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1. T j l L A S T I C I T Y of matter is that property in virtue of 
til which, a body requires force to change its bulk or 

shape, and requires a continued application of the force to 
maintain the change, and springs back w h e n the force is 
removed, and, if left at rest without the force, does not 
remain at rest except in its previous bulk and shape. T h e 
elasticity is said to be perfect w h e n the body always 
requires the same force to keep it at rest in the same bulk 
and shape and at the same temperature through whatever 
variations of bulk, shape, and temperature it be brought. 
A body is said to possess some degree of elasticity if it 
requires any force to keep it in any particular bulk or 
shape. It is convenient to discuss elasticity of bulk and 
elasticity of shape sometimes separately and sometimes 
jointly. 

2. Every body has some degree of elasticity of bulk. If 
a body possesses any degree of elasticity of shape it is 
called a solid; if it possesses no degree of elasticity of 
shape it is called a fluid. 

3. All fluids possess elasticity of bulk to perfection. 
Probably so do all homogeneous solids, such as crystals 
and glasses. It is not probable that any degree of fluid 
pressure (or pressure acting equally in all directions) on a 
piece of c o m m o n glass, or rock crystal, or of diamond, or 
on a crystal of bismuth, or of copper, or of lead, or of silver, 
would m a k e it denser after the pressure is removed, or put 
it into a condition in which at any particular intermediate 
pressure it would be denser than it was at that pressure 
before the application of the- extreme pressure. Malleable 
metals and alloys, on the other hand, m a y have their 
densities considerably increased and diminished b y 

hammering and by mere traction. B y compression between 
the dies used in coining, the density of gold m a y be raised 
from 19*258 to 19*367, and the density of copper from 
8*535 to 8*916 ;x and M r MTarlane's experiments quoted 
below (section 78), show a piece of copper wire decreasing 
in density from 8*91 to 8*835 after successive simple 
tractions, b y which its length was increased from 287 
centimetres to 317 centimetres, while its modulus of 
rigidity decreased from 443 to 426 million g r a m m e s per 
square centimetre. Later experiments, recently m a d e for 
this article by the same experimenter, have s h o w n augmen
tation of density from 8*85 to 8*95, produced by successive 
tractions which elongated a piece of copper wire from 
weighing 16*4 grammes per metre to weighing 13'5 
gramm e s per metre, the wire having been first annealed 
by heating it to redness in sand, and allowing it to cool 
slowly. Augmentation of density by traction is a some
what surprising result, but not altogether so w h e n w e con
sider that the wire had been reduced to an abnormally 
small density b y the previous thermal treatment (the 
" annealing"). T h e c o m m o n explanation of these changes 
of density in metals, which attributes them to porosity, 
is probably true; by porosity being understood a porous 
structure with such vast numbers of the ultimate molecules 
in the portions of the solid substance between pores or 
interstices that these portions m a y be called homogeneous 
in the sense that a crystal or a liquid can be called 
homogeneous (compare section 4 0 below). 
1 Seventh Annual Report of the Deputy-Master of the Mint, p. 43, 
quoting as authority Percy's Metallurgy of Copper. London, 1861. , 
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4. The elasticity of shape of many solids is riot perfect: 
it is not known whether it is perfect for any. It might be 
expected to be perfect for glass and rock crystal and 
diamond and other hard, brittle, homogeneous substances; 
but experiment proves' that at all events for glass it is not 
so, and shows on the contrary a notable degree of imperfec
tion in the torsional elasticity of glass fibres. It might be 
expected that in copper and soft iron and other plastic 
metals the elasticity of shape would be very imperfect; 
experiment shows, on the contrary, that in copper, brass, 
soft iron, steel, platinum, provided the distortion does not 
exceed a certain limit in each case, elasticity of shape is 
remarkably perfect, much more perfect than in glass. It 
is quite probable that even in the softer metals—zinc, tin, 
lead, cadmium, potassium, sodium, &c.—the elasticity of 
shape m a y be as perfect as in the metals mentioned above, 
but within narrower limits as to degree of distortion. 
Accurate experiment is utterly wanting, to discover what is 
the degree of imperfection, if any, of the elasticity of any 
metal or alloy, when tested within sufficiently narrow limits 
of distortion. 

5. The " viscosity of metals'' described below (sections 21-
25) does not demonstrate any imperfectness of elasticity 
according to the definition of section 1, which is purely 
statical. The viscosity of solids m a y (for all we yet know 
by experiment) depend, as does the viscosity of fluids, upon 
a resistance varying with the velocity of the change, and 
vanishing when the velocity of the change is zero, that is to 
say, when the body is at rest in any configuration ; if so, the 
elasticity of the substance concerned is perfect within the 
limits of the experiment in question. If, on the other 
hand (as the discovery of elastic fatigue described below 
seems to indicate may be to some degree the case), the loss of 
energy from the vibrations in the experiments described is 
due to a dependence of the elastic resilient force upon 
previous conditions of the substance in respect to strain, 
the " viscosity " would be continuous with a true imperfect
ness of static elasticity. Here, then, we have a definite 
question which can be answered by experiment only:—Con
sider a certain definite stress applied to a solid substance • 
as, for example, a certain " couple" twisting a wire or 
rod; or a certain weight pulling it out, or compressing it 
lengthwise; or a certain weight placed on the middle of 
a beam supported by trestles under its ends. Let it be 
applied and removed, a great many times, and suppose 
if to be seen that after each application and removal 
of the stress the body comes to rest in exactly the same 
configuration as after the previous application or removal 
of the stress. If now the body be left to itself with the 
stress removed, and if it be found to remain at rest 
in the same configuration for minutes, or hours, or days, 
or years after the removal of the stress, a part of the 
definition of perfect elasticity is fulfilled. Or, again, if the 
stress be applied, and kept applied with absolute constancy, 
and if the body remain permanently in a constant con
figuration, another item of the definition of perfect elasticity 
is proved. W h e n any such experiment is made on any 
metal, unless some of the softer metals (section 4) is to be 
excepted, there is certainly very little if any change of con
figuration in the circumstances now supposed. The writer 
believes, indeed, that nothing of the kind has hitherto been 
discovered by experiment, provided the stress has been 
considerably less than that which would break or give a 
notable permanent twist, or elongation, or bend, to the body, 
that is to say, provided the action has been kept decidedly 
within the limits of the body's elasticity as commonly 
understood (sections 7-20). M r J. T. Bottomley, with the 
assistance of a grant of money from the British Association, 
has commenced making arrangements for secular experi
ments on the elasticity of metals, in the tower of the 

university of Glasgow, to answer, this • question in re
spect to permanence or non-permanence through minutes, 
or hours, or days, or years, or centuries. If several gold 
wires are hung side by side, one of them bearing the 
smallest weight that will keep it approximately straight, 
another wire -^ of the breaking weight, another wire -£s 
of the breaking weight, and soon; the one of them bearing 
ig- of the breaking weight will probably, in the course of a 
few. hours, or days, show very sensible elongation. Will it 
go on becoming longer and longer till it breaks, or will the 
time-curve of its elongation be asymptotic? Even with 
considerably less than •£-£ of the breaking weight there will 
probably be a continually'augmenting elongation, but with 
asymptotic time-curve'indicating a limit beyond which the 
elongation never-goes, but which it infinitely nearly reaches 
in an infinite time. It is not probable that a gold wire 
stretched by -^ of its present breaking weight, or by J of 
its present breaking weight, or even by J of its present 
breaking weight, would break in a thousand or in a million 
years. The existence of gold ornaments which have been 
found in ancient tombs and cities, and have preserved their 
shapes for thousands of years without running down 
glacier-wise (as does brittle pitch or sealing-wax in the 
course of a few years in moderately warm climates), seems 
to prove that for gold (and therefore leaves no doubt also 
for many other metals) the time-curve is asymptotic, if 
indeed there is any slow change of shape at all after the 
application of a moderate stress well within the limits of 
elasticity.. Egyptian; and Greek statues, Etruscan vases, 
Egyptian obelisks, and other stone monuments with their 
engraved hieroglyphics, flint implements and boulders, and 
mountains with the geological evidence we have of their 
antiquity, prove for stones, and pottery, and rocks of vari
ous kinds, a permanence for thousands and millions of 
years of resistance to distorting stress. 

6. The complete fulfilment of the definition of perfect 
elasticity is not proved by mere permanence of the extreme 
configurations assumed by the substance when a stated 
amount of the stress is. alternately applied and removed. 
This condition might be fulfilled, and yet the amount of 
elastic force might be different with the same palpable 
configuration of the body during gradual augmentation and 
during gradual diminution of the stress. That if is so in 
fact is proved by the discovery of viscosity referred to 
below •, but it is not yet proved that if, after increasing the 
stress to a certain definite amount, the body is brought to 
rest in the same palpable configuration as before, the 
amounts of stress required to hold it in this configuration 
are different in the two cases. If they are (section 1) the 
elasticity is imperfect; if they are not the elasticity is 
perfect within the limits of the experiment (compare section 
36 below). 

7. Limits' oi? Elasticity—Elasticity of Shape.-—The 
degree of distortion within which elasticity of shape is 
found is essentially limited in every solid. Within 
sufficiently narrow limits of distortion every solid shows 
elisticity of shape to some degree—some solids to perfec
tion, so far as we know at present. W h e n the distortion is 
too great, the body either breaks or receives a permanent 
bend (that is, such a molecular disturbance that it does "not 
return to its original figure when the bending force is 
removed). If the first notable dereliction from perfectness 
of elasticity is a breakage, the body is called brittle,—if a 
permanent bend, plastic or malleable or ductile. The 
metals are generally ductile; some metals and metallic 
alloys and compounds of metals with small proportions of 
other substances, are brittle; some of them brittle only in 
certain states of temper, others it seems essentially brittle. 
The steel of before the days of Bessemer and Siemens is a 
remarkable instance. W h e n slowly cooled from a bright 
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red heat, it is remarkably tough and ductile. W h e n heated 
to redness and cooled suddenly by being plunged in oil or 
water or mercury, it becomes exceedingly brittle and hard 
(glass-hard, as it is called), and to ordinary observation 
seems incapable of taking a permanent bend (though pro
bably careful observation would prove it not quite so). The 
definition of steel used to be approximately pure iron 
capable of being tempered glass-liard, and again softened to 
different degrees by different degrees of heat. N o w , the 
excellent qualities of iron made by Bessemer's and Siemens's 
processes are called steel, and are reckoned best when 
incapable of being tempered glass-hard, the possibility of 
brittleness supervening in the course of any treatment 
which the metal may meet with in it3 manufacture being 
an objection against the use of what was formerly called 
steel for ship's plates, ribs, stringers, &c, and for many 
applications of land engineering, even if the material could 
be had in sufficient abundance. 

8. Limits of Elasticity (continued)—Elasticity of 
Bulk.—If we reckon by the amount of pressure, there is 
probably no limit to the elasticity of bulk in the direction 
of increase of pressure for any solid or fluid; but whether 
continued augmentation produces continued diminution of 
bulk towards zero without limit, or • whether for any or 
every solid or fluid there is a limit towards which it may 
be reduced in bulk, but smaller than which no degree of 
pressure, however great, can condense it, is a question 
which cannot be answered in the present state of science. 
Would any pressure, however tremendous, give to gold a 
density greater than 19"6, or to copper a density greater 
than 9"0, after the pressure is removed (section 3 above)? 
But whether the body be fluid or a continuous non-
porous solid, it probably recovers the same density, how
ever tremendously it may have been pressed, and probably 
shows perfect elasticity of bulk (section 3 above) through 
the whole range of positive pressure from zero to infinity, 
provided the pressure has been equal in all directions like 
fluid pressure. As for negative pressure, we have no know
ledge of what limit, if any, there may be to the amount of 
force which can be applied to a body pulling its surface 
out equally in all directions. The question of how to apply 
the negative pressure is inextricably involved with that of 
the body's power to resist, The upper part of the mercury 
of a barometer adhering to the glass above the level corre
sponding to the atmospheric pressure is a familiar example 
of what is called negative pressure in liquids. Water and 
other transparent liquids show similar phenomena, another 
of which is the warming of water above its boiling point in 
an open glass or metal vessel varnished with shellac. 
Attempts to produce great degrees of this so-called negative 
pressure are baffled by what seems an instability of the 
equilibrium which supervenes when the negative pressure 
is too much augmented. It is a very interesting subject for 
experimental inquiry to find how high mercury or water or 
any other liquid can be got to stand above the level corre
sponding to the atmospheric pressure in a tall hermetically 
sealed tube, and how many degrees a liquid can, with all 
precautions, be warmed above its boiling point. In each case 
ibseems to be by a minute bubble forming and expanding 
somewhere at the boundary of the liquid, where it is in 
contact with the containing vessel, that the possible range. 
of the negative pressure is limited, judging from what 
we see when we carefully examine a transparent liquid, or 
the surface of separation between mercury and glass, in 
any such experiment. The contrast of the amounts of 
negative pressure practically obtainable or obtained 
hitherto in such experiments on liquids (which are at the 
most those corresponding to the weight of a few metres of 
the substance), with that obtainable in the case of even the 
weakest solids, is remarkable; and as for the strongest, 

consider for instance (sec. 22 below) 17 nautical miles of 
steel pianoforte wire hanging by one end. W h e n a cord, 
or rod, or wire of any solid substance hangs vertically, 
the negative pressure (for example, 23,000 atmospheres in 
the case just cited) in any transverse section is equal to the 
weight of the part hanging below it. It is an interesting 
question not to be answered by any experiment easily made 
or even devised,—How much would the longitudinal pull 
which can be applied to a cord, rod, or wire without break
ing it be augmented (probably augmented, but possibly 
diminished) by lateral pull applied all round the sides so as 
to give equal negative pressure in all directions 1 

9. Limits of Elasticity (continued)—Elasticity of 
Shape for Distortions not Uniform through the Substance^ 
and for Compound Distortions ; and Elasticity correspond
ing to Go-existent Distortion and Change of B u l k : — 
Example 1.—A round wire twisted, or a cylindrical shaft trans

mitting revolutional motive in machinery, presents, as we shall see 
(sec. 64), an instance of simple distortion, but to different degrees 
in different parts of the substance, increasing from the axis where 
it is zero, uniformly to the surface where it is greatest. 
Example 2.—Elongation of a wire or rod by direct pull, is 

(sec. 23) an instance of a compound distortion co-existing with 
a rarefaction of the substance, both distortion and rarefaction 
uniform throughout. 
Example 3.—Shortening of a column by end pressure is an in

stance of a similar compound distortion combined with condensa
tion of the substance, both distortion and condensation uniform 
throughout. 
Example 4.—Flexure of a round wire or of a bar, or beam, or 

girder, of any shape of normal section, by opposite bending couples 
applied at the two ends, is an instance in which one-half of the sub
stance is stretched, and the other half shortened with exactly the 
same combination of distortions and changes of bulk as in examples 
2 and 3. The strain is nniform along the length of the bar, but 
varies in the cross section in simple proportion to distance from 
a certain line (sec. 62) through the centre of gravity of the sectional 
area, which, in the case of a round bar, is the diameter perpendicular 
to the plane of curvature. 

The limits of elasticity in the cases of these four examples 
are subjects of vital importance in practical mechanics, 
and a vast amount of careful and accurate observation and 
experiment, which has given m u c h valuable practical 
information regarding them, has been gone through by 
engineers, in their necessary dealings with questions regard
ing strength of materials. Still there is great want of 
definite scientific information on the subject of limits of 
elasticity generally, and particularly on m a n y elementary 
questions (section 21 below), which force themselves 
upon us w h e n w e endeavour to analyze the molecular 
actions concerned in such cases as the four examples n o w 
before us. S o m e principles of m u c h importance for guidance 
in practical as well as theoretical deductions from observa
tions and experiments on this subject were set forth twenty-
nine years ago by Professor James Thomson, in an article 
published in the Cambridge and Dublin Mathematical 
Journal for November 1848. Nothing is to be gained 
either in clearness or brevity by any other w a y of dealing 
with it than reproducing it in extenso. It is accordingly 
given here, with a few changes m a d e in it with its author's 
concurrence. 

It constitutes the following sections, 10-20. 
" On tlie strength of materials, as influenced by the existence or non
existence of certain mutual strains1 among the particles composing 
them.' By "James Thomson, M.A., College, Glasgow. 
10. " M y principal object in the following paper is to show that the 

absolute strength of any material composed of a substance possess
ing ductility (and few substances, if any, are entirely devoid of 
this property) may vary to a great extent, according to the state 
of tension or relaxation in which the particles have been made to exist when the material as a whole is subject to no external strain. 11. " Let, for instance, a round bar of malleable iron, or a piece. of iron wire, be made red hot, and then be allowed to cool. Ite 1 [Note added Nov. 1877.] More nearly what is now called stress than what \<s now called strain is meant by "strain " in this article, which was written bef ore Kankine's introduction of the word stress, and distinct definition of the word strain (see chap. i. of Mathematical Theory Mow). -' 
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particles m a y now be regarded as being all completely relaxed. 
Let, next, one end of the bar be fixed, and the other be made to 
revolve by torsion, till the particles at the circumference of the 
bar are strained to the utmost'extent of which they can admit, 
withont undergoing a permanent alteration in their mutual con
nexion.1 In this condition, equal elements of the cross section ol 
the bar afford resistances proportional to the distances of the 
elements from the centre of the bar; since the particles are dis
placed from their positions of relaxation through spaces which are 
proportional to the distances of the particles from the centre. The 
couple which the bar now resists, and which is equal to the sum of 
the couples due to the resistances of all the elements of the section, 
is that which is commonly assumed as the measure of the torsional 
strength of the bar. For future reference, this couple m a y be 
denoted by L, and the angle through which it has twisted the 
loose end of the bar by 0. 

12. " T h e twisting of the bar may, however, be carried still 
farther, arid during the progress of this process the outer particles 
will yield in virtue of their ductility, those towards the interior 
successively reaching their elastic limits, until, when the twisting 
has been sufficiently continued, all the particles in the section, 
except those quite close to the centre, have been strained beyond 
their elastic limits. Hence, if we suppose 2 that no change in the 
hardness of the substance composing the material has resulted from 
the sliding of its particles past one another, and that therefore 
all small elements of the section of the bar afford the same resist
ance, no matter what their distances from the centre m a y be, it is 
easy to prove that the total torsional resistance of the bar is § of 
what it was in the former case; or, according to the notation 
already adopted, it is 3 now % L. 

13. " If, after this, all external stress be removed from the bar, 
it will assume a position of equilibrium, in which the outer particles 
will be strained in the direction opposite to that in which it was 
twisted, and the inner ones in the same direction as that of the 
twisting, the two sets of opposite couples thus produced among the 
particles of the bar balancing one another. It is easy to show 
that the line of separation between the particles strained in 
one direction and those in the other is a circle whose radius is 
| of the radius of the bar. The particles in this line are evidently 
subject to no strain 4 when no external couple is applied. The bar 
1 "I here assume the existence of a definite ' elastic limit] or a limit within 
which, if two particles of a substance be displaced, they will return to their 
original relative positions when the disturbing force is removed. The opposite 
conclusion, to which MrHodgkinson seems to have been led by some interesting 
experimental results, will be considered at a more advanced part of this paper." 
2 [jtfote added October 1877.] . This supposition may be true for some solids; it 

is certainlynot true for solids generally. A piece of copper or of iron taken in a 
soft and unstrained condition certainly becomes " harder" when strained beyond 
its first limits of elasticity, that is to say, its limits of elasticity become wider; 
and a similar result will probably be found in ductile metals generally. Thus 
the resistance of the outer elements will be greater than those of the inner 
elements in the case described in the text, until the torsion has been pushed so 
far as to bring about the greatest hardness in all the elements at any consider
able distance from the axis. It may be that before this condition has been 
attained the hardening of the outer elements will have been overdone, and they 
rmy have begun to lose strength, and to have become friable and fissured. The 
principle set forth in the text is not, however, vitiated by the. incorrectness of 
a supposition introduced merely for the sake of numerical illustration. 
3 " To prove this, let r be the radius of the bar,?] the utmost force of a unit 

of area of the section to resist a strain tending to make the particles slide-past 
one another, or to resist a shearing strain, as it is commonly called Also, let 
the section of the bar be supposed to be divided into an infinite number of con
centric annular elements,—the radius of any one of these being denoted by x 
and ita area by 2irxdx. 
"Now, when only the particles at the circumference are strained to the utmost, 

and when, therefore, the forces on equal areas of the various elements are pro-
x 

portional to the distances of the elements from the centre, we have t;~ for the 
force of a unit of area at the distance of x from the centre. Hence the total tan
gential force of the element is , x *=7nrxdx . i\ —, and the couple due to the same element is x 1 •=z. Iirx&x. 1) — =2inj —. xsdx ; and therefore the total couple, which has been denoted above by L, Is 1 rr •=2irn — / a?dx, that is L=!mjr" (a). Next, when the bar has been twisted so mtteh that all the particles in its section afford their utmost resistancê we have the total tangential force of the element 2'jrxdx. r\, and the couple due to the same element <=*x. %rxdx. •n=%n\. x'dx. Hence the tota] couple due to the entire section is 

=2*-„ f 
J o 

x2dx=fjrnr3. 

But this quantity is f of the value of L in formula (a). That is, the couple 
which the bar resists in this case is § L, or % of that which it resisted in the 
former case." 
* " Or at least they are subject to no strain of torsion, either in the one direction 

or in the other; though they may be subject to a strain of compression or ex-

with its new molecular arrangement may now bo • subjected, as 
often as we please,6 to the couple § L without undergoing any 
farther alteration. Its strength to resist torsion, in the direction 
of the couple L has therefore been considerably increased. Its 
strength to resist torsion in the opposite direction has, however, 
by the same process, been much diminished; for as soon as its 
free extremity has been made to revolve backwards through an 
angle6 of •§• 0 from the position of equilibrium, the particles of 
the circumference will have suffered the utmost distortion of 
which they can admit without undergoing permanent altera
tion. N o w , it .is easy to prove that the couple required to pro
duce a certain angle of torsion is the same in the new state of the bar 
as in the old.7. Hence the ultimate strength of the bar when twisted 
backwards is represented by a couple amounting to only § L. But, 
as we have seen, it is f L when the wire is twisted forwards. That 
is, then, The wire in its new state has twice- as much strength to 
resist torsion in one direction as it-has to resist it the other. 

14, " Principles quite similar to the foregoing, are applicable in 
regard to beams-subjected to cross strain. As, however, m y chief 
object at present is to point out the existence of such principles, to 
indicate the. mode in which they are to be applied, and to show their 
great practical importance in the determination of the strength of 
materials, I need not enter fully into their application in the caso 
of cross strain." The investigation in this case closely resembles 
that in the case of torsion, but is more complicated on account of 
the different ultimate resistances afforded by any material to 
tension and to compression, and on account of the numerous 
varieties in the form of section of beams which for different pur
poses it is found advisable to adopt. I shall therefore merely 
make a few remarks on this subject. 

15. " If a bent bar of wrought iron or other ductile material be 
straightened, its particles will thus be put into such a state that 
its strength to resist cross strain, in the direction towards which 
it has been straightened, will be very much greater than its strength 
to resist it in the opposite direction, each of these two resistances 
being entirely different from that, which the same bar would afford 
were its particles all relaxed when the entire.bar is -free from ex
ternal strain. The actual ratios of these various resistances depend 
on the comparative ultimate resistances afforded by the substance 
to compression and extension, and also, in a very material degree, 
on the form of the section of the bar. - I may, however, state that 
in general the variations, in the strength of a bar to resist cross 
strain, which are occasioned by variations in its molecular arrange
ment, are much greater even than those which .have already been 
pointed out as occurring in the strength of baTS subjected to torsion. 

16. " W h a t has already been stated is quite sufficient to account 
for many very discordant and perplexing results which have been 
arrived at by different experimenters on the strength of materials. 
It scarcely ever occurs that a material is presented to ns, either for 
experiment or for application to a practical use, in which the 
particles are free from great mutual strains. Processes have 
already been pointed out by which we m a y at pleasure produce 
certain peculiar strains of this kind. These, or other processes 
producing somewhat similar strains, are used in the manufacture 
of almost all materials. Thus, for instance, when malleable iron 
has received its final conformation by the process termed cold 
swaging, that is, by hammering it till it is cold, the outer particles 
exist in a state of extreme compression, and the internal ones in 
a state of extreme tension. The same seems to be the case in 
cast iron when it is taken from the mould in which it has been 
cast. The outer portions have cooled first, and have therefore 
contracted, while the inner ones still continued expanded by heat. 
The inner ones then contract as they subsequently cool, and thus 
they, as it were, pull the outer ones together. That is, in the end 
the outer ones are in a state of compression and the inner ones in 
the opposite condition. 

17. " T h e foregoing principles may serve to explain the triio 
tension in the direction of the length of the bar." [That they are so is proved 
by experiments made for the present article by Mr Thomas Gray in October 
1877]. " This, however, does not fall to bo considered in the investigation of the text." 8 "This statement, if not strictly, is °at least extremely nearly true, since from the experiments made by Mr Fairbaim and Mr Hodgltinson on casMron (see various Reports of the British Association), we may conclude that the metals are influenced only in an extremely slight degree by time. Were the bars composed of some substance, such as scaling wax, or hard pitch, possessing a sensiblo amount of viscidity, the statement in the text would not hold good." 6 [Note added October 1877.] ThiB assumes that the limits of elasticity in a substance which has already been strained beyond its limits of elasticity are equal on the two sides of the shape which it has when in equilibrium without disturbing force—a supposition which may be true or may not be true. Experiment is urgently needed to test it; for its truth or falsoncss is a matter- of much importane'e-in the theory of elasticity. 7 "To prove this, let the bar be supposed to be divided into an infinite number of elementary concentric tubes (like the so-called annual rings of growth in trees). To twist each of these tubes through a certain angle, the same couplo will be required, whether the tube is alreadysubjecfc to the action of a couple of any moderate amount in either direction or not. Hence, to twist them all, or, what is the same thing, to twist the whole bar', through a certain angle, the same couple will be required whether the various elementary tubes be or be not relaxed, when the bar as a whole is free from external strain." 
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cause of an important fact obsorved by M r Eaton Hodgkinson hi 
his valuable researches in regard to the strength of cast iron 
{Mepcrrt of the British Association for 1837, p. 362).1 H e found, 
that, contrary to what had been previously supposed, a strain, 
however small in comparison to that which would occasion rupture, 
was sufficient to produce a set, or permanent change of form, in the 
beams on which he experimented. N o w this is just what should be 
expected in accordance, with the principles which I have brought 
forward; for if, for some of tho causes already pointed out, various 
parts of a beam previously to the application of an external force 
have been strained to the utmost, when, by the application of such 
force, however small, they are still farther displaced from their 
positious of relaxation, they must necessarily undorgo a permanent 
alteration in their connexion with one another, an alteration 
permitted by the ductility of the material; or, in other words, 
the beam as a whole must take a set. 

18. " In accordance with this explanation of the fact observed by 
Mr Hodgkinson, I do not think we are to conclude with him that 
' the maxim of loading bodies within the elastic limit has no founda
tion in nature.' It appears to m e that the defect of elasticity, which 
he has shown to occur even with very slight strains, exists only when 
the strain is applied for the first time; or, in other words, that if 
a beam has already been subjected to a considerable strain, it may 
again be subjected to any smaller strain in the same direction with
out its taking a set. It will readily be seen, however, from M r 
Hodgkinson's experiments, that the term ' elastic limit,' as com
monly employed, is entirely vague, and must tend to lead to 
erroneous results. 

19. "The considerations adduced seem to m e to show clearly 
that there really exist two elastic limits for any material, between 
which the displacements or deflexions, or what may in general be 
termed the changes of form, must be confined, if we wish to avoid 
giving the material a set, or, in the case of variable strains, if we 
wish to avoid giving it a continuous succession of sets which would 
gradually bring about its destruction ; that these two elastic limits 
are usually situated one on the one side and the other on the 
opposite side of the position which the material assumes when 
subject to no external strain, though they may be both on the 
same side of this position of relaxation ;2 and that they may there* 
fore with propriety be called the superior and the inferior limit of 
the change of form of the material for the particular arrangement 
which has been given to its particles ; that these two limits are not 
fixed for any given material, but that, if the change of form be 
continued beyond either limit, two new limits will, by means of 
an alteration in the arrangement of the particles of the material, be 
given to it in place of those which it previously possessed ; and 
lastly, that the processes employed in the manufacture of materials 
are usually such as to place the two limits iu close contiguity with 
one another, thus causing the material to take in the first instance 
a set from any strain, however slight, while the interval which may 
afterwards exist between the two limits, and also, as wa3 before 
stated, the actual position assumed by each of them are determined 
by the peculiar strains which are subsequently applied to the 
material. 

20. "The introduction of new, though necessary, elements into 
the consideration of the strength of materials may, on the one 
hand, seem annoying from rendering the investigations more oonu 
plicated. O n the other hand, their introduction will really have 
the effect of obviating difficulties, by removing erroneous modes of 
viewing the subject, and preventing contradictory or incongruous 
results from being obtained by theory and experiment. In all 
investigations, in fact, in which we desire to attain or to approaoh 
nearly to truth, we must take facts as they actually are, not as we 
might be tempted to wish them to be for enabling us to dispense 
with examining processes which are somewhat concealed and 
intricate but are not the less influential from their hidden 
character." 

21. Passing n o w to homogeneous matter (sec. 38), 
homogeneously strained (chap. ii. of Math. Theory below), 
1'' For further information regarding Mr Hodgkinson's views and experiments see his communications in the Transactions of the Sections of the British Association for the years -1843 ip. 23) and 1844 (p. 25), and a work by him, entitled Experimental Researches on the Strength and other Properties of Cast Iron, 8vo., 1846." . 3 " Thus if the section of a beam be of some such form as that shown in cither of the accompanying figures, the one rib or the two rib's, as the case may be, being very weak in comparison to the. thick part of the beam, it may readily occur that the two elastic limits of deflexion may be situated both on the same side of the position assumed by the beam when free from external force. For if the beam has been supported at its extremities and loaded at its middle till the rib A B has yielded by its ductility so as to make all its particles exert their utmost tension, and if the load be now gradually removed, the particles at B may come to be compressed to the utmost before tho load has been entirely Ire-moved." 

w e are met by physical questions of great interest 
regarding limits of elasticity. Supposing the solid to be 
homogeneously distorted in any particular ̂ way to nearly 
the limit of its elasticity for this kind of distortion, will 
the limits be widened or narrowed by the superposition of 
negative or positive pressure equal in all directions produc
ing a dilatation or a condensation 1 It seems probable 
that a dilatation would narrow the limits of elasticity, and 
a condensation widen them. This, however, is a mere 
guess : experiment alone can answer the question. Take 
again a somewhat less simple case. A wire is stretched by 
a weight to nearly its limits of longitudinal elasticity ; a 
couple twisting it is applied to its lower e n d — W i l l this 
either cause the weight to run d o w n and give the wire a 
permanent set, or break it 1 Probably,—yes ; but experi
ment only can decide. The corresponding question with 
reference to a column loaded with a weight m a y have the 
same answer, but not necessarily so. Experiment again is 
wanting. A wire hanging'stretched by a light weight, merely 
to steadyit, is twisted to nearly its limit of torsional elasticity 
by a couple of given magnitude applied to its lower end ; 
the stretching weight is increased—Will this cause it to 
yield to the couple and take a permanent set ? Probably,— 
yes. [Certainly yes, for steel piano-forte wire experimented 
on by M r M'Parlane to answer this question since it was 
first put in type fur the present article.] If so, then the 
limits of torsional elasticity of a wire bearing a heavy 
weight are widened by diminishing or taking off the 
weight; and no doubt it will follow continuously that a 
oolumn twisted by opposing couples at its two ends will 
have its limits of torsional elasticity widened by the 
application of forces to its two ends, pressing them towards 
one another. Experiments to answer these questions would 
certainly reward the experimenter with definite and interest
ing results.. 

22. Nabeownbss of Limits of Elasticity—Solids.— 
The limit of elasticity of metals, stones, crystals, woods, 
are so narrow that the distance between any two neighbour
ing points of the substance never alters by more than a 
small proportion of its own amount without the substance 
either breaking or experiencing a permanent set, and there
fore the angle between two lines meeting in any point of the 
substance and passing .always through the same matter is 
never altered by more than a small fraction of the radian,3 
before the body either breaks or takes a permanent set. 
By far the widest limits of elasticity hitherto discovered by 
experiment, for any substance except cork, india-rubber, 
jellies, are those of steel pianoforte wire. Take, for example, 
the piano-forte wire at present in use for deep-sea soundings. 
It is No. 22 of the Birmingham wire gauge, its density is 
7-727, it weighs 0-34 gramme per centimetre, or 6-298 
kilogrammes per nautical mile of 1852-3 metres, and-
therefore its sectional area and diameter are "0044 square 
centimetre and -0244 centimetre. It bears a weight of 
106 kilogrammes, which is equal in weight to about 31 
kilometres of its length, and when this weight is alternately 
hung on and removed the length of the wire varies by -^ 
of its amount. While this elongation takes place there is 
a lateral shrinking, as we shall see (section 47), of from \ 
to -yq of the same amount. 

23. Consider now in the unstrained wire two lines through 
the substance of the wire at right angles to one another in 
any plane through or parallel to the axis of the, wire iu 
directions equally inclined to this line. W h e n the wire is 
pulled lengthwise the two vertical angles bisected by the 
length of the wire become acute, and the other two obtuse 
by a small difference, as illustrated in the diagram (fig. 2), 
s The radian is the angle whose arc is equal to radius ; it is equal 
to57°.29 
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where the continuous lines represent a portion of the 
unpulled wire, and the dotted lines the same portion of the 
wire when pulled. The change m each 
of the angles would be ̂  of the radian 
in virtue.of the elongation were there 
no lateral shrinking, and about - g ^ of 
the radian in virtue of the lateral shrink
ing were there no elongation. Thewhole 
change experienced by each of the right 
angles is therefore actually (section 37) 
bV + •y3_o> or about T\- of the radian, or 
0°-84, This is an extreme case. In 
all other cases of metals, stones, glasses, 
crystals, the substance either breaks or 
takes a permanent bend, probably be
fore it experiences any so great angular 
distortion as a degree: and except in 
the case of steel we may roughly regard 
the limits of elasticity as being some
thing between 10100 and-j^g- in respect 
to the linear elongation or contraction, 
and from -^ of a degree to half a de- Fig. 3, 
gree in respect to angular distortion. 

24. O n the other hand, gelatinous substances, suoh as 
india-rubber and elastic jellies, have very wide limits of 
elasticity. A vulcanized india-rubber band, for instance, 
is capable of being stretched, again and again, to eight times 
its length, and returning always to nearly its previous 
condition when the stress is removed, A shape of 
transparent jelly presents a beautiful instance of great 
degrees of distortion with seemingly very perfect elasticity. 
All these instances, india-rubber and jellies, show with great 
changes of shape but slight qhanges of bulk. They have, 
in fact, all, as nearly as experiment has hitherto been able 
to determine, the same compressibility as water, 

25. Cork, another body with very wide limits of elasticity 
(very imperfect elasticity it is true) is singular, among 
bodies seemingly homogeneous to the eye, in its, remarkably 
easy compressibility. It is, in fact, the only seemingly 
homogeneous solid whioh shows to the unaided eye any 
sensible change of bulk under any practically applicable 
forces. A small homogeneous piece torn out of a cork may, 
by merely pressing it between the fingers, be readily com
pressed to half its bulk, and a large slab of cork in a 
Bramah press m a y be compressed to •£$ of its bulk. A n 
ordinary bottle cork loaded with a small piece of metal 
presents a very interesting appearance in an Oersted glass 
compressing vessel; first floating, and when compressed to 
20 or 30 atmospheres sinking, and.shrivelling in bulk very 
curiously; then on the pressure being removed,- expanding 
again, but not quite to previous bulk, and floating up or 
remaining down according to the amount of its load. 

The divergencies presented by oork and gelatinous 
bodies in opposite directions from the regular elasticity of 
hard solids form an interesting subject, to which we shall 
return later (section 48). 
. 26. Liquids.—In respect to liquids, there are no limits 

of elasticity so far as regards the magnitude of the 
positive pressure applied or conceivably applicable; but 
in respect to the magnitude of negative pressure, and in 
respect to the magnitude of the change of bulk, whether by 
negative or positive pressure, there are probably very decided and not very wide limits. Thus water, though condensed -^^ of its bulk by 2000 atmospheres in Perkins's1 experiments corrected roughly for the compres-1 Transactions of Royal Society, June 1826, "On the Progressive Compression of Water by high degrees of force, with some trials of its effects on other liquids," by J. Perkins. Communicated by W. H. Wollaslon, M.D., V.P.B.S. 

sion of his glass " piezomster,'' which is very nearly at 
the rate of \21 * 0 0 per atmosphere found (section 75 below) 
more accurately by subsequent experiments for moderate 
pressures up to 20 or 30 atmospheres, may be expected to 
be compressed by much less than ̂  of its volume under a 
pressure .of 7000 atmospheres. H o w much it or any othei 
liquid is condensed by a pressure of 10,000 atmospheres, or 
by 20,000 atmospheres, is an interesting subject for 
experimental investigation. 

27. Gases.—In respect to rarefaction, and in respect to 
proportionate condensation, gases present enormously wider 
limits of elasticity than any liquids or solids,—in fact no 
limit in respsct to dilatation, and in respect to condensation 
adefinite limit only when the gas is below Andrews's "critical 
temperature," If the gas be kept at any temperature above 
that critical temperature, it remains homogeneous, however 
much it be condensed; and therefore for a fluid above the 
critical temperature there is, in respect to magnitude of 
pressure, no superior limit to its elasticity. O n the other 
hand, if a fluid be kept at any oonstant temperature less 
than its critical temperature, it remains homogeneous, and 
presents an increasing pressure until a certain density is 
reached; when its bulk is further diminished it divides into 
two parts of less and greater density (the part of less 
density being called vapour, that of greater density being 
called liquid, if it is not solid) and presents no further 
increase of pressure until the vaporous part shrinks to 
nothing, and the whole becomes liquid (that is to say, homo 
geneous fluid at the greater of the two densities) or else 
becomes solid—the question whether the more dense part 
is liquid or solid depending on the particular temperature 
below the critical temperature at which the whole substance 
is kept during the supposed experiment. 

28. The thermo-dynamic reasoning of Professor James 
Thomson, which showed the effect of change of pressure in 
altering the freezing point of a liquid, leads to analogous 
considerations regarding the effect of continuous increase or 
continuous decrease of pressure upon a mass consisting of 
the same substance partly in the liquid and partly in the 
solid state at one temperature. The three cases of transi
tion from gas to liquid, from gas to solid, and from liquid 
to, solid, present us with perfectly definite limits of elasticity, 
— t h e only perfectly definite limits of elasticity in nature 
of which we have any certain knowledge. 

29, Viscosity of Fluids and Solids.—Closely connected 
with limits of elasticity, and with imperfectness of elasticity, 
is viscosity, that is to say, resistance to change of shape 
depending on the velocity of the change. The full dis-
oovery of the viscosity of liquids and gases is due originally 
to Stokes ; and his hypothesis that in fluids the force of 
resistance is in simple proportion to the velocity of change 
of shape has been subsequently confirmed by the experi
mental investigations, of Helmholtz, Maxwell, Meyer, 
Kundt, and Warburg, The definition of a fluid given in 
section 2 above may, by section 1, be transformed into the 
following:—A fluid is a body whioh requires no force, to 
keep it in any particular shape, o r — A fluid is a body 
which exercises no permanent resistance to a change of 
shape. The resistance to a change of shape presented by 
a fluid, evanescent as it is when the shape is not being 
changed (or vanishing when the velocity of the change vanishes), is essentially different from that permanent resistance to change of shape, the manifestation of which iu solids constitutes elasticity of shape as defined in section 1. Maxwell's admirable kir.etic theory of the viscosity of gases points to a full, explanation of viscosity, whether of gases, liquids, or solids, in the consideration of configurations and arrangements of relative motions of molecules, permanent in a solid under distorting stress, aud temporary in fluids or solids while the shape is being changed, in 



E L A S T I C I T Y 

virtue of which elastic force in the quiescent solid, and 
viscous resistance to change of shape in the non-quiescent 
fluid or solid, are produced. 

30. Viscosity of Metals and Fatigue of their Elasticity.— 
Experimental exercises performed by students in the 
physical laboratory of the university of Glasgow, during 
the session 1864—65, brought to light some very remarkable 
and interesting results, proving a loss of energy in elastic 
vibrators (sometimes as much as two or three per cent, of 
onergy lost in the course of a single vibration in one direc
tion) incomparably greater than anything that could be due 
to imperfections in their elasticity (section 1), and showing 
also a very remarkable fatigue of elasticity, according to 
which a wire which had been kept vibrating for several 
hours or days through a certain range came to rest much 
quicker when left to itself than when set in vibration after 
it had been at rest for several days and then immediately 
left to itself. Thus it was found that the rates of subsid
ence of the vibrations of the several wires experimented on 
were generally much less rapid on the Monday mornings, 
when they had been at rest since the previous Friday, than 
-on other days of the week, or than after several series of 
experiments had been made on a Monday. The following 
statement (sections 31-34) is extracted from a short article 
by W . Thomson, in the Proceedings of the Royal Society. 
for M a y 18, 1865, containing some of the results of these 
observations. 

31. " Viscosity.—By induction from a great variety of 
observed phenomena, we are compelled to conclude that no 
change of volume or of shape can be produced in any kind 
of matter without dissipation of energy. Even in dealing 
with the absolutely perfect elasticity of volume presented 
by every fluid, and possibly by some solids, as for instance 
homogeneous crystals, dissipation of energy is an inevitable 
result of every change of volume, because of the accompany
ing change of temperature, and consequent dissipation of 
heat by conduction or radiation. .The same cause gives rise 
necessarily to some degree of dissipation in connection with 
every change of shape of an elastic solid. But estimates 
founded on the thermodynamic theory of elastic solids, 
which I have given elsewhere,1 have sufficed to prove that 
the loss of energy due to this cause is small in comparison 
with the whole loss of energy observed in many cases 
of vibration. I have also found, by vibrating a spring 
alternately in air of ordinary pressure and in the exhausted 
receiver of an air-pump, that there is an internal resistance 
to its motions immensely greater than the resistance 
of the air. The same conclusion is to be drawn from the 
observation made by Kupffer in his great work on the 
elasticity of metals, that his vibrating springs subsided 
much more rapidly in their vibrations than rigid, pendulums 
supported on knife-edges. The subsidence of vibrations is 
probably more rapid in glass than in some of the most 
elastic metals, as copper, iron, silver, aluminium ;2 but it 
is much more rapid than in glass, marvellously rapid indeed, 
in some metals (as for instance zinc),8 and iu india-rubber, 
and even in homogeneous jellies. 

32. " The frictional resistance against change of shape 
must in every solid be infinitely small when the change of 
shape is made at an infinitely slow rate, since, if it were 
finite for an infinitely slow change of shape, there would be 
1 "On the Thermo-elastic Properties of Solids," Quarterly Journal 

of Mathematics, April, 1855. 
a "We have no evidence that the precious metals are more elastic 

than copper, iron, or brass. One of the new bronze pennies gives 
quite as clear a ring as a two-shilling silver piece tested in the usual 
manner. 
3 Torsional vibrations of a weight hung on a zinc wire subside so 

rapidly, that it has been found scarcely possible to count more than 
twenty of them in one case experimented on. 

infinite rigidity, which we m a y be sure* does riot exist in 
nature. Hence there is in elastic solids a molecular friction 
which m a y be properly called viscosity of solids, because, as 
being an internal resistance to change of shape depending 
on the rapidity of the change, it must be classed with fluid 
molecular friction, which by general consent is called 
viscosity of fluids. But, at the same time, it ought to be 
remarked that the word viscosity, as used hitherto by the 
best writers, when solids or heterogeneous semi-solid semi
fluid masses are referred to, has not been distinctly applied 
to molecular friction, especially not to the molecular friction 
of a highly elastic solid wilhin its limits of high elasticity, 
but has rather been employed to designate a property of 
slow continual yielding through very great, or altogether 
unlimited, extent of change of shape, under the action of 
continued stress. It is in this sense that Forbes, for 
instance, has used the word in stating that ' viscous theory 
of glacial motion,' which he demonstrated by his grand 
observations on glaciers. As, however, he and many other 
writers after him have used the words plasticity and plastic, 
both with reference to homogeneous solids (such as wax or 
pitch even though also brittle, soft metals, &c.) and to 
heterogeneous semi-solid semi-fluid masses (as mud, moist 
earth, mortar, glacial ice, & c ) , to designate the property 
common to all those cases of experiencing, under continued 
stress, either quite continued and unlimited change of shape, 
or gradually very great change at a diminishing (asymptotic) 
rate through infinite time, and as the use of the term 
plasticity implies no more than does viscosity any physical 
theory or explanation of the property, the word viscosity is 
without inconvenience left available for the definition I 
propose. 

33. <' To investigate the viscosity of metals, I have in the 
first f>laoe taken them in the form of round wires, and have 
chosen torsional vibrations, after the manner of Coulomb, 
for observation, as being much the easiest way to arrive at 
definite results, In every oase one end of the wire was 
attached to a rigid vibrator with sufficient firmness 
(thorough and smooth soldering I find to be always the 
best plan when the wire is thick enough); and the other to 
a fixed rigid body, from which the wire hangs, bearing the 
vibrator at its lower end. I arranged sets of observations 
to be made for the separate comparison of the following 
cases :— 

(a) " The same wire with different vibrators of equal 
weights to give equal stretching-tractions but different 
moments of inertia (to test the relation between viscous 
resistances against motions with different velocities through 
the same range and under the same stress). 

(b) " The same wire with different vibrators of equal 
moments' of inertia but unequal weights- (to test the effect 
of different longitudinal tractions on the viscous resistance 
to torsion under circumstances similar in all other respects). 

(c) " The same wire and the same vibrator, but different 
initial ranges in successive experiments (to test an effect 
unexpectedly discovered, by which the subsidence of vibra
tions from any amplitude takes place at very different rates 
according to the immediately previous molecular condition, 
whether of quiescence or of recurring changes of shape 
through a wider range). 

(d) " T w o equal and similar wires, with equal and similar 
vibrators, one of them kept as continually as possible in a 
state of vibration, from day to day; the other kept at 
rest, except when vibrated in an experiment once a day (to 
test the effect of continued vibration on the viscosity of a 
metal). 

34. " Results.—(a) It was found that the loss of energy in 
4 Those who believe in the existence of indivisible, infinitely strong 
and infinitely rigid, very small bodies (finite hard atoms!) deny'this. 
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a single vibration through one range was greater the greater 
the velocity (within the limits of the experiments); but the 
difference between the losses at low and high speeds was 
much less than it would have been had the resistance been, 
as Stokes has proved it to be, in fluid friction, approximately 
as the rapidity of the change of shape. The irregularities 
in the results of the experiments which up to this time I 
have made seem to prove that much smaller vibrations 
(producing le3s absolute amounts of distortion in the parts 
of the wires most stressed) must be observed before any 
simple law of relation between molecular friction and 
velocity can be discovered. 

(6) " W h e n the weight was increased, the viscosity 
was always at first much increased; but then day after day 
it gradually diminished and became as small in amount as 
it bad been with the lighter weight. It has not yet been 
practicable to continue the experiments long enough in any 
case to find the limit to this variation. 

(c) " The vibration subsided in aluminium wires much 
more rapidly from amplitude 20 to amplitude 10, when the 
initial amplitude was 40, than when it was 20. Thus, with 
a certain aluminium wire, and vibrator No. 1 (time of 
vibration one way 1*757 second), the number of vibrations 
counted were in three trials— 

Vibrations. 
Subsidence from 40 initial amplitude to 20 56 64 64 
And from 20 (in course of the same experiments) J flfi „„ „fi 

to 10.. 
The same wire and the same vibrator showed— 
Subsidence from 20 initial amplitude to 10 J ,, „ ., .. 
(average of four trials) \ viorations. 

Again, the same wire, with vibrator No. 21 (time ol vibration one 
way 1'236), showed in two trials— 

Vibrations. 
Subsidence from 40 initial amplitude to 20....:... 54 - 52 
And continued from 20 to 10 90 80 

Again, same wire and vibrator,— 
From initial amplitude 20 to 10 . . 103 (mean of eight'trials), 

This remarkable result suggested the question (d). 
(d) " In a wire which was kept vibrating nearly all day, 

from day to day, after several days very much more mole
cular friction was found than in another kept quiescent ex
cept during each experiment, Thus two equal and similar 
pieces of copper wire were put up about the 26th of April, 
hanging with equal and similar lead weights, the upper and 
lower ends of the two wires being similarly fixed by solder
ing. N o . 2 was more frequently vibrated than No. 1 for 
a few days at first, but no comparison of viscosities was 
made till M a y 15. Then 

No. 1 subsided from 20 initial range to 10 in 97 vibrations. 
No. 2 gave the same subsidence in 77 vibrations. 

During the greater part of M a y 16 and 17, No. 2 was kept 
vibrating and No. 1 quiescent, and late on M a y 17 experi
ments with the following results were made :— 

Time per 
Vibration. 

No. 1 subsided from 20 to 10 after 99 vibrations in 237 ?ees., 2 '4 
,. 98 „ 235 „ 2-4 
,. 98 „ 235 „ 2-4 

No. 2 subsided from 20 to 10 after 68 vibrations in 142 ,, 2"45 
„ 60 „ 147 „ 2 45 
„ 57 ,. 139 „ 2-45 
„ 60 „ 147 „ 2'45" 

[Addition, M a y 27, after the reading of the paper.]—No. 
1 has been kept at rest from M a y 17, while No. 2 has been 
kept oscillating more or less every day till yesterday, M a y 
26, when both were oscillated, with the following results :— 

Time per 
Vibration, 

No. 1 subsided from 20 to 10 after 100 vibrations in 242 sees., 2 -42 
No.2 ,, ,, 44 or 45 vibrations 2-495 

35. The investigation was continued with much smaller 
degrees of m a x i m u m angular distortion, to discover, if * Of same weight as No. 1, but different moment of inertia. 

possible, the law of the'molecular friction,'the existence of 
which was demonstrated by these experiments. T w o ques
tions immediately occurred:—:What is the law of sub
sidence of range in any single series of oscillations, the 
vibrator being undisturbed by external force ? and (ques
tion (a) of § 33 above) what is the relation between the 
law of subsidence in two sets of oscillations' having different 
periods, with the same elastic body in the same circumt-
stances of elastic force, as for instance the same or similar 
metallic wires with equal weights hung upon them, per
forming torsional oscillations in different times on account 
of the moments of inertia of the suspended masses being 
different? : 

36. So far as the irregularities depending on previous 
conditions of the elastic substance allowed any simple law 
to be indicated, the experimental answer "to the first 
question for degrees of angular distortion m u c h smaller 
than the palpable limits of elasticity was the Compound 
Interest L a w , that is to say,—The diminutions of range 
per equal intervals of time or per equal numbers of oscillo> 
lions bore a constant proportion to the diminishing range? 
or, The differences of the logarithms of the ranges were pro
portional to the intervals of time. 

The only approach to an answer to the second question 
yet obtained is that the proportionate losses of amplitude in 
the different cases are not such as they would be if the 
molecular resistance were simply proportional to the velocity 
of change of shape in the different cases. If the molecular 
friction followed this simple law, the proportionate diminu
tions of range per period would be directly as the square 
roots of the periods, or per equal intervals of time they 
would be inversely as the square roots of the periods. 
Instead of the proportion being so, the loss was greater 
with the longer periods than that calculated according to 
the law of square roots from its amount in the shorter 
periods. It was in fact as it would be if the result were 
wholly or . partially due to imperfect elasticity, or 
" elastische Nach-wirkung " — elastic after-working — as 
the Germans call it (compare section 6 above). To 
form a rough idea of the results, irrespectively of the 
ultimate molecular theory (which is to be looked for 
in the proper extension of Maxwell's kinetic theory of 
viscosity of gases), consider a perfectly elastic vesicular 
solid, whether like a sponge with communications between 
the vesicles, or with each vesicle separately inclosed in 
elastic solid : imagine its pores and interstices filled up with 
a viscous fluid, such as oil. Static experiments on such a 
solid will show perfect elasticity of bulk and shape ; kinetic 
experiments will show losses of energy such as are really 
shown by vibrators of india-rubber, jelly, glass, metals, or 
other elastic homogeneous solids, but more regular, and 
following more closely the compound interest law for single 
series and the law of relation to square roots of periods 
stated nbove for sets of oscillations in different periods. 
In short, according to Stokes's law of viscosity of fluids, 
our supposed vesicular vibrator would follow the law of 
subsidence of a simple vibrator experiencing a resistance 
simply proportional to the velocity of its motion, while no 
such simple law is applicable to the. effects of the internal 
molecular resistance in a vibrating elastic solid. 

37. Hoohe's L a w , — A law expressed by Hooke with 
Latin terjsenees in the words Ut tensio sic vis is the 
foundation of the mathematical theory of the elasticity of 
hard solids. B y tensio here is meant not force (as is 
generally meant by the English word tension), but an 
elongation produced by force. In English, then, Hooke's 
law is that elongation (understood of an elastic solid) is 
proportional to the force producing it. It is, of course, to 
be extended continuously from elongation to contraction 
in respect to the effect, and from pull to push in respect 



E L A S T I C I T Y 9 

to the cause • and the experiments on which it is founded 
prove a perfect continuity from a pulling force to a smaller 
force in the same direction, and from the less force to zero, 
and from zero of pulling force to different degrees of push 
or positive pressure, or negative pull. Experimental proof 
merely of the continuity of the phenomena through zero of 
force suffices to show that, for infinitely small positive or 
negative pulls, positive or negative elongation is simply 
proportional to the positive or negative pull ; or, in other 
words, positive or negative contraction is proportional to the 
positive or negative pressure producing it. But now must 
be invoked minutely accurate experimental measurement to 
find how nearly the law of simple proportionality holds 
through finite ranges of contraction and elongation. The 
answer happily for mathematicians and engineers is that 
HooJce's law is fulfilled, as accurately as any experiments 
hitherto made can tell, for all metals and hard solids each 
through the whole range within its limits of elasticity; and 
for woods, cork, india-rubber, jellies,when the elongation 
is not more than two or three per cent., or the angular dis
tortion not more than a few hundredths of the radian (or 
not more than about two or three degrees). The same law 
holds for the condensation of liquids up to the highest 
pressures under which their compressibility has hitherto 
been accurately measured. [A decided but small deviation 
from Hooke's law has been found in steel pianoforte wire 
under combined influence of torsion and longitudinal pull 
by M r M'Farlane in experiments made for the present 
article after this section was in type. See section 81.] 

Boyle's law of the " spring of air" shows that the 
augmentation of density of a gas is simply proportional to 
the augmentation of the pressure, through the very wide 
ranges of pressure through which that law is approximately 
enough fulfilled. Hence the infinitesimal diminution of 
volume produced by a given infinitesimal augmentation of 
pressure varies as the square of the volume, and the 
proportionate diminution of volume (that is to say, the ratio 
of the diminution of volume to the volume) is proportional 
to the volume, or inversely proportional to the density. 
Andrews's experiments on the compressibility of a fluid, 
such as carbonic acid, at temperatures slightly above the 
critical temperature, and of the gas and oMiquids at tem
peratures slightly below the critical temperature, are in
tensely interesting, not merely in respect to the natural 
history of elasticity, but as opening vistas into the philoso
phy of molecular action. 

W e cannot expect to find any law of simple propor
tionality between stress and change of dimensions, or pro
portionate change of dimensions, in the case of any elastic 
or semi-elastic " soft " solids, such as cork on one hand or 
india-rubber or jellies on the other, when strained to large 
angular distortions, or to large proportionate changes of 
dimensions. The exceedingly imperfect elasticity of all 
these solids, and the want of definiteness of the substance 
of many of them, renders accurate experimenting unavail
able for obtaining any very definite or consistent numerical 
results ; but it is interesting to observe roughly the forces 
required to produce some of the great strains of which they 
are capable without any total break down of elastic quality; 
for instance, to hang weights successively on an india-
rubber band and measure the ' elongations. This any one 
m a y readily do, and m a y be surprised to find the enormous 
increase of resistance to elongation presented by the attenu
ated band before it breaks. 

38. Homogeneousness defined.—A body is called homo
geneous when any two equal, similar parts of it, with 
corresponding lines parallel and turned towards the same 
parts, are undistinguishable from one another by any 
difference in quality. The perfect fulfilment of this condi
tion, without any limit as to the smallness of the parts, 

though conceivable, is not generally regarded as probable, 
for any of the real solids or fluids known to us, however 
seemingly homogeneous. It is held by all naturalists that 
there is a molecular structure, according to which, in com
pound bodies such as water, ice, rock-crystal, <fec, the con
stituent substances lie side by side, or arranged in groups 
of finite dimensions, and even in bodies called simple (that 
is those not known to be chemically resolvable into other 
substances) there is no ultimate homogeneousness. In 
other words, the prevailing belief is that every kind of 
matter with which w e are acquainted has a more or less 
coarse-grained texture, whether (as great masses of solid 
brick-work or stone-building, or as natural sandstone or 
granite rocks) having visible molecules, or (as seemingly 
homogeneous metals, or continuous crystals, or liquids, or 
gases) having molecules too small to be directly visible, or 
measurable but not undiscoverably small,—really, it is to 
be believed, of dimensions to be accurately determined in 
future advances of science. Practically the definition of 
homogeneousness m a y be applied on a very large scale to 
masses of building or coarse-grained conglomerate rock, or 
on a more moderate scale to blocks of common sandstone, 
or on a very small scale to seemingly homogeneous metals ;J 
or on a scale of extreme, undiscovered fineness, to vitreous 
bodies, continuous crystals, solidified gums, as india-rubber, 
gum-arabic, <fcc, and fluids. 

39. Isotropic and JEolotropic Substances defined.—The 
substance of a homogeneous solid is called isotropic when a 
spherical portion of it, tested by any physical agency, 
exhibits no difference in quality however it is turned. Or, 
which amounts to the same, a cubical portion, cut from 
any position in an isotropic body, exhibits the same 
qualities relatively to each pair of parallel faces. Or two 
equal and similar portions cut from any positions in the 
body, not subject to the condition of parallelism (section 
38),are undistinguishable from one another. A substance 
which isr not isotropic, but exhibits differences of quality 
in different directions, is called ceolotropic.2 The remarks 
-of'section 38 relative to homogeneousness in the aggregate, 
and the supposed ultimately heterogeneous texture of alt 
substances, however seemingly homogeneous, indicate cor
responding limitations and non-rigorous practical interper-
tations of isotropy and seolotropy. 

40. Isotropy and JEolotropy of different sets of proper
ties.-—The substance of a homogeneous solid m a y be iso
tropic in one quality or class of qualities, but seolotropic in 
others. Or a transparent substance m a y transmit light at 
different velocities in different directions through it (that 
is, be doubly-refracting), and yet a cube of it m a y (and does 
in many natural crystals) show no sensible difference in its 
absorption of white light transmitted across it perpendi
cularly to any of its three pairs of faces. Or (as a crystal 
which exhibits diehroism) it m a y be sensibly seolotropic 
relatively to the absorption of light, but not sensibly 
double-refracting, or it m a y be dichroic and doubly-refract
ing, and yet it m a y Conduct heat equally in all- directions. 
Still, as a rule, a homogeneous substance which is 
seolotropic for one quality must be more than infinitesimally 
seolotropic for every quality which has directional character 
admitting of a corresponding seolotropy. 

41. Moduluses of Elasticity.—A modulus of elasticity is 
the number obtained by dividing the number expressing a 
stress3 by the number expressing the strain4 which it pro
duces. A modulus is called a principal modulus when 
1 Which, however, we know, as proved by Deville and Van Troost, 
are porous enough at high temperatures to allow very free percolation 
of gases. Helmholtz and Boot find percolation of platinum by hydro
gen at ordinary temperature (Bert. Sitmmgsoericht). 
2 Thomson and Tait's Natwral Philosophy, section 676. 
3 Mathematical Theory, below, chap. i. 4 Ibid. 
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the stress is such that it produces a strain of its own 
type. 

(1.) A n isotropic solid has two principal moduluses— 
a modulus of compression and a rigidity. 

(2.) A crystal of the cubic class (fluor-spar, for instance) 
has three principal moduluses,—one .modulus of com
pression and two rigidities. 

(3.) A n seolotropic solid having (what no natural 
crystal has, but what a drawn wire has) perfect isotropy 
of physical qualities relative to all lines perpendicular to a 
certain axis of its substance has three principal moduluses,— 
two determinable from its different compressibilities along 
and perpendicular to the axis, or from one compressibility 
and the " Young's modulus" (section 42) of an axial 
bar of the substance, or determinable from two com
pressibilities; and one rigidity determinable by measure
ment of the torsional rigidity of a round axial bar of the 
substance. 

(4.) A crystal of Iceland. spar has four principal 
moduluses,—three like those of case (3), and another 
rigidity depending on (want of complete circular symmetry, 
and) possession of triple symmetry of form, involving 
sextuple elastic symmetry, round the crystalline axis. 

(5.) A crystal of the rectangular parallelepiped (or 
"tessaral") class has six distinct principal moduluses 
which, when the directions of the principal axes are known, 
are determinable by six single observations,-—three, of the 
three (generally unequal) compressibilities along the three 
axes; and three, of the three rigidities (no doubt generally 
unequal) relatively to the three simple distortions of the 
parallelepiped, in any one of which one pair of parallel 
rectangular faces of the parallelepiped become oblique 
parallelograms. 

(6.) A n seolotropic solid generally has six principal 
moduluses,1 which, when a piece of the solid is presented 
without information, and without any sure indication 
from its appearance of any particular axis or axes of 
symmetry of any kind, require just twenty-one independent 
observations for the determination of the fifteen quantities 
specifying their types, and the six numerical values of 
the moduluses themselves. 

42. '' Young's Modulus," or Modulus, of Simple Longi
tudinal Stress.-—Thomas Young called the modulus of 
elasticity of an elastic solid the amount of the end-pull or 
end-thrust required to produce any infinitesimal elongation 
or contraction of a wire, or bar, or column of the substance 
multiplied by the ratio of its length to the elongation or 
contraction. In this definition the definite article is clearly 
misapplied. There are, as we have seen, two moduluses 
of elasticity for an isotropic solid,—one measuring elasticity 
of bulk, the other measuring elasticity of shape. A n 
interesting and instructive illustration of the confusion 
of ideas- so often rising in physical science from faulty 
logic is to be found in " A n Account of an Experiment 
on the Elasticity of Ice : B y Benjamin Bevan, Esq.,, in a 
letter to D r Thomas Young, Foreign Sec. B. S." and in 
Young's " Note " upon it, both published in the Transac
tions of the Royal Society for 1826. Bevan gives an 
iuteresting account of a well-designed and well-executed 
experiment on the flexure of a bar, 3 -97 inches thick, 10 
inches broad, and 100 inches long, of ice on a pond near 
Leighton Buzzard (the bar remaining, attached by one end to the rest of the ice,, but being cut free by a saw along its sides and across its other end), by which he obtained a fairly accurate determination of " the modulus of ice ; . and says that he repeated the experiment in various ways on ice bars of various dimensions, some remaining attached by 

Tv 

i Mathematical Theory, chap. xvi. ^ ' 
a The result is given in the Table of Moduluses, sec. 77, below. 

one end, others completely detached, and found results 
agreeing with the first as nearly " as the admeasurement 
of the thickness could be ascertained." H e then proceeds 
to compare " the modulus of ice " which he had thus found 
with " the modulus of water," which he quotes from 
Young's Lectures as deduced from Canton's experiments on 
the compressibility of water. - Young in his " Note " does 
not point out that .the two moduluses were essentially 
different, and that the modulus of his definition, the modulus 
determinable from the flexure of a bar, is essentially zero 
for every fluid. . W e now call " Young's modulus " the 
particular modulus of elasticity defined as above by Youngs 
and so avoid all confusion. 

43. Modulus of Rigidity.—-The " modulus of rigidity " 
of> an isotropic solid is the amount of tangential stress 
divided by the deformation it produces,—the former being 
measured in units of force per unit of the area to which it 
is applied in the manner indicated by the annexed 
diagram (fig. 3), and .the latter by the variation of each of 
the four right angles reckoned 
in fraction of the radian. B y 
drawing either diagonal of the 
square in the diagram we see 
that the distorting stress repre
sented by it gives rise .to 
normal traction on every sur
face of the substance perpen
dicular to the squareand parallel 
to one of, its diagonals, and an 
equal normal pressure on every 
surface of the solid perpendicu
lar to the square and parallel to 
the other diagonal; and that the amount of each of these 
normal forces3 per unit of area is equal to'the amount per 
unit, area of the tangential forces which the diagram 
indicates. . The corresponding4 geometrical proposition, also 
easily proved, is as follows : A strain compounded of a 
simple extension in one set of parallels, and a simple con
traction of equal amount in any other set perpendicular to 
those, is the same as a simple shear in either of the two 
sets of.planes cutting the two sets of parallels at 45°, and 
the numerical measuring of this shear or simple distortion 
is .equal to double the .amount of the elongation or contrac
tion, each reckoned per unit of length. 

Hence we have another definition of " modulus of 
rigidity " equivalent to the preceding:—The modulus of 
rigidity of an isotropic substance is the amount of- normal 
traction or pressure per unit of area, divided by twice the 
amount of elongation. in the direction of the traction or of 
contraction in ,the direction of the pressure,.when a piece 
of. the. substance, is subjected to a stress producing uniform 
distortion. 
_ 44.5 Conditions fulfilled in Elastic Isotropy.—-To be elas-
tically isptropic, a spherical or cubical portion of any solid, 
if subjected..to uniform normal pressure (positive or nega
tive) all round, must, in yielding, experience no deforma
tion, and therefore must be equally compressed (or dilated) 
in all directions. But,-further, a cube cut from any position 
in it, and acted on by tangential or distorting stress in 
planes (parallel to two pairs of its sides, must experience 
simple deformation, or "shearing" parallel to either pair of 
these sides, unaccompanied by condensation or dilatation 8 3 The directions of these forces are called the " axes" of the stress." The corresponding directions in the corresponding strain are called the-axes of the strain.' i Mathematical Theory, chap. vi. 6 This, with several of the following sections, 44-51, is borrowed with but slight change, from' the first edition of Thomson and Tait's Natural Philosophy, by permission of the authors. 6 It must be remembered that the changes of figure and volume we are concerned with are so small that the principle of superposition is 
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and the same in amount for all the three ways in which a 
stress may be thus applied to any one cube, and for different 
cubes taken from any different positions in the solid. 
Hence the elastic quality of a perfectly elastic, homogene
ous, isotropic solid is fully defined by two elements,—its 
resistance to distortion and its resistance to compression. 
The first has been already considered (section 43). The 
second is measured by the amount of uniform pressure in 
all directions per unit area of its surface required to pro
duce a stated very small compression. The numerical 
reckoning of the first is the compressing pressure divided 
by the diminution of the bulk of a portion of the. sub
stance which, when uncompressed, occupies the unit 
volume. It is sometimes called the " elasticity of bulk," or 
sometimes the " modulus of bulk-elasticity," sometimes the 
resistance to compression. Its reciprocal, or the amount of 
compression on unit of volume divided by the compressing 
pressure, or, as we may conveniently say, the compression 
per unit of volume per unit of compressing pressure, is 
commonly called the compressibility. 

45. Strain produced by a single Longitudinal Stress 
(subject of Young's Modulus).—Any stress whatever may1 
be made up of simple longitudinal stresses. Hence, to find 
the relation between any stress and 
the strain produced by it, we have 
only to find the strain produced by 
a single longitudinal stress, which, 
for an isotropic solid, we may do 
at once thus : — A simple longi
tudinal stress P is equivalent to a 
uniform dilating tension \ P in all 
directions, compounded with two 
distorting stresses, each equal to 
\ P , and having a common axis in 
the line of the given longitudinal 
Btress, and their other two axes 
any two lines at right angles to one another and tc it. 
The diagram (fig. 4), drawn in a plane through one of these 
latter lines and - the former, sufficiently indicates the syn
thesis,—the only forces not shown being those perpendicu
lar to its plane. 

Hence if n denote the rigidity, and h the modulus of 
compression, or the modulus of bulk-elasticity (being the 
same as the reciprocal of the compressibility), the effect will 
be an equal dilatation in all directions, amounting, per unit 
of volume, to 
f ax 
compounded with two equal distortions, each amounting to 
' S m. 
and having (section 43, footnote) their axes in the directions 
just stated for the axes of the distorting stresses. 

46. The dilatation and two shears thus determined may 
be conveniently reduced to simple longitudinal strains by 
following the indications of section 43, thus :—• 

The two shears together constitute an elongation amount-
I P 

ing to — in the direction of the given force P, and equal 
IP 

contraction amounting to — in all directions perpendicu
lar to it. 

iP And the cubic dilatation J= 
r'rC 

implies a lineal 
IP 

dilatation, equal in all directions, amounting to — y-. 

applicable; so that if any distorting stress produced a condensation, 
an opposite distorting stress would produce a dilatation, which is a 
Violation of the isotropic condition. 
1 Mathematical Theory, chap. viii. 

O n the whole, therefore, we have 

linear elongation=P( sr + g^ ), in the direction of the| 
applied stress, and . ,„. 

linear con traction—P(-7--qt ), in all' directions per
pendicular to the applied stress. 

9'A/c 
47. Hence " Young's Modulus" = : and when the 

3k+n' 
ends of a column, bar, or wire of isotropic material are acted 
on by equal and opposite forces, it experiences a lateral 

Q7. On. 
lineal contraction equal to ^p-. . of the longitudinal 
dilatation, each reckoned as usual per unit of lineal 
measure. One specimen of the fallacious mathematics re
ferred to in chap. xvi. of the mathematical theoiy below is 
a,celebrated conclusion of Navier's and Poisson's that the 
ratio of lateral contraction to elongation by pull without 
transverse force is \. This would require the rigidity to 
be f- of the resistance to compression, for all solids; which 
was first shown to be false by Stokes2 from many pbvious 
observations, proving enormous discrepancies from it in 
mauy well-known bodies, and rendering it most improbable 
that there is any approach to a constancy of ratio between 
rigidity and resistance to compression in any class of solids. 
Thus clear elastic jellies and india-rubber present familiar 
specimens of isotropic homogeneous solids which, while 
differing very much from one another in. rigidity 
(" stiffness " ) , are probably all of very nearly the same com
pressibility as water, which is about ai^0o per atmosphere. 
Their resistance to compression, measured by the reciprocal 
of this, is obviously many hundred times the absolute 
amount of the rigidity of the stiffest of those substances. 
A column of any of them, therefore, when pressed together 
or pulled out, within its limits of elasticity, by balancing 
forces applied to its ends (or an india-rubber band when 
pulled out), experiences no sensible change of volume, 
though very sensible change of length. Hence the propor
tionate extension or contraction of any transverse diameter 
must be sensibly equal to half the longitudinal contraction 
or extension; and such substances may be practically 
regarded as incompressible elastic solids in interpreting all 
the phenomena for which they are most remarkable. 
Stokes gare reasons for believing that metals also have 
in general greater resistance to compression, in proportion 
to their rigidities, than according to the fallacious 
theory, although for them the discrepancy is very much 
less than for the gelatinous bodies. This probable 
conclusion was soon experimentally demonstrated by 
Wertheim, who found the ratio of lateral to longitudinal 
change of lineal dimensions, in columns acted on solely by 
longitudinal force, to be about J for glass and'brass; and 
by Kirchhoff, who, by a well-devised experimental method, 
found '387 as the value of that ratio for brass, and '294 for 
iron. For copper it is shown to lie between.'226 and 
'441, by experiments3 quoted below, measuring the torsional 
and longitudinal rigidities of copper wires. 

48. All these results indicate rigidity less in proportion 
to the compressibility than according to Navier's and 
Poisson's theory. A n d it has been supposed by many 
naturalists who have seen the necessity of abandoning that 
theory as inapplicable to ordinary solids that it m a y be 
regarded as the proper theory for an ideal perfect solid, and as indicating an amount of rigidity not quite reached in any real substance, but approached to in some of the 

2 " On the Friction of Fluids in Motion, and the Equilibrium and 
Motion of Elastic Solids," Trans. Comb. Phil. .Soc, April 1845. See 
also C'amb. and Dub. Math. Jour., March 1848. 
3 " On the Elasticity and Viscosity of Metals " (W. Thomson), Proa. 

R. S., May 1865. 
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most rigid of natural solids (as, for instance, iron). But it 
is scarcely possible to hold a piece of cork in the hand 
without perceiving the fallaciousness of this last attempt 
to maintain a theory which never had any good foundation. 
B y careful measurements on columns of cork of various 
forms (among them, cylindrical pieces cut in the ordinary 
w a y for bottles), before and after compressing them 
longitudinally in a Bramah's press, w e have found that 
the change of lateral dimensions is insensible both with 
small longitudinal contractions and return dilatations, 
within the limits of elasticity, and with such enormous 
longitudinal contractions as to ̂  or \ of the original length. 
It is thus proved decisively that cork is m u c h more rigid, 
while metals, glass, and gelatinous bodies are all less rigid, 
in proportion to resistance to compression, than the 
supposed " perfect solid "; and the practical invalidity of 
the theory is experimentally demonstrated. B y obvious 
mechanism of jointed bars a solid m a y be designed which 
shall swell laterally when pulled, and shrink laterally when 
compressed, in one direction, and which shall be homo
geneous in the same sense (article 40) as crystals and 
liquids are called homogeneous. 

49. Modulus of Simple Longitudinal Strain.—In sec
tions 45, 46, w e examined the effect of a simple longitudinal 
stress in producing elongation in its o w n direction, and 
contraction in lines perpendicular to it. With stresses 
substituted for strains, and strains for stresses, w e m a y 
apply the same process to investigate the longitudinal 
and lateral tractions required to produce a simple longi
tudinal strain (that is, an elongation in one direction, with 
no change of dimensions perpendicular to it) in a rod or 
solid of any shape. 

Thus a simple longitudinal strain e is equivalent to a 
cubic dilatation e without change of figure (or linear dilata
tion \e equal in all directions), and two distortions consist
ing each of dilatation \e in the given direction and con
traction \e in each of two directions perpendicular to it and 
to one another. To produce the cubic dilatation e alone 
requires (section 44) a normal traction ke equal in all 
directions. And, to produce either of the distortions 
simply, since the measure (section 43) of each is -fe, 
requires a distorting stress equal to n x •§-«, which consists 
of tangential tractions each equal to this amount, positive 
(or drawing outwards) in the line of the given elongation, 
and negative (or pressing inwards) in the perpendicular 
direction. Thus w e have in all 

normal traction — (Jc + %n)'e, in the direction of the given \ 
strain, and f î \ 

normal traction = (Jc - %n)e. in every direction perpen-( 
dicular to the given strain. ) 

Hence the modulus of simple longitudinal strain is k+fyi. 
50. Weight-Modulus and Length of Modulus.—Instead of 

reckoning moduluses in units of force per unit of area, it is 
sometimes convenient to express them in terms of the 
weight of unit bulk of the solid. A modulus thus reckoned, 
or, as it is called by some writers, the length of the 
modulus, is of course found by dividing the weight-modu
lus by the weight of the unit bulk. It is useful in 
m a n y applications of the theory of elasticity, as, for 
instance, in this result, which is proved in the elementary 
dynamics of waves in an elastic solid or fluid (chap. xvii. 
of the Mathematical Theory, below):—the velocity of trans
mission of longitudinal1 vibrations (as of sound) along a 
bar of cord, or of waves of simple distortion, or of simple 
longitudinal extension and contraction in a homogeneous 

i It is to be understood that the vibrations in question are so much 
spread out through the length of the body that inertia does not sensibly 
influence the transverse contractions and dilatations which (unless the 
substance have in this respect the peculiar character presented by cork, 
section 48) take place along with them. 

isotropic solid, or of sound waves in a fluid, is equal to 
the velocity acquired by a body in falling from a height 
equal to half the length of the proper modulus2 for the 
case;—that is, the Young's Modulus (A. ) for the first 

case, the modulus of rigidity (n) for the second, the 
modulus of simple longitudinal strain (k + ^n) for the third, 
the modulus of compression k for the fourth, Remark 
that for air the static " length-modulus of compression." at 
constant temperature is the same as what is often techni
cally called the " height of the homogeneous atmosphere." 

51. In reckoning moduluses there must be a definite 
understanding as to the unit in terms of which the force is 
measured, which m a y be either the kinetic unit, or the 
gravitation unit for a specified locality, that is, the weight 
in that locality of the unit of mass. Experimenters 
hitherto have stated their results in terms in the gravitation 
unit, each for his o w n locality,—the accuracy hitherto 
attained being scarcely in any cases sufficient to require 
corrections for the different intensities of gravity in the 
different places of observation. 

The most useful and generally convenient specification: 
of the modulus of elasticity of a substance is in grammes-
weight per square centimetre. This has only to be 
divided by tho specific gravity of the substance to give the 
length of the modulus. British measures, however, being 
still unhappily sometimes used in practical and even in 
scientific statements, w e too often meet with reckonings of 
the modulus in pounds per square inch or per square foot, 
in tons per square inch, or of length of the modulus in feet 
or in British statute miles. 

The reckoning most commonly adopted in British 
treatises on mechanics and practical statements is pounds 
per square inch. The modulus thus stated must be divided 
by the weight o£ 12 cubic inches of the solid, or by the 
product of its specific gravity into -4335,3 to find the 
length of the modulus in feet. 

To reduce from pounds per square inch to grammes per 
square centimetre, multiply by 70'31, or divide by 
•014223. French engineers generally state their results in 
kilogrammes per square millimetre, and so bring them to 
more convenient numbers, being xoo'ooo of the incon-

" In sections 73-76 we shall see that changes of temperature 
produced by the varying stresses cause changes of temperature which, 
in ordinary solids, render the velocity of transmission of longitudinal 
vibrations sensibly greater than that calculated by the rule stated in 
the text, if we use the static modulus as understood from the definition 
there given; and it will be shown how to take into account the thermal 
effect by using a definite static modulus, or kinetic modulus, according 
to the circumstances of any case that may occur. 
3 This decimal being the weight in pounds of 12 cubic inches of water, 

The one great advantage of the French metrical system is that the 
mass of the unit volume (1 cubic centimetre) of water at its temper
ature of maximum density (3°'945 C.)is unity (1 gramme) to a sufficient 
•degree of approximation for almost all practical purposes. Thus, ac 
cording to this system, the density of a body and its specific gravity 
mean one and the same thing ; whereas on the British no-system the 
density is expressed by a number found by multiplying the specific 
gravity by one number or auother, according to the choice of a cubic 
inch, pint, quart, wine gallon, imperial gallon, cubic foot, cubic yard, 
or cubic mile that is made for the unit of volume; and the grain, 
scruple, gunmalcer's drachm, apothecary's drachm, ounce Troy, ounce 
avoirdupois, pound Troy, pound avoirdupois, stone (Imperial, Ayrshire, 
Lanarkshire, Dumbartonshire), stone for hay, stone for corn, quarter (of 
a hundredweight), quarter (of corn), hundredweight, or ton that is-
ohosen for unit of mass. It is a remarkable phenomenon, belonging 
rather to moral and social than to physical science, that a people 
tending naturally to be regulated by common sense should voluntarily 
condemn themselves, as the British have so long done, to unnecessary 
hard labour in every action of common business or scientific work 
related to measurement, from whioh all the other nations of Europe have emancipated themselves. Professor W . H, Miller, of Cambridge concludes, from a very trustworthy comparison of standards by Kupffer' of St Petersburg, that the weight of a cubic decimetre of water at tern' perature of maximum density is 1000'013 grammes. 
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veniently large numbers expressing moduluses in grammes 
weight per square centimetre, but it is much better to 
reckon in millions of grammes per square centimetre. 

52. " Resilience " is a very useful word, introduced about 
forty years ago (when the doctrine of energy was beginning 
to become practically appreciated) by Lewis Gordon, first 
professor of engineering in the university of Glasgow, to 
denote the quantity of work that a spring (or elastic body) 
gives back when strained to some stated limit and then 
allowed to return to the condition in which it rests when 
free from stress. The word " resilience " used without 
special qualification may be understood as meaning extreme 
resilience, or the work given back by the spring after being 
strained to the extreme limit within which it can be strained 
again and again without breaking or taking a permanent 
set. In all cases for which Hooke's law of simple propor
tionality between stress and strain holds, the resilience is 
obviously equal to the work done by a constant force of 
half the amount of the extreme force acting through a space 
equal to the extreme deflection. 

53. W h e n force is reckoned in " gravitation measure," 
resilience per unit of the spring's mass is simply the height 
that the spring itself, or an equal weight, could be lifted 
against gravity by an amount of work equal to that given 
back by the spring returning from the stressed condition. 

54. Let the elastic body be a long homogeneous cylinder 
or prism with flat ends (a bar as we may call it for brevity), 
and let the stress for which its resilience is reckoned be 
positive normal pressures on its ends. The resilience per 
unit moss is equal to the greatest height from which the 
bar can fall with its length vertical, and impinge against a 
perfectly hard horizontal plane without suffering stress 
beyond its limits of elasticity. For in this case (as in the 
case of the direct impact of two equal and similar bars 
meeting with equal and opposite velocities, discussed in 
Thomson and Tait's Natural Philosophy, section 303), the 
kinetic energy of the translational motion preceding the im
pact is, during the first half of the collision, wholly converted 
into potential energy of elastic force, which during the 
second half of the collision is wholly reconverted into 
kinetic energy of translational motion in the reverse direc
tion. During the whole time of the collision the stopped 
end of the bar experiencas a gonstant pressure, and at the 
middle of the collision the whole substance of the bar is for 
an instant at rest in the same state of compression as it 
would have permanently if in equilibrium under the 
influence of that pressure and an equal and opposite 
pressure on the other end. From the beginning to the 
middle of the collision the compression advances at a uniform 
rate through the bar from the stopped end to the free end. 
Every particle of the bar which the compression has not 
reached continues moving uniformly with the velocity of 
the whole before the collision until the compression reaches 
it, when it instantaneously comes to rest. The part of the 
bar which at any instant is all that is compressed remains 
at rest till the corresponding instant in the second half of 
the collision. 

55. From our preceding view of a bar impinging against 
an ideal perfectly rigid plane, we see at once all that takes 
place in the real case of any rigorously direct longitudinal 
collision between two equal and similar elastic bars with 
flat ends. In this case the whole of the kinetic energy 
which the bodies had before collision reappears as purely 
translational kinetic energy after collision. The same would 
be approximately true of any two bars, provided the times 
taken by a pulse of simple longitudinal stress to run-through 
their lengths are equal. Thus if the two bars be of the 
same substance, or of different substances having the same 
value for Young's modulus, the lengths must be equal, 
but the diameters may be unequal Or if the Young's 

modulus be different, in the two bars, their lengths must 
(Math Theory, chap, xvii.) be inversely as the square 
roots of its values. To all such cases the laws of " col
lision between two perfectly elastic bodies," whether of 
equal or unequal masses, as given in elementary dyn
amical treatises, are applicable. But in every other case 
part of the translational energy which the bodies have 
before collision is left in the shape of vibrations after 
collision, and the translational energy after collision is 
accordingly less than before collision. The losses of energy 
observed in common elementary dynamical experiments 
on collision between solid globes of the same substance 
are partly due to this cause. If they were wholly due 
to it they would be independent of the substance, 
when two globes of the same substance are used. They 
would bear the same proportion to the whole energy in 
every case of collision between two equal globes, or again, 
in every case of collision between two globes of any 
stated proportion of diameters, provided in each case the 
two which collide are of the same substances; but the 
proportion of translational energy converted into vibrations 
would not be the same for two equal globes as for two 
unequal globes. Hence when differences of proportionate 
losses of energy are found in experiments on different 
substances, as in Newton's on globes of glass, iron, or com
pressed wool, this must be due to imperfect elasticity of 
the material. It is to be expected that careful experiments 
upon hard welLpolished globes striking one another with 
such gentle forces as not to produce even at the point of 
contact any stress approaching to the limit of elasticity, 
will be found to give results in which the observed loss of 
translational energy can be almost wholly accounted for by 
vibrations remaining in the globes after collision. 

56. Examples of Resilience.—Example 1.—In respect 
to simple longitudinal pull, the extreme resilience of steel 
pianoforte wire of the gauge and quality referred to in 
section 22 above (calculated by multiplying the breaking 
weight into half the elongation produced by it according to 
the experimental data of section 22) is 6066 metre-grammes 
(gravitation measure) per ten metres of the wire. Or, 
whatever the length of the wire, its resilience is equal to the 
work required to lift its weight through 179 metres. 

Example 2.—The torsional resilience of the same wire, 
twisted in either direction as far as it can be without giving 
it any notable permanent set, was found to be equal to the 
work required to lift its weight through 1'3 metres. 

Example 3,^The extreme resilience of a vulcanized 
india-rubber band weighing 12'3 grammes was found to 
be equal to the work required to lift its weight. through 
1200 metres. This was found by stretching it by grada
tions of weights up to the breaking weight, representing 
the results by aid of a curve, and measuring its area 
to find the integral work given back by the spring after 
being stretched by a weight just short of the breaking 
weight. 

57. Flexure of a B e a m or Rod.—In the problem of 
simple flexure a bar or uniform rod or wire, straight when 
free from stress, is kept in a circular form by equal oppos
ing couples properly applied to its ends. The parts of the 
bar on the convex side of the circle must obviously be 
stretched longitudinally, and those on the concave side 
contracted longitudinally, by the flexure. It is not 
obvious, however, what are the conditions affecting the 
lateral shrinkings and swellings of ideal filaments into 
which we may imagine the bar divided lengthwise. 
Earlier writers had assumed without proof that each 
filament, bent as it is in its actual position in the bar, is 
elongated or contracted by the same amount as it would be 
if it were detached, and subjected to the same end pull 
or end compression with its sides quite free to shrink or 
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expand, but they had taken no account of the lateral 
shrinking or swelling which the filament must really ex
perience in the bent bar. The snbject first received satis
factory mathematical investigation from St Venant.1 H e 
•proved that the old supposition is substantially correct, with 
the important practical exception of the flat spring referred 
to in section 59 below. His theory shows that, in fact, if 
w e imagine the whole rod divided parallel to its length into 
infinitesimal filaments, each of these shrinks or swells 
laterally with sensibly the same freedom as if it were 
separated from the rest of the substance arid subjected to 
end pull or end compression, lengthening or shortening it in 
a straight line to the same extent as it is really lengthened 
or shortened in the circular arc which it becomes in the 
bent rod. H e illustrates the distortion of the cross section 
by which these changes of lateral dimensions are necessarily 
•accompanied in the annexed diagram (fig. 5), in which 
either "the whole nor- f 
mal -section of a rect
angular beam, or a rect
angular area in the 
normal section of a 
beam of any figure, is 
represented in its 
strained and unstrained 
figures, with the central 
point O common to the 
two. The flexure is in 
planes perpendicular to 
Y O Y p and is concave 
upwards (or towards 
X ) , — G , the centre of curvature, being in the direotion 
indicated, but too far to be included in the diagram. 
'The straight sides A C , B D , and all straight lines parallel 
to them, of the unstrained rectangular area become con
centric arcs of circles concave in the opposite direction, 
their centre of curvature H being (articles 47, 48) for rods 
of india-rubber or gelatinous substance,or of glass or metal, 
from 2 to 4 times as far from O on one side as G is on the 
other. Thus the originally plane sides A C , B D of a rectangu
lar bar become anticlastic2 surfaces, of curvatures — and 

P 
, in the two principal sections, if or denote the ratio of 

lateral shrinking to longitudinal extension. A flat 
-rectangular, or a square, rod of india-rubber [for which o-
amounts (section 47) to very nearly \, and whioh is 
susceptible of very great amounts of strain without utter 
loss of corresponding elastic action] exhibits this pheno
menon remarkably well. 

58. Limits to the bending of Rods or Beams of hard solid 
substance.—For hard solids, such as metals, stones, glasses, 
woods, ivory, vulcanite, papier-mache, elongations and con
tractions to be within the limits of elasticity must gene
rally (section 23) be less-than ̂ fo. Hence the breadth or 
thickness of the bar in the plane of curvature must gene
rally be less than -j^r of the diameter of curvature in 
order that the bending may not break it, or give it a 
permanent bend, or strain it beyond its "limits of elas
ticity." , 

59. Exceptional case of Thin flat Spring, too much bent 
to fulfil conditions of section 57.—St Venant's theory shows 
that a farther condition must be fulfilled if the ideal 
filaments are to have the freedom to shrink or expand as ex
plained in section 57. For unless the breadth A C of the 
bar (or diameter perpendicular to the plane of flexure) be 
1 Memovrm des Savants Strangers, 1855, "De la Torsion des Prismes, 

avoc des considerations sur leur Flexion," &c. 
2 See Thomson and Tait's Natural Philosophy, vol. i. § 128. 

very small in comparison with the mean proportional 
between the radius O H and the thickness A B the 
distances from Y Y j to the comers A', C,would fall short of 
the half thickness, O E , and the distances to B', D', would 
exceed it, by differences comparable with its own amount. 
This would give rise to sensibly less and greater shortenings 
and stretchings in the filaments towards the comers than 
those supposed in the ordinary calculation of flexural 
rigidity (article 61), and so vitiate the result. Unhappily, 
mathematicians have not hitherto succeeded in solving, 
possibly not even tried to solve, the beautiful problem thus 
presented by the flexure of a broad very thin band (such as 
a watch spring) into a circle of radius comparable with a 
third proportional to its thickness and its breadth. 

60. But, provided the radius of curvature of the flexure 
is not only a large multiple of the greatest diameter, but 
also of a third proportional to the diameters in and per
pendicular to the plane of flexure; then, however great may 
be the ratio of the greatest diameter to the least, the preced
ing solution is applicable ; and it is remarkable that the 
necessary distortion of the normal section (illustrated iu 
the diagram of article 57) does not sensibly impede the 
free lateral contractions and expansions in the filaments, 
even in the case of a broad thin lamina (whether of pre
cisely rectangular section, or of unequal thicknesses in 
different parts). 

61, Flexural Rigidities of a Rod or Beam.—The couple 
required to give unit curvature in any plane' to a rod or 
beam is called its flexural rigidity for curvature in that 
plane. W h e n the beam is of circular cross section • and of 
isotropic material, the flexural rigidity is clearly the same, 
whatever be the plane of flexure through the axis, and the 
plane of the bending couple coincides with the plane of 
flexure. It might be expected that in a round bar of 
seolotropic material, suoh as a wooden rod with the annual 
woody layers sensibly plane and parallel to a plane through 
its axis, would show different flexural rigidities in different 
planes,-—in the case of wood, for example, different according 
as the flexure is in a parallel or perpendicular to the annual 
layers. This is not so, however; on the contrary, it is easy 
to show, by an extension of St Venant's theory, that in the 
case of the wooden-rod the flexural rigidity is equal in all 
planes through the axis, and that the plane of flexure 
always agrees with the plane of the bending couple, and to 
prove generally that the flexure of a bar -of fflbiotropic 
substance, and composed it may be of longitudinal fila
ments of heterogeneous materials, is precisely the same as 
if it were isotropic, and that its flexural rigidities are 
calculated by the same rule from its Young's modulus, 
provided that the teolotropy is not such as (section 8l) 
to give rise to alteration of the angle between the length 
and any diameter perpendioular to the length when weight 
is hung on the rod, or on any longitudinal filament cut 
from it. Excluding then all cases in which there is any 
such oblique seolotropy, we have a very simple theory for 
the flexure of bars of any substance, whether" isotropic or 
seolotropic, and whether homogeneous or not homogeneous 
through the cross section. 

62. Principal Flexural Rigidities and Principal Planes 
of Flexure of a Beam.—The flexural rigidity of a rod is 
generally not equal in different directions, and the plane of 
flexure does not generally coincide with the plane of the 
bending couple. Thus a flat ruler is much more easily bent 
in a plane perpendicular to its breadth than in the plane of 
its breadth; and if we apply opposing couples to its two 
ends in any plane through its axis not either perpendicular 
or parallel to its breadth, it is obvious that the plane in 
which the flexure takes place will be more inclined,to the 
plane of the breadth than to the plane of the bending 
couple. Very elementary statical theory, founded on Sfc 
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Venant's conclusions of section 57, shows that, whatever 
the shape and the distribution of matter in the cross section 
of the bar, there are two planes at right angles to one 
another such that if the bar be bent in either of these 
planes the bending couple will coincide with the plane of 
flexure. These planes are called principal planes of flexure, 
and the rigidities of the bar for flexure in these planes are 
called its principal flexural rigidities. W h e n the principal 
flexural rigidities are known the flexure of the bar in any 
plane oblique to the principal planes is readily found by 
supposing it to be bent in one of the principal planes and 
simultaneously in the other, and calculating separately the 
couples required to produce these two component flexures. 
The positions of the principal planes of flexure, the relative 
flexural rigidities, and the law of elongation and contraction 
in different parts of the cross section, are found according 
to the following simple rules :— 
(1.) Imagine an infinitely thin plans disc of the same shape and 

size as the cross section loaded with matter in simple proportion 
to the Young's modulus indifferent parts of the cross section. Let 
the quantity of matter per unit area on any point of the disc be 
equal to the Young's modulus on the corresponding point of the rod 
when the material is heterogeneous : on the other hand, when the 
material is homogeneous it is more convenient to call the quantity 
of matter unity per unit area of the disc. Considering different 
axes iu the plane of the disc through its centre of inertia, find the 
two principal axes of greatest and least moments of inertia, and 
find the moments of inertia round them. 
(2.) In whatever phme the bar be bent it will experience neither 

elongation nor contraction in the filament which passes through 
the centres of inertia of the cross sections found according to rule 
(1), nor" in the diameter of the cross section perpendicular to the 
plane of flexure. 

(3.) Thus all the parlioles which experience neither elongation 
nor contraction lie in a surface cutting the plana of flexure 
perpendicularly, through the centres of inertia of the cross 
sections. All the material on the outside of this cylindrical surface 
is elongated, and all on the interior is contracted, in simple propor
tion to distance from it: the amount of the elongation or contrac
tion being in fact equal to distance from this neutral surface 
divided by the radius of its curvature. 
(4.) Hence it is obvious that the portions of the solid on the two 

sides of any cross section must experience mutual normal force, 
palling them towards one another in the stretched part, and press
ing them from one another in the condensed part, and that the 
amount of this negative or positive normal pressure per unit of 
area must be equal to the Young's modulus at the place, multiplied 
into the Tatio of its distance from the neutral line of the cross 
section to the radius of curvature. 
The sum of these positive and negative forces over the 
whole area of the cross section is zero in virtue of condition 
(2). Their couple resultant has its axis perpendicular to 
the plane of curvature when this line is either of the 
principal axes (3) of the cross section j and its moment is 
clearly equal to the moment of inertia of the material disc 
(1) divided by the radius of curvature. Hence the 
principal flexural rigidities are simply equal to the principal 
moments of inertia of this disG; and the principal flexural 
planes are the planes through its principal axes and the 
length of the bar; or taking the quantity of matter per 
unit area of the disc unity for the case of a homogeneous 
bar, w b have the rule that the principal rigidities are equal 
to the product of the Young's modulus into the principal 
moments of inertia of the cross sectional areas, and the 
principal planes of flexure are the longitudinal planes 
through the principal axes of this area. 

63. L a w of Torsion.—-One of the most beautiful 
applications of the general equations of internal equilibrium 
of an elastic solid hitherto made is that of M . de St Venant 
to " the torsion of prisms:" In this work the mathematical methods invented b y Fourier for the solution of problems regarding conduction of heat .have been most ingeniously and happily applied by St Venant to the problem of torsion. To reproduce St Venant's mathematical investigation here would make this article too long (it occupies 227 quarto 

pages of the Memoires des Savants Mrangers) ; but a 
statement of some of the chief results is given (sections 
65-72), not only on account of their strong scientific 
interest, but also because they are of great practical value 
in engineering; and the reader is referred to Thomson and 
Tait's Natural Philosophy, sections 700-710, for the proofs 
and for further details regarding results, but m u c h that is 
valuable and interesting is only to be found in St Venant's 
original memoir. 

64. Torsion Problem stated and Torsional Rigidity 
defined.—To one end of a long, straight prismatic rod, wire, 
or solid or hollow, cylinder of any form, a given couple is 
applied in a plane perpendicular to the length, while the 
other end is held fast : it is required to find the degree of 
twist produced, and the distribution of strain and stress 
throughout the prism. The amount of the twist per 
unit length divided by the moment of the couple 
is called the torsional rigidity of the rod or prism. 
This definition is founded simply on the extension 
of Hooke's law to torsion discovered experimentally 
by Coulomb, according to which a rod or wire when 
twisted within limits of torsional elasticity exerts a 
reactive couple in simple proportion to the angle through 
which one end is turned relatively to the other. The 
internal conditions to be satisfied in the torsion problem are 
that the resultant action between the' substance on the two 
sides of any normal section is a couple, in the normal piano, 
equal to the given couple. This problem has not hitherto 
been attacked for seolotropic solids. Even such a case as 
that of the round wooden rod (section 61) with annual 
layers sensibly parallel to a plane through its length, will, 
when twisted,, experience a distribution of strain compli
cated much by its seolotropy.. The following statements 
of results are confined to rods of isotropic material. 

65. Torsion of Circular Cylinder.—For a solid or hollow 
circular cylinder, the solution (given first, w e believe, by 
Coulomb) obviously is that each circular normal section 
remains unchanged in its own dimensions,' figure, and 
internal arrangement (so that every straight line of its 
particles remains a straight line of unchanged length), but 
is turned round the axis of the cylinder through such an 
angle as to give a uniform rate of twist equal to the applied 
couple divided by the product of the moment of inertia of 
the circular area (whether annular or complete to the 
centre) into the modulus of rigidity of the substance. 

For, if we suppose the distribution of strain thus specified 
to be actually produced, by whatever application of stress 
is necessary, w e have, in every part of the substance, a 
simple shear parallel to the normal section, and perpen
dicular to the, radius through it. : The elastic reaction 
against this requires, to balance it (section 43), a simple 
distorting stress consisting of forces in the normal section, 
directed as the shear, and others in planes through the axis, 
and directed parallel to the axis, The amount of the shear 
is, for parts of the substance at distance r from the axis, 
equal obviously to rr, if t be the rate of twist reckoned in 
radians per unit of length of the cylinder. Hence the 
amount of the tangential force in either set of planes is nrr 
per unit of area, if n be the rigidity of the substance. 
Hence there is no force between parts of the substance' 
lying on the two sides of any element of any circular 
cylinder coaxal with the bounding cylinder or cylinders; 
and consequently no force is required on the cylindrical 
boundary to maintain the supposed state of strain. A n d 
the mutual action between'the parts of the substance on the 
two sides of any normal plane. section consists of force in 
this plane, directed perpendicular to the radius through each 
point, and amounting to nrr per unit of area. The moment 
of this distribution of force round "the axis of the cylinder 
is (if do- denote an element of the area) nrffdur2, or tha : C' 
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product of nr into the moment of inertia of the area round 
the perpendicular to its plane through its centre, whichX.is 
therefore equal to; the moment of the couple applied at 
either end. . .r 

66. Prism of any shape constrained to a Simple Twist.— 
Farther, it is easily proved that if a cylinder or prism of any 
shape be compelled to take:exactly the state of strain above 
specified (section 65) with the line through the eentres of 
inertia of the normal sections, taken instead of the axis of 
the cylinder, the mutual action between the parts of it on 
the two sides of any normal section will be a couple of 
which the moment will be expressed by the same formula, 
that is, the product'of the rigidity, into the rate of twist, 
into the moment of inertia of the section round its centre 
of inertia. But for any other shape of prism than a solid 
or symmetrical hollow circular cylinder, the supposed state 
of strain requires,' besides the terminal opposed couples, 
force parallel to the length of the prism, distributed over 
the prismatic boundary, iri proportion to the distance P E 
along the tangent, from each point of the surface, to, the 
point in which this line is cut by a perpendicular to it 
from O the centre of inertia of the normal section. To 
prove this let a normal section of the prism be represented 
in the annexed diagram (fig. 6). Let P K , representing the 
shear at any point P, close 
to the prismatic boundary, 
be resolved into P N and P T 
along the normal and'tangent 
respectively,''.. The . whole, 
shear P K being equal to ir 
its component P N is equal 
to rr sin a> or t. PE. . The 
corresponding component of 
the required stress is nr. P E , 
and involves equal forces in 
the plane of the diagram, arid' in the plane through T P 
perpendicular to it, each amounting to m . P E per unit of 
area. " , ' - '.'•'' 

A n application of force equal and opposite to the distri
bution thus found over the prismatic boundary, Would of 
course alone produce in the prism, otherwise free," a state 
of strain which, compounded with that supposed above, 
would give the state of strain actually produced by the sole 
application of balancing couples to the two ends. The re
sult, it is easily seen, consists of an increased twist, together 
with a warping ' of naturally plane'normal sections, by 
infinitesimal displacements perpendicular to themselves, into 
certain surfaces of anticlastic curvature, with equal opposite 
curvatures.; In bringing forward this theory, St Venant not 
only pointed out the falsity of the supposition admitted by 
several previous writers,' and, used in practice fallaciously by 
engineers, that Coulomb's law holds for other forms of prism 
than the solid or hollow circular cylinder, but he discovered 
fully the nature of the requisite correction, reduced the de
termination of it to a problem of pure mathematics, worked 
out the solution for a great variety of important and curious 
cases, compared the results with' observation in a manner 
satisfactory and interesting to the naturalist, and gave con
clusions of great value to the practical engineer.' 
. 67. " Hydrokinetic Analogue to Torsion Problem.1-—Wp j 
.take advantage of the identity of mathematical conditions 
in St Venant's torsion problem, and a hydrokinetic problem 
first solved a few years earlier by Stokes,2 to give the 
following statement, which will,be found very useful in 
estimating deficiencies' in 'torsional'rigidity', below'(the 
amount calculated from the fallacious extension of Coulomb's j 
law :—•' 

Fig 

"Conceive a liquid of density a completely filling a closed 
infinitely light prismatic box of the same shape within as 
the' giyeri elastic prism and of length' uhityj and let a couple 
be applied to the box in a plane perpendicular to its length. 
The effective moment of inertia of the liquid3 will be equal 
to the correction by which the torsional rigidity of the 
elastic prism, calculated by the false extension of Coulomb's 
law, must be diminished to give the true torsional rigidity. 
" Farther,: the' actual sAear of the solid, in any infinitely 

thin plate of it between two normal sections, will at- each 
point be, when reckoned as a differential sliding (section 43) 
parallel to their planes,-equal to and in the "same direction as 
the velocity of the liquid relatively to the containing box." 

68. Solution of Torsion Problem.—To prove these pro
positions and investigate the mathematical equations of the 
problem, the process followed in Thomson and Taif's 
Natural Philosophy, section 706, is first to show that the 
conditions...of--sections 63 .are verified by.a;state of strain 
compounded of (1)'a'simple twist round the line through 
the centres of inertia, and (2) a distortion of each normal 
section by infinitesimal displacements perpendicular to its 
plane; then find the interior and surface equations to de
termine this warping ; and lastly, calculate the actual 
moment of the couple to which the mutual action betweerl 
the matter on the two .sides of any normal section is 
equivalent. 

69.' St Venant's treatise abounds in beautiful and 
instructive graphical illustrations of his results, from which 
the following are'selected ;—," 

(1.) Elliptic Cylinder.—The plain and dotted curvilineaj 
arcs are (fig. 7) "con; 
tour lines " (coupes _ y 
topographiques) of t^L*. 
the section as warped 
by torsion;- that is 
to say, lines in which 
it is cut by a series 
of parallel; planes, 
each ' perpendicular 
to the' axis. The 
arrows indicate, the 
direction.of;rotation., -.. .. Kg. 7. 
in the part of the prism above .the plane of the diagram. 

Y/ 

1 Extracted from Thomson and Tait, sections 704,- 705. 
8 ""On some cases of Fluid'Motioh,"—Gd/mb'. Phil.'Trans., 1843. 

Kg- 8, 

3." That is, the .moment of. inertia, of a rigidsolid which, as will be 
proved in vol. ii.; may be fixed within the box, if the liquid be removed, 
tb'niake its motions the same as they are with the liquid in :t." 
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(2.) C o n t o u r lines f o r S t Venant's " etoiie a quatre points 
arrondis."—This diagram (fig. 8) shows the contour lines, 
in. all respects as in case (1), for the case of a prism haying 
,for section the figure indicated. The portions of curve 
outside the continuous, closed curve are merely indications 
of mathematical extensions irrelevant to the physical 
problem. 

(3.) Contour lines of normal section of triangular prism, 
as warped by torsion, shown as in case (1) (fig. 9 . 

Fig. 9. 

(4.) Contour lines of normal sections of square prisms as 
warped by torsion (fig. 10). 

Kg. 10. 

, (5.) Diagram of St Venanfs curviliiieal squares for which 
, torsion problem is algebraically solvable.—-This diagram 
(fig. 11) shows the series of lines represented by the equation 
x1+y2 — a(xi — 6x2y2+y*) = 1 — a, ' with " the ' indicated 
values for a. It is remarkable that the values a = 0 -5 and a = 
— i( s/2 - 1) give similar but not equal curvilineal squares 
(hollow sides and acute angles), one of them turned through 
half a right angle relatively to the other. . u 

70.. Torsional Rigidity less in proportion to sum of 
principal Flexural Rigidities than according to. false 
', extension (section 66) of Coulomb's Law.—Inasmuch as the 
moment of inertia of a plane area about an. axis through its 
centre of inertia perpendicular to its plane is obviously 
equal to the sum of its moments of inertia round any two 
axes through the same point at right angles to one another 
in its plane, the fallacious extension "of Coulomb's law, 
referred to in section 66, would make the torsional rigidity 
of a bar of any section equal to the product of the ratio 
of the modulus of rigidity to the Young's modulus into 
the sum of its flexural rigidities (section 61) in any two 
planes at right angles to one another through its length. 
The true theory, as we have seen (section 67), always gives 
a torsional rigidity less than this. H o w great the deficiency 

m a y be expected to be in cases in which the .figure of the 
section presents projecting angles, or considerable pro
minences (which m a y be imagined from the hydrokinetic 

analogy given.in.section 67), has been pointed out by M . 
de St Venant, with the important practical application, 
that strengthening ribs, or projections (see, for instance, 
the second of the annexed diagrams), such as are intro
duced in engineering to giyestiffiness^ to, beams, have the 
reverse of, a good effect .when torsional rigidity or strength 
is an object, although they, are truly of. great value in 
increasing the flexural rigidity, and giving strength to bear 
ordinary strains, which are always more or Jess flexural. 
With remarkable ingenuity and mathematical skill he has 
drawn beautiful illustrations - of this important practical 
principle from hia algebraic andtranscendental solutions. 

(i.) Square with curved (3.) Star with four 
(5.) Rectilineal corners and hollow Square with arate. rounded points, Eqiavû tera 

sc.ua.-e. sides;; being curve, - ^ s a n d h o U o w ^ f J u T ^ l «<>ng,e. a=0-4, of § 788 (3). the eighth degree 
L5 707 (35)]. 

•84346. 
•88326 

7783. 
8276. 

•5374. 
•6745. 

•60000. 
•72.552. Via. 12.—Diagrams showing torsional rigidities. 

T h u s , for a n equilateral triangle, a n d for the rectilineal a n d 
three curvilineal squares shown in the diagrams (fig. 12), he 
finds for the torsidrial"rigidities ;the values;stated. The 
number immediately below the diagram indicates in each 
case the fraction which the true torsional rigidity is of the 
old fallacious estimate (section 66),—the latter being the 
product of the rigidity of the substance into the moment of 
inertia of the cross section round an axis perpendicular to 
its plane through its centre of inertia. • The second number 
indicates in. each case the'fraction which the torsional 
rigidity is of that of a solid circular cylinder- of the same 
sectional area. 

71. Places of greatest Distortion in Twisted Prisms.—M. 
de St Venant also calls attention to a conclusion from his 
solutions which to many m a y be startling, that in his 
simpler cases the places of greatest distortion are those 
points of the boundary which are nearest to the axis of the 
twisted prism in each case, and the places of least distortion 
those farthest from it. Thus- in the elliptic cylinder the 

http://sc.ua.-e
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substance is most strained at the ends of the smaller 
principal diameter, and least at the ends of the greater. 
In the equilateral triangular and square prisms there are 
longitudinal lines of maximum strain through the middles 
of the sides. In the oblong rectangular prism there are 
two lines of greater maximum strain through the middles 
of the broader pair of sides, and two lines of less maximum 
strain through the middles of the narrow sides. The strain 
is, as we may judge from the hydrokinetic analogy, ex
cessively small, but not evanescent, in the projecting 
ribs of a prism of the figure shown in (2) of section 69. 
It is quite evanescent infinitely near the angle, in the 
triangular and rectangular prisms, and in each other 
case, a3 (5) of section 69, in which there is a finite angle, 
whether acute or obtuse, projecting outwards. This 
reminds us of a general remark we have to make, although 
consideration of space m a y oblige us to leave it without 
formal proof. 

72. Strain at Projecting Angles, evanescent; at Re-entrant 
Angles, infinite; Liability to Cracks proceeding from Re
entrant Angles, or any places of. too sharp concave curva
ture.—A solid of any elastic substance, isotropic or 
seolotropic, bounded by any surfaces presenting projecting 
edges or angles, or re-entrant angles or edges, however 
obtuse, cannot experience any finite stress or strain in the 
neighbourhood of a projecting angle (trihedral, polyhedral, 
or conical); in the neighbourhood of an edge, can only 
experience simple longitudinal stress parallel to the neigh
bouring part of the edge; arid generally experiences infinite 
stress and strain in the neighbourhood of a re-entrant edge 
or angle ; when influenced by any distribution of force, 
exclusive of Burface tractions infinitely near the angles or 
edges in question. A n important application of the last 
part of this statement is the practical rule, well known in 
mechanics, that every re-entering edge or angle ought to 
be rounded, to prevent risk of rupture, in solid pieces 
designed to bear stress. A n illustration of these principles 
is afforded by the concluding example of torsion in Thomson 
and Tait's section 707 j in which we have the complete 
mathematical solution of the torsion problem for prisms of 
fan-shaped sections, such as the annexed forms (fig. 13). 

(3.) (4.) 
Fig. 18. 

The solution shows that when the solid is continuous from 
the circular cylindrical surface to its axis, as in (4), (5), 
(6), the strain is zero or infinite according as the angle 
between the bounding planes of the solid is less than or 
greater than two right angles as in cases (4) and (6) 
respectively. 

73. Changes of - Temperature produced by Compressions 
or Dilatations of a Fluid and Stresses of any kind in an 
Elastic Solid.—From thermodynamic theory1 it is concluded 
that cold is produced whenever a solid is strained by oppos
ing, and heat when it is strained by yielding to, any 
elastic force of its own, the strength of which would 
diminish if the temperature were raised ; but that, on the 
contrary, heat is produced when a solid is strained against, 
and cold when it is strained by yielding to, any elastic 
force of its own, the strength of which would increase if the 
temperature were raised. "When the strain is a condensa
tion or dilatation, uniform in all directions, a fluid m a y be 
1 W. Thomson on " Thermo-elastic Properties of Matter," in 
Quarterly- Journal of Mathematics, April 1855 (republished in Phil. 
Mag. 1877, second half year.) 

included in the statement. Hence the following propo
sitions :—-

(1.) A cubical compression of any elastic fluid or solid 
in an ordinary condition causes an evolution of heat; but, 
on the contrary, a cubical compression produces cold in any 
substance, solid or fluid, in such an. abnormal state that it 
would contract if heated while kept under constant pressure. 
Water below its temperature (3°-9 Cent.) of maximum 
density is a familiar instance. (See table of section 76.) • 

(2.) If a wire already twisted be suddenly twisted 
further, always, however, within its limits of elasticity, cold 
will be produced; and. if it be allowed suddenly to 
untwist, heat will be evolved from itself (besides heat 
generated externally by any work allowed to be wasted, 
which it does in untwisting). It is assumed that the 
torsional rigidity of the wire is diminished by. an elevation 
of temperature, as the writer of this article had found it to 
be for copper, iron, platinum, and other metals (compare 
section 78). 

(3.) A spiral spring suddenly drawn out will become 
lower in temperature, and will rise in temperature when 
suddenly allowed to draw in. [This result has been ex
perimentally verified by Joule (" Thermodynamic Proper
ties of Solids," Trans. Roy. Soc., 1858) and the amount of 
the effect found to agree with that calculated, according to 
the preceding thermodynamic theory, from the amount of 
the weakening of the spring which he found by experiment.] 

(4.) A bar or rod or wire of any substance with or with 
out a weight hung on it, or experiencing any degree 
of end thrust, to begin with, becomes cooled if suddenly 
elongated by end pull or by diminution of end thrust, and 
warmed if suddenly shortened by end thrust or by diminu
tion of end pull; except abnormal cases in which with 
constant end pull or end thrust elevation of temperature 
produces shortening; in every such case pull or diminished 
^thrust produces elevation of temperature, thrust or di
minished pull lowering of temperature. 

(5.) A n india-rubber band suddenly drawn out (within 
its limits of elasticity) becomes warmer; and when allowed 
to contract, jt becomes colder. A n y one may easily verify 
this curious property by placing an india-rubber band in 
slight contact with the edges of the lips, then suddenly 
extending it—it becomes very perceptibly warmer: hold 
it for sometime stretched nearly to breaking, and then 
suddenly allow it to shrink—it becomes quite -startingly 
colder, the cooling effect being sensible not merely to the 
lips but to the fingers holding the band. . The first published 
statement of this curious observation is due to Gough 
(Memoirs of the Literary and Philosophical Society of Man
chester, 2d series, vol. i. p. 288), quoted by Joule in his 
paper on " Thermodynamic Properties of Solids " (Transac
tions of Royal Society, 1858). The thermodynamic con
clusion from it is that an india-rubber band, stretched by a 
constant weight of sufficient amount hung on it, must, when 
heated, pull up the weight, and, when cooled, allow the 
weight to descend: this Gough, independently of thermo
dynamic theory, had found to be actually the case. The 
experiment any one can make with the greatest ease 
by hanging a few pounds weight on a common india-
rubber band, and taking a red-hot coal in a pair of tongs, 
or a red-hot poker, and moving it up and down close to the 
band. The way in which the weight rises when the red-
hot body is near, and falls when it is removed, is quite 
startling. Joule experimented on the amount of shrinking 
per degree of elevation of temperature, with different 
weights hung on a band of vulcanized india-rubber, and 
found that they closely agreed with the amounts calculated 
by Thomson's theory from the heating effects of pull, 
and cooling effects of ceasing to pull, which he had 
observed in the same piece of india-rubber. 
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74. The thermodynamic theory gives one formula1 by 
which the change of temperature in every such case m a y be 
calculated when the other physical properties are k n o w n : — 

fl- tep • 

where 0 denotes the elevation of temperature produced by 
. the sudden application of a stress p ; 
t, the temperature of the substance on the absolute 
thermodynamic scale,2 the change of temperature 0 being 
supposed to be but a very small fraction of t; 
e, the geometrical effect (expansion or other strain) produced 
by an elevation of temperature of one degree when the body 
is kept under constant stress ; 
K , the specific heat of the substance per unit mass under 
constant stress; 
o, tbe density; 
and J, Joule's equivalent (taken as 42400 centimetres). 
In using the formula for a fluid, p must be normal pressure 
equal in all directions, or normal pressure on a set of 
parallel planes, or tangential traction on one or other of the 
two sets of mutually perpendicular parallel planes which 
(section 43) experience tangential traction when the body 
is subjected to a simple distorting stress; or, quite 
generally, p m a y be the propeT numerical reckoning 
(Mathematical Theory, chap, x.) of any stress, simple or 
compound W h e n p is pressure uniform in all directions, 
e must be expansion of bulk, whether the body expands 
equally in all directions or not. W h e n p is pressure per
pendicular to a set of parallel planes, e must be expansion 
in the direction opposed to this pressure, irrespectively of 
any change of shape not altering the distance between the 
two planes of the solid perpendicular to the direction of p. 
W h e n p is a simple tangential stress, reckoned as in section 
43, e must be the change, reckoned in fraction of the radian, 
of the angle, infinitely nearly a right angle, between the 
two sets of parallel planes in either of which there is the 
tangential traction denoted by p. In each of these cases p 
is reckoned simply in units of force per unit of area Quite 
generally p m a y be any stress, simple or compound, and e 
must be the component (Math. T h , chaps, viii. and ix.) 
relatively to the type of p, of the strain produced by an 
elevation of temperature of one degree when the body is 
kept under constant stress. The constant stress for which 
K and e are reckoned ought to be the mean of the stresses 
which the body experiences with and without p. Mathe
matically speaking, p is to be infinitesimal, but practically 
it m a y be of any magnitude moderate enougb not to give 
any~ sensible difference in the value of either K or e, 
whether the " constant stress " be with p or without p, or 
with the m e a n of the two: thus for air p must be a small 
fraction of the whold pressure, for instance a small fraction 
of one atmosphere for air at ordinary pressure; for water or 
watery solutions of salts or other solids, for mercury, for 
oil, and for other k n o w n liquids p may, for all w e know, 
amount to twenty atmospheres or one hundred atmospheres 
without transgressing the limits for which the preceding 
formula is applicable. W h e n the law of variation of K 
and e with pressure is known, the differential formula is 
readily integrated to give the integral amount of the change 
of temperature produced by greater stress than those for 
1 "W. Thomson, "Dynamical Theory of Heat" (§ 49) 

R.S.iS., March 1851, and " Thermoelastic Properties of Matter," 
Quarterly Journal of Mathematics, April 1855 (republished Phil. 
Mag. 1877, second half year). 
3 Ibid., Part vi. §§ 97, 100, Trans. R.S.E., May 1854. Accord

ing to the scale there defined on thermo dynamic principles, inde
pendently of the properties of any particular substance, t is found, 
by Joule and Thomson's experiments, to agree very approximately 
with temperature centigrade, with 274° added. 

which the differential formula is applicable. For air and 
other permanent gases Boyle's law of compression and 
Charles's law of thermal expansion supply the requisite 
data with considerable accuracy up to twenty or thirty 
atmospheres. The result is expressed by the formula 

¥-(r?T • • • • (L) 
where k denotes the ratio of the thermal capacity, pressure 
constant, to the thermal capacity, volume constant, of the 
gas, a number which thermodynamic theory proves to be 
approximately constant for all temperatures, and densities, 
for any fluid approximately fulfilling Boyle's and Charles's 
laws; 
P and t the initial pressure and temperature of the gas; 
p the sudden addition to the pressure; 
and, as before, 6 the elevation of temperature. 

For the case of p a small fraction of P the formula gives 
e=(k-i)^t .... (.2.) 

It is by an integration of this formula that (1) is obtained. 
For common air the value of k is very approximately 

1'41. Thus if a quantity of air be given at 15° C. (t = 
289°) and the ordinary atmospheric pressure, and if it be 
compressed gradually up to 32 atmospheres, or dilated to 
^ of an atmosphere, and perfectly guarded against gain or 
loss of heat from or to without, its temperature at several 
different pressures, chosen for example, will be according 
to the following table of excesses of temperature above the 
primitive temperature, calculated by (1). 

Table showino Effects of Phessuke on Tempeeattjbe. 
Air given at temperature 15° Cent. (289° absolute). 

7̂-n1„D „* '.Elevation of temperature 
pJS produced by com-
"•"̂* j presBion. 2 
4 
8 

16 -
32 

95° 
221 
389 
612 
911 

Value of 
F+P-

i 
i 
i 
1 

Lowering of temperature' 
produced- by dilata- | 

tion. 71° 
125 
166 
196 
219 

But w e have no knowledge of the effect of pressures of 
several thousand atmospheres in altering the expansibility 
or specific heat in liquids, or in fluids which at less heavy 
or at ordinary pressures are " gases." 

75. W h e n change of temperature, whether in a solid 
or a fluid is produced by the application of a stress, the 
corresponding modulus of elasticity will be greater in virtue 
of the change of temperature than what m a y be called the 
static modulus defined as above, on the understanding that 
the temperature if changed by the stress is brought back to 
its primitive degree before the measurement of the strain is 
performed. The modulus calculated on the supposition 
that the body, neither losing nor gaining heat during the 
application of the stress and the measurement of its effect, 
retains the whole change of temperature due to the stress, 
will be called for want of a better name the kinetic modulus, 
because it is this which must (as in Laplace's celebrated 
correction of Newton's calculation of the velocity of sound) 
be used in reckoning the elastic forces concerned in waves 
and vibrations in almost all practical cases. T o find the 
ratio of the kinetic to the static modulus remark that e6, 
according to the notation of section 74, is the diminution 
of the strain due to the change of temperature 8. Hence 
if M denote the static modulus (section 41), the strain 
actually produced by it when the body is not allowed either 
to gam or lose heat is ^ - e6, or, with 6 replaced by its 
value according to the formula of section 74, 
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p tep 
• • M.~eJKp' 

Dividing p b y this expression w e find for the kinetic 
modulus 

W = -. ] 

m' 
Hence 

M' 
M." 

te* 
"jKp-

I 
tfM. 
'JKp' 

76. For any substance, fluid or solid, it is easily proved, 
without'thermodynamic theory, that " 

M' = K 
M N; 

where K denotes the thermal capacity of a stated quantity 
of the substanee under constant stress, and N its thermal 
capacity under constant strain (or thermal.capacity when 
the body is prevented from change of shape or' change of 
volume). For permanent gases, and generally.for fluids 
approximately fulfilling Boyle's and Charles's laws as" said 
above, k is proved by thermodynamic theory to be approxi
mately constant. Its value for all gases for which it has 
been measured differs largely from unity, and probably alsp 
for liquids generally (except water near its temperature of 
maximum density). 

On the other hand, for solids whether the stress con
sidered be uniform compression in all directions or of any 

TVT' TC 
other type, the value of ̂ - or ̂  differs but very -little 
from unity; and both for solids and liquids it is far from 
constant at different temperatures (in the case of water it is 
zero at 3°-9 Cent., and varies as the square of the difference 
of the temperature from 3°-9 at all events for moderate 
differences from this critical temperature, whether above or 
below it). The following tables show the value °f ^T or Jj > 
and the value of $ by the formula of sec. 74, for different 
fluid and solid substances at the' temperature 15° Cent. 
(289° absolute scale). The first table is for compression 
uniform in all directions; , the second, necessarily confined 
to solids, is for the stress dealt with in ", Young's Modu
lus," that is, normal pressure (positive or negative) on one 
set of parallel planes, with perfect freedom to expand or 
contract in all directions in these planes. - A wire or rod 
pulled longitudinally is a practical application of the 
latter. 

Thermodynamic Table I. 
Pressure equal in all directions—Ratio of Kinetic to Static Bulk-

Modulus. Temperature 15° 0. (289° absolute) J = 42400 centi-
• metres. -- Substance. 

Air . . . 
Distilled 
water . 

Alcohol . 
Ether . . 
Mercury . 
Glass, flint 
-drawn . 

Iron . . 
Copper 

Density. 

•001225 

1-000 
•795 
•7005 

13-66 
2-942 
8-471 
7-677 
8-843 

Thermal 
Capacity 
per unit 
mass 
= K. 

•2875 

1-000 
•sua 
•5157 
•0380 
•1770 
•09891 
•1098 
•0949 

Expan
sibility 
— e. 

•00346 

•00016 
•00106 
'00155 
•00018 
•000026 
•0000545 
•0000395 
•0000545 

Eleyation 
of Tempera
ture pro
duced by a 
pressure 
of one 
gramme 
per square 
oentimetre 

te _ 
~JKp 

:0824 

•000011 
•0000148 
'0000292 
•0000274 
•000000340 
•000000406 
•000000819 
•000000443 

. Static 
- Bulk; 
Modulus m 

per 
square 
centi
metre 
= M . 

1033 

22-63x10" 
11-4x10' 
8-07x10° 
552-5x10" 
423x10" 
1063x10" 
1485x10= 
1717x10" 

Deduced 
value of 
M' K 
M orN 
/ ' le*K\-* 

= V~JKp/. 

1-41 

1-0040 
1-22 
l'S77 
1-375 
1-00375 
1-028 
1*19 
1-043 

Thermodynamic-Table II. 
Pressure parallel to one direction in a solid—Ratio of Kinetic to 

Static Young's Modulus. Temperature! 15° C. (289? absolute). 

.Substance. 

Zinc . . 
Tin . . . 
SUver . . 
Copper 
Lead . . 
Glass . . 
Iron . . 
Platinum . 

Density 

7-008 
7-404 
10-369 
8-983 
11-215 
2-942 
7-553 
21-275 

,Thermal 
Capacity 
per unit 
mass 
=K. 
0927 
0514 
0557 
0949 
0293 
177 
1098 
0314 

: 

Expan
sibility 
= e. 

•0000249 
•000022-
•000019 
•000018 
•000029 
•0000086 
•000013 
•0000086 

- Lowering 
of Tempera
ture pro
duced by a 
- pull-
; of one 
gramme 
per square 
centimetre 

'te ; 
-JKp 

•000000308 
•000000394 
•000000224 
•000000145 
•000000602 
•000000118 
•000000107 
•0000000778 

Static 
Young's 
Modulus 

in •' 
grammes 

per. ' 
square 
centi
metre 
= M . 

873x10" 
417x10" 
736x10" 
1245x10" 
177x10" 

614-4x10" 
1861X10" 
1704x10" 

Deduced 
value of. 
M'' N 
M or K ' j 
/: fc^M-v-i 

1-0080 
1-00362 
1 00315 ' 
100325 ' 
1-00310, ' 
1-000600 
1-00259 

. 1-00129 .. 

77. Experimental Results.—The following tables s h o w 
determinations.,of moduluses of compression, "oi Young's 
modulus, a n d of moduluses of rigidity b y various experi
menters a n d various methods. It will b e seen that the 
Young's moduluses obtained b y W e r t h e i m b y vibrations, 
longitudinal or, trans verse, are generally in'excess of those 
which h e found by' static extension; but the. differences 
are enormously greater.than those d u e to the heating a n d 
cooling effects of elongation. a n d contraction (section 7 6 ) , 
and are to" b e certainly reckoned as'errors of observation. 
It is probable that his moduluses determined b y static 
elongation'are minutely accurate; the discrepancies of those 
found b y vibrations are probably d u e to imperfections of the 
arrangements for carrying out the vibrational m e t h o d : — 
Table of Moduluses of. Compbessibility. 

Substance. 

Distilled water 
Alcohol 

Ether . - , • 
)» * , - , ••-,.• 

Bisulphide of carbon 
Mercury x. . 
Glass . . . 
Another specimen. 
Steel .' '. 
Iron • . . . . 
Copper . . . . 
Brass, different speci- ) 

mens . . . ) 

Moduluses 
of com

pressibility in 
grammes ' 

'per square 
centimetre. 22-63X106 
12-4 xlO6 
11-4 xlO8 
9-5 xlO6 
8-07xlO8 

16-3 xlO8 
552-5 xlO8 

423 xlb6 
354 x 108 

1876 xlO6 
1485 xlO6 
1717 x106 

Mean 
1063 x106 

Tempe
rature. 

15° 1 
0° 
15° 
0° -

14° 
14° 
15° ; 

:\ 

:::J 

!•• 

Authority. 

Amaury and 
Descamps, 
Comptes Ren-

dus, tome xvii. 
p.. 1564 (1869). 
Everett's Illus
trations of the 
Centimetre-^ 
Gramme-

SecondSystem 
of. Units. j 

( 'Wertlieini, 
•! Ann. de • 
( ChimJ,lSiS. Table of Moduluses of Rigidity. 

Substance. 
Modulus ofRlgidity 
in gramm'esjjer 
square centimetx-e. 

Glass, different specimens . 
Brass, different specimens. 
Glass . . • • 
Another specimen . . " • 
Brass, drawn . , • -. • 
Steel 
Iron, wrought . 
Copper . . • 

Mean 15.0x10° 
Mean 350 x 10° 
243 x10e 

240 x10« 
373 x108 
834 xlO8 
785 xlO8 
542 xlO8 
456 xlO6, 

Authority. 

Wertheim, 
I. Annates.. 
i de Chimie, 

1848. ' 
Everett's III. 
of the Centi

metre- Gramme-
Second .System 

of Units. 
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Table of Moduluses and Strengths. 

21 

Substance. Density. 

Iron or steel 

"Wood 
Stone . 

Slate . 

Ice 
Brass, cast . 
„ wire . 

Bronze, or gun metal 
Copper, cast 

„ sheet 
bolts 

„ . wires 
Iron, cast . 
Iron, wrought, plates 
,, „ bars and holts 

Steel, plates. 
„ bars . 

Lead, sheet. 
Tin, cast 
Zinc . 
Ash . 
Beech 
Birch . 
Cedar of Lebanon 
Fir, red pine 
Spruce 
Fir, larch 
Mahogany . 
Oak, European 
Sycamore 
Teak, Indian 
Lead, cast „ 

Tin, cast 

Cadmium, drawn 

Gold, drawn 

Silver, drawn , 

Zinc, common, drawn 

Palladium . 

Copper, dr.awn 
i* >» 

,, annealed 
ft n 
** Jf 

Platinum wire, fine 

11*215 

7-404 

8-665 

18*514 

10*369 

11-35 

21*166 

21'275 

thick 21-259 

Iron wire, comimon 
Steel, cast, drawn 

Steel wire, Knglish, 
drawn :} 

Steel -wire, common, 
tempered blue ., 

English steel, - \ 
pianoforte wire . j 
Copper wire .. .' 

7-5-53 
7-717 

7-718 

• 7-420 

7737 

8-9' 

Young's Modulus. 

Grammes 
per square 
centimetre, 

Length 
Modulus. 

Abt 2100XlO6 
f 105 X108 
( to 280 X108 
Abt 350 X 108 
( '910 XlO8 
(to 1120 XlO6 

645 X108 
1001 XlO8 
690 XlO8 

1195 XlO8 
f 984 XlO6 
(to 1610 XlO8 
2040 X108 

( 2040 XlO6 
I to. 2953 X106 
51X106 

113 XlO6 
95 X106 
116 X108 
34 X106 
118 X106 
113.X 108 
79 X106 
88 XlO6 
103 X106 
73 X106 
169 XlO8 
177 XlO6 
198 XlO6 
199 X106 

417-2 XlO6 
484 XlO6 
542 XlO6 
609 XlO6 
818 X106 
864 XlO6 
860 X106 
736 XlO6 
782 XlO6 
758 XlO6 
873 XlO6 
879 XlO6 
955 XlO6 

1175 XlO6 
1239 XlO6 
1245 XlO6 
1251 XlO6 
1254 XlO6 
1052X10° 
1183 XlO6 
1254 XlO6 
1593 X10" 
1618 X 10s 
1704x10" 
1715X106 
1716 X10" 
1581X10" 
1616x10" 
1861x10" 1955 X10" 1825 X 10" •M82X10" 1881 X-10" 2071 X lu>« 1944 X 10" 

Abt 9,000,000 ft. 
f 4,000,000 
I to 10,000,000ft. 
Abt 6,000,000 ft. 

21,000,000 ft. 

1804 X10" 

2049X10" 
f 1150X10" 
I tol200 X106 

16 x 10° cms. 

56X10" cms. 

63 X10" cms. 

, 44 X10" cms. 

71 XlO" cms. 

124 x 10" cms. 

104 x 10" cms. 

139x10° cms. 

118X10" cms. 

75 X10" cms. 

246 x 10" cms. 

244 x 10" cms. 

2fe) X 10" ems. 

265XL/1" cms. 

Tenacity in 
grammes per 

square 
centimetre. 

127X10* 
343 X10* 
252 X10* 
134X10* 
211 X 10* 
253 X 10* 
422 X 10* 

f 94X10* 
( to 204 X10* 
359X10* 

f 422 X10* 
I to 492 X10* 
563 X10* 

. f 703 X10* 
1 to 914X10* 

23X10* 
32 X 10* 

(49 to 56) XlO* 
120 X10* 
81X10* 
105 X10* 
80 X10* 
91 X 10* 
87X10* 
,68Xli* 
105X10* 
105X10* 
91X10* 
105X10* 
22 X 10* 

41-6x10* 

(266to284)Xl0* 

296X10* 

168 X10* 

272X10* 

410 X10* 

316X10* 

350 X 10* 

'625 to 651):xl0* 
838x10* 

(859 to 991) X 10* 

2362 X10* 

Length 
Modulus of 
Rupture in 
centimbtres 
(or Tenacity 
in terms of 
Weight of 
Unit-Bulk.) 

Extreme 
Elastic 
Elonga
tion, 

15 X10* 

28X10* 

23 X10* 

23 X10* 

46 X10* 

35 X 10* 

17 X 10* . 

85X10* 
108 X10* 

125 X10* 

306 X10* 

•00198 
•00344 
•00362 

•0036 
•00116 

Resilience 
per cubic 
centi

metre in 
centi
metre-

grammes. 

•001 

•0034 

•0041 

•0018 

•0023 

•0033 

•003 

•0022 

1256 
5905 

7480 
879 

512Q 

Reslli 
ence 
per 
Unit 

Mass in 
centi
metres, 

Authority, Method of 
Determination. 

•00324 
•00451 

•0106 
00853 
00905 
•0235 
00771 
0077 
00861 
0120 
0102 
0125 
00621 
0012 

1310 
618 

6370 
3465 
4752 
9410 
3510 
3347 
2927 
6265 
5352 
5670 
3262 

•0050 

250 

575 

204 

277 

756 

1450 

2945 

17600 

Dr T. Young 

Rankine's 
"Rules and 
Tables." 
Bevan.' 
Rankine's 
" Rules and 
Tables. 

I Probablyflexure 
;> (Young's Works, 
I vol. il. p. 133). 

Flexure (see § 42). 

D.M'Farlane 

By direct elong. 
„ trans, vibr. 
„ longttud. „ 
„ trans. ,, 
„ longitud. „ 
,; trans. „ 
,< long. „ 
„ direct elong. 
,* trans", vib. 
.. long. „ 
„ direct elong. 
„ trans, vib. 
,. long. „ 
„ direct elong, 
„ trans vibr. 
.. long. „ 
„ direct elong. 
„ trans, vib. 
,, direct elong. 
,, trans, vib. 
„ long. . „ 
„ direct elong. 
„ trans, vib, 
„' long. „ 
,, trans. ,. 
„ long. „ 
•„ direct elong. 
„ trans. „ 
,• long. „ 
„ trans, vib. 
,i long. „• 
,, direct elong.. 
„ ' tram. vib. 
„ . long. „ 
;; direct elong. „ trans; vib. „ long. „ „ direct, elong.' 
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78. A question of great importance in the physical theory 

of the elasticity of solids, " W h a t changes are produced 
in the moduluses of elasticity by permanent changes in its 
molecular condition," has occupied the attention, no doubt, 
of every " naturalist " w h o has studied the subject, and 
valuable contributions to its answer b y experiment had 
been given b y Wertheim and other investigators, but solely 
with reference to Young's modulus. In 1865 au investiga
tion of the effect on the torsional rigidity of wires of 
different metals, produced by stretching them longitudinally 
beyond their limits of elasticity, was commenced in the 
physical laboratory of the university of Glasgow in its old 
buildings in 1865. T h e following description of experi
ments and table of results is extracted from the paper by 
W . T h o m s o n " O n the Elasticity and Viscosity of Metals," 
already quoted (section 30), with reference to viscosity and 
fatigue of elasticity. 
" To determine rigidities by torsional vibrations, taking advan
tage of an. obvious but most valuable suggestion made to m e by 
Dr Joule, I used as vibrator in each -ease a thin cylinder of 
sheet brass, turned true outside and inside (of which, the radius of 
gravitation must be, to a very close degree of approximation, the 
arithmetic mean of' the radii of the outer and inner cylindrical 
surfaces),1 supported by a thin flat rectangular bar, of which the 
square of the radius of gravitation is one-third of the square of the dis
tance from the centre to the corner. The wire to be tested passed per
pendicularly through a hole in the middle of the bar, and was there 
firmly soldered. • The cylinder, was tied to the middle of the bar by 
light silk thread so as to hang with its axis vertical. Each wire, 
after having been suspended and stretched with just force enough to 
make it as nearly straight as was necessary for accuracy, was 
vibrated. Then it was stretched by.hand (applied to the cross 
bar soldered to its lower end) and vibrated again, and stretched 
again, and so on till it broke." The experiments were performed 
with great care and accuracy by M r Donald M'Farlane. "The 
results, as shown in the accompanying table, were most surprising." 
The highest and lowest rigidities fonud for copper in the table 

are as follows :— 
Highest rigidity 473 x 106, being that of a.wire whiGh had been 

softened by heating it to redness and plunging it into water, and 
which was iottnd to be of density 8 -91. . 

Lowest rigidity 393-4 x lu6, being that of a wire which had been 
rendered so brittle by heating it to redness surrounded by powdered 
charcoal in a crucible and letting it cool very slowly, that it could 
scarcely be touched without breaking it, and which had been found 
to be reduced in density by this process to as low as 8'674. The 
wires used were all commercial specimens-^those of copper being 
all, or nearly all, cut from hanks supplied by the Gutta _ Percha 
Company, having been selected as of high eleetriG conductivity, and 
of good mechanical quality, for submarine cables. 

It ought to be remarked that the change of molecular condition 
produced by permanently stretching a wire or solid cylinder of 
metal is certainly a change from a condition which, if originally 
isotropic, becomes seolotropic' as to some 
qualities,2 and that the changed condi
tions may therefore be presumed to be 
seolotropic as to elasticity. ' If so, the 
rigidities corresponding to the direct and 
diagonal distortions (indicated by Ho, 1 
and No. 2 in fig. 14) must in all proba
bility become different from one another 
when a wire is permanently stretched, instead of being equal as they must be when its substance is isotropic. ' It be* comes, therefore, a question of extreme interest to find whether rigidity No. 2 is not increased by this process, which, as is proved by the experiments above described, diminishes, to a very remark,. able degree,, the rigidity No. 1. The most obvious experiment, and indeed the only practicable experiment, adapted to answer this question, for a wire or round bar is that of Cagniard-Latonr, in which an accurate determination of the difference produced in the volume of the substance is made by applying and removing longitudinal traction within its limits of elasticity. With the requisite apparatus, which must be much more accurate 

No,l 
x c 

No. 2 
o 

Fig. 14. 

1 It is exactly the Bquare root of the mean of their squares. 
2 For example, see paper " O n Electrodynamic Qualities of Metals," 

Philosophical Transactions, 1856, by W . Thomson. 

than that of Cagmard-Latour, a most important and interest
ing investigation' might be made. The results, along with an 
accurate determination of the Young's modulus for the particular 
case, give (sec. 47) the modulus of compression, and the rigidity 
No. 2. Regnault suggested the use of hollow instead of solid 
cylinders, to be subjected to longitudinal pull, and (after the 
manner of the bulb and tube of a thermometer) a capillary tube 
to aid in measuring changes of volume of the hollow; and Wert
heim, adopting this excellent suggestion, obtained seemingly very 
accurate results for brass and glass, which are given in. the tables of 
section 77. Substance. 

Alumi- | 
niuniJ ( 
Zinc2 Brass 

1 
Copper 

Copper 3 
»» 

Copper * 
Copper 6 

Copper8 

Copper 7 
" 

" 
Copper ° 

Soft Iron9 

Platinum 
Gold 
Silver 

Length 
of Wire 
in centimetres. 

60-3 
-304-9 
237-7 
248-3' 
261-9 
2435-0 

214-4 
J) 

143-7 
286-8 
291 
293 
296-1 
300-0 
303-4 
309-3 
313-2 
317-4 
315-6 
235-5 
251-9 
253-2 
262-8 
-270-4 
278-7 
287-9 
297'5 
308-8 
256-5 
267-9 
280-1 
292-2 
301-9 
316-8 
322-1 
335-1 
347-4 
366-0 
39-4 
65-9 
75'7 

Volume 
in cubic 
centimetres. 

1-1845 
2-351 

1-703 
15-30 

1-348 
)) 
•9096 

1-962 

•827 
1-580 

1-6145 

1-357 
•1T45 
•1825 
•1185 

Density. 

2-764 
7-105 

8:398 
8-91 

8-864 
}) 

8-674 

8-835 

8:872 
8-91 

8-9Q 

7:6fi7 
20-805 
19-8 
10 '21 

Moment 
of 

Inertia 
of Vibra

tor W*2. 

31771 
31896 

38186 
61412 
31771 
61412 

20612 

); 

3J 

)) 
31771 
JJ ' 
JJ 

, 
.... 

20612 
10902 
10967 

Time-of 
Vibration 
one way 
or (half period) in 
seconds. 

T. 
1-14 
4-31 
4-76 
5-456 
5-96-

16-375 
20-77 
5-015 
6-982 
3-381 
4-245 
4-375 
4-417 
4-500 
4-588 
4-646 
4-833 
4-931 
5-040 
8-155 
9-425 

10-463 
5-285 
5-640 
5-910 
6-20 
6-5325 
6-8195 
7-3075 

. 4-2226 
4-5625 
4-915 
5-240 
5-532 
6-655 
6-88 
7-301 
7-768 
8-455 
2-05 

Rigidity in-
grammes weight

ier square -
' centimetre 
ST2V2 . 

241 XlO8 
359 
410 
354 
350 
448 
448 
433 
431 
393 
442 
435 
436. 
433 
434 
437 
428 
427 
425 
442 
432 
428 
472 
464 
460 
458 
455 
451 
448 
463 
453 
446 
445 
438 
791 
778 
779 
766 
756 

6 xlO6 
3 xlO6 
8 xlO8 
1 XlO6 
7 xlO6 
4 xlO6 
0 xlO6 
8 xlO.6 
4 xlO8 
9 xlO6 
6 XlO6 
2 XlO6 
8 xlO6 
0-xlO6 
8 xlO6 
6 xlO6 
5 xlO6 
9 xlO6 
3 xlO6 
2 xlO6 
6 x'lO6 
9 xlO6 
3 xlO6 
4 xlO6 
5 xlO6 
0 xlO6 
0 xlO6 
9 xlO6 
5 xlO6 
3 xlO6 
2 xlO6 
5 xlO6' 
2 xlO'' 
4 xlO6 
3 xlO6 
0 xlO6 
6 xlO6 
0 xlO6 

622'25 x 10 8 
281 xlO8' 
270 x10 6 

Remarks. 
I Only forty vibrations from initial arc of convenient amplitude 

could be counted. H a d been stretched considerably before this 
experiment. ,.\ 
2 So viscous that only- twenty vibrations could be counted 

Broke in stretching. 
3 A piece of the preceding stretched. 
4 T h e preceding m a d e red-hot in a crucible filled wiHu powdered 

charcoal and allowed to cool slowly, became very ba'ittle : a part of 
it with difficulty saved for the experiment. 

5 Another piece of the long (2435 -uentims.) wire ; stretched by 
successive simple tractions. .-.-,-. . . 
6 A finer gauge copper wire > stretched b y successive tractions. 
7 A finer gauge copper w;*re, softened by being heated to redness 

and plunged in water. A length of 260 centimetres cut from this, 
suspended, and elongated by successive tractions.. 

8 Another length of 260 centimetres cut from the same, and similarity treated- . . . , , -, i . . . .,, . » On e pieces successively elongated b y simple tractions till it broke. 
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79. The following tables show the effects of differences 
of temperature on the Young's Modulus, rigidity-modulus, 
and modulus of compressibility of various substances:— 

Substance. 

Gold 

Copper 
Platinum 
Steel, drawn, English.. 

Iron, Berry 

Density. 

11*232 
18-035 
10-304 
11-225 
8-936 

21-083 
7"622 
7-919 
7-757 

Young's Modulus in million gims. 
per square centimetre. 

15" 

178 
558 
715 
979 

1052 
1552 
1728 
1956 
2079 

100° 

163 
531 
727 

938 
1418 
2129 
1901 
2188 

200° 

548 
637 

786 
1296 
1928 
1792 
1770 

T h e above results are from Wertheim's " Memoires " on 
Elasticity, A n n . de Chim. et Phys., torn xii. (1844). 

The change in the rigidity-modulus produced by change 
of temperature was investigated by Kohlrausch. H e found 
that it is expressed, b y the formula ra = ?j0 (l-at-Bt2), 
where n0 denotes the value of the rigidity-modulus at 0° C „ 
n its value at temperatnre t, and a, B coefficients the 
values of which for iron, copper, and brass are as follows:— 

s 

0-000447 
0-000520 
0-000428 

P 
0-00000052' 
0-00000028 
0-00000136 

Moduluses of Compressibility of Water, Alcohol, and Ether at 
Different Temperatures.^-

Temp. 
Cent. 

~0° " 
1-5 
4-1 
10-8 
13-4 
14-0' 
15-0 
18-0 
25-0 
34-0 
43-0 
53-0 

Modulus of compressibility in grammes ptr 
square centimetre 

Water, 

20-6 xlO6 
20-2 XlO6 
20-7X-106 
•21-5'XlO6 
21-6 xlO6 

22-4 xlO8 
22-6 xlO6 
22-8 x 106 
23-3 xlO6 

' 23'5-xlO6 

Alcohol. 
12-4 xlO6 

11-4 xlO6 

Ether. 
9-5 xlO6 

8'07xl08 

... 

~. , 
Authority. 

For water, 
Grassi, Ann. 

de Cliim., tome 
xxxi. (1851). 

For ether and 
alcohol, 

Amaury and 
Descamp, 

Comptes Ren-
dus, tome xvii. 
p. 1564 (1869). 

80. Tempering jsoft iron by long-continued stress.— 
Preliminary experiments b y M r J. T. Bottoml'ey towards 
the investigation promised in section 5 above have dis
covered a very remarkable property of soft iron wire respect
ing its ultimate tensile strength. Eight different specimens, 
tested by the gradual application of more .and more weight 
within, ten minutes of time in each case until the wire 
broke, bore from 4 3 \ to 46 B> (average 45-2) just before 
breaking, with elongations of from 17 per cent to 22 per 
cent. Another specimen left with 43 fi> hanging on it for 
24 hours, and then tested by the gradual addition of 
weights during 25 minutes till, it broke, bore 49J ft before 
breaking, with elongation of 15 per cent. Another left 
for 3 days 11 hours 4 0 minutes with 43 ft hanging on it, 
and then tested by the gradual addition of weights during 
34 minutes till it broke, bore 51£ ft just before breaking, 
with elongation of 1 4 4 ' per cent. Another specimen of the 
same wire was set up with 40 ft hanging on it on the 5th 
ef July 1877, on the 6th of July 3 ft were added, on the 
9 th 1 \ ft more, and on the 10th f ft more, making in all 
on this date 45£ ft. Thenceforward day by day, with 
occasional intervals of two days or three days, the weight 1 The modulus seems to be a minimum near the temperature of 
maximum density. 

was increased first by half a pound at a time, and latterly 
by a quarter of a pound at a time, until on the 3d of Sep
tember the wire broke with 57£ ft (elongation not re
corded). This gradual addition of weight therefore had 
increased the tensile strength of the metal by 26'7 per cent.! 

81. Experiments m a d e for this article.—There are 
m a n y subjects in the theory of elasticity regarding which 
information to be obtained by experiment only is greatly 
wanted. Several of these have been pointed out above 
(section 21), and while this article was being put in type, 
experiments were made in the physical laboratory of the 
university of Glasgow with a view of answering some 
of the questions proposed, M r Donald M'Farlane, besides 
making the experiments referred to in sections 3 and 21, in
vestigated the effects of applying different amounts of pull 
to a steel pianoforte wire which had been twisted to nearly 
its limits of elasticity, and which was kept twisted by means 
of a couple. The results proved a deviation from Hooke's 
law by showing a diminution of the torsional rigidity, of 
about T 6 per cent,, produced by hanging a weight of 112 
ft on the wire. Of this 1-2 per cent, is accounted for by 
elongation and by shrinkage of the diameter, leaving 
•4 per cent, of diminution of the rigidity-modulus. 

It was also found that w h e n the wire was twisted far be
yond its limits of elasticity, and then freed from torsional 
stress, a weight hung on it caused it to untwist slightly. 
W h e n the weight was removed and reapplied again and 
again, the lower end of the wire always turned in the same 
direction as the permanent twist w h e n the weight was re
moved, and in the opposite direction w h e n it was applied. 
This result shows the development of seolotropic quality in 
the substance of the wire, according to which a small cube 
cut from any part of it far out from the axis, with two sides 
of the cube parallel to the length, and the other two pairs 
of sides making angles of 45° with the length, would show 
different compressibilities in the directions perpendicular to 
the laskmentioned pairs of sides. 

Another very interesting result, discovered in the course 
of these experiments, was that w h e n a length of five metres 
of the steel wire, with a weight of 39 ft hung upon it, was 
twisted to the extent of 95 turns, it became gradually 
elongated to the, extent of ^ 0 0 of the length of the 
wire ; wh e n farther twisted it began to shorten til), w h e n 
25 turns had been given (in all 120 turns), tho weight had 
risen from its lowest position through nearly 6^00 of the 
length of the wire, so that the previous elongation had" been 
diminished by about -J of its 'amount. 

Experiments were also m a d e by M r A n d r e w Gray and 
M r Thomas Gray for the purpose of determining the effects 
of various amounts of permanent twist in altering the 
rigidity-modulus and the Young's modulus of wires of 
copper, iron, and steel. A copper wire, of 3'15 metres in 
length and -154 centimetre diameter, N o . 17 B.W.G., which 
had a rigidity-modulus of 442 million grammes per square 
centimetre to begin with, was fqund to have 420 after 10 
turns, showing a diminution in the modulus of -Jj. of its 
o w n amount. The diminution went on rapidly until 100 
turns of permanent twist had been given, w h e n the 
modulus was as low as 385, The diminution of the modulus 
continued with further twist, but very slowly, Up to 1225 
turns, when the modulus was found to be 371, showing a 
diminution to the extent of -| of its original value ! There 
was little farther change until 1400 turns had been given, 
when the modulus began to increase. A t 1525 turns its 
value was 373, and at 1625 it was 377. Twenty turns 
more broke the wire before the torsional elasticity had 
been again determined, 

A piece of iron wire of nearly the same length, about 
three metres, but of smaller diameter (-087 centimetre), 
showed continued diminution of torsional tigidity as far as D 
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1350 turns of permanent twist, when the diminution had 
amounted to 14 per cent, of the primitive value, 36 turns 
more broke the wire before another determination of 
torsional rigidity had been made. 

The steel pianoforte wire also showed a diminution of 
torsional rigidity with permanent twist, and (as did the 
copper wire) showed first a diminution and then a slight 
augmentation. The amount of the diminution in the steel 
wire was enormously greater than the surprisingly great 
amount which had been discovered in the copper wire, and 
the ultimate augmentation was considerably greater in the 
steel than what it had been in the copper before rupture. 
Thus after 473 turns of permanent twist the torsional 
modulus had diminished from 751 million grammes per 
square centimetre to 414 ! 95 more turns of permanent 
twist augmented the rigidity from 414 to 430, and when 
farther twisted the wire broke before another observation 
had been made. The vibrator used in these experiments 
was a cylinder of lead weighing 56 ft, which was kept 
hanging on the wire while it was being twisted, and in fact 
during the whole of about 100 hours from the beginning of 
the experiment till the wire broke, except on two occasions. 
for a few minutes, while the top fastening which had given 
way was being resoldered. The period of vibration was 
augmented from 39'375 seconds to 51'9 seconds by the 
twist. The wire took'the twist very irregularly, some parts 
not beginning to show much signs of permanent twist till 
near the end of the experiment 

In two specimens of copper wire of the same length and 
gauge as those desoribed above, the Young's modulus was 
found to be increased 10 per cent, by 100 turns of 
permanent twist. 

Five metres of the steel pianoforte wire, bearing a 
weight of 39 ft, was in one of M r M'Farlane's experiments 
twisted 120 turns, and then allowed to untwist, and 38^ 
turns came out, leaving the wire in equilibrium with 81f 
turns of permanent twist. Its Young's modulus was then 
found not to differ as much as \ per cent, from the value 
it had before the wire was twisted. 
MATHEMATICAL THEORY OF ELASTICITY.1 
Pae^t I.—On Stresses and Strains.2 

Chapter I,—Initial Definitions and Explanations. 
Def, A stress is an equilibrating application of force to a hddy. 

Car. The stress on any part 'of a hody in equiljbrium will thus 
signify the force which it experiences from the matter touching 
that part all round, whether entirely homogeneous with itself, or 
only so across a portion of its bounding surface. 

Def. A strain is any definite alteration of form or dimensions 
experienced by a solid. 
ArampZes.—Equal and opposite forces acting at the two ends of a wire or rod 

of any substance constitute a stress upor̂ 'it. A body pressed equally all round 
—for instance, any mass touched by air on all sides—experiences a stress. A 
stone in a building experiences' stress if it is pressed upon by other stones, or by 
any parts qf the structure, in contact with it. - Any part qf a continuous solid 
mass, simply resting on a fixed base, experiences stress from the surrounding 
parts in consequence of their weight. The different parts of a ship in a" heavy 
sea experience stresses from which they are exempt when the water is smooth. 
If a rod of any substance become either longer or shorter, it is said to experi

ence a strain. If a body be uniformly cpndensed in all directions it experiences 
a strain. If a stone, a beam, or a mass of metal In a building, or in a piece of 
framework, becomes condensed or dilated in any direction, or bent, or twisted, or 
distorted in any way, it is said to experience a strain, to become strained, or 
often in common language, simply " to strain." A ship is said to "strain ' if in 
launching, or when working in a heavy sea, the different parts of it experience 
relative motions. 
Chapter H.-r^Homogeneous Stresses and Homogeneous Strains. 

Def. A stress is said to be homogeneous throughout a body when 
equal and similar portipns of the bqdy, with cprresppnding lines 
» The substance of Chap. I.-XVI. of this part of the present article was read 
before, the Boyal Society by Frof. Wm. Thomson, M.A., F.E.S.,' April 24, 1856, and published in the Transactions. Chap. XVII., containing the mathematical theory of Waves in an ajolotropie or isotropic elastic solid, is-new. 2 These terms were first definitively introduced,j'nto the Theory of Elasticity by Eankine, and have been found very valuable in wilting on the subject. It will be seen that there is a slight deviation from Rankine's definition of the word " stress." It is here applied to the direct action experienced by a body from tjio matter around it, and not, as proposed by him, to the elastic reaction of the body equal and opposite to that action. 

parallel, experience equal and parallel nressures or tensions on cor
responding elements of their surfaces. 

Cor. W h e n a body is subjected to any homogeneous stress, the 
mutual tension or pressure between the parts of it on two sides of 
any plane amounts to the same per unit of surface as that between 
the parts on the two sides of any parallel plane; and. the former 
tension or pressure is parallel to the latter. 
A strain is said to be homogeneous throughout a body, or the 

body is said to be homogeneously strained, when equal and similar 
portions, with corresponding lines parallel, experience equal and 
similar alterations of dimensions 

Cor. All the particles of the body in parallel pianes remain in par
allel planes, when the body is homogeneously strained in any way. 
Examples.—A long uniform rod, if pulled out, or a pillar loaded with a weight, 

will experience a uniform strain, except near its ends. There will be a sensible 
heterogeneousness of the strain, because of the end attachments, or other cir
cumstances preventing the ends from expanding laterally to the same extent as 
the middle does. 
A piece of cloth held iu a plane, and distorted so that a warp and woof, instead 

of being perpendicular to one another, become two sets of parallels cutting one 
another obliquely, experiences a homogeneous strain. The strain is heteroge
neous as to intensity, from the axis to the surface of a cylindrical wire under 
torsion, and heterogeneous as %o direction in different positions in a circle round 
the axis. 
Chapter III.—On the Distribution of Force in a Stress. 

Theorem.—In every homogeneous stress there is a system of 
three rectangular planes, each of which is perpendicular to the 
direction of the mutual force between the parts of the body on its 
two fides. 

For let P(X), P(Y), P(Z) denqte the components, parallel to 
X, Y, Z, ' any three rect
angular lines of reference, 
of the force experienced per 
unit of surface at any por
tion of the solid bounded by 
a plane parallel to (Y, Z ) ; 
Q(X), Q(Y), Q(Z), the corre
sponding components of the 
force experienced by any 
surface of the solid parallel 
to(Z, X);andR(X), E(Y), 
R(Z), those of the force at 
a surface parallel to (X, Y ) . 
Now, by considering the 
equilibrium of a cube pt the 
solid with faces parallel to 
the planes of reference (fig. 
15), we see that the couple 
of forces Q(Z) on its two faces perpendicular to Y is balanced by 
the couple of forces R(Y) on the faces perpendicular to Z. Hence 
we must have' 

Similarly it is seen that 

and 

Q(Z1=H(V). 
R(X) = P(Z) 

*>(*)= Q(X,l. 
For the safce of brevity, these pairs of. equal quantities (being tan
gential forces respectively perpendicular to X, Y, Z) may be 
denoted by T(X), T(Y), T(Z). 

Consider, a tetrahedral pprtion of the bo<Jy (surrounded it m a y 
be with continuous solid) contained within three planes A, B, C, 
through a point O parallel to the planes of the pairs of lines of 
reference, and a third plane K cutting these at angles a, j3, y 
respectively; so that as regards, the areas pf the different, sides we 
shall have 

A = K cc>s a, B = K cos /3, C = K cos iv. 
The forces actually experienced 6y tfye sides A, B, C have nothing 
to balance them ' except the force actually experienced by K. 
Hence thtose three force's must have a single resultant, and the 
forpe on K must be pqual and opposite to it. If, therefore, the 
force on K. per unit of surface be dpnqted by F. and its direction 
cosines by I, m, n, we have 

F.jc.; -PfXJA+T^B+TOOC, 
F.$. !)l=T(Z)A+Q(r)B+T(XJC 
F.K.re =T(Y)A+T(X)B-|-R(Z)C ; 

and, by tne lelations between the cases stated above, we deduce 
¥1 =P(X) ,coso+T(Z) cos#+T£Y) cosy 
Fm=T(Z) eosa+QOr)cosj3+T(X) cosy 
Fn =T(Y) cos a+T(X) cos/3+R(Z) cosy 

Hence the problem of finding (a, f), y), so that the force F (I, m , n) 
may be perpendicular to it, will be solved by substituting cos a, 
cos ft cos y for I, m, n in these equations.. By the elimination of 
cos o, eo^ (8, cos y from the three equations thus obtained, we have 
the well-known cubic determiuantal equation, of which the roots, 
necessarily real, lead, when no two of them are equal, to one and only one system of three rectangular axes having the stated property. 
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Def. The three lines thus proved to exist for every possible 
homogeneous stress are called its axes. . The planes of their pairs 
are called its normal planes; the mutual forces between parts of the 
body separated by these planes, or the forces on portions of the 
bounding surface parallel to them, are called the principal tensions. 

Cor. 1. The Principal Tensions of the stress are the roots of the 
determinant cubic referred to in the demonstration. 

Cor. 2. If a stress be specified by the notation P(X), & c , as ex
plained above, its normal planes are the principal clanes of the 
surface of the second degree whose equation is 

P(X)X2+Q(Y)Y2+R(Z)Z2+2T.'(X)YZ+2TCY)ZX 
and its principal tensions are equal to the reciprocals of the squares 
of the lengths of the semi-principal-axes of the same surface (quan
tities which are negative of course for the principal axis or axes 
which do not cut the surface when the surface is a hyperboloid of 
one or of two sheets). 

Cor. 3. The ellipsoid whose equation, referred to the rectangular 
axes of a stress, is 

(1 - 2eF)X*+(l -2eG)Y«+(l- 2eH)Z» = 1, 
where F, G, H denote the principal tensions, and e any infinitely 
small quantity, represents the stress, in the following manner:— 

F r o m any point P in the surface of the ellipsoid draw a line in 
the tangent plane half-way to the point where this plane is cut by 
a perpendicular to it through the centre; and from the end of the 
first-mentioned line draw a radial line to meet the surface of a 
sphere of unit radius concentric with the ellipsoid. The tension at 
this point of the surface of a sphere of the solid is in the line from 
it to the point P; and its amount per unit of surface is equal to the 
length of that infinitely small line, divided by e. 

Cor. 4. A n y stress is fully specified by six quantities, viz., its 
three principal tensions (F, G, H ) , and three angles (8, a>, if) or 
three numerical quantities equivalent to the nine direction cosines 
specifying ita axes. 
Chapter IV.—On the Distribution of Displacement in a Strain. 

Prop. In every homogeneous strain any part of the solid bounded 
by an ellipsoid remains bounded by an ellipsoid. 

For all particles of the solid in a plane remain in a plane, and 
two parallel planes remain parallel. Consequently eveiy system of 
conjugate diametral planes of an ellipsoid of the solid retain the 
property of conjugate diametral planes with reference to the altered 
curve surface containing the same particles. This altered surface is 
therefore an ellipsoid. 
"Prop. There is a single system (and only a single system, except 

in the cases of symmetry) of three rectangular planes for every 
homogeneous strain, which remain at right angles to one another in 
the altered solid. 

Def. 1. These three planes are called the normal planes of the 
strain, or simply the strain-normals. Their lines of intersection 
are called the axes of the strain. The elongations of the solid peT 
unit of length along these axes or perpendicular to these planes are 
called the Principal Elongations of the strain. 

Remark. The preceding propositions and definitions are not 
limited to infinitely small strains, but are applicable to whatever 
extent the body m a y be strained. 

Prop. If a body, while experiencing an infinitely small strain, be 
held with one point fixed and the normal planes of the strain 
parallel to three fixed rectangular planes through the point 0, a 
sphere of the solid of unit radins having this point for its centre 
becomes, when strained, an ellipsoid, whose equation, referred to 
the strain-normals through 0, is 

(1-2*)X2 + (1-2«Y* + (l-2z)Z* = 1, 
if x, y, z denote the elongations of the solid per unit of length, in 
the directions respectively perpendicular to these three planes; and 
the position, on the surface of this ellipsoid, attained by any par
ticular point of the solid, is such that if a line be drawn in the 
tangent plane, half-way to the point of intersection of this plane 
with a perpendicular from the centre, a radial line drawn through 
its extremity cuts the primitive spherical surface in the primitive 
position of that point. 

Cor. 1. For every stress, there is a certain infinitely small strain, and conversely, for every infinitely small strain, there is a certain stress, so related that if, while the strain is being acquired, the centre and the strain-normals throngh it are unmoved, the absolute displacements of particles belonging to a spherical surface of the solid represent, in intensity (according to a definite convention as to units for the representation of force by lines) and in direction, the force (reckoned as to intensity, in amount per unit of area) experienced by the enclosed sphere of the solid, at the different parts of its surface, when subjected to the stress. Cor. 2. A n y strain is fully specified by six quantities, viz., its three principal elongations, and three angles (0, <p, if), or nine direction cosines, equivalent to three independent quantities specifying its axes. 

Def. 2. A stress and an infinitely small strain related in the 
manner defined in Cor. 1, are said to be of the same type. The 
ellipsoid by means of which the distribution of force over the sur
face of a sphere of unit radius is represented in one case, and by 
means of which the displacements of particles from the spherical 
surface are shown in the other, m a y be called the geometrical type 
of either. 

Cor. A n y stress- or strain-type is fully specified by five quantities, 
viz., two ratios between its principal strains or elongations and 
three quantities specifying the angular position of its axes. 
Chapter V.—Conditions of Perfect Concurrence between Stresses 

and Strains. 
Def. 1. T w o stresses are said to be coincident in direction, or to 

be perfectly concurrent, when they only differ in absoluto magni-
tude. The same relative designations are applied to two strains 
differing from one another only in absolute magnitude. 

Cor. If two stresses or two strains differ by one being reverse to 
the other, they m a y be said to be negatively coincident in direc
tion, or to be directly opposed or directly contrary to one another. 

Def. 2. W h e n a homogeneous stress is such that the normal 
component of the mutual force between the parts of the body on 
the two sides of any plane whatever through it is proportional to 
the augmentation of distance between the same plane and another 
parallel to it and initially at unity of distance, due to a certain 
strain experienced by the same body, the stress and the strain are 
said to be perfectly concurrent; also to be coincident in direction. 
The body is said to be yielding directly to a stress applied to it, 
when it is acquiring a strain thus related to the stress ; and in 
the same circumstances, the stress is said to be working directly on 
the body, or to be acting in the same direction as the strain. 

Cor. 1. Perfectly concurrent stresses and strains arc of the same 
Cor. 2. If a strain is of the same type as the stress, its reverse 
will be said to be negatively of the same type, or to be directly 
opposed to the strain. A body is said to be working directly 
against a stress applied to it when it is acquiring a strain directly 
opposed to the stress ; and in the same circumstances, the matter 
round the body is said to be yielding directly to the reactive stress 
of the body upon it. 
Chapter VI.—Orthogonal Stresses and Strains. 
Def. 1. A stress is said to act right across a strain, or to act 
orthogonally to a strain, or to be orthogonal to a strain, if work is 
neither done upon nor by the body in virtue of the action of the 
stress upon it while it is acquiring the strain. 

Def. 2. T w o stresses are said to be orthogonal when either coin
cides in direction with a strain orthogonal to the other. 
Def. 8. T w o strains are said to be orthogonal when either coin

cides in direction with a stress orthogonal to the other. 
Examples.—(1) A uniform cubical, compression, and any strain involving no 

alteration of volume, are orthogonal to one another. 
(2) A simple extension or contraction in parallel lines unaccompanied by any 

transverse .extension or contraction, .that is, "a simple longitudinal strain," is 
orthogonal'to any similar strain in lines at-right angles to those parallels. 
(3) A simple longitudinal strain is orthogonal to a "simple tangential 

Btrain " » in which the sliding is parallel to its direction or at right angles to it. 
(4) Two Infinitely small simple tangential strains in the same plane,2 with 

their directions of sliding mutually inclined at an angle of 45", are orthogonal 
to one another. 
(5) An infinitely small simple tangential strain is orthogonal to every infinitely 

small simple tangential strain, in a plane either parallel to its plane of sliding or 
perpendicular to its line of sliding. 
Chapter VII.—Composition and Resolution of Stresses and 

of Strains. 
Any number of simultaneously applied homogeneous stresses are 
equivalent to a single homogeneous stress which is called their 
resultant. A n y number of superimposed homogeneous strains are 
equivalent to a single homogeneous resultant strain. Infinitely 
small strains m a y be independently superimposed ; and in what 
follows it will be. uniformly understood that the strains spoken of 
are infinitely small, unless the contrary is stated. 
Examples.—(1) A strain consisting simply of elongation in one set of parallel lines, and a strain consisting of equal contraction in a direction at right angles to it, applied together, constitute a single strain, of the kind which that described in Example (3) of the preceding chapter is when infinitely small, and is called a plane distortion, or a simple distortion. It is also sometimes called a simple tangential strain, and when so considered, its plane of sliding may be regarded as either of the planes bisecting the angles between planes normal to the lines of the component longitudinal, strains. (2) Any two simple distortions in one plane may be reduced to a single simple distortion in the same plane. , , . * . „ . , ,. (3) Two simple distortions not in tho same plane have for their resultant a strain which is a distortion unaccompanied by change of volume, and which may be culled a compound distortion. , . . , - „ . , A ., (4) Three equal'longitudinal elongations or condensations in three directions i That is, a homogeneous strain in which all the particles-.in one;plane remain fixed, and other particles are displaced parallel to thisplane. '"The plane of a simple tangential strain,", or the plane of distortion in a simple tangential strain, is a plane perpendicular to that of the particles. supposed to be held fixed, and parallel to tho-lines of displacement of the.otoers.. > 
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at right angles to one another are equivalent to a single dilatation or condensa
tion equal in all directions. The single stress equivalent to three equal tensions 
or pressures in directions at right angles to one another is a negative or positive 
pressure equal in all directions. 
- (5) If a certain stress or infinitely small strain be defined (Chapter III. Cor. S, 
or Chapter IV.) by the ellipsoid 

(l+A)X2-r-(l+B)Y2+(l+C)Z2+DYZ+EZX+FXY=l, 
and another stress or infinitely small strain by the ellipsoid; 

(l+A0X2+(l+B')Y2-l-(l+C')Z2-t-D'YZ-r-E'ZX-l-F'XY=l, 
where A, B, C, D, E, F, &c, are all infinitely small, their resultant stress or 
strain is that represented by the ellipsoid 

(1+A+A')X2+(1+B'+B')Y2+(1+C+C0Z2+(D+D0YZ+(E+E')ZX. 
+(F+F')XY=1. 

Chapter VIII.—Specification of Strains and Stresses by their 
Components according to chosen Types. 

Prop. Six stresses or six strains of six distinct arbitrarily chosen 
types m a y be determined to fulfil the condition of having a given 
stress or a given strain for their resultant, provided those six types 
are so chosen that a strain belonging to any one of them cannot be 
the resultant of any strains whatever belonging to the other's. 

For, just six independent parameters being required to express 
any stress or strain whatever, the resultant of any set of stresses or 
strains m a y be m a d e identical with a given stress or strain by ful
filling six equations among the parameters which they involve ; and 
therefore the magnitudes of six stresses or strains belonging to the 
six arbitarily chosen types m a y be determined, if their resultant be 
assumed to be identical with the given stress or strain. 

Cor. A n y stress or strain m a y be numerically specified in terms 
of numbers expressing the amounts of six stresses or strains of six 
arbitrarily chosen types which have it for their resultant. 

Types arbitrarily chosen for this purpose will be called types ol 
reference. The. specifying elements of a stress or strain will be 
called its components according to types of reference. The 
specifying elements of a strain m a y also be called its coordinates, 
with reference to the chosen types. 
Examples.—(1) Six strains in each of which one of the six edgeB of a tetra

hedron of the solid is elongated while the others remain unchanged, may be 
used as types of reference for the specification of any kind of strain or stress. 
The ellipsoid representing any one of those six types will have its two circular 
sections parallel to the faces of the tetrahedron which do not contain She 
stretched side. 
(2) Six strains consisting, anyone of them, of an infinitely small alteration 

either of one of the three edges, or of one of the three angles between the faces, 
of a parallelepiped of the solid, while the other five angles and edges remain un
changed, may be taken as types of reference, for the specification of either 
Stresses or strains. In some cases, as for instance in expressing the probable 
elastic properties of a crystal of Iceland spar, it might possibly be convenient to 
use an oblique parallelepiped for such a system of types of reference; but more 
frequently it will be convenient to adopt a system of types related to the defor
mations of a cube of the solid. 

Chapter IX.—Orthogonal Types of Reference. 
Def. A normal system of types of reference is one. in which the 
strains or stresses of the different types are all six mutually ortho
gonal (fifteen conditions). A normal system of types of reference 
m a y also be called an orthogonal system. The elements specify
ing, with reference to such a system, any stress or strain, will be 
called orthogonal components or orthogonal coordinates. 
Examples.—(1) The six types described in Example (2) of Chapter VIII. are 

clearly orthogonal, if 'the parallelepiped referred to is rectangular. Three of 
these are simple longitudinal extensions, parallel to the three Bets of rectangular 
edges of the parallelepiped. The remaining three are plane distortions parallel 
to the faces, their axes bisecting the angles between the edges. They constitute the system of types of reference uniformly used hitherto by writers on the theory of elasticity. (2), The six strains in which a spherical portion of the solid is changed into ellipsoids having the following equations— :(l-r-A)XH-Y2+Z2=l X2-K1+B)Y2+Z2=1 X2+Y2-K1+C)Z2=1 X2+Y2+Z2+DYZ = 1 X2+Y2+Z2+EZX=1 X2+Y2+Z2-t-FXY=l, are of the same kind as those considered in the preceding example, and therefore constitute a normal system of types of reference. Tho resultant of the strains specified, according to those equations, by the elements A, B, C, D, E, F, is a strain in which the sphere becomes an ellipsoid whose equation—see above, Chapter VII. Ex. (5)—is (1+A)X2+(1+B)Y2+(1+C)Z2+DYZ+EZX+FXY=1. (3) i A compression equal in all directions (I.), three simple distortions having their planes at right angles to one another and their axes2 bisecting tho angles between tho lines of intersection of these planes (II.) (III.) (IV.),.an} simple or compound distortion consisting of a combination of longitudinal strains parallel to those linos of intersections (V.), and the distortion CVI.), constituted from the same elements which is orthogonal to the last, afford a system of six mutually orthogonal types which will be used as types of reference below In expressing the elasticity of oubicjilly isotropic solids. (Compare Chapter A. Example 7 below.1 . lThis example, as well as (7) of Chapter X, (5) o. XI., and the example of Chapter XII„ are intended to prepare for the application of the tneoiy o Principal Elasticities to cubically and spherically isotropic bodies, in Part II. "^TM "Sea of a simple distortion" are the lines of its two component longitudinal stratus. 

Chapter X . — O n the Measurement of Strains and Stresses. 
Def. Strains of any types are said to be. to one another in the 

same ratios as stresses of the same types respectively, when any 
particular plane of the solid acquires, relatively to another plane 
parallel to it, motions in virtue of those strains which are to one 
another in the same Tatios as the normal components of the forces 
between the parts of the solid on the two sides of either plane due 
to the respective stresses. 

Def. The magnitiide of a stress and,of a strain of the same type 
are quantities which, multiplied one by the other, give the work 
done on unity of volume of • a body acted on by the stress while 
acquiring'the strain. 

Cor. 1. If x, y, %, |, tj, £ denote orthogonal components of a 
certain strain, and if P, Q, R, S, T, TJ denote components, of the 
same type respectively, of a stress applied to a body while acquiring 
that strain, the work done upon it per unit of its volume will be 
Pa+Qy+R-'+Sg+Tii+uS. 
Cor. 2. The condition that two strains or stresses specified by 
(«. V, *, £> 1, 0 and ¥ , f, rf,'?, v', _")> in terms of a normal system 
of types of reference, m a y be'orthogonal to one another is 
xx'-ry>/+m!+£g+riti'+lZ'=0. 

Cor. 3. The magnitude of the resultant of two, three, four, five, 
or six mutually orthogonal strains or stresses is equal to the square-
root of the sum of their squares. For if P, Q, & c , denote several 
orthogonal stresses, and F the magnitude of their resultant; and 
x, y, & c , a set of proportional strains of the same types respectively, 
and. r the magnitude of the single equivalent strain, the resultant 
stress and strain will be of one type, and therefore the work done 
by the resultant stress will be Fr. But the amounts done by the 
several components will be Fx, Qy, &e., and therefore 

Fr=Pa:+Qy+_5o. 
N o w w e have, to express the proportionality of the stresses and 
strains, 

-9 = 
y 

= S = to.= i 
Each member must be equal to 
P2 + Q2 + Ac., 

P^ + Qy+Ac.' 
and also equal to 

Rr + Qy+'.Vc, 
x2-\-yi +_5o. • 

r W- ~' which gives F2 -> P2 + Q! + &c. 
F Fr 

Henc> 

and - W + W + & S . , wl}ion gives «•' - & + V2 + &c. 
Cor. i. A definite stress of some particular type chosen arbi

trarily m a y be called unity; and then the numerical reckoning of 
all strains and stresses becomes perfectly definite. 

Def. Anniform pressure or tension in parallel lines, amounting 
in intensity to the unit of force per unit of area normal to it, will 
be called a stress of unit magnitude, and will be reckoned as positive 
when it is tension, and negative when pressure. 

Examples.—(1) Hence the magnitude of a simple longitudinal strain, in which 
lines of the body parallel to a certain direction experience elongation 'to an ex
tent bearing the ratio k to their;original dimensions, must be called k. 
(2) The magnitude of the single stress equivalent to three simple pressures in 

directions at right angles to one another each unity is — -\/3; a uniform com
pression in all directions of unity per unit of surface is a negative stress equal 
to ̂ /3 iu absolute value. 
(3) A uniform dilatation in all directions, in which lineal dimensions are aug

mented in the ratio 1:1 + x, is a strain equal in magnitude to x V 3.; or a uni-
E 

form " cubic expansion " E is a strain equal to ~~T5, 
(4) A stress compounded of unit pressure in one direction and an equal tension. 

in a. direction, at right angles to it, or which is the same thing, a stress com
pounded of two balancing couples of unit tangential tensions in planes at angles: 
of 45° to the direction of those forces, and at right angles to one another 
amounts in magnitude to */2. 
(5) A strain compounded of a simple longitudinal extension a:, and a simple 

longitudinal condensation of equal absolute value, in a direction perpendicular 
to it, is a strain of magnitude _̂ !| or, which is the same thing (if <r= 2x), a 
simple distortion such that the relative motion of two planes at unit distances 
parallel to either of tho planes bisecting the angles between the two planes, 
mentioned,above is a motion <r parallel to themselves, is a strain amounting,in-
magnitude to _. (6) If- a strain be staeh that a aphero of unit radius in the body becomes an ellipsoid whose equation is (1-A)X2+ (1 - B)Y2 + (1 - C ) Z 2 - D Y Z - E Z X - F X Y = 1, the values of the component strains corresponding,as explained in Example (2 of Chap. IX., to tho different coefficients respectlvely,_are • JA, JB, JC, ^-2, j^j, •j^". For the components corresponding to A, B, C arc simple longitudinal strains, irf which diameters of the sphere along the axes of coordinates become elongated from 2 to 2 + A, 2 + B, 2 + C respectively ;D18 a dWortion in which diameters in the plane YOZ, bisecting the angles YOZ and Y'OZ become respectively elongated and contracted from 2 to 2 + iD, and from 2 to 2 - JD; and so for the others. Hence, If we take x, y, r, J, n, I to denote the magnitudes of sis 
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component strains, according to the orthogonal system of types described in 
Examples (1) and (2) of Chap. IX., tho resultant strain equivalent to them will be 
ono in whigh a sphere of radius 1 lu the solid becomes an ellipsoid whoso equa
tion is * •» 
(l-2«)-v«+a-2»)Y«+a-ai)Z«-2v'-(fYZ+t|ZX+JXY) = l, 
and its magnitude will be 

V(^ + j,S + .a+g2 + ,,2+J3). 
(7) The specifications, according to the system of reference used in the pro-
ceding Example, of the unit strains of the six orthogonal types defined in Example 
'3) of Chap. IX. are respectively as follows:— 

X 

(10 

(ft.) 
(III.) 
(IV.) 
(V.) 
(VI.) 

1 
y-3 
0 
0 
0 
J 
J' 

y 

l 
•v/3 
0 
0 
0 
m 
m' 

i 

1 
a/3 
0 
0 
0 
n 
n' 

I 

0 

1 
0 
0 
0 
0 

1 

0 

0 
1 
0 
0 
0 

\ 

0 

0 
0 
1 
0 
0 

where I, m, n, f, m', n' denote quantities fulfilling the following conditions :— 
P+m2 -f»2 =1, 
I + m +n =0, 
IP +mm'-r nn'= 0, 
P2+m'2 +b'2 = 1, 
V +m' +n' =0. 

(S) If (1 -2«P)X»+(l-8«Q)YJ+Cl-2eK)Z,,-2ev'2(SYZ+TZX+DXY) = 1 
be the equation of the ellipsoid representing a certain stress, the amount of work 
done by this stress, if applied, to a body while acquiring the strain represented 
by the equation in the preceding example,'will be 

Px+Qy+R«+S£-rTTj-r-Tl£. 
Cor. Hence, if variables X, Y, Z be transformed to any other set (X', Y', Z-) 

fulfilling the condition of being the coordinates of the same point, referred to 
another system of rectangular axes, the coefficients x, y, z, tfcc, x„ y„ z,, <fec.t in 
two homogeneous quadratic functions of three variables, 

(1 - 2x)X2+ (1 - 2y)Y* + a - 2z)Z2 - 2^2(fYZ+rjZX+ £XY) 
and 

a-2^X2+(l-2y/)Y!'+(l-22,)Z2-2v'2(g/YZ+^X + ?;rKY), 
and the corresponding coefficients x', y', zf, Ac., a/„ y',, «*,, &c, in these func
tions transformed to x1, y1, /, will be so related that 
x'x'/+y'y',+z'Jl+£'g,+vW,+l'Z',=xs:,+yy,-r&,+£El+m,+EA 
or the function x x ^ y y ^ z z ^ ££,+1*1,+<X of the coefficients is an "invariant" 
for linear transformations fulfilling the conditions of transformation from one to 
another set of rectangular axes. Since x+y-vZ and x,+y,+zt are clearly in
variants also, it foUows that AA/+BB/+CC/-r-2DD/+2EE/-r-2FF/ is an invariant 
function of the coefficients of the two quadratics 

AX2+BY2-t-CZ2+2DYZ+2EZX+2FXY 
and A^2+B/Y2-r-CyZ2+2D/YZ+2E/ZX+2F,XY, 
which it is easily proved to be by direct transformation. 
This is the simplest form of the algebraic theorem of invariance with which we 

are concerned. 
Chapter XI.—On Imperfect Concurrences of two Stress or Strain 

Def. T he concurrence of any stresses or strains of two stated 
types is the proportion which the work done when a body of unit 
volume experiences a stress of either type, while acquirirg a strain 
of the other, beaTS to the product of the numbers measuring the 
stress and strain respectively. 

Cor. 1. In orthogonal resolution of a stress or strain, its com
ponent of any stated type is equal to its o w n amount multiplied by 
its concurrence with that type; or the stress or strain of a stated 
type which, along with another or others orthogonal to it, have a 
given stress or strain for their resultant, is equal to the amount of 
the given stress or strain reduced in the ratio of its concurrence 
with that stated type. 

Cor. 2. The concurrence of two coincident stresses or strains is 
unity; or aperfect concurrence is numerically equal to unity. 

Cor. 3. The concurrence of two orthogonal stresses and strains is 

zero. 
Cor. 4 

strains is 
Cor. 5. 

The concurrence of two directly opposite stresses or 
- 1 . 
If x, y, z, {, v, C are orthogonal components of any 

strain or stress r, its concurrences with the types of reference are 
respectively 

x y, i £ 1 j> where 
.tf+y'+z'+e+v'+Vfi-

Cor. 6. The mutual concurrence of two stresses.or strains is 
Z2'+mm'+ran'+XV+«//+1/1/, 

if I, m-i n,- K, p., v denote the concurrences of one of them with 
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a', A.', p.', v' those ol six orthogonal types of reference, and V, to', 
the other. 

Cor. 7. The most convenient specification of a type for strains or 
stresses, being in general a statement of the components, according 
to the types of reference, of a unit strain or stress of the type to be 
specified, becomes a statement of its concurrences with the types of 
reference w h e n these are orthogonal. 
Examples.—(1) The mutual concurrence of two simple longitudinal strains or 

stresses, inclined to one another at an angle 0, is cos2 0. . 
(2) The mutual concurrence of two simple distortions in the same plane, 

whose axes are inclined at an angle 0 to one another, is cos* 0 —Bin20, or 
2 sin (45°-6) cos (45° - 6 ) . 
Hence the components of a simple distortion 6 along two rectangular axes 

in its plane, and two others bisecting the angle between these taken as axes of 
component simple distortions, are 

S(cos« 0 - sin2 0) and 6\2 sin 0 cos 0 
respectively, if 0 be the angle between the axis of elongation in the given dis
tortion and in the first component type. 
(3) The mutual concurrence of a simple longitudinal strain and a simple diŝ  

tort ion is 
-\/2.cos a cos /?, 

If a and fj be the angles at which the direction of the longitudinal- strain is. 
inclined to the line bisecting the angles between the axes of the distortion; it is 
also equal to 

-7= (cos8 <p — cos2 uV), 
if cp and \Jr denote the angles at which the direction of the longitudinal strain 
is inclined to the axis of the distortion. 

(4) The mutual concurrence of a simple longitudinal strain and of a uniform 
dilatation is —^ 
(6) The specifying elements exhibited in Example (7) Of the preceding 
Chapter are the concurrences of the new system of orthogonal types described in 
Example (3) of Chap. IX. with the ordinary system, Examples (1) and (2), 
Chap. IX. 

Transformation of Types of Reference for 
: or Strains. 

Chapter XII.—Ore t 

To transform the specification (x, y, z, {, n, {) of a stress or strain. 
with reference to one system of types .into (â , aa, Kg, xit xs, a%) 
with reference to another system of types. Let (oj, blt Cj, elt /1( gr2) 
be the components, according to the original system, of a unit 
strain of the first type of the new system; let (a2, 62, c2, e2, /2, g2) 
be the corresponding specification of the second type of the new. 
system; and so on. Then we have, for the required formulee of 
transformation— 

x=aix1+a2x2+a3x3+aixi+asxs+a.exe, 
y=b1x1+t2X2+baxi.+h'ci+h*s +*<s*e. 
£ = ^l+S^+t^s+W^+lfeSs+ffsars-

Example.—The transforming equations to pass from a specification (x, y, t, 
£. n], £) in terms of the system of reference used in Examples (6) and (7;,. 
Chapter X., to a specification (c, £, tj, £, t=r, <o) in terms of the new system 
described in Example (3) of Chapter IX., and specified in Example (7) of Chapter 
X., are as follows :— 

1 
x = TTzar + l-zr+Z'oi, 

1 
y = —,,ar-rm-!sr+m m 

1 
z^—,a+nzz-\-rim, 

£=& -i=«i, l=l\ 
where, as before stated, I, m, n, I', m', ra' are.by quantities fulfilling the conditions 

("••fin2 +it»=l, 
I +ro + n = 0 , 
te+m* +n'2=l, 
''+m' +n'=0, 
K'-r-mm'-r-««'=0, 

Part II.—On the Dynamical Relations between Stresses 
and Strains experienced bt an Elastic Solid. 

Chapter XIII.—^-Interpretation of the Differential Equation 
of Energy. 

In a paper on the Thermo-elastic Properties of Matter, published 
in the first number of the Quarterly Mathematical Journal, April 
1855, and republished in the Philosophical Magazine, 1877, second 
half year, it was proved, from general principles in the theory of 
the Transformation of Energy, that the amount of work (w) required to reduce an elastic solid, kept at a constant temperature, from one stated condition of internal strain to another depends, solely on these two conditions, and not at all on the cycle of varied' states through which the body m a y have been m a d e to pass in effecting the change, provided always there has been no failure in-
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the elasticity under any of the strains it has experienced. Thus 
for a homogeneous solid homogeneously strained, it appears that w 
is a function of six independent variables x, y, z, |, i), f> by which 
the condition of the solid as to strain is specified. Hence to, strain 
the body to the infinitely small extent expressed by the variation 
from (x, y, z, J,u, f) to (x+dx, y + dy,z+dz, £ + d£, t] + di), ( + d Q , 
the work required to he done upon it is ""dx+^dy+^dz +dJ°a£+fdv + : 

dz d£ dr\ 
'A-dx ' dy " ' dz ' d% ~" ' dri ' ' di> 

The stress which must be applied to its surface to keep the body in 
equilibrium in the state (x, y, z, £, 57, C) must therefore be such 
that it would do this amount of work if the body, under its action, 
were to acquire the arbitrary strain dx, dy, dz, d£, dr\, d(; that isj 
it must, be the resultant of six stresses:—one orthogonal to the five 
strains dy, dz, d£, dy, d{, and of such a magnitude as to do the 
Work -jzdx when the body acquires the'strain dx; a second or
thogonal to dx, dz, d%, dr); d£ and of such a magnitude as to do 
the work -5— dy when the body acquires the strain dy ; and so on. 
If a, b, c, f, g, h denote the respective concurrences of these six 
stresses, with the types of reference Used in the specification (x, y, z, 
f, v, C) of the strains, the amounts of the six stresses which fulfil 
those conditions will (Chapter X L ) be given by the equations 

1 dm 
P=i*? 

a dx* 
* 6 dy' R= c dz 

1 dw, 
h dl 

_1 dw 1 dw 
S~~fd£ 'T=gdn 

and the types of these component stresses are determined by being 
orthogonal to the fives of the six strain-types> wanting the first, 
the second, & c , respectively. 

Cor. If the types of reference used in expressing the strain of the 
body constitute an orthogonal system, the types of the component 
stresses will coincide with them, and each of the concurrences will 
be unity. Hence the equations of equilibrium of an elastic solid 
referred to six orthogonal types are simply 

dw ^ dw n dm 
'dy 

dw 
S=S£' '<*£ 

Chapter XIV.—Reduction of the Potential Function, and of the 
' Equations of Equilibrium, of an Elastic Solid to their simplest 
Forms. 
If the condition of the body from which the work denoted by w 

is reckoned be that of equilibrium under no stress from without, 
and if x, y, ss, f, ij, £ be chosen each zero for this condition, we 
shall have, by Maclaurin's theorem, 

w=H2(:r, y, z, g, v, $+H30t;, y, z, £, ij, £)+ *c., 
where H2, H3, & c , denote homogeneous functions of the second 
order, third order, &c, respectively. Hence t£> -j—' &c, will each 
be a linear function of the strain coordinates, together with func
tions of higher orders derived from H3, &c. But experience shows 
(section 37 above) that, within the elastic limits, the stresses are 
very nearly if not quite proportional to the strains they are capable 
of •producing; and therefore H3, & c , may be neglected, and we 
have simply 

m=IÎ (.x, y, z, J, tj, £)• 
N o w in general there will be twenty-one terms, with independent 

coefficients, in this function; but by a choice of types of reference, 
that is, by a linear transformation of the independent variables, we 
may, in an infinite variety of ways, reduce it to the form 

w=J(Air2+By2+C22+Fp-r-G)j2+Hg2). 
The equations of equilibrium then become 

F-±*, 0 R = 5z, 
c 

ft6' 
the simplest possible form under which they can be presented. 
The interpretation can be expressed as follows. 

Prop. A n infinite number of systems of six types of. strains or 
stresses exist in any given elastic solid such that, if a strain of any 
one of those types be impressed on the body, the elastic reaction is 
balanced by a stress orthogonal to the five others of the same 
system. 
Chapter XV.—Ore the Six Principal Strains of an Elastic Solid. 

To reduce the twenty-one coefficients of the quadratic terms in 
the expression for the potential energy to six by a linear transforma

tion, we have only fifteen equations to satisfy; while we have thirty 
disposable.transforming coefficients, there being five independent 
elements to specify a type, and six types to be changed. Any 
further condition expressible by just fifteen independent equations 
may be satisfied, and makes the transformation determinate. N o w 
the condition that six strains may be mutually orthogonal is ex
pressible by just as many equations as there are different pairs of 
six things, that is, fifteen. The well-known algebraic theory of the 
linear transformation of quadratic functions shows for the case of 
six variables—(1) that the six coefficients in the reduced form are 
the roots of a " determinant" of the sixth degree necessarily real; 
(2) that this multiplicity of roots leads d'eterminatery,to. one, and 
only one system of six types fulfilling the prescribed conditions, 
Unless two or more of the roots are equal to one another, when 
there will be an infinite number of solutions and definite degrees of 
isotropy among them; and (3) that there is no equality between 
any of the six roots of the determinant in general, when there are 
twenty-one independent coefficients in the given quadratic. 

Prop. Hence a single system of six mutually orthogonal types 
may be determined for any homogeneous elastic solid, so that its 
potential energy when homogeneously strained in any way is expressed 
by the sum of the products of the squares of the components of the 
strain, according to those types, respectively multiplied by six 
determinate coefficients. 

Def. The six strain-types thus determined are called the Six,, 
Principal Strain-types of the body. 

The concurrences of the stress-components used in interpreting 
the differential equation of energy with the types of the strain-
coordinates in terms of which the potential of elasticity is expressed, 
being perfect when these constitute an orthogonal system, each of 
the quantities denoted above by a, b, c, f, g, h, is unity when the 
six principal strain-types are chosen for the coordinates. The equa
tions of equilibrium of an elastic solid may therefore be expressed 
as follows:— 

P—Ax, Q=Bs(, R=Cz, 
S-F£, T=Gi), U=H£, 

where x, y, z, f, ?j, £ denote strains belonging to the six Principal 
Types, and P, Q, K, S, T, U the components according to the same 
types, of the stress required to hold the body in equilibrium when 
in the condition of having those strains. The amount of work that 
must be spent upon it per unit of its volume, to bring it to this' 
state from an unconstrained condition, is given by the equation 

»=i(Az2+Bs/2+Cz2+F£s+&,i2+H£2). 
Def. The coefficients A, B, C, F, G, H are* called the six Prin
cipal Elasticities of the body. 

The equations of equilibrium express the following proposi
tions :— 

Prop. If a body be strained according to any one of its six Prin
cipal Types, the stress required to hold it so is directly concurrent 
with the strain. 
Examples.—(1) If a solid be cubically isotropic in its elastic properties, as 

crystals of the cubical class probably are, any portion of it will, when subject to a 
uniform positive or negative normal pressure all round its surface, experience a 
uniform condensation or dilation in all directions. Hence a uniform condensa
tion is one of its six principal stratus. Three plane distortions with axes'bisecting 
the angles between the edges of the cube of symmetry are clearly also principal 
strains, and since the three corresponding principal elasticities are equal to one 
another, any strain whatever compounded of these three is a principal strain. 
Lastly, a plane distortion whose axes coincide with any two edges of the cube, 
being clearly a principal distortion, and the principal elasticities corresponding 
to the three distortions of this kind being equal to one another, any distortion 
compounded of them is also a principal distortion. 
Hence the system of orthogonal types treated of in Examples (3) Chap. IX,, and 

(7) Chap. X., or any system in which, for (II.), (IIX), and (IV.), any three ortho
gonal strains compounded of them are substituted, constitutes a system of six 
Principal Strains in a solid cubically isotropic. There are only three distinct 
Principal Elasticities for such a body, and these are—(A) its modulus of compres
sibility, (B) its rigidity against diagonal distortion In any of its principal planes 
(three equal elasticities), and (C) its rigidity against rectangular distortions of a 
cube of symmetry (two equal elasticities). (2) .In a perfectly isotropic solid, the rigidity against all distortions is equal. Hence the rigidity (B) against diagonal distortion must̂ be equal to the rigidity (C) against rectangular distortion, in a cube; and it is easily seen that.if this condition is fulfilled for one set of three rectangular planes for which a substance is isotropic, the isotropy must be complete. The conditions of perfect or spherical isotropy are therefore expressed in terms of the conditions referred to in the preceding example, with the farther condition B=C. A uniform condensation in all directions, and any system whatever of five orthogonal distortions, constitute a system, of six Principal Strains in a spherically isotropic solid. Its Principal Elasticities are simply its Modulus of Compressibility and its Rigidity. • Prop. Unless some of the six Principal Elasticities be equal to one another, the stress required to keep the body strained otherwise than according to one or other of six distinct types is oblique to the strain. Prop. The stress required to maintain a given amount of strain is a maximum or a maximum-minimum, or a minimum, if it is of one of the six Principal Types. Cor. If A be the greatest and H the least of the six quantities A, B, C, F, G, H, the principal type to which the first corresponds is that of a strain requiring a greater stress to maintain it than any 
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other strain of eqnai amount; and the principal type to which the 
last corresponds is that of a strain which is maintained by a less 
stress than any other strain of equal amount in the same body. The 
stresses corresponding to the four other principal strain-types have 
each the maximum-minimum property in a determinate way. 
Prop. If a body be strained in the direction of whioh the concur

rences with the principal strain-types are I, m, n, \, p., v, and to an 
amount equal to r, the stress require4 to maintain it in this state 
will be equal to nr, where 
Q=(A»i*+B?)«8+C*»s+F^a+G V+HM)t, 
and will be of a type of which the concurrences with thp principal 
types are respectively 

Al to Oi R 6/1 Ii 
a' a ' a ' "_"' o"' a" 

_ Prop. A homogeneous elastic solid, crystalline or non-crystal, 
line, subject to magnetic fqrce or free from magnetic force, has 
neither any right-handed or left;handed, nor any dipolar, properties 
dependent on elastic forces simply proportional to strains. 

C m : T h e elastic forces concerned in the luminiferous vibrations 
of a solid or fluid m e d i u m possessing the right- or left-handed 
property, whether axial or rotatory, such as quartz crystal, or 
tartaric acid, or solution of sugar, either depend on the heteroge-
neousness or on the magnitude of the strains experienced. 

H e n c e as they do not depend on the magnitude of the strain, they 
do depend on its hetepageneousness through the portion of a m e d i u m 
containing a wave. 

Cor. There cannqt possibly be any characteristic of elastio forces 
simply proportional to the strains in a homogenequs body, corre
sponding to certain peculiarities of crystalling form which have been 
observed,—for instance corresponding to the plagiedral faces dis
covered b y Sir John Herschel to indicate the optical character, 
whether right-handed or left-handed, in different specimens of 
• quartz crystal, or cqrresponding to the distinguishing characteristics 
of the crystals qf the right-handed and left-handed tartaric acids 
obtained b y M . Pasteur from racemic acid, or corresponding to the 
dipolar characteristics of form said to have been discovpred in 
electric crystals. 

Chapter XVI.-—Application of Conclusions to Natural Crystals. 
It is easy to demonstrate that a body, homogeneous w h e n 

regarded on a large scale, m a y be constructpd to have twenty-one 
arbitrarily prescribed values for the coefficients in the expression for 
its potential energy in terms of any prescribed system of strain co
ordinates. This proposition was first enunciated in the paper on 
the Thermo-elastie Properties of Solids, published April 1855, in 
the Quarterly Mathematical Journal alluded to above. W e m a y 
infer the following. 
Prop. A solid may be constructed to have arbitrarily prescribed 

values for its six Principal Elasticities and an arbitrary orthogonal 
system of six strain-types, specified by lateen, independent ele
ments, for its principal strains: fqr instance, five arbitrarily chosen 
systems of three rectangular axes, for the normal axes of five of 
the Principal Types ; those of the sixth consequently in general 
distinct from all the others, and determinate; and the six times 
two ratios between the three stresses or strains of each type, also 
determinate. The fifteen equations expressing (Chap. VI.) the 
mutual orthogonality of the six types determine the twelve ratios, 
for the six types, and the three quantities specifying the axes qf 
the sixth type in the particqlar case here suggested : or generally 
the fifteen equations determine fifteen out of the thirty quantities 
(viz. twelve ratios and eighteen angular coordinates) specifying six 
Principal Types. 

Cor. There is no reason for believing that natural crystals do not 
exist for which there are six unequal Principal Elasticities, and six 
distinct strain-types for which the three normal axes constitute six 
distinct sets of three principal rectangular axes of elasticity. 

It is easy to give arbitrary illustrative examples regarding Print cipal Elasticities: also, to investigate the principal strain-types and the equations of elastic force referred to them or to other natural types, for a body possessing the kind of symmetry as to elastic forces that is possessed by a crystal of Iceland spar, or by a crystal of the "tesseral class," or of the included "cubical class," Such illustrations and developments, though proper for a students' text book of the subject, are unnecessary here. For applications of the Mathematical Theory of Elasticity to the question of the earth's rigidity and elasticity as a whole, and to the equilibrium of elastic solids in general, which are beyond the scope of the present article, the reader is referred to Thomson and Tait's Natwral Philosophy, §§ 588, 740, 832, 849, and Appendix C. Chapteb. XVII.—Plant Waves in a Homogeneous JEolotrapic Solid. A plane wave in a homogeneous elastic solid is a motion in which every line of particles in a plane parallel to one fixed plane ex

periences simply a motion of translation—hut a motion differing 
from the motions of particles in planes parallel to the same. Let 
OX, OY, OZ be three fixed rectangular axes ; O X perpendicular to 
the wave front (as any of the parallel planes of moving particles 
referred to in the definition is called), and OY, O Z in the wave 
front. Let x+u, y + v, z + w be the coordinates at time t of a par
ticle which, if the solid were free from strain, would be at (x, y, z). 
The definition of wave motion amounts simply to this, that u, v, w 
are functions of x and t. 
The strain of the solid (Chap. VII. above) is the resultant of a 

simple longitudinal strain in the direction OX, equal to -3-, and 
two differential slips -=-' .—' parallel to OY and OZ, constituting 
simple distortions of which the numerical magnitudes (Chap. X.) 
are Put then 

dx 

du__y-
dle~*' 

"S2, and 

\/2=1|, 

V i 

"v'J. 
dec, 

W; 

and let W denote the work per unit of bulk required to produce 
the strain represented by this notation. W e have (Chap. XV.) 

•W=i(Ap+B,,2+Cg3+2D^5+2E^ + 2F^) . . . (2), 
where A, B, C, D, E, F denote moduluses of elasticity of the solid. 
Let p, q, r denote the three components qf the traction per unit 
area of the wave frpn£. W e have (Chap. XV.) 

j)=A£-rF,, + E n " 
«Vi=FE+B77 + DJ (S), 

(4) 

rV|=E£+Dn + CJJ 
Now let £, -n, C hp taken such that 

Af+j-ti+s^Mn 
E£+D>)-rC£=M£) 
the determinantal cubic gives three real positive values for M, and 
with M equal to any one of these values, (4) determine the ratios 
f : -n : C Hence when the solid is strained in any one qf the three 
ways thus determined we have 
(5). 
The three components of the whole force due to the tractions on 
the sides of an infinitely small parallelepiped Sx, $y, Sz of the 
solid are clearly 

dx dx r=M-

#F 
fix.$y8z, ^Sx.SySz, and —Sx.SySz 

dx dx 
(6), 

and therefore, if p be its density, and consequently pdx Sy S. 
mean, the equations of its motion are 

dhi~._jdp dfyî dq d'ha dr 
r m - d x P~di^dx' P~dxi=dx • • 

These, putting for p, q, r their values b y (5), become 

its 

(7). 

pm=M^ xdx* 
d2o_ tffo <Pu 

<to2' P d P ~ d x " P d f 
And by (4) and &) we have 

Av+(F»-r.Ett)v'2=Mu 
F̂l +(Bv+Dw)\/2=Mvv'2 
Etf+(D«+C«)v'2=MMiv'2 

LetM1; M2, Mj, .. 
and bv cx; 62, ca"; 63, 63, the corresponding values of the ratios 
-, — determined by (9.). Thp complete solution of (8), subject to 

} ' 

(8). 

(9). 

(8), is 
ti si^+Ma+Ms 
v =o1«1+6aM24-63«3 
V> =Cilfi + C2«!+Cstl, 
*=/,(*+V*)+Fl(—'•J1) 
u^f2(x+W^)+^(x-tV^) 

*=/.(»+«*^)+*.(£-^) 

(W), 

pi \- P > 
ti> Vv /„ F2, f3, F3 denoting arbitary functions. Hence we con
clude that there are three different wave-velocities, 

,M2 * •7-v* 
and three different modes of waves, determined by equations (9). 

Waves in an Isotropic Solid.—If the solid be isotropic, we have 
B=C \ 
D = E = F = 0 J. ... . (U) 
MX=A, M2=M3=B J 
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Hence, instead of three different waves with different velocities, we 
have just two,—a wave (like that of sound in air, or other elastic 
fluid) in which the motions are perpendicular to the wave front, 
and the other (like the waves of light in an isotropic medium) in 
which the motions are parallel to the wave front. 

Waves in an Incompressible Solid (JEolobropic or Isotropic).~-lf 
the solid, be incompressible, we have A = c o , and u must be zero. 
Hence w=3tia+eg'+2i>rt 
..and by a determinantal quadratic, instead of cubic, we find two 
''wave-velocities and two waVe-modes, in each of which the motion 
is parallel to the wave front. In. the case of isotropy the two 
wave velocities are equal. 

It is to be noticed that M „ M"2', M „ in the preceding investigation 
are not generally true " principal moduluses," but special moduluses 
corresponding to the particular plane chosen for the wave front. In 
the particular case of isotropy, however, the equal moduluses 
Ma, M 8 of (11) are principal moduluses, being each equal to the 
modulus of rigidity, but M j is a mixed modulus of compressibility 
and rigidity—not a principal modulus. In the case qf incompressi-
bility, the two moduluses found from the determinantal quadratic 
by the process indicated above are not principal moduluses gene
rally, because the distortions by the differential motions of planes 
of particles parallel to the wave front must generally give rise to 
tangential stresses orthogonal tp them, which do not influence the 
wave motion, (W. TH,) 
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H E A T is a property of matter which first b e c a m e k n o w n 
to us b y one of six very distinct senses. 

§ 1. Sense of H e a t . — T h e sense of touch, as c o m m o n l y 
meant, has t w o distinct objects—force a n d heat. If a person 
stretches out his h a n d till it meets anything solid, or holds 
it out while something solid is placed u p o n it, h e experi
ences a sensation of force. H e perceives resistance to the 
previous motion of his h a n d in one case, in the other case 
the necessity of resisting to prevent his h a n d from being 
forced d o w n w a r d s ; the immediate object of this perception 
in each case is force.1 B a t there is another very distinct 
sensation, that of heat or cold, w h i c h h e m a y or m a y not 
1 The sense of smoothness and roughness to which physiologists have 
sometimes given the special name "tactile sense" is as clearly a sense 
of force as is what they call the muscular sense. The sense of rough
ness is a sense of force at places of application distributed over the 
skin of the finger, while in the muscular sense of force the place of 
application on a larger scale is distinguished by the position of the 
hand perceiving the force. The internal mechanism of tissue and 
nerves in one case and that of muscles in the other, through which the 
perception of places of application of force is obtained, are no doubt 
different, but the thing perceived is essentially the same—force—the 
complete discrimination of which involves magnitude of the force, its 
place of application, and its direction. 

perceive in either of those cases, a n d which h e m a y also 
perceive, still b y w h a t is c o m m o n l y called the sense of 
touch, in other cases even w h e n n o sense of force is also 
experienced. T h u s , in the first case, if the solid be a fixed 
can of w a r m water, or of iced water, the person perceives 
a sense of heat or of cold ; and, supposing h i m to have per
formed the operation with his eyes shut, his m i n d is 
informed b y the double sense of touch that his h a n d has 
m e t with a hot fixed b o d y or a cold fixed b o d y : in the 
other case h e m a y perceive that a hot heavy solid, or a cold 
heavy solid, has been laid u p o n his hand. B u t if h e dips 
his h a n d gently into a can of water, or if h e holds it towards 
a fire, or if h e exposes it to a gentle current of air, or w a v e s 
it about through the air, h e perceives heat or cold without 
a n y accompanying sense of force. 

T h e earliest scientific thoughts respecting these sensations 
of heat a n d cold m u s t have led to the true conclusion that 
there is s o m e property of external matter o n which the 
sensations depend, and- a little advance into the natural 
philosophy of the subject has suggested a n d proved that 
this property is also possessed b y the living body, a n d that 
the sensation of heat or cold in the hand, in the instances 

E 
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referred to above, depends on the change produced in the 
hand in respect to this property by a change of circum
stances which preceded the sensation. W e now call heat 
the property of matter concerned in these sensations, and 
temperature a certain variable quality of matter varying 
according to its temporary condition in respect to heat. 

In the strictest modern scientific language (compare § 3 
below) the word heat is used to denote something com
municable from one body or piece of matter to another, 
and temperature a definite variable quality of matter, vary
ing generally in any particular piece of matter when heat 
is communicated to it or taken from it, varying also as we 
shall see (§§ 8 and 9 below; also Thermodynamics) in 
consequence of operations which can take place within the 
body itself,- or which may be performed upon it from 
without, but which cannot be described as communication 
of heat to it or drawing off of heat from it. 

§ 2. Latent Heat.—There are exceptional cases in which 
temperature does not vary in a mass of matter when heat is 
communicated to it from, or taken from it to, external 
matter. For instance, when the body is ice at the melting 
point, heat communicated to it does not raise its tempera
ture ; or if the body be water at the freezing point with 
ever so small a piece of ice in it (see Matter, Pro
perties of), heat taken from it does not cause its 
temperature to fall; or if the whole mass considered be 
ice and water well mixed, heat may be either communi
cated to it or taken from it without altering its tempera
ture; or if the body be water at the boiling point in the 
open air, heat very slowly communicated to it in however 
great quantities does not raise its temperature sensibly, but 
causes it to disappear by evaporation from its surface; or 
if the body be steam in a cylinder with a little water in 
the bottom and with a frictionless piston 
above it for roof (fig. 1), under atmospheric 
pressure, heat taken from it very slowly does 
not cool it until the whole steam has become 
condensed into water, and heat communi
cated to it very slowly does not warm it until 
the whole water has become evaporated into 
steam; or if the body be ice (or frozen 
water), in place of the liquid water of the 
last case^ and if the pressure on the upper 
side of the piston, instead of atmospheric 
pressure of about 1033 grammes per square 
centimetre (14-7 lb per square inch), be any
thing less than -^th of a gramme per square 
centimetre, the same statement will still 
apply with " ice" substituted for water. 
Black's celebrated doctrine of latent heat 
is merely the declaration of a class of 
phenomena of which the preceding illustrations sufficiently 
indicate the character. Modern mysticism has been much 
exercised in respect to the terms sensible heat and latent 
heat, whether in decrying them, or in continuing to use 
them, but with aggravating haziness, instead of the clear 
wrongness of the old doctrine. It has become of late 
years somewhat the fashion to decry the designation of 
latent heat, because it had been very often stated in language 
involving the assumption of the materiality of heat.1 N o w 
that w e know heat to be a mode of motion, and not a 

1 A hundred years ago those deeper philosophers who in their judg
ment anticipated, or tended to anticipate, what we now know to he the 
true theory of the nature of heat, had indeed good grounds to he jeal
ous of even the phrase latent heat. Maxwell says—-"It is worthy 
of remark that Cavendish, though one of the greatest chemical dis
coverers of his time, would not accept the phrase latent heat. He 
prefers to speak of the generation of heat when steam is condensed, a 
phrase inconsistent with the notion that heat is matter, and ohjects to 
Black's term as relating ' to an hypothesis depending on the supposition that the heat.of "bodies is owing to their containing more or less 

material substance, the old " impressive, clear, and wrong 
statements regarding latent heat, evolution and absorption 
of heat by compression, specific heats of bodies and 
quantities of heat possessed by them, are summarily dis
carded. But they have not yet been generally enough 
followed by equally clear and concise statements of what 
we now know to be the truth. A combination of impres
sions surviving from the old erroneous notions regarding the 
nature of heat with imperfectly developed apprehension of 
the new theory has somewhat liberally perplexed the modern 
student of thermodynamics with questions unanswerable by 
theory or experiment, and propositions which escape the 
merit of being false by having no assignable meaning. 
There is no occasion to give up either " sensible heat" or Sensible 
"latent heat"; and'there is a positive need to retain thereat and 
term latent heat, because if it were given up a term would J^™4 
be needed to replace it, and it seems impossible to invent 
a better. Heat given to a substance and warming it is 
said to be sensible in the substance. Heat given to a sub
stance and not warming it is said to become latent. These 
designations express with perfect clearness the relation of 
certain material phenomena to our sensory perception of 
them. Thus when heat given to a quantity of water warms 
it, the heat becomes sensible to a hand held in the water. 
W h e n a basin of warm water and a basin of water and ice 
are placed side by side, a hand dipped first in one and then 
in the other perceives the heat. If now the warm water be 
poured into the basin of ice and water, and stirred for a 
few Beconds of time (unless there is enough of warm 
water to melt all the ice), the hand perceives no warmth; 
on the contrary, it perceives that the temperature is the 
same as it was in the basin of ice and water at the begin
ning. Thus the heat which was sensible in the basin of 
warm water has ceased to be sensible in the water that was 
in that basin, and has not become sensible in the other. 
It is therefore well said to have become latent. 
Calorimetry. 

§ 3. Galorimetry by Latent Heat.—The doctrine of latent 
heat leads us very smoothly to a most important measure
ment in thermal science, the measurement of quantities o f this 
wonderful property of matter which we call heat; and this 
without our knowing anything of what the nature of heat is, 
—whether it be a subtle elastic fluid, or a state of motion, 
or possibly some modification of matter related to action of 
force. Without, in the first place, admitting into our minds 
any definite idea as to the nature of heat, we may agree to 
measure quantities of heat by quantities of ice melted into 
water without change of temperature. Thus if a kilo
gramme of ice is melted by a large quantity of water at a 
lukewarm temperature, or by a comparatively small quantity 
of very hot water, the same quantity of heat has certainly 
gone from the warm water to the ice in each case, supposing 
that the result in each case is the ice and warm water left 
all in a state of ice-cold water. The measurement of 
quantities of heat, whether thus by the melting of ice, or 
by any other means, received the name of " Calorimetry," 
when the essence of heat was supposed to be a fluid, and 
this fluid called caloric. The name calorimetry is still by 
general consent retained to designate measurement of 
quantities of heat, as distinguished from thermometry, or 

of a substance called the matter of heat ; and, as I think Sir Isaac 
Newton's opinion that heat consists in the internal motion of the par
ticles of bodies much the most probahle, I chose to use the expression 
heat is generated' (Phil. Trans., 1783, quoted by Forbes). "Weshall 
not now he in danger of any error if we use latent heat as an expres
sion meaning neither more nor less than this :— 
" Defihitiou.—Latent heat is the quantity of heat which must be 

communicated to a body in a given state in order to convert it into 
anotlier statemthout changing its temperature."—Maxwsll's Theory of 
Heat, pp. 72, 73. 
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the measurement of temperature ( § 10-67). A s long as 
the truth or falsity of the materialistic hypothesis seemed 
an open question, the word caloric was held to imply the 
materiality of heat. Thus Davy, after discussing some of 
the fundamental dogmas of the " Calorists," as he called 
them, and describing his own experiments, which proved 
beyond all doubt the falsity of their fundamental hypothesis 
that heat is matter, varied the statement of his conclusion 
by saying, " or caloric does not exist." While accepting 
Davy's conclusion, however, w e need not accept this way of 
stating it; and as most of our best modern writers still use 
the word calorimetry, and as French writers have, in com
paratively recent times, introduced the word " calorie " to 
designate a unit quantity of heat, it is decidedly convenient 
still to retain the name caloric to denote definitely the 
measurable essence of heat This is convenient scienti
fically as tending to give precision to language and ideas 
respecting the two classes of measurement, calorimetry and 
thermometry; and it has the advantage of leaving the more 
popular word heat available for that somewhat lax general 
usage, from which we cannot altogether displace it, in which 
it m a y sometimes mean high temperature, as when w e speak 
of great heat, or summer heat, or blood heat, sometimes a 
measurable quantity of heat, as in the term latent heat, 
and sometimes a branch of study or science dealing with 
the transference of heat by conduction and radiation, as 
in the title of Fourier's great work Theorie analytique de 
la Ghaleur, or the whole province of science concerned with 
heat, including calorimetry and thermometry, and conduc
tion and radiation of heat, and generation of heat, and 
dynamical relations of heat, as in English titles of separate 
books such as Dixon's, Balfour Stewart's, and Maxwell's, 
or of chapters or divisions of larger treatises, such as even 
the present article. 
§ 4. Calorimetry by Melting of Ice.—Calorimetry was first 

practised by means of the melting of ice as explained above, 
and the first thermal unit, or unit quantity of heat, or 
" calorie," although not then called calorie, was the quantity 
of heat required to melt unit weight of ice. This, for 
example, i3 the unit on which Fourier founds his reckoning 
illustratively when he explains the fundamental principles 
of his theory of the conduction of heat. Ice seems to have 
been first used for calorimetry by Wilcke, a Swede. For 
the systematic application of this method for the measure
ment of quantities of heat in various physical inquiries 

Laplace Laplace and Lavoisier constructed an instrument, the first 
an?.L*" to which the name of calorimeter was applied, and described 
voisier s y. jQ ̂  memoirs of the French Academy of Sciences for 
calori- 1780.x Though in the hands of Laplace and Lavoisier it 
meter, gave good results, it had a great inconvenience, which with 

less careful and less scientific experimenters might lead to 
great inaccuracies, on account of the water adhering by 
capillary attraction to the broken ice, instead of draining 
away from it completely and showing exactly h o w much 
ice had been melted. To avoid this evil Sir John Herschel 
suggested that, instead of draining away the water from 
the ice, the water and ice should all be kept together, 
and the whole bulk measured. The diminution of bulk 
of the whole thus gives an accurate measurement of the 
quantity of ice melted, because ice melting into water 
comes to occupy just 91-675 per cent, of its original 
volume. This suggestion is admirably carried out by 

Bunsen's Bunsen2 in his ice-calorimeter, an instrument possessing 
i"6" also other novel features of remarkable beauty and scientific 

interest. It is particularly valuable for the measurement 

calori
meter. 

1 The instrument itself is preserved in the Conservatoire des Arts et 
Metiers in Paris. It is described and explained in Maxwell's Theory 
of Heat, chap. iii. 
* Pogg. Ann., Sept. 1870, and Phil. Mag., 871; Maxwell's 

Theory of Heat, p. 61. 

of small quantities of heat. Its inventor, for example, by 
means of it succeeded in making satisfactory determinations 
of the specific heats of some of those rarer metals, such as 
indium, of which only a few grammes have been obtained. 

§ 5. Calorimetry by the Evaporation of Water.—By 
another application of Black's doctrine of latent heat, the 
evaporation of water may be used for calorimetry with great 
advantage in many scientific investigations. It is used 
generally in engineering practice, particularly for testing 
the heating power of different qualities of coal and the 
economy of various forms of furnaces. The thermal unit, 
which presents itself naturally in this system, is the quantity 
of heat required to evaporate unit weight of water when 
the pressure of the atmosphere as measured by the baro
meter is of some conventional standard amount, such as 
that called one atmosphere, or one atmo, being that for 
which the barometer, with its mercury column at zero 
centigrade (or the temperature at which ice melts), stands 
at 76 centimetres in the latitude of Paris, 48° 50',3 or at 

76 x(l+-00531 sm248°50') 
1 + -00531 sin H 

in any latitude I. This thermal unit (see Thermody
namics) is, according to Regnault's observations, equal to 
6-8 times the ice-calorimetric unit. 

§ 6. Thermometric Calorimetry.—The most prevalent 
mode of calorimetry in scientific investigation has been 
hitherto, however, neither that by the melting of ice, nor that 
by evaporation of water, nor indeed anything founded on the 
doctrine of latent heat at all. It has been founded on the 
elevation of temperature produced in water by the com
munication to it of the heat to be measured; and, for the 
sake of distinction from calorimetry by latent heat or 
otherwise, it m a y be called thermometric calorimetry. W e 
can only consider it now in anticipation, as w e have not yet 
reached the foundation of any thermometric scale; but 
even n o w w e can see that, if in any way w e fix upon' any 
two particular determinate temperatures, tho quantity of 
water warmed from the lower to the higher of them by the 
heat to be measured is a perfectly definite measure for the 
quantity of this heat. The two temperatures chosen for 
thermometric calorimetry are those marked 0° and 1° on 
the centigrade scale. The first of these w e can under
stand at present, being the temperature at which ice melts 
under ordinary atmospheric pressure. The second is fully 
defined in gj 35, 37, 51, 67. The quantity of heat required 
to raise unit mass of water (1 kilogramme, or 1 gramme, 
or 1 milligramme, or 1 lb, as the case m a y be) from zero 
to 1° C. is called the thermal unit centigrade, and some
times, especially by French writers, the " calorie." 

§ 7. Comparison of Galorimetric Units.—Observations 
by Prevostaye and Desains, and by Begnault, on the latent 
heat of fusion of ice, show it to be 79'25 thermal units 
centigrade, a result differing but little from Black's original 
determination, which made it 142 thermal units Fahr.,— 
this being equal to 78-9 thermal units centigrade. Thus 
if one kilogramme of ice be put into 79J kilogrammes of 
water at 1° C , and left till the whole is melted (the pro
cess m a y be accelerated by not too violent stirring, § 9), 
the result will be 8 0 ^ kilogrammes of water at 0° C. 

Regnault's experiments on the latent heat of steam show 
that the quantity of heat required to convert into steam unit 
3 This is chosen because all the most accurate experimental deter
minations depending on a conventional standard for atmospheric pres
sure, such as measurements of thermal expansions and specific heats of 
gases, of latent heat of melting solids in terms of a calorimetric unit 
depending on the centigrade thermometric scale, of latent heats of 
vapours, and thermal expansions of mercnry and glass, and comparisons 
of mercury and air thermometers, are those of Eegnanlt, and were made 
in Paris and calculated and given to the world according to an arbi
trary standard atmosphere corresponding to 76 centimetres of mercury there. 
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mass of water at the boiling temperature, under standard 
atmospheric pressure (§ 5), is 536J thermal units centigrade. 
This number, which is no doubt very accurate, differs but 
little from Watt's final result, 960 thermal units Fahr. 
(equal to 533'3 thermal units centigrade), obtained by him, 
in a repetition in 1781 of experiments which he had com
menced'in 1765 at the invitation of Black, whose pupil 
he was. 

§ 8. Preliminary regarding the Nature of Heat.—Dyna
mical Calorimetry.—From the dawn of science till the close 
of last century two rival hypotheses had been entertained 
regarding the nature of heat, each with more or less of 
plausibility, but neither on any sure experimental basis :— 
one that heat consisted of a subtle elastic fluid permeating 
through the pores or interstices among the particles of 
matter, like water in a sponge; the other that it was an 
intestine commotion among the particles or molecules of 
matter. In the year 1799 Davy, in his first published 
work entitled A n Essay on Heat, Light, and Combinations 
of Light,'1 conclusively overthrew the former of these 
hypotheses, and gave good reason for accepting as true the 
latter, by his celebrated experiment of converting ice into 
water by rubbing two pieces of ice together, without com
municating any heat from surrounding matter. A few 
years earlier Eumford had been led to the same conclusion, 
and had given very convincing evidence of it in his observ
ation of the great amount of heat produced in the process 
of boring cannon in the military arsenal at Munich, and the 
experimental investigation on the excitation of heat by 
friction2 with which he followed up that observation. H e 
had not, however, given a perfect logical demonstration of 
his conclusion, nor even quite a complete experimental basis 
on which it could be established with absolute certainty. 
According to the materialistic doctrine it would have been 
held that the heat excited by the friction was not gene
rated,3 but was produced, squeezed out, or let flow out 
like honey from a broken honeycomb, from those parts of 
the solid which were cut or broken into small fragments, 
or rubbed to powder in the frictional process. If this were 
true, the very small fragments or powder would contain 
much less heat in them than an equal mass of continuous 
solid of the same substance as theirs. But unhappily the 
caloristic doctrine, besides its fundamental hypothesis, which 
we now know to be wrong, had given an absurd and illogical 
test for quantity of heat in a body, of which a not altogether 
innocuous influence still survives in our modern name 
" specific heat"; and Eumford actually, in trying to disprove 
the materialistic doctrine, was baffled by this sophism. 
That is to say, he measured the specific "heat* or "capacity 
for heat" of the powder, and he found that the powder 
took as much heat to warm it to a certain degree as did an 
equal mass of the continuous solid, and from this he con
cluded that the powder did not contain less heat than the 
continuous solid at the same temperature. This conclusion 
is so obviously unwarranted by the premises that it is diffi
cult to imagine how Eumford could have for a moment put 
forward the " capacity for heat" experiment.as proving it, 
or could have rested in the conclusion without a real proof, 
or at least the suggestion of a real proof. All that 
Rumford's argument proved was that the fundamental 
hypothesis of the " calorists " and their other altogether 
gratuitous doctrine of equality of " specific heat" as a test 
for equality of whole quantities of heat in matter could 
not be both true ; and any one not inclined to give up the 
1 Published in 1799 in Contributions to Physical and Medical 

Knowledge, prmaipoMy from the West of England, collected by Thomas 
Beddoes, M.D., and republished in Dr Davy's edition of his brother's 
collected works, vol. ii., London, 1836. 
2 " An Enquiry concerning the Source of Heat which is excited by 

Friction" (Phil. Trans., abridged, vol. xviii. p. 286). 3 Compare quotation from Cavendish, footnote, § 2 above. 

materialistic hypothesis might have cheerfully abandoned 
the minor doctrine, and remained unmoved by Eumford's 
argument. If Eumford had but melted a quantity of the 
powder (or dissolved it in an acid), and compared the heat 
which it took with that taken by an equal weight of the 
continuous solid, he would have had no difficulty in proving 
that the enormous quantity of heat which he had found to 
be excited by the friction had not been squeezed, or rubbed, 
or pounded, out of the solid matter, but was. really brought 
into existence, and therefore could not be a material sub
stance. H e might even, without experiment, have pointed 
out that, if the materialistic doctrine were true, it would 
follow that sufficiently long-continued pounding of any 
solid substance by pestle and mortar, whether by hand or 
by aid of machinery, would convert it into a marvellous 
powder possessing one or other of two properties about 
equally marvellous. Either the smallest quantity of it 
thrown into an acid would constitute a freezing mixture of 
unlimited intensity,—the longer it had been pounded, the 
more intense would belts frigorific effect on being dissolved, 
— o r the powder would be incapable of being warmed by 
friction, because it had already parted with all the heat 
which friction could rub out of it. The real effect of 
Rumford's argument seems to have been to salve the 
intellectual consciences of those who were not inclined to 
give up the materialistic doctrine, and to save them from the 
trouble of reading through Eumford's paper and thinking 
for themselves, by which they would have seen that his 
philosophy was better than his logic, and would inevitably 
have been forced to agree with him in his conclusion. It 
is remarkable that Davy's logic, too, was at fault, and on 
just the same point as Eumford's, but with even more trans
parently logical fallaciousness, because his argument is put 
in a more definitely logical form. 

" Let heat be considered as matter, and let it he granted that the 
temperature of bodies cannot he increased unless their capacities are 
diminished from some cause, or heat added to them from some 
bodies in contact" ! ! 

* * * * . - * • * * * 
'' Experiment II. — I procured two parallelepipedons of ice,4 of 

the temperature of 29°, 6 inches long, 2 wide, and § of an inch 
thick; they were fastened by wires to two "bars of iron. By a 
peculiar mechanism their surfaces were placed in contact and kept 
in a continued and violent friction for some minutes. They were 
almost entirely converted into water, which water was collected and 
its temperature ascertained to he 35° after remaining in an atmo
sphere of a lower temperature for some minutes. The fusion took 
place only at the plane of contact of the two pieces of ice, and no 
bodies were in friction hut ice. From this experiment it is evident 
that ice by friction is converted into water, and, according to the 
supposition, its capacity is diminished; hut it is a well-known 
fact that the capacity of water for heat is much greater than that 
of ice, and ice must have an absolute quantity of heat added to it 
before it can be converted into water. Friction consequently does 
not diminish the capacities of bodies for heat."-—Davy's Essay on 
Heat, Light, and Combinations of Light, pp. 10-12. 

[Delete from "and, according to the supposition," to 
" greater than that of ice " inclusive; and delete the lame 
and impotent conclusion stated in the last eleven words. 
The residue constitutes an unanswerable demonstration 
of Davy's negative proposition that heat is not matter.] 
§ 9. Joule's Dynamical Equivalent of Heat.—It is remark

able that, while Davy's experiment alone sufficed to over
throw the hypothesis that heat is matter, and Rumford's, 
with the addition of just a little consideration of its relations 
to possibilities or probabilities of inevitable alternatives, did 
the same, fifty years passed before the scientific world be
came converted to their conclusion,—a remarkable instance-
of the tremendous efficiency of bad logic in confounding 
public opinion and obstructing true philosophic thought. 

4 " The result of the experiment is the same if wax, tallow, resin, 
or any substance fusible at a low temperature be used; even iron may 
be fused by collision, as is evident by the first experiment." 
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Joule's great experiments from 1840 to 1849,1 creating new 
provinces of science in the thermodynamics of electricity, 
and magnetism, and electro-chemistry, recalled attention to 
D a v y and Rumford's doctrine regarding the nature of heat, 
and supplied several fresh proofs, each like Davy's absolutely 
in itself complete and cogent, that heat is not a material sub
stance, and each advancing with exact dynamical measure
ment on the w a y pointed out by Rumford in his measure
ment of the quantity of heat generated in a certain time 
by the action of two horses not urged to overwork them
selves. T h e full conversion of the scientific world to the 
kinetic theory of heat took place about the middle of this 
century, and was no doubt an immediate consequence of 
Joule's work, although Eumford and Davy's demonstrative 
experiments, and the ingenious and penetrating speculations 
of M o h r , and Seguin, and Mayer, and the experimental 
thermodynamic measurements of Colding, all no doubt 
contributed to the result. Each of the several subjects of 
thermodynamic measurement undertaken by Joule gave 
him a means of estimating the quantity of work required 
to generate a certain quantity of heat; but after several 
years of trials he was led to prefer to all others the direct 
method of simply stirring a quantity of water by a paddle, 
and measuring the quantity of heat produced by a measured 
quantity of work; and this method he has accordingly used 
in all his experiments for the purpose of determining the 
" dynamical equivalent of heat" from the year 1845 to the 
present time. B y this he found his final result of 1849,2 
which was 772 Manchester foot-pounds for the quantity 
of work required to w a r m by 1° Fahr., at any temperature 
between 55° and 61° Fahr., 1 B> of water weighed iu 
vacuum. In 1870 he commenced work for a fresh deter
mination of the dynamical equivalent of heat at the request 
of the British Association, and the result was communicated 
to the Royal Society3 about the end of 1877, with the 
following preface :— 
'' The committee of the British Association on standards of electri

cal resistance having judged it desirable that a fresh determination 
of the mechanical equivalent of heat should be made by observing 
the thermal effects due to the transmission of electrical currents 

1 List of titles of, and references to, papers by Dr James Prescott 
Joule, F.E.S. :— 
" Description of an Electromagnetic Engine," Sturgeon Ann. Electr., ii., 1838, 

pp. 122-123. " Description of an Electromagnetic Engine,4' Sturgeon Ann. 
Electr., 1S89, pp. 437-439. " On the use of Electromagnets made of Iron Wire 
for the Electromagnetic Engine," Sturgeon Ann. Electr̂  iv., 1839-40, pp. 58-62. 
" Investigations In Magnetism and Electromagnetism," Sturgeon Ann. Electr., 
iv., 1839-40, pp. 131-137. " Description of an Electromagnetic Engine," Sturgeon 
Ann. Electr̂  iv., 1839-40, pp. 203-205. " On Electromagnetic Forces," Sturgeon 
Ann. Electr-, iv., 1839-40, pp. 474-481; v., 1840, pp. 187-198, 470-472. " On the' 
Production of Heat by Voltaic Electricity," Roy. Soc. Proc., iv.. 1840, pp. 280-282. 
" On the Heat evolved by Metallic Conductors of Electricity, and In the Cells of a 
Battery daring Electrolysis," Phil. Mag., xix., 1641. pp. 260-277; Archives de 
TElectr., ii., 1842, pp. 54-79; Sturgeon Ann. Electr., viii., 1842, pp. 287-301. "On 
the Electric Origin o^the Heat of Combustion," Brit. Assoc. Report. 1842 (pt. 2), 
p. 31; Archives de VElectr., ii., 1842, pp. 80-102; Phil. Mag., xx., 1842, pp. 98-113; 
Sturgeon Ann. Electr., viiL, 1842, pp. 302-315. "On the Electrical Origin of 
Chemical Heat," Phil. Mag., xxii., 1843, pp. 204-208; Annal. de Chimie, xvi, 
1846, pp. 474-480; Napoli Rendiconto, Hi., 1844, pp. 226-233. "On the Caloriflc 
Effects of Magneto-electricity, and on the Mechanical Value of Heat," Phil. Mag., 
xxiii, 1843, pp. 263-276, 347-355, 435-443; Annal. de Chimie, sxxlv., 1852, pp. 
504-508; Brit. Assoc Report, 1843 (pt. 2), p. 33. "On the Intermittent Char
acter of the Voltaic Current in certain cases oE Electrolysis, and on the Intensities 
of various Voltaic Arrangements," Phil. Mag., xxiv., 1844, pp.106-115; Archives 
de V&lectr., iv., 1844, pp. 269-275; " On Specific Heat," Phil. Mag., xxv., 1844, 
pp. 334-337. " On the Changes of Temperature produced by the Rarefaction and 
Condensation of Air," Roy. Soc. Proc, v., 1844, pp. 517-518; Annal. de Chimie, 
xxxv., 1852, pp. 118-120; Phil. Mag., xxvi., 1845, pp. 369-383. "On the 
Mechanical Equivalent of Heat," Brit. Assoc. Report, 1845 (pt, 2), p. 31. " On the 
Existence of An Equivalent Relation between Heat and the ordinary forms of 
Mechanical Power," Phil. Mag., xxvii., 1845, pp. 205-207. " On the .Heat evolved 
during the Electrolysis of Water (1843), Manchester Phil. Soc. Mem., vii, 1846, pp. 87-113. " On a new Theory of Heat," Manchester Phil. Soc. Mem., vil„ 1846, pp. 111-112. " On a new Method of ascertaining the Specific Heat of Bodies (1845)," Manchester Phil. Soc Mem., vii., 1846, pp. 559-573. " Experiences snr l'ldentite" entre le calor|que et la force mecanique," Paris Comptes Rendus, xxv., 1847, pp. 309-324. " On the Theoretical Velocity of Sound," Phil. Mag., xxxi., .1847, pp. 114-115. " On th? Mechanical Equivalent of Heat as determined by the Friction of Fluids,"Phil. Mag., xxxi., 1847, pp. 173-176; Brit. Assoc. Report, 1847 (pt. 2), p. 55; Poggen. Annals lxxiii., 1848, pp. 479-484. "On the Mechanical Equivalent of Heat, and on the Constitution of Elastic Fluids," Brit. Assoc. Report, 1848 (pt. 2), pp. 21-2?. " On Shooting Stars," Phil. Mag,, xxxii., 1848,pp. 349-351. "Sur l'equiv-alent mecanique du calorique," Paris Comptes Rendus, xxvlii, 1849', pp. 132-135. 2 Joule " On the Mechanical Equivalent of Heat," Philosophical Transactions of 1850. 3 " New Determination of the Mechanical Equivalent of Heat," by James Prescott Joule, Phil. Trans, for 1878, pp. 365-383. 

through resistances measured by the unit they had issued, I under
took experiments with that view, resulting in a larger figure (782'5, 
Brit. Assoc. Report, Dundee, 1867, p. 522) than that which I had 
obtained by the friction of fluids (772-6, Phil. Trans., 1850, p. 82). 
" The only way to account for this discrepancy was to admit the 

existence of error either in m y thermal experiments or in the unit 
of resistance. A committee, consisting of Sir William Thomson, 
Professor P. G. Tait, Professor Clerk Maxwell, Professor B. 
Stewart, and myself, were .appointed at the meeting of the 
British Association in 1870 ; and with the funds thus placed at m y 
disposal I was charged with the present investigation, for the pur
pose of giving greater accuracy to the results of the direct method." 

T h e result of this final investigation of Joule's is 772-43 
Manchester foot-pounds for the quantity of heat required 
to w a r m from 60" to 61° Fahr. a pound of water weighed 
in vacuum, which is about ^ t h per cent, greater than the 
final result of 1849 expressed in the same terms. According 
to Eegnault's measurements* of the thermal capacity of 
water at different temperatures from 0° to 230° C , it must 
be about -08 per cent, greater at 60° Fahr. than at 32°. 
According to this, Joule's thermodynamic result would be 
771*81 Manchester foot-pounds, for the work required to 
w a r m a pound of water from 32° to 33° Fahr., or 1389-26 
to w a r m a pound of water from 0° to 1° C. Seducing 
1389-26 feet to metres, w e have 4 2 3 4 3 7 metres. A t Paris 
the force of gravity is about - j - ^ per cent, less than in 
Manchester. Hence for about the middle of France and 
the southern latitudes of Germany, Joule's result, according * 
to the ordinary reckoning of French and G e r m a n engineers, 
m a y be stated as 423-5 kilogramme-metres for the amount 
of work required to w a r m 1 kilogramme of water from 
0° to 1° C. The force of gravity at Manchester is 981 '34 
dynes (centimetres per second per second). Multiplying 
423-437 by this, w e find accordingly 41,553,000 centi
metre-dynes, or "ergs," for the amount of work in C.G.S. 
measure required to w a r m 1 g r a m m e of water from 0° to 
1" C. 

Theemometky. 
§ 10. Preliminary for Thermometry.—Sense of Heat 

(resumed from § 1).—The sense of heat and cold is not 
simply dependent on the temperature of the body touched. 
If a person takes a piece of iron, or a stone, or a piece of 
wood, or a ball of worsted, or a quantity of finely carded 
cotton-wool, or of eider down, in his hand, or touches an iron 
column, or a stone wall, or a wooden beam, or a mass of 
wool or of down, he will perceive the iron cold, the stone 
cold, but less cold than the iron, the wood but slightly 
c o l d — m u c h less cold than the stone, the wool or d o w n 
decidedly warm. 

W e n o w k n o w that if all the bodies before being touched 
were near one another in similar exposure, they must have 
been at the same temperature, and from the iron and stone 
being felt cold w e k n o w that this m e a n temperature is 
lower than the temperature of the hand. Each of the 
bodies touched must at the first instant have taken some 
heat from the hand, and therefore, if the perception were 
quick enough, all at the very instant of being touched 
would have seemed cold to the sense. The iron by its 
high thermal conductivity (§§ 76, 78, 80) keeps drawing 
off heat from the hand and lowering its temperature, 
till after m a n y seconds of time an approximately per
manent temperature is reached, which m a y be consider
ably lower than the temperature of the hand before-
contact, but somewhat higher than the previous tem
perature of the iron, because of the internal furnace (see 
Theemodynamics) generating heat in the hand. A similar 
result, but in less time and with less ultimate lowering 
of temperature of the hand, takes place w h e n stone is 
touched. W h e n wood is touched its comparatively small 
conductivity (§ 76) allows its surface to be w a r m e d again after the first few seconds, sometimes to a higher tem-4 Relation des Experiences, vol. i. p. 748, Paris, 1847. 
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perature than that of the hand before contact • and thus, 
if the sensation could be perfectly remembered, it would 
be perceived that the wood was first felt to be cold, and 
afterwards to be warm. This latter warmth is rendered 
very perceptible by first holding the hand in contact with 
a piece of wood, as for instance a mahogany table, for a 
considerable time, half a minute or more, and then suddenly 
removing it; a sense of cold is immediately perceived in 
consequence of the exposure of the hand to the air. The 
foot is similarly sensitive, If, after holding a bare foot for 
some time in the air, it be placed on a varnished wooden 
floor, the floor is perceived to be cold, and if, after standing 
some time with it pressed to the floor, the foot be suddenly 
lifted, the air now seems cold by contrast. If a person 
walks with bare feet on a wooden floor, a continued sense of 
cold is experienced; and if, immediately after doing so, he 
sits down, and holds his feet in the air, the air seems to 
be warm by contrast. The same sensations are perceived 
even on a carpeted floor, but much less markedly than on 
a plain wooden floor, and much less markedly on a plain 
wooden floor than on a varnished wooden floor, and much 
less markedly on a varnished wooden floor than on a stone 
floor. In the case of touching soft wool, or finely carded 
cotton-wool, or eider down, the first instantaneous sensation 
of cold is scarcely if at all perceived, and that which first 
provokes consciousness is the subsequent heating; and it 
is very startling to find a body which we know to be ice-
cold on a frosty day feeling positively warm to the first 
consciously perceptible sensation after it is touched. In 
this case the small thermal conductivity or great thermal 
resistance of the substance is such that heat is carried 
off by it from the hand slower than it was carried off by 
radiation and aerial convection (§§ 70, 71) before contact; 
and thus, after the first momentary cooling of the hand by 
the initial cataract of heat from it to, the cold body touched, 
in a small fraction-of a second of time a higher temperature 
is attained by the hand than it had before contact. 

§ 11. Sense of Temperature.—The sense of heat is in 
reality a somewhat delicate thermal test when properly used. 
Even an unskilled hand alternately dipped into two basins of 
water will, as we have found by experiment, detect a differ
ence of temperature of less than a quarter of a degree 
centigrade; and there can be no doubt that bath and hospital 
attendants, and persons occupied with hot liquors in various 
manufactures, such as dyeing, can detect much smaller dif
ferences of temperature than that, and, what is still more re
markable, can remember permanently sensations of absolute 
temperature sufficiently to tell within less than a degree 
centigrade that the temperature of a bath, or a poultice, Or 
dyeing liquor is "blood heat," or "fever heat," or some other 
definite temperature to which they have been accustomed. 

§ 12. Thermometry by Sense of Heat—with arbitrary 
Centigrade Scale deduced from Mixtures of Hot and Cold 
Water.—-Without knowing anything of the nature of heat 
we might found a complete system of thermometry on the 
mixing of hot and cold water with no other- thermoscope 
(§ 13) than our sense of heat, if we had but two definite 
constant temperatures of reference. These in practical 
thermometry are supplied by the melting-point of ice and the 
temperature of steam from water boiling in air at a definite 
pressure (the "atmo" or standard atmosphere, § 5). Thus, 

. suppose perfectly abundant supplies of iced water and of 
water at the boiling temperature to be available, and suppose 
it to be desired to measure the temperature of a river, or 
lake, or sea. Take measured quantities of the boiling and 
of the ice-cold water, and mix them by trial until, tested by 
the hand,the mixture is found to have the same temperature 
as that of the mass of water of which the temperature is to 
be determined. Suppose, for example, the mixture giving 
the required temperature to consist of 86-6 parts by weight 

of rce-cold water, and 13-4 parts by weight of boiling water ; An 
the required temperature is 13-4 on a perfectly definite arbitrary 
scale of thermometry in which the temperature of ice-cold ^ f 
water is called zero, that of boiling water 100, and other f™lee 
temperatures are reckoned according to the law of propor- founded 
tion of mixtures of water in the manner indicated by the °n as-
example, and defined generally in § 31 below. For tern- s™ivS 
peratures within the range of sensibility of the hand this em/hett 
method would give more accurate results than many (§ 68)' 
common thermometers sold by instrument makers for of water 
ordinary popular purposes. It may be relied upon fortol)e 
absolute accuracy within -j^ths of a degree centigrade, pro-constant-
vided the mixing of hot and cold water is performed with 
sufficiently large quantities of water, and with all proper 
precautions to obtain in that part of the process all the 
accuracy obtainable by the living thermoscope. 

W e shall see (§ 25) that with the most accurate mercury 
or air thermometers, made for scientific investigation and 
carefully tested, absolute determinations can scarcely be 
depended upon within J^th of a degree centigrade. The 
method of mixtures with only the sensory thermoscope is 
not limited to the range of temperature directly perceptible 
with unimpaired sensibility; but when the temperature to 
be tested is beyond this range an indirect method must be 
followed, as thus:— 

A large quantity of water too warm for the hand is to 
be tested. Mix it with say twice its weight of ice-cold 
water, this giving a convenient temperature for the hand; 
then find by trial what proportions of ice-cold and boiling 
water give a mixture of the same temperature as tested by 
the hand; suppose these proportions to be 26-2 of boiling 
water and 73-8 of ice-cold water. The temperature of the 
mixture is by definition 26-2, and on the same principle 
the required temperature is three times this, or 78-6. 

This system of thermometry is, however, strictly limited 
to the range between the freezing and boiling points of 
water, for we do not at present consider the possibilities 
(see Liquid; Steam; Matter, Peopeeties of; Theemody
namics) of obtaining and using therm ometrically quantities 
of water below the freezing point and above the boiling 
point. It is described here, not only because it is very 
instructive in respect to the principles of thermometry, but 
because it is in point of fact the thermometric method used 
through a large range of processes not only in the arts but in 
scientific investigation. In many cases the hand is a more 
convenient and easy test than a common mercury thermo
meter, and it has just about the same sensibility, the 
commonest thermometers in popular use being in fact 
scarcely to be read to a quarter of a degree centigrade. In 
respect to accuracy a common cheap thermometer, though 
perhaps a degree or two wrong in its absolute indications, 
may still be used as an accurate indicator of equality of tem
peratures just as is the hand in the method of mixtures. 

In many cases the hand is more convenient than the 
thermometer, in other cases the thermometer is more con
venient than the hand, but in many cases the thermometer 
is applicable when the hand is not. W h e n the quantities 
of water tested are abundant, the hand is always the quicker 
test, but there must be abundance of water to allow it to 
be satisfactorily and accurately applicable. 
Tl-IEEMOSCOPES DlFFEEENTI&X AND INTEINSIC. 
Differential Thermoscopes essentially continuous.—-Intrinsic 

Thermoscopes discontinuous and continuous.—Single 
and Multiple Intrinsic Thermoscopes (discontinuous).— 
Continuous Intrinsic Thermoscopes. 

§ 13. A thermoscope is an indicator of temperature. Differ-
A differential thermoscope is a thermoscope which shows ential 
difference, or tests equality, of simultaneous temperatures thermo" 
in two places. Its action is essentially continuous, de- C°pe5' 
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pending on difference of temperature between the two 
places, and showing zero continuously when the tempera
tures of the two places are varied, provided they are kept 
exactly equal. Every kind of differential thermoscope, and 

Con- of continuous intrinsic thermoscope, must be founded on 
tiunous some property of matter, continuously varying with the 
thermo- temperature, as density of a fluid under constant pressure, 

pressure of a fluid in constant volume, volume of the liquid 
part of a whole mass of liquid and solid kept in constant 
volume,1 steam-pressure of a solid or liquid,2 shape or 
density of an elastic solid under constant stress, stress of 
an elastic solid in a constant state of strain, viscosity of a 
fluid, electric current in a circuit of two metals with their 
junctions at unequal temperatures, electric resistance of a 
conductor, magnetic moment of a steel or loadstone magnet. 
Examples :—(1) Leslie's differential air thermometer; (2) steam-

pressure differential thermometers (§§ 39-44 below); (3) Joule's 
hydraulic and pneumatic differential thermoscopes (Memoirs Cham. 
Soc, vol. iii. p. 201; Proc. Lit. and Phil. Soc. Manchester, vol. iii. 
p. 73 ; Ibid., vol. vii. p. 35); (4) viscosity differential thermoscope 
(Proceedings R.S.E., April 5,1880); (5) thermo-electric differential 
thermometer; (6) Siemens electric resistance differential thermo
meter ; (7) thermo-magnetic differential thermometer (see Proceed
ings R.S.E. for April 5, 1880). 

§ 14. Intrinsic Tliermoscopes.—An intrinsic thermoscope 
is an instrument capable of indicating one definite tempera
ture or several definite temperatures, or all temperatures 
within the range of the instrument, whatever it maybe—the 
temperature or temperatures indicated being intrinsically 
determined by the constitution of the instrument and indi
cated by some recognizable feature of the instrument which 
changes discontinuously or continuously, as the case may be, 
and which is always the same when the instrument is brought 
back again and again to the same temperature, whatever 
changes it m a y have experienced in the intervals. Discon
tinuous intrinsic thermoscopes show only a limited number 
of temperatures. A continuous intrinsic thermoscope shows 
any temperature whatever throughout the range of efficiency 
of the instrument, ideally any temperature whatever, though 
in practice every thermoscope is limited, some with both 
inferior and superior limit, as the mercury thermometer by 
the freezing of mercury at about - 39° C , and the bursting 
pressure of mercury-steam a little above + 360° C.; others 
with only a superior limit, as metallic thermoscopes, whether 
thermo-elastic, or thermo-electric, or electric-resistance, or 
thermo-magnetic, by the melting of their substances at very 
high temperatures, or, in the case of the thermo-magnetic 
instrument, by the total or partial loss of its magnetism at 
some temperature much below the melting point of its sub
stance. A continuous intrinsic thermoscope, when applied to 
a body whose temperature is changing, shows continuously 
every variation of temperature within its range of efficiency. 

§ 15. Discontinuous Intrinsic Thermoscopes.—A single 
intrinsic thermoscope is a thermoscope which shows whether 
tho temperature of the body to which it is applied is higher 
or lower than some one definite temperature depending on 
the intrinsic quality of the instrument. 
Examples:—(1) a piece of ice, or of wax, or of fusible metal; (2) 

an apparatus for boiling water or other liquid under a perfectly 
constant pressure; (3) an apparatus for boiling water under the 
natural atmospheric pressure, and a barometer to measure exactly 
what the pressure is at the time. 

A multiple intrinsic thermoscope might be made by pre
paring a graduated series of metallic alloys, numbering 
them in order of their melting points, and arranging them 
together conveniently for use. The temperature might be 
reckoned numerically, according to the number of the alloys 
that melt, when the whole series is exposed to the tempera
ture to be tested. This discontinuous numerical reckoning 
of temperature is perfectly analogous to the Birmingham 1 This is the principle of the ordinary mercury or spirit thermometer. 3 For" definition of steam see § 17 below. 

reckoning of wires and sheet metals by numbered gauges. 
Ideally it m a y be made infinitely nearly continuous by 
making a series of alloys with fine enough gradation of com
position, but the method is in its essence discontinuous. 
It is useful for many special applications in science and in 
the arts, as for instance in that very fundamental one 
(§ 12) of giving one of the fixed points in the ordinary 
thermometric scale, the " freezing point "; also in a form 
of safety valve for boilers or hot-water pipes, in which a 
plug fixed by solder is released by the melting of the solder 
when the temperature reaches a certain limit; also an 
exceedingly useful guard against overheating in the flue of 
a stove, by which a stopper is allowed to fall by the melting 
of a leaden support, and stop the draught, before the tem
perature reaches the highest limit judged permissible. 

§ 16. Continuous Intrinsic Thermoscopes.—Continuity of 
indication requires, as said above (§ 13), choice of some pro
perty or properties of matter varying continuously with tem
perature, such as those enumerated in § 13. A continuous 
intrinsic thermoscope must have a feature, depending on 
the chosen property of matter, which shall vary with perfect 
continuity when the temperature is gradually changed, and 
shall always be the same when the instrument is brought 
to the same temperature again and again, whatever varia
tion of temperature it may have experienced in the intervals. 
The accuracy of an intrinsic thermometer, whether discon
tinuous or continuous, depends upon permanence of quality 
of the material and of the mechanical constitution of the 
instrument, according to which the recognized feature shall 
always be very accurately the same for the same temperature. 
The sensibility or delicacy of a continuous intrinsic thermo
meter depends upon the recognizability of change in its 
indicating feature with very small change of temperature. 

§ 17. The property of matter chosen as the foundation of 
almost all ordinary continuous intrinsic thermoscopes in 
common use is interdependence of the density, the tempera
ture, and the pressure of a fluid. The only other thermo
scopes which can be said to be in common use at all are 
" metallic thermometers " (see Theemometee ; Matter, 
Peopeeties op); these depend upon the change of shape 
of a rigid elastic solid under a stated stress, or on the 
change of shape of a compound solid, composed of two 
elastic solids of different substances melted or soldered 
together. For the present we confine our attention to the 
former and much larger class of instruments. The general 
type of all those instruments, except the steam-pressure 
thermometer (§§ 39-46 below), is a glass measure, measur
ing the bulk of a fluid. To give the requisite practical 
sensibility to the measurement, the glass, except for the 
case of the constant-pressure gas thermometer (§§ 64-67 
below) and of the steam-pressure thermometer, is made 
of a shape which may be generally described as a bottle 
with a long narrow neck. The body of the bottle, which 
may either be spherical or of an elongated form, is called 
the bulb, and the neck is called the tube or stem (stem 
we shall most frequently call it, to obviate ambiguities 
without circumlocutions). The thermometric fluid m a y 
be all liquid, as mercury, or oil, or alcohol, or ether, or 
glycerine and water; or it may be all gas, as common 
air, or hydrogen, or carbonic acid; or it may be partly 
liquid and partly steam (steam being a name which we Steam, 
shall invariably use to designate the less dense portion defini-
of a fluid substance at one temperature and pressure*1™of-
throughout, and in equilibrium, with two parts of different 
densities). This last case is different from the two pre
ceding, in respect to the character of the thermometric 
indication: the whole volume of the thermometric sub
stance m a y be changed from that of all liquid' to thdt of 
all steam without changing the temperature or the pressure, 
and the pressure cannot be changed without changing the 
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temperature, provided the substance is kept in the double 
condition of part liquid and part steam; in other words, in 
this case the pressure depends upon the temperature alone 
and is independent of the volume. In the steam-pressure 
thermometer, therefore, there is no delicate measuring of 
volume of the thermometric substance, and the vessel 
containing it is not in the shape of bulb and stem; bnt 
the instrument consists essentially of a means of measuring 
the pressure of the thermometric substance, with a test 
that it is really in the twofold condition of part liquid and 
part steam, whether by seeing it through a glass containing-
vessel, or by a proper hydraulic appliance for ascertaining 
that the pressure is not altered by rarefaction or conden
sation when the temperature is kept 
constant. Eealized thermometers of 
this species, quite convenient for m a n y 
practical purposes, with steam of sul
phurous acid, of water, and of mer
cury, to serve for different ranges of 
temperature, from below — 30° C. to 
above + 520° C , are described in §§ 
39-44 below. 

§ 18. In respect to general con
venience for large varieties of uses, 
whether for scientific investigation, 
or for the arts, or for ordinary life, 
liquid thermometers are generally and 
with good reason preferred; but the 
general preference of either mercury 
or spirits of wine for the liquid, which 
is so much the rule, is not (§20 below) 
so clearly reasonable. For ordinary 
uses in which the thermometer has 
to be moved about and placed in 
various positions, gas thermometers 
are m u c h less convenient, because 
they require essentially an accurate 
measurement of pressure, and gene
rally for this purpose a column of 
liquid. But when the thermometer 
is to be kept always in one position, 
as for instance when it is devoted to 
testing the temperature of the air in
doors or out of doors, Amonton's air 
or gas thermometer is really as convenient and as easily 
read as any liquid thermometer can be : but even it, 
simple as it is, involves a triple division of the hermetically 
sealed space, with three different conditions of occupation, 
— o n e part occupied by the thermometric substance, another 
by the pressure-measuring vapourless liquid,1 and the third 
vacuous: and it is by so m u c h the less simple than the 
liquid thermometer that in the liquid thermometer the 
enclosed space is divided into only two parts, one occupied 
by the thermometric liquid, and the other by its steam, with 
1 An instrument closely resembling that shown in the drawing (fig. 
2), but with common air instead of hydrogen, was made for the writer 
of this article, by Casella, about fifteen years ago, and has been used 
for illustrations in the natural philosophy class in Glasgow university 
ever since. It is probably an exceedingly accurate air thermometer. 
When it was set up in the new lecture-room after the migration to its 
present locality in 1870, the tube above the manometric liquid column 
was cleared of air. To do this the instrument must be held in such a 
sloping position, with the closed end of the tube down, as to allow the 
bubble of air always found in it to rise and burst in the bulb. If now 
the instrument is placed in its upright position, the liquid refuses to 
leave the top of the tube, and it would remain filling the tube (probably, 
for ever ?) if left in that position. No violence of knocking which has 
been ventured to try to bring it down has succeeded. To bring it down 
a bubble of air must be introduced. The bubble must be very small, 
so that the pressure of the air whioh fills it may become insensible when this air expands into the space of the tube left above the manometric column after it descends to its proper thermoscopic position. • Special experiments made for this article in September 1879 showed 

Fig. 2. 

or without some admixture of common air. For accuracy 
the air or gas thermometer is superior, w e might almost say 
incomparably superior, to the mercury thermometer, and, 
though in a m u c h less degree, still decidedly superior to 
even the most accurate liquid thermometer, on account of 
the imperfect constancy of the glass containing-vessel. 
§ 19. If we were quite sure of the bulk measurement given 

by the glass bulb and tube, liquid thermometers would be 
quite as accurate as gas thermometers. For there is no diffi
culty in giving any required degree of sensibility to the 
instrument by making the bulb large enough; and the 
quality of the liquid itself, hermetically sealed in glass, 
m a y be regarded as being as constant as anything we know 
of in the material world. But, alas for thermometry, the 
glass measure is not constant! In fact, glass is a substance 
of very imperfect elasticity (Elasticity, § 4, vol. vii. p. 797); 
and it is found that the bulb of a thermometer is not 
always of the same volume at the same temperature, but 
that, on the contrary, it experiences uncertain changes 
exceedingly embarrassing in thermometry. In the course 
of a few months after a thermometer is filled and sealed, 
the bulb generally shrinks by some uncertain amount of 
from ji.ooa0' *° goooo °f i*a hulk, sometimes even in the 
course of years to almost xoooo- This has been discovered 
by a gradual rising of the freezing point, in new mercury 
thermometers, generally as much as from \° to §-° C , 
sometimes to as m u c h as 1°, which corresponds to a 
shrinkage of j^ooo) as *ne bulk-expansion of mercury is 
when its temperature is raised from 0°to 100° C. (Table II. 
below) -yi.-j-, or -01815, of its bulk at 0°. After a few 
months or a few years this progressive shrinkage ceases to 
be sensible ; but if the thermometer at any time is exposed 
to the temperature of boiling water or any higher tem
perature, an abrupt sub-permanent enlargement of the 
bulb is produced, and the freezing point, if tested for by 
placing the thermometer in ice and water, is found to be 
lowered; then again for weeks or months or years there is 
a gradual shrinkage, as shown by a gradual rising of the 
freezing point when the thermometer is tested again and 
again by placing it in ice and water. A very delicate 
mercury thermometer, which has been kept for years at 
ordinary atmospheric pressures when out of use, and never 
when in experimental use exposed to any temperature 
higher than about 30° C , or much lower than the freezing 
point, becomes very constant, and probably m a y never show 
any change of as m u c h as ̂  of a degree C. in its freez
ing point or in its indication at any other absolutely definite 
temperature, within some such range as from - 20° or- 10° 
C. to+30° or+ 40° C. But the abrupt and irregular 
changes, produced by exposing the thermometer to tempera
tures much above or much below some such limited range 
as that, constitute a very serious difficulty in the way of 
accurate thermometry by the mercury-in-glass thermometer. 
that in the nine years during which the instrument had remained undis
turbed in the lecture-room a very sensible quantity of air (enough to 
render the temperature indication about 35° C. too low) had leaked 
from the bulb through the sulphuric acid into the tube above the liquid 
column. This air was eliminated, and the instrument reset up for use, 
an operation completed in a minute at any time if need be. Some care
ful experiments were then made by Mr Macfarlane to ascertain if the 
pressure of vapour or gas from the sulphuric acid, in the tube, was 
sensible, with a happily decisive result in the negative. The bulb was 
kept at a very constant temperature by cold water; tho uppermost few 
centimetres of the liquid column, and the whole of the tube above it, 
were heated to about 100° C. by steam blown through a glass jacket-tube, 
fitted round it for the purpose. The height of the manometric column 
remained sensibly unchanged ! Further experiments must be made to 
ascertain whether or not there is enough of variation of absorption of 
the air by the sulphuric acid with variation of temperature, and enough 
of the consequent variation of pressure in the bulb, to vitiate sensibly the thermometric use of the instrument. If, as seems improbable, the answer to this question be unhappily affirmative, a satisfactory negative might be found by substituting hydrogen for common air. 
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Although the greatest care has been bestowed by Eegnault, 
Joule, and all other accurate thermometric experimenters 
to avoid error from this cause, we have still but little 
definite information as to its natural history. in thermo
meters of different qualities of glass, different shapes of 
bulb, and constructed differently in respect to processes of 
glass-blowing, boiling the mercury, and sealing the stem. 
W e do not even know whether the excess of the atmospheric 
pressure outside the bulb over the pressure due to mercury 
and Torricellian vacuum inside is influential sensibly, or 
to any considerable degree, in producing the gradual initial 
shrinkage. If it were so we might expect that the effect 
of heating the thermometer up to 100° or more at any time 
would be rather to produce an accelerated shrinkage for the 
time than what it is found to be, which is a return towards 
the original larger volume, followed by gradual shrinkage 
from day to day and week to week afterwards. A careful 
comparison between two thermometers constructed similarly 
in all respects, except sealing one of them with Torricellian 
vacuum and the other with air above the mercury, would 
be an important contribution to knowledge of this subject, 
interesting, not only in respect to thermometry, but also to 
that very fundamental question of physical science, the im
perfect elasticity of solids (see Elasticity, § 4). 

§ 20. The error of a thermometer due to irregular shrink
ages and enlargements of the bulb is clearly the less the 
greater is the expansion of the thermometric fluid with the 
given change of temperature. By the investigation of § 
30 we can calculate exactly how much the error is for 
any stated amount of abnormal change of bulk in the bulb. 
But it is enough at present to remark that for different 
liquids in the same or in similar bulbs the errors are very 
nearly in the inverse proportions of the expansions of the 
liquids. N o w (Table III. below) in being warmed from 
0° to 1° C. alcohol expands 6 times as much as mercury, 
methyl butyrate 7 times, and sulphuric ether 8£ times. 
Hence i? irregular changes of bulk of the bulb leave, 
as they probably do in practice, an uncertainty of T%ths 
of a degree in respect to absolute temperature by the 
best possible mercury-in-glass thermometers used freely at 
all temperatures from the lowest up to 100° C , the un
certainty from this cause will be reduced to -faih of a 
degree by using alcohol, or -g^th by using methyl butyrate 
instead of mercury; it may therefore, in a glass ther
mometer of. alcohol or of the butyrate, be considered as 
practically annulled (§ 19) after a few weeks or months 
have passed, and the first main shrinkage is over. 

§ 21. A n alcohol-in-glass thermometer is easily made strong 
enough to bear a temperature of 100° C , as this gives by 
the pressure of the vapour an internal bursting pressure of 
not quite an atmosphere and a quarter in excess of 
the atmospheric pressure outside. The boiling point of 
methyl butyrate (Table III. below) is 102° C ; a ther
mometer of it may therefore be used for temperatures con
siderably above 100° C , but how much above we cannot 
tell, as we have not experiments as yet on the pressure of 
its vapour at temperatures above its boiling point. The 
pressure of vapour of sulphuric ether (Table VI. below) is 
too great to allow a thermometer of this liquid sealed in 
glass to be used much above 60° or 70° C , but for low 
temperatures it makes a very valuable thermometer. It 
was used iu 1850 by W . Thomson in finding by experi
ment the lowering of the freezing point of water, predicted 
theoretically (see Theemodynamics) by J. Thomson in 
1849 (Trans. R. S. E.), and gave a sensibility of 128 
divisions to 1° C. Glass thermometers with ether, or 
chloroform (whose expansion is about 4 per cent, greater 
than that of ether), were used by Joule and W . Thomson 
in experiments1 on changes of temperature experienced by 

l Phil. Trans, for 1860, p. 325. 

bodies moving through air, in one of which the sensibility 
was as great as 330 scale divisions to the 1° C. All these 
liquids and many others in the modern chemist's repertory of 
oils and ethers and alcohols, besides the superior sensibility 
which they give by their greater expansions, have a great 
advantage over mercury for some thermometric purposes in 
their smaller specific gravity. This allows the bulb to be 
larger, with less liability to break or to give disturbed read
ings through distortion by the weight of the contained liquid. 

§ 22. Liquids which wet the glass have another great 
advantage over mercury in their smaller capillary attrac
tion (see Capillary Action, vol. v. p. 56; and Mattee, 
Peopeeties of) and in the constancy of their 180° angle 
of contact with the glass, instead of the much greater 
absolute intensity of capillary attraction in the mercury, and 
its very variable angle of contact, averaging about 45° when 
the mercury is rising, and about as much as 90° when it is 
falling. O n account of these variations the bulb of the 
mercury thermometer is subjected to abrupt variations of 
pressure when the mercury is rising or falling. The 
greatest and least pressures due to this cause are experi
enced when the angle of contact is respectively least and 
greatest, and differ by the pressure due to a vertical 
column of mercury equal in height to the difference of 
depressions of mercury in a capillary tube of the same bore 
as the thermometer stem when the angle of contact is 
changing from one to the other of the supposed extreme 
values. Hence the mercury in a thermometer rises and 
falls by jerks very noticeable in a delicate thermometer 
when looked at with a lens of moderate magnifying power, 
or even with the naked eye. Dr Joule informs us that this 
defect is much greater in some thermometers than in others, 
and that he believes it is greatly owing to the tube being 
left unsealed for too long a time after the introduction of 
the mercury (by which it is to be presumed something of a 
film of oxide of mercury is left on the glass to reappear on 
the surface of the mercury when it sinks as it cools after 
the sealing of the end). In Joule's own thermometers not 
the smallest indication has ever been detected of what he 
calls " this untoward phenomenon, which is calculated to 
drive an observer mad, if he discovers it towards the close 
of a series of careful experiments." Their admirable quality 
in this respect is no doubt due to the great care taken by 
the maker, M r Dancer, under Joule's own instructions, to 
have the mercury and the interior of the bulb and tube 
thoroughly clean, and to guard it from exposure to any 
"matter in its wrong place " until completion of the sealing. 
But no amount of care could possibly produce a mercury 
thermometer of moderate dimensions moving otherwise than 
by jerks of ever so many divisions, if its stem were of fine 
enough bore to give, anything approaching to two or three 
hundred divisions to the centigrade degree. 
§ 23. One chief objection to the use of alcohol or othervola-

tile liquid for the thermometric substance in ordinary glass 
thermometers is the liability to distillation of some of the 
liquid into the stem and head reservoir, unless the glass 
above the level of the liquid be kept at least as warm as 
the liquid. O n this account a spirit thermometer is not 
suitable for being plunged into a space warmer than the 
surrounding atmosphere with the stem simply left to take 
the temperature to which it comes in the circumstances. 
But whether for elaborate experimental use, or for the most 
ordinary thermometric purposes, there is little difficulty 
in arranging to keep the part of the stem which is above 
the liquid surface somewhat warmer than at the liquid 
surface, and this suffices absolutely to prevent the evil of 
distillation. The only other objection of any grave validity2 
2 There is one other objection which, though often stated as very grave 
against the thermometric use of any other liquid than mercury, we do 
not admit to be so. It is that when the temperature is rapidly sink-F 
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against the use of highly expansive liquids instead of 
mercury is the difficulty of allowing for the expansion of 
the liquid in the stem, if it is not at the same temperature 
as the. bulb. W i t h the same difference of temperatures in 
different parts of the instrument, the error on this account 
is clearly in simple proportion to the expansibility of the 
liquid; and therefore, the residual error due to want of 
perfect accuracy in the data for the allowance will, gene
rally speaking, be greater with the more expansive than 
with the less expansive liquid. B u t in every case in which 
the bulb and stem can all conveniently be kept at one 
temperature, a thermometer having for its thermometric 
substance s o m e highly expansive oil or alcohol or ether, 
or other so-called organic liquid of perfectly permanent 
chemical constitution, cannot but be m u c h more accurate 
and sensitive than the mercury thermometer, which has 
hitherto been used almost exclusively in thermometric work 
of the highest rank. W e shall see (§§ 62 and 64-68) 
that the ultimate standard for thermometry, according 
to the absolute thermodynamic scale (§ 34), is practically 
attained b y the use of hydrogen or nitrogen gas as the 
thermometric substance, but that for ordinary use a gas 
thermometer can scarcely be m a d e as convenient as one 
in which the thermometric substance is a liquid. For 
practical thermometry of the most accurate kind it seems 
that the best plan will be to use as ordinary working 
standard thermometers highly sensitive thermometers con
structed of some chosen " organic" liquid, and graduated 
according to the absolute thermodynamic scale, by'aid of 
the thermodynamicaliy corrected air thermometer (§ 62) 
used as ultimate standard of reference. T h e great con
venience of the mercury thermometer in respect to freedom 
from liability to distillation and smallness of error on 
account of difference of temperature between the bulb and 
stem renders it the most convenient for a large variety of 
scientific and practical purposes in which the most minute 
accuracy or the most extreme sensibility is not required, 

§ 24. Without any thermodynamic reason for preferring 
air to mercury as thermometric fluid, Eegnault preferred 
it for two very good reasons. (1) Its expansion'is 20 
times that of mercury and 160 times the cubical expansion 
of glass, and therefore with air the error due to irregularity 
in the expansion of the glass is 20 times smaller than with 
mercury, and small enough to produce no practical defalca
tion from absolute accuracy in thermometry, as he found 
b y elaborate and varied trials. So far as this is concerned, 
some highly expansive organic liquids would answer nearly 
as well as air for thermometric fluid, and would have the 
advantage of giving a thermometer m u c h more easily used. 
(2) For an ultimate standard of reference air has the 
advantage over organic liquids generally, that different 
samples of it taken at different times, or in different parts 
of the world, and purified of water and carbonic acid1 by 
well-known and easily practised processes, are sufficiently 
uniform to give thermometric results between which the 

ing, before becoming' stationary, a little .of the liquid lags behind the 
descending free surface, detained on the 'glass, and, trickling slowly 
down to rejoin the main' column, must 'be waited for before the sta
tionary temperature can be correctly read. "We believe, that if a fairly 
in viscid (or.mobile) liquid such as alcohol or ether or butyrate of oxide 
of methyl be used, there will be practically no time lost from this cause, 
and certainly no accuracy lost when proper care is taken by the ob
server. The observer must be on his guard against a possibly false steadi
ness, through the falling of temperature being momentarily balanced in 
its effect on the free surface by the, trickling down of liquid from the 
glass above, when the free surface is still above, or, it may be, has gone 
down to a little below, the true position for the final temperature. 
1 Henceforth, to avoid circumlocutions, the unqualified word "air" 

will be used to denote atmospheric air taken in any part of the world, 
and deprived of carbonic acid and whatever vapour of water it may have contained, by aid of hydratedlime, or caustic potash, or some other suitable reagent for removing the carbonic acid, and quicklime, or chloride of calcium, or sulphuric acid, or phosphoric acid, for removing the water. 

accordance is practically perfect, provided the thermo
metric plan according to which the different samples are 
used is the same, or as approximately the same as is easily 
secured in practice. T w o plans for the thermometric use 
of air naturally present themselves :—(I.) augmentation of 
volume of air kept in constant pressure; and (II.) augmenta
tion of pressure of air kept in constant volume. Eegnault Beg-
tried both plans, but found that he could only arrange his nault's 
apparatus to give good results by the second, and on it there- n.or̂ '1 
fore he founded what he called his "normal air thermo- mometer. 
meter." For the sake of perfect definiteness he chose, as the 
density of theair in hisnormal thermometer, the density which 
air has when at the temperature of melting ice and under 
the pressure of one atmo. H e adopted the centigrade scale 
in respect to the marking of the freezing and boiling points 
by 0° and 100°; and the principle which he assumed for 
the reckoning of other temperatures was to call equal those 
differences of temperature for which differences of pressure 
of the air in his normal thermometer are equal. Thus he 
was led to a definition of temperature expressed by the 
following formula :— 

p-Xl 
«=100- (1), 

Pioo-n 
where n denotes the pressure one atmo, and p and p m 
the pressures of the air of the normal thermometer a't the 
temperatures denoted by t and by 100 respectively, the 
latter being the temperature of steam issuing from water 
boiling under the pressure of one atmo. B y the most 
accurate observations which he could make Eegnault found 
for his " normal air" p m = 1-3665 x LI. Hence his ther
mometric formula becomes 

t=100 p Z n = 272-85(^-1^ . . . . (2). 
•3665 x n \n J > 

§ 25. Eegnault compared with his normal air thermo-Keg-
meter thermometers on the same plan of constant volume, nault's 
but with air at other than the normal density of 1 atmo, °°™]^n" 
and with other gases than air; also air and gas ther-t]iermo. 
mometers on the plan of constant apparent volume as meters. 
measured in a glass bulb and stem; also a thermometer 
founded simply on the dilatation of mercury; also thermo
meters of mercury in different kinds of glass, each graduated 
on the glass, stem with divisions corresponding to exactly 
equal volumes of the bore; also overflowing thermometers 
(thermometres a deversement), in which a bulb with a short 
piece of fine stem was perfectly filled with mercury at 0° 
and the quantity of mercury expelled by the high tempera
ture to be measured was weighed, instead of being volu-
metrically measured by divisions of a long stem as in the 
ordinary thermometer. 

The whole of this thermometric investigation is full of 
scientific interest, and abounds with results of great prac
tical value in respect even of the minutest details of 
Eegnault's work. It will be found fully described in the 
first of his three volumes, entitled Relation des Experiences 
entreprises par ordre de Monsieur le Ministre des Travaux 
Publics et sur la proposition de la Commission centrale des 
Machines a Vapeur pour Determiner les Principales Lois et 
DomvSes Numeriques qui entrent dans le Calcul des Machines 
a Vapeur, which were published at Paris in 1847, 1862, 
and 1870. Here w e can but state some of the most im
portant of the general conclusions:— 

(1) T h e air thermometers with pressure at 0°of from 4 4 
to 149 centimetres of mercury agreed perfectly with the nor
mal air thermometer calculated according to the same for
mula (2), and nearly the same numerical coefficient 272-85. 
A slightly larger value 272-98 (or -0036632-1) gave, the 
best agreement for the 4 4 c m . pressure, and the somewhat 
smaller value 272-7 (or -003667-1) for the pressure 149 c m . 

(2) T h e hydrogen gas thermometer, with pressure one 
atmo at 0°, and with its indications calculated according to 
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formula (2) but with a different numerical coefficient,1 
agreed perfectly with the normal air thermometer from 0° 
to 325°. 

(3) The carbonic acid gas thermometer with pressure 
46 c m . at 0°, and its indications calculated with the co
efficient 271-59 (-003682-1), agreed perfectly with the 
normal air thermometer from 0° to 308°. 

(4) The carbonic acid gas thermometer with pressure, 
at 0°, 74 centimetres (or nearly 1 atmo), calculated with 
the coefficient 270-64 (-003695-1) to make it agree with 
the normal air thermometer at 100°, gave numbers some
what too large for all temperatures from 200° to 323°. 
The difference seemed to rise to a maximum at about 180°, 
when it was about J°, and to diminish so as to be only 
about ̂ 5-° at the highest temperatures of the comparison. 
T w o sulphurous acid gas thermometers, with pressures 59 
c m . and 75 c m . at 0°, calculated with coefficients 263*6 
(•003794-1) and 261-4 (-003825-1) respectively to make 
them agree at 100° with the normal air thermometer, each 
gave numbers too small for the higher temperatures by dif
ferences increasing gradually from £° at 140° to 3° at 320°. 

(5) Air and gas thermometers calculated according to 
differences of pressure of the gas kept at the same apparent 
volume (that is to say, with the bounding mercury column 
at aconstant mark on the glass stem of the thermometer) 
gave numbers too small at the higher temperatures by 
differences gradually increasing up to 2J° at 350° in the 
case of Ghoisi le Roi crystal, a hard glass without lead, and 
to as much as 3J° in the case of ordinary glass. 

In connexion with these observations Eegnault remarks 
that the greatest cause of uncertainty in his air ther
mometry is the allowance for expansion of the glass. It 
was only by most carefully made special experiments2 on 
each particular bulb and tube, to determine its expansion 
throughout the range for which it was to be used, that he 
succeeded in obtaining the great accuracy which we find in 
his results, according to which the probable error, whether 
by his normal air thermometer, or by other air or gas ther
mometers of those stated above to agree with it perfectly, 
was not more than from -1 to "15 of a degree for any 
temperature up to 350°. 

(6) The mercury-in-glass thermometers which Eegnault 
generally used for comparison with his normal air ther
mometer were overflowing thermometers, because he found 
that with such he could more easily obtain the very minute 
accuracy at which he aimed than with the ordinary volu
metric thermometers; but the formula by which he calcu
lated temperature from the overflowing thermometer was 
adapted to give exactly the same result as would have been 
obtained by the ordinary thermometer with divisions on 
the stem corresponding to equal volumes of the bore. It 
must be remembered, however, that this perfect agreement 
between the volumetric and overflowing thermometers 
would not be found unless the expansion of the bulb and 
tube were uniform and isotropic throughout. 

(7) The general results of Eegnault's comparisons of 
mercury thermometers with his normal air thermometer 
1 Instead of the '003665 of his normal air thermometer, Eegnault 

states that for his hydrogen thermometer he used '003652 (which would 
make the coefficient in formula (2) be 273-82 instead of 272-85). But 
this must surely be a mistake, as he found -0036678 for the '' coefficient of dilatation " of hydrogen calculated from its increase of pressure in constant volume, and '0036613 for the coefficient of dilatation observed directly for hydrogen under constant pressures of from 1 to 4 atmos (pp. 78, 80, 91, 115, 116), and he nowhere speaks of having found any smaller value than -003661 for hydrogen. 3 These experiments were made by finding the weight of mercury contained in each bulb and tube at several different temperatures throughout the range through which it was to be used, and thence calculating the bulks according to the density of mercury for the different temperatures found by his independent investigation of the absolute dilatation of mercury by the hydrostatic method, this method being independent of the expansion of the containing glass or other solid. 

were given by himself in a diagram of curves from which 
the accompanying is copied on a reduced scale (fig. 3). 
It shows that at a temperature of 320° the independent 
mercury thermometer stands at 329-8°, the thermometer 
of mercury in Choisi le Eoi crystal at 327-25°, and the 
thermometer of mercury in ordinary glass at 321-8°; 
and that the independent mercury thermometer and the 
mercury in Choisi le Eoi crystal ̂  8 ' : ' " '" 
stand 10° higher -than the normal; 
air thermometer at the temperatures 
by it of 323° and 345° respectively. 

§ 26. The curve for the inde
pendent mercury thermometer is 
merely Eegnault's graphic repre
sentation of his experiments on the 
absolute expansion of mercury 
(Relation des Experiences, vol. i. •»-
p. 328). It shows that the addition , 
of bulk given to the same mass "° 

Fig. 3. 

of mercury under constant pressure m-
by elevation of temperature is for [_ 
the same difference of temperatures uo -
as indicated by his normal air [ 
thermometer regularly greater and 
greater the higher the temperature. 

§ 27. It is interesting to see 
by the diagram that at the high 
temperatures all the mercury ther
mometers keep nearer to the air 
thermometer than does the inde
pendent mercury thermometer, and 
that the mercury in ordinary soft 
glass keeps much nearer to the air thermometer than does 
the mercury in the hard Choisi le Eoi glass. , W e infer that, 
still reckoning temperature by the air thermometer, we 
have regular augmentation of expansion at thehigh tempera
tures in all the different glasses, each greater than the 
augmentation of expansion of mercury, and that this 
augmentation is greater in the soft ordinary glass 
than in the hard Choisi le Eoi glass, being in the 
ordinary glass great enough to overcompensate in 
the resulting thermometric indication the augmenting 
expansion of the mercury from 100° to 245°; while 
above 245° in the ordinary glass thermometer, and 
at all temperatures above 100° in the Choisi le 
Eoi thermometer, the compensation is only partial. 
Between 0° and 100° the independent mercury 
thermometer stands regularly lower than the air 
thermometer by as great a difference as -35° at 50°, 
where it is a maximum. The curves for the mercury-
in-glass thermometers are not shown between 0° and 
100°, but it is clear from the diagram that the Choisi 
le Eoi thermometer must, like the independent 
mercury thermometer, stand lower than the air ther
mometer, but by a smaller difference, probably only 
about -2° at 50°; and the ordinary glass thermometer 
higher than the air thermometer from 0° to 100° by 
a difference which may be -2° or '3° at 50°. This last 
inference from the diagram is confirmed by Eegnault's 
table of results facing page 227 of his first volume. 

§ 28. In the best modern thermometers the 
graduations are actually engraved on the glass; but 
in most popular thermometers, and in many for 
scientific investigation, they are on an attached scale K&- *• 
of wood, or ivory, or brass, or paper. Some of the best popular thermometers are the German bath thermometers, in which the graduation is on a paper scale guarded by being enclosed in a wide glass tube hermetically sealed round the stem and over the bulb of the glass which contains the mercury, in the manner shown in fig. 4. 
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Ordi
nary-
scientific 

The graduation is clearer and more easily read in this 
kind of thermometer than in any other. The complete 
protection of the paper scale against d a m p and damage 
afforded by its hermetically sealed glass envelope gives a 
perennially enduring quality to this form of thermometer,1 
such as is possessed by no others except those graduated. 
on the glass; and the lightness of the paper renders its 
proper attachment to the inner stem, by g u m or otherwise, 
thoroughly trustworthy, when once well done by the maker 
of the instrument. For scientific purposes the paper 
scale was too cheap, and common, and good, to 

thermo- satlsfy the ideas of those instrument makers w h o in 
meter of Germany and France substituted the heavy gradu-
mereury ated slab of opal glass for the paper, while still 
in glass, adhering to the bath thermometer pattern in her

metically enclosing this scale in an outer containing 
glass tube,—very unnecessarily, as the glass scale, 
unlike the paper scale, does not require any'such 
protection. 

This is now, however, a thing of the past. A t the 
present time all high-class scientific thermometers 
are graduated on the glass of the stem without any 
attached scale of other material. Except in respect 
to ease of reading the indications this simplest form 
is, both for popular and for scientific purposes, 
superior even to the German bath thermometer 

„ with hermetically sealed paper scale; and. this will 
be the form intended when w e speak of a mercury 
thermometer, or a spirit thermometer, or a liquid 
thermometer, without any special qualification. 

§ 29. Properties of Matter concerned in Liquid 
Thermometers.—The indications of the liquid ther
mometer depend not only upon the expansion of the 
liquid with heat; they are seriously modified by the 
expansion experienced also by the containing solid. 
The instrument in fact consists of a glass measure 
measuring the bulk of a liquid. If the bulk of the 
hollow space in the glass and the bulk of the liquid 
expand by the same amount, the apparent bulk of 
the liquid as thus measured will remain unchanged. 
N o w , supposing the glass to be perfectly homogene
ous and isotropic (see art. Elasticity, §§ 38, 39, 
and chap. i. of Mathematical Theory), and the bulb 
to be free from internal strain,- the glass will, w h en 
warmed uniformly, expand equally in all directions, 
and the volume' of the hollow space will be altered 
in the same ratio as the volume of the glass itself. 
Hence the indications of the thermometer depend 
on a difference between tie expansion of the glass 
and the expansion of the liquid. 

§ 30. T o define exactly the indications of a ther-' 
mometer founded on the expansion of a fluid, let the 
volume of the bore of the stem between two consecu
tive divisions be called for brevity a degree measure. 
The degree measure is habitually m a d e as nearly Flg- "• 
as possible equal throughout the scale in the best mercury-
in-glass thermometers ; and, as we shall see (§ 62), it ought 
to be so iu an air thermometer to give indications agreeing 
with the absolute thermodynamic scale nearly enough for 
the post accurate practical thermometry. But in practical 
spirit-thermometers the divisions are made to correspond 
as nearly as m a y be to degrees of a standard mercury or air 

1 Provided it is never exposed to "browning" temperatures (or 
temperatures high enough to produce partially destructive distillation 
of the paper). Instrument makers ignoring this caution have actually 
made it with graduation extending to such temperatures for kitchen 
use.' The result is that it gets injured to the extent of partially 
browning the hermetically sealed paper, and befogging the inner surface 
of the -glass envelope, by applying it to test the temperature of 
melted fat in cooking. For this purpose the simple scientific thermometer with graduation on the glass stem is proper. 

thermometer, and the degree measures are therefore (Table 
II. below) larger and larger from the lower to the upper 
end of the scale. For the purpose, however, of comparing 
the thermometric performances of different liquids, w e shall 
suppose the degree measure to be of equal volume through
out the scale in each case. 

Let 2ST be the number of degree measures contained in the 
volume of the bulb and stem up to the point marked zero on 
the scale ; and let Dt denote the volume, at any temperature t, of 
the degree measure reckoned in absolute units of volume. The 
volume of the bulb and stem up to zero will be NT);. On the sup
position of perfect isotropy and freedom from strain'in the glass, N 
will be independent of the temperature and Df/D0 will be the ratio 
of the volume of any portion of the glass at temperature t to its 
volume at the temperature called zero, if D0 denote the volume of 
the degree measure when the glass is at this zero temperature. Let 
now Lt and L„ denote the volumes of the whole liquid in a thermo
meter at the two temperatures t and 0 ; we have L<> = M"D<,. And if 
s be the number "of scale divisions marking the place of the liquid 
surface in the thermometer tube, we have L(=(!N" + s)Dt. Hence 
L,/L„=(1 + sfS)D,fD0. Hence s=N (Mjw - 1) • Hence, if EJ 
denote augmentation of bulk of the liquid, and E( augmentation of. 
bulk of each degree-division of the stem, when temperature is 
raised from 0 to t, each reckoned in terms of the bulk at zero tem
perature, we have 
Vl + Ei /_JN 1 + Ei 
This is the formula for the ordinary liquid thermometer. 
It is also applicable to the constant pressure air ther
mometer, in which, with proper instrumental means to 
keep the pressure constant, air is allowed to expand or 
contract with elevation or depression of temperature, and 
its volume is measured in a properly shaped glass measuring 
vessel. W e m a y arbitrarily determine to take s as the 
numeric for the temperature which is indicated by any 
one particular thermometer.of this kind, for instance, a 
methyl butyrate thermometer, or an alcohol thermo
meter, or a mercury or an air thermometer. But if 
s = t for any one individual thermometer, it cannot be 
exactly so for any other. In the first advances towards 
accurate thermometry it was taken so for the mercury-in-
glass thermometer, and by general consent it was con
tinued so until it was found (§ 25) that different mercury-
in-glass thermometers, each m a d e with absolute accuracy, 
differ largely in their reckonings of temperature. 

§31, Numerical Thermometry.—In§12 above, aperfectly Thermo-
definite and very simple basis for numerical thermometry meter 
was described, not as having been adopted in practice, but defined 
as an illustration of a very general principle upon which °0™si&vt 
reckoning of temperature m a y be done in numbers. The the spe-
principle is this. T w o definite temperatures depending on cific 
properties of some particular substance or substances are heat of 
first fixed upon and marked by two arbitrary numbers,— water" 
as, for instance, the temperature of melting ice marked 
zero, and the temperature of steam issuing from boiling 
water under atmospheric pressure of exactly one atmo, 
marked 100. Then any intermediate temperature t is 
obtained by taking t parts of water at 100° and (100 - t) 
parts at 0° and mixing them together. A s said in § 12 
this method is limited to temperatures at which liquid 
water can be obtained, and therefore practically it is only 
applicable between the melting point of ice and the boiling 
point of water, under ordinary atmospheric pressure. 

§ 32. A n y other liquid of permanent chemical constitu- Thermo-
tion might be used instead of water as the thermometric metry 
substance in thermometry founded on mixtures ; so even ̂  m!x" 
might a powdered solid. Oil if used instead of watertures" 
would have the advantage of being available for higher 
temperatures ; but want of perfect definiteness and con
stancy of chemical constitution is a fatal disqualification for 
it as the fundamental thermometric substance for ther-
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tions. 

mometry by mixtures. Liquid mercury might be used with 
tho advantage of being available for both higher and lower 
temperatures than water, through a m u c h wider whole range 
indeed than either water or oil. For use as thermometric 
substance for the method of mixtures both water and 
mercury, in the conditions of approximate purity in which 
they are easily obtained in abundance, have a paramount 
advantage over all other liquids, in near enough approxima
tion to perfect definiteness and constancy of constitution 
to give practically perfect thermometric results. 

Different § 33. In §§ 12, 24, 25, 30, 31, 32, several distinct 
equally definitions of numerical reckoning of temperature have 
^ ^ l s " been given. In each of these the differences of tempera-
thermo- *ure which are to be called equal are defined specially, and 
metric this is the essence of the thermometric scale in each case (the 
assump- m w k i n g of 0° and 100° for the "freezing" and "boiling" 

points being c o m m o n to all as a matter of practical usage 
and not an essential of the thermometric principle in any 
case). Thus in §§ 12, 31, and 32 differences of tempera
ture are called equal which are produced by the com
munication of equal quantities of heat to a given quantity 
of the particular thermometric substance chosen—water, 
for example, or mercury; in other words (§ 68 below), 
this thermometric system is chosen so as to make the 
specific heat of a particular thermometric substance the 
same for all temperatures. Again in § 24 differences of 
temperature are called equal for which the differences 
of pressure are equal in air of the particular density which 
air has if its pressure is one atmo when its tempera
ture is " freezing." This is Eegnault's " normal thermo
metry.'' In § 25 (1), (2), (3), (4), other reckonings of 

Each temperature differing essentially from this, though, as 
founded Eegnault's experiments proved, by but very small differ-
on a par-euces^ are given simply by the substitution of air of 
property other than Eegnault's normal density, and of other gases 
of a par- than air, for the air of Eegnault's normal thermometer. In 
ticular § 25 (5) a thermometry founded on a complex coefficiency 

of change of pressure and volume of a gas and change of 
volume of some one particular glass vessel is defined and 
compared with Eegnault's normal thermometry; and in § 
25 (6) and (7) the same is done for the ordinary mercury-
in-glass thermometer, which depends on a coefficiency of 
glass and mercury leading to the reckoning of temperature 
defined in § 30. Again in § 26 and § 24 (I.) is indi
cated a system of thermometry founded on the absolute 
dilatation of some fluid, such as mercury or alcohol or buty
rate of oxide of methyl or other permanent liquid or air, 
at some constant pressure, such as one atmo, with equal 
differences of temperature defined as those which give equal 
dilatations of the particular substance chosen as the thermo
metric fluid. 

§ 34. Each of all these different definitions of tempera
ture is founded on some particular property of a particular 
substance. A thermometer graduated to fulfil one of the 
definitions for one particular substance would not agree 
with another thermometer graduated according to the same 
definition for another substance, or according to some, of 

Prelim- the other definitions. A m u c h more satisfactory foundation 
inary for for thermometry is afforded by thermodynamic science, 
dvnami'e wnlcn (see Theemodynamics) gives us a definition of 
defini- temperature depending on certain thermodynamic pro-
tion of perties of matter in such a manner that if a thermometer 
tempera- js graduated according to it from observation of one class 

of thermal effects in one particular substance, it will agree 
with a thermometer graduated according to the same 
thennodyHamic law from the same class of effects in 
any other substance, or from the same or from some 
other class of effects in another substance. Thus w e 
have what is called the absolute thermodynamic scale. 
This scale is n o w in modern thermal science the ultimate 

sub
stance 

ture. 

scale of reference for all thermometers of whatever kind 
(§ 67). It is defined in §§ 35 and 37 after the following 
preliminary. A piece of matter which w e shall call the 
" thermometric body " or " thermometric substance " must 
be given, and at each instant it must be throughout at 
one. temperature, whatever operations w e perform upon it. 
For simplicity w e shall suppose it to be of one substance 
throughout. It m a y be all solid, or it m a y be partly solid 
and the remainder gaseous (as the contents of a wholly 
frozen cryophorus1 or any other form of closed vessel full 
of ice and vapour of water, but with no air); or it m a y at 
one particular temperature in the course gf its use be 
partly solid and partly liquid and partly gaseous (as the 
contents of a partially frozen cryophorus); or it m a y be 
partially liquid and partially gaseous (as the contents of 
an unfrozen cryophorus or of a "philosopher's hammer");2 
or it m a y be all liquid; or it m a y be all gas; or it m a y 
be all fluid at a temperature above the Andrews " critical 
temperature."3 If it be all solid it m a y be under any 
homogeneous stress (Elasticity, Mathematical Theory, 
part L, chap, i.); but. in any case w e suppose for simplicity 
the stress to be homogeneous throughout, and therefore if 
the thermometric body be partly solid and partly fluid, 
the stress in the solid as well as in the fluid must be 
uniform pressure in all directions. To avoid excluding 
the case of all solid from our statements, w e shall use 
generally the word stress, which will mean normal pressure 
reckoned in number of units of force per unit of area 
in every case in which the whole or any part of the 
thermometric body is fluid, and will denote this or any 
other possible stress when the thermometric body is all 
solid. 

§ 35. (1) Alter the bulk or shape of the thermometric First 
substance till it becomes warmer to any desired degree, defini-
(2) Keeping it n o w at this higher temperature, alter bulk or ?lon :TT 
shape farther, and generate the heat which the substance 0f two 
takes to keep its temperature constant, by stirring water, tempera-
or a portion of the substance itself, if it is partly fluid,tures-
and measure the quantity of work spent in this, stirring. 
(3) Bring it back towards its original bulk and shape till Camot's 
it becomes cooled to its original temperature. (4) Keeping thermo-
it at this temperature, reduce it to its original bulk and dynaln 
shape, carrying off, by a large quantity of water, the heat ™er-
which it must part with to prevent it from becoming alized. 
warmed. Find by a special experiment h o w m u c h work 
must be done to give an equal amount of heat to an equal 
amount of water by stirring. Then the ratio of the first 
measured quantity of work to the second is the ratio of 
the higher temperature to the lower on the absolute ther
modynamic scale. 

§ 36. The following is equivalent to § 35, and is more 
convenient for analytical use. It is • derived from § 35 
by supposing the first and third operations to be so small 
that the ratio defined as the ratio of the two temperatures 
is infinitely nearly unity, and conversely § 3 5 — o u r first 
form of definition of absolute temperature—may be derived 
from the second, which is to be n o w given, by passing 
through a finite range of temperature by successive infini
tesimal steps, and applying the second definition to each 
step. 

§ 37. Let the thermometric body be infinitesimally 
warmed by stirring a portion or the whole of itself if it 
be partially or wholly fluid, or by stirring a quantity of 
fluid in space around it if it be all solid; and during the 
process let the -stress upon the body be kept unchanged, 
The body expanding or contracting or changing its shape 
with the heat, as the case m a y be, does work upon the 
surrounding material by which its stress is maintained. 
1 See articles Liquid, Matteb (Properties or), and Steam. • 
2 Ibid. s Ibid. 
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Find the ratio of the a m o u n t of work thus done to the 
a m o u n t of w o r k spent in the. stirring. For brevity w e 
shall call this the work-ratio. Again, let the stress be 
infinitesimally iucreased, the thermometric body being n o w 
for the time enclosed in an impermeable envelope so that 
it m a y neither gain nor lose caloric. It will rise (or fall)1 
in temperature in virtue of the augmentation of stress. 
T h e ratio of this infinitesimal elevation of temperature to 
the whole absolute temperature is .equal to the work-ratio 
multiplied into the ratio of the infinitesimal augmentation 
of stress to the whole stress. 

§ 38. T o show h o w our definition of absolute temperature 
. is to be applied in practice take the following examples. 
E x a m p l e 1 . — A n y case in which the thermometric substance 
is part in one condition a n d the remainder in another of 
different density, as part solid and part vapour, or part 
solid and part liquid, or part liquid and part steam. In 
this last case, as explained above (§ 34), w e suppose the 
stress to be uniform pressure in all. directions. 

Let p be its amount, and let t be the absolute temperature corre
sponding to this pressure. Let a be the ratio of the density.of the 
rarer to that of the denser portion, p the density of the rarer por
tion, and Jk the quantity of work required to generate the heat 
taken to convert unit mass of the substance from the lower to the 
higher condition (k the "latent heat" of transition from the 
lower to the higher condition per unit mass of the substance, and 
J the dynamical equivalent of the thermal unit in which k is 
measured). The work done by the substance in passing from the 
denser to the rarer condition per unit volume of the latter is 
p(l - a), and the amount of work required to generate the heat 
taken, in .'doing so is Jpx. Hence the work-ratio of our second 
definition is 

P0--Q-) 

Water-
steam 
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JpK 
(1)-

Let now the pressure be increased by an infinitely small quantity 
dp, and; the substance being still in the two conditions but of 
uniform temperature throughout, let dt be the corresponding rise 
in temperature'. W e have by the definition (§ 37) 

dt . p(l-a) dp l-o-rfj _ 
t JpK p JpK 

1 dt _l-o- ^ ..... (2). 
JpK 

Hence 
t 

Hence by integration 

loglT 
(1 - a)dp 
JpK 

(3). 

§ 39. Fig. 6 represents a thermometer constructed to 
show absolute temperature on the plan of example 1, § 38, 
realized for the case of water and vapour of water as ther
mometric substance. T h e containing vessel consists of a 
tube with cylindric bulb like an ordinary thermometer; 
but, unlike an ordinary thermometer, the tube is bent in 
the manner shown in the drawing. T h e tube m a y be of 
from 1 to 2 or 3 millims". bore, and the cylindrical part 
of the bulb of about ten. times as m u c h T h e length of 
the cylindrical part of the bulb m a y be rather more than 
T^ij- of the length of the straight part of the tube. The 
contents, water and vapour of water, are to be put in and the 
glass hermetically sealed to enclose them, with the utmost 
precautions to obtain pure water as thoroughly freed from 
air as possible, after better than the best manner of instru
ment makers in making cryophoruses and water hammers. 
T h e quantity of water left in at the sealing must be enough 
to fill the cylindrical part of the bulb and the horizontal 
branch of the tube. W h e n in use the straight part of the 
tube must be vertical with its closed end up, and the part 
of it occupied by the manometric water-column must be 
kept at a nearly enough definite temperature by a sur-
1 In the case of fall the elevation of temperature is to be regarded 

as negative ; and in this case the " wcrk-ratio " is negative also. 

rounding glass jacket-tube of iced water. This glass 
jacket-tube is wide enough to allow little lumps of 
ice to be dropped into it from its upper end, which 
is_ open. B y aid of an india-rubber tube connected 
with its lower end, and a little movable cistern, as 
sh o w n in the drawing, the level of the water in the 
jacket is kept from a few inches above to a quarter of an 
inch below that of the interior manometric column. Thus, 
b y dropping in lumps of ice so as always to keep some 
unmelted ice floating in the water of the jacket, it is easy'to 
keep the temperature of the top of the manometric water-
column exactly at the freezing tem
perature. A s w e shall see presently, 
the manometric water below its free 
surface m a y be at any temperature 
from freezing to 10° C. above freez
ing without more than -jV per cent, of 
hydrostatic error. T h e temperature 
in the vapour-space above the liquid 
column m a y be either freezing or 
anything higher. It ought not to 
be lower than freezing,^ because, if 
it were so, vapour would condense 
as hoar frost on the glass, and eva
poration from the top of the liquid 
column would either cryophoruswise 
(see Liquid and Thermodynamics) 
freeze the liquid there, or would cool 
it below the freezing point. 

§ 40. The chief object of keeping 
the top of the manometric column 
exactly at the freezing point is to 
render perfectly definite and con
stant the steam pressure in the space 
above it. 

A second object of considerable 
importance when the bore of the tube 
is so small as one millimetre is to 
give constancy to the capillary ten
sion of the surface of the water. 
The elevation by capillary attraction 
of ice-cold water' in a tube of one 
millimetre bore is about 7 millims. 
The constancy of temperature pro
vided by the surrounding iced water 
will be more than sufficient to pre
vent any perceptible error due to 
inequality of this effect. To avoid 
error from capillary attraction the 
bore of the tube ought to be very 
uniform, if it is so small as one milli
metre. If it be three millimetres or 
more, a very rough approach to 
uniformity would suffice. 

A third object of the iced-water jacket, and one of much 
more importance than the second, is to give accuracy to 
the hydrostatic measurement by keeping the density of 
the water throughout the long vertical branch definite and 
constant. But the density of water at the freezing point 
is only ̂ $ per cent, less than the maximum density, and 
is the same as the density at 8° C ; and therefore when ^ 
per cent, is an admissible error on our thermometric 
pressure, the density will be nearly enough constant with 
any temperature from 0° to 10° C. throughout the 
column. But on account of the first object mentioned 
above the very top of the water column must be kept 
with exceeding exactness at the freezing temperature. 

§ 41. In this instrument the "thermometric substance" 
(§ 34) is the water and vapour of water in the bulb, or 
more properly speaking the portions of water and vapour 

Fig. 6. 
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of water infinitely near their separating interface. The 
rest of the water is merely a means of measuring hydrosta-
tically the fluid pressure at the interface. W h e n the 
temperature is so high as to make the pressure too great 
to be conveniently measured by a water column, the 
hydrostatie measurement may be done, as shown in the 
annexed drawing (fig. 7), by a mercury column in a 
glass tube, surrounded by a glass water jacket not shown 
in the drawing, to keep it very accurately at some definite 
temperature so that the density of the mercury may be 
accurately known. 

The simple form of steam thermometer repre
sented with figured dimensions in fig. 6 will be 
very convenient for practical use for temperatures 
from freezing to 60°. Through this range the 
pressure of water-steam, reckoned in terms of the 
balancing column of water of maximum density, in
creases (Table V.) from 6^ to 202-3 centimetres; 
and for this therefore a tube of a little more than 2 

IRON O.g CM. BORE 
Fig- 7.' 

metres will suffice. From 60° to 140° the pressure of steam 
now reckoned in terms of the length of a balancing column 
of mercury at 0° increases from 14'88 to 271-8 centimetres; 
and for this a tube of 280 centimetres may be provided. 
For higher temperatures a longer column, or several 
columns, as in the multiple manometer, or an accurate air 
pressure-gauge, or some other means, such as a very accur
ate instrument constructed on the principle of Bourdon's 
metallic pressure-gauge, may be employed, so as to allow 
us still to use water and vapour of water as thermometric 
substance. 

Hi"h- § 42. At 230° 0., the superior limit of Eegnault's high-
pressure pressure steam experiments, the pressure is 27-53 atmo's, 

but there is no need for limiting our steam thermometer 
to this temperature and pressure.' Suitable means can 
easily be found for measuring with all needful accuracy 
much higher pressures than 27 atmos. But at so high a 
temperature as 140°, vapour of mercury measured by a 
water column, as shown in the diagram (fig. 8), becomes 
available for purposes for which one millimetre to the 
degree is a sufficient. sensibility. The mercury-steam-
pressure thermometer, with pressure measured by water-
column, of dimensions shown in the drawing, serves 
from 140° to 280° G , and will have very ample sensibility 
through the upper half of its scale. At 280° its sensibility 

steam 
thermo
meter. 

will be about 4 | centimetres to the degree ! For. tempera
tures above 280° sufficient sensibility for most purposes is 
obtained by substituting mercury for water in that simplest 
form of steam thermometer shown in fig. 6, in which the 
pressure of the steam is measured by a column of the 
liquid itself kept at a definite tempera
ture. W h e n the liquid is mercury there 
is no virtue in the particular temperature 
0° C , and a stream of water as nearly as 
may be of atmospheric temperature will 
be the easiest as well as the most accu
rate way of keeping the mercury at a 
definite temperature. As the pressure 
of mercury steam is at all ordinary 
atmospheric temperatures quite imper
ceptible to the hydrostatie test when 
mercury itself is the balancing liquid, 
that which was the chief reason for fix
ing the temperature at the interface 
between liquid and vapour at the top of 
the pressure-measuring column when 
the balancing liquid was water (§ 40) 
has no weight in the present case; but, 
on the other hand, a much more precise 

Fig. 8. ||! 

definiteness than the ten degrees latitude allowed in the 
former case for the temperature of the main length 
of the manometric column is now necessary. In fact, 
a change of temperature of 2-2° in mercury at any 
atmospheric temperature produces about the same propor
tionate change of density as is produced in water by a 
change of temperature from 0° to 10°, that is to say, about 
Jg- per cent.; but there is no difficulty in keeping, by 
means of a water jacket, the mercury column constant to 
some definite temperature within a vastly smaller margin 
of error than 2-2°, especially if we choose for the definite 
temperature something near the atmospheric temperature 
at the time, or the temperature of whatever abundant water 
supply may be available. If the vertical tube for the pres
sure-measuring mercury column be 830 centimetres long, 
the simple mercury-steam thermometer may be used up to 
520° C , the highest temperature reached by Eegnault in 
his experiments (Table V. below) on mercury-steam. By 
using an iron bulb and tube for the part of the thermometer 
exposed to the high temperature, and for the lower part of 
the measuring column to within a few metres of its top, 
with glass for the upper part to allow the mercury to be 
seen, a mercury-steam-pressure thermometer can with great 
ease be made which shall be applicable for temperatures 
giving pressures up to as many atmospheres as can be 
measured by the vertical height available. The apparatus 
may of course be simplified by dispensing with the Tor
ricellian vacuum at the upper end of the tube, and opening 
the tube to the atmosphere, when the steam-pressure to be 
measured is so great that a rough and easy barometer 
observation gives with sufficient accuracy the air-pressure 
at the top of the measuring column. The easiest, and not 
necessarily in practice the least accurate, way of measuring 
very high pressures of mercury-steam will be by enclosing 
some air above the cool pressure-measuring column of 
mercury, and so making it into a compressed-air pressure-
gauge, it being understood that the law of compression of 
the air under the pressures for which it is to be used 
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in the gauge is known by accurate independent experiments 
such as those of Eegnault on the compressibility of air 
and other gases. 

§ 43. The water-steam thermometer may be used, but 
somewhat precariously, for temperatures below the freezing 
point, because water, especially when enclosed and pro
tected, as the portion of it in the bulb of our thermo
meter is, may be cooled many degrees below its freezing 
point without becoming frozen: but, not to speak of the 
uncertainty or instability of this peculiar condition of 
water, the instrument would be unsatisfactory on account 
of insufficient thermometric sensibility for temperatures 
more than two or three degrees below the freezing point. 
Hence, to make a steam thermometer for such temperatures 
some other substance than water should be taken, and 
none seems better adapted for the purpose 
than sulphurous acid, which, in the ap
paratus represented with figured dimen
sions in the accompanying diagram (fig. 
9), makes an admirably convenient and 
sensitive thermometer for temperatures 
from + 20° to something far below - 30°, 
as we see from the results of Eegnault's 
measurements (Table VI. below). 

§ 44. To sum up, we have in §§ 39 . . 43 
a complete series of steam-pressure ther
mometers, of sulphurous acid, of water, 
and of mercury, adapted to give absolutely 
definite and highly sensitive thermometric 
indications throughout the wide range 
from something much below — 30° to con
siderably above 520° of the centigrade 
scale. The graduation of the scales of 
these thermometers to show absolute 
temperature is to be made by calculation 
from formula (3) of § 38, when the requi
site experimental data, that is to say, the 
values of o- and px for different values of 
p throughout the range for which each 
substance is to be used as thermometric 
fluid are available. Hitherto these requi
sites have not been given by direct experi
ment for any one of the three substances 
with sufficient accuracy for our thermo
metric purpose through any range what
ever. Water, naturally, is the one for 
which the nearest approach to the requi
site information has been obtained. For 
it Eegnault's experiments have given, no 
doubt with great accuracy, the values 
of p"(the steam pressure) and of k (the 
latent heat of steam per unit mass) for 
all temperatures reckoned by his normal 
air thermometer, which we now regard merely as an 
arbitrary scale of temperature, through the range from 
- 30° to + 230°. If he, or any other experimenter, had 
given us with similar accuracy through the same range 
the values of p (the density of steam) and a- (the ratio 
of the density of steam to the density of water in contact 
with it), for temperatures reckoned on the same arbitrary 
scale, we should have all the data from experiment required 
for the graduation of our water-steam thermometer to 
absolute thermodynamic scale. For it is to be remarked 
that all reckoning of temperature is eliminated from the 
second member of formula (3), and that in our use of 
it Eegnault's normal thermometer has merely been referred 
to for the values of p« and of 1 - o-, which correspond to 
stated values of p. The arbitrary constant of integration, 
ta, is truly arbitrary. It will be convenient to give it 
such a value that the difference of values of t between the 

freezing point of water and the temperature for which p is 
equal to one atmo shall be 100, as this makes it agree 
with the centigrade scale in respect to the difference between 
the numbers measuring the temperatures which on the 
centigrade scale are marked 01 and 100°. W e shall see 
(§56 below) that indirectly by means of experiments on 
hydrogen gas this assignation of the arbitrary constant of 
integration would give 273 for the absolute temperature 
0° C , and 373 for that of 100° C. Meantime, as said 
above, we have not the complete data from direct experi
ments even on water-steam for graduating the water-steam 
thermometer; but on the other hand we have, from experi
ments on air and on hydrogen and other gases, data which 
allow us to graduate indirectly any continuous intrinsic 
thermoscope (§19 above) according to the absolute scale; 
and we shall see that by thus indirectly graduating the 
water-steam thermometer, we learn the density of steam at 
different temperatures more accurately than it has hitherto 
been made known by any direct experiments on water-steam 
itself. 

§ 45. Merely viewed as a continuous intrinsic thermo
scope, the steam thermometer, in one or other of the forms 
described above to suit different parts of the entire range 
from the lowest temperatures to temperatures somewhat 
above 520°, is no doubt superior in the conditions for 
accuracy specified in § 16 to every other thermoscope of 
any of the different kinds hitherto in use; and it may 
be trusted more surely for accuracy than any other as a 
thermometric standard when once it has been graduated 
according to the absolute scale, whether by practical experi
ments on steam, or indirectly by experiments on air or 
other gases. In fact, the use of steam-pressure measured 
in definite units of pressure, as a thermoscopic effect, in the 
steam thermometer is simply a continuous extension to 
every temperature of the principle already practically 
adopted for fixing the temperature which is called 100° on 
the centigrade scale; and it stands on precisely the same 
theoretical footing as an air thermometer, or a mercury-in-
glass thermometer, or an alcohol thermometer, or a methyl 
butyrate thermometer, in respect to the graduation of 
its scale according to absolute temperature. Any one 
intrinsic thermoscope m a y be so graduated ideally by 
thermodynamic experiments on the substance itself with
out the- aid of any other thermometer or any other ther
mometric substance; but the steam-pressure thermometer 
has the great practical advantage over all others, except the 
air thermometer, that these experiments are easily realiz
able with great accuracy instead of being, though ideally 
possible, hardly to be considered possible as a practical 
means of attaining to thermodynamic thermometry., In 
fact, for water-steam it is only the most easily obtained 
of experimental data, the measurement of the density of 
the steam at different pressures, that has not already been 
actually obtained by direct experiment. Whether or not, 
when this lacuna has been filled up by direct experiments, 
the data from water-steam alone m a y yield more accurate 
thermodynamic thermometry than we have at present from 
the hydrogen or nitrogen gas thermometer (§§ 64 . .- 69 
below), we are unable at present to judge. But when 
once we have the means, directly from itself, or indirectly 
from comparison with hydrogen or nitrogen or air ther
mometers, of graduating once for all a sulphurous acid 
steam thermometer, water-steam thermometer, or mercury-
steam thermometer, that is to say, when once we have 
a table of the absolute thermodynamic temperatures cor
responding to the different steam pressures of the sub
stances sulphurous acid, water, and mercury, we have a 
much more accurate and more easily reproducible standard 
than either the air or gas thermometer of any form, or the 
mercury thermometer, or any liquid thermometer can give. 
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pyro 
meter. 

In fact, the series of steam thermometers for the whole 
range from the lowest temperatures can be reproduced with 
the greatest ease in any part of the world by a person com
mencing with no other material than a piece of sulphur 
and air to burn it in,1 some pure water, and some pure 
mercury, and with no other apparatus than can be made 
by a moderately skilled glass-blower, and with no other 
standard of physical measurement of any kind than an 
accurate linear measure. H e m a y assume the force of 
gravity to be that calculated for his latitude, with the ordi
nary rough allowance for his elevation above the sea,, and 
his omission to measure with higher accuracy the actual 
force of gravity in his locality can lead him into no thermo
metric error which is not incomparably less than the inevit
able errors in the reproduction and use of the air thermo
meter, or of mercury or other liquid thermometers. In 
temperatures above the highest for which mercury-steam 
pressure is not too great to be practically available, nothing 

Deville's hitherto invented but Deville's air thermometer with 
accurate hard porcelain bulb suited to resist the high temperature is 

available for accurate thermometry. 
§ 46. W e have given the steam thermometer as our first 

example of thermodynamic thermometry because intelli
gence in thermodynamics has been hitherto much retarded, 
and the student unnecessarily perplexed, and a mere quick
sand has been given as a foundation for thermometry, by 
building from the beginning on an ideal substance called 
perfect gas, with none of its properties realized rigorously 
by any real substance, and with some of them (see Mattee, 
Liquid, Steam) unknown, and utterly unassignable, even 
by guess. But after having been moved by this reason to 
give the steam-pressure thermometer as our first theoretical 
example, w e have been led into the preceding carefully de
tailed examination of its practical qualities, and we have 
thus become convinced that though hitherto used in scientific 
investigations only for fixing the "boiling point," and 
(through an inevitable natural selection) by practical en
gineers for knowing the temperatures of their boilers by the 
pressures indicated by the Bourdon gauge, it is destined 
to be of great service both in the strictest scientific ther
mometry and as a practical thermometer for a great variety 
of useful applications. 

§ 47. Example 2 (including example 1).—Any case in 
which the stress is uniform pressure in all directions. 
Let p and v denote the pressure and volume. The condition of 

the substance (single, double, or triple, as the case may be) is de
terminate when p and v are given, and it will therefore be spoken 
of shortly as tho condition (p, v). Let e be the energy which must 
be communicated to the substance to bring it from any con
veniently defined zero condition (p0, v0) to any condition whatever 
(p, v). Eemark that e is a function of the two independent 
variables p, v to be found by experiment, and that the finding of it 
by experiment is a perfectly determinate practical problem, which 
• can be carried out without the aid of any thermoscope, and without 
any consideration whatever relating to temperature. W e shall see 
in fact that accurate practical solutions of it for many different sub
stances have been obtained by experiment (see Thermodynamics). 
The absolute temperature t is also a function of p and v to be also 
determined by experiment, according to the equivalent definitions 
of §§ 35 and 37. Let heat be communicated to the substance so 
as to cause its volume to increase by dv, the pressure being kept 
constant. The energy of the body will he augmented by 

*.«fo. 
dv 

At the same time tho body in expanding and pressing out the 
matter around it does work to the extent of 

p . dv (4). 
Hence the whole work required to generate the heat given to it 
amounts to 

(6). 

Hence the ratio of (4) to (5), or 

(£+*)* 

1 Practically, the best ordinary chemical means of preparing sul
phurous acid, as from sulphuric acid by heating with copper, might be 
adopted in preference to burning sulphur. 

is the " work-ratio " of § 37. 

de 
dv 

+ p 

~Dt 
t 

dp 
P 

Hence by the definition 
dp 

(6), 

(7), 

Tv+P Tv+P 
where Di denotes the change of temperature produced by aug-.Opera-
menting the pressure by dp, and at the same time preventing the tion 
substance from either giving heat to or taking heat from the sur- called 
rounding matter. To express this last condition analytically, let adiabatic 
dv be the augmentation of volume (negative, of course, if dp be cpmpres-
positive) which it implies. The work done on the substance by sion by 
the pressure from without is —pdv, and the energy of the substance Rankine. 
is augmented by just this amount, because of the condition to be 
expressed. Hence 

-4-dv + -£-dp=-pdv (8); 
dv dp 

whence 
de 

dv= de 
Tv+P 

(9). 

But 

and so we have 

(10). 

(11). 

_.. dt , , d t , 
ut=-j-ap+-T-dfo, 

dp * dv ' 
(dt_ de\ 

* I+J 
Eliminating Dt/dp from this by (7) we find 

/ de\dt__de^ dt 
~ V dm J dp dp dv 

§ 48. This is a linear partial differential equation of the first order 
for the determination of t, supposing,'as we do for the present, that 
e is a known function of p and v. The following graphical illustra
tion of the well-known analytical process for finding the complete 
solutions of such equations shows exactly how much towards deter
mination of temperature can be done with no other data from 
experiment than the values of J- and — as functions of p and v, 
r dv dp 

and what additional information is required to fully determine t. 
First remark that (11) is the condition that — be a factor 

rendering (p + ^Wn+-jij) a complete differential of a function8 
of two independent variables^) and v. Let d> be this function,— 
that is to say, let <j> be such that 

£ 4 K £ ) ' ^ g 4 

+ dv 

dv 

de 
dp 
d<p 

de^ 
dp 

(12). 

Called 
thermo
dynamic 
function 
by 
Rankine, 
called 
entropy 
by 
Clausula 
and sub
sequent 
writers. 

Then every solution of the differential equation 

dp * + Tv 
de 

(13) 

renders 0 constant; and conversely, every series of values of p and 
v which renders <f> constant constitutes a solution of (13). N o w this 
differential equation may he solved graphically by taking p and v 
as rectangular coordinates of a point in a plane, and drawing the 
whole series of curves which satisfy it as follows. Commence with 
any point and Calculate for its values of p and v the value of the 
second member of (13). Draw through this point an infinitesimal 
line in the direction of the tangent to the curve given by the value 

With the altered values of p and v corresponding 

so found for -f-. 
dv 

2 This function is of great importance in practical thermodynamics : 
multiplied by t0, it is equal to the excess of the energy of the sub
stance above its motivity. Motivity (defined by Sir W m . Thomson, 
Proceedings R.S.E., 1879) is the amount of work obtainable by 
letting the substance pass from the state (p, v) in which it is given to 
the zero condition (p0, i>0), without either taking in heat from or 
giving out heat to matter at any other temperature than t0. See 
Thermodynamics. h 

Called 
adiabat-
ios by 
Rankine, 
isentrop-
ics by 
Willard 
Sibbs. 
Com
plete dia 
gram of 
adia-
batics 
drawn. 
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to the other end of this infinitesimal line, calculate a fresh value of 
-£•', and continue the curve in the slightly altered direction thus 

dv 
found,. and so on. Take another point anywhere infmitesimally 
near this curve but not in it, and draw by a similar process the curve 
through it satisfying the equation. Take a third point infinitely 
near this second curve, and draw through it a third curve satisfying 
(13), and so on till the whole area of values^, v, possible for the sub
stance in question, is filled with a series of curves one of which 
passes through,- or infinitely nearly through, every point of the 
area. Assign arbitrarily a particular value of 0 to each of these 

curves ; then graphically find -£ and -i for any or every value of 
dv dp 

p and v. Then either of the two second forms of equation (12) gives 
us explicitly a value of t for any values whatever of p and v. 

Com- § 49. The solution for t thus obtained involves the arbitrary 
pleted assumption of a particular, value of (p for each one of the series of 
solution curves which we have deterrninately traced. Hence, to render t 
of differ- wholly determinate, something more must be given than e as a 
ential function of p and v. N o w the only thing that can he given respect-
equation ing temperature for any particular substance before we have a ther-
foriwith mbmetric scale is the relation subsisting between p and v when the 
one arbi- temperature is constant. This relation can, with merely a single-
trary temperature-thermoscope (§ 15 above), in addition to dynamical 
function, instruments, he determined-for some one particular temperature ; and 

this, if e be known for every value of p and v, is the only additional 
Arbi- knowledge required for the determination of t for every value of p 
trary and v. For let p =-f(v) be the relation between p and v for some one 
function particular temperature, t0. If by this we eliminate p from (12), we 
of the find 
analyti- dd> 1 V~., . , de~\ ,.,., 
caljobi- o % = T0lm + Tv\ (14)5 
termined where -i, when p=f(v), becomes a known function of v alone. 
by ex

peri
ment. 
Com
pleted 
deter
mina
tion of 

(15), 
Hence by integration we find 

# - £ [ * < . > + C ] . . . 

where F denotes a known function and C an arbitrary constant. 
N o w trace the curve p =f(v) on our diagram. It must generally 
cut every one of the previously drawn determinate series of 
curves. Hence equation (15),. with two arbitrarily assigned 
•constants t0 and C, gives deterrninately the value of </> for every 

absolute one of the diagram of curves, and thus ip is determined- for 
tempera- every value of p and v. Either of equations (12) then gives, t 
turefrom deterrninately as a function of p and v, with only the value t0 arbi-
results of trary. The information from experiment, regarding the properties 
expert- of the thermometric substance, on which this determination is 
ment. founded, consists of a knowledge of the relation between p and v for 

any one temperature, and of the value of e - e0 for all values of p, v, 
(«0 denoting the unknown value of e for some particular values p0v0). 
Although, theoretically, this information is attainable by purely 
dynamical operations and measurements, with no other thermal 
guidance or test than that afforded by a single-temperature-intrinsie-
thermoseope (§15), the whole of it has not in fact been explicitly ob
tained for any one substance. But less than the whole of it suffices 
to make a perfect absolute thermometer of any given substance. 

§ 50. For this purpose it is not necessary to find t for all 
values of p and v : it is enough to k n o w it for all values 
mutually related in any manner convenient for thermo
metric practice. For example, if w e could find t for every 
value of v with p constant at some one particular chosen 
value,•—this would give a (tconstant pressure" absolute 
thermometer. Or again, if we find t for every value of p 
with v kept constant,—this would give "us a "constant 
volume" absolute thermometer. Let us now examine into 
the restricted dynamic and thermoscopic investigations upon 
any particular substance, which will suffice to allow us to 
make of it a standard absolute thermometer of one or other 
of these species. 

§ 51. Dynamical and thermoscopic investigation required 
to graduate, according to the absolute scale, a constant-pressure 
thermometer of any particular fluid.—Let a large quantity 
of fluid be given, and let proper mechanical means be taken to cause it to flow slowly and uniformly through a pipe, in one', short length of which there is a fixed porous plug. If, .as:is. the .case with common air, nitrogen, oxygen, carbonic acid,' an'd no doubt many other gases, the fluid leaves the plug eoolef than it enters it, let there be a paddle in the stream-'flbwing from the plug, and let this paddle be turned so as to stir the fluid and cause the temperature, when the 

rapids are fairly past and the eddies due to the stirring 
subsided, to be the same as in the stream flowing towards 
the plug. When, as in the case of hydrogen and of all 
ordinary liquids, the fluid flows away from the plug warmer 
than it entered it, let a uniform stream of water be kept 
flowing in a separate canal outside the tube round a portion 
of it in which the internal flow is from the plug, and by 
this means let the temperature of the internal fluid be 
brought to equality with that which it had on entering the 
plug. By a separate thermodynamic experiment find how 
much work would have to be spent in stirring the external 
stream of water by a paddle to warm it as much as it is 
warmed by conduction from the internal fluid across the 
separating tube. Eeturning now to the internal fluid flow
ing towards and from the plug, let p + hp be the pressure 
in the steady stream approaching the disturbed region, and 
p the pressure in the steady stream flowing from the dis
turbed region; and let 8w be the quantity of work done by 
the paddle per unit of mass of the fluid passing by, reckoned 
positive in the first case, that namely in which the paddle 
compensates a cooling effect experienced in passing through 
the porous plug. In the second case - Bw (in this case a 
positive quantity) must denote the work done by the paddle 
upon the supposed external stream of water in the separate 
thermodynamic experiment. It is to be reckoned per 
unit mass of the internal fluid, irrespectively of the rate 
of flow of the external water. Let t denote the temperature 
of the fluid according to the thermodynamic scale, and let 
8* denote the infinitely small change of temperature which 
it must experience to produce an infinitesimal expansion 
from volume v to volume v + 8« under constant pressure. 
W e have 

* * - . . . . (16). 

t dv - 1 Sw 
1 -i ~̂ 

v Sp 
Proof.—Let v + Sv, v, and e + Se, e, be respectively the amounts 

of the volume and of the energy of the fluid per unit mass, in the 
tranquil stream before and after passing the disturbed Tegion. The 
work done by an ideal piston pressing the fluid in towards the dis
turbed region is (p + Sp)(v + Sv), and the work done by the emergent 
stream upon an ideal piston moving before it is pv, each reckoned 
per unit of mass, of the fluid. The whole work done on the fluid 
per unit mass by these ideal pistons is pSv + vSp ; add to this Sw done 
by the paddle, and we find that, on the whole, an amount of work 
equal to pSv + vSp + Sw is done on the fluid in passing through, the 
disturbed region. Hence e exceeds e + Se by this amount; that is 
to say, 

-Se=p5v+vSp+$w (17). 
N o w the paddle and plug together act so as to render the tempera
tures equal in the tranquil streams at pressures^) a.nip + Sp. But 
if there were change of temperature its analytical expressior 
would be 
U^Sv + f-Sp (18). 

dv dp 
Hence Sv and Sp are so proportioned as to make this vanish. 
That is to say, we have 

dt 

Sv = -

and we have 

dp 

dv 
(is); 

dv dp 
hence (17) divided by Sp becomes 

dt_ 
de _ dp 
dv dt 

dt 

- ^ = P - dt_ 
dv 

+ v + Sw 

Using this in (11) we find 

dt 

(20). 

(21). 

Dividing (21) by v, and taking the reciprocal of both members, we 
have the equation (16) which was to be proved. 
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§ 52. N o w if for any particular fluid at some one given 
pressure p, with infinitesimal excess Sp above this pressure 
for the higher pressure in the thermodynamic experiment, 
w e find neither heating nor cooling effect in passing through 
the porous plug, the paddle has nothing to d o ; that is, 
8?» = 0. If, with always the same pressure p, but with 
different values of v, that is to say, with the fluid given at 
different temperatures, but with pressures infinitely nearly 
the same, w e always find the same result, Sw = 0, it follows 
from (16) that for this particular fluid at the particular 
pressure of the experiment, and for all the temperatures of 
the experiment, w e have 
(22). v d t _ , 

t d v ~ 
Hence by integration 

<=Cd (23). 
Hence we infer that with this fluid for thermometric 

substance, with the particular pressure of the experiment, 
and throughout the range of temperatures for which experi
ment has given us Sw = 0, absolute temperature is shown 
on a scale graduated and numbered in simple proportion to 
the whole volume of the fluid. 

§ 53. If the thermodynamic test repeated for the same 
fluid at different pressures gives still the same result, we 
have, for all pressures and temperatures within the range 
for which the supposed result Sw = 0 has been found by the 
experiment, 

t=f(p)v (24); 
where f(p) denotes a quantity which depends only on 
the pressure of the fluid and is independent of its 
density. 

§ 54. Joule and Thomson's experiments on the thermal 
effects of fluids in motion1 showed that for pressures 
of from one to five or six atmos hydrogen gas, c o m m o n 
air, nitrogen, oxygen, and carbonic acid, all somewhat 
approximately fulfil the condition of passing through the 
porous plug without change of temperature,—hydrogen 
m u c h more approximately, carbonic acid m u c h less approxi
mately, than any of the others. Hence w e infer that 
absolute temperature is somewhat approximately propor
tional to the volume of the fluid, if any one of these gases 
be used as the thermometric fluid in a constant-pressure 
thermometer. W e shall presently see that the requisite 
correction of this statement for the case of hydrogen is so 
small as to be almost within the limits. of accuracy of the 
most accurate thermometric usage. 

§ 55. In the case of c o m m o n air, nitrogen, oxygen, and 
carbonic acid, the experiments showed a slight cooling 
effect upon the fluid in passing through the porous plug; 
in the case of hydrogen, a m u c h smaller heating effect. 
According to the rigorous dynamical form of our statement 
of § 51, w e have no right to measure these heating and 
cooling effects on any scale of temperature, as w e have not 
yet formed a thermometric scale. A n d it is interesting to 
remark that in point of fact the thermodynamic experiment 
described in that section involves the use of a differential 
thermoscope (§ 13) and not of any intrinsic thermo
scope at all; and in respect to this requisite it m a y be 
contrasted with the thermodynamic investigation of § 49 
previously, which involved the use, not of any continuous 
thermoscope, but only of a single-temperature intrinsic ther
moscope (§ 14). N o w , instead of reckoning on any t&ermo-
metric scale the cooling effect or the heating effect of 
passage through the plug, w e have to measure the quantity 
of work (Sw) required to annul it, in the case of the 
majority of gases; and in the case of hydrogen, instead of 
reckoning on any thermometric scale the heating effect, w e 
1 Transactions Royal Society, June 1853, June 1854, June 1860, 
and June 1862. 

have to measure - Sw as. explained in § 51. The experiments 
as actually made by Joule and Thomson simply gave the 
cooling effects and heating effects shown by mercury thermo
meters in the tranquil stream towards and from the plug; 
but the very thermometers that were used had been used 
by Joule in his original experiments determining the 
dynamical equivalent of heat, and again in his later experi
ments by which for the first time the specific heat of air at 
constant pressure was measured with sufficient accuracy for 
our present purpose. Hence by putting together different 
experiments which had actually been made with those 
thermometers of Joule's, the operation of measuring Sw, at 
all events for the case of air, was virtually completed. 
Thus according to our present view the mercury thermo
meters are merely used as a step in aid of the measurement 
of Sic, and their scales m a y be utterly arbitrary, provided 
w e know the quantity of work required to raise unit mass 
of any of the fluids concerned through the particular 
differences of temperature actually shown by the thermo
meters in the Joule and Thomson experiment. The best 
way of doing this of course is to take advantage of the best 
measurements, that is to say Eegnault's, of the thermal 
capacity of air at constant pressure, and then to calculate 
according to Joule's o w n measurement the dynamical 
equivalent of the heat required to w a r m water through one 
degree of his o w n thermometers. 

§ 56. Let K be the thermal capacity, pressure constant, of the 
fluid experimented oij, J the dynamical equivalent of the thermal 
unit, and St the cooling effect (reckoned negative when the effect is 
rise of temperature), as measured by Joule's thermometers. W e have 

Sw=JKSt (25). 
Hence (16) becomes 

-; 
(26). 

v dt 
i dv 1 + 

JK 3t 

The experiment showed St to be simply proportional to Sp not 
merely for an infinitesimal difference of pressures but for pressures 
up to 5 or 6 atmos. For the case of hydrogen2 the heating effect 
observed amounted, per 100 inches of mercury, to -100 of a degree 
centigrade at temperatures of 4° or 5° centigrade, and to -155 of a 
degree centigrade at temperatures of from 89° to 93° centigrade. 
The investigation was not carried out in sufficient detail to give 
any law of variation of this effect with temperature, and it was not 
even absolutely proved to be greater for the higher than for the 
lower temperature. In the circumstances we may take the mean 
of the results for the higher and lower temperatures, say -13 per 
100 inches of mercury, or -039 per atmo. Hence if n denotes the 
force per unit of area in the pressure called " one atmo," we have 

St -039 
v dt 
t dv~ 

•039 
JK 
nv 

(27). 

Henoe 
dv 

t v - -039JK/n > 
which gives by-integration 

«-0{»--089JK/n) v28). 
The arbitrary constant C depends on the unit adopted for tempera
ture. ' Let this be such that the difference of temperature between 
freezing and boiling is 100 (which will make our arbitrary scale 
agree with the ordinary centigrade scale in respect to the difference 
between these two temperatures). Denote now by t0 the absolute 
temperature' corresponding to 0° C. The absolute temperature 
corresponding to 100° C. will be £„ + 100. Denote also by v0 and 
vlm for the same two temperatures, the bulks of unit- mass of 
hydrogen at any constant pressure within the limits of Joule and 
Thomson's experiments, say, from one to five or six atmos. Then 
by dividing the value of each member of (28) for.0°.C. by the 
difference of its values for 0° and 100°, we find 

t0 ̂  v0-.'039JK/n. " 
100 v m - v 0 „ ' " ' 

Hence 

(29). 

k •089JK/ni)0). .(30); 

2 Joule and Thomson, Transactions Royal Society, June 1860. 
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where E denotes the expansion of hydrogen, pressure constant, 
from 0° to 100°" C. in terms of-its volume at 0°, that is to say, ; 

E = (31). 

Evalua
tion of. 
ratio of 
the ab
solute 

Let T0 denote, what the volume" would be at 0° O. if -the pressure 
were n instead of the actual pressure p. "We have 

2 l°°/'l-— •039JK/nV(A . . . . (32). 
h \ v0 j 

Eegnault finds (Experiences, vol. ii. p: 122) that the value of 
K/nV„ for hydrogen agrees within \ per cent, with its value for 
common air; and for common air he finds,K=-238. Thus with 
423'5 for the value of J in metres^ (§ 9 above) we find JK=100-79 
metres. A n d Eegnault's observations on the density of air give for 
nV0 (or the height of 'the homogeneous atmosphere at 0° C.) 
7990 metres. Hence for common air, and therefore also for hydro
gen,, JK/nV0= -0126; and thus (32) becomes 

, - f (l+%) . . . . . . (33), 
with c= - -00049 for hydrogen. For this gas expanding under 

constant pressure of one atmo Eegnault found (Experiences, vol. i. 
p. 80) E- -36613, which gives ^=27313. Hence (33), with 
«o=Y<» giTes 

*0=273-00 (34); 
that is to say:— 

§ 57. W e conclude from Eegnault's observations on the 
expansion of hydrogen from 0° to 100° C. under a con-
staht pressure of one atmo, and from the small heating 
effect discovered in Joule and Thomson's experiments on 

tempera- the forcing of hydrogen through a porous plug, that the 
ture cor- absolute temperature of melting ice is 273-00°,.if the unit 
respond- or flggfgg 0f absolute.temperature is so chosen as to m a k e 
1CK>° C tae difference one hundred between the temperatures of 
to the' melting ice and of water with steam at one atmo of pres-
absolute sure. 
tempera- g gg_ _^n aimost identical n u m b e r for that most import 
respond" an.t. physical constant, the absolute temperature of melting 
° '"" ice, is' obtained from observations on c o m m o n air, and a not 

very different number from observations on carbonic acid, 
the only two gases besides hydrogen for which Eegnault 
(Experiences, vol. i. p. 90) measured the expansion under 
constant pressure, and for which Joule and T h o m s o n m a d e 
their experiment on the thermal effect of passage through 
a porous plug. For each of these two gases the thermal 
effect observed was a lowering of temperature, and was 
found to vary at different temperatures very nearly in the 
inverse proportion of the square of the temperature C , 
by mercury thermometer, with 273 added. Hence nearly 
enough for use in the small term of the denominator of (26) 
w e have, for air and carbonic acid,, 

(86), 

ing to 0' 
C. 

Sp -(?)•? 

numbers by formula (33) to give the absolute temperature 
of freezing are accordingly +-70 and + 4-4, and the 
corresponding estimates for the required absolute tempera
ture are 273-14 and 273-:9. Bringing together the results 
in the three cases, we see them conveniently in the following 
table:— 

where t denotes as before absolute temperature, and A the 
amount of the cooling effect per atmo of difference of 
pressures, on the two sides of the plug, at the temperature 
of melting ice. The values of A found for common air and 
carbonic acid are' -275 and 1-388. Eegnault (Experiences, 
vol. ii. p. 126) finds JK/IIV0 greater for carbonic acid than 
for common air in the ratio of 1"39 to 1 on the average of 
temperatures from 0° to 210°. But he found also that 
the specific heat of carbonic. acid varies greatly with the 
temperature; and, taking the mean of the values which he 
finds for it at 0° and 100°, p. 130, as the proper mean for 
our present purpose, we find for J K / n V 0 , a value l-29 
times its value for common air. From these experimental 
results w e find by the mathematical process below (§61) 
still the same approximate formula (3 3), but with c = + -0026 
for c o m m o n air and c = +-0163 for carbonic acid. At 
constant pressure of one atmo Eegnault's .measurements 
gave E =-36706 for common air, and E = '3710 for car
bonic acid; and dividing 100 by these decimals w e find 
respectively 272'44 and 269-5.• The corrections on these 

Name of Gas. 

Hydrogen 

Carbonic'acid 

Expan
sion at 
one atmo 
according 
to -Eeg
nault. 
E. •36613 

•36706 
'•37100 

Proper 
mean1 cool
ing-effect 
of forcing 
through 

porous plug 
per atmo 

according to 
Joule and' 
Thomson. 

M. ' 

~0°'039 
+ 0°*208 
4-1°'105 

Uncor
rected esti
mate of 
absolute 
tempera
ture of 
melting 
ice. 
100 

. E '. 

27313 
;272'44 
269'5 

Correction 
calculated 

from cooling-
effect. 

100 JK _ 
irxnv0M--0°-13 

+ o°-70 
+ 4° -i 

Resulting 
estimate of 
absolute 
tempera
ture of 
melting 
ice. 
to-

273-00 
273-14 
273-9 

1 Investigated in § 61 below. 
The close agreement of the results from hydrogen and 

c o m m o n air is very satisfactory, and it is interesting to see 
it brought about with so large a correction calculated from 
the Joule and T h o m s o n effect. It is also interesting to see 
the sevenfold larger correction of nearly 5° bringing so 
nearly the same result from the 1 per cent, larger expan
sion of carbonic acid. T h e -J per cent, discrepance which 
remains between the results from carbonic acid and from 
hydrogen is not satisfactory, and requires explanation, 
particularly w h e n w e remark that, of five measurements b y 
Eegnault (Experiences, vol. i. p. 84) of the expansion of 
carbonic acid under constant pressure of one atmo, all 
lie within J L per cent, of the m e a n n u m b e r -3710 which 

5-7 r : -
he has given, and we have taken, as his result. 

Notwithstanding that the Joule and Thomson correction 
is so much greater for common air than for hydrogen, the 
result from common air is probably the most trustworthy 
of the three, because both Eegnault's experiments and Joule 
and Thomson's were probably more accurate for air than 
for either of the other two gases. The true result to one 
place of decimals may therefore be considered as most 
probably being 273-1°, but the probability that it is nearer 
273-1° than 273'0° is scarcely enough to make it worth 
while to use in any ordinary thermodynamic calculations 
any other, number than 273°, which is exactly that found 
from hydrogen. 

§59. The real meaning of our result 273-1° for the 
absolute temperature of melting ice, expressed without any-
choice of degrees or units for temperature, is that the ratio 
of the temperature at which vapour of water has a pres
sure of one atmo to the temperature at which ice melts is 
373-1/273-1. Still another way of saying the same thing, 
this time eliminating all numerical reckoning of tempera
ture, is (see Thermodynamics) as follows :— 

Fob every hundred units of heat conveeted into 
wqbk by a perfect thermodynamic engine, 373-1 abe 
taken fbom the source, and 273-1 eejected to the 
refrigerator, if the temperature of the source be 
that at which steam of water has a pressure of 
one atmo, and the temperatuee of the refrigerator 
that at which ice melts. 

§ 60. Integration of differential equation (26), § 56, between volume 
and absolute temperature for a gas, derived from the Joule and 
Thomson experiment. 
Returning to § 56 we may write equation (26) as follows :— 

Determi
nation of 
duty of 
perfect 
engine 
with 
source 
and refri
gerator 
at those 
tempera
tures. 

t — 
dt 

= jk; St (36). 

For each of the five gases experimented on, namely, common air, 
oxygen, nitrogen, carbonic acid, hydrogen, the experiment showed 
that, for all pressures up to five or six atmos, St/Sp was sensibly 
independent of the pressure,- but that it varied very" considerably 
with the temperature. Hence, if we put Sl/Sp^e/U, 6, which will 
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thus denote the cooling effect per atmo of differential pressure,' is a 
function of tho temperature, and is independent of the whole pres
sure. With this notation (36) becomes 

,dv J K . 
dt n 

This is a linear equation in z with a second member, if for a 
moment we put ~=log t. Integrating it, and replacing t, we find, 
as the complete integral, 

v-Vo_t-t0 ( 
"o t0 \ 

H ? + £ f £ i (87) 
is, pressure constant, calcu 
ii. W e have from equa 

- t '« 

§ 61. Expansionsofdifferentgases,pressurecoiistant, calculated from 
the Joule and Thomson experiment. W e have from equation (37) 

For each of the gases experimented on, except hydrogen, 9 was 
found to vary nearly in the inverse ratio of t2. Putting then 
e=A(tJt)%, we find 

tj W2=sA[l-(i-)3] 

Hencfe, for these gases at pressures from 0 to 5 or 6 atmos, (38) 
becomes 

This shows that the " proper mean cooling effect" (M in the table 
of §58) is 

jrit-Js-HY-Js-y-iA, 
3 L 100+t,, \wo+t0J J ' 

-i(l+. 

100 + t0 
1 + 

1-3663 
whioh differs so little from 

1-36633 0 
A=-756A, 

V + -Tms*} A = -769A . 
1-36633 

the arithmetic mean of the cooling effects at 0° and 100° C , 
that if we had simply taken the arithmetic mean for each of the 
other gases, as for want of knowing better we took it for hydrogen, 
the difference in the result would have been barely perceptible. 

§ 62. Modifying (39) or (38) to suit any two temperatures, t, t', 
we have 

v-v' t-tf, JK \ .... 
m denoting the proper mean cooling effect per atmo in the Joule 
aud Thomson experiment (to be reckoned as negative in the case of 
hydrogen or any other gas, if there is any other, in which the ex
periment shows a heating effect). This "proper mean" may be 
taken as the arithmetic mean of the values for t and t', unless 
t - f considerably exceeds 100. 
To reduce (40) to numbers, let V0 be the volume of unit mass of 

the gas when at the temperature of melting ice, and under one 
atmo of pressure. Eegnault (vol. ii. p. 303) finds that the value 
of K/V0 is within 1 per cent, the same for oxygen, nitrogen, and 
hydrogen as for common air. H e also (vol. ii. pp. 224-226) finds 
K to be the same for common air at from 1 to 12 atmos; for 
hydrogen, 1 to 9 ; for carbonic acid, 1 to 37. 

N o doubt similar constancy would be found for oxygen and 
nitrogen. Hence, as above (§ 56), for common air we still have 
JK/nV0= -0126, and thus (40) becomes 

' * vr "v \ C*or common^; 
V - ^ L J S ± [ \ + 14 -0126m W - -oxy8en 
V V \ V j 

(41). hydrogen, and 
nitrogen 

If in this formula we take t and tf for the temperatures of 100° C. 
and 0° C, (v~v')/v' becomes syin-f or -3662 ; and we therefore find 
E=-3662/'n- ^2. -0126m"j (42), 
which agrees with (33) above. 

§ 6 3 . T h e values given b y Joule and Thomson's experi
ment for m are — 0-039° for hydrogen, + 0-208° for air, 
+ 0-253° for oxygen, and + 0'249° for nitrogen. 
F r o m these and from the previous results for carbonic 

acid (§ 58) w e have the following table for calculating the 
expansions from 0° C. to 100° C. of the gases n a m e d : — 

Name of Gas. - Expansion under constant pressure (=E). 
Hydrogen -3662 (1- 0-00049 Y0/v0)-) 
Common air -3662(1 + 0-0026 V0/v0) I 
Oxygen -3662(1 + 0-0032 Y0/v„) [. . (43). 
Nitrogen -3662(1 + 0-0031 V0/*o) 
Carbonic acid -3662 (1 + 0 -0163 Vo/»0) J 

These formulas must be exceedingly near the truth for 
all pressures from 0 to 6 atmos, because within this 
range the thermal effects in the Joule and Th o m s o n 
experiment were very approximately in simple proportion 
to the differences of pressure on the two sides of the plug* 
The following table of results calculated from (43) for 
several pressures of from 0 to 6 atmos is interesting as 
showing such different expansions for the different cases, 
determined by thermodynamic theory from Eegnault's 
measurements of specific heats and Joule and Thomson's of 
their particular thermal effect, with absolutely no direct 
measurement of expansion except the one for c o m m o n air 
at one atmo, shown as the third entry of column 5 in the 
table. The other five entries of column 5 show a fair 
amount of agreement between our theoretical results and 
the only direct measurements by Eegnault. More of direct 
measurement, to allow a more extensive comparison, is 
very desirable. 

Name of Gas. 

Ratio of Bulk 
at 0" C. to Bulk 
supposing 

Pressure were 
1 atmo at the 
Bame tempera

ture. 
Vo 
V0 

fr 
1/3 
1/3-35 

I 1/6 

I " 
1/3-38 

I 1/6 
fr 

i t 

fr 

fr 
1/3 
1/3-316 

I 1/6 

Ratio of Den
sity at 0° C. 
to Density 
supposing 
Pressure 

were 1 atmo 
at the same 
temperature. 

Xo. r 

0 
1 
3 
3-35 
6 
0 
1 
3 
3-38 
6 
0 
1 
3 
6 
0 
1 
3 
6 
0 
1 
3 
3-316 
6 

Expansion, pressure 
constant, from 
0° to 100° C. 

According to 
theory. 

•3662 
•3660 
•3657 
•3656 
•3651 
•3662 
•3672 
•3691 
•3694 
•3719 
•3662 
•3674 
•3697 
•3732 
•3662 
•3673 
•3696 
•3730 
•3662 
•3721 
•3841 
•3859 
•4019 

According 
to direct 
experi
ments by 
Kegnault. •36613 

•36616 

•36706 

•36954 

•37099 

•38455 

§ 6 4 . W e are n o w quite prepared to m a k e a practical 
working thermometer directly adapted to show temperature 
on the absolute thermodynamic scale through the whole 
range of temperature, from the lowest attainable by any 
means to the highest for which glass remains solid. It is 
to be remarked that our investigation of § 51, and all the 
deduced formulas and relative calculations, are absolutely 
independent of the approximate fulfilment of Boyle's law 
by the gases to which w e have applied them, and are 
equally applicable without any approach to fulfilment of 
Boyle's law; also that the only experimental data on which 
are founded our special numerical conclusions of §§ 59 to 
63 are Eegnault's measurements of specific heats under 
eonstant pressures, and Joule and Thomson's measurements 
of the thermal effect of forcing through a porous plug. 
F r o m these experimental data alone w e see by formula (38) 
of § 61 h o w to graduate a constant-pressure gas thermo
meter so that it shall show temperature on the absolute 
thermodynamic scale. Hence, notwithstanding the diffi
culty (§ 2 4 above) which Eegnault found in the thermo
metric use of air or other gases on the system of constant pressure, and his practical preference for the constant-volume 
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air thermometer, it becomes of the highest importance to 
construct a practical constant-pressure gas thermometer. 
This we believe m a y be done by avoiding the objectionable 
expedient adopted by Pouillet and Eegnault of allowing a 
portion (when high temperatures are to be measured the 
greater portion) of the whole gas to be pressed into a cool 
volumetric chamber out of the thermometric chamber 
proper by the expansion of the portion which remains in ; 
and instead fulfilling the condition, stated, but pronounced 
practically impossible, by Eegnault (Experiences, vol. i. pp. 
168, 169), that the thermometric gas "shall, like the 
mercury of a mercury thermometer, be allowed to expand 
freely at constant pressure in a 
calibrated reservoir maintained 
throughout at one temperature." _ 
W e have accordingly designed 
a constant-pressure gas thermo
meter to fulfil this condition. It 
is represented in the accompany
ing drawing (fig. 10), and de
scribed in the following section. 

§ 65. The vessel containing the 
thermometric fluid, which in this 
case is to be either hydrogen or 
nitrogen,1 consists in the main 
of a glass bulb and tube placed 
vertically with bulb up and mouth 
d o w n ; but there is to be a 
secondary tube of much finer 
bore opening into the bulb or 
into the main tube near its top, 
as m a y be found most convenient 
in any particular case. The 
main tube which, to distinguish 
it from the secondary tube, will 
be called the volumetric tube, is 
to be of large bore, not less than 
2 or 3 centimetres, and is to be 
ground internally to a truly 
cylindric form. To allow this 
to be done it must be made of 
thick, well-annealed glass like 
that of the French glass-barrelled 
air-pumps. The secondary tube, 
which will be called the mano
metric capillary, is to be of Fig; 10,-=OonstanfcPressure 
round bore, not very fine, say Hydrogen Thermometer, 
from half a millimetre to a millimetre diameter. Its 
lower end is to be connected with a mercury manometer to 
show if the pressure of the thermometric air is either 
greater or less than the definite pressure to which it is to 
be brought every time a thermometric measurement is 
made by the instrument. The change of volume required 
to do this for every change of temperature is made and 

1 Common air is inadmissible because even at ordinary temperatures 
its oxygen attacks mercury. The film of oxide thus formed would be 
very inconvenient at the surface of the mercury caulking, round the 
base of the piston, and on the inner surface of the glass, tube, to which 
it would adhere.' Besides sooner or later the whole quantity of oxygen 
in the air must be diminished to a sensible degree by the loss of the 
part of it which combines with the mercury. So far as we know, 
Regnault did not complain of this evil in his use of common air in his 
normal air thermometer (see §§ 24, 25 above), nor in his experiments 
on the expansion of air (Experiences, vol. i.), though probably it has 
vitiated his results to some sensible degree. But he found it to pro
duce such great irregularities when, instead of common air, he experi
mented on pure oxygen that from the results he could draw no 
conclusion as to the expansion of this gas (Experiences, vol. i. p. 77). 
Another reason for the avoidance of air or other gas containing free 
oxygen is to save the oil or other liquid which is interposed between it and'the mercury of the manometer from being thickened or otherwise altered by oxidation. 

measured by means of a micrometer screw2 lifting or lower
ing along solid glass piston, fitting easily in the glass tube, 
and caulked air-tight by mercury between its lower end and 
an iron sole-plate by which the mouth, of the volumetric 
tube is closed.. To perform this mercury caulking, when 
the piston is raised and lowered, mercury is allowed to flow 
in and out through a hole in .the iron sole-plate by an iron 
pipe, connected with two mercury cisterns at two different 
levels by branches each provided with a stopcock. W h e n 
the piston is being raised the stopcock of the branch leading 
to the lower cistern is closed, and the other is opened 
enough to allow the mercury to flow up after the piston 
and press gently on its lower side, without entering more 
than infinitesimally into the space between it and the 
surrounding glass tube (the condition of the upper boundiug 
surface of the mercury in this respect being easily seen by 
the observer looking at it through the glass tube). W h e n 
the piston is being lowered the stopcock in the branch 
leading from the upper cistern is closed, and the one in the 
branch leading to the lower cistern is opened enough to let 
the mercury go down before the piston, instead of being 
forced to any sensible distance into the space between it 
and the surrounding tube, but not enough to allow it to 
part company with the lower surface of the piston. The 
manometer is simply a mercury barometer of the form com
monly called a siphon barometer, with its lower end not 
open to the air but connected to the lower end of the 
manometric capillary. This connexion is made below the 
level of the mercury in the following manner.. The lower 
end of the capillary widens into a small glass bell or stout 
tube of glass of about 2 centimetres bore and 2 centimetres 
depth, with its lip ground flat like the receiver of an air-
pump. The lip or upper edge of the open cistern of the 
barometer (that is to say, the cistern which would be open 
to the atmosphere were it used as an ordinary barometer) 
is also ground flat, and the two lips are pressed together 
with a greased leather washer between them to obviate risk 
of breaking the glass, and to facilitate the making of the 
joint mercury tight. To keep this joint perennially good, 
and to make quite sure that no air shall ever leak in, in 
case of the .interior pressure being at any time less than the 
external barometric pressure or being arranged to be so 
always, it is preserved and caulked by an external mercury-
jacket not shown. in the drawing. The mercury in the 
thus constituted lower reservoir of the manometer is above 
the level of the leather joint, and the space in the upper 
part of the reservoir over the surface of the mercury, np 
to a little distance into the capillary above, is occupied by 
a fixed oil or some other practically vapourless liquid. This 
oil or other liquid is introduced for the purpose of guarding 
against error in the reckoning of the whole bulk of the 
thermometric gas, on account of slight irregular changes 
in the capillary depression of the border of the mercury sur-' 
face in the reservoir. 

§ 66. In the most accurate use of the instrument, the 
glass and mercury and oil of the manometer are all kept at 
one definite temperature according to some convenient and 
2 This screw is to be so well fitted in the iron sole-plate as to he 
sufficiently mercury-tight without the aid of any soft material, under 
such moderate pressure as the greatest it will experience when the 
pressure chosen for the thermometric gas is not more than a few centi
metres above the external atmospheric pressure. When the same plan 
of apparatus is used for investigation of the expansion of gases under 
high pressures, a greased leather washer may be used on the upper side 
of the sole in the screw-hole plate, to prevent mercury from escaping 
round the screw. It is to be remarked that in no case will a little oozing 
out of the mercury round the screw while it is being turned introduce 
any error at all into the thermometric result; because the correctness 
of the measurement of the volume of the gas depends simply on the mer
cury being brought up into contact with the bottom of the piston, and not more than just perceptibly np between the piston and volumetric tube surrounding it. 
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perfectly trustworthy intrinsic thermoscope (§§15 and 16 
above), by means of thermal appliances not represented in 
the drawing but easily imagined. This condition being 
fulfilled, the one desired pressure of the thermometric gas 
is attained with exceedingly minute accuracy by working 
the micrometer screw up or down until the oil is brought 
precisely to a mark upon the manometric capillary. 

In fact, if the glass and mercury and oil are all kept 
rigorously at one constant temperature, the only access for 
error is through irregular variations in the capillary depres
sions in the borders of the mercury surfaces. With so 
large a diameter as the 2 centimetres chosen in the figured 
dimensions of the drawing, the error from this cause can 
hardly amount to -j-J-g- per cent, of the whole pressure, 
supposing this to be one atmo or thereabouts. 

For ordinary uses of our constant-pressure gas ther
mometer, where the most minute accuracy is not needed, 
the rule will still be to bring the oil to a fixed mark on the 
manometric capillary; and no precaution in respect to 
temperature will be necessary except to secure that it is 
approximately uniform throughout the mercury and con
taining glass, from lower to higher level of the mercury. 
The quantity of oil is so small that, whatever its tempera
ture may be, the bringing of its free surface to a fixed mark 
on the capillary secures that the mercury surface below the 
oil in the lower reservoir is very nearly at one constant 
point relatively to the glass, much more nearly so than it 
could be made by direct observation of the mercury surface, 
at all events without optical magnifying power. N o w if 
the mercury surface be at a constant point of the glass, it 
is easily proved that the difference of pressures between the 
two mercury surfaces will be constant, notwithstanding 
considerable variations of the common temperature of the 
mercury and glass, provided a certain easy condition is 
fulfilled, through which the effect of the expansion of the 
glass is compensated by the expansion of the mercury. 
This condition is that the whole volume of the mercury 
shall bear to the volume in the cylindric vertical tube from 
the upper surface to the level of the lower surface the ratio 
(A. - Jo-)/(\ - o-), where A. denotes the cubic expansion of 
the mercury, and o- the cubic expansion of the solid for the 
same elevation of temperature, it being supposed for simpli
city of statement that the tube is truly cylindric from the 
upper surface to the level of the lower surface, and that the 
sectional area of the tube is the same at the two mercury 
surfaces. The cubic expansion of mercury is approximately 
seven times the cubic expansion of glass. Hence 

(A.-Jo-)/(A.-<r) = (7-i)/6-l-lll. ' 
Hence the whole volume of the mercury is to be about 

1*111 times the volume from its upper surface to the level 
of the lower surface;' that is to say, the volume from the 
lower surface in the bend to the same level in the vertical 
branch is to be •$• of the volume in the vertical tube above 
this surface. A special experiment on each tube is easily 
made to find the quantity of mercury that must be put in 
to cause the pressure to be absolutely constant when the 
surface in the lower reservoir is kept at a fixed point rela
tively to the glass, and when the temperature is varied 
through such moderate differences of temperature as are to 
be found in the use of the instrument at different times and 
seasons. 

A sheet-iron can containing water or oil or fusible 
metal, with external thermal appliances of gas or charcoal 
furnace, or low-pressure or high-pressure steam heater, and 
with proper internal stirrer or stirrers, is fitted round the 
bulb and manometric tube to produce uniformly throughout 
•the mass of the thermometric gas the temperature to be 
measured. This part of the apparatus, which will be called 
for brevity the heater, must not extend so far down the 
manometric tube that when raised to its highest tempera

ture it can warm the caulking mercury to as high a 
temperature as 40° C , because at somewhat higher tem
peratures than this the pressure of vapour of mercury 
begins to be perceptible (see Table V. below), and would 
vitiate the thermometric use of the pure hydrogen or 
nitrogen of our thermometer. To secure sufficient coolness 
of the mercury it will probably be advisable to have an 
open glass jacket of cold water (not shown in the drawing) 
round the volumetric tube, 2 or 3 centimetres below the 
bottom of the heater, and reaching to about half a centi
metre above the highest position of the bottom of the piston. 

§ 67. It seems probable that the constant-pressure 
hydrogen or nitrogen gas thermometer which we have now 
described may give even more accurate thermometry than 
Eegnault's constant-volume air thermometers (§ 24 above), 
and it seems certain that it will be much more easily used 
in practice. 

W e have only to remark here further that, if Boyle's 
law were rigorously fulfilled, thermometry by the two 
methods would be identical, provided the scale in each 
case be graduated or calculated so as to make the numerical 
reckoning of the temperature agree at two points,—for 
example, 0° C. and 100° C. The very close agreement 
which Eegnault found among his different gas thermometers 
and his air thermometers with air of different densities (§ 
25 above), and the close approach to rigorous fulfilment of 
Boyle's law which he and other experimenters have ascer
tained to be presented by air and other gases used in his 
thermometers, through the ranges of density, pressure, and 
temperature at which they were used in these thermo
meters, renders it certain that in reality the difference 
between Eegnault's normal air thermometry and thermo
metry by our hydrogen gas constant-pressure thermometer 
must be exceedingly small. It is therefore satisfactory 
to know that for all practical purposes absolute tempera
ture is to be obtained with very great accuracy from 
Eegnault's thermometric system by simply adding 273 to 
his numbers for temperature on the centigrade scale. It 
is probable that at the temperatures of 250° or 300° C. 
(or 523 or 573 absolute) the greatest deviation of tem
perature thus reckoned from correct absolute temperature 
is not more than half a degree. 

§ 68. The thermometric scale being now thoroughly estab
lished in theory and practice (§§ 33-69 and §§ 18-30), 
we, are prepared to define, without any ambiguity, the 
expressions thermal capacity and specific heat with 
reference to matter at any temperature and in any physical 
condition. 

Definition 1.—The thermal capacity of a body (whether 
it be a portion of matter homogeneous throughout or of 
homogeneous substance in two different conditions as liquid 
and steam, or solid and vapour of solid, or a piece of 
apparatus consisting of different parts as glass and metals, 
and containing as the case may be liquids or gases,—subject 
only to the condition that the whole matter considered is 
at one temperature) is the quantity of heat required to 
raise its temperature by one degree on the absolute thermo
dynamic scale. 

Definition 2.—The specific heat of a substance is the 
thermal capacity of a stated quantity of it. This stated 
quantity is generally understood to be the unit of mass, 
unless some other definite quantity is explicitly designated, 
as for instance the quantity of the substance which occu
pies unit of volume at some definite pressure and tem
perature, for instance, one atmo and temperature 273 
absolute. It is of no consequence what unit of mass is 
chosen provided it be the same as that which is used in 
defining the thermal unit; but, unless the contrary be 
explicitly stated, we always understand one gramme as the 
unit of mass and the thermal unit as the quantity of heat 

Conclu
sion of 
ther
mometry. 

"Their 
capaci
ties "and 
"specific 
heats." 
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required to raise one gramme of water from 273 to 274 
(compare § 6 above). 

§ 69. There is scarcely any subject upon which more 
skilled labour in scientific laboratories, chemical and phy
sical, has been spent than the measurement of specific 
heats, whether of solids, liquids, or gases. A n ample 
and well-arranged table of results is to be found in 
Clarke's Constants of Nature, a compilation of numerical 
results of scientific experiments made in all parts of the 
world by various observers and experimenters, a most 
valuable aid to scientific knowledge given to the world as 
No. 255 of the Smithsonian Miscellaneous Collections. It 
is most interesting as showing how very differently dif
ferent substances behave in respect to constancy or variation 
of specific heat with temperature. Thus it shows that, 
according to the results of all the experimenters, the specific 
heats of all the substances experimented on, whether 
simple or compound, are very nearly constant at all events 
for ranges between - 10° and 200° or 300° C., except the 
three elementary substances, boron, carbon, silicon. The 
specific heats of these three have been found by F. Weber 
to vary greatly with temperature. Thus for diamond he 
finds the specific heat to be -I at 0° C. and "27 at 206° C , 
or nearly threefold of the amount at 0°; at - 50° C. 
the specific heat is -063 ; and at + 985° it is -459 or about 
seven and a half times the specific heat at - 50° (a curious 
practical commentary, we may remark in passing, on the doc
trine of the calorists on specific heat referred to in § 8 above). 
The specific heats of carbon in its other forms of graphite 
and charcoal through wide ranges of temperature according 
to the same observer, F. Weber, are particularly interesting 
and significant. The approximate equality of the product 
of specific heat into the atomic weight for the simple metals 
is interesting and important; no less so is the utter want 
of constancy and uniformity in the corresponding product 
for other substances, whether simple or compound. If we 
were to define a metal as a substance for which through the 
range of temperature from 0° to 250° C. the product of 
the specific heat into the atomic weight is not less than 
5-86 and not greater than 6'93, we should include every 
substance commonly called a metal, and no substance not 
commonly called a metal, except phosphorus, and solid 
sulphur lately fused, 

Some important results of Eegnault's regarding the 
specific heats of gases under constant pressure have .been 
already quoted in §§ 56, 58, and 62 above. Further infor
mation from experiments aided by thermodynamic theory, 
regarding specific heats of gases and vapours under constant 
pressure and of gases in constant volume, will be found 
under the heading Thermodynamics. To this also, and 
to the articles Mattee (Peopeeties of), Liquid, and 
Steam, the reader is referred for information respecting 
latent heats of liquefaction of solids and of evaporation of 
solids and liquids, also respecting the thermal capacity of a 
portion of homogeneous substance in two different states, 
such as the water-liquid and water-steam of an ordinary 
cryophorus or philosopher's hammer, or of the sulphurous 
acid liquid and steam of a sulphurous acid steam thermo
meter (§43 above). 

Transference of Heat. 
Trans- g 70. When two contiguous portions of matter are at dif
ference ferent temperatures, heat is transferred from the warmer to 
of heat tue colder, -jjĵ g pr0Cess is called conduction of heat. 
DV POTT-* - » 
diction. W h e n two bodies at different temperatures are separated 

by a transparent medium, such as air, or water, or glass, or 
ice, heat passes from the warmer to the colder irrespectively 

By ra- of the temperature of the intervening medium, except in so 
diation. f ar as its transparency may in some slight degree be affected 

by the temperature. Thus the colder of the two bodies be

comes actually heatedabove the temperature of theinterveu- Light 
ing medium if the warmer be kept above this temperature, and 
and if heat is not otherwise drawn off from the colder body fadlan:; 
in greater quantity than the heat entering it from the warmer, ^enti-
This process of transference from one body to another body cal. 
at a distance through an intervening medium is called radia
tion of heat. The condition of the intervening matter in 
virtue of which heat is thus transferred is called light; and 
radiant heat is light if we could but see it with the eye, 
and not merely discern with the mind, as we do, that it is per
fectly continuous in quality with the species of radiant heat 
which we see with the material eye through its affecting the 
retina with the sense of light. Thus a white hot poker in 
a room perfectly darkened from all other lights is seen as 
a brilliant white light gradually becoming reddish and less 
bright, until it absolutely fades from vision in a dull red 
glow. Long after it has ceased to be visible to the eye, the 
fact, that heat is being transferred from it to colder bodies 
all round it, or above it or below it, is proved by our sense 
of heat in a hand or face held near it on any side or above 
it or below it. B y considering the whole phenomenon of 
the white hot mass, without much of experimental investi
gation, we judge that there is perfect continuity through the 
whole process, in the'first part of which the radiant heat is 
visible and in the second part invisible to the human eye: 
and thorough experimental investigation confirms this con
clusion. Thus radiant heat is brought nnder the undula-
tory theory of light, which in its turn becomes annexed to 
heat as a magnificent outlying province of the kinetic 
theory of heat. 

§ 71. In this article we confine ourselves to a practical 
evaluation of rate of gain or loss of heat across the surface 
of an isolated solid placed in a medium such as air, and 
enclosed in a solid surface all at one temperature, as is ap
proximately the case with the air and the floor, walls, and 
ceiling of an ordinary room. A rough approximation to 
the law of this action, founded on supposing the rate of 
motion to be in simple proportion to the excess of the tem
perature of the isolated solid above the temperature of the 
surrounding medium and enclosure was used by Fourier 
in those of his solutions in which surface emissivity or, as 
he called it, " Conductibilite' exterieure," is concerned. 
Without adopting any hypothesis, we define thermal 
emissivity as the quantity of heat per unit of time, • per 
unit of surface, per degree of excess of temperature, which 
the isolated body loses in virtue of the combined effect of 
radiation and convection by currents of air. This defini
tion does not involve the hypothesis of simple proportion
ality; and the surface emissivity is simply to be determined 
by experiment for any given temperature of the enclosure, 
and any given temperature of the isolated body. Dulong 
and Petit made elaborate experiments on this subject, but 
did not give any results in absolute measure. 

So far as we know the first thoroughly trustworthy ex
periments giving emissivities in absolute measure were made 
in the laboratory of the natural philosophy class in the 
university of Glasgow by M r D. Macfarlane, in a series of 
experiments on the cooling of a copper ball. The results 
are given in Table VII. The ball experimented on was 
4 centimetres in diameter, and was suspended in the 
interior of a double-walled tin-plate vessel. The space 
between the double walls of this vessel was filled with 
water at the temperature of the air, and the interior surface 
was coated with lampblack. T w o thermo-electric junctions, 
one at the centre of the ball the other in contact with the 
exterior surface of the enclosure, in circuit with a sensitive 
mirror galvanometer, served to measure the difference of 
temperatures between the centre of the ball and the 
exterior surface of the enclosure. By this arrangement 
the exterior junction was kept very uniformly at a tempera-
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tare of 14° C , while the other had the varying tempera
ture of the centre of the ball. T w o sets of experiments 
were made. In one the ball had a bright surface, in the 
other it w a s coated with soot from the flame of a lamp, 
and in both the air w a s kept moist by a saucer of water 
placed in the interior of the tinplate enclosure. T h e re
sults are given in terms of the n u m b e r of units of heat 
lost per second, per square centimetre of surface of the 
copper, per degree of difference between the temperatures 
of the t w o junctions. 

§ 72. Eeturning to the conduction of heat, w e have first 
to say that the theory of it was discovered by Fourier and 
given to the world through the French A c a d e m y in his 
Theorie Analytique de la Gkaleur,1 with solutions of pro
blems naturally arising from it, of which it is difficult to say 
whether their uniquely original quality, or their transcend
e n c y intense mathematical interest, or their perenniallyim-
portant instructiveness for physical science, is most to be 
praised. Here w e can but give the very slightest sketch of 
the elementary law of conduction in an isotropic substance^ 
the mathematical expression for it in terms of orthogonal 
plane or curved coordinates, and a few of the elementary 
solutions in Fourier's theory. 

§ 73. Consider a slab of homogeneous solid bounded by 
two parallel planes. Let the substance be kept at two dif
ferent temperatures over these parallel planes b y suitable 
sources of heat and cold. For example, let one side be kept 
cold b y a stream of cold water, or b y a large quantity of 
ice and water in contact with it, and the other kept w a r m 
by a large quantity of w a r m water or b y steam blown 
against it. Whatever particular plans of heater and refri
gerator be adopted, care must be taken that the temperature 
be kept uniform over the whole, or over a sufficiently large 
area of each side of the slab, to render the isothermal 
surfaces sensibly parallel planes through the whole of 
the slab intercepted between the two calorirnetric areas, 
and that the temperature at each side is prevented from 
varying with time. It will be found that heat must con
tinually be applied at one side and removed from the other, 
to keep the circumstances in the constant condition thus 
defined. W h e n this constant condition of surface tempera
ture is maintained long enough, the temperature at every 
point of the slab settles towards a constant limiting value; 
and w h e n this limiting value has been sensibly reached by 
every point of the slab, the temperature throughout remains 
sensibly constant so long as the surface temperatures are 
kept constant. In this condition of affairs the temperature 
varies continuously from one side of the slab.to the other; 
and it is constant throughout each interior plane parallel to 
the sides ; in other words, the isothermal surfaces are paral= 
lei planes. Let V and V be the temperatures in two of 
these isothermals and a the distance between them. T h e 
quotient — — — is the average rate of variation of tem
perature per unit of length between these two isothermals. 
Let Q be the quantity of heat taken in per unit of time at 
a certain area A on one side, and emitted at the corresponds 
ing area of the other side of the slab, measured b y proper 
calorimetrical -appliances to these areas, which w e shall call 
the calorirnetric areas of the apparatus. It will generally 
be found that the value of the quotient ( V - Y ' ) / a is 
not the same for consecutive isothermal surfaces. For 
metals it is ascertained b y experiment that it increases 
continuously from' the cold side to the hot side of the 
slab. In other words, as w e shall see presently, the thermal 
conductivity of the substance is not generally the same at 
different temperatures, and for metals it is smaller the 
higher the temperature. 
1 A translation into English by Freeman has been recently published, 

in 1 vol. 8vo, by the Cambridge University Press, 1879. 

§ 74. Circumstances being as described in § 73, the 
thermal conductivity of the substance between the isother
mals v and v' is the value of 

(1). A.(v-v') 

It must be remembered that the temperatures v, v used 
in this definition are temperatures of the substance itself. 
Some experimenters have given largely erroneous results 
through assuming that the temperatures of the two sides of 
the slab were equal to those of the calorirnetric fluids, such 
as warm water or steam on one side, and iced water or cold 
water, with its temperature measured by a thermometer, on 
the other side. To obtain correct results, the actual tem
peratures at. two points in the conducting body itself must 
be ascertained by aid of suitable thermometers, or thermo
meters and differential thermoscopes, applied in such a way 
as not sensibly to disturb the isothermal surfaces. This, so 
far as we know, has riot been done by any experimenter 
hitherto in attempting to measure thermal conductivity 
directly by the method indicated in the definition; and 
therefore if any results obtained by this method hitherto are 
trustworthy, it is only in a few cases,—cases in which, un
less the substance experimented upon has been of such 
Bmall conductiug power, and the stirring of the calorirnetric 
fluids on its two sides so energetic, that we can feel sure 
that the observed or assumed temperatures of these fluids, 
or of the portions of them of which the temperatures have 
been measured by thermometers, have not differed sensibly 
from the temperatures of the slab at its surfaces in contact 
with them. 

§ 75. What utter confusion has permeated scientific 
literature, from experiments on thermal conductivity vitiated 
through non-fulfilment of this condition, is illustrated by 
results quoted in Everett's Units and Physical Constants 
(Londou, 1879), among which we find "19 for the conduc
tivity of copper according to Peclet, and l'l according to 
Angstrom (which we now know to be correct). W h e n we 
look to Pellet's and Angstrom's own papers the confusion 
becomes aggravated. Peclet, in his Memoire sur la deter
mination des coefficients de conductibilite des metdux p a r I'a 
chaleur^ quotes old experiments of Clement, and others 
more recent of T h o m a s and Laurent, regarding which he 
gives certain details. Taking his information no doubt 
from Peelet's paper, Angstrom gives a statement3 for" the 
conductivity of copper, according to experimenters w h o had 
preceded him, which, with the decimal point shifted two 
places to the left to reduce to C. G-. S., is as follows :— 

Clement, '00231 
Thomas and Laurent, :.... -0122 
Peclet , -178 

But Angstrom did not notice that Peclet had stated the 
thickness of the plate experimented on by Clement to be 
between 2 and 3 millimetres. Pellet himself in his next 
sentence seems to have forgotten this w h e n he compares 
the figure -23 which he had calculated from Clement's 
results, without taking account of the thickness of the plate, 
with 1"22 which he calculates from T h o m a s and Laurent's 
experiments on copper, without stating any thickness for the 
tube of copper on which (instead of a flat plate) they had 
•experimented. T h u s w e have no data for finding what 
their results really were in either Pellet's or Angstrom's 
paper; but Peclet seems to show enough regarding it to 
let us n o w feel perfectly sure that it is only a question of 
* Annates de Chimie et de Physique, Paris, 1841. 
8 In Angstrom's own statement the unit quantity of heat is that 

required to raise 1000 grammes of water 1°. The conduction is 
reckoned per square metre of the copper plate per second of time, and 
the unit chosen for the rate of variation of temperature across the 
plate is 1° per millimetre. To reduce his numbers to the C. G. S. 
system we must therefore multiply by 103 x 10"4 x 10_1 = 10-2. H 
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whether it is tens or hundreds of times too small, Omit
ting it then from the preceding statement, completing the 
correction by multiplying the -0023 by 2§ (assuming the 
thickness of the plate to be 2J millimetres, as P6clet says 
it was between 2 and 3) to give Clement's result, and 
appending Angstrom's result, which we n o w know to be 
correct, we have the following statement for thermal con
ductivity of copper in C. G. S. units :— 

"0057, according to Clement. 
•178, „ „ Peclet.1 

l'l, .,, .,, Angstrom. 
§ 76. The comparison of these results is highly instruc

tive. Clement's result is two hundred times too small, and 
Pellet's five times too small. Clement experimented by 
exposing one side of a, plate of .copper of a square metre 
surface and about two and a half millimetres thick to steam 
at 100° 0., and the other side to water .at 28° C It was 
assumed that the difference of temperatures between the 
two sides was 72°. The difference really was .about "36 of 
a degree, as we know from .the quantity of heat actually 
conducted through it in Clement's experiment, indicated by 
the amount of steam which he found to be condensed into 
water. In fact, the amount of steam condensed did not 
differ sensibly from what it would have been if the copper 
plate had been infinitely thin, or its substance of infinite 
thermal conductivity. It is important in engineering, and 
in many of the arts and manufactures involving thermal 
processes, and particularly in that one of them of greater 
everyday value to the h u m a n raee than all the others put 
together, cookery, to know that for copper or iron boilers, 
or steampipes, or pots or frying-pans, the transmission of 
heat from radiant burning coal or charcoal, or red or white 
hot fireclay or other solids, and from hot air in contact with 
them, on one side, to hot water or steam or oil or melted 
fat on the other side, or hot liquid or steam on one side 
and cool air on the other side, is for practical purposes 
sensibly the same as if the thermal conductivity of the 
metal were infinite, or its resistance to the transmission of 
heat nothing. The explanation is obvious to us now with 
the definite aad sure knowledge regarding thermal conduc
tivities of different substances and of matter in different 
conditions, solid, liquid, and gaseous, gained within the last 
twenty years. Angstrom, Forbes, F. Neumann, and Tait 
have given, each one of them with thoroughly sufficient 
experimental evidence to leave no room to doubt the sub
stantial accuracy of his results, absolute values for the 
thermal conductivities of copper and iron. Clausius and 
Maxwell have given us thermal conductivities of air and 
other gases, from their splendid development of the kinetic 
theory, which are undoubtedly trustworthy as somewhat 
close approximations to the true values, and which it is 
quite possible are more accurate than w e can hope to see ob
tained from direct measurements of the conduction of heat 
through gases. J. T. Bottomley has given a trustworthy 
and somewhat closely accurate direct measurement of the 
thermal conductivity of water. From the results of these 
experimenters' work, reduced to uniform C. G. S. reckon
ing in our table of thermal conductivities (Table VIII.), 
we see that the thermal conductivity of iron is 80 times, 
and that of copper 500 times that of water. The thermal 
conductivity of iron is 3500 times, and that of copper 
is 20,000 times that of .air. Hence, although the water 
or air at the very interface of its contact with the metal 
is essentially at the same temperature as the metal, there 
must be great differences of temperature in very thin layers 
of the fluid close to the interface when there is large flux 
of heat through the metal, and the temperature of the 
fluid as measured by any practicable thermometer, or 

1 This result was published by Peclet in 1853, in a work entitled 
Nouvenux documents relatifs au chauffage et a la ventilation. 

inferred from knowledge of the average temperature of the 
whole fluid, or from the temperatures of entering and 
leaving currents of fluid, m a y differ by scores of degrees 
from the actual temperature of the solid at the interface. 
It is remarkable that Peclet, while perceiving that Clement's 
result was largely erroneous on this account, and improving 
the mode of experimenting by introducing a rotating 
mechanical stirrer to change very rapidly the fluid in 
contact with the solid, only multiplied Clement's con
ductivity by 30 instead of by 200, which would have been 
necessary to annul the error. Notwithstanding his failure 
to obtain accurate results for metals, we have ventured to 
include his results for wood, and solids of lower con
ductivity than wood, in our table, because we perceive that 
he was alive to the necessity for very energetic stirring of 
the liquid, and the mechanical means which he adopted for 
it, though utterly insufficient for the case of even the least 
conductive of the metals, were probably not so for wood 
and solids of lower conductivity than wood; and because 
it is not probable that the complication of heat generated 
by the stirring (which Angstrom suggests as an objection 
to Pellet's method) was in any case sufficient to produce 
a sensible influence upon the experimental results. 

§ 77. The first correct determinations of thermal conduc
tivities were given by Forbes in his paper on the tempera
ture of the earth, in the Transactions of the Royal Society 
of Edinburgh for 1846, as calculated from his observations 
of underground temperature at three localities in the 
neighbourhood of Edinburgh—the trap rock of Calton 
Hill, -th« sand of the Experimental Garden, and the sand
stone of Craigleith Quarry—by an imperfect approximate 
method indicated by Poisson. A more complete analytical 
treatment of the observational results, analysed harmoni
cally and interpreted by application of Fourier's formula 
(equation (19) of Math. App.) to each term separately by 
W . Thomson, gave results (quoted in Table VIII. below) 
for the conductivities, which differed but little from Forbes's 
approximate determinations. 

§ 78.' It has always seemed to us that the best mode of 
experimenting on the conductivity -of metals must, without 
doubt, be by an artificial imitation in a metallic bar, of 
the natural periodic variations of underground temperature, 
produced by periodically varied thermal appliances at one 
end of the bar. The effect of loss or gain of heat through 
the sides (or lateral surface) of the bar (ideally annullable 
by a coating of ideal varnish impermeable to heat) m a y be 
practically annulled by making the period of the variation 
small enough. 
Let Tc be the thermal conductivity of the substance and c its 

thermal capacity per unit bulk. Let e be the emissivity (§ 71) of 
its surface. Let the bar be circular-oylindric, and r the radius of 
its cross section. At time t, let ,v be the mean temperature in a 
cross section at distance x from the end, and v' the surface tempera
ture at the,cireular .boundary .of thissaetion,—all temperatures being 
reckoned as differences from the temperature of the surrounding 
medium, called -zero temporarily for brevity. The heat lost from 
the circumference ,of the bar between the cross sections x - \dx and 
x+\dx in time dt is erf..2ir-rdxdt, and the heat conducted lengthwise, 
across the cross .section x, in the same time, is wr3—. Hence we 

dx 
readily find (see Math. App. below) as the equation of conduction 
of heat along the bar, very approximately if v' differs very little 
from -v (that is to say, if the temperature is very nearly uniform 
throughout each cross section), 

Estimat
ing and 
compar
ing the 
annual 
periodic 
varia
tions of 
tempera
ture at 
the 
depths 
of the 
thermo
meters. 

dv le (._.=1^^V-V . . . (1) 
dt dx\ dxj r '' 

To estimate v1, let v" be the temperature at the centre of the cross 
section x, and let ( ̂ -^ j denote the rate of decrease of tempera
ture from within outwards in the substance of the bar close to its 
surface. "We have clearly 
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and, because the emission is supplied by conduction from within, 

v"-v,<%v'. 
K 

The value of e for a blackened globe hung within a hollow, with 
blackened bounding surface, is about ̂ fan; according to Macfarlane's 
experiments (Table YII. below), and considerably less for surfaces 
with any degree of polish. "We may thoref ore take y,^ as a maximum 
value for e. The values of k for copper and iron at ordinary 
temperatures are, in C. G. S., approximately -95 and "18. Hence, 
if r=5 cms. (or the diameter of the bar 10 cms., which is more 
than it is likely to be in any laboratory experiments), we find 
and 

" " - ^ g ^ &r copper, 

< C — for iron. 
^100 Hence the error will be practically nothing if we take v'=v. Thus, 

and if we suppose k to be independent of temperature, (1) becomes 
dv_Jc da»_2e ™ 
dt c dx* re 

or 
dv - d*v ,„, 

whioh is Fourier's equation for the conduction of heat along a bar 
or the circumference of a thin ring. Its solution to express simple 
harmonic variations of temperature produced in an infinitely long 
bar by properly varied thermal appliances at one end is 

v=fU-sxcos(nt-fx+e) (4), 
re, B, e being arbitrary constants,—the " speed," the semi-range, 
and the epoch for a;=0; and /, g constants given by the formulae 

(5). 

For iron and copper the values of c are respectively "95 and -845. 
Hence, with the previously used values of k for these metals, and 
with 1/4000 for c, we find k = 1 '1 for copper and k — '2 for iron; and 
for either, &=.l/1700r nearly enough. 

Suppose, for example, r = 2 cm., this makes A=1/3400; and 
suppose the period to be 32 m. (the greatest of those chosen by 
Angstrom), this makes ra=2ir/(60x32), or roughly m=1/310 and 
7j/re=l/17. N o w when h\n is small, we have approximately 

*Ve-(i+S): 
and therefore with the assumed numbers 

/V2^4>-W2rK> 
by which we see that the propagation of the variation of tempera
ture is but little affected by the lateral surface emissivity. Little 
as this effect is, it is very perfectly eliminated by the relation 

fi-& («)• 
which we find from (5). 

It is convenient to remark that g is the rate of diminu
tion of the Napierian logarithm of the range, and / the 
rate of retardation of the epoch (reckoned in radians) per 
centimetre of the bar. Were there no lateral emissivity 
these would be equal, and the diffusivity might be calcu
lated from each separately. This was done by William 
Thomson in his analysis of the Edinburgh underground 
temperature observations. But in the propagation of 
periodic variation of temperature along a bar (as of electric 
potential along the conductor of a submarine cable) lateral 
emissivity (or imperfect insulation) augments the rate of 
diminution of the logarithm of the amplitude, and 
diminishes the rate of retardation of the phase, leaving 
the product of the two rates unaffected, and allowing the 
diffusivity to be calculated from it by (6). This was 
carried out for copper and iron by Angstrom in Sweden, 
and the results communicated to the Eoyal Swedish 
Academy in January 1861. German and English editions 

of his paper have been published in Poggendorff's Annalen 
for 1863, and the Phil. Mag. for 1863 (first half year). 
The details of the apparatus and of the actual experiments, 
in which Angstrom had the assistance of Thalen, are 
sufficiently described in this paper,1 and in a subsequent 
paper (Pogg. Annalen for 1863, p. 428), to allow us to 
feel perfect confidence in the very approximate accuracy of 
the results. Hence we have included them in our Table. 

8 79. The question, Does thermal conductivity vary with 
temperature1! was experimentally investigated by Forbes 
about thirty years ago; and in a first provisional statement 
of results communicated to the British Association at 
Belfast in 1852 it was stated that the thermal conductivity 
of iron is less at high temperatures than at low. Forties's 
investigation was conducted by an elaborate method of 
experimenting, in which the static temperature of a long 
bar of metal is observed after the example of the earlier 
experiments of Despretz, with a most important additional 
experiment and measurement by means of which the 
static result is reduced to give conductivity in absolute 
measure, and not merely as in Despretz's experiments to 
give comparisons between the conductivities of different 
metals. In 1861 and 1865 Forbes published results cal
culated from his experiments," including the first deter
mination of thermal conductivity of a metal (iron) in 
absolute measure, and a confirmation of his old result 
that the conductivity of iron diminishes with rise of tem
perature. Forbes's bars have been inherited and further 
utilized, and bars of copper, lead, and other metals have 
been made and experimented upon according to the same 
method, by his successor in the university of Edinburgh, 
Professor Tait. The investigation was conducted partly 
with a view to test whether the electric conductivities 
and the thermal conductivities of different metals, more 
or less approximately pure, and of metallic alloys, are in 
the same order, and, further, if their thermal conductivities 
are approximately in the same proportion as their electric 
conductivities. The following results quoted from his paper 
on "Thermal and Electric Conductivity" (Transactions 
R.S.E., 1878) are valuable as an important instalment, 
but expressly only an instalment, towards the answering 
of this interesting question:— 

" Taking the inferior copper (' Copper'C') as unit both for ther
mal and for electric conductivity, we find the following table of 
conductivities at ordinary temperatures, with the rough results as 
to specific gravity and specific heat referred to in § 15 above :— 

Thermal. Electric. 
Copper, Crown 1-41 1-729 

C 1-00 1000 
Forbes's iron 0-29 0264 
Lead _ „M2 0149 
German surer _ .0-14 0-117 

1 The first paper is marred unhappily by two or three algebraic and 
arithmetical errors. One algebraic error is very disturbing to a careful 
reader, and might even to a hasty judgment seem to throw doubt on 
the validity of the experimental use whioh is made of the formulae. 
There is, however, no real foundation for any such doubt. The fol
lowing little correction siiffiees to put the matter right For the 
general term as printed in Angstrom's paper read 

e - ^ ^ s i n ^ -
with the following values for % g[:— 

•xg'f̂ Ji + p'), 

ti 7 7 

JEV,JH_ . 
4KV + 2K*' 

_ _5!_ H , 
"2Ki' 

instead of these formulae without the i, as Angstrom gives them. 

Here we see that g$'t= ==• i and it is the product g-g/j that Angstrom 
JK.T 

uses in his experimental application, not the separate values of either 
g{ or g[. Hence no error is introduced by his having overlooked that 
gi is not equal to g^ except for *•=!. 
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" The agreement of these numbers is by no means so close as. is 
generally stated - but this is no longer remarkable, for it is well 
known that the electric conductivity of all pure metals alters very 
much with the temperature, while we have seen that as regards 
thermal conductivity there is but slight change with either copper 
or lead, though there is a large change with iron. This accords 
with some results of m y own on the electric conductivity of iron at 
high temperatures (Proc. S.S.E., 1872-73, p. 32), and with the 
results of the repetition of these experiments by a party of m y 
laboratory students. "—Proc. R.S.E., 1875-76, p. 629. 

§ 80. The absolute values of Tait's results for the five 
metals of the preceding list are given in C. G. S. units in our 
general table. As to change of conductivity with tempera
ture there is a discrepance between the results of Angstrom's 
and Tait's experiments. Tait finds but little difference .in 
the conductivity of copper through the wide range of tem
peratures from 0° to 300° C , and that difference an aug
mentation instead of a diminution at the high temperatures 
as shown in the following results (where t is measured from 
0° C.) j1— 

Copper, Crown 0-076 (1 + 0-00040 
C 0-054(1 + 0-000550 

Iron 0-015 (1—0-001440 
O n the other hand, Angstrom finds for copper from ex
periments described in his second paper referred to above, 
at mean temperatures of from 28°'8 to 71°-5 C , results 
which reduced to C.G.S. are as follows:— 

Copper..: -982 (1 --0015190 
Iron ! -199 (1 --0028740 

From the admirable method of experimenting, and the 
care with which experiments were carried out by himself 
and Thalen, it is impossible for us to doubt the validity 
and somewhat closely approximate numerical truth of the 
result. O n account of the discrepance from Tait's results 
it is desirable that Angstrom's method should be carried out 
for copper through a much wider range of temperatures. 
This can.be done with great ease from the lowest tempera
ture obtainable by freezing mixtures to temperatures up to 
the melting point of copper, so excellently plastic is 
Angstrom's method. Our proposed extension of it is to be 
carried out by proper thermal appliances to the end of the 
bar which Angstrom left to itself,—appliances by which in 
one series of- experiments it may be kept constant at - 50° 
or - 60° C , in others left to itself to take nearly the 
-atmospheric temperature, in others kept at high tempera
tures limited only by the melting temperature of copper, 
if the experimenter desires to go so far, W e Would also 
suggest that the thermo-electric method first introduced by 
Wiedemann and Franz in their experiments on the static 
temperature of bars or wires heated at one end and allowed 
to lose heat by convection and radiation from their sides, 
(which was rejected, not, we think, judiciously, by Angstrom), 
might be used with advantage instead of the mercury 
thermometers inserted in holes .in the bar in Angstrom's 
apparatus; or that, if thermometers are to be used, air 
thermometers in which the bulb of the thermometer is it
self a very small hole in the bar experimented on, and the 
tube a fine-bore glass tube fitted to this hole, would be 
much preferable to the mercury thermometers hitherto 
employed in, we believe, all experiments except those of 
Wiedemann and Franz, on the conduction of heat along 
metallic bars. 

Diffusion § 81. Fourier's ninth chapter is entitled " D e la Diffusion 
of heat. ,je ja Chalet," The idea embodied in this title is the 

spreading of heat in a solid tending to ultimate equalization 
of temperature throughout it, instead of the transference of 
heat from one body to another by conduction through the 
1 These results are, like those given above in this section, expressed 

in terms of the foot and minute, but the unit of heat employed is 
the-amount of heat required to raise the temperature of a cubic foot of the substance by 1°. In other words, these results are " diffusivities " (§ 82) in square feet per minute. 

solid considered. Though Fourier makes the special sub
ject of his chapter on "Diffusion" the conduction of heat 
through an infinite solid, we may conveniently regard as 
coming under the several designations " Diffusion of Heat " 
every case of thermal conduction in which the heat- con
ducted across any part of the solid has the effect of warm
ing contiguous parts on one side of it, or of leaving contigu
ous parts on the other side cooler,—in other words, every 
case in which the temperature of the body through which 
the conduction of heat takes place is varying with time, as 
distinguished from what Fourier calls "Uniform Motion of 
Heat," or the class of cases in which the temperature at 
every point of the body is constant. The experiments of Investi-
F6clet, Despretz, Forbes and Tait, Wiedemann and Franz, gations 
were founded on the uniform conduction of heat across . f" 
slabs or along-bores, and their determinations of relative ̂ ucii. 
and absolute conductivities were made by comparing or by vitj- by 
measuring absolutely quantities of heat that were conducted "uni-
out qf the body tested. O n the other hand, it is thefo™ 
diffusion of heat that is used in the determinations of oi ̂eat." 
thermal conductivity in absolute measure by Forbes and 
William Thomson from the periodic variations of under- By dif-
ground temperature; in those of Angstrom, from his experi- fusion 
ments on the spreading of' periodic variations of tempera-of "eat-
ture through bars of iron and copper, and a series of 
valuable experiments a year or two later by F. Neumann, 
applying the same general method to bars of brass, zinc, 
German silver, and iron; in experiments by F. Neumann 
on substances of lower conductivity (coal, cast sulphur, 
ice, snow, frozen earth, gritstone) formed into cubes or 
globes of 5 or 6 inches diameter, and- heated uniformly, 
and then left to cool in an atmosphere of lower tempera
ture, and from time to time during the cooling explored 
by thermo-electric junctions imbedded in them to show 
their internal distribution; in similar experiments on the 
cooling of globes of 14 cm. diameter of porphyritic trachyte 
by Ayrton and Perry in Japan; and in Kirchhoff and 
Hansemann's recent experiments,2 to find the thermal con
ductivity of iron by the not well-chosen method of suddenly 
cooling one side of a cube of iron of 14 cm., and observing 
the temperatures by aid of thermo-electric junctions in 
several points of the line perpendicular to this side through 
its middle. 

§ 82. W h e n the effect of heat conducted across any part Thermal 
of a body in heating the substance on one. side or leaving diffus-
the substance, on the other side cooler is to be reckoned, mty-
it is convenient to measure the thermal conductivity in 
terms, not of the ordinary general gramme water-unit of 
heat, but of a special unit, the quantity required to raise 
unit bulk of the substance in 1°. In other words, if Tc be the 
conductivity in terms of any thermal unit, and c the ther
mal capacity of unit bulk of the substanqe, it is kc, not 
merely h, that expresses the quantity of the substance on 
which the phenomenon chiefly depends. W e therefore 
propose to give to he the name of thermal diffusivity (or 
simply diffusivity when heat is understood to be the sub
ject), while still using the word thermal conductivity to 
denote the conducting power as defined in § 73, without re
striction as to the thermal unit employed. It is interest
ing and important to remark that " diffusivity " is essen
tially to be reckoned in units of area per unit of time, 
that its •" dimensions " are L2D (see Dimensions). Its 
regular C.G.S. reckoning is therefore in square centimetres 
per second. In the article Diffusion the relation between 
diffusion of heat and diffusion of matter is explained. W e 
have added diffusion of electricity through a submarine 
cable, which has been shown8 to follow the same law as the 
2 Wiedemann's (late Poggendorff's) Annalen, 1880, No. 1. 
3 Proc. Roy. Soc, May 1855, "Wm. Thomson " On the Theory of 

the Electric TelegTaph." 
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" linear " diffusion of heat, as Fourier calls the diffusion of 
heat w h e n the isothermal surfaces are parallel planes. 
T h e curves of the following diagram and Tables A, B, 
and C show in a practically useful w a y the result in the 
course of the times noted, of from fractions of a second to 
thousands of millions of years, of linear diffusion of two 
different qualities in an infinite line from an initial con
dition in which there is sudden transition from one quality 
to the other, in the thoroughly practical cases specified in 
the accompanying explanations. 
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Diffusions (Secular).—Table S. 

Fig. 11.—Diagram of Diffusion. 

Curve No. 1 shows temperature; or quantity of substance in 
solution; or potential in the conductor of a submarine cable through 
which electricity is diffusing. Curve N o . 2 shows rate per unit of 
distance of variation of the temperature, or of the quantity of sub
stance in solution. Vertical ordinates are actual distances through 
the medium. Horizontal ordinates represent temperature or quan
tity of diffusing substances in N o . 1 curve, and rate of variation of 
temperature or of diffusing substance or of electric potential in N o . 
2 curve. 
Diffusionsr—Table A. 

Substance* 

,, ,, underground strata 

Electricity through. Suez-Aden cable... 
„ if A d e n - B o m b a y cable... 
,i „ Persian Gulf cable ... 
,, „ French Atlantic cable. 
,, „ Direct U.S. cable 

Time in Seconds from the 
commencement of the 

Diffusion nntil the Condition 
represented by the Curves 

on the Actual Scale 
(b=2 Centimetres) is reached. 

6*97 seconds. 
*89 of a second. 
•92 „ 

5'5 seconds. 
6-25 „ 

10-00 „ 
770 
4320 ,, 
1 -087 xlO-16 of a second. 
0-739 xlO-16 
0-635 xlO-10 
0-440 xlO-18 
0-396 xlO-18 „ 
0-340 xlO-13 „ 

Substance. 

Carbonic acid through air1, 
Heat through hydrogen 

copper 
"on 

,, >, air 
,, ,, underground strata2 
,, „ wood 

Common salt through water8 

Time in Years from the 
commencement of the Diffu
sion until the Condition 

represented by the Curves on 
the Scale of &=20Kilometres, 

or 1,000,000 times the 
Actual Scale, is reached. 

2,220,000 years. 
283,000 
293,000 

1,733,000 
1,982,000 
3,000,000 

244,000,000 
1,370,000,000 1 Instructive as to the proportion of carbonic acid in air at different heights, 

proving its approximate uniformity due to convection, not to diffusion. 
2 Instructive as to geological theories respecting terrestrial temperature. 
B Instructive as to theories respecting the saltness of the sea. 

Table C. 

Name of Cable. 

Time In Seconds from the 
commencement of the 

Diffusion until the Condition 
represented by the 

Curves on the Scale of. 
6=1000 Nautical Miles, or 

92,615,000 times 
the Actual Scale, is reached. 

0*932 of a second. 
0-634 ,, 
0-545 
0'377 
0*339 
0-292 

§ 83. T h e following tables contain useful information 
regarding various thermal properties of' matter, Every 
k n o w n property of a piece of matter, except its gravity and 
its inertia, varies with variation of temperature. For 
further information respecting the effect of variation of 
temperature in causing changes in properties of matter 
reference is m a d e to the articles Elasticity, Electeicity. 
Magnetism, Light, Mattee (Peopeeties of), &c. 
Table I.-—Linear Expansions of Solids.'1 

Name. 

Silver.. 

Thallium 
Sulphur, Sicily.. 
Selenium, cast... 
Tellurium, „ ... 

Lead 

Iron.. 

Steel, annealed 
„ French cast,) 

tempered.. J 
French cast,) 

- d... \ 

annealed.. 
English cast, 1 

- d... r 
annealed.. 

Steel, soft.. 
Cast iron... 

Cobalt, red by H.) 
compressed J 

Nickel, red by H.> 
compressed f 

Mean Expansion 
per degree C. 

through 
Range stated 
•00002120 
„ 1S10 
„ 1943 
„ 3021 
„ 6413 

1675 

2799 
2921 
1156 
1190 
1220 
1322 
1101 

1095 

103 

112 

1236 

1279 

Range.3 

0° to 100" 
0° „ 100 
0° „ 100° 

40" 
40° 
40° 
to 100° 
40° 

0° 
0° 

to 100° 
„ 100° 

0° „ -100° 
40° 
40° 
40° 

0° to 100°" 

40° 

40° 

Authority. 

MuschenbrSck. 
Kupffer. 
Matthiessen. 

Matthiessen. 
Fizeau. 

Borda. 
f Calvert, Johnson. 
\ and Lowe. 
MuschenbrSck. 

>• Fizeau. 

} Calvert, Johnson, 
j and Lowe., 

\ Fizeau. 

1 Abridged from Clarke's Constants of Nature. 
* Where only one number is given for the range in this and the following 

table, the corresponding statement is to be understood as applying through a 
small range on either Bide of the number Btated. 
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Name, 

„ native L. > 
Superior. } 

„ commercial... 
Ruthenium, semi-) 
Rhodium, semi-) 

Osmium, semi-fused. 

„ distilled 

Arsenic, sublimed.... 

„ along axis '\ r-.' 
„ normal to f -g 
„ mean value / 6 

„ along axis "J ̂  
„ normal to [-g 
„ mean value J o 

„ gas carbon... 
„ anthracite... 

Aluminium, com-1 

Silver iodide, Agl, 
cylinder, precipi
tated and com
pressed— 

Mercuric iodide, ) 
HgT2 } 

Lead iodide, Pbl2.... 
Cadmium iodide, > 

Haematite, Fe203,1 
Heethatite, Fe20s,) 
normal to axis... J 

Magnetic oxide of) 

Mean Expansion 
per degree.. 

•0000178 
„ 1866 
„ 169 
„ 1678 

' „ 0968 

„ 0850 

„ 1104 
„ 1176 
„ 0857 
„ 0680 
„ 0886 
„ 0700 
„ 0657 

„ 2200 
„ 2976 
„ 2918 
„ 332 
„ 3159 
„ 8089 
„ 2694 
„ 4170 
„ 0559 
„ 0980 
„ 1056 
„ 1692 
„ 0882 
„ 1152 
„ 133 
„ 1816 
„ 1621 
„ 1208 
„ 1846 
„ 1460 
„ 138 
„ 1470 
,. 1448 
„ 00000 
„ 00562 
„ 00852 
„ 01286 
„ 0786 
„ 0540 
„ 2078 
„ 2840 
„ 273 
„ 2296 
„ 222 
„ 19504 
„ 0166 
„ 0122 
„ 0137 
„ 2387 
„ 3359 
„ 2916 

•002941 

•00000829 
„ 0836 

„ 09540 

Range. 

0° to 100°-
40° 
40° 

-40° 

40° 

ib° 

0° to 100° 
0° „ 100° 
0° „ 100° 

40° 
40° 

0° to 100° 
0° „ 100° 

40° 
0° to 100° 
9° „ 100° 

40° 
40° 
40° 
40° 

0° to 100° 
.0° to 100° 

40° 
40° 
40° 

0° to 100° 
0° „ 100° 

40° 
40° 
49° 

0' to 100° 
0° „ 100° 
0° „ 100° 

40° 
-38°"8 

0° 
20° 
50° 
40° 
40° 
40° 

0° to 100° 
0° „ 100° 
0° „ 100° 
0° „ 100° 
0° „• 100° • 

40° 
40° 
40° 
40° 
40° 
40° 

40° 
40° 

0° to 100° 

Authority. 

Borda. 
Matthiessen. 

Fizeau. 

Matthiessen. 
Fizeau. 
Berda, 

f Calvert, Johnson, 
( and Lowe. 
Matthiessen. 

p- Fizeau. 
> 
J Calvert, Johnson 
( and Lowe. 
Matthiessen. 
Fizeau. 

f Calvert, Johnson, 
( and Lowe. 
Matthiessen, 
• Fizeau.. 
| Calvert, Johnson, 
\ and Lowe. 
Matthiessen. 

>-Fizeau. 

j Calvert, Johnson 
( and Lowe. 
Matthiessen. 

> Fizeau. 

Muschenbrb'ck. 
1 Calvert, Johnson, 
\ and Lowe. 
Matthiessen. 

- Fizeau. 

Muschenbrbek. 
j Calvert, Johnson, 
( and Lowe. 
Matthiessen. 

J Calvert, Johnson, 
( and Lowe. 
Pfaff. 

Fizeau. 

Heinrich. 

y Fizeau. 

Pfaff. 

Name. 

Copper oxide, CuO.... 

»» » 

Zinc oxide, ZnO,) 

Zineite,. normal to \ 

Quartz, Si02l along \ 
Quartz, Si02, nor- > 

Pyrite, FeSj 
Galena, PbS 
Beryl, longit. axis.... 

Emerald, along axis. 
„ normal to) 

Topaz, lesser horiz.) 

Topaz, greater) 

Topaz, vertical) 

Tourmaline, longit. 1 
Tourmaline, horiz. 1 

., „ crown.... 

,, white French.. 

„ soft Thuringian 

Wedgewood ware.... 
»i »?•••• 

Platiniridium, one-1 

Lead and tin, solder | 
Lead and antimony.. 

Zinc and tin—8 1 

Copper and tin—8 ) 

,, ^ 

„ English 
" " 

" 
Paraffin, Rangoon 

Soft coal, Charleroi... 

Mean Expansion 
per degree. 

-•000000095 
„ oooooo 

+ •000000136 
„ 00597 
„ 01059 
„ 0316 
„ 0589 
„ 0781 
„ 1419 

„ 10084 

„ 18594 
„ 017214 

-•0000001316 
+'00000106 

„ 0137 

„ 06325 
„ 08862 
„ 04723 

,, 09369 
„ 077321 

„ 08478 

„ 083333 
„ 08280 
„ 086130 
„ 091827 
„ 101114 
„ 0890890 
„ 087572 
„ 089760 
„ 091751 
„ 08510 
„ 09498 
„ 1195 
„ 08813 
„ 08983 
„ 165 
„ 0884 
„ 2508 
„ 2033 
„ 1952 
„ 2692 
„ 1817 
„ 1983 

„ 1844 
„ 2116 
„ 1787 
„ 1875 
„ 1930 
„ 1783 
„ 1898 
„ 1895 
„ 1859 
„ 2283 
„ 2083 
. „ 1994 
•00027854 
•00002782 
„ 770 
„ 842 

Equal to GlflBS. 

Range. 

0° 
4°-l 
10° 
80° 
50° 
40° 
40° 
40° 
40° 

0° to 100° 

0° - „ 100° 
0" „ 100° 
0° „ 100° 

40° 
40° 

0° to 100° 
0° „ 100° 

0° „ 100° 

0° „ 100° 

0° „ 100° 

0° ,„ 100° 

0° „ 100° 
0° „ 100° 
0° „ 100° 

100° „ 200° 
200° „ 300° 
0° „ 100° 
0° „ 100° 
0° „ 100° 
0° „ 100° 
0° „ 100° 

16°-6 to 100° 
16°-6 „ 850° 

1000° „ 1400* 
40° 

0° to 100° 
16°-6 „ 100° 
16°-6 „ 264° 

0° „ 100° 

0° n 100° 

0° „ 100° 

16°-6 to 100° 
16°-6 „ 350° 
16°-6 „ 957° 
0° „ 100° 
0° „ 100° 
0° „ 100° 
0° „ 100° 
0° „ 100° 

40° 
16°-6 to -100° ' 
16°-6 „ 206° 

40° |} 
40° 

16°'7 to 25°'3 
25°'8 „ 35°-4 

Authority. 

• Fizeau. 

1 
i Pfaff. 
J 

>• Fizeau, 

Pfaff. 

Smeaton. 
Deluc, 

S-Dulong and Petit 

f Lavoisier and 
f Laplace. 

Hagen. 
Weinhold. 

J-Daniell. 

f Deville and 
( Troost. 

Fizeau. 

Smeaton. 
^Daniell. 

-Smeaton. 

/ 

j-Daniell. 

[-Smeaton. 
Borda. 

j-Roy. 

- Fizeau. 

I-Daniell 

- Fizeau. 

• Kohlrausch. 

Roy. 
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T a b l e II.1—Cubical Expansions of Solids and Liquids. 

Name. 

Bromine 

Iodine, solid 
,, upon fusion 
„ liquid 

Silver 
Sulphur, native .... 
ii --•• 

11 • ••• 
n • ••• 
Lead 
Iron 
Copper 

Palladium 
Platinum 
Zinc 
Cadmium 
Mercury : 
n ............... 

n -•••- ••••• 
,, .......... 

., 

n -- *— 

Phosphorus 

Mean Ex
pansion per 
degree C. •001016027 
•001038186 
•001318677 
•000285 
•1682 
•O00S56 
•00005831 
•000187 
•000223 
•000269 
'000620 
•003097 
•05002 
•000089 
•00008399 
•0000355 
•0000441 
•000037 
•000055 
•0000767 
•000051 
•0000499S 
•00008312 
•UC002658 
•000089 
•00008928 
•0000940 
•00017905 
•00017950 
•00018001 
•00018051 
•00018102 
•00018152 
•00018203 
•00018253 
•00018304 
•00018354 
•00018405 
•00018657 
•00018909 
•00019161 
•00019413 
•00019666 
•0001812 
•000366 

Range. 

-7° 
0° 

+63° 

0' 
0' 
13°-2 
50°-3 
78° 
96°-5 
(In 

to 100° 
, 13°-2 
, 50°-3 
, 78° 
, 96°-5 
109°-9 
mqlting 

at 115°. 

0° to 100° 
0° „ 100" 
0° „ 300° to 100° 

„ 100° 
,"'100° 
ii 100° 
„ 100° 0° to 100° 

"o° 
10° 
20° 
30° 
40° 
50° 
60° 
70° 
80° 
90° 
100° 
150° 
200° 
250° 
300° 
350° 

0° to 100° 
8°-3 „ 15°'S 

Authority. 

[•Pierre 

[•Billet. 

Kopp. 

Matthiessen. 
j- Dulong and Petit. 
Kopp. 

[piayfalr and Joule. 
Kopp. 

I Matthiessen. 
Kopp. 
Matthiessen. 
Kopp. 

Eegnault. 

Matthiessen. 
Kopp. 

Name. 

Gold 

Tin 

" 

Carbon dioxide, liquid, C02 
it ii ii 
It II II 
II II II 
II II II 
II II II 
It II II 

„ „ glohule........ 

ii n it globule 

Expansion 
per degree. 
•000083 
•00003167 
•0000400 
•00004411 
•00000354 
•0000690 

-•000034 
•0002500 
•0004496 
•0001585 
•00202 
•00475 
•00492 
•00540 
•00629 
•00769 
•00975 
•01277 
•0011016 
•00119625 
-0012517 
•0012366 
•0013260 
•0014596 
•0016608 
•00000279 
•00001394 
•000040 
•00000168 
•00000105 
•00002187 
•00002181 
•000025484 
•000027783 
•00002700 
•00002835 
•00002648 
•00002553 
•0000229S 
•00002132 
•00002363 
•00002426 
•00002142 
•00002242 
•00002101 
•00002330 
•00002826 
•00002579 

Range. 

0° 

0° 

0° 
4° 
4° 
0° 
5" 

-10° 
- 5° 
0° 
5° 
10° 
15° 
20° 
-so° 
0° 
0° 
0° 
0° 
0° 
0° 

} 
.0° 
0° 
0° 
e° 
0° 
0° 
0° 
0° 
0" 
fl" 
0° 
«' 
0° 
0° 
0° 
0° 
0° 
.8° 
0° 

t'o'lOO" 

to 100° 
40° 
to' 4° 
„ 50° 
" 100° 
", io° 
„ O" 
11 5 
„ 10° 
„ 16" 
„ 20° 
,. 25° 
,, o° 
„ 40° 
„ 70° 
„ 40° 
„ 80° 
„ 120° 
180° 

40° 
40" 
to 100° 
„ H>0° 
„ 100° 
i. 100° 
ii i°°° 
„ 100° 
„ 100° 
„ 100° 
>i 100° 
>, 100° 
*, i-oo° 
„ 100° 
„ 100° 
„ 100° 
„ 100° 
* 100° 
ii 100° 
„ 100° 
I, 1° 

Authority. 

Kopp. 
Matthiessen. , 
Kopp. 
Matthiessen. 
Fizeau. 
Kopp. 
Weidner. 
1 Matthiessen. 
PlUckerandGelsler. 
D'Andrea. 
D'AndreeY, 

- Muncke. 

[Horn. 

Fizeau. 
Kopp. 
Fizeau-
\ 
)- Pfaff, 

-Rcgnaaalt. 

1 Abridged from Clarke's Constants qf Mature, 

T a b l e Til.—Expansions of Liquids. 
Pierre, having measured the expansions of many different liquids, embodies the results in the empirical formiik S* = at + bfl + cfl. 

where S, represents the expansion of unit volume from 0° to t° cent., and a, b, c have the values given in the Table for the different 
liquids specified. The substances and formulae in quotation marks are quoted from Dixon's Seat, Dublin, 1849. 

Name of Liquid. Atomic Consti
tution. 

Tempera
ture of 
Boiling 
Point. 

Obsei*ved 
Pressure 
of Boiling 
Point. 

Value of 
Coeff. a. 

Valueof 
Coeff. 6. 

Value of 
Coeff. c 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

Oxide of ethyl 
Ethylic alcohol 
Methylic alcohol.,, 
Amylic alcohol 
Chloride of ethyl.... 
Bromide of ethyl... 
Iodide of ethyl 
Bromide of methyl 
Iodide of methyl... 
Formiate of ethyl . 
Acetate of .ethyl ... 
Butyrate of*thyl... Acetate of methyl 
Butyrate of methyl 
Terchloride of phosphorus .. 
Terbronvide of phospharus.. 
Terchloride of arsenie 
Bichloride ef tin 
Tetrachloride of titanium . 
" Terchloride of silicon " 
"Terbromide of silicon " .. 
Bichloride of ethylene7 
Bibromide of ethylene 
Bromine 
Bisulphide of carbon 

(C2H5)20 
eaH5HO 
CH3HO 
f3,H„H0 

C2H5Br 
C2H5I 
CH3Br 
CH,I 

C2;H5CH02 
•CsJWjCjHjOj 
C2H5°34H?Oa 
CH3<32H302 
CHgC.HjrOo 

PC13 
PBr„ 
AsCl3 
SnCL 
TiCl4 
" sicy 
" SiBr," 
C2H4Cl2 
C2H4Br2 

Br 
CS, 

35°-5 
78°-3 
66°-3 

63° -0 
47°-9 

mms. 
0-7558 
0-7580 
07590 131°-8 

ll°-0 
40°-7 
70°-0 
13°-0 
43°-8 
52°-9 
74°-1 

119°'0 
59 -5 

102° 1 
78°-3 
175°-3 
133°:8 
115°-4 
136°-0 
59°'0 

153°-4 
84°-9 

132°-6 

0-7513 
0-7580 
0-7571 
0-7517 
0-7590 
07502 
0-7520 
0-7665 
07465 
0-7612 
0-7439 
0-7515 
0-7602 
0-7.569 
0-7.531 
0-7623 
O-7«01 
-07625 
(3-7619 
0-7569 

0-7600 
0-7558 

0-001513 
0-001049 
0-001186 
0-000 890 
0-000 899 
0-001575 
0-001338 
0-001 142 
0-001415 
0-001 200 
0-001325 
0-001258 
0-001203 
0-000 633 
0-001 296 
0-001240 
0-001129 

(0-000 847 
(0-000 824 
0-000 979 
0-001133 
0-000 943 
O-001 294 
0-000 953 
0-001119 
0-000 953 
0-001017 
0-001038 0-001140 

0-000 002 36 
0-000 00175 
0-000 001 56 
0-000 000 66 
0-000 000 69 
0-000 002 81 
0-000 00150 
0-000 00196 
0-000 003 32 
0-000 00216 
0-000 002 86 
G'000 002 96 
0-00000007 
0-000 012 76 
0-000 002 91 
0-000 000 63 
0-000 000 87 
0-000 000 44 
0-000 000 91 
0-000 000 97 
0-000 000 91 
0-000 00135 
0-000 00218 
0-000 000 76 
0-000 00105 
0-000 00132 
0-000 O00 10 
0-000 001 71 0-000 00137 

0-000 000 040 0 
0-000 000 0013 
0-000 000 009 1 
0-000 000 011 81 
o-ooo 000 010 l2 
0-O0OO00 015 7 
0-000 000 016 9 
0-000 000 006 2 
0-000 000113 8 
o-oooooooioi 
0-000 000 006 6 
0-000 000 0015 
0-000 000 022 63 
0-000 000 052 1* 
0-000 000 004 3 
0-000 000 0131 
0-000 017 923 6 
0-000 000 002 5s 
0-000 000 000 06 
0-000 000 0018 
0-000 000 007 6 
0-000 000 000 9 
0-000 000 040 9 
0-000 000 000 3 
0-000 000 010 3 
o-ooo 000 00118 
0-000 000 008 8s 
0-000 000 005 4 0-000 000 0191 

1 From 15° to 80°. 2 From 80° to 131°-8. • From 13° to 90°. 4 From 90° to 118°. s From 0° 
' For this liquid t is counted from 20°.09, its point of congelation. 8 From 20°-09 to 100°-16. 

to 100°. « From 100° to 175°-3. 
• From 100°'16 to 132°-6. 
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Temp. 

0° 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

TABLE I V — 

Density. 

•999884 
•999941 
•999982 

1-000004 
1-000013 
1-000003 
•999983 
•999946 
•999899 
•999837 
•999760 
•999668 
•999562 

Temp. 

13° 
14 
15 
16' 
17-
18 
19 
20 
22 
24 
26 
28 
30 

Density of Water. 

Density. 

•999443 
•999312 
•999173 
•999015 
•998854 
'998667 
•998473 
•998272 . 
•997839 
•997380 
•996879 
•996344 
•995778 

Temp. 

35° 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
'90 
100 

Density. 

•99469 
•99236 
•99038 
•98821 
•98583 
•98339 
•98075 
•97795 
•97499 
•97195 
•96880 
•96557 ' 
•95866 

Tab le Y.—Steam Pressures (in Centimetres of Mercury). 
Water. 

Temp. 
-32° 
-30 
-25 
-20 
-15 
-10 
- 5 
0 
5 
10 
15 
20 
25 
30 
35 
40 
45 

Pressure. 
0-03 
0-04 
0-06 
0-09 
0-14 
0-21 
0-31 
0-46 
0-65 
0-92 
1-27 
1-74 
235 
3-15 
4-18 
5-49 
7-14 

i Mercury. 
Temp. 

0° 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 
160 

Pressure. 
'002 
'003 
•004 
•005 
•008 
•Oil 
•016 
•024 
•035 
•051 
•075 
•107 
•153 
'218 
•306 
•427 
•590 

Sulphur. 
Temp, 
390° 
400 
410' 
420 
430 
440 
450 
460 
470 

' 480 
490 
500 
510 
520 
530 
540 
550 

Pressure. 
27'23 
32-90 
39-52 
47-21 
56-10 
66-31 
77-99 
91-27 
106-32 
123-27 
142-29 
163-53 
187-16 
213-33 
242-20 
273-92 
§08-65 

Water. 
Temp. 

60° 
55 
60 
65 
70 
75 
80 
85 
90 
95 
100 
105 
110 
115 
120 
125 
130 
135 
140 
145 
150 
155 
160 
165 
170 
175 
180 
185 
190 
195 
200 
205 
210 
215 
220 
225 
230 

Pressure. 
9-20 
11-75 
14-88 
18-69 
23-31 
28-85 
35-46 
43-30 
52-54 -
63-38 
76-00 
90-64 
107-54 
126-94 
149-13 
174-39 
203-03 
235-37 
271-76 
312-55 
358-12 
408-86 
465-16 
527-45 
596-17 
671-75 
754-64 
845-32 
944-27 
1051-96 
1168-90 
1295-57 
1432-48 
1580-13 
1739-04 
1909-70 
2092-64 

Mercury. 
Temp. 
170° 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 

' 350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
460 
470 
480 
490 
500 
510 
520 

Pressure. 

•809 
1100 
1-48 
1-99 
2-63 
3-47 
4-53 
5-88 
7-57 
9-67 

12-30 
15-52 
19-45 
24-22 
29-97 
36-87 
45-09 
54-83 
66-32 
79-77 
95-46 
113-96 
134-67 
158-80 
186-37 
217-75 
253-30 
293-40 
338-44 
388-81 
444-94 
607-24 
57613 
652-03 
725-34 
826-50 

Sulphur. 
Temp. 

560° 
570 

Pressure. 
346-53 
387-71 

' 

s 
1 
a 
a 
En - 3 0 ° 
-25 
-20 
-15 
-10 
- 5 
0 

+ 5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 
90 
95 
100 
105 
110 
115 
120 
125., 
130' 
135 
140 
145 
150 
155 
160 
165 
170 
175 
180 
185 
100 

o a 
PJ OJ o 

MS 

"•21 

"•29 
"•44 

"•69 
1-08 

1-70 

2-63 

4''06 

6-13 

9-06 
13-11 

18-6 
25-V 

34-9 
... 

46-4 

80-6 
68-6 
77-5 

-r-OO 
.coy 
H^O 

":3S 
•51 
•65 
•91 

1-27 
1-76 
2-42 
8-80 
4-45 
5-94 
7-85 
10-29 
13-37 
17-22 
21-99 
27-86 
35-02 
43-69 
54-11 
66-55 
81-29 
98-64 

118-98 
142-51 
169-75 
201-04 
236-76 
277-34 
823-17 
874-69 
432-30 
496-42 
567-46 
645-81 
731-84 
825-92 

of 
.Sh? 
«o 
n 

'"•58 
•88 

1-29 
1-83 
2-58 
3-42 
4-52 
5'89 
7-56 
9-59 
12-02 
14-93 
18-86 
22-41 
27-14 
32'64 
39-01 
46-34 
54-74 
64-32 
75-19 
87-46 
101-27 
116-75 
134-01 
153-18 
174-41 
197-82 
223-54 
251-71 
282-43 
315-85 
352-07 
391-21 
483-37 
478-65 
527-14 
568-30 
634-07 

=1° 

•27 
•41 
•63 
•93 

1-35 
1-92 
2-68 
3-69 
5-01 
6-71 
8-87 
11-60 
15-00 
19-20 
24-35 
30-61 
38-17 
47-22 
57-99 
70-73 
85-71 

103-21 
123-86 
147-09 
174-17 
205-17 
240-51 
280-63 
825-96 
376-98 
434-18 
498-05 
569-13 
647-93 
733-71 
830-89 
936-13 

•3 >-i 

-Jo 

" 

4-19 
5-41 
6-92 
8-76 

11-00 
13-69 
16-91 
20-71 
25-17 
30-38 
36-40 
43-32 
51-22 

* 

so 
ECU 
o -
•§! 

3-80 
4-91 
6.29 
7-98 

10-05 
12-56 
16-56 
19-14 
23-38 
28-35 
34-14 
40-85 
48-56 
57-39 
67-42 
78-76 

"So 

i* 
o 

'"•98 
1-35 
1-85 
2-48 
3-29 
4-32 
5'60 
7-17 
9-10 

11-43 
14-23 
17-55 
21-48 
26-08 
31-44 
37-63 
44-74 
52'87 
62-11 
72-57 
84-33 
97-51 
112-23 
128-69 
146-71 
166-72 
188-74 
212-91 
239-37 
268-24 
299-69 
833-86 
370-90 
411-00 
454-31 
501-02 
561-31 
605-38 
663-44 
725-69 
792-85 
863-68 
939-BO 

i . 
So 
So 
o 

16-05 
20-02 
24-75 
30-35 
36-93 
44-60 
63-50 
63-77 
76-54 
88-97 
104-21 
121-42 
140-76 
162;41 
186<52 
213-28 
242-85 
275-40 
311-10 
350-10 
302-57 
438-66 
488-51 
542-25 
600-02 
661-92 
728-06 
798-53 
873-42 
952'78 

Table VI.— 

3°« 
.sw 
So 
< 

-i 
••> 

17-96 
22-63 
28-10 
34-52 
42-01 
50-75 
60-29 
72-59 
86-05 
101-43 
118-94 
138-76 
161-10 
186-18 
214-17 
245-28 
279-73 
317-70 
359-40 
40500 
464-69 
508-62 
566-97 
629-87 
697-44 

"33 
g | 
a-a 
oa 
1-97 
2-65 
8-53 
4-65 
6-05 
7-80 
9-96 

12-59 
15-7? 
19-59 
24'11 
29-45 
85-6.8 
42-91 
51-2? 
60-75 
71-54 
83-72 
97-37 

,<8 

4:73 
6-16 
7-94 
1Q-13 
12-7? 
16-00 
18-85 
24-41 
29-80 
36-11 
43-46 
51-97 
61-75 
72-95 
85-71 
100-16 
il6-45 
134-75 
155-21 
177-99 
803-25 
331-17 
261-01 
296-63 
382-51 
372-72 
416-41 
463-74 
514-88 
569-97 
629-16 
692-59 
760-40 
832-69 
909-59 

Steam Pressures. 

a-Sn 
fits 

• 3-22 
4-41 
6-92 
7-81 

10-15 
13-06 
16-56 
20-72 
25-74 
31-69 
38-70 
46'91 
56-45 
67-49 
80-19 
94-73 
111-28 
130-03 
151-19 
174-95 
201-51 
231-07 
263-86 
300-06 
339-89 
383'55 
481-23 
483-12 
589-40 
600-24 
665-80 
736-23 
811-65 
892-19 
977-96 

' i 

J-
Jo 

6-89 
.8-93 
11-47 
14-61 
18-44 
23-09 
28-68 
35-38 
43-28 
52-59 
63-48 
76-12 
90-70 

107-42 
126-48 
148-11 
172-50 
199-89 
230-49 
264-54 
302-28 
843-95 
389-83 
440-18 
495-33 
555'62 
621-46 
693-38 
771-92 

rtH.iP 
pa si 

9:83 
12-57 
15-95 
20-07 
26-05 
31-03 
88-13 
46-50 
56-29 
67-66 
80-75 
95'78 
112-75 
131-97 
153-53 
177-57 
204-22 
233-62 
265-85 
301-02 
339-21 
380-48 
424-83 
472-01 

§S2 
SX3o 
-Jo 
683 

10-34 
14-82 
20-36 
'27-05 
35-02 
44-41 
55-40 
68-19 
83-03 
100-19 
119-98 
142-74 
168-87 
198-80 
232-98 
271-93 
316-21 
366-42 
423-22 
487-32 
559-46 

* 

' 

O 

11-02 
14-50 
18-75 
23-96 
30 '21 
37-67 
46-52 
56-93 
69-11 
83-26 
99-62 
118-42 
139-90 
164-32 
161-96 
223-07 
257-94 
266-84 
340-05 
387-86 
440-50 
498-27 
561-41 
630-16 
704-76 
785-39 
872-28 

3 « 
OO 
IT 

28-75 
37-38 
47-95 
60-79 
76-25 
94'69 
116-61 
142-11 
171-95 
206-49 
246-20 
291-60 
343-18 
401-48 
467-02 
540-35 
622-00 
712-50 
812-38 
92214 

3 tTO 

57-65 
71-61 
88'20 
107-77 
130-66 
157-25 
187-90 
222-99 
262-90 
807-98 
858-60 
415-10 
477-80 

% am 

57-90 
. 71-78 
68-32 

107 92 
130-96 
157-87 
18910 
225-11 
266-88 
318-41 
866-69 
426-74 
494-05 
569-11 

'5 n 

86-61 
110-43-
139-21 
173-65 
214-46 
262-42 
818-38 
883-03 
457-40 
542-84 
638-78 
747-70 
870-10 
1007-02 
1159-53 
1328-73 
1515-88 
1721-98 
1948-21 
2196-51 
2467-55 
2763-00 
8084-31 
3433-09 
8810-92 
4219-57 
4600-82 

. _ 

•a 
Sb 
fl T3 — 
P<i>» 

374-93 
443-86 
519-65 
60S-46 
706-60 
820-63 
949-08 

1089-63 
1244-79 
1415-15 
1601-24 
1803-53 
2022-43 
2258-25 
2495-43 
2781-48 
8069-07 
3374-02 
3696-15 
4035-32 

ii 
is" 
o4< 

1300-70 
3514-24 
1758-25 
2034-02 
2344-13 
2690-66 
3075-38 
3499-86 
8964-69 
4471-66 
6020-73 
5611-90 
6244-73 
6918-44 
7631-46 

•a 
'H 
Oo 
O 
(-. 
1 1569-49 
1758-66 
1968-43 
2200-80 
2457-92 
2742-10 
3055-86 
3401-91 
3783 17 
4202-79 
4664-14 
5170-85 
6726-81 
6335'98 
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Table VII.—. 'or Seat of Polished and Slackened 
Copper Surfaces. 

Difference 
of Temperature. 

5° 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 

Amount of Heat lost per second per square 
centimetre of the surface per degree 

of difference of temperatures. 

Polished Surface. 

•000178 
-000186 
•000193 
•000201 
•000207 
•000212 
•000217 
•000220 
•000223 
•000225 
•000226 
•000226 

Blackened Surface. 

•000252 
•000266 
•000279 
•000289 
•000298 
•000306 
•000313 
•000319 
-000323 
•000326 
•000328 
•000328 

•707 
•699 
•692 
•695 
•694 
•693 
•693 
•693 
•690 
•690 
•690 
•690 

T a b l e V I I I . — T h e r m a l Conductivities. 

Substances. 

Copper 
Iron 
Air. 1 
Oxygen. ! 
Nitrogen ( 
Carbonic oxide. J 
Carbonie acid 
Hydrogen 
Stone, porphyritic trachyte... 

Underground strata 
Sandstone of Craigleith j 

Quarry | 
Traprock of Calton Hill 
Sand of Experimental Garden 
Water 
Fir, across fibres. 

„ along fibres 
Walnut, across fibres 

„ along fibres 
Oak, across fibres 
Cork. 
Hempen cloth, new 

„ old 
Writing paper, white 
Grey paper, unsized 
Calieo (new), of all densities.. 
Wool (carded), of all den- j 
sities ( 

Finely carded cotton wool... 
Eiderdown 

Conduc
tivity. 

0-91 
0-16 

0-000049 

0-000038 
0-00034 

•00590 

0-005 

0-01068 
0-00415 
0-00262 
0-002 
•00026 

•00047 
•00029 
•00048 
•00059 
•000029 

0-000144 
0-000119 
0-000119 
0-000094 
0-000139 
0-000122 
0-000111 
0-000108 

Authority. 

Clausius and Max
well, accordingto 
kinetic theory. 
Do. do. 
Do. do. 

'Ayrton and Perry, 
Ph.il.Mag., 1878, 
first half-year, p. 

v. 241. 
Forbes and W m . 
Thomson. 
Do. do. 
Do. do. 
Do. do. 

J. T. Bottomley. 
Peclet, in Everett's 

limits and Physi
cal Constants. 
Do. do. 
Do. do. 
Do. 
Do. 
Do. 
Do. 
Do. 
Do. 
Do. 
Do. 
Do. 
Do. 
Do. 

do. 
do. 
do. 
do. 
do. 
do. 
do. 
do. 
do. 
do. 
do. 

Table IX.-

Snostance. 

Air. 

Carbonic oxide. 
Carbonic, acid... 
Underground 
strata (rough 

—Diffusivities (Thermal, Material, a n d Electric). 

Thermal 
Conductivity. 

k. 
0-91 
0-16 

10-0000049 

0-000038 
0-00034 

I 0-005 
0-0005 
0-002 

Thermal Capacity 
of Unit Bulk. 

c. 
0-845 
0 875 
0-000307 

0-000428 
0-000307 
0-5 
0 39 
1-00 

Diffusivit}-. 
k/c. 

1-077 
0'185 
0-16 

0-088 8 
1-12 
0-01 
0-001 3 
0-002 2 

Authority. 

Clausius and 
Maxwell, 
according 
to kinetic 
theory. 

(Forbes and 
( W.Thomson. 
J. T. Bottomley 

Substance. 

-
Traprock of 
Galton Hill ... Sand of Experi
mental Gar
den. 

Sandstone of 
Craigleith 
Quarry 

Gravel of 
Greenwich 
Observatory 
HiU 

Stone, porphy
ritic trachyte.. 

Thermal 
Conductivity. 

k. 
i C00415 

\ 
y 0-00262 
i 
\ 
)• 0-01068 
\ 
) 
I 
i '" 
) 

j- -00590 

Thermal Capacity 
of Unit Bulk. 

c. 
•5288 

•3006 

•4623 

0-5738 

Material Diffusivities. 

Water and common salt, through water at 5° C 
Do. do. at9°C 

Potassium chloride, 10 % solution through water-
Potassium bromide, ., „ 
Potassium iodide, „ „ 
Potassium nitrate, ,. „ 
Potassium carbonate, ., „ 
Potassium sulphate, „ „ 
Ammonium chloride, „ „ 
Sodium bromide. „ „ 
Sodium iodide, „ ,, 
Sodium chloride, „ ,, 
Sodium nitrate, „ , 
Sodium carbonate, „ „ 
Sodium sulphate. „ ,, 
Lithium bromide, „ „ 
Lithium iodide, „ „ 
Lithium chloride, „ „ 
Calcium chloride, „ „ 
Cupric chloride, „ „ 
Copper sulphate, „ „ 
Zinc sulphate, ,: „ 
Magnesium sulphate, „ „ 

Carbonic acid and carbonic oxide 

Electric Diffusivities. 

Name of Cable. 

Aden-Bombay... 
Persian Gulf) 
Cable, 1864 J Atlantic, 1865.. 

French Atlan-) 
tic, 1869 ...£ Direct United^ 
StateB Cable) 

•a 

IBS 

is 
a, 

10-42 
7-02 
6-26 
4-27 
3-16 
2-88 

Re
ci
pr
oc
al

 of
 th

e E
es
is
ta
nc
e p

er
 

Ce
nt
im
et
re

 of
 l
en
gt
h 
in
 el

ec
tr
o

ma
gn
et
ic
 C.
G.
S.
 M
ea
su
re
. 

•0000178 
•0000264 
•0000296 
•0000434 
'0000586 
•0000643 

1-3 

"2? 
o3 53 o 
S|.a 

0-8580 
0-3610 
0-3486 
0-3538 
0-4295 
0-4095 

o 
^ 4a . 
£ cj © 
p. a) ~ 
£.•3 3 

o P So 

" 
1'93 x 10-21 
1-95x10-2' 
1-88x10-2: 
1-908x10-21 
2-232x10-21 
2-211x10-21 

Diffusivity. 

k/c. 

0-007 86 

0'008 72 

0-023 11 

0-01249 

0-001028 

0-000 0116' 
0-000 003 65 
0-000 000 54 
0-000 000 73 
0-000 003 6 
0-000 008 85 
0-000 010 6 
0-000 020 2 
•000 012 7 
•000 013 1 
•000 013 0 
•000009 26 
•000 006 94 
•000 008 68 
•000 012 0 
•000 009 95 
•000 009 26 
•000 009 72 
•000 006 94 
•000 004 63 
'000 007 64 
•000 009 26 
•000 009 26 
•000 008 10 
'000 007 87 
•000 00498 
•000 002 43 
•000 002 31 
-000 003 24 
0-1423 
0-555 6 0-7214 
0-140 9 
0-140 6 0-158 6 
0098 3 
0-480 0 
0-180 2 
0-642 2 

Diffusivity. 
k/c. 

0-920x10" 
1-354x1016 
1-575x10" 
2-274 XlO" 
2-528 XlO"1 

2-909 X 1 0 " 

Authority. 

Forbes and 
W.Thomson. 

( Everett, 
Units and 
Phys. Con-

[ stants, p.101. 
f Ayrton and Perry, Phil. 
Mag., 1878, 
first half-L year, p. 241. 

Fick. 
Volt. 1 Prof. Mach 
of Prague, 

r of Sciences 
of Vienna, 

J 1879. 

T. Schuh-
meister, 
Wiener 

• Sitzungs-
benchte, 
April 3, 
1879. 

Loschmidt, 
Imperial 
Academy of 
Vienna,10tn quoted from 
art. Diffu
sion, vol. vii. 
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1 This result has been accidentally printed -00000116 in some impressions of 
vol. vii. p. 217. 

Table X.- • Relative Diffusivities of different Substances 
through Water. 

Approximate times of equal diffusion of different substa?ices. Authority. 

1 

>• Graham. 

http://Ph.il.Mag
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Mathematical Appendix. 
Let v be the temperature at any point P specified by J, t\, £ accord

ing to any system of three sets of plane or curved orthogonal surfaces 
used for co-ordinates. Let \d\, ivdy, va%h& the lengths of the edges 
of the infinitesimal rectangular parallelepiped having P for its 
centre, and its sides parts of the six surfaces {-&a{, {+!<£{, 
v-i<tv,v + ldv, C-ldC,<+¥C 

The rates of variation of temperature per unit of length in the 
directions corresponding to the variations of {, -n, ( are respectively 

1 dv 1 dv 1 dv 
K d£ n di) ' v d£ 

Hence the fluxes across three infinitesimal rectangles having their 
edges parallel to the three pairs of sides of the parallelepiped, and 
each having its centre at P, are respectively 

k dv -, ,. k dv ,.jf k dv, ,,., 
A. aj n ari v of 

Hence the excess of the quantities of heat conducted in to the 
parallelepiped above those conducted out across the three pairs of 
' !|(^S)+SKS4(^3H^-"-(1)-. 

The effect of this gain of heat is to warm the matter of the 
parallelepiped at a rate per unit of time equal to the rate of gain of 
heat^ divided by c\nvd(tl-nd£, the thermal capacity of the matter. 

Hence 

dV-. 1 \ d / V y dv\ | d(lcVX dV\ I dfl-Kti dv\ \ (ON 
dt c\iu>\d£\ \ d*J dri\ M dvJ^d(\ v d()-)"'W' 

This, for the case of the uniform motion of heat (dv/dt=0), was 
first gjiven by Lami, to w h o m the generalized system of curvilinear 
coordinates for a point is due ("Memoire sur les Lois de l'fiquilibre 
desFluidesEtheres,"Journal de VltcolePolytechnique, vol. iii., cahier 
xxiii.). H e deduced it from Fourier's equation [(3) below] in terms 
of plane rectangular coordinates by a laborious transformation. 
Equation (2) was first given, proved as above, as the direct expression 
of Fourier's fundamental law of conduction, by "W. Thomson (Gam-
bridge Mathematical Journal, Nov. 1843). 

For plane rectangular coordinates we have \=/jl = v = 1 an" if 
we put x, y, z for f, n, fin this case, (2) becomes 

dv 1 I df,dv\ d (,dv\ d f . d v W ,„, 
which is Fourier's celebrated fundamental equation. From it we 
m a y deduce by transformation the proper forms of the corresponding 
equation for polar coordinates ; but they are more easily got direct 
from the equation (2) for generalized coordinates. Thus for ordinary 

polar coordinates r, 
respectively, 
Hence (2) becomes 

dt cr*\dr\ drj 

8, <f> we have, if we take these for \, 17, ( 

a = 1 , ji-=r, v = r sine . 

sine d6\ 
• Jh\ 1 
sine-— + . „ 

de / sm!8 
dtp 

If & be constant, and we put &/c=k, this becomes 
d v = ^ \ d ( ,dv\ J_ df dv\ 1 *% 
dt r2 ( dr\ drj sine &6\ de) sin2fl dtf 

(>i)! 
(4). 

(5); 

d*u _1_ d_f . du\ 
a^sine de\ de) '+-

d?u 

dt c ( rdr\ )l 

du 
~di~" ( dr* ' sine d8\ de J ' sin2e dip* 

where u = v r 
If again we take for the coordinates r, <j>, z (polar coordinates in 

the plane perpendicular to z being denoted by r, <p), we have A = l , 
H = r , v =l, and so find 
drj rd<p\r dip J dz 

For the case of k constant we m a y take it outside the brackets in 
each of these equations, as we have already done in (4); thus (2) 
becomes 

dv_k_/d*v d?v d?v\ 
dt~ c [dx*dy* + dz*) 

or, with k for k/c, the diffusivity (§§ 81, 82), 
dv 
di 

It is this restricted form which, with the further restriction that 
c be constant, is most generally recognized as Fourier's equation of 
conduction, and it is for it, with these restrictions, that his brilliant 
solutions were given. These solutions are available for practical use 
by limiting the range of temperature within which any one solution 
is continuously applied to a range of temperature within which the 
values of k and c are each nearly enough constant. W e m a y expect 
10° or 20° 0. on each side of the mean temperature to be practically not too wide a, range for any case, judging from copper and iron (| 80), the only substances for which hitherto we have any information as to variations of both k and c with temperature. 

(d*v dH dV\ 
\dx* +dy* +dz*) 

'(«)• 

(n 

(8); 

(9). 

Each of the following expressions I XVII. for v satisfies Fourier 
(9) or its equivalent (6),-as the reader will readily verify for himself, solutions 
The special condition corresponding to the peculiar character of 
the particular solution is specially noted in each case. 

I. Instantaneous simple point-source ; a quantity e of heat sud
denly generated at the point (0, 0, 0) at time t=0, and left to diffuse 
through an infinite homogeneous solid. 
EVEKY OTHER SOLUTION IS OBTAINABLE FKOM THIS BY SUMMATION. where 

8»*(irf)* 
&=x* + y*+z* 

v= 
r'-

(10). 

Verify that f f f vdxdydz = 4ir / vridr-=Q; andthat 
J—so A-co ./-co J§ 

0=0 when t=0; unless also x=0, y=0, 2=0. 
Remark that 

± - 0 when «-'»! 
. dt 6k 

II. Constant simple point-source, rate q: 
,-r2/4K« 

v - q dt-$-s =-
L V-co 8**(Kt)i J 

47TT 

(11). 

(12). 

The formula within the brackets shows how this obvious solution 
is derivable from (11). " .. < 

III.. Continued point-source ; rate per unit of time, at time t, an 
arbitrary function, J\t): 
:-r*/4KX . . . (13). 
IV. Time-periodic simple point-source, rate per unit of time at 

time t, q sin 2nt: . . . . 
-fimVir v\=q /"axsiastoff-tfeL-L^n = JLe-<°^4.[w-(!»)Ji] (14). 

8it*(kx)̂  
,dv Verifythat« satisfies (6); also that - inr*—T=q sin2?rf where r>=0. 
dr 

V. Instantaneous spherical surface source ; a quantity Q suddenly 
generated- over a spherical surface of radius a, and left to diffuse 
outwards and inwards : 

, e-(r-<i)«/4K< ,<-(i-+a)2/4,c< 
1J=Q ; 5_1 . . . . (15). 

8iriar(xt)i 
To prove this most easily, verify that it satisfies (6); and farther 

verify that 
4ir/ vrHr=Q; ' 1 

Jo 
and that u-=0 when t=0, unless also r=a. 

Eemark that (15) becomes identical.with (10) w h e a a ^ O ; remark 
farther that (15) is obtainable from (10) by integration over the 
spherical surface. •'.'-.' ' 

VI. Constant spherical surface source ; rate per unit of time from 
the whole surface, q : ' 

r /•» e-(r-a)*/M_,-(.r+a)*/iKt-

dt-
% (16). Sviar(Kt)i. 

= q/4vr , where rs»a 
and — q/iwa, where r-aa J 

The formula within the brackets shows how this obvious solution 
is derivable from (13), 

VII. Time-periodic spherical surface source ; rate per unit of time, 
at time t, from whole surface, q sin 2nt: 

_(r_a)»/4«x _ 6-(r+o)»/4«X-

v £ = q/"adx sin27i-(< - xf-
8irW(Kx)* 

= -e~(lcn^ r sin [2nt - (ien)ir+B], where r^-a, 

"] 

= ~[E-(-iai>irsijil2nt-(icn)ir + V]-d>ai>'ireaji[2nt+ (imftr+D]) 
where r-sa 
where A B, C, D are constants determined by the conditions that 

(17). 

"r>a "r<a = 0, 
and 

• h s s u - e u 1 - - * 
when the two values of r exceed a and fall short of a by infinitely 
small differences. Verify that v satisfies (6). Also that v is finite 
when r=0. 
VIII. Fourier's " Linear Motion of Heat"; instantaneous plane-

source ; quantity per unit surface, 0-: 
o-e-xViid 
2Tr*(Kl!)* (18). 

Verify that this satisfies (9) for the case of v independent of y and 
z, and that 
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D(?K = 

Remark that (18) is obtainable from (15) by putting Q/4iraa = o-, 
and o=co ; or directly from (10) by integration over the plane. 

IX. "Linear Motion of Heat"; time-periodic plane-source; 
rate per unit of area, per unit of time, at time t, a sin 2nt: 

r- /-» 6-3V4*x-| 

(2»)»2ir 
"" x sin (%nt - n*x - \it) where ap» 0 

(2n)H 
•e+n x sin(2ni+ra*a;- J*-) where E-cO 

(19). 

dv d*v Verify that v satisfies f p = K ^ , which is what (9) becomes 
when v is independent of y and z; also that 

- 2ir—= o- sin 2nt when x is infinitely small positive, 

and + 2*-—= a sin 2nt when x is infinitely small negative. 

X. "Linear Motion of Heat"; space-periodic simple harmonic 
solid source, with plane isothermal surfaces. Initial distribution, 
e = V sin ax, when t = 0 . Solution for any value of t [ / - o o e-t?/iKt-, Ka?t smax (20). 

Modifying the integral within the brackets to make it appear as an 
analytical expression belonging to the general theory of images, for 
the case of a single infinite row of images, and equating the result 
to the right-hand member, we see that 

2ir 
1 /* i=co / 2fir\ 2 
fit/ " * £ »(*-{) 2 e-(*+-r)«,t,=e-'Bl*'S»« (21). 

<= — CO 
i being any integer. 

It is obvious that for a we may substitute ja in the second mem
ber, and in the factor ™a(a;-|) under the integral sign of the'first 
member, without altering it elsewhere, j being any integer: thus we 
have 

2ir 

- L f « £y«(*-es' 
-Ki^'ain,^ 

(22). *=- - U + ^YliKt 
where S = y e v a ' 

XI. "Linear Motion of Heat"; space-periodic arbitrary solid 
source, isothermals plane. Initial distribution, v—f(x), when t=0, 
/denoting an arbitrary periodic function, period I; so that fx+il) 
—f(x), i being any integer. Two solutions (A), (B). 
(A) derived synthetically from (10): 

2(™i h^dif(x-m w , 

«=co 
where S= 2 e 

ii+uf/iKt 
(24). 

(B) derived analytically and synthetically from (20). 
Find A,,, A „ A^, ..., Bv B2, &c, by the harmonic analysis, to 

satisfy the condition 
/a!=A0+A1 cos8+A2 cos29+ &c. 
+ Blsin9+B2sin20+to. 

2«j r • • • W -
where 9——f~ -,t("r/'(AJcos^ + B . s i n 2 ^ V (26). Then»=A0 + ]g e 
i=i 

XII. Uniform row of simple instantaneous plane sources. Two 
Jsolutions (A) and (B). 

(A), from XI. (A), (23): 
2 e •(X+iT) /iKt (27). 

2f>/tQ* i=-
The No. 2 diffusion curve of § 82 is the representation of the first 

term (i=0) of this formula. 
(B), from X L (B), (25) and (26): 

1+2 2 e \~) v= cos 
VJwx) 

(28). a 
1 ( j=x~ "~l \ 

The comparison of these two solutions is very interesting physi-
' This is Fourier's (i) of Art. 374 for the ease of fip) a periodic function. 

cally, and useful arithmetically. To facilitate the comparison, put 
Z/2(™<)*=g, andse/2(inrf)*=p . ..... (29); 

the two solutions become 
iht 

= 1 + 2 2 e i% c o s 2 ^ . (30). l± = q V e-'r0,+«'J)2 
" i=-oo j=-<a i 

The equation between the second and third member, virtually 
due originally to Fourier, is also an interesting formula of Jacobi's, 
Fundamenta Nova Theorize Functionum Ellipticarum, as was long 
ago pointed out by Cay ley.2 Each formula is a series which con
verges for every value of t however small or however great; the 
first, (27), the more rapidly the less is t; the second, (28), the more 
rapidly the greater is t. For the case of I=Z2/4«ir, and x = 0 (that is, 
q = 1 and p = 0), the two series become identical. For the more com
prehensive case of p = 0, but q unrestricted, the comparison gives the 
following very curious arithmetical theorem— 
1 + 2(6-^+6-^+e-^a+&c.) 
'l+OLe-'V+e-*"*+*-*'*+ to.) " ' l ;' 
W h e n t ^ P / i m (or g->l) the first solution (27) converges with so 
great suddenness that three_ terms suffice for most practical pur
poses; when t^P/4KT (or g-<l) the second solution (28) converges 
with so great suddenness that one term (after the constant first 
term) suffices for most practical purposes. Thus by using the- solu
tion (27) for all values of t from zero to something less than l*jiKir, 
and (28) for all values greater than the greatest for which (27) is 
used, we have an exceedingly rapid convergence and easy calcula
tion to find v for any values of x and t. These formulae, thus used, 
have been of great practical value in calculating what is now known 
as the arrival curve of signals through a submarine cable, and in 
designing instruments to record it automatically and allow its 
telegraphic meaning to be read, or without recording it to allow its 
.meaning to be read by watching the motions of a spot of light. 
It is clear that (27) and (28) express the potential at a point 
at distance x from one end of a cable of length JZ, at time t 
from an instant when a quantity \ac of electricity has been 
suddenly communicated to that end of the cable, both ends 
being always kept insulated after that instant (as is done 
practically by an exceedingly short contact with one pole of a 
voltaic battery, the other being kept to earth). The value of v 
for x=)sl, and for all values of t from 0 to °o, represents the rise of 
the potential at the remote end towards the limiting value -, 

e 
towards which the potential rises throughout the conductor. 

XIII. (X. in three dimensions.) Space triple periodic solid source; 
in other words v = Y sin ax sin fry sin yz, when t=0. Solution for 
any value of t — 

P+*i«+f 1 
= V „ ^ / „ tf&Wsma(*-©sbl#y-»|)slnv(«-g p-j 

=Vsmaxsm/3ysmy*e~*(a2+'32+1'!!)'1 (32). 
Remark that, as an analytical expression for the present case of the 
general theory of triply-multiple images, the triple integral within 
the brackets m a y be written 

2jr 2ir _2ir 
/ * d&ndl sina(s- £) sin/%- tj) siny(z-£) ,S . , 

where S= 2 2 2 € 5S 
i = -C0 j — -<X> £=-00 

i, j, k, being any positive or negative integers. 
XIV. and X V . (X. and X L in three dimensions.; The formulae 

m a y be written down by inspection; from I., with X. and X I . 
for guides. The analytical theorem thus obtained, corresponding 
to (30), in three dimensions, is interesting to pure mathematicians. 

X V I . Harmonic solutions. A n y distribution of heat, whether 
in an infinite or in a bounded solid, which keeps its type unchanged 
in subsiding towards uniformity, when left without positive or 
negative sources, except such, essentially negative, as are required 
to fulfil a proper boundary condition, is called a harmonic distribu
tion, provided the temperature does not increase to infinity in any 
direction. The boundary condition, if the solid is bounded, is 
essentially that the rate of emission from the surface at every 
point of it varies in simple proportion to the temperature, and at 
such a rate per 1° of temperature at each part of the surface as the 
solution requires. X. and XIII. are examples. The general con
dition for a harmonic solution is 

v=f(t)T(x,y,z) (34); 

2 Quarterly Journal.of Mathematics for 1867; Note by Cayley on an article 
byjf. Thomson, entitled » On the Calculation of Transcendents of the form 
~x* f(se)dx:' 
-f< 
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d*¥ d*¥ cP¥ 
di? dy* dz* 

F" ' 
(35). 

and this tried in.(9) gives 

i_ dm 
f(t) dt ' 

The first member being independent of x, y, z, and the second being 
independent of t, the common value of the two must be independent 
of x, y, z, t, that is to say, must be an absolute constant. Let it be 
denoted by - o ; we have 

/(O = 0s-P« (36), and & I + d*!L + d?l+-£-F= 
dx* dy* dz* k 

or in terms of polar coordinates, by (6), 

(37), 

d*TJ d 
dr3 'r* sine de (* 

. dU\ 1 
sm(W+12we 

where U = F 

d*U 
da,* 

+ ATJ-0 
(38), 

Of this we have a spherical harmonic solution, 
U = [A0i(r) + B^(r)]S (39'), 

where Si denotes a spherical surface-harmonic of order i, and 
<t>i{r), tyi(r),'iwo particular solutions of the equation 

d*u , r p i(i+l)-l 

Then (36) and (35) give finally 
*=e-p< Mi(r) + BUr)Si . . . , (41). 

r 
This solution is-in its generality applicable to an infinite solid 
occupying all' space except a hollow round the origin. The solid 
may of coarse be bounded externally also by a finite closed surface. 
If there be no hollow, A/B must fulfil the condition that 
[A0;(r) + Bijfi( ?•)]/?• is finite when r=0. If there are two bound
aries, concentric spherical surfaces, with their common centre at 
the origin of coordinates, the boundary condition obviously 
requires uniform emissivity over each, but not necessarily equal for 
the two. If the two emissivities be denoted by h and hi, and the 
radii of the surfaces by a (outer) and a!- (inner), the boundary con
ditions are 
-Jw, when r=a | 

(42). 

dr~ 
and -j-=h'v, when r=a' 

From these we may find h and K_, so as to let the harmonic char
acter of the solution be fulfilled in the subsidence. Or if h and h' 
be given, we have in (41) two equations which determine the two 
unknown quantities A/B. and p. Eliminating A/B, we thus find a 
single transcendental equation for p, which is proved to have no 
imaginary or negative roots, and an infinite number of real positive 
roots, each :=-/rf(i + l)/r2. In the case of i=6, or temperature 
independent of ip and e, (40) gives . 
u=A cos r a/ + B sin r >J • 
For this case the transcendental equation for determining values 
for p is very simple, and its roots are calculated numerically with great 
ease. "With the further restriction of no central hollow, we must 
have A = 0 , so that w/rmaybe finite when r=0. This case was 
fully investigated by Fourier, and very beautifully worked out in 
his fifth chapter. . The more general problem of a solid sphere, 
with any given initial, distribution of temperature, without the 
restriction of temperature independent of 6 and tp, was solved first 
we believe by Poisson in the 11th chapter of his Theorie Mathe-
matique de la'Chaleur, in terms of the formulas (36), (38), (40) above. 

XVII. The equation of the transference of heat in terms of 
columnar coordinates, (7) above, affords naturally another beautiful 
case of harmonic solution. Assume 

v=e 
-t>(. 

Ui'( .(43); 

we find by (7) 
d*Ui 1 
dr* r 

dm 
dr ( i - ™ s - J ) « < = ° , • • • -(44). 

The treatment of this equation and its. integral (obviously derivable 
by i differentiations from u0, which is a Bessel's function) for the 
full solution of the thermal problem is most interesting, and very 
instructive and suggestive in respect .to pure analysis. It was 
splendidly worked out "for the case of m = 0 and i=0 by Fourier in 
his 6th chapter, " The Motion of Heat in a Solid Cylinder," truly 
a masterpiece of art. "When it was printed in 1821, and published 
after having with the rest of Fourier's work been buried alive for 
fourteen years in the archives of the French Academy, and when 
Bessel found in it so thorough an investigation and so strikingly 
beautiful an application of the " Besselsche Function," we can 
imagine the ordinary feeling towards those '' qui ante nos nostra 
dixerunt" reversed into the pleasure of genuine admiration. 



ERRATA TO "HEAT" 

Page 58, § 82, line 9 from beginning of §, for kc read k/c. 

12 „ ,, „ kc „ k/c. 

,, ,, iy ,, ,, ,, l d ,, h /i. 

Page 59, Diffusions.—Table A. 

For Heat through copper '92 read Heat through copper -93 
,, „ „ underground strata 10-00 „ ,, „ underground strata 100-0 
,, C o m m o n salt through water 4320 ,, Com m o n salt through water 87150 

Page 59, Diffusions (Secular).—Table B. 

Carbonic acid through air for 2,220,000 years, read 
Heat through hydrogen ,, 283,000 

copper ,, 293,000 
iron ,, 1,733,000 
air ,, 1,982,000 
underground strata.. ,, 3,000,000 
wood 

Common salt through water 
244,000,000 , 

1,370,000,000 , 

220,000 years. 
28,000 
29,000 

174,000 
198,000 
317,000 

24,700,000 
2,760,000,000 

Page 60, table, col. 2, for " Platiniridium one-tenth iron," read " Platiniridium one-tenth iridium/ 

Page 63, Table VIII.—Thermal Conductivities. 

For Copper 0-91, read Copper 0-96, Angstrom. 
„ Iron 0-16, „ Iron 0-20, 

Page 63, Table IX.—Diffusivities (Thermal, Material, and Electric). 

For Copper 0-91 0'845 1-077, read Copper 0-96 0-845 118, Angstrom. 
Iron 016 0-875 0-185, „ Iron 0-20 0-873. 0-22, Angstrom and Tait. 
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