : so that for a copy of the 
full size of the original, the fulcrum must be 
at G, and the pencil at A. In the case last 
considered, that is, when the fulcrum is on 
the arm E D , the copy wUl be inverted. 

The principle of the pantograph just 
described, is all that could be desired in the 
way of perfection, but it is found in practice, 
on account of the numerous joints and the 
necessary imperfection in its mechanical con
struction, that it is far from being an accurate 
instrument. 

The pantograph is principally useful to the 
draughtsman, in enabling him to mark off the 
principal points in a reduced copy, through 
which the lines raay afterwards be drawn hy 
the usual methods of construction ; for this 
purpose it is found to work successfully. 

The annexed engraving shows another 
style of pantograph, which possesses some 
advantages over the one last described. In 

the first place, the fulcrum being in the cen
tre, it requires but one castor, which is placed 
at C, and makes it work much easier than the 
old instrument which has six, besides which, 
these si.'c castors are u source of annoyance 
hy getting off the edge of the drawing board 
and running over the drawing pins, or any
thing else that may happen to be in the way, 
.Secondly, the shape of the instrument allows 
it to move as freely when neariy closed, as 
when it w,as wide open, which is not tbe case 
with the old one. The method of construc
tion and of using the instrument is extremely 
simple. It is composed of five bars moving 
freely about each other at the points of junc

tion, so arranged with regard to length, that 
A P and T B are always parallel to each other. 
F is the fulcrum furnished wij,h a socket and 
a screw, through which the centre bar can be 
raoved, and which can he fastened down at 
any of the divisions on the bar. This socket. 
with the bar, turns upon the pin rising out of 
the centre of the flat weight, shown in the 
diagram. The tracer, T, the fulcrum, F, and 
the pencil, P, must always be in a straight 
line. To produce a copy of the same size as 
the original, the fulcrum must be in the cen
tre, and the pencil and tracer at equal dis
tances from their respective arms, and con
sequently, from the fulcrum. For a half size 
copy, the pencil must be moved half way up 
the arm to p, and the fulcrum to /, in a 
straight line Tfp, and so on for other propor
tions. The rule given for the other instru
raent is equally applicable to this. 

PAN-TOM'E-TER. [Gr. irav, aU, and 
perpov, raeasure]. A n instrument for mea
suring all sorts of angles and distances. 

PAN-TOM'E-TPi,Y. Universal measure
ment. 

P A R V A L U E . [L. par, equal]. In Mer
cantile affairs, par value is the full value 
represented on the face of a note, bond, or 
other certificate of property. When any 
paper sells for less than its face, it is below 
par, if more than its face, it is above par. 
'The term is used in buying and seUing stocks, 
&c. 

Par op Exchange is a term used in com
paring the currency of different countries. 
Thus, the English sovereign is valued by 
law at 84.861, at our mints, and it is at this 
value that it must he reckoned in estimating 
the par of exchange. 

Commercial Par op Exchange is a com
parison of the coins of different countries, 
according to their commercial values. Thus, 
before the change of one standard of gold 
coin, the value of theEnglish sovereign was 
$4,44|-, and this is still the unit on wliich 
the exchange is calculated. The legal value 
of the English sovereign is fixed by Act of 
Congress, a little below its intrinsic value, 
viz.: at 84,86. Henee, the par exchange is 
found by adding such a per cent, to $4.44f, 
as will majce the amount equal to S4,86, 
which is 9 per cent., very nearly. Tho pai 
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of exchange can always be found when w e 
know the unit in which the exchange is cal
culated, and the mercantile value of that unit. 
PA-R--VB'0-LA. [L, parabola; Gr. -trapa-

3o?.7;]. A curve having one or more infinite 
branches without reotihiieal asymptotes. 
The conic, or common parabola, is one of 

the conic sections. It is cut from the sur
face of a right cone with a circular base, by 
a secant fine passed parallel to an element of 
the surface. This plane cuts all of tho ele
ments of the surface except one, and all in 
the same nappe. Hence, the curve has but 
one branch, and that extends to an infinite 
(Ustance; the two parts of the branch approach 
parallelism as they recede from the vertex, 
and at a very short distance become sensibly 
parallel, so that, were the part towards the 
vertex removed, the remaining portion might be 
regarded as two parallel straight lin es. If the 
catting plane be moved paraUel to its first posi
tion, towards the element to which it is paral
lel, the curve approaches to coincidence with 
a straight line, which is its axis, and finally, 
when it reaches the element, it is reduced to 
tho axis or a single straight line extending 
indefinitely in both directions from the vertex 
of the cone. If the plane be moved still fur
ther in the same direction, the parabola passes 
to the other nappe of the cone, and has its 
concavity turned in the other direction. If 
the base of the cone remain the same, whilst 
the vertex is removed farther and farther from 
it, the two parts of the branch approximate 
to paraUelism, and finally, when the vertex is 
at an infinite distance the cone becomes a 
cylinder, and the parabola reduces to two 
paraUel straight lines. N o w , if the secant 
plane be moved paraUel to its first position, 
/ro777 the axis of the cylinder, the parallel 
lines will approach each other, and finally, 
when the plane becomes tangent to the cylin
der, they wUl coincide. If the plane be 
moved stiU further, it wUl cease to cut the 
cyUnder, and the parabola will then become 
two imaginary paraUel straight lines. From 
this discussion w e see that the parabola has 
for its extreme case,two parallel straight lines, 
which may be real and separate, real and coiti-
ciient,dt imaginary. 
The parabola, like the elUpse and hyperbo-

•Ia,-is a curve of the second order, and with 
them makes up all the lines of that order. It 

m.ay be defined by means of any of its ehar
aeteristic properties, Tho following defini
tion is the one most commonly given. 

The parabola is a plane curve, any point of 
which is equally distant from a fixed point 
and a fixed straight line. Tho fixed point is 
called tho focus, and the fixed straight Une 
the directrix. It is evident, that a straight 
line drawn through the focus and perpendic
ular to the directrix, will divide the curve 
symmetrically, for the conditions which deter
mine a point above this line must also deter
mine a second point at the same distance 
below the line. This line is therefore called 
an .axis, and it is evident that it is the only 
axis of the curve. 

From the preceding definition, the-following 
constructions follow. 1. Let F be the focus, 
and B L the direc
trix of a parabola. 
Take a triangular 
ruler, LCI, and 
press one side, L C , 
against tbe direc
trix. At the point 
I, attach a string 
equal in length to 
IC, and fasten the 
other end at F ; 
then press a pen
cil against the 
string, keeping the point of it against the 
ruler, and move the ruler along the directrix ; 
then will the pencil-point trace an arc of tho 
required parabola ; for, in all positions of the 
pencil, w e shall have P F = P C . 

2. Let B L be the directrix, and F the focus 
of a parabola ; as
sume any point on 
E D , perpendicular to 
B L through F, and 
at it, erect P P ' per- j, _ 
pendieular to E D . 
With F as a centre, 
and a radius equal 
to E D , describe an 
arc of a circle cut
ting the perpendicular in the points P and P'; 
these will be points of the required parabola : 
for, by construction, w e shall always have 
P L — PF. liaving found a sufficient num
ber of points, draw a curve through them, 
and it will he the curve required. 

/ 
/ 
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The point in which the axis cuts the curve 
is called the principal vertex, and if the origin 
of co-ordinates be taken at this point, the axis 
of X coinciding with the axis of -the curve, 
its equation is 

y' = 2px, 
in which x and y are the co-ordinates of every 
point of the curve, and 2p is the parameter. 
The curve may be constructed, when 2p is 
known as follows. 

Let A X and A Y be the co-ordinate axes. 
Jjay off a distance A B to the left of the ori
gin, equal to 2p, and assume any distance 
A P to the right, and through P draw an ordi-
Q M, 

B 

nate. O n B P as a diameter, describe a serai-
circle, cutting the axis of Y in the point Q ; 
through Q draw a line Q M , parallel to the 
axis of X, cutting the assumed ordinate in 
M ; then is M a point of the curve ; for from 

, the construction, w e have 
P M ' — 2p X A P or y' = 2px, 

In this manner any number of points may be 
constructed; a curve drawn through them 
will he the required parabola. 

The foUowing method of constructing an 
arc of a parabola is used in carpentry for 
laying out arches, &c. Construct an isosceles 
triangle, A B C , so that B C shall be equal to 

the base of the required arc, aud whose alti
tude shall be equal to twice the altitude of the 
required arc. Divide each of the equal sides 
of the trianglo into any number of equal 

parts, say eight, and number them as in the 
figure. Join the corresponding numbers by 
straight lines, and draw a curve tangent to 
them all, and it will be the required arc. 

If the curve is given, the elements may be 
found by the following construction: 

Let P A be the curve traced on a plane ; 
draw any two paraUel chords, and bisect them 
by a straight line; this will be a diameter. 
Suppose its vertex to be at P ; draw any 
chord perpendicular to this diameter, and 

bisect it by a straight line, parallel to the diam
eter already found ; this line A A will be the 
axis of the curve, and A will be its vertex. 
Through the vertices P and A draw lines 
respectively tangent to the curve ; they will 
intersect each other at H. From H draw the 
Une H F perpendicular to PT, and find where 
it intersects the line T F ; the pomt F is the 
focus. Lay off from A a distance to the left 
equal to A F , and draw a perpendicular to 
the axis ; it wiU be the directrix of the curve. 

The foUowing are some of the properties 
of the curve, and the constructions to which 
they lead: 

1. The subtangent on the axis is bisected 
al the vertex of the curve. This property 

enables us to draw a tangent to the curvo at 
a given point P of the curve. 
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Let -AD be the axis, and .V the vertex ; 
draw P D perpendicular to A D , and lay oil' 
AT to the left, equal to A D ; draw T P ; it 
wiU be the tangent required. 

2. A diameter bisects all chords drawn in 
the curve. paraUel to the t.angent Une at its 
vertex. This on.tMes us to draw a tangent 
to the curve paraUel to a given straight line. 
Drawlwo chords, an', 44', parallel to the given 
line A D and bisect thera by a straight line 
BC ; at the point B, where this line cuts the 
carve, draw B T parallel to the given Une, and 
it wUI be the tangent required. 
3. If a tangent fine be drawn to the curve 

at any point, and from the point of contact a 
straight Ime be drawn to the focus, the angle 
between this Une and the tangent is equal to 
the angle between the axis and the tangent. 
This indicates methods of constructing a tan
gent at a given point, or parallel to a given 
Une. Let F be the focus, and B a point on 
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centre, and G F as a radius, describe tho arc 
C F C , cutting tho directrix in C and C ; 

P. 

/\' 

through C and C draw C P and CP', parallel 
to the axis, cutting the curve in the points 
P and P'; draw O P and GP', they will both 
be tangent to the curve. 

4. The subnormal is constant, and equal to 
half of the periraetcr, or to the focal ordinate. 
This enables us to construct a normal and 
tangent at a given point. Let P be a given 

the curve. Draw B F , and with F as a cen
tre, and F B as a radius, describe an arc of a 
, circle, cutting the axis in T ; draw TB, and 
it will be tangent to the curve at B. Again, 
let P be a given point. Draw FP, and pro
long it to S ; draw PS' parallel to the axis, 
and make PS' = P S ; complete the parallel
ogram SS', and draw the diagonal PT'; it 
wiU be tangent to the curve at the point P. 
Let A D be a given straight line ; with F 
as a centre, and F D as a radius, describe an 
arc cutting A D in A ; draw A F , and through 
B, the point in which A F cuts the curve, 
draw B T parallel to -AD, and it wiU he tan
gent to the curve at B. 
To draw a tangent to the curve through a 

point without. Let G be the point, F the 
focus, and C C the directrix. With G as a 

'R N 

point; draw P R perpendicular to the axis, 
and lay off U N equal to half of the parame
ter ; draw P N , and it will be normal to the 
curve at the point P ; draw P T perpendicu
lar to P N , and it will bo tangent to the curve 
at P. 

Similar constructions to the above may he 
made with respect to any diameter, and the 
tangent at its vertex, using oblique co-ordi
nates instead of rectangular ones. 

5. A polar Une with respect to ^ point 
taken anywhere in the plane of the curve, is 
a line such, that if from any point of it, two 
tangents be drawn to the curve, and a straight 
line be drawn through the points of contact, 
this will always pass through the given or 
assumed point, which is then called the pole 
of the polar line. Having given the pole to 
find the polar line : Let P be the polo ; draw 
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P A parallel to the axis, cutting the curve at 
A ; from A lay ofi' a distance A S equal to 
A P ; draw a tangent to the curve at the point 

A, and through S draw ST parallel to the 
tangent; then wiU ST be the polar line of 
the point P. If P lies within the curve, ST 
will not cut the curve ; if it lies on the curve, 
the polar line is the tangent at the point; and 
if it lies without the curve, the polar line cuts 
the curve, and only the points of it without 
the curve satisfy the definition of a polar Une. 
To find the pole of any line taken as the 
polar line : Let ST be the assumed line ; draw 
a tangent to the curve parallel to it, and 
through the point of contact A draw a line 
parallel to the axis. Lay off on this line A P 
equal to AS, and P will be the pole sought. 
If the polar line does not cut the curve, the 
pole falls within the curve; if it is tangent 
to the curve the pole is at the point of con
tact, and if the polar line intersects the curve, 
the pole.lies without the curve. The polar 
line of the focus is the directrix of the 
curve. 

6. The double ordinate through the focus, 
is equal to the parameter of the curve. The 
double ordinate to any diameter through the 
focus, is equal to the parameter of that dia
meter ; in all cases, the parameter of any dia
meter is equal to four times the distance from 
the focus to Iho vertex of the diameter. If 
we denote the angle, which any diameter 
makes with the chords which it bisects, by a, 
then will the parameter of that diameter be 
equal to the parameter of the curve divided 
by sin̂  a. If a straight Une be drawn from 
the focus perpendicular to any tangent, the 
locus of its intersection w-ith the tangent, is 
a straight line tangent to the parabola at its 
vertex. The area of any portion of the 
curve, bounded by the curve, axis, and an or
dinate, is equal to two-thirds of the rectangle 

described upon the abscissa and ordinate of 
the extreme point. 

The following equations seem to show tho 
analytical relations existing between the ele. 
ments of the curve : 

1. The general equation, 
ay' + bxy + ex' + dy + ex +f=0, 

represents a parabola, when 
4= - 4ac = 0 ; 

this reduces to two parallel straight lines, 
when 

bd — 3ac = 0, 
which will he real and separate, when 

d'-iaf>0; 
real and coincident, when 

d'-iaf=0; 
and imaginary, when 

d' - 4a/ < 0. 
The parabola may be constructed from the 

general equation, as follows : 
Solve the equation with respect to y, and 

place y equal to that part of its value, which 
is independent of the radical; the resulting 
equation is the equation of a diameter bisect
ing a system of chords parallel to the axis 
of Y, which construct. Place the radical 

equal to 0. and find the value of x ; lay off 
this value on tho axis of X, and through its 
extremity draw a line parallel to the axis of 
Y ; this will be the limit of the curve in tho 
direction of the axis of X, and the point P, 
in which it intersects the diameter already 
constructed, is the point of contact of the 
limit. Solve the general equation with re
spect to x ; place x equal to that part of its 
value independent of the radical, and this 
will be the equation of the diameter bisecting 
a systera of chords parallel to the axis of X, 
which construct; place the radical equal to 
0, and find, from the resulting equation, the 
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value of y ; lay this off on the axis of Y, and 
through its extremity draw a straight line 
parallel to the axis of X : it will be the lirait 
of the curve, in the direction of the axis of 
Y; and the point P', in which it intersects 
the diameter last constructed, is the point of 
contact Through the point B, in which the 
imits intersect, draw a line B C perpendicu
lar to either diameter: it will be the directrix 
of the curve. AVith either P or P', as a 
centre, and with the distance to the directrix, 
as a radius, describe an arc of a eirele cut-
tinj the fine PP', joining the points of con
tact, in the point F. Then is F the focus, and 
a s-.ra!.;lit line drawn through it perpendicular 
to the directrix, is the axis of the curve, 
"With these eleraents, the cur\-e may he con
structed with accuracy, 
2, The equation of the curve referred to 

anv diameter and the tangent to the curve 
at its verte-x, is y'= 2: x. in which '2,-'' 
is the parameter of the diameter, taken as the 
axis of X. If the axis of X diir.-iles with 
the axis of the curve, the value of 2// 
reduces to 2p, the parameter of the curve, 
3. The general polar equation of the para

bola is 
r'iin-r -r2|'»sini7 —pcosv)r+b' —2pa = 0, 
in which r and v are the polar co-ordinates of 
every point of the curve ; a and 4, co-ordi
nates of the pole, and p the parameter of the 
carve. 
If the pole is placed at the focus, which 

requires that 4 = 0, and a = ip, the equa
tion may be reduced to the form 

P 
1 — COS 77 

which is the form most used. 
4. The equation of a tangent to the curve, 

referred to a diameter and tangent at its ver
tex, is 

yy" = ?' (̂  + ^')^ 
t" and y" being the co-ordinates of the pohit 
of contact; and when the diameter coincides 
with the axis, it becomes 

yy" = pi^ + '̂)< 
the co-ordinate axes being rectangular. 
5. The equation of a normal to the curve, 

at a point x','y", when referred to any diame
ter and the tangent at its vertex, is 

y^ 

When the axis of X coincides with the axis 
of the curve, the equation reduces to 

. /' = - ^ (J . x"). 

Tho curve whose properties have been 
discussed, is called tho common parabola. 
There is a large class of curves, called para
bolas. In general, any curve having an infi
nite branch, without ba\ing a rectilineal 
asymptote, is called a parabola. Curves hav
ing an infinite branch, or branches, to which 
rectilineal asymptotes may be drawn, aro 
called hyperbolas It sometimes happens 
that a curve has both parabolic and hyperbolic 
branches. The equation, 

y"' = 2p'x̂ , 
embraces a large family of parabolas, of 
which the common, the cubic, and the semi-
cubic parabolas are the most iraportant. If 
m = 2, and n = 1, the equation becomes 

y' = 2p'x, 
which represents the common parabola, a 
curve already considered. 

If 777 = 2, and « = 3, the equation takes 
the form 

y' = 2p'x', or y' = p'x', 
ami the curve is called tho semieubical para
bola. It is tho evolute of the common para
bola PAP'. 

The forra of the 
curve is that repre
sented in the figure. 
It has two infinite pa
rabolic branches, C C 
and CC", both con
vex towards the axis 
of the curve AB, and both tangent to it at 
the sarae point C : C is therefore a cusp 
point of the first kind. If C be taken as the 
origin of a systera of rectangular co-ordinate 
axes, the axis of X coinciding with the axis 
of the curve, then is the length of any arc 
of the curve, estimated from the origin, given 
by the formula, 

9 

i - y ix-xf'). 

27p- [ { ^ n r - M 
in which z' denotes the length of the arc, and 
X the abscissa of the extreme point. The 
area of any portion, included between the 
axis, the curve, and any ordinate, is expressed 
by the formula 

A =^xy, 
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in which x and y are the co-ordinates of the 
extreme point. 

If m = 1. and n = 3, the equation takes 
the form 

y ••= 2p7?, or 1/ = ax', 
and the curve is called the cubic parabola. 

It has two infinite branches, A D and A C , 
extending in contrary directions, and both 
tangent to the axis at A. The branches are 
both convex towards the axis A B . The 
curve is not rectifiable ; but the area, esti
mated from A to any ordinate, is expressed 
by the formula, 

A=lxy; 
in which x aud y are the co-ordinates of the 
extreme point. 

There is a remarkable parabola expressed 
by the general equation, 
ay' - x ' + ib - c)x' + bcx = 0. . . . (1). 

By solving equation (1), we have 

There is a mul
titude of other para
bolas ; but w e have 
not the space to at
tempt even an ac
count of their pro
perties. 

X ix — b) {x + c) 
y = ± 

The g'eneral equation gives a curve of two 
branches ; the one, A C , an ova], and the 
other, E D F , bell-shaped; both being symmet

rical with respect to an axis, CD. The bell-
shaped branch is truly parabolic, and has two 
points of inflexion ; one at F, and the other 
at E. If w e suppose c = 0, the oval reduces to 
a point A, and the bell-shaped branch remains. 

If w c suppose a-= 0, the curve takes a 
looped form, the points of inflexion reduce 
to the origin, and the oval joins tho other 
branch at tho origin, which then becomes 
t} multiple point. 

Finally, if wo suppose both 4 and c to 
become 0, the curvo reduces to the cubic 
p-arabola, and lakes the form shown in tho 
figure, the origin becoming a cusp point. 

Appertaining to the par-PAR-A-BOL'IG. 
abola. 

Par.ibolic Conoid. The solid generated 
by revolving a parabola about its axis. The 
terra paraboloid is preferable, and is most 
used. See Paraboloid. 

Parabolic Spindle. A solid generated by 
revolving a portion of a parabola, limited by a 
straight line perpendicular to the axis of the 
curve, about that line as an axis. The 
volume of a parabolic spindle is equivalent to 
-^ of its circumscribed cylinder. 

Parabolic Spiral. A curve whose polar 
equation is 

u' = 2pt, 
in which u denotes the radius vector of any 
point, and t the corresponding angle. It is 
named frora its analogy to the common para
bola. It will be observed, that its equation is 
of the sarae form, and the curve can readily 
be constructed when the corresponding para
bola is given. 

Describe from any point, as a pole, a cir
cumference of a circle with the radius 1, and 
through the pole draw an initial Une. From 
the point in which the directing circle cuts 
the initial line, lay off, on the circumference 
of the circle, the abscissa of any point of the 
parabola, and through the extremity of the 
distance draw a radius vector, making i( 
equal to the corresponding ordinate of the 
parabola ; then is the point, thus determined, 
a point of Ihe spiral. 

This is the curve, generally called the par
abolic spiral. There is, however, another 
curve known hy the sarae name, which may 
he conceived of from the following description: 

If the axis B D , of a semi-parabola BCD, 
he wrapped around the circumference of a 
circle whose radius is r, any abscissa, as BS, 
will coincide with an equal arc of the circle 
B4', and the corresponding ordinate will take 
the direction of the normal A4'a'; the curve 
Ba'c', drawn through the extremities of the 
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ordinates in their new position, is called a 
parabolic spiral. Its equation is 

""-./>' " • / 

A ;b 

in which u and t are the same as before, and 
2;? the parameter of the parabola. If w e con
ceive each ordinate, in its new position, to be 
moved towards the pole till its inner extre
mity reaches the pole, and at the same time 
consider the radius of the circle as 1, the cor
responding curve will be that first considered. 

PA-RAB'O-LOID. [Gr. -apclo/?;, and 
ftt̂ of, form]. A volume bounded by a surface 
of the second order, such that sections made 
by planes passed in certain directions, are com
mon parabolas. The narae is in general, ap
plied to the surface, and will be so used. It 
is a characteristic property of p.araboloids, 
that they have no centres except in the ex
treme cases, when they have an infinite nura
ber of centres. There are three varieties of 
paraboloids, viz. : elliptical, hyperbolic, and 
j7ara4o/ic. 
Elliptical Paeasoloids are those, in 

which all sections raade by planes parallel to 
a straight line, called the axis of the sur.''ace, 
arc parabolas, and all other sections arc 
ellipses. "\\"hen the sections made by planes 
perpendicular to the axis, are circles, ths sur
face beco.mes the paraboloid of revolution. 
If the ve -;ex is removed to an infinite dis-, 
tance, the parabolic sections become parallel 
straight lines, and the surface is an elliptical 
cyUnder. Hence, the elliptical paraboloid of 
revobiti.on. and th" p!lip:i'-al cylinder, are the 
particular cases of the elliptical paraboloid. 
Hyperbolic Paraboloid is a warped sur

face, and m a y be generated by a straight 
line moving in >Mch a manner, as to touch two 

given strtiight lines, and continue parallel to 
a given plane. It has also another genera
tion; for, if we take any two elements of tho 
first genenation, and move a straight lino so, 
that it shall constantly touch tliem, and con
tinue parallel to a phno which is parallel to 
the directrices of the first generation, it will 
generate the samo surface. Through every 
point of tho surface two straight lines can 
always be drawn that lie entirely in the sur
face, which are, respectively, elements of tho 
first and second generation, and the plane of 
these elements is tangent to the surface, at 
their point of intersection. The surface is 
named from the fact that any plane parallel 
to a tangent plane, cuts frora the surface an 
hvperbola, whose asymptotes are parallel to 
the elements lying in the tangent plane, 
whUst all other planes cut from the surface, 
parabolas. 

The hyperbolic cylinder is a particular case 
of the hyperbolic paraboloid. Every plane 
parallel to the axis cuts out two straight lines 
parallel to each other, which may be eilhei 
real, co-incident, or imaginary: these are par
ticular cases of the parabola ; all other plane 
sections aro hyperbolas. Another extreme 
case of the hyperbolic paraboloid, is deter 
mined by two planes which intersect. 
All sections parallel to the axis or line of in

tersection of the planes, give parallel straight 
lines, a particular case of the parabola; all 
other plane sections give two straight lines 
which intersect, a particular case of the hy
perbola. Hence, the particular cases of the 
hyperbolic paraboloid arc the hyperbolic cy
linder, and two planes which intersect. Tho 
parabolic paraboloid is a surface such that all 
plane sections of the surface are parabolas. 
The most general case of this surface is tho 
cylinder with a parabolic base ; and a parti
cular ca.'e is two parallel planes, in which 
case every plane section is two parallel straight 
lines. Vv'hen the term paraboloid is used 
alone, v/ithout the kind being specified, the 
p,araboloid generated by revolving a parabola 
about its axis is meant. The volume of such 
a solid. Umited by a plane perpendicular to 
the axis, is given by tho formula, 

Tri/̂ a: 
V = -̂ ~, 

or one-half the volume of the cylinder, which has the same base and altitude. 
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If two planes he passed perpendicular to 
the axis of a paraboloid of revolution, the 
portion included between them is called a 
frustum of the paraboloid. The following 
formulas give the area of the surface and the 
volurae of a frustum of a paraboloid : 

A=n 
{2p + d'f - (2̂ 7 -t- d"Y ; 

I2p 
V = •3'^27{d' + d")h; 

in which 2p is the parameter, d the diameter 
of the lower base, d" that of the upper base, 
and h the altitude of the frustum. 

PAR-A-CEN'TRIC. [Gr. mpa, beyond, 
and nevrpov, centre], A curve having the 
property that, when its plane is placed verti
cally, a heavy body descending along it, urged 
by the force of gravity, will approach to or 
recede from a fixed point, or centre,by equal 
distances in equal times. 

PAR'AL-LEL. [Gr. napalXri'XoQ, frora 
rvapa, against; a'AXyXov, one another]. Hav
ing the same direction. 

Parallel Circles, are those circles'of the 
sphere whose" planes are parallel to each 
other; every systera of such circles has a 
common axis, and, consequently, their poles 
are also comraon. Circles lying ii-i the same 
plane, and having a comraon centre, are some
times, though improperly, said to be parallel; 
they are simply concentric. 

Parallel Lines. Two straight lines are 
parallel to each other when they lie in the 
same direction. It foUows from this defini
tion, 1st,, That they are contained in the 
sarae plane ; aud, 2d,, That they cannot in
tersect how far soever both may be prolonged. 
Any number of straight lines are parallel to 
each other when they have the same direc
tion, or when they are respectively parallel to 
a given straight line. Of a systera of paral
lel lines, it follows that any two lie in the 
same plane ; hence, if a plane be passed 
through any line of a system, and then he 
revolved about it as an axis, theplane may 
be made in succession to coincide with every 
line of the system. 

If the straight lines A B and CD, lying in 
the samo plane, be intersected by a third 
straight line E F in the points G and 0, the 
angles formed about G and 0 have received 

particular names with reference to their rela
tive positions, as foUows : 

1st. Those which Ue between the first two 
and on the same side of the third, are called 
interior angles on ihe same side; as 

B G O aud D O G ; also A G O and COG. 
2d. Those which lie between the first two 

and on opposite sides of the third, but not 
adjacent, are called alternate interior angles; as 
A G O and G O D ; also C O G and 0GB. 
3d. Those which lie without the first two, 

and on the same side of the third, are called 
exterior angles on ihe same side; as 
E G B and F O D ; also A G E and COF. 
4th. Those which lie without the first two, 

and on opposite sides of the third, are caUed-
alternate exterior angles ; as 
A G E and F O D ; also E G B and COF. 
If the first two lines are parallel, the fol

lowing relations between the angles will 
exist: 

1st. The sum of the interior angles, on the 
sarae side, will be equal to two right angles. 

2d. The alternate interior angles wiU be 
equal to each other. 

3d. The sum of the exterior angles in the 
same side, will be equal to two right angles. 

4th. The alternate exterior angles will be. 
equal to each olher. 

Conversely, if any one of these relations 
exî t, the first two lines will be parallel to 
each other. 

If two straight Unes in the samo plane are 
perpendicular to a third straight line, the 
right angles formed will be severally equal to 
each other, the preceding conditions wiU be 
fulfilled, and the two lines will be parallel. 

A n important property of parallel lines is 
that their distance apart, at any point, is con
stantly the same, provided the distance is 
always measured in the same direction. The 
shortest distance is .always found in tho direc-
i tion perpendicular to the parallels. 
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Tc draw o. strnighl line through a !;ivcn 
voint parallel lo a given straight line. 

Let -\ be the „ „ 
, t^ r. r, 

fiven point, and B 
B C the given 
Une. From the 

-4- -\-D point -A,, as a 
centre, with a radius greater than the short
est distance from .-V to B C , describe the inde
finite arc E D ; from the point E , as a centre, 
jmd with the same radius, describe the arc 
.O^; make E D equal to A F , and draw the 
straight line -AD ; it will be the parallel 
required. 
This problem may be solved more readily 

by the aid of a parallel ruler, or by means of 
the rule and triangle. See the articles Paral
lel Ruler and Rule. 

In -Inah/tical Geometry the condition that 
two straight lines, in the same plane, shaU be 
paraUel, is 

a = a', 
m wluch a. and a' are the tangents of the 
anules which the lines make with one of the 
co-ordinate axes. Hence, to ascertain whe
ther two straight lines are parallel,when the 
lines are given by their equations, solve both 
equations with reference to the same variable ; 
if the co-efficients of ihe other variable are 
equal, the lines are parallel. 
If one straight line is completely given, and 

the other given in kind, the second may be 
made parallel to the first by the following 
rule: 

Solve botn equations with reference to the 
same variable, then assign to the co-efficient of 
Ihe other variable, in ihe second equation, avalue 
equal to the co-effieient of that variable in the 
first equation, and ihe lines represented will 
le parillel. 
If two straight lines in space are parallel, 

we have the analytical conditions, 
a ̂  a', 4 ̂  4', 

m which a and a' are the tangents of the 
angles which the projections of the lines on 
the plane X Z make with the axis of Z ; 4 and 
4' are the tangents of the angles which the 
projections of the lines on the plane Y Z 
make w h h the axis of Z. Hence, to ascer
tain whether two lines, in space, are parallel, 
sdve ihe equations of their projections on ihe 
plane X Z , icith reference to x, and see if the 

27 

co-efficiails of z arc equal; if so, solve the equa
tions of their projections on the plane Y Z , with 
reference to y, and see if the eo-effieients of z 
are equal; if these arc also equal, the lines 
themselves are parallel. 

If one line is completely given, and tho 
other given in kind, they raay bo rendered 
parallel as follow-s : .Hake their projections on 
the planes X Z and Y Z respectively parallel by 
the rule already given for making two lines in 
the same plane parallel, and the lines themselves 
will be parallel. 

Parallel Planes. T w o planes arc paral
lel when they lie in the same direction. From 
this definition, it follows that they can never 
intersect, or meet each other, how far soever 
both may be extended. 

T w o planes are parallel whan they arc both 
perpendicular to the same straiirht line ; they 
are also parallel when two lines of the one 
which intersect are respectively parallel to 
two lines of the other. 

If two parallel planes be intersected by a 
third plane, the lines of intersection wUI be 
paraUel to each other, and each will be pa
raUel to the other plane. 

A straight line is parallel to a plane when 
all its points are equally distant from it. 

In Analytical Geometry, tw-o planes are 
parallel when 

e ̂  c' and d = d', 
in which c, c', d and d', are respectively the 
co-efficients of x and y in the equations of 
the planes, when both have been solved with 
respect to ~. 

To ascertain whether two planes given by 
their equations are parallel, solve both vrith 
reference to z, and see if the co-efficients of x 
and y are respectively equal, if so, the -plafpes 
are parallel. 

If one plane is completely given, and,)the 
other given in kind, tho latter may be made 
parallel to the former hy solving bdlhicqua-
iions with respect to z, and then-giting such 
values to the arbitrary constants-asi shall .make 
ihe CO-efficients of Ihe othem: n>ariailesi,r-cspict-
ively equal. ,m̂ i(;)i!M-,;;i 

If two planes, .̂ ro iparall-ol-,HheiiitraceS on 
the co-ordinate ,pkilek:i are Irdspeqlively gjai-
rallel; ,aBdia3hv8tBiilJ'-,-:«(iile8SMbolhatlullplaines 
are parallel to one.'srfiTiheica-etdinaieakeŝ u'i 



418 MATHEMATICAL DICTIONARY AND [PAR 

P^utALLEL Ruler. A mathematical instru
ment for drawing parallel lines. It is con
structed as follows : 

321 3B 

c \ — s - ZD 
T w o rectangular rules of wood or metal 

are connected by cross pieces, usually of 
brass, which are of equal length, and so 
attached by means of a hinge joint, that the 
two rulers raay be made to recede from or 
approach towards each other at pleasure, so 
that if one remains fast the other will con
stantly, be parallel to it. Its use is obvious. 

If it is required to draw a straight line par
allel to another straight line, and passing 
through a given point, the instruraent is laid 
down so that the lower edge of the part C D 
shall coincide with the given line ; the instru
ment is then opened till the upper edge of 
tho part A B passes through the given point; 
a line drawn along the extreme edge will then 
pass through the given point, and he paraUel 
to the given line. 

The raathematical principle on which the 
construction of this instrument depends, is 
simply this ; "if the opposite sides of a quad
rilateral are equal to each other, they will also 
be parallel." ^̂  . 

B 
C 

^ ^ 

n 
C D 

Another forra of the parallel ruler consists 
of two rulers as before, connected by pieces 
which cross each other and turn upon a com
m o n point 0, at their intersection. The ends 
A, B, 0 and D, of the cross pieces, nre fitted 
so as to slide freely in narrow grooves, cut 
longitudinally in the rulers. 

Another ruler for drawing parallel lines, 
consists of a heavy rectangular piece of wood, 
which has two longitudinal rollers on its 
under side, and which are sunk nearly flush 
with the lower surface. Its accuracy depends 
upon the nicety with which the cylindrical 
rollers are constructed, and upon their exact 
parallelism. 

Parallel Sailing, in Navigation, is sail
ing on a parallel of latitude. 

In the solution of problems, in paraUel sail
ing, three cases may arise. 

1st. Having given the latitude of ihe paral
lel, and tlie difference of longitude of ihe two 
points, to find the distance sailed ;. 

2d. Having given the latitude of the parallel 
and the distance sailed, to find the difference of 
longitude; and 

3d. Having given the difference of longitude 
and ihe distance sailed, to find ihe latitude of 
the parallel. 

Let a and 4 represent p" 
the two places on the sur
face of the sphere at any 
arc of latitude, P A and 
P B meridians through a 
and 4, and A B an arc of 
the equator. Since the 
radius ac of the parallel 
of latitude is equal to the 
radius of the sphere A O into the cosine of 
the latitude, and because the circumferences 
of the two circles are to each other as their 
radii, it foUows that the arc a4 is equal to the 
arc A B multiplied by the cosine of the lati
tude of the parallel; or designating a4, the 
distance saUed, by d, A B the difference of 
longitude by L, and Aa, the latilude of the 
parallel by I, -we shall have the formula 

d = L cos I . . (1); 
frora which w e reacfily deduce 

cosZ 
i = ̂ ' -(2), and cos ̂  ̂ ^ "T (3). 

The interpretation of these formulas gives 
rules for solving the three cases mentioned, 
as follows: 

1st. The distance sailed is equal lo the dif
ference of longitude multiplied by ihe cosine 
of ihe latitude; 

2d. The difference of longitude is equal la 
ihe cosine of the latitude divided by the distance 
sailed; and 

3d. The cosine of the latitude of the paral
lel is equal to t'ne difference of longitude divided 
by the distance sailed : 

"The distance sailed is expressed in nauti
cal miles, the difference of longitude in min
utes', and the cosine used is the natural cosine. 

Parallel Sphere, in spherical projec
tions, is that position of the sphere in which 
the circles of latitude are all parallel to the 
horizon. This position evidently requires 
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the axis to be perpendicular to the horizon, 
which must then coincide with the equator. 

Parallels of Latitude, in Navigation, 
are those circles of the sphere which have 
their planes paraUel to that of the equator. 
There are an infinite number of such circles, 
four of-which have received particular names ; 
the two whose planes pass through the poles 
of the ecliptic are caUed polar circles, the 
one north of the equator beuig the Arctic, 
and the southern one the Antarctic circle; the 
tw-o whose planes pass through the solstitial 
points are called tropics, the one north of the 
equator being the tropic of Cancer, and the one 
soi;;h of the equator the tropic of Capricorn. 
These circles relate principally to the pro

jection of the celestial sphere, but are usually 
delineated on terrestrial projections. 
In Astronomy the term parallel of latitude is 

applied to those circles of the celestial sphere 
whose planes are paraUel to the Ecliptic. 
PAR-AL-LEL'0-GRA>L [Gr. ::apa7.-
/7//.0J-, paraUel, and ypa/iua, a diagram]. .\ 
quadrUateral whose opposite sides are parallel 
to each other, taken two and two. The oppo
site sides are equal to each other, taken in 
pairs, as are also the opposite angles. If one 
angle of a parallelogram is a right angle, all 
the other angles are also right angles, and J.he 
parallelogram is a rectangle. If two adjacent 
sides of a parallelogram are equal, the re
maining sides are also equal to each other, 
and the figure is a rhombus : If. in addition, 
the included angles between the equal sides 
are right angles, the figure is a square. 
The diagonals of a parallelogram mutually 

bisect each other; and conversely, if the 
diagonals of a quadrilateral mutually bisect 
each other the quadrilateral is a parallelo
gram. The diagonals of an equilateral paral
lelogram, or rhombus, are at right angles to 
each other : and conversely, if two straight 
lines mutually bisect each other at right an
gles, the figure formed by joining their 
extremities, two and, two, is an equilateral 
parallelogr.ara or rhombus. The diagonals of 
a rectangle are equal to each other. The 
area of a parallelogram is equal to the pro
duct of its base by its altitude. A n y two 
parallelogfams having ihe-: sa:ne or equal 
bases are to each otlier as their altitudes ; if 
they have equah, altitudes they are to each 

other as their b,ases ; generally, any two par
allelograms are to each other as tho product 
of their bases and altitudes. The sum of tho 
squares described upon the two diagonals of 
a parallelogram, is equivalent to the sum of 
the squares described upon the four sides. 

PAR-AL-LEL-0-PIP'ED-ON. a poly
hedron bounded by sLx,parallelograms. If 
the parallelograms are rectangles, the solid is 
a rectanglar parallelopipedon. If they are 
squares, the solid is a cube. The opposite 
faces are equal lo each olher, as are also the 
diagonally opposite polyhedral angles. If 
straight lines be drawn through the centres 
of the opposite parallel faces, they will aU 
intersect at the same point. If a plane be 
passed through any two diagonally opposite 
edges, it will divide the solid into two equiv
alent triangular prisms. The volurae of any 
parallelopipedon is equal to tho product of 
its base and altitude. T w o parallelopipedons 
having equivalent bases, are to each other as 
their altitudes, or having equal altitudes, arc 
to each other as their bases. Generally, any 
two parallelopipedons are to each other as 
the product of their bases aud altitudes. 

PA-R.-VM'E-TER. [Gr. rcapaperpea, to 
raeasure with another thing]. A name given 
to a constant quantity entering the equation 
of a curve. The term is principally used in 
discussing the conic sections. In the par
abola the parameter of any diameter is a third 
proportional to the abscissa and ordinate of 
any poiut of the curve, the abscissa and ordi
nate being referred to that diameter and the 
tangent at its vertex. In all cases the par
ameter of any diameter is equal to four times 
the distance frora the focus to the vertex of 
the diaraeter. The parameter of the axis 
is the least possible, and is called the par
ameter of the curve. 

In the ellipse and hyperbola, the parameter 
of any diameter is a third proportional to the 
diaraeter and its conjugate. The pararaeter 
of the transverse, axis is the least possible, 
and is called the parameter,of the curve. In 
all of the conic sections, the p.arameter of the 
curve is equal to the chord of the curve drawn 
through the focus, perpendicular to the axis. 
The pararaeter of a conic seclion and the foci, 
are sufficient data for constructing the curve. 

P a R T , Ipiirs,partis, apart]. Aportion 
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pf a thing, regarded as a -whole. Thus, an 
arc of a circle is a part of a circumference. 

The term, part, is used technically to sig-
ni'y some particular element of a figure. 
Thus, in a right-angled spherical triangle, the 
sides adjacent to the right angle, the domple-
ment of the other two angles and the hypothe
nuse, are called circular parts. 

PaR'TIAL D I F F E R E N T I A L . A differ
ential of a function of two or more variables 
obtained^ by differentiating with respect to 
one of the variables only. A partial differen
tial may he of the first, or of a higher order. 
There are as many partial differentials of the 
first order, of a function, as there are indepen
dent variables, and the number increases by 
one for each successive order. There are two 
kinds of partial differentials of a higher order 
than the first, viz.; those obtained by differ
entiating successively with respect to the 
same variable, and those obtained by differ
entiating successively with reference to dif
ferent variables. If 

«=/(^'iyX 
the partial differentials of the first order are 
denoted by the syrabols, 

du du 
Y^dx, and -^jdy. 

Those of the second order, by 
d'u 

- dxdy, and 

d ^ 
dx' ' dxdy" dy' dy' 

and so on, for the higher orders. The system 
of notation adopted, indicates the variables 
with respect to which the differentiations has 
been performeiJ'. 

PaR-TICU-LAR C A S E . In Analysis, an 
extreme case, or one resulting from making 
some extreme supposition upon the value or 
relation of the arbitrary constants, which 
enter the equation of a magnitude. Thus, if 

4=" - 4ac = 0, 
in the general equation of tho second degree, 
between two variables, we have the general 
case of tho parabola. If, in addition, we 
suppose 

bd — 2ae = 0. 
the equation represents two parallel straight 
lines, which is called a particular case of the 
parabola, and is to be regarded as the extreme 
case of the curvo, or the case towards which 

the parabola approaches, as 
bd — 2ae 

grows smaller and smaller. Extreme cases are 
nearly the same as limits; they may be regard
ed as Umits of species, whereas, what we term 
limits are generally limits, or extreme cases 
of individual magnitudes. In the case of 
cones, regarded as a species of surface," if we 
suppose the vertex to recede from the base, 
regarded as a fixed line, the cone approxi
mates to the cylinder, and if we make the 
extreme supposition that the vertex is placed 
at an infinite distance, the cone becomes a 
cylinder, which is then regarded as the limit, 
or particular case of a cone. Almost every 
general case admits of a particular case or 
Umit. 

P a R - T I C U - L A R I N T E G R A L . The in
tegral of a differential, in which a particular 
value has been assigned to the arbitrary con
stant. In every integral, as obtained by in
tegrating, one arbitrary condition may always 
be assigned ; this is done by giving a partic-
lar value to the arbitrary constant; after the 
particular condition has been assigned, the 
integral is said to fulfiU the particular condi
tion, and is therefore called a particular inte
gral. 

To iUustrate : let it be required to find an 
expression for the area of a portion of the 
common parabola. W e have the general 
formula, 

A = fyax, 
which for the parabola becomes 
-1 =y V2px^dx 
2V2pxi + C =^ xy + C. 

This is the indefinite integral, and expresses 
the area between the curve, the axis, and any 
two ordinates. Let it now be required to 
estimate the area from the principsl vertex, 
when 

1 = 0, and y = 0 ; 
we have, 

^ = 0 
for that ordinate,' whence, 

0 = 0 -I- C, or, C = 0 ; 
making this substitution, w e have, 

A' = ^xy, 
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in w'nieh Jx y is tho particular integral; it j Multiplying both members of these equations 
expresses the area between the curvo and the 
axis of I, estimated from the particular ordi
nate drawn through the vertex up to any 
other ordinate. 
PiTH. The path of a poiut is the curve 

desori':ieJ by a point when it moves continu
ously according to some definite mathemati
cal law. It is the locus of the point when 
moving in accordance with the same law. If 
a point moves, subject to the condition of 
remaining on a double curved surface, the 
path is necessarily a curved line, and is gen
erally a curve of double curvature. 
The problem of finding the shortest path 

between two points on a curved surface, is 
one belonging to a calculus of variations 
Let it be required to find the shortest path 
between two points on the surface of a sphere. 
The equation of a sphere is 

I» + :,' +z' = R', 
from which we deduce the equation of varia
tion, 

xSx + y&y + zSz = 0 (1), 
which expresses the general relation between 
the variations of the co-ordinates of the point 
X, y, z, on the surface. 

If we denote any arc of the path between 
two points on the surface of the sphere by «, 
we have the relation d 0 - (2), 

which must be satisfied, in order that the 
path be a minimum. Combining equation (2) 
and (1), and eliminating 6z, and substituting 
for dx, dy, and dz, their values, 2xdx, 2ydy, 
2zdz, we have 

Since Ax and Sy are entirely independent of 
each other, equation (3) requires that w e 
should have 

xd'z — zd'x = 0, and 
yd'z — zd'y = 0, .-. yd'x — xd'y = 0. 

Integrating these equations, w e find 

xdz — zdx = ads ; 
ydz — zdy = bds, and ydx — xdy — eds. 

respectively, by y, x and ;, and dividing by 
the common factor ds, we deduce 

ay + bx + cz = 0, 
which is the equation of a plane passing 
through the centre, taken as the origin of 
co-ordinates. Hence, the shortest path is 
upon the arc of a great circle joining the 
two points. It must bo the arc of a great 
circle, since it lies at the same tirae upon the 
surface of the sphere, and in the plane pass
ing through tbe centre of the sphere. In 
like manner, the shortest path between any 
two points lying on any double curved sur
face may be determined. 

PEL'1-COID. In Geometry, a figure of a 
hatchet-shaped form. The figure A B C D , 
included between the 
serai-circle B C D , and 
the two quadrants B A 
and D.\, is a peUcoid. 
The area of the peU
coid is equivalent to 
the square .A.BCD, 
which is in turn 
equivalent to the rect
angle F B D E . The perimeter of the pelicoid 
is equal to the circurafcreuee of the circle 
whose diameter is BD. 

PEN'CIL O F R.AYS. In Shades and 
Shadows, a system of rays diverging frora a 
point. If the point is taken at an infinite 
distance, the rays may be regarded as parallel, 
and the pencil becomes a beam of rays. 

P E N ' T A - G O N . [Gr.TTCTre, five, and yavia, 
angle]. A polygon of five angles ' or five 
sides. If the sides and angles are all equal, 
each to each, the pentagon is regular, ami 

A. 

may be inscribed in a circle. To inscribe a 
regular pentagon in a given circle : 
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1st. Draw two diameters, Ap and «7?7, at 
right angles to each other, and bisect the 
radius on in r ; from the point r as a centre, 
and with rA as a radius, describe the arc As, 
and from the point A as a centre, and with 
the distance As as a radius, describe the arc 
sB ; join A B and it will be one side of the 
regular pentagon ; apply A B as a chord five 
times from any point, and the polygon formed 
will be a regular inscribed pentagon. 

2d. Divide the radius A O in extreme and 
mean ratio at the point M ; take OM, the 
greater segment, and lay it off from A to B, 

the side A B will be one side of a regular in
scribed decagon, and if the alternate vertices 
of this polygon be joined by straight lines 
they will form a regular inseribed.pentagon. 

To construct a regular pentagon on a given 
line, as a side: Let C D be the given side ; 

draw D j perpendicular to C D at D, and equal 
to one half of it. Draw Oq, and produce it 
till gp is equal to Dg-; from C and D as cen
tres, with Ihe radius D^, describe arcs cutting 
each other at o; then with o as a centre, anil 
a radius oC describe a circle, and apply tho 

chord C D five tunes, and the figure, fonned 
will be the regular pentagon required. A 
pentagon may be.circumscribed about a circle, 
by firawing tangents to the circle at the ver
tices of a regular inscribed pentagon; these 
will, by their intersections, form a regular 
circumscribed pentagon. 

PEN-TAG'ON-AL. Having five angles. 
P E N ' N Y - W E I G H T . A unit of weight 

equivalent to the twentieth part of an ounce 
Troy. 

P E R C H . [L. pertica, a perch]. A unit of 
measure for surfaces, employed chiefly in 
measurement of land. The perch is a square 
rod, and is equivalent to 30J square yards, 
or 272J square feet. There are 160 perches 
in an acre. 

PER'FECT N U M B E R . [L. perfecius, 
complete]. A number which is equal to 
the sum of all its different divisors. Thus 6 
is a perfect number, since 

6 = 1 -l-2-f 3; 
and so is 28, for 

28 = 1 -f 2 -i- 4 -f 7 - M 4 . 
If the geometrical progression 

1, 2, 4, 8, 16, &c , 
be continued until the sum of the terms is a 
prime number, then wiU the product of this 
sura by the last term be a perfect number. 

Or, the rule inay be given thus: since the 
sum of n terms of the progression is 2" — 1, 
and the last term is 2"—', we shaU have the 
product of the sura by the last term 

2»-i (2» _ 1), 
and t'jis will be perfect whenever 2" — 1 is 
prime. 

If we make m = 1. n = 2, n = 3, n = 5, 
and 77 = 7, we find tho corresponding perfect 
numbers 1, 6, 28, 496, and 8128. The next 
perfect numbers after these, in their order, are 
33550336, 8589869056, 137438691328, and 
2305843008139952128. 

PE-RIM'E-TER. [Gr. rvepi, about, and 
petpov, measure]. The bounding line of a 
plane figure. In a polygon the length of the 
perimeter is equal to the sum of all of the 
sides of the polygon. If the polygon is reg
ular, and inscribed in a given circle,, tho 
length of the perimeter increases as the num
ber of sides is increased, having for its lunit 
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the length of the circumference of the circle.; continued product of the n.atural numbers 
•The perimeter of a plane curve is a curved from 1 to n inclusivelv. If tho actual 
line, and the length is the same as the length 
of the circumferen.ee. 
Pe'RI-OD. [L. pcriordus. a periodj. In 

Extraction of Roots, a number of figures 
w.isidered together. In extracting the n"" 
root of a number, w o separate its digits into 
groups of n, each begirming at the right hand ; 
tiiesc groups are called periods. 
P E - R L O D I C F U N C T I O N S . A function 

h which ê jual values recur in the same or
der, when the value of the variable is uni
formly increased or diminished. Thus, the 
sine of a: is a periodic function of x, varyinsr 
from 0 to 1, as x varies from 0 to 90°; from 
1 to 0, as I varies from 90° to 180 
to — 1 as X varies from 180° to 270' ; and 
from — 1 to 0 as the arc varies from 270° to 
360°. From 360° to 360° -f- 90°, the function 
goes through the same variations as from 0 
to 90'; and in general, the function goes 
through the same variations from n X 360° 
to n X 360° -f 90°, as it does frora 1° to 90°, 
and so on for the other quadrants. All the 
d'u-ect trigonometrical functions are periodic. 
The oplinate of the cycloid is a periodic func
tion of the abscissa. There are many other 
periodic functions. 
PER-MU-Ta'TION. [L. permutatio, from 

per and muio, to change]. The results ob
tained by writing any number of factors, or 
letters one after another, in every possible 
order, so that each shall enter every result and 
enter it but once. To find the nuraber of 
permutations of n letters, let us denote the 
number of permutations of « — 1 letters by 
Q; then, by introducing an n"" letter, it is 
plain that in each of the Q permutations this 
«" letter may have ?7 places ; that is, it may 
be written before the first letter, between 
each two letters, and after the last letter, in 
succession, giving for each permutation 77 
new permutations. Hence, the whole number 
of permutations is equa! to Qn. Now, if 
n = 2, Q = I • hence, the number of per
mutations of 2 letters is equal to 1 - 2. If 
n = 3, then from what has just been shown, 
<? = 1 • 2, and the v/hole number of permu-
t.itions is 1-2-3, and so on ; hence, in gen-
trJ, the number of permutations of n letters 
13 ̂ :;ual to 1-2-3-4- - • n; that is, to the 

pro-
duet indicated in each permutation bo found, 
it will be tho sarae in each case. Tho theory 
of permutations is of use in deducing formu
las for the number of combinations of -771 let
ters or factors, taken in sets of ?i; formulas 
which are of extensive application in deduc
ing other formulas, and in tho expression and 
summation of series. One of the most ele
mentary demonstrations of tho Binomial 
Theorem depends upon the principles of 
combinations. P E R - P E N - D I C U - L A R . [L. per and pen-
deo. to hang]. M'hcn one straight Une meets 
i another straight 

ffO" 0 line, so as to 
make the twoaii-

xd 

-IB 

XS 

gles formed equal 
to each olher, the ^ 
lines are said to 
be perpendicular 
to each olher. A 
straight line is perpendicular to a plane curve 
•when it lies in the plane of the curve, and is 
perpendicular to a tangent to the curve at 
the point of contact. Such a line is gener
ally called a normal. A straight Une is per
pendicular to a plane when it is perpendicular 
to every straight line drawn through its foot 
in that plane. A straight line is perpendicu
lar to a curved surface when it is perpendicu
lar to a tangent plane to the surface at the 
point of contact. Such a line is generally 
called a normal Une to the surface. Con
versely, these magnitudes are perpendicular to 
the straight line under the sarae circumstances. 
A plane is perpendicular to a plane or other 
surface when it passes through a straight 
11̂ 0 which is perpendicular to the surface. 
Two curves in the same plane are perpendicu
lar to each other at a common point of inter
section of the curves, when the tangent lines 
to the curves at this point are perpendicular to 
each other. Two surfaces are perpendicular 
to each other at a common point of intersec
tion, when the tangent planes to the surfaces 
at this point are perpendicular to each other. 
T w o straight lines,in, space which do not 
intersect, are , perpendicular to each other 
when a straight line drawn through any 
point of either one, parallel to the other, is. 

http://circumferen.ee
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perpendicular to the first; or when two 
stJiafght lines drawn through any point what-
f̂earji respectively parallel to the two lines, 
spseijperpendicular to each other. 
-ijifro erect a line perpendicular to a given 
fill)* A B , at a given point C. Lay off on each 
gidte of C convenient and equal distances C A 
aad C B ; with A and B as centres, and with 
diiradius greater than 
G B , describe arcs in-
tlersecting each other 
at E ; join E and C E 
by a straight line, and 
it will be perpendicular 
to .AB at C. Either -1 
point E, is suflicient 
to determine the per
pendicular, but by de
termining both points 

X» 

}\ 

33' 

the correctness of the construction raay be 
tested., A third point maybe found by using 
the same centres as before and a different radi
us, which ought also to fall upon the same Une. 
if the perpendicular is correctly determined. 

If it is required to 
erect a perpendicular 
to a straight Une, A B . 
at one extremity, B ; 
take any point, C, as a 
centre, and with C B as 
-.1 radius, describe a cir
cumference of a circle, 
cutting the line A B in E. Draw E C , and 
produce it tUl it cuts the circumference in D 
draw D B ; it will be the required perpendic
ular. Perpendiculars to a straight Une through 
a poiiit,eitherupon,or without a given straight 
line, are usually drawn by the aid of a trian 
gular ruler. See Ruler. 

Perpendicular in Perspective. A 
straight line perpendicular to the perspective 
plane. A perpendicular may he drawn 
through any point, and every such perpendic
ular vanishes at the centre of the picture. 
See Perspective. 

PER-PE-TU'I-TY. [L. perpetuitas, ever
lasting]. In Annuities, the sum of money 
which.wUl buy an annuity to last for ever. It 
is equal to the product of the annual value of 
the annuity, multiplied by the number of 
years it will take anv sum to double at sim

ple interest. Thus, any sum at 5 per cent, 
simple intercst.wUI double in 20 years, hence 
the value of a perpetuity of $100 per annum 
is f2000. In all cases, the perpetuity is 
equal to the annual payment multiplied by the 
reciprocal of the rate per cent, at which the 
perpetuity is computed. 

P E R - S P E C T i V E . [L. per and specio, to 
see]. The object of perspective is to make 
such a representation of an object upon a sur
face as shall present to the eye, situated at a 
particular point, the same appearance that the 
object itself would present, were the surface 
removed. 

Perspective consists of two parts: F77-5i| 
the accurate delineation of the principal lines 
of the picture ; and Second, the shading ant/ 
coloring of the picture so as to produce the 
desired effect of distance, &c. The first part, 
called linear perspective, is purely mathemati
cal, and this part only will be considered. 
Perspective drawings may be made upon any 
surface, but w e shall only consider them mado 
upon a plane. The plane upon which the 
representation is made is caUed fhe perspective 
plane, and is generally supposed to be vertical. 
The point at which the eye is supposed to be 
situated is called the point of sight; all that 
part of space situated on the same side of the 
perspective plane with the eye, is said to be vi 
front of the perspective plane, all on the other 
side is said to be behind the perspective plana 

A visual ray is any straight line passing 
through the point of sight. A visual plane is a 
plane passing through the pomt of sight. A 
visual cone is a cone whose vertex is at the 
point of sight. 

The perspective of a point, is the point m 
which a visual ray through the point pierces 
the perspective plane; if the given point and 
its perspective are on the same side of the 
eyp, tho perspective is said to be real, if on 
opposite sides it is virtual. 

The perspective of a straight line is the in
tersection of the perspective plane with the 
visual plane passing through the Une. 

The perspective of a curved line is tho in
tersection of the perspective plane with the 
visual cone passing through the line. 

The outline of the perspective of any bodj', 
is the intersection of the perspective 'pis:!! 
with the enveloping visual cone; the !u?5 s: 
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contact of this enveloping cone with the body, [ 
is calleil the apparent contour of the body. | 
The term cone is here used in its most en-, 
larged sense. It m a y sometimes happen that 
tho enveloping visual surface may be pyra-1 
raidal. as is the case in finding the perspec
tive of a cube, or other polyhedron, or it may 
be composed of both conical and pyramidal 
surl'aces ; aU of these surfaces come under 
the general denomination o( conical surfaces. 
The perspective of a body is generally ob

tained bv finding the perspective of the prin
cipal li:ies of the body, embracing aU those 
included within the apparent contour. The 
perspective of any point of a body may be 
found by drawing a visual ray through it and 
determining the point in which it pierces the 
perspective plane. This operation is tedious, 
and to shorten the process other methods 
have been devised, the best of which is that 
of diagonals and perpendiculars. The follow
ing definitions of terms are given as nccessarj-
to a complete understanding of this method : 
A perpendicular is a straight line perpen

dicular to the perspective plane. A diagonal 
is a horizontal Une, making an angle of 45° 
with thp* perspective plane. Through any 
point in'space one perpendicular and two di
agonals can always be drawn. 
The centre of the picture is the point in 

which the perpendicular, through the point of 
sight, pierces the perspective plane. The 
horizon is the intersection of the perspective 
plane with a horizontal vis-jal plane. It 
passes through the centre of the picture, and 
is horizontal. 
The vanishing point of a line is the point 

in which a line drawn parallel to it, through 
the point of sight, pierces the perspective 
plane. Every system of parallel lines has the 
same vanishing point, which is a point com
mon to the perspectives of all the lines of the 
system. The centre of the picture is the 
vanishing point of all perpendiculars. If a 
line is parallel to the perspective plane, its 
vanishmg point is at an infinite distance. 
The vanishing points of diagonals are the 
points in which the diagonals, through the 
point of sight, pierce the perspective plane. 
They are in the horizon of the picture, and 
at distances from the centre of the picture 
equal to the distance frora the point of sinht 
to tbe perspective plane. 

Magnitudes, to be put in perspective, aro 
given by their projections, or by their distan
ces above a horizontal visual plane, and from 
the perspective plane. To find the perspec
tive of any point, draw any two lines through 
the point, and find their perspectives ; their 
point of intersection is the perspective re
quired. The most convenient auxiliary lines 
are the perpendicular and a diagonal through 
the point. To fiud^ the perspective of the 
perpendicular, fiud the point where it pierces 
the perspective plane, and join it by a 
straight line with the centre of the picture : 
this wiU be the perspective. To find the per
spective of the diagonal, find thepoint where 
the diagonal pierces the perspective plane, 
and join it by a straight luie with the proper 
vanishing point of diagonals ; this will be the 
perspective of the diagonal. To ascertain the 
proper vanishing point of any diagonal, con
ceive it produced till a part of the diagonal 
comes in front of the perspective plane, then 
if this line inclines to the right, it vanishes 
at the righthand vanishing point of diagonals, 
otherwise it vanishes at the left hand one. 

The vanishing point of rays is the point 
in which a ray of light through the point of 
sight pierces the perspective plane ; tho van
ishing point of horizontal projections is the 
pomt in vfhich the projection of the same 
ray on the horizontal plane through the point 
of sight intersects the horizon of the picture. 
These two points are in the same straight line, 
perpendicular to the horizon. W h e n the former 
is assuraed or given, the latter can bo found 
by drawing through it a straight Une per
pendicular to the horizon and finding the 
point in which it intersects the horizon. 

The shadow which any point casts upon 
any surface, lies upon the ray of light, and 
upon the projection of that ray upon the sur
face. Hence, to find the perspective of tho 
shadow cast by any point upon a horizontal 
plane, find the perspective of the projection 
of the point upon the plane, and- join it by a 
straight line with the vanishing point of 
horizontal projections of rays. Join the per
spective of the point with the vanishing point 
of rays : the point in which these two lines 
intersect, is the perspective required. These 
principles are enough lo find the perspective 
of all bodies, and the perspectives of their 
shadows ; but, certain constructions, in par-
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ticular cases, serve to facilitale the operatior.s 
of finding the perspectives of bodies and of 
their shadows. 

To illustrate the rules above given, let it 
be required to find the perspective of a cube 
and its shadow in the horizontal plane. 

For convenience, take the perspective plane 
through the front face of the cube, and let 
the horizontal plane of the base be taken as 
the plane on which the -shadow is cast, and 
suppose A B to be the line of intersection of 

•hese planes. Assume D D ' parallel to A B , 
LB the horizon of the picture. Assume C as 
the centre of the picture, D and D' equally 
distant frora C, as tho vanishing points of 
diagonals, R as the vanishing point of raj's 
of light, and H ' as the vanishing point of 
projections of-rays. Construct the square 
H L , to represent the front face of the cube, 
and it will be its own perspective. The four 
edges that pierce the perspective plane at 
H, K, L and M , are perpendiculars, and their 
indefinite perspectives are found by drawing 
through these points straight lines to C. The 
diagonal through the back left hand upper 
vertex pierces the perspective plane at M , 
and M D ' is its perspective. The point 0, in 
which this line intersects L C , is the perspec
tive of the back left hand upper vertex. 
Through 0 draw O N paraUel to A B , and it 
will be the perspective of the back upper 
edge of the cube ; draw N S perpendicular to 
A B , and this will be the perspective of one 
of the back vertical edges of the cube : the 
figure H O N S L K is the perspective of the 
cube. 

To find the perspective of its shadow on 
the horizontal plane. Draw M R : it is the 
perspective of the ray through M ; draw H H ' ; 
it is the perspective of the horizontal projec
tion of tho same ray, and R, their point of 
intersection, is tho perspective of the shadow 
of M on the plane. Draw N R 'and R C , in-

[P ER 

tersecting in Q ; then is Q the perspective of 
the shadow cast by the point whose perspec
tive is N. Draw through Q a Une parallel to 
A B , and liraited by OR. The figure H R Q 
T S H is the perspective of the outline of the 
shadow cast on the horizontal plane. 

The following rules for finding the per
spectives of circles, are of much use in prac
tical operations : 

First. To find the perspective of a hori
zontal circle. 

y 

V 

^<^x -^^. 

'S 

0 

y 

Draw a diameter A B of the circle perpen
dicular to the perspective plane, find its per
spective D E , and bisect it in F-: draw the 
perspective of a diagonal througrai^lBd find 
the diagonal K C , of which it is the per^eo^ 
live; draw the chord L M , through C, parallel 
to A B , and find its perspective H G ; then 
are D E and H G conjugate diameters of the 
ellipse of perspective, which may, therefore, 
be constructed by known rules. 

In the figure, w e have supposed the hori
zontal plane of projection to have been re
volved so that the part behind the grbuiid-line 
falls below the ground-line. The perspective 
will always bo an eUipse, or some of its pai:-
ticular cases, when the perspective of all 
its points are real; thtit is, when a plane, pa
rallel to the perspective plane, through tho 
point of sight passes entirely in front of the 
circle. 

Second. To find the perspective of any 
circle whatever. . Draw two tangents to it 
parallel to the perspective plane ; then draw 
the diameter through their points of contact, 
and find its perspective ; draw the perspec
tive of a diagonal through its middle point, 
and find the diagonal corresponding to it; 
through the point in which il intersects the 
diameter taken, draw a chord of the eirele 
parallel to the tangent, and find its perspec-
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live; this, with the perspective of the diame
ter already found, are conjugate diameters of 
the elUpse of perspective. 
These methods, with suitable modifications, 

sene to find the perspectives of circles, how
ever situated. 
The principles already explained, serve to 

find the perspective of any body, whatever 
may be its form, and also the perspective of 
its shadow. 
The principles of mathematical perspective 

are intimately connected with t lie arts of de
sign, and a knowledge of their application is 
indispensable to the architect, the engrav'er, 
and the skillful mechanic. The practice of 
perspective is particularly necessary to the 
painter and the sculptor. Perspective alone 
enables us to represent fore-shortenings with 
accuracy, and its aid is required in the accu
rate delineation of even the simplest of na
tural objects. 
Oblique Perspective. The perspective is 

said to be oblique when the perspective plane 
is taken obliquely to the principal face of the 
object dplinpated 
FiStil^R Perspective. The perspective 

is d l ^ ̂ D be parallel when the perspective 
plane is taken parallel to the principal face 
of the object represented. 
Isometrical Perspective. See Isometri

cal Prcrjection. 
PIeRCE. [Fr, pereer, to penetrate], A line 
is said to pierce a surface, when of three con
secutive points of the line,' the middle one 
fies in, the surface, and each of the re-
mMmag two fies on opposite sides of the 
surface. 
PILING SHOT AND SHELLS. Shot 
and sheUs are generally piled at arsenals, 
navy yards, &c., in regular piles of a pyra
midal or wedge-shaped forra. The piles are 
named from the form of their bases, triangu
lar, square and rectangular. 
The triangular pile is made up of a suc

cession of triangular layers, equilateral, and 
diminishing frora bottom to top, so that the 
number of shot in a side of any layer shall 
be one less than in the layer directly below 
to the top layer, which consists of a single 
shot. 

Tho number nf balls in a complete trian
gular pile is equal to 
the sum of the series, 
1, 1 + 2 . l-)-2-f3,A-c.-. 
to 1 + 2-1-34--

1 + 3 + 6+.- + 

The formula/or «7«77-
f7i7'7!j,'- a scries by the 
method of differences, 

o_„, , "("-I) . I nin-l){-2) 
•̂  - "'' + "T:2~ "*'+ 1.2.3 '̂' 

77(77—1) (71 —2)77 — 3 
+ i,':i,z.i '̂ 3'+'<tc... (1). 

Series, 1 3 6 10' 15 21, &c. 
&c. 

&c. 

1st order of diff., 2 3 4 5 6 
2d " '• 1 1 1 1 
3d •' " 0 0 0 
Hence, 
a = l , d^=2, d^-l, d, = (l, d^=0, &ic... 

Substituting these in formula (1), and reduc
ing, we have 

_ 77(77+1) (77 + 2) 
•̂  - T 2 : " 3 — (̂ >' 

The square pOe is formed, as in the annex
ed figure. 

The nuraber of balls in the top layer is 1-, 
in the next layer 2', in the next, 3', and so 
on. To find tho number of balls in a pile of 
n layers, we have the series, 

1 4 9 16 25 36, &c. 
1st order of diff., 3 5 7 9 11 &c. 
2d " • " 2 2 2 2 &c. 
3d " " 0 0 0 &o. 
Hence, 

e=l, d^=3, d,=2, d^=0, d^=0, &c. 
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Substituting these in forraula (1) and reduc
ing, wc have, 

„ ?7(«+ 1)(277+ 1) 
^=-—no— (3). 

The rectangular pUe is formed as in the 

annexed figure. The top layer contains 
(777 + 1) balls, the second layer contains-
2 (m + 2), the third, 3 (m + 3), and so on. 
To find a forraula for the number of balls in a 
complete rectangular pUe, w e have the series 

1.(777+1), 2(771 + 2), 3(771 + 3), 4(771 + 4)lfec. 
1st ord. diff., m + 3 , j7i+5, m + 7 , &c. 
2d " " 2 2 &c. 
3d " '• 0 &c. 
Hence, 
a=m+l,di=im+3),d^=2,d^=0,dt=0,&c. 
Substituting in formula (1) and reducing, w e 
have, 

?l(»+ 1)(1 +277 + 3777) 
•̂  = 1T2T3 ' *̂> 

In order to find the number of balls in an 
incomplete pile, compute the number that the 
pUe would contain if complete, and the num
ber required to complete it; the difference of 
these two numbers is the number of balls in 
the pile. 
Formulas (2), (3) and (4), may be written 

thus, 
ln(?7+l) 

Triangular, S = - ^ (Tt+l + l) • - - (2; Square, S= 
1 ?7(?1+1) 
3 2 

„ 1 ?7(n+l) 
Rectangu'r, S = 5- — 

(n+n+l)... (3), 

((?7 + ?77) + (77 + 77l) 

+ (777 + 1))- -(4). 
N o w , since 

77(77+ 1) 
2 

is the number of balls in the triangular face 
of each pile, and the next factor in each case 
denotes the number of balls in the longest 
side of the base, plus the number in the sides 
of the base opposite, plus the nuraber in the 
top parallel row, w o have the following prac
tical rule for finding the number of balls in 
any pile. 

Add to the number of balls in the longest 
side of the base ihe number in the parallel side 
opposite, and also the number in the parallel 
top row ; multiply this sum by one-third of the 
number of balls in the triangular face of th 
pile, and the result wiU be the number of balls 
in the pile. 

This rule is easy to remember, and is 
equally applicable to each of the three forms ; 
it is often called the woilanan's rule. 

Where space is an object. @ M rectangular 
pile is preferable to either of the rthers, and 
the longer the pile, the greater the number of 
balls that can be piled upon a given area, 
having a given breadth. One long pile is 
more economical of space than two or more 
short ones. The square pile occupies most 
space for the number of balls contained in it. 
PINT. A unit of measure of capacity, 
equivalent to one-eighth of a gaUon, or about 
39|- cubic inches. See Measures. 

P L A N . In Descriptive Geometry and Sur
veying, a representation of the horizontal 
projection of a body. The plan of an object 
is the same as its horizontal projection. The 
terra is particularly applied to architectural 
drawings. 
PL.\NE. [L. planus, even, flat]. A sur
face such that, if any two points be taken at 
pleasure and joined hy a straight Une, that, 
line will lie wholly in the surface. A plane 
is supposed to extend indefinitely in all 
directions. A plane m a y be generated by a 
straight line moving in such a manner as to touch a given' straight line, and continue parallel to its first posUion. A piano may 
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,-,',so be generated hy revolving one straight 
Une about another straight fine, perpendicular 
to it. tis an axis of revolution. The recti
lineal equ;-.tion of a plane m;iy be reduced to 
the form, 

z = CX + dy + g. 
inwhich .i, y and _, are the co-ordinates of 
every peiut of the surface, and c, d and ir, 
constants. The plane is given when c. d and 
„- are known, and may be constructed by points, 
,-isi'oi\nvs; Assume any twovalues forLand y, 
and su':'s:,itute them in the equation ; there 
wiU result a corresponding value for z, which 
with the assumed value of a; and y will be 
the co-ordinates of a point that may be con-
stracted by known principles. In Uke man
ner, any number of po'ints may be found and 
constructed; a surface passed through them 
wiU be the surface required ; three points are 
sufficient to fix the position of a plane pro
vided they are not in the same straight fine. 
Planes are generally constructed by find

ing the points in which they cut the co-ordi
nate axes, and then passing a plane through 
these three points. Planes are given in De
scriptive Geometry by their traces, that is, by 
their mterseetions with the planes of projec
tions ; they may, in like manner, be deter
mined analytieaUy. To find the equation of 
Ihe trace of a plane upon the planes X Y , 
X Z and Y Z respectively : make in the equa
tion of the plane, z, y and x, respectively 
equal to 0 in the equation ; the resulting 
equations wUl be the equations of the requir
ed traces. Two traces wUl be sufficient to 
fix the position of a plane. 
If we take two planes, whose equations 

are 
z=cx+dy+g, and z=c'x+d'y+g', 

they wUI be parallel when 
c = cf and d = d'. 

They will be perpendicular to each other, 
when 

l + cc' + dd' = 0. 
In general, the angle which they make with 
each other, may be determined by means of 
'he formula, 

1 + cc' + dd' 
cos F = -

iKite one variable; tlie resulting equation will 
be the equation of the projection of their 
intersection on the plane of the olher two. 
Combine the equations again, eliminating a 
second variable, and the resulting equation 
will be that of tho projection of the line of 
intersection upon a second plane, and these 
will be sufficient to determine the line of 
intersection. 

If the equation of a plane is 
z = CX + dy + g, 

and the equations of a straight line are 
I = ae + a, and y = bz + fi, 

the line and plane wUl be parallel when 
1 — ac - 4(i = 0; 

they wiU be at right angles when 
a = — c and 4 = — l i ; 

and in general, the angle" which they raake 
with each other is given by the formula 

1 — ac — bd sin A -= -

Vl + e' + d'Vl + c" +d'' 
To find the line of intersection of two 

I«anes, combine their equations and elimi-

VI + a' + b' Vl + c' + d' 
To find the point in which a line pierces a 

plane, combine their equations and find the 
corresponding values of the variables ; these 
will be the co-ordinates of the required point. 

Plane Angle. A portion of a plane lying 
between two straight lines, meeting at a 
point. The lines are called sides of the an
gle, and their common point is the vertex. 
Sec Angle. 

Plane Chart. A chart constructed so that 
the parallels of latitude and longitude are 
represented by straight lines parallel to each 
other, and at the same distance from each 
olher, in every latitude. 

Plane Curve. -A curve all of whose 
points lie in the same plane. 

Plane Director. A plane parallel lo 
every element of a warped surface of the 
first class. See Warped Surface. 

Plane Figure. A portion of a plane Um
ited by lines either straight or curved. W h e n 
the bounding lines are straight, the figure is 
rectilinear, and is called a polygon. W h e n 
they are curved, the figure is curvilinear. 

Plane Geometry. That part of Geometry 
which treats of tho relations and properties 
of plane figures. 

Horizontal Plane. A plane parallel to 
the surface of still water, or, paraUel to a 
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tangent plane to the earth's Surface at the 
place. In Perspective the term implies a 
horizontal plane passing through the point 
of sight. Seo Descriptive Geometry. 

Oblique Plane. A plane making an 
oblique angle with a horizontal plane. 

Objective Plane. In Surveying, the 
horizontal plane upon which the object to be 
delineated is supposed to stand. It is usually 
faken as the horizontal plane of projection. 

Plane op a Dial, fhe plane upon which 
the hour lines of the dial are constructed. 
See Dial. 

Plane of Projection. One of the planes 
to which points are referred in descriptive 
geometry for the purpose of determining 
their relative position in space.. See Descrip
tive Geometry: 

Plane of Rays. In Shades and Shadows, 
a plane parallel to a ray of light. 

Perspective Plane.' The plane upon 
which the perspective of an object is drawn. 
See Perspective, 

Principal Plane. In Spherical Projections, 
the plane upon which the projection of the 
different circles of the sphere are projected. 
It is generally,taken through tho centre of 
the sphere to be projected. 

Plane Problem.'A, problem which can be 
solved geometrically, hy the aid of the right 
line and circle only. 

Plane Sailing. Themethod of computing 
the position of a ship and her path, under 
the supposition that the surface of the earth 
is a plane. See Navigation. 

Plane Scale. A scale upon which arc 
graduated chords, sines, tangents, secants, 
rhumbs, geographical miles, &lc. The scale 
is principally used by navigators iu their com
putations, in plotting their courses, &c. 

Plane Surveying, That branch of Sur
veying in which the curvature of the earth's 
surface is not taken into consideration. In 
this branch the surface of the earth is re
garded as a plane. Sucli is the ordinary field 
and topographical surveying, vvhere only very 
limited portions of tho earth's surface are 
considered,, Seo Surveying. 

Plane Table, A n instrument used in 
surveying for plotting in the field without the 
ni'ccssily of taking field notes. It is particu

larly employed in the filling in of a trigono 
raetrical survey ; it is also of some use in 
land surveying. Where exactness is required, 
the plane table is of little value, but in makino 
approximate sketches, it commends itself oi: 
account of the rapidity with which operations 
can be carried on. 

The plane table consists of a square board 
or limb, mounted upon a tripod. Two lev
eling plates are attached, one to the tripod 
and the other to the lunb, and are connected 
by a ball and socket joint. Four leveling 
screws, working through one leveling plate 
and against the other, serve to regulate the 
lateral motions of the table with respect lo 
the axis of the instrument. The limb may 
be moved in azimuth around the axis of the 
instrument, which motion may be checked 
'by a clamp screw ; small motions in azimuth 
are then communicated by a tangent screw. 
The limb of the instrument is made horizon
tal by" the aid of a sraall detached spuit level, 
by laying it over two of the leveling screws, 
and bringing the bubble to the centre, then 
placing it over the olher two, and again bring
ing the bubble to the centre. 

The upper face of the limb is bordered hy 
a brass plate about an inch m width, and its 
centre is marked by a steel pin, F. The 
perimeter of the limb 
is graduated to de
grees and fractions 
of a degree, as fol
lows ; suppose a cir
cle to be described 
with F as ct centre, 
and tangent to the 
sides of the brass plate. Let the circle be 
graduated to the required unit, and then sup
pose straight lines to be drawn from the cen
tre, F, through these points of division, 
tho intersection of these lines with the brass 
plate are marked and numbered from the 
point I through 180° around to L, and fiom 
L through 180° around to I again. In some 
pl.aiic tables the numbering is from 0° to 360°, 
There are generally diagonal scales of equal 
parts, D G aud A B cut in the plates. Vseiin 
plolling. Near the outer edges of the limb, 
two small grooves are made to receive two 
plates of brass, D G and .-VB, which are drawn 
to their places by means of millcd-headeil 
screws, which pass through the table from the 
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under side and screw firmly into the plates. 
The ohject of these plates is to secure tbe 
jiajieron which the drawing is to be made.' 
By loosening the screws, and pushing up tho 
plates, the paper may be introduced ; then, 
bv turning the screws back again, the plates 
are drawn down, and the paper is held tightly. 
The paper might be slightly moistened, which 
wo'ald secure a smoother surface when it is 
dried. --V ruler accompanies the table, with 
two sights like compass sights, or sometimes 
with a telescope, in their stead. One edge of 
the ruler is beveled, and this edge is so placed 
that it is in the plane of the openinfrs through 
the sights. Tbe sights are constructed so as 
to fold down for convenience in carriage. A 
compass is sometimes attached for determin
ing the bearings of fines. 
The plane table, as described, is used for 

two distinct purposes ; 1st. To measure hor
izontal angles; and 2d, For determining the 
saorter lines of a survey, both in extent and 
position; 
J'o measure a horizontal angle. Place, by 

means of a pluinb line, the centre of the table 
exactly over the angular point; then level the 
table and clamp the limb ; after which place 
the raler with the sights raised so that the 
beveled edge shall rest against the steel pin 
at the centre; direct the sights to Ihe left 
hand object, and read tbe reading at each end 
of the ruler, and take a mean of the results 
for the first reading. Then direct the sights 
0 the right hand object, and take the second 
reading in like manner. If the ruler has not 
passed over the 0° point of the limb, the excess 
ofthe second reading over the first is the value 
of the required angle. If the ruler has passed 
theO° point, the first reading must be subtract
ed from 180° and the difference added to the 
second reatfing; the sura wUl be the value 
ofthe angle required. 

To determine lines in extent and position. 
Having fastened a sheet of paper on the table, 
examine the lines and objects which are tobe 
dcterminf d in position and select for a base a 
convenient Une which is connected with some 
point ofthe triangulation, taking care that as 
many prominent objects as possible m a y be 
-seon from its two extremities. Then place 
the plane table over one extremity of the base, 
60 that the point on the paper correspondinn-
may be exactly over the extreme point ofthe 

base. Clamp the limb and make it truly hor
izontal. Mark the point corresponding to tho 
end of tho base by a needle, and pressing tho 
ruler against the needle, direct the sights to 
the other extremity of the base. With a fine-
pointed pencil, draw a straight line along the 
beveled edge of the ruler, and lay off on it, 
from a scale of equal parts, the length of the 
base, and mark the second point; then direct 
tho sights, in succession, to aU the principal 
objects that are visible from the first station, 
and draw pencil lines along the edge of the 
ruler. Next plant the plane table so thatthe 
second end of the plotted base line shall be 
over the second end of the base line in the 
field ; level the instrument, and having placed 
the needle at the second end of the base Une, 
bring the beveled edge of the ruler to coin
cide with the plotted base, and then turn the 
limb of the instrument till the sights are di
rected to the first end of the base ; clamp the 
limb and direct the sights, in succession, to 
every object sighted from the first station, 
marking the points of intersection of these 
lines with the corresponding ones from the 
first station. To illustrate : let it be required 
to determine the relative position of several 

houses. Frora station A, and on one of the 
lino of the triangulation, as A B raeasure the 
base line A B , which w c will suppose equal 
to 3(10 yards. Place the plane table over A, 
and sight to the comers of the houses, and 
raark the lines 1,2, 3, 4, &c. Then raove the 
table to B, place tho plotted line A B in the 
direction frora B to A, and sight to the same 
corners as before, and draw the lines as in the 
figure; the points at which they intersect 
the corresponding lines befijre drawn, de
termine the plot of the corners ofthe houses ; 
the front Unes of the houses m a y then 
he drawn on the paper, and upon these the 
plots of the houses themselves m a y he con-
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Ktructed. In like manner the plot in the next 
figure is constructed. 

When one sheet of paper is filled, and there 
is yet more work to be done, let the paper be 
removed and another sheet substituted in its 
stead, after which the table may be used as 
before. In order that the two sheets may be 
put together, and form one entire plan, it is 
necessary that two points that were determin
ed on the first sheet should also be determined 
on the second sheet; then by placing the line 
joining these points in the two sheets one 
upon the other, all the lines in the two sheets 
will have the same relative position as the 
corresponding lines in the field, and so on for 
as many sheets as it maybe desirable to use. 
In the example, the two points F and B have 
been determined on each sheet, and the two 
parts, when placed as shown in the figure, 
make up a continuous plan. 

The plane table is much used in surveying 
for plotting coast line, the prominent points 
being determined by it, and the nfinor details 
sketched in by the eye. 

Plane Tri.angle. A triangle lying entire
ly in the same plane. 

Plane Trigonometry. That part of trig
onometry which treats of the relations and 
properties of the sides and angles of plane 
triangles. 

Vertical Plane. A plane perpendicular 
to the horizon, or to a horizontal plane. In 
perspective it is the vertical plane passing 
through the point of sight and perpendicular 
to the perspective plane. 

PLA-NIM'E-TRY. [L. planus, plane, and 
Gr. perpov, measure]. That branch of ap
plied geometry which treats of the measure
ment of plane areas. The term is used in 
contradistinction to stereotomy, which treats 
of the measurement of volumes. See Men-' 
suration, Surveying, &c. ] 

P L A N ' L S P H E R E . [L. planus, plane and 
sphere]. A projection of the various circles 
of the .sphere upon a plane. See Spherical. 
Projections. 

Platonic Bodies. So caUed from Plato, 
who treated of them. They are the five reg
ular polyhedrons, viz, : the tetrahedron, hexa
hedron, octahedron, dodecahedron, andthe icos-
hedron. See Polyhedron regular. 

P L O T . A drawing of the projections of 
the prominent objects of ><- portion of the 
earth's surface upon a plane, in which the 
lines are proportional to the corresponding 
lines in nature. 

PLOT'TING. The operation of repre
senting the lines of a survey upon paper 
drawn to a scale, and bearing to each other 
the proper relative positions and lengths. 
There are various methods of plottmg; some 
of the principal ones only wUI be considered 

To plot afield survey from the field notes. 
1st method: 

Field-notes op a Survey. 
Sta. Bearings. 

1 /V-31i°lY 
'2 A'62f E 
3 5' 36 E 
4 5451 W 

Dist, 

10-
9,25 
7,60 
10.40 

Lat. 

+ 8.71 
+ 4,40 
-6,01 
-7,10 

Dep. 

-5,24 
+ 8,21 
+ 4,46 
-7,43 

Select some station, as the principal sta
tion (in this instance, the second), and mark 
it with a star, in the field-notes. Draw any 
line, as N S , to represent the meridian passing 
through the principal station, and on it take 
any point B, to represent that station. From 
a scale of equal parts, lay off, on N S towards 
N, a distance B S equal to 4,40, and at S 
erect a perpendicular to N S , and from the 
sarae scale lay off S C equal to 8,21 ; draw 
B C , and it will be the plot of the first course 
from B, Through C draw Cf parallel to NS, 
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and lav o:V Cf" equal to — 6,01, and at /erect 
ihe perpeudiculM / D , making it equal to 
4.46; draw C D : it is the plot of tho second 
course. Plot, in the sasue manner, the re-
mainins courses. 
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2.f method: 
'With a protractor lay off the angle N B C , 

equal to 62f°, and on the line B C lay off, from 
the scale of equal parts, B C equal to 9,25, 
Through C draw the Une C / paraUel to N S , 
and at C construct the angle / C D equal to 
36°, and make C D equal to 7,60. In the 
same manner, plot the remaiuing courses. 
Or, the angle at each pomt, as C, between 
two adjacent sides, may be computed and 
laid off, and the plot continued, as before. 
Both of these methods of plotting are lia

ble to error, particularly the latter ; and an 
error, once committed, is carried on through 
the work, to be swelled by the continual er
rors made at each step of the operation. To 
avoid, as much as possible, this accumulation 
of error, a third method is adopted. 

N A B = 621°, S A C = 30, S.AD = 45J.°. 
ami N A F = 31^°. 

Through P, any .assumed point, draw P Q 
parallel to .AB, aud equal to 9.25 ; through Q 
draw Q R parallel to A C , and equal to 7,60 ; 
through R draw Its parallel to A D , and equal 
to 10,40; and through S draw SP parallel to 
.^E, and equal to 10 : the work, if right, ought 
to close; the last end of the last.line falling 
upon the first end of the first line. 

This method of laying off angles admits 
of great accuracy. The angles may be laid 
ofi' with a circular protractor ; or, what is 
still better, they raay be determined by the 

Method of Chords. 
The principle of this raethod is, that the 

chord of a given arc is equal to the sine of 
half the arc with double the radius. 

3d method: 
With any radius, A E , describe a circle, 

and draw two diameters, N S and E W , at 
right angles to each other. Then construct 
the angles 

28 

Let D A F be any given angle, and -AH a 
Une bisecting it. Let D C fie the chord of the 
arc C D described with a given radius, and 
H F , paraUel to CD, the sine of half the given 
angle to a radius A F equal lo 2AC. Then, 
frora the similar triangles of the figure, since 
A F = 2.AC, w e have 

HF = 2KC = CD. 
To apply this principle : let a circle be de 

scribed upon some convenient portion of the 
paper with a radius of five units of the scale, 
say 5 inches, and draw two diameters at right 
angles to each other, taking care to make one 
one of them parallel 
to the meridian, base 
line, or other promi
nent line of the sur
vey. Now, if we re
gard the radius of the 
table of natural sines 
as 1 ten, say ten 
inches, the number 
of inches in the length of the sine of any 
arc wUI be found by removing the decimal 
point one place to the right. To lay off 
any angle, say 14° 29' : half the angle 
is 7° 14' 30", and the natural sine of this 
angle, as found in the tables, is 0.126005; or, 
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to the radius 10 inches, it is l'n.26. Take 
1'°.26 in the dividers, and with 0, as a centre, 
describe an arc cutting the circle in 4 ; frora 
the opposite end of the same diameter 0, de
scribe a second arc cutting the circle in b ; 
draw 44 : it ought to pass through the centre 
of the circle, and if it does so, it wiU make 
with 00 an angle equal to 14° 29'. In the 
same manner, lines may be constructed, mak
ing any given angle with a given line. After 
one circle has become defaced by continued 
constructions, a new circle may be taken on 
some other portion of the plot; but care must 
be taken to make the new 00 line parallel to 
the primitive one. 

It is plain that w e might employ the points 
90° as centres, by using the compleraents of 
angles instead of the angles themselves. 

ith method: 
The fourth method is that of rectangular 

co-ordinates. Draw, in the plane ofthe plot, 
two straight lines at right angles lo each 
olher, taking one through some prominent 
point, and parallel to the meridian or some 
principal line of the survey. Then, from the 
field-notes, compute the distance of each 
point to be plotted from these right lines 
then, any point may be constructed by laying 
off, on each axis, a distance equal to the dis
tance of the point from the other axis, and 
drawing through the extremities of these dis 
tances lines parallel to the axes, respectively 
tho point in which th(?se intersect, is the plot 
of the required point. This method of plot
ting is applicable to the projection of maps 
of a portion of the surface of the earth, suf
ficiently great to take into account the curva
ture. See Projection of Maps. 

To plot a survey made by means of offsets : 
Plot the main lines hy one of the preceding 

methods, and lay off on them distances corre
sponding to the offsets. At each point, thus 
determined, erect a perpendicular to the 
plotted course, and on it lay off a distance 
equal to the offset: tho points, thus deter
mined, are points of the required plot. Tho 
plottiug-scale is a useful instrument in plot-
ling by offsets. See PloUing-Scale. 

'To pilot the problem of the ihree points : 
Let A, B, and C, ho three points whose 

positions are absolutely determined and plot
ted Xipon paper, and suppose that the angles 

A P C = a, C P B = 4, and A P B = a + 4,, 
have been measured from a fourth point P, to 
find the position ofthe point P upon the plot 

,,' -.^e 

of the survey. Construct the angles A C Q 
and C A O , each equal to 90° — a, and with 
the point O, as a centre, and radius OA, 
describe a circumference of a circle. Then 
construct the angles CBO' and BCO', each 
equal to 90° — ,4 and with 0' as a centre, 
and O'B as a radius, describe a second cir
cumference intersecting the first iu P. Then 
is P the plot ofthe required point. 

'This method is used for locating buoys, and 
sounding points upon a harbor; P, repre
senting the position of a boat, at the required 
point, and A, B, C, fixed points on shore, as 
light-houses, spires, &c. 

A second method oT plotting the problem 
of the three points, is the following. The 
data being the same as before, construct the 

angle A B O equal to A P C , or o, and ths 
angle B A O equal to B P C , or 4. Pass a cir
cle through the three points, 0, ."V and B. 
Draw the line CO, cutting the circumference 
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ill P: then will P be the plot of the point 
rê jisirc.! ^\"hen the point 0 lalls near C. 
the first construction will be the m o s t accu
rate. If the auxili:iry circle passes through 
C, the problem is indeterminate. T h o plot 
m a r also be m a d e by me.ans of the station 
pomter. See SUiiion Pointer. 
PL0T'"riXG S C A L E . The plotting scale 

consists of two ivory scales at right angles to 
each other, as shown in the figure. The 
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longer scale, .\A. contains a slit, or dovetail 
groove, nearly its whole Ictigth, in which 
slides a button carrj-ing the cross scale, B B . 
Tho scale -\-A is graduated into equal parts, 
numbered from 0 to the limit of the scale, 
beginmng at one end of the groove. T h e 
ponion of the cross scale, projecting beyond 
.4.4, is divided into t w o equal parts, by a line 
parallel to A A , and these points are graduated 
into parts equal to those o n the main scale, 
.i.\. and numbered from the middle division 
each w a y to the Umits of the scale. 

To use the scale in plotting:, lay it u p o n 
the paper so that the edge of the scale, A A , 
shaU be paraUel to the plot of the line from 
which the offsets are taken, and so that the 0 
point of the scale shall fall iu a line through 
the beginning of this line, perpendicular to it, 
and at such a distance from it, that the 0 
point of the cross scale shall fall u p o n the 
station Ime. T h e scale is held fast in this 
position by s m a U points of needles, project
ing frora the lower side of the scale. 

Then slide the button and cross scale along 
till tbe edge of the scale, B B . indicates u p o n 
A.A, the distance of the first olTset from the 
beginning of the line. T h e n m a r k with a 
point the extremity ofthe offset as s h o w n b y 
the cross scale. This extremity w i U some
times fall above and sometimes below the 
iifation line. H a v i n g found, in this m a n n e r , 
a saflieient n u m b e r of points, d r a w a line 
'hrough them, and it w U I be the plot of the 

line required. This m e t h o d of plotting is of 
Use in plottiiiir the course of a crooked strearu, 
or a winding lino of coasl. T h e plotting 
scale has other applications w h i c h will readi
ly suggest themselves to the expcrieuccd 
draughtsman, 

PLU.MB'-LINE. [L. plumbum, lead], A 
Une, or string, having a heavy piece of lead 
attached to one extremity, used for the pur
pose of fixing the .axis of au instrument ex 
actly over a given point. In the axis of the 
instruinent, as the theodolite, for exaiuplc. 
and at the lower part, a hook is fastened, over 
which the thread of the plumb-line is passed, 
and the piece of lead, generally of a conical 
shape, is suficrcd to swing freely. W h e n 
the bob ofthe plumb-line settles, the direction 
ofthe string indicates the vertical through the 
hook, and by moving the instrument back
wards and forwards, the point of the bob raay 
be brought exactly to coincide with the given 
point of the surface of the earth. 'The plumb-
line is also used in the carpenter's and stone-
layer's level. Sec Level. 

POINT. [L. punctun, from pun go, to 
prick]. A point is that which has position 
only, but neither length, breadth, or thick
ness. The extremities of a limited line are 
points. That which separates two adjacent 
parts of a Une is a point. 

Conjugate Point of a Curve, .V point 
of a curve which has no consecutive points, 
that is. a point whose co-ordinates satisfy the 
equation of the curve, but those of its con
secutive points do not. Conjugate points 
arise from oval branches reducing lo points. 
The analytical test of a conjugate point, is 
that the first differential co-efficient of the 
ordinate of the curve, taken at the point, is 
imaginary. Hence, to find the conjugate 
points of a curve, difi'erentiate its equation 
and find an expression for the differential 
co-efficient of the ordinate, and seek for those 
values of the variables that .will, at the same 
time, satisfy the equation of the curve and 
render the differential co-efficient imaginary : 
each pair of values that will satisfy these 
conditions wul correspond to a conjugate 
point. See Singular Points, 

Point of Concurrence. A point comraon 
to tv™ lines, but not a point of tangency, or 
a point of intersection. Such, for instance, is 
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the point in which a cycloid meets its base. 
In this case, the point of concurrence is also 
a cusp point. 

Point of Contact. The point of a given 
line at which tangency takes place. The 
union ofthe curve and tangent at that point 
is so intimate, that they may he regarded as 
coinciding, for an infinitely short distance, in 
the immediate neighborhood of this point. 

The point of contact is such a point, that 
if any secant be drawn through it, and then 
be revolved about this point till the second 
point of secancy unites with it, the secant 
will become a tangent. 

The point of contact of two curved lines, is 
a point common to the two lines, at which, if 
a straight line be drawn tangent to one of the 
lines, it will he tangent to the other also. 

The point of contact of two surfaces, is a 
point such that if any number of secant 
planes be passed through this point, the sec
tions cut out of one surface will be respec
tively tangent to the sections cut out of the 
other ; or, if a plane be passed tangent to one 
surface at the point, it will also be tangent to 
the other surface at the sarae point. 

Point of Contrary Flexure, or. Point 
OF Inflexion. A point at which a curve, 
from being convex towards a line not passing 
through it, becomes concave towards the same 
line, or thO reverse. See Inflexion: Singular 
Points. 

Point of Intersection. A point in which 
two lines cross each other. See Intersection. 

Point in Perspective. Is used techni
cally to designate some of the principal posi
tions connected with the perspective of an 
object: for which, see Perspective. 

Point of Sight. The point at which, if 
the eye be placed, the picture will present 
the same appearance as the object itself 
would, were the picture removed. This is 
sometimes called the point of view. See Per
spective. 

The point of sight, soraetimes means the 
point frora which the object is actually viewed, 
to have the appearance of the picture. 

Points of the Compass. In Navigation, 
the 32 points of division of the compass-card 
in the Mariner's Compass. The angular space 
between two consecutive points is 11° 15', 
and each space is sub-divided into half and 

quarter points. The 4 principal points are 
called cardinal points, and are lettered on the 
card, N., S., E., W., the initial letters of North, 
South, East, and West. See Navigation. 

P o ' L A R C I R C L E S . T w o circles of lati
tude, whose planes pass through the poles of 
the ecliptic. They are about 23° 28' from 
the poles, and limit the regions on the surface 
of the earth, in which the sun never sets for 
a portion of the year, and never rises for an 
equal portion : the length of duration of this 
phenomenon increases as the place is nearer 
to the pole, where there is six months of fight, 
and 6 months of darkness. The circle near
est the north pole, is caUed the Arctic Circle; 
that nearest the south pole, the Antarctic 
Circle. 
Polar Co-ordinates. Elements of refer

ence, by means of which points are referred 
to a system of polar co-ordinates. In a plane 
system, these elements consist of a variable 
angle and a variable distance called the 
radius vector. In space, they consist of 
two variable angles and a vari.able right 
Une, still called the radius vector. See Po
lar System. 

Polar Dial. A dial whose plane is paral
lel to a great circle passing through the poles 
of the earth. It is generally perpendicalar 
to the meridian of the place. The style is 
then parallel to the plane of the dial, and the 
hour lines will therefore be paraUel to each 
olher. At the equator it is a horizontal dial 

Polar Distance. The distance of the circle 
of a sphere from its pole, estimated on the 
arc of a great circle of the sphere passing 
through the pole ofthe circle. This distance 
is generally expressed in degrees. 

Polar Distance of a point on the surface 
of a sphere, is the distance of the point from 
the pole of the sphere, measured on tho arc 
of a great circle passing through the point 
and the pole. Every circle, and every point 
on the surface of a sphere, has two polar dis
tances, and unless the contrary is expressed, 
the lesser one is understood. 

Polar Equation of a line, or surface; an 
equatioii which expi-esses the relation be
tween the polar co-ordinates of every point 
of the line or surface. To find the polar 
equation of any magnitude, substitute in Ibe 
rectangular equation of the magnitude, tu 
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the variables. Uieir values taken from the for-
niul.'.s for passing from a rectangular to ;i 
pol-ur system ; the resulting equation wiU be 
the polar equation required. 
Polar Line of a Poixr, in the plane of a 

conic section, a line such that if frora any 
point of it two straight lines he drawn tan
gent to the conic section, the straight line 
joining the points of contact, wUl pass 
through the given point, which is caUed a 
pde. The terms polar line and pole are cor
relative, and neither has any signification ex
cept with regard to the other. Every straight 
line in the plane of a conic section, is a polar 
line with respect to some point. The polar 
Ime of a point is always parallel to a tangent 
to the curve at the vertex of the diameter 
drawn through that point. The polar lines of 
aU points on the same diameter, are parallel to 
each other. The point in which any polar 
line intersects the diameter through the pole, 
is called the polar point. The polar point 
and pole lie on opposite sides of the curve, 
but on the same side of the centre. If the 
pole approach the curve, the polar point also 
approaches it; and, conversely, if the polar 
point approaches the curve, the pole also ap
proaches, and the two meet and pass each 
other on the curve. W h e n the pole is at the 
centre, the polar point is at an infinite dis
tance, and when the pole is at an infinite dis
tance, the polar point is at the centre. These 
two points are conjugate to each other. 
To constract the polar Une of any point in 

the plane of a conic section. Draw a diame
ter through the point, and draw a tangent to 
the curve at its vertex; then, if the given 
point Ues within the curve, draw a chord pa
rallel to the tangent through the given point, 
and at the point in which it intersects the 
curve, draw a tangent to the curve ; the point 
m which it euts the diameter, before drawn, 
is the polar point; through this point, draw 
a straight line parallel to the.tangent at the 
vertex of the diameter ; it will be the polar 
line required : if the given point Ues without 
the curve, draw a tangent to the curve through 
file point, and through the point of contact 
Jraw a chord parallel to the tangent at the 
vertex of the diameter, and produce it inde
finitely ; this is the polar lino required. 
In the case of the parabola, the polar point 

m d the pole are always at the sarae distance 

from the vertex of tho diameter drawn through 
them. In all the conic sections tho directrix 
is the polar line of the focus. From the pre
ceding discussion, it would seem that there is 
no polar line to points when tho diameter 
passing through thera does not intersect the 
curve ; but the exception is only apparent, 
for, in that case, the polar line is parallel to 
the tangent to the conjugate of tho given 
hyperbola at tho vertex of the diameter 
through the point of contact. Since there 
are an infinite number of diameters passing 
through the centre of a conic seclion, it fol
lows that the centre has an infinite number 
of polar lines, all of which raust necessarily 
be at an infinite distance. 
Polar Projection of the Sphere. A 
projection of the circles of the sphere on the 
plane of one of the polar circles. This pro
jection is employed in connection with Mer
cator's, to represent the region of the earth 
about the polar circles. Charts of the polar 
regions are generaUy constructed in accord
ance vvith the principles of this projection for 
nautical purposes. See Projection. 
Polar System of Co-ordinates in a 
Plane. A system of co-ordinates in which 
points are referred to a fixed straight line, and 
a fixed point of that line by means of a variable 
angle and a varitible distance. Let A X be 
a fixed straight Une, 
called the initial line, 
A a fixed point of that 
line, called the pole, 
and S any point what
ever in the plane .SAX ; then will the posi
tion of the point S he completely given with 
respect to the system when the angle ,S.-\X 
is given, and the distance A S is known. The 
first element of reference is denoted by v, 
and is estimated from the initial line A X 
around in a direction contraî y to the motion 
of the hands of a watch through any number 
of degrees. The second element of reference 
is denoted by r, and is estimated frora A out
wards to any limit whatever, but it can never 
be negative. 

Let A X and A Y be two axes of co-ordi
nates at right angles to each olher. Let 
A'R' be the initial line. A' the pole of any 
polar system in the sarae plane, and P any 
point in that plane. Denote the co-ordinates 



438 MATHEMATICAL DlCTION-ARY'' AND [POL 

of the point referred to the rectangular sys
tem by X and y, the polar co-ordinates of the 

same point by ti and r, tho co-ordinates of the 
pole by a' and 4', and the angle, which the 
initial line makes with.the,axis of X, by a; 
then from the figure w e shall have 
r=a'+r cos(D+a), y=b+r sin (v+a). 

These are the formulas for passing from a rec-
tangulai system to a polar system in the 
same plane. It is customary to take the ini
tial line parallel to the axis of X, in which 
case, the formulas become 

3; = a' + r cos V, y = b' + r sin v. 
A polar system, in space, is a system in 

which points are referred to a fixed plane, a 
fixed line of that plane, and a fixed point of 
that line, by means of two variable angles, 
and a variable distance. The fixed plane is 
called the initial plane, the fixed line is the 
initial line, and the fixed point is the pole. 

In passing from a rectangular systera to a 
polar system in space, the initial plane is 
taken parallel to the plane X Y , and the ini 
tial line parallel to the axis of X. If w e de
note the rectangular co-ordinates of any point 

in space by x, y and z, the co-ordinates of 
the pole by a, 4, and e, the radius vector of 
any point S by r, tho angle which it makes 
with the initial plane by u, and the angle 

which its projection on the initial plajicmakes, 
with the initial line by v, w e shall have, from 
the figure, 
a; = a + r cos u cos v, y = b + r cos u rin », 

z — c + r sin u. 
These are forraulas for passing from a rectan
gular system in space to a polar system in 
space. 

P o L E . A unit of measure, equivalent to 
16^ feet, or 5-1 yards. It is caUed a rod, and 
is principally used in land surveying. 

In a polar system of co-ordinates, the point 
from which the radius vector of any point is 
estimated. 

Pole of a Polar Line. A point in the 
plane of a conic section, such that if any 
straight line be drawn through it, cutting the 
curve in two points, and tangents be drawn 
to the curve at these points, they will intersect 
each olher on the given line. See Polar Line. 

Poles of a Circle of a Sphere. The 
points in which a diameter of the sphere, 
perpendicular to the plane of the circle, pierces 
the surface of the sphere. 

Poles of a Sphere. The two points in 
which the axis of the sphere pierces the sur
face. See Axis. 
JPOL'Y-GON. [Gr. ivoXvc, many, and 

yavta, angle]. A portion of a plane bounded 
on all sides by limited straight Unes. These 
Unes are called sides of the polygon, and the 
points in which they meet are called vertices 
of the polygon. 

Polygons are classified according to the 
nuraber of their sides or angles. Those of 
three sides are called triangles; those of four 
sides, quadrilaterals: those of five sides, pen
tagons; those of six sides, hexagons; those 
of seven sides, heptagons; those of eight, 
sides, octagons; those of nine sides, noiia-
gons; those of ten sides, decagons; those of 
eleven sides, nndecagons; those of twelve 
sides, dodecagons; and so on. Polygons 
having all their sides equal to each other 
are called cquiluteral; those having aU their 
angles equal to each other, are called equi
angular. Polygons which are both equilat
eral and equiangular are called regular poly
gons. Regular polygons may have any 
number of sides. W h e n the number of sides 
is infinite, a regular polygon becomes a cir
cle ; hence, tho circle is the superior limit of 
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reg'alar polygons. Tho regular triangle is 
the iiit"erior limit of regular polygons. Of 
regular polygons inseribed in the same eirele, 
the sreater the number of sides the greater 
the perimeter. Of regular polygons circum
scribed about the same circles, the less the 
number of sides the greater the perimeter. 
The perimeter of a regular circumscribed tri
angle is equal to 

r X 10.39230 ; 
that of a regular inscribed triangle is 

r X 5.19618; 
and the perimeters of all regular polygons, 
whether inscribed or circumscribed, lie bc-
hveen these limits. 
The foUowing properties arc common to all 

convex polygons : 
1. Every polygon may be divided into as 

many triangles as it has sides, less two. 
2, The sum of the interior angles of every 

polygon is equal to two right angles, taken 
as many times as the polygon has sides, less 
two. 
3, If all the sides be prolonged in the same 

direction, the sum ofthe exterior angles thus 
foraied, is equal to four right angles. 
The foUowing are sorae of the properties 

of regular polygons : 
1. Every regular polygon may have a cir-

-cle inscribed within it, and another circum
scribed about it. 
2, If at the vertices of a regular inscribed 

polygon, tangents be drawn to the circle, 
they will, by their intersection, determine a 
regular polygon of the sarae number of sides 
circumscribed about tho circle. If the points 
of contact of a regular circumscribed polygon 
be joined, two and two, in their order, by 
straight lines, these chords will forra a regu
lar inscribed polygon, having the same num
ber of sides. 
It has been stated that any regular polygon 

may be inscribed in a circle, but georaetrical 
constructions have only been discovered for a 
limited number. The only regular polygons 
having less than 100 sides, which can, by 
known methods, be inscribed in a circle by 
geometrical construction, are those having the 
following number of sides, viz : 3, 4, 5, 6, 8, 
10, 12, 15, 16, 17, 20, 24, 30, 32, 34, 40, 48, 
51, 60, 64, 68, 80, 85, 96, or not quite one-
fourth of the entire number. 

In general, siueo a regular triangle, square, 
and pentagon may be inscribed in a circle, 
and since, also, having any inscribed polygon, 
we may always inscribe one having double 
tho nuraber of sides, it follows that whenever 
the number of sides of a regular polygon is 
equal to 2", 3 X 2", or 5 X 2", it can always 
be inscribed. To these may be added those 
in which the number of sides is equal to 
2" + 1, whenever this number is prime. 

Spherical Polygon. A portion of the 
surface of a sphere bounded by arcs of more 
than two great circles, which are called sides. 
Spherical polygons are classed Uke plane 
polygons, according to the number of sides 
which bound the figure, or according lo the 
number of their angles. 

The sum of all the sides of a convex spher
ical polygon is always less than the circum
ference of a great circle. 

The area of a spherical polygon is equal to 
that of the trirectangular triangle of tho same 
sphere, multiplied by the quotient obtained 
by dividing the sum of all its angles, dimin
ished by two right angles taken as many 
tiraes as the polygon has sides less two, by 
90°, Or, denoting the right angle by 1, and 
the area of the trirectangular triangle by 'T, 

,A = (s - 2« + 4) T. 
P O L - Y G ' O N - A L . Appertaining to a poly

gon. 
Polygonal Nciibers. Series of numbers,-

each term of which is formed from the pre
ceding by adding toil the corresponding term 
of an arithmetical progression. They aro 
called polygonal numbersbecause the nuraber 
of points in each series can be arranged in 
the form of a polygon, which gives the name 
to the series. Thus the numbers 1, 3, 6, 10, 
15, &c., are triangular numbers, because they 
indicate the proper number of points neces
sary to form triangles, as The numbers 1, 4, 9, 16, 25, (fee, are square 
nurabers, since the corresponding nuraber of 
points raay be arranged in squares, as indi
cated in the figure 

The nurabers 1, 5, 12, 22, A c , are pentag-
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onal nurabers. The rule for arranging the 
points m figures is this : draw a small regu
lar polygon of the required number of sides, 
and from one vertex draw lines to each of 
the other vertices and prolong them indefi
nitely. O n one of the sides, through the 
assumed vertex, lay off distances equal to 
two, three, four, &;c., times the length" of one 
side of the first polygon and on these lines 
construct polygons similar to the first poly
gon and having for a com m o n angle that 
whose vertex was assumed. Then distribute 
the points at distances on the perimeters of 
these several polygons equal to the side of 
the first polygon, and the polygonal figures 
wiU be formed. 

The particular progression employed in 
deducing a series of polygonal numbers is 
called the directing progression. The com
m o n difference of the directing progression 
is always equal to the number indicating the 
order of the polygonal number, less two. 

The following table will indicate the method 
of forraing series of polygonal numbers : 
IJ Direct. Progress'n, 1,2,3, 4, 5, 6, 7, S, 9, Sec. 
1"̂  Triangular Num. 1,3, 8,10,15,21, 38,36, 15, &;o 
I ' Direct, Progress'n, 1,3,5, 7, 9,11,13,15,17, &o. 
1-1 Square Numbers, 1,4,9,16,25,36,49,64,81, &c. 

^ ] Directing Progression, 1, 4, 7, 10, 13, 16, 19, &o. 
.̂ "j Pentagonal Numbers, 1, 5, 13, 22, 35, 51, 70, &o, 

I j Directing Progression, 1, 5, 9, 13, 17, 21, 35, &o, 
3 'j Hexagonal Numbers,' 1,0, 15, 38, 45, 66, 01, &c. 

I i Dir reeling Progression, 1, 0, H, ]6, 21, 26, 31, &o. 
ptagonal Numbers, 1, 7, 18, 34, 55, 81,113,&o. 
&o.. &c &:o.. tea. 

-2 J Directing Progression, 1, 77-], 3n-3, 377-5, &c. 
J'j JVgonal Numbers, 1, 71 3;i-3, 677,-8. &o. 
I, 
To find the general terra of any series of 

polygonal numbers. The 771" terra of a series 
of polygonal numbers of the 77" order is evi
dently equal to the sum of ?7t terms of an 
.arithmetical progression, whose first term is 
1, and c o m m o n difierence )i — 2 : hence, 
denoting this term by t, w e have the formula, 

< = I [(77 - 2)m' - {n - 4) •777], 
which boeoraes for the series of 

Triangular nurabers,, t = i{m' + ?n). 
Square " t = m'. | 

Pentagonal numbers, i = J(37n^ — 771), 
Hexagonal '• t =-^ iim' — 2m). 
Lleptagonal " ^ = i i5m' — 3m'\ 

&c. &,c. &e. 
Multagonal numbers, i=̂ [(?i-2)777"-(?7-4)777]. 
To find the sura of 771 terras of a series of 

polygonal numbers of the m"" order. 
The first terra (Z, of the first order of differ

ences is equal to 7i + 1 ; the first term (Z, of 
the second order of differences n; and the first 
terms of the remaining orders of difl'erences, 
are aU 0. Substituting these in the formula. 
f=77ia+ 

m(?77—1) 777(777-l)(m—2) 

1.2 
-d,+ 

1.2.3 
d.,+&c 

and we have, 
, 777(777-1) m(m-l)(777-2) 

* = ' » + - r : 2 - ( " + i ) + — 1 : 1 : 3 — « ' 
If we make 77, in succession, equal to 1, 2, 3, 
&c.,,,we have for the sum of 7?i terms, in the 
Triangular series, S=̂ 777(i?î +37>t+2), 
Quadrangular " <S = 7̂77(2777=-|-377i+l), 
Pentangular " S=^777(3777=+3ni+0), 
Hexangular " S=|7?7(477î +3777—1), 
Heptangular " iS=|777(5777=+377i,-2), 

&c,, &c,, &c,, &c. 
It is a property of polygonal numbers that 

every nuraber is the sura of one, two, or three 
triangular numbers : the sum of one, two, 
three, or four square numbers; the sum of 
one, two, three, four, or five pentagonal num
bers ; and in general, the sum of one, two, 
three, &c., -n, multangular num
bers. 

POL-Y-GON-OM'E-TRY. [ Gr. Trotof, 
many, yovia, angle, perpov, measure]. This 
is an extension of some of the principles of 
Trigonometry-to the case of polygons. The 
following enunciation of some of the leading 
principles of polygonometry, will show the 
analogy between this branch of Mathematics 
and Trigonoraelry. 

1. In any polygon, any one side is equal to 
the algebraic sura of the products, obtained 
by raultiplying each of tbe other sides into 
the cosines ofthe angles which they several
ly make with the required side. Thus, in thi» 
polygon, A B C D , w o have 

AB = BC cos CBE + DC cos DEL + DA cos DAB. 
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The angles are estimated from the prolonga-
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tion of -^B around to the sides, or sides pro
duced. 
2. The perpendicular let fall from any ver

tex of the polygon, upon any side taken as a 
base, is equal to the algebraic sum of the pro
ducts of the sides from this point, around to 
the base in either direction, miiltiplied re
spectively by the sines of the angles which 
they make with the base. Thus, 

D K = D A sin D.iB, 
or. 
DK = DG sin DEL + CB sin CBE.. . 

and so on, for a polygon havmg any number 
of sides. 
3. The square of any side of a polygon, is 

equal to the sum of the squares of all the o'Uier 
sides, minus twice the algebraic sum of the 
products of the sides, taken two and two by 
the cosines of their included angles. Thus, 
m the quadrilateral A B C D , we have, 

AB' = BC + D C 
+ AD'-2iBC X CD cos BCD 

+ CDXDA cos CDA+BCxAD cos AEB). 
T, 

This proposition is equally true whatever 
may be the number of sides of a polygon. 
POLY'-GRAM. [Gr. -o'/.vr, many, ypajiua, 

•writing]. In Geometry, a figure composed 
of many lines. 
POL-Y-He'DRAL a n g l e . A n angle 

bounded by three or more plane angles, hav
ing 3 common vertex, which is called the 
vertex of the polyhedral angle. The plane 
angles are the faces of the polyhedral angle. 
The lines in which the plane angles meet, are 
the edges of the polyhedral angle. If we 
describe a sphere having its centre at the 

vertex of the polyhedral angle, and a radius 
equal to 1, tho portion of the surface inter
cepted between the faces of the polyhedral 
angle may be taken as the measure of the 
angle, the area of the trirectangular triangle 
of the same sphere being regarded as 1. A 
polyhedral angle is acute when its measure is 
less than 1, it is right when its measure is 1, 
and it is obtuse when its measure is greater 
than 1. 

If two planes meet, they forra an angle 
which is called a diedral angle, and this raay 
be considered as the liraiting case of a poly
hedral angle, being bounded by two angles, 
each equal to 180° ; any point of the edge 
may be taken as the vertex, and the measure 
ofthe angle wiU be a lune, having the sarae 
angle as that included within the planes. It 
is more usual, however, to take as the mea
sure the plane angle formed by two straight 
lines, one in each plane, both drawn perpen
dicular to the common intersection at the 
same point. Both these measures amount to 
the same thing, so far as comparison of die
dral angles with each other is concerned. 

W h e n an angle is bounded by three plane 
angles, it is called a iricdral angle. W h e n 
the plane angles which bound a polyhedral 
angle are equal, and equally inclined to each 
olher, the polyhedral angle is said to be 
regular. 
POL-Y-He'DRON. [Gr. ttoAit. many, and 
edpc, sides, or faces]. .A solid, bounded by 
polygons. The hounding polygons are called 
faces ; the lines in which they meet are called 
edijcs, and the vertices of the polyhedral 
angles are called vertices of the polyhedron. 
.A straight Une joining two vertices not in 
the same face, is called a diagonal, and a 
plane passing through three vertices not in 
the sarae face, is called a diagonal plane. 

W h e n the faces are regular polygons, the 
polyhedron is said to be regular; there are 
but five such polyhedrons, viz,. the regular 
tetrahedron, hexahedron, octahedron, dodecahe
dron, and icosahedron. See Regular Polyhe
drons. 

The principal irregular polyhedrons con
sidered in Geometry, are the parallelopipedon, 
the pyramid, and the prism. For an account 
of these several solids, see the correspbndmg 
articles. 
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Polyhedrons are classed, according to the 
number of faces which bound them, into 
tetrahedrons, pentahedrons, hexahedrons, hepta-
hedrons, octahedrons, nonahedrons, decahedrons, 
&c. 

POL-Y-No'MI-AL. [Gr. noXvc, many, 
ovopa, name]. In Algebra, an expression 
composed of two or more terms connected 
by the signs, plus or minus. A polynomial 
of two terms is caUed a binomial; one of 
three" terms, a trinomial, &c. 

PoLYNOHiAfc Formula. See Multinomial 
Formula. 

PO'RISM. [Gr. iLoptgpoc, acquisition ; 
from iropog, ̂- passage]. A name given by 
tile ancient geometers to a class of proposi
tions having for their object to find the con
ditions that will render certain probleras in
determinate. The determinate solution of a 
problem requires that there should he given 
as many independent conditions as there are 
required parts. N o w if any supposition made 
upon the data of the problem causes one of 
the given conditions to become dependent 
upon the others, it is evident that the solution 
will be no longer determinate. The discovery 
ofthe conditions necessary to make the given 
conditions dependent upon each other, is the 
object of the porism. 

The nature of porisras, and the difference 
between thera and ordinary problems, will be 
best iUustrated by an example. 

c 

Having giving a triangle A B C , and a point 
D, in the plane of the triangle, lo find a 
straight line through D, such that the sum of 
the perpendiculars let fall upon the line, from 
the two vertices of the triangle, on one side 
of the Une, shall be equal to the perpendicular 
let faU upon it from the vertex on the other 
side of tho line. Suppose the problera solved 
and that D E is the required line, and that the 
Bura of the perpendiculars A E and B G is 
equal to tho perpendicular CF. Bisect A B 
iu H, and draw O H cutting D E in L ; draw 
also H K perpendicular to DF. Then from 
the figur,3 w o shall have 

H K = i(AE + BG) 
whence 2H1C = CF. But frora the sunilar 
triangles, L H K and LCF, we have 

H K : CF •: H L : CL 

whence 2HL = CL: that is. the line DE 
cuts the line C H at a point, one-third of the 
distance from H to C. W e have therefore 
the following construction for the required 
line. Bisect the base by a straight line drawn 
from the vertex ; take a point in this line one-
third of the distance frora the base to the ver
tex, and through this and the given point draw 
a straight line, and it will he the right line 
required. This is a deterrainate problem, and 
evidently adraits of but one solution in the 
general case. It is plain that for the same 
triangle, whatever may be the position of the 
point D, the point L will remain the same, 
and as long as D and L do not coincide, there 
will he but one solution. N o w if we suppose 
the point D to coincide with L, it is evident 
that there will be an infinite number of solu
tions, for every straight line drawn through L 
will fulfiU the required conditions. W e may 
enunciate this new and indeterminate prob
lem as foUows: 

To find in the plane of a triangle a point such 
that any straight line being drawn through 
it, and perpencficulars let fall upon it, from 
the vertices of the three angles, the sum of 
the two perpendiculars on one side wiU be 
equal to the perpendicular on the other side; 
or the algebraic sum of the perpendiculars 
will be equal to 0. 

This proposition is a porism, and the 
method of deducing it from that of a common 
problem indicates the distinctive properties 
of the porism. 

The preceding porism is only a particular 
case of a more general one, which may be 
enunciated as follows : 

To find a point in the plane of a polygon 
such that any straight line being drawn through 
it, and perpendiculars being let fall upon 
it from the vertices of the polygon, the sum 
of the perpendiculars on one side will bo 
equal to the sum of the perpendiculars on 
the other side, or tho algebraic sum of all 
the perpendiculars wUl be equal to 0. 

If w o regard the perpendiculars on one 
side as positive, and those on the otiier side aa 
negative, the algebraic sum of aU the peipen-
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diculars must be equal to 0. The point to be 
determined is evidently the centre of gr:i\ ity 
of the polygon. 

.Vs an iUustration of the difl'erence between 
theorem and porism, let us take the fol

lowing : 
Having given a circle A F C , and a point E. 

in its plane, let a point D be assumed on E O , 
so that 

EO X OD = AO'; 
then, if from a given point F on the circum
ference, the straight lines F E and F D bo 

drawn, it is required to show that the ratio 
of E F to D F is equal to the ratio of E-V, to 
DA. 
This proposition is a theorem. If now the 

proposition be enunciated as follows, it be
comes a porism, viz: 
Having given a circle, and a point E in 

the plane ofthe circle, to find a second point 
D, on E O , such that two Unes E F and F D , 
drawn from any point F of the circumfer
ence shall hear to each other a given ratio. 
PlayfaiFs definition of a porism is the fol

lowing: 
•• .\ porism is >i proposition affirming the 

possibUity of finding such conditions as will 
render a certain problera indeterminate, or 
capable of innumerable solutions." 
PO-SI'TION. [L. positio ; from positus, a 
placing or setting]. A rule in arithmetic for 
solving certain problems, which would other
wise require the aid of algebra. It is some
times called false position, or false supposi
tion, because in it, untrue numbers are as
sumed, and by their means the true answer 
lo a problem is deterrained. It is also sorae
times called the rule of trial and error, 
because it proceeds by the trial of false-num
bers, and thence discovers true ones by a 
comparison of the errors committed. 

The exact solution of problems can only be 
made by the rule of position, when they givo 

rise to equations of tho first degree. W h e n 
the problems arc of a higher degree than the 
first, results m;iy be found which aro approx
imately correct, and by continued application 
a high degree of approximation raay be 
attained. In this way the rule has been 
applied to find tho roots of equations of the 
higher degrees. It is also useful in solving 
exponential equations; and in general, all 
kinds of transcendental equations. It raay 
be applied with advantage in extracting the 
higher roots of numbers. 

It is divided into two parts, single and 
double position. Single position explains the 
raethod of solving problems in which the 
results are proportional to the assumed num
bers. That is, when the required nuraber is 
to be multiplied and divided by certain num
bers, or when it is to be increased or dimin
ished by any aliquot part ofthe number, &c. 

The rule is as follows : 
Assume any number, and perform upon it 

the successive operations indicated in the 
enunciation of the problem; then wiU'the 
result obtained be to the true result, as Ihe 
number assumed is to the number required. 

Example: What number is that, which 
being increased by i, ̂, and J of itself, the 
sura will be 125 I 

Assume the number 72. Then, frora tho 
conditions of the question, 

72 + 36 + 24 + 18 = 150; 
now, by the rule, 

150 : 125 : : 72 : X, :.x = 60, 
the required nuraber. 

Double Position explains the method of 
solving problems in which the results are 
not proportional to the assumed numbers ; 
that is, when the nurabers sought, or their 
parts, or their multiples, are increased or 
diminished by some absolute number, or the 
like. 

Rule. Take any two convenient numbers, 
and proceed with thera separately, according 
to the conditions of the problem, noting the 
results. Then, as the difference of these 
results, is lo the difference of tho assumed 
numbers, so is the difference between tho 
true result and either of the deduced results, 
to the correction to he applied to the number 
corresponding to that result. 

W h e n the deduced result is too small, tho 
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correction is to be added; when too large, it 
is to be subtracted. 
Example: What number is that, which, 

being multiplied by 6, the product increased 
by 18, and the sura divided by 9, the quotient 
wUlbe equal to 201 
first position. second position. 

18 30 
6 _ 6 

108 180 
18_ 18 

9)126 9)198 
14 1st result. 22 2d result. 

Then, by the rule, 
8 : 12:: 2 0 - 14:2 .: x = 9 ; 

hence, 18 + 9 = 27, true result. Or, 
8 : 12 : : 22 - 20 : I .: x = 3; 

hence, 30 — 3.= 27, true result. 
Position of a point or magnitude, in 

Georaetry, is its place with respect to certain 
other objects, regarded as fixed. Thus, in 
the systera of rectilinear co-ordinates, a point 
is given in position, when its distances frora 
three co-ordinate planes are known. In 
analysiia, the constants which enter the equa
tion of a magnitude of any kind, make known 
its position with respect to the co-ordinate 
axes, or the system in which the magnitude 
is taken. Analytical Geometry is sometimes 
called Geometry of Position. 
POS'LTIVE QUANTITIES. [L. positivus, 

placed]. Those affected with the sign +. 
The term positive is used in contradis
tinction to negative ; the two indicating quan
tities taken in a diametrically opposite sense. 
The sense in which a positive quantity is to 
be taken is purely conventional, but when 
once assumed, the negative quantities must 
be regarded in a contrary sense. 

For instance, if it is agreed to represent 
distances estimated from a point along a 
straight line in either direction, by a positive 
symbol, then will a negative symbol indicate 
distances estimated from the same point in 
the contrary direction. If it is agreed to 
estimate time, from a particular epoch, for
ward, by a positive symbol, then will time 
backward from tho fixed epoch be represented 
by a negative symbol, and so on. It is in 
accordance with this principle that positive 
and negative results are to be interpreted in 

analysis. 

POS'TU-LATE. [L. postulatum; from 
postulo, to deraand]. The enunciation, in 
Georaetry, of a self-evident problera. It dif
fers from an axiom, which is the enunciation 
of a self-evident proposition. The axiom is 
more general than the postulate. The fol-, 
lowing are some of the postulates of Geome
try : 

1, A straight line may be drawn from one 
point to another. 

2. A liraited straight line may be prolonged 
to any length. 
3. A limited straight line raay be bisected, 

that is, divided into two equal parts. 
4. If two limited straight lines are unequal 

in length, the length of the shorter one may 
be laid off upon the longer one. 
5. A straight line raay always be drawn, 

bisecting a given angle. 
6. A perpendicular may always be drawn 

to a given straight line through any point, 
either upon or without the line. 

7. An angle can always be constructed 
equal to a given angle. 
8. A straight Hne may always be drawn 

through a given point paraUel to a given 
straight line. 
9. A circle can always be described, having 

its centre at a given point, and with any 
given radius. 
POUND. [L. pondus, weight, pendo, to 

weigh]. A unit of weight. Pounds are of 
different kinds, as pounds Troy, poiinds 
Avoirdupois, &c. A cubic inch of distilled 
water, at 62° Fahr., the barometer being 30 
inches, weighs 252.458 Troy grains, and the 
Troy pound is equal to 5760 of these grains. 
The Avoirdupois pound is equal to 7000 Troy 
grains, so that the Troy pound is to the Avoir
dupois pound as 144 is,to 175. See Wrights. 
POUND. A unit of currency in the British 

systera, also in several olher foreign systems. 
The British pound sterling is equivalent to 
$4,84 of our currency, though its commercial 
value varies from $4,83 to 84,86, 
P O W E R . The power of a quantity in 

Algebra, is the result obtained by taking that 
quantity a certain number of times, as a fac
tor. W e may regard the unit 1 as the base 
of the powers of all quantities, the base itself 
being called tho 0 power. Now, denote any 
quantity whatever by a, and multiply 1 by it. 
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the result may be written a and is called the 
,-;,•-.<: roirct- oi' a ; multiply this by a, the re
s-alt m.av be written o'-. .and is called tbe 
second power of a. and so on ; after « succes
sive multiplications by the same quantity a, 
the result may be written a", and is called the 
n" power of a. 
Commencing with 1, or the 0 power of a. 

we have the series 
1, a, a", a', a*, a', .... a", 

which is called tbe series of ascending pow
ers. Were we to commence w-ith a', and 
divide sueecssively by a. or what is the same 

1 
thin", multiply by -, we should obtain the 
same series in an inverse order; if on reach-
1 we continue the successive division by a, 
or multipUcation by -, we shall have 

445 

1 1 1 &c., 1 

The numbers written 

which, from analogy with the terms of the 
ascending series, are denoted by the symbols 

a-", "-̂  a-", a->, .... a — ; 
this is called the series of descending powers. 
The two series may be written together, thus: 
"-*... a-*, a-', a-', a-', a", a\ a', a', 
a\ aS a', a% a', a', a'", a", a" . . . . a", 

in which any term may be derived from the 
preceding one by multiplying it by a. or from 
the succeeding one by dividing it by a, or 

1 
multiplying it by -
at the right and above the quantity a, arc 
called exponents, and denote the degree of 
the power, or the num.ber of times that a has 
been taken as a factor, or the number of sue-
ces.sive multipUcations that have been raade 
beginning at the 4asc 1. In accordance with 
the well established rules for the interpreta
tion of negative results, it follows that a neg. 
ative exponent indicates the number of suc
cessive divisions by the quantity a, beginning 
at the base 1. W e have seen above that any 
quantity affected with a negative exponent is 
equal to that power of the reciprocal of the 
quantity which would be denoted by the sarae 
exponent, with its sign changed. Thus, 

fl 

Tho number a is called a root of the dilTercnt 
powers ; thus, a is the square root of a', tho 
cH4e root of a^ the n"' root of a". Tho tcmis 
power and root are correlative, and aro thus 
used in mallicmalics. 

Fractional powers are those indicated by 
fractional exponents, as, aii. By the rules 
for the multiplication of quantities we have 

'i - ~ ( ^"' 
a" = a " X a" ... = \a" J 

These principles enable us to explain the na
ture of all quantities afreeled with negative 
and fractional exponents. By a conibinalion 
of these principles we have the following 
table of analytical equivalents : 

(1). a" = a"' X a" = a'» X 

(2). a- =- = (-\ 
^ ' a" \a) 

The following are some of the properties 
of powers; 

'The difference of the like powers of two 
quantities is always divisible by the difference 
of the quantities ; that is, when 77T is a whole 
number, 
X"" — 7/" 
—— = 2:>n-i -f x̂ '-' y + X^' y' + • • • • 
+ x' y"-' + xy"-'' + y"-' • • • 

If a; = 7/ the quotient reduces to ma:"^', 
whatever may be the value of 777. 

2, The e.xpression x" — 7/" is divisible bj 
X — y, and also hy x + y, when m is a posi 
live even number. 

3, The expression x" + y" is divisible by 
X + y when n is an odd whole number, and 
positive. 

4. The expression x" — x" is divisible by 
x — l , and il is also divisible by x + 1 when 
m — n is an even whole nuraber. 

5 The expression x™ + x" is divisible oy 
X + 1 when 777 — 77 is an odd whole number. 

6. Neither the sum nor the difference of 
any two powers of a degree superior lo the 
second, is equal to a perfect power of the 
same degree. 

7. If 777 is a prime number, and x any num
ber not divisible by 777, then will the remain
der arising from the division of x by m, be tho 
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sarae as that from the division of x" by m, 
and consequently x"'~' — 1 will be exactly 
divisible by m. 

By means of this principle we readily de
duce the following table ofthe forms of pow
ers of nurabers with regard to certain fixed 
nurabers taken as moduli: 
2'' powers are of the form 5ji or 5n ± I 
3'! powers " " 77t or 7n ± I 
4"' powers " " 5n or 5n + I 
S"-powers " '• Uti or II77 ± 1 
O'l" powers " " 1377 or 13?7 ± 1 
7"' powers " " 17k or 17» ± 1 
and generally, when m + 1 is prime, 

m"" powers are of the form (m + 1))7, or 
(777 -h 1)77 + 1 ; and when 2771 + 1 is prime, 

777"' powers are of the form (771 + 1)77, or 
(777 + 1)?7 + 1. 

8. All the terms of the [n + 1)'* order of 
differences of a series of like powers of the 
natural numbers, are equal to 0. 

The same principle holds in regard to 
the differences of any series of like powers of 
the terms of any arithmetical progression. 

Commensurable in Power. T w o quanti
ties that are not comraensurable, but which 
have any like powers commensurable, arc said 
to be commensurable in power. Thus, the 
side and diagonal of a square are incommen
surable, but their squares are commensurable, 
being to each other as 1 to 2 : they are thus 
commensurable in the second power. 

Power of an Hyperbola. The rhombus 
described upon the abscissa and ordinate of 
the vertex of the curve when referred to its 
asymptotes. It is equivalent to one-eighth of 
the rectangle ofthe axes, or to one-eighth of 
the parallelogram described upon any pair of 
conjugate diaraelers. 

P R A C ' T L C A L . A n application of what 
Is theoretical or scientific. That which may 
be accompfished or effected. 

Practical Arithmetic, Geometry, &o. 
The application ofthe principles and truths of 
the science of arithraetic, georaetry, &c., to 
the wants of life. 
Most ofthe ordinary operations of business 

arc only so many practical applications of 
rules or principles which htwe b'ecn deduced 
from a consideration of the truths of science. 

P R A C T I C E , [Gr. Trpaicnicy, from irpao-
ua, - irparra, to do, to act]. A n easy and 
concise method of applying the rules of arith

metic to questions which occur in trade and 
business. It is only a particular case of the 
Rule of Three, in which the first terra is 1. 
For example. If 1 yard of cloth cost half a 
dollar, what will 60 yards cost 1 This is an 
example of the nature of the questions that 
are solved by the rule of Practice. 

The general rule for Practice is : take the 
sum of such aUquot parts of the given number 
of things, as the given price is of the unit of 
currency of the next higher order, and the 
result will be the price of the thing in terms 
of that unit. Thus: What wiU be the cost of 
5320 bushels of wheat he at 3" 6'' per bushel? 

6)5320 
3» 4"̂  is J of a £ -̂ of 5320 is 20;886.6666 
- y^o of 5320 is 44.3333 

931 
Hence, the cost is £931. 

It is only experience that can give faciUty 
in the application of the rules of Practice. 

PRE-FIX'. [L. prtefigo, to fix before]. To 
write before, as, to prefix a co-efficient, to pre
fix O's, &c. 

PREM'I-SES. [L. prcemissa, dispatched 
before]. In logic, the first two propositions 
of a syllogism, from which the inference is 
drawn. Thus: 

All tyrants are detestable. 
CEEsar was a tyrant, 

are premises, and if their truth be admitted, 
the conclusion, that Cassar was detestable, 
follows as a matter of irresistible inference. 
The entire syllogism reads as foUows : 

All tyrants are detestable; 
Cffisar was a tyrant; 
Therefore, Csesar was detestable. 

Of the two terms of the conclusion, the 
predicate idetestable) is called the ma;'or term, 
and the subject {Caisar) the iTii/tor term ; and 
these, with the middle term {tyrant) make up 
the three terms of the syllogism, eacu being 
used twice. The premiss into w\ich the 
major terra enters is caUedthe 7770/1. premiss, 
the one into which the minor term enters is 
called the minor premiss. In the example 
given. 

All tyrants are detestable, 
is the major premiss, and 

Cicsar was a tyrant 
is the minor premiss. In the reasoning oi 
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mathematics the premises are axioms, defini
tions, and propositions already established, 
whether expressed in mathematictU or in com
mon language. See Dtinonstration. 
PRl'iLA-RA', [I- primarius, chief, prin

cipal]. First or lowest in order ; that which 
s:,aiiJs highest in rank, as opposed to second
ary. Thus, we say th<at the unit 1 is the 
primarr base of alt numbers, because to it all 
numbers are ultimately referred in order to 
show the relations which tliey hear to each 
other. Beginmng with the lirst or primary 
order of units, they are collected upon the 
base 1 tUl ten are collected ; then, beginning 
with tens, we collect upon the secondary base 
10 or 1 ten, lUl ten of these are collected; 
then, we collect upon 100 or 1 hundred, as a 
base of the third order, and so on ; and before 
we can acquire a distinct idea of a number, 
we are obiijeJ to refer it back through the 
diti'erent units to the primary base 1. The 
base 1 is the measure of the relation of 
equality ; that is. it is the result obtained by 
dividing one thing by an equal thing of the 
same kind. See Nianhcr. 
PRIME. [L. primus, first]. A number 

or quantity, is prime, when it cannot be ex-
dclly divided by any other number or quantity, 
except 1. Two numbers or quantities are 
pri/Tie with respect to each other, when they 
3o not admit of any coraraon divisor except 
1. The numbers 2, 3, 5, 7, &c,, are prime 
numbers, and the numbers 7, 12, and 25, are 
prime with respect to each olher. 
There has not been any rule discovered by 

means of which prime numbers can be found 
by a direct process. A method of finding 
prime numbers by sifting out those which are 
not prime, was discovered by Erastosthenes, 
and called by him, for that reason, a sieve. 
The method is as follows : Since every even 
number is divisible by 2, we may confine our 
attention to the odd numbers. For this pur
pose, write down the series of odd numbers 
from 1 to any desired limit—suppose to 99, 
for example. 
1 3 5 7 9 11 13 15 17 19 21 23 25 27 
29 31 33 35 37 39 41 43 45 47 49 51 53 
65 57 59 61 63 65 67 69 71 73 •'/5 77 79 
81 83 85 87 89 91 93 95 97 99. 

\̂'e begin with the first prime number after 
2, which is 3, and over every third number, 
from that place, we put a point, because those 
numbers are divisible by 3; as, 9, 15, 21, 
ĉ e. 

Then, from 5 a point is placed over every 
fifth number, they all being divisible by 5 ; 
as, 15, 25, 35, &,c, 

.•\gain, every 7th number from 7 is pointed 
as before ; as, 21, ;!5. 49, &c. 
Now, aU that remain, viii. 

1, 3, 5, 7, 11, 13, 17, 19, -23, 29, 31, 37, 41, 
43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, and 
97, are prirae numbers ; for there is no prime 
number between 7 and -/lOO that will divide 
either of them ; and if a number cannot be 
divided by a prime number less than the 
square root of itself, it is a prime number. 
If, therefore, we add to the numbers thus 
found, the only even prime number, 2, we 
shall have all the prime numbers in the first 
hundred. This method becomes exceedingly 
tedious, beyond a certain limit, and, in order 
lo find prime numbers beyond this limit, an
alysts have sought to find a formula ; but, 
thus far, none of general application has been 
found. 

I.—Table of Prime Forms. 
^ 

I 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

Prime 

4?7+ 1 
677+ 1 
877+ 1, 
877+ 1, 
1271+ 1 
1271+11 
14-77+ 1, 
2077+ L, 
2077+ 1. 
2071+ 3, 
24?7+ 1, 
2477+ 5, 
2477+ .5, 
2471+ 1, 
2877+ 1, 
2877+ 3, 
3077+ 1, 
3077 + 17, 
4077+ 1, 
4077+ 3, 
4071+ 1, 
4077+ 7, 
12077+ 11, 
12077+13. 
12071+ 1, 

26 12077 + 17, 

i 

7 
3 

9, 11 
9, 11, 19 
9 
7 
19 
25 
11 
7 
9, 25 

19, 27 
19 
23 
9, 31, 39 
13, 27, 37 
9, 11, HI 

13, 23, 37 
29, 59, 101 
37, 43, 67 
31, 49, 79 
23, 47, 113 

F-quivalent fornxs-

y' + z' j 
y' + yz + z' 1 
if - 2z' 
y' + 2z' 
y' - 3-
3y' - z' 
y' + 7z' 
y' - 5z' 
y' + 5-= 
2y' + 2yz+3z' 
y' - 6z' 
6y' - z' 
2y' + 3: = 
y' + Hz' 
y' - 7z' 
7y' - z' 
y' + I5z' 
3y' + 5z' 
y' - IQz' 
2if - 5z' 
y' + IGz' 

2 f + r,z' 
5y' + 6z' 
10 y' + 3z' 
y' + 30z' 
2y' + 15== 

file://�/gain
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II.—TABLE OF PRIME NUMBERS, 

[PR I 

© 
0 
~1 
2 
3 
5 
7 
11 
13 
17 
19 
23 
29 
31 
37 
41 
43 
47 
53 
59 
61 
67 
71 73 
79 
83 
89 
97 

1 2 
01 11 
03 23 
07 27 
09 29 
1333 
27 39 
3141 
37 51 
36.57 
49 63 
51 69 
57 71 
63 77 
67,81 
7383 
79 93 
81 
91 
93 
97 
99 

3|4 : 
0701 0 
11090 
1319 2 
17212 
3l'314 
37334 
4739 5 
49 43 6 
53,49 6 
59 57 7 
6761 7 
73 638 
79'679 
83.79 9 
89,87 
9791 
99 

) 6 
3 0T 
9 07 
1 13 
3 17 
1 19 
7 31 
741 
3 43 
9 47 
1.53 
7 59 
761 
3 73 
9 77 
83 
91 

7 8 
OT09 
09 11 
1921 
2723 
33 27 
39 29 
43 39 
51.53 
.57 57 
6159 
69 63 
73 77 
8781 
9783 
87 

3 
0 
01 
11 

1 2 
09 03 
19 09 

19121 17 
23 3721 
•3763 29 
41 67 51 
49 69 53 
618157 
67 
79 
83 
89 

87,59 
9171 
99 

3 4 . 
01071 
0713 1 
13 33 2 
19 49 2 
23 573 
29 613 
31634 
43 674 47 69 5 
59 915! 
61 99 7 
71 81 
73 8C 
39 93 
31 

j 6 
107 
713 
717 
9 23 
331 
9 37 
143 
759 
r7i 
)73 
77 
91 
97 

7 8 
0103 
0921 
19 23 
2733 
3347 
39 51 
6153 
6763' 69 77' 
79 81( 
9389f 
37 

1 1 
1 1 

1 
9 0 
07 09 
11 13 
19 19 
29 21 
37 31 
41 33 
47 39 
53 49 
67 51 
71 61 
77 63 
83 69 
91 87 
97 91 

93 
a7 

1 
03 
09 
17 
23 
29 
51 
53 
63 
71 
81 
87 
93 

2 
01 
13 
17 
23 
29 
31 
37 
49 
59 
77 
79 
83 
89 
91 
97 

3 
oT 
03 
07 
19 
21 
27 
61 
67 
73 
81 
99 

4 
09 
23 
27 
29 
33 
39 
47 
51 
53 
59 
71 
81 
83 
87 
89 
93 

5 
Tl 
23 
31 
43 
49 
53 
59 
67 
71 
79 
83 
97 

99I 

6 
ol 
07 
09 
13 
19 
21 
27 
37 
57 
63 
67 
69 
93 
97 
99 

7 
09 
21 
23 
33 
41 
47 
53 
59 
77 
83 
97 
89 

8 
01 
11 
23 
31 
47 
61 
67 
71 
73 
77 
79 
89 

9 
ol 
07 
13 
31 
33 
49 
51 
73 
79 
87 
93 
97 
99 

4 
0 
01 
03 
07 
13 
19 
21 

•~ 27 
/LQ 

"̂ .51 
07 57 
11 73 
17 79 
19 91 

1 
11 
27 
29 
33 
39 
53 
57 
59 
77 

23 93 
29 99 

2 
01 
11 
17 
19 
29 
31 
41 
43 
53 
69 
61 
71 
73 
83 
89 

31 97| 

3 
27 
37 
39 
49 
57 
63 
73 
91 
97 

4 
09 
2! 
23 
41 
47 
51 
57 
63 
81 
83 
93 

5 
07 
13 
17 
19 
23 
47 
19 
61 
67 
83 
91 
97 

6 
03 
21 
37 
39 
43 
49 
51 
57 
63 
73 
79 
91 

7 
03 
21 
23 
29 
33 
51 
59 
83 
87 
89 
93 
99 

8 
oT 
13 
17 
31 
61 
71 
77 
89 

9 
03 
09 
19 
31 
33 
37 
43 
51 
57 
67 
69 
73 
87 
93 
99 

1 2 1 
0 
03 
11 
17 
|27 
29 
39 
53 
63 
69 
81 
83 
87 
89 
99 

1 
n 
13 
29 
31 
37 
41 
43 
53 
61 
79 

2 
03 
07 
13 
21 
37 
39 
43 
51 
67 
69 
73 
81 
87 
93 
97 

3 
09 
11 
33 
39 
41 
47 
51 
57 
71 
77 
81 
83 
89 
93 
99 

4 
11 
17 
23 
37 
41 
47 
59 
67 
73 
77 

5 
03 
21 
31 
39 
43 
49 
51 
57 
79 
91 
93 

6 
09 
17 
21 
33 
47 
57 
59 
63 
71 
77 
83 

7 
07 
11 
IS 
19 
29 
31 
41 
49 
53 
67 
77 

87189 
89 
93 
99 

91 
97 

8 9 
0103 
03 09 
1917 
3327 
3739 
43 63 
5157 
•57 63 
6169 
79 71 
8799 
97 

3 1 
0 
03 
09 
11 
21 
23 
39 
51 
59 
77 
81 
87 
99 

1 
01 
07 
13 
19 
47 
53 
67 
71 
79 
89 
97 

2 
09 
27 
31 
33 
37 
61 
73 
79 
81 
97 

3 
03 
09 
23 
33 
47 
51 
81 
87 
93 
99 

4 
07 
13 
17 
19 
31 
37 
41 
43 
49 
71 
77 
79 
S3 

5 
01 
03 
07 
19 
21 
27 
31 
57 
63 
69 
73 
81 
91 

6 
23 
39 
41 
47 
51 
53 
57 
59 
59 
83 
39 
93 

7 
01 
11 
17 
37 
41 

8 9 
0103 
07 23 
1327 
2139 
2753 

43 3981 
494387 
79 
33 
49 
r,̂  

91.57I 1 
61 
67 
69 
79 
81 
97 

13 .7 This table contains a list of all the prime numbers 
;7 up to 6000. To use it, look for the figure denoting 
19 thousands over one of the sub-tables, then under it. 

at the head of the table, look for the figure denoting the 
hundreds, follow the Une down, and if the remaining 
figures of the numbers occur it is prime; if not, it is 
not Fo r e xai up e. 53 31 isp rirr e--4 75£ n ot. 1 

The following are some of the properties 
of prime numbers, shown in Table I. 

1. If a number cannot be divided by 
number less than tho square root of itself, it 
is a prime number. 

2. AU prime numbers are of the form 
4-71 ± 1 ; 

that is, if a - prime number be divided by 4, 
the remainder will be ± 1. All prime num
bers are also of tho form 

671 ± 1. 
Many other forms might be given, sorae of 

which are written on p. 447, in a tabular form. 
The converse of these propositions is not 
true ; for every number of one of the forms 
is not necessarily a prime number. 
3. There cannot he three prime numbers 

in arithmetical progression unless tho com
mon difference of the progression is divisible 
by 6, or unless the first of these prime num
bers is 3 ; in which case there may be three 
prime numbers in such progression, but in no 
case can there be more than three. 

4 If 71 is a prime number. 
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1 + 1. 2 . 3 , 4 . . . Ji 
is divisible by n. 
5. If « is a prime number, and r any num

ber whatever, not divisible by n, then will 7", 
when divided by n, leave the same remainder 
as r when divided by n. 
6. Under the same supposition as before, 

J*-" — 1 is divisible by n. 
7. The square of every prime number of 

the form 47i + 1, is itself of the form 
y' + 25: = . 

Table I. gives, in a condensed form, most 
of the properties of prime numbers. 
The distribution of prime numbers does 

not follow any known law; but from the 
preceding table and from other tables conti
nued much further, it is evident that for a 
given haterval, the number of primes is gene
rally less, the higher the beginning of the in
terval is taken. The whole number of 
primes, up to 10,000, is 1230; between 
10,000 and 20.000. it is 1033 ; between 
20,000 and 30,000, it is 983, and so on ; be
tween 90,000 and 100,000, it is 879. 
The foUowing formula has been given for 

determining the number of primes, up to the 
number x, when a: is a very great number, viz,: 

X 
^ ̂  Alogx-B ' 

fai which .V denotes the number of primes, 
and A and B constants to be determined by 
trial. 
^Vhen X is a very great number, and the 

Naperian system of logarithms is used, A is 
nearly equal to 1, and B is nearly equal to 
1,08366, giving the formula 
Y= "" 

ix-1.08,366 
This formula is deduced empirically ; that 

13, it is found to satisfy the results given in 
the tables; but no demonstration of it can be 
given. It has been found, that of all the 
numbers less than a million mUfion of mil
lions, only one out of 40 is a prime, whilst 
the number of primes under the square of 
the same number is but one out of 82. W e 
mfer front this, that w e might name a series 
of numbers beginning with one so high, that 
a million, or any other number, however 
great, of numbers should succeed without 
oonlaining one prime number. Nevertheless, 
there cannot be au end of prime numbers ; 

29 

for if so, let p bo the last prime number, and 
let ,V denote the product of all the prime 
numbers, 2. 3, 5, ... p. Now, every number 
is either prime or divisible by a prirae ; but 
-V + 1 is not divisible by 2, 3, 5, . . ,, or p, 
since it leaves a remainder 1 in every case. 
Hence, .Y + 1 is prime, which is necessarily 
greater th.an p, the greatest prime number, 
which is absurd ; hence, there can be no 
limit to the number of prime numbers. 

Prime Factors. The prime numbers that 
will exactly divide the number. 

If w e denote the prime factors of any 
number by a, 4, c, d, &c,, and the number of 
times that they enter, respectively, bv 777,77, p 
q, &.e,, the nuraber itself will be denoted by 
a" . b' - cP • di. . . &c. ; and the whole nuraber 
of its divisors (including 1 and the number 
itself,) will be 
im + I) in + l){p + I) ig + I) .... &c. ; 
call this number A'; then the number of 
numbers less than -Y, and prime with respect 
to N, is denoted by 

777 — 1 77 — 1 
N -

-1 . &c. rzl 
V ' q 

To resolve any number into its prirae fac
tors, w e coraraence by dividing it successively 
by 2. as often as possible; after which we 
divide it successively by 3, as often as pos
sible ; then by 5, and so on until w e see, 
from the table, t'hat the quotient obtained is 
prirae; then we gather the divisors and the last 
quotient together : these are all of the prirae 
factors. For exaraple, let it be required to 
resolve 504 into its prime factors : 

Operation. 2)504-n 2)252 
2)126 
3) 63 
3) 21 

> hence, 504=2'-3'-7. 

7) 
To find aU the different divisors of 504, we 

form all the different products of tho prime 
factors taken in sets of 1 and 1, 2 and 2, 3 
and 3, &c.; these will be the required divi
sors. The highest prirae number that has 
hitherto been shown to be prime, is 

2147483647. 
Prime and Ultimate Ratios. A raethod 

of analysis, devised and first successfully 
eraployed by Newton in his Principia. It is 
an extension and siraplificalion ofthe method 
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known araongst the ancients as the method 
of exhaustions. To conceive the idea of this 
method, let us suppose two variable quanti
ties constantly approaching each other in 
value, so that their ratio continually ap
proaches 1, and at last differs from 1 by less 
than any'assignable quantity ; then is tho 
ultimate ratio of the two quantities equal to 1. 

In general, when two variable quantities 
simultaneously approach tv/o other quanti
ties, which, under the same circumstances, 
remain fixed in value, tho ultimate ratio of 
the variable quantities is the same as the 
ratio of the quantities whose values remain 
fixed. They are called prime, or ultimate 
ratios, according as the ratio of the variable 
quantities is receding from or approaching to 
the ratio ofthe limits. This method of analy
sis is generally called the method of Umits. 

Pri.me Vertical. In Navigation and Sur
veying, a vertical plane which is perpendic
ular to a meridian plane at any place. 

Prime Vertical Dial. In dialing, a dial 
drawn upon the plane of the prirae vertical 
of the place, or a plane paraUel lo it. 

PRIM'J-TiVE. Original, not derived. 
Pei-MItive Axes of Co-ordinates, or 

Prlmitive System. That systera to which 
the points of a magnitude are first referred 
with reference to a second set or second sys
tem, to which they are afterwards referred. 
and which is caUed the new set of axes, or 
the new system. See Transformation of Co-
orilirial.es. 

Primitive Circle. In Spherical Projec
tions, the circle cut from the sphere to be 
projected, by the prunitive plane. It is gen
eraUy a great circle. 

Primitive Plane. In Spherical Projections, 
the plane upon which the projections are 
made. This plane is generally taken through 
the centre of the sphere, and in most cases is 
made to coincide with some principah circle 
of the sphere, as the equator, or one of the 
meridians. 

PRIN'CI-PAL. [Jj. principalis, from prin-
ccps]. In .Irithmctic, the name given to a 
sum of money put out at interest. 

Principal Axis of a conic section, that 
.-ixis which passes through the foci. In the 
case ofthe parabola, it is the diameter through 
tho focus. 

In the case of the circle, the foci coincide 
at the centre, and every straight line through 
that point is a principal axis, 

Peincipal Plane. In surfaces of the 
second order, a plane that bisects a system of 
parallel chords of the surface perpendicular to 
it. In every surface of the second order 
there is always one principal plane. A prin
cipal plane of a surface of the second order, 
is analogous in its properties to an axis of a 
line of the second order. 

Whenever the surface has one centre only, 
and that at a finite distance, it always has 
three principal planes, which, by their inter
section, determine the position ofthe axes of 
the surface. 

If the surface is one of revolution, any 
plane passed through the axis is a principal 
plane, arid consequently, there are an infinite 
number of them. 

In the case ofthe sphere, any plane passed 
through the centre is a principal plane. 

The principal plane of a surface always 
divides the surface, as well as the volume 
bounded by the surface, into two equivalent 
and symmetrical parts. 

Principal Point. In Perspective, the pro
jection of the point of sight upon the per
spective plane ; it is the same as the centre 
of the picture. 

Peincip.il Ray. In Perspective, the ray 
drawn through the point of sight, perpendic
ular to the perspective plane. 

PRIN'CI-PLE. [L. principium]. A truth 
which has been proved, or which is evident. 

Principle of O's. See Nines. 
PRIS-M. [Gr. wpigpa ; from TvpiQ, to cut 

with a saw]. In Geometry, a polyhedron in 
which two of the faces .are equal polygons of 
any kind, having their homologous sides 
parallel; all of the remaining faces are paral
lelograms. The equal and parallel polygons 
are called 4ases of the prism, and the paral-
lellograras taken together make up the lateral, 
or convex surface. The distance between the 
bases is called the altitude. The lines in 
which the lateral faces meet, are called lateral 
edges. W h e n the lateral edges .are perpen
dicular to the planes of the bases, the prism 
is right, when they are oblique to them, the 
prism is oblique. Prisms take their names 
from the polygons which forra their bases 

http://orilirial.es
http://Peincip.il


PRl] CYCLOPEDIA OF M.A.THKM.VTICAL SCIENCE. 4:,L 

.-V triaiiOTlsr prism is one whose bases are 
triangles, A quadrangular prism is ono whose 
l>ases aro quadrUaterals, and so on. A\'hen 
the base of a prism is a regular polygon, and 
the lateral edges perpendicular to tho plane 
oi' the base, tlie prism is called a regular 
prism. -̂- regular prism, w-ith an infinite 
number of faces, diflers insensibly from a 
cylinder, and w e therefore regard the cylin
der as the Umit of a regular prism. 
The foUowing are some of the properties 

of prisms: 
1. The convex surface of any right prism 

is equal to the peruneter of either base, mul
tipUed by the altitude. 
2. The volume of any prism is equal to the 

area of the base, multipUed by its altitude. 
3. The convex surfaces of any two right 

prisms, are to each other as the products of 
perimeters of their bases and altitudes. 
The volumes of any two prisms are to each 

other as the products of their bases and alti
tudes. 
4. The sections made in the sarae prism by 

secant paraUel planes are equal polygons. 
5. Every prism is equivalent to the sum of 

three pyramids, having an equal base and an 
equal altitude. 
PRIS'MOID. [Gr. -oinm and eidof], .A 

volume somewhat resembUng a prism. The 
right prismoid is the frustum of a -wedge 
made by a plane parallel to the back of the 
wedffe. Its volume may he found by adding 
together the areas of the two bases, and four 
tfanes the area of a section midway between 
the bases, then multiplying the sum by one-
sixth ofthe aUitude. 
The prlsmoidal solids used in raUroad cut

ting and embankment, are bounded by six 
quadrilaterals, the end ones parallel to each 
other, the base horizontal, or slightly inclin
ed, the sloping sides making equal angles 
with the base, and the superior surface mak
ing any angle with the horizon. The volume 
of such a solid is equal to one-sixth of the 
sum of the end sections, plus four times the 
mean sections multiplied by the length ofthe 
section. 
PR03-A-BILT-TY. [L. probabililas, likeli
hood]. Likelihood of the occurrence of an 
event in the doctrine of chances. The quotient 
obtained by dividing the number of favorable 

chances by tlie whole number of ehancea, 
both favorable and unfavorable, Tho word 
chance is here used to signify the occurreuec 
of an event in a particular way, when there 
aro two or more ways in which it raay occur 
and when there is no reason why it should 
happen in one way rather that in another. 

Thus, if a die is thrown into the air, it will 
necessarily fall upon ono of its six faces, but 
no reason can be assigned why it should faU 
upon one rather than upon another, and we 
therefore say that the chance of its falling on 
one face is equal to the chance of its falling 
on another. N o w the whole number of 
chances in this case is six, and since it can 
fall upon but ono face, w e say that the proba
bUity of its faUing on any ono face is ̂ , The 
probabUity that a given face will not turn up 
is ̂ , because in this case the whole number 
of chances is 6, and the number of those 
unfavorable to the occurrence of the event 
is 5, 

Again, suppose that there are five balls, 
three black ones and two white ones, placed 
in an urn, and one of them drawn out. In 
this case there are five chances in all, three 
in favor of drawing a black ball, and two in 
favor of drawing a white one ; hence, the 
measure of the probabifity of drawinga white 
ball is i, and the measure of the probability 
of drawing a black one is |-, The sum of 
these two probabilities is 1, which indicates 
a certainty of drawing either a black ball or a 
white one. 

Every contingent event gives rise to two 
complementary probabiiilies, one in favor of 
the occurrence of the event, and the other 
against its occurrence, and as it must either 
occur or not occur, the sum of these proba
bilities is always equal to 1, which indicates 
a certainty. 

In general, denote the number of chances 
in favor of the occurrence of an event hy m, 
and the number of chances opposed to its 
occurrence by 77; the whole numberof chances 
will be 771 + 77. N o w the probability of the 
occurrence of the event is measured by thp 

777 
fraction ;—; and the probability of the 

.771 + 77' 
non occurrence of the event is measured by 

777 

OT + 77 
; and w e have 
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= 1, 777 + -77 •777 + 71 
Now, if w e denote the probability of the 
occurrence of any event of p, the probability 
that it will not occur is I — p. 

Probability of the simultaneous occurrence 
of two or more events. In order to investi
gate this subject, let us consider the case of 
two dice, having each 6 faces, and let it be 
required to find the measure of the probabil
ity that on being thrown into the air both 
wUl turn up aces. The probability that the 
first die will turn up ace is i, but the second 
die may turn up any one of its six faces in 
connection with this ace; hence, the proba
bility that the aces wiU turn up together is 
-̂th of i-, or -jL-, The same reasoning may 
be applied to any nuraber of independent 
events ; hence, we conclude, in general, that 
tho probability of thesiraultaneous occurrence 
of any nuraber of independent events, is 
measured hy the continued product of the 
probabUities of the occurrence of the events 
taken separately.' Thus, the probabilities of 
throwing three aces with three dice, is 1 

^ 6 216' 
Probability of successive events occurring in 

any given oirler. The probabUity of the same 
event occurring twice, successively, is deter
mined in the sarae raanner. The probability 
that a single die will turn up ace twice in 
succession is 1 X A or -̂ , and the proba
bility that it wUI turn up ace three times in 
succession is 

1 1 1 
6 ^ 6 ̂  6 216' 

and so on. The probability that an ace wUl 
not turn up the first throw is i, and the pro
bability that it will not turn up twice in suc
cession is |i. 

This result is entirely independent of the 
probability that an ace will not turn tip at 
either of the two throws. To investigate the 
nature of this probability, it maybe remarked 
that four cases may occur. First, an ace 
may turn up at both throws ; second, an ace 
may not turn up at either throw ; third, an 
ace may turn up at the first throw, and not 
at tho second ; and fourth, an aco may turn 
up at the second throw and not at tho first. 

The measure of the first probability is, as we 
have seen, equal to .gL-; the raeasure of the 
second probabifity is |-|; the measure ofthe 
third probabUity is 

I 5 5 
6^6 °' 36- = 

and the measure of the fourth probabUity is 

5 1 5 
6^6'°'^ 36' 

and the sum of these is 

1 25 5 5 _ 
36''"36'^36'''36~'' 

To generalize this case, suppose 777 to be 
the number of white balls in an urn, and 7! 
the number of black balls, and that when a 
ball has been drawn it is iramediately replaced, 
so that at each trial the number of chances 
is 777 + 77. Let p denote the probability of 
drawing a white ball, on any trial, and g ihe 
probabUity of drawing a black ball; wheuce, 

and q = 
^ m + n '• m-t- n 

First, let us consider the probabUities of the 
occurrence of the different possible events on 
two trials. There are but four ways inwhich 
the results can occur, viz: First, a white ball 
raay be drawn at both trials ; second, a bhick 
ball may be drawn at both; third, a wlute 
ball may be drawn at the first, and a black 
ball at the second ; and fourth, a black ball 
may be drawn at the first and a white one at 
the second trial. 

The probability of the first occurrence is 
p X p = p'. 

The probability ofthe second occurrence is 
g x g = g'. 

The probability of the third occurrence is 
p X q=pg. 

The probability of the fourth occurrence is 
g X p=pq. 

And the sum of these is equal to 
p' + 2pq + g' = i p + g)' = 1, 

as it should, since these together embrace 
every possible chance. 

Tho expression 2;)^ is the measure of tne 
probability of drawing a black and a white 
ball at two trials, without regard to the order 
in which they may be drawn. If now we 
consider ?i trials, we shall, in Uke manner, find 
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the sum of the diti'erent probabilities of all 
the possible chances, given by the formula 
. «{"-!) 
(? + «)*= f -i- «r-' ? + - Y T ^ ?""" 2° 
+ &c. + q'. 

The first term of the second member ex
presses the probability of drawing a white 
ball at every one of the ri trials ; the second 
term expresses the probability of drawing 
n — 1 while balls, and 1 black ball, without 
regard to the order of the occurrences ; tho 
third term expresses the probabiUty of draw
ing n — 2 white balls and two black ones, 
without regard to the order of their occur
rence, and so on; and the last term expresses 
the probabUity of drawing 77 black balls, or a 
black ball at every trial. 
In practice it is in general required to de

termine the probabUities that an occurrence 
wiU not be repeated less than a certain num
ber of times in a given number of chances. 
In the preceding example, let it be required 
to find the measure of the probability that no 
fewer than n — v white balls will be drawn 
in n trials. It is evident, that as the first 
term expresses the probability of drawing 77 
white balls, the second terra that of drawing 
Tt — 1 white baUs, the third that of drawing 
77 — 2, and so on ; and as each of these com-
bmations satLsfies the given condition, the 
required probabifity will be found by taking 
the sum of the terras from the first to the 
iv + l)"", inclusively. 
For example ; let it be required to ascer

tain the probability of throwing two aces in 
four throws of the same die. Here 

1 5 
y = -r, ? = o> 77 = 4, and » = 2 : 

^ - 0 = ^ -

hence the probability is expressed by 

/I\* . , /1\^ 5 , . /1\'' /5\» 171 
1296 

+ 4(-l xJ + 6^' 6/ ^ 16 

or the probabUity lies between ̂  and ̂ . 

Again, suppose it were required to find the 
probabUity of throwing an ace. at least once 
in four throws. Here p, q, and 77, are the 
same as before, and 17 = 3. In computing 
the sum of the first four terms of the develop
ment, much may be saved by recollecting 
that the sum of all the terms of the develop
ment is 1, and consequently, the required 

sum is equal to 1, diminished by the last 
term, or the probability is equal to 

671 
1296 ~ 1296' 

Probability derived from experience. W e 
have thus far supposed that the number of 
difl'erent ways in which an event can happen, 
is known ; but in the greater number of the 
most important questions towhich the method 
of probabilities is applied, it happens that the 
number of chances, favorable and unfavora
ble to the occurrence of the event, is un
known. In such cases, the ratio which ia 
taken as the measure of probability can only 
be inferred, from considering the w.ays in 
which the event has already been observed 
to happen. Taking the case of the urn once 
more, let us suppose it to contain a certain 
number of balls, of different colors, but that 
the number of each color is unknown. Let 
it be required to determine the measure of 
the probability of drawing a ball of a particu
lar color, at the first trial. 'The method is 
this : taking a simple case, suppose the urn 
to contain only four balls, two white, and two 
black, and that in four successive trials, (the 
ball being replaced at each trial,) three white 
ones and one black one, have been drawn. 
Now, three hypotheses may be formed, with 
respect lo the number of balls, of each color, 
in the urn : 

1st. That there are three white balls and 
one black one. 

2d. That there aro two white balls and two 
black ones ; and 

3d. That there is one while ball and three 
black ones. 

If we denote the probability of drawing a 
white ball at a single trial, by p, and that of 
drawing a black one, by g, we shall have, 
under the first hypothesis, 
P =i< q = i-
under the second hypothesis. 
p = l ? = |; 
and under the third hypothesis, 

P = i. ? = f-
Now, calculating by the preceding princi

ples the probabUity of drawing throe white 
baUs and one black one, in four successive 
trials, we find the following results : 
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3 27 
4^ 46̂  

On the 1st. hypothesis, i-p'q — ,21 
on tho 2d. hypothesis, ip'q = .1.1 
and on the 3d. hypothesis, ip'q = 3 

The numerators of these results, may be taken 
as expressions of the relative probabilities of 
the observed event, on each of the hypothe
ses. Now, since one or the other of these 
hypotheses must be true, the sum ofthe pro
babilities must be 1. Whence, tho probabiUty 
of the truth of each hypothesis is expressed 
by the several fractions, ̂ , 44, A 
-,, , 46 7 4 6) 46' 
Now, m order to find the probability of 

drawing a white ball at the next trial, we 
may reason as follows : 

If the first hypothesis is true, the probabU
ity of drawing a white ball is f ; hut the pro-
babililfv of the hypothesis being true, is only 
;|-|̂, hence, the combined probability of the 
occurrence of the event, and the truth of the 
first hypothesis, is 

81 _ 
184' 

If the second hypothesis is true, the proba
bility of drawing a white ball is |,; hut the 
probabifity of the hypothesis being true, is 
only -||-, hence, the combined probabUity is 

2 16 _ 32 
4 ̂  46 ̂  184' 

If the third hypothesis is true, the probabiUty 
af drawing a white ball is J, but the proba
bility of its being true is only -^ ; hence, the 
combined probability is 

3 1 _ 3 
46 ̂  4 "̂  184' 

Adding together these partial probabilities, 
the whole probabUity of drawing a white baU 
is 

^ 3 2 3 _ 116 
184 "̂  184 "̂  184 ̂  184' 

Of course, the probability of drawing 
black baU at the next trial, is 

116 
184 ~ 184 

The method of reasoning in this particular 
case may be rendered general. Let c, c', c", 
e'", &c., denote separate hypotheses, either 
of which may account for tho occurrence of 
an event E. Let the probability of the truth 
of these hypotheses be denoted, respectively, 
by h, h', h", Ii", &c. : denote tho probabifity 

of the occurrence of the event calculated on 
these hypotheses, by p, p', p", p'", ikc, then 
is the probability of the occurrence of the 
event given by the following formula, 

P=hp+h'p'+h"p"+h"'p"' + &c 
The preceding course of reasoning exhi

bits the method of submitting the probabiUty 
of the occurrence, or failure of any contin
gent event to numerical computation. 

One of the most common and useful appli
cations of the methods of probabUities is, in 
computing the elements employed in the sub
jects of annuities, reversions, assurances, and 
other interests, depending upon the probable 
duration of human life. See Annuities, Re
versions, Assurances, <̂ c. 

Another important, appUcation is to deter
raine the most probable ?77ei777, or average, of 
a great number of observed results, in practi
cal Astronomy and general Physics. Seo 
Probable Error. 

PROB'A-BLE E R R O R . [L. probabilis, 
frora probo, to prove]. When a great num
ber of observations have been made, for the 
purpose of determining any element, each of 
which is Uable to error, the element to be 
determined is also Uable to error ; the proba
ble error is the quantity such, that there is 
the same probabUity of the true error being 
greater or less than it. Thus, if twenty mea
surements of an angle, with a theodolite, 
give results whose arithmetical mean is 
15°'- 18' 23", and if there is the same proba
bility that the error of this result is greater 
than 2", that there is of its being less than 
2", then is 2" the probable error of the mean 
result obtained. 
Let I, I', I", &c., denote the results of h 

observations, and let 771 denote their arithme
tical mean, that is, their sum divided by their 
number. Now, if 771 be subtracted from each 
of the results I, I', &c., and the sum of the 
squares of these differences or errors, be de
noted by 

2 a - m)', 
we shall have, if we denote the probable enoi 
by P, the formula 
P = .674489^^5^, 

h 
that is, the square roox of the isum of the 
squares of the errors div.ded by the number 
of observations, and multiplied by .674489. 
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It is 0 It en found more eonveiiieut to findj 
the pn<I>aMe error, by means of the weight, 
Sie Wright. 
lasteaJ of usiuir as above, the arithmetical 

mean, we may use the result deduced from 
the method of least squares. See Squares. 
Uis: method of. 
PROB'LEM. [Gr. -jo,.i/,r«n. from -po. 

and jjlO-u. to throw]. A question proposed 
th.it requires solution. The solution of a 
problem, is the operation of finding such a 
value or values as will satisl'y the given con
ditions of the problem. Problems may be 
alirebraical or geometrical. The solution of 
an algebraical problem consists of two parts; 
the statement and the solution of the result
ing equation or equations. 
The statement of a problem, is the opera

tion of translating the conditions of the pro
blem into algebraic language. In order that 
the solir.i":i may be determinate, there must 
be as many independent equations as there 
are independent conditions. Having found 
the equations of the problem, their solution is 
effected by the usual operations of algebra, and 
the interpretation of the roots found, makes 
known the required parts of the problem. 
Geometrical problems may be solved either 

by t'ns constructions of Geometry directly, or 
moresimplo relations may be deduced by mean s 
of .Algebra, and the results constructed by 
means of geometrical principles. The number 
of geometrical constructions is infinite, and 
no general principle can be laid down for the 
solution of problems by means ot Geometry. 
Geometrical problems may be solved by 

means of .Algebra, by the following rule. 
Conceive the problem solved, and draw a fig
ure which shaU represent the known and re-
qiiired parts of the problem, and draw such 
auxiliary lines as may be necessary to esta
blish the relations between the known and 
required parts of the problera. Denote the 
known parts of the problem by the leading 
letters of the alphabet, and the required parts 
hy the final letters. Then consider the rela
tions existing between the known and requir
ed parts of the probleras, and express them 
by equations. Find as many independent 
equations as there are required parts of the 
problem. Solve these equations and find 
from them the values of the required parts. 

and construct their values ; the problem wiU 
bo solved. 

Problem of the three points. .\ problem of 
much use in survevinix. particularly iu ofl'-
sbore surveying, for fixing tho localion of 
buoys, soundiiî f-luials, Ac. 
The problem is this : Frora a station P. 

there can be seen three objects, .A, B and ('. 
whose distances frora each olher, viz,, .\B, 
.\C and lie. are known. Having measured 
the angles APC. I'l'B and APij, it is re
quired to find the distances .-VP, B P and CP, 
or the position of the point P. 

C 

A- -•̂ li 

P -' 
This problem may be solved, trigonome-

trically, as follows : Conceive a circle to be 
passed through tho three points .V, B, and P, 
culling the line PC in 0 : draw O.V and O B ; 
then is the angle 0.-\B equal to the angle 
CPB, and the angle OBiV equal to the angle 
CPA, both of which are known. In the tri
angle A O B , -we have given one side and 
two angles, and wo m:iy therefore compute 
the two sides O B and 0.-\. In tbe trian
gle A B C , the three sides being given, w-c 
may compute the angles C.-VB and CB--\. 
Subtracting tho angle OB.V frora the angle 
CB.\, we have the angle O B C ; and in the 
triangle OBC, we shall then have the sides 
O B and CB, together with their included 
angle ; and we may, therefore, compute the 
angle OCB. In the triangle CPB. we now 
know the side CB, the angle PCB, and the 
angle CPB, and may, therefore, compute the 
sides B P and CP. Subtracting the atî 'le 
O C B from ACB, we have the angle O C A ; 
and then in the triangle ACP, there will be 
known the sides A C and CP, and the angles 
A C P and A P C ; whence, we may compute 
the remaining side AP, and the problera wiU 
he completely solved. 

For a general solution of this problem. 

http://th.it
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o-eoraetrically, see Plotting. The solution there 
given adraits of several modifications, depend
ing upon tbe relative position of the points. 
There may bo 6 cases, which will be con
sidered individually. 

1. The three given points may be situated 
on the sarae straight line. Denote in all of 
the cases the measured angle A P B by a, and 
the measured angle B P C by 4, The first 
case admits of two constructions, or the point 
maybe situated on either side of the line A B C . 

.'D 

Construction. Construct the angle A C D ^ a , 
the angle C A D = 4, and through the three 
points A, C, and D, describe the circumfer
ence of a circle. Draw D B , and produce it 
till it cuts the circumference in P ; then wUI 
P be the point required, A similar construc
tion gives the other point above the Hne. 

2. W h e n the point P lies on the prolonga
tion of the side A C . In this case, a = 4. 

Construction. Take any point Q on AC, 
and draw QS, making the angles A Q S = a = A ; 
through B draw B P parallel to SQ, inter
secting A Q in P ; then is P the required point. 

3. W h e n the point P falls between A and 
C : in this case, a = 180° — 4. 

Construction. Take any point Q in AC, 
and through it draw QS, making the angle 
A Q S = a; through 
B draw B P paral- jVc 
lei to SQ, inter-
KocCmg A C in P; 
then is P the point \ 7̂  
required, u 
4, W h e n P lies on tho same side of A C with B. 
Cmistruction. Make the angle A C D = a. 

[P R 0 

and the angle CAD = 4 ; through tT,.e point? 
A. C, and D, draw a circle, and draw a line 
D B , intersecting the circuraference at P ; then 
is P the required point. This is the same as 
the construction in the general oase. 

5. W h e n the point P falls within the tri
angle A B C . 

Construction. Make A C D = 180° — a and 
C A D = 180° - 4 : through the points A, C 
and D draw a circle, aud draw the line DB, 
cutting the circuraference in P; then is the 
point P the point required. 

6. W h e n the point P Ues on the side of 
A C opposite to B. 

Construction. On A B construct a segment 
hose inscribed angle is equal to a + 4; 

make B A D = 4, and through D draw the line 
DC, and prolong it till it cuts the circumfer
ence at P ; then is P the point required. 

If the circle passes through the three points 
\, B, and 0, the problem is indeterminate. Iu 
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tiie first ease, if P is on tho line -ABC, the 
pioblem is also indeterminate. 
The following analytical solution appears 

ampler than the one already given : 

Lay off B-AO = A B O = ̂^ a, also 
AC0'=C.A0'=J4, 

with 0 and O' as centres, and with radii equal 
to OB and 0'-\, describe circles cutting each 
other in P; draw PA, P B and PC. Then 
we have 

JAB 4 A C 
-̂ C = , , AO' = ,, , and angle 

cos 4 a* cos|A ' 
O'AO = C A B - i{a + b) = y. 

Ae' + A O AO' - A O : : tan ̂ (0 + 0') 
: tan |(0 - 0'). 

2A0' sin 0' = AP. 
C A P = 90° - 0' = (5, C A B = ib + 6. 
CA + A P C A - A P : : tan i(C + P) 

tan -i(C - P). 
0' = 14 + O'CP ; whence, O'CP = 0'--^4, 

CP = AO' cos (0 - ib). 
PROCESS. [L. processus]. A course of 

proceedinrr. 
PROD'UCE. In Geometry, to extend. "V\'e 

are said to produce a limited straight line 
when we prolong it in either direction. Pro
duce, in Algebra, means to give rise to, or to 
generate ; thus, we say that the raultiplica-
tion of two factors produces a result called 
the product. 
PROD'UCT. [L. produetus, brought forth]. 
The result obtained by taking one quantity 
as many times as there are units in another. 
The two quantities are called factors, and tbe 
operation is called multiplication. 
The continued product of any number of 

factors is the result obtained by multiplying 
the first factor by the second, that result by 
the third, that by the fourth, and so on to flic last. If the factors are equal, the product is 

called a power, and the degree of tho power 
is denoted by the number of faelors. 
The following aro sorae of the properties 

of products with respect to tiieir forms : 
1. The product of the sura and difl'erence 

of two quantities is equal to the difference of 
their squares ; that is, 

(x + y) {x-y) = x' - y'. 
2, Twice the sum of two squares is equa] 

to the sum of two squares ; that is, 
2(j-= + y') = (x + yf + {x - y)'. 

Consequently, the sura of two squares mul
tiplied by any power of 2, is also'the sum of 
two squares. Thus, 5 = 2- + P and 

8 X 5 = 40 = 6'-" + 2"-, 
also 5 X 16 = 80 = 8= + i', &c. 
3. The product of the sura of two squares 

hy the sura of two squares, is the sum of 
tw-o squares ; that is, 
(x" + y') {u' + v') = (xu + yv)' 

+ (x7) — yu)' — {xu — yv)' + {xv + yiCf. 
Thus 5 = 2^ + 1̂  

13 = 3' + 2° 
65 = 8" + 1» = 7= + i'. 

4. The product of the sura of four squares 
by the sura of four squares, is the sum of 
four squares ; that is, 
{w' + x'- + y' + z') iw" + x" + y'' + z")] 
={ww'+xxf+yy'+zz')'+{wx'-xw'+yz'-y' z)' 
+iwy'-xz'-yw'+zx')' + {wz'+xy'-yx'-zw')'. 
5. The products of two numbers of the 

forra x' + ay', is also of the same form ; 
that is, 
{x'+ay'){x''+ay'')=ixx'+ayy')'-i- aixy'-yx')' 

+ {xx' — ayy')' + a{xy'+yx')'=z' + aw', 
in accordance with the preceding principles. 

6. Two numbers of the form x' + y'+z', 
x'' + y"-+ 22"', are such that either multi
plied by 2, gives a result of the form of tho 
other; that is, 
2 ix' + y' + z')={x + y)' + (x - y)'+ 2z', 
and, 
2{x"+y"+z")={x'+y')'+i:^-y')'+i2z')'. 
The binomial formula, in the case of a posi

tive exponent ofthe power to which the bino
mial is to bo raised, raay be deduced frora the 
law for the formation of the cQiitinuqd product of any number of factors ofthe form of X + a, X + b, &c. The product is indicated 
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by the formula. 
(x + a) (x + 4) (x + c)... 

=x«'+Ax"'-^ + Bx''"''+ ... Nx"-" + . .. + U . 

Tho law of the exponents is, the exponent 
of the first term of the product is equal to the 
number of binomial factors employed, and it 
goes- on diminishing by 1, ip each terra lo 
the right, until the last term, where it is 
0. The law of the co-efficients is this ; 
the co-efl5cient of the first term is 1; that of 
the second'jterm is equal to the sum of the 
difierent products of the second terms of the 
factors taken in sets of 1 ; that of the third 
term is equal to the sum of the different pro
ducts of the second terras of the hinoraials, 
taken in sets of two, and so on ; the co-effi
cient of lite term which has 77 terras preceding 
it, is equal to the sum of the difl'erent pro
ducts of the'- second terms of the binomials 
taken in sets of 77, and so on ; the last term, 
or the co-eflicient of x", is equal to the con
tinued product of the second terms of the 
binomials employed. 

The terms, product of a line by a line, and 
of a line hy a surface, are often used in a tech
nical sense; the former signifies the opera
tion of forming a rectangle, whose adjacent 
sides are equal in length, respectively, to the 
two lines multiplied together; the latter sig
nifies the operation of formiiig a volume 
equivalent fo the volume of a right prisra, 
whose base is equivalent to the area of the 
surface, and whose altitude is equal lo the 
length of the line. These are the technical 
meanings of the terras; when used in an 
arithmetical sense, they might be explained 
as follows : 

To multiply a line by a line, we siraply 
multiply the number of units in the length 
of one line, by the number of units in the 
length of the other, and the result is the 
number of square units in the surface of the 
rectangle already described. To multiply a 
surface by a line, we simply multiply the 
number of square units in the surface by the 
number of linear units in tho line, and the 
result is the number of units of volume in tho 
solid described. The idea of multiplication in 
these two cases, is entirely analogous to the 
sense in which it is constantly used in ordi
nary life. Thus', we aay, that if we multiply 
the rate of travel by the time employed, we 

shall get the space passed over. Here, we 
simply mean, that if the number of units in 
the rate be multiplied by the number of units 
of time employed, the product will be the 
number of units in the space passed over. 
PRo'FiLE. Iff Surveying, a section ofthe 
surface of the earth, or of some ideal surface 
raade by a vertical plane, or vertical cylinder. 
Profiles are made to show the irregularities of 
the earth's surface along a proposed line of 
communication, as a railroad, canal, aqueduct, 
&c Profiles are also made in connection 
with them, to show the grades of the work 
along different sections. 

'The name, profile, is appUcable not only to 
the line of contour in the field, but also to its 
representation upon paper. The horizontal 
projection of the line of contour, along the 
line proposed, is called the plan. In repre
senting a profile on paper, we suppose Ihe 
projecting cylinder to be developed upon a 
tangent plane. 

The data for making a profile drawing of 
any section of the earth's surface, are the 
heights of its different points above some 
assumed horizontal fine, called a datum Une, 
together with the horizontal distances of the 
same points from some fixed point of the 
line. The vertical distances being generaUy 
very small, compared with the horizontal 
ones, two different scales become necessary 
in plotting a profile. In order that the verti
cal distances may be fuUy exhibited in the 
drawing, the scale used is much larger than 
that used for lines in a horizontal direction. 
See Leveling for Profile. 
PRO-GRES'SION. [L. progrcssio, from 

progredior, to advance]. A series in which 
the terms increase or decrease according to a 
uniform law. There are two kinds of pro
gressions. Arithmetical aud Geometrical. 
A n Arithmetical progression, is a series in 

which each term is derived from the preced
ing one by the addition of a constant quan
tity, called the co777?7707! difference. 

If the common difference is positive, each 
term wiU be greater than the preceding, and 
the progression is said to be increasing. If 
the common difl'erence is negative, each term 
is less than the preceding, and the progression 
is decreasing. Thus. 

.. . 1, 5, 9, 13,... 
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siiiL-prô -ression. ami the common 77i<:a)7s. Such a progression should be callul 
a limited progression. 

In any limited arithmetical progression, lot 
us denote tho first terra by a, tho last terra by 
I, tho common difference by d, the sum of all 
the terms by s, and their number by 71: then 
will tho following formulas be sufficient tc 
solve anv problem in which three of the'se 

ilifference is + 4 ; 
19. 16, 13, 10... 

is .1 decreasing progression, and the common 
difference is — 3. There is ;ihv:iys an infi-
ititt' number of terms in any progression, but 
it is customarv' to consider a limited number 
of them as constituting a progression ; in 
this e.:so the first and last are called cxfrC777cs; i quantities are given, and the other two re-
aU the other ones are called arithmetical quired. 
TABLE. GivKx. Required. Formulas. 

9 

10 

a, d, n. 

a, d, I, 

a, d, s, 

a. n, I. 

a, 71, s, 

a, I, s, 

d, n, I, 

d, 77, s, 

d, I, s, 

77, /, s, 

I, s, 

71, s. 

l = a + { n — l ) d ; s=-}77 [•2,i + (77 — 1) d]. 
I — a {l + a)il- a + d) + 1: 2d 
d — 2a± Vid-2a)'+ 8ds 

, 

d, 

«, 

a, 

"> 

", 

u. 

d, 

I, 

d. 

s. 

I, 

a, 

d, 

21 

s — in{a + I) ; d = 

; / = a + (77 — l)d. 

I — a 
77 — 1' 

d = 
2 (s — a77) 
77 (71 — 1) 

d = 

2s 
l = — - a . 

77 
{I + a){l- a) '-- a + r "•~ 2s-il + a) 

a = 1- in- l)d; s - in[2l - {n - l)d]. 
2s — nin—l)d 2s + n i n — l)d 

a = -.̂ ; I =̂  ., : 
21 + d ± V {21 + d)' - 8ds 

n = TTi ; 77 = i — (77 — 1} ( 
2^ 7. 

a = t; 

2d 

d = 2 {nl - s) 
n{n — I) 

Any two numbers m a y be taken as the 
extremes of an arithmetical progression of 
any number of terms : To find the c o m m o n 
difference of the progression, subtract the 
first term from the last, and divide the re
mainder by the number of terms in the re
quired progression less 1, the result wiU he 
the common difference. Thus, to insert 4 
arithmetical means between 7 and 17, w e 

17-7 
have —-— = 2, the common difference; 
henee, the progression 

7, 9, 11, 13, 15, 17. 
A geometrical progression is a series in 

which each term is derived from the preceding 
one by multiplying it by a constant quantity 
caUedthe raft'o of the progression. 
If the ratio is greater than 1, each term is 

greater than the preceding one, and the pro

gression is increasing. If the ratio is less 
than 1, each term is less than the preceding 
one, and the progression is decreasing. If 
the ratio is negative, the terms are alternately 
plus and minus ; the plus terms taken together 
form a scries, whoso ratio is the sijuare of 
the given ratio, and the negative terms, with 
their signs changed, form a series whose ratio 
is also tho square ofthe given ratio. Hence, 
in the following discussion, the ratio may 
always be regarded as positive: 

The series ... 3, 6, 12, .... is an increas
ing progression, whose ratio is 2. 

Tho series .... 16, 8, 4, 2, .... is a de
creasing progression, whose ratio is -J. 

If the terms of a decreasing progression 
be taken in an inverse order, they will consti
tute an increasing progression, and conversely. 

If w e denote the first term of a limited. 
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geometrical progression by a, the last terra 
by I, the number of terms by 71, the sum of 
the terms by s, and the ratio ofthe progression 
by r, w e shall have the following relations ; 

I = ai--^' (1) 
ar» - a Ir - a 

« = ̂ rZ-r =TT=T' • • ' W 

77-1 
(3) 

Formula (1) enables us to find the value of 
theTast term of a progression, when w e k n o w 
the first--term, the ratio, and the nuraber of 
terms ; formula (2) enables us to find the 
sum of the terras, and formula (3) enables us 
to interpolate any number of geometrical 
means between two given numbers taken as 
extremes. The rule deduced from the for
mula for finding the ratio', is this : Divide the 
last term by tho first, and extract the root of 
the quotient whose index is equal to the num
ber of means required, plus 1. Thus, let it 
be required to insert 6 geometrical means 
between 3 and 384 ; w e have 7 /384 

= 7/128 = 2, 

and the series 3, 6, 12, 24, 48, 96, 192, 384. 
If w e resume formula (2), changing the 

signs of both terms of the second member, it 
may he written _ ,, 

a ar" 
1 — r 1 — r 

If the progression is a decreasing one, r is a 
proper fraction, and r" is also a fraction, 
which diminishes as 71 increases. The greater 
the number of terms w e take the more will 
rr-^— X r' diminish, and consequently, the 

nearer will the value of s approximate to the 

value , , and finally, when 77 = 03, w e 
1 - r 

shall have s — • hence, the sura of the 

terms of a decreasing progression, in which 
the nuraber of terms is infinite, is equal to 
the first terra divided by one minus tho ratio, 

PRO-JEC'TION. [L, projectio, a throwing 
out]. The projection of a point upon a plane, 
in Descriptive Geometry, is the foot of a per
pendicular to the plane, drawn through the 
point. 

Projection of a Straight Line. The 
projection of a .straight line upon a plane, is 
the trace of a plane passed through the line 
and perpendicular to the given plane. 

Projection op a Curved Line. The 
projection of a curved line upon a plane, is 
the intersection of the plane with a cylinder 
passed through the curve, and perpendicular 
to the given plane. In Descriptive Geometry, 
points and lines are given by their projections 
upon two planes, taken at right angles to 
each other, called planes of projection. 'W'e 
have described the projection as being made 
by the projecting lines perpendicular to the 
plane of projection; this is called Ortho
graphic or Orthogonal Projection. W h e n the 
projection is made by oblique and parallel 
lines, it is called oblique projection ; when 
the projection is made by drawing lines 
through a point, called the point of projec
tion, it is called divergent projection. See 
Descriptive Geometry. 

Spherical Projection. A representation 
of the surface of the sphere upon a plane, 
according to some geometrical law, so that 
the different points in the representation can 
be accurately referred to their positions on 
the surface of the sphere. The plane upon 
which the projection is made is called the 
primitive plane. The primitive plane is gen
erally taken through the centre of the sphere, 
and when so taken, the great circle cut out 
by it is called the primitive circle. 

W h e n the primitive plane is taken through 
the centre of the sphere, there are three dif
ferent kinds of projection, depending upon 
the position of the eye or the projecting 
point. 1. W h e n the eye is taken in the axis 
of the primitive circle, and at an infinite dis« 
lance, the projecting lines are perpendicular 
to the primitive plane, and the projectionjs 
called the Orthographic projection 2. W h e n 
the eye is taken at the pole of the primitive 
circle, the projection is divergent, and is 
called the Stereographic projection. 3. 'S\ hen 
the eye is taken in the axis of tbe primitive 
circle, and without the surface: equal to the 
radius of the sphere into the sine of 45°, tho 
projection is also divergent, and is called tho 
Globular projection. 

These are the only kinds of projection used 
for projecting the entire sphere. '\\'heu only 
a portion of the sphere is to be projected. 
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other kinds of projection are used, amongst 
which, the most important are tlie 
Gsomon;,- Pi;oji:oTiON, in which the eye 

is taken at the centre of the sphere, and t he 
prineiiial plane is tangent to the surface of 
the sphere at a point which is called the prin
cipal point. 
Polar Pi:oo'ect;on is when the eye is 

taken at the centre of the sphere, and the 
principal plane passes through one of the 
polar circles. 
Coxie Projection is when the eye is 

taken at the centre of the sphere and the sur-
6ce of a zone is projected either upon the 
•itriace of a cone tangent to the surface, along 
ihe middle circle of the zone, or upon a secant 
tone passing through two circles ofthe zone 
equi-distar.t from each other, and from the 
bases of the zone, which surface, with the 
projection, is developed upon a plane tanijent 
to it, along one of the eleraents of the sur
face. 
CvLiNDEiCAL Projection is when the eye 

is taken at tbe centre of the sphere, and the 
surface of an equatorial zone is projected 
upon a cyfindrical surface tangent to the sur
face of the sphere, along the equator, which 
cylinder, with the projection, is developed 
upon the surface of a plane t^gent to the 
surface of the cylinder along one of its ele 
ments. 
Mekcatoe's Projection. -A modification 

of the cylindrical projection. 
Flassteed's Projection. A modification 

of the combined cylindrical and conic pro
jections. 
Besides these, several others have been 

proposed, but have not been very extensively 
employed. 
Vl c shall consider these in their order. 
The principal circles of the sphere which 

arc projected, are the Equator, which is a 
great circle, whose plane is perpendicular to 
the axis of the sphere. 
The Ecliptic, a great ci,-cle, whose plane is 

inclined to the plane of the equator, in an 
angle equal to about 23° 28'. The points in 
which it cuts the equator are called equinoc
tial points, aud the points which are 90° dis
tant frora these are called solstitial points. 
Circles of Latilude, which are sraall cir-

cleswhose planes are parallel to that of the 

equator ; the circles of latitude which have 
received particular names, aro the tropics, 
which pass through tiie solstitial points, and 
the polar circles, which pass through tho poles 
of the ecliptic. The northern tropic is the 
Tropic of Cancer, and the southern one is 
tho Tropic of Capricorn; the northern polar 
circle is called the Arctic circle, and the south
ern one is the Antarctic circle. 

Meridians are great circles, whose planes 
pass through the axis of the sphere, 'Twelve 
entire meridians, or twenty-four semi-merid
ians, called hour circles, making angles of 
15° with each other, are generally projected. 
T w o principal meridians have received par
ticular names ; the one passing through the 
equinoctial points is called the equinoctial 
colure, and the one through the solstitial 
points is called the solstitial colure. 

The ecliptic and the colures are of particu
lar importance in projecting the celestial 
sphere. 

1. Orthographic Projection. 
In orthographic projection, the eye is taken 

at an infinite distance. In it the projection 
of a point is raade by drawing a straight line 
through the point perpendicular to the primi
tive plane, and finding where it pierces that 
plane. A liraited straight line is projected, 
by projecting its two extremities, and joining 
these projections by a straight line. The 
length of the projection of a straight line is 
equal to the length of the line raultipliod by 
the cosine of its inclination to the primitive 
plane. If the inclination is 0, the line is 
parallel to the priraitive plane ; the cosine of 
the inclination is 1, and the projection is 
equal in length to the Une itself. If the in
clination is 90°, the cosine of the inclination 
is 0, and the length of the projection is 0 ; 
that is, a straight line which is perpendicular 
to the primitive plane, is projected inlo a 
point. 

Every circle of the sphere is projected into 
an ellipse hy the following rule : 

Project that diameter which is parallel to 
the primitive plane, and tho result will be the 
transverse axis of the ellipse. Then project 
the diameter perpendicular to this one, and 
its projection will be the conjugate axis of 
the ellipse. O n these axes describe au el
lipse, and it will be the projection required. The length of the transverse axis is always 
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equal lo the diameter of the circle to be pro
jected, and the length of the conjugate axis 
is equal to that diameter into the cosine ofthe 
inclination of the plane of the circle to the 
primitive plane. W h e n the inclination is 0, 
the plane of the circle is parallel to the pri
mitive plane, the cosine of the inclination is 
1, the axes are equal, and the projection is a 
circle equal to the given circle. W h e n the 
iuQlination is 90°, the plane of the circle is 
perpendicular to the prunitive plane, the co
sine is 0, the length of the conjugate axis is 
0, and the projection, is a limited straight 
line' equal iu length to the diameter of the 
circle to be projected. These principles en
able us to project every circle of the sphere 
under every possible supposition. 

In making the projection, only one-half of 
the sphere is projected from one position of 
the sphere. In order to project the rcraain
ing hemisphere, it is revolved through an 
angle of 180° about a line drawn tangent to 
the primitive circle ; the primitive circle again 
comes into the original position of the pri
mitive plane, and the projection is finished. 
This operation is common to the'orthographic, 
stereographic, and globular projections. 

The orthographic projection is generaUy 
made either upon the plane of the equator, 
or upon the plane of a meridian. In the 
former case, the meridians are projected into 
straight lines, intersecting each other at the 
centre of the primitive circle. In the latter 
case the circles of latitude are projected into 
straight lines perpendicular to the axis of the 
sphere. The annexed figures show a projec
tion of one hemisphere, made upon the plane 
of a meridian and upon the plane of the 
equator. They also show the method of 
making a graphical construction in each case. 

The first figure is the projection upon the 
plane of a meridian, made as follows : 

A circle N E S W is described, and two di
ameters, N S and E W , are drawn at right an
gles to each other ; the first represents the 
axis, and the second tho projection of the 
equator. The quadrants of the circle are 
next divided into spaces of 10° each, and 
numbered from E and W to N ayd S. W e 
have only projected some of the elements, 
but enough to show the method of proceed
ing, in all cases. Frora the points of divi
sion draw Unes parallel to E"W, and they will 

represent the projections of parallels of lati
tude. From the same points let fall perpen

diculars upon E W , and describe ellipses, 
having a common transverse axis N S , and 
semi-conjugate axes, respectively equal to Ca, 
Cb, &c. These will be 'the projections of 
meridians.! 

The second figure is the projection upon 
the plane of the equator. In the figure, we 
have only drawn some of the simplest ele
ments to indicate the method of projection 

It is customary to project circles of latitude 
10° or 5° apart, and to project meridians also 
10° or 5° apart. Let us suppose that circles, 
at distances of 10° apart, are projected; then 
would the quadrangular spaces, in both figures, 
represent spherical quadrilaterals on the sur
face of the sphere, 10° of latitude in length, and 
10° of longitude in breadth. A simple in
spection of the figure would show that, with 
the exception of those which occupy the 
centre of the projections, the several regions, 
particularly those nearest the circumference, 
would be much distorted and dirainished in 
magnitude. This fact renders this kind of 
projection of little value. 
2. Stereographic Projection. 

In this projection, the eye is taken at tho 
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polo of the primitive eirele, and each hcmi-
spiure is projected sep;\rately. 
The advantages of this projection over the 

orthographic are ; that there is not so much 
distortion of figure, not so much crowding j 
of ptirts tojjether. and it is easier of execution. • 

In the stereographic projection, every circle ' 
01 the sphere is projected into a eirele. In 
general, only one diameter of the circle is 
projected into a diameter, and that one is cut 

-J, ^ A, 

out by a plane passed through the axis of the 
drcle to be projected and the axis of the pri
mitive circle. This plane cuts from the pri
mitive plane a line, called the /7'77e of meas
ures. In order, therefore, to project any 
circle, we have only to project that diaraeter, 
and on this projection, as a diameter, to de
scribe a circle. The following rules enable 
us to project any circles of the sphere stereo-
graphically : 

1. To project a great circle. The centre of 
the projection is in the line of measures at a 
distance from the centre of the primitive cir
cle equal to the tangent of the inclination of 
the circle, and the radius of the projection is 
equal to the secant of the inclination, the ra
dius of the sphere being 1. 

2. To project a small circle whose plane is 
p̂ irallel to the primitive plane. The centre 
ofthe projection is at the centre ofthe prim
itive circle, and the radius with which it is 
described is equal to the serai-tangent of the 
circle's polar distance. The semi-tangent of 
an arc, in this connection, is used to signify 
the tangent of half the arc. 
3. To project a small circle whose plane is 

perpendicular to the priraitive plane. The 
centre of the projection is in the Une of meas
ures ofthe circle, at a distance from the cen
tre of the primitive circle equal to the secant 
of the circle's polar distance, and the radius 

of tho projection is equal to the tangent of 
the poliir distance. 

4. To project a small circle whose plane is 
oblique to the primitive plane. The extrem
ities of a diameter of tho projection arc found 
in tho Une of measures at distances frora the 
centre ofthe priraitive eirele. one equal to the 
semi-tangent of the circle's inclination, plus 
its polar distance, and the olher at a distance 
equal to the semi-tangont of the circle's in
clination, minus its polar distance. In all 
eases where the plane of the circle passes 
through the point of sight, the projection is a 
straight line, being the case in which a circle 
passes to its lirait, the radius being infinite. 

In this projection the sphere raay be repre
sented either upon the plane of a meridian, 
the plane of the equator, or upon an oblique 
plane. 

The figure represents a part of the projec
tion of a hemisphere upon the plane of a 

meridian constructed as follows : Describe a 
circle N E . S W to represent the meridian. 
Draw two diaraeters N.S and E W at right 
angles to each other ; the former represents 
the axis of the sphere, and the latter the 
equator. Divide the quadrant N W into equal 
parts and number thera as indicated in the 
figure. At the points of division draw tan
gents to tho raeridian, cutting N S produced 
at a, 4, &c. With these points as centres, 
and radii equal to the respective tangents, 
describe arcs of circles ; these will be the pro
jections of the corresponding parallels of lat
itude. Draw through S the lino Sa', S4', 
&cc., making with N S the angles 20°, 40°, 
&c. "With a', 4', &c., as centres, and the 
distances from these points to S as radii, des
cribe arcs of circles ; these wUI be the projec
tions of meridians making angles of 20°, 40"', 
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&c. with the assumed meridian. In this man
ner all the meridians may he projected. 

The construction below represents the ste
reographic projection of a portion of a hemi
sphere on the plane of the equator. 

Draw a circle A C B D to represent the equa
tor, and in it draw two diameters, A B and 

3i 

C D , at right angles. Divide each quadrant 
into equal parts, and number them as indicat
ed on the figure. Through their points of 
division draw diameters, and they wUI repre
sent the projections of meridians. Through 
A, and the points of division, draw straight 
lines, cutting C D in the points a, 4, &c. With 
the centre of the primitive circle as a centre, 
and with radii respectively e jual to the dis
tances frora the centre to a, 4. &c., describe 
circles ; these will he the projections of par
allels of latilude 10° apart. 

The disadvantages of this projection are 
that the projections of parts of the sphere 
are much crowded together, though the in
convenience from this cause is not so great as 
in the orthographic projection. This crowd
ing is evidently the greatest near the centre 
ofthe primitive circle. 

The sphere may be projected on the plane 
of any great circle, but the two cases already 
iUustrated are those most generally used. 
3. Globular Projection. 

In this projection the eye is taken without 
the surface of the sphere in the axis of the 
primitive circle, and at a distance from its 
pole equal to the sine of 45°. The nature of 
the projection is indicated by the figure. If 
-AD is equal to 45°, it can easily be shown 
that O F = FG. that is, the arc A D = 45° is 
projected into a lino equal to the projection 
of its equal arc D C . If visual rays be drawn 
from S to the points of division of the quad

rant, their intersection with theplane B C will 
determine spaces much more nearly equal 
than in either of the otlier projections consid
ered. 

This projection is still very defective, inas
much as the projections of portions ofthe sur
face of the sphere are very much distorted. 
A modification of this projection, called the 
equidistant projection, is sometimes used in 
practice, constructed as follows : 

Draw a circle, and in it two diameters, at 
right angles to each other. Assume the ver
tical diameter as the axis of the sphere, and 
divide the horizontal one into equal parts. 
Through the poles, and each point of division, 
draw a semicircle. These wiU represent the 
projections of the meridians. Divide each 
quadrant into equal parts, and number them 
from the equator towards each pole. Divide 
the vertical semidiameters into the same num
ber of equal parts, aud number them from the 
equator. Through corresponding points of 
division, on the same hemisphere, draw arcs 
of circles ; they wUl represent the projections 
of circles of latitude. 

The circles of the sphere may be projected 
on the plane of the equator, as foUows : Draw 
a circle, and divide it into equal sectors by 
diameters ; these w ill represent the projec
tions of meridians. Divide any radius into 
equal parts, and through the points of division 
draw circles concentric with the assumed 
circle ; they will represent the projections of 
equidistant circles of latitude. 

This method, as before slated, is not strictly 
speaking a projection of the sphere, but it is 
what is usually known as the globular projec
tion. With respect to the three kinds of pro
jection considered, the following remarks will 



P R O j CA'CLOPEDIA OF M.-^.THEMAl'lCAL SCIENCE. 46£ 

sene to show their defects and their relative 
advantages. 

1. In the orthographic projection upon the 
plane of a meridian, the parallels of latitude 
are projected into straight lines, and the me
ridians into eUipses. Equal spaces and equal 
distances on the surlaee of the sphere are 
represented by unequal spaces and unequal 
c,stances in projection. These spaces and dis
tances lessen successively from the centre to 
tbe circumference of the projection. Conse-
qL<mtly, whUst the central parts of the pro
jection are in tolerable proportion, those ct a 
distance from the centre are m u c h distorted, 
and diminished in magnitude. 
2. In the stereographic projection. paraUels 

and meridians are all projected in circles. 
Equal distances and equal spaces on the sur
face ofthe sphere, are represented by unequal 
distances and une<iual spaces in projection. 
These distances and spaces increase succes
sively from the centre towards the circumfer
ence, so that the parts near the circumfer
ence are represented on a larger scale than 
those near the centre ; but the projections of 
circles intersect under the same angles as the 
circles do upon the surface of the sphere, and 
consequently, the relative forms of the seve
ral regions are better preserved than in the 
orthographic method. 
3. In the globular and in the equi-distant 

projection, (which differs from the globular 
chiefly in this, that in the former all circles 
ofthe sphere are projected into ellipses with 
small eccentricities, whereas, in the latter, 
they are taken to be perfect arcs of circles.) 
etjual distances and equal spaces on the sur
laee of the sphere, are represented by equal 
or nearly equal spaces in projection ; and 
consequently, the relative dimensions of the 
difi'erent regions are preserved better than in 
either of the preceding projections. But as 
the projections of circles do not intersect 
under the same angles as the lines themselves, 
tho forms of parts of the surface are greatly 
distorted, and the more so as they are more 
distant from the centre of the projection: 
The equi-distant projection is most easily ex
ecuted, but on the whole, the stereographic 
projection seems to unite raore advantages 
with fewer disadvantages, in a practical point 
of view, than either of the others, ind is the 
one most commonly adopted. 30 

'1. Gnomonic Projcclion. 
In the gnomonic projection, tho eye is 

t;iken at the eeutre of tho sphere, and the 
primitive piano is tansji-nt to the surface at 
some point. This point is called the princi
pal point. Tho ineridban through the princi
pal point is called tiie principal meridian; the 
circle of latitude through the principal point 
is called the principal parallel; and the polar 
distance of the principal point is called the 
principal polar distance. There are three 
cases. 

1. W h e n the principal point is at the pole of 
the sphere. In this case, tbe meridians are 
projected into straight lines passing through 
the principal point, and making angles equal 
to those contained between the meridians 
themselves. The circles of latitude are pro
jected into circles, having their centres at the 
principal point, and described with radii 
respectively equal to the tangents of their 
polar distances. 

2, lVAc77 ihe principal point is on the equa
tor. In this case, the meridians are projected 
into straight Unes syramctrically disposed on 
each side of the projection of the principal 
meridian, and at distances from il equal lo the 
tangent of the inclinations of the meridians 
to the principal raeridian. The circles of 
latitude are projected into arcs of hyperbolas, 
whose transverse axes are coincident with the 
projection of the principal raeridian, and 
whose centres are at the principal point; the 
lengths ofthe semi-transverse axes are equal 
lo the tangents of the latitude of the parallels. 
The asyraptotes of these curves make with 
the projection of the raeridian, angles respect
ively equal to the complements ofthe latitudes 
of the parallels. 

3. W h e n ihe principal point is on the arc of 
any circle of latitude. In this case, the meri
dians are projected into straight lines passing 
through a point on the projection of the prin
cipal meridian, and at a distance from the 
principal point equal to the tangent of tho 
principal polar distance ; the angles which 
these projections make with that of the prin
cipal meridian, has for tangents the quotient 
of the tangent of the angle which the meri
dians m a k e with the principal meridian, by 
the tangent of the principal polar dis
tance. 

The circles of latitude, whose polar distan-
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ces are less than the inclination of fhe axis 
of the sphere to the primitive plane, are pro
jected into ellipses; the circle whose polar 
distance is equal to the inclination is project
ed into a parabola, and all olher circles are 
projected into hyperbolas, whose principal 
axes are all coincident with the projection of 
the p.incipal meridian. The projection of 
any one of the eUipses may be raade graphi
cally, as foUows, 

Let P Q be the principal meridian, E F the 
diameter which it cuts out of the circle to be 
projected, P the principal point, and P C the 
projection of the principal meridian. Draw 

A E and A F , producing them to D and C ; 
then will C D he the projection of the diame
ter F E , and also the principal axis of the pro
jection of the circle. Bisect C D in B, and 
draw B A intersecting F E in K : at K draw 
the chord of the circle which is perpendicular 
to F E , and project it upon the primitive 
plane: this will be the remaining axis of the 
projection : on these describe an ellipse. 

B y a somewhat analogous construction, the 
projections of the circles giving hyperbolas 
may be made. The transverse axis of the pro
jection is found as in the case of the ellipse. 
Then pass a plane through the centre of the 
sphere and find the two points in which it cuts 
the circle to-be projected ; through these and 
tho centre of the sphere draw two straight 
lines, and project them upon the principal 
plane; these will be the asyraptotes of the 
projection, and frora these data the construc-
llon raay be made. 

To project the circle which gives the para
bola : draw a straight line through the eye 
and the lowest point of the circle, and find 
where it pierces the primitive plane ; this 
will be the principal vertex. Draw a straight 
line through the eye and one extremity of 
the diameter, which is paraUel to the primi

tive plane, and project this upon the princi
pal plane. Draw from the principal vertex a 
straight line perpendicular to the projecifion 
if the principal meridian, and from, the point 
in which it intersects the first projection 
draw a line perpendicular to it, then wiU the 
point of intersection be the focus. 

This projection is but littie used, and then 
only for projecting a Umited portion of the 
sphere in the neighborhood of the principal 
point. The only case in which it can be 
applied with any advantage, is when the 
principal point is taken at the pole, in which 
case it seems to supply a defect existing in 
Mercator's projection. 
5. The Polar Projection. 

In this projection, 
the eye is taken at 
the centre of the 
sphere, and the prim
itive plane is taken 
through one of the 
polar circles. In this 
case the meridians 
are projected into straight Unes intersecting 
each other at the point in which the primitive 
plane cuts the axis of the sphere, maldng an
gles with each other equal to the angles made 
by the meridians themselves. The circles of 
latitude are projected into concentric circles, 
having their common centre at the same point, 
and with radii equal to the product of the tan
gents of their polar distances by the cosine 
of the polar distance of the polar circle, or 
the cos 231°. 

This projection only answers for a zone 
lying a few degrees on each side of the polar 
circle, and like the preceding projection, is 
used as supplementary to Mercator's projec
tion. 

6. The Conic Projection. 
There are Iwo prmcipal varieties of the 

conic projection. In both, the eye is taken 
at the centre of the sphere, and the circles are 
projected upon a cone which is afterwards 
rolled or developed upon a plane tangent to it, 
along one of its elements. 

1st. W h e n the projection is made upon a 
tangent cone. 

In this case w c suppose a cone to bo 
passed tangent to the surface of the sphere 
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along the middle circle of latitude of the 
lone to be projected. In the diagram w e 
have supposed that _,v̂^ 
the zone to be project
ed extends from lati
tude 'M" to 60° N.. 
and have taken the 
cone tangent along 
the circle of 40' N, 
latitude. In this case 
themeridians are pro
jected into right-lined 

7r(J' 
sW' 

46'7 

the ra 

^ ^ c 
3X 

aUel to either extreme. wiU be 
dius of tho sphere being 1. 

Construct the angle B.AC 
equal to (risin/)°; with A 
as a centre, and a radius A B 
equal to the cotangent of 
the latitude, describe an arc 
B C ; this will be the projec
tion of the middle parallel. 
Lay off the distances B D and B F , each equal 
and describe DE, FG : these will 

elements of the conic surface, and are develop- "̂̂  
ed into strai-ht fines mtersecting at thcde-i'"' ^'i" projfactions of tho extreme parab 
velopment oi the vertex of the cone. The , l"'̂ - 1̂ '"'̂ '= ̂ ^ into any number of equal 
circles of latitude are projected into circles of P"'^' ""'J '̂ '̂''̂  through A and these points 
the conic surface, and are developed into arcs 
of circles, whose comraon centre is the devel
opment of the vertex of the cone. The dis-
taaccs C G and CI, which measure the distan
ces between the projection of the middle 
parallel and the extreme paraUels, are each 
equal to the tangents of half the difference 
of latitude ofthe extreme parallels. In prac
tice they are usually taken equal to half the 
length of the circle of longitude betw-een the 
extreme parallels; and then to find the projec
tion of the intermediate parallels of latitud 

straight Unes : these will be the projections 
of meridians. Divide F D into any number 
of equal parts, and through the points of di
vision describe concentric circles having their 
centre at A ; these will be the projections of 
intermediate parallels. 

2d, AVhen the projection is made upon a 
secant cone. 

In this case w e suppose the cone to be 
passed through parallels of latitude equidistant 
i from each other, and from the extreme psral-
! Icis, The method of constructing the projec-these are divided into equal parts, and arcs of lions in this case are entirely the same as iu 

c'ffcles are drawn through the points of divi
sion concentric with the projection of the 
middle parallel. These principles indicate 
the following constructions: 

Let I denote the latitude ofthe middle par
aUel of the zone to be projected, and d the 
number of degrees of longitude to be em
braced in the m a p ; then will the absolute 
length of the middle parallel of the m a p be 
equal to 

d IgO^TT-cos/, 

the length of the tangent AC is equal to the 
iwtangent of the latilude, and consequently, 
the nuraber of degrees which the development 
ofthe arc subtends at the centre ofthe devel
opment, is denoted by {d sin l)". N o w if w e 
denote the number of degrees of latitude be
tween the extreme parallels by d', the length 
ofthe map along any meridian will be equal 
'o zzTTt,, and the length from the middle par-

ihe case last considered. There is a method 
soraewhat like the conic projection, called 
Flanisteed's projection. 

W o shall explain the method of projecting 
a m a p bv Flamsteed's projection, taking the 
circles of latitude and longitude 1° apart. 

D r a w a straight Une N S , through the raid-
die of the paper, to represent the middle 
meridian, and through the raiddle point of it, 
0, describe an arc of a circle E W , having its 
centre on N S produced, and having a radius 
equal to the cotangent of the latitude of the 
paraUel. Frora 0, on N S . lay off distances 
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equal to the length of a degree of latitude, to 
the scale of the map, in both directions, and 
through these points describe circles concen-
tri'j with E W . Having computed the length 
of a degree of longitude for the latitude of 
each parallel, set this length off from N.S, in 
each direction, and through the point thus 
determined, draw curved lines, and they will 
represent- the projections of meridians. In 
the diagram these are sensibly straight lines. 
7, The Cylindrical Projection. 

This projection differs from the conical pro
jection in the fact that the projection is made 
upon the surface of a cyUnder taken tangent 
to the surface of the sphere along the equator, 
instead of the surface of a tangent or secant 
cone. 
The pure cylindrical projection is little 

used, but a modification of it, called Merca
tor's projection, is much used in projecting 
saiUng charts. In this projection both merid
ians and parallels of latitude are represented 
hy straight lines. The meridians are repre
sented hy paraUel straight lines at equal dis 
tances from each other. The parallels of lat
itude are represented by straight lines whose 
distances apart increase inversely as the 
lengths of a degree of longitude decreases 
In this projection the loxodromic curve, or the 
path of a ship, when her course makes a con
stant angle with all the meridians crossed, is 
represented by a straight line, and this is the 
great advantage possessed hy this kind of 
projection. See Mercator's Projection. Un 
der the head of Mercator's Projection a method 
was given for constructing a chart on this 
principle. W e add here an analysis of the 
method of computing the distance ofthe pro-

, jection of any paraUel of latitude from the 
equator. 

Let / denote the distance of any parallel of 
latitude from the equator, and L the corres
ponding distance on the projection, and denote 
by dl and dL corresponding increments of 
their elements. Then frora the law of the 
projection 

dl 
dl : dL :: cos / .: 1, or dL = —^• 

If we denote CN by x, and MN by y, we 
shall have the relation, 

x' + y' — 
W e have also 

dl = v^dx + dy' = - p -

cos 1 = VI — x' 

dx 

hence. dL = : 
dx 

l - x " 
((fx dx \ 
r+it + r ^ j ' 

whence, by integration, 

X = i|z(l+x)-log(l-x)[ + C. 

But a; = 0, when i = 0; hence, C = 0, and 
we have 

But from the figure 

MN = Vl-x', SN=l+x; 
SlY 

consequently, ——, or tangent of the angle 
SMN, is equal to 

1+x 

= /(cotP>Silf), 
Vl-x' 

hence, L = /(tan S M N ) = 
or L = l{cotiPCM); 
that is, the projection of the length of a me
ridional arc measured from the equator, the 
latitudo of the extremity being /, is equal to 
the Naperian, logarithm of the tangent of 
one-half of I, the radius of the sphere being 
1. The above forraula may be used to com
pute a table of meridional parts, or in any 
particular case, it raay be used to make a pro
jection of a portion of the sphere. 

On account of the rapidly increasing scale 
of the map, as we approach the polar circles, 
it becomes impossible to represent the polar 
regions on a Mercator's chart. To supply 
the deficiency, those regions are projeclcti 
either on the plane of the polar circle, or 
gnomonically, on the tangent plane to the 
sphere at the pole. 

Peojeotion of Maps. In addition to the 
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methods described under tho head of spheri
cal projections, the I'oUowing method, cm-
ployed by the French Topographers, seems 
peculiarly w-orthy of attention. It is a com
bination of Flamsteed's projection, and the 
conical method. In it, circles of latitude are 
represontcd by concentric eirelos, described 
from a centre situated on the central meri
dian. The radius of the circle of middle lati
tude is equal to the cotangent of the latitude, 
and the disttmces between the parallels of 
latitude, for each degree, are laid off on the 
central meridian, being made equal to the 
actutd distance on the terrestrial spheroid, 
whilst the lengths of the degrees of longitudo 
are made proportional to the cosine of the 
latitude. 

A' 
Ci 

Let A be the centre of the development, 
A Y the central meridian, and A X perpendi
cular to it; .\C, laid off on the central meri
dian, being the radius for describing the 
paraUel of middle latitude passing through A, 
and equal to the cotangent of the latitude of 
A by the normal of the same point, termina
ting at the axis of the spheroid : A K a por
tion of the parallel of middle latilude ; these 
d'lstances, equal to the length of 1° or 5°, 
being set off from A, along the line A C , fur
nish points through which the concentric 
paraUels of latitude are to be drawn. If 
along these parallels distances bo laid off 
from the central meridian, equal to 1° or 5° 
of longitude, on the spheroid corresponding 
tn the particular latitude, the slightly curved 
lines joining these points will represent the 
meridians. For small differences of latitude, 
these lines wiU not differ sensibly from straight 
lines. In order to make this projection prac
tically, it is usual to compute the rectangular 
co-ordinates of the points to be laid down, 

these being estimated for the lines .\.\; and 
--Vl as axes, 'These co-ordinates aro com
puted from tho latitudes and longitudes of 
tho points ; and conxersely, if these co-ordi
nates are given, the latitudes and longitudes 
of the points may bo determined. 

To investigate the necessary formulas for 
making this projection, let r denote the radius 
A C for the parallel of middle latilude. equal 
to N cot /; let N denote the normal at A, and 
I the latitude of .A ; let s denote the distance, 
in feet, between two parallels of latitude, w 
the difl'erence of longitude, or the angle 
AP.\I. and 8 the angle .VC.M, subtended at 
C by the difference of longitude : 
C M = p, Q M = X = p sin 6, Q C = p cos 6 ; 
P.M = y = B Q + s = 77 + B C - C Q = ̂  + p 

— pcosB = s + pil — cos 9) = 
s + p(l-(l-2sin=-;^)|=s+p2sin= —. 
Substituting for p, its value. -,—-„, 

• sin 0 

sin 0 
6 

X 2 sin= — = s + x-
I -- cos 0 

s'mO 

= s + X tan --
2 

Since p is known, being equal lo r + s, it 
only remains to find 6, in order to be able to 
deterraine x and y for every point in the arc 
B M . Now, the given longitude w is an arc 
of the equator, and if an arc d he taken of 
the sarae length on the circle B.M, w and 8 
will be to each other inversely as their radii. 

Now, the radius of the circular are B M is 
p, and that for w is the radius of the parallel 
of latitude of B represented by ?., is 

x' = p' cos /., 
p' representing the norraal terminating at tho 
minor axis for the latitude /., so that 

wx' p' 
w : 8 : : p x', ur fl = — = to cos /I —• 

' P P 
Hence, x and y are easily found, and may be 
tabulated for convenience. 

Again, if the co-ordinates of any point of 
the plane of projection are given, the latitudo 
and longitude of that point may readily be 
computed from them. Thus, 

X 
nd tan 0 = -

C Q = 7--

and CM = p 
or, otherwise. 

y r — y 
• C Q sec (? = (r - 7/) see e i 
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C M = \/ ir — y)' + x' and r — p = s, in f̂ aet. 
Then, with tho given latitude of the point 

A, or parallel of mi'ldle latitude, convert by 
the aid of the requisite table the meridional 
distance x into seconds of arc, approximately 
in the first instanc, and correctly after the 
first approximatior-. by which the first lati
tude of B or M is found, and the normal p' 
corresponding to it from the tables ; and then 

^ ^ g P 
cos X p' 

PnojEOTirs CioKE, A cone whose directrix 
is the givc7i line, and whose vertex is the pro
jecting point. 

Projecting Cylinder. In the orthogonal 
projection, a cylindrical surface passing 
through the line, and having its eleraents per
pendicular to the plane of projection. 

Projecting Lihe of a Point. In the 
orthogonal projection, a straight line passmg 
through the point and perpendicular to the 
plane of projection. In the divergent pro-
•ection a straight line drawn through the 
/loint and Ihe projecting point. 

Projecting PL.tNE of a Straight Line, 
'̂ n the orthogonal projection, a plane passing 
through (!l7,e straight line, and perpendicular 
to the pi-me of projection. In the divergent 
projectio-,1,, a plane passing through the line 
and tha (irojecting point. 

Pr,C/fl;TiNO Point. The assumed position 
of the ,/'(e, 

PI^",1aTE S P H E R O I D . [L. prolatum. 
dra-vtr. 'lut]. A solid that may be generated 
by re ('ving an ellipse about its transverse 
axis, its volume is equivalent to two thirds 
of that of its circumscribing cylinder. 
P R O O F . A verification of a ruleorresult. 

A converse rule for testing the accuracy of 
«n operation. Addition may be proved on the 
principle that the whole is equal to the sum 
cf all the parts, by a second addition. But 
this, strictly speaking, is no proof, but another 
way of arriving at tho result, which, if found 
to agree with the first result obtained, is said 
to confirra it. Addition might be proved by 
the converse operation of continual subtrac
tion, or by taking in succossiion each part 
from the sura, untU the last, when the final 
result should be 0. Subtraction may be 

proved by adding the remainder, or difference, 
to the subtrahend, which, when the operations 
are correctly performed, give a result equal to 
the minuend. 

Multiplication may be proved by Division. 
The quotient obtained by dividing the product 
hy either factor should be equal to the other 
factor. 

Division may be proved by MultipUcation. 
The product of the divisor by the quotient, 
increased hy the remainder, ought to be equal. 
to the dividend. 

All of these operations may be proved by 
the method of casting out the O's. See 
Nines. 

Raising to powers, or evolution, may be 
proved by the extraction of roots, or Involu
tion. The root of a power of the same de
gree ought to be equal to the quantity, raised 
to the power. 

Extraction of roots may be proved by rais
ing to powers, or Evolution. The power of a 
root of the same degree ought to be equal to 
the quantity whose root was to be extracted. 
PROP'ER-TY. [L. proprietas, a qualify]. 
A n essential attribute of an expression or 
magnitude. Thus, it is a property of a tri
angle that it has three sides and three angles. 

A characteristic property is an attribute 
which characterizes the magnitude, and which, 
if it exists, the magnitude must be of a par
ticular kind. Thus, it is a characteristic pro
perty of the hyperbola that the portion of a 
tangent to the curve at any point, which is 
intercepted between the asymptotes, is bisected 
at the point of contact. If it can be proved 
that a curve has two asymptotes, and that the 
portion of any tangent between these asymp
totes is bisected at the point of contact, the 
curve must necessarily be an hyperbola. 

PRO-PoR-TION. [L. proportio; from pro 
and ̂ oriio, a part]. The relation which one 
quantity bears to another of the same kind, 
with respect to magnitude or numerical value. 
This relation maybe expressed in two ways : 
1st, by the difl'erence of the quantities, and 
2d, by their quotient. W h e n the relation is 
expressed by their difference, it is called 
an Arithmetical relation; when by Iheil 
quotient. Geometrical Proportion, or simply 
Proportion. The latter method of compari
son is by far the most used. 
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•When we divide one quantity by another 
of the s;une kind, to ascertain their relative 
i::ainitudes or numerical value, one of the 
quantities is regarded as a stand.ard, .and the 
quotient, which is ahvays a number, is then 
the measure of the relation which the stand
ard bears to the quantity whose- magnitude 
or value is to be ascertained. The quantity 
t.i't;o:i as a standard is assuraed as known be
fore the comparison is made, and is called tho 
antecedent; the quantity to be determined be
comes known in consequence of the compar
ison, and is caUed the consequent; the quo
tient obtained is caUed the ratio of the stand
ard to the measured quantity ; hence, the 
measure of proportion is ratio. 
Four quantities are in proportion when the 

ratio of the first to the second is equal to the 
ratio of the third to the fourth ; this relation 
is expressed algebraically thus, 

a : b :: c : d. 
This expression is caUed a proportion; it is 
read, a is to 4 as c is to d, and is equivalent 
to the expression 

4-_d 
a c 

Hence, a proportion may be defined to be the 
algebraic expression of equality of ratios. 
Two variable quantities are in proportion 

when their quotient is constant. Tw-o quan
tities are reciprocally or inversely proportional 
when the quotient of one by the reciprocal 
of the other is constant, or when their product 
is constant. Thus, if xy=a, a being constant, 
- : y, in the constant ratio a; hence, x and y 
are reciprocally proportional. 

In the proportion 
a. : b : : c : d, 

the quantities a, 4, c and d are called terms 
of the proportion. The first and fourth terms 
of a proportion are called extremes ; the sec
ond and third terms are called means; the 
firstand third are antecedents; the second and 
fourth are consequents; the first and second 
make up the first couplet; the second and 
fourth make up the second couplet. 
If 4 = c, 4 is a mean proportional between 

a and d, and dis a third proportional to a and 
i- If 4 and c are not equal, dis a fourth jiro-
portional to the other three taken in their 
order. 

If anteeedenl lie compared with antecedent, 
and consequent with consequent, the propor
tion is transformed by alternation. If the 
consequents be mado antecedents, and the 
antecedents be made consequents, tho pro
portion is transformed by inversion. 

If the sum of the antecedent and conse
quent, in each couplet, be compared with 
either the antecedent or consequent in each, 
the proportion is transformed by composition. 
If the difference of the antecedent and con
sequent, in each couplet, be compared with 
either the antecedent or consequent in each, 
the proportion is transformed by division. 

The followingprinciples indicate the various 
transformations th.at may be made upon pro
portions : 

1. If four quantities are in proportion, they 
are so by alternation ; that is 

If a : b : : c : d, then, a : c : : b : d. 
2. If four quantities are in proportion, they 

are so by inversion ; that is. 
If a : 4 :: c : rZ, then, b : a : : d : c. 

3. If four quantities are in proportion, they 
are so by composition ; that is. 
If a : b : : e : d, then, a + b : b :: c + d : d 

or a + b : a :: c + d : c. 
4. If four quantities are in proportion, they 

are so by division ; that is. 
If a : 4 : : c : rf, then, a — b : b :: c — d : d 

or a — b : a : : c — d : c. 
5, Equimultiples of two quantities aro pro

portional to the quantities ; that is 
777a : 77i4 : : a : b. 

6, In a continued proportion, the sura of 
all the antecedents, and the sura of all the 
consequents are proportional to any couplet ; 
that is. 
If a : b : : c : d : : e : f: : g : h, &c., then, 
a + c + e + g &.C.: b + d + f + h + & c . -.-.a-.b fee. 

7. If the corresponding terms of two pro
portions he multiplied together, the products 
i are proportional; that is 

If a : b : : e : d and e : f:: g : h, then, 
j ae : bf: : eg : dh. 
\ It is a property of a proportion, deduced 
immediately frora the definition, that the pro
duct of the extremes is equal to the product 
of the means ; and conversely, if the product 
i of two quantities is equal to the product oi 
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two others, the first two may be taken as the 
extremes, and the last two as the means, of a 
proportion. 

Proportion. In Arithmetic, a name for the 
rule of three, since the three given terras, 
together with the fourth term, constitute a 
proportion. The rule of three depends upon 
the principles of proportion. See Rule of 
Three. 
PkoportiOn Harmonial. Four quantities 

are in harmonial proportion when the first is 
to the fourth as the difference between the 
first and second is to the difference between 
the third and fourth. Thus 24, 16, 12, and 9 
are in harmonial proportion, because 

24 : 9 : : 8 : 3, 
Three quantities are in harmonial propor

tion when the first is to the third as the dif
ference between the first and second is to the 
difference between the second and third. 
Thus, the numbers 6, 4, and 3 are in harmo
nial proportion, because 

6 : 3 : : 2 : 1. 
PRO-PoR'TION-AL. One quantity is pro

portional to another when it so increases or 
diminishes with it, that their ratio remains 
eonstant. 

Proportional. Relating to proportion, as 
proportional parts, proportional compasses, 
&c. 

Proportional Compasses. Compasses or 
dividers with two pairs of opposite legs, turn
ing on a coraraon point, so that the distances 
between the points, in the two pairs of logs, 
is proportional. They are generally con

structed with a groove in each leg, so that 
they may be set to any ratio. They are used 
in reducing or enlarging drawings according 
to any given scale. 

Proportional Parts of magnitudes, are 
parts such that the corresponding ones, taken 
in their order, are proportional; that is, Ihe 
first part of the first is to the first part ofthe 
second as the second part of the first is to 
the second part of the second, as> the third 
part of the first is to the third part of the 
second, and so on. 

Proportional Scale. Same as logarith
mic scale. It is a scale on which are marked 
parts proportional to the logarithms of the 
natural, nurabers. They are used in rough 
computations, and forsolvingproblemsgrapb-
ieally, the solution of which requires the aid 
of logarithms. 

PROP-0-Si"TION. iL. •propositio]. Some
thing to be proved or to be done. When 
something is proposed to he proved, the pro
position is called a theorem. W h e n something 
is proposed to be done, the proposition is 
called a problem. In the former case, a prin
ciple is lo be investigated; in the latter, a, 
principle is to be applied. 

PRO-TRACT'. [L. protraetus, pro and 
traho. to draw]. To plot or to draw to a 
scale. See Plotting. 

PRO-TRACT'OR. A n instrument for lay
ing off angles in plotting. There are three 
principal forms of the protractor, the semi
circular, the circular, and the rectangle, eacli 
of which will be explained in turn. 
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1. The sem'-cireular protractor consists of 
a souii-citcle of br.iss, horn, or other hard 
material, whose circumference is divided into 
CO 'Tces and half degrees, and which are num
bered from 0 to 180°, in each direction from 
the principal diameter, A B , of the protr.actor, 
around to the s.ime diameter. 'There is a 
small mark at the middle of the diaraeter A B , 
which indicates the centre of the graduated 
are. 
To use this protractor to lay oft" an angle 

from a given fine at a given point: Place 
the diameter, -AB, so that it shall coincide 
with the ctî en Ime, and so that the centre of 
the protractor sliall be at the vertex of the 
required angle. Then count the nuraber of 
denrees from A towards B, or from B towards 
.\, and mark the extremity of the arc with a 
pm; remove the protractor and draw a line 
through this point and the vertex; this will 
make the required angle with the given line. 
To measure an angle with the protractor: 

place the protractor so that its centre shall be 
at the vertex, and so that the diameter, A B , 
shall coincide with one side of the angle; note 
where the other side cuts the graduated arc, 
and the reading of that point of the arc wUl 
he the angle required. 

2. The circular protractor consists of a 
brass circular Umb, about six inches in diam
eter, with a movable arm or index, having 
a vernier at one extremity and a milled 
screw at the other, with a concealed cog
wheel, which works into the teeth bordering 
the limb, by means of which the arm is 
moved about an axis passing through the 
centre ofthe graduated limb. ,\t the centre 
of the protractor is a small circular glass 
plate, on which two Unes are cut; their 
point of intersection marks the centre of the 
graduated circle. The limb is graduated to 
haff degrees, and by means of the vernier, 
readings m a y be taken to minutes or half 
minutes. T w o angular pieces of brass, each 
having a small steel pin at its extremity, are 
fastened to the index-arm, and turn freely 
about the axes at right angles to the index-
arm. SmaU antagonistic screws serve to 
move them in the directions of these axes, 
for the purjjose of bringing them into the pro
longation of the same diameter of the gradu
ated limb. 
To adjust the steel points, lay the instru

ment upon a piece of paper, where it is 
retained from sliding by small steel points 
projecting from its under-surface. Take tho 
reading of the vernier and record il, then 
press tho points into the paper ; they wiU be 
thrown out from tho paper by two small 
springs on the under side of the triangular 
pieces. 

-Add 180° to the recorded reading, and turn 
the inde.v-arin by moans of the milled screw, 
tUl the reading is equal lo this sura ; then 
press the points into the paper, and if the in
strument is in adjustment, they will fall into 
the same holes as before, if not, make the 
correction by means of the adjusting screws. 
and proceed as before till the adjustment is 
complete. 

To lay off an angle, at a given point, from 
a given line : Place the instrument so that its 
centre is exactly over the given point, and 
turn the index-arm till the two steel points, 
when pressed down, pierce the paper in the 
prolongation of the given line ; then take the 
reading of the vernier ; to this add the angle 
to be laid off, and turn the index-arm tUI the 
reading is equal to the sum ; then press the 
points into the paper, and removing tho pro
tractor, draw through the points a straignt 
line ; it will pass through the angular point 
and make the required angle with the given 
line. It may be used to measure a given 
angle on paper as follows : Place the centre 
over the angular point, and bring the points 
inlo the prolongation of one side of the angle 
and take the reading; then turn the index 
till the points coincide with the prolongation 
ofthe other side; then if the 0 ofthe vernier 
has not passed the 0 of the limb, the differ
ence of the readings is the angle required. 
If the 0 of the vernier has passed the 0 of 
the limb, add 360° to the lesser reading, and 
subtract the greater reading frora the sum; 
the reraainder wUl ho the angle required. 

3. The rectangular protractor, is a rectan 
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three edges to degrees and half degrees, 
according to the following principles. 

One edn-e of the scale is placed so as to 
coincide with a diameter of a graduated circle, 
the middle of the edge being at the centre of 
the circle ; straight lines are then drawn frora 
the points of division to the centre, and the 
points in which they cut the edges of the 
ruler are raarkod and nurahered, so as to 
accord with the numbers on the circular arc. 
The use of this protractor is entirely the 
same asthatxif the semi-circular protractor. 

P U R E M A T H E M A T I C S . [L. purus, un
mixed]. That portion of Matheraatics which 
treats of the principles ofthe science, in con
tradistinction -to applied Matheraatics, which 
treats of the appUcation of the principles to 
the investigation of other branches of know
ledge, or to the practical wants of life. 
PYR'A-MID. [Gr. nvpapic; fromrvvp, fire 
or flame, and etSo^, 
shape]. In Geora
etry, a polyhedron 
bounded by a poly
gon having any 
number of sides 
called the base, and 
by triangles meet
ing in a common 
point, called the 
vertex. The trian
gles taken together Tj)' 
raake up what is 
called the convex, 
or lateral surface of 
the pyramid. 

Pyramids take different names according 
to the natures of their bases ; they may he 
triangular, quadrangular, cj-c, according as 
their bases are triangles, quadrilaterals, pen
tagons, SfC. 

The base and lateral triangles are called 
faces ; the lines in which the faces meet are 
called edges ; the points in which the edges 
meet are called vertices of the pyramid. 

A right pyramid is one whose base is a 
regular polygon, and in which a perpendicu
lar let fall from the vertex upon the base, 
passes through its centre. 

The regular pyramid is a pyramid bounded 
by four equal equUateral triangles ; it is call
ed the tetrahedron. 

The volume of a pyramid is equivalent to 
one-third ofthe volume of a prism, having an 
equivalent base and an equal altitude. The 
altitude of a pyramid, is the distance from the 
vertex lo the base. 

Pyramids are to each other as the products 
of their bases and altitudes. If their bases 
are equivalent, they are to each other as their 
altitudes. If their altitudes are equal, they 
iire to each other as their bases ; if their bases 
are equivalent, and their altitudes equal, they 
are equivalent. 

The slant height of a right pyramid is the 
distance from the vertex to either side of the 
base ; the convex surface of a right pyramid 
is equal to the product of the slant height by 
the perimeter of the base. If the number of 
sides of the base of a right pyramid be in
creased, the pyramid approaches the right 
cone, and when the number of sides become 
infinite, the pyramid becomes a cone, that 
is, the cone is the limit of all right pyramids 
inscribed in it, or circumscribed about it. 

A triangular pyramid raay always have a 
sphere inscribed within it, and a sphere cir-
curascribed about it. 

To inscribe a sphere within a triangulai 
pyramid,: Pass planes through three of the 
edges lying in the same plane, bisecting the 
diedral angles formed by the adjacent faces ; 
the point in which they meet is the centre of 
the sphere, and the radius is equal to the dis
tance from this point to either face. 

To circumscribe a sphere about a triangu
lar pyramid : Pass planes perpendicular to, 
and bisecting, these edges, meeting at a com
m o n vertex: the point common to these 
planes is the centre of the required sphere, 
and the radius is equal to the distance from 
this point to either vertex. 

If a plane he passed cutting a pyramid, 
and paraUel to the base, the portion included 
between the cutting plane and the base, is 
ca;lled a frustum of the pyramid. If the 
cutting plane is obUque, it is a truncated pyr
amid. The section made by a plane paraUel 
to the base, is a polygon similar to the base, 
and is called the upper base of the frustum. 
The altitude of a frustum is the distance be
tween the upper and lower bases of the 
frustum. 

The volume of a frustum of a pyramid is 
equivalent to the sum of the volumes of 
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three pyrtunids. having for b.ises the upper 
base, the lower base, and a mean proportional 
between the two bases, and having for a 
common altitude the altitude of the frustum. 
A spherical pyramid is that portion of a 

sphere included w-iihin three or more plane 
aiijies meetitig at the centre of the sphere. 
The spherical polygon included within the 
plane I'aoes of the pynuuid is called the base, 
and the lateral faces are sectors of circles. 
The volume of a spherical pyramid is equal 
to the product of the base by one third of the 
radius of the sphere. 
Pyramidtil Ncmseks. The same as figu

rate numbers. Pyramidal numbers are fonned 
from polygonal numbers by the same rules 
that polygonal numbers are formed from arith
metical proi:ressions. See Polygonal A'umbers. 
Thus, the series of triangular numbers 

1, 3, 6, 10, 15, 21. 2^. &c., 
dives rise to the series of triangular pyrami
dal numbers 
I, 4, 10, 20, 35, 56, 84, 120. &c. 
In like manner, the other series of pyrami

dal numbers may be derived. See Figurate 
Xiunbers. 
Q, the seventeenth letter of the English 

alphabet. .\s an abbreviation, it stands for 
question; also for quantity. .As a numeral, 
Q has been used to stand for 500 ; with a 
dash over it, Q, it stands for 500,000, 
Q. E. D. A n abbreviation for quod erat 

demonstrandum: which was to be demonstrated; 
these letters are frequently written at the end 
of a demonstration. 
Q. E. F. A n abbreviation for quod erat 

faciendum: which was lo be done; these letters 
are frequently written at the end of a solution 
of a problem. 
QUAD-R.AN"GLE. [L. guadratus; from 

qualuor, four, and angulus, angle]. In Geo
metry, a figure having four angles, and con
sequently four sides. See Quadrilateral. 
QUAD-R.AN"GU-LAR. Having four an

gles. 
QUAD'R.ANT. [L. quadrans, a fourth]. 

In Trigonometry, one quarter of a circum
ference of a circle. In trigonometry, the 
circle is divided by two diameters, at right 
angles to each other, into four equal parts, 
caUed quadrants. One of these diameters is 

.1 \ -II 

horizontal, tho plane of tho eirele being re
garded as vertical, tmd the other one is verti
cal. The right-h.aud extremity of tho hori
zontal diameter is taken as the origin of arcs, 
iind the arcs are esti
mated from this poiut 
around, in a direc
tion contrary to the 
motion of the hands 
of a watch, through 
any number of quad
rants. The quad-
rants, thus passed -t'' 
over, are numbered in their order; the one 
above the horizontal or initial diameter, and 
at the right of the vertical diameter, is the 1st 
quadrant: the arc immediately at the left of 
the 1st, is the 2rf quadrant; the one immedi
ately below the 2d, is the 3d quadrant; and 
the one immediately below the 1st, is the ith 
quadrant. If the arc be still extended, the 
5lh quadrant coincides with the 1st, the 6th 
with the 2d, the 7th with the 3d, &c. See 
Trigonometry. 
Quadrant. -An instrument used in Navi

gation for measuring the apparent altitude 
of the heavenly bodies. Its principle is tho 
same as that of the sextant,—which see. 

QU.VD-IIANT'AL. A spherical triangle 
is quadrantal, when one of its sides is a 
quadrant, or 90°. 

G 

a-
D 

Let B.AC be a spherical triangle, in which 
B C = 90°: then is it a quadrantal triangle. 
Quadrantal triangles admit of solution by 
means of auxUiary right-angled triangles, as 
follows : Produce the side C A till C D is 
equal to 90°, and draw the arc B D : then is 
B D A a right-angled spherical triangle, which 
may he solved when any two parts of the' 
quadrantal triangle are given besides the 
quadrant. For, in it, A D is equal to 90 - CA, 
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the angle B A D is equal to the supplement of 
the angle BAC, and B D is equal tq the 
angle C. Having found the parts of the 
auxiliary triangle, which we may do by the 
aid of Napier's circular parts, we can, from 
the above relations, find the corresponding 
parts of the given quadrantal triangle. If, 
in the given triangle, the side A G exceeds 
90°, A D wUl be equal to -AC - 90°. 

QUAD-RAT'IC..Square, denoting a square, 
or pertaining to it. 

Quadratic Equation. A n equation of the 
second degree, containing but one unknown 
quantity. Every quadratic equation may he 
reduced to the form 

x' + 2px = q, 
and its roots, when thus reduced, are 
x ^ — p + V p ' + g and x'=^—p — Vp'+g-

If J > p', the roots'are both real. If g is 
negative, and numericaUy equal top', the roots 
are equal; if it is numerically greater than 
p', the roots are both imaginary. If y = 0, 
the equation is incomplete, and the roots are 
equal with contrary signs, or x = ± V~g. 
They are real when j > 0, or when y = 0, 
and imaginary when y < 0. See Eguations. 

QUAD-Ra'TRIX. A curve first employed 
for finding the quadrature of other curves. 
The two most important curves of this class, 
are those of Dinostratus and Tschirnhausen. 

1. Quadratrix of Dinostratus. 
If a straight line revolve uniformly about 

one of its points, continuing in the sarae 
plane, and at the same time if a straight line 
moves uniformly in the same plane, continu
ing parallel to its first position, tho locus of 
the intersection of these two Unes is the 
Quadratrix of Dinostratus. 

uniformly, from left to right. WhUst this 
line revolves through 90° to the position CQ, 
suppose that the line A Y has raoved uni
formly, and paraUel to its first position, to the 
sarae position CQ. If now the two motions 
be continued, according to the sarae law, the 
arc A P Q R S generated, will he an arc of the 
quadratrix. If C D be raade equal to 2CA, 
and a line he drawn perpendicular to A D 
through D, this luie wUl be an asymptote to 
the curve. If the motion be continued, there 
wUl result an infinite number of infinite 
branches, having asymptotes parallel to DF, 
and at a distance from each other equal to 
2AC. If we suppose the motion to have 
commenced before the generating point 
reached it, we shall have, in like manner, an 
infinite number of simUar branches on the 
left. It will be sufficient to consider the arc 
AQR. The point C is called the pole. 

If we denote the abscissa and ordinate of 
any point P, by x and y, the distance A C by 
a, we shall find the eq'uation of this arc to be 

Let A X and A Y bo two straight lines at 
right angles, taken as co-ordinate axes, and 
C, a point, about which the line A O X revolves 

7/ = (a — x) tan 
2a 

It is a property of this quadratrix that C.A 
is a mean proportional between .AS, the quad
rant of the circumference of the circle, de
scribed with the radius CA, and the Une CQ : 
that is 

AC" 
'^S=CQ' 

It is this property that would enable us to 
express the circumference of a circle in exact 
terms of its radius, and consequently to con
struct a square equivalent to a given circle, 
were it possible to construct the point Q 
georaetrically. 
This curve may be used to trisect an angle, 

as follows : Let A C be the axis of X, and 
-AKG an arc of the quadratrix. Make the 
angle A C B equal to the angle to be trisected. 

\^ 

~---K 

•/\ 

'~-:s^ 
y\ -
"--j--̂  

^ 

-1̂  

,̂  

\ 
-.̂\ 

Q 

^ 
J\- JI S 1) 

Through G, tho point in which the side BC 
cuts the quadratrix, draw G D paraUel to QC, 
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and divide the line D.A into three equal parts. 
Through E and F, the pointsof division, draw 
E H and F K parallel to ClJ. and from H and 
K. where they cut the curve, draw H C and 
K C ; they wUl trisect the angle .VCB. In 
like manner a given angle may be divided into 
anv number of equal parts, or multiscctcd. 

2. The Quadratrix of Tschirnhausen. 
Let .AX and .AA' be tw o rectangular axes ; 

take a point C upon the axis of X. and with 
C.-V as a radius, describe a circumference, and 
caU it the directing circle. If now we sup
pose the line -AA' to move uniformly to the 

Xj,;; 

rii-ht, remaining parallel to its first position, 
and at the same time if we suppose the line 
.A-V to move paraUel to its first position, so 
that its point of intersection with the circum
ference shaU raove uniformly frora .-V towards 
D, then will the locus of the inlerseclion of 
these two Unes be the quadratrix of Tschirn
hausen. The two motions are regulated so 
that whilst the point Q describes a quadrant, 
the line .IA" describes a distance equal to the 
radius of the directing circle. 
If now we suppose the line .-A A" to continue 

moving to the right, the point Q will describe, 
in succession, the different quadrants, and the 
curve wiU take the form APD.A'D'A", &c,, 
havuig an infinite number of points of inter
section, .A, A', .A", &c., with the axis of X, 
which are at distances from each other equal 
to the diameter of the directing circle. Its 
appUcations are nearly the same as those of 
the quadratrix of Dinostratus. It may be 
used for multisecting an angle in the sarae 
manner, 
lis equation, referred to .AX and A Y , as 

axes, is 
. irx 

7/ = a sin —, 
•' 2a 

in which a is the radius of the directing 
circle. 
Q U A D ' R A - T U R E . [L. guadratura, squar-

tog]. The operation of finding an expression 

i'or tho area, bounded by Ifie curve, tho axis 
of X, and any tw-o ordinates. Whenever a 
square can be eonslruiled, cquivrdenl in area 
to this portion of the curve, the curve is said 
to be quadruble. A\'e assume that a square 
can always be constructed equivalent to the 
area of a definite portion of a curve, when 
we can find an expression for it in algebraic 
terms. 

'The best method of finding an expression 
for the area of a portion of tho curve, is by 
uieans of the Integral Calculus. The for
mula for a plane area, limited by the curve 
and axis of X, is A = fydx . . (1). 

To apply this formula to any particular case ; 
Find, from the rectangular equation of the 
curve, the value of y in terms of x; substi
tute this in the forraula, and perform tho inte
gration indicated; the resulting integral 
expresses the area bounded by the curve, the 
axis of A' and any two ordinates whatever. 

If w e wish to comnienco estimating the 
area from any particular ordinate, we can do 
so by means of an arbitrary cpnstant C which 
enters the integral. To find the proper value 
1 of the arbitrary constant, put the integral 
! equal to 0, and in it substitute forx its value, 
corresponding to the assumed ordinate ; then, 
from the resulting equation deduce the value 
i of C, and substitute it in the indefinite inte
gral. The value of C being determined, tho 
integral is called a particular integral, and 
expresses the area bounded by the curve, the 
axis of X , the assumed ordinate, and any 
other ordinate whatever. 
[ If we wish now to find tbe area up to a 
second assumed ordinate, we substitute, in 
the particular integral, for x, its value corres
ponding to this assumed ordinate. The rc-
i suit is the definite integral, and expresses the 
area of a definite portion of the curve. 

For example, let it be required to find the 
area of a portion of the common parabola. 
The equation of the curve is 
y' = 2px; whence, y — V2px; 
and this, in equation (1), gives 

/ , [> \ 2-/2p I 
V2pxdx=V2p jx dx=—^x^ + a 

Or, by reduction. 
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.4 = - a:-/2;7x-1-C = - XJ7 + C. 

If now we wish the area to be estimated frora 
the principal vortex, where x = 0, y = 0, we 
shall find C = 0 , and denoting the particular 
integral by A', w e shall have 

A' ^ 
A =g.x7/; 

that is, the area of any portion of the parab
ola, estimated from the vertex, is equal to |, 
of the rectangle of the abscissa and ordinate 
»f the extreme point. 

If it is required to find the area up to the 
double ordinate through the focus, w e have 
for this Umit, x ='^p, y =p; whence, denot 

ing the definite integral by A" we have 

A " = ip'. 
This denotes the area between the curve, the 
axis, and the focal ordinate; hence, if w e 
double it, w e shall find the desired area, or 

that is, the area is equal to ,^ of the square 
described on the parameter of the curve. The 
curve is, therefore, quadruble. A s a general 
rule, all the parabolas, whose equations can 
be reduced to the general form, 

7/"* = p'x^, 
are quadruble ; and if the area is estimated 
from the vertex of the curve, w e have 

A'-- npx 

All hyperbolas whose equations can be re
duced to the general form, 

y"x" = a, 
are quadruble, except the common hyperbola, 
in which m = « = 1. The expression for 
die area, in this case, involves a logarithmic 
3xpression, which cannot be constructed geo
raetrically. 

To find an expression for the area of a 
surface of revolution, w e have the formula. 

A = 2:vyVdx' + dy'.... (2). 

To apply this in any given case, differen
tiate tho equation of the meridian curve; 
from the equation aud differential equation 
find expressions for y and dy, in terms of x 

and dx ; substitute these in equation (2), and 
perform the integration indicated : the result
ing indefinite integral wiU represent the area 
of a portion of the surface included between 
any two planes perpendicular to the axis of 
revolution, taken as the axis of X. The 
limits of the area may be fixed, as in the case 
of a plane area, by attributing suitable values 
to C'and X. 

N o surface of revolution is quadruble, be
cause the expression for the surface alwrays 
involves rv, which is transcendental, and can
not be constructed geometricaUy. 

The quadrature of the circle is a famous 
problem which has probably been the subject 
of more discussion and research than any 
other problem within the whole range of 
mathematical science. 

The area of the circle being equal to a rect
angle described upon the radius and half of 
the circumference, il follows that the quadra
ture would be possible if an algebraic expres
sion, with a finite nuraber of terms, could be 
found for the length of the circumference. 
Hence, the problem is reduced to finding such 
an expression, or to finding an exact expres
sion in algebraic terms for the ratio of the 
diameter to the circumference. No such ex
pression has yet been found, and it is by no 
means probable that such an expression will 
ever be found. The problem may safely he 
pronounced impossible, and all attempts U 
the solution of the quadrature of the circle 
have long been abandoned by every one hav
ing the least pretension to mathematical 
knowledge. It is true, pretenders lo the dis
covery of the quadrature of the circle occa
sionally present themselves, but they are con
fined to the list of w-hat may be called mathe
raatical quacks, and their reasoning, when 
intelligible, is always based upon some absurd 
hypothesis, or involves sorae mathematical 
absurdity easily pointed out by any one hav
ing even a smattering of Georaetry. Long 
since the learned societies of Europe have 
refused to examine any paper pretending to 
a discover)' of the quadrature of the circle, 
classing it with the problems for the geometri
cal tri-seetiou of an angle, the duplication of 
the cube, ikc. all of which are now regarded 
as beyond the power of exact geometrical 
construction. 

Quadratures, Method of, A name given 
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to a peculiar process ofthe aneieut Geometry, 
i'or finding an aiiproxiiuate expression for the 
area included within a given curve. The 
method consists in drawing ordinates of the 
bounding curve, at equal distances, between 
the proposed lunits, and then uniting tho 
points in which these ordinates meet the 
curve, thus forming an inscribed polygon 
made up of irape/oiils ; by taking the sum 
of these trapezoids as the true area of the 
curve, an approximate result wUl be obtained 
which may be made as nearly equal to the 
true result as is desirable, by taking the ordi
nates sufficiently near together. The areas 
ofthe trapezoids form a series, the law of 
which can generally be determined, and the 
sum of the areas may be found by the ordi
nary rules for summing series. The exact 
area may be found by consider'mg the equal 
distances betw-een the assumed ordinates as 
arbitrary, then finding a general expression 
for the sum ofthe trapezoids, and passing to 
the limit of this expression by making the 
arbitrary distance equal to 0. Most of the 
cases to which the method of quadrature was 
formerly appUed, may be more readily solved 
by the integral Calculus. See Quadra
ture. 
The method of quadratures just consider

ed, affords approximations which, for practi
cal purposes, are sufficiently exact, and 
which, in many instances, are more readily 
attamed than by the aid of the Calculus. 
W e subjoin a practical method of finding the 
area of a given curve. 
Let Aa4B represent 

any area bounded by 
the curve acdeb, the or
dinates Aa, B4, and the 
axis AB. Divide the 
distance A B , inlo any 
even number of equal 
parts, A C , CD, &c., and at the points of divi
sion draw the ordinates Cc, Dd, 6ic. Find 
the lengths of these ordinates by means of a 
scale of equal parts, then add together ihe 
extreme ordinates, four times the sum of ihe 
ecen ordinates. and twice ihe sum of ihe odd 
ordinai.es; multiply the result by one-third of 
the distance between any two consecutive ordi
nates. 
To deduce the preceding rule: take two 

consecutive areas AacC and CcdD ; draw two 

auxiliary ordinates, K i and 
L/, dividing .Ml into three 
equ.al parts. 

The areas of the three new 
trapezoids are, 

Aa + Kk . 

'/-. 

a.y] 

3-^{-;AC: 

2 I Kk + LI 

and their sum is, 
1 

and -.̂ AC-
LI -I- Dd 

.iC\.-la + 2Kk + 2Ll + Dd 
3' 

but, 2Kk + 2 LI is nearly equal to 4 Cc ; 
hence, the area of AadD is equal try 

-AG 'l^Aa + iCc + Dd\; 

the area of the next pair of trapezoids is, in 
like manner, expressed by 

gXG I Di-ViEc + Bb \, 

and so on. Finally, if wo take the sum of 
all the e.xprcssions, w e shall deduce for the 
expression of the entire area, denoted by A, 

-\=-Ac I ^a + 4Cc + 2J)d + iEe+&c. \ i 

whence, the rule above enunciated. 

QUAD-PvLLAT'ER-AL. [L. citiatuor, four, 
and latus, a side]. A polygon of four sides, 
or four angles. In general, we understand 
by the term, a saUent polygon of four sidf» 
as B C E D . 

The term, complete quadrilateral, has been 
applied to the figure formed bv drawing 
straight lines through four pouits, B, C, D 
and E, no three of which are in the same 
straight line. These lines wfil. in most 
cases, intersect in two additional points, A 
andF. 

http://ordinai.es
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The complete quadrilateral embraces the 
following, as particular cases : 

1. The salient quadrUateral B C E D , whose 
diagonals are C D and B E . 

2, The single re-entering quadrUateral 
A B F E , whose diagonals are A F and B E , 

3. The double re-entering quadrilateral 
A C B F D , whose diagonals are A F and CD. 

It will be perceived that the complete 
quadrilateral has three diagonals, viz. . B E 
and C D , which are called interior diagonals, 
and .AF, which is called au exterior diagonal. 

In the coiuplete quadrilateral, the diagonals 
divide each other, so that the parts bear to 
each other the following relations, viz. . 
EO : BO :: EI: BI; CO : DO :: CK : DK; 
and AI ; FI : : A K : FK. 
W e shall only consider the salient quadri

lateral in the following remarks : 
General Properties of the Quadrilateral. 

1. The sura of its interior angles is, equal 
to four right angles. 

2 If the sum- of two angles, diagonally 
opposite to each other, is equal to two right 
angles, the figure raay be circurascribed by a 
circle, and is caUed, inscriptible. 

3. In every inscriptible quadrUateral, the 
rectangle of the two diagonals is equivalent 
to the sum of the rectangles of the opposite 
sides, two and two ; that is, 
AG X BDoAB X DC + BC X AD. 
4. Tho area of any quadrilateral is equal 

to the rectangle of its diagonals multiplied 
by the sine of tho angle included between 
thera ; that is, the area of A B C D is equal to 
A C X B D sin A O D . 

5. In any quadrilateral, the sum of the 
squares of the four sides is equivalent to the 
sum of the squares of the diagonals, plus 
four times the square ofthe distance between 
the middle points of the diagonals ; that is. 

CD" + CB" + AD^+AB" = 
BD^ + AC^ + 4EF». 

If the quadrilateral is a parallelogram, 
E F = 0, and the sum of the squares of the 
four sides is equivalent to the sum of the 
squares of the two diagonals. 

Quadrilaterals are divided into three classes, 
depending upon the relative directions of the 
sides : 

1. The trapezium, 
vyhich has no two 
sides parallel. 

2. The trapezoid, 
which has only two pf 
its sides paraUel. 

3. The parallelo
gram, whose opposite 
sides are parallel. 

Parallelograms are classed, according to tiie 
nature of their angles, into two species ; 

1. The rhomboid, 
which is an oblique-
angled parallelogram. 

The rhombus is an 
equilateral rhomboid. 

2, The rectangle, 
which is a right-angled 
parallelogram. 

The square is an equi
lateral rectangle. 

For the properties of these figures, see the 
articles under the proper headings. 

Q U A D - R I - N o ' M L A L , [L, qualuor, four, 
and 770771677, name]. A polynoraial of four terms. 
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Q C A D ' R U - P L E [L. guadruplus; from 
quatuor. four, and plico, to t'old]. Four tunes ; 
„s the quadruple of u given square, is a 
square having t'our tiuies the area of the 
given one, 
Q U A D - R C P L L C A T E , The fourth power. 

The quadruplicate ratio of two quantities is 
the fourth power of their ratio : in a geomet
rical progression, the ratio of the first term to 
the second, is the ratio of the progression ; 
and the ratio of the first term to the fifth, is 
the quadniplicate ratio of the progression, or 
the fonrth power of this ratio. 
QU-AN'Tt-TA'. [L. guantitas; from guan-

tus, how much]. A n y thmg that can be in
creased, diminished and measured. Thus, 
number is a quantity ; time, space, weight, 
&e., are also quantities. 
In Mathematics, quantities are represented 

by s3-mbol3; and for convenience, these 
symbols themselves are called quantities. 
Xo error can arise from this convention
ality; since w e always refer to the quan
tities which they represent, whenever it is 
necessary to interpret any result. B y a 
gradual extension of the meaning of the 
term quantity, it has at last come to be ap
plied to any expression, to which the rules 
of mathematics are appUcable. It is in this 
sense, that expressions of the form V — 1, 
y — 1, &c., are called quantities. Strictly 
speaking, the operations indicated by these 
expressions cannot be performed ; they may, 
nevertheless, be regarded as within the pro
vince of .Analysis, and by so regarding them, 
important results are often deduced. AVe 
• have, then, the following enlarged definition 
of quantity, viz. : It is anything which may 
be made the subject of mathematical inves
tigation, or to which the processes of math
ematics are appUcable. 
In this acceptation, the term quantity be

comes technical, and ceases to have the same 
meaning, as in ordinary language. This en
larged signification of terms is, by no means, 
uncommon in matheraatics. A s an example 
of the extension of the ordinary meaning of 
terms, when made mathematical, or of the 
extension of the meaning of mathematical 
terms, as the science progresses, w e may re
fer to the term power, which originally meant 
—the product resulting from taking a quan
tity a certain number of times, as a factor. 31 

It luis now come to signify any expression 
aflected with an exponent, without reference 
to the nature of the quantity, or of the expo
nent. It is, therefore, highly important in 
mathematical language, to acquire not only 
the ordinary, but also the technical, meaning 
of every term employed; as, otherwise, 
'many simple processes would be unintel
ligible. 

Quantities are distinguished, as known and 
unknown ; real and imaginary ; constant and 
variable; rational and irrational. Known 
quantities are those whose values are given ; 
u77A-7iou:n quantities are those whose values 
are sought: rcaZ quantities are those which 
do not involve any operation impossible to 
perform; imaginary guantities are those 
which involve operations impossible to per
form ; such as extracting an even root 
of a negative quantity. Constant quantities 
are those that retain the same value in the 
same expression ; variable quantities are 
those which admit of an infinite number of 
values in the same expression ; rational 
quantities are those which do not involve any 
radicals ; irrational quantities are those that 
involve radicals. 

QU.vRT. [L. guartus, a fourth]. .V unit 
of raeasure, equivalent to one-fourth of a 
gallon. See Gallon. 

Q U A R ' T E R . [L. quartus, a fourth part]. 
In avoirdupois weight, a quarter is 25 pounds. 
Dry measure. English, eight bushels of corn. 

Quarter Point, In Navigation, a fourth 
part of a point, equivalent to 2° 48' 45" of 
arc. 

Quarter Squares. .A table of the fourth 
part of the squares of numbers. It may be 
used in lieu of a table of logarithms. The 
formula 

(a -+!))' (a - b)' 
T 

ab. 

m a y he proved true, by performing the opera
tions indicated in the first raember, and re
ducing the result. The rale deduced from 
this formula for multiplying two numbers by 
addition and subtraction, is this : 

Add the factors together and subtract the one 
from ihe other : find from the table the quarter 
square of each of the results, and take the lattet 
from ihe former; the remainder in ihe product 
required. 
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For exaraple, let it be required to multiply 
24 and 16 together ; the sum of the factors is 
40, and their difference is 8 ; the quarter 
square of 40 from the tables is 400, and the 
quarter square of 8 is 16 ; taking 16 frora 
400 there remains for the required product of 
24 and 16, the result 384. A table of quarter 
squares has been published, but is more 
curious than useful. 

QUIN-DEC'A-GON. [L. quinque, five; 
Gr. 6eiia, ten, and ycivia, angle]. A polygon 
of 15 sides. 

Q U I N - Q U A N " G U - L A R . [L. quinque,five, 
and angulus, angle]. Having five angles, 
and consequently,'five sides. 

QUINT'AL. A hundred weight. In Eng
land, it is 112 pounds. In most countries, is 
only 100 pounds. 

QUIN-TILLION. A unit of the 19th 
order, and expressed hy 1, followed by eigh
teen O's, thus, 1,000,000,000,000,000,000. 

QUIN'TU-PLE. [L. quinque, five, and 
plico, to fold]. Five times a thing or quan
tity. 

QUo'TIENT [L. from quoties, how many] 
The result obtained by dividing one quantity 
by another. W h e n the dividend and divisor 
are both quantities ofthe sarae kind, the quo
tient is an abstract number, or a ratio. W h e n 
the divisor is an abstract number, the quotient 
is of the same kind as the dividend. See 
Division. 
R. The eighteenth letter of the EngUsh 
alphabet. As a numeral, R has been used to 
stand for 80, with a dash over it, thus, R, it 
lias been used to denote 80,000. 

RAD'I-C.AL. [L. radicalis, from radix, a 
root]. A n indicated root of an imperfect 
power ofthe degree indicated. A n indicated 
root of a perfect power of the degree indicated, 
is not a radical, but a rational quantity under 
a radical form. 

Radicals aro divided into orders, according 
to the degree ofthe root indicated. 

A n indicated square root of an imperfect 
square is a radical of the second degree ; an 
indie,-ilcd cube root of an imperfect cube, is a 
radical of the third degree ; an indicated 
fourth root of an imporfoct fourth power, is a 
radical of tho fourth degi-ce; in general, an 
indicated 7j"» root of an imperfect ti"' power. 

is a radical of the 71"' degree. Thus, V 2 is a 
radical of the second degree, V~^ is a radical 
of the third degree, and so on ; the index of 
the radical indicates the degree of the radical. 

'The following principles serve to makfl 
many useful transformations of radicals. 

1. 'The product of the 71"' roots of two 
quantities, is equal to the 7i"> root of the 
product of the two quantities. 

2, The quotient of the ti"" roots of two 
quantities, is equal to tho ti"" root ofthe quo
tient of those quantities. 
The following are some of the most impor

tant transformations to which radicals may 
be subjected, without changing their values. 

1. A factor may be removed from under 
the radical sign, and placed as a co-efficient, 
thus : 

Resolve the quantity under ihe radical sign 
into two factors, one of which is the greatest 
perfect n"̂  power which enters as a factor; ex
tract ihe n"' root of this factor, and place it as a 
co-effieient before the radical sign, under which 
place the other factor. This transformation 
reduces the radical to its simplest form, and 
enables us to compare radicals of the same 
degree, as to their similarity. 

2. The converse operation enables us to 
introduce a co-efficient under the radical sign 
as a factor. 
Raise the co-efficient to the n'* power, and 

introduce it as a factor under the radical sign. 
This serves to simplify the operation of find
ing the numerical values of radicals. 

The foUowing principle gives rise to an im
portant transformation. 

The 7h"' root of the ti"' root of a quantity, is 
equal to the 71"' root of the 771"' root of the 
quantity, or to the 77777"" root of the quantity. 
3. To reduce radicals having difl'erent in

dices to equivalent ones, having a common 
inde.x. 

Find ihe least common multiple of all the 
indices ; this will be the common index requir
ed : then raise the quantity under each radical 
sign, to a power denoted by ihe quotient of the 
common index, ly ihe index of ihe radical; tlie 
resulting radicals will be the required form. 

The following are the rules for addition, 
subtraction, multiplication, &c., of radicals ; 

1. To add radicals. 
Reduce them, if possible, to sirailar radi 

cals, that is, to those of the same degree, and 
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havin" tiie same quantity under the radical 
s-jii. then add their co-ellicients for a new 
ca-etfioient; after this, write tho c o m m o n 
radical part. If they cannot be reduced to 
.-i;:;U3r radicals, they camnot bo added except 
bv indicating the operation. A simUar rule 
mav be given for subtracting one radical from 
another. 
•:. To multiply radicals together. 
Reduce them to equivalent radicals having 

the same index : multiply the co-efileients 
together for a new co-efficient; after this, 
write the common radical sign, under which 
place the product of the quantities under the 
radical signs in the two factors. 
3. To divide one radical by another. 
Reduce them to equivalent radicals having 

the same index ; divide the co-efficient of the 
diridend by the co-efficient of the divisor for 
a new co-etUoient; after this, write the com
mon radical sign, and under it the quotient 
ofthe quantity under the radical sign in the 
dividend, by that in the divisor. 
4. To raise a radical to any power. 
Raise the co-eificient to the required power 

for a new co-efficient; after this, write the 
radical siou with its index unchanged ; and 
under it the required power of the quantity 
that was under the given radical sign. 
If the exponent of the power is a factor of 

the mdex of the radical, instead of raising the 
quantity under the radical sign to the requir
ed power, divide the inde.v of the radical by 
the exponent, and leave the quantity under 
the sign unchanged. If the index of the 
radical, and the exponent of the power have 
a common factor, resolve the exponent into 
two factors, divide the index ofthe radical by 
one of them, aud raise the quantity under the 
radical sign to a power indicated by the 
other 

•5, To extract any root of a radical. 
Extract the required root of the co-efficient 

for a ne',v co-efficient; write after this, the 
radical sign, under w'nich place the required 
root ofthe quantity under the radical sign in 
the given expression. 
If the quantity under the radical sign is not 

a perfect power of the degree indicated, in
stead of extracting the root, multiply the given 
index by tlie index of the rejun-td root, and 
leave the quantity under the radical sign un-
changed. If the quantity under the radical 

sign is a perl'eet power, indicated by a factor 
of tho index of the required root, extract the 
root indicated by that factor, and multiply llu 
index by the other factor. 

Those rules aro siiU'ieiont for performing 
any algebraic operation upon any radicals 
whatever, except in the case of imaginary 
quantities. For the rules employed in these 
eases, see Imaginary Quantities. For a con
ventional method of representing radicals, see 
Exponents Nc:;atitc. 

Radical Sicn, The sign-\/7when written 
over a quantity, denotes that its root is to be 
extracted, Tho degree of the root is indi
cated hy a figure written over it, called tbe 
index. Thus, the expression y 10 indicates 
that tho cube root of 10 is to be extracted, 
and 3'is tho index of the radical, AVhen a 
root of a polynomial is to be indicated, it is 
done either by inclosing the polynomial in a 
parenthesis, and writing the radical sign be
fore it, with the proper index, or the radical 
sign terminates in a vinculum covering the 
polynoraial. Thus, the indicated cube root 
of 4(7" + 2a4 — e', raay be expressed thus. '^/i-x- + 2ab-c'; or, thus, ^ { i a + 2a''- r^j 

ll.l'DI-US. [L. radius, aray or spoke]. Half 
a diameter of a circle, or the distance from the 
centre to any point of the circuraference. All 
radii of the same circle, or of equal circles, 
are equal. The radius of a sphere is half a 
diameter, or il is the distance from the centre 
to any point of the surface. In the same, or 
equal spheres, all radii are equal. 

R.4DIUS OF CuRv.iTURE of a curvc at any 
point, is the radius of the osculatory circle al 
that point. It is so called because its recip
rocal is taken as the measure of the curva
ture at the point. The osculatory circle coin
cides so nearly with the curve, in the imme
diate neighborhood of the point, that they 
m a y be regarded as coincident frora a very 
sraall space, so that the curvature of the one 
raay be taken for the curvature of the olher. 
Since the curvature of a circle diminishes as 
the radius increases, it follows that the recip
rocal of the radius of curvature is a proper 
measure of the curvature of a curve. 

The formula for the radius of curvature of 
any curve, at a point whose co-ordinates are 
X, y and z, is 
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R = 
V W ^ ' + id'y)' + {d'z)' - {d's) (1) 

in which s represents tho length of any arc 
of the curve. In this formula neither varia
ble has been designated as the independent 
variable. If we take s as the independent 
variable, d's = 0, and formula (1) becomes 

dl' 
R = . . (2) 

V {d'x)'+ id'y)'+ {d'z)' ^ ' 
If we suppose the curve to be a plane curve, 
and its plane to be the plane of X Y , 
d'z = 0, and formula (1) becomes 

ds' 
R = , • • • (3) 

V{d'x)' + {d'y)' - id's)' 
If we take s as the independent variable, 
d's = 0, and formula (3) becomes 

ds' 
^ " VidW^ ̂  

If we take x as the independent variable, we 
shaU have 

The equation of the conic sections referred 
to the principal vertex is 

y' = 2px + r'x' ; 
whence, 
dy _ p + r'x' d̂ y _ r'y'— {p + r'x)' 
l i " y ^ ^ ^ d x ' ~ y' ! 
and these, combined with equation (5), give, 
after reduction, 

Vi2px + r'x' + {p + r'x)')' 
p' •' R-

d'x = 0, ds' = dx' + dy', d'. 
dy 

-.j^d'y, or 
dy' 

and formula (3) reduces to 

K = 
(rfx° + dy''f_ 

dxd'y 
(5) 

In a polar system the formula for the radius 
of curvature of a plane curve, is 

iJ=^l ' ' • ' (6) 

m which r is the radius vector, and p the per
pendicular distance from the pole to the tan
gent to the curve at the point of osculation. 

In order to apply those formulas in any 
given case, they must be combined with 
the equation and differential equations ofthe 
curve, so as to eliminate tho differentials, 
whence the value of R will bo obtained in 
terms of tho variables, or in terms of the 
independent variable, when the independent 
variable is designated. W e shall illustrate 
the general manner of applying the formulas 
by considering Ihe case of tho radius of cur
vature of tho conic sections. Formula (5) 
is applicabla in this case. 

that is, the radius of curvature is equal to 
the cube of the normal divided by the square 
of half of the parameter. From the princi
ple already laid down, the curvature at any 
point is measured by the square of half the 
parameter divided by the cuhe of the normal. 
The curvature wUl he a maximum when the 
norraal is a minimum, which is at the princi
pal vertex ; and it wUl be a minimum when 
the normal is a maximum. There is no suck 
point in either the parabola or hyperbola, but 
the curvature continually diminishes, and 
finally becomes 0 at an infinite distance. Iu 
the parabola the curve approaches paraUelism 
with the axis, and may very soon be taken as 
a straight line. In the hyperbola the curve 
approaches coincidence with the asymptote, 
and may very soon be regarded as coinciding 
with it; in both cases the curvature ought lo 
be regarded as 0. 

In the eUipse the normal is a maximum at 
the vertex of the conjugate diameter, and in 
this case the curvature is a miniraura. 
Besides the formulas for the radius of cur

vature, already given, the following are also 
used in some cases: 

ds' 
R = ~ , • ' ' P) 

d'ydx 
which is deduced immediately frora formuh 
(5) by substituting ds for V dx' + dy'. 

R = t, (8) 

in which dip is the angle included between the 
consecutive normals drawn at the extremities 
of the arc ds. 

Radius Vector of a point, in any system 
of polar co-ordinates, is the distance from the 
pole to the point. It may he shown, analyti
cally, that the radius vector must always he 
positive, as it should be, since the distance is 
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conventionally reckoned positively outwards 
I'reiu the pole, iu every direction. See Polar 
C&-ord.nates. 
R A I L ' R O A D Cl"R\'ES, Curves laid out 

upon the ground for connecting two straight 
reaches of a railroad track, which make an 
angle with each other. 
The connecting curves are generally arcs 

of circles, tangent to the tw-o straight por
tions of the track. Let A B and D C (next 
lijure'i represent two straight portions of a 
track, to be connected by a circular arc. The 
problem is to lay out this arc upon the ground. 
There are two principal methods employed 
for the solution of this problem, which wc 
shall briefly indicate. 
1st. The method by deflections : 
This method depends upon the following 

elementary principles of Geometrj': 
1. The angle formed by a tangent and a 

ehord is equal to half the angle at the centre 
of the circle subtended by the chord. 
2. The angle of deflection formed by any 

two equal chords, meeting on the circumfer
ence, is equal to the angle at the centre sub
tended by either chord. 
3. -A line bisecting the angle of deflection 

formed by any two equal chords, is tangent 
to the circumference at the point where the 
two chords meet. 
4. If an arc of a circle be divided into any 

number of equal parts, and lines be drawn 
from the points of division, meeting each 
other at anv point of the circumference, these 
Unes wUl form equal angles at the point of 
meeting, and the angles thus formed will be 
measured by half of one of the divisions of 
the arc. 
To apply these principles in constructing 

or laymg out the circle on the ground : 

length of the chord B D by C. Tho angle 
D O B at the centre is equal to F E D , or equal 
to a, and since B O D is isosceles, wc shaU have 

2 sill ia 
N o w conceive the angle B O D divided into 
any number of equal parts, as 7i; then wUl 

each angle, as BOa, be equal to -, which de

note by a'. If a is a point of the circumfer
ence, and if w e denote the length of the 
chord Ba by c', w e shall have 

sin -Ja' 
':' = 2r sin fa' = c 

sin-Ĵ a 

Denote the total angle of deflection F E D 
by a, the radius of the arc by r, and the 

Set up a theodolite at A, and lay off the an 
gle of deflection, FBd, equal to ia', and on 
the line Bd take a distance Ba equal to c', 
and drive a stake at a. Set up the instru
raent at a, and lay off the line of deflection 
da's equal to a', and lay off the distance 

a4 = c, 
and drive a stake at 4 ; in like manner, con
tinue to deterraine points and drive stakes till 
the point D is reached, which should be the 
position of the last stake driven, if the work 
is correct. By taking the angle a' small 
enough, the points a, 4, c, &c., raay be deter
mined as close together as may be desirable. 

Having found some of the principal points 
in this manner, the curve may be traced in 
several ways : one of which, by the method 
of ordinates, wUI be described hereafter. 
Another method is, where the chords deter
mined are long, to fill in points by the method 
of deflections, just described, till the chords 
are reduced to distances of about 50 feet, then 
the curve may be traced as follows : 

Suppose A B to bo one of 
the short chords of about 50 
feet. Denote the angle at ", 
the centre of the subtended \ 
arc by /?. Let P be the mid- >̂  
die point ofthe arc, and P A 
chord. Then is 

P.A = 2r sin 03 and P A + P B = 4rsin 03. 
Fasten a chain equal in length to 4r sin 03, 

so that its two extreraities shall be at A and 
B ; then take any link of the chain and 
stretch the two branches, and drive a stake 
at the vortex of the angle : I his wUI bo in 
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tho circumference, and in this manner any 
number of points raay be found. The chord 
A B , just considered, is called a sub-chord, 
and it is often desirable that the sub-chords 
should be of a given length, say exactly 50 
feet or 100 feet. Let us take the latter case ; 
vi'e shall have 
/• sin-lo' lOOsin^a 
100 = c ; whence, sm Aa = 

sm ia c 
and frora this the value of a' may he deter
mined, so that the sub-chords shall be equal 
to 100 feet. The last sub-chord may be less 
than 100 feet. If w o replace 100 by 50, the 
formula will give the angle of deflection, so 
that the sub-chords shall be equal to 50 feet. 

These formulas may be tabulated for prac
tical use in the field. 

2, The method by ordinates : 
This method consists in computing the 

lengths of the offsets or ordinates at points 
of the sub-chord, ta.ken at equal intervals 
along that~line, and then setting off these 
ordinates and driving stakes at their extremi
ties. These points are points of the curve. 

To investigate a formula for computing the 
ordinates : 

3";' 

This formula may be tabulated for different 
values of the chord B D and different angles 
a, for practical use in the field. 

It may be desirable to connect the two 
straight branches of the track by two arcs of 
circles tangent respectively to the straight 
branches and to each other. The construction 
is as follows : 

Find, as before, the value of r, and w e 
shall have, from the figure, 

B K = 777771' = r cos ia. 

The equalion of the arc B D , referred to K O 
and OL, as axes, is 

y = V r ' — x'; hence, 

itt'm" = y — r cos ia — V r ' — x' — r cos ia, 

is the required formula. If in the preceding 
formula w e assume values for x, equal to 
5, 10, 15, &c., feet, and deduce the corres
ponding values of 77i'77i", these -will be tho 
ordinates or offsets required. 

Let A B and D C be the two straight Imes, 
and B and D the points of contact. Draw 
B O and D O ' perpendicular to A B and D C : 
assume 0 as a centre of the first curve, and 
make D K = B O ; draw O K , and bisect it by 
a Une PO' perpendicular to it, intersecting 
D K at 0'. Draw 0 0 ' and produce it, Witii 
O as a centre, and O B as a radius, describe 
the arc B L ; and with 0' as a centre, and 
O'L = O'D as a radius, describe the arc L D : 
it wiU be tangent to B L at L, and also to D C 
at D. The two arcs will be tangent to the 
straight lines and to each other. 

R A T E P E R C E N T . In Interest, the part 
of one dollar which is paid annually for the 
use of the money. Thus, if 6 doUars are 
paid per annum for the use of 100 dollars, 
the rate per cent is y ^ , or 6 per cent. See 
Interest. 

Ra'TIO. [L. ralus, rear, to establish, to 
set; rear, is contracted frora redor or reior, 
and primarily signifies to set in the mind; 
and setting gives the sense of a fixed rate ot 
rule]. The measure ofthe relation which one 
quantity bears to another of the same kind ; 
that is, it is the number of times that one 
quantity contains another regarded as a stand
ard. The only way in which two quantities 
can be compared with each other, so as to 
aflhrd an idea of the measure of their rela
tive values, is by dividing the one by the 
other. The quotient or ratio thus obtained is 
the proper measure of the relation of tho two 
quantities. Many writers, when comparing 
two quantities by means of their difference, 
call this difference arithmetical ratio, to di« 
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tinjuish it from ratio, as w e have defined it 
::'.>ove. In no proper sense of the tenn is 
i;:,s difi'erence a ratio, nor does a comparison 
of two terms, by means of their dillerenee. 
convey the remotest idea of their relation ob
tained hy measuring one by the olher. To 
say that one line is an inch longer than ano
ther, shows nothing, with regard to how many 
times one line is longer or shorter than the 
other, and it is difficult to perceive anv appro-
priatotiess in calling one inch a ratio. A^'e 
shall accordingly reject this deilnition of ratio. 
and only cotisider the definition that has been 
given. 
In every ratio there are tw-o quantities com

pared, one of wluch is supposed known, and 
IS assumed as a standard ; the olher is to be 
determined in terms of this standard These 
juaatiiios are called terms of the ratio : the 
,'.rst one, or that which is antecedently known, 
ts caUed the anteccdci', and that \\-hose value 
IS to be measured by the antecedent, is called 
Jie consequent. 

h 
Thus, the ratio a to 4 is - ; a and 4 aro 

a ' 
terms ofthe ratio, a is the antecedent and 4 is 
the consequent. Hence, w e say that the ratio 
of one quantity to another of the same kind, 
isthequotient arising from dividingthe second 
Iiy the first. 
AA riters have not agreed in their definition 

of the ratio of one quantity to another. One 
class have considered it as the quotient of 
Ihe second quantity by the first, whilst others. 
of equal or perhaps higher authority, have 
regarded it as the quotient of the first by the 
second. AVe have adopted the former view, 
only after the most careful consideration of 
the arguments existing in favor of each. 
The following reasons for taking this view 

of the question, appear to us to be conclusive 
in the case. 
First: This use of the tenn ratio is per

fectly consonant with its employment in or
dinary language. It is no uncommon thing 
to hear it said that the poptdation ofthe coun
try is increasing in a rapid ratio ; if this ex
pression has any meaning, it is, that if w e 
assume several epochs equidistant in time, from 
each other, and then divide the number of 
inhabitants at any epoch by the number at 
the preceding one, the quotient becomes greater as w e pass from epoch to epoch. At 

I each step of the continued comparison the 
, number of inh.abitants at any epoch is taken 
- as a stand.ard in passing to the next. But all 
! authors concur in regarding the standard as 
I the divisor, and in this case the popular idea 
j of the ratio is plainly the quotient of the 
icoiLicquent hy tho aniccrdciit. In comparing 
I numbers, the mind necessarily fixes upon 1 
j as a stand,ard, and all subsequent numbers are 
I regarded as formed from it; therefore, when 
w e inquire what is the relation between 1 and 
8, the mind naturally goes through the pro
cess of dividing 8 by 1, and the ratio thus 
found is regarded as the true measure of the 
relation. 

Secondly : It is more convenient in practi
cal operations of arithmetic to regard the 
ratio as the quotient of the second by the 
first. Every example in the Rule of Three is 
a proportion, of which the answer sought i,s 
tho fourth tenn. In order to find this fourth 
terra w e have onlj' lo multiply the third by 
the ratio of the first to the second. Since tho 
first term is always to be the divisor, the sim
ple rule just given would not apply, were w e 
to regard the ratio of the first term to the 
second as the quotient of the first term by 
the second. Hence convenience as well as 
general analogy indicate the propriety ofthe 
definition adopted. 

Thirdly : A concrete quantity can only be 
expressed numerically by the quotient obtain
ed from dividing such quantity by its unit of 
raeasure, whatever that unit may be. Every 
such process is expressed by the following 
proportion. 
unit of meas. : quantity :: 1 : num. value ; 

when w e divide the second term by the first. 
But if w e divide the first by the second, w e 

raust write 
quantity : unit of meas. :: num. value : 1; 

thus placing the divisor in the second place. 
and the rcyaircrf number (the numerical value) 
in the third ; and consequently, reversing all 
the processes of the Rule of Three. 

Fourthly : The adoption of this definition 
insures uniformity, the first requisite in the 
use of raathematical terms. All writers con
cur in regarding the ratio of a geometrical 
progression as the quotient of the second tenn 
by the first, for they all define a progression 
to be a series of terms each of which is de-

file:////-hose
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rived frora the preceding one by multiplying 
it by a constant quality caUed the ratio of the 
progression, or else give some equivalent de
finition. 

Now, 1 he ratio of a progression is only the 
ratio of one term to the succeeding one, and 
those writers who adopt the second definition 
of ratio, are obliged to depart from it here, 
and adopt one exactly contrary; thus introduc
ing confusion and breaking up the uniformity 
of raeaning of the terra. The inconsistency 
here referred to will he rendered plainer by 
an example. In the proportion 

2 : 4 : : 4 : 8, 
the ratio, according to the second view of the 
case is -J ; but the advocates of this view, as 
well as those ofthe opposite one, admit that 
the proportion may be written 

2:4:8, 
and that when thus written it is a progression 
and all admit in this case that the ratio is 2. 
But it is plain that the ratio has not changed, 
and therefore we meet with the absurdity of 
the ratio of two numbers in the same case, 
being at one and the same time i and 2. 
According to the view we have adopted, the 
ratio is 2 in both cases. The last considera
tion alone, in the absence of any opposing 
ones, ought tobe sufficient to settle the ques
tion. The considerations of analogy, conve
nience and uniformity, taken together, leave 
uo room for the adoption of a contrary defini
tion. 

Ratio. A name sometimes given to the 
Rule of Three in Arithmetic. See Rule of 
Three. 
Ratio op a Geojueteical Progression. 

The constant quantity by which each term is 
multiplied lo produce the succeeding one. 
To find the ratio of a given progression, divide 
any term by the preceding one. 

Ra'TION-AL F R A C T I O N S . [L. rai:7077-
afo, rational]. Fractions in analysis, in 
which tho variable is not affected with any 
fractional exponents. The co-efficients may 
be rational or irrational. See Fractions Ra
tional. 

Ka'TION-AL QUANTITY. A quantity 
which involves no radicals. They arc called 
rational in contradistinction to radical quan

tities, which are irrational, that is, they can
not he expressed in exact parts of 1. 

R A Y O F LIGHT. In Shades and Shad
ows the line of direction along which light ia 
supposed to proceed. A plane of rays is a 
plane paraUel to a ray. A cylinder of rays is 
a cyUnder whose elements are parallel to a 
ray. See Shades and Shadows. 

Visual Ray. In Perspective, a straight 
line drawn through the eye. In divergent 
projections the projecting Une of any point 
is called a ray. 

Re'AL QUANTI'TY. One which does not 
involve any operations impossible to be per
formed ; such, for instance, as the extraction 
of an even root of a negative quantity. The 
terra stands opposed to imaginary quantity. 
See Imaginary Quantity. 

RE-C1P'R0-C,AL. [L. reeiprocus, return
ing upon itself] The reciprocal of a quantity 
is the quotient arising from dividing 1 by the 
quantity ; thus, the reciprocal of a is -. The 

product of a quantity, and its reciprocal, is 
always equal to 1. Thereciprocalof a vulgar 
fraction is the denominator divided by the 
numerator. 

Reciprocal Eqcations. A reciprocal equa
tion is one which remains unchanged in form, 
when the reciprocal of the unknown quantity 
is substituted for that quantity. 

Every equation of the form 
x"" + px""-' + ja"^' +...•! 

+ qx' +px + l = 0 J 
is a reciprocal equalion ; for, if we substitute 
in it - for x, there results 

X 
i J. -?- -I- -?-. -I- 4.?4-P4.l-n 
3,™'i-j-.̂ l "•"x»^= '̂  • • • '̂  x''^x 
whence, by multiplying both merabers by x" 
and reversing the order of the terms, we find 
the equation 
3f"+px"'-^+gx">-'+ . . . +qx'+px+l = 0 , 
an equation which is, in all respects, of the 
same form as the given equalion. Hence, it 
follows in a reciprocal equation, that if a is a 
root, the reciprocal of a, or _. is also a root. 

a 
There may be two cases ; the reciprocal 

equation may be of an odd degree, or it may 

(1) 
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be of an even degree. If it is of au odd 
degree, the co-eflicients of the terms, at equal 
distances from the extremes of the first mem
ber, are equiil with the same sign, or equal with 
emtrary signs ; an equation of an odd degree 
can only be reciprocal in these two cases. If 
it is of an even degree, and complete, the co-
efticioius of the terms at equal distances from 
the extremes of the first member, are equal 
ITi,': the same sign ; if the middle term is 
wanting, the co-etficicnts ofthe terms at equal 
distances from tbe extremes ofthe first mem
ber, are equal with the same or with contrary 
signs; an equation of an even degree can 
onlv be reciprocal in these two cases. 
W e shaU discuss these four cases sepa

rately. 
1. When the reriprocal equation is of an 

even degree, and the co-efficients of the terms 
at equal distances from the extremes are re
spectively equal. 
Let the equation be 
jj. + px'—l -j- gx"-' + 

+ gx' +px + 1 = 0 
Dividing both members of the equation by x", 
and taking the terms at equal distances from 
the extremes, in pairs, we have. 

] (1) 

C'J 
&c. = 0 

If now we raake 
1 

x + - = z, 
X 

we shaU have 
x' + -=z'-2 

x' 
^ + Zi = z'-3z 

X? 
I * + ^ = 2*-42= + 2 

The second 
m e m bers 
form a recur
ring series 
of the sec
ond order. 
whose scale 
is(^,-l). 

1 
3° + -̂  = 2* + OZ"-' + &.C. 
If we substitute these values for 

x» + l, x»-' + -1_, &c. 
x» x'^' 

in (2), and reduce, we shall have an equation 
of the form 

.- + ;, :.-i-t-y';«-=+ , . +/';-f-«'=-0 . . (.3) 
an equation which is of a degree only half as 
great as that of tho given equation. 

2, U hen the reciprocal equation is of an odd 
degree, and the co-cjivienls of terms at cgual 
distances from the extremes are respectively 
equal. 
In this ease, the equation is of the form 

x'''+'+px'" + gx"-'+ . . + gx'+px + l=:0. 
If we make x = — 1. the first member reduces 
to 0 ; therefore, — 1 is a root of the equa
lion, and the first member is divisible by x+1. 
Performing the division, the resulting equa
tion will be of an e\en degree, and recipro
cal, having the co-efficients of terms at equal 
distances from the extremes, respectively 
equal to each other. By the preceding prin
ciple, this equation may be reduced to one of 
the 77"' degree in terms of z. Hence, in the 
case under consideration, the equation can be 
reduced to one of the 77"' degree. 
3. H'/ic7i the reciprocal equation is of an 

even degree, and ihe co-efficients of terms at 
equal distances from the two extremes, are equal 
iciih contrary signs. 
It may be shown, as before, that both mem

bers are divisible by x- — 1, and tho resulting 
equation will be of the first form considered. 
Hence, in this case, the reciprocal equation 
of the 2n"' degree may be reduced to one of 
the (77 — 1)"" degree, in terras of z. 
4. W77C77 the reciprocal equation is of an 

odd degree, and ihe co-efficients taken ai equal 
distances from the extremes, are equal with 
contrary signs. 
It may be shown hy a course of reasoning 

similar to that eraployed above, that both 
members can be divided by x — 1, and that 
the resulting equation will be of the form of 
the one first considered ; hence, in this case, 
the reeiprocal equation of the (2ra + 1)"" de
gree can be reduced to one of the 71"" degree 
in terras of 2. 
These properties aid in solving reciprocal 

equations, and have been applied to the '• 
of binomial equations of the form 

x» ± 1 = 0, 
with much success. Sec Binomial Equalion. 
Reciprocal Ratio. The sarae as the recip

rocal of a ratio. 
Reciprocal Rectancles, in Geometry, 

are those which are not equal, but whose 
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areas are equivalelit. The base is reciprocally 
proportional to the altitude, and the reverse. 

Reciprocally Proportional. T w o quan
tities are reciprocally proportional when both 
being variable the ratio of the one to the 
reciprocal of the other, is constant. This 
requires that their product should be con
stant. In the equation 

xy = 7J7, 
X and y are reciprocally proportional. 

RE-CI-PROC'I-TY. [F. reeiprocite, m u 
tual]. In prime numbers, a certain relation 
that exists between the remainders resulting 
from performing the division indicated by the 
expressions 

n-l m-^ 
-i 2 

771 J '2 
and , when 777 and 7i are prirae. If w e designate 

the remainder in the first case by R, and in 
the second hy R', then, when 77i and 77 are 
both of the form 4a — 1, w e shall have 

-K' = - R, 
and in all other cases 

R = R' 
R E C K ' O N . To compute, to calculate hy 

figures. 
Dead Reckoning. In Navigation, the 

method of determining the place of a ship 
from a record kept of the courses sailed and 
the distance made on each course. This 
record is called the log book. The courses 
sailed are determined by the compass, and the 
distances made on each course by the hg and 
line. The leeway should be added to or sub
tracted from the course sailed, as the case 
may be,- The term reckoning is sometiraes 
appUed to designate the record kept of Ihe 
courses, distances, &c, 

RE-CLiN'ING D I A L . [L. re and c/7'710, 
to lean]. A dial whose plane is inclined to the 
vertical line through its centre. 

R E - C O N ' N O I S - S a N C E . [Fr,] A prelim
inary, or rough survey of a portion of the 
country, sometiraes undertaken for tho pur
pose of selecting suitable points for trigono
metrical stations, preparatory to a more accu
rate survey ; sometimes for the purpose of 
ascertaining the relative advantages and dis
advantages of two or moi;e proposed routes 

of communication, preparatory lo locating a 
Une of railroad, canal, or aqueduct; and 
sometimes for the purpose of acquiring 'a 
general idea of the features of an unexplored 
country. 

A reconnoissancc of a portion of country 
may be undertaken with a view of ascertain
ing its resources and facilities of transporta
tion, with reference to conducting a miUtary 
campaign. 

In reconnoitering for the purpose of locat
ing points of triangulation of a Geodesic 
Survey, the essential conditions to be satisfied 
are, that the selected points should be so 
chosen that when united by straight Unes, 
the triangles formed shaU be weU conditioned, 
that is, shall have no very acute anirles ; as 
many of them as possible should be visible 
from each station, and also from the extremi
ties of the base line; the triangles should be 
as large as possible, the sides increasing in 
length from the base to the longest admissi
ble line. A proper reconnoissancc for a 
geodetical survey, is a work of great delicacy, 
and its successful performance requires a 
combination of sound judgment and high 
scientific qualifications. See Geodesy. 

In reconnoitering for location of a road, 
canal, or aqueduct, the objects to be attained 
are, to find the most direct route between the 
points to he connected, with the most uniform 
grades and fewest curves. Attention should 
also be paid to economy of construction, 
faculties for obtaining materials, and a proper 
equaUzation of cutting and embankment. 
There is another element which, in most 
cases of reconnoissance, exercises more or 
less influence, which is, giving such a loca
tion to the Une of communication as shall 
not only accomraodate the people of tho ex
treme points, but also the greatest number in 
the general direction of the line. N o rules 
can be laid down for conducting such a recon
noissance, within the narrow Umits devoted to 
this article. 
In a reconnoissance for determining an 

outline of the geographical features of an un
explored country, two sets of operations are 
generally carried on hy the same party. 
First, a set of astronomical operations, which 
serve to fix, with considerable accuracy, the 
latitudes and longitudes of the principal 
points : secondly, a running survey intended 
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lo fdl in the astronomical outlines, conducted 
by means of the pocket-compass, or sextant, 
and a common watch. The astronomical 
points are fixed by means of the sextant, 
transit and zenith sector. The details of 
these operations do not fall within the pro
posed Umits of this work. 
The compass survey is conducted as fol

lows : O n starling from a station, the bearing 
of the prominent objects are carefully mea
sured with the compass, and noted in a book 
kept for the purpose ; they are likewise rough
ly plotted in a sketch-book, carried by the 
surveyor. The bearing of the course to he 
foUowed is then taken and entered in the 
note-book, together with the time of starling, 
and the bearing is also plotted in the sketch 
book. After having traveled at as nearly < 
uniform rate as possible, for a suitable length 
of time, tho surveyor comes to a halt, again 
notes the time and enters it in his book, and 
again takes the bearings of the same objects 
as before, together with other prominent 
ones, in the general direction of the line of 
operations. H e should note the time of 
crossing streams, and should take the bearing 
of their general course, all of which are to be 
entered in the note-book. A distance may he 
laid off in the plot of the course followed, 
proportional to the time occupied in passing 
over the course, and the n e w bearings may 
be plotted on the sketch. The points de
termined by intersections of the lines whose 
bearings have been taken, are then fixed 
upon the plot. The crossings of streams and 
their directions m a y also be laid down, and 
the remaining features necessary to link these 
outlines together m a y be sketched in pencil 
by the surveyor, according to his judgment 
of their relative positions. Starting from the 
second station as from the first, the same or 
simUar operations are performed, and so on 
tiU the next astronomical point is reached. 
This is called a line of reconnoissance. A 
sufficient number of these lines should be 
run in all directions through the territory to 
be surveyed, so that by their combination, 
the geography of the whole territory m a y be 
determined. Other operations aro generally 
carried on in connection with a reconnois
sance of this nature, having for their end to 
ascertain the laws of temperature, and the 
variations of temperature, the natural history 

of tiio region, or Iho nature of the plants and 
animals inhabiting it, Ae. 

In noting the time occupied in traversing 
each course, if the rate of travel is not uni. 
forra, or if it varies in passing over different 
courses, the rate or change of rate should be 
entered in the note-book as neariy as can be 
cstiraaled. -V good check on the estimation 
of distances, is a viameter attached to a wheel 
of a wagon, and by a little practice and a 
careful comparison of estimated results, with 
measured distances, the surveyor may easily 
acquire a very correct habit of estimating 
distances, and also rates of travel. 

In plotting a reconnoissance, the circles ol 
latitude and longitude are first projected, and 
all the points determined by astronomical 
observation are carefully plotted. Next, the 
courses connecting these points are sepa
rately plotted on a scale larger than that of 
the general map, and afterwards reduced to 
the scale of the map. Lateral bearings are 
next plotted and reduced in like manner, 
after which the topographical details noted in 
the note-hook and contained in the sketch
book, are laid down ; the map is then com
pleted. Maps of this kind are very useful 
guides to future travelers, and also serve as 
guides in making subsequent and more de
tailed surveys. 

R E C T ' A N " G L E . [L. reetangulus ; from 
rectus, right, and angulus, angle]. A paral
lelogram whose angles arc all right angles. 
The equUateral rectangle is a square. Rect
angles having equal bases, are to each olher 
as their altitudes ; having equal altitudes, 
they are to each other as their bases : gen
erally, any two rectangles are to each other 
as the product of their bases and altitudes. 
The area of a rectangle is equal to the pro 
duct of its base and altitude. The area of a 
rectangle is also equal to the product of its 
diagonals multiplied by half the sum of their 
included angle. See Quadrilateral-. 

0 
T5 A ^ '"' It is a property ofthe rectangle, that if any 

point be taken in its plane, and straight lines 
be drawn to the vertices of the four angles, 
the sum of the squares of two lines drawn to 
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the vertices of the two angles diagonally 
opposite, is equivalent to the sum of the 
squares of the lines drawn to the remaining 
vertices, that is 

OA' + OD'o OE' + 00'. 
The term, rectangle, is sometimes employed 
for product. Thus, w e often- say, the rect
angle of a and 4, meaning thereby their pro
duct. This form of expression is of frequent 
use in analysis. 
RECT-AN"GU-L.AR. Having right an
gles. Thus, a parallelopipedon is rectangu
lar, when all its angles are right angles. A 
system of co-ordinates is rectangular, when 
the axes ofthe system are at right angles to 
each other. 

REC-TLFI-Ca'TION. [L. rectus, right, 
and /ac70. to make]. The rectification of a 
curve, is the operation of finding an expres
sion for the length of a definite portion ofthe 
curve. W h e n a straight line can he con
structed equal in length to any definite por
tion of a curve, that curve is said to be recti
fiable. W e assume it possible to construct a 
right line represented by any algebraic ex
pression having a finite number of terms, and 
w e therefore say, that a curve is rectifiable 
when w e can find an expression for the 
length of any definite portion of it in a finite 
number of algebraic terms. The most con
venient method of rectifying a curve, is by 
means of the differential and integral Calcu
lus. The formula for the length of an ele
mentary arc of a plane curve, is 

ds = V dx' + dy', 
in which s represents the length of any arc, 
X any y being the co-ordinates of every point 
of it. 

By integrating, w e have 
s = f V d x ' + dy' (1). 

In any particular case, differentiate the equa
tion ofthe curve, and from this and the given 
equation find the values of dy, in terras of x 
and dx: substitute it in the forraula, after 
which perforra the operations indicated ; the 
resulting formula will express the length of 
any portion of the curve. By means of the 
arbitrary constant which is added, in integrat
ing, w e can commence to estimate the length 
from any point of the arc, and by means of 
the variable which enters the expression for 

the particular integral, w e can estimate the 
length up to any point whatever. 

To apply these principles to an example, 
let it be required to rectify the semi-cubic 
parabola, whose equation may be reduced to 
the form of 

y' = px^. 
B y differentiation, w e have, 

2y dy = 3px' dx, 
whence, 

iy'dy' = Qp'x*dx', 
or, by substitution and reduction. 

dy' 
9 
: -rpxdx', 

which in the integral formula gives 

. =/^^(i+i?-)*=4(i+^*+C', 

this is the indefinite integral. Let it be re
quired to estimate the length of the curve 
frora the vertex. For this point, 

s = 0, X = 0, 
consequently, ' 

C = ^ 
27p 

Denoting the particular integral by s', we 
have 

•'' = 27p[(i+H*^i]' 

This is the particular integral, and if from it 
w e wish to find to length of the curve up lo 
a point whose abscissa is 4, w e shall have, 
denoting the definite integral by s". 

[(l + 9;^t:,l]. -̂" = 5^1 (1 + 9, 

This is expressed in a finite number of alge
braic terras ; the semi-cubical parabola is 
therefore rectifiable. 

W h e n the plus sign is given to the value 
of the binomial part within the parenthesis, 
the minus sign before 1 raust be used: when 
the niinus sign is given to the binomial pait, 
the plus sign before 1 must be used. The 
numerical value of the length is the same in 
either case. 

It has been ascertained, that all parabolas 
are rectifiable whose equations can be reduc
ed to the general form, 

y" = 2;7a:", 
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whenever the exponents 771 and 71 are con
secutive whole numbers, tho odd one being 
tte greatest. The cycloid is also a rectifiable 
carve, but the circle, ellipse, hyperbola, and 
parabola, are not rectifiable, .Although a 
curve ni:iy not be rectifiable, it is often possi
ble to find an expression for its lenwlh in 
transcendental terms. 
The following formula expresses the length 

of any portion of the arc of a common para
bola, estimated from the vertex. y\^ 

?[ 
+ ..^KVp'+y'+y)-lp\, 

m which p denotes half of the parameter of 
the curve. 
To rectify the eUipse, we have 

dy l,-x 
dx a'y-

this, in the formula, gives 

S = I dx\ —7. :— ; 
./ V «' — z-

in which e denotes the eccentricity. Since 
i' < a', we may write 

X = a sin ̂, 
whence, 

rfx = a cos 6tip, 
and 

s = fadipil —e'Bin'6)^; 
which may be developed into a series and 
then integrated ; this will give 
*=aj f—-ze' j sin' ibdf—- q"7e' I sin'ipdip 

"se' I sin* 6dip — &.C. . 

and, making x = --, we have 
cos (J 

W 3 
~2'4 

Integrating between the limits 

^ =• 0, and ^ = n' 

we have for the length of one-fourth of the 
cireumference of the elUpse, 

'" = T[^-(2^)-S(5-^f 
1/13 5 \ = 

- l y ^ - i i ' ' } " ^ " -

If c = 0, the ellipse becomes the circle, 
and we have 

ira 
V' = -. 

To rectify the hyperbola, we have, as before, 

s=rae^^Jx-'-:^. 
J cos'-'̂  V 2̂ 

Developing and integrating by series, we have 

s-aelani,--^-~J d^ \j-l^ 

1 1 Scos'^ -1 
+ 2-4-6""ci^+'^'='J' 

If we take any point of tho curve whose 
abscissa is x, the length of the corresponding 

ae 
portion of the asyraptote is , and if we 

cos ip 
subtract the corresponding integral from this 

7r 
expression, and integrate to the limit f — ̂, 
which gives x = co, we shall find for the 
difference, 

,„ Ttar 1/1 1\" 1 / 1 3 1\" 
•' =47L'+H2-^j +3(2'^'^) 

1 /I 3 5 1\2 -| 
"i^2-4-6'^)+*^<='J' 

If a plane curve is given by its polar equa
tion, the formula for the length of any por
tion of the arc is 

s = f{dr' + r'dv'). 
If the curve is one of double curvature, the 

formula for rectification, when the curve is 
given by rectilinear equations, is 

s = fVdx' + dy- -f- dz'; or. 

When the curve is given by its polar equa 
tions, it is 

s = f{dr' + r'dv' + r'sin'vdu')'. 

REC-TI-LIN'E-AR, REC-TI-LIN'E-AL. 
[L. rectus, right, and linea, line]. Apper
taining to right lines. A rectilinear polygon 
is one bounded by straight lines. A recti
linear system of co-ordinates is a system in 
which points are referred to right lines, as 
axes. 
RE-CUR'RING. [L. recurro, to run back; 

from re and eurroi Returning at intervals. 
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Recurring Decimals. See Repeating De
cimals. 

Recurring Series. A series in which each 
term is ecpial to the algebraic sum of the pro
ducts obtained by multiplying one or raore 
of the preceding terras by certain fixed quan
tities. These quantities, taken in their order, 
are called the scale of the series. 
Recurring series are classed in orders, the 

order being determined by the number of 
terms in the scale. When the scale contains 
one term, the series is of the first order ; 
when it contains two terms, the series is of 
the second order ; and, in general, when the 
scale contains n terras, the series is of the 
77"' order. 
When the scale is given, and as many con

secutive terms frora the beginning of the 
series as there are units in the number indi
cating the order of the series, the subsequent 
terms may be successively deduced by multi
plying the term immediately preceding the 
required one by the first term of the scale ; 
the second preceding one by the second term 
of the scale, and so on, and then taking the 
algebraic sum of all the products. In this 
manner, any number of terms may he found. 
Recurring series arise from the develop

ment effractions of the form 
a + 4x + ex' + •' • • + ix""—' 
a' + A'x + e'x'+ • • • + i'x'"-' + r.t-">, 

aud the scale of such a series is 
d'x' I'xi" 

( b ' x c'x' 
~~^' ~ V ' 

The fraction 
a' + b'x' 

gives rise to a recurring series of the first 
order, whose scale is 

{-^y. 

the first term of the series is -7, and the 
a 

series is given by the equation, 
a a a4' a4'^ a'4" 

, , ,, = — 75 X -1 TJ x' x' + iSic. 
a + b x a a' a a* 

a + 4x 
The fraction, , , ,,—;—r-z, 

a + bx + ex" 
gives rise to a series of the second order, 
whose scale is 

4'x c'x'-

( b X c'x̂ V 
a' ' "' / ' 

tho first two terms of the series are 

a 
-7 and 

4a' — a 4' 

The foUowing terms may easily be deduced 
from the law of the series : 

If w e have given a recurring series, we 
can find the fraction from which 'i:he series 
may have been derived; for, let us take the 
fraction, 

a + bx + • • • ksf—^ 
a' + 4'x + c'x' + • - • Z'x"' 

This may be written 
a b + — X -h -X"-' 

-x -\—,x' • • 
I' ' 

+ —7X', 
in which the terms of the denominator, after 
the first, are equal to the terms of the scale 
of the series taken in their order, with their 
signs changed. Hence, w e may get the de
nominator of the required fraction by writing 
1, and subtracting from it the algebraic sum 
of the terms of the scale. To find the nu 
merator, w e can assume it of the form 

P + Qx + Rx' + &c., 
in which P, Q, R, &c., are quantities tobe de 
termined. To find their value, write the re
sulting fraction equal to the sura of a sufli
cient number of terras of the given series, 
then clear of fractions and equate the co-efii
cients of the like powers of x in the two 
merabers ; from these find the values of P, 
Q, R, &c. For example, let there be given 
the series, 

1 — 2x — x= — 5x' + ix*' — &.C., 
whose scale is 

(- 2x, + 4.r=, + x'). 
B y Ihe rule, w e shall have 
P + Qx + Rx' 
1 + 2x - 4x" - a;a '- ̂  ~ ̂ ^ "" ̂ ' ~ ^̂ ' 

clearing of fractions, 
P + Q x + Rx' = l + 2 \ x - i x' ttc,; 

- 2 I - 4 
— 1 

whence, by equating the co-eflicients of the 
like powers of :i; in the two members, we havs 

P = 1, Q = 0, R = -9; 
hence, the fraction is 

1 - Ox" 
1 + 2x - 4x= - x' 
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In like !n,:!mer, w e may pass back to any 
fraction when w e have given its development 
and the se:\le of the series. It is to be ob
served, that this converse operation is equi
valent to finding the sum of an infinite num
ber of. terms of the series, 
R E - D U O ' T L G A D AIS-SUR'DU.M, [L], 

The name given to a raethod of rcasonincr, 
often employed in Mathematics. It consists 
in assuming some hypothesis, which must be 
either true or false, and then combining this 
assumption with known truths ; the reason
ing IS continued according to known pro
cesses untU a result is reached which either 
corresponds with, or contradicts some know-n 
tmth; in the former case, the hypothesis is 
Slid to be proved ; in tlie latter case, the con-
trarj- of the hvpothesis is proved, or the hy
pothesis is proved to be absurd. In this 
latter case, the contrary of an hv-pothesis is 
said to be proved by the method of rcductio 
r.labsurdum. See Demonstration. 

RE-DUC'TIilN, [L. rcductio, from re, 
again, and duco, to lead]. In Arithmetic and 
-A'gebra, the operation of changing the form 
of an expression without changing its value ; 
or. having an expression in terras of one unit 
of measure, it is the operation of finding an 
equivalent expression in terms of a different 
uiist. Thus, illO is equivalent to 200*., which 
is equivalent to 2Wild., which is again equi
valent to 9600 farthings. AVhen w e pass, as 
in the example just given, frora a unit of any 
order to one of a lower order, the reduction 
is said to be reduction descending. AA'hen w e 
pass to a unit of a higher order, the operation 
is called reduction ascending. Thus, 9600 
farthings is equivalent to 2-lQOd., which is 
equivalent to 200,?., which is equivalent to 
-£10 : this operation of conversion is an ex
ample of reduction ascending. 
In the general case, the object of reduction 

descending is to convert a denominate num
ber expressed in a varying scale to another 
expressed in a uniform scale. To reduce de
nominate numbers to equivalent ones ex
pressed in units of a lower order : multiply 
the number of units of the highest order by 
the number of units of the next lower order, 
which make one unit of this order, and add 
the number of units of this inferior order; 
continue this operation till the required order 
of units is reached. 

Example : Required the number of pence 
in i'50 7s. 6d. Multiply 50 by 20, and add 7 
to the product; this gives 1007 : raultiply by 
12 and add 6 to the product; w e thus have 
12090 for the required nuraber of pence. 

\\ hen it is required to reduce numbers ex
pressed in terms of any unit to equivalent 
ones expressed in terms of a unit of a higher 
order, divide in succession by the numbers 
expressing the number of units of each order 
which make one of the next higher order, be
ginning at the lowest, and going on to the 
highest. 

Thus, to find how many pounds there are 
in 12090 pence, w e divide by 12 and find for 
a quotient 1007, with a reraainder 6 ; divid
ing 1007 by 20, w e find 50 for a quotient with 
a reraainder 7; hence, the result is £50 7s. 6d. 
AA'ere it required lo express the result solely 
in pound units, w e should reduce 7s, 6rf, to 
deciraals of a pound. To do this, write down 
the nuraber ofthe units ofthe difl'erent orders 
in a column, tho highest being at the bottom, 
and write after each unit figure a decimal 
point; then beginning at the top, divide by 
the number of units which make one of the 
next higher order in succession, and continue 
the operation to any required nuraber of 
decimal places. Thus, in the above exaraple 
wc have the following operation : 

121 J i _ 
201 7,5 

150,375 
which gives £50.375. 

The preceding principles indicate the meth
od of reducing numbers to fractional forras. 

Multiply the entire part by the denomina
tor of the fractional part; to this product add 
the numerator of the fractional part, and 
write this sura as a nuraerator over the de-
norainator of the fractional part. Thus : 

32 + 7 39 
2A = • 16 16 

B y adopting the converse process an improper 
fraction raay he reduced to the form of a 
mixed number. To reduce a fraction to a 
deciraal form, place a deciraal point after the 
nuraerator, and annex any nuraber of O's : 
then divide the result by the denominator, 
and continue the operation to any desired de
gree of accuracy. Thus | = .555555 + 

The reduction of vulgar fractions may be 
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— = - = 77, &C. 

either descending or ascending ; descending, 
when we reduce from a greater to a less frac
tional unit, and ascending when we reduce 
from a less to a greater. In reduction de
scending, we multiply both terms of the frac
tion by the same nuraber, thus 

- = 1= ' 
2 4 16 

In reduction ascending we divide both 
terras of the fraction by the sarae nuraber, 
thus : 

£ _ 2 _ 1 
16 ~4 "̂ 2' 

For other reductions of fractional expres
sions. See Fractions. 
Reduction in Geometry. The operation 

of constructing a figure simUar to the given 
figure, either greater, less, or equivalent. In 
the first case, the reduction is ascending, in 
the second descending. The principle of the 
reduction is the same in both. Plane figures, 
as maps, drawings, &c., may be reduced by 
means of the pantograph, and olher instru
ments contrived for the purpose, or they may 
be reduced by geometrical construction. For 
the method of reducing by means ofthe pan
tograph. See Pantograph. 

To reduce a figure by geometrical construc
tion. Let it be required to reduce the plot of 
a road, .ABCDEF, to one half the original 
scale. Draw AF, 
and draw also a line. 
af, parallel to AF, 
and equal to one-
half of it. Through 
F and/, also through 
A and a, draw 
straight lines, meet-

1̂ 

"^x r~^s 

-A. 
ing at 0 ; and from O, draw lines OB, OC. 
O D and OE,tothe angular points ofthe plot. 
Through / draw fe parallel to F E ; through e 
draw ed parallel to E D ; through d draw dc 
parallel to DC, and so on, till the point a is 
reached ; then will abedef be the reduced 
plot. In this manner any plot may be in
creased or diminished, in accordance with 
any required condition. 

Reduction of « figure of one form to an 
equivalent figure of another form. This is 
performed according to various rules of geom
etry, depending upon the nature of the par-

[R E D 

ticular problem. W^e shaU iUustrate by one 
or two examples. 
Let it be required to reduce a polygon to 

an equivalent triangle. Let A B O D E be the 
given polygon. Produce one of the sides of 
the polygon, as A E . Draw the diagonal CE, 
and draw D F paraUel to it; draw also CF ; 

c 

& A 
then is the triangle C E F equivalent to the 
triangle E D O . Draw CA, and also BG, par
allel to it, also C G ; then is the triangle C G A 
equivalent to the triangle C B A ; hence tho 
triangle C G F is equivalent to the given poly
gon. In a simUar manner any polygonal area 
may be reduced to an equivalent triangular 
area. 

To reduce a triangle to an equivalent 
square. Let A B C be the given triangle 

Draw A L perpendicular to BC, and bisect it 
in D. Prolong BC, making CF = L D ; 
then upon B F as a diameter, describe a semi
circle, and through C draw C G perpendicular 
to B K till it meets the circumference in G. 
on C G as a side, construct the square C G K H 
and it will be equivalent to the given triangle 
By the aid of these two problems any polyg
onal area may be converted into an equiva
lent square. 

Reduction, in Algebra, sometimes signifies 
the same as solution. Thus we speak of re
ducing an equation, meaning the solution, or 
finding the values of the unknown quantities. 
The term thus used is liable to be misintei-
pretcd, and such use should therefore be 
avoided, on the principle that all mathemati 
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cal terms should have a clear, fixed, and deu-
nite meaning. 

R E - D l ' N D A N T H Y P E R B O L A . Are 
hyperbola having more than two assymptotes. 

RE-EN'TER-LXG. Entering again ; re
turning. 
Re-entering Angle of a polygon, is an 

interior angle greater than two right angles. 
Re-entering Polygon. .A polygon con-

taininiTone or more re-entering angles. Tbe 
tersi re-entering stands opposed to salient. It 

is a property of a salient polygon that no 
straight I'me can be drawn which will cut 
the perimeter in more than two points; 
w-hi,Ist in a re-entering polygon such line may 
cut it in more than two points. 
R E - F L E C T I O N . [L. reflecto, from re, 

again, and flecto, to bend]. If a ray of light 
faU upon a polished surface which is not 
transparent, a large portion of the ray is 
driven back into the sarae raedium, but by a 
different path. This change of direction of 
the path of the ray is called reflection. The 
ray, before it strikes the surface, is caUed the 
incident ray, and after it leaves the surface it 
is caUed the reflected ray. The point at 
which the reflection takes place is called the 
point ofinadence. The plane ofthe incident 
and reflected ray is called the plane of inei-
deiwe. and it has been found to be norraal to 
the snn'ace at the point of incidence. 
It is a property of the incident and reflect

ed rays that they- raake equal angles with the 
normal to the reflecting surface at the point 
of incidence. 
RE-GRES'SION POINT. [L regredior, 

to return ; from re, and gredior]. The same 
as cusp point, which see. 
REG'U-L.AR. [L. rcgularis; from regula, 

a rule]. Conformed to a rule. 
Regcl.4e Polygon. In Geometry, a poly

gon which is both equilateral and equiangular. 
A regular polygon may have any number of 
sides, from three upwards. 

32 

Let us denote the number of sides of any 
regular polygon by n, the length of one side 
by a, its area by -I, the radius of the circum
scribed circle by R. and that of the inscribed 
circle by r ; thaa will the following formulas 
express the relations existing between these 
several quantities ; they also enable us lo 
determine the remaining three, when any one 
of thera is given : 

180° 180° 
1 = 2Rsm =2rtan . (1) 

77 77 *- •* na' cot 180° 

A = - (2) 

These formulas have been tabulated so as 
to afford the ready means of determining any 
required element for any regular polygon up 
lo the dodecagon inclusive. A\'e annex the 
tables : 
I. 

W h e n the length of the side of the regu
lar polygon is equal to I. 

No of 
siiles. 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

Rod. of cir. 
circle. 

0.577350:5 
0.7071068 
0.8506508 
1.0000000 
1.11523825 
1,3065630 
1,4619022 
1,6180340 
1.7747329 
1,9318516 

Rad, of in 
circle. 

0,2886751 
0.5000000 
0.6881910 
0,8660254 
1,0382617 
1,2071068 
1,3737387 
1,5388418 
1,7028437 
1,8660254 

Area in 
square units. 

0,4330127 
1,0000000 
1,7204774 
2,5980762 
3,6339124 
4 8284271 
6,1818242 
7,6942088 
9.3656404 
11.1961524 

IL 

AVhen the radius of the circumscribed cir
cle is equal to 1. 

No of 
sides. 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

Lenprth of 
sides. 

1.7320508 
1,4142136 
1,1755705 
1,0000000 
0,8677074 
0,7653668 
0,6840403 
0.6180340 
0.5634651 
0.5176381 

Rad. of in. 
circle. 

0,5000000 
0,7071068 
0 8090170 
0,8660254 
0,9009689 
0,9238795 
0.9396926 
0.9510505 
0.9594931 
0.9659259 

1,2990381 
2,0000000 
2,3776412 
2,5980762 
2,7364102 
2 8284271 
2,892.5437 
2,9389263 
2,9735250 
3 0000000 
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III. 
W h e n the radius of the inscribed circle is 

equal to 1. 

,\'o of 
sides. 

Lengtli of 
side. 

3,4641016 
2,0000000 
1,4530851 
1,1547005 
0.9631491 
0,8284271 
0,7279405 
0,6498394 
0,5872521 
0,5358984 

Rad, of 'uir, 
circle. 
0000000 
4142136 
2360680 
1547005 
10991.60 
0823919 
0641776 
0514622 
0422172 
,0352760 

Area. 

,19611324 
0000000 
6327128 
,4641016 
3710222 
3137084 
2757315 
2491970 
2298913 
2153904 IV. 

W h e n the area is equal to 1 square unit. 

No of 
sides 

Length of 
side. 

1 5196716 
1.0000000 
0.7623870 
0.6204033 
0.5246813 
0.4550899 
0.4201996 
0.3605106 
0.3267617 
0.2988585 

Rad. of cir. 
circle. 
8773827 
7071068 
6485251 
6204033 
6045183 
5946034 
5879764 
5833184 
5799148 
5773503 

Rad. of in 
circle. 

.4386912 
,5000000 
.5246678 
,5372849 
.5446520 
.5493420 
5525172 
5547687 
,5564242 
5576775 

W h e n the length of the given side, given 
radius of the inscribed or circumscribed circle, 
or the given area is not 1, these tables m a y be 
eraployed by recoUecting the principle that in 
similar polygons homologous'lines are propor
tional, and that homologous areas are propor
tional to the squares of the homologous Unes, 
For example: 

Let it be re,quired to construct a regular 
heptagon, whose area is 225, by the aid ofthe 
tables. Extracting the square root of 225, 
w e get 15, Multiplying each of the elements 
taken from table IV, opposite 7, by 15, w e have 

I = 0,.5245813 X 15 = 7.8687, 
required side ; also, 

R = 0,6045183 X 15 = 9,0678, 
radius of circumscribed circle ; also, 

7- = 0 5446520 X 15 = 8,1698, 
radius of inscribed circle, 

AVith these eleraents the polygon is easily 
constructed. The remaining tables are used 
in a manner entirely analogous to the one 
which w e have just considered. 

In the preceding discussion w e have sup
posed that the polygons are taken in such a 
manner that no two sides of the same poly
gon cross each other; this supposition ex
cludes a species of star shaped regular poly. 
gons which conform to the general definition. 
A s an exaraple, take the polygon constmcted 
as follows: Divide the circuraference of a 
circle inlo 9 equal parts, and commencing at 

1 unite it with 3, and 3 with 5, 5 with 7, 7 
with 9, 9 with 2, and so on around. A poly
gon with 9 sides will be constructed, which 
is equilateral and equiangular, but it is not a 
regular polygon because the sides cross each 
other. 

Regular Polyhedron. A polyhedron 
whose faces are equal regular polygons. Its 
polyhedral angles are all equal to each other 

There are but five regular polyhedrons, as 
follows: 

1. The tetrahedron, or regular pyramid, 
bounded by four equilateral triangles. 

2. The hexahedron, or cube, bounded by sis 
squares. 

3. The octahedron, bounded by eight equi
lateral triangles. 

4. The dodecahedron, hounded by twelve 
regular pentagons. 

5. The icosahedron, hounded by twenty 
equilateral triangles. 

A sphere m a y always be inscribed within, 
and m a y always be circumscribed about 
a regular polyhedron, which will have a com
m o n centre. This is caUed the centre of the 
polyhedron. 

The following tables havebeen constructed, 
showing the relations between the edge, the 
radii of the inscribed and circumscribed 
spheres, the entire surface, and the volume 
of each regular polyhedron: 
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I. 

W h e n tho edge equals 1. 
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.N';-.::e. 

Tetraehedron 
Hexahedron 
Octahedron 
Dedecahedron 
Icosahedron 

Rad. of cir, sj i-.ore 

0,6123724 
0 Si;60254 
0 70710G8 
1.4012585 
0,9510565 

Rad. of in. sphere 

0,2041241 
0,5000000 
0,4082483 
1,1135164 
0,7557613 

Surface. 

1,7320.508 
6,6000000 
3,4641016 

20,64,57280 
8.6602540 

Volume. 

0.1178511 
1,0000000 
0,4714045 
7,6631188 
2,1816951 

II. 

W^hcn the radius of inscribed sphere equals 1. 

I 

Tetrahedron 
Hexahedron 
Octahedron 
DoJecihedron 
Icosahedron ; 

Edge. 

1.6329932 
1.1547005 
1.4M--M36 
0.7136442 
1.0514622 

Rad, of cir. sphere 

0,3333333 
0,5773503 
0,5773503 
0,7946545 
0,7946545 

Surface. 

4,6188023 
8,0000000 
0 9282032 

10,51462-23 
9,574.5413 

Volume. 

0,51:12002 
1 ,,5396006 
1,3333333 
2,7851639 
2,5361507 

III. 

W^hen the radius of the circumscribed sphere equals I. 

Karne. 

Tetrahedron 
Hexahedron 
Octahedron 
Dodecahedron 
Icosahedron 

]:ĵ p. 

4 S9S9795 
2.0000000 
2.4491S97 
0 8980560 
1.3231691 

Ratl.c.'cir. Sphere 

3,0000000 
1.7320508 
1.7320508 
1.2584086 
1.2584086 

Surface. 

41.5692192 
24 0000000 
20.7846096 
16.6508731 
15.1621684 

Volumo. 

13,8564964 
8,0000000 
6,9282032 
5,5502910 
5,0540561 

IV. 

W h e n tbe surface equals 1 square unit. 

Name. 

Tetrahedron 
Hexahedron 
Octahedron 
Dodecahedron 
Icosahedron 

Edge. 

0.7598357 
0.4082483 
0.5372850 
0 2200322 
0.3398080 

Rad. of cir. sphere 

0.4653025 
0,3535634 
0.3799178 
0,3083920 
0,3231774 

Rad. of in. sp'nerf 

0,1,551008 
0,2041241 
0,219.3457 
0.24.50651 
0.2568144 

Volume. 

0,0517003 
0,0680413 
0,0731152 
0,0810884 
0,0856048 

V, 
W h e n the volurae equals 1 cubic unit. 

Name. 

Tetrahedron 
Hexahedron 
Oc-.-ihejIr'/n 
Dodecahedron 
Icosahedron 

Edge. 

2.039.5489 
1.0000000 
1 2848990 
0.6072221 
0.7710254 

Rad. of cir. sphere 

1.1.547006 
0 8660254 
0,9080604 
0.7107492 
0.7332887 

Rad. of in. sphere 

0.4163417 
0,5000000 
0,5245576 
0,5648000 
0,.5827111 

Surface. 

7.2056240 
6.0000000 
5,7191069 
5,3116140 
5,1483486' 



500 MATHEMATICAL DICTIONARY AND [eel 

If, in applying these tables to cases in which 
the edge, radius ofthe inscribed or circum
scribed spheres, surface, or volume, is not 
eqttal to 1, w e have siraply to remember that 
the surfaces of similar polyhedrons are to 
each other as the squares of their homologous 
lines, and that their volumes are to each other 
as the cubes of their homologous lines. 

The foUowing table shows the value of the 
diedral angle between two adjacent faces in 
any regular polyhedron : 

Tetrahedron, . 70° 31' 42" 
Hexahedron, . 90 
Octahedron, 109 28 18 
Dodecahedron, . 116 33 54 
Icosahedron, . 138 11 23 

RE-L.\'TION, [L. relatio, bringing hack]. 
T w o quantities are said to be related to each 
other when they have anything in common, 
by means of which they raay be compared 
with each other. Quantities of the sarae 
kind may always be compared with each 
other, and in such comparison they raay be 
found equal to each other, or they may he 
unequal; hence, the two fundamental rela
tions of equality and inequality. The rela
tions of equality and inequality are generally 
expressed by means of symbols; those for 
equality being = and o , that for inequality 
>. Sameness, in every respect is identity; 
sameness in one respect only, is simply rela
tion. T w o triangles may he capable of super
position, so as to coincide throughout their 
whole extent; in which case they are abso
lutely equal; equal when not superposed, 
identical when superposed. The sjuubol of 
this kind of relation is = . But they raay 
not he capable of superposition, and yet they 
raay contain Ihe sarae number of units of 
surface. This is a species of relation resem
bling that of equality, which is called equiva
lency, and is denoted by the symbol o . The 
difference between the symbols = aud =o=, 
then, is that the former impUes complete iden
tity, whilst the latter implies absolute equal
ity in one respect only. With respect to the 
symbol of inequality, il is to he observed that 
liie opening is always turned to tho greater 
quantity. 

In ordinary language all relations between 
magnitudes may be expressed by means 
either of affirmative or negative propositions. 

In algebraic language these relations may be 
expressed symbolically by equations, equiva
lencies, or by inequations. 

The relation expressed by means of equa
tions or equivalencies, is absolute or definite; 
that by means of inequations is vague or 777-
definite. Perhaps the latter ought not, in 
strictness, to be regarded as a relation, but 
rather as expressing the fact that the relation 
of equaUty does not exist. 

In the higher branches of mathematics we 
raeet with expressions of the form 

y = (p {x), y =f{x), <p ix, y) = 0, &c. 
The entire expressions in these cases are 
indicative of a relation existing between x 
and y, but the nature of that relation is not 
expressed. The symbols f, f, and all the 
various syrabols of functions may be called 
symbols of implied relation. 

R E - M a I N ' D E R . [L. remaneo, to remain 
behind]. W h a t remains, after taking away 
a part. In Arithmetic, the remainder is what 
remains of the subtrahend, after taking away 
the minuend. 

In general, the remainder is such a quan
tity as, being added to the subtrahend, will 
produce the rainuend. See Subtraction. 

RE-PeAT'. [L. repeto, to utter agam]. 
To do again. 

Repeating Declmal. A decimal, in which 
the sarae figures occur in the same order, at 
successive and equal intervals. 

Thus, 3.646464 ... is a repeating decimal 
See Circulating Decimals. 

REP-E-TEND'. [L, 'cpctendus; from re
peto']. That part of a repeating decimal, 
which is continually repeated. In the deci
mal 3.646464, the expression, 64, is the repe
tend. 

REP-RE-SENT-i'TION. [L, reprasent-o, 
to present, to exhibit]. The representation 
of an object, is a drawing which presents lo 
the mind, through the eye, an idea of the ob
ject. Soraetimes, the drawing is made, so 
that it shall present to the eye, taken at a 
certain poiut, the same appearance as the ob
ject itself would present, w-ore the drawiiiff 
removed and the object placed in its stead, as 
in Perspective; sometiraes the drawing or 
representation is purely conventional. 

REP-RE-SENT'A-TiVE. That which 
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st.-oids for, or represents, some thing. Thus, 
ail the symbols of Analysis are representa
tives of quantities, or of operations to be 
performed. 
RE-SID'U-AL ANAIA'SIS. a branch 

of Analysis that has sometimes been em
ployed in the solution of problems. It 
has met With very little favor; because aU 
problems that can be solved by it. are more 
readily solved by means of the Calculus. 
The Residual Analysis proceeds bv taking 
the difl'erence of a function in two ditTerent 
states, and then expressing the relation be
tween this ditference and tho diiierence of 
the corresponding states of the variable. 
This relation is first expressed generally, 

and is then considered under the supposition 
ths: the difference of the two states of the 
variable is 0. 
The general outline of the fundamental 

Uea of this bnmch of analysis is closely as-
î iinUated to the method of [imits. which has 
now come to forra the basis of the science 
uf Dilferential and Integral Calculus. 
R E S - O - L C T I O X [L. resoluiio, loosening, 

untying]. 
Resolution- of a Quantity into its Fac

tors. The operation of separating any ex
pression into factors ; that is, the operation 
of finding two or more expressions such, 
that their product is equal to the given ex
pression. To resolve a number into its prime 
factors by means of a table of prime nura
bers : Commence with 2, and divide succes
sively by it as often as possible ; then, divide 
the result successively hy the next highest 
prime number, as often as possible, and so on, 
till the final quotient is a prime nuraber : the 
different divisors used, together with the last 
remainder, constitute all the prirae factors of 
the given number. 
Resolctiom of EqIJ.4TI0X3 axd Phoblems, 

The same as their solution; that is, it is the 
operation of finding, in the case of an equa
tion, such values for the unknown quantities 
which enter it, as wiU satisfy the equation, 
when substituted for the unknown quantities: 
in the case of a problem, it is the operation 
of finding such values for the unknown quan
tities as will satisfy the conditions of the 
problem. See Eguation and Problem. 
RE-SULT'. [L. 7-era/to, to rebound]. That 

which is obtained hy performing an operation 
upon any quantity ; the conclusion arrived at 
by a course of reasoning. Thus, tho result 
of an addition is the sum of the quantities 
added. The result of the demonstration of 
the binomial theorem, is the binomial formula. 
The result of translating a formula into 
coraraon language is a rule, and the reverse. 

R E V E R S E • [L, rcversus; re, and verto, 
to turn]. To turn back. 

Reverse Bearings. In Surveying, the 
bearing of a course, taken from the second 
end of the course, looking backwards. The 
number of degrees of a reverso bearing ouirht 
ahvays to be equal to' the number of degrees 
in the direct hearing ; but the meridional let-, 
lers, as well as those of departure, are differ
ent in the two cases. Thus, if a direct bear
ing is \, 23' E,, the reverse bearing ought to 
be S. 23° \\', 

The reverse bearing of every course ought 
to be taken as a check on the accuracy of tho 
work, and if the number of degrees in it is 
not the same as in the direct bearing, both 
should be taken over, until they are found to 
agree. If they cannot be made to agree, the 
inference is, that there is some local attrac
tion which deflects the needle, at one or both 
stations. 

Reverse Operation. A n operation, in 
which the steps are the same as in a direct 
operation, but taken in a contrary order. 
Thus, Division is the reverse of Multiplica
tion ; and the extraction of a root is the re
verse of the operation of raising a quantity 
to a power. 

RE-'VER'SIOX, [L. revcrsio, aieinming]. 
In Annuities, a payment not due till the oc
currence of some contingent event, as the 
death of a person now living. Payments 
due at, or after, a specified period of time, 
are called deferred payments. The raethod 
of calculating tho present values of rever
sions has been explained under the head of 
Annuities. A set of tables is generally used 
for computing these present values. 

Let A denote the value of an annuity on a 
life of a given ago, V the present value of 
81, to be received at the end of tho year in 
which the Ufe faUs, r tho rate of interest, and 
V =-,—i— ; then, 

1-1-7-
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V = vil+A)-A, or, V = v-il-v)A. 
Suppose, for example, that on the death of 
A, whose present age is 55, the sum of $5000 
is to revert to B, or his assignee, and that B 
proposes to sell his interest in this reversion : 
Required the value of that interest, allowing 
the purchaser interest, at the rate of 4 per 
cent. 

From the annuity table the value of an 
annuity of $1, on a life aged 55, is $11.0392. 
W e have 

1 r = 0.04, and v • 1.04' 
whence 

12.0392 
1.04 • - 11 0392 = 0.537. 

This is the value of the reversion of $1 ; 
hence, the value of the reversion of $5000 is 
^5000 X 0.537 = S2685. 

W h e n an annuity is to coraraence at the 
death of one individual and terminate at the 
disath of another, the siraple annuity tables 
will not answer, but recourse must be had to 
tables of annuities on joint lives. Thus, if A, 
on the death of B, is entitled to au annuity 
of $1, to continue for the reraainder of his 
life, the present value of A's interest is 

B -AB, 
in which B denotes the present value of 
the annuity on the life of B, and A B the 
present value of the annuity on the joint 
lives of A, and B ; that is, to continue as long 
as both shall continue alive. 

The following formulas are sufficient to 
solve all problems of reversionary interests, 
so for as three lives are concerned, and these 
embrace a vast majority oi all cases which arise 
in practice. In the forraulas, A B denotes 
the value of an annuity for the joint lives of 
A and B, A P B denotes the present value of 
an annuity for the joint lives of A, B and P, 
&c,, and ii! denotes the present value of the 
reversionary interest. 

1. For a single life, after the longest of 
two Uves, P and Q. 

R = A-AP-AQ+APQ. 
2, For Ihe longest of two lives, A and B, 

after a single life P, 
R=A + B-AB-AP-BP + APB. 
3. For a single life A, after two joint lives, 

P and Q, 
R=A-APQ. 

4. For two joint lives, A and B, after a 
single life, P, 

R = A B - ABP. 
Reversion of Series. W h e n one quan

tity is expressed in terras of another, by 
means of a series, the operation of finding 
the value of the second in terras of the first, 
by raeans of a series, is called the reversion 
of the series. 

The reversion of a series is effected by 
means of the principle of indeterminate co
efficients, as follows : 

Let there be a general series, expressing. 
the value of y, 

y = ax + bx' + ex' + dx* + &c.. (1), 
and let it be required to find the values of 
A, B, 0, D, Src, in the expression 

x = Ay + By'+ Cy' + Dy'- + &c.. (2), 
Squaring, cubing, &c., the value of y, we 
have 

xf, Ac. 
y' = a'x' + 2abx' + b' x* + 2ad 

+ 2ac + 2bc 
- ] - . . . 

y' = a'x' + 3a'bx* + 3ab' 
+ 3a'e 

X̂  + & C 

yi = a*2;* -I- ia'bx' + &c. 
y' = a'x' + &c. 
Substituting these expressions in equalion 
(1), arranging and transposing, w e have 
0=Aa'ix+Ab lx'+ Ac 
-I I +Ba'\ +2Bab 

+ Ca' 

x' + iLC. x'+Ad 
+ Bb' 
+ 2Bae 
+3Ca'b 
+Da* 

This equation being an identical one, the co
efficients of the different powers of x arc 
separately equal to 0. Equating them sepa
rately with 0, w e have 

A a - 1 = 0, whence. A = —> 
a 

Ab + Ba' = <i, whence, B •• 

2b' 
.ae~r-ixtuu-r ̂ a —o, wiieiice o=— 
Ad + Bb' + 2Bac + SCa'b + Da* 

whence, 
5aic - 54" - a'd 

^ = a' • 
&C., &C.J &c. 

= 0, 
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Substituting these in equation 1̂21. we have 
1 ft 2 --.;,- -5alc + a'd 

il' + 

•kc. &c.. A-e. 
1 f we have a development ofy of the form 

y =^a+ bx + a^ + dx' + Ac, 
it is impossible to develop x in terms of i/. but 
we c.ui place y — d = c. and there will result 

z=bx + cx' + dx' + ikc., 
and then we may find the values of A, B, C. 
&.C.. iu the development, 

x = -i: + Bz'+ C:'^+ D:*, &c. 
Havmg made the development, we can re
place ; by its value y — a, and there will re
sult a development of x in terms of y — a. 
Let it be required, as an example, to re

verse the series. 
y = x + x'-+x' + x* + x', &c...il) 

.\ss-juie 
I = Ay + By' + Cy' + Dy* + &c.. (2). 

Comparing tiiis with the preceding case, we 
see that 

a = i = c = (i = &c. = 1 ; 
whence, 
.1 = 1. 5 = - l , C=-i- 1, D = - l,<tc. 
hence, the required series is 

x=y—y'+y'—y* + y' — &.c. 
f̂et it be required to reverse the series, 

X x' xf X* 
V = 1 -rY + J7j. + ] f ^ + I'.SJT̂  "*" *«; 
we first make y — I = z ; whence. 

--1--" 1 "*" 1,2 ' 1,2,3 ' 1,2 3,4 
Proceeding as before, we find, 
A=l, B = -i, C= + i, D 
whence, 

; + &c. 

i, ic. 

1 2 "'' 3 &c.. 

and replacing- z hy its value (j/ — 1), we have 
the series, 

"=-1 ^+-3"-^r+'^'=" 
The method of reversion of series is little 
nsedonaccountof the difficulty of recognizing 
the law for the formation of the scries ; some
times it is necessary to deterraine a great 
number of the co-efficients before the law of 
the series is manifest. 

RE-VEllI'. [i,, revcrto; from re, and 
verto, to turn]. To turn hack; to reverse. 
To revert a series is to take its terms in an 
inverse order, making the terms follow each 
other in a contrary order. 
REV-OL.r'TIO.\, [L. r.rolvo. to turn 
around]. When one line moves about a 
straight line, called the axis, in such a raan
ner that every point ofthe raoving line gene
rates a circumference of a circle, whose plane 
is perpendicular to the axis, that raotion is 
called revolution, and the surface is called a 
surface of revolution. Every piano through 
the axis is called a meridian plane, and the 
section which this plane cuts from the sur
face, is called a meridian curve. Every sur
face of revolution can be generated by revolv
ing one of its meridian curves about the axis. 
RHOM-BO-He'DRAL. Relating to a 
rhomboid. 

RHOM-BO-He'DRON. a polyhedron 
bounded by six equal rhombuses When 
the rhombuses are squares, the rliombohedroii 
bccoraes a cube. 
RHOM'BOID. Gr. popl3oc, rhomb, and 

eidoc, forra]. A parallelogram, all of whose 
sides are not equal. The rhombus is but a 
particular forra ofthe rhomboid, in which the 
sides are all equal. 
R H O M ' B U S . [Gr. popftoc, rhomb]. A 

parallelogram whose sides are equal to each 
other. If the angles of a rhombus become 
each equal lo 90°, the rhombus boeoraes a 
square. The diagonals of a rhombus bisect 
each other at right angles. The area of a 
rhombus is equal to half the product of its 
diagonals. 

RHU?dB, [Frora rhombus]. In Naviga
tion, the track of a ship sailing on the same 
point of the compass. The rhumb line, also 
called the loxodromic curve, cuts all of the 
meridians which it crosses under the sarae 
angle. The curve is a kind of spiral approach
ing nearer and nearer the pole, but only reach
ing it after an infinite nuraber of turns. The 
angle under which the rhurab line cuts tho meridian is called the angle ofthe rhumb, and the angle which it makes with the prirae vertical is the complement of the rhumb. If we conceive a logarithmic spiral to be constructed on the plane of the equator, hav.. 

file:///ss-juie
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ing its pole at the centre of the sphere, and 
then erect pei-pendiculars at every point, these 
perpendiculars will pierce the surface of the 
sphere in a loxodromic curve, or rhumb line; 
that is, the projection of a rhumb line upon 
the plane of the equator is a logarithraic 
spiral. 

W h e n a ship sails ou a rhumb line, the 
distance sailed is computed by considering 
successive small portions ofthe arc and com
puting them as arcs of circles, as follows : 

Let P be the pole, Q Q an arc of the equa
tor, A B a rhumb line. Suppose it divided 
into any number of equal parts at the points 
b, c, d, &o.; through these let meridians and 
parallels of latitude be drawn ; draw also the 
parallel B B ' ; then as the ship sails along the 
rhumb line towards the pole from A to B, the 
distance sailed is raade up of the parts Ab. be, 
cd, &c., and the sura of all the small differen
ces of latitude, Ab', be', cd', &c., raakes up 
the total difference of latitude, and the sum 
of all the parallels, bb', cc', dd', &c., makes 
up what is called the departure in plane 
saiUng. B B ' is the meridional distance or 
distances between the first and last meridians 
raeasured in the last parallel, and O Q is the 
difference of longitude. 

If the ship sails from B to A, the departure, 
difference of latitude, and difference of longi
tude, are the same as before, but the merid
ional distance is that portion of a parallel 
through A intercepted hy the extreme raerid
ian. 

Tho departure is nearly a mean proportional 
between the two meridional distances. The 
distances Ah, be, &.C., being taken very small, 
the elementary triangles Abb', bee', &c., are 
ihen all equal, and the departure is equal to 
•he departure in one triangle, multiplied hy 
their number ; the difference of latitude is 

equal to the difference in one triangle, multi
plied by their number, and the distance sailed 
is equal to the hypothenuse of one of these 
triangles multiplied by their number See 
Navigation. 

R I G H T A N G L E . In Plane Geometry, 
if one straight Une, A B , meet another straight 
line, D E , making the adjacent angles, BCD, 
D C A equals, both 
angles are right an
gles, and the two 
lines are perpendicu
lar to each other. .If 
with the point of in
tersection, C, as a 
centre, andadistance 
equal to 1, a circum
ference of a circle be described, one-fourth of 
this will be intercepted between the two sides 
of each right angle, and this is taken as the 
measure of a right angle. But the quadrant 
contains 90° ; hence a right angle is the same 
as an angle of 90°. All angles, greater or 
less than 90°, are oblique angles. 

Right Angled. Having a right angle. A 
right angled triangle is a triangle having one 
right angle. N o plane triangle can have, 
raore than one right angle. A spherical 
triangle raay have two or three right angles; 
in the former case it is called a birectangular 
triangle, and in the latter case it is a trirect
angular triangle. 

Right Diedral Angle. The angle in
cluded between two planes w-hich are per
pendicular to each other. The measurement 
of diedral angles is reduced to that of plane 
angles, by considering a diedral angle to be , 
raeasured by the angle included between two 
straight lines, one in each plane, and both 
perpendicular to the edge of the diedral angle 
at the sarae point. AU'diedral angles greater 
or less than a right angle, are oblique. 

Right Polyedral Angle. A polyedral 
angle contained within three planes taken at 
right angles to each other. If with the ver
tex of the polyedral angle as a centre, and a 
radius equal to 1, the surface of a sphere be 
described, there will he one-eighth of this 
surface included within the faces of the augle, 
and this is taken as the raeasure of the right 
polyedral angle, and is the unit of raeasure of 
polyedral ai?gles. If with tho vertex of i 
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polyedral angle, having more than three faces. 
;-.s a centre, and a radius equal to 1, a surface 
of a sphere be describeil, and if tho portion of 
this suri',ioe intercepted betw-een the faces of 
the angle is equal to one-eighth ofthe surfiee, 
the tmgle is sometunes caUed a riijht polyedral 
angle. 
Right Cone. A cone w hose axis is per

pendicular to the base. t>ee Cone. 
Right Conoid. A conoid in which the 

rectiUneal directrix is perpendicular to the 
plane directer. In this case this directrix is 
caUed the Une of striction. because the ele
ments are nearer to each other along this 
Une than at any other point. See Conoid. 
Right Cylinder. A cylinder -w-hose ele

ments are perpendicular to the plane of its 
base. See Cylinder. 
Right Line. .-V straight Une ; that is, one 

which does not chanije its direction between 
any two of its points. 
Right Pkism. A prism whose lateral 

edges are perpendicular to the plane of its 
base. See Prism. 
Right Pybamid. Is one whose base is a 

regular polygon, and in which the perpendic
ular let fall from the vertex on the base, passes 
through the centre of the base. 
Right Sphere. In Spherical Projections 

is that position of the sphere in which the 
primitive plane coincides with the plane of 
the equator. 
Right Spheeical Angle. .-V spherical 

angle included between arcs of two great 
circles whose planes are at right angles to 
each other. 
Right Angled, or Rectangular Cone. 

Is a cone such that a plane passed through 
its axis cuts out two elements at right angles 
to each other. If a right angled triangle be 
revolved about the bisecting line of the right 
angle, the volume generated is a right angled 
cone. 
ROD. A scale of wood or metal employed 

in measuring distances. The rod may be of 
any length, and is generally divided into a 
certain number of equal parts. 
ROD. A unit of lineal raeasure used in 

land surveying It is equal to 5|- yards, or 
16| feet. 
ROOD. A unit of superficial measure, used 

in land surveying: it is equiv,alcnt to one-
fourth of an acre, or lo 40 perches, 
ROOT, [L. radix]. The original or cause 

of anything : the base or eleraent. 
Root of an Equ.tTiox, .\iiy quantity, 

whether real or imaginary, which, being sub
stituted for the unknown quantity, will satisfy 
it; that is, make the two merabers equal. It 
has been shown, under the article Equation, 
that every equation, entire with respect to, 
and involving but one unknown quantity, has 
as many roots as there aro units in the num
ber expressing the degree of the equation. 
See Equation. 
Root of a Quantity. Any quantity which, 

being taken a certain number of times as a 
factor, will produce the quantity. The square 
root of a quantity is a quantity which, being 
taken twice as a factor, will produce the quan
tity ; the cube root of a quantity is a quantity 
which, being taken three limes as a factor, 
will produce the quantity : in general, the ?7*̂  
root of a quantity is a quantity which, being 
taken n limes as a factor, will produce the 
quantity. 

A root of a quantity may be real, or it may 
be imaginary. 
If we square + a and — a, the result is in 

both cases + a'; hence il follows that eveiy 
quantity has two square roots, both real, and 
numerically equal, but having contrary signs. 
Let us take the equalion x'= p', which 

may be put under the forra 
x' - p ' = 0. 

It is evident that every value of x whic'n will 
satisfy this equation, must necessarily he a 
cube root ofp'. The equation may be written 

{x — p) {x' + px + p') — 0 ; 
an equation which can bo satisfied by placing 
either factor equal to 0. .Setting the factors 
separately equal to 0, we have 

X — p = 0 and x' + px + p' = 0. 
The former gives x — p; the latter, 
x=py ^ j and x = p\^ -^ j 
Hence, we see that p' has three cube roots, 
and only three, viz, 

3' 
P- ' ^ ' ' " ""' "' 

l-l+jf=3\ 
and 
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the first of which is real, the second and third 
iraaginary. 
In like raanner, if we take the equation, 

X* = y* or •r> — p' = 0, 
it raay be written 

{x' - p')_ {x' +p') = Vi; 
and, placing each factor separately equal to 
0, we get 

x' — p' •= 0, and x' -j- ̂ " = 0, 
frora which we find 

'-P, X = + p, x = — p, X = p V — I, 
and X ̂  — p V — I-
Hence, we infer that every quantity has four 
fourth roots, aud no m«re : the first two are 
real and numerically equal, but have contrary 
signs ; the last two are iraaginary. 
In general, let us take the equation, 

2;n =z jfj", or x" — y** = 0, 
in which n is any whole number. There arc 
two cases : 1st, when 77 is an even number; 
2d, when n is odd. 1st, when 77, is even, the 
equation may be written, 
ix' — p') ix"-' + xf̂ -'̂ p' + x'̂ -̂ p*' + x"-'p̂  

+ .. . + y»-=) = 0. 
Placing the factors of the first member sepa
rately equal to 0, we have 

x' — p ' — 0, and 
x^-' + x^*p' + x^-^p* + &c. -1- p"-'' = 0. 
The first of these equations gives 

X =̂  + p and a: = — p. 
W'ith regard to the second equation, it is 
plain, since all of the co-efficients are posi
tive, and since it involves only the even 
powers of x, that any real quantity substi
tuted for X wiU make the first member posi
tive, and, consequently, cannot satisfy it; 
hence, all its roots which are n — 2 in num
ber, must be iraaginary. 
When n is odd, the equation may be written (x — p) {x^^+x^'p + a^'p'+ &c.-|-j)«-')= 0, 

and by placing the factors separately equal 
to 0, we have the equations 

X — p = fi and 
x^^ + xi'-'p + x'<-'p' -1- • • • -t- p"^' = 0. 
Tho first of these equations gives x = p; the 
second gives only iraaginary values for x. 
From this discussion, wo conclude that 

every quantity has n, ti" roots, and only n; 
that when n is even, two of the roots are 

real, numericaUy equal, but have contrary 
signs, and all the remaining roots imaginary. 
When 77 is odd, one of the roots is real, and 
all the rest imaginary. It is also seen that 
there is but one numerical root that is real in 
any case ; this is the root that is generally rt 
f erred to in speaking of liie root of a quantity. 
It is further to be observed, that all of the 

77*̂  roots of any quantity raay be obtained bv 
raultiplying the numerical ?i*̂  root by the n̂ ^ 
roots of 1 respectively. Thus, the cuhe roots 
p' ate shown above to be equal to p, the nu
inerical cube root, multipUed respectively by 

1 + 
and 

- 1-

which are the cube roots of 1; and so on, for 
the other roots. 
It has now corae to be conventional with 

raost mathematicians, that when the simple 
numerical root is meant, it is indicated by 
the radical symbols 
-y/' Vi Vl ^'^•y 
but when the general root, or the root whicn 
includes aU possible values, is meant, it is in
dicated by the fractional indices, i, i, J, &e,; 
thus, ̂ Ja, stands simply for the numerical 

i 
stands equally for cube root of a, whilst (â ) 

1+-/-3' 
a, al- ) ̂"-̂  '=(-^—^)' 2. ) -~ "•\̂  2 
This convention is sometim,es departed from, 
but it is gradually being adopted, and wiU 
eventually become universal. 
R O U N D . A term applied indiscriminately 

in coraraon language to the shape of cylin
drical, conical, spherical, spheroidal, and an
nular bodies ; in short, to any bodies which 
approach regularity, and admit of an oval 
seclion. 
In Geometry, the three round bodies ars 

the right cone, the right cylinder and the 
sphere. 
RuLE. A direction or set of directions 

given for performing the operations necessary 
to obtain a certain result. 
A rule differs frora a formula only in the 

language by which it is expressed. A rule 
is always expressed in ordinary language ; a 
formula, in algebraic or symbolical language. 
If a rule is translated into algebraic Ian 



R U LJ CYCLOriCIHA O F M.VTIIK.MATICAL SCIEXCB^. 507 

guage, the result is a formtila ; and, con
versely, if a I'ortnula is translated inlo ordi
nary language, the result is a rule, 

A rule, with its connecting explanations, 
should embody a description of the object to 
be attained, and the means by which it is to 
be attained ; it should, also, point out the 
mea:;s of determining when it is attained. It 
should specify the case in which it is to be 
used, or when it is preferable lo any other, 
and should be so complete that any reader, 
of the class to w h o m it is addressed, may 
learn all that it professes to teach without the 
necessity of studying the processes by means 
of which it has been deduced. Rules are for 
practical appUcation, and are often used by 
those who are not familiar with the more 
abstruse mathematical processes, and should 
be spedally framed to this end. For those 
who are thoroughly conversant with mathe
matical language, aud specially when many 
rales are to be learned, it v/ill generally be 
found more convenient to make use of for
mulas. In all cases in which it is practica
ble, great advantage will arise from cultivating 
a habit of translating formulas into rules, and 
rules inlo formulas. 

Rule, Rulee. A mathematical instrament, 
employed in drawing straight lines. It con
sists of a bar of metal or wood, straight on 
one edge, for the purpose of guiding a pencil 
or pen. 
Rule of Sig.vs. In Algebra, a rule for de

termining the sign of a product or quotient. 
If two quantities be multipUed together, or 
if one be divided by the other, the sign of the 
result will depend upon the signs of both 
quantities : if tlie signs are alike, that of the 
result is always positive; if they are unlike, 
the result is always negative. W h e n any 
number of factors are multiplied together, if 
an odd number of them is negative, the result 
is negative; if an even number is negative, 
the result is positive. This follows at once 
from the rule as above enunciated. 
Rule of Three. In Arithmetic, a rule for 

findinc from three given numbers a fourth, 
to which the third shall have the same ratio 
as the first has to the second. Hence, it is 
an application ofthe principles of proportion, 
and embraces that class of questions in which 
three ofthe terms of a proportion are known 
or given, and the fourth required. 

The given and required numbers, taken in 
order, from a proportion, and consequently 
taken two and two, they must be of the samo 
name or kind; hence, of the three given 
numbers, tw-o raust always be of the same 
name or kind, and the third must necessarily 
be of the same name or kind as that sought. 
This fact indicates the method of stating tho 
proportion, the solution of which follows di
rectly frora the rules for solving proportions. 
The rule is as follows : 

Whatever produces effects, as men at work 
animals eating, tirae, goods purchased or sold, 
money lent, and the like, may be regarded as 
causes. Causes are of two kinds—simple 
and compound. 

-A smiple cause has but a single element, 
as men at work, a portion of time, goods pur
chased or sold, and the like, 

A compound cause is made up of two or 
more simple elements, such as men at work, 
taken in connection with lime, and the like. 

The results of causes, as work done, pro
visions consumed, money paid, cost of goods, 
and the like, may be regarded as effects. A 
simple effect is one which has but a single 
element ; a compound effect is one which 
arises from the raulliplication of tv.'o or more 
elements. 

Causes which are of the same kind, that 
is, which can be reduced to the sarae unit, 
may he compared with each other; and 
effects, which are of the same kind, may 
likewise be compared with each other. From 
the nature of causes and effects, w e know 
that 

1st. Cause 2d. Cause : : 1st. Effect 
2d, Effect; and 

1st. Effect . 2d. Effect : : 1st. Cause : 
2d. Cause. 

Single Rule of Three. Simple causes 
and siraple effects give rise lo siraple ratios. 
All questions involving simple ratios, are 
classed under the Single Rule of Three, for 
which w e have the following rule : 

1. Write the number which is of the same 
kind, with the answer for the third term, its 
corresponding cause or effect for the first term, 
and the remaining cause or effect for the second 
term. 

2 Multiply the second and third terms to
gether, and divide their product by the first 
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term; or, nml'.iply ihe third term by the ratio 
of the first to ihe second. 

Double Rule op Three. Compound causes 
or compound effects, give rise to compound 
ratios, and these to compound proportion. 
The double rule of three is an application 
of the principles of compound proportion. 
It embraces all that class of questions in 
which the causes are compound, or in which 
the effects are compound, and is divided into 
two parts : 

1. When the compound causes produce the 
same effects. 

The first embraces all that class of ques
tions which has been arranged under " Rule 
of Three Inverse." Here, since the effects are 
equal, the causes are equal; hence, the pro
ducts of their elements are equal; therefore. 

Make tlie element of thai cause which con
tains ihe unknown element, the first term of the 
proportion; the corresponding element of the 
other cause the second term, and the remaining 
element the third term : then multiply the second 
and third terms together, and divide the product 
by the first. 

If 4 men can dig a ditch in 9 days, how 
many days wUl it require 18 men to dig if! 

The elements of one cause are 4 and 9, and 
ofthe other 18 and the required time : hence, 

18 : 4 : : 9 : 2 days. 
2. When ihe compound causes produce differ

ent effects. 
In this class of questions, either a cause or 

a single eleraent of a cause may be required; 
or an effect, or a single eleraent of an effect 
may be required. Denote the required cause 
or element by x : then, 

1. Arrange ihe terms of ihe statement so 
that the causes shall compose one couplet, and 
the effects the oiher. 

2. Then if x fa,ll in one of the extremes, 
make ihe product of the m-cans a dividend, and 
the product of the extremes a divisor; but if x 
fall in one of ihe means, make the product of 
ihe extremes a dividend, and ihe product of the 
means a divisor. 

It is to be observed, that all questions under 
the rule involves tho element of time, and 
further that questions of this nature may in
volve not only five, but also 7, 9, 11. &c., 
terms giving rise to what might be called 
triple, quadruple, &c., rule of three. It wUl 
not he necessary to discuss these cases, as 

their solution may be effected by a simple 
extension of the rule just laid down. 

S. The 19th letter of the English alpha
bet. As a numeral it has been used for 7; 
with a dash over it, thus, 'S, it slood for 7000. 
As an abbreviation, it stands for South. 

SaIL'ING. The operation of conducthig 
a ship on the ocean, frora port to port, to
gether with the necessary computations for 
determining her place at any time, the dis
tance sailed, and the course necessary to 
steer, so as to reach a desired port. Sailing 
is the same as Navigation, which see. 

Sailing is distinguished, according to the 
methods employed in solving the different 
problems that arise. 

Globular Sailing is that in which the 
problems are solved by the principles of 
Spherical Trigonometry. 

Great Circle Sailing, the same as globu
lar saUing. 

For the method of solving the problems in 
these several cases, see Navigation. 

Mercator's Sailing, is that in which the 
problems are solved according to the princi
ples used in making Mercator's projection. 
See Mercator's Projection. 
Middle Latitude Sailing, is that in which 

the problems are solved by raeans ofthe raid-
die latitude; that is, the half sum of the lati
tudes ofthe extreme points of a course. 

Paeallel Sailing, is when a ship sails on 
a parallel of latitude. The distance sailed in 
nautical miles multiplied by the cosine of the 
latitude, gives the number of minutes of lon
gitude raade by the ship. 

Plane Sailing, is that in which the pro
bleras are solved, on the supposition, that the 
surface of the earth is plane. The results are 
very erroneous, when any great distances are 
considered ; hut it is extremely simple, and 
in some cases affords sufficiently accurate 
results. 

Spheroidal S.ailing, is that in which the 
problems are solved, on tho supposition, that 
the face of the earth is a spheroid. 

S.l'LI-ENT. [L saliens; from salio, to 
leap]. Projecting outwards. Opposed to re
entering. 

Salient Angle of a polygon, is an inle 
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nor angle less than two right angles. A subdivisions are all equal, called a scale of 
polygon which has all of its angles s:,lient. is ; eqmil parts, The se.alo of equal parts is not 
c,il:ed a solum po.ijgon. and a straight line j only the most easily constructed, but it is 

also tho most useful, for by the aid of trigo
nometrical tables, it may be made to supply 

cannot be drawn so as to cut the perimeter in 
more than two points, 
S i;;: n r Polyhedron is a polyhedron, no 

interior angle of which is raeasured bv more 
than four trireet:ini;ular triangles. .-V cutlinn-
plane can only inleisect a salient polyhedron 
in a s.>ao:it polygon. 

the place of all the trigonometrical scales. 
For example, let it be required to lay off an 

angle of 25". \̂'ith a radius equal to 50 
equal parts of the scale, and frora the vertex 
of tho angle as a centre, let the arc of a circle 

S.VT IS-Fy. [L. satis, enough, and facio, | ̂ ^ Jî scribed, cutting the line from which th 
to make]. A n equation is said to be sali.ificd, 
when after the substitution of any expres-
sio::s for the unknown quantities which 
enter it. the two merabers are equal. Tho 
values found for the unknown quantities of a 
problem, are said to satisfy the conditions of 
the problenl, when being operated upon in 
accordance with those eonduions, the result 
conforms to the enunciation of the problera. 
SC-vLE, [L. itâ 'a. a ladder]. -A line ilrawn 

upon any solid substance, as wood, ivory, 
paper, &c,, and divided into parts equal or 
unequal, which mav be transferred by means , 
of the dividers, to' aid in georaetrical con- i ''"''̂- ̂ '"'̂  "'̂^ "" contained in the ordinary 
stniction boxes of instraments, the divisions are of 
The raanner m which the scale is divided. '' ^ ^ " ° " ' '''"S'̂ '̂ ' '̂ '" "°^ *'™"'' advantageous 

depends upon the nature of the algebraic or '° '''"'̂^ ̂  ™°°'̂ <=" °' ""'̂  ̂'̂ '̂̂  '"^° P̂ ''« 

angle is to be laid off; from the tables, find 
the natural sine of 12'' 30' and muUiply it 
by 100 ; with this taken frora the scale as a 
radius, and from the point last determined as 
a centre, describe a second arc cutting the 
first; through this point let a line be drawn 
to the vertex of the angle, and the angle con
structed will be the angle required. In this 
case, the scale of eqdal parts has taken the 
place of a scale of chords, and in like man
ner, it raay be made to take tho place cf a 
scale of secants, 6cc. 

In the scales that are formed upon wood or 

trigonometric function to be represented. 
When the subdivisions are all equal, the 
method of constructing the scale is similar to 
that described under the head of Graduation. 

less than one-fiftieth of an inch in length. 

Diagonal Scale of Equal Paris. 

T h o raost iraportant scale, viz. ; the diago-
T h c m o s t simple scale is that in w h i c h the ] nal scale of equal parts, is thus constructed : 

r/:f 
1 

oil 
-oa 
.07 
• 06 
,05 
.ot 
,03 
•02 
,0J 
a 

11 I II 1 1 n i 
1 1 1 1 1 1 1 1 1 
1 1 1 1 191 1 1 1 
1 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 i I 
1 1 1 ici~n~ri T 
m i^rrrn 
11 1 1 1 1 1 1 1 
nil I'll 
1 1 1 1 lull 
,1 ,3 ,3.i,5.G.7.8,9 t> 

Take ab for the unit of the scale, which 
may be i, J, j-, or any part of an inch. O n 
it construct a square â T:;̂ . Divide ab and dc 
each into 10 equal parts. Draw af and the 
other lines, as in the figure. Produce ba to 
the left, and lay off the unit frora it. any 
number of times, and number the scale, eis in 
the figure. 

Now, the small divisions of tho line ab, are 
each one-tenth of ab; they are, therefore, ̂ Lth 
of ad, or of ag, or gh. The distance on the 
first line above ab, frora the line ad to the line 
af, is equal to Jj-th of df, or y-Ĵ th of the 
unit of the scale : the corresponding distance 
raeasured on the second line above ab, is 
equal to -jfoths of the unit of the scale ; the 
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corresponding distance measured on the third 
line above ab, is the j-fjths of the unit of 
the scale, and so on. The use of the scale is 
evident from the description just given. 

Suppose it were required to take, in the 
dividers, the distance 2.34 from the scale : 
w e place one foot of the dividers at I, and 
open them till the other foot is at e, the dis
tance between the points of the dividers is 
then equal to 2,34 units of the scale. To 
take off the distance 2.58 : w e place one foot 
at p, and open them till the other foot comes 
to q, and so on for any other distance. 

W e have only represented a portion of the 
scale ; it may be continued to any distance 
to the left. If a line is too long to be laid 
down at a single operation, let it be divided 
into parts, and each part taken in succession. 

Scale of Chords. A scale, in which the 
chords of all arcs, from 0° to 90°, are laid 
down. J ) so 

Ci-

-_l 
B 

<f.o no 

To construct a scale of chords graphically ; 
"Vŷ ith a point A, as a centre, and a radius 1, de
scribe an arc of a circle equal to a quadrant, 
and divide it into 90 equal parts, beginning at 
C ; through C, and each point of division, 
draw straight lines: they wiU be the chords of 
the corresponding arcs, with C, as a centre, 
and these chords as radii, describe arcs of 
circles intersecting A C , and number these 
points, as in the figure. Tho scale, thus 
formed, is a scale of chords. The chord of 
60° will be equal to the radius of the circle, 
in which tho chords are taken. 

To lay off an angle, say 30°, by means of a 
scale of chords: Take the chord of 60°, from 
the scale, as a radius, and from the vertex of the 
required angle, as a centre, describe the arc of 
a circle cutting one side A B of the required 
angle, in B ; take this point of intersection. 

as a centre, and with the chord of 30° 
radius, describe an arc 
cutting the first arc 
in C ; join this point 
with the vertex A : ^ 
the angle C A B wUI be ^ 
the required angle. 

To measure an angle plotted on paper, by 
means of a scale of chords : With the vertex 
of the given angle, and with the chord of 60° 
as a radius, describe an arc cutting the sides 
of the angle; take the distance between 
these points of intersection in the dividers, 
and apply it to the scale of chords, from 
C : the reading on the scale will indicate the 
number of degrees contained in the given 
angle. 

In like manner, w e may construct scales 
of sines, cosines, secants, cosecants, &c. 

A better method of constructing a scale ot 
chords is by means of a table of natural 
sines. The chord of an arc is equal to twice 
the sine of half the arc. Take a table of 
natural sines, and frora it fiud the sines of 

f, ,|°, ̂ ° , &c.; double each, and lay off 
the resulting distance on the line C A from C 
by raeans of an accurate scale of equal parts. 

These scales may all be constructed graph
ically ; but it is better to construct them by 
means of the table of sines, &e., by the aid 
of a nicely constructed scale of equal parts. 
A scale of serai-tangents may also be con
structed either graphically, or by means of a 
table, recollecting that the semi-tangent of an 
arc is the same as the tangent of h'alf the arc. 

These scales of sines, secants, tangents, 
serai-tangents, &c., are used principally in 
making the projections of the circles of the 
sphere. 

Scale of Longitudes. A scale used for 
determining graphically the nuraber of miles 
in a degree of longitude, in any latitude. It 
may be constructed as follows : 

Describe a quadrant B D with a radius equal 
to tho chord of 60°, taken from the scale of 
chords ; divide the radius D C into 60 equal 
parts. Draw lines through the points of di
vision perpendicular to D C , cutting the cir
cumference ; then, with D as a centre, and 
distances equal to the distances frora D to the 
points of division, describe arcs cutting the 
chord D B in the points 10, 20, 30, &c. Now, if this scale be laid upon the scale of 
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chords inverted, so that 60 shall fall upon 0 his, or by raultiplying 1 by the square of tha 
ui each ease then, if any degree of latitude 

"n 

,/';--̂  

y^^s. •>7~iwi Jv :;j ly 1= 

he counted u p o n the scale of chords, there 
wiU stand opposite to it. o n the scale of lon
gitude, the n u m b e r of miles in a degree of 
longitude for that latitude. 

Plotting-Scale. See Plolling. 
There is a variety of useful scales, some 

of which will be found described under their 
respective heads,—^which see. 

Scale of Number.s. A conventional ex
pression of the law of relation between units 
of different orders. 'There are two kinds of 
scales ofnumbers, the uniform, and the vary-
ing scale. In the uniform scale, the law of 
relation between the units of different orders 
is. that a unit of any order is equal to the 
product obtained hy multiplying a unit of the 
next lower order by a fixed number. This 
fixed number is the modulus of the scale, and 
gives name to the scale. 

In numbers constructed by such a scale, if 
one unit of each successive order be taken, 
they wiU constitute a geometrical progression. 
In the varying scale, the law of relation be
tween units of different orders is not subject 
to any uniform law, but to a law which varies 
in each particular case. The uniform scales 
apply to the methods of writing abstract 
numbers, and aid in writing denominate 
numbers, though they are not necessary to 
such expressions. The varying scales apply 
to denominate n-urabers exclusively. W e 
shall iUustrate each case separately. 
Ukifoem Scales. In a uniform scale, the 

abstract number. 1, is taken as the base of 
every .system. T! i-i is a unit of the first 
order. A unit of the second order is found 
by multiplying 1 by the modulus of the scale ; 
a unit of the third order is found by multi
plying a unit ofthe second order by the modu-

modulus, and so on. .\ unit of the 71'" order 
is found bv multiplying 1 by the (71 — l)"" 
power of the modulus. Thus, the units of 
the different orders are as indicated blow; 
r being the modulus ofthe scale. 

A 

0 
5̂  
y.n-1. 

scent 

CJ 
0 
ib 

,r% 
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0 
0 
J3 
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0 
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The law of the scale being determined, the 
conventional method of writing the scale is 
as follows: 

0 
-E 
0 "g.. 

.. 0.. 

s 

or
de
r 

or
de
r 

or
de
r 

or
de
r 

5 ta -Cl •« 
• • ̂  Ĉ  ::* •-« ..0000 

/• 

or
de
r.
 

or
de
r 

or
de
r 

or
de
r 

^ ?( CT ̂ 
0 0 0 0 .0... 

It is not customary to write the name of the 
order upon that 0 which indicates the place 
of a unit, but we have done so, the more 
clearly to indicate the nature of the conven
tional s_\ stem 

Now, if any nuraber be written in the place 
occupied by any 0 in the scale, it will indicate 
that nuraber of units of the order occupied 
by the 0. The nuraber written raust not be 
greater than r — 1. In order to write any 
nuraber in a uniforra scale, as many separate 
characters are requisite as there are units in 
the raodulus, including amongst them the 
character 0. The point placed on the line of 
O's, marks the origin of the scale. If the 
modulus is 2, the scale is called a binary 
scale ; if it is 3, it is called a ternary scale ; if 
it is 4, the scale is quarternary; if 5, quinary, 
if 6, sexenary; if IQ, decimal; if 12, duode 
nary, &.C. 
W hen numbers are written in any scale, 

the convention adopted implies, that the sum 
of the numbers indicated by all the nurabers 
of the ditTerent orders, is to be taken. In 
the deciraal scale, the number 235 is equiva
lent to 

200 -f 30 -I- 5 --= 235. 
The number 221.75 is cquiv,a[ent to 

7 5 

200 -I- 20 4- 1 + 
10 !00 

and so on. 
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In tho binary scale, the number written 
101110, is equivalent to 

1 X 2" -f 1 X 2' -f 1 X 2» -f- 1 X 2 -f 0, 

which is equivalent to 46, as expressed in the 
deciraal scale. 

The following table shows how numbers 
may be written, in the ditferent scales. 

Scale. 

Binary, 
Ternary, 
Quarternary, 
Quinary. 
S.cxenary, 
Decimal, 
Duodenary. 

&c. 

Modulus. 

2 
3 
4 
5 
6 
10 
12 
&CC. 

Number. 

101110 
121201 
123013 
413402 
532412 
17844 
7846 
&c. 

Development. 

IX 2'-t-lX 2'-flX 2^-1-1X2 -fO 
IX 3»-|-2X 3*-|-lX 3=-|-2X3>-H 
IX 4*-|-2X 4*-|-3X 4^-1-1x4 4-3 
4 X 5 = - H X 5'-f3X 5=-f4x5'-f2 
5 x 6»-t-3X 5*-|-2X 5^-1-4x5^-1-1x5-1-2 
1 X 10»-|-7X 10=-l-8 X 10^-1-4X lO-f-4 
7X12='-|-8X 12=4-4X12 + 6 

&c. 

Decimally 
expressed. 

46 
451 
1735 
13602 
43352 
17844 
13302 
&c. 

The decimal scale is the only uniform 
scale that is of importance, the others possess
ing interest only as raatters of curiosity. In 
the decimal scale, the point which marks t^e 
division of the ascending and the descending 
scale, is called the decimal point. The law 
of the scale from this point downwards is the 
same as frora any preceding point downward; 
that is, a unit of any order is equal to one of 
the preceding order divided by the modulus 
of the scale, which, in the decimal system, is 
10. 
Varying Scales. In varying scales, the 

base is sorae unit of measure arbitrarily as
sumed, and the law of the scale, or the modu
lus of the scale, ceases to be uniform. The 
law of any particular scale is assumed, gener
ally, in accordance with sorae raercantile cus
tom, and the nature ofthe units ofthe differ
ent orders are indicated by writing over each 
place in the scale, some symbol to indicate 
the order. Thus, in the raercantile scale for 
writing British currency, the conventional 
relation ofthe different units is given by the 
following table : 

4 farthings make 1 penny, 
12 pence '• 1 shUling, 
20 shillings " 1 pound. 

And the conventional scale is thus expressed j 
£ s. d. far. 

To write 10 pounds, 11 shillings, 4 pence, 
and 2 farthings, in this scale, we simply write 
the corresponding numbers in their proper 
places, thus, 

£ s. d. far. 
10 11 4 2 

W e are obliged to eraploy the decimal scale 
lo write the nurabers, 10. 11, &c. 
The nature of other varying scales is the 

same as that just described, and their num
ber is very great. For a further account of 
this subject, see Arithmetic, Notation, 4-c. 

Scale of a Series. In Algebra, a suc
cession of terms, by the aid of which, any 
term of » recurring series may be found, 
when a sufficient number of the preceding 
ones are given. 
If the fraction, 

a + bx 
a' + b'x + c x' 

he developed into a series, it will be fouud 
that each term, after the second, cau be ob
tained hy multiplying the one that next pre
cedes it by 

b' 
a 

and the second preceding term by 

and then taking the algebraic sum of the 
products : these two terras, taken in their 
order, and separated by a comma, thus, 

b' 
X, 

(I" e' \ 

form -what is called the scale of ihe series. In 
this case, the scale contains tico terms, and 
tho series is called a recurring series of the 
second order. 

The development of the fraction 
a + bx + ex' 

a' + b'x + c'x'+d'x' 
gives rise to a recurring series of the third 
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ordei:, whoso scale is 

(-
: . ) . 

In geitei-.il. the development of the fraction, 
a -r b x + ex' + .... + Ai""' 
a' + b'x + c'.i- -r . .. . -b h'.t' 

gives rise to a recurring series of the n"" 
order, whose scale is 

t b' c' A' \ 
( - ^ X . -'TX', ... - - T X " ] . . .. 
l a a * / 

The scale of the series, taken in connec
tion with the definitions of reatrring series 
aad of s-:.:lv, furnish the law of the series. 
The scale of co-efficients, is a scale frora 

wiich the co-efficients may be fonned, in a 
ihamier entirely analaijous to that of forming 
the terms from the scale of the series. The 
scule of co-efficients can always be obtained 
from the scale of the series, by dividing each 
term by the first power of the leading letter 
of the series. The scale of co-efficients of 
the most general case of recurring series, is 

d' V 
—fx'- — — I ' 

l a a' ' )• 
as given above. 
SC.l-LfiXE T R I A N G L E . [Gr, oKoXyvo^, 

oblique], A triangle, whose sides are all 
unequal. This distinguishes this class of 
triangles from isosceles triangles, in which 
two of the sides are equal. 
ScALF.NE Cone. A cone, such that a sec

tion made by a plane through the axis per
pendicular to the plane of the base, is a 
scalene triangle. The term, scalene, is equiv
alent to oblique, in the last case. 
SCHo'LI-U.M, [L. scholion; Gr. q̂ oPiiov, 

a remark]. In Geometry, a remark raade 
upon one or more preceding propositions, 
which tends to point out their connection, 
their use, their restriction, or their extent. 
SCi'ENCE. [L. scicntia; frora scio, to 

know]. In its general sense signifies know
ledge reduced to order; that is, knowledge 
so classified and arranged as lo be easily re
membered, readily referred to, and advantage
ously applied. More strictly speaking, it is a 
knowledge of laws, principles, and relations. 
The basis of aU science is the immutabUity 
of the laws of nature and of events. Assura
ing that all the phenoraena of the physical, 

33 

mental, or moral world are consequences of 
general and unchanging laws, we may delino 
SCIENCE to bo a knowledge of those laws, em
bracing tho connected processes of observa 
tion and reasoning, by means of which they 
are discovered ; and also the processes of 
reasoning, by means of whieh their operation 
is made known in the production of phe
noraena. 

Pure science is based on self-evident truths, 
aud laws of relation are deduced by deraon-
stration—of this nature is mathematical 
science. Natural science is based upon ex
periment and observation ; its fundamental 
laws are deduced by inductive reasoning ; that 
is. they are general conclusions derived from 
classifying and comparing particular experi
ences. 

Knowledge of the relations of quantity 
constitutes abstract science; that of causes 
and effects physical science. 

Science is the result of general laws, and 
is soraetimes called theory, as correlative with 
art. Art is the application of knowledge to 
practice. A principle of science is a rule in 
art. Science is knowledge. Art is skill in 
using it. 

Se'C.ANT. [L. seco, to cut, or to cut ofi]. 
A straight line cutting a curve in two or 
more points. If a secant line be revolved 
about one of its points of secancy until tho 
olher point of secancy coincides with it, the 
secant becomes a tangent. If it be still fur
ther revolved, it again becoraes a secant on 
the other side; hence, a tangent to a curve. 
at any point, is a Umit of all secants through 
that point. A secant plane is one which in
tersects a surface or solid. 

Secant in Trigonometry. A straight 
line drawn from the centre of a circle through 

the second extremity of an arc, and termina 
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ted by the tangent through the first extrem
ity ; thus, the straight Une O D is the secant 
of Ihe arc E-A ; if O A is equal to 1, O D is 
the secant of the augle A O D . In numerical 
value, the secant of an angle is equal to the 
reciprocal of the cosine. 

S E C O N D . [L. secundus; from sequor, to 
follow]. A unit of measure employed in esti
mating time. It is equivalent to the 60th 
part of a minute, the 3600th part of an hour, 
or the 86400th part of a day. In trigonom
etry it is the 60th part of a minute, the 
3600th part of a degree, or the 1296000th 
part of a circumference. 

S E C T I O N . [L. sectio; from seco, to cut 
off]. A part separated from the rest. 

Section of a Surface by a Plane. 
The line cut out of the surface by a plane 
passed so as to intersect the surface. Thus, 
w e speak of conic sections, meaning the 
curves cut out of the surface of a right cone, 
with a circular base, hy a secant plane. The 
section of a surface of revolution made by a 
plane passing through the axis, is called a 
meridian section. The section by a plane 
perpendicular to the axis is a circle. 

Section of Land. A tract of land one 
raile square, containing 640 acres. The pub
lic domain of the United States is divided by 
north and south lines, six raUes apart, into 
strips called ranges ; these are again divided 
by east and west lines, six miles apart, into 
squares of 36 square miles, called town
ships. These ranges are numbered both east 
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and west from some principal meridian, and 

both north and south from some principal 
east and west Une, for the purpose of easy 
reference in the land offices. Each section 
is divided by east and west, and by north and 
south Unes, one mile distant from each- othe?, 
into squares of a m U e on each side ; these 
are called sections. The sections in each 
township are numbered as shown in the an
nexed diagram. Sections aro sometimes sub
divided into half sections, quarter sections, 
and even into eighths of a section. In order 
to describe a section accurately, w e say, for 
example, section 21, township 4 north, range 
3 east, land district of Arkansas. Quarter 
sections are described as the N. E,, N. W., 
S. E,, or S, W . quarter sections ; and eighth 
sections are described as the east or west 
half of the N. E , N. W., &c., quarter sec
tion. 

SECT'OR. [L. seco, to cut]. That portion 
of the area of a circle included between two 
radii and an arc. The area of a sector is 
equal to the product of the arc of the sec
tor by half of the radius. If the angle at 
the centre is given, the length of the arc of 
the sector may be found, since it is equal to 
7r multiplied by the radius into the ratio of 
180° to the number of degrees of tho sector; 
that is 

S = irr and A = m'' 
180° 360° 

for the area. 
A Spherical Sector is a volume or solid 

that may be generated by revolving a sector 
of a circle about a straight line drawn through 
the vertex of the sector as an ̂ axis. The arc 
of the spherical sector generates the surface 
of a zone, called the base of the spherical 
sector, and the two radii generate the surfaces 
of two cones, having a coraraon vertex at 

the centre of the sphere. The volume of 
the townships in each range aro nurahered | the spherical sector is equal to the zone 
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which forms its b;;se. multiplied by one-third 
of the radius of the sector. 
Let C-\ represent tho axis of revolution, 

and B C D the revolving sector, then is the 
sur;',ioe generated by tho arc B D , the base of 
the sector, and the volume is equal to a zone 
whose altitude is E F multiplied by J CD. 

Sectoral Scale op Equal Parts. A 
scale of wooti, brass, or ivory, consisting of 
two arras, which open hy turning round a 
joint or hinge at their common extremity. 
There arc several scales drawn on tho two 
arms, but w-c shall only consider the scales of 
equal parts. O n each arm there is a diagonal 

line drawn through the point about which 
the arms revolve; these are divided into 
equal parts, which are numbered from the 
common point outwards. In the instrument 
represented in the figure, they arc divided 
into 200 parts each. The instrument is used 
for plotting to any scale. 
To Ulustrate, let it be required to lay off 

any distance, say 46 rods on a scale of 20 
rods to the inch. Take an inch in the divid
ers, and applying one foot at the 2n:h division, 
on one arm, open the sector till the other foot 
wiU faU upon the 20ih division on the other 
arm; then open the dividers till one foot being 
at the 46th division on one arm, the other 
foot -will faU at the 46th division on the olher 
arm; then wUl the distance in the dividers 
represent the distance 46 rods to the required 
scale; and in like manner, any other distance 
may be taken to the same scale. 
S E G ' M E N T O F A C I R C L E . [L. seg-

mentum, from seco, to cut off]. A part of the 
area of a circle included between a chord and 

the arc which it subtends. Thus A G B , or 

A H B . is a segment. To find the area of a 
segment of a circle ; find the area of the sec
tor having the sarae arc, then find the area of 
the triangle formed by the chord and the two 
radii of the sector ; if the greater seirment is 
; required, take the sura of their areas; if the 
j lesser segraent is required, take their differ
ence, and the result will be the area required. 

A Spherical Segment, is a portion of a 
I sphere bounded by a secant plane and a zone 
1 ofthe surface. If a circular segment be re-
j volved about a radius drawn perpendicular to 
the chord of the segment, the volurae gener
ated is a spherical segraent. Thus if the cir-
I cle A H B G be revolved about H G , perpendic
ular to A B , either segraent, A G B or A H B , 
will generate a spherical segment. To find 
the volurae of a spherical segment ; find the 
volume of the corresponding sector, and also 
the volurae of the cone whose vertex is at the 
centre, and whose base is the base of tho seg
raent. If the greater segment is required, 
add thera together ; if the lesser segment ia 
required, lake their difference, and the result 
will be the volume required. The portion of 
a sphere between any two parallel secant 
planes, is a segraent. 
j SEM'LCIR-CLE. [L.-smi, half; half of 
' a circle]. Every diaraeter divides the circle 
i in which it is drawn into two equal parts, 
j each of which is called a seraicircle. The 
diaraeter is called the diameter of the semi
circle. 

SEM-I-CU'BI-CAL P A R A B O L A . ,\ 
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parabola which may be referred to co-ordinate i processes, generaUy from the development of 
axes such that the squares of the ordinates of some function. They receive names from the 
its points shall be to each other as the cubes 
of, the abscissas of the same points. In this 
case the equation ofthe curve is ofthe forra 

y' - p'x', 
the origin being at the vertex and the axis of 
X coinciding with the axisof the curve. The 
curvc consists of two branches, convex to
wards the axis of X, and tangent to it at the 
origin of co-ordinates, or vertex of the curve. 
See Parabola. 

SEM-I-Di-AM'E-TER. Half a diameter, 
or raaius of a circle or sphere. 

S i M - L O R ' D I - N A T E . A term used by 
som.e of the old writers to designate half of 
a chord of a curve perpendicular to an axis. 
It is now called an ordinate. 

SEM-I-TAN'GENT. In Spherical Projec
tions, the tangent of half an arc. Let A B D E 
reuresent any circle; A D and B C two diam-

D 

eters at right angles, and D E any arc esti
mated from D as an origin. Draw the chord 
A E intersecting B C in G ; then is O G the 
semi-tangent of the arc D E , the radius of the 
circle being 1. 

Se'RIeS. In Analysis, an infinite num
ber of terms following one another, each of 
which is derived from one or more of the pre
ceding, ones, by a fixed law, called the law of 
the series. Whenever a sufficient number 
of terms are given, aud the law of the series 
is known, any number of succeedmg terms 
may he deduced. 

Somotimes the law of a series is given by 
means of a general term, from which any term 
may he deduced by making proper supposi
tions upon the arbitrary quantities that enter 
it. Series are derived in a great number of 
ways, and by a great variety of analytical 

nature of the function developed, as the log
arithmic series, the expoiiential series, &c. 

A series is said to be decreasing when the 
numerical value of each term is less than that 
of the preceding. 

A series is increasing when the numerical 
value of each terra is greater than that of the 
preceding. 

A series is converging when the greater the 
number of terms taken, the nearer wUl their 
sum approach in value to a fixed quantity, 
which is called the sum of the series. AU 
other series are diverging. 

The summation of a series is the operation 
of finding an expression for the sum of any 
nuraber of terms of the series. W h e n the 
series is converging, w e can often find an ex
pression for the sum of an infinite number 
of terms, which is the total sum of the series. 

W e shall indicate some of the most useful 
series, together with the method of generat
ing and the raethod of summing thera. 

1. Arithmetical Series. A n arithmetical 
progression is a series in which each term is 
derived from the preceding, by the addition 
of a constant quantity called the common dif
ference. The sine of 77 terms of such a series, 
is given by the formula 

;\ 
'(!)• 

in which a denotes the first term, I the tj'* 
terra, and 71 the number of terms. See 
Arithmetical Progression. 

2. Geometrical Series. A geometrical pro
gression is a series in which each term is de
rived from the preceding one hy multiplying 
it by a constant quantity, called the ratio of 
the progression. The sura of 77 terras of sueh 
a series is given by the formula 

Ir — a ar' — a 
s = y^i = -7^""^=)' 

in which I denotes the «'» term, a the first 
term, and r the ratio. A'\Tien r < 1, the series 
is converging, and the sum of an infinite 
number of terms is given bv the formula 

S-- 1 -
.(3). 

See Geometrical Progression. 
3. RecunTig Seiies. A recurring series 



see] CYCLOPEDI-A OF MATHEMATICAL SCIENCK. 517 

is a series in which each term is equal to the 
algebraic sum of the products obtamcd by 
multiplying one or more of the preceding 
terms hy certain fixed quantities; these 
quantities, taken in their order, constitute the 
sea.V of the scries. For the method of deduc-
in" and summing these series, see Recurring 
4, Losrarilhmic Scries. A series derived 
bv developing the logarithm of (1 -1- y) accord-
in" to the ascending powers ofy. 

The simplest logarithmic series is 
ni+yy =3f(y-f r 

3 
•r 
• 4 

-f^-&c.^ .(4). 

This series is not adapted to the computation 
of tables. By suUable transformations a 
great variety of converging series have been 
deduced, some of which w e give below. 

, 1 1 1 
l{y+l)=ly+ \ .3-

1 
3 (2y+l)' 

, - , , , 5 , - ^ r-- + &c. ^--(5). 
5 l,2y+l/ < t,'-̂ !/-!/ ' 

.\ series by means of which we can cora-
pate logarithms of nurabers when we know 
those of the preceding ones. 

Ky+l) = 2ly-l{y-l) 

i2^l+l\2y^'+i\^^^^+'^'-1 (^) 
a very rapidly converging series. 
l{y+2) = 2liy + l) +l{y- 2) - 2l{y -I) 

^•\f^^y'^~A^y'-3y) 

+ 5 ( ? ^ J - ' ! in 

5. Exponential Series. Exponential series 
are derived from the development of expo
nential functions. 
The simplest form of an exponential series 

is 
k'x' k'x' ' = 1 + ̂ ^ + 0 + 1.2.3 

+ 
kPx^ 

l.2..n 
+ • '(5). 

in which k is equal to the Naperian loga
rithm of a. 

If a = e = 2.718281828, k = l, and the 
formula becomes 

, a; , X' 
i + i + n 

-f: 

+ 1.2.3 

1. 2. 3.4 ' 

If 2 = 1 in this series, we have 

2,71828-. =H-1-| 1 
1.21 2 

•;6). 

+ T !.3.4 + &C. 

6. Trigonometrical Series. Trigonometrical 
series are derived from developing some of 
the trigonometrical functions, and when they 
can be summed approximately, they gene
rally give the value of tt, or the ratio of 
diameter to the circuraference of a circle. 
W e give some of the siraplest: 

1.2.3 
+ : 

1.2.3.4.5 
a;' 

- 1.2.3.4.5.6.7+'^'='(^> 

<'°'= = ' ^ - T 7 2 + t:2.'3:a 

I 1 X 
— = cosec X = 1- :;—r—r 
sin X a; 1. 2.3 

1.2.3.4.5.6 + '^'="'(S)' 
M l ' 

-f 1.2,3.4.5.6 

+ 
744i» 

1.2.3. ; + 
100584i' 
1,2, --l-&c.(9). 

1 , ̂ " , 
= sec a; = 1 -h -;-—r + -—„ „ . 

cos a: 1.2 1.2.3.4 + 6 la:" 
-I--

1385a:« 
1.2.3.4.5.6 1.2,3.4,5,6.7.8 

,-f<tc.(10). 

sin X _ 2a;' 2' . 12a:» 
'^"'^""cos^ = * + r."2:3+ 1.2.3,4.5.6 

2». 306a:' 
+ T^ TT-f &c...(ll). 

cot X = -

1.2...9 

2a; 
:-f 

2*.T= 
X 1.2.3 1.2.3.4.5,6 

2«. 123;" 
+ 1 : 2 7 ^ 9 + '^'='"(1'^)' 

These may he used for coraputing tables. 
The following show the values of arcs in 

terms of trigonoraetrical lines: 
x' 3x' 

^ = ^ + r : o + r273T4-5+'^'='('3)-
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cosr-'a; = ir l a : " 
2 ~ ̂ ' ~ 2 ' 1.2.3 

1.3 x" 
'¥" 1.2.3.4.5 
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77(77 + I) 
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&c. (14). 

tan~'a: = a; — ; 

+ 9 11 + 13 ' &c. .. (1.5). 

By means of these series, the value of n 
may he coraputed by making x equal to any 
arc whose sine, cosine, or tangent, is known. 
The 15lh formula is best adapted to this com
putation, making use of one of the following 
auxUiary formulas : 
T 1 1 
4 = tan-i - -f- tan-' - • • • 
Willi 
-7 = tan—1 - -!- tan—' -z + tan—';: + tan"' „ • 

1, 3, 6, 10, • • 

In like manner, for m 
have the series, 

n{n + I) {n + 2) 
1.273 

1.2 "'(le)' 

2, 3, 4, &c., we 

1, 4, 10, 20, • •(171 

1,5,15, 35, 

&c. 

?7(77-i-l)(n-f2)(?i-f3) 

&c. 
1.2.3.4 "(18)-

&c. &c. 
Figurative series may he summed by means 

of the formula, 
J77(77l -

S = 7?7a + 

+ 

1.2 
777(777—l)(j71 

] ) ^ . m{m-l) {m-2-^^ 
1.2.3 

- 2) (m - 3) 

j = tan-'-^ • + tan-' 

2 * - 1 -|- tan-

2 = - l 
1 

¥^^i 

+ tan-

-|- &c. &c. 

•7- = tan-
4 

tan-
1 - X 
1 +x 

B y making, in (15), x equal to 1, ̂ , ̂ , i, 
the series is converging, and the sura of the 
results obtained by using only a few terms, 
gives a close approximation to the value of 

i 
A great variety of trigonometric series have 

been deduced ; the foregoing are, however, 
some of the most important. 

7. Series of Figurate Numbers. These 
series aro of different orders, and may be de
rived from the general expression : 

?7(?7 -I- 1) (?7 + 2){n + 3)...{n + m ) 
1.2.3...(m-|-1) " 

by assigning to m a particular value, and then 
in the result making n, in succession, equal 
to 1, 2, 3, 4, &c. The order of the series is 
denoted by the value of m. 

Making m = 1, w e have the general term 
of the first order of figurate series, 

n(n + I) 

1.2.3.4 '̂~̂'̂''-
in which a denotes the first term, 771 the num
ber of terms considered, and d̂ , d,, d̂ , &c., 
fhe first terms of the successive orders of 
differences. 

In the series of the first order, 
(2, = 2, ds = L 1̂3 = 0, &c.; 

whence, 
777(771 — 1) (771 — 2) iS = m -f 777(771 — 1) -f -

In the second order. 
1.2. 

dl = 3, d. 
whence, 

8777(777 — 1) 

1.3 ' 
nnd making n, successively equal to 1, 2, 3, 
&c.. w e have the scries, 

5 = 777-f 

+ 

2, d^ = 1, rf, = 0, &c., 

771(777 — 1) (771 — 2) 

1.2 
OT(r7l — 1) (-777 • 

1.2.3 
2) (711 - 3) 

1.2.3.4 
and so on, for the remaining orders. 
8. Series derived from the general expressioii, 

9 
n{n + p) 

These series bear considerable analogy to 
figurate series, and are deduced in each case 
by attributing a fixed value to p, and then 
giving suitable successive values to q and 71. 
The following are the most useful of the 
series of this class : 

If we make 
P = 1, g = 1, and n = 1,2, 3,4, &c. we have 
L J-, J_, J-, i, i,&c.(19). 
.22.3 3.4 4.5 5.6 6.7 
If we make 

^ = 0, y = 1. and n = 1, 2, 3, 4, &c. webaVB 
11111 : , &o 

.3' 3.5' 5.7' 7.9' 9.11 
.(20). 
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p = 3.g 

CYCI.Ol'EPIA O F M.AT H E M A T I C A L SCIENCK. 

1 

1, and tl = 1. 2. 3, 4, i,<.e, weha-
1 1 1 

Ao (21). 
1 

iT4' 2.5. 3.6 4.7' 5.8 
If we make 

p = 4, y = 4, and n= l , 5, 9,13, &c. we have 

±^ i__i i_ 4 
1..-)' 5,9 9 . 13" 13 . 17' 17 . 21' "̂' " ̂"̂  '' 
If we make 

;, = 2. J = 2. - 3. -1- 4. - 5, -f 6, &c., and 
n = 3, 5. 7, 9, itc, we have 

•^3.5'"'5.7'+7.9'~9.ir~lTT3''^''''"(~^)' 
If we make 
p = 2.q= -I-1, - 1, -!- 1, - 1, &c., 

n = 1, 2, 3, 4, &c., we have 
1 1 1 1 1 
iTs' -274' " ^ O ' -4~6' + 577' '^• ̂ 24)-

In this way a great number of useful series 
mav be deduced; and since 

g _ W < ! 9_\ 
n(n+p) p yn n+pj' 

it foUows that 

\"V-~P)I p V "-rpf 

..ir,?_v:_x_i 
p |_ n n+p\' 

that is, the sum of any number of terras of one 
of these series can be found, when the differ
ence of the sums of the corresponding terms of 
two anxiUary series deduced, according to the 

In tbe series (20), 

-'\n+p)~3 + 5+7 + 
1 
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1 
271-1 ' 

1 
271-1 

277 -fl • 

'(77(71-1-20) 2(1 2,7 -t- l)-

If JI = CO, we li.ai 

same law, from the expressions, - and —-—• 
77 n + p 

can be found. For example, in series (19), 
we have 
2(fl=I+^ + i + U...-fi; 

1 1 1 1 
• p 2 3 4 n ', 

whence, 

(̂n{n + p)) - P [̂  («) - ̂  i ^ J ] 

= 1 ?7-i- 1 

S = ̂ . 

In scries (21). we find, in like manner, 

s ( — 1 — \ = '-(i+' + L--±^ 
\nin + p)) 3\^'^2^3 77-f 1 

_ ^ _ L.\. 
m -b 2 n + 3j' 

whence, if n = cc, 
1 / 1 1\ 11 

^ = 3(l+2 + 3)=r8' 
In series (22), we have 

^(;7l/+7)) = i-TT4«' '^"'^ ^^ 

^ (77(77-hp))-o(-3 + 5 7 + 1 ) ' "' 

In series (23), we have, according as ?i is 
even or odd, 

77-1- 1 ' 
3 ' 2n+^l 

_}P n + l\ _ _1_ 
•"2(3 - 2,1 + 3)' ^ ~ T 2 ' 

In series (24), 

^ (7^+7)) =l[2 T TTi +7^2)^"'^ *=[ 

The upper signs are used when n is even, 
and the lower ones when 71 is odd. 

9. Series of powers of natural numbers. 
These series are found by raising the natural 
numbers to powers ; thus, 
1 . 4 . 9 . 16 . 25 . 36 . 49 . <fec, , (25), 
1. 8.27. 64.125. 216. 343 . &c. . (26), 
1 . 16 . 81 . 256 . 625 . 1296 . 2401 . &c.. (27), 

&c. &c. &c. 
These may all he suraraed by the raethod of 
differences. See Summation by differences. 

10. Series of reciprocals of powers. These 
series are formed by taking the reciprocals of 

If n =cv3,we have S = I, S denoting the j the different powers of the natural numbers. eojn ot the entire series. iTheir suras are given in the formulas. 
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n' 1 1 1 1 1 
'e"—•p + ̂ "''5;'+4ll + 52 + &c. (28), 
ff* 1 1 1 1 1 
90 - 1* + 2̂  + 3i + r* + F* + "̂̂  ^^^)' 

945 - 1" + 2» + 3= " 
1 1 1 

- ̂ a + gS + &c, (30), 
&C. &C. &c. 
Series of reciprocals of powers can be 

suraraed in terms of v, whenever the expo
nent of the power is even. 
SES-QUI-DiJ'PLLCATE RATIO. [L. 

sesqui, one and a-half. and duplicatus, double], 
A ratio in which the consequent is 2^ times 

5a Thus, the ratio of r- is ses-
' 2a 

the antecedent, 

quiduplicate. 

SEX'A-GEN-A-RY. [L. sexagenarius; 
from sex, six. and a word signifying ten, seen 
in viginti, twenty]. Something appertain
ing to the number sixty. 

Sexagenary, in Nbmbees. A scale in 
which the modulus is 60 ; see Scale of Num
bers. This scale is used in treating of the 
divisions ofthe circle. If the circumference 
be divided into 6 equal parts, the chord of 
each part is 1 ; each arc contains 60 degrees, 
each degree contains 60 minutes, each min
ute contains 60 seconds, each second 60 
thirds, and so on. This division of the cir
cle is called sexagenary. 
SEX-A-GES'I-MALS. Pertaining to the 

number 60. Sexagesimal fractions are Ihose 
whose denominators are some power of 60 ; 
that is, fractions written in a descending 
sexagenary scale. \ 
SEX'TANT. [L. sextans, one-sixth]. A 

sixth part of the circumference of a circle. 
An instruraent used in measuring angles, 
founded upon the optical principle that a ray 
of light twice reflected from plane reflectors, 
makes, with the ray before reflection, an 
angle equal to twice the angle of inclination 
of the reflecting surfaces. The graduated 
arc is equal to the sextant of the circle, and 
is divided into 120 equal parts, so that if the 
image of an object is mado to coincide with 
tho image of the second object, aiter two re
flections, the angle read off on the limb of the 
instrument is tho angle subtended by the two 
objects at tho instrument. 

SEX'TU-PLE. [L. sextuplus ; sex, six, 
and duplus, double]. Six fold ; six times as 
much. 
SHaDES and shadows, a branch 

of applied Geometry, having for its object 
the graphic construction of the shades and 
shadows of bodies. The shade of a body is 
that part of the surface of the body from 
which light is excluded by the body itself 
The indefinite shadow of a body is that part 
of space from which light is excluded by the 
body. The shadow of a body on a body, is 
that part of the surface of the secopd body 
from which the light is excluded by the first. 
That part of the surface of a body upon 
which the Ught faUs freely, is called the Ulu-
minated part. The line which separates the 
shade of a body from the illuminated part, is 
called the fore of shade. The line which 
separates the shadow on a body from the illu
minated part, is called the line of shadow. 
In considering the theory of shades and 

shadows, it is usual to regard the Ught as 
emanating from a body at so great a distance 
that the rays may be regarded as parallel. A 
ray of light is a straight line paraUel to the 
direction of the light. A plane of rays is a 
plane parallel to a ray of light. A cylinder 
of rays is a cylinder whose elements are 
parallel to a ray of light. 
The lines of shade and shadow are deter

mined by passing a cylinder of rays envelop
ing the body casting the shadow, and finding 
its intersections with the surface receiving 
the shadow. The line of contact of the 
enveloping cylinder of rays with the first 
body, is the line of shade on that body ; and 
the line of intersection of the cylinder with 
the surface of the second body, is the Une of 
shadow on that body. Hence, we see that 
the line of shade casts the line of shadow; 
the former is always a line of contact, the 
latter, a line of intersection. 
The shadow of a point on a surface is tbe 

point in which a ray of Ught through tho 
point pierces the surface. The shadow of a 
straight line on a surface, is the line of inter
section of the surface, with a plane of rays 
passing through the Une, 
The shadow of a curve on a surface is the 

intersection of the surface, with a cylinder of 
rays passed through the curve. The bodies 



SI g] CYCLOPEDI-A OF M.VTHEM.-VTICAL SCIENCE. 521 

casting shadows, tho surfiiccs receiving them, 
aud tho direction of the light, are all given by 
their projections. The lines of shade and 
shadow are found, by the appUcation of the 
rules of Descriptive Geometry. 

SiCN. [L. signum]. A symbol eraploy
ed to denote an operation to be performed, to 
show the nature of a result of some previous 
operation, or to indicate the sense in which 
an indicated quantity is to be considered. See 
N.itation. 

SICt N A L . [L. signum, a sign]. In Trigo
nometrical Surveying, an object used to 
mark the positions ofthe triangulation points. 
The simplest form of a signal, is a vertical 
staff planted at the triangulation point, so 
that its axis shall pass through the point to 
be marked. To render tho signal visible at a 
distance, the staff is often painted in checks 
of black and white, and a flag is attached to 
its upper end. To distinguish difl'erent sta
tions, the flags are formed by sewing together 
pieces of different colors arranged according 
to sorae preconceived systera. Another me
thod is to place a frustum of a tin cone, of a 
few inches radius, concentric with the axis of 
the staff. This, by reflecting the rays of the 
sun, in all directions, serves to render the 
signal visible at a greater distance than the 
bare pole, or even the pole with a flag, could 
be seen. W h e n the length of the staff is 
considerable, it should he braced by strong 
staves driven into the ground obliquely and 
naUed to the staff. The signal should be so 
arranged, that it m a y be readily removed for 
the purpose of planting a theodolite exactly 
over the centre of the station. W h e n a very 
elevated signal is needed, the staff may be 
supported by a frame-work of timber firmly 
braced. One ofthe simplest 
examples of such a signal, 
consists of three or four 
pieces of scantling firmly 
bedded in the ground and 
meeting at a point, with a 
short staff projecting verti
cally from the apex. This 
staff should bo so fixed, 
that its axis shall be exact
ly over the centre of the 
station, and it may be 
marked either by a flag or a 
tin cone. W h e n , on account of the nature 

of the soil, the pieces of scantling cannot bo 
bedded in the ground, they may bo confined 
in their proper places by heaping stones 
around them, to such a height as to render 
them stable. 

If it is necessary to raise the signal still 
higher, as often happens when the station is 
on low ground, or when the surrounding 
country is covered with trees or brush wood, 
a regular framework must be constructed, of 
suflicient height to sustain a scafl'olding on 
which the instrument is to be placed when 
the station becomes one of observation. In 
this case a staff surmounted by a tin cone, 
may be set up in the scaffolding and thor
oughly braced from the timbers of the plat
form. The framework of the signal should 
be strongly braced, so as to resist the action 
of tempests, and preserve the axis of the sig
nal uniformly in the same position. N o de
tailed rules can be given for the construction 
of signals, as in nearly every instance some 
peculiarity of structure is required. It is to 
be noted that when tin cones are used the 
brilliant element formed by tho reflected rays 
proceeding to the eye, does not. in general, 
Ue in the plane passing through the station 
of observation and the axis of the signal 
observed upon. In this case, a slight correc
tion is used, called the correction for reduc
tion to ihe centre of the signal. This correc
tion is given by the forraula 

r cos'iz 
iTiinT" •' 

in which r denotes the radius of the signal, 
or the raean radius of the frustum, z the 
horizontal angle at the point of observation 
subtended by the sun and the signal, D the 
distance from the point of observation to the 
signah 

S I G - N I F T - C A N T [L. significans]. Fig
ures standing for numbers are called signifi
cant-figures. They are 1, 2, 3, 4, 5, 0, 7, 8 
and 9. 

SIM'I-LAR F I G U R E S . [L. similas, like]. 
In Georaetry, figures made up of the same 
number of parts, these parts being arranged 
in the same raanner, so that the figures shaU 
be of the sarae form and differ from each 
other only in magnitude. 

T w o polygons are siraUar when they have 
the same number of angles, which are equal 

C = ± TT-7--4-,T 
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each to each, and the sides about these angles 
taken in the same order. Proportional similar 
polygons are lo each other as the squares of 
their homologous sides ; or, as the squares of 
any of their homologous lines. A U mutually 
equiangular triangles are simUar. All regu
lar polygons having the same number of sides 
are sirailar. 

T w o sectors, arcs, or segments of circles, 
arc similar, when they correspond to equal 
angles at the centre. T w o curves of the 
sarae name or kind are similar, when, if any 
polygon be inscribed in the one a similar poly
gon can always be inscribed in tho other. 
T w o ellipses or two hyperbolas are similar 
when their axes are respectively proportional 
to each other. In this case their eccentrici
ties are equal. 

T w o polyhedrons are similar when they are 
bounded by the same number of rautually 
sirailar faces, similarly placed ; their polyhe
dral angles are then equal, each to each. T w o 
right cylinders are similar when they may be 
generated by the revolution of similar rect
angles about their homologous sides. T w o 
cones are similar when they can be genera
ted hy the revolution of similar triangles 
about their homologous sides. All regular 
polyhedrons of the same name are similar 
solids. The volumes of two simUar solids are 
to each other as the cubes of any two homol-
oacus lines. T w o solids of the same narae, 
bounded by curved siirfaces, are similar when 
any polyhedron, being inscribed in one, a sim-
lar polyhedron can always be inscribed in 
the, other. 

SIM'LLAR-LY. In like manner. 
SIM'PLE. [L. simplex]. Not complicated. 

A simple quantity is a quantity containing 
but one term. It is the sarae as a monomial. 
A simple equation is one of the first degree. 
Simple addition is the addition of numbers 
expressed in a uniform scale. Simple sub
traction, muhiplication, division, &c., have 
correspondmg significations. In this sense 
tho term is used to distinguish the operations 
from the corresponding operations upon num
bers expressed in varying scales ; such oper
ations aro called compound. 

'The essential nature of tho operation is the 
same in each case, but the practical applica
tion of the rules are more simple'in the first 
ease than in tho last 

SI-MUL-Ta'NE-OUS. [L. simul, at the 
same time], T w o equations are simultaneous 
when the values of the unknown quantities 
which enter them are the same in both, at the, 
same time, A group of equations is simul
taneous when the value of the unknown 
quantities is the same in thera all, at the same 
time. Any single equation containing more 
than one unknown quantity, is indeterminate, 
and any two such equations may always be 
regarded as sunultaneous. The very act of 
combining two equations implies that the 
values of the unknown quantities which enter 
them are the same in both, and consequently 
the act of combination renders them simul
taneous. It is impossible to render a greater 
number of equations simultaneous than there 
are unknown quantities entering them. If 
w e make the attempt to combine a group con
taining more equations than there are un
known quantities, w e shall arrive at one or 
more equations independent of the unknown 
quantities, which express the relations that 
must exist between the known quantities, in 
order that the proposed equations may be 
simultaneous. These equations are equation,s 
of condition for simultaneity, and they are as 
many in nuraber as the number of equations 
exceeds the number of unknown quantities. 
These relations being satisfied, some of the 
equations must be dependent upon the others, 
so that there will only be as many indepen
dent equations as there are unknown quan
tities. W h e n w e combine a less number of 
equations than there are unknown quantities, 
w e arrive, by elimination, at a single equa
tion, which is indeterminate, and by the aid 
of which w e may render one or more addi
tional equations simultaneous. 

Simultaneous Changes. The correspond-
'ing changes resulting from the relation which 
exists between the function and the variable. 
If w e give any increment to the variable, aud 
substitute the variable thus increased for the 
variable, the function will receive a corres
ponding increment, and these two increments 
are said to be simultaneous. The term incre
ment, as here used, does not necessarUy im
ply increase, but is used in the most general 
souse to cover the case of a decrease of value 
as well as of an increase. If the increment 
of the variable is infinitely small, or the differ
ential of the variable, the corresponding in-
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crement of the I'unetion. is the differential of 
the function. If tho increment of the varia
ble is itself variable, and the corresponding 
increnieni of the function bo divided by it, 
the Umit of the ratio of their simultaneous in
crements is the differential co-efficient of the 
fiutction. 
SiNC O F A X A R C , [L, sinus]. In 

Trigonometry, the distance of an extremity of 
an arc upon the diameter drawn through the 
other extremity. If from any point on one 
side of a plane angle, a perpendicular be let 
fall upon the other side, thus forming a right 
angled triangle, the ratio of tho hypothenuse 
of this triangle to the perpendicular is the 
sine of the angle. 
The terms sine of an angle, and sine of 

an arc, are often used as synonymous terms, 
hut they are only so on the supposition that 
the radius of the arc is taken equal to 1. 
This supposition is tacitly made in Analysis, 
and we shall suppose it to obtain for the pre
sent discussion. The sine of an angle is 
designated by the abbreviation sin; thus sin x, 
denotes the sine of the angle x, or the sine of 
an arc of a:", in a circle whose radius is 1. 
Let C be the centre of a eirele whose radius 

is 1, and D.A and B E tw-o diameters of the cir-
B 

cle at right angles to each other. All arcs are 
by convention estimated from A, the right 
hand extremity of the horizontal diameter 
D-\, and are considered positive when esti
mated around in a direction contrary to the 
motion of the hands of a watch. Let A P h e 
an arc thus estimated, which terminates, as 
shown in the figure, in either of the four 
quadrants. Then will P M he the sine ofthe 
arc or angle. In accordance with an ana
lytical convention, all distances estimated up
wards from D A are positive, and as a conse
quence, aU distances estimated downwards 
must be regarded as negative. By inspecting 
the figures we see that the sine of the arc A P 
is positive, when it terminates in the first or 

second quadrants, and iien;itive when it ter
minates in tho third or fourth quadrants. 

The following continued equations show 
the relations existing between the sine of an 
arc and tho other trigonometrical functions 
of the arc. 

sm X = cos x tan x • 

= 2 sin i x cos J a: = 

cos I 
cotz 

tan I 

= V I — coŝ 'x 

1 

vTT tan=x cosec a: 

-ia;) 

, , 2 tan ', I 
sm X = i -/1 — cos 2 a: = r—, I , " 

I + tan-" i X 
_ 2 5in(30°-|-3:)-sin(30°-j;) 
cot̂ at-l-tanii ^ 3 ' 

sin 1 = 2 sin" (45° + i x ) — 1 
1 - lan= (45 

= l-2sin=(45°-Aa-)= : ^ r ^ , r-\ 
^ •* ' 1 — tan-'(45 — ix) 

_ tan (45°-f i a;) — tan (45° — 4-a:) 
~ tan (45° + ix) + tan (45° — i x'j 
= sin (60 + x) - sin (60° — a;). 

The following equations show the value of 
the sine of an arc in terras of the arc itself; 
also in terms of an aliquot part of the arc. 

x' x' 

1.2.3.4.5,0.7 
The following formulas give the value of 

the sine of an arc or angle for certain given 
values ofthe angle or arc. 

sin 0° = 0 ; sin 9° = ^ I V^ + /S 

--V/5--/5}; sin 15° =1 {/"e—/2[; 

sin 18° = ^ I -/5 - 1 ^ ; s 1 
= 4 ^ 

sin 30° : ĵ -v/5-f- / 5 - - V s - V 5 ^ ; si 

Bin36° = -. •/1O-2-/5; sin45°=i-/27 
4 ' 2 

sin 54° = -7 yl -1- -/5 ; sin 60' ,° = i-/3 
2 

sin72° = ^ -v/lO + 2 / 5 ; 

sin 75 = ;^ I -/6 -f -1/2 ^ ; sin 90° = 1. 

For further inform: tion in regard to sines, 
see Trigonometry. 
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SIN"GU-LAB, P O I N T . [L. singularis, 
from singulus, single]. A singular point of 
a curve is a point at which the curve pos
sesses some peculiar properties not possessed 
by other points of the curve. 

The most iraportant of the singular points 
are cusp points, multiple points, conjugate or 
isolated points, collection of isolated points 
forming pointed branches, and points of abrupt 
termination, or, as the French term thera, 
points d'arret. 

Cusp Points. A cusp point is a point of a 
curve at which a curve ceases to proceed in 
a certain direction, and returns in a contrary 
direction, the two branches thus forraed hav
ing a common tangent at that point. Cusps 
are of two kinds: 1st., when the two branches 
lie on opposite sides of the comraon tangent 
2(1,, when they lie on the same side of the 
common tangent. 
The point E is 
a cusp of the 
first kind, and 
the point A is 
a cusp of the 
second kind. 
N o fixed rules 

can be given for 
determining the 
existence o f 
cusp points ; their 
must he ascertain
ed frora a discus
sion of the equa
tion of the curve, 
with respect to the 
properties given 
in the definition. 
Sec Cusp. 

Points of Inflexion. Points at which 
curve, frora being convex or concave, with 
respect to a straight line not passing through 
the point, becomes concave or convex, with 
respect lo the same line. Thus, A, in the 
last figure, is a point of inflexion. These 
points are sometiraes called points of con
trary flexure. The analytical characteristic 
of a point of inflexion is a change of sign of 
the second differential co-efficient of the or
dinate at the point. See Inflexion, Point of 
Inflexion, &c. 

Multiple Points. Tho points at which two 
points of a curve cross each other, or inter

sect each other. Thus, M is a multiple point. 
If two branches intersect each other, it ia 

called a double multiple point; if three, a 
triple multiple point, &c. 'There is another 
singular point which closely resembles the 
multiple point, and is generally known by 
the name of multiple point, but which differs 
from the multiple point in having the two 
branches tangent to each other insteid of in
tersecting. At this point the two branches , 
have a common tangent, but do not intersect 
each other at that point, nor is that point a 
cusp. See Multiple Points. 

Conjugate oe Isolated Points, are points 
whose co-ordinates satisfy the equalion of 
the curve, but which have no consecutive 
points. The analytical characteristic of such 
points is, that the first differential co-efficients 
of the ordinate of the curve, at those points, 
is iraaginary. See Conjugate Points. 

Pointed Branches are made up of a coUeo-
tion of separate points which have no con 
secutive points. The equation, 

y = aa;" + V x sin bx, 
affords an example of a pointed branch. 

If w e construct the parabola O A C , whose 
equation is 

y = ax', 
it wiU be a diametral curve ; that is, it will 
bisect a system of chords parallel to the axis 
of Y ; for every positive value of x, there 
will be two points of the curve, or the curvo 
will be made up of a succession of branches 
O A , A B , like the links of a chain. 
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For negative values of x, y is itnaginary. 
except when 

sin ix = 0 ; 
the corresponding points lie on the parabola 
C O at P, P . &i' . and constitute the pointed 
branch. The points P. P', P", &e,, are sep
arated by finite intervals ; but, in some cases, 
there are points, making up pointed branches 
which are separated only by intinitely small 
intervals ; such, for exaraple, is the case in 
the curve given by the equation y = a*. 

Now, when a: is a fraction, with an even 
denominator, there are two real values of y, 
and equal with contrary signs; consequently, 
there are tw-o corresponding points of the 
curve, one on each side of the axis of A' 
but. when j is a fraction with an odd denomi
nator, there is but one value of x that is real 
and tl:;s corresponds to but one point 
Hence, there is one branch which is continu-
)us, and one pointed branch made up of 
points, separated by infinitely smaU intervals. 
Such a curve cannot be generated by the 
motion of a point, but only exists as the re-
s-d:t of a particular functional relation be
tween y and x. 

Points of Abrupt Teehin.ition, or Poi.vts 
d'arret. These are points at which a curve 
terminates abruptly. Thus, the curve whose 
equation is 

y = X log X, 
has but a single branch, terminating ab
ruptly at the origin of co-ordinates. In seek
ing for points d'arret, w e have to find the 
points of a single branch, which have no 
consecutive points on one side. They al
ways arise frora exponential relations between 
the co-ordinates of the points of the curvo. 
The curve whose equalion is 
a; = 4 -i- (y — a) [ V y — a, + V y — c], 

gives a point of abrupt termination (the radi
cals having the positive sign only), whose 
co-ordinates are y ̂  a, and x =^ b. 
S L i D T N G - R u L E or S C A L E . A raathe

matical rule or scale consisting of two parts, 
one of which slides along the other. Each 
part has several scales marked upon it, being 
so numbered and arranged, that, when a given 
number on one scale is brought to coincide 
with a given number on the other, the pro
duct, or some other function of the two 
numbers may be found by inspection. The 

instrument is chiefly used in gauging, and for 
the mensuration of timber. 

Sl.oPE. Oblique direction. Tho slope of 
j a plane is its inclination to the horizon. This 
slope is generally given by its tangcint. 
Thus, the slope, i, is equal to an angle whose 
tangent is i ; or, wc generally say, the slope 
is 1 upon 2 ; that is, wc rise, in ascending 
sueh a plane, a vertical distance of 1, in pass
ing over a horizontal distance of 2, The 
slope of a curved surface, at any point, is the 
slope of a plane, tangent to the surface at 
that point. 

If, through any point of a curved surface, 
any number of vertical planes be passed, they 
will cut out lines of difl'erent slopes, tho slope 
of each being the same as the slope of the 
line which the sarae plane cuts from the tan
gent plane. Of all these sections, that has 
the greatest slope which is cut out by a 
plane perpendicular to the tangent plane. 
This may be shown, as foUows : 

Take any horizontal plane as a plane of 
reference, and through the point of contact 
pass any number of vertical planes : these 
will cut out straight lines intersecting each 
olher at the point of contact, and meeting 
the horizontal trace at difl'erent points. Of 
all these lines, that one will raake the great
est angle with the horizontal plane, which is 
shortest; for, in a right-angled-triangle with 
a given perpendicular, the angle at the base 
increases when the hypothenuse diminishes, 
and the reverse. But the shortest of these 
lines is that which is perpendicular to the 
horizontal trace ; but the vertical plane which 
is perpendicular to the horizontal trace of a 
plane, is perpendicular to the plane itself; 
hence w e conclude, that the line of greatest 
slope, cut out of a surface by any number of 
vertical planes through a point on the surface, 
is that one cut out by a plane perpendicular 
to the tangent plane at the point. 

SOL'ID. [L. solidus, solid]. In Geometiy, 
a magnitude which possesses the attributes of 
lemth, breadth and thickness. The term vol
u m e would be preferable to solid, as the latter 
conveys the idea of matter ; whereas georae
try is only conversant with volumes, or 
spaces, irrespective of what those spaces raay 
be filled with, or whether they he entirely 
void. 
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SO-LID'I-TY. The number of tunes th t 
a volume or solid contains another volume or 
solid, taken as « unit of raeasure; or, it is 
the ratio of the unit of volume to the given 
volume. In general, a volume varies as its 
length into its breadth into its thickness. If 
the three dimensions increase proportionally, 
the solidity varies as the cube of cither di
mension. If one dimension remains con
stant, the volume varies as the product of the 
other'two. If two dimensions remain con-
slant, the volume varies as the other dimen
sion. These remarks are perfectly general, 
and require modification in particular cases ; 
but they serve to give a general view of the 
nature of a volume. See Mensuration. 

SOL-STi'TIAL P O I N T S . See Projections 
Spherical. 

SO-LtJ'TION. [L. solutio ; from solvo, to 
loosen]. The solution of an equation, in 
Analysis, is the operation of finding such 
values for the unknown quantities that enter 
it, as will satisfy the equation ; that is, when 
substituted for the unknown quantities, will 
make the two members equal to each other. 
See Equation. 

Solution of a Problem. The operation 
of finding such values for the unknown parts, 
as will satisfy the conditions of the problem. 
Problems may be solved algebraically or geo
metrically. See Determinate Geometry, Ana
lytical Geometry, i\e. 

S O U N D ' I N G . -A measured depth of wa
ter, ascertained by means of a lead and Une. 
Soundings are made in Maritime .Surveying, 
for the purpose of ascertaining tho depth of 
water, the nature ofthe bottom, the channels, 
bars, sunken reefs, &c,, for the benefit of 
navigation or sorae other purpose. The op
eration of sounding is conducted as follows : 

A suitable boat and crew being provided, 
the surveyor directs tho crew to row back
wards and lorwards in different directions be
tween established signals, and at suitable in
tervals, he heaves the lead and notes the 
deptli of water by marks attached to the line ; 
these arc entered in the note-book of the sur
vey, together with the time or other memo
randa, that aid him in fixing the position 
of the point at which the sounding is made. 
See Maritime Surveying. 

In shallow water, soundings may be made 

by a pole graduated to feet or other suitable 
units of raeasure. Before a sounding is used 
in plotting the contour of the bottom of a 
harbor, it raust be corrected for the height 
of the tide, which is ascertained by a record 
of a tide-gauge, which is noted and recorded 
every 15 or 30 minutes during the time iu 
which sounding operations are being carried 
on. The surveyor should, in connection with 
the soundings, keep a record of the direction 
and strength of the wind, and the nature of 
the bottom. The former serves to show the 
relation between different tides, as affected by 
winds ; and tbe latter, when laid down on 
the chart, serve as guides to the mariner, in 
selecting suitable places for anchorage. 

Sounding Line. A long line having aheavy 
piece of lead attached to one extremity, used 
in sounding. It is usually divided in spaces 
of 1 fathom in length, the points of division 
being marked so that the person who heaves 
the lead can easily determine the depth to 
which it sinks before reaching bottom. The 
lead attached to the line is of a conical shape, 
5 or 6 niches in length, and hollowed out at 
the bottom, so as to afford space for inserting 
some grease, the object of which is to bring 
up specimens of the bottom. 

S O U T H . [Fr. sud]. One of the cardmal 
points of the compass. 

S O D T H ' I N G . When, in Surveying, the 
second extremity of a course is further south 
than the first extremity, the course is said to 
make southing. 'This is indicated by the 
meridional letter which is prefixed to the bear
ing. Thus, a course which is recorded S, 
4° E., is said to make southing. The 
amount of the southing raade depends upon 
the length of the course and upon the bear-
in i'. It is equal to the length of the course 
inlo the cosine of the bearing. For ordinary 
purposes its value is taken frora a traverse 
table. The southing is equal to the distance 
between two east and west lines, one dra-wn 
through each extremity of the course. In 
navigation the terra southing has a similai 
meaning. Sec A'b vibration. 

S P A C E . [Fr. espace; L. spatium, from 
spaiior, to wander]. That which extends to an 
infinite distance in ,all directions, and coii-
lains all bodies. Nothing but u negative 
definition can be given of space, as it is im 
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material, and destitute of tangible attributes. 
.Vlthough we m;iy not be able to conceive a 
clear idea of space in general, we may never
theless form a correct notion of limited por
tions of space ; it is upon sudi portions that 
aU reasonings of Geometry are based. .\ 
limited portion of space, extending in all 
d'lrections, is caUed a volume, or sometiraes a 
figure. That which divides this limited por
tion from the surrounding, indefinite space, is 
a surface. \\ e may then regard a surface as a 
portion of space possessing the two attributes 
of length and breadth. If we take a portion 
of a surface we may regard the boundary of 
that portion as a part of space ; hence, we 
consider a line as a portion of space, possess
ing but the single attribute of length. Vol
umes, Unes, aud surfaces are limited portions 
of space ; taken together, they form the sub
ject of ail geometrical reasoning. 
SPe'CIeS OF LINES, [L. species, sort; 
from specio, to see]. -V subdivision of an order 
of lines. Thus, in analysis, all Unes are first 
grouped in two classes, algebraic and (ra«-
seendcntal; these classes are variously sub
divided. 
Algebraic Lines are classed in orders, ac

cording to the degree of their equation. Those 
whose equations are of the first degree are 
nf the first order, those whose equations are 
of the second degree, are of the second order, 
<tc. The orders are further divided into spe
cies, according to some analytical properly. 
For example, lines of the second order, whose 
equations raay always be reduced to the form 

ay= + ticy + ex' + dx + ey + f = 0, 
are subdivided into three species, according 
as î  — 4ac is less than 0, greater than 0, or 
equal to 0. 
W h e n b' — iac = 0, the species is named 

parabola; when b' — iac< 0, it is named 
ellipse ; when b' — 4ac > 0, it is named 
hyperbola. Species of lines are again subdi
vided into varieties, containing many individ
uals. 

Species of Sukface. A subdivision of 
an order of surface. Surfaces are classed, 
like lines, into algebraic and transcendental. 
The algebraic surfaces are divided into orders, 
according to the degree of their equations ; 
the orders are subdivided into species ; these 
are again subdivided into varieties, &c. For 

example, surfaces of the second order are 
divided into three species, depending upon 
the nature of their plane sections ; these spe
cies are respectively named ellipsoids, parabo-
', loids and hypcrboloids ; each of the species has 
several varieties ; thus, the varieties of the 
ellipsoid arc elliptical ellipsoids, ellipsoids of 
revolution, including the sphere, the point, 
and the imaginary surface. The varieties of 
the paraboloids are elliptical paraboloids, par
abolic paraboloids, and hyperbolic paraboloids. 
The varieties of hyperboloids are elliptical 
hyperboloids, or hypcrboloids of two nappes, 
and hyperbolic hypcrboloids, or hyperboloids 
of one nappe. 

S P H e R E . [L. sphmra. Gr. aipaipa]. A 
solid or volume bounded by a surface, every 
point of which is equally distant fromapoint 
within, called the centre. Or it is a volumo 
that may be generated by revolving a semi
circle about its diameter as an axis. The dis
tance from any point of the surface to tho 
centre is called a radius of tho sphere. 

Every section of a sphere made by a plane 
is a circle, and all sections made by planes 
equally distant frora the centre, are equal. A 
circle of the sphere, whose plane passes 
through the centre, is a great circle; all other 
circles are small circles. All great circles are 
equal, and their radii are equal to the radii 
of the sphere. 

If a regular semi-polygon, of any number 
of sides, be inscribed in a semicircle, and a 
similar serai-polygon be circurascribed about 
the seraicircle, and then the whole he revolved 
about their common diameter, the surfaces 
generated by the perimeters of the polygons 
may be raade to differ from each other and 
from the given sphere by less than any assign
able surface, and their volumes wUI thus dif
fer from each other, and from that of the 
sphere by less than any assignable volume. 
The surface and volume of the sphere may 
then be regarded as the limits of the surface 
and volume generated by revolving a regular 
semi-polygon about its diameter. 

The surface of a sphere is equal to the 
product ofthe diameter by the circumference 
of a great circle ; or it is equivalent to the 
area of four great circles. Denoting the 
radius ofthe sphere by r, and its diameter by 
d, we have the following formulas for the 
surface. 
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s = 47rr' = ivd'. 
Tho sur?dccs of two spheres are to each other 
as the squares of their radii, or as the squares 
of their diameters; or in general, as the 
squares of any two homologous lines that 
can be drawn in the sphere. 

If u right cylinder be circumscribed about 
a sphere, the area of the convex surface of 
the cylinder is equal to the area of the sur
face of the sphere. 

The volume of a sphere is equal to the 
product of its surface hy one-third of its 
radius. It is also equivalent to two-thirds of 
the volume of its circumscribing cylinder. 
The following formula gives the value of the 
volume of any sphere, whose radius is r, and 
diameter is d. 

'=-^nd'. 

The volumes of any two spheres are to each 
other as the cubes of their radii, or as the 
cubes of their diameters ; and in general, as 
the cubes of any two homologous lines thai 
may be drawn in the spheres. 

In analysis, the .sphere is a surface of the 
second order, and its equation may always be 
reduced to the forra, 

x' + y' + z' = r', 
in which the origin of co-ordinates is taken 
at the centre. If we denote the co-ordinates 
of any arbitrary point by a, j3 and y, and 
place the centre of the sphere at that point, 
its equation will become 

ix - af + i y - Pf + i z - y)' = r'. 
The quantities, a, f3, y and r, are all arbitrary, 
aud by means of them we can make the 
sphere pass through any four points arbitra
rily assumed. 
Oblique Sphere in Spherical Projec 

tions. The case in which the projection is 
made upon the plane of the horizon of any 
place not on the equator, or at the poles. 

Parallel Sphere. The case in which 
the projection is made upon the plane of the 
equator, or upon the horizon of the poles. 

Right Sphere. The case in which the 
projection is made upon the plane of a meri
dian, or upon the horizon of a place on the 
equator. 

SPHER'IC-AL. Relating to the sphere, 

as spherical angle, spherical triangle, spheri
cal polygon, &c. 

Spherical Angle. A n angle included 
between the arcs of two great circles intersect
ing each other on the surface of a sphere. The 
raeasure of a spherical angle is the same as that 
of the angle included between two tangents, 
one drawn to each arc at their point of intersec
tion. This angle is the same as that included 
between the planes of the two arcs. If the 
radius of the sphere is taken as 1, the angle 
is also measured by the arc of a great circle 
intercepted between the two arcs, and which 
is perpendicular to them both. 
Two great circles intersecting form four 

spherical angles at the same point, whose 
sum is 360°, and which are equal two and 
two. The sum of any two adjacent ones is 
equal to 180°. 
Spherical Co-ordin-ates. The sarae as 

trigonometrical co-ordinates. See Trigono
metrical Co-ordinates. 

Spherical Excess, The excess of the 
sum of the three angles of a spherical trian
gle over 180°. It is of practical use in a 
trigonometrical survey conducted on a large 
scale. See Geodesy. 
Spherical Lune. A portion of the sur

face of a sphere included between two great 
semicircles, having a common diameter. The 
angle ofthe lune is the same as the angle of 
the planes ofthe circles. See Lune. 
Spherical Polygon. A portion of the 

surface of a sphere bounded by the arcs of 
three or raore great circles. Like plane poly
gons they are named from the number of 
sides or angles. See Polygon. 
Spherical Projections. The projections 

ofthe circles of a sphere upon a piano. See 
Projection, 
Spherical Pyramid. A portion of a sphere 

bounded by a spherical polygon, and by three 
or raore sectors of great circles meeting at 
the centre of the sphere. The centre of the 
sphere is called the vertex, and the polygon 
is called the base. See Pyramid. 

Spherical Sector. A portion of a sphere 
which may be generated by revolving a sec
tor of a circle about a straight line through 
its vertex as an axis. See Sector. 

Sphekioal Segment. A portion of a 
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sphere included between .i zone of the sur
face and a secant plane, or between two 
parallel secant planes. Seo Segment. 

Si-iiKKiCAL Triaxoi.e. -V sphcrical poly-
con of three sides. It is a portion of the sur
face of a sphere bounded by the arcs of three 
great circles. The points where the arcs 
meet are called vertices of the triangle, and 
the arcs are called sides. If from the three 
verlices of a spherical triangle, as poles, the 
arcs of three great curcles be described, forra-
inif a second spherical triangle, this is the j 
polar triiincle of the given triangle : and con
versely, the first triangle is the polar triangle , 
of the second. By foUowing the directions , 
above given, for constructing the polar trian- i 
gle, four triangles are found : the central 
one. is the one referred to. 
The polar triangles bear such 
relation to each other, that 
any angle of either is mea
sured by a semicircurafer-
ence minus life side of the 
other triangle lying opposite 
to the angle. For a further 
account of spherical trian
gles, see Triangles. 
Spherical Trigonometry 

of Trigonometry which explains the method 
of solving spherical triangles, when three of 
the parts are given ; it also treats of the 
general relations existing between the six 
parts of which the triangle is composed. .-V 
spherical trianirle is composed of six parts, 
three sides, and three angles, any three of 
which being tjiven, the triangle can be solved ; 
that is. the remaining parts may be found. 
The only exception to this rule, is in the case 
of a birectangular triangle. In that ease, 

' there are an infinite number of solutions, 
when the two right angles and a side oppo
site one of thera are given. For the raethod 
of solving all cases of spherical triangles, see 
Trigonometry. 
Spherical Ungula. A portion of the 

sphere bounded by a lune and two semicircles 
meeting in a diameter of the sphere. The 
lune forms the base of the ungula. The an
gle of the ungula is the sarae as the angle 
of the luqe. The volume of the ungula is 
equal to the area of the lune multiplied by 
one-third of the radius of the sphere. 

34 

t t ^ i 
That branch 

SiMiEBicAL Zone. .\ portion of the sur
face of a sphere included betwi-en two paral
lel planes. The circles iu which these planes 
intersect the surface of the sphere arc called 
buses, and the distance between the planes is 
called the altitude of the zone. It may hap
pen that one of the planes is tangent to the 
surface : in that case, the corresponding base 
becomes a point. If, at the same time, the 
olher plane becomes tangent to the surface, 
the zone embraces the entire surface of the 
sphere. The area of a spherical zone is equal 
to that of a great circle multiplied by the alti
tude of the zone. Hence, all zones of the 
same sphere, having the same altitude, are 
equivalent in area. .-Xs a surface of revolu
tion a zone may be generated by revolving 
any arc of a circle about a diameter of tho 
circle as an axis. 

SPHe'ROID. [Gr, o^aipa and £i(Sof,iorm], 
.\ solid resembling a sphere in form, and 
which raay be generated by revolving au 
ellipse about one of its axes. If an ellipse 
be revolved about its transverse axis, the 
spheroid generated is called a prolate spheroid; 
if it be revolved about its conjugate axis, the 
spheroid generated is called an oblate sphe
roid. If we denote tho semi-transverse and 
serai-conjugate axes of the ellipse by a and 
b, and the volurae by V, we shall have for the 
prolate spheroid, 

4 
V = -^TTb'a; 

and for the oblate spheroid, 
4 

I = - Tra- /;; 

in either case the volurae is equivalent to 
two-thirds of that of the circurascribing cy
linder. 

If the same ellipse be, in turn, revolved 
about its two axes, the prolate spheroid is to 
the oblate spheroid generated, as b is to a, 

SPHE-ROID'AL. Appertainin,-? to a sphe
roid. A spheroidal angle is an angle included 
between two plane sections of the surface 
raade by two normal planes to the surface at 
the same point. This point is tho vertex of 
the angle, and the raeasure of tho angle is 
the same as the measure of the angle of tho 
planes. 

Spheroidal Excess is the excess of the 
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sum of the three angles of a spheroidal tri
angle over 180°. 

Spheroidal Polygon, Sector, Segment, 
&c. Terras analogous to the corresponding 
ones referred to the sphere, and having cor
responding significations. 

Spheroidal Triangle. A triangle on the 
surface of a spheroid, analogous to a spher
ical triangle. Such a triangle is formed hy 
drawing geodesic lines on the surface of the 
earth, so as to connect three trigonometrical 
points ofthe surface. In most cases of prac
tical geodesy, no error wiU arise from consid 
ering a spheroidal triangle as coinciding with 
a spherical triangle taken upon the surface 
of a sphere whose radius is equal to the radi 
us of curvature of the meridian at the mean 
latitude of the three stations. 

SPIN'DLE. A soUd generated by revolv 
ing a portion of a curve about a chord per
pendicular lo an axis of the curve. The 
spindle takes its name from the curve which 
is revolved, as the hyperbolic, the parabolic, 
the elliptic, &c., spindles. 

SPi'RAL. [L. spira, a spire]. A curve 
, which may be generated by a point moving 
along a straight line, in the same direction, 
according to any law, wliUst the straight Une 
revolves uniformly about a fixed point, always 
continuing in the same plane. The portion 
gen(3rated during one revolution is called 
a spire. The moving point is the gen
eratrix of the curve, the fixed point is the 
pole of the spiral, and the distance frora the 
pole to any position of the generatrix is the 
radius vector of that point. The law accord 
ing to which the generatrix moves along the 
revolving line, is the law of ihe spiral, and 
determines the nature of the curve. Any 
position of the revolving line, assumed at 
pleasure, is called the initial lino ; the angle 
through which the revolving line moves is 
estimated from this line, and is taken posi
tively in a direction contrary to the motion of 
the hands of a w^tch. If w e denote the an
gle swept over by the revolving line, from the 
initial lines, hy t, and the corresponding 
length of the radius vector by u, the general 
relation 
will he the equation of the spiral. A great 
variety of spirals have been investigated. 

some of the most important of which will be 
noticed. 

1. The Spiral of Archimedes. The law of 
this spiral is, that the generatrix moves uni
formly along the revolving line. The equa
tion of this spiral is 

u = at, 
in which u is any arbitrary constant. In the 
spiral of Archimedes, the radii vectors are 
proportional to the entire angle swept over by 
the revolving line from the initial line, the 
initial line being taken so that li = 0 when 
i = 0. This property of the curve enables 
us to construct it by points. If in the equa
tion w e make t = 2tt, w e find u = 2a7r. If 
frora any point A as a centre, and with a ra
dius A B , equal to 2Ta, w e describe a circle 

BEE', and divide its circumference into any 
number of equal parts, as ?7, by radii, and 
then lay off on these radii, from A, distances 
respectively equal to 

1 2 3 4 . 
-1 -, -, -. &c, 
n 77 ?l 77 

of A B , the curve drawn through the points 
thus constructed is a spiral of Archimedes. 
The accuracy of the construction will be in
creased by taking a greater number of radii. 
If tho angle between any two radii vectors 
be bisected, the corresponding radius vector 
is an arithmetical mean between the then 
radii vectors. Following this principle, tho 
construction may be continued beyond the 
first circle drawn, by the method of interpola
tion of radu. 

This spiral may also be constructed by 
means of an auxiUary straight line, as fol
lows : Let A'B be a straight Une whoso 
equation, referred to the reclaugular axes. 
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.-V'X and A Y , is y = ax. With .-V as a cen
tre, (.las; figure), and with a radius .-\B equal 

T 

a; £ p I> 
to 2ti-. describe a circle. Assume any ab
scissa, as A'p, and lay it ofl" on the circum
ference of the circle fipm B around to the 
left, and from its extremity draw a radius : 
from A lay off on this radius a distance equal 
to the corresponding ordinate pp', the extrera-
ity of this distance is a point of the spiral. 
In Uke manner any- number of points may be 
constructed, and a curve drawn through 
them. This construction shows the analogy 
between Archuiiedes spiral and the straight 
line. 

If P T is tangent to the curve at P, and P.\ 
be drawn through P, and A T be also drawn 
perpendicular to A P , then is A T the subtan
gent. The subtangent in Archimedes' spiral 

In like manner, tho locus of tho extremity of 
the subtangent, in this curve, is a spir.al 
w-ho^e equation is 

a 
" = 2,3'*; 

and if w e continue the process w e shall find 
a system of parabolic spirals, whose equations 
are, beginning at the spiral of Archimedes, 

it=a< ; u—Trt'; u = — t 1,2,3' t* • 

is always equal to m times the circurafer
ence described with the radius vector of the 
point of contact. If P N be drawn perpen
dicular to PT, then is A N the subnormal, P T 
is the tangent, and P N the normal. 
The locus of the point T, the extremity of 

the subtangent in this curve, is a spiral whose 
equation is ; 

u = at', I 
in which t is reckoned from an initial line,' 
making an angle of 90° with the initial line ; 
ofthe given spiral. This secondary spiral is 
a parabolic spiral of the first order, and wUl 
soon be discussed. If, in like manner, w e 
form the subtangent of this spiral, the locus 
of its extremity is a spiral whose equation is 

a 
this is a paraboUc spiral of the second order. 

" 1.2.3.4' ""'-1,2 3,.(77-1)' " " 
and in each, the angle ( is estimated from an 
initial line which makes, with the preceding 
initial line, an angle of 90° 

If, from the pole, a perpendicular be lei 
fall on the tangent to the curve, at a point 
whose radius vector is u, the equation of the 
spiral of Archimedes may be written, 

u' 
V a' + u' 

The arc of the spiral of Archimedes, esti
mated from the pole to ̂  point whose radius 
vector is u, is equal to the arc of a parabola 
whose parameter is 2a, estimated from the 
vertex to a point whose ordinate is u. Tho 
corresponding area is equal to one-half that 
of the area of the parabola. 

2. The Parabolic SpiRTiL. The law of this 
spiral is, that the distance from the pole to 
the generatrix, varies as the square root of 
the angle swept over by the revolving line. 
Its equation is 

u = al'. 
This curve may be constructed by raeans of 
an auxiliary parabola in fhe same manner 
that w e constructed Archimedes' spiral, by 
the aid of a straight line, using the abscissas 
and ordinates of the parabola, 

y = aa:", 
instead of those of the straight line. Para
bolic spirals ofthe higher orders may be con
structed in Uke raanner. 

3. The Hyperbolic Spiral. The law of this 
curve is, that the distance from the pole to 
the generatrix varies inversely as the distance 
swept over. The equation of this spiral is 

ut ̂ =̂  a, 
an equation entirely analagous to that of the 
equUateral hyperbola referred to its centre 
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and asymptotes. The curve may be con
structed by means of an auxiliary equilateral 
hyperbola, in the same raanner as we have 
heretofore explained. Let A be the pole, A B 
ihe initial line, A D a perpendicular to AB. 

b I -/a* + c' — e 
= riog| }. 

Lay off on AD, a distance A D = a, and 
through D draw D C parallel to A B ; then is 
D C an asymptote to the spiral. The curve 
has its origin at an infinite distance, and 
approaches the pole as t is increased, but 
only reaches it when t becomes equal to co ; 
that is, after an infinite nuraber of turns. If 
we had considered the line A W as the initial 
line, and reckoned angles positive in the 
sarae direction as the raotion of the hands of 
a watch, we should have found a second 
spiral entirely syrametrical with the first, 
having D C for its asymptote. 

If, from A as a centre, and with any radius 
whatever, an arc of a circle be described, the 
part intercepted between the initial line and 
the curve is constant, and equal to AD. This 
principle enables us to construct the curve 
by points. 

If we denote the distance from the pole to 
the tangent by p, as before, we have the equa
tion 

au 
^ " Va'~+^u'' 

4. Gotes' Spirals. If we take the equa
tion, 

bu 
'̂  V a' + u' 

in which p is the same as before, the spirals 
represented by it will be of three difl'erent 
classes, according as a = A, a < J, or a > J. 
If a = J, wc have the case of the logarith

mic spiral. See Logarithmic Spiral. 
If a < i, the polar equation of the curve 

takes the form, 

in which 
c = Va' - b'. 

In this case, if 
M = 0, « = CO ; if i = 0, a = CO. 

If a'^b, the polar equation of the curvo 
becomes 

h u ct 
« = - sec-' -' or, u = c see -j > 

c c 0 
in which 

c = Vb' — a'. 
These curves comprehend the simple case 

bu 
p = —' 
^ a 

which gives for the polar equation, 
b 

-. log -' 
Va' 

the logarithmic spiral. 
These spirals arc of scientific interest, from 

the fact, that they are the trajectories that 
would be described by material points pro
jected in different directions with different 
velocities, and these acted upon hy a central 
force, varying in intensity inversely, as the 
cuhe of the distance from the point to the 
centre of attraction, 
5. Lituous Spiral. The Utuous is a spiral 

whose equation is 
u' = a't~̂ , or, u'l = a'. 

If, with A as a centre, and a radius A B = a , 

a circle be described cutting the curve in C, 
the angle t is estimated from the line AB, 
deterrained by raaking the arc CB equal to a. 
The radius, AB. produced, is an asymptote to 
the curve. Wherever the point M is taken 
on the curve, the sector A M E is constant, 
and equal to the sector, ACB, 
6. Logakithmio Spiral. The characteristic 

property of this spiral is, that the angle in
cluded between any radius vector, and the 
tangent at its extremity is consttiiit: from 
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this circumstance it has been called the ey77t-
tmgular spiral. If we denote the tangent of 
the constant angle by M , then is the equa
tion of the curve 

t = .1/ log «. 
If, & o m A as a centre, and with a radius 

A B = 1, a circle be described, the origin of 
the spiral is at B, and there are an infinite 
number of spires both without and within 
the circle described. The radii vectors making 
equal angles with each other are in georae
trical progression, and when any two are 
constructed, the curve may be constructed by 
points from this principle. Although there are 
an infinite number of spires within the circle 
before reaching the pule, the length of the arc 
is finite, and from the pole to a point whose 
radius vector is u, the length is equal to 
u "V 2. 
The evolute of this curve is a logarithmic 

spiral, similar to the given one. The invo
lute of it is also a similar logarithmic spiral. 
The caustics of reflected and refracted rays, 
under certain restrictions, are logarithmic 
spirals. 
There are a great variety of other spirals, 

bnt the ones mentioned are the raost ira
portant. 

Every curve having an infinite branch, 
when referred to rectangular axes, admits of 
a corresponding spiral, which may be con
structed by points in the same manner as 
was explained in treating of the spiral of 
Archimedes. 

SPiRE. That portion of a spiral which is 
generated during one revolution of the straight 
line revolving about the pole. Every spiral 
consists of an infinite nuraber of spires. See 
Spiral. 
S Q U A R E . [Fr. carre]. In Geometry, an 

equilateral and equiangular quadrilateral. 
Each of the angles of a square is equal to 
90° or a right angle. The diagonals of a 
square are equal, and mutually bisect each 

other at right angles. The ratio of either 
side of a square to its diagonal is that of 
1 to V 2 The square is employed as a unit 
of measure in determining the area of sur-
tai-es. w-lience the term square measure, in 
that connection. The area of any square is 
equal to the product of two adjacent sides. 

The law of relation of the different orders 
of units of square measure is given in the 
foUowing table : 
Squftre 
Miles 
1 

Acres. 

640 
1 

Square 
Cliuius 
6400 

10 
1 

Percli6B. 

102400 
160 
16 
1 

Squ»ra 
Yurd.. 

3097600 
4«40 
484 
30i 
1 

Squara 
Act. 

27878400 
43560 
4356 
272i 

9 

Square, .Magic See Magic Square. 
.Square, In geometrical construction, an 

instrument for laying off a right angle. It 
consists of two branches or arms fastened 
together at right angles, or sometimes it is 
formed of a single piece of wood or metal, 
cut so that two of its adjacent edges shall be 
perpendicular to each other. Sec Rule and 
Triangle. 
Square of a Quantity. In Algebra, the 

result obtained by taking that quantity twice 
as a factor. To square any quantity is to 
multiply that quantity by itself: the resulting 
product is the square required. 

Square Ncmber. In Arithmetic, a number 
which raay be resolved into two equal factors. 
The following are sorae of the principal pro
perties of square numbers : 

1. Every square nuraber is of the forra, 
in or in + 1 ; that is, every square nuraber, 
when divided by 4, will leave a remainder 
either equal to 0 or to 1. Here, 4 is called 
a modulus. Square nurabers may likewise 
be expressed in terms of other moduli, as 
5, 6, 7, 8, &c. Modulus. 

4 
5 
6 
7 
8 
9 
10 

Forms of Square Numl 

in. 
577, 
677, 
777, 
877, 
977, 

10?7, 

4?7-f- 1, 
571 ± 1 , 
6re-f 1, 
7n + 1, 
8n+ 1, 
9n + l, 

1071 ±1, 

677-1-3, 
771-1-2, 
877-1-4, 
971-1-4, 

1077 ± 4, 

ers. 

677 -1- 4, 
777 + 4, 

977-1-7, 
10n±5. 
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2. The suui of Iwo odd squares cannot be 
a square. 

3. A n odd square, taken from an even 
square, cannot leave a remainder which is a 
square. 

4. If the sura of two squares is a square, 
one of the three must he divisible by 5, and 
consequently by 25. 

5. Square numbers must terminate with 
one of the digits, 0, 1,4, 5, 6, or 9. 

6. If we lake the scries of squares of na
tural numbers, as P, 2', 3', i', 5', &c., the 
mean proportional of any two squares of this 
series is equal to the less square plus its 
square root multiplied by the difference of 
the square roots of the two squares ; thus, 
t/lL" X 7̂* = 7^ -f- 7 X 4 = 28 -t- 49 ; also 

V 7 ^ ~ x W = 4= -f 4 X 3 = 28. 
7. The arithmetical mean of any two squares 

exceeds their geometrical mean by half the 
square ofthe difference of their square roots. 
Thus, 

9 
:2 = 4i' 

7' + i' , 3" 
^ - V 7 ' X i ' = ~: 

8, Of three equi-distant squares in the 
series, the geometrical mean of the extremes 
is less than the raiddle square by the square 
of tho coraraon difference of their square 
roots. Thus, V b ' X I' = 3=̂  - 2= = 5. 

9. The difference between two consecutive 
squares is equal to twice the square root of 
the lesser increased by 1. Thus, 

52 _ 42 = 2 X 4 -f 1 = 9. 
10. If the natural numbers be cubed, giving 

the series of natural cubes, the sum of any 
number of consecutive terms of this series, 
beginning at the first, is a perfect square. 
Thus, 

13-f2==3=. I'+ 2'+ 3'= f,', 
V + 2' + 3= -I- 4= = 10», &c.; 

and, in general, 
1" -I- 2^ -I- 3= -1- \-n' 

= (H- 2 -h 3 -1 -t- 9i)= = in{n + I). 
Square Root op a Quantity. A quantity 

which, being taken twice as a factor, will 
produce the given quantity. Thus, the square 
root of 25 is 5, because 5 X 5 = 25. W h e n 
the square root of a number can bo expressed 
in exact parts of 1, that number is a perfect 

square, and the indicated square root is said 
to be commensurable. All other indicated 
square roots are incommensurable. 

To extract the square root of a whole 
number : 

1, Separate the number into periods of 
two figures each, beginning at the right 
hand : the left hand period wiU often contain 
but one figure. 

II. Find the greatest perfect square in the 
first period on the left, and place its root at 
the right, after the manner of a quotient hi 
division. Subtract the square of this root 
from the first period, and to the remainder 
bring down the second period for a dividend, 

III. Double the root already found, and 
place it on the left for a divisor. See how 
many times this is contained in the dividend, 
exclusive of the right hand figure, and place 
the quotient in the root, and also at the right 
of the divisor. 

FV. Multiply the divisor thus obtained by 
the last digit of the root found ; subtract the 
product frora the dividend, and to the re
mainder bring down the next period for a 
new dividend. If the product just found 
exceeds the dividend, diminish the last digit 
of the root found, and proceed as before tiU 
the product is less than the dividend. 

V. Double the root already found for a new-
divisor, and proceed as before till all the 
periods have been brought down. If the 
final remainder is 0, the root found is exact, 
and the number is a perfect square. If it iff 
not 0, the root is not exact, but is true to 
within less than 1. 
To extract the square root of a vqilgar fraction: 
Reduce the fraction to its lowest terras ; 

then extract the square root of the nuraerator 
for a numerator, and the square root of the 
denominator for a denominator: the result 
will be the square root required. 

If, when the fraction is reduced to its low
est terms, both terms are not perfect squares, 
the fraction is not a perfect square, and its 
root can only be found by approximation. To extract the square root of a fraction to within less than its fractional unit: Multiply the numerator by the denominator, and extract the square root of the product to within less than 1 ; divide this result by the denominator of the given fraction : the quotient will be the root required. 
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Let it he required to extract tho square 
r.iot of -| to within less than .̂  : \\"e have 
the square root of 40 equal to 6 to within less 
than 1 ; henee. |, or -| i* the approximate 
root. 

To extract the square root of a whole num
ber to within less than any fractional unit: 

M.i.tiply the number by the squ.tre of the de
nominator of the fi'dCiional unit, and extract 
the square root of the prvJuti to within less 
than I ; divide the result by the denominator of 
the fractional unit: the quotient -will be the 
approximate root. 
To extract the square root of a v-ulgar frac

tion to within less than any fractional unit: 
Multiply the numerator by the quotient of 

i»-.- square of the denominator of the fractional 
unit by the denominator of the given fraction ; 
extract the square root of the product to within 
less than 1, and divide the resplt by tlic denomi
nator of the fractional unit: ihe quotient will 
be the approximate root. 

Let it be required to extract the square 
root of -| to within less than ^L-: Multiply 2 
by ̂ r-^. or 45 ; w e find, for the product, 90 : 
the square root of 90 lo within less than 1, is 
9 ; hence, the approximate root is -j-^ = .̂ 

To extract the square root of a whole num
ber or vulgar frtiction to any number of deci
raal places : 

Convert the fraction into a decimal, and, if 
necessary, annex fl's till ihe whole number of 
primal places is equal to twice the number re
quired in the root. Extract the square root of 
this, regarded as a whole number, to within 
less than 1, and from ihe result point off the 
required Tfumier of decimal places. 

A very good approximate result m a y be 
obtained, in extracting the square root of 
numbers containing 10 or 12 places of figures, 
by following the rule, as laid down, till at 
least half of the number of figures of the 
root are found ; then bring down all the re
maining periods, and form a divisor according 
to the rule, with which continue the division 
till the requisite number of places of figures 
are found in the root. 

Square Root of Algebraic Quantities. 
T o extract the square root of a monoraial: 
Extract the square root of the co-efficient for 

a new eo-efficient, after which write each letter 
entering tlic given expression, giving to each 

an exponent equal lo one-half of its original 
exponent: the result is the root required. 

A monomial cannot be a perfect square, 
unless its eo-ellieienl is a perfect square, and 
the exponents of all the letters which enter 
it are even numbers. 

To extract the square root of a polynoraial. 
I, Arrange the polynomial according to one 

of its letters. Extract the square root of the 
first tenn of the arranged polynomial : this 
will be the first term of the root. 

II. Divido the second terra of the polyno
mial by twice the first term of the root: the 
quotient will be the second term of the root. 
Subtract the square of the sura of these 
terms from the given polynomial for the first 
remainder. 

III. Divide the first term of this remainder 
by twice the first term of the root, and the 
quotient wUl be the third term of the root. 
From the first remainder subtract twice fhe 
sum of the first and second terms of the root 
plus the third terra, by the third tenn, for a 
second reraainder. 

IV, Divide the first term of the second re
mainder by twice the first term of the root, 
and the quotient will be the fourth term of 
tho root. Subtract from the second remain
der twice the sura of the first three terms of 
the root plus the fourth term, by tho fourth 
term, for a third reraainder. 

'V. Continue in this manner, until a re
mainder is found equal to 0, or the first term 
of which is not exactly divisible by twice the 
first terra of the root. In the forraer case. 
the root is exact; in the latter, the root can
not be extracted. 

If, on inspection, it is seen that any term, 
which is of the highest or of the lowest de
gree with respect to any letter, is not a per
fect square, it is useless to attempt to apply 
the rule ; for, in this case, the polynomial is 
not a perfect square. A binomial can never 
be a perfect square. In order that «, trino
mial m a y be a perfect square, it is necessary 
that two of its terms be perfect squares, and 
that the third he equal to twice the product 
of their square roots. W h e n a quantity is 
not a perfect square, its square root can only 
be indicated. See Radicals. 

The square root of an imperfect square 
nuraber m a y be found approximately hy 
means of continued fractions. A single ex-. 
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ample will host illustrate the method. Let it 
be required to extract the square root of 19. 
The operation is as follows : 
, -/I9-4 3 
(1). -/l9 =4-1- =4-1- -/T9-f 4 

= 4-1-

( ^ 1 

.'19-f4 -/19-2 , 5 
(21. z = 2 + z = 2 + 19-1-2 

= 2-f 

{^t-) 

-/l9-f 2 
(3). — g — =1-

= 1 + 

19-3 _ a 
~~5 "^ -/19-f3 

•T9 + 3 -/T9-3 
W- — , 7 - = 3 + ^ - = 3 - f 

= 3-1-

••19-1-3 

(«,i3y 

-i/T9-f3 -v/l9-2 3 
15). ^— =l-f -z— =1 + 

= 1 

VA9 + 3 -v/19-4 
(6). =2-1- 5 =2-1-

p » ) 

= 2-f 

-/l9-f2 

-/I9-I-4 

/-/I9-F4\ 

&c, &c. &c. 
Substituting in the first equation these re
sults, 

-/T9 = 4-1- I 
2-fl 

1-t-l 
3-1-1 

2-1-1 
8-1-&C. 

Whence we deduce the successive approxi
mating fractions, 
4, i\, H. 4^^, i^, 4 ^ , 4^J, &c„ 

each of which is nearer the true value of the 
square root than the preceding. 
The principal advantage of this method lies 

in its applicability to the solution of indeter
minate equations of the second degree. 

Least Squares. In Astronomical and 
Physical researches it is frequently necessary 
to determine the values of certain elements 
by means of several equations which only 
express the relations existing between the ele
ments approximately. These approximate 
equations of condition are usually derived 
frora a series of observations, or of experi
ments, which are necessarily liable lo certain 
errors. It becomes a question in what man
ner these equations raay be corabined so that 
the values of the required quantities may be 
found affected with the least errors. The 
theory of probabilities affords one of the best 
methotls, and it is the one that ŵ e propose to 
explain. This raethod is that of least squares. 
It is shown in the theory of probabilities, that 
the probable error will be least when the sum 
of the squares of the errors is a rainiraum. 
In a series of observations or experiments, 

let us suppose that the errors committed are 
denoted by e, e', e", &c,, and suppose that by 
means of the observations we have deduced, 
the equations of condition 
e = h + ax + by + cz + &c. \ 
e' = h' + a'x + b'y + c'z + &c. 
e" = h" -̂  a"x + b"y + c"z + &c. 
e'" = h'" + a"'x + b"'y + c"'z + &c, ) 

&c. &c. &c. 
Let it be required to find such values of x, y, 
z, &c., that the errors e, e', e", c'", &lc., with 
reference to all the observations, shall be the 
least possible. 
If we square both members of each equa-

tioH, in group (1), and add them together, 
raember to member, we shall have 
e' + e" + e'" + &c. = x' {a' + a"' + &c.) 
+ 2x{{ah + a'li + &c.)+aiby + ez+&c.) 
+ a' {b'y + c'z + &c.) -j- &c.} -f &c., 

an equalion which may be written 
e'+e"+e"'+&c.=u=Px'+2Qx+.R+&c. Now, in order that e' + e" -j- &c , or u, may be a miniraura, it is necessary that its partial differential co-efficients, taken with respect to each variable, in succession, should be separately equal to 0. Hence, 

•U) 
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•f = Px + Q = 0. 
ix 

nu- + •;'• -|- &,c.) 

(2) 

-f aA H- oA' -I- &c, -r a (by + cz + &e,) 
-1- a\:--y + c: + <kc ) + ie, = 0; 

Mid similar equations for each of the other 
variables. Hence, we deduce the principle 
(hat in order to form an equation of condi
tion for the minimum, with respect to one of 
the unknown quantities, as x for example, 
we have s'lmply to multiply the second m'em-
bers of each of the equations of condition by 
the co-efficient of the unknown quantity in 
that equation, then take the sum of the pro
ducts and place the result equal to 0. Pro
ceed in this manner for each of the unknown 
quantities, and there wUl result as many equa
tions as there are unknow-n quantities, from 
which the required values of the unknown 
quantities may be found by the ordinary rules 
for solving tqui:t:o;is. 
Let it be required, for example, to find, 

fi-om the equations 
3- x+ y-2; = 0 
5 - 3i - 2y -t- 5ar = 0 
21 — 4 i — y - 4 : = 0 
U + x — 3y-3z = 0 

such values ofi, y and z. as will most nearly 
satisfy all of the equations. 
FoUowing the'rule, and multiplying the 

first member of each equation by the co-efii
cient of a; in that equation, we get the pro
ducts 

— 3 + X — y + 2z 
- 15 -f 9a; -f 6y - 15s 
- 84-f 16a; + iy + I6z 

14 -i- x - 3 y — 3z 
and placing their algebraic sum equal to 0, 
we have 

27i -F 6y - 88 = 0 . . . . (3) 
Proceeding in like raanner with respect to 
the nnknown quantities y and a, we obtain 
the equations 

%x + l5y + z-70 = 0 . . . (4) 
y -1- 542 - 107 = 0 . . (5) 

Combining equations (3), (4), and (5), we 
find 
X = 2.4702, y = 3.,5507, and s = 1.9157, 

which most nearly satisfy all of the equations 
in group (2). 

To show the practical application of this 

' principle, we will suppose that it is required 
, to investigate the values of tho constants in 
an equalion. by means of several indepen-
j dent experiments. 
: It is denionstraled from theory that the 
length ofthe pendulum which beats seconds, 
in any latitude, is given by the formula 
I i = a: 4- y sin=/ . . (6 
in which L denotes the length of the pendu
lum ; / the latitude of the place on the sur
face of the earth, and a. and y are constants 
to be determined, in consequence of errors 
incident to observation, the values of x and y 
cannot be accurately deterrained by means of 
a single observation; taking the metre, (de
noted by m), as the unit of raeasure, suppose 
that the length of the seconds pendulum has 
been measured in 6 different places, whose 
latitudes are known, and that the followuig 
equations have been deduced : 

«' =x-l-yX0'",3903417-0»',9929750) 
e" =i-|-yx0'».4972122-0'",9934620 
'!"'=a;4-yX0'».5667721-0™.9938784 I ,,7., 
civ=i-fyx0'»4932370-0'».9934740|^ ' 
c" =i-|-yX0'".5136117-0"'.9935967 
ê-' =a;-|-yx0™.6045628-0'».9940932j 

Applying the rule already deduced to these 
equations, we find the equations, 

6x-|-y X 3'".0657375-5"'.9614793 = 0 . (8), 
a; X 3'».0657375 + y X 1-.5933894 
-3'".0461977 = 0 (9) 

Combining equations (8) and (9), we obtain 
X -• 0'».9908755, y = 0»'.0052942. 

Substituting these in equation (6), it becomes 
L = 0'".9908755-f 0'",0052942 sin= / , (10). 
By means of formula (10), the length of 

the second pendulum may be found, by compu
tation, at any place whose latitude is known. 
In like manner, the method of least squares 
raay be applied to a raullitude of similar 
cases. This principle is one of the most 
useful that has been furnished by Matheraa
tics for the advancement of tho physical 
sciences, 

STaFF. An instrument employed in Sur
veying, consisting of a rod of wood taking 
different forms, according to the use to be 
made of it. 

Ciiainman's Staff. A staff of 6 feet in 
length, and an inch and a-half in diaraeter, 
carried by tho chainmen, for the purpose of 
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alligning the chain between two stations. 
It is shod with a pointed piece of iron, that it 
may bo planted firmly in the ground, and 
near the bottom there is a cross-piece of iron 
about 4 or 5 inches in length. The object of 
the cross-piece is, that the ring of tho chain 
which is put over the staff may be prevented 
from slipping ofl'. 

Flagman's Staff. A staff used for mark
ing the positions of stations. It is generally 
from 8 to 12 feet in height, and an inch and 
a-half in diameter. At one end, it is shod 
with a sharp piece of iron, and a flag is 
attached to the other end, which may he red, 
or red and white. It is well to have the flag
staff painted of different colors, as black and 
white, in alternate checks, so that it may he 
more readily visible in a brush-wood country. 

Jacob St.aff. A staff sometimes used, 
instead of a tripod, to support the compass. 
It is about 4 feet in length, and an inch and 
a-half or 2 inches in diameter. It is shod 
with iron at it.s lower extremity, that it may 
be easily and firmly planted in the ground ; 
and at its upper exlreipity, it is prepared so 
as to fit accurately into a socket on the under 
side of the compass. 

Offset Staff. A staff carried by the sur
veyor, for the purpose of measuring offsets. 
It is generally 10 links in length, and divided 
into 10 equal parts, which are numbered for 
convenience of reading. See Offset. 
STa'TION. [L. siaiio ; from sto, to stand]. 
Points selected in surveying, from which 
observations are made with an instrument. 
In ordinary field surveying, the stations are 
generally taken at the angulat points of the 
field to be surveyed, and are temporarily 
marked by flag staves. They may, however, 
be taken at any prominent part of the field, 
and then connected with the angular points 
ofthe field by suitable observations and mea
surements. 

In surveying, for the purpose of filling in 
a map of a portion of country, the stations 
are generally selected at the bends of roads 
and streams, at the corners of fields and other 
prominent points, and are temporarily marked 
by flag staves. In Geodesic surveying, the 
principal stations aro selected with great care, 
in accordance with the principles laid down 
under tho head of Geodesy, and arc marked 

by permanent signals. See Signals. The 
secondary stations are also selected viith the 
same care, and are marked by signals of an 
inferior order. 

In leveling, the stations selected for the 
instrument are generally on the line of pro
posed section, hut no particular rule can be 
laid down, except, that they should be so 
chosen that the leveling rods maybe distinct
ly seen from thera. It should, in general, be 
an object to place the instrument as nearly 
midway between the two leveling rods as may 
be. See Leveling. 

Station Poiktee. A n instruraent used in 
plotting the place of an observation made 
upon three fixed points ; that is, for plotting 
the problem of ihree points. 

It consists of three arras, -\. B, C, turning 
about a common axis 0, through the centre 
of which a sraall opening is raade. To the 
arra A, two branches. A' and A", are attach
ed, having a vernier marked upon each. The 
arra B is attached to a graduated arm B', 
which moves with it; the arm C is attached 
to a graduated arc C , which also moves with 
it. The graduation of these arcs is such, 
that when the instrument is shut up, tho ver
niers both stand at the 0 of the arcs. Through 
the central part of each arm a sUt is cut, 
along which a fine hair is stretched, whose 
line of direction passes through the point 0. 
To use the instruraent: open the arra B tUl 
the reading at the 0 of the vernier A'" is equal 
to that of the angle subtended by tho central 
and right hand object at the place of observa
tion. Then open the arm C till the reading 
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at the 0 of the vcniiej -V" is equal to that of 
the angle subtended by the central and left 
hand object at the point of observation. Then 
lay the instrument on the paper and move it 
about, without disturbing the angles, till the 
central wires pass through the plots of the 
three points, s-.ipposed P, Q and R ; then 
with a needle point mark the point O on the 
plot, and this wiU be the required plot of the 
point. 

STE-ll£-0-GR.VPH'IC P R O J E C T I O N . 
See Pri-jecl:o:i. and Spherical Projections. 
ST£-RE-0.\I'ETRY. [Gr. (rrepeof, firm, 

and perpeu, to measure]. The art of mea
suring solid bodies, and determining their 
solid contents. S-:e Mi:isi.--i::iuii. 
STE-RE-OTO-MY. [Gr. orepcoi:, firm, 

and Tei:vu. to cut]. The art of cutting solid 
bodies into specitleJ forms. This art is par
ticularly employed by stone-eulters, in form
ing stones of suitable shapes for building 
arches, abutments, piers, etc. The principles 
of Descriprive Geometry are used in guiduig 
the stereotomist; in fact, this is one of the 
most useful, as well as most extensive 
branches of the application of that part of 
Matheraatics. 
STRAIGHT LINE. [L. strictus; from 

siringo]. In Geometry, a line which does 
not change direction between any Iwo of its 
points. W h e n a straight line is designated, 
i:s direction alone is intended to be pointed 
out; it is supposed to extend indefinitely in 
that direction. In Elementary Geometry, 
however, only Umited portions of straight 
lines are considered, and these are given by 
designating their extreme points. Thus, we 
say the straight line A B , A and B being the 
two extreme points ofthe portion considered. 
It is an axiom of Georaetry, that a straight 
line marks the direction of the shortest dis
tance between two given points. It is also 
an axiom, that two straight lines cannot in
clude a space or area. 
In analysis, a straight line is given hy its 

equation, and is supposed to be infinite in length. The general equation of a straight line is ax + by + c = 0. Any equation of the first degree between two variables, is necessarily the equation of a 

straight line. If such an equation bo solved 
whh relereiu'e to cither variable, tho co-efii
cient of tho other variable will represent tho 
ratio ofthe sines ofthe angles which the line 
makes with tho axes, and the absolute term 
will denote Iho distance from the origin of 
co-ordinates to the point in which the line 
cuts the axis of the variable with reference to 
which the equation is solved, ^\'hen the 
axes are at right angles, as they are usually 
taken, tho ratio of the sines of the angles 
which the line raakes with the axes, he-
comes the tangent of the angle which it makes 
with the axis of the variable with reference 
to which the equation is not solved. 

The most ordinary form of the equation of 
a straight line is 

y = ax + b, 
in which a is the tangent of the angle which 
the line makes with the axis of AT, and b the 
distance frora the origin to the point in which 
it cuts the axis of Y. The equation of a 
straight line passing through •' point whose 
co-ordinates are y" and x", is 

y — y" = a{x — x','), 
a being the same as before, and perfeetly ar
bitrary. This should be so, for on infinite 
number of lines can be drawn through any 
given point. The equation of a straight line 
passing through two points whose coordi
nates are x", y" and x', y', is 

y-y 
y ^•(^-O 

77 (^-A or y - y =\^ 
Only one straight line can be drawn through 

two different points, as these two conditions 
determine the values ofthe two constants in 
the equation. 

S T U R M ' S TPIEORE.M. -A theorem in 
Algebra, first demonstrated by Sturm, which 
has for its object to explain the raethod of de
termining the number and pL-ices of the real 
roots of an equation, involving but one un
known quantity. 
, Let X = 0 (1), 
represent an equation containing the single 
unknown quantity x : X being an entire 
polynomial of the «'* degree with respect to x, 
and the co-efficients of the different powers 
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of a: being all real. If this equation has any 
equal roots, they may be found, and the equa
tion freed of them by the method of equal 
roots. W e may theiefore regard the equa
tion X = 0, as having no equal roots. 
Let us denote the first derived polynoraial 

of X by Xj, and then apply to X and X, a 
process similar to that for finding their great
est coraraon divisor̂  differing, however, in 
this respect, that instead of using the succes
sive reraainders, as at first obtained, wc change 
their signs, and take care also in preparing 
for the division, neither to introduce or reject 
any factor, except a positive one. 
If we denote the several remainders, after 

their signs have been changed, by 
JTj. Xj, X^, &c Xt 

and the corresponding quotients by 
Q„ Q.„Q^,....Qr-i, 

we shall have the following relations : 
X = XiQ,-X, (2). 
Xi = X j ^ j — Xj ^ 

I 
X „ _ i = X » Q „ - X „ + , J>....(3). 

X,_,, = X,_, Q,_i-xj 
Since by hypothesis X = 0 has no equal 

toots, no common divisor can exist between 
X and Xi; hence the last remainder — X„ 
wUl be different from 0, and will not con
tain X. 
Wow suppose that the number p has been 

substituted for x in the expression X, X,, Xj, 
Xj, &c,, and that the signs of the results, 
together with the sign of X', have been ar
ranged in a line in their order; also that an
other raember, q, greater than p, has been 
substituted for x, and the signs of the results 
arranged in like raanner. 

Then will the number of variations of ihe 
signs found in passing along the first line. 
diminished by the number of variations found 
in passing along the second line, be exactly equal 
to the number of real roots included between p 
and q ; the latter inclusive, should it be a 
root. 

The demonstration of this Theorem depends 
upon tho following lemmas, which may be 
easily proved. 

1. If any number p be substituted for x in ihe expression X, Xi, Xj,, 4c., it is impossible that 

any two consecutive ones can become 0 at the 
same time. 

2. If any one of these expressions reduces to 
0, by the substitution of a particular value for 
X, the preceding and following ones will have 
contrary signs for ihe same value. 
3. If any number, insensibly less than one 

of ihe real roots of the eguation X = 0, ie sub
stituted for X in X and X „ the results will 
have contrary signs, and if a number insensibly 
greater than this root be substituted, the results 
will have the same sign. 
4. From the nature of the expression,lK.,Xj, 

Xj, cf-c, it follows that no one of ihem can 
change its sign from phf-s to minus or from 
minus to plus, x being regarded as variable, 
without first becoming equal to 0. 

The demonstration ofthe Theorem proceeds 
as follows: 
Let any nuraber, k, less, that is, nearer 

— CO than any of the real roots of the several 
equations 

X = 0 X, = 0 ... X,_, = 0 ... (4) 
be substituted for a; in the expressions X, 
Xi, Xj, &c., and the signs of the several re
sults arranged in order; then let the value of 
X he increased by insensible degrees, or con
tinuously, till it becomes equal to h, the least 
of all the roots of equations (4). As there ia 
no root of any of the equations between k and 
h, none of the signs can change, (Lemma 4), 
whilst X is less than h, and the number of 
variations of signs in the several sets of re
sults will remain the same as in tiie result 
first obtained. 
When X becomes equal to h, one or more 

of the expressions X, X\, A''j, &c., will re
duce to 0 :, suppose X„ to become 0 for this 
value ; then (lemmas 1 and 2), since both 
Xn-i and Xn-\-i cannot become 0 for the same 
value, but raust have contrary signs in pass-
frora one to the other (omitting X„ = 0), 
there will be o7ie, and 077/y o?7e variation; 
and since their signs have not changed, one 
must be the same as, and the other contrary 
to, that of A"„j both before and after it becomes 0 ; hence, in passing over the three, either just before or just after A'„ becomes 0, there is one, and only one variation. Hence, where the value of a: passes a root of any of equations (4) except the first, there will neither be a gain nor a loss in the number of varia' tions of signs. 
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If I = a reduces A'to 0, then h is the least 
real root of the proposetl equation. .\ow 
(lemma 3) just betore a: becomes equal to A" 
and -V, have contrarŷ  sî ns. and there w ill [ 
be a variation in passing over them, just ai'ter 
z beeomes equal to h, they will have the 
same sign, and there will be no variation in 
passing them : hence, when the value of x 
passes a real root of the given equation, there 
is aUvtiys a loss of one variation of sign, and 
since the SLime thing happens in passing each 
real root of the given equation, it follows that 
there will be as many variations of sign lost, 
whilst X varies up to q, as there are real roots, 
and no more ; hence, the truth of the propo
sitio:: enunciated. 
A consideration of the principles involved 

in the preceding demonstration, will show that 
the loss of variation takes place in passing lo 
the root from the preceding value, and not in 
passing from the root to the succeeding value ; 
hence, ifp is a real root of the given equalion 
it will not be included in the number given by 
tbe rule, but if y is a root of it. it will be in
cluded in the number given by the rule. 
If in the application ofthe preceding prin

ciples it is found that any one of the expres
sions A',. A'j, Xj, <5cc, has the same sign 
for all values ofi between p and q, it will be 
unnecessary to use the succeeding expres
sions, or even to deduce thera. For, if Xn 
preserves the same sign for all values of a; be
tween p and q, it is plain (lemmas 1 and 2) 
that no variation of signs can be lost amongst 
the expressions follow-ing Xr. between the 
given values of x. Whenever, therefore, in 
the division a remainder is found, which when 
placed equal to 0, gives an equation having 
only imaginary roots, it will be useless to ob
tain any of the succeeding reraainders. 
If now we suppose p = —co, and q = + oo, 

the appUcation of the rule will make known 
the whole number of real roots, and by taking 
this number from that indicating the degree 
of the equation, we shall have the number of 
imaginary roots. 
Having obtained the number of real roots, 

we may ascertain their places by substituting 
fori, in succession, the values 0, 1, 2, 3, &c., 
until a number is found that will give the 
same number of variations as -f co ; this wUl 
be the smaUest superior limit of the positive 
roots in whole nurabers. Then substitute 

"" L ~-. — 3 , &c,, until a number is found 
that will give the same number of variations 
;is — CO ; this will be numerically the small
est superior limit of the negative roots in 
whole numbers. 
Now, by commencing with this limit, and 

ohserving the nuraber of variations lost from 
each number to the next in order, wo shall 
discover how many roots are included belwcen 
each two consecutive numbers, and thus of 
course, know the entire part of each root. 
The deciraal part is then found by other 

methods. 
Example: Take the equation 

8x'- e x - 1 = 0, 
Hence, X = 8x' - Gx — I, 
and A'l = 24i' — 6, 
or oraitting the factor -|- 6, X'j = 4a: — 1. 
Applying the rule above deduced to these 

expressions, we have, by collecting the results, 
X =8x' - 6 x - I 
X\ = 41= - 1 
A'j = 4i 4- 1 
X, = + 3. 

Substituting for a;, — co, we have, after ar
ranging the signs of the results in a line, 

—, -F, —, -|- three variations. 
Substituting for i, + cv>, we have 

+, +, +, +, no variations. 
tience, the equalion has three real roots. To 
find their places. 
For 1 = 1, -F4--I-+ 0 variations. 
" 1 = 0, h + 1 variation. 
(( J— —i^ — -j [- 3 variations. 

Hence, -f- 1 is the superior Urait of positive 
roots, — ] the superior lirait of the negative 
roots {numerically). One of the roots lies be
tween 0 and + I, and two of thera between 
— 1 and 0. In the same raanner we raay 
proceed with olher equations. 
This principle enables us to deduce the re

lations that raust exist in order that the roots 
of a cubic equation rany all bo real. 
Suppose the cubic equation reduced to tha 

form 
x' + px + q = 0. 

W e shall have 
X — x' + px + q. 
Xi = 3x' + p. 
X, = - 2px - 3q. 
X3 = - ip' - 27y». 
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Now, in order that all the roots may be 
real, there must be three variations of signs 
lost in passing frora — co to plus co ; this 
can only happen when, for i = — co, the 
expressions are, alternately, plus and rainus ; 
and when, for a; = H- co , they are all plus. 
For, I = — CO, X is negative, and X , posi
tive; in order that X j may be,negative, /; 
raust be negative ; and in order that X ^ may 
bo positive, ip' > 27g'. If p is essentiaUy 
negative, all the expressions will be positive 
for I = -1- CO, 

Hence, the two conditions which render 
the roots of the cubic equations all real, are 
p<0, and g>J. 
ST-fLE. [L. stylus ; Gr. arvTiO;; a pier,; 
a column]. In Dialing,-the line whose shad
ow determines the hour. The gnomon. See 
Gnomon, and Dialing-
' SDB-CON ' T R A - R Y . [L. sub and contra-
rius, from contra, against]. In a contrary 
order. 

SoB-coNTEAEY SECTION, In any surface of 
the second order, if two planes he passed 
perpendicular to the same principal plane, but 
not parallel to each other, and so that the sec
tions are similar, both the planes and the sec
tions are sub-contrary with respect to each 
other. 

In general, every section of a surface of 
the second order has a sub-contrary section. 
Every plane passed parallel to that of a sub-
contrary section, also cuts a sub-contrary sec
lion ; hence, every section has an infinite 
number of sub-contrary sections. 

The use of the term is almost entirely con
fined to the sections of a scalene cone. If, 
in any scalene cone with a circular base, a 
plane be passed through the axis, and per
pendicular to the plane of the base, it is a 
principal plane. If a second plane be then 
passed perpendicular to it, making with one 
of the elements cut out, an angle equal to 
that whicli the base makes with the other el
ement, the section, thus forraed, is sub-con
trary, and is a circle. If the base of the 
cone is an ellipse, whose plane is perpendicu
lar to the principal plane of the cone, its sub-
contrary section is a similar ellipse. If the 
cone is a right cone with a circular,base, the 
sub-contrary sections become parallel sections. 

If two Sub-contrary Straight Lines. 
straight lines, A B and 
CD, be intersected by 
two other straight 
lines, B D and CA, 
making the angle 
A C D equal to the an
gle A B D , the last two 
lines are sub-contrary 
with respect to the 
first two. The first 
two lines are also sub-
contrary with respect to the last two. If the 
point 0 is at an infi- C ^ — ^ ^ 
nite distance, the lines 
A B aud C D wiU be 
parallel to each other, 
and A C , B D , are anti-
parallel. -^^ y y y 
SUB-DI-VIDE'. [L. sub, and divido, to 
divide]. To divide into smaUer parts. 

SUB-DLVi"SI0N. A part obtained by 
subdividing anything. 

SUB-DtJ'PLLCATE RATIO. [L. sub, and 
duplus, double]. The ratio of the square 
roots, or square root, of a ratio. The subdu-
plicate ratio of a to b, is the ratio of 
r- ,- A~ 
V a t o V b ; or, * /—. 

Y a 
SUB-MUL'TI-PLE. [L. sub, and multus, 

many], A quantity which is contained hi 
another an exact number of tiraes. Thus, 7 
is a submultiple of 42. 

S U B - N O R ' M A L . [L. sub, and norma, a 
rule]. That part of the axis on which the 
normal is taken, contained between the foot 
of the ordinate through the point of normalcy 
of the curve, and the point in which the nor
raal intersects the axis. 

In the Conic Sections, the subnormal is 
often taken on a diameter ; in that case, the 
ordinate through the point of contact, is 
drawn parallel to the chords which the diam
eter bisects. Unless the contrary is men
tioned, the subnormal is regarded, as taken 
on the principal axis of the curve ; we shall 
henceforth so regard it. In other curves, the 
subnormal is generally taken on the axis of 
X, and the ordinate through the point of con
tact, is drawn perpendicular to the axis of X. 
In this case, the analytical formula for a sub-
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normal to any curve, at a point whoso co-or
dinates are y" and i", is 

dy" 

This, for the conic sections referred to the 
principal axis, and tangent at its vertex, be
comes 

'̂-,V = y-i-rV. 
In the parabola, r'= 0, and S-A' — p; 

that is, the subnormal is constant, and equal 
to one-half of the parameter. 
In the eUipse and hyperbola, the subnormal 

varies from point to pomt of the curve, being 
in both, equal to p, or half of the parameter. 
at the principal vertex. See Subtangent. 

SLB-QI'.M) U U - P L E . [L. rai, and guad
ruplus]. Containing one part out of four. 

SUB-Ql'IM TU-PI,E, [L. sub, and ?M7'7t-
tuplus]. Containing one part out of five. 

SUB-SE.ATU-PLE. [L. sub, and sextu
plus]. Containing one part out of six. 

SL'B-SID'I-.V-RY. [L. subsidiarius, aux
iUary]. .Something introduced to facilitate 
the solution of a problem, or to aid in a de
monstration. The term is particularly applied 
to auxiUary angles. Since the trigonomet
rical tables give great power in their man
agement, they are frequently introduced, even 
into probleras which involve" no question of 
angular quantity. For example, suppose it 
were required to compute a great number of 
results from the formula 

y = ax + b Vl-x'. 
Assume i = cos 9, a = r cos 6, b = r sin (p : 
substituting these in the forraula, w e have 
y = r cos ip cos 8 + r sin 6 sin 8 ̂  r cos {ip—0) 

a cos( <p— 8) 
cos ̂  

By the aid of tables and the preceding for
mula, the computation can be made much 
more rapidly than by the aid of the given 
formula.' 
In the solution of trigonometrical prob

lems, subsidiary angles are continually em
ployed. N o rule can be given for their use, 
but each case must be treated as it arises. 

SUB-SIST'. [L.sub and«'«to, tobefixed]. 
To be ; to have an existence : thus, two ine
qualities are said to subsist in the same 
sense, when the first members are the great
est in both, or least in both ; they subsist in 

, a contrary sense, when the first member is 
: greatest in one, and least in tho other. 
j SUB-STI-TO'TION. [L. sub, and statuo, 
I to sot; to put in pUicc of another]. The 
I operation, in .Vlgebi-a. of replacing one quan-
• tity by another, in an algebraic expression. 

There is a process of approximation much 
used, which has received the name of suc
cessive substitution. 

Suppose an equation to have been reduced 
to the form, 

a; = a -f bf{x), 
in which a is less than 1. 

To find the value of i by successive substi
tution : If we assume i = a. the error will 
be less than /(i)i_« . Take this value ofi, 
and substitute it in the second member of the 
equation ; w e shall have for x the approxi
mate value 

1 = a 4- i/(i)._„ ; 
which value is, in general, nearer the true 
value than the forraer value found. Dehote 
this value by a', and again substituting, we 
get 

I = a' -r i/(x)»_ „/; 
which will, in general, be still nearer the true 
value. Denoting this value by a", and pro
ceeding as before, w e shall continually ap
proach, nearer and nearer, the true value ofi. 

SUB'STvLE. [L, sub, under, and stylus, 
style]. In dialing, the orthographic projec-
ion ofthe style upon the plane ofthe dial. 
S U B - T A N ' G E N T , [L. sub. under, and 

iangens, touching]. That part of an axis in
cluded between the points in which a tangent 
cuts it and the foot of the ordinate through 
the point of contact. The subtangent and 
subuorraal arc projections ofthe tangent and 
norraal upon the axis on which they are 
taken, or to which they are referred. 

W e shall first consider the ease in which 
the subtangent is taken on the axis of X, the 
curve being referred to rectangular axes. 

The genera! formula, in this case, for tli-o 
sub-tangent drawn at a point who=e co-ordi
nates are x" and y", is 

llx" 

S-T=y" dy" 
For the conic sections referred to the princi
pal vertex, the equation being 

y' — 2px + r'x', 
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this formula gives 

A'r = 
(2j9a:" -f r'x''') 

p + r'x" 
The subtangent together with the subnormal, 
forra the hypothenuse of a right-angled trian
gle, whose other sides are the tangent and 
the normal ; hence, the square of the ordi
nate of the point of contact is always equal 
to the product ofthe subtangent and subnor
mal. This remark is readily verified by raul
tiplying the formulas already given, for the 
subtangent and subnormal, member by mem
ber. This multiplication gives 

S-T X S-N = y'" 
W h e n il curve is given hy raeans of polar 
co-ordinates, the formulas for the subnormal 
and subtangent deduced, either from those 
given, or by direct reasoning, are 

du „ „ <̂ ' 
S-N = -j-> and S-T = u'-y^ 

dt du 
in which u and t are the polar co-ordinates of 
the point of contact. In this case, as before. 
w e have 

S-N X /S-T = 77.=. 
The subtangent and subnbrraal are both 
taken on an axis perpendicular to the radius 
vector of the point of contact. 

SUB-TENSE'. [L. sub and tensus. stretch
ed out]. The sarae as chord. See Chord. 

SUB-TRACT'. [L. subiraho. subtractus; 
from sub aud traho, to draw]. To withdraw, 
or take a part frora a whole, 

S U B - T R A C T I O N . L. subiraho, to take 
away from]. The operation, in Arithraetic, 
of finding the difference between two num
bers ; or it is the operation of finding a num
ber that being added to the lesser of two num
bers, will produce the greater. The greater 
number is called the minuend; the lesser, the 
subtrahend, and their difference, the remain
der. If the minuend and subtrahend are 
equal, the reiuainder is 0, 

In Algebra, the definition of subtraction 
requires extension to correspond with the 
more general language of that science. In 
Algebra it is by no means necessary that the 
minuend should be greater than the subtra
hend, on Iho contrary, it is often less. 'V\'e 
may then define subtraction in Algebra, to be 
the operation of finding a quantity which 
being added to the second of two given quan

tities, will produce the first. The first is the 
minuend, the second is the subtrahend, and 
the third, or quantity sought, is the algebraic 
difference. If the rainuend exceeds the sub
trahend, the algebraic difference is the same 
as the arithmetical difference or remainder: 
when they are equal, tho difference is 0 ; and 
when the minuend is less than the subtra
hend, the algebraic difference is negative, but 
numerically equal to the arithmetical remain
der. This definition and explanation does 
away with all discussion as to the nature of 
subtraction, when the subtrahend exceeds the 
rainuend, a discussion which can enly be 
founded upon a partial understanding of the 
general terra subtraction. AVe shall consider 
arithmetical and algebraic subtraction in their 
order. 

1. Arithmetical Subtraction. 
The first condition required is, that both 

minuend and subtrahend be expressed in the 
same scale of nurabers ; this being premised, 
let us illustrate by two simple cases in which 
the numbers are written in the scale of tens. 

Let it he required to subtract 52 from 76. 
Operation: 

76 
52 
24. 

Here w e see that 6 exceeds 2 by 4, and 7 
tens exceed 5 tens by 2 tens ; hence, the re
raainder is 24. Again, let it he required to 
subtract 59 from 94. 

Operation: 
94 
59 
35. 

Coramencing with the units, w e see that 9 is 
greater than 4, and consequently, cannot be 
taken from it in the arithmetical sense, but 
by adding 1 ten to 4, gives 14, which exceeds 
9 by 5 : having added 1 ten to the minuend, 
it becom.es necessary to add 1 ten to the sub
trahend, that the difference may remain un
changed ; this we do hy increasing 5 tens by 
1 ten, giving 6 tens ; now 9 lens exceeds 6 
tens by 3 lens ; hence, in this case, 35 is the 
true remainder. This course of reasoning 
raay be extended to any extent; hence, we 
have the rule for arithmetical subtraction. 

Set down the less number under ihe greater, 
so that units of the same order shall fall in ihe 
same column; then beginning with ihe unit oj 

http://becom.es
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ike lowest order, subtract each from Ihe one 
idioveil. W'l! : the tmmber of units of any 
eriir m Ihe sulir.i-.end exceeds that in Ihe min-
'.;;--;.:'. i-;7t̂riuvc- as many units of that order to 
be added in the minuend as inahc 07ie unit of 
the next higher order; after which, aJJ one 
unit of the next higher order in Ihe subtrahend, 
and proceed as before till all the units have been 
subtracted: the result is the remainder re-
qnired. 
The principle em-ployed here is, that if the 

same number be added to both minuend and 
subtrahend, the difference will remain un
changed. 
2. Algebraic Subtraction. 
In Algebra, if from one quantity we wish 

to subtract another, the operation mav be in
dicated by inclosing the second within a 
parenthesis, prefixing the minus sign, and 
then writing it after the first. To deduce a 
rule for performing the operation thus indi
cated, let us represent the minuend by a, the 
sum of all the additive terms in the subtra
hend by A, and the sum of all the subtractive 
terms by — c ; then will the operation be in
dicated thus, 

a — {b — c), 
where it is required to subtract the difference 
of b and e from a. 
If now, we diminish the quantity a by the 

number of units in b, the result, a — b, will 
be too small by the number of units in c, 
since c should have been subtracted from b. 
before taking b frora a. Hence, to obtain the 
trae remainder, we rnust increase the first 
result bv c, giving the expression 

a — b + e. 
which is the true algebraic difference requir
ed. By comparing it with the given minuend 
and subtrahend, we see that we have changed 
the signs of all the terms of the latter, and 
added the result to the former. To facilitate 
the operation, the similar terms are to be 
written in the same column. Hence, for the 
Bubtraction of algebraic quantities, 
1. Write the quantity to be subtracted under 

that from which it is to be taken, placing simi
lar terms, if there are any, in the same column. 

2. Change the signs of all the terms to be 
rublracted, or conceive them to be changed, and 
then add Ae remit to ihe other quantity. 
The siou of subtraction is —, caUed minus, 

.35 

and though use-1 in .\rillinie!ie. is always to 
bo understood .is algebraic in its nature, indi-
eatiiii; a sub'.raetion in the most gener.il sense 
of the term. 

Si i:ti;active IJi-.in rrrv, .\ quantity, in 
.-Vlgebra. preceded by tho sign —. If the 
sign of the quantity is itself minus, the com
bination of the sign ol the quantity with the 
sign of operation, conspire to render tho 
essential sign ofthe expression positive. 

Sl'B-TRA-HEND'. In Arithmetic and 
.Vlgebra, tho quantity to be subtracted. See 
SiiUrarlion. 

SUB-TRIP'LE. [L. sub and triplex, tri
ple]. One part out of three. 

SUB-TRIP'LI-CATE R.ATIO, [L, sub 
and triplex, threefold]. Of two quantities, 
the ratio of their cube roots. Thus, the sub-
triplicate ratio of a to b, is 

VT_ '111 

The subquadruplicato ratio is 

V l 

the subquintuplicate ratio is, 

v>^' 
the subsextupilicate ratio is 

il,&c. 

SU.M. [L, summa, a sura]. In addition, 
the aggregate of two or raore quantities. In 
Arithmetic, the sum of several numbers is a 
nuraber which contains as many units as are 
contained in all the given numbers taken to
gether. Hence, the sum is greater than any 
of its parts. 

In Algebra, the terra .97*777 does not necessari
ly iraply increase; for, if we aggregate several 
quantities, some of which are positive, and 
sorae negative, it may happen that the sum is 
numerically less than any one of the parts , 
it may even be 0. This sum is therefore dis
tinguished, as the algebraic sum. 

SU-PER-Fi"CIAL, Appertaining to a 
surface, as superficial contents, &c, 

SU-PER-Fi"ClES. [L, super, upon, and 
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fticies, the face]. The area of a surface. 
The difference between this terra and the term 
surlaee, is simply this. The terra surface is 
abstract, and simply implies that raagnitude 
which has length and breadth without thick
ness, whilst the term superficies does not 
refer to the nature of the magnitude, but 
siraply refers to the number of units of sur
face which the given surface contains. 

SU-PiJ'RI-OR. [L. super, above]. Lying 
abov^ or having a higher place. 

Superior Limit of a Quantity. A limit 
towards which the quantity may approach to 
within less than any assignable quantity of 
the same kind ; it is always greater than the 
quantity. 
A Superior Limit of the roots of a nu 

merical equation of the form 
x>' -I- Pi"-' -I- Qx"^' + . . + T x + U = 0 , 
is any number greater than the greatest pos
itive root of the equation. From the defini
tion, it is plain that such an equation has an 
infinite number of superior Uraits. In the 
solution of numerical equations, it becomes 
an object to find as small a superior Umit as 
possible, and for this purpose a variety of 
rules havebeen given. The siraplest method 
of finding a superior limit is this : 

A superior limit of the positive roots of a 
numerical equation is always found by taking 
the numerical value of the greatest co-effi
cient of any term, and adding 1 tĉ it. This 
will, in general, he much greater than it is 
necessary to use. A simpler lirait is naraed 
the ordinary limit. To find this, extract that 
root of the numerical value of the greatest 
negative co-efiicient of any term, whose index 
is the nuraber of terras which precede the 
first negative one, and to the result add 1. If 
there are any terras wanting they raust be 
supplied by inserting -|- 0 in their places. 
This will, in general, he sraaller than the one 
before considered, but there is stiU another 
limit, which is usually smaller than the ordi
nary Umit, which is called Newton's limit. 
'fo find it, form from Ihe first member of 
the given equation its successive derived 
polynomials; then determine by trial the 
least nuraber which will render the first 
member and all its successive derived po
lynomials positive ; and such that all greater 
nurabers will render them positive ; then will 

the first number found be a superior limit. 
The method of finding the least superior 
Umit in whole numbers depends upon Sturm's 
theorem. Find the first derived polynomial 
of the first meraber, and to this and the first 
meraber apply the process of finding their 
greatest common divisor, with this exception, 
that instead of using the remainder as found, 
change their signs, and take care not to intro
duce or reject any factors except positive 
ones. Continue the process until a reraain
der is found which is independent of the un
known quantity. Denote the first raember 
of the given equation hy X , its first derived 
polynomial by X j , and the several reraainders 
with their signs changed by Xg, X^, &c., X^; 
then write the expressions 

X , X^, A2, A 3 . . . Xf 
in a row, and substitute in them -1- co for the 
unknown quantity, and write the signs ofthe 
results in a row. Find by trial the smallest 
positive number, which, when substituted for 
the unknown quantity, will give the same 
nuraber of variations of signs in passing 
along the row ; this will be the smallest supe
rior limit in whole numbers. 

The superior limit of the negative roots, 
(numerically considered), may be found from 
the same expression, as follows ; 

Substitute in them — co for the unknown 
quantity, and write the signs of the results 
in a row ; then findhy trial the sraaUest neg
ative number (numerically considered), which, 
being substituted for the unknown quantity-, 
will give the same number of variations of 
signs in passing along the row. This num
ber will be the superior limit of the negative 
roots (numerically considered), 

SUP'PLfi-MENT, [L, supplementum; from 
sub and pleo, to fill]. In Trigonometry, the 
supplement of an angle is the remainder 
obtained hy subtracting the angle frora 180°, 
or two right angles. If tho angle exceeds 
180° the supplement will be negative. The 
trigonometrical functions of the supplement 
of an angle are given by the following equa-
tijOns: 

sin (180° - ^1) = sin-4. 
cos (180° - A ) = -cos-4. 
tan (180° - A ) = - tan A. 
cot (180° — A ) = — cot A. 
sec (180° — A ) = — sec.-l. 
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cosec (ISO' — A) = — cosec .1. 
vcrsin (180° — .1) = 2 — ver-sin -L 

The radiis being taken equal to 1. 

S U P - P L E - M E X T A R Y C H O R D S , in an 
eUipse or hyperbola, any two chords drawn 
through the extremities of a diameter, and 
intersecting on the curve. If w o refer the 
curve and the supplementary chords to the 
centre, as an origin, the axis of A' coincidimr 
with the diameter through whose extremities 
the chords are drawn, and the axis of Y coin
ciding with its conjugate, the equation of 
condition for supplementary chords in the 
eUipse, is b" 

iu the hyperbola it i 

c and c' denoting the ratio of the sines of the 
angles which the chords make with the con
jugate diameters, a' the semi-diaraeter through 
the extremities of which the chords are drawn, 
and b' its semi-conjugate. 

If the chords are drawn through Ihc ex
tremities ofthe transverse axis, the equations 
of condition become, for the ellipse, 

for the hyperbola. 

c and c" are the tangents of the angles which 
the chords make with the transverse axis, and 
a and b the semi-axes of the curve. Either 
chord is called a supplement of the other. 
It is a property of supplementary chords 

in either of the curves, that if any chord is 
paraUel to a diaraeter, its supplement is par
allel fo the conjugate of that diameter, and 
also to the tangent to the curve through the 
vertex of that diameter. This affords a 
method of constructing the conjugate of any 
diameter, and also a method of drawing a 
tangent line to either curve at a given point. 
parallel to any given straight line. Seo El
lipse and Hyperbola. 
The supplementary chords drawn through 

the extremities of the transverse axis of an 
ellipse, make an obtuse angle with each 
other; those drawn through the extremities 

of tiie conjugate axis make an acute angle 
with each other. In the circle they arc al
ways at right angles to each other. Supple
mentary chords drawn through the extremi
ties of the transverse axis in the hyperbola, 
always raake an acate angle with each olher. 

S U R D . [L. surdus, deaf]. A n indicated 
root of an imperfect power of the degree in
dicated. It is the same as a radical. Any 
expression involving a surd is called a surd 
expression, a surdal quantity, or a radical 
quantity. See Radical. 

SUR-SOL'ID. A fifth power ; thus, a» is 
the sursolid of a. 

S L R - V E Y T N G . [L. sur, and video, to 
see]. In its most general signification, em
braces all the operations for finding, 1st, the 
area or superficial contents of any portion of 
the earth's surface; 2d, the lengths and 
directions of the bounding lines ; 3d. the con
tour or shape of tho surface ; and, 4tli, the 
accurate delineation of the whole upon paper 

Surveying is divided into three branches : 
Topographical, Plane, and Geodesic Surveying. 

Topographical Surveying embraces alt 
the operations incident to finding the contoin 
of a portion of the earth's surface, and the 
various methods of representing it upon a 
plane surface. For an account of Topogi,»-
phical Surveying, see Topography. 

Plan:-. Surveying erabraces all the ope
rations of surveying, carried on under the 
supposition that the surface of the earth is a 
plane. The radius of the earth being very 
great, (nearly 4000 miles), if only a limitea 
portion of the surface is considered, as a few 
railes in extent, it raay, without error, 'oe re
garded as a plane, disregarding the minor 
inequalities, or conceiving the whole to be 
projected on a plane. 

Geodesic Surveying comprises all the 
operations of surveying carried on under the 
supposition that the earth is spheroidal. A n 
outline of the subject of Geodesic Surveying 
has been given under the head of Geodesy, 
which ,sec. 

Geodesic Surveying embraces what is 
generally denominated Maritime Surveying. 

Plane Surveying. The operations of plane 
surveying may be classed under three heads: 
1st, Field Operations ; 2d. Computations; and, 
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Od. Plotting ; each of which will be noticed 
in turn. 

I. Field Operations comprise all measure
ments made in the field, the results of which 
are recorded in a book for the purpose, and 
constitute what are called field notes. 

Tho measurements incident to a field sur
vey are of two kinds : measurement of angles 
and measurement of distances. 

Angles are raeasured by means of the theo
dolite, compass, sextant, plane table, circum-
ferenlor, or some other instrument, contrived 
for the purpose. For the method of per
forming the measurements, and for an account 
of the different instruments employed, see 
the articles Theodolite, Compass, Plane Table, 
&c. A sufficient nuraber of angles are mea
sured at the different stations to afford the 
means of determining the relative positions 
of all the points which it is desired to locale 
by the survey. 

Distances are measured by means of a 
chain, tape, rod, or any scale of equal parts, by 
continually applying them along the direction 
of the required distance. The number of 
distances measured will depend upon the 
nature of the survey, and also upon the num
ber of angles measured. The measured dis
tances are sometimes called courses; this is 
particularly the case in surveying with the 
compass. 

In field surveying, undertaken for the pur
pose of determining the area of a piece of 

Let B C D E A represent 
the piece of ground to be 
surveyed, N S being a me
ridian Une through B. Rule 
the pages of the field book 
into three spaces' by ver
tical lines, and head the 
columns thus formed, re
spectively. Stations, Bear
ings, and Distances. 

.Select some convenien 
angle of the field, as A for 
example, and call that sta
tion 1. Number the re
maining angles around in 
order, keeping the field on the right, and 
enter these numbers in the column marked 
Stations. At station 1 lake the bearing of 
the line to station 2, and enter it in column 
headed Bearings, and measure the distance 

land, or for dividing or laying off any piece 
of land, distances are generally measured 
with Gunter's chain, or a tape of the same 
length as Gunter's chain, and divided into 
the sarae number of equal parts. In con
nection with Gunter's chain, ten marking 
pins are used, consisting of a piece of iron 
one-eighth of an inch in thickness, and twelve 
or fourteen inches in length, sharp at one 
end, with a ring at the other. There are also 
required two chainman's staves, for straight 
ening and aligning the chain, and two flag 
staves to mark the stations. For a descrip
tion of Gunter's chain, and the manner of 
using it, see Gunter's Chain. 

In surveying for the purpose of filling in 
a geodesic survey, or for making a map of a 
limited territory, as a village or town, a chain 
of 50 or 100 feet in length, or a tape of the 
same length divided into feet, is generally 
used, and the sarae additional instruments 
are required as in using Gunter's chain. 
W h e n irregular lines are to be surveyed, an 
offset staff is also employed. See Offset 
Staff. 

W e shall illustrate the method of obtaining 
and recording the field notes of a field sur
vey, and, for the purpose of filling in a tri
gonometrical survey, or for mapping a tract 
of country, by giving a single example of 
each. 

To obtain and record the field notes of a 
field survey : 

to station 2, and enter it opposite station 1 
in the coluran headed Distances. Carry the 
compass to station 2 and take a reverse bear
ing to station 1, and see if it agrees with the 
direct bearing ; if not, both must be repeated; 
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if it does, take tlie bearing of station 3, and 
measure tho distance to it, entering the bear 
ing and distance as before, in the proper 
columns. Continue this operation of niea 
suring bearings and distances till all of th< 
courses have been measured. 

field book. 
'5T (.TIONS. 

1 1 
2 
3 

i 4 
5 
6 

BEARINGS. 

N, 46}° W , 
N,51J° E. 

E. 
S, 56° E. 
S, 33i° W. 
N 74KW, 

DISTANCES. 

20 ch. 
13,80 ch. 
21.25 ch. 
27.60 ch. 
18,80 
30,95 

W h e n the field to be survey-ed is bounded 
by a broken and irregular line, the survey is 
best made bv means of ofi'sets. 

Let A B D represent such a field. In this 
case, select several of the prominent points 
in the boundary of the field, as A, B, C, D 
and E, for stations. Take with the compass 
the bearings from .A to B, from B to C, from 
C to D, &c., as before directed. At conve
nient points of the course A B , as e, c, f, 
measure the ofi'sets ab, cd, and fg ; measure 
also the distances Ae, Ac, Af, and record 
both the offsets and these distances, either in 
two columns ruled in the field notes, and 
headed offsets to the right, and offsets to the 
left, or the record may he kept as in the 
method of surveying for the purpose of 
mapping, as will now be explained. 

In this kind of surveying, compass lines 
Ere run along the principal lines ofthe coun-' 

try to be maiiped, and ofi'sets aro measured 
on eai-h side to the principal objects. Tho 
field notes eiuninise not only a record of the 
bearings and lengths of the courses, together 
witii the lengths and positions of the ofi'sets, 
but a rough sketch of the country along the 
lines run. (See figure, next page.) 

Each page of the field book is ruled into 
three columns, the middle space being much 
narrower, usually, than the lateral spaces, and 
the records are made from the bottom of each 
page upwards for the purpose of having the 
ground and the sketch before the eye in the 
sarae relative positions. 

Starting .at some principal station as A, 
suppose tho bearing of the first course is 
S. 12° W . ; this is entered at the bottom of 
Ihe page. Measure along this course, say 
130 feet; this distance is entered in the mid
dle column, at a distance from the bottom, 
corresponding to 130, taken from a roujjh 
scale of equal parts, or if the paper is ruled, 
this distance may be estimated, allowing a 
certain number of feet for the distance be
tween two consecutive ruled lines. Draw a 
horizontal line, and suppose that an offset is 
measured to-the right, 50 feet, to a stream ; 
produce the horizontal line to the right, a dis
tance of 50 feet to tho scale adopted, and 
enter the length of the offset under this line 
in the right hand column. Measure .again 
along the Une to a distance soy of 350 feet 
from the station. Draw a horizontal line in 
the middle coluran at a distance frora Ihebot-
tora, equal to 350 feel frora the sctile, and 
suppose that w e measure another offset to 
the same stream of 100 feet to the right. 
Enter and plot this offset as before, and then 
with the eye sketch in the general courses of 
the stream between the two points found on 
the plot. 

Continue, in this manner, measuring along 
the main Une, taking offsets and plotting them 
roughly till the end of ihe course is reached. 
In the case considered, the length ofthe first 
course is supposed to be 800 feet. Whenever 
an offset is measured to the left, as in the 
case of the pond, in the diagram, the offset 
must be plotted on the left Ifand side of the 
raiddle column. W h e n a new course is to 
he commenced, a circle is made in the cen
tral column to indicate the fact, and the bearing of the course is entered just above it; 
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then the operations are continued as before. 
W h e n the top of one page is reached in the 
field book, the work is transferred to the bot
tom of the next, and the work is continued 
in the samo manner till the survey is com
plete. The note book, with the rough sketches, 
aUI then afford all the data necessary for 

plot,ting in the principal features of the coun
try surveyed. It raay be-well to confine the 
notes to the left hand page, leaving the right 
hand page for any remarks that may be de
sirable to enter with respect to the nature of 
the country, &cc. 

This method is often used in surveying 

.arge estates, running compass lines through 
the estate in different directions, and making 
offsets to angular points of fields, &c. 

There is stUl another method of surveying 
a field, vvhich consists in selecting two promi
nent stations visible from each olher, and 
from which the angular points ofthe field are 
also visible. The distance hetween them is 
carefully raeasured ; then their bearing frora 
each other is measured with the compass. 
The bearings of each of the angular points 
of the field are measured from each station, 
and all these measureraents are entered ui 
the note book. 

II. W e corae next to the corapiitations. 
The computations incident to a geodesic 

survey are explained under the head of Geo
desy, and as far as they are appUcable, the 
sarae coraputationsareto be raade in exten
sive plane surveys. The coraputations neces
sary to determine tho distances of objects, 
(accessible or inaccessible) trigonometrically, 
are explained under the title of Distances,. 
which see. W e shall therefore introduce, in 

this place, only the coraputations necessary 
to make a field survey. 

In the first place, if the length or bearing 
of any course be lost or suspected of being 
in error, it may be thrown out and the dis
tance or bearing, oi* both, and the course re
quired may be coraputed from the remaining 
notes. To do this, find from the traverse 
table the latitudes and departures of all the 
other courses, and enter thera under the 
proper headings of N. S. E. and W^. Take 
the sura of the northings and the sum of the 
southings ; their difference will he the north
ing or southing of the required course. If 
the sum of the northings exceeds the sum of 
the southing, the required course will make 
southings; if the reverse, the required course 
tvill make northing. 

Take the sura of the eastings and the sum 
of the westings ; their difference will be the 
easting or westing of the required course. If 
the sum of the castings exceeds the sum of 
the westings, the required course makes 
westing. If the reverse is the case,the re-
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quircil course makes easting. The square 
rtwt of the sum ofthe squares of tho latitudo 
auJ departure thus found, is equal to the 
length of the required course. Divido the 
departure bj' the length of the course, and 
the quoiieni w-ill be the natural sine of the 
bearing, which raay then be found from a 
t,ible ot' natural sines. 
If it is found that some error has been coin-

mitled in taking the field notes,-and it is not 
known on which course the mistake has been 
made, each course may be thrown out in turn. 
and computed by the rule just given ; the 
computed result compared with that in the 
notes ; and in this manner the error may be 
reached. If it is suspected that an error has 
been committed in reading au angle, as is 
often the ease, compute the interior angles 
of the field, from the notes, bv the foUowinfr 
rules, and take their sum ; this ought to be 
equal to two right angles token as many times 
as the field has sides, less two. 
Rules for finding the interior angles from 

the field notes, the courses being taken around 
the tield. 

1. If the meridional letters are unlike, aad 
those of departure unlike, the interior an
gle is equal to the difference of the bearings. 

2, If the meridional letters are unlike, and 
those of departure alike, the interior angle is 
equal to the sum of the bearings. 
3. If the meridional letters are alike, and 

those of departure are unlike, the interior an
gle is equal to 180° minus tile sum of the 
bearings. 

CALCUL 

4, If the meridional letters aro alike, and 
those of departure alike, the interior angle is 
equal lo 180° niinus the differciwc of the bear 
ings. 

Having tested the accuracy of the field 
notes, rule a sheet of paper into 12 columns, 
and head Uiem as in the annexed exarapU 
^̂ •rite the field notes in the first three columns 
\̂'e have taken the same example as was 
used in explaining the field operations. Then 
find from tho traverse table the latitude and 
departure of each course, and enter thera 
under the proper headings, observing to 
write the latitude under the head N, when 
the raeridional letter ofthe bearing is N,, and 
under S, when it is S. and also lo enter tbo 
departure under E. when the letter of dcp.ar-
ture of the course is E, and under W . when 
it is \V. Seo Traverse Table. 

Next, balance the work ; that is, apportion 
the errors in latitude and departure according 
to the lengths of tho courses, and enter the 
balanced latitudes and departures, with theii 
proper signs, under the heading " Balanced.'' 
See Balancing. Next forra the double merid-
ian distance of each course according to the 
following rule ; 

The double meridian distance of the first 
course is equal to the departure of the course. 
The double meridian distance of any other 
course is equal to the double meridian dis
tance of the previous course, plus the depar
ture of that course, plus the departure ofthe 
course itself In using the rule, the propci 
signs of the latitudes and depnrlures mu&t 
ATION. 

c 
c 

1 

»2 

3 

4 

5 

6 
«iir 

Bearings. 

N. 46i° W 

N. 51f-E, 

E. 

S. 56° E. 

S. 331° w . 

N. 74i° W , 
n of courses. 

Error in 

Dist. 

20 ch 

13.80 

21.25 

27.60 

18,80 

30,95 
132.40 1 

Northin 

Diff. 

N. 
+ 

13.77 

8..54 

8,27 
30.58 

S< • 

Lat. 

g 

15,44 

15.72 

3L16 
30.58 
0 58 

Depa 

E. 
-t-

10 8-1 

21,25 

22,88 

54.97 
54.65 
0.32 

Jture, 
W, 

14,51 

10,31 

29,83 
54,65 

Balanced. 

Lat. 

-H3.88 

-f8,61 

-15,29 

-15,63 

-f8.43 

Dep, 

-14,56 

-f 10,81 

-1-21,20 

-f 22,82 

-10 36 

-29,91 

D,M.D. 
-1-

14.56 

10.81 

42.82 

86,84 

99,30 

.59,03 

Area. 
+ 

202,0928 

93,0741 

497,6229 
792,7898 

2 

Area. 

1327,7836 

1552,0590 

2879,8426 
792,7898 

)2087.0528 
Ans. lOiA. IR. IBP. . . 1043.52114 
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be observed. Enter these under the head of 
D. M, D. In the example, the courso mark
ed with a star * is taken as the first course. 

Then multiply the double meridian distance 
of each course by its northing or southing, 
observing the rule for signs, and enter the 
positive products under the head of plus 
areas, and the negative ones under the head 
of negative areas. Take the sum of the posi
tive areas and of the negative areas separate
ly, and subtract the less from the greater; 
the reraainder will be double the area of the 
field, expressed in square chains and decimals 
of a square chain. 

III. Plotting the work. The various me
thods of plotting have already been described 
under the head of plotting. See Plotting, 
Plotting Scale, <̂ c. 

Surveying the Public Lands The pub
lic lauds consist of those large tracts that 
belonged to the United States after the Rev
olution, together with all that was ceded by 
the Stales soon after the formation of the 
Constitution, with all the additions which 
have since been acquired by treaty and pur
chase, embracing many millions of acres. In 
1802, Colonel Jared Mansfield, the Surveyor 
General of the North Western Territory 
devised a systematic raethod of surveying 
and recording such portions, as were to be 
offered for sale, which method is still adhered 
to. 

The entire public domain is divided into 
land districts, to each of which a Surveyor-
General is assigned, who is charged with the 
general supervision of all the surveys within 
his particular district. 
'The method of raaking the surveys is, in 

(̂ utUne, as .follows : 
A meridian line is run, with great care, 

through some prominent point of the district, 
and through the samo point, a line at right 
angles to it is also run, both reaching through 
the entire district. These lines, determined 
astronomically, serve as a systera of co-ordi
nate axes to which the subdivisions are easily 
referred. ParaUel to these lines, and on each 
side of them, other lines are run six mUes 
distant frora each olher, dividing the district 
Into squares containing 36 square raUes, or 
23,040 acres, each. 'These squares are called 
townships. Each township is subdivided by 
'lines parallel to the meridians, and east and 

west lines, into 36 equal squares. These 
squares are called- sections, and each one 
contains 640 acres. W h e n the land is valua
ble, these are again divided into quarter sec-
lions, and sometimes into eighths of a sec
tion. 

All the townships lying between two con 
secutive north and south lines, are called a 
range, and the ranges are numbered frora the 
principal meridian in both directions, 1st., 2d., 
3d., &c,, to the extreme Umits of the land dis
trict. The townships m each range are num
bered frora the principal east and west lines, 
1st., 2d., and 3d., &,c., in both directions, to 
the extrerae limits of the land district. The 
sections in each township are numbered from 
1 to 36, as shown in the diagram. 

6 

7 

18 

19 

30 

31 

5 

8 

17 

20 

29 

32 

4 

9 

16 

21 

28 

33 

3 

10 

15 

22 

27 

34 

2 

11 

14 

23 

26 

35 

1 

12 

13 

24 

25 

36 

In describing a section of land, w e Sd,y, 
Section No. 2, township 5, N., range 4, W., 
from the 5th principal raeridian, Lawrence 
County district. 

Surveying, Maeitlme. See Maritime Sur
vey iiig. 

Surveyor's Cross. See Cross, Surveying. 
Surveyor General. A n officer of the 

United States government, having charge of 
the survey of the public lands of a land dis
trict. 

S Y M ' B O L . [L. symbolum]. A n y character 
used in Analysis, to represent a quantity, an 
operation, a relation, or an abbreviation. See 
Notation. 

S Y M ' M E ' T R Y . [Gr. avppsrpta; from 
aw, with, and perpov, measure]. Regularity 
of parts with respect to each other 

S Y M - M E T ' R I C - A L . Possessing the attri
bute of symmetry. In Geometry, two points 
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are symmetric ally disposed, with res|ieet to a j 
straight line, when they aro ou opjiosite sides 
of the line and equally- distant from it, so ̂  
that a straiu'ht line joining them, intersects 
the given line, and is at right angles to it. 

A cur\e is symmetrical, with respect to a 
straight line, when its points, taken in pairs, 
are symmetrically disposed with respect to it; 
that is. for each point on one side of the Une 
there is a corresponding point on the other 
side, aud equally distant from it. The Une is 
called an axis of symmetry. 

Thus, in the ellipse, for every point on one 
siJo ofthe trans\erse axis, there is a pointon 
the olher side equally distant from it; the 
chord joining them is perpendicular to the 
axis, and bisected by it. Hence, in this case, 
the axis of the curv-e is an axis of symmetry. 
There is a species of oblique symmetry, 

differing from right symmetry, in the fact, 
that the chords joining the opposite corres
ponding points are oblique to the axis. 

In an ellipse, any diaraeter bisects all 
chords drawn parallel to its conjugate : in 
this case, the symmetry is obUque. In gen
eral, a curve is obliquely symraetrical with 
respect to any one of its diameters. 

In the conic sections, the axes are the only 
true axes of symmetry. T w o plane figures 
are symmetrically situated, with respect to a 
straight line, when each point of one has a 
corresponding point in the other on the oppo
site side of tbe axis, and equally distant from 1 T-B 

IJJ 

it: thus.the triangles A B C and ahc, are syra-
metricaUy situated, with respect to the line 
D E . In all such cases, if either figure b? 
revolved about the axis of syraraetry through 
180°, the two figures may be made to coin
cide. 
A line or surface is symmetrical, with 

respect to a plane, when for each point on 
one side of the plane there is a second point 
on the other side, equally distant frora it. 
Tlie plane is called the plane of syraraetry, 
and is, in the conic sections, a principal 
.plane, Syrametrical lines and surfaces in 

space cannot, in general, be mado to coin
cide with etich other. 

Spherical tri;ingles arc symmetrical, when 
their sides and angles are 
equal each to each, but not 
similariy situated : thus, tho 
triangles AliC and A B D 
are symmetrical, but they 
cannot, by any possibilitv, 
be made to coincide with 
each other; they are equal 
in area oiUy. 

Ill .Vnalysis. an expres
sion is symraetrical. with 
respect to two letters, when the places of 
these letters may be changed without chang
ing the expression. Thus, the expression 

x' + a'x -f- ai -I- b'x, 
is symmetrical with respect to a and b : for, 
if wc change the places of a and b, we have 

x' + b'x + ba + a'x, 
the same expression ; but it is not symmetri
cal with respect to i any y. A n expression 
is symmetrical, with respect to several letters, 
w-|ien any two of thera may change places 
without affecting the expression : thus, the 
expression, 

a'b + ba' + a'c + c'a + b'c + be', 
is symraetrical with respect to iBe three let
ters, a, b and c. It is not sufficient that cer
tain contemporaneous changes may be raade, 
without affecting tho expression, but any two 
raust be interchangeable ; thus, 

a'b + b'c + c'a, 
remains unaltered, if a is changed to b, b to 
c, and c to a ; but it is not symraetrical, with 
respect to a, b, and e ; for, if a and b only be 
interchanged, it beeomes 

b'a + a'c + c'b, 
a different expression from the given one. 
See Functions, Symmetrical. 

SYN'THE-SIS. [Gr. avvBsai;, frora oov ; 
and rL8ypi, to set]. The method by composi
tion, in opposition to the method of resolu
tion or analysis. In synthesis, we reason 
from axioms, definitions, and already known 
principles, until w e arrive at a desired con
clusion. Of this nature are most of the pro
cesses of geometrical reasoning. In synthe
sis, w e ascend from particular cases to general 
ones ; in analysis, w e descend from general 
cases to particulars. 
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SYN-THET'IC-AL METHOD. The meth
od of reasoning by .synthesis. This method 
is purely deductive. .See Synthesis. 

SYS'TE.M. IL. sysiema; Gr. avorypa]. A 
regular method or order. A system of co
ordinates comprises the objects to which 
points are referred together with the method 
of reference. Thus, w e speak of the recti
lineal system, Ihe polar systera, &c. The 
rectilineal systera is that in which points are 
referred to straight lines by means of their 
distances from these lines or from their planes 
measured on parallel lines. A polar system 
is one in which points are referred to a fixed 
line or lines, and a fixed point, by means of 
a variable angle or angles, and a variable 
distance. 
T. The twentieth letter of the English 
alphabet. As a numeral it has been used to 
denote 160 ; with a dash over it, T, signifies 
160,000, In Arithmetic, it is an abbreviation 
for Ton. 

T S Q U A R E . A n instrument used for draw
ing parallel straight lines instead of the tri
angular ruler. It consists of two arms: one 
of which, called the blade, is fastened to the 
other, called the stock, at its middle, and 
secured by a clamp screw. The stock pro
jects considerably below the blade, lorming 
a shoulder, which, when used, is pressed 
firmly against the drawing board. The blade 
may be set at any angle with the stock and 
clamped. Then, if the stock is pressed against 
the edge of the drawing board and raoved 
along, the blade will move continually paral
lel to its first position. Its use is obvious. 

Ta'BLES. [L. tabula]. In Mathematics, 
tables are of two kinds. The first are simply 
a collection of particulars, in a small space, 
for reference and ready application. Such 
are the tables of weights, measures, cur
rency, &c. The second kind aro series of 
numbers obtained from a general formula, 
expressing the law of a function, by attri
buting particular and equidistant values to 
the independent variable. Such are the tables 
of logarithms, sines, cosines, &c. 

It would exceed our proposed Umits to 
enter inlo an account of the general method 
of constructing the different kinds of mathe
matical tables, but some idea may be acquired 
of their nature from the foUowing outUne : 

If we take the equation, 
y =^ log X, 

and suppose x to have every possible value 
attributed to it from 0 to co, that is, if w e 
suppose it to vary continuously between those 
limits, and the corresponding values of y to 
be deduced, they will vary continuously from 
— CO to -1- CO. 

ii;̂ -fr.X 

N o w , if we draw two axes O Y and O X , at 
right angles, and suppose the values of x to 
be laid off on the axis O X , and the corres
ponding values of y to he laid off in perpen
diculars to this line, the extreraities of these 
perpendiculars or ordinates will make up a 
continuous curve, which is caUed the loga
rithmic curve- This curve is of the form re
presented in the figure, and is the geometrical 
representation of the law of relation between 
numbers and their logarithins. The curve 
cuts the axis O X at D, a distance 1 from the 
origin. N o w , if we take frora O the distances 
O D , O B , OP", OP'", &c., respectively equal 
to 1, 2, 3. 4, &c,, and write them in one 
column, and then write down in a second 
coluran, opposite them, the corresponding 
values 0, Be, P"p", L""p"', &c., to any limit, 
the results will constitute a table of loga
rithms; and, by means of it and known prin
ciples, w e cau find the value of any interme
diate ordinate or logarithm, as kk', which 
shall conform to the law of the function. 

This operation of finding an intenuediate 
logarithm is called interpolation, and is effected 
by means of the series of differences. See 
j77;er̂ o/â 7077. 

Instead of taking values of x, correspond
ing to the series of natural numbers, w e 
might have taken arbitrary values of i, and 
we should then have had a table of logarithms, 
but not of so convenient a form as the one 
before described. If w e take the equations, 

y = sin I, y = cos x, &c., 
and construct the curves expressing the law 
of the functions, w o can, in like manner, 
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tabulate the values of the function for equi
distant values of the vari.ible ; these will con
stitute tables 0-,',-•:•;;•,*. cosines, &o.. from w-hieli, 
tiy interpolation, the values of the sines, co-
si:ios. i c , m a y b e found for all values ofthe 
variable. 
The tables of most frequent use in mathe-

aiaiies. are the table of logarithras, sines, co
sines, Ae., both logarithraic and uatural. 
These tables are generally appended to every 
Ireatise on trigonoraelry and surveyintT, to
gether with an account of the method of 
usini: them. 
T A N G E N T , [L. tangens, touching]. A 

tangent line to a plane curve at any point, is 
the limit of aU soeant Unes through that 
point. To conceive the idea of a tangent at a 
point, draw any secant through the point, 
and revolve it about the given point as an 
axis ; the other point of secancy- will, after 
a lime, approach the given point, and finally 
coincide with it. At this stage of the revolu
tion, the secant reaches its limit, and becomes 
a tangent. If the revolution be continued, 
the second point of secancy passes the first, 
and the line becomes a secant again, cutting 
the curve on the other side of the given point. 
This iUustration holds equally true in the case 
of lines of double curvature, except that the 
motion ceases to be one of revolution. The 
motion must be made so that the second point 
shaU always remain on the curve. Frora 
this exposition, w e deduce the fact that, in 
general, there can be but one tangent to any 
cun-e at the same point. The only exception 
to this principle is in the case of a multiple 
point, at which there will be as many tan
gents as there are branches intersecting at 
this point, one to each branch. 

W e have, in the illustration, supposed that 
only two points of secancy unite to produce 
a point of contact; but there is one reraark-
able exception to this supposition, in the case 
where the point of contact happens to be a 
point of inflexion. Let there be a curve 
having a point of inflexion. If a straight line 
be drawn through this point, cutting the curve 
in a point near the assuraed point, it will also 
cut it in another point on the opposite side. 
Now, if the line be revolved about the as
sumed point, towards the tangent, these two 
points of secancy both approach the assuraed 
point together, and ultimately coincide with 

It, and tho tangent ciils tho curvo at tho point 
ol cont.aet, If tho revolution be continued 
in the samo direction as before, in the next 
position, the secant only cuts the curvc in 
the single point assumed. W h e n the points 
of seeaney have been made to unite, they 
ore called coincident or consecutive points. 
Hence, w e may define a tangent to a curve 
to be a straight line passing through tico (or 
three) consecutive or coincident points. 

The first case is the general one, and in 
that the tangent lies wholly without the curve, 
in the neighborhood of the point of contact; 
that is, all of its points are on the convex side 
of the curve. The second case is the excep
tion and rarely occurs ; when it does arise, 
the tangent cuts the curve, but as before, all 
of its points in the neighborhood ofthe point 
of contact Ue on the convex side ofthe curve, 
the curve changing its curvature at tho point 
of contact. Hence, wo raay again define a 
tangent lo a curve tobe a straight line havinw 
but one point in common with the curve, and 
all of its points in the neighborhood lying on 
the convex side of the curve. This rule has 
no exception, ^̂ 'e say all tho points lying 
in the neighborhood of the point of contact; 
this restriction is necessary, for there is 
nothing to prevent a tangent, on being pro
duced, from intersecting the curve at some 
other point. 

In the graphic constructions of Descriptive 
Geometry, w e regard the curve as coincident 
with an inscribed poh^gon whose sides are so 
sraall that they may, without sensible error, 
be considered as coinciding with the arc. In 
this case w e call the extreraities of any side 
of this polygon consecutive points of the 
curve, and the prolongation of such a side is 
called a tangent. Hence, in Descriptive 
Georaetry a tangent is defined to be a straight 
line passing through two consecutive points 
of the curve. This definition is only approx
imately correct; the approxiraation approaches 
nearer to the truth as the length of the side 
becoraes nearer equal to 0. If the sides are 
infinitely sraall, and so taken that their pro
jections on the axis of X are equal, each 
being the differential of x, w e have the basis 
of that systera of differential calculus which 
may be considered as the geometrical method. 
If w e consider the fact, that according to tho 
view just advanced the tangent passes through 
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two points, it may he asked which is the 
point of contact; the answer to this question 
is plain. 

The theory of curves supposes the curve 
to be generated by a point moving continu
ously and passing over each side ofthe poly
gon in succession, and the point of contact is 
the one first reached in following the motion ; 
and strictly speaking, the tangent ought to he 
considered as having its origin at this point 
and proceeding indefinitely from it, in the 
direction of the element. If w e suppose the 
generating point to reverse its motion and 
retrace its path in an inverse direction, the 
direction of the tangents will also be reversed. 
'These views serve to reconcile some apparent 
contradictions in the language of science, and 
also to throw much valuable light upon the 
fogic of the science of the differential calcu
lus. In this point of view, a tangent line to 
a curve at a point of inflexion, becoraes sira
ply two tangents, one to each branch, and 
lying in opposite directions ; or in other 
words, at this point two elements of the curve 
coincide in direction ; and in the language of 
descriptive geometry w e should say that the 
tangent was a straight line passing through 
three consecutive points. This view, while 
it serves to illustrate the subject of tangency 
of curves, also illustrates that of osculation, 
as w e shall soon see. 

T w o curves are tangent to each other at a 
coraraon point. When they have a coraraon 
rectiUnear tangent at'this point. In the view 
of the subject just taken, they both contain a 
c o m m o n element at the point. Let us con
sider the case of a circle tangent to a curve 
at any point. It is evident that through the 
,two consecutive points that lirait an eleraent 
of the given curve, an infinite number of cir
cles can be passed, all of which will be tan
gent lo each other and to the given curve, 
because the common element produced is a 
coramon rectilineal tangent to them all at the 
first point of the clement. If now w e con
sider the next element in order, of the given 
curve, vve shall have three consecutive points, 
and through these it is impossible to pass 
more than one circle. This circle is the oscu
latory circle, so called, because it has a more 
intimate contact with the given curvo, at the 
given point, than any other circle. It is also 
plain that every smaller circle passing through 

the first two points, wUl pass within the 
third point, and every greater one will pas» 
without the third point; whence w e see that 
the osculatory circle separates those tangent 
circles which pass without the given curvo 
frora those which Ue wholly within it, in the 
neighborhood of the point of contact or of 
osculation. SimUar views may be advanced 
in relation to other osculatory curves to a 
given curve at a given point. W e shall only-
consider the additional case of the conic sec
tions in general. It is always possible, as 
may easily be shown, to draw an infinite 
number of conic sections tangent to any 
given curve at a given point. Furthermore, 
since some one of the conic sections may 
always be made to pass through five points 
in a plane, it follows that sorae conic seclion 
m a y be drawn to include four conseculivo 
elements of the curve. This is the osculatory 
conic section at the first point of the five, and 
its nature will be dependent upon the nature 
of the curve in question. Through any four 
consecutive points, an infinite number of dif
ferent conic sections raay always be made lo 
pass, each of which wiU have a more intimate 
contact with each other and with the given 
curve than any of the infinite number of 
conic sections which are passed through three 
of these points. 

A tangent plane to a curved surface is the 
lirait of all secant planes to the surface 
through the point. The point is called the 
point of contact. To conceive the idea of a 
tangent plane, pass any secant plane cutting 
the surface in aline; now if this plane be 
properly turned about this point, the section 
will, after a time, approximate to a poipt, that 
point being the point of contact; or it will 
approach a single straight line throun-h the 
point; or to two straight lines intersecting at 
the point; or to a straight line and curve 
intersecting at Ihe point, and wUl always 
finally reduce to one of these cases ; when it 
does thus reduce, the secant plane has reached 
its limit and becomes a tangent plane. 

W e have an instance of the first case of 
tangency in the sphere or ellipsoid ; of the 
second in the cone or cylinder; of the third 
in the hyperbolic paraboloid, or the hyperbo
loid of one nappe ; and of the fourth in a 
warped surface having three curvilinear direc
trices. A discussion ar alogous to that just 
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given, in relation lo tho tangency- of Unes, 
(only much more i-otnplieated). might begiven 
in relation to curved surfiees, but as the 
w-hole subject may be reduced down to a con
sideration of the subject of tangency of 
lines, we shall not enter upon it. 
The ordinary detinition of a tangent plam 

to any curved surface is this. .V plane is 
tanretit to a surl'aee when the plane and sur
face have at least one point in common 
through which, if any number of secant 
planes be passed, the sections cut out of the 
plane arc tangent to the sections cut out of 
the surt'aee. This point is called the point 
of contact. The definition suggests the 
method of passing a plane which shall be 
taniient to a given surface at a given point, 
viz: Draw any tw-o lines on the surface, 
tlirough the ::lven jxiiiit, and draw tangents 
to these lines at the given point; the plane 
of these lines will be a tangent plane to the 
surface at the point. In single curved sur
faces, as the cylinder, cone, &c,. the tangent 
plane at any point passes through two con
secutive elements, and is tangent all along 
one element; conversely, if a plane passes 
through two consecutive elements it is tan
gent to the surface at every- point of the first 
element. In general, only one tangent plane 
can be passed at the same point of the sur
face, but there are exceptions to the rule. A n 
instance of this occurs in the case of the 
cone, for an infinite number of tangent planes 
may pass to the cone, through the vertex, all 
tangent to it at that point. In this case the 
rule for passing a tangent plane evidently 
fails. This rule also fails in the case of a 
conoid, where the point of contact falls upon 
the right line directrix ; for, if two straight 
lined elements be drawn through the point, 
the plane of their tangents will not he a tan
gent plane. 
Two surfaces are tangent to each olher, 

when they have, at least, one point in com
mon ; through which if any number of planes 
be passed, the sections cut out by each plane 
w-iil be tancrent to each olher at the point. 
This point is called the point of contact. 
Another definition is this : Two surfaces are 
tangent to each other, when they have a 
common tangent piano at a common pomt. 
This point is the point of contact. 

In Analysis, the equalion of a tangent Une 

to any piano curve, at a point whose co-ordi-. 
iKites aro i" and y", is 

, 'V' 
. y-y"=j^,{^-x"). 

The equations of a tangent to any curve in 
j space, at a point whose co-ordinates are i", 
I y" and z", are 
^-^" = ,77'(=-0, and dx' 

. _ d z ^ 
- " ) • 

The equation of a tangent plane is 
dz" „ dz" 
di^(^-^') -f ̂ ( y -2/") - (' - z") = 0. 

AVhen the length of a tangent is spoken 
of in analysis, it includes that portion lying 
between the point of contact ami the point in 
which the tangent cuts the axis upon which 
the subtangent is taken. The formula for the 
length of a tangent is 

T - r ^ dx"-
dy"' 

in which x" and y" are the co ordinates ofthe 
point of contact. 

dy'' In all these expressions, -- , &:c., denote 
what the differential co-efficients become, 
when, for i, y, and z, the co-ordinates of the 
point of contact are substituted. 
Tangent in Trigonometry. That portion 

of a tangent drawn at the first extremity of 
an arc. and liraited by a secant drawn through 
the second extremity. The tangent is always 
drawn through the initial extremity of tbe 
arc, and is reckoned positive upwards, and 
consequently, negative downwards. 

The following equations express the rela
tions existing between the tangent and the 
other trigonometrical functions of an arc : 

sin a 1 tan a = -

tan a = 

tana = cot a 

J 1, tan a = 

tan a = -

tan a = 

-/T^ 
cos a 

2 col-I a 
-1 cot'i-a-

tan a = cot a — 3 cot 2a, cola: 

v' 1 — sin" a 

2 tan i a 
1 —tan'-Ja' 

2 
; -J a — tan |a 

,1 — cos 2 a 
sin 2 a 
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Ian a — 

tan a = 
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"̂  = VT 
— cos 2 a sin 2 a 

7 
H-cos2a ™""- Y l-fcos2a 
tan (45° + ia)- tan (45° -\a) 

In which the radius is 1. For a further ac
count of this subject,—see Trigonometry. 

T A R E AND TRET. Allowances made in 
selling goods by weight. Tare is an allow
ance raade on goods sold in boxes, barrels, 
Ac, for the weight of the boxes, &c. Tret 
is an allowance made for dust, refuse matter, 
&c. What remains, after these are deducted, 
is called net weight. 

TAU'TO-CHRO-NOUS C U R V E . [Gr. 
ravroî , the sarae, and ;̂ ;po77of, time]. A curve 
such, that a heavy body rolling down it, under 
the influence of gravity, will always reach 
the same point at the same time, frora what
ever point it may start. The inverted cycloid, 
in a vertical plane, having its base horizontal, 
is a tautochronous curve. 

TAYLOR'S T H E O R E M . The object of 
Taylor's theorem is, to show how to develop 
a function of the algebraic sura of two vari
ables into a series arranged according to the 
ascending powers of one of the variables, 
with co-cfficients which are functions of the 
olher. 

TAYLOR'S F O R M U L A . The formula 
for making this development is 

du . d'u y' , . d'u fix + y) --''̂ ^ d x y ^ dx'1.2'^ dx' 1,2,3 

d'u y 
dx'l.2. + -• 

In which the first member is any function of 
the sum of two variables, and u is what that 
function becomes when the leading variable 
7/ is made equal to 0. This forraula is called 
Taylor's Formula. It faUs to develop a func
tion in the particular case in which u, or any 
of its successive differential co-efficients, be
comes infinite for any particular value of tho 
variable which enters them. It only fails for 
the particular value, holding good for all 
other values. 

TECIi'NLGAL T E R M . [L. ieehnicus; 
Gr, Texviiioi:, from rexvy, artifice], -A term 
belonging to a particular art or science. A 
word having a certain meaning in common 

language, has often a very different meaning 
when used as a term in treating of a science. 

T E R M . [Gr. reppa; L. terminus, a limit 
or boundary]. In Algebra, a single expres
sion not connected with any other hy the 
signs plus or minus, equality or inequality. 
Thus 3a'b, 2a X 3c, v'a'c are terms. .A word 
having a technical meaning. 

TERM'IN-AL. [From L. terminus]. 
Forming an edge or extremity. Thus, we 
speak of the terminal edge of a polyhedron. 
Sometimes we speak of the terminal faces of 
a solid. Terminal is nearly synonymous with 
limiting. 

TER-RES'TRI-AL. [L. terrestris; from 
terra, the earth]. Appertaining to the earth. 
As Terrestrial Magnetism, Terrestrial Equa
tor, &c. 

TET'RA-GON. [Gr. rerpa, four, and 
ycivta, angle]. In Geometry, a polygon hav
ing four angles, and consequently four sides 
See Quadrilateral. 

TE-TRAG'ON-AL. Having four angles. 
TET-RA-He'DRAL A N G L E . A polyhe

dral angle, having four faces. Sec Polyhedral 
A ngle. 

TET-RA-He'DRON, or TET-RA-E'-
D R O N . [Gr. rerpa, four, and eSpa, face]. 
A polyhedron bounded by four triangles. If 
the raiddle points of the faces be properly 
joined, two and two, the lines joining them 
are the edges of a second tetrahedron. A 
regular tetrahedron is one in which the faces 
are equal and equilateral triangles. If the 
middle points of the faces be joined two and 
two, the lines joining them form the edges of 
a regular tetrahedron. A U regular tetrahe
drons, are similar solids. See Regular Poly
hedron. 

TET-RA-HEX-A-H£'DRAL. Having four 
ranges of faces, each range containing six 
faces. 

TET-RA-HEX-A-FIe-DRON, [Frora Gr. 
rerpa, four, and hexahedron]. A polyhedron 
bounded by 24 faces. 

THE-OD'O-LITE. [Gr. ̂ cao/mi, to view, 
and doAof, stratagem]. An instrument used 
in surveying for measuring horizontal and 
vertical angles. It consists essentially of a 
telescope, with cross wires, mounted so as to 
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have a free angular motion in a vertical plane, 
and also a free motion about a vertical axis. 
Suitable clamps are attached to restrain cither 
of t';:ese motions, and graduated circles arc 
so mounted as to show the amount of angular 
motion about cither axis, .A great variety of 
methods have been adopted for the arrange
ment of the details of this instrument, and 
consequently a great variety of instruments 
have been produced, differing in external ap
pearance, but all agreeing in the same gen
eral principle, and all called theodolites. The 
following outline description of that form of 
the instrument in most general use, will con
vey an idea ofthe theodoUte used in surveying. 

The horizontal limb is made up of two cir
cular plates of brass, having a common axis, 
the upper one turning freely- upon the lower 
one. B y means of a clamp, the two plates 
may be firmly attached to each other, so that 
both must turn together. 'When thus clamped 
a sUght motion may be imparted to the upper 
one, by means of a tangent scre\v. The 
lower plate bears a graduated circle on its 
periphery, and the upper plate carries two 
verniers, situated so that their 0 points lie in 
a plane passed through the axis of the upper 
telescope, and the common axis of the two 
plates. The graduation on the U m b is carried 
to half degrees, or sonrelimes to 20-ininutc 
spaces, and the vernier is so grculuated that 
arcs of 20 seconds raay be read with accuracy, 
and in some instruments arcs of 10 seconds 
are read. The lower circular plate is firmly 
joined to a central hollow spindle, at right 
angles to the plate, through which a sunilar 
spindle, joined to the upper plate, passes. A 
washer of greater diameter than the hollow 
of the outer spindle, is screwed against the 
lower end of the solid inner spindle, which 
whUst permitting the upper plate to revolve 
freely, prevents it frora being raised up from 
its contact with the lower plate. 

The outer spindle passes through a closely-
fitting cvlinder, concentric with it, and spread
ing out inlo a fiat plate, against which the 
leveUng screws work. The lower end of 
the outer spindle terrainates in a socket, 
which grasps a hall, forming a ball and socket, 
or universal joint. The ball part is firmly 
joined to the lower plate of the instruraent, 
through which the leveling screws work. 
The lower plate, when the instrument is in 

use, is firmly screwed upon a tripod. The 
lower plate being fixed in position, the motion 
of the leveling screws enables the observer 
to bring tho horizontal limb parallel to the 
horizon. The horizonlality of the limb is 
shown by two spirit levels at right angles 
to each other, resting upon the upper face of 
the vernier plate. The outer spindle has free 
motion in the upper leveling plate, but this 
raotion m:iy be restrained by a clamp attached 
to the upper leveling plate, and then sraall 
motions in azimuth may be communicated by 
a tangent screw. This clamp is called the 
clarap of the lirab ; the other one described 
being the clamp of the vernier. Resting 
upon the upper face of the vernier plate, and 
firmly attached to it by screws, is the frame
work w-hich supports the upper telescope and 
the vertical limb. The upper, or vertical 
limb, consists of a graduated circle, turning 
in supports about an axis at right angles to 
that of the horizontal limb. It bears in Y's 
a telescope, whose axis, or line of collimation, 
moves in a plane perpendicular to the axis of 
the vertical limb, or in a plane parallel to the 
axis ofthe horizontal lirab. This is also pro
vided with a clarap and tangent screw. The 
telescope rests in Y's, frora which it may bo 
removed and reversed, by raising two small 
loops. The telescope hears a level, whose 
axis should be parallel to the line of collima
tion, and has in the focus of the eye-glass two 
fine hairs, intersecting each other, to indicate 
the line of collimation. 

For ordinary purposes of surveying! the 
diameter of the horizontal limb is about 0 
inches, but for accurate work much larger 
ones are used. The large theodolite of the 
United States Coast Survey, has a horizontal 
U m b of 30 inches in diameter lis construc
tion is in many respects different frora the 
surveyor's theodolite above described. 

Before using a theodolite, it should be pro
perly adjusted ; that is. the different parts 
should he brought to their proper relative po
sitions. The theodolite is in adjustment 
when the foUowing conditions are fulfiUed : 
1st, W h e n the intersection of the cross hairs 
is in the axis of the telescope ; that is, in the 
line which remains fast -n-hcn the telescope 
is turned in the Y's : 2d, W h e n the axis of 
the attached level is parallel to the axis of the 
telescope : 3d, W h e n the axes of the levels 
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on the horizontal Umb are perpendicular to the 
axis of ihe horizontal limb: and, 4th, When 
the axis of the vertical limb is perpendicular 
to the axis of the horizontal limb. The ad
justments are made as follows : 

Ist .'Vujustment, To bring the intersection 
of the cross wires into the axis of ihe telescope. 
Set up the instrument and turn the teles

cope of the upper limb in its Y's till one of 
the cross hairs is horizontal, and then direct 
the telescope to some distant and well defined 
object, so that the horizontal wire shall appear 
to pass through some particular point of the 
object; then, without disturbing the instru
ment, turn the telescope about in its Y's 180° 
till the same wire is again horizontal. If in 
the new position the wire does not pass 
through the same point that it did before, 
move it by means of two antagonistic screws, 
which work against the diaphragra, bearing 
the cross wires, one half of the space, and 
again direct the telescope so that the wire 
shall pass through the same point. Repeat 
the operation till, by continued trial, the wire 
passes through the point in both positions 
of the telescope; then the wire will be ad
justed. Turn the telescope in the Y's tiU the 
other wire becomes horizontal, and adjust it 
in the sarae raanner. Then examine the 
first wire lest the adjustment of the second 
wire should have disturbed its position. When 
both wires are adjusted, turn the telescope 
slowly about in its Y's, and the intersection 
of the Y's will appear to rest upon the same 
point during the entire revolution. When 
this is found to be the case, the first adjust
ment is coraplete. 
2d Adjustment. To make the axis of ihe 

level attached to ihe upper telescope, parallel to 
ihe axis of the telescope. 
Unclamp the vernier plate, set the vertical 

limb to the 0 of the vernier, atid make the 
horizontal limb approximately horizontal. 
Then bring the vertical telescope over two 
of the leveUng screws, and hy raeans of 
them bring the bubble of the level to the mid
dle. Unloop the telescope and lifting it frora 
the Y's, turn it end for end ; if the bubble 
does not remain in the middle of the tube 
raake half tho correction by raeans of an ad
justing screw at one extremity of the level, 
and the other half by the leveling screws. 
Repeat this operation continually, tUl the 

[T H E 

I bubble stands in the raiddle of the tube in 
both positions of the telescope; then revolve 
the telescope slowly in the Y's. and see if 
the bubble reraains in the middle ; if it does 
not, make the correction by means of two 
lateral antagonistic screws at one end of the 
level; continue the trial until the bubble is 
found lo remain in the middle of the tube 
when the telescope is revolved in the A"'s; 
when this is the case the second adjustment 
is complete. 
3d Adjhstmekt. To make ihe axes of the 

levels on the limb, perpendicular lo the axis of 
the instrument. 
Having set the 0 of the vertical limb at the 

0 of the vernier, make the horizontal limb 
approximately horizontal. Turn the vernier 
plate, in azimuth till the telescope comes over 
two of the leveling screws ; then by raeans 
of three screws bring the bubble to the mid
dle of the tube. Turn the vernier plate in 
azimuth 180°, and if the bubble is not in the 
middle raake half of the correction hy the 
tangent screws of the vertical lirab, and half 
by the leveling screws. Then turn the ver
nier plate 180°, and correct as before. Con
tinue this operation till the bubble remains in 
the raiddle, in both positions. Then wiU one 
line of the lirab be horizontal. Turn the tel
escope over the otber leveling screws, and 
by the same process make a second line of 
the limb horizontal. Turn the vernier plate, 
in azimuth, through 360°, and if the bubble 
reraains in the middle during the entire revo 
lution, the lirab is truly level and its axis ver
tical. Bring the bubbles of the levels, on the 
lirab, to the middle of their tubes, by means 
of adjusting screws at their extremities, and 
theŷ will then have their axes at right angles 
to the axis of the theodolite, and the third 
adjustment will be complete. 
4th Adjustment. To make the axis of the 

vertical limb perpendicular lo Ihe axis of th' 
instrument. 
The horizontal limb being leveled, direct 

the cross hairs of the telescope upon a corner 
of a house, a plumb line, or olher vertical 
object, and turn the vertical limb about its 
axis; if the cross wires remain upon the 
line, the adjustment is complete ; if not, 
and the line described by the cross wires in
clines lo the left, the right hand end of the 
axis is too high and must be lowered by 
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means of adjusting sc-ews at the foot of the 
framework. If the line inclines to the right 
the reverse is tho ease, and the right hand 
end of the axis raust be raised. Continue 
the trial tiU the Une described by the cross 
wires is vertical; tho adjustment is then 
complete, .\ller all of tho adjustments are 
made they should be examined in succession, 
lest some of them should have been disturbed 
in making the others. 

7'o measure a horizontal angle with the theo-
ialile. Plant the instrument exactly over the 
angular pomt by means of a plumb line 
attached to a hook immediately under the 
centre of the horizontal limb, and by the aid 
ofthe leveUng screws bring the bubble of the 
levels on the limb to the middle of their tubes ; 
the Umb will then be horizontal. Clamp the 
vernier plate and unclamp the horizontal and 
vertical limbs; direct the telescope upon the 
left hand signal or object as nearly as possi
ble with the hand, then clamp the horizontal 
limb, and bring the intersection of the cross 
wires exactly to coincide w-ith the object by 
means of the tangent screw ; take the read
ing of the instrument and record it. Unclamp 
the vernier plate and turn the telescope upon 
the right hand signal or object, as nearly as 
possible, and clamp the vernier plate ; bring 
the cross hairs inlo exact coincidence with 
the object by raeans of the tangent screw of 
the vernier plate, and again take the reading. 
If the 0 of the vernier has not passed over 
the 0 of the limb, the difference of the read
ings is the angle subtended by the signals or 
objects ; if the 0 of the vernier has passed 
the 0 ofthe limb, subtract the greater reading 
from 360°, and add to the result the lesser 
reading ; this will be the angle required. In 
taking the reading, the minutes and seconds 
should be read at both verniers and a raean 
of the results taken. This corrects for a 
want of exact centering of the graduated 
circle. 

To measure an angle by repetition. Direct 
he telescope on the left hand object, as 
before, and take the reading ; unclamp the 
vernier plate and direct the telescope on the 
right hand object, as before : then leaving 
the vernier plate clamped, unclamp the lirab 
and direct it again on the left hand object; 
then, leaving the lirab clamped, unclamp the 
vernier plate and direct the telescope again 36 

upon tiic right hand object. Continue this 
operation till the telescope has been directed 
upon the right hand object any number of 
times, say six ; then take the roadir.g of the 
instrument, add to this reading as many 
times 360° as tho 0 of the vernier has passed 
the 0 of the limb during the repetition, and 
from the result subtract the first reading; 
divide this difference by the number of repeti
tions, and the quotient will be the angle re
quired. This operation of repetition, if care
fully performed, has a tendency to correct 
errors in graduation, and also in reading the 
instrument. The errors, in this case, are 
divided by the number of repetitions. If, 
now, the telescope be reversed in its bearings, 
and a second set of six repetitions be taken, 
a second value ofthe angle will be obtained ; 
the mean of this and the first result will pro
bably be more nearly accurate than either of 
them. 

The principle of repetition, is now gene
rally adopted in all measurements where 
great accuracy is required. 

To measure a vertical angle, either of eleva
tion or depression. ,,Having planted the in
strument and leveled it as before, direct the 
cross hairs on tho object whose elevation or 
depression is to be raeasured ; lake the read
ing of the instrument and record it: then 
reverse the telescope in the Y's, turn the ver
nier plate in azimuth 180°, and again direct 
the telescope upon the same object as before, 
and take tlic reading ; a mean of this and the 
one already found, will be the angle included 
between a horizontal line through the axis of 
the vertical limb and a line drawn from that 
axis to the point observed. 'The difference 
of the'readings forms what is called the index 
error of the instrument, and when this is 
known, a single reading of the instrument 
will suffice to give the angle of elevation. In 
order to determine the index error, a great 
number of readings should be taken directly 
and in reverse, and a mean of all the index 
errors taken for the true index error. 

THe'O-REM. [Gr. eeuprip-a; from eeupeu, 
to contemplate]. A statement of a principle 
to be demonstrated ; that is, the truth ot 
which is required to be made evident by a 
course of reasoning, called a demonstration. 
In the synthetical method of investigation, 
which is that for the most part employed in 

file:///ller
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Geometry, it is usual to state the principle to 
be proved before commencing the demonstra
tion ; the demonstration proceeds by a regular 
course of .argumentation to the final conclu
sion, which is confirmatory of the principle 
enunciated. The prmciple being proved, it 
rnay properly be eraployed as a preraiss in 
the deduction of new truths. The principle. 
as enunciated before the demonstration, is 
the theorem; its statement after demonstra
tion, constitutes a rule or formula, according 
as the statement is made in ordinary or, in 
algebraic language. W h e n the principle 
enunciated is of such a nature, that its state
ment is not properly a rule, it constitutes a 
demonstrable truth. In Analysis, it is not 
customary to enunciate the principle to be 
proved ; but hy a proper combination of suit
able formulas or equations, an equalion is 
reached, which by interpretation, shows the 
truth of the principle to be proved. In this 
case, where the principle is not stated till 
proved, its statement is not properly called a 
theorem. 

In Analysis, it is sometimes the case, that 
the object to be attained is indicated'before 
commencing the demonstration, hy simply 
stating what that object is, leaving the com
plete statement of the principle to be given 
as a conclusion of the reasoning employed. 
This statement, with the implied conclusion, 
constitutes a theorem. Thus, w e say that 
the object of the binomial theorem is to 
deduce a forraula for forming any power 
of a binomial, without going through the 
process of continued multipUcation, and with
out stating the nature of the formula, the 
demonstration is entered upon, and as a 
result, the equation expressing the law of 
formation is deduced. Of this nature are 
most of the theorems of analysis, such as 
Taylor's theorera, McLaurin's theorem, La
grange's theorem. &c. 

The common definition of a theorem given 
in Geometry is, that it is a proposition to be 
proved. A theorem is distinguished from a 
problem in this; the latter being a state
ment of soraelhing to be done. 'Thus, the 
stateraent of the fact, that a circle is to be in
scribed in a triangle, is a problem, or per
haps more correctly, the statement of a pro
blera 

THe'C-RY', [L. theoria ; Gr. Beapta; from 

[THE 

deapeu, to see, to contemplate]. A technical 
term in Mathematics, denoting an exposi
tion of the principles of any science, or par
ticular branch of science. Thus, the theory 
of equations embraces a complete discussion 
of all the principles employed in the trans
formation and solution of equations, together 
with an investigation of the various proper
ties of the equations, their derivations, roots, 
&.C. The theory of negative exponents in
cludes a complete discussion of the nature, 
properties, and uses of negative exponents ; 
it shows the transformations that may be 
made upon quantities affected with such ex
ponents, and develops the relation between 
these transformations, and analagous ones 
as made upon those affected with positive 
exponents. 

The term, theory, is sometimes used in con
tradistinction to practice. Thus, the theory 
of Arithmetic embraces the investigation of 
the properties and relations of numbers, 
whilst practice shows the best methods of 
applying these principles to meet the ordi
nary wants of life. 

Theory is not to be confounded with hypo
thesis. Theory, as considered in Mathema
tics, is founded on principles deduced ; hypo
thesis is a mere assumption which may, on 
investigation, he found either true or false. 
See Demonstration, and Rcductio ad absur
dum. 

T H I C K ' N E S S . A narae given to one of 
the dimensions of a sdUd, usually the lesser 
diraension. Thus, the thickness of a board 
is its dimension frora face to face. 

THREE'-SiD-ED. Having three sides; 
thus, a triangle is a three-sided fio-iire. 

T i D E - G a U G E . A contrivance for measur
ing the height of the tide at any mstant. 

T O - P O G ' R A - P H Y . [Gr. tottoc, place, and 
ypaifu, to describe]. A description of the 
form of the surface of a limited portion of 
the earth's surface, whether the description 
bo made verbally or by a graphic delineation. 
It also erabraces a description of the natural 
objects that are found upon the surface, such 
as rocks, trees, &c,, together with all con
structions, as roads, streams, bridges, towns, 
&c. 
TOP-0-GRAPH'IC-AL. Appertaining to 

Topography. 
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TO-POG'RA-PHER. 
topographical survey. 

TopoGnirnicAL Projection. .-V species of 
projection ehiefiy employed in representing 
the contour of ground. In it but one plane 
of projection is used ; it is called the plane 
of reference. W e shall consider tho plane of 
the paper as the plane of reference. Points 
are given by their orthographic projections 
and numbers expressing their distances from 
the plane of reference in terms of some as
sumed unit. For the sake of explanation, 
wc shall take the foot as the unit of the 
scale; then wiU the figure represent the 
points, which are respectively 0 4 
4, 8, and 7, &c,. feet, above the 0 8 
plane of reference. The num- 0 7 
ber written by the side of the 0 - 2 
projection are caUed references of the points. 
If the references are negative the point is 
situated below the plane of reference. Thus, 
the reference — 2 indicates that the point is 
2 feet below the plane of reference. 

Straight lines are given by their orthogra
phic projections and by a scale. To under
stand the nature of the scale, let A C repre
sent a line in space, A B its projection on the 

plane of reference, and C B a perpendicular to 
A B equal, say to 4 feet, on the scale of the 
drawing. Divide G B into 4 equal parts, and 
through the points of division draw lines pa
rallel to the Hne .\B, and frora the points in 
which these lines intersect A C , let fall per
pendiculars upon A B ; mark the points I, 2, 
3, 4, &,c., and the line thus divided is called 
the scale of the line A C , and after one divi
sion is found, the scale may be continued to 
any extent in both directions. The 0 point 
is where the line pierces the plane of refer
ence. Each division of the scale is equal to 
the unit of the scale divided hy the tangent 
cf the inclination of the line to the plane of 
reference. It is often necessary, in this kind 
of projection, to use two different scales ; one 
for horizontal distances, and the other for 
vertical distances. Suppose, for example, that 

the vertical scale is ten tunes as groat as the 
horizontal scale, then will one division on tho 
scale of a lino be equal to one-tenth of a unit 
on the vertical scale divided by the tangent 
of the inclination of the line ; and, in liko 
manner, for any other vertical scale, W c 
shall discuss only the cases in which the two 
scales are equal, leaving the modifications 
necessary, on account of difference of scale, 
to be made in accordance with the principle 
just laid down. Planes are given by their 
traces and scales of inclination. The scale 
of inclination of a plane is tho same as the 
scale of a straight line in the plane perpen
dicular to the trace. 
3 

In the figure the plane Afi is given, be
cause its trace A B is given, and its scale G H 
is known. 

Curve lines, which are parallel to the plane 
of reference, are given by their projections 
and the reference of one point. Thus, the 
lines A B , CD, EF, and G H , are respectively 
the representations of 
lines of the same form 
as the projections at 
distances of 0, 1, 2 
and 3 feet from the 
plane of reference. 

Horizontal curves 
are the principal ones 
considered in this kind of projection. W h e n 
other curves are given, their projections are 
given, and the references of a sufficient num
ber of points. Surfaces are given in this 
kind of projection by the projections of hori
zontal sections of the surfaces made by planes 
at equal distances from each other, the refer
ence of each being given ; thus, the surface 
of a hiUock is shown in the figure above 
given. 

W e shall illustrate the method of using 
this kind of projection by giving a few gra
phical solutions of problems that may arise 
in its use. 

1. Having given two points, to draw a 
straight line through them, and find its scale. 
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Xjet the given points be 4 and 2. Draw the 
^raight line 4 2, and divide it into two cqua,l 
ipartS ; set off one of these parts twice to the! 

0 1 y 3 4- s 0 
-It • tf 1 • 

left of 2, and mark the points of division 1,0; 
then is 0 the point in which the line pierces 
,the plane of reference, and 0, 1, 2, 3, &c,, is 
the scale of the line. 

2. To pass a plane through three points : 

intersection : to find its scale, draw through 
1, 2, 3, &c., on the siiale of the pl^ne B Q 

Let 9, 6, and 4, be the given points. Draw 
straight Unes through 9, 6, 9 and 4, respec
tively, by the last problem, and find the points 
in which they pierce the plane of reference. 
Join these points by a straight line A B ; this 
will be the trace of the plane on the plane of 
reference. Draw any Une C D , perpendicular 
to A B , and join the points 1.1; 2, 2 ; 3, 3, 
&c., of the scales of the two lines : their 
intersection with the line C D will form the 
scale of the plane. 

3. To pass » plane through one straight 
line parallel to another • 

s 

/ 

T " \a 

Let A B and C D be the two Unes : through 
4, on the line CD, draw a line D E parallel to 
and equal to 4A, and join C E : this wUI be 
the trace of the required plane, and its scale 
inay he constructed as in the last problera. 

4. To find the intersection of two given 
planes : 

Let A B and B C be the given planes ; 
through the points 4, on each scale, draw 
Unes parallel to the traces of the respective 
planes, and join their point of intersection 
with the point B, in which these traces in
tersect ; this wUl be the projection of the 

lines parallel to its trace, and their inter
sections with B D will determine the divisions 
of the scale. 

5. To find the angle included between twp 
straight Unes. This angle is equal to the 
angle included between either line, and a 
straight line drawn through any point of it 
paraUel to the other. 

Let A B and C D be the two given lines. 
Draw through the point 4, on the Une A B , 
a straight line parallel and equal to 4C ; join 
A E . At 4 erect the perpendiculars B F and 
B G , and make each equal to 4 units of the 
scale ; join G E and F A : with E and A as 
centres, and E G and A F as radu, describe 
arcs intersecting at 0, and draw O A and 
O A ; then is A O E the angle required. 

5. To pass a plane tangent to a given sur
face at a given 
point. Let P Q be 
the topographical 
representation of 
the surface, and A 
the point whose 
reference is 3. 
Draw A T tangent to the curve (3), and A S 
perpendicular to it at A ; take the distance, 
A2, for the unit of the scale, and set it off 
three tiraes towards S, and through tho ex
tremity 0 draw a line paraUel to A T ; this ig 
the trace of the plane, and its scale has already been constructed. 
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6. To find » section of a surface given 
topographically. Let P Q represent the sur-
&ce, and .-VB the trace of tho vertical plane' 
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along which tb.e section is to be made. Draw 
an indefinite line .^B, aud lay off on it the 
distances, Ba, a4, 6c, &c., as in the figure; 
at these points, erect perpendiculars and make 
ad,ff', each equal to 1, 44'. ee" each equal 
to 2, and cc'. dd', each equal to 3 ; draw the 
lauved Une hf'e'i'c'b'a'^, and it wil! repre
sent the required section. These examples 
serve to show the facUity with which pro
blems mar be solved by this method of pro
jection. See Topo-jra: hy. 
Topographical Scevevixg, That branch 

of surveying which is undertaken for the 
purpose of making a topographical descrip
tion of a part of the earth's surface. It in
cludes the j;onventional methods of making 
the representatbn on paper, or topographical 
drawing. W e shaU only touch upon those 
points which have not been treated of in other 
articles, omitting all those operations vvhich 
have been sufficiently described under the 
heads of Geodesy, Surveying, SfC. 

The representation to be made, is the hori
zontal projection ofthe objects upon the sur
face, together with the projections of a sys
tera of lines cut out of the surface by a sys
tem of horizontal planes passed at equal dis
tances apart, usually, 3 or 6 feet. 

Tbe method of finding and projecting these 
contsxur lines, as they are called, is sufficiently 
explained under leveling. See Leveling. After 
the horizontal projections of the lines of 
contour are pbtted, the drawing is sometiraes 
shaded by Unes drawn at right angles to 
them, according to a conventional rule; where 
the surface is sleep, the shading lines are 
drawn close together : where the declivity is 
gentle, they are drawn further apart. 

The method of finding and plotting the 
eontour lines, as described in leveling, is only 

employed when considerable accuracy id 
required, as in surveying a site for a fortifica
tion, or for the construction of a building or 
other improvement. W h e n only a general 
topographical map of a country is wanted, it 
will, in general, be found suflicient to survey 
the country with reference to its fields, roads, 
rivers, &c. These are lo be plotted in the 
manner indicated for filling in a geodesic 
survey. Levels are run along the principal 
lines, as fences, roads, &c., and the highest 
of the most prominent points of the country 
are determined with respect to some plane of 
reference. Then the general outlines of the 
topography are sketched in by the eye ; after 
the general outline is finished, the principal 
objects worthy of note are represented by a 
sy-stem of conventional signs. 

To'T.VL. [L. iotus, the whole]. The 
whole sum or amount. The aggregate of 
several particulars. 

T O U C H . To meet, or he in contact with. 
See Contact, Tangent. 

T R a C E [L. (raAo, to draw,] of a Plane. 
In Descriptive Geometry, the intersection of 
the plane with one yf the planes of projec
tion. The trace on the vertical plane is called 
the vertical trace ; that on the horizontal 
plane, the horizontal trace. If the plane is not 
parallel to the ground line it will intersect it 
at some point, which point will be common 
to both traces. Since two lines of a plane 
fix its position, if the traces of a. plane are 
known, the plane is said lo be known, that is, 
a plane is given by its traces. If the plane 
is parallel to the ground Une, its traces are 
bn;,h parallel to the ground line ; conversely, 
if both traces are parallel to the ground Une 
the plane itself is parallel to the ground line. 
If the plane is parallel to the horizontal 
plane of projection, it will have no trace on 
' that plane, and its vertical trace will bo paral
lel to the ground line. If the plane is paral-
j lei to the vertical plane of projection, it will 
' have no trace on that plane, and its trace on 
the horizontal plane will be parallel to the 
mound Une. If a plane is perpendicular to 
Ihe vertical plane of projection, its horizontal 
trace wiU be perpendicular to the ground 
line If a plane is perpendicular to the hori
zontal plane of projection, its vertical traco 
will be perpendicular to the ground hne. If 



566 MATHEMATICAL DICTIONARY AND [T E A' 

a-plane is perpendicular to the ground line, 
both of its traces wUl be perpendicular to the 
ground line. 

In Analysis, there are three planes of pro
jection, called co-ordinate planes, and a plane 
will in general have three traces. To find 
the equation of the trace of a given plane 
upon the plane X Y , make z — 0, in its equa
tion ; the resulting equation will be the equa
tion required. To find the equation of the 
trace upon the plane X Z , make y = 0, in the 
equation of the plane ; the resulting equa
tion will be the equation required. To find 
the equation of the trace upon the plane Y Z , 
make i = 0, in the equation of the plane ; 
the resulting equation will be the equation 
required. Two planes are parallel when 
their traces on the three co-ordinate planes 
are respectively paraUel. 
T R A M ' M E L . A n instrument used by 

carpenters for constructing an ellipse, mechan
ically, by a continuous movement. For an 
account ofthe construction ofthe instrument 
and the raethod of using it, see Ellipse. 
TRANS-CEND-ENT'AL, [L, Iranscendo, 

to exceed, to go beyond], A transcendental 
quantity, is one which cannot be expressed 
by a finite number of algebraic terms; that 
is, hy the ordinary operation of algebra, viz,: 
addition, subtraction, multiplication, division, 
raising to powers denoted by constant expo
nents, and extraction of roots indicated by 
constant indices. 

Transcendental Quantities are of three 
kinds, logarithmic, exponential, and trigonome
trical. 'The first are expressed in terms of 
logarithms, as log V I — X, a log I, &c, ; 
the second aro expressed by means of varia
ble exponents, as 

a", e", baHU, &c, ; 

the third are expressed by means of some of 
the trigonometrical functions, as 

sin X, tan Vi — x', ver-sin {ax — b), &c, 

• Transcendental Equation. An equation 
expressing a relation between transcendental 
quantities. 
Transcendental Function. A function 

in which the relation between the function 

and variable is expressed by means of a trans
cendental equation. 

Transcendental Line. A line whose 
equation is transcendental. 
T R A N S - F O R M . [L. trans and forma] 

To change the form. 
Transformation of an Equ-ation. The 

operation of changing the form of an equa
tion without destroying the equality of its 
members. All the operations performed 
upon equations, in order to simplify them or 
lo solve them, are transformations. See 
Equation. 

Transformation of a Fraction. The 
operation of changing its form without chang
ing its value. The operations of reducing to 
simplest terms, of changing the fractional 
unit, &c., are transformations. See Fraction. 

TRANS-PaR'ENT. [L. trans, through, 
and parco, to appear]. A body which will 
permit light to pass through it freely; used 
in Shades and Shadows. 

TRANS-PoSE'. [L. trans, over, and ̂d?7o, 
to put]. To transpose a quantity from one 
member of an equation to another, is to pass 
the quantity from one member to the other 
without destroying the equality of the two 
merabers. This is done by siraply changing 
its sign. 

T R A N S - V E R S ' A L . [L. Frora trans and 
versus, lying across]. A straight line which 
cuts several other straight lines, is said to be 
transversal with respect to them. Thus, if a 
straight line be drawn cutting the three sides 
of a triangle, or the sides produced, it is a 
transversal. The following are some of the 
properties arising from the relation ^etween 
transversals and the lines which they inter
sect. 

"C B AL" 
Let A B C be a plane triangle, and B'A' a 

transversal cutting the three sides, or sides 
produced, in the three points A', B' and.C ; 
then of the six segments formed, the product 
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ofany three alternate ones is equal to the BB'and C C , drawn from tho vertices B and 
product of the remainnig three; th:it is, C„ intersect each other on the line -V V then 
A C X B A ' X CB' = C'B X A C X B'A. AB': A C : : A C : AB, that î , 1 slr'aigbut 

Conversely, if three points .V, B' and C are 
taken upon the three sides of a trianirle, or 
upon the sides produced, so that the above 
relation shall exist, the three points arc in 
one and the same straight line. 

If from any point O in the plane of a tri
angle A B C , straight Unes be drawn to the 
three vertices, cutting the sides, or sides pro
duced in the points A', B' and C , then will 
A C X CB' X BA' = C'B X B'A X A C , 

traight 
joining C and B' is parallel to BC. 

In a trapezoid A B D C , the straight line PO, 

cr 
Wha:e\ er may be the position of the point 0, 
there is always an odd number of points of 
intersection upon the sides of the triangle, 
and an even number upon the sides produced. 
Conversely, if these points .V, B', C', are sil-
aated so that an odd number of thera are on 
the sides themselves, and an even number on 
the sides produced, (0 being considered an 
even number,) and the above relation exists, 
then wUl the straight Unes joining them with 
the opposite vertices of the given triangle 
pass through the same point. Hence, the 
straight lines drawn frora the vertices of a 
triangle to the middle of the opposite sides, 
intersect in the same point. The perpendicu
lar let fall frora the vertices upon the opposite 
sides, intersect in the same point. The lines 
which bisect the three angles of a triangle, in
tersect in the same point. If two points, C 
and B'be taken upon the sides A B and A C of 
a triangle, so that 

AB': AC :: AC 
and if straight Unes BB', 
C C , be drawn frora the 
vertices of the angles B 
and C, they will intersect 
each other on the line 
A A ' drawn from A to the raiddle point A' of 
the opposite side; and conversely, if two lines 

drawn through the point P of intersection of 
the lateral sides, and the point 0 in which the 
diagonals intersect, passes through the raid-
die points E and F of the paraUel bases C D 
and A B , 

T R A N S - V E R S E ' . [From L. trans and 
versu.i]. The transverse axis of an elUpse or 
hyperbola, is the axis which passes through 
the foci. W h e n the length of the transverse 
axis is referred to, the portion included be
tween the vertices is meant. The real length 
ofthe axis is infinite. See Ellipse, and Hy
perbola. 

TRA-Pe'Z1-UM. Frora Gr. rpaTveCiov, a 
little table]. A quadri
lateral, no two of whose 
sides are paral lei to each 
other. See Quadrilat
eral. 
TRAP'E-ZOID. [Gr. 

Tparrê iov, and eiSog, / \ 
shape]. A quadrilateral, /_ \ 
two of whose sides only 
are parallel to each other. See Quadrilateral. 

TRAP-E-ZOID'AL. Having the form of 
a trapezoid, 

T R A V E R S E . [From L. ira.ns, and 7Jcr-
sus]. A line lying in a direction across 
something else, as a line or figure. 

T R A V ' E R S E - T a ' B L E . In Surveying, a 
table by means of which the latitude and de
parture of any course can be found by inspec
tion. The table consists of nothing more 
than a table of sines and cosines of arcs, 
computed to each quarter of a degree, from 
0° to 90°, and for every radius, fora 1 to 100 
In the ordinary table the latilude and depart
ure are only carried to two decimal places. 
A traverse-table may be computed by 

means of certain formulas, easily deduced 
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Let AD represent 
any course, N S a me
ridian through one ex
tremity, D E a meridi
an through the olher 
extremity and A E an 
eastand west line. The 
angle N A D equal to 
A D E , is the bearing. 
Then, in the right-angled triangle A D E , A E 
is the departure, and D E the latitude of the 
course. If w e denote the length of the course 
by e, the latitude of it by I, the departure by 
li, and the bearing by (6, w e have 

/ = c cos 0 and d = c sin ̂. 
If in these formulas w e give, in succession, 

to ̂  values corresponding to every quarter de
gree frora 0 to 45°, and for each value of ip 
give to I every value from 1 to 100 inclusive. 
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and tabulate the results, the table thus formed 
will be a traverse-table, such as is in comr 
use. It is to he observed that computatit 
need only be carried to 45°, for the latitude 
a course corresponding to a given bearing , 
equal to the departure of the same course cor 
responding to the compleraent of the bearing, 
and the reverse. 

Another forra of traverse table is sometiraes 
used which is more accurate and but little 
more difficult to use. The latitudes and de
partures are coraputed only to quarter degrees, 
but are carried to 5 places of deciraals. In 
order to corapen'sate for the increased space 
occupied, they are only coraputed for dis
tances frora 1 to 9. 

W e subjoin a specimen of such a table to 
illustfate its use. The table is constructed 
as already described. TRAVERSE TABLE. 

1 
2 
3 
4 
5 
6 
7 
8 

Bearings. 

33° 

Lat. 

0.83867 
1.67734 
2,51601 
3,35468 
4,19335 
5,03202 
5,87069 
6,70936 

9 |7.54803 

Dep. 

0.54463 
1,08927 
1.63391 
2,17855 
2,72319 
3.26783 
3.81247 
4.35711 
4-90175 

57° 

33J° 

La.t. 

0,83628 
1.67257 
2,50885 
3,34514 
4,18143 
5,01771 
5,85400 
6,69028 
7-52657 

Dep. 

0,54829 
1,09658 
1.64487 
2,19317 
2,74146 
3,28975 
3.83805 
4,38634 
4,93463 

56f° 

33i° 

Lat, 

0,83388 
1,66777 
2,50165 
3.335,54 
4,16942 
5,00331 
5,83720 
6.67108 
7.50497 

Dep. 

0.55193 
1.10387 
1.65581 
2.20774 
2.75968 
3.31162 
3-86355 
4,41549 
4,96743 

56j° 

33i° 

Lat, 

0.83147 
1,66294 
2.49441 
3 32588 
4,15735 
4,98882 
5,82029 
6,65176 
7,48323 

Dep. 

0,55557 
1.11114 
1.66671 
2,22228 
2,77785 
3,33342 
3,88899 
4,44456 
5,00013 

56i° 

To find the 
course N. 33° 

700 
40 
3 

743 

latitude and departure of the 
W,, dist. 743 chains : 

Lat. 
587,069 
33,5468 
^,51601 

Dep. 
381,247 
21,7855 
1,63391 

404,66641 
623,13181 

The application is obvious. 
T R i ' A N " G L E . [L. triangulum; ires, 

tliree, and angulus, angle]. A portion of a 
surface bounded by three lines, and conse
quently having three angles. 

Triangles are either plane, spherical, or 
curvilineal-. 

A Plane Triangle is a portion of a plane 
bounded by three straight lines; these lines 
are called sides, and their points of intersec
tion are the vertices of the triangle. 

Plane triangles m a y be classified either 
with reference to their sides or their angles. 
'When classified with reference to their sides, 
there are two classes. 

1 St. Scalene triangles, 
which have no two 
sides equal. 
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2d. Isosceles triangles, 
which have two sides 
equal. The isosceles 
triangle has a particu
lar case, called the 

EqutljtC'cl triangle, 
aU of whose sides are 
equal. 

W h e n classified with reference to their 
angles, there are two classes. 

1, Risthtansled trian
gles, which have one 
right angle; and 

2, Oblique angled triangles, all of whose 
angles are oblique. 'The latter class is sub
divided into 

Acute angled trian
gles, which have all 
their angles acute; and 

Obtuse angled trian
gles, which have one 
obtuse angle. 

The sides and angles of a triangle are 
called its elements; the side on which it is 
supposed to stand is caUed the base, and the 
vertex of the opposite angle is called the 
vertex of the triangle; the distance from the 
vertex to the base is the altitude. A n y side 
of a triangle m a y be regarded as a base, 
though in the right angled triangle one of the 
sides about the right angle is usually taken. 

T w o plane triangles are equal to each oiher, 
when they have three eleraents of the one 
equal to three elements of the other, each to 
each, one of the elements being a side. 
W h e n the'three angles only are equal, each 
to each, ihe triangles are sirailar. 

Tho following are sorao of the raost impor 
tant properties of plane triangles: 

1. The greatest side is opposite the great 
est .angle ; the least side is opposite the least 
angle ; and the mean side opposite the raean 
angle. If two sides are equal, the opposite 
angles are equal; if the three sides are equal, 
tho triangle is equiangular. 

2. A n y side is less than the sum of the 
oUier two, and greater than their difference. 

3. The sum of the angles is equal to two 
right angles ; and if any side be produced, 
the exterior angle is equal to the sum of the 
opposite interior angles. 

4. If a line be drawn parallel to the base, 
it will divide the other two sides proportion
ally, and the triangle cut off will be similar 
to the whole triangle. The converse properly 
is also true. 

5. The line which bisects the vertical angle 
of a triangle divides the base into two seg
ments, which are proportional to the adjacent 
sides. If it bisects the exterior angle, the 
distances frora the point in which it cuts tho 
base, produced to the extremities of the base, 
are proportional to the adjacent sides. These 
distances are segments. 

6, The straight lines which bisect the three 
angles, intersect in a common point, which 
is the centre of the inscribed circle. The 
straight lines which bisect the three sides, 
and are perpendicular to them, intersect in a 
coraraon point, which is the centre of the 
circurascribed circle; hence, two circles can 
always be constructed, one inscribed within, 
the olher circumscribed about any given tri
angle. 

7. The perpendiculars let fall from the ver
tices of the three angles upon the opposite 
sides, intersect in a coramon point; the 
straight lines drawn frora the vertices to tho 
raiddle points of the opposite sides, also inter
sect in a common point; this last point is 
the centre of gravity of the triangle. 

8. If w e denote the three angles of a tri
angle by A, B and C, and their opposite 
sides respectively by a, b and c, w e shall 
have 
when A is a right angle, a' = b' + c'; 
when A is equal to 120°, a' = b' + bc + c'; 
when A is equal to 60°, a' = b' — be + c'. 

9. If w e let n perpendicular fall from the 
vertex of the angle C, upon the side opposite. 
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DG X DF X DI, 

and denote the distance from its foot to the 
vertex of the angle A, by d, we shall have 
when A is obtuse, a'' = 4" -f c" -1- 2cd; 
when 4 is a right angle, a' = b' + c' ; and 
when A is acute, a = b' + c' — 2cd. 

10, If a straig'nt line be drawn from the 
vertex to the middle of the base, the sura of 
the squares of the other two sides will he 
equivalent to twice the square of the line 
drawn, plus twice the square of half the base, 

11. If in an isosceles 
triangle a straight Une 
be drawn from the ver
tex to any point E of 
the base, we have 
A C = = G E = H - A E . E B . 

12. If through any 
point D, in the plane of 
a triangle, three Unes 
EF, G H and IK be 
drawn respectively par
allel to the three sides ; 
then 

DE X DK X DH = 
13. If through any 

point D in the plane of a 
triangle, three Unes C N , 
B M and A L be drawn 
to the verlices of the tri
angle ; then 

A N X B L X C M = A M X C L X BI;f. 
14. In a right angled triangle, if a perpen

dicular is drawn from the vertex of the right 
angle to the hypothenuse, 

1st. The triangles formed are simUar to 
each other and to the whole triangle. 

2d. Either side about the right angle is a 
mean proportional between the hypothenuse 
and the adjacent segment. 

3d. The perpendicular is a raean propor
tional between the two segraents. 

15. In any triangle the rectangle of the 
two sides about the vertex is equivalent to 
the rectangle of the diameter of the circura
scribed circle and the altitude, 

16. The area of a triangle is eciual to the 
product of its base by half its altitude; hence, 
triangles having equal bases are to each other 
as their altitudes; triangles having equal 
altitudes are to each other as their bases ; and 
in general they are to each other as the pro 

duct of their bases and altitude's. Sirailar 
triangles are to each other as the squares of 
their homologous sides, 

17, T w o triangles which have an angle 
equal in each, are to each other as the pro
ducts of the including sides. 

The area of a plane triangle is equal to one 
half the product of its base and altitude. If 
we denote the base hy 4, the altitude by h, 
and the area by S, the sides and angles being 
denoted as before, we have the foUowing for
mulas for finding the area : 

1. S==:^ph; 
2. S = ̂ bc siaA ; 

and by making a + b + c = s, 
3. S = -/l,,(l^-a)(^s-4)(is-c). 

A S P H E R I C A L T R I A N G L E is a portion 
of the surface of a sphere, 
bounded by the arcs of three 
great circles. The arcs are 
sides, their points of intersec
tion vertices, and the angles 
which they form with each 
other, angles of the triangle. 

W e shall regard the radius 
of the sphere as 1 ; in this 
case, the sides of the triangle 
wUl raeasure the angles at the 
centre of the sphere which they 
subtend. The angles of the 
triangle are the same as those 
made by the planes of its sides, and we shall 
also regard them as raeasured by the arcs of 
circles having the radius 1. Hence, the 
sides and angles raay be readUy compared 
with each other, being referred to a comraon 
unit, and may be referred to indifferently, as 
arcs or angles. 

Tho angles and sides are called elements, 
and for the sake of clearness and siraplicity, 
each element will be regarded as less than 
two right angles, or 180°. 

This limitation is necessary to enable us to 
distinguish between the two portions of the 
surface of the sphere, both of which are 
bounded by the same three arcs. By confin
ing the value of the elements within the lira-
its of 180° each, the lesser trianglo will 
always be tho one considered. W h e n no 
limitation is placed upon the elements, they 
raay have any value up lo 360°. and the trian
gle is then called the general, sphcrical tiiangle 
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Two elements are of the same species, 
when both aro less, or both greater than 90°, 
and of different species, when one is greater, 
and the other less than 90°. 

Spherical triangles take the names, right-
c-.::leJ, obtuse-angled, acute-angled, scalene, 
tsoscelcs, and equilateral, in the same cases 
as plane triangles. 
A spherical triangle is birectangular, when 

it has two right angles, and trirectangular, 
when it has three right angles. .\ trirectan
gular triangle is one-eighth of the surface of 
the sphere, and is taken as the unit of meas
ure for polyhedral angles. 
Two spherical triangles are polar, when the 

angles of the one are supplements of the 
sides of the other, taken in the sarae order. 
A spherical triangle is guadranlal, when 

one of its sides is equal to 90° 
The following are some of the most im

portant properties of spherical triangles : 
L The greatest side is opposite the great

est angle ; the least side opposite the least 
angle ; tbe mean side opposite the mean an
gle ; and equal sides opposite equal angles. 
If the three angles are equal, the sides are 
also equal, and the triangle is equilateral. 
The converse is also true. 

2, Any side is less than the sum of the 
other two, and greater than their difference, 
3. The sum of the angles is always greater 

than two right angles, and less than six right 
angles. 
4. The sum of any two angles is greater 

than the supplement of the third. 
5. The difference of any two sides is less 

than two right angles, and the sura of the 
three sides is less than four right angles. 
6. If the sum of any two sides is equal to 

two right angles, the sum of their opposite 
angles is also equal to two right angles, and 
conversely. 

7. If the angles are all acute, all obtuse, or 
all right angles, the sides will be less than, 
greater than, or equal to, a right angle. 
8. .Spherical triangles are equal, when they have three elements of the one equal to three eleraents of the other, each to each, or in the sarae order. W h e n the elements of one triangle are re-Bpectively equal to the eleraents of another, hut not taken in the salne order, the triangles 

are syinmetiical, and their areas arc equiva
lent, though incapable of superposition. 
Tho area of a spherical trianglo is equal to 

the area of a trirectangular triangle, mulli-
plicd by tho ratio of a right angle to the e.̂t-
cess of tho sum of the three angles over two 
right angles. 

Denoting the angles by .-V, B and C, ex
pressed in degrees, the area of the trirectan
gular triangle by T, and that of tho given tri
angle by S, we shall have the following for
mula, 
„ ^ {A + B + C - 180°) 
S=Tx'- go (1). 
If the angles are expressed in terms of the 
right angle, as a unit, the formula becomes 
S=:Tx{A + B+C-2) (2). 

Formula (1) is more practically useful. 
A C U R V I L I N E A R T R I A N G L E is ono 

whose sides are curved lines of any kind 
whatever ; as, a spheroidal triangle, lying on 
the surface of an ellipsoid, 6cc. 
TRi-AN"GLJED. Having three angles. 
TRi-AN"GU-LAR. 

Triangular Numbers. 
bers, Numbers, ĉ e. 

TRI-AN"GU-La'TION, in Surveying. Th« 
operation of measuring the elements neces
sary to determine the triangles into which 
the country to be surveyed is supposed di
vided. The terra is principally used in geo
desic surveying. See Geodesy. 

TRi'GON. [Gr. rpcî , three, and yavta 
angle]. A polygon of three sides. See Tri 
angle. 
TRIG-0-NO-MET'RIC, TRIG-0-NO 

MET'RIC-AL, TRlG-0-NO-MET'RIC-AL 
LY. Pertaining to trigonometry, or accord 
ing to the principles of trigonometry. Seo 
Trigonometry. 
Trigonometrical Co-ordinates, or Spker 

ICAL Co-ordinates. Eleraents of reference, 
by means of which the position of a point on 
the surface of a sphere raay be deterrained 
with respect to two great circles of tho 
sphere. Let 0 be any point on the surface of the sphere, assumed as an origin ; O X and O Y , arcs of two great circles, assuraed as co-ordi-

Having throe angles'. 
See Figurate Num-
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nate axes. Take O X and O Y , each equal to 
a quadrant, and suppose P to be any point 
whose position is to be fixed ; then, the trig
onoraetrical co-ordinates of P are the tan
gents of O M and O N : these tangents are 
designated by the let
ters I and y, as in rec
tUineal co-ordinates. 
It is plain, that if the 
whole system be pro
jected upon a plane, 
tangent to the sur
face of the sphere at 
0, by lines drawn frora 
the centre of the sphere, O M and O N will be 
projected into the rectilineal co-ordinates of 
the projection of P, the projections of the 
spherical co-ordinate axes being the rectili
neal axes. 

The equation of a great circle of the 
sphere, referred to this system, is 

ai -f- 4y -f c = 0 ; 
in which a, b and c, are constants, depending 
upon the angles made by its plane with the 
planes of the axes. 

Trigonometrical Series. In addition to 
the series already considered, under the head 
of Series, there are certain other series of the 
form, 

a sini + b.sin 2x + c sin 3i + &c., 
and 

a cos X + b cos 2x + c cos 3x + d cos 4i 
+ c cos 5i -|- &,c., &c,, 

which seera to raerit attention. These series 
are of use in the higher branches of mathe
matics. The summation of the series, when 
a + bz + cz' + &.C. can be suraraed, is easy. 

For example, let it be required to find the 
sum of the series 
1 -|- a cos X + a' cos 2x + a' cos 3i -1- & c : 
Assume 

2 cos X = z + z-̂  ; 
then, 

2 cos nx = z^ + Z-' ; 
and by substitution and reduction, we find the 
sum of the series equal to 

1 I 1 
2(l-a=)"^2(l-a2-')' °'̂ ' 

2 - a (z -1- z-') 2(1 - a i z + s-') + a') • 

and by resubstitution, w e have for the smn 
of the given series, 

1 — a cos I 
1 — 2a cos I -1- a^ 

The most remarkable property of these se
ries is, that they are capable of representing 
the ordinates of points of discontinuous lines. 
This property is of use in the higher branches 
of Physics. 

TRIG-O-NOM'E-TRY. [Gr. rptyavo;, a 
triangle, and p.srpea, to raeasure]. That 
branch of mathematics which has for its ob
ject, to show the method of determining the 
remaining parts of a triangle, when a suffi 
cient number is given or known. It treats 
also of the general relations which exist be
tween the trigonometrical functions of angles 
or arcs. 

Trigonometry is divided into three branches, 
Plane, Spherical and Analytical. 

Plane Trigonometry treats of the rela
tions existing between the sides and angles 
of plane triangles. The principal object of 
plane trigonometry is to show the methods 
of solving plane triangles ; that is, the method 
of finding the remaining parts of a plane tri
angle, when three are given, one ofthe three 
being a side. 

Spherical Trigonometry treats of the re
lations existing between the sides and angles 
of spherical triangles. The principal object 
of this branch is to show the method of solv
ing spherical triangles ; that is, the method 
of finding the remaining parts of a spherical 
triangle, when any three are given. 

Analytical Trigonometry treats of the 
general relations and properties of angles, 
and trigonoraetrical functions of angles. 

W e shall consider each of these branches 
separately, having first explained the mean
ing of the terras employed, and the conven
tional principles adopted, in the discussion of 
the subject. 
Definitions and Conventional Principles. 

AVe shaii consider the radius of the trigo
nometrical circle as 1, in which case, the 
sines, cosines, tangents, &c,, of angles and 
of arcs, may he regarded as idertical. For 
the purposes of trigonometry, the circumfer
ence of the circle is divided into four equal 
parts, bv two diameters perpendicular to each 
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One other ; each part is caUed a quadrant. 
of these diameters, 
B A , is taken hori-
rontal. and the 
other, D E , is verti
cal, the plane of the 
circle being regard
ed as vertical. The 
right hand extremi
ty of the horizontal 
diameter. A, is taken 
as the origin of arcs ; or the radius C A is 
taken as the origin of angles, whose verlices 
are at C. This line, C.\, is called the initial 
diameter, and the diameter, B E , is the 
secondary diameter. .\rcs will be regarded 
as positive when estimated around to the 
left from the origin, that is, in a direction 
contrary to the motion of the hands of a 
watch, and consequently, they must be re
garded as negative, when estimated in a con
trary direction. .AB is called the first quad
rant; B D , the second; D E , the third; and 
E A , the fourth. W h e n an angle or arc ter
minates in either of these, it is said to fall in 
that quadrant, or to Ue in that quadrant. 

For the purposes of trigonometrical com
putation, each quadrant or right angle is 
supposed to he divided into 90 equal parts, 
caUed degrees; each degree into 60 equal 
parts. caUed minutes ; each minute into 60 
equal parts, called seccmds; so that a right 
angle contains 32400 seconds. 

The complement of an angle, or arc, is the 
result obtained by subtracting it from 90°. 
If the angle or arc is greater than 90°, the 
complement is negative; if the arc is negative, 
its complement is greater than 90°. 

The supplement of an angle, or arc, is the 
result obtained by subtracting it from 180°. 
If the angle or .arc is greater than 180°, the 
supplement is negative; if the arc is negative, 
tlie supplement is greater than 180° 
In what follows, w e shall always suppose 

the tangent to be drawn through the origin 
.V, and the co-tangent to be drawn through 
the point B, 90° distant from A. 

The sine of an arc is the distance from the 
initial line to the second extremity of the arc; 
thus, F P is the sine of the arc A P . The 
cos7'77C of an arc is the distance from the 
secondary diameter to the second extremity 
ofthe arc; thtis, K P , or C F , is the cosine of 

the arc, A P . The versed sine is the distance 
from tho foot of the sine to the origin of arcs; 

thus, F--V is the versed sine of the arc A P . 
The co-versed sine is the distance from the 
foot of the cosine to the upper extremity of 
the secondary diameter. Thus, K B is the 
co-versed sine of the arc A P . 

The tangent of an are is that portion ofthe 
tangent included between the origin of arcs 
and a diameter drawn through the second 
extremity of the arc ; thus, A G is the tan
gent of the arc A P . The co-tangent of an 
arc is that portion of the co-tangent included 
between the upper extremity ofthe secondary 
diameter, and a diameter drawn through the 
second extreraity ofthe arc ; thus, B H is the 
co-tangent of the arc A P . The secant of an 
arc is the distance from the centre of the cir
cle to the extremity of the tangent of the arc; 
thus, C G is the secant of the arc A P . The 
eo-seeant of an arc is the distance frora the 
centre of the circle to the extremity of the 
co-tangent; thus, C H is the co-secant of the 
arc A P . The lines or distances thus defined, 
are called the trigonometiical functions of the 
arc A P . 

It has been agreed to consider all distances 
from the initial line, estimated upwards, as 
positive ; consequently, all distances from 
this line downwards, must be regarded as 
negative. It has been agreed to consider all 
distances estimated from the secondary diam
eter to the right, as positive; consequently, 
all distances eslimatecl frora this diaraeter to 
the left, must be regarded as negative. It has 
been agreed to consider all radial distances 
estimated from the centre towards the second 
extremity ofthe arc, positive; consequently, 
those estimated from the centre, in an oppo
site direction, must be regarded as negative. 

Frora a consideration of these conventional 
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principles, w e deduce the foUowing table, 
showing the signs of the trigonometric 
functions in the several quadrants. 

Sine, . . 
Cosine, 
Versed sine, 
Co-versed sine, 
Tangent, . 
Co-tangent, 
Secant, 
Co-secant,. . 

2 

+ 
4-
+ 
+ 
+ 
+ 
+ 
+ 

a 

+ 
— 
+ 
+ 
— 
I 
-1-

p 

T3 
CO * 
— 
— 
+ 
+ 
-1-
+ 

— 

^ 
-? 
_ 
-f-
+ 
+ 
— 

+ 
— 

In order that the above principles m a y be 
appUcable to an angle, w e regard one side of 
the angle as an initial line, and with the ver
tex as a centre, and a radius equal to 1, w e 
suppose a circle to be described ; that portion 
intercepted between the two sides is taken as 
the raeasure of the angle, and the trigonome
trical functions of this arc are the correspond
ing functions of the angle. The co-functions 
of an angle, that is, cosine, co-versed sine, 
co-tangent, co-secant, are respectively equal 
to the sine, versed sine, tangent, and secant 
of the complement of the angle. The terra 
CO, being an abbreviation for the phrase •' of 
the complement." 

The following equations show the relations 
existing between the trigonoraetric functions 
of a negative arc, and the corresponding 
functions of a positive arc, numerically equal 
to it. Denoting the positive arc by a, vie 
have 
sin (— a) = — sin a ; cos (— a) = cos a ; 

vers-siH(—a)=ver-sin a; tan(—a) = — t a n a ; 
cot(—a) = — c o l a ; sec-(—a) ̂  sec a ; 
co-sec (— a) = — co-sec a. 
If w e suppose the arc lo increase continu

ously from 0° to 90°, w e shall have the fol
lowing results. 

The sine, tangent, and secant, increase 
algebraically with the arc, and the remaining 
functions decrease algebraically as the arc 
increases. The versed sine increases nume
rically for 0° to 180°, and decreases numeri
cally from 180° to 360°. The co-versed sine 
decreases to 90°, increases to 270°, and de
creases to 300°. 

The remarks that have been made, apply 
to plane angles, but they are also equally 
applicable to spherical angles, if w e adopt the 
principle, that a spherical angle is the same 
as the plane angle included between two tan
gents drawn to its sides at the vertex. 

The following table shows some of the 
particular values of the trigonometrical func
tions : 
NO. DEG, 

0° 
90 
180 
270 
360 

SINE, 

0 
-fl 
0 

-1 
0 

cos. 

-fl 
0 

-1 
0 

-fl 

TAN. 

0 
+ <x. 
0 

— ro 
0 

COT 

+ ro 
0 

— ro 
0 

-fro 

SEC. 

-fl 
+ ro 
-1 
— ro 
-fl 

COBKC. 

-fro 
-fl 
— ro 
-1 
-fro 

The functions of any of these arcs, in
creased by any number of times 360°, re
mains the sarae. 

Plane Trigonometry. 
In every plane triangle, there are six part* 

or eleraents—three angles and three sides 
W e shall designate 
the angles by the 
letters A, B and C, 
and the sides oppo
site these angles by 
the letters a, 4 and 
c, respectively. It 
is to be observed that the letters m a y he 
changed, so that either of the capital letters 
used m a y represent either angle of the tri
angle. 

W h e n any three parts of a plane triangle 
are given, one of which is a side, the remain
ing parts m a y be found, and the operation of 
finding them is called solving the triangle. 

B y the aid of the foUowing formulas, all 
plane triangles m a y be solved. In them the 
sum of the three sides is denoted by s, or 

s = a + b + c; 
sin A sin B sin C 
a b e 

a + b __ tan i{A.+ B) cot | C tan i{A - B) tan i{A - B) 
Iii_s_-b) {is-c) 

(1). 

(2); 

sin-Ĵ jl 

COS-Jji = 

be 
isiis — a) 

be '(3) 

If the triangle is right angled at A, the 
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formulas used in the solution arc the fol
lowing : 

„ 4 c 4 
sm B = - ; cos B = -; tan B = - • - (4); 

0. a c ^ ' i = a sin B = c tan B 
= \\d -

= -/(a* - c') 
e) (a -f e).. . (5). 

The following cases may arise in solving 
oblique triangles : 
L When txeo angles and a side are given. 

In tb.is case, the third angle is found by sub
tracting the sum ofthe tw-o given angles from 
ISO', The sides may then be found hy for
mula (1). 

2, 11 lien two sides and an angle opposite 
one of them are given. In this case, the angle 
opposite the other given side may be found 
by formula (1), after wliich the solution ofthe 
problem may be completed as in the last case, 
3. W'l.sr. two sides and their included angle 

are given. In this case, the included angle 
subtracted from ISO', gives the sum of the 
angles opposite the given sides ; then, from 
formula (2), half the difference of these two 
angles may be determined. Having half the 
sum. and half the difference, add the two to
gether, and the result will be the greater an
gle ; subtract the lesser from the greater, and 
the difference will be the lesser angle. The 
greater angle lies opposite the greater side, 
and the lesser angle opposite the lesser side. 
The angles being determined, the remaining 
side may be found by formula (1). 
4. When ihe three sides are given. In this 

case, each angle may be determined in suc
cession hy formulas (3). Their sum should 
be equal to 180° 
In solving right angled triangles, select the 

proper formula form groups (4) and (5). The 
application is obvious. 
All of these cases may be solved approxi

mately by geometrical construction : 
1st. Case. Given A, B, and c. Draw an 

indefinite straight 
Une ; frora a scale 
of equal parts, lay 
off the distance 

AB = -;. 
At .\ and B cons.truct angles respectively 
equal to the given angles: the intersection 
of the sides of these angles deterraines the 
vertex of the third angle C. Measure the 
distances A C and B C by a scale of equal 

parts, and the .angle C,with a protractor; the 
results will be the values of the required 
parts. 

2d, Case, Given A, a and b. 'Draw an in
definite right lino AB', and at any point of 

:?» 

it, as A, construct the given angle A ; on one 
side lay off a distance A C equal to 4, and 
frora 0 as a centre, with a radius equal to a, 
describe an arc of a circle, cutting the Une 
first drawn. Join the point of intersection 
with C, and the triangle will be constructed 
Measure the distance CB with a scale of 
equal parts, and the angles B and C with a 
protractor; the results will be the required 
parts. In this case, there may be three cases : 

1. The auxUiary circle may cut the line 
AB', as in the figure, in two points, both on 
the same side of A : in this case, there are 
two solutions ; if it is tangent to the line, 
the two triangles becorae one, and that is 
right angled, 

2, It may intersect it in two points on op
posite sides of A ; in this case, there will be 
but one solution, the point on the side of the 
constructed angle being the one required, 
3, It may neither cut the line nor be tan

gent to it; in this case, the solution is im
possible. 

3d. Case. Given B, a and c. Construct an 
angle equal to B, lay off on its sides distances 

equal to a and c respectively, and join tho 
extreraities of these distances.: the figure 
thus formed will be the required triangle. 
Measure 4, A and C, as before ; the results 
will be the values of the parts required. 

4th, Case. Given a, b, and c. Draw an 
indefinite line, and take on it A B equal to c: 
with A as a centre, and 6 as a, radius, de
scribe an arc; with B 'as a centre, and a as 
aradius, describe a second arc cutting the 
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first in C ; join C A and CB. Measure with 
the protractor the C, 
angles A. B, C, of 
this triangle, and 
the results will be 
the values of the 
requirê d parts. 

The same princi
ples will serve to 
construct all cases of right angled triangles. 
In raost cases, the construction of right an
gled triangles is much simpler than that of 
oblique angled triangles. 

Spherical 'Trigonometry. 
In spherical, as in plane trigonometry, 

there are six parts in every triangle—three 
sides and three angles. W h e n any three are 
given, the other three may be found, except 
in the particular case of the birectangular 
triangle. In that case, if two right angles 
and a side opposite one be given, each given 
part will be 90°, and the solution is indeter
minate. As in Plane Trigonometry, triangles 
are solved by means of formulas. The,fol
lowing are sufficient to solve aU cases of 
spherical triangles. 

In these formulas the large letters stand for 
the angles, and the small ones for the sides 
opposite thera. W e suppose also that 
S = A + B + C and s = a-f4-fc. 

sin A sin B sin C 
sin a sin 4 sine • • • • \ )• 

sini A = ^ ^ i " » ^ - ^ ) ^ i " ( i - - ^ _ ) . 
sin b sin c 

, , /s'm-i s sin ii s — a) , , 
cosi^=\/ \̂ _ ̂ ]J_ '- .... (2). ' / sin b sin c 

cos(i^'- C)cos(iS-jB) 

tan-J(4-f B ) = cot-^C 

sin B sin C 
cosi(a — 4). 

(3), 

cos iia + b) 
sin-J (a — b) 

tani i A - B ) = coti C . ,) y-ji - . (4), 
^ ' sin i (a -f 6) ^ ' 

cosK^l - B) 
taniia + b) = tanie^^^-^:^y 
siniiA-B) 
tani(a — 4) = tanic-:—. , . .—gr • • (5), 

'̂  ' sm i (̂  -f J3) ^ ' 
For right angled spherical triangles, Na

pier's forraulas for circular parts are used. 
These formulas require explanation 

In every right angled triangle right angled 
at A, rejecting the right angle, which is al
ways known, theie are five, parts. , The two 
sides about the right angle, and the comple
ments of the remaining parts, make up what 
Napier called circular parts. 

If these be arranged cir
cularly, as in the diagram, 
and in the same order in 
which they occur in the tri
angle, w e see that for each 
part there are two adjacent 
parts and two opposite parts, or parts which 
are not adjacent. The first part, with respect 
to these, is called the middle part. If w e 
assume any part as the middle part, and de
note it by m, and if w e denote the adjacent 
parts by a and a', and the opposite parts bj 
0 and o', w e have the following relations : 
sin 7?i ̂  tan a tan a' =^ cos o cos d (6). 

The foUowing cases m a y arise in the solu
tion of spherical triangles. 

1st Case. Given two sides and an angle op
posite one of them, as A, a and 4 ; B, may be 
found from formula (1). The formula deter
mines the sine of B, and since there are two 

angles, complements of each other, having the 
same sine, it is necessary to ascertain which 
is to be taken. 

When ihe sine of the side opposite the requir
ed angle is less than the sine of the other given 
side, that one must be taken which is of the same 
species as h. In this case there is but one 
solution. 

When ihe sine of the side opposite the re
guired angle is greater than the sine of the 
other given side, both angles must be used, and 
there will be two solutions. 

Having determined B, w e draw the arc of 
a groat circle, CD, through 0, and perpendic
ular to AB- There will thus be formed two 
right angled triangles. 

There may be two cases ; 1st, where C D 
meets the base; or, 2d, the when it meets the 
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base produced. Take the first ease. Find. 
from the rightangled triangle B C D . the angle 
iDCB. by means of formula (0). In like man
ner. ;l;iJ from the trianglo A C D the angle A C D 
l\: means of the same formula. The sum of 
these ait̂ '.eswill be the value of the angle C. 
and then the side c may be found from for
mula (1). In the second case find in like 
manner the angles .-VCD and B CD, and take 
their d'lfference ; this will be angle C, and the 
side e may be found as before. 

2d Case, Having given two angles, and a 
side opposite one of them, as A. B and a. The 
side 4 may be found by formula (1). Since 
there are two arcs corresponding to the same 
sine, there may be, as before, tw-o solutions, 
or there may be but one. 

W hen the sine of the angle opposite ihe re
quired side is greater than the sine of the other 
given angle, both angles must be used, and 
there will be two solutions. 

When ihe sine of the angle opposite ihe re
quired side is less than the sine of the other 
given angle, that one must be used which is of 
the same species as B, and there will be hut 
one solution. 

T w o arcs or angles are of the sarae species 
when both are greater or bolh less than 90°. 

Having deterrained the side b, the remain
ing side and angle may be found as in the 
first case. 

3d Case. Having given ihe three sides of a 
spherical triangle, u, b and c. One angle, or all 
of them, may be found by forraula (2j. W h e n 
but one angle is found by formula (2), the 
remaining ones may he found by raeans of 
formula (1). 
4lh Case. Having given the three angles 

A, B and' C. Any side, or all of them, may 
be found by means of formula (3). W h e n 
only one side is found by this forraula, the 
remaining ones may he found by formula (1). 

5th Case. Having given two sides, and their 
included angle, a, b and C. The half sura of 
the remaining angles, and their half differ
ence, may be found by formulas (4); then 
the sum of these results is equal to the great
er angle, and their difference is equal to the 
lesser angle. The greater angle lies opposite 
the greater side, and the lesser angle opposite 
the lesser side. The remaining side may be 
found by formula (1). 

37 

6th Case. Having given two angles ana 
their included side. A. B and c. 

The half sum and the half din'erence ofthe 
remaining sides, may be found by means of 
formula (5), and then the sum of these results 
is equal to tho greater side, and their differ
ence to the lesser side. The greater side lies 
opposite the greater angle, and the lesser side 
opposite the lesser angle. The remaining 
angle may then be found by formula (1). 

To solve any case of a right angled spherical 
triangle, two parts must be given besides the 
right angle Find from them the correspond
ing circular parts. If they adjoin each olher, 
then the part opposite to them may be found 
by the formula 

sin 777 = cos 0 cos o'. 
If they are separated frora each other, then 
the part adjacent lo thera both may be found 
by tho forraula 

sin 777 = tan a tan a'. 
Having found one part, the remaining parts 
may be found by formula (6), or by means of 
formula (1). 

Quadrantal spherical triangles may bo 
solved by means of right angled spherical tri
angles. See Quadrantal Triangles. 

The solution of spherical triangles is sorae 
tiraes facilitated by means of auxiliary formu
las. The following indicate the method of 
using these auxiliary formulas: 

cos4sin(c-f ̂ ) 
cos a = :—1 ; cot 0 = tan 4 cos .4 (1) 

sm f r \ / 
cos B sin{C—ip) 

cosA = ;t—T ; cot^=tanBcosa(2) 

. , , _sin(C-f 1̂) 
cot a sin 4 = ^ '-t 

. , cot A ,„. 
cot ip= -, (3) 

cos b Analytical Trigonometry. 
Analytical trigonometry treats of the rela

tions and properties of the trigonometrical 
functions. 

W e shall give some of the most iraportant 
formulas, embracing those which are most 
commonly used in Analysis. The radius is 
equa! to 1. 

Fundamental Formulas. 
sina=-/l—cos^a; cosa=-/l — s 

sin^a -f cos^a = 1. 
'"•'IW 

tan a = "Hlf; cot a=£^^-"; tan a cot a = 1 (2) 
cos a Bin a 
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'" = ' ' = Z ^ a ' ^ ° " " " ' ~ ^ ^ ^ 5^.(3) 
seĉ 'a — tan'a = cosec a' — cot'a = 1 J 

sec a — cos a 
vcr-sin a = 1 — cos a = 

sec a 
(4) 

General Formulas. 
sin 2a = 2 sin a cos a; sin (ti -f 1) a 'l , , 

= 2 sin 77a cos a — sin (77 — 1) a j 

cos 2a = 2 cos^ a — 1 .. cos (77 -f 1) a 
= 2 cos 77a cos 

1 . . cos(77-f l)al 
sa — cos(?i — l)a ) 

tan 2a= 

tan 3a = 

tan 4a = 

2 tan a 
l-tan'^a' 
3 tan a — tan^ a 
I — 3 tan- a ' 
4 tan a — 4 tan^ a 

I — 6 tan^ a + tan* a 

y • (7) 

1 /l — cos a 1 /l + cosa 
s ' . n - a = . y y — 2 — ; cos-a=y' — ^ . 

I 1 — cos a 
tan ~ a = 

=coseca—cota= 

1 

sin a 1 -f cos a 
1 -f sin a — cos a 

I 
sec (a ± 4) = r , ,,; 

^ •' cos (a db 4) 
1 

cosec (a i 4) = -;—;—, ,. 
'' ' sin (a ± 4) 

[TBI 

(18) 

cos a ±sin a 
sm(45°±a)=cos(45°:Fa)= 77^-

(45° =F 0) ] 
1 ± tan a > • • 

tan (45° ± a) = cot (45° zf a) 
cos a DZ cos b 

~ cos a =1= cos 6 1 :p tan a j 

sin (45° ±~a) = cos (45° =F - a) 

lb sin a 

1 1 "i 
tan (45° ±-za) = cot (45° =F - «) 

(19) 

(20) 

(2n 

•(22) 

cot - a = 
2 sin a 

1 -f sill a -f cos a , 

1 + cos a 
= cosec a -f cot a.. (10) 

sin (45° -f a) = 
cos a -f sin a ' 

V2~ 
cos a — sin a 

sin (45° - a) = ^ 

1 -f tan a 
tan(45°-f a) = -j;^j^^^; 

1 — tana 
tan(45°-a) = j-:f-f^^ 

1 1 -f sin a 
tan (45° 4-2 a) = -^^^^; 
1 — ain a 

(11) 

(12) 

(13) 

1 zf sin a 
sina-fsin4=2sini-(a-f4)cos^(a — 4). (23) 

sina—sin4=2cos,J(a-f4) sin-i(a — 4). (24) 

cosa-f cos4=2cos-J(a-f 4)cos^ (a — 4). (25) 

cosa—cosS= —2sin^(a;f4)sin4(,i— ^)- (26) 
sin (a -f 4) 

tan a -f tan 4 = 

tan a — tan 4 = 

cot a + cot 4 = 

cos a cos 4 
sin (a — 4) 
cos a cos 4 

sin (a -f b) 
sin a sin 4 

sin (a — 4) 
c o l a - c o t 4 = — ^ 

sec a -f sec b •-

sin a sin 4 
2 cosKa-f 4)cosi(a—4) 

cos a cos 4 

(27) 

(28) 

(29) 

(30) 

(31) 

tan(45°--a)=- ^̂ ^̂  

sin (a' ± 4) = sm a cos 4 ± sin 4 cos a. . (14) 

cos (a ± 4) = cos a cos 4 q: sin 4 sin a. . (15) 

tan a ± tan 4 
'^"('^=^^) = l=Ftanatan4 

cot fa -t b) •• 
cot a cot 4 =F 1 
cot a Hz cot 4 

(16) 

(17) 

2 sin Ka-f 4)sin i(o—4) 
sec a — sec 4 = : (32) 

cos a cos D ^ ' 
sin (30° -f a) -f sin (30° - a) = cos a. (33) 
sin (30° + a) — sin (30°— a) — sin av''3'(34) 
cos (30° -f a) -f cos (30°— a)= cos aV3{35) 
cos (30° + a ) - cos (30°- a ) — - sin a (36) 
sin a + sin 4 tan i (a -f 4) 
sin a — sin 4 tan ̂  (a — 4) 
sin a -f sin 4 . 

— r 7 = tan i { a + b ) . . . . (38) 
a + cos 6 ^ ' 

cos 
sin a + sin 4 

6 cos a — cos 
= -coti(<»-4)- • • (39) 
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7 7 - Ian s (a — 4). . . 
c>is 0 -t- COS ii - "> •' 
sin ii — sin 4 

, = — coHia -f 4) 
cos a — cos ,1 - y ' J cos a -f cos 4 cot t (a -f 4) ̂  
cos a — cos A ~" tan ; {a — 4) 

cot ,; (a - 4) r 

• m 

• (41) 

(42) 

tan i (a -I- 4) 

sin a + sin 4 cos i {a — h) 
sin t_ i + l) 

Ian a-f tan 4 
tan a -

tan'a 

cot'a 

sin (a 
+ sin 

- t jU --i 

- t a n ' 4 

- cot»4 

-f 4-f 

cos i{a + b) 

cot 4-foot at sin(a 
" cot 4—cot a ~ sin(a 

sin (a -f 4) sin (a — 
""" cos"a cos'4 

sin (a -f 4) sin (a 
sin'a sin̂ 4 

c) = sin a cos 4 cos c 
b cos a cos c + sin c cos a cos 4 

f4) 
-6) 

i) 

{'U) 

iii) 

(45) 

-*)„., 

\-

V*oj 

(47) 

cos (a 4- 6 -f c) = cos a cos 4 cos c \ 
— sin a sin 4 cos c — sin 4 sin c cos a )• • (48) 
— sin c sin a cos 4 / 

tan (a -f 4 -f c) = 
tana-Man 4-f tanc- tanatan4tanc 
1 —tana tan 4 —tana tanc—tan4 lane 

-(49) 

(50) 

.(51) 

-fv'-lXsinraC2n-i-l)7r I' " ^̂ ^̂  

For Trigonometrical series, see Series. 
General formulas, expressing the relations 

between the sides and angles of a spherical 
triangle used in astronomical investigations : 
cos a = cos 4 cos e + sin 4 sin c cos A (53) 
cos A = sin B sin C cos a — cosB cos C (54) 
cot a sin 4 = cos 4 cos C -f cot A sin C (55) 
sin A cot B = sin c cot 4 — cos c cos ,4 (56) 

The following is the analytical enuncia
tion of what is usually known as Gauss' the
orem : 

(57^ 

if p = cos i c sin i-(.1 -f- B ) ; 
? = cos i c cos i {A + B) ; 
r = sin J csin i (,t — B) ; 
s = sin i c cos t (.1 — B) ; 
P = cos i O cos i{a — b); 
Q = sin i C cos i (a -f 4) ; 
R = cos i C sin i{a — b); 
S - sin i C sin î  (a -f 4); 

Then is 
pg = P Q ; pr = P R ; ps = P S : 
q r = Q R ; qs = Q S ; rs = R S ; 
T h e following formulas are called Gauss' 

equations, and they result from considering 
the sides and angles of a spherical triangle, 
each less than 180°. Retaining the same 
notation as in the last formulas, w e have 
p' = F ' ; q'=Q' ; r'̂  = R'; s'= S'. (58). 

Gauss' Equations. 
cos Jcsin •Ĵ (.4-FB) = cosJCcos^(a—4) ) 
cos^ccos J(yl-fB) = sin;Ccos^(a-f 4) [ 
sinicsini(.4-B)=cos^CsinKa-4) f^ '̂' 
sin -Jccos j(.4—B) = sin^Csini(a+,4) J 
From these, Napier's analogies may be at 
once deduced. 
TRi-H£'DRAL, OR, TRI-£'DRAL AN

GLE'S. [Gr. rpeif, three, and edpa, a face]. 
,*V polyhedral angle of three faces. See Poly
hedral Angle. 

T R i - H e ' D R O N . [Gr. rpetg, and edpa]. ^ 
narae once given to a triangle. 

T R i - L A T ' E R - A L . [L. ires, three, aud 
latus, a side]. Having three sides, as a tri
angle. 

TRi-No'MI-AL. [L. tres, three, and «i>-
777677, a narae]. A polynoraial having three 
terms, as a' -f a4 -f b'. See Polynomial. 

T R I P ' L L C A T E R A T I O [L. triplicatus, 
from ires, three, and plico, to fold]. The 
ratio of the cubes of two quantities ; thus, 

. 4 = 
the tripUcate ratio of a to 4 is, -3- Similar 
volumes are to each other in the triplicate 
ratio of their homologous lines. 

T R i ' P O D . [Gr. rpenvovg; from rpeic, 
three, and 7rot7f, a foot]. A stand with three 
leers used to support a theodolite, compass, 
level or other surveying instrument. The 
legs turn about hinges at their upper ends, by 
means of which they are attached lo a brass 
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plate ; they may be folded up or spread apart, 
so as to afford a firm base for the instru
raent to rest upon. The lower ends of the 
le/3 of the tripod are generally shod with 
metal, so Ihat they may be easily planted in 
the ground : the upper plate terminates in a 
screw which serves to fasten it to the instru
ment that it supports. 

TRi-RECT-AN"GU-LAR T R I A N G L E . 
A spherical triangle, whose angles are all 
right angles. It is equivalent to the eighth 
part of the surface of the sphere on which it 
is situated. See Spherical Triangle, Triangle. 

TRi-SEC'TION, [L, ires, three, and seco, 
to cut]. The trisection of an angle is a pro
blem of great celebrity amongst the ancient 
mathematicians. It belongs to the same 
class of problems as the duplication of the 
cube, and the insertion of two geometrical 
raeans between two given lines. Like thera, 
it has hitherto been found beyond the range 
of Elementary Geometry. 

Ijet B A C he a plane angle, and suppose 
D A C lo be one-third of it. Frora any point 
B, in the side A B , draw B C perpendicular to 
AC, and B E parallel to A C ; produce A D to 
raeet B E in E and complete the rectangle 
BC.AF. Now, since D A C is one-third of 
BA C , B A D is twice D A C . or twice B E A . 
Draw BG, making the angle E B G equal to 
G E B ; then B G A , being an exterior angle, 
is equal to twice B E A , or to B A G . Hence, 
the two triangles, E G B and B G A , are isos
celes, or G E =LIB = BA. The angle G B D 
is the difference between a right angle and 
E B G , and G D B , or its equal A D C , is the 
difierence between a right angle and D A C , 
which is equal to E B G ; therefore, G B D is 
equal to G D B ; whence, G D = G B = AB . 
W e Bee, then, that D E = 2AB. If, there
fore, in a rectangle A F B C . a straight line 
A D could be drawn from the angular point A, 
so that on producing it to meet the opposite 
side FB, the produced part would be equal to 
a given straight line, the problem would bo 

solved. The problem having been reduced 
to this condition, fails to yield further to Ele
raentary Georaetry. It raay, however, be 
solved in a great variety of ways by means 
of the higher Geometry. W e annex but a 
single solution, that, by means of the con
choid. 

W e shall first explain the mechanical me
thod of constructing the Conchoid, by a con-

AP 

tinuous movement. A B is a fiat ruler, with a 
groove, CD, extending nearly through its 
length. Attached firmly to it is another 
ruler, EF. at right angles to it, in which there 
is a fixed pin, I. This pin passes into a 
groove of a third ruler, G K , which carries a 
second pin entering the groove CD. The 
system being thus adjusted, let a stem ofany 
proposed length H P , be attached at H, carry
ing a pencil at P. The rectangular rulers 
being fixed, let H G be moved so that tbe pin 
K will move along the groove CD, the pin at 
I continuing in the groove G K : the pencU P 
will trace the superior conchoid. If another 
pencil were fixed to the ruler, at the same 
distance on the olher side of K, it would trace 
out the inferior conchoid. 

To apply the curve thus described to the 
trisection of an angle. Let A B C be the 

angle to he trisected. Lay the instrument 
down so that the axis of the ruler E F shaU 
coincide with B A V , the axis of the ruler A B 
being coincident with a Une A C at right 
angles with BA, With an arm A V = 2 B G , 
let a portion of a conchoid E V be described. 
Draw C E parallel to BA, cutting the curvo-
at E. Draw E B , and bisect the angle E B C 
by B F ; then will the lines B E and B F tri
sect the given augle. 

For, draw CD, making the angle D G E 
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DEC; then wiU CD = DE. The angle 
GCD=90° - DOE, and CGD= 90°-GB.A ; 
but G B A ̂-111: (.' DCE; hence. GD = CD= 
DE ; and OD = CB ; therefore, the angle 
C B D is equal to the angle CDB, which is 
t'̂-ico CED, But C E D is equal to D B V , 
therefore, C D B is equal to twice DB'V, and 
since C D B is bisected by BF, it follows 
that .-VBC is trisected by the lines B E and 
BF. 

TRO'CHOID. [Gr. rpoxog; from rpex<.>,' 
to run, and eidof, shape generated by a 
wheel]. The same as cycloid. See Cycloid.' 
TROP'ICS [Gr. rpo-;;. a turning]. See' 

Sphcricdi Projections. j 
TRUNCa-TED CONE, oe, PYRAMID. | 

[L. irunco, to cut]. The portion of a cone 
ur pvramid included hetween the base and a 
plane obUque to the base passed between it 
and the vertex. See Frustum. 
TWIST'ED S U R F A C E . See Warped 

Surface. 

V, the twenty-first letter of the English 
alphabet. 

U X ' T L M A T E RATIO. [L, ultimus, fur
thest]. If tw-o varjing quantities, which are 
functions of the same variable, vary in such 
a manner that their ratio continually, ap
proaches a fixed quantity, but cannot pass it, 
that quantity is said to be the ultimate ratio 
of the two quantities. It is nothing more 
than the limit of the ratio. As an example, 
consider the case of an arc of a circle less 
than 90°, and its chord. The arc is con
stantly greater than the chord ; but, as the 
arc decreases, the length of tho chord and 
arc approach equality, and their ratio ap
proaches 1. Finally, when the arc becomes 
less than any assignable quantity, they be
come equal, and their ratio is 1. Hence, 1 is 
the ultimate ratio of a chord to its arc. 

In like manner, if a regular polygon he in-
icribed in a circle, the area of the circle is 
always greater than that of the polygon ; 
but, as the number of sides of the polygon is 
increased, the areas of the two magnitudes 
approach equality, and their ratio approaches 
1 ; finaUy, when the number of sides of the 
polygon becomes greater than any assignable 
number, the difference of the areas becomes 
less than any assignable quantity, or their 

ratio differs from 1 by less than any assigna
ble number. In this case, tho ultimate ratio 
of the area of the polygon to that of tho cir
cle, is 1. 

UN-I)1-:0'A-G0N. [L. undceim, eleven, 
and Or, luiia, ,-ingle], A polygon of eleven 
angles or sides. See Polygon. 

UN.DU-L.a'TION, Pomt of. Sec Singu
lar Poini. 

UN-e'QUAL quantities, [L, ineequa-
lis. unequal]. Those which are not equal 
See Equality. The algebraic symbol of the 
relation of inequality is > ; it indicates that 
the quantity placed at its opening is greater 
than the one placed at the vertex. Thus, 
a > 4 indicates that a is greater than b. 

UN-£'\'£N N U M B E R . A number which 
is not exactly divisible by two ; thus, 1, 3. 5, 
7, (tc , are uneven numbers. Unevenly un
even numbers are those which, being divided 
by 4, leave a. remainder equal to 1; thus, 1, 
5, 9, 13, (tc. See Number. 
UN"GU-LA. [L.] A segment of a solid. 

-An ungula of a cone or cylinder is a portion 
of the cone or cylinder, included between a 
part of the base and a plane intersecting the 
base obliquely. A spherical ungula is a part 
of the sphere bounded by two semi-circles, 
meeting in a common diameter, and by a lune 
of the suiface of tho spli£re. 
U-NLFORM-LY. [L. uniformis; from 

unus, one, and forma, a form]. Two depend
ent quantities are said to vary uniformly with 
regard to each other, when the ratio of their 
corresponding increments is constant. Thus, 
the co-ordinates of a straight line vary uni
formly together. 

U'iVlT. [L. unus, one], A single thing 
regarded as a whole. Numbers are collec
tions of things of the same kind, e.ach of 
which is a unit of the coUection. Thus, 20 
feet is a collection of 20 equal spaces, each 
of which is equal to one foot. Here, 1 foct 
is the unit or base of the collection, 

Absteact Unit, The same as 1. Tho 
abstract unit 1 is the measure of the relation 
of equality of two quantities. It is the base 
of the system of natural numbers, and inci
dentally the bate of all quantities. 

Units of Correncv. There are different 
units of currency in different countries, In 
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the United States, the different orders of 
units are arranged according to the scale of 
tens. The siraplest unit, or that of the first 
order, is 1 -mill. 'The units of the successive 
orders are 1 cent, I dime, I dollar, and 1 eagle, 
each of which is equal to ten units of the 
next lower order. In consequence of this 
law of relation, units of currency, in this 
country, raay be treated in all respects, as 
though they were abstract units, written in 
the decimal scale. This renders the currency 
of the United States the most convenient, in 
a practical point of view, of any currency df 
the world. 

Denominate or Concrete Unit. A unit, in 
which the kind of thing is named, embracing 
units of measure, units of weight, and units 
of tirae ; as, 1 foot, 1 pound, 1 hour. 

Duodecimal Unit. A unit in the scale of 
12's. See Scale. 
Fractional Unit. The unit of a fraction. 

In a fraction there are two terms, the numer
ator and the denominator. The denominator 
denotes the number of equal parts into which 
1 is divided, and the numerator denotes how 
many of those parts are taken. The frac
tional unit is always equal to the reciprocal 
of the denominator. Thus, in the fraction A, 
the fractional unit is ̂ , and four of them are 
taken or collected to form the fraction. In 
the fraction -, > -r is the fractional unit. See 

4 4 
F7-aĉ 7'o77. 
Integral Unit. The unit 1, the unit of 

integral numbers. 
Unit of Measure. The unit of measure 

of any quantity is a quantity of the same 
kind, with which the quantity is compared; 
thus, the unit of measure of lines is a straight 
line of known or assuraed length, as 1 i-nch, 
1 foot, I yard, 1 mile, &c. : the unit of raea
sure of surfaces is a square described upon 
the linear unit as a side, as 1 .iquare inch, 1 
square fool, I square yard, I square mile; the 
unit of raeasure of volumes is a cube, one 
of whose edges is the linear unit, as ] cubic 
inch, 1 -.ubic yard, &c. Tho unit of weight 
is an assumed weight, the unit of measure 
of time is an assumed period of tinie, <fec. 
^ U'NI-TY. [L, unitas]. A n entire collec
tion, considered as a single thing. Thus, 20 
feet, considered as a single distance, is unity ; 

[UNI 

1 foot is the unit of the expression. The 
number, 1, when unconnected with anything 
else, is generally called unity. 

UN-LiKE'. Dissimilar. See Like. 

UN-LIM'IT-|;D. a problem which admita 
of an infinite number of solutions. Thus, 
the problem to draw a tangent line to a circle 
is unlimited, because an infinite number of 
tangent lines may be drawn to any given 
circle. See Indeterminate Problem. 
U N - K N o W N ' . The unknown quantity of 

a problem or equation is one whose value is 
not known, but is required to be determined. 
W h e n there are just as many conditions 
given as there are unknown quantities to be 
determined, the problem is possible, and ad
mits of a finite number of solutions. W h e n 
there are just as many equations given a» 
there are unknown quantities entering them 
their values raay be found. W h e n there are 
fewer siraultaneous equations than there are 
unknown quantities, they are indeterminate. 
In this case, the unknown quantities are 
variable. 
"V, The twenty-second letter of the English 
alphabet. As a numeral, it stands for 5; 
with a dash over it, it stands for 5000. Thus, 
V = 5000, 
"VAL'UE. [L.DaZor; fromvaleo, tobeworth]. 

The nuraerical value of an expression is the 
result obtained by raaking each quantity en
tering the expression equal to sorae nuraber, 
and then performing the algebraic operations 
indicated. Thus, the nuraerical value of the 
expression, 
a'{b — c)*, when a = 4, 4 = 5, and c = 3, 
is 4=(5-3)* = 16 X 16 = 256. 

"VaNE. The vane of a leveling staff is a 
piece of board or metal, arrangeil so that il 
can he raised or lowered at pleasure, to indi
cate the point of the staff at which the piano 
of apparent level through the axis ofthe tele
scope cuts it. In the common leveling staff, 
the vane is moved up and down by means of 
an endless cord attached to the vane, and 
passing over pulleys .at the top and bottom 
of the staff. In the sliding staff the vane is 
attached to one branch of the staff, which 
branch, itself slides in a groove of the other 
branch. In both, the vane is divided into 
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f.mv p.trts by two lines at right angles to each them both, and in the resulting fraction make 
the particular supposition which reduced the 
given frtiction lo |: the result will be the 
true value of tho fraction for that particular 
value of the variable. 

In most cases, it will not be convenient to 
find the coramon factor and strike it out. The 
true value of the fraction may, however, be 
found as follows : 

Substitute in the fraction for the variable 
that value which reduces it to ̂  plus an arbi
trary quantity. Develop the resulting values 
of the numerator and denominator, and ar
range the results according to the ascending 
powers of the arbitrary quantity ; then strike 
out from bolh terras of the resulting fraction 
the highest power of this quantity, which is 
coramon to both, and in the resulting fraction 
m a k e the arbitrary quantity equal to 0 ; the 
value obtained will be the value required. 

There is another method depending upon 
the differential calculus, which m a y be era
ployed in all cases in which the exponents of 
the powers of the factor (x — a), in both 
terras of the fraction, are not fractional and 
contained between the same two consecutive 
whole numbers. The principle eraployed is 
expressed algebraically, as follows : 

/(x) {x - a)'\ _ \'d{fix)ix - a)")-

other. and the alternate quarters are painted 
black and white, to show more distinctly the 
0 line of the vane. The 0 line is the hori
zontal Une tliroujih the middle of the vane. 
Seo Levelir.!: Stoff. 
VAX ISH-iNG FRACTION, [L, vuncsco. 
to disappear], .-V fraction w-hich reduces to 
the form of ,̂  for a particular value of the 
variable which enters it. in consequence of 
the existence of a common factor in both 
terms of the fraction, which factor becomes 
0 for this particular value of the variable. 
Every vanishing fraction which is a function 
of a single variable, may he reduced to the 
form 

/(.j) (i - a)-
}•(!) (X - ai'-

which, when i = a, reduces to the form ̂. 
There may be three cases : 

1st. When m > 77. 
In this case, if we divide both terms of 

the fraction by (x — a)"*, and then in the re
sult make x = a, we shall have 

fV) 
0 
y = 0; 

2d, When m = 77. 
In this case, if we divide both terms of the 

fraction by (x — a)", and make x = a in the 
resuii, we shall have 

.3d. W h e n m < n. 
In this case, if we divide both terms by 

Ix — a)", and then make x = a, we shall 
have 

/ /(^) \ = ^ _ „ 
\f'{x){x-ay^)^^^ 0 

These are the only suppositions that can 
be m a d e upon the c o m m o n factor ; whence, 
w e conclude that the true value of a vanish
ing fraction, for the particular value of the 
variable, is either zero, finite or infinite. The 
discussion just raade indicates the following 
rule for finding the true value of a vanishing 
fraction for the particular value of the va
riable : 

Divide both numerator and denominator 
by the greatest c o m m o n factor which enters 

/ / ( x ) ( x - a ) " \ _ rd{fix)ix - a)-")-] 
\f'{x) {X - a)'},^, [difx ix - af)],,. \f{x) {x - a)"/,.„ \_difx ix 

rd\f{^c)i^^-^arr\ 
[jP{fix){x-a)')\' 

(Sec. 

The rule is as follows : Differentiate the 
numerator of the given fraction for a new 
nuraerator, and the denominator of the given 
fraction for a n e w denominator ; in the result
ing fraction raake the particular supposition ; 

0 
if the result is not -z< it will be the true value 
of the fraction for the particular value of the 

0 
variable. If the result is -z' repeat the opera-

n, and continue it tUl a result is found 
which does not become g ; this wiU he the 
true value of the fraction. For example, let 
it be required to find the true value of tbo 
fraction 

(x - a)' 
when X = a 

file:///_difx
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By the rule 
''3x' dx r3x' dx ~1 
[_3(x — a)'dxj,^a -u)'dx_\.,„ 0 

Let it also bo required to find the value of 
.,-2 — n2 

when a = 0. 

= 2a. 

{x — a) 
By the rule 

r2x&"| 

which is the required value. 
VAN'ISH-ING LINE. The vanishing 

line of a plane, in perspective, is the intersec
tion of the perspective plane with the visual 
plane parallel to the given plane. All lines 
parallel to the given plane, have their vanish
ing points in the vanishing Une of the plane. 
"Vanishing Point of a straight line, in per

spective, is the point of intersection of the 
perspective plane, with a visual ray drawn 
•parallel to the given line. The vanishing 
point of a Une is thCi perspective of that 
point of the Une which is at an infinite dis
tance, and is one point of the indefinite per
spective of the line. 
To find the perspective of a line, find the 

point in which it pierces the perspective plane, 
and join it with the vanishing point; this 
will be the perspective required. 
All lines parallel to the perspective plane, 

have their vanishing points at an infinite dis
tance ; hence, their perspectives are parallel. 
All lines perpendicular to the perspective 
plane, vanish at the centre of the picture. 

Va'P(,I-A-BLE. [L, vario, to change]. 
Quantities which admit of an infinite num
ber of sets of values, in the sarae expression, 
'Thus, in the equation 

x' + y' = R', 
X and y are variables, for there are an infinite 
nuraber of sets of values which satisfy it at 
the same time. When there are several 
variables in the same equation, it is custo
mary to consider all but one as independent 
variables, or variables to which values may 
be assigned at pleasure : the remaining 
one is called a function of tho others, its 
value being dependent upon the values attri
buted to them. In the equatioii of surfaces 
referred to rectangular axes, the variable z is 
generally taken as the function, x and y being 

independent variables. In the equation of 
lines referred to rectangular axes, y is taken 
as the function, x being the independent 
variable. In polar equations of magnitudes 
the radius vector is taken as the function, 
the angle or angles being the variables. 
This is the general convention ; any other 

variable of the equation may, however, be 
selected as the function. Whichever variable 
may be selected as a function of the others, 
its differential is always variable, whilst the 
differentials of the independent variables are 
constant. 
The difference between the variables and 

the arbitrary constants which enter an equa
tion is this : The variables admit of an infi
nite number of sets of values in the samo 
expression ; the arbitrary constants raay 
adrait of any one out of an infinite nuraber 
of sets of values. To illustrate, take the 
equation of the circle, 

(x - a)' + iy- Pf = R'. 
In this equation, x and y are variables, 

a, j3 and jK, are arbitrary constants. The 
latter may have any set of values assigned 
to them at pleasure, and this set of values 
determines the circle completely. In this 
circle x and y represent the co-ordinates of 
every point of it. In like manner, if any 
other set of values be assigned to a, ,3 and JJ, 
X and y will represent the co-ordinates of 
every point of the new circle, and so on. 
Every equation between two variables is 

the equation of some plane curve; every 
equation between these variables is the equa
tion of a surface ; the variables in bolh cases 
represent the co-ordinates of every point of 
the magnitude. 
Va-RLa'TION of the needle. In 

Surveying, the angle "included between the 
true and magnetic meridian's of the point at 
which the variation is taken. If the direction 
of the true meridian at the point were known, 
the variation of the needle would be found by 
simply taking the bearing of this line with the 
compass. If the bearing of the meridian is 
east of north, the variation is to the west; if 
the bearing is west of north, the variation is 
to the east. In order, therefore, to find the 
variation of tho needle at any place, we first 
find tho direction of the true meridian, or of 
sorae line which makes a known angle with 
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it; w-e then observe tbe hearing of this line ; 
from this result the variation is easilv com
puted. The line most usually employed is 
tho Une of greatest elongation of the pole 
star, either to the east or west. If w e con
ceive a vertical plane to be passed at anv 
point of the earth's surface through the pole 
star, this plane will move lo the east and 
w-es.; about the vertical Une at the place as au 
axis, whilst the star revolves about the pole. 
The tw-o positions in which this plane makes 
the greatest angles with the meridian, both 
to the east and west, are those at which the 
star is at its greatest eastern and western 
elonjation, and their intersection with the 
surface ofthe earth, form what are called the 
Unes of greatest eastern and western elonga
tion. 

The angles which ihese lines make with 
the true meridian are equal to each other, 
and may be computed by means of the for
mula, 

sin A 
sin E = r, 

cos I 
in which A is the polar distance of the star 
at the time of observation, and / the latitude 
ofthe place at which the observation is raade. 
The value of A ma y be found from the Nau
tical Almanac, or it may be found frora the 
following formiUa sufficiently near for ordi
nary purposes : 

A = 1° 29'24". 6 -?7l9"-24, 
in which n is the number of years and deci
mal parts of a year, from Jan. 1,1850, to the 
tirae of making the observation. 

The time of greatest eastern elongation, or 
of greatest western elongation, may be found 
by means of the formula, 

cosp =^ tan I tan A, 
in which p denotes the hour angle of the 
pole star at the tirae of greatest elongation. 
This formula makes known the hour angle 
which, converted into time, gives the number 
of hours frora the time of the star's passage 
over the upper meridian till the time of great
est elongation ; this, added to or subtracted 
from the time of the meridian passage of the 
star, gives the time of western or eastern 
elongation. The tirae of elongation and the 
values of the elongation, are coraputed and 
arranged in tables for different latitudes, 
and different epochs. 

j To find the variation of tiic needle for a 
i particular time at a particular place, enter tho 
tables and find tho time of greatest eastern 
or western elongation, according to tho sea
son of the year, so that the elongation shall 
fall in the night lime. A few minutes pre
vious to the time, set up a theodolite at the 
station arid level it, then bring the telescope 
so that tho pole star shall appear lo coincide 
with the intersection of the cross wires of 
the telescope, and clamp both the limb and 
vernier plate ; foUow tbe star by means of 
the tangent> screw until it appears lo stand 
still, and afterward returns in a contrary 
direction. In this position the plane of the 
vertical Urab marks the plane of greatest 
elongation. Then direct the telescope by 
turning the vertical Iraih on its axis to some 
distant terrestrial object, made visible by a 
light attached to it, and mark that point and 
the axis of the instrument by slakes drivej 
in the ground. These stakes mark out the 
line of greatest elongation. The cross hairs 
of the telescope may be made visible by light' 
reflected into the barrel of the telescope from 
a lamp shining upon a white board set up in 
front of the telescope, and perforated so as 
not to impede vision in the direction of the 
axis. 

In the morning, set up the compass at tho 
station occupied by the theodolite, and take 
the bearing of the second stake. 

'Take from the table the elongation for the 
time and place; if the elongation is east, 
give it the sign -f ; if west, tho sign —. 

If the bearing of the line of elongation is 
east, aflect it with the sign + ; if west, with 
the sign —. 'Then, if w e denote the elonga
tion with its proper sign by E, and the bear
ing with its proper sign by B, and the varia
tion by "V, w e shall have the relation. 

V = E B. 
If B exceeds E , numerically, the variation is 
to the west; if E exceeds B, the variation is 
to the east. 

The Une of elongation can be found hy 
raeans of the corapass sights and u plumb 
line suspended from a pole a few feet in ad
vance of the station, and lighted from a candle 
held by an assistant. 

The plumb line is suspended nearly in the 
direction of the star, and the compass sigh^ 
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is moved upon a horizontal board till the star 
is at its greatest elongation. At this instant, 
the position of the compass sight and of the 
plumb line are marked, and thus the line of 
greatest elongation is deterrained. Then pro
ceed as indicated above. 

Va-RI-a'TIONS, c a l c u l u s of. See 
Calculus. 
VER-I-FLCa'TION. [L. 77er7is, true; and 

facio, to make]. The operation of testing or 
proving to be true. The verification of the 
roots of an equation, found from solving the 
equation, consists in showing that they are 
true roots of the equation. If we substitute 
for the unknown quantity each of the roots 
found, in succession, and find that the equa
tion in each case is satisfied, that is, if the 
two numbers are equal to each other, the root 
found is correct, and is said to be verified. 
Verification of an Ecjuation. The opera

tion of testing the equation of a problem, to 
see whether it expresses truly the conditions 
of the problern. Having solved the equation, 
vi'e first verify the roots found, lo see if they 

// ^3 1i-

are the true roots of the equation. Having 
done this, we next perform upon them tho 
operations indicated by the cohditions of the 
problem ; if these conditions are all fulfiUed, 
tho equation is the true equation of the prob
lem, and is said to be verified. 

VER'NIER. [Named from the inventor. 
Peter "Vernier]. A contrivance for measuring 
fractional portions of one of the equal spaces 
inlo which a scale or limb is divided. The 
vernier consists of a graduated scale, so ar
ranged as to cover an exact number of spaces 
on the primary scale, or limb, to which it is 
applied. 

The vernier is divided into a number of 
equal parts, greater or less by 1, than the 
number of spaces which it covers on the 
limb. W e shall take the former case as the 
most coramon, and best adapted to the illus
tration of the nature of the vernier. The 
vernier may be applied to any scale of equal 
parts. The modes of its appUcation are ex
tremely various ; the principle, however, is 
the same in all,-and may be illustrated by a 
simple diagram. 

IS IS n IS 19 
B c 

j 
1 1 1 1 1 1 1 1 1 D 

0 1 S, 3 4 S 
Let A B be any /7'77i& or scale of equal parts, 

one of which we will suppose equal to b- Let 
C D be a vernier equal in length to nine of 
these parts, and itself divided into ten equal 
spaces ;. each one sf. these will then be equal 
to nine-tenths of b. The difference hetween 
the length of a space on the limb, and on 
the vernier, is therefore equal to one-tenth of 
b, or —• This is the least space that can be 
measured by means of the vernier, and is 
called the least count. Hence, ihe least count 
of a vernier is equal to one of the equal divi
sions of the limb divided by the number of 
spaces on the vernier. 

The true reading of the instrument for any 
position of the vernier, expresses the distance 
frora the point where the graduation on the 
Urab begins, marked 0. to the 0 point of the 
.vernier. In the figure, that distance is ex
pressed by 9 units of the scale, or 9. If, 
now, the vernier be raoved along the scale 
tUi Ihe division marked 1 coincides with tho 

6 7 8 9 :I0 
division marked 10 on the scale, or lirab, the 
0 point will have advanced along the lirab a 

4 
distance equal to ttj, and the reading will be

come 9 -f 
10 

If we again move the ver

nier till the division 2 coincides with the 
division 11 of the scale, the 0 point will have 

4 
advanced an additional distance of —, and 

24 
the reading becomes 9 -f -jt- W h e n the di
vision 3 coincides with 12, the reading he-

comes 9 -f —, and so on, tiU finally, when 

the point 10 coincides with 19 of the scale, 
the distance will have been increased by 
10 
-7̂ 4, and will be 10, as it should be, since, in 
I that case, tho 0 point will have been moved 
a whole space, and should coincide with the 
(.division 10 of the Umb. Hence, the follow-
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ing rule for reading an instrument which has 
a veriiier 

R-:dd the limb in the direction of tlie gradu
ation up to the division-line next preceding the 
0 point of the vernier ; this is called the read
ing on the limb. Look along the vernier till a 
dirision-li'iv is found, thai coincilcs with one 
on Ihe limb; multiply the number of the line 
by the least count of the vernier ; this is the 
reading on the vernier: the sum of these two 
readings is the reading of the instrument. 

VERSL'D SINE. The distance from-the 
foot of the sine of au arc to the origin of the 
arc. See TnL̂ onto-ic::!/ 

V E R T E X . [L. verto, to turn 
around a point. 

Vertex of a Plane Angle 
which the sides of the 
angle meet. Thus, 
A is the vertex of the ^ 
angle BAC. '̂  " ^ 

-priraarily. 

The point at 

C 

Vertex of a Polyhedral .Vncle. The 
common vertex of the plane angles which 
f«rra its faces. 

Vertex of a Spherical Anoi.e, The 
point at which the sides meet. See Angle. 

Vertex of a Co.ne, Its apex ; or, regard
ing a conic surface as generated by a straitrht 
Une moving so as to pass through a fixed 
point, and constantly to touch a given curve, 
the fixed point is the vertex. 

Vertex of .a Curve. The point inwhich 
the axis ofthe curve intersects it. The prin
cipal vertex of the conic sections is, in the 
paraiola, the vertex of the axis of the curve ; 
in the ellipse, the left-hand vertex of the 
transverse axis ; and in the hyperbola, the 
right-hand vertex of the transverse axis. 

Vertex of a Diameter of a Curve, The 
point in which the diameter intersects the 
curve. 
Vertex of a Pyramid. The common vert

ex of the lateral faces of the pyramid. See 
Pyramid. 
Vertex of a Solid of Revolution, or 

Surface of Revolution. Thepoint inwhich 
the axis pierces the surface. 

VERT'LCAL. [L. verto, to turn]. Being 
in a position perpendicular to the plane of tho 
horizon. 

Vkktk-al Angle, A n angle, the plane 
of whoso sides is vertical. If one side of 
the angle is horizontal, and the inclined side 
Ues above it, the angle is called an angle oi 
elevation. If the inclined side is below tho 
horizontal line, the angle is called an angle 
of depression. See Angle. 
Vertical Line, In Surveying, the direc

tion assumed by a plumb-line, with a weight 
attached to one extremity, when it is freely 
suspended from the other extremity. 

The direction of a vertical is norraal to the 
surface of a free fluid ; as, for instance, the 
surface of still water. The vertical, being 
normal to the surface of the earth, passes 
very nearly through its centre, though not 
exactly, on account of the oblaleness of the 
surface. Vertical lines, at different points on 
the earth's surface, are not parallel, but con
verge towards the centre. 

^'EET^CAL Limb of an instruraent. A grad
uated arc used for raeasuring a vertical an
gle ; that is, an angle, tbo plane of whose 
sides is vertical. See Theodolite. 
Vertical Plane, Any plane passed 

through a vertical line. One of tbe planes 
of projection is generally supposed to be vert
ical, the other one being horizontal; whence 
the names ofthe Iwc planes of projection, 
vertical and horizontal. 
Vertical Projection of a point, line, or 

surface, in Descriptive Geometry. The pro
jection of the point, line, or surface, upon 
the vertical plane of projection. See Projec
tion, and Descriptive Geometry. 
VINC'U-LUM. [L, vinculum, a bojid of 

union]. In Algebra, a horizontal bar written 
over several terms, to show that they are to 
be considered together ; thus. 

a' -f 2a4 -f c X a'' — 4c. 
VIS'U-AL lL.visus, the sight]. Pertain

ing to sight. 
Visual Cone. In Perspective, a cone 

whose vertex is at the point of sight. See 
Perspective. 
Visual Plane, Any plane passing through 

the point of sight. See Perspective. 
Visual Ray. Any straight line passing 

through the point of sight. See Perspective. 
V O L ' U M E . [L. volumen, a roll; bulk]. 

Dimensions ; space occupied. 
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Volume of a Body. The number of cubic 
units which it contains. It is the same as 
the solidity. See Solidity. 

V U L ' G A R . [L. vulgaris]. Common. 
Vulgar Fractions. Fractions, in which 

the denominators do not conform to the scale 
of tens, in contradistinction to decimal frac
tions, in which the denominator is conform
able to that scale. Thus, J is a vulgar frac
tion. 

W , the twenty-third letter of the English 
alphabet. A s an abbreviation in Surveying, 
W stands for west. 

A V A R P ' E D S U R F A C E . A surface which 
may be generated by a straight Une moving 
so that no two of its consecutive positions 
shall be in the sarae plane. 

Warped surfaces are divided inlo two 
clases : those having a plane directer, and 
those which have none. 

Every surface of the first class may be 
generated by a straight line moving in such 
a raanner, as constantly to touch two lines, 
and continue parallel lo a fixed plane. The 
raoving line is called the generatrix; the lines 
touched, the directrices ; and the fixed plane, 
the ̂ /a77C directer. 

Every surface of the second class may be 
generated by a straight line moving in such a 
manner, as coristantly to touch those lines. 

The moving Une is the generatrix, and the 
lines touched are the directrices. Warped 
surfaces may be generated in a great variety 
of other ways ; but their generations raay 
always be reduced lo one of those methods. 

In the first class of surfaces, if one of the 
directrices is a straight line, the surface is 
called a conoid. If this straight line is per
pendicular to the plane directer, it is called a 
right conoid, and the rectilinear directrix is 
called the Z7'77C of striction, because the ele
ments are nearer together when measured on 
this line than at any of their other points. 

If both directrices arc straight lines, the 
surface is called an hyperbolic paraboloid, 
which is the most important surface of the 
class. The leading properties of the surface 
are : 1st, the elements divido the directrices 
proportionally ; 2d, the surface has two gen
erations. If any two elements of the sur
face, as described, be taken as directrices, and 
a plane directer he taken parallel to the direct

rices of the first generation, the same surface 
will be generated; this is called the surface 
of the second generation. 3d, through any 
point in the surface two straight lines can 
always be drawn, which shall lie wholly in 
the surface ; these are the elements of the 
first and second generation. 4th, the plane 
of these two elements is tangent to the sur
face at their point of intersection and every 
plane parallel to such plane, cuts out an hy
perbola whose asyraptotes are parallel to these 
eleraents. 5th, all olher planes cut from the 
surface are parabolas. 

In the second class of surfaces, if all three 
of the directrices are straight lines, the sur
faces are called hyperboloids of one nappe. If 
these lines are symmetrically arranged with 
respect to a fourth line, the hyperboloid be
comes the hyperboloid of revolution of one 
nappe, the fourth line being the axis. 

Hyperboloids of one nappe have two gen
erations. If any three elements of the first 
generation be taken as directrices, and a 
straight line be moved so as constantly to 
touch thera, the sarae surface will be genera
ted, and this is called the surface ofthe second 
generation. Through any point of the sur
face two straight lines can always be drawn, 
which will lie wholly in the surface ; these 
are eleraents of the first and second genera
tion. The plane of these two elements is 
tangent to the surface at their point of inter
section, and every plane parallel to this plane 
cuts frora the surface an hyperbola whose 
asyraptotes are parallel to these eleraents. All 
other planes cut ellipses frora the surface. 

To construct an eleraent of any surface of 
the first class ; Pass a plane parallel to the 
filane directer, and find the points in which it 
cuts the directrices ; through these points 
draw a straight line ; it will be an element of 
the surface. 

To construct an element of any surface of 
the second class, take any point of one of tho 
diroctriccs, as a vertex of a cone, and a sec
ond directrix as a base; find the point in 
which this conic surface intersects the third 
directrix, and join this with the vertex by a 
straight line ; this line wUl be an element of 
the surface. 

In either class of surfaces, if a plane passed 
through one element intersects the surface in 
a Une cutting this element, the plane is a 
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laugent plane, and the point of intersection 
IS the point of contact. 
If two surl'aces of the first class have a 

common plane directer, a common element, 
and two common tangent planes, the points 
ol contact being on the common element, the 
two surfaces are tangent to each other all 
along the common element. 

If two surfaces of the second class have a 
coraraon element and three common tanî ent 
planes, the points of contact being on the 
common clement, the two surfaces are tan
gent to each other all along the common ele
ment. 

W E D G E , In Geometry, a solid bounded 
by five plane figures, Tho parallelogram, 
(usually a rectangle) A B G H is called the 
back; the two trapezoids D C G H and A B C D 
are called faces, and the two triangles A D G 

A B̂ 
and B C H are called ends ofthe wedge. The 
fices of the wedge raeet in a line CD, par
allel to the back, which is called the edge of 
the wedge. The distance from the edge to 
the back is the altitude ofthe wedge. If we 
denote the length of the back by L, the 
length of the edge by 1, the breadth of the 
back by 4, the altitude of the wedge by h, and 
its volume by V, w e have 
r = ^bh{2L + l). 

WEIGHT of a body, the resultant of the 
forces exerted by gravity upon all the differ
ent particles of the body. Under the same 
volume, different bodies have different weights. 
This is attributed to the fact that their heavy 
particles are closer together or more remote' 
from each other, or as we may express it, are 
more or less dense. 
The standard unit of weight, in this coun

try, is the pound, and in order to acquire a 
correct notion of the pound, il is necessary to 
have a clear idea of the relation existing be
tween the different units in the system of 
weights and measures. A pretty full descrip
tion of this relation is given under the head 
of measures. 

I W e subjoin some of tho raost important 
j systems, showing the relation between Ihe 
pound and other units of weight. 

1. Avoirdupois Weight. 
By this weight are weighed all coarse arti

cles, as hay, grain, all the metals, except gold 
and silver, &c. 

Gross Weight is the weight ofthe goods 
including the boxes, bags, &.c., in which 
they are contained. 

Net ^^'EIGHT is what remains after deduct
ing from the gross weight the weight allowed 
for the boxes, bags, casks, &.c. 

A hundred weight was 112 pounds ; but it 
is now reckoned at 100 pounds. 
l6dr. = loz.; 16 oz. = l lb. ; 2S, lb = 1 qr. ; 
4 qr. = lcwl.; 20 cwt. = 1 T. 

2, Troy Wright. 
By this weight are weighed gold, silver, 

jewels, and some liquids. 
21 gr. = lpwi.; 20 pw-t. = loz. 12 oz. = l lb. 

3, Apothecaries' Weight. 
This weight is used hy druggists and 

apothecaries in weighing medicines. The 
pound and ounce are the same as in Troy 
weight; they differ only in the manner of 
subdivision. 

20 gr. = 13; 3 3=13; 
8 3 =1?; 12? = lib. 

Foreign Weights. 
The French systera of weights is one of 

the most perfect, as well as the most simple 
of all systems that have thus far been adopted. 
The unit of the systera is the weight of a 
cubic deciraetre of distilled water, and is 
called a kilogramme. The kilogrararae weighs 
2,204737 pounds Avoirdupois. The divisions 
are made decimally. 

Table of Equivalents of the old French 
system: 
1 livre =16onces= 1,0780 lbs. Avoirdupois 
1 once = 8 gros = 1,0780 ozs. " 
1 gros =7ggrains=58,9548 grs. Troy. 
1 grain = 0.8188 " " 

Comparison of ihe weights of different coun
tries : 

The standard avoirdupois pound of the 
the United States, as determined by Mr. 
Hassler, is the weight of 27.7015 cubic 
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inches of distUled water, weighed in air at 
the temperature of maximum density (39°.83), 
the baroraeter being at 30 inches. 

The imperial Avoirdupois pound of Great-
Britain is the weight of 27.7274 cubic in
ches of distilled water, weighed in air with 
brass weights, at the temperature of 63° 
Fahr., the barometer being 30 inches. There
fore 

1 cubic inch of distilled water at 62° weighs 
252,458 grains, or 0.003961 cubic inch weighs 
1 grain ; 22,815689 cubic inches weigh 1 
Troy pound. 
The pound of Spain weighs 1,0152 lbs. Av's. 

'• Sweden " 0,9376 " 
'• Austria " 1,2351 " 
" Prussia " 10333 " 

The pound being deterrained according to the 
British standard. 

Weight of Observations. If several 
observations, giving different results, are 
made, for the purpose of determining any 
required element, it may happen that some 
of them may be considered more reliable than 
others, and for this reason are said to have 
greater weight. W e may then define the 
weights of observations to be, numbers pro
portional to their relative goodness. Let us 
suppose that n observations have been made 
for the purpose of determining a required 
element, giving the results A, A', A", &c. 
Denote the weights of these respectively by 
c, c', c", &.C. If w e employ the symhol 2 
for the algebraic sura of homologous quanti
ties, so that 

S {cA) = Ae + A'c' + A"c" + (fee. and 
S (c) = c -f c' -f c" -f &c., 

it may be shown that the expression 

1. W h e n a number of discordant observa
tions are made, in which positive and nega
tive errors are equally likely to occur, and 
which do not differ much from each other, and 
when it is exceedingly unlikely that the truth 
can differ much from the observations, it may 
be presumed that the chances of the error of 
any one of these observations, lying between 
X and X + dx, and between a and 4, may be 
expressed by the terms 

Zc 
is more likely to be the true value of the ele-

ment sought than the expression , or a 

simple arithmetical mean of all the results. 
Instead of c, c', c", (fee, any nurabers pro

portional to them may be used, and in apply
ing the results of the theory of probabilities, 
it has been found that a certain method of 
obtaining c, c', c", (fee, not only conforms to 
the above method of forming an average, but 
also renders them applicable to other impor
tant uses. W e shall subjoin a sketch of the 
results of this method. 

- e—" (ix and \ — I er-" dx, 
TV V TV J a 

in which c depends upon the relative good
ness of the observation n = 3.14159, and 
e = 2.71828. 

Even if this law of error does not exist, it 
is found that the treatment of a considerahle 
number of observations, according to any rea
sonable law, is reducible to the same rules as 
derived from this law, whichis now universally 
assumed by those observers who apply the 
theory of probabilities to their results. 

2. The constant c is called the weight of 
the observation, and depends upon the various 
circumstances which deterraine the observa
tion to have been good or bad. The greater 
it is the better is the class of observations lo 
which it applies. It is approximately found 
for a given set of observations as follows: 
subtract each of the results from a mean of 
them all, and let e, e', e", e'", (fee, denote the 
remainders ; then 

n 
'̂  ̂  22(c=)' 

The sum of the squares of the departure from 
the average may be found by diminishing the 
sura of the squares of the results of obser
vation by 71 tiraes the square of the mean, 
and before doing this any convenient quantity 
raay be deducted from each of the results of 
observation, provided the same be deducted 
•from their mean. 

3. The probable error is that within "which, 
tajien positively and negatively, there is an 
even chance that the error of an observation 
shall lie. Thus, if .1 is the true result and 
there is an even chance t'hat the result of an 
observation shall he hetween it and A + a 
or j1 — a, then is a the probable error of an 
observation, Tho probable error may be 
found by dividing .476936 by the square rcot 
of the weight. 
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4. T h e weight of the average of observa

tion is the s u m of the weights of the indi
vidual observations. If n observations are 
made, giving the results -1', A " , A"', (fee, 
all having the same weight c, tiio weight of 
the average is nc, and its probable error is 

.476936 

But if the weights of tho individual ob
servations be ditferent, as c', c", e'", ,S,:c,, 

ttien, -rr, \' ts the average. 
He) 

and 

(c) its weight. 

.476936 

its probable error. In the former case the proba
ble error of the average-may be found by formula 

^ .67449 v-'2(<;)' 
n 

in which p denotes the probable error, and 
e', e", c' ', &c.. the departures from the aver
age ; the average being taken for the truth, 
their departures taken for the errors. 

5 GeneraUy, other things being equal, the 
probable error of an average will not be in
versely as the nuraber of observations, but as 
the square root of that nuraber. If 77 denotes 
the probable error of an observation, and P 
that ofthe average of 77 such observations, then p = v^r7p. 
A n observer w h o takes such a method as gives 
the probable error of an observation twice as 
great as it need be, must not hope to indemnify 
himself forhis carelessness by making twice as 
m a n y observations as would otherwise be ne
cessary, but must take/oar times as m a n y 

6. If p denote the probable error of an ob
servation, an average or other result, the fol
lowing table will be sufficient to connect the 
probable error with other errors for rough 
purposes of estiraation : 'Odds. 

U 
2 
2i 
3 
3; 
4 
ik 
5 
5i 
6 
61-
7 

.\::?-in-.A 

,79 
,64 
.54 
.47 
.42 
,38 
.34 
.31 
.29 
,27 
.25 
.23 

For. 

1 25 
1,43 
1,58 
1,71 
1,81 
1.90 
i.'r-i 
2,05 
2,11 
2,17 
2 22 
2.27 

Odds. 

7f 
8 
8̂  
9 
9i 
10 
20 
30 
40 
50 
100 

1000 

Agai n.st 

,27 
.21 
.20 
.19 
.18 
.17 
.09 
.06 
.05 
.04 
.02 

.002 

For. 

2 32 
2,36 
2 40 
2.44 
2,47 
2.50 
2 94 
3.17 
3.34 
3,.50 
3,90 
4,90 

The t,able is used as follows : Let p de
note the probable error above mentioned ; it 
IS 1^ to 1, or 3 to 2, against the error being 
less than .79 p, and it is I4 to 1 ihat the error 
is less than 1.25 y. 

It is 8 to 1 against the error being less than 
.21 p, and 8 to 1 for its bring less than 2.36 p. 
It is 1000 to 1 against its being less than 
.002 p, and 1000 to 1 for its being less than 
4.90 p. 

W EST'ING. In Surveying, the departure 
of a course, when the course Ues to tho west 
of north. See Departure. 
W I D T H . Breadth. See Volume, Magni

tude. 
W Y E S . The supports of the'telescope in 

the theodolite and level. They are named 
frora their shape, which is like the letter Y . 
There is a loop turning on a hinge at the top 
of the extreraity of one of the upper branches 
of the Y , and which m a y be fastened to the 
top of the other branch by a pin passing 
through a hole in the branch and the loop 
See description ofthe Level and the Theodolite 
X, The twenty-fourth letter of the Eng
lish alphabet. As a Roman numeral charac
ter, it stands for 10 ; with a dash over it, for 
10,000, thus, X = 10,000. 
Y. The twenty-fifth letter of the English 
alphabet. As a numeral, it has been used to 
denote 150 ; with a dash over it, 150,000, 
thus, Y = 150,000. 
A'aRD. a unit of measure, equal to three 

feet. 
Y e A R . a unit of time, marked hy the re

volution of the earth in its orbit. 
Th e year is either astronomical or civil. 
'The astronomical year is determined by 

astronomical observation, and is of different 
lengths, according to the point ofthe heavens 
to which the revolution is referred. 

W h e n the earth's motion is referred lo a 
fixed point in the heavens, as a fixed star, tho 
time of revolution is the time which elapses 
from the m o m e n t w h e n the star, the sun, and 
the earth, are in a straight line, till they again 
occupy the same position : this is called a 
sidereal year. If the revolution is referred to 
one of the equinoctial points, the year is 
somewhat shorter than the sidereal year, on 
account of the precession of the .equinoxes 
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that is, the retrogression of the equinoctial 
points along the ecUptic. This is called the 
equinoctial, tropical, or solar year. The length 
of the sidereal year is 365,2563612 raean solar 
days, or 365''- 6*- 9'»- 9»-6. 

Tho length of the solar or equinoctial year 
is 365,2422414 raean solar days, or 365''- 5'-
48»- 49-7, 

The difference between these two years is 
iO'"- 19',9 raean solar tirae, that heing the 
time required for the earth to advance in its 
orbit a distance of 50". 1 of arc. 

The civil year is the year of the calendar. 
It contains a whole number of days, begin
ning always at midnight of sorae day. Ac
cording to the present system, or, according 
lo the Gregorian calendar, every year the 
number of which is not divisible by 4, also 
every year which is divisible by 100, and not 
by 400, are comraon years, and contain 365 
days. All other years are called leap years, 
and contain 366. 
Z. the twenty-sixth letter of the EngUsh 
alphabet. 

Za'NITH. The poiut of a plane in which 
a vertical, at the place produced, pierces the 
heavens. The opposite point of the heavens 
is called the Nadir of the place. 

Ze'RO, in common language, means no 
thing ; in Arithmetic, it is called naught, and 
means no number ; hi Algebra, it stands for 
77,0 quantity, or for a quantity less than any 
assignable quantity. 

If we take the fraction -;, and suppose 4 to 
remain constant whilst a continually dimin
ishes, the value of the fraction becomes 
smaller and sraaller, and finally when a be
comes less than any assignable quantity, the 
value of the fraction becomes less than any 
assignable quantity, or 0. In the same frac
tion, if w e suppose a to remain constant, 
whUst 4 continually increases, Ihe value of 
the fraction continually diminishes ; when 4 
becomes very great in comparison with a, the 
value of the fraction becoraes very small; 
finally, when 4 becoraes greater than any as

signable quantity, or <̂ ,̂ the value of the 
fraction becoraes less than any assignable 
quantity, or 0 ; hence, 

a 
— = 0; 
CO 

this kind of 0 differs analytically from the 
absolute 0, obtained by subtracting a frora a ; 
a — a = 0. It is in consequence of confound
ing the 0, arising from dividing a by <̂ D, 
with the absolute 0, that so much confusion 
has been created in the discussions that have 
grown out of this subject. About the abso
lute 0 there can he no discussion : all abso
lute O's are equal. But the other O's are 
nothing else than infinitely small quantities, 
or infinitesimals, and there is no incompatibil
ity in supposing that they differ from each 
other, and that the ratio of two such zeros 
may be a finite quantity. 

a 2a 
Let us consider the two fractions, -r and -r-

4 0 
and suppose that a remains constant, whilst 
b increases without limit: now, it is plain, 
that for every value of b, the second fraction 
is twice as great as the first; finally, if 4 
passes to its superior limit in both fractions. 
by becoming co, the two fractions will still 
have the samo ratio, 2, to each other. But, 
in this case, w e conventionally call both 0. 

Logical accuracy, would seem to require 
that some other name should be given to the 
result, in this case ; but if the two meanings 
of the terra 0 are fuUy understood, no trouble 
need arise in retaining that nomenclature, 
which has been sanctioned by the custom of 
centuries. 
ZoNE. The portion of the surface of a 
sphere included between two parallel planes 
The area of a zone is equal to the circumfer
ence of a great circle of the sphere, multi
plied by the altitude of the zone ; that is, the 
distance between the parallel planes which 
forra its bases. 

Zone of any Surface of Revolution, is 
that portion of the surface which is included 
between two planes perpendicular to the 
axis. 
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