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E L E M E N T A R Y COURSE. 

In compiling the present Treatise, the leading object has been to furnish the " Library 
of Useful Knowledge" with a body of. geometrical information, in which nothing 
might be wanting that seemed necessary or desirable, whether to the correct expla
nation and solid establishing of the science, or to its application in the different 
branches of natural philosophy. Such an object, it is plain, can never be accom
plished by a mere elementary course, which has solely in view the instruction of 
beginners: it implies many discussions and distinctions, many theorems, scholia, 
and even whole sections of matter, which it is better that a beginner should pass by, 
while he confines his attention to the few and simple but important propositions to 
which perpetual reference is made, and which may be regarded as constituting the 
high road of Geometry. At the same time, the purposes of instruction have not 
been lost sight of; and accordingly, while the present work m a y b e considered 
sufficiently extensive to answer every useful purpose, it will be found also to 
include an elementary course of study complete in itself, by the help of which a 
person totally unacquainted with the subject may become his own instructor, and 
advance by easy steps to a competent knowledge of it. With this view, the 
beginner has only to confine himself to the following portions of the entire work. 

Book I. 
Geometry of plane rec
tilineal Figures unas
sisted by the Theory 
of Proportion. 

Definitions 
Postulates 
Axioms 
Prop. 1 

2 
3 
4 
5 
6 
7 
8 
9 

10, omitting the 
Scholium 

11 
12 13 
14, as hereafter 

altered, and 
omitting the 
Scholium 

15 
17 
IS 
19 
20 
9.1 

Prop. 23 
24 
25 26 
27 
29 
30 
31 
32 
33 
34 
35 
36, omittingCor. 

2., Cor. 3., 
and the 
Scholium 

37 
38 

Book II. 
Theory of Proportion, 

and its application 
to the Geometry of 
plane rectilineal 
figures. Definitions 

Axioms 
Prop. 1 

2 
3 
4 
5 

Prop 7 
8 
T91 "10" 
'11' 
'12" 
13" 
"14' 
"15' 
"16 
"17" 
"18' 
"19" 
"20" 
[21; 
"22" . omitting 

Cor. 2 

Int 

"23" 
"24" 
'25' 
"26" 
"27" ;28; 
gem 
rodu 

, omitting the 
j'al Scholium 
ctory part of 

Sect. 3. 
29 
30 
31 
32, omitting 

Cor. 3 
34 
35 
36 

37 
Prop. 38, omitting the 

Lemmas in the Schol. 
39 
40 
41 
42 
43 
44 
50, omitting the 

Cor. 

Book III. 

Of the Circle. 
Definitions 
Prop. 1 

2 
3 
4 
5 6 
7 
8, omitting the 

Schol. 
11 
12 
13 
14 
15 
16 
17, omitting the. 

Schol, 



VI ELEMENTARY COURSE. 
Prop. 18 

19 
20 
21 
26 
27, omitting ' 
28 Cor. 2. 
29 
30 
31 
32 
33, omitting Cor. 

Land Cor.2. 
44 
45 
46 
47 
48 
49 
50 

Book IV. 

Of Lines in different 
Planes, and of So
lids contained by 
Planes. 

Definitions 
Prop. 1 

Prop. 2 
3 
4 
5 
6 
7 
8 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22, omitting the 

Schol. 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Prop. 32 
33 
34 
35 

Book V. 

Of the Right Cylinder, 
Right Cone, and 
Sphere. 

Definitions 
Lem. 1 
Lem. 2 
Prop. 1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 

Lem. 3 
Prop. 15 

Prop. 16 
17 
18 

Book VI. 

Spherical Geometry 

Definition 
Prop. 1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

In the above table the propositions only are mentioned: when corollaries Or 
scholia are attached to any of the propositions, they are likewise to be attended to, 
unless the contrary is expressly stated. The sections of Problems (omitting III. 
64, Case 4, the solution of which depends on a lemma of the scholium following 
II. 38.) will, it is apprehended, be found rather entertaining and serviceable to a 
beginner than otherwise; they are not necessary, however, and are therefore omit
ted in the table. 

The demonstration of the converse part of Book I. Prop. 14., is attended with a 
difficulty which is stated at some length in page 11, as we have been anxious that 
the student should be fully aware of its existence. It will be better, however, in a 
first perusal, to avoid this difficulty by making, at once, the following assumption: 

"Through the same point there eannotjpass two different straight lines, each of 
which is parallel to the same straight line." 

The converse part of Prop. 14, viz. that "parallel straight lines are at right 
angles to the same straight line," will then be demonstrated as follows:— 

Let A B be parallel to C D, and from any point E of 
A B let E F be drawn af right angles to C D (12.): E F 
shall also be at right angles to A B . 

For, if A B be not at right angles to E F, through the 
point E let A' B' be drawn at right angles t o E F (post. 5.). 
Then, by the former part of the proposition, because A' B' 
and C D are, each of them at right angles to E F, A ' B ' is parallel to C D. But 
A Bis parallel to C D . Therefore, through the same point E there pass the two 
straight lines A B and A' B', each of which 'is parallel to C D. But it is assumed 
that this is impossible. Therefore, the supposition that A B is not at right angles 
to E.F is impossible ; that is, AB_is at right angles to E F. 

It will be found that the Course"just laid down, excepting the sixth Book of it 
only, is not of much greater extent, nor very different in point of matter from that 
of Euclid, whose "Elements" have at all times been justly esteemed a model not 
only of easy and progressive instruction in Geometry, but of accuracy and perspicuity in reasoning. A perusal of this work, as translated and edited by Simson, though certainly not essential to an acquaintance with geometry, is strongly recommended to the student. 
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G E O M E T R Y . 

BOOK I. 
J 1. Definitions—§ 2. First Theorems— 

§ 3. Parallels—§ 4. Parallelograms 
•—§ 5. Rectangles under the parts of 
divided Lines—-§ 6. Relations of the 
Sides of Triangles—§ 7. Problems. 

Section- 1. Definitions. 
Geometry is the science of extension. 
The subjects which it considers are ex
tent of distance, extent of surface, and 
extent of capacity or solid content. 

The name Geometry is derived frqm 
two Greek words, signifying land and %o 
measure. Hence it would appear that 
the measurement of land was the most 
important (perhaps the only) use to 
which this science was, in the first in
stance, applied. Egypt is described to 
have been its birth-place, where the an
nual inundations of the Nile rendered 
it of peculiar value to the inhabitants as 
a means of ascertaining their effaced 
boundaries. From the Egyptians the 
ancient Greeks derived their acquaint
ance with it; and, in the hands of this 
acute people, it was carried, from a state 
of comparative nothingness, to a degree 
of perfection which has scarcely been 
advanced by succeeding ages. If, how
ever, as a science, Geometry has made 
but little progress, since it was so suc
cessfully cultivated by the Greeks, its 
uses have been both multiplied and ex
tended. In the present day it embraces 
the measurement equally of the earth 
and of the heavens: it forms with arith
metic the basis of all accurate conclu
sions in the mixed sciences: and there 
is scarcely any mechanical art, our views 
of which m a y not be improved by an 
acquaintance with it. 

The truths of Geometry are founded 
upon definitions, each furnishing at once 
an exact notion of the thing defined, and 
the groundwork of all conclusions re
lating to it. The leading definitions are 
a.s follows:— 1. A solid is a magnitude having three dimensions—length, breadth, and thickness. 2. A surface is the boundary of a solid, having length and breadth only. "' 

3. A lineis the boundary of a surface, 
having length only. 

4. A point is the extremity of a line, 
having no dimensions of any kind—nei
ther length, nor breadth, nor thickness. 

5. (Euc. i. def. 4.)* A right line, or 
straight line,' is that which lies evenly 
between its extreme points. 
W h e n the word "line" is used by itself 

in the following pages, a straight line is 
to be understood. 

6. Any line of which no part is 
a right line is called a curve. 

If a curve be cut by a straight 
line in two points, the curve is said 
to be concave towards that side 
upon which the straight line lies, 
and towards the other side, con
vex. 

7. (Euc. i. def. 7.) A. plane surface, 
or plane, is that, in which any two points 
whatsoever being taken, the straight line 
between them lies wholly in that surface. 

8. A surface, of which no part is plana, 
is said to be curved. 

9. If there be two 
straight lines in the 
same plane, which meet 
one another in a point, 
they are said to form at 
that point a plane recti
lineal angle. 

The magnitude of an angle does not 
depend upon the length of its legs, that 
is, of the straight lines by which it is 
contained, but upon the opening between 
them, or the extent to which they are 
separated the one from the other. Thus, 
the angle B A C is greater than the an
gle B A D, by the angle D A C. 

If there be only one angle at the point 
A, it may be denoted by the letter A alone, 
as " the angle A ; " but if there be more 
angles at the same point, it becomes ne
cessary to indicate the containing sides of 
each, in order to distinguish it from the 
* This and the like references are to Simson's Euclid, the Roman numeral indicating the book, and the other the proposition. When the reference is to a definition, as in the present instance, or to an axiom, the same is particularized by the initial syllable Def. or Ax. The most important definitions only, which 'are taken from Euclid, and stated in nearly the same words, are here referred to. 
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others: thus, the angle B A C is distin
guished from B A D and D A C . In 
this case the middle letter, as A, always 
denotes the angular point. 

10. (Euc. i. def. 10,) W h e n a 
straight line standing upqn another 
straight line makes the adjacent angles 
equal to one another, each of them is 
called a right angle, and the straight 
line which stands upon the other is called 
& perpendicular to it. 

11. If an angle be 
not right, it is called 
oblique. A n oblique 
angle is said to be 
acute or obtuse, ac
cording as it is less 
or greater than aright angle. 

In the adjoined figure, A B C is aright 
angle, D B C a n a c u t e angle, and E B C 
an obtuse angle. 

12. (Euc. i. def. 
35.) If there be two • 
straight lines in the ^ 
same plane, which, 
being produced ever so far both ways, do 
not meet, these straight lines are called 
parallels. 

13. A plane figure is any portion of a 
plane surface which is included by aline 
or lines. 

The whole circuit of any figure, that 
is, the extent of the line or lines by which 
it is included, is called its perimeter. 

14. A plane rectilineal figure is any 
portion of a plane surface, which is in
cluded by right lines. These right lines 
are called the sides of the figure, and it 
is said to be trilateral, or quadrilateral, 
or multilateral, according as it has three, 
or four, or a greater number of sides. 

A trilateral figure is more commonly 
called a triangle, and a multilateral 
figure a polygon. 

It is further to be un
derstood of rectilineal fi
gures in the present trea
tise, that the several an
gles are contained towards the interior of 
the figure; that is, that they have no such 
angle as the re-entering angle A in the 
figure which is adjoined. In other 
words, their perimeters are supposed to 
be convex externally. 15. A triangle is said to be right-angled, when it has a right angle. Of triangles which are not right-angled, and which are therefore said to be oblique-angled,—an obtuse-angled triangle is that which has an obtuse angle; and an acute-angled triangle is that which has three acute angles. 

In the adjoined 
figure, A is a right-
angled triangle; B an 
obtuse-angled trian
gle ; and C an acute-
angled triangle, 

16. A triangle is 
also said to be equilateral, when its 
three sides are equal to one another; 
isosceles, when only two 
of its sides are equal; 
and scalene, when it has 
three unequal sides. D 
is an equilateral triangle, 
E an isosceles triangle, 
and F a scalene triangle. 

The three sides of any the same 
triangle are frequently distinguished by 
giving to one of them the name of base, 
in which case the other two are called 
the two sides, and the angular point 
opposite to the base is called the vertex 
or summit. In an isosceles triangle, 
considered as such, the vertex is the 
angular point between the two equal 
sides, and the base the side opposite 
to it. 

In a right-angled triangle, the side 
which is opposite to the right angle is 
called the hypotenuse; and of the other 
two sides, one is frequently termed the 
base, and the other the perpendicular. 

17. Of quadrilaterals, a parallelo
gram is that which has its opposite sides 
parallel, as A B C D. A quadrilateral 
which has only two of its sides parallel 
is called a trapezoid, as A B E D , 
A parallelogram, or indeed any quadri

lateral figure, is sometimes cited by two 
letters only placed at opposite angles: 
as "theparallelogram A C " , "thetrape
zoid A E . " This plan is never adopted, 
however, where confusion might ensue 
from it: when used, it must always be 
in such a way as to avoid uncertainty; 
thus, by " the quadrilateral B D" in the 
adjoined figure, either A B C D or A B E D 
might be intended, whereas " the qua
drilateral A C" is distinct from " the 
quadrilateral A E." 

18. A rhombus is a parallelogram 
which has two adjoining sides equal. 

D 

19. A rectangle is a parallelogram 
which has a right angle, .A. rectangle 
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is said to be contained by any two of its 
adjoining sides; as A C, which is called 
the rectangle under A B, B C, or the 
rectangle A B, B C. 

20. A square is a rectangle which has 
two adjoining sides equal. The square 
described upon any straight line A B , 
or the square of which A BI is a side, is 
called the square of A B, or A B square, 

21. The altitude of a parallelogram 
or triangle, is a perpendicular drawn to 
the base from the side or angle opposite. 

22. The diagonals of a quadrilateral 
are the straight lines, which join its op
posite angles. 

23. If through a 
point, E, in the dia
gonal of a paral
lelogram, A B C D, 
straight lines be 
drawn parallel to two adjacent sides, 
the whole parallelogram will be di
vided into four quadrilaterals ; of 
which two, having the parts of the 
diagonal for their diagonals, are for that 
reason said to be about the diagonal; 
and the two others, A E, E C, are called 
complements, because, together with the 
portions about the diagonal, they com
plete the whole parallelogram A B C D. 

24. A circle is a plane 
figure contained by one 
line, which is called the A(. 
circumference, and is 
such that all straight 
lines drawn from a cer
tain point within the figure to the cir
cumference are equal to one another, 
This point is called the centre of the 
circle ; and the distance from the centre 
to the circumference is called the ra
dius, or, sometimes, the semidiameter, 
because it is the half of a straight line 
passing through the centre and termU 
n'ated both ways by the circumference, 
which straight line is called a diameter. 

The point C is the centre of the circle 
A B D ; A B is a diameter; and A C a 
radius or semidiameter. 

The truths and questions of Geometry 
are, for the sake of perspicuity, stated and 
considered in small separate discourses 
called Propositions ; it being proposed in 
them either to demonstrate something 
which is asserted, a proposition of which 
kind is called, a theorem, or to show the 
manner of doing something which is 
required to be done, a proposition of 
which kind is called a problem. 
A proposition has commonly the fol

lowing parts:— 

1°. the enunciation,' declaring what is 
to be proved or done ; 

2°. the construction, inserting the 
lines necessary thereto ; 

3°- the demonstration, or course of 
reasoning; —And, 

4°. the conclusion, asserting that the 
thing required has been proved or done. 
A corollary to any proposition is, a 

statement of some truth, which is an ob
vious consequence of the proposition. 

A scholium is a remark or observation. 
The object of a problem, as above 

stated, is evidently distinct from that of 
a theorem. If a problem be regarded, 
however, as demonstrating merely the 
existence of the points and lines required 
in its enunciation, it becomes, for our 
purposes, a theorem certifying the exist
ence of such. And hence has arisen the 
introduction of problems into the theory 
of Geometry; for, the existence of the 
lines and points specified in the con
structions of some theorems not being 
altogether self-evident, it became neces
sary, either to introduce distinct problems 
for the finding of such, or to point out 
the certainty of their existence by the 
way of theorem and corollary, as occa
sion offered. 
The former plan, exemplified in 

Euclid's Elements, has been followed by 
the greater number of geometrical 
writers; although the problems intro
duced have not, in all cases, been limited 
to the very few which are necessary to 
support the theory. To avoid thus sa
crificing unity of purpose, and at the 
same time not to be wanting to the ends 
of practical geometry, the problems in 
the present treatise have been altogether 
separated from the theorems; and the 
requisite support has been supplied to 
the latter, in the second of the two ways 
above mentioned. 
The existence of the following lines, &c. 

will b'e taken for granted; and they will, 
therefore, be referred to by the name of 

Postulates.* 
1. A straight line, which Joins or 

passes through two given points, A, B. 

2. A circle, which is ,.•• •-> 
described from a given 
centre, C, with a given i g i^ 
radius, C A. \ J 

"• Things required ; from the Latin- postulo, to 
require, 
B 2 
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3. A point which bi
sects a given finite a. • b 
straight line, A B, 
that is, which divides it into two equal 
parts. 

4. A straight line 
which bisects a given 
angle, B A C. 

5. A perpendicular to 
a given straight line, 
erected from a given 
point in the same. 

6. A straight line, which makes with 
a given straight line, A B, at a given 
point, A, an angle equal to a given rec
tilineal angle, C. 

The following truths require no steps 
of reasoning to establish their evidence. 
It may be said of them, that no demon
stration can make them more evident 
than they are already, without it: they 
are, therefore, called self-evident truths 
or axioms. They will be found of per
petual recurrence in demonstrating the 
propositions of the following sections, and 
are therefore' here premised:— 
Axioms.* 

1. Things, which are equal to the 
same, are equal to one another. 

2. If equals be added to equals, the 
wholes are equal. 

3. If equals be taken from equals, 
the remainders are equal. 

4. The doubles of equals are equal. 
5. The halves of equals are equal. 
6. The greater of two magnitudes, 

increased or diminished by any magni
tude, is greater than the less increased 
or diminished by the same magnitude. 

7. The double of the greater is greater 
than the double of the less. 
8. The half of the greater is greater 

than the half of the less. 
9. If there be two magnitudes, and a 

third, and if one of them exceed the 
third by as much as the other falls short 

of it; the two together shall be double 
of the third magnitude. 
' 10. Straight'lines which pass through 
the, same two points lie in one and the 
same straight line. 
' 11. Magnitudes, which may be made 
to coincide with one another, that is, to 
fill exactly the same space, are equal to 
one another. 
The converse of this last axiom is like

wise true of some magnitudes. In what 
follows, it will be assumed, with regard 
to straight lines and angles ; i. e. it will 
be assumed that if two straight lines are 
equal, they may be made to coincide 
with one another, and the same of two 
angles. 
Section 2. First Theorems. 
Prop. 1. (Euc i. Ax. 11.) 

All right, angles are 
equal to one another. 
Let the angles A B C , 

D E F be "each of them 
a right angle; the angle 
A B C shall be equal to 
the angle D E F . D| 
Produce C B to any ' / & 

point G, and F E to any 
point H. Then, because 1/ _. 
A B C is a right angle, K a v 
it is equal to the adjacent angle A B G 
(def. 10.) ; and because D E F is a right 
angle, it is equal to D E H. 
From E draw any straight line E K. 

Then, because the angle K E H is greater 
than D E H, and that D E H is equal to 
D E F , K E H is greater than D E F : 
but D E F is greater than K E F : much 
more, then, is K E H greater than K E F. 

Now, let the angle A B C be applied 
to the angle D E F , so that the point B 
may be upon E, and the straight line B C 
upon E F; then (ax. 10.) B G will coin
cide with E H . And, B G coinciding with 
E H, B A must also coincide with E D ; 
for, should it fall otherwise, as E K, the 
angle A B G would be greater than 
A B C, by what has been already demon -
strated, whereas,' they are equal to one 
another. 
Therefore, B A coincides with E D, 

and the angle A B C coincides with the 
angle D E F , and (ax. 11.) is equal to it. 
Therefore, all right angles are equal to one another, which was to be demonstrated. 

• Authorities, or things having authority; from a 
Greek word. 

Prop. 2. (Euc. i. 13 & 14.) 
The adjacent angles, which one 

straight line makes with another upon 
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one side of it, are either two right 
angles, or are together equal to two 
right angles: and, conversely, if the 
adjacent angles, which one straight line 
makes with two others at the same 
point, be together equal to two right 
angles, these two straight lines shall be 
in one and the same straight line. 

Let the straight line 
A B make with C D 
upon one side of it, 
the adjacent angles 
ABC, ABD: these ° * m * 
are either two right angles, or are to
gether equal to two right angles. 

For, if they are equal, then is each of 
them (def. 10.) a right angle. 

But, if not, from the point B draw 
B E perpendicular to C D (Post. 5.). And 
because the angle E B D is equal to the 
two angles, E B A, A B D, to each of 
these equals add the angle E B C : 
therefore, (ax. 2.) the two angles E B C, 
E B D are equal to the three angles 
EBC, EBA, ABD. And in the 
same manner it may be shewn, that the 
two angles ABC, ABD, are equal to 
the same three angles. Therefore, (ax. 1.) 
the angles A B C , A B D , are together 
equal to the angles E B C, E B D, that is, 
to two right angles. 

Next, let the straight line A B make 
with the two straight lines, B C, B D, at 
the same point B, the adjacent angles 
A B C, A B D together equal to two right 
angles: B C, B D shall be in one and 
the same straight line. 

For, let B F be in the same straight 
line with B C : then, by the first part of 
the proposition, because A B makes 
angles with C F upon one side of it, these 
angles, viz. A B C, A B F, are together 
equal to two right angles. But A B C , 
A B D are also equal to two right angles ; 
therefore, (ax. 1.) A B C, A B D together 
are equal to A B C , A B F together; 
and, A B C being taken from each of these equals, the angle A B D is equal to A B F (ax. 3.) Therefore B D coincides with B F; that is, it is in the same straight line with B C. Therefore, & c * Cor. 1. If from a point in a straight line there be drawn any number of straight lines upon one side of it, all the angles (made by each with that next to it) shall be together equal to two right, angles.. * Hence the adjacent angle ABD is sometimes said to be supplementary to ABC; one angle being called the supplement of another, when together with that other it is equal to tvyo right angles, 

s 

Cor. 2.7 A n y angle of. a triangle is 
less than two right angles. 

Prop. 3. (Euc. i. 15.) 
If two straight lines cut one another, 

the vertical or opposite angles shall be 
equal. 

Let the two straight 
lines A B , C D , cut 
one another in the xy 
point E : the vertical D / " 
angles AED.B EC, „ / 
as also the vertical 
angles A E C, B E D, shall be equal t0 
one another. 

Because the angles A E C , A E D 
are adjacent angles made by the straight 
line A E with C D , they are (2.) to
gether equal to two right angles ; and 
for the like reason, the angles A E C, 
C E B, are together equal to two right 
angles; therefore, (ax. 1.) the angles 
A E C, A E D together are equal to the 
angles A E C, C E B together. From 
each of these equals take the angle 
A E C, and the angle A E D is equal to 
the angle C E B. (ax. 3.) In the same 
manner it may be shown that the angles 
A E C, B E D are equal to one another. 
Therefore, &c. 
Cor. (Euc.i. 15.Cor.2.) If anynumber 

of straight lines pass through the same 
point, all the angles about that point, 
(made by each with that next to it,) shall 
be together equal to four right angles. 
Prop. 4. (Euc. i. 4.) 

If two triangles have two sides of the 
one equal to two sides of the other, each 
to each, and likewise the included angles 
equal; their other angles shall be equal, 
each to each, viz. those to which the 
equal sides are opposite, and the base, 
or third side, of the one shall be equal to 
the base, or third side, of the other. 
Let A B C, D E F be two triangles, 

which have the two sides A B, A C , 
equal to the two sides D E, D F, each to 
each, viz. A B to D E, and A C to D F, and let them' likewise have the angle B A C equal to the angle E D F : their other angles shall be equal, each to each, viz. A B C to D E F , and A C B t o D F E , and the base B C shall be equal to the base EF. / \ For if the triangle a c A B C be applied to the triangle D E F , so that the point A may be upon D, and the 
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straight line A B upon D E, the straight 
line A C will coincide with D F, because 
the angle B A C is equal to E D F. Also 
the .point B will coincide with E, because 
A B is equal to D E, and the point C 
with F, because A C is equal to D F; 
and, because the points B, C, coincide 
with the points E, F, the straight line 
B C coincides with the straight line E F 
(ax. 10.), and (ax. 11.) is equal to it; the 
angle A B C coincides with D E F , and 
is equal to it; and the angle A C B with 
the, angle D F E , and is equal to it. 

Therefore, &c. 
Cor. The two triangles are equal also 

as to surface. 
Scholium. 

It is indifferent which of the two trian
gles D E F be taken, although in these 
triangles the side D E lie in Opposite di
rections from D F ; viz. to the right of it in 
the one, and to the left of it in the Other. 

The same m a y be observed of the next 
proposition, and of all cases of plane tri
angles, which are equal in every respect. 

Prop. 5. (Euc. i. 26,first part of.) 
If twj triangles have two angles of 

the one equal to two angles of the other, 
each to each, and likewise the interja
cent* sides equal; their other sides shall 
be equal, each to each, viz, those to 
which the equal angles are opposite, 
and the third angle of the one shall be 
equal to the third angle of the other* 
Let A B C, D E F (see the last figure) 

be two triangles which have the two 
angles A B C , A C B of the one, equal 
to the two angles D E ¥, D F E of the 
other, each to each, and likewise the 
side B C equal to the side E F: their 
other Sides shall be equal, each to each, 
and the third angle B A 0 shall be 
equal to the third angle E D F. 

For, if the triangle A B C be applied 
to the triangle D E F, so that the point B 
may be upon E, and the straight line B C 
Upon E F, the point C will coincide with 
the point F, because B C is equal to E F. 
Also the straight line B A will coincide 
in direction with E D, because the angle 
C B A is equal to F E D, and the 
straight line C A with F D , because the 
angle B C A is equal .to E F D. But, if two straight lines which cut one another, coincide with other two which cut one another, it is manifest that the points of intersection must likewise coincide. Therefore, the point A coincides with D, and the sides A B, A C , coincide with the sides D E, D F, and are * " Interjacent sides," i. e, sides lying between. 

equal to them; and the" angle B A G 
coincides'with the angle E D F, and is 
equal to it (ax. 11.). 

Therefore, &c. 
Cor. The two triangles are equal also 

as to surface. 
Prop. 6. (Euc. i. 5 & 6.) 

If two sides of a triangle be equal to 
one another, the opposite angles shall 
be likewise equal: and conversely, if 
two angles of a triangle be equal to one 
another, the opposite sides A 
shall be likewise equal. 

Let A B C be art isosceles 
triangle, having the side A B 
equal to the side A C ; the 
angle A C B shall be equal 
to the angle A B C . 

Let the angle B A C be divided into 
two equal angles by the straight line 
A D, which meets the base B C in D 
(Post. 4). Then, because the triangles 
A D B , A D C have two sides of the 
one equal to two sides of the other, each 
to each, and the interjacent angles 
B A D , C A D equal to one another, 
their other angles are equal, each to 
each (4.); therefore the angle A C B is 
equal to A B C . 

Next, let the angle A B C be equal 
to the angle A C B : the side A C shall 
be equal to the side A B. 

From D, the middle point of B C, 
erect a perpendicular to B C (Post. 3. 
and 5.): and, if it do not pass through 
the vertex A, let this perpendicular, if 
possible, cut one of the sides as A B in 
E, and join E C. Then, because the tri
angles E D B, E D C have two sides of 
"the one equal to two sides of the other, 
each to each, and the included angles 
E D B, E D O equal to one another 
(def. 10.), their other angles are equal, 
each to each (4,). Therefore the angle 
E C D is equal to E B D . But E B D or 
A B D is equal to A C B : therefore the an
gle E C D is equal to A C B (ax. 1.), the 
less to the greater, which is impossible. 
Therefore the perpendicular at D cannot 
pass otherwise than, through the vertex 
A : and because the triangles A D B , 
A D C are equal, according to Prop. 4., 
the side A B is equal to the side A C. 
Therefore, &c. Cor. 1. Every equilateral triangle is also equiangular; and conversely. Cor. 2. In an isosceles triangle A B C , if the equal sides A B, A C, be produced, the angles upon the other side of the base B C will be equal to one another ; for, each of them together with 
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one of the equal angles A B C, A C B, is 
equal to two right angles (2.). 

Cor. 3. The straight line which bi
sects the vertical angle of an isosceles 
triangle, bisects the base at right angles : 
and conversely, the straight line which 
bisects the base at right angles, passes 
through the vertex, and bisects the ver-* 
tical angle. 

Cor. 4. If there be two isosceles tri
angles upon the same base (whether 
they be upon the same side of it or upon 
different sides), the straight line which 
joins their vertices or summits, or that 
straight line produced, shall bisect the 
base at right angles. For the straight 
line which bisects the base at right an^ 
gles passes through the vertex of each. 

Prop. 7. (Euc. i. 8.) 
If two triangles have two sides of the 

one equal to two sides of the other, each 
to each, and have likewise their bases 
equal, the angle contained by the two 
sides of the one shall be equal to the 
angle contained by -the two sides equal 
to them of the other. 
Let A B C , D E F be two triangles, 

having the two sides of the one equal to 
two sides of the other, each to each, and 
likewise the base B C equal to the base 
E F: the angle B A C shall be equal to 
the angle E D F. 

At the point E in the straight line 
E F, make the angle F E G equal to the 
angle A B C (Post. 6.) : take E G equal 
to B A or E D, and join G F, G D. Then 
because the triangles A B C; G E F, have 
two sides of the one equal to two sides 
of the other, each to each, and the in
cluded angles equal to one another, the 
base G F is equal to A C (4.) that is, to 
D F. Again, because in the triangle 
F D G, the side F D is equal to F G, the 
angle F D G isequalto F G D (6.). For 
the like reason, the angle' E D G is equal 

to E G D. Therefore the angle E D F, 
which is the sum or difference of the 
two E D G, F D G, is equal to the angle 
E G F, which is the sum or difference of 
the two E G D, F G D (ax. 2., 3.). But 
E G F is equal to B A C, because (4.) the 
triangle G E F is equal to the triangle 
A B C in every respect: therefore, (ax. 
1.) the angle E D F is equalto the angle 
B A C . When G D coincides with G E , 
G E D is a straight line, and the angles 
at G and D are the angles at the base 
of the isosceles triangle F D G ; where
fore the latter is equal to the angle at 
G, that is, to the angle at A, as before. 
Therefore, &c. 
Cor. The two triangles are equal in 

every respect. (4..& 4 Cor.) 
Prop. 8. (Euc. i. 17.) 

Any two angles of a triangle are to
gether less than two right angles. 

Let A B C be any tri
angle: any two of its 
angles, A B C and A C B , 
shall be together less than 
two right angles. 
Bisect B C in D (Post. 

3i): join A D , and pro
duce it to E, so that D E 
may be equal to A D ; 
and join C E . 
Then, because the triangles A B D 

E C D have two sides of the one equalto 
the two sides of the other, each to each, 
and the included angles A D B , E D O , 
equal to one another (3.), the angle E C D 
is equal to the angle A B D or A B C. (4.) 
Therefore, the two angles A B C, A C B 
taken together are equal to the two 
angles E C D , A C B taken together 
(ax. 2.), that is, to the angle A C Ei 
But (2. Cor. 2.) the angle A C E is less 
than two right angles. Therefore, the 
angles A B C . A C B together are less 
than two right angles. 
Therefore, &c. 
Cor. 1. (Eiic. i. 16.) If one side of 

a triangle A B C, as B C, be produced 
to F, the exterior angle A C F shall be 
greater than either of the interior and 
opposite angles at A and B ; for either 
of these angles taken with the angle 
A C B , is less than two right angles, 
but the angle A C F, taken with the same A C B , is equal to two right angles (2.). Cor. 2. A triangle cannot have more than one right angle, or more than one obtuse angle. Prop. 9. (Euc. i. 18. & 19.) If one side of a triangle be greater 
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than another, the opposite angle shall 
likewise be greater than the angle oppo
site to that other: and conversely. 
In the triangle A B C , let the side 

A Bs be greater than • A 
A C , the angle A C B 
shall likewise be greater 
than the angle A B C . y • 

~"b c 
Take AD equal to AC, and join 
C D . Then, because A D is equal to 
A C, the angle A C D is equal to the 
angle A D C (6.). But, because the 
sitle B D of the triangle C D B is pro
duced to A, the exterior angle A D C 
is greater than the interior and opposite 
angleDBCorABC. (8.Cor. 1.) 

Therefore, the angle A C D , and 
much more A C B, is also greater than 
A,B C. 
Next, let the angle A C B be greater 

than the angle A B C ; the side A B 
shall likewise be greater than the side 
A C. For, A B cannot be equal to 
A C ; because,then, (6.) the angle A C B 
would be equal to A13 C, which is not 
the case: neither can it be less than 
A C, because then, by the former part, 
of the proposition, the angle A C, B 
would be less than A B C , which is not 
the case. Therefore A B cannot but 
be greater than A C. 

Therefore, &c. 
Prop. 10. (Euc. i. 20.) 

Any two sides of a triangle are to
gether greater than the third side: and 
any side of a triangle is greater than 
the difference of the other two. 
Let A B C be a triangle: any two of 

its sides, A B and A G, shall be toge
ther greater than 
the third side B C ; 
and any side A B 
alone shall be 
greater than the 
difference of B C 
and A C , the other two sides. 
Produce B A to D, so that A D may 

be equal to A C, and join C D. Then, 
because A D is equal to A C, the angle 
A C D is equal to A D C (6.) But the 
angle B C D is greater than A C D : 
therefore, the angle B C D is greater 
also than A D C or B D C. Therefore, (9.) the side B D is, likewise, greater than B C.. But, B D is equal to B A and A G together, because A D is equal to A C . Therefore B A and A C to-gether are greater than B C. • And, because B A and A C are to

gether greater than B C, if A C be taken 
from each, B A alone is greater than 
the difference of B C and A C. 
Therefore, &,c. 
Cor. 1. (Euc. i. 21, part 

of.) If there be two triangles 
A B C, D B C, upon the 
same base BC, and if the 
vertex of one of them, as 
D, fall within the other, the 
two sides of that triangle will be less than. 
the two sides of the other. For, if C D be 
produced to meet the side A B of the en
veloping triangle, in E, B D and D G 
together will be less than B E and E C 
together, (ax. 6.) because B D is less than 
B E and E D together: and, for the like 
reason, B E and E C together are less 
than B A and A C together: much 
more, then, are B D and D C together 
less than B A and A C together. 

Cor. 2. Any side of a rectilineal figure 
is less than the sum of all the other sides. 

Cor. 3. And, hence, it may easily be 
demonstrated, that if there be two rectili
neal figures A D C, D B C upon the same 
base B C, one of which 
wholly envelopes the 
other, the perimeter of 
the enveloping figure 
must be greater than 
the perimeter of the 
other. b o 
Scholium. 

By help of this proposition it may 
be. shown that a straight line is the 
shortest distance betioeen two points A 
and B. 
. Let A C B be the straight line join

ing A and B, and A D E B any other 
line drawn from A to B. In A C B 
take any point C ; 
and from the centre <d 
A with the radius 
A C describe a cir- j, -
cle, cutting A D E B 
in D; and join A D , D B . Then, be
cause A D and D B are together greater 
than A B, and that A D is equal to A C, 
D B is greater than C B (ax. 6.).' There
fore, if a circle be described from the 
centre B with the radius B C, it will cut 
the straight line D B in some point be
tween D and B ; and, consequently, the line A D E B in some point E which is in the part D E B . Join E B. Then, if A D be made to coincide with A C , and B E with B C, it is evident that the parts A D and E B (curvilineal or otherwise) of the whole line A D E B (curvilineal or ptherwise) will form a 
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complete path from A to B, which is 
shorter than A D E B by the intermedi
ate part D E. 
Therefore, there is no path from A to 

B, the straight line A C B excepted, than 
which a shorter may not be found be
tween A and B. But, since none of the 
paths from A to B can be less than of 
some certain length, there must be some, 
one or more, shorter than the others. 
Therefore, the shortest path is the 
straight line A C B . From this pro
perty the straight line which joins two 
points derives the name of the distance 
between them. 

Hence, also, we may c 
infer, that of any two 
paths, A C B , A D B , 
leading from A to B, l 
and everywhere con
cave towards the straight line A B, that 
ichich is enveloped by the other, as 
A D B , is the shortest. For of all the paths 
not lying between A D B and the straight 
line A B , there is none, A D B excepted, 
than which a shorter may not be found. 
And this is the case whether the paths 

A C B and A D B be both of them cur
vilineal, or one of them, (ACB or A D B ) 
rectilineal. 
Prop. 11. (Euc. L 24 & 25.) 
If two triangles have two sides of the 
one equal to two sides of the othei; each 
to each, but the angle which is contained 
by the two sides of the one greater than 
the angle which is contained by the two 
sides equal to them of the other, the base 
of that which has the greater angle shall 
be greater than the base of the other : 
and conversely. 
Let A B C , 

D E F, be two 
triangles having 
the two sides A B , 
A C of the one 
equal to the two " ? 
sides D E, D F of the other, each to 
each, but the angle B A C greater than 
the angle E D F: the base B C shall be 
greater than the base E F. 
At the point D in the straight line 

D E , make the angle E D G equal to the 
angle B A G (Post. 6.); take D G equal to 
A C , and join E G, G F. Then, because the triangles A B C , D E G have two sides of the one equal to two sides of the other, each to each, and the included angles B A C, E D G equal to one another, the bases B C , E G are equal to one another (4.). 

Now, the line D F falls between D E 
and D G, because the angle E D G is 
equal to B A C, which is supposed to 
be greater than E D F. But the point F 
may fall 1° without the triangle D E G ; 
or 2° upon the base E G ; or 3° within 
the triangle D E G. 

In the first case, because D G is 
equal to A C, that is, to D F, the angle 
D F G is equal to the angle D G F (6.). 
But the angle E F G is greater than 
D F G , and E G F is less than D G F . 
Therefore much more is the angle E F G 
greater than the angle EGF. There
fore, also, the side E G, that is B C, is 
greater than E F (9.). 
In the second case, 

it is at once evident 
that E G , that is, B C , 
is greater than E F. 
In the third case, let D F and D G be 
produced to H and K. Then, because 
D F is equal to D G, the angles H F G, 
K G F , upon the other side of the base of 
the isosceles triangle D FG, are equalto 

one another (6. Cor. 2.). But E F Gls 
greater than H F G, and E G F is less 
than K G F . Therefore much more is 
the angle E F G greater than the angle 
E G F, as in the first case, and the side 
E G, that is B C, is greater than E F (9.). 

Next, let the base B C be greater than 
the base E F ; the angle B A C shall 
likewise be greater than the angle EDF. 
For B A C cannot be equal to E D F , 
because then (4.) the base B C would be 
equal to the base E F ; neither can it be 
less than E D F , because then, by the 
former part of the proposition, the base 
B C would be less than the base E F. 
Therefore, the angle B A C cannot but 
be greater than the angle E D F. 
Therefore, &c. 

Prop. 12. 
A straight line may be drawn per

pendicular to a given straight line of 
indefinite length, from any given point 
without it; but, from the same point, 
there cannot be drawn more than one perpendicular to the same straight line. 
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Let B C be 
a given straight 
line of indefinite 
length, and A any 
given point with
out it. A perpen
dicular may be drawn from the point A 
to the straight line B C, 

In B C take any point D ; join A D( 
and produce it to any point E, (Post. 1.). 
With the centre A andthe radius A E de
scribe a circle cutting B C in the points B 
and C upon each side of the point D; 
(Post. 2.), Bisect B C in F, and join 
A F , A B , A C , (Post, 3.). Then because 
A B is equal to A C, A B C is an isosceles 
triangle. Therefore AF, which is drawn 
from the vertex A to the middle point of 
the base B C, is perpendicular to the 
base (6. Cor. 3.); that is, a straight line 
A F may be drawn from the point A 
perpendicular to the straight line B C. 

But, from the same point A there can
not be drawn more than one perpendicu
lar to the same straight line B C. For, 
if any other straight line A D were per
pendicular to B C, the two angles, A D F 
and A F D , of the triangle A D F, would 
be together equal to two right angles, 
which (8.) is impossible. 

Therefore, &c. 
Cor. 1. If from any point A to a 

straight line B C, there be drawn a 
straight line A B which is not at right 
angles to B C, a second straight line A C 
may be drawn from A to B Cj which 
shall be equal to A B ; for, the perpen
dicular A F being drawn, and F C being 
taken equal to FB, it may easily be shown 
(4.) that A C is equal to A B . 

Cor. 2. Of straight lines A B , A D , 
which are drawn from A to B C upon 
the same side of the perpendicular A F, 
that which is nearer to the perpendicular, 
as A D , is less than the other, which 
is more remote. For, the angle A B D 
or A B F being (8. Cor. 1.) less than the 
exterior right angle A F C , and again 
A F D or A F C less than the exterior 
angle A D B , much more is the angle 
A B D less than A D B , and therefore 
also the side A D less than A B (9.). 

Cor. 3. In the same manner it may be shown that the perpendicular A F is the. least of all straight lines which can be drawn from A to B C. For, if A B be any other straight line, the angle A B F being less than the exterior angle A F C , that is than A F B (def. 10.), the side A F is a'so less than the side A B (9«). For this reason, the perpendicular 
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AF is called also the distance of the 
point A. from the line B C; 

Cor. 4. Hence, if, from the centre A, 
a circle be described with a radius less 
than the perpendicular A F, it will not 
meet the straight line B C ; if with a 
radius equal to A F, it will meet B C in 
one point only, which is the foot of the 
perpendicular; arid if with a radius 
greater than A F, it will meet B C in two 
points, which are at equal distances from 
the foot of the perpendicular, upon either 
side of it. 

Prop. 13. 
If, in two right-angled triangles, the 

hypotenuse and a side of the one be 
equal to the hypotenuse and a side of 
the other; or, if the hypotenuse and 
an adjacent angle of the one be equal to 
the hypotenuse and an adjacent angle 
of the other ; the triangles shall be equal 
to one another in every respect. 
Let A B C , D E F , be two triangles, 

having the angles at B and E right an
gles : and first, let the hypotenuse A C 

and side A B of the one be equal to the 
hyp otenuseDF and side DEof the other. 
The triangles A B C , D E F , shall be equal 
to one another in every respect. 
For, if the side A B be made to coincide 

with D E , which is equal to it, the right 
angle A B C .will also coincide with the 
right angle D E F (1. and ax. 11). There
fore,- if A C do not coincide with DF, but 
fall otherwise, as D G , there will be drawn 
from the point D to • the line E F, upon 
the same side of the perpendicular, two 
straight lines that are equal to one ano
ther, which is impossible (12. Cor. 2.). 
Therefore, A C coincides with D F, and 
the triangle A B C coincides with the 
triangle D E F , that is, (ax. 11.) the trian
gles A B C and D E F are equal in every 
respect. 
Next, let the hypotenuse A C and angle 

A C B of .the one triangle be equal to the 
hypotenuse D F and angle D F E of the 
other. In this case, also, the triangles 
shall be equal in every respect. 
, For it the hypotenuse A C be made 
to coincide with D F, which is equal to 
it, the angle A C B will also coincide 
with D F E , which is equal to it. Therefore, if A B do not coincide with D E, but fall otherwise, as D G there Will be 



I. § 3.] GEOMETRY. 11 
drawn from the point D to the line E F, 
two perpendiculars, which is impossible 
(12). Therefore, A B coincides with 
D E, and the triangle A B C coincides 
with the triangle D E F , that is, (ax. 11.) 
the triangles A B C and D E F are equal 
in every respect. 

Therefore, &c. 
Section 3. Parallels. 
Prop. 14. 

Straight lines which are at right 
angles to the same straight line, are 
parallel: and, conversely, parallel 
straight lines are at right angles to the 
same straight line ; that is, if a straight 
line be drawn through the two at right 
angles to one of them, it shall be at 
right angles to the other likewise. 

The first part of the proposition is 
manifest; for if A Band C D be each 
of them at right angles to the straight 

line E F, and be not parallel, they must 
meet one another; in which case, there 
will be two perpendiculars drawn to the 
same straight line E F from the same 
point, viz. the point of concourse. But 
(12.) this is impossible. Therefore, A B 
cannot meet C D , though produced ever 
so far both ways, that is (def. 12.) A B 
is parallel to C D. 

In the next place, let A B be parallel 
to C D, and from any point E of A B let 
E F be drawn at right angles to C D : 
E F shall also be at right angles to A B. 

Through E let any straight line L M 
be drawn which is not at right angles to 
EF. Produce F E to G, so that E G 
may be equal to E F, and from G draw 
G H perpendicular to G F. Through E 
draw Im, making the angle G E m equal 
to the angle F E M . In F D take any 
point K : make G H equal to F K, and 
join H K, cutting the lines L M , 'lm in 
the points M , m. Then it may easily be 
shown (by doubling over the figure, and 
applying the straight line E F upon E G, 
so that the point F may coincide with 
the point G* and therefore the straight 
line F K with GH.and E M with Em,) 

that E M is equal to E m, and M K 
to m H. 

Now, it seems sufficiently evident, 
that, the straight lines G H and F K 
being at right angles to the same straight 
line, and therefore (by the first part of 
the proposition) never meeting one ano
ther, the distance H K, of any two cor
responding points in them, neither in
creases nor diminishes, but remains al
ways equal to F G ; while, on the other 
hand, the lines E M and E m cutting one 
another in E, the distance M m, of any 
two corresponding points in them, conti
nually increases with the distance from 
E, and may, by sufficiently producing 
E M , E m , be made greater than any 
assigned distance, as F G. Therefore, 
the straight-lines E M , ~Em may be pro
duced, so that M m may become greater 
than H K . But, because M K is always 
equal to m H, M m cannot become 
greater than H K, unless the straight 
line E M cuts the line F D, and E m the 
line G H. 
Therefore E M and E m may be pro

duced, until they respectively meet the 
lines F D and G H. 

Hence,.it appears, that A B , which 
never meets C D, cannot but be at right 
angles to E F: for, it has been shown, 
that any straight fine Which passes 
through E, and is not at right angles 
to E F, may be produced to meet C D. 

Therefore, &c. 
Cor. 1. Any point E being given, a 

straight line A B may be drawn through 
that point, which sr?all be parallel to a 
given straight line C D (12. and Post. 5.). 

Cor. 2. Through • the same given 
point, there cannot be drawn more than 
one parallel to the same given straight 
line. 

Cor. 3. If a straight line cut one of 
two parallels, it may be produced to cut 
the other likewise. 
Scholium. 

The second part of this proposition 
is not supported by that cogency of 
demonstration which is said, and with 
truth, to characterize every other part 
of Geometry. Of the two particulars 
which have been assumed, one indeed, 
viz., that which regards the unlimited divergency of cutting lines, seems almost axiomatic or self-evident. The other is not equally so. It may be illustrated by observing that, at equal intervals, upon either side of E F , the distances of corresponding points are equal to one another; and thence arguing, that, 
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from one of these to the other, the dis
tance can neither have been increasing 
nor diminishing, for that, had either been 
the case, since the lines are straight, 
the distance of their corresponding points 
would have continued to increase or to 
diminish. Should this, however, as w e 
can easily imagine, fail to satisfy the 
student, w e m u s t refer h i m to measure
m e n t for such a degree of conviction as 
it can afford. 

In fact, although it m a y be show n 
without difficulty, that certain straight 
lines will never meet one another; the 
converse, viz., that straight lines, which 
never meet one another, m u s t have cer
tain properties, has never • been strictly 
demonstrated. It is agreed by G e o m e 
trical writers that s o m e assumption is 
indispensable.* 

T h e following is, perhaps, as simple 
as any that can be proposed, while it 
has the advantage, also of not being 
m a n y steps, distant from the proposition 
in question. 

" If from two points of one straight 
line to another, there fall two unequal 
perpendiculars, the straight lines will 
meet one another, if produced, u p o n the 
side of the lesser perpendicular." 

H e n c e , if two straight lines be paral
lel, the perpendiculars drawn from the 
points of the one to the other, m u s t all 

* That of Euclid (the famous twelfth axiom, see 
15. Cor. 4.) is the converse of our eighth proposition, 
and asserts that, if the two interior angles made by 
two straight lineswith a third be together less than' 
tivo right angles, the twds-straight lines will meet 
one another, arid, with the third, form a triangle, 
if produced far enough. 

Simson's demonstration of this axiom rests upon 
an assumption, which is scarcely more evident than 
that of the text, viz.7 that if the perpendiculars which 
are drawn from tvyo points of one straight line to 
another be equal, any other perpendicular, drawn 
from a point of the first to the other, shall be equal to 
either of-them. 

A modem geometer of great celebrity, M. Legendre, 
has, after more than one alteration, suggested, 
finally, an experimental proof not very different 
fi-nm that which is here adopted, as best suited to 
an Elementary Treatise. He is, notwithstanding, of 
opinion, that the grand truth with which it is so inti
mately connected, viz., that " the three angles of a 
triangle are together equal to two right angles," 
may be referred to the general principle of Homo
geneity. Of this it is unnecessary to say more in 
this place, than that it teaches us in the present 
instance, that the angles of a triangle depend, not upon the absolute magnitude of its sides, but upon their relative magnitude ; so that a triangle whose sidea are 3, 4, and 5 times some given line will have the same angles whether the given line be an inch or a mile; a truth which, indeed, seems to be nearly related to the more simple truth, thatan angle is not increased by producing the sides which contain it, and leads directly to the theory of parallel straight lines. Bui, though the principle be of extensive application, the reasoning by which it is established has been skown to be incomplete, and such as, if great circumspection be not used,may even lead to fallacies. 
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of them be equal; and hence, if a 
straight line be drawn at right angles to 
one of two parallels, it may easily be 
shown to cut the other at angles, which 
are equal to one another, that is, at right 
angles. 

It is demonstrated in Prop. 16., that, 
if two straight lines be parallel, the 
perpendiculars drawn from the points 
of the one to the other must all of them 
be equal: but that demonstration itself 
rests upon the converse part of Prop. 
14.,- which is here in question. The 
reader must not imagine, therefore, that 
the above assumption is at all assisted 
by that demonstration. 

Prop. 15. (Euc. i. 27, 28 and 29.) 
Straight lines which m a k e equal 

angles with the same straight line,' 
totoards the same parts, are parallel: 
and, conversely, if two parallel straight 
lines be cut by the s a m e straight line, 
they shall m a k e equal angles with it 
towards the same parts. 
Let the straight lines A B , C D make 

equal angles B E G , D F G , with the 
same straight line E F, towards the 
same parts : A B shall be parallel to CD. 

Bisect E F in H (Post. 3.), from H 
draw H K perpendicular to C D (12.), 
and produce K H to meet A B in L. 
Then because the angle H E L is equal 
to B E G (3.), and that B E G is equal to 
D F G or H F K , the angle H E L is 
equal to the angle H F K (ax. 1.). The 
vertical angles E H L, F H K are like
wise equal to one another (3.). There
fore, the triangles H E L and H F K 
having two angles of the one equal to 
two angles of the other, each to each, 
artd their sides H E, H F, which lie be
tween the equal angles, also equal to 
one another, are equal in every respect 
(5.). Therefore, the angle H L E is 
equal to the angle H K F, that is, to a 
right angle. But straight lines which 
are at right angles to the same straight 
line K L are parallel (14.). Therefore, 
A B is parallel to C D. 
Next let A B be parallel to C D, and 

let them be cut by the same straight line 
G E F ; the angles B E G, D F G, which are towards the same parts, shajl be equal to one another. 
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Bisect E F, and draw the straight line 

L K, as before. Then, because L K is 
at right angles to C D, and that A B is 
parallel to C D, L K is at right angles 
also to A B (J4.). And,because, in the 
right-angled triangles H E L, H F K, the 
hypotenuse H E, and adjacent angle 
E H L of the one, are equal to the hypo
tenuse H F , and adjacent angle F H K 
(3.) of the other, they are equal in every 
respect (13.). Therefore, the angle 
H E L is equal to the angle H F K , 
and B E G , which is equal to H E L (3.), 
is equal to D F G.* 

Therefore, &c. 
Cor. 1, W h e n two straight lines A B, 

C D , are cut by a third, E F , the angle 
B E G, is called the exterior angle, and 
the angle D F G , the interior and oppo
site angle upon the same side of the line. 
Therefore, if one straight line fall upon 
two other straight lines, so as to make 
the exterior angle equal to the interior 
and opposite upon the same side, those 
two straight lines shall be parallel: and 
conversely. 

Cor. 2. The angles A E F, E F D , are 
called alternate angles. And A E F is 
always equal to B E G (3.). Therefore, if 
one straight line fall upon two other 
straight lines so as to make the two alter
nate angles equal to one another, those 
two straight lines shall be parallel: and 
conversely. 

Cor. 3. The angles B E F, and D F E , 
are "called interior angles on the same 
side of the line. N o w , when B E G is 
equal to D F G , or D F E , the angles 
B E F and D F E are together equal to 
two right angles, because B E F and 
B E G , are together equal to two right 
angles (2.). Therefore, if one straight 
line, falling upon two other straight lines, 
make the two interior angles, on the same 
side, together equal to two right angles, 
the two straight lines shall be parallel: 
and conversely. 

Cor. 4. (Euc. i. ax. 12.) If one straight 
line, falling upon two other straight lines, 
make the two interior angles, on the same 
side, together less than two right angles, 

* A shorter demonstration may be had, by con
sidering that if the angles B E O, D FG, be equal 
to one another, the two interior angles upon each 
side of E F will be together equal to two right angles; 
and, therefore, cannot be two angles of a triangle (8.), 
that is A B, C D cannot meet upon either side of 
E F ; and hence the converse,because(14. Cor. 2.) 
only one parallel can be drawn through the same 
point to the same straight line. That which is given 
in the text, however, seems preferable, as pointing out the connexion of the proposition with Prop. 14., which immediately precedes it.̂  

the two straight lines shall meet upon 
that side, if produced far enough. 
Prop. 16. 

Parallel straight lines are every 
where equidistant; that is, if f r o m any 
two points of the one, perpendiculars 
be drawn to the other, those perpendi
culars shall be-equal to one another. 

Let A B , C D be two parallel 
straight lines; and 
from the points 
A, B, of A B , let -° 
A C , B D be drawn perpendicular to 
C D (12.): A C shall be equal to B D . 
Join B C. Then because A C and B D 

are perpendicular to the same straight 
line C D, they are parallel (14.). There
fore, the alternate angles A C B, D B C, 
are equal to one another (15. Cor. 2.). 
Again, because A B is parallel to C D, 
the alternate angles A B C , D C B are 
equal to one another (15. Cor. 2.). There
fore the triangles A B C , D C B , having 
two angles of the one equal to two 
angles of the other, each to each, and 
the same line, B C, lying between the 
equal angles, are equal in every respect 
(5.). Therefore, A C is equal to B D. 
Therefore, &c. 
Cor. It appears from the demonstra

tion, that if A C be only parallel to B D, 
A C and B D will be equal to one another. 
Therefore, the parts of parallel straight 
lines, which are" intercepted by parallel 
straight lines, are equal to one another. 
Prop. 17. (Euc. i. 30.) 

Straight lines, which are parallel to 
the same straight line, are parallel to 
one another. 

Let the straight lines A B , C D be 
each of them 
parallel to E F : A-
A B shall be pa- .£_ 
rallel to C D. 5 -

For, if the straight line G H be at 
right angles to E F, it will be at right 
angles to A B , because A B is parallel 
to EF(14.): and, for the like reason, 
it will be at right angles to C D : there
fore, A B and C D being at right angles 
to the same straight line, G H, are paral
lel to one another (14.). 

Therefore, &c. 
Cor. Hence it appears that the qua

drilaterals into which the parallelogram 
A B C D is divided in def. 23., by lines 
drawn parallel to two adjacent sides, 
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K 

are likewise themselves parallelograms 
(def. 17.) • 

Prop. 18. 
If, of two angles in the same plane, 

the sides of the one be parallel to tfi.e 
sides-of the other, or perpendicular to 
the sides of the other, in the same order, 
the two angles shall be equal. 
LetABC.DEFbe 

two angles in the same 
plane, having the sides 
A B , B C of the one si-,, B 
parallel to the sides 
D E, E F of the other, 
each to each; and 
let the sides A , B , D E , 
he in the same direc
tion from the sides \ B 
B C, E F : the angle 
A B C shall be equal d 
to the angle D E F . 
Join B E, and produce it to G. Then, 

because A B , D E are parallel, and G B 
falls upon them, the exterior angle 
D E G is equal (15. Cor. 1.) to the inte
rior and opposite angle A B E : and, for 
the like reason, F E G is equal to C B E : 
therefore, if these two equals be taken 
respectively from the former two, (ax. 3.) 
the remaining angle A B C will be equal 
to D E F. 

Secondly, let H K L be an angle, the 
sides of which are perpendicular to 
those of the angle A B C , each to each, 
viz., H K to A B , and K L to B C : 
the angle H K L shall be equal tp 
A B C . Draw B M perpendicular to 
BA(Post. 5.), and therefore (14.) parallel 
to K H, and B N perpendicular to B C, 
and therefore parallel to K L. Then, by 
the first part of the proposition, the angle 
M B N is equal to H K L . But, be
cause the right angle M B A is equal to 
the right angle N B C (1.), and the part 
N A B common to both, the remain
ing angle M B N is equal to A B C 
(ax. 3.). Therefore, (ax. 1.) A B C is 
equal to H K L, 
Therefore, &c. 
Cor. The demonstration of the second 

case, viz. that in which the sides of the 
one angle are perpendicular to the sides 
of the other, requires only that the angle M B A be equal t o N B C . Therefore, if, of two angles, the sides of the one make equal angles with the sides of the other, respectively, in the same order, and towards the same parts, the two angles shall be equal. Prop, 19. (Euc. i. 32.) If one side of a triangle be produced, 

the exterior angle shall be equal to the 
two interior and opposite angles : and 
the three angles of every triangle are 
together equal to two right angles. 

Let the side B C of the A Ĵ 
triangle A B C be produced 
to D : the exterior angle 
A C D shall be equal to the 
two interior and opposite 
angles at A and B ; and the 
three angles of the triangle A B O shall 
be together equal to two right angles. 

Draw C E parallel to B A (14. Cor. 1.). 
Then, because A C meets these parallels, 
the alternate angles A C E and A are 
equal; and because B D fails upon the 
same parallels, the angles E C D and B 
are equal (15. Cor. Land 2,). Therefore, 
the whole angle A C D , which is made 
up of the two angles A C E , E C D to
gether, is equal to the angles at A and 
B together (ax. 2.). 
To each of these equals add the angle 

A C B : therefore, (ax. 2.) the three angles 
of the triangle A B C are together equal 
to the angles A C D , A C B , that is, to 
two right angles (2.). 

Therefore, &c. 
Cor. 1, If two triangles have two 

angles of the one equal to two angles of 
the other, their third angles will likewise 
be equal to one another. 

Cor. 2. (Euc. i. 26, second part of.) 
Hence, if two triangles have two an
gles of the one equal to two angles 
of the other, each to each, and one 
side equal to one side, the equal sides 
being opposite to equal angles in each, 
the two triangles shall be equal in every 
respect (5.). 

Cor. 3. In a right-angled triangle, the 
right angle is equal to the sum of the 
other two angles : and, conversely, if one 
angle of a triangle be y \ 
equal to the sum of the / j \ 
other two, that angle s< j \ 
shall be a right angle. ' 

Cor. 4. In a right-angled triangle, the 
straight line, which is drawn from the 
right angle to the middle of the opposite 
side, is equal to half that side: and, con
versely, if this be the case in any triangle, 
the angle from which the straight line is drawn shall be a right angle. For, if the right angle be divided into parts equal respectively to the two acute angles, the triangle will be divided (6.) jnto two isosceles triangles. And, in the converse, the triangle being made up of two isosceles, triangles, one of its, angles is equal to the other two. 
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Prop. 20. (Euc. i. 32. Coir.l. and 2.) 
All the exterior angles of any recti

lineal figure are together equal to four 
right angles: and all the interior angles, 
together with four right angles, are 
equal to twice as many right angles as 
the figure has sides. 

For, if from any point 
in the same plane, straight 
lines be drawn, one after 
the other, parallel to the 
sides of the figure, the 
angles contained by these 
straight lines about that point, will be 
equal to the exterior angles of the figure 
(18.), each to each, because their sides 
are parallel to the sides of the figure. 
Thus, the angles a, b, c, d, e, are re
spectively equal to the exterior angles 
A, B, C, D, E. But the former angles 
are together (3. Cor.) equalto four right 
angles; therefore, all the exterior angles 
of the figure are together equal to four 
right angles (ax. 1.). 

Again, since every interior angle, to
gether with its adjacent exterior angle, 
is equal to two right angles (2.); all the 
interior angles, together with all the ex
terior angles, are equal to twice as many 
right angles as the figure has angles* 
But all the exterior angles are, by the 
former part of the proposition, equal to 
four right angles ; and the figure has as 
many angles as sides: therefore all the 
interior angles together with four right 
angles are equal to twice as many right 
angles as the figure has sides. 
Therefore, &c. 
Cor. The four angles of a quadri

lateral are together equal to four right 
angles. 

Section 4. Parallelograms. 
Prop. 21. (Euc i. 33.) 

The straight lines which join the ex
tremities of two equal and parallel 
straight lines towards the same parts, 
are likewise themselves equal and pa
rallel. 

Let the straight 
lines A D , B C be 
equal and parallel, 
and let them be join
ed towards the same 
parts by A B, C D : A B shall be bojh equal to C D, and parallel to it. Join B D. Then, because in the triangles A D B , C B D , the two sides A D, D B are equal to the two C B, B D, each to each, and the angles A D B , 
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CBD equal to one another, for they are 
alternate angles (15.), the side A B is 
equalto C D , and the angle A B D to 
C D B (4.); and, hence, because A B D , 
C D B are alternate angles (15.), A B is 
also parallel to C D. 

Therefore, &c. 
Prop. 22. (Euc. i. 34, first part of.) 
The opposite sides and angles of-a 

parallelogram ure equal, and its diago
nals bisect one another: and, conversely, 
if, in any quadrilateral figure, the op
posite sides be equal; or if the opposite 
angles be equal; or if the diagonals 
bisect one another; that quadrilateral 
shall be a parallelogram. 

Let A B C D be a parallelogram (see 
the last figure), and let its diagonals 
A C, B D cut one another in the point 
E : the sides A D , B C, as also, A B , 
C D, shall be equal to one another; 
the angles A and C, as also B and D 
shall be equal; and the diagonals A C, 
B D shall be bisected in E. 

For, in the first place, that the oppo
site sides, as A D and B C, are equal, is 
evident, because they are- parts of pa
rallels intercepted by parallels (16. Cor.). 
Also, the opposite angles are equal, as 
at D and B ; for the angle at D is 
equal to the vertical angle formed by 
C D, A D produced (3.), and the latter to 
the angle B (18.). 

Lastly, with regard to the bisection of 
the diagonals: because A D is parallel 
to B C, the two triangles E A D, E C B 
have the two angles E A D, E D A of the 
one equal to the two angles E C B, E B C 
of the other, each to each (15.); and it 
has been shown, that the interjacent 
sides A D, B C are equal to one another; 
therefore, (5.) E A is equal to E C , and 
E D to E B, that is, A C, B D are bi
sected in E. 

Next, let the opposite sides of the 
quadrilateral A B C D be equal to one 
another: it shall be a parallelogram. 
For, in the triangles A B D, C D B, the 
three sides of the one are equal to the 
three sides of the other, each to each; 
therefore, the angle A B D is equal to 
C D B (7.), and (15.) A B is paraUel to 
C D. And, for the like reason, A D is 
parallel to B C. Or, let the opposite angles be equal: then, because the angles at A and B together are equal to the angles at C and D together, and that the four angles of the quadrilateral (20. Cor.) are equal to four right angles, the angles at A and B are together equal to two right angles, and 
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(15. Cor. 3.) A D is parallel to B C. 
And, for the like reason, A B is parallel 
to C D . 

Or, let the diagonals A C, B D , bisect 
one another in E : then, because the 
triangles E A D , E C B, have two sides 
of the one equal to two sides of the 
other, each to each, and the included 
angles A E D, C E B, (3.) equal to one 
another, the angleE A D is (4.) equal to 
E C B, and, therefore, (15.) A D is pa
rallel to B C. And, for the like reason, 
A B is parallel to C D. 

Therefore, in each of the three cases, 
the figure is a parallelogram. 

Therefore, &c. 
Cor. 1. (Euc. i. 34. second part of.) 

A parallelogram is bisected by each of 
its diagonals ; for the triangles into which 
it is divided are equal to one another. 

Cor. 2. The diagonals of a rhombus 
bisect one another at right angles.- For 
the triangles into which it is divided by 
either of its diagonals are isosceles tri
angles, of which that diagonal is the 
base (6. Cor. 4.) 

Cor. 3. (Euc. i. 46. Cor.) If one angle 
of a parallelogram be a right angle, all 
its angles will be right angles. 

Cor. 4. By help of this Proposition 
more complete notions may be acquired 
of the rhombus, rectangle, and square: 
for, hence it appears, that a rhombus 
has all its sides equal to one another; 
that a rectangle has all its angles right 
angles ; and that a square has all its 
sides equal, and all its angles right 
angles. 

Prop. 23. (Euc. i. 43.) . 
The complements of the parallelo

grams, which are about the diagonals 
of any parallelogram, are equal to one 
another. 

Let A B C D be a , ••: y 
a parallelogram, and I L ^ _ 
through any point E T ^ y ^ / 
in the diagonal B D U — £. / let there be drawn the straight lines F G , H K parallel to the sides B C, D C respectively: the complement A E shall be equal to E C. Because A B C D is a parallelogram, of which B D is a diagonal, the triangle A B D is (22. Cor. 1.) equal to C D B. In~ like manner, because F K,. and H G ( 1 7 . Cor.) are parallelograms, the triano-les F B E, H E D are equal to the trianiles K E B, G D E : therefore, taking these equals from the former, there remains (ax. 3.) the complement A E equal to E C. Therefore, &c. 

Prop. 24. (Euc. i. 35.) 
Parallelograms upon the same base, 

and between the same parallels, are 
equal to one another. 

n h i . T_ i_12. 
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Let the parallelograms A B C D, 
E B C F, be upon the same base B C 
and between the same parallels A F , 
B C ; the parallelogram A B C D shall 
be equal to the parallelogram E B C F. 

Because A D and E F are each of them 
(22.) equalto BC,they are (ax. 1.) equal 
to one another. Therefore, the whole 
or the remainder A E is equal to the 
whole or the remainder D F (ax. 2. or 3.). 
Therefore, the two triangles E A B, 
F D C, having two sides of the one equal 
to two sides of the other, each to each, 
and the included angles E A B , F D C 
equal, are equal to one another (4. Cor.). 
Therefore, taking each of these equals 
from'the whole figure A B C F, there re
mains (ax. 3.) the parallelogram E B C F 
equal to the parallelogram A B C D. 
If the points D, E coincide, A E 

is the same with A D, and D F the 
same with E F; therefore, A E and D F, 
being each of them equal to B C, are 
equal to one another; and, hence, 
the triangle E A B is equal to the tri
angle F D C , and the parallelogram 
E B C F to the parallelogram A B C D, 
as before. 
Therefore, &c. 
Cor. Every parallelogram is equal to 

a rectangle of the same base and alti
tude. 
Prop. 25. (Euc. i. 36.) 

Parallelograms upon equal bases, and 
between the same parallels, are equal to 
one another. 
Let the paral

lelograms A B C D , 
E F G H , be upon 
equal bases BC, 
FG, and between 
the same parallels 
AH, BG. The parallelogram A B C D 
shall be equal to the parallelogram 
Join .,EAHa Then because E H (22.) and B C are each of them equal to J G, they are equal to one another; and ftiey are likewise parallel; therefore, E B and H C are also equal and parallel 
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(21.), and E B C H is a parallelogram. 
But the parallelogram E B C H is equal 
to A B C D, because it is upon the same 
base B C , and between the same paral
lels (24.): and for the like reason EjB C H 
is equal to E F G H. Therefore (ax. 1.) 
A B C D is equal t o E F G H . 
Therefore, &c. 
Cor. The squares of equal straight 

lines are equal to one another: and 
conversely. 
Prop. 2G. (Euc. i. 41.) 

If a parallelogram and a triangle be 
upon the same base and between the 
same parallels, the parallelogram shall 
be double of the triangle. 

Let the parallelo
gram A B C D and the 
triangle E B C be upon 
the same base B C, and 
between the same pa
rallels A D , B C. The 
parallelogram A B C D shall be double 
of the triangle E B C. 

Complete the parallelogram E B C F.* 
(14. Cor. 1.) Then the parallelogram 
E B C F is double of the triangle E B C , 
because it is bisected by the diagonal E C 
(22.Cor.); a n d A B C D is equalto E B 
C F, because it is upon the same base, 
and between the same parallels (24.). 
Therefore, the parallelogram A B C D 
is also double of the triangle E B C . 

Therefore, &c. 
Cor. Every triangle is equal to the 

half of a rectangle of the same base and 
altitude. 
Prop. 27. (Euc. i. 37, 38, 39, & 40.) 

Triangles upon the same base, or 
upon equal bases, and between the same 
parallels, are equal to one another: and 
conversely, equal triangles, upon the 
same base, or upon equal bases in the 
same straight line, and towards the same 
parts-, arebetween the same parallels. 

The first part of the A „ B 
proposition is manifest; 
for the triangles are 
the halves of parallelo
grams (26.) upon the * u " " 
same base, or upon equal bases, and between the same parallels; and because these parallelograms are equal to one another (24. or 25.), the triangles, which are their halves,-are also equal (ax. 5.). * To complete the parallelogram, in this case, it is only requisite that CF should be drawn through the point C parallel to B E, to meet A D produced in F. The word complete, indeed, almost explains itself: in future constructions it will be introduced without farther notice. 

In the second place, therefore, let the 
triangles A B C , D B C , standing upon 
the same base B C, ol upon equal bases 
B C, B C, in the same straight line, and 
towards the same parts, be equal to one 
another; and let A D be joined:: A D 
shall be parallel to B C. 

For, if not, let A E (14. Cor. 1.) be 
parallel to B C ; and let it meet D B in 
E. Join E C. Then, by the first part 
of the proposition, because A B C , 
E B C , are upon the same base, or 
upon equal bases, and between the 
same parallels, the triangle E B C is 
equal to A B C, that is, to D B C ;. the 
less to the greater, which is impos
sible. Therefore A E is not parallel to 
B C ; and in the same manner it maybe 
shown that no other straight line which 
passes through A, except A D only, can 
be parallel to B C ; that "is, (14. Cor. 1.) 
A D is parallel to B C. 

Therefore, &c. 
Cor. 1. It is evident that the second 

(or converse) part of the proposition ap
plies equally to parallelograms, as to 
triangles. 

Cor. 2. If a quadrilateral be bisected 
by each of its diagonals, it must be a 
parallelogram : for the two triangles 
A B C , D B C (see the figure of Prop. 
21.) which stand upon any one of its 
sides B C for a base, and which have their 
vertices in the side opposite, being equal, 
each of them, to half the quadrilateral, 
are equal to one another; and therefore 
A D is parallel to B C ; and, for a like 
reason, A B is parallel to D C. 
Prop. 28. 

A trapezoid is equal'to the half of a 
rectangle having the same altitude, and 
a base equal to the sum of its parallel 

Let A B C D be a tra
pezoid, having the side 
A D parallel to the side 
B C. The trapezoid , 
A B C D shall be equal to £ 
the half of a rectangle 
having the same altitude, and a base 
equal to the sum of A D , B C. 
Join A C ; through D draw D E pa

rallel to A C , and let it meet the.base 
B C produced in E, and join A E . 
Then, because D E is parallel to A C, 

the triangle A C D is (27.) equal to. A C E. 
Therefore, the triangles A B C , A C D , 
together, are equal to the triangles 
A B C, A C E, together (ax. 2.); or, the 
trapezoid A B C D is equalto the tri-
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angle A B E . But the base of the tri
angle A B E is equalto the sum of A D ; 
B C, because (22.) C E is equal to A D ; 
and (26. Cor.) every triangle is equal to 
the half of a rectangle of the same 
base and altitude. Therefore, the trape
zoid A B C D is equalto the half of a 
rectangle of the same altitude, and upon 
a base which is equal to the sum of A D; 
BC. 
Therefore, &c. 

Prop. 29. 
If the adjoining sides of a rectangle 

contain, each of them, the same straight 
line, a certain number of times exactly, 
the rectangle shall contain the square of 
that straight line, as often as is denoted 
by the product of the two numbers, 
which denote how often the line itself is 
contained in the two sides. 

Let A B D C be a 
rectangle, and let its 
adjacent sides' A B ; 
A C , contain each Of 
them the straight 
line M a certain 
number of times ex
actly, viz., A B 6 
times, and A C 4 
times: the rectangle A B D C shall con
tain the square of M, 6 x 4, or 24 times. 
Divide A B, A C, each of them, into 

parts equal to M ; and, through the divi
sion-points of each, draw straight lines 
parallel to the other, thereby dividing 
the rectangle into six upright rows of 
four parallelograms each, that is, upon 
the whole, into twenty-four parallelo
grams. Now. these parallelograms are 
all of them rectangular, because their 
containing sides are parallel to AB, A C , 
the sides of the right angle A (18.). They 
are also equilateral: for any one of them, 
as E, has its upright sides,each of them 
(22,) equalto a division of A C, that is, 
to M ; and its other two sides each of 
them equal to a division of A B , that is, 
to M. Therefore, they are squares 
(def. 20.), equal, each of them, to the 
square of M. And they are twenty-four 
in number. Therefore, the square of M 
is contained twenty-four times in the 
rectangle A B D C . The same maybe said, if, instead of 6 and 4, any other two numbers be taken. Therefore, &c. Cor. 1. In like manner, it may be shown, that, if there be two straight lines, one of which is contained an exact number of times in one side of a rectangle, and the other an exact number of times in the side adjoining to it; the rectangle 

under those two straight' lines shall be 
contained as often in the given rectangle, 
as is denoted by the product of the two 
numbers which denote how often the lines 
themselves are contained in the two 
sides. 

Cor. 2. The square of twice M is 
equal to 4 times M square, because it is 
a'rectangle, in which each of the sides 
contains M twice. In like manner, the 
square of 3 times M is equal to 9 times 
M square—of 4 times M to 16 times M 
square-^of 5 times M to 25 times M 
square, &e. 

Cor. 3. The square of 5, or 25, is equal 
to the sum of 16 and 9. -Consequently 
the square of 5 times M is equal to the 
square of 4 times M , together "with the 
square of 3 times M. 

Scholium. 
From the theorems of this Section 

rules are easily deduced for the men
suration of rectilineal figures. For 
every rectilineal figure may be divided 
into triangles; and every triangle, being 
equal (26. Cor.) to half the rectangle 
under its base and altitude, contains 
half as many square units as is denoted 
by the product of the numbers which 
express how often the corresponding 
linear unit is contained in its base and 
in its altitude. Let this linear unit be, 
for example, a foot; and let it be re
quired to find how many square feet 
there are in a triangle whose altitude is 
10 feet, and its base 9 feet. The rect
angle, of which these are the sides, 
contains 10 ,x 9, .or 90 square feet .(by 
Prop. 29.); and, therefore, the triangle 
contains 45 square feet. 
Hence, a rectangle is sometimes said 

to be equal to the product of it3 base 
and altitude, a triangle to half the pro
duct of its base and altitude, and the 
like; expressions which must be under
stood as above, the words rectangle, &c. 
base, &c. being briefly put for the num
ber of square units in the rectangle, fyc. 
the number of linear 'units in the base, 
fyc. By the length of a line is com
monly understood the number of linear 
units , which it contains; and the term 
superficial area, or area, is similarly 
applied to denote the number of square units in a surface. With regard to the measuring unit, a less or a greater is convenient, according to the subject of measurement: a glazier measuring his glass by square inches, a carpenter his planks by square feet, a proprietor his land by acres, and a geographer the extent of countries by square miles. 



I. $ 5.] GEOMETRY. 19 

A. T> IE 

JT I t i 

n 

.. ( * 

Section 5. Rectangles under the parts 
of divided lines. 

Prop. 30. (Euc. ii. 1.) 
If there be tioo straight lines, one of 

which is divided into any number of 
parts, the rectangle contained by the 
two lines shall be equal to the sum of 
the rectangles contained by the undi
vided line, and the several parts of. the 
divided line. 
Let A B and C be two straight lines, 

of which A B is divided into the parts 
A D , D E , E B : the rectangle under C 
and A B shall be equal 
to the sum of the rec
tangles under C and 
A D , C andDE.Cand 
EB. 
Draw the straight line A F at right 

angles to A B, and equal to C (post. 5.): 
complete the rectangle A G , and through 
the points D and E draw the straight 
lines D H and E K parallel to A F 
(14. Cor.). Then, because D H and E K 
are each of them (22.) equal to A F, 
that is, to C, the rectangles A H, D K, 
E G are equal to the rectangles under 
C and A D, C and D E, C and E B. 
But these rectangles make up the whole 
rectangle A G, which is equal to the 
rectangle under C and A B. Therefore, 
the rectangle under C and A B is equal 
to the rectangles under C and A D, C 
and D E, C and E B. 
Therefore, &c. 
Cor. (Euc. ii. 2.) If a straight line 

be divided into any two parts, the rect
angles contained by the whole line and 
each of the parts, shall be together equal 
to the square of the whole line. 
Prop. 31. (Euc. ii. 3.) 

If a straight line be divided into any 
two parts, the rectangle contained by 
the whole line and one of the parts, 
shall be equal to the rectangle contained 
by the two parts, together with the 
square of the aforesaid part. 

Let the straight line A B be divided 
into any two parts A C , C B : the rec
tangle under A B , B C K 
shall be equal to the rec
tangle under A C , C B , 
together with the square ofBC. Draw the straight line B D at right angles to A B (post. 5.), and equal to B C : complete the rectangle A B D E and through C draw C F parallel to B D. Then, the figure A F is equal to the 

rectangle A C , C B , because (22.) C F 
is equal to B D, that is to C B ; and the 
figure C D is equal to the square of 
C B ; and the figure A D to the rectan
gle A B, B C . But A D is equal to A F, 
together with C D. Therefore, the rec
tangle A B, B C, is equal to the rectangle 
A C, C B, together with the square of 
BC* 

Therefore, &c. 
Prop. 32. (Euc. ii. 4.) 

The square of the sum of two lines is 
frealer than the sum of their squares, 
y twice their rectangle. 
Let the straight line A B be the sum 

of the two straight lines » „ „ 
A C , C B : the square of 
A B shall be greater than 
the squares of A C, C B, 
by twice the rectangle 
AC, CB. 

Because the straight line A B is 
divided into two parts in the point C, 
(30. Cor.) the square of A B is equal to 
the sum of the rectangles under A B, 
A C, and A B, B C. But the rectangle . 
under A B , A C (31.) is equal to the 
rectangle under A C, C B together with 
the square of A C ; and, in like manner, 
the rectangle under A B, B C is equal 
to the rectangle under A C, C B together 
with the square of C B. Therefore, the 
square of A B is equal to twice the rect
angle A C , C B, together with the 
squares of A C, C B ; or, which is the 
same thing, the square of A B is greater 
than the squares of A C, C B, by twice 
the rectangle A C , C B. 
Therefore, &c. 
The figure shews in what manner the 

square of A B may be divided into two 
squares equal to those of A C, C B, and 
two rectangles, each equal to the rect
angle A C, C B. 
Prop. 33. (Euc. ii. 7.) 

The square of the difference of two 
lines is lessrthan the sum of their squares 
by twice their rectangle. 

Let the straight line, u, • 
A B, be the difference *• * ° 
of the two straight lines, A C , C B : the 
square of A B shall be less than the 
squares of A C, C B, by twice the rectangle A C, C B. * This proposition, being an obvious consequence of the preceding, might have been added to it as a second corollary : it is of so great importance, however, that it seemed preferable to force it upon the attention of the student, by placing it among the propositions. \j 2 
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Because A C is thesum of:AB and 

B C (32.), the square of A C is equal to 
the squares of A B , B C, together with 
twice the rectangle, A B, B C : therefore 
the square of A B is less than the square 
of A C by- the square of B C, together 
with twice the rectangle A B, B C. 
Therefore, the same square of A B is less 
than the squares of A C, B C, by twice 
the square of B C, together with twice 
the rectangle A B , B C. But twice the 
square of B C, together with twice the 
rectangle A B, BC,. is (32.) equal to 
twice the "rectangle A C , C B . There
fore, the square of A B is less than the 
squares of A C , B C, by twice the rect
angle A C, C B.. 
Therefore,. &c. 
Cor. (Euc. ii. 8.) The square of the 

sum of two lines is greater than the 
square of their difference by four times 
their rectangle : for the former square is 
greater than the sum of their.squares by 
twice their rectangle (32.), and the latter 
square is less . than the sum ,of their 
squares by twice their rectangle. 
Prop. 34. .(Euc,ii. 5.) 
The difference of the squares of two 
lines is equal to the rectangle under 
their sum and difference. 
Let A B, A C, 

be any-two straight 
lines, and let B A 
be produced to D, 
so that A D may be equal to A B , and 
therefore C D equal to the sum, and 
C B to the difference of A B j A C i the 
'/difference of the squares of A B, A C, 
shall be equal to the rectangle under 
CD, CB. " 
Draw the straight line C H perpen

dicular to C D (post. 5.), and equal to 
C B ; complete the rectangle C H F D ; 
and, through the points A and B, draw 
A G and B E parallel to C H. 

Then, because B E is (22.) equal to 
C H, thatis, to B C, the rectangle A E is equal to the rectangle A B, B C ; and, because A D is equal to A B, the rectangle D G is equal (25.) to the rectangle A E ; and C E is the square of C B : therefore, the whole rectangle C F is equal to the square of B C, together with twice the rectangle A B, B C. But, because the square of A C is equal (32.) to the squares of A B, B C, together with twice the rectangle A B , B C ; if the square of A B be taken from each side, (ax. 3.) the difference of the squares of A C , A B , is equal to the square of B C, 

together with twice the rectangle A B , 
B C. Therefore (ax. 1.) the difference 
of the squares of A C, A B , is equal to 
the rectangle C F, that is, to the rect
angle under C D , C B . ' 

Therefore, &c. 
Prop. 35. (Euc. ii. 9. and 10.) 

The squares of the- sum, and of the 
difference of two lines, are together 
double of the squares of the two lines. 

For (32.) the square of the sum of two 
lines is greater than the sum of their 
squares, by twice their rectangle, and the 
square of their difference is (33.) as 
much less than the sum of their squares. 
Therefore (ax. 9.), the square of the 
sum, together with the square of the 
difference, is equal to twice the sum of 
their squares. 

Therefore, &c.. 
Scholium. 

The. theorems of this section admit of 
being enunciated more briefly and per
spicuously by the use of certain conven
tional signs = , + , — , X, ( ), &c.bor
rowed from Algebra. 
That A is equal to B, is thus denoted: 

A = B, which is read "Ais equalto B." 
The sum of A and B thus: A + B, 

which is read " Aplus B." 
The excess of A above B : A — B 

" A minus B." 
Twice A, four times A, &c 2 A, 

4 A, &c. 
The rectangle under A and B....Ax B, 

or A B "A, B." 
The square of A A A, or A2 

" A square ; " and, 
(A + B - C) or A + B - C signifies 

that A + B — C (that is, the excess of 
the sum of A and B above, C) is to be 
be taken as a single quantity. 
The theorems of this section may, 
therefore, be more briefly expressed as 
follows:— 
Prop. 30. Ax(B + C+D) = AB + 

AC+AD. Prop. 31. (A+B)xB=AB+B2. Prop. 32. (A+B)2=A2+B2-r-2AB Prop. 33. (A-B)»=AHB«-2AB' Prop. 33. Cor. (A+B)8-(A—B)2 = 4 AB. Prop. 34. (A+B)x(A-B)=A2-B». Prop. 35. (A-r-B)s-r-(A-B)s= 2 (A2 +B2). . In this borrowing of its notation, may be seen the first glimmerings of the application of Algebra to Geometry/ It 
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requires but a very slight acquaintance 
with the former science, to perceive at 
once, that, when the lines contain each 
of them some common part M a cer
tain number of times exactly, these 
theorems are but so many examples of 
its rules of addition, subtraction, and 
multiplication. The perspicuity alone, 
however, which is displayed in the above 
expressions, will enable the uninitiated 
reader to form some notion of the ad
vantages resulting from a more intimate 
union of the two sciences. 
Section 6. Relations of the sides of 

Triangles. 
Prop. 36. (Euc. i. 47. and 48.) 

In every right-angled triangle, the 
square of the hypotenuse, or side op
posite to the right angle, is equal to the 
sum of the squares of the sides which 
contain that angle: and conversely, if 
the square of one side of a triangle be 
equal to the sum of the squares of the 
other two sides, the angle contained by 
those two sides shall be a right angle. 
Let A B C be a 

right-angled trian
gle, having the 
right angle, B A C : 
the square of B C 
shall be equal to 
the sum of the 
squares of B A, AC. 
Upon B C, B A, 

describe the squares 
C D, A E ; produce 
D B to meet E F, or E F produced, in G; 
and, through A, draw H K parallel to 
BD. 

Then, because the sides E B, B G, of 
the angle E B G, are perpendicular re
spectively to the sides A B, B C, of the 
angle A B C, these two angles £18.) are 
equal to one another; and the right 
angle B E G is equal to B A C ; there
fore the two triangles E B G, A B C , 
having two angles of the one equal to 
two angles of the other, each to each, 
and the interjacent sides, E B, A B, equal 
to one another, are equal in every re
spect, and B G is equal to B C or B D 
(5.). And, because the parallelogram 
A G , and the square A E, are upon the same base, and between the same parallels (24.), A G is equal to A E. Again, because the parallelogram A G, and the rectangle K B , are upon equal bases, B G , B D , and between the same parallels (25.), A G is equal to K B. There-fore,also, A E , that is, the square of A B , 

is equal to the rectangle B K (ax. 1.)-
And, in like manner, it may be shewn 
that the square of B C is equal to the 
rectangle K C. Therefore, the squares 
of A B , A C, together, are equal to the 
rectangles B K , K C together, that is, to 
the square of B C. 

Next, let the square of B C be equal 
to the sum of the squares of B A, A C : 
the angle B A C shall be a right angle. 
For, let L M N be another triangle having 
its sides, L M , L N , equalto the sides A B , 
A C , respectively, and the angle at L a 
right angle. Then, by the former part 
of the proposition, the square of M N is 
equal to the squares of L M , L N , that 
is, to the squares of A B, A C, or to the 
square of B C, and M N is equal to B C 
(25. Cor.). Therefore, in the triangles 
A B C , L M N , the three sides of the 
one are equal to the three sides of the 
other, each to each; and, consequently, 
the angle B A C is (7.) equal to the angle 
M L is', that is, to a right angle.* 

Therefore, &c. 
Cor. 1. In a right-angled triangle, the 

square of either of the two sides is equal 
to the difference of the squares of the 
hypotenuse and the other side. 

Cor. 2. It appears, from the demon
stration, that if a perpendicular be 
drawn from the right angle to the hypo
tenuse, the square of either side is equal 
to the rectangle under the hypotenuse 
and segment adjacent to that side. And 
conversely, if this be the case, the angle 
at A must be a right angle. For, if the 
rectangle B C, B P, be equal to the 
square of B A ; then, taking the square 
of B P from each (31. and 36.) the rect
angle B P, P C , will be equal to the 
square of A P; and therefore, adding 
the square of P C to each, the rectangle 
B C, C P, will be equal to the square of 
A C : therefore' the two rectangles, B C, 
B P, and B C, C P, together, that is (30. 
Cor.) the square of B C, will be equal to 
the squares of B A, A C, and the angle 
B A C will be a right angle (36.). 

Cor. 3. A n d hence it follows that, if 
B A C be a right angle, the square of 
the perpendicular on the hypotenuse 
* It is evident that the sides of the squares upon 
AB, AC, which are opposite to A B, A C, would meet, if produced, in the point H. The latter part of the demonstration is, accordingly, equally applicable to shew that if upon the two sides A B, A C, of any triangle A B C Qright-angled or otherwise) any two parallelograms be described whose sides' opposite to A B, A C, meet in a point H, and if, upon the base B C of the triangle, a parallelogram be likewise described, having its sides adjoining to the base equal and parallel to A H , the parallelogram upon the base shall be equal to the sum of the parallelograms upon the two sides. 
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will be equal to the rectangle under the 
segments of the hypotenuse; and that, 
conversely, if this be the ease, the angle 
B A C will be a right angle. (See the 
proof of Cor. 2.) 
Scholium. 

Among the different proofs which 
have been invented of this Celebrated 
theorem, there is one of no little ele
gance; which has the advantage of 
pointing out in what manner the squares 
of the two sides may be dissected, so as 
to form, by juxta-position of their parts, 
the square of the hypotenuse. It will 
be readily apprehended from the follow
ing outline. B A C is ^ 
a triangle, having the | 
angle at A a right As 
angle: upon the hypo
tenuse B C is described 
the square B C D E, 
and through the points 
D, E, straight lines are 
drawn parallel to B A, C A, to meet one 
another in K, and A C, A B produced, 
in the points F, G. Then it may be 
shewn that the four right-angled trian
gles, upon the sides of the square B D, 
are equal to one another; and, there
fore together equal to twice the rectan
gle B A, A C : also, that the figure 
A F K G is a square, and equal to the 
square of B A + A C : and hence it 
easily follows that the Square of B C is 
equal to the squares of B A, A C (32. and 
ax. 3.). To shew the dissection of the 
squares, E e and C c are drawn paral-
lei to A B, to meet B b, which is drawn 
parallel to A C, in the points c, e : then 
C b is equal to the square of A B, and 
E b to the square of A C ; and the former 
is divided into two, and the latter into 
three parts, which may be placed (as 
indicated by the divisions of B D,) so as 
to fill up the space B C D E, which is 
the square of B C. 
Prop. 37. (Euc. ii. 12. and 13.) 

In every triangle, the square of the 
side which is opposite to any given 
angle, is greater or less than the squares 
'of the sides containing that angle, by 
twice the rectangle, contained by either 
of these sides, and that part of it, which 
is intercepted between the perpendicular let fall upon it from the opposite angle, and the given angle: greater, when the given angle is greater than a ri angle, and less, when it is less. 

Let A B C be any 
triangle, and C one 
of its angles ; and 
from the angle A to 
the opposite side 
B C, or B C pro
duced, let there be 
drawn the perpen
dicular A D : the 
square of A B shall be greater or less 
than the squares of A C, C B, by twice 
the rectangle B C, C D ; greater, if C 
be greater than a right angle, and less 
if it be less. 

"When C is greater than a right angle, 
the opposite side, A B , and the perpendi
cular, A D, must lie upon different sides 
of A C ; since, otherwise, in the triangle 
A C D , one of the angles would be a 
right angle, and another greater than a 
right angle, which is impossible (8.). For 
the like reason, when C is less than a 
right angle, the opposite side, A B, and 
the perpendicular, A D , must lie upon 
the same side of A C. 

Therefore, according as C is greater 
or less than a right angle, the line B D 
will be the. sum, or the difference of 
B C, C D and (32. and 33.) the square 
of B D will be greater or less than the 
squares of B C, C D by twice the rect
angle B C , C D . Add to each the 
square of A D : therefore, the squares 
of B D, A D will be greater or less than 
the squares of B C, C D , A D , by twice 
the rectangle B C, C D. But the square 
of A B is equal (36.) to the squares of 
B D , A D , and the square of A C is 
equal to the squares of C D, A D. 
Therefore, the square of A B will be 
greater or less than the squares of B C, 
A C by twice the rectangle B C, C D . 

Therefore, &c. 
Cor. Any angle of a triangle is greater 

or less than a right angle, according as 
the square of the side opposite to it is 
greater or less than the squares of the 
sides by which it is contained. 

Scholium. 
W h e n the point D coincides with 

C, there is no rectangle B C, C D , the 
angle C is a right angle, and we come 
to the conclusion of Prop. 36.: when D 
coincides with B, the rectangle B C , C D becomes the square of B C, the angle B is a right angle, and we come to the conclusion of Prop. 36. Cor. 1. Prop. 38. In every triangle, if a perpendicular be drawn from the vertex to the base, 
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or to the base produced; the difference 
of the squares of the sides shall be equal 
to the difference of the squares of the 
segments of the base, or of the base pro
duced. 

Let A B C be a 
triangle, and . from 
the vertex A to the 
base B C, or B C 
produced, let there 
be drawn the per-. 
pendicular A D : the difference of the 
squares of A B , A C, shall be equal to the 
difference of the squares of B D, C D. 
For the square of B D is as much 

greater than the square C D , as the 
squares of B D, A D together are greater 
than the squares of C D, A D together, 
that is (36.), as the square of A B is 
greater than the square of A C. 
Therefore, &c. 
W e may remark that, if the triangle 

be isosceles, the segments of the base 
will be equal; and, that, in other cases, 
the greater segment of the base is always 
adjoining to the greater side. (12. Cor. 
Land 2.) 
Prop. 39. 

In an isosceles triangle, if a straight 
line be drawn from the vertex to any 
point in the base, or in the base pro
duced, the square of this straight line 
shall be less or greater than the square 
of either of the two sides, by the rect
angle under the segments of the base, or 
of the base produced. 
• Let ABC be 
an "isosceles tri
angle, having the 
side A B equal 
to the side A C, 
and from the 
vertex A to any point D in the base, or 
in the base produced, let there be drawn 
the line A D : the square of A D shall 
be less or greater than the square of 
A C, by the rectangle B D, D C. 
Bisect B C in E, (post. 3.) and join AE. 

Then, D C is equalto the sum of D E and 
E C ; and because B E is equal to E C, 
B D is equal to the difference of D E 
and E C. Therefore the rectangle B D, 
D C is (34.) equal to the difference of the squares of D E, E C. But the line A E is perpendicular to BC, because the base B C of the isosceles triangle is bisected in E (6. Cor. 3.). Therefore, (38.) the difference of the Squares'of D E , EC, is equal to the difference of the squares of A D , A C . Therefore (ax.,1.) the rectangle B D , D C , is equal to the difference 

of the squares of A D , A C ; that is, the 
square of A D is less or greater than the 
square of A C, by the_rectangle B D, 
DC. 
Therefore, &c. 

Prop. 40. 
In every triangle the squares of the 

two sides are together double of the 
squares of half the base, and of the 
straight line, which is drawn from the 
vertex to the bisection of the base. 
Let A B C be 

any triangle, and 
from the vertex A 
to D, the middle 
point of the base, 
let there be drawn 
the line A D . The 
squares of A B , A C , shall be together 
double of the squares o f B D , D A . 
From the point A to B C, or B C pro

duced, draw the perpendicular A E (12.). 
Then B E is equal to the sum of BD, D E ; 
and, because B D is equal to D C, E C 
is equal to the difference of B D, D E. 
Therefore, (35.) the squares of B E, E C 
are together double of the squares of 
BD, D E . And the square of EA, taken 
twice, Is double of the square of E A. 
Therefore the squares of B E, E A, C E, 
E A, are together double of the squares 
of B D, D E, E A ; that is (36.), the 
squares of B A, A C are together 
double of the squares of B D, D A. 
When A C B is a right angle, the 

perpendicular A E coincides ' with the 
side A C. Therefore B D is equal to 
D E , and the square of B E is double of 
the squares of BD, D E (29. Cor. 2.); also 
the square of B E (36. Cor. 1.) is equal 
to the difference of the squares of B A, 
A E, that is, of B A, A 0 ; and hence 
the squares of B A, A E , that is, of B A, 
A C, are together double of the squares 
of B D, D A, as before. 
Therefore, &c. 

Prop. 41. 
The squares of the four sides of a 

quadrilateral are together greater than 
the squares of its diagonals, by four 
times the square of the straight line 
which joins the middle points of the 
diagonals. Let A B C D be a quadrilateral, and let its diagonals A C, B D be bisected in the points F, E : the squares of A B, ] BC, CD, DA, are 
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together greater than the squares of 
A C , B D , by four times the square of 
EF. 
Join B F, FD. Then, because the 

base A C of the triangle B A C is bi
sected in F, the squares of A B, B C are 
(40.) equal to twice the squares of B F, 
A F.: and for the like reason the squares 
of C D , D A are equal to twice the 
squares of D F, A F: therefore, the 
squares of A B, B C, C D, D A are to
gether equal to twice the squares of 
B F, D F, together with four times the 
square of A F. But, because the base 
B D of the triangle F B D is bisected in E, 
the squares of BF,.DF, taken twice, are 
(40.) equal to four times the squares of 
B E, E F: therefore the squares of A B, 
B C, C D, D A are together equal to 
four times the squares of A F, B E. to
gether with four times the square of E F ; 
that is, to the squares of A C , B D, 
(39. Cor. 2.) together with four times 
the square of E F. 

Therefore, &c. 
Cor. In a. parallelogram, and in a 

parallelogram only, the points E and F 
coincide, because (22.) the diagonals bi
sect one another : therefore, in a paral
lelogram, and in a parallelogram only, 
the squares of the diagonals are toge
ther equal to the squares of the four 
sides. 
Section 7.—Problems. 
Upon a piece of paper for a plane, 
•with a pen,* a ruler, and a pair of com
passes, it is evident, that, first, a straight 
line may be drawn from any one point 
to any other point; 2ndly, a terminated 
straight line may be produced to any 
length in a straight line; 3dly, from the 
greater of two straight lines, a part may 
be cut off equal to the less ; and 4thly, a 
circle may be described from any centre, 
and with any distance from that centre. 
* Although the paper be not an exact plane, nor 
the pen such as may serve to draw an exact line, 
these defects admit of being removed to any required 
degree, and do not, in the least, affect the accuracy of 
our conclusions,with regard to exact lines and planes. 
A n edge which is a rightline, or nearly so, (because 

it is the common section of two planes, see Book IV.) 
m a y be obtained by doubling over a piece of paper 
upon itself, and aright angle (def. 10.) by doubling over this e&ge upon itself. Uhese are both useful upon occasion, especially the right angle, which is so frequently required in geometrical constructions that a case of instruments.is commonly provided with one. Among practical mechanics it is known under the name of the square. Parallel lines also occur so frequently, that it is convenient to have a ruler expTessly for drawing them, called a parallel ruler. This may he made of two or three different forms, the best of which is that of a flat ruler running upon two equal roller*. 

O p e r a t i o n s so simple require n o further 
notice. 

Prop. 42, Prob. 1. (Euc. i. 1.) 
To describe an equilateral triangle 

upon a given finite straight line A B. 
From the points A, B, 

as centres, with the com
mon radius A B, describe 
two circles, intersecting 
one another in C, and 
join C A, C B. 

Then, because C A, 
C B are each of them 
equal to A B (def, 24.), 
they are (ax. 1.) equal to one another, 
and the triangle C A B is equilateral. 
Therefore, an equilateral triangle has 
been described upon the given finite 
straight line A B , which was required to 
be done. 

Prop. 43. Prob. 2. (Euc. i. 10.) 
To bisect a given finite straight 

line A B . 
Upon either side of A B (42.) describe 

an equilateral triangle: join the vertices 
or summits C,D, and let C D cut A B in E. 

Then, because the triangles C A D , 
C B D have the three sides of the one 
equal to the three sides of the other, 
each to each, (7.) they are equal in every " 
respect, and the angle A C D is equal 
to B C D . Therefore, the triangles 
A C E, B C E, having two sides of the 
one equal to two sides of the other, 
each to each, and the included angles 
equal to one another, are equal in every 
respect (4), and A E is equal to E B . 

Therefore, &c. 
Cor. By the same construction, a 

straight line may be drawn, which shall 
bisect any given straight line at right 
angles. 
'N.B. It is evident, from 6. Cor. 4., 

that the same end will be obtained by 
joining the point of intersection C of 
any two equal circles described from the 
centres A, B, and cutting one another 
above A B, with 'the point of inter
section D of any other two equal circles 
described from the same centres, and 
cutting one another either above or be
low A B : for C, D will be the vertices of 
isosceles triangles upon the same base. 
This observation may be of use when one- of the triangles is already described, as in the first method of Prob. 4. Prop. 44. Prob. 3. (Euc. i. 11.) To draw a straight line at right •angles to a given straight line A B , from a given point C in the same. 
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c u 

First method. In C A take any 
point A, and make C B 
equal to C A : upon 
A B describe (42.) the 
equilateral triangle 
D A B , and join D C . 
Then, because the triangles D C A, 

D C B have the three sides of the one 
equal to the three sides of the other, 
each to each, (7.) the angle D C A is 
equal to D C B ; and they are adjacent 
angles; therefore each of them is a right 
angle (def. 10.), and D C is at right an
gles to A B. 

Second method. Take any point D 
which is not in A E , and from the 
centre D, with the radius D C describe 
the circle A C E , cutting 
the line A B a second time 
in the point A : join A D , 
arid produce it to meet the 
circumference in E, and 
join E C. Then because 
in the triangle E C A, the 
line D C drawn from the angle C to the 
middle of the opposite side equal to 
half that side, the angle C is (19. Cor. 4.) 
a right angle, and C E is at right angles 
to A B . If the points A, C, coincide, 
D C is (12. Cor. 3.) at right angles to 
AB. 

Third method. Take any straight 
line M , and make C A equal to four 
times M : from the centre C, with a 
radius equal to three times M , describe 
a circle: from the centre A, with a 
radius equal to five 
times M , describe a 
second circle, cutting 
the former in D, and 
join D C , D A . Then, 
because the square 
of five times M is (29. Cor. 3.) equal to 
the square of four times M , together 
with the square of three times M , the 
square of A D is equal to the squares 
of A C , C D ; and, therefore, (36.) the 
angle A C D is a right angle, or D C is 
at right angles to A D . 
Therefore, &c. 
The last two methods are particularly 

convenient, when the given point C is 
near the edge of the paper. Prop. 45. Prob. 4. (Euc. i. 12.) To draw a straight line at right angles to a given straight line A B , from a given point C without it. First method. Take any point D upon the other side of A B , and join C D : 

-w 

from the centre C, 
with the radius 
C D, describe a 
circle cutting A B 
in the points A, 
B: bisect (43.) A B 
in E, and join C E. 
Then, because the triangles C E A, 

C E B have the three sides of the one 
equal to the three sides of the other, 
each to each, (7.) the angle C E A is 
equal to C E B , and (def. 10.) C E is at 
right angles to A B. 

Second method. Draw from C to 
A B any straight line C A : bisect C A 
(43.) in D : from the centre D, with the 
radius D A or D C , describe a circle, 
cutting A B in a second point E, and 
join C E. Then, for the same reason, 
as in the second method c 
of the preceding pro
blem, C E is at right an
gles to A B. Also, if 
the points A , E coin
cide, C A is at right 
angles to A B. 
Third method. In A B take any two 

points A, B, and from A, B, as centres, 
with the radii A C, B C, describe circles 
cutting one another a 
second time in F : join 
CF, and let C F cut 
A B in E. Then, be
cause A C F, B C F, 
are isosceles triangles 
upon the same base 
CF, the line A B which 
joins their summits, bisects the base at 
right angles (6. Cor. 4.); that is, C E is 
at right angles to A B . 
Therefore, &c. 
When C A is equal to C B, (which 

may happen, when the points A, B are 
on different sides of E,) the last of these 
three methods is, in practice, nearly the 
same as the first. The last two methods 
are applicable to the case, in which the 
point C falls near the edge of the paper. 
Prop. 46. Prob. 5. (Euc. i. 9.) 
To bisect a given rectilineal angle B A C . 
In A B take any point B : make A C 

equal to A B : join B C : upon B C de
scribe (42.) the equilateral 
triangle B D C, and join A D . Then, because the triangles A B D, A C D have the three sides of the one equal to the three sides of the other, each to each, (7.) the angle B A D is equal to the angle C A D . 
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Therefore, &c. 
Cor. By repeating this process with 

the halves, quarters, &c. of the given 
angle, it may be divided into four, eight, 
& c , equal parts. 

Scholium. 
There is no construction in Plane 

Geometry, i. e. no construction practi
cable with the assistance of the right 
line and the circle only, by which a given 
angle may be divided into three, five, 
&c. equal parts. It is true that, by the 
description of other lines which are 
plane curves, (as the hyperbola, con
choid, and cissoid,) any given angle 
may be trisected, or divided into three 
equal parts; but such constructions, 
not being effected by the two species of 
lines which are the subject of these Ele
ments, are for certain reasons (to be 
found in the application of Algebra to 
Geometry) said to be out of the range 
of Plane Geometry. There are, how
ever, some particular cases in which, by 
means of the circle, an angle may be 
divided into three, five, and other num
bers of equal parts. Such is the divi
sion of a right angle into three equal parts. 
In this case we are already aware, that, 
since an equilateral triangle has its three 
angles equal to one another, and the three 
taken together equal to two right angles, 
each of them is two thirds of a right angle. 
The problem, therefore, will be solved 
by describing an equilateral triangle 
upon either of the legs, taken of any 
length at. pleasure. In like manner, by 
means of an isosceles triangle, each of 
whose base-angles is double of the verti
cal angle, (see book iii.) and is, there
fore, four-fifths of a right angle, Plane 
Geometry enables us to divide a right 
angle into five equal parts. But these 
are only particular cases, and indicate 
no general process. 
Prop. 47. Prob. 6. (Euc. i. 23.) 

At' a given point A, in a given 
straight line A B, to make an angle 
equal to the given rectilineal angle C. 

From the centre C, with any radius, 
describe a circle, cutting the sides of 
the given angle in the points D E, and 

join D E : from the centre A, with a 
radius equal to C E or C D, describe a 
circle, cutting A B in B, and from the 

eentre B with a radius equal to D E, 
describe a circle cutting the last circle in 
F; and join F A , F B . Then, because 
the triangles E C D , F A B have the 
three sides of the one equal to the three 
sides of the other, each to each, (7.) they 
are equal in every respect, and the angle 
at A is equal to the angle at C. 
Therefore, &c. 

Prop. 48. Prob. 7. (Euc. i, 31.) 
Through a given point A, to draw a 

straight line parallel to a given straight 
line B C . 
From A to B C 

draw any straight 
line A C, and at 
the point A make 
the angle C A D 
equal to A C B 
(as directed in Prop. 47., or as in the 
adjoined figure) : then, because these 
angles are alternate angles, A D is (15. 
Cor. 2.) parallel to B C. 
Therefore, &c. 
N. B.—In the figure, equal circles are, 

in the first place, described from the 
centres A, C, the former cutting B C a 
second time in B ; and the point D is 
then determined by describing a circle 
from the centre A with the radius B C. 

This construction is equally short, in 
practice, with that of Prop. 47.; and when 
it is required to obtain the point D at as 
great a distance as possible from A, may 
be preferred, the line A C being drawn 
more obliquely for that purpose. 
Prop. 49. Prob. 8. (Euc. vi. 9). 

To divide a givenjtraight line, A B, 
into any number of equal parts. 

Let it be required to divide A B into 
five equal parts. Draw A C, making any 
angle with A B , and taking any distance 
M , set it off upon A C five times from 
A to C : join C B, and through the/points 
of division in A C , viz. D,E, &c. draw 
(48.) parallels to C B, cutting A B in the 
pointsF, G, &c. A B shall be divided 
at the latter points into five equal parts. 

Through F and 
G draw (48.) F 
H and G K, 
each of them 
parallel to A C. 
J hen, because F C is a parallelogram, F H is equal to D C (22.) ; and for.the like reason G K is equal to E D : but E D, D C, are equal to one another; therefore (ax. 1.), F H is equal to G K. But F H, G K, are sides of the 
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triangles F H B, G K F, which have their 
angles equal to one another, each to each, 
because their sides are parallel (18.): 
therefore (5.), their other sides are also 
equal to one another, and F B is equal 
to G F. In like manner it may be shown, 
that each of the other five parts into 
which A B is divided, is equalto F B or GF. 
A n d it is evident that, by a similar 

process, A B may be divided into any 
other number of equal parts. 
Therefore, &c. 
It is convenient to draw the parallels 

D F, E G, &c. by making the angle A B a, 
equal to B A C (47.), taking B d, de, &c. 
each equal to M , and joining correspond
ing points D d, E e, &c. For the 
straight fines which join the extremities 
of equal and parallel straight fines, are 
also themselves equal and parallel (21.). 
A similar process may be recommended, 
whenever a number of parallels are to 
be drawn without the assistance of a 
parallel ruler. 
Prop. 50. Prob. 9. (Euc. i. 22). 
To construct a trianglefrom threeparts 

given, of which one, at least, is a side. 
Case 1. Let 

the given parts / 
be two angles / 
and a side ; viz. 
the angles A 
B, and the side 
CD. 

If the given 
side is to be 
interjacent or 
to He between the given angles, make 
(4 7.) at the points C, D, the angles D C E, 
C D E, equal to A, B, respectively : and 
the triangle E C D will evidently be the 
triangle required. 
But if C D is to be opposite to one of 

the given angles, as B, make at the point 
C, the angles D C E, E C F, equal to 
A, B, respectively, and through D, draw 
D E parallel to C F(48.) : then the angle 
C E D is (15. Cor. 2.) equal to the alter
nate angle E C F, that is, to B, and 
E C D is the triangle required. 

Case 2. Let the given parts be two 
sides and an angle; viz. the sides A B, 
and the angle C. If the given angle is to be included, take C D , CE,upon its sides, equal to A, B, respectively, and join DE;'the triangle C D E will evidently be the triangle required. 

* z . 

,̂ 5̂& 

But if C is to be opposite to one of 
the given sides as A, take C E equal to 
B as before: from the centre E, with a 
radius equal to A, describe a circle 
cutting C D in the points D, D ; and 
join E D , E D . Then, if the points D, D 
fall both on the same side of C with the 
angle, each of the triangles E C D will 
satisfy the given conditions; but if they 
fall upon different sides, only one of 
them, as E C D, will satisfy those con
ditions, and therefore that one will be 
the triangle required. 

If the points D, D, being upon the 
same side with the angle, coincide with 
one another, which will happen when 
E D C is aright angle (12. Cor. 3.), there 
is only one triangle E D C, which is the 
triangle required. 

Case 3. Let the given parts be three 
sides, viz. A, 
B, and C D . i 
From the cen- b 
tres C, D,\vith 
radii equal to 
A, B, respectively, describe circles inter
secting in E, and join E C , E D : then 
E C D is evidently the triangle required. 

Therefore, &c. 
Scholium. 

In each of these three cases we 
have supposed the data, or given parts, 
to be such that the problem is possible: 
and the same will be supposed in all future 
problems. Many of them, however, will 
be found to be of that description, that, 
if the relations of the data be not con
fined within certain limits, the required 
solutions will be impossible. In pro
blems of a more complex nature than 
the present, the determination of these 
limits is facilitated by the consideration 
of loci, to be noticed hereafter (in 
Book III. Sect. 6), and which may here 
be explained as circumscribing the 
range, if it be limited, within which 
every particular datum confines the solu
tion of the problem ; for it is obvious 
that, if a second datum cannot be satis
fied within that range, the two will be 
inconsistent, and the solution impossible. 

In the mean time, it may be ob
served, the limits of the data are in 
many cases readily suggested by the known properties of the figure, or by the necessary construction of the problem. It is evident, for instance, that in every case of the problem before us, there are certain limits, beyond which the solution will be impossible. This will happen in the first case if the two given angles should be together equal to or 
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greater than two right angles, for there 
can be no triangle having two of its an
gles together equal to or greater than 
two right angles (8.).- The problem will 
be impossible in the second case, if 
when the side A is to be opposite to the 
given angle C, it should be less than the 
perpendicular let fall from E upon C D 
(12. Cor. 4.); or again, if the given angle 
being right, or obtuse, the side A, which 
is to be opposite to it be less than the 
side B, for no triangle can have the less 
side opposite to the greater angle (9.). 
And in the third case, the problem will 
be impossible, if every two of the given 
sides be not greater than the third side 
(10.). ' 

Prop. 5.1. Prob. 10. 
Given the three angles of a triangle 

(together equal to two right angles), 
and the perimeter A B, to construct the 
triangle. 
At the points A, 

B, make (47.) the 
angles B A C , A B C , 
equal to two of the 
given angles, each 
to each; bisect (4 6.) 
the angles at A, B, 
by the straight lines A c, B c, meeting 
in c, and through c draw (48.) ca, cb, 
parallel to C A, C B, respectively: the 
triangle A B C shall have its angles equal 
to the three given angles, and its peri
meter equal to the given perimeter A B. 
The first is evident,- for its sides are pa
rallel to the sides of the triangle C A B , 
which has its angles at A and B, and 
therefore at C, equal to the given angles 
(18.). Again, because c a is parallel to 
C A, the angle acA is equal (15.) to the 
alternate angle C Ac, that is to the angle 
a Ac, and therefore (6.) ac is equal to aA; 
and in the same manner it may be 
shown that be is equal to h B ; there
fore, the three sides of the triangle abc 
are together equal to A B , that is, to the 
given perimeter. 
Therefore, &c. 

Prop. 52. Prob. 11. 
Given two sides and the included 

angle of a parallelogram, to construct 
the parallelogram.. 
Let A C, B C, be the two given sides, and C *f the given angle. From / the centres A, B, with L -radii equal to B C, A C, respectively, describe circles intersecting in D, and join D A, D B. Then because the quadrilateral A D 

has its opposite sides equal to one ano
ther, it is a parallelogram (22.); and it 
has two sides and1 the included angle the 
same with those given; therefore, it is 
the parallelogram required. 

Therefore, &c. 
N . B. The same end will be obtained 

by • drawing parallels to C B , C A 
through the points A, B. 

It may be observed that if A C be 
equal to B C, the parallelogram is a 
rhombus ; if A C be at right angles to 
B C, it is a rectangle; and if A C be 
both equal to B C, and at right angles 
to it, it is a square. This problem, 
therefore, includes the following as parti
cular cases; 1st, to describe a rhombus 
with a given side and angle ; 2d, to de
scribe a rectangle with two given sides"; 
and 3d, to describe a square upon a 
given finite straight line. 
Prop. 53. Prob. 12. 

To describe a triangle which shall be 
equal to a given quadrilateral A B C D , 
and shall have a side and angle adjacent 
to it, the same with a given side A B 
and adjacent angle B of the quadri
lateral. 
Join A C: through 

D (48.) draw D E 
parallel to A C, to 
meet B C produced 
in E, and join A E . 
Then, because D E g 

is parallel to A C, 
the triangle A C E is equal to A C D 
(27.): therefore A B C, A C E together 
are equal (ax. 2.) to A B C , A C D to
gether : that is, the triangle A B E is 
equal to the quadrilateral A B C D ; and 
it has the same side A B , and adjacent 
angle B with the quadrilateral. 
Therefore, &c. 

Prop. 54. Prob. 13. 
To describe a triangle which shall 

be equal to a given rectilineal figure 
A B C D E F, and shall have a side and 
adjacent angle the same with a given 
side A B and adjacent angle B of the 
figure. 

Join A C, A D , A E : throughF draw 
F G parallel to A E (48.), to meet D E 
produced in G : through G draw G H 
parallel to A D , to meet C D produced in H ; through H draw H K parallel to H C, to meet B C produced in K, and join AK, AH, A G * Then because the triangle ADGis _ • A H is not joined in the figure, to- avoid confusion : for the same reason, A M and A L are not joined in the corresponding figure of Prop. 55. 
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equal to the quadrilateral A D E F (53.), 
and that the triangle A D H is equal to 
A D G (27.), the triangle A D H is equal 
to the quadrilateral A D E F . To each 
of these equals add the quadrilateral 
A B C D ; therefore the quadrilateral 
A B C H is equal to the whole figure 
A B C D E F. But again (53.) the tri
angle A B K is equal to the quadrilate
ral A B C H : therefore the triangle 

A B K, is equalto the figure A B C D 
E F, and it has the same side A B, and 
adjacent angle B with the figure. 
Therefore, &c. 

Prop. 55. Prob. 14. 
To bisect a given triangle or rectili

neal figure by a straight line drawn 
from a given angle. 

First, let it be required to bisect the 
triangle A B C by a straight line to be 
drawn from the angle A. 
Bisect (43.) B C in D, 

and join A D. Then be
cause B D is equal to D C, 
the triangle A B D is (27.) 
equal to A D C , and the 
triangle A B C is bisected 
by the straight line A D . 

Next, let it be required to bisect the 
rectilineal figure A B C D E F by a 
straight line, to be drawn from the 
angle A. 
With the same side A B and angle B, 

describe (54.) the triangle A B K , equal 
to the given rectilineal figure : bisect 
(43.) B K in L : through L draw (48.) 
L M parallel to A C, to meet C D pro
duced in M : through M draw M N 
parallel to A D, to meet D E in N , and 

join A N , A M , A L . Then, it may be 
shown, as in the last proposition, that 
the triangle A B L is equal to the figure 
A B C D N ; but A B L is equal to half 
the triangle A B K , that is to half of 
the given figure; therefore the figure 
A B C D N , is also equal to half of the 

fiven figure, arid the latter is bisected 
y the straight line A N . 
Therefore, &c. 
Cor. 1. By a similar construction, 

any part required, for example a fifth, 
may be cut off from a given triangle 
or rectilineal figure, by a straight line 
drawn from one of its angles. For 
in the case of the triangle, if the base 
B C be divided into five equal parts 
in the points D, &c. the triangles A B D , 
&c. will be equal to one another (27.); 
and therefore any one of them, as 
A B D , will be equal to one fifth of the 
given triangle. And hence the passage 
is easy to the division of the rectilineal 
figure; for.it is evident (53.) that, what
ever be the point L taken in A K, the 
figure A B C D N , constructed as above, 
will be equal to the triangle A B L, and 
will therefore be a fifth part of the given 
figure, if A B L be a fifth of the triangle 
ABK. 
It is manifest in this case, that, if the 

given fractional part be such, that B L 
is less than B C , the problem will be 
solved at once by joining A L. 

Cor. 2. And hence it appears in what 
manner a triangle or rectilineal figure 
may be divided into any number of equal 
parts by straight lines drawn from one of 
its angles. 

Prop. 56. Prob.. 15. 
To bisect a given triangle or rectili

neal figure by a straight line drawn 
from a given point in one of its sides. 

First, let it be required 
to bisect the triangle 
A B C, by a straight line 
to be drawn from the 
point D in the side A B . 
Join D C : bisect (43.) 

A B in E : through E draw (48.) E F, 
parallel to D C , and join DF, EC. Then, 
because D C is parallel to E F, the tri
angle D E F is (27.) equal to C E F -
therefore D E F , B E F together, are 
equal to C E F, B E F together, that is, 
the triangle D B F , is equal to the tri
angle C E B, or (27.) to half of the tri
angle A B C . Therefore, A B C is bi
sected by the straight line D F. 

Next, let it be required to bisect the 
figure A B C D E F, by a straight line, to be drawn from the point G in the side AB. 

http://for.it
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Describe the triangle A B K (54.) 
equal to the given figure, and, as al
ready shewn, bisect it by the straight 
line G L, drawn from the point G : 
join G C , G D , &c.; through L draw 
(48.) L M , parallel to G C, to meet 
C D produced in M : through M draw 
M N parallel to G D to m e e t D E in 
N, and join G N, G M , G L * Then, 
as iii the last proposition, it may be 
shown that the figure G B C D N is 
equal to the triangle G B L, that is to 
half of the given figure; therefore the 
latter is bisected by the straight fine 
GN. 

Therefore, &c. 
Cor. 1. B y a similar construction, 

any part required may be cut off from a 
given triangle or rectilineal figure, by a 
straight line drawn from a given point 
in one of its sides. For we have but to 
make C B E the same part of C B A in 
the first case, and G B L the same part 
of A B K in the case of the rectilineal 
figure, and proceed as before. 

If the fractional part be such that 
B L is less than B C, the problem will 
be solved at once by joining G L . 

Cor. 2. A n d hence a given triangle or 
rectilineal figure may be divided into any 
number of equal parts, by straight lines 
drawn from a given point in one of its 
sides. 

Prop. 57. Prob. 16. (Euc. i. 44:) 
Upon a given base B D to describe a 

rectangle which shall be equalto a given 
triangle A B C . 

From the point D 
draw D E, at right an
gles to B D (44.) : 
through A draw A E 
parallel to B D, to meet 
D E i n E (48.): join 
E B : bisect B C in F (43.) : through F 
draw F G, parallel to D E, to meet B E 
in G : through G draw H K parallel to 
B D, and complete the rectangle D H : 
D H shall be the rectangle required. 

Complete the rectangles D L, D M . 
Then, because G M , G D are comple
ments of the rectangles F H , K L, which 
are about the- diagonal of the rectangle 
D M , G D is (23.) equal to G M . Therefore, adding F H to each, the whole H D is equal to the whole M F, that is, (26.) to twice the triangle A B F , or to the triangle A B C ; and H D is described upon the given base B D. Therefore, &c. * GD and GL do not necessarily coincide, as in the figure. 

_1A 

Cor. 1. Hence, upon a given base, a 
rectangle may be described which shall 
be equal to a given rectilineal figure: for 
a triangle (54.) may be described equal 
to the figure, and a rectangle equal to 
the triangle. 

Cor: 2. It is evident that, with a like 
construction, a parallelogram m a y be 
described upon a given base B D which 
shall be equal to a given triangle A B C , 
and shall have one of its angles equal to 
a given angle B D E. 

Prop. 58. Prob. 17. (Euc. ii. 14). 
To describe a square which shall be 

equal to a given rectangle A B C D . 
Produce A B to E, 

so that B E may be 
equal to B C: bisect 
AEinF(43.): from 
the centre F, with 
the radius F A or 
FE, describe a circle, and produce C B 
to meet the circumference in G : the 
square of B G shall be equal to -the 
rectangle A B C D . 
Join F G, then, because F A is equal 

to F E , A B is equal to the sum, and 
B E to the difference, of F E, FB-: 
therefore (34.) the rectangle A B , B E , 
that is,"the rectangle A B C D, is equal 
to the difference of the squares of F E, 
F B, that is to the difference of the 
squares of F G, F B, or (36. Cor. 1.) 
to the square of B G. 
Therefore, &c. 
Cor. Hence a square may be described 

which shall be equal to a given rec
tilineal figure (57. Cor. 1.). 

Prop. 59. Prob. 18. 
To describe a square which shall be 

equal to the difference of two given 
squares, viz. the squares of A B , A C. 

From the point C draw 
(44.) C D perpendicular to 
A B, and from the centre 
A with the radius A B, de
scribe the circle B D cut
ting C D in D : the square of C D shall 
be equal to the difference of the squares 
of A B , A C . _ For (36. Cor. 1.) the 
square of C D is the difference of the 
squares of A D, A C, of which A D is 
equal to A B. 
Therefore, &c. Cor. Hence a square may be described, which shall be equal to the difference of two given rectilineal figures (58. Cor.). Prop. 60. Prob. 19. To describe a square which shall be 
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equal to the sum of two, three, or any 
number of given squares, vis. the 
squares of A, B, C, cfc. 

Take D E equal to A ; from the point 
D, draw D F (44.) at right angles to 
D E, and equal to B : join E Fl from 
F, draw F G at right angles to E F, and 
equal to C ; and so proceed for the rest 
of the given squares. Join E G. Then, 
because E D F is a right angled triangle, 
the square of E F is equal to the 
squares of E D, D F (36.), that is, to the 
squares of A, B : again, because E F G 
is a right angled triangle, the square of 
E G is equal to the squares of E F, F G, 
that is, to the squares of A, B, C ; and 
so on. 

Therefore, &c. 
Cor. Hence a square may be de

scribed, which shall be equal to the sum 
of two, three, or any number of given 
rectilineal figures (58 Cor.). 
BOOK II. 
$ 1. Ratios of Commensurable Magni

tudes—§ 2. Proportion of Commen
surable Magnitudes — $ 3. General 
Theory of Proportion—§ 4. Propor
tion of the sides of Triangles—§ 5. 
Proportion of the surfaces of Recti
lineal Figures—§ 6. Properties of 
Lines divided Harmonically — § 7. 
Problems. 

Section 1. Ratios of Commensurable 
Magnitudes. 

In the language of Mathematics, the 
Latin word ratio has been adopted to 
express what is more generally under
stood by the term proportion: thus, 
instead of "the proportion which" one 
thing bears to another, we say "the 
ratio which" one bears to the other, 
meaning its comparative magnitude— 
instead of saying that A is to B " in 
the proportion of 5 to 6," we say "in 
the ratio of 5 to 6." 

The word proportion has on the 
other hand been appropriated to ex
press the equality of ratios, as here
after defined; or, as it may be here 
less minutely explained, the case in which one magnitude is as many times greater or less than another, as a third 

magnitude is greater or less than a 
fourth. 

The ratio of one magnitude to 
another is independent of the kind of 
magnitudes compared ; for it is obvious 
that one may contain the other, or the 
sixth, or twelfth, or hundredth part of 
the other the same number of times, 
whether they be lines, or surfaces, or 
solids, or again, weights, or parts of 
duration. 

It is required only for the comparison 
we speak of, that the magnitudes be of 
the same kind, containing the same 
magnitude, each of them, a certain num
ber of times, or a certain number of 
times nearly. Upon these numbers, 
and upon these only, the ratio depends. 

Hence it appears that this theory 
pertains in truth to Arithmetic. The 
use of Proportion is, however, so indis
pensable in Geometry, that it has been 
usual, either to introduce its theorems 
into the body of the science, after the 
example of Euclid, or to premise a few 
of the most important of them as a 
manual for reference. In the present, 
and two following sections, the subject 
will be discussed at a length commen
surate with its importance. 

Def. 1. W h e n one magnitude is com
pared with another of the same kind, 
the first is called the antecedent, and the 
second the consequent. 

2. One magnitude is said to be a 
multiple of another, when it contains 
that other a certain number of times 
exactly : and the other magnitude, which 
is contained in the first a certain num
ber of times exactly, is said to be a sub-
multiple, or measure, ox part of the first. 

Hence, also, one magnitude is said to 
measure another when it is contained in 
the other a certain number of times ex
actly. 

3. T w o magnitudes are said to be 
equimultiples of two others, when they 
contain those others the same number 
of times exactly: and the other magni
tudes which are contained in the first 
the same number of times exactly, are 
said to be like parts of the two first. 

Thus, 7 A, 7 B, are equimultiples of 
A, B ; and A, B, are like parts of 7 A, 7B. 4. Two magnitudes are said to be commensurable with one another, when a common measure of the two may be found, i. e. a magnitude which is contained in each of them a certain number of times exactly. In like manner, any number of mag-
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nitudes are said to be commensurable, 
when there is some magnitude which is 
contained in each of them a certain 
number of times exactly. 

Magnitudes which have no c o m m o n 
measure, are said to be incommen
surable.-

Magnitudes A , B, which have one 
c o m m o n measure M , have, also many 
others, indeed, an unlimited number 
of c o m m o n measures, for (as will be 
shown in Prop. 1.) every magnitude 
which is .contained an exact number of 
times in M , is contained also an exact 
number of times in A and B ; and 
whether M be divided into two, or three, 
or any other number of equal parts, one 
of these parts will be contained an exact 
'number of times in M . 

A m o n g the c o m m o n measures of the 
same two magnitudes, there is, however, 
always one which is greater than any of 
the others, and which (as will be shown 
in Prop. 6.) is measured by every other. 
This greatest common measure is al
ways to be understood when " the com
m o n measure" is spoken of •without 
further specification. 

5. The numerical ratio of one mag
nitude to another with which it is com
mensurable, is a certain number, whole 
or fractional, which expresses how 
many, and what parts of the second are 
contained in the first: for example, if 
the c o m m o n measure of A and B be 
contained in A five times, and in B six 
times, or, which is the same thing, if A 
contain |ths of B, then A is said to have 
to B the numerical ratio " 5 to 6" 
which is thus written 5 ; 6, or, in the 
fractional form, f. 

In fact, the particular ratio of two 
given magnitudes, whether commensur
able or otherwise, can be conceived 
only by means of the numbers which 
denote how often the same magnitude is 
contained, or nearly contained, in each: 
without these, no idea can be formed of 
their relative magnitude; they constitute 
its measure, true or approximate.* 

T o these numbers, therefore, when 
speaking of commensurable magnitudes, 
the term " ratio" alone, i. e. without the 
addition of " numerical," will be found commonly applied in what follows. 

» The numerical ratio is accordingly designated, 
by some writers, " The measure of the ratio" of one 
magnitude to another. This term has, however, 
been applied in a different sense, to which deference 
is more particularly due; as it has given rise to the 
word " logarithm," of which it is the literal interpre
tation. 

. 6. The terms of the ratio of two mag
nitudes', are the numbers which denote 
h o w often a c o m m o n measure of the 
two is contained in each of them. They 
are distinguished by the names of ante
cedent and consequent, according to the 
corresponding magnitudes. In the fore
going example 5 and 6 are the terms of 
the ratio of A to B, 5, the antecedent; 
and 6, the consequent. 

The terms of the same ratio of A to 
B, will be different according to the 
c o m m o n measure by which they are de
termined ; the lowest terms being in all 
. cases those which are determined by the 
greatest c o m m o n measure-. It must be 
observed, however, that no other terms 
can express the same ratio, but such as 
are either the lowest, or equimultiples of 
the lowest terms; Jbr tl#S|§§!nijides 
compared, can J$jjgS;'no^)rn5ion'mea
sure, which is hot1-'li^erithe greatest,, or 
contained a certain number!*of times in 
the greatest c o m m o n measure,.. O n 
the other hand, any terms whatever 
which are equimultiples of tite •SfJ-west 
terms will express the same r ^ o j.^hus, 
if A contain fth's of B, it "will contain 
also ̂ ths of B, iUIis, and, generally, 
3xn _, t 
-r—ths of B, where any number what-
5 x n . J 
ever m a y be substituted for n. 

The ratio of B to A has the sarnie 
terms with the ratio of A to B, but in an 
inverse order: thus, if 5 : 6 be the nu
merical ratio of A to B, 6 ; 5 will be 
that of B to A. 

The ratio of B to A is accordingly 
said to be the inv§r$e§r reciprocal ox the 
ratio of A to BJ 

If the terms., of the ratio of A to 
B be equal£it.i§ evident that the mag
nitudes A , ̂  must lillBrise be equal. 
In this case, the^ratio is said to be -a 
ratio of equality. 
Def. [7.] If there be two magnitudes of 

the same kind, and other two,'and if 
the first contain a measure of the second, '"-
as often as the third contains a likemea-
sure of the fourth; or, which is thesame 
thing, if the ratios of the first to the 
second, and of the third to the fourth be expressed by the same terms;' the first is said to have to the second the same ratio which the third has to the fourth ; and the four magnitudes are called proportionals. 

A tr 

e -nff 

Bii«f 
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For example, let A B C D, and 

E F G H be' two rectangles, having 
equal altitudes, and let their bases A B, 
E F, contain the same straight line M 
5 and 6 times respectively: divide A B, 
E F, into the parts A b, &c. E/, &c. each 
equal to M , and through the points of 
division draw right lines 6 c, Sce.fg, &c. 
parallel to A D , and E H , thereby divid
ing the rectangles A B C D , E F G H , 
into 5 and 6 smaller rectangles respec
tively, A b c D, &e. E/gr H, 8sc. all equal 
to one another (1.25.). Then, 5 : 6 is the 
ratio of the rectangle A B C D to the 
rectangle E F G H , because A B C D and 
E F G H contain the same rectangle 5 
and 6 times respectively; and the same 
5 ; 6 is also the ratio of the base A B 
to the base E F, because A B and E F 
contain the same straight line 5 and 6 
times respectively. Therefore, the ratios 
of the first to the second, and of the 
third to the fourth, are expressed by 
the same terms, and the two rectangles, 
and their two bases, are proportionals. 

In the preceding, and in every other 
instance of commensurable proportion
als, the first two, and the second two, 
have a common numerical ratio: and, 
in every case, if two magnitudes, and 
other two, have a common numerical 
ratio, the four magnitudes are, accord
ing to this definition, proportionals. 
. It is evident from the observations 
on def. 6, that if four magnitudes be 
proportionals, any other terms express
ing the ratio of the first to the second, 
muslflikewise express the ratio of the 
third to the fourth. For the terms which 
determine .the," proportion, are either 
the lowest terms, or equimultiples of 
them (see Prop. .6. Cor. 1.) : and in 
either case", the lowest terms which 
express the' ratio of the first to the 
second, and of the third to the fourth, 
must be the same; therefore, because 
any other terms expressing the ratio of 
the first to the second must be equi
multiples of the lowest terms, that is, 
of the lowest terms of the ratio of the 
third to the fourth, such terms express 
also the ratio of the third to the fourth 
(see observations on Def. 6.) 
The same will be demonstrated more at large in Prop. [9]. Def. [8]. If there be two magnitudes of the same kind, and other two, the first is said to have to the second a greater ratio than the third has to the fourth, when the first contains some measure of the second a greater number of times than the third contains a like measure 

of the fourth: also, when this is the case, 
the third is said to have to the fourth 
a less ratio than the first has to the 
second. 
This definition can, in no case, apply 

to the same magnitudes which come 
under def. [7], i. e. one magnitude cannot 
have to another the same ratio as a 
third to a fourth by def. [7], and at the 
same time ̂ greater or a less ratio than 
the third has to the fourth, by this de
finition. (See Prop. 9. Cor. 1 and 2.) 

M u c h less can one magnitude have 
to another a greater ratio than a third 
has to a fourth, and at the same time a 
less ratio than the third has to the fourth, 
by this definition. 

9. W h e n four magnitudes A, B, C, D, 
are proportionals, they are said to con
stitute a proportion, which is thus written, 

A:B::C :D. 
i. e. " A is to B as C is to D." 
Of a proportion, the first and last 

terms are called the extremes, and the 
second and third the means; thus A, D 
are the extremes, and B, C the means, of 
the proportion A : B; :C :D. The terms 
A and C are said to be homologous, 
as also B and D ; the former being an
tecedents, and the latter consequents, in 
the proportion. 
It is indifferent in the statement of a 

proportion which of the ratios precedes 
the other, for it is evident, that if A 
has to B the same ratio as C has to 
D, C has to D the same ratio as Ato B. 
Hence, A : B : : C : D , a n d C : D : : A : B , 
signify the same proportion—the only 
difference being, that the extremes of one 
expression are the means of the other. 

Since magnitudes cannot be com
pared, except they be of the same kind, 
it is manifest that the first and second 
terms of a proportion must be of the same 
kind, as also the third and fourth; yet the 
first and third may be of different kinds : 
e. g. lOlbs : 6lbs:: 15 ft. : 9ft. is a true 
proportion; for the ratio of the first to 
the second, as well as of the third to the 
fourth, is 5 ; 3, and yet lOlbs. and 15ft. 
are not magnitudes of the same kind. 
10. Three magnitudes of the same kind 

are said to be proportionals or in con
tinued proportion, when the first has to the second the same ratio which the second has to the third. Magnitudes A, B, C, which are in continued proportion, may be written thus, A ; B ; C, i. e."A is to B, as B to C." In this case, B is called a mean proportional or geometrical mean between A and C, and C a third proportional to A and B. D 
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11. Any number of magnitudes of the 
sam.e kind are said to be in continued 
proportion, when the first is to the 
second, as the second to the third, as the 
third to the fourth, and so on. Magni
tudes A, B, C, D, &c. which are in con
tinued proportion, may be thus written, 
A : B : C : D : &c. 
The magnitudes of such a series are 

said to be in geometrical progression • 
and B, C, are called two geometrical 
means between A and B ; again, B, C, D, 
three geometrical means between A 
and E ; and so on. 
Also, in this case, the first A is said 

to have to the third C, the duplicate 
ratio of that which it has to the second 
B—to the fourth D, the triplicate ratio 
of that which it has to B, and so on: 
and reciprocally, A is said to have to B 
the subduplicate ratio of that which it 
has to 0, the subtripUcate ratio of that 
which it has to D, and so on. 

12. If there be any number of magni
tudes of the same kind, A, B, C, D, the 
first A is said to have to the last D a 
ratio which is compounded of the ratios 
of A to B, B to C, and C to D. 
Also, if K and L, M and N, P and Q, 

be any other magnitudes, and if the ra
tios of K to L, of M to N , and of P to 
Q, be the same respectively with the 
ratios of A to B, of B to C, and of C to 
D, A is said to have to D a ratio which 
is compounded of the ratios of K to L, 
M to N , and P to Q. 
Axioms. (Euc. v. Ax. 1, 2, 3, 4.) 
1. Equimultiples of the same or of 

equal magnitudes are equal to one ano-, 
ther, 

2. Those magnitudes of which the 
same, or equal magnitudes are equi
multiples, are equal to one another. 
3. A multiple of a greater magnitude 

is greater than the same multiple of a 
less. 
4. That magnitude of which a multi

ple is greater than the same multiple 
of another, is greater than that other 
magnitude. 

Prop. 1. 
If'onemagnitude be a multiple of an

other, and if this be likewise a multiple 
of a third magnitude, the first shall be a multiple of the third. Let A contain B three times, and let B contain C four times ; then because B contains C four times, three times B or A must contain C thrice as often, or twelve times, i. e. a certain number of times exactly'; therefore A is a multiple of C. The 

same may be said, if, instead of three and 
four, any other numbers whatever be 
taken, i. e, if A be any multiple of B, 
and B any multiple of C. 
Therefore, &c. 
Cor. I. If one magnitude measure 

another, it will measure any multiple of 
that other. 

Cor. 2. Hence, the ratio of A to B 
being expressed by certain given terms, 
as 5 :6, the same ratio may be expressed 
by any terms which are equimultiples of 
the given terms, as 10 x 5: 10x6. For, 
if M be the common measure which is 
contained in A five times and in B six 
times, any measure of M , as the tenth 
part, will also measure A and B (Cor. 1.) 
and will be contained in A 10 x 5 times, 
and in B 10 X 6 times. 
Cor. 3. Hence, also, reversely, the 

ratio of A to B being expressed by any 
terms, as 10x5 : 10x6, which have a 
common factor, the same ratio maybe 
expressed by any terms, as 5 : 6, which 
are like parts of the given terms. 

For, if M be the common measure 
which is contained in A 10x5 times, 
and in B 10x6 times, it is evident that 
10 M will be contained in A 5 times, 
and in B 6 times. 
Prop. 2. (Euc. v. 3.) 

If two magnitudes be equimultiples of 
two others, and if these be likewise equi
multiples of two third magnitudes, the 
two first shall be equimultiples of the two 
third. 
Let A and A' contain B and B' respec

tively three times, and let B andB' contain 
C and C respectively four times ; then, 
as in the demonstration of the preceding 
proposition, A and A' being equal to three 
times B and three times B' respectively, 
contain C and C respectively 3x4 times, 
i. e. the same number of times exactly ; 
therefore A and A' are equimultiples of 
C and C . 
The same may be said, if, instead of 

3 and 4, any other numbers be taken, i. e. 
if A, A' be any equimultiples of B, B', 
and B, B' any equimultiples of C, C . 
Therefore, &c. 
Cor. If two magnitudes A, A' be equi

multiples of two others B, B', and like
wise of two third magnitudes C, C , and if one of the second, B, be a multiple of the corresponding one, C, of the third, the other second, B', shall be the same multiple of the other third, C . Prop. 3. A common measure M of any two 
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magnitude* A a>idB,measures also their 
sum A + B, and their difference A - B . 
• For, if M be contained in A any num
ber of times, as 7, and in B any num
ber of times, as 4 ; it will evidently be 
contained in the sum of A and B, 7 + 4 or 
11 times, and in their differ
ence 7 — 4 or 3 times, and 
therefore will measure their 
sum and difference. 
The same may be said, [ [_ |m 

if, instead of 7 and 4, 
any other numbers be 
taken* 
Therefore, &c. 

Prop. 4. 
*"" If there be two magnitudes A, B, and 
if one of them be contained in the other 
a certain number of times with a re
mainder; any common measure of the 
two magnitudes shall measure the re
mainder, and any common measure of 
tlte remainder and the lesser magnitude, 
shall measure the greater also. 

Let B be contained in A twice 
with a remainder R, and let M be -*• ^ 
any c o m m o n measure of A and 
B ; then, since M is contained 
a certain number of times in B, 
it is also contained a certain 
number of times in twice B (l.)t 
and measures twice B : but it 
also measures A ; therefore (3.) 
it measures the difference of 
twice B, that is R. 

Next, let N be any common measure 
of R and B : then, as before, N mea
sures twice B ; therefore (3.) it measures 
the sum of R and twice B, that is, A. 

A n d the reasoning, in either case, is 
independent of the particular numbers 
assumed. 

Therefore, &e. 
Cor. The greatest common measure 

of the remainder and lesser magnitude 
is also the greatest common measure 
of the two magnitudes. For, since 
every common measure of A and B is 
also a c o m m o n measure of B and R; 
the greatest c o m m o n measure of A and 
B will be found among the common 
measures of B and R ; and it has been 
• The example of Euclid has been followed in annexing straight lines to illustrate this and many subsequent propositions, which are, however, not the less to be understood as applicable to and demonstrated of magnitudes generaUy, as is evident from the language of the enunciation and demonstration. t The reference is here to the first proposition of the present Book j and generally, in such references as have no Roman numeral to indicate the Book, the current Book is always to be understood. 

. 1 

A and 

shown that every one of the latter mea
sures both A and B ; therefore the 
greatest among them is the greatest 
common measure of A and B. 
Prop. 5. 
By repeating the process indicated in 
the last proposition, with the remainder 
and the lesser magnitude, and again 
with the new remainder (if there~b~e one) 
and the preceding, and so on, the greatest 
common measure of two given commen
surable magnitudes A, B may be found. 

Let B, for instance, be contained in 
A twice (as in the last proposition), with 
a remainder R ; let R be contained in 
B three times, with a second remainder 
R 2 ; let R 2 be contained in R four times, 
with a third remainder R3, and let R3 be 
contained in Ra five times exactly. Then, 
because (by 4. Cor.) the greatest com
m o n measure of A and B is the greatest 
common measure of B and R, that is 
(by the same Cor.) of R a n d R2, that is, 
again, of R 2 and R3, and because R„, 
being contained in itself once and a cer
tain number of times in R2, is the great
est common measure of R 2 and R3, it is 
likewise the greatest common measure 
of A and B. 

The same may be said, if instead of 
2,3,4,5, any other numbers, supposed to 
arise from a similar examination of any 
two given commensurable magnitudes, be 
taken. At every step of the process, the 
remainder, as R,is diminished by the fol
lowing remainder R „ or by as many 
times R 2 as are contained in it, that is, 
in either case, by a magnitude greater 
than the supposed greatest common 
measure, to procure the new remainder 
R3. In all cases therefore, after a num
ber of steps, which is less than the num-r 
ber of times the lesser magnitude con
tains the supposed greatest common 
measure, a remainder will be found which 
is equal to the greatest common measure. 

Therefore, &c. 
Cor. 1. If the process admit of being 

continued through an unlimited number 
of steps, without arriving at a remainder 
which measures the next preceding, the 
magnitudes which are subjected to it, 
have no common measure, i. e. they are incommensurable. Cor. 2. By proceeding in a similar manner, the greatest common measure of three magnitudes A, B and C may be found; for if M be taken, the greatest common measure of A and B, and M „ the greatest common measure of M and C, then because the greatest c o m m o n D2 
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measure of A, B and C is to be found 
iamong the common measures of M and 
C, and because every one of the latter, 
being a measure of M , measures A and B 
(1.), the greatest among them, that is, 

[II. Jl. 

common factor must still remain, viz. 
the number which denotes how often the 
first is contained in the greatest common 
factor. 

, , Thus, the greatest common factor of 
M 2 , is the greatest-common measure of 204 and 240 is 12, as found by the Rule; A , B and C. 

It is obvious, that in the same manner 
the Rule may be extended to any num
ber of magnitudes. 

Cor. 3. By help of this proposition 
the lowest terms of the ratio of two given 
commensurable magnitudes may be de
termined : for the lowest terms of their 
ratio are the numbers which denote how 
often their greatest common measvtre is 
contained in each (see def. 6.). 

Scholium. 
It may be observed that the foregoing 

process includes the arithmetical rule for 
finding the greatest- common factor of 
two numbers: which is to divide the 
greater number by the lesser, and find 
the remainder ; the lesser by the remain-

therefore those numbers have no com
mon factor which is not a factor of 12 ; 
and if they be divided by any factor of 
12, as 6, the quotients 34 and40_ have 
still a common factor 2, which is the 
number of times the factor 6 is con
tained in 12. 

It is impossible to have a clear and 
correct apprehension of the subject be
fore us, without a reference, not merely 
to numbers, but also to the properties 
just mentioned (see Arithmetic, art. 54, 
55, 56, 57, 58, 63.). 
Prop. 6. 
If a magnitude measure each of two 
others, it shall either be the greatest 
common measure of the two, or it shall 

der, and find the second remainder, if be contained an exact number of times 
there be one; the preceding remainder in the greatest common measure; 
by this, and find the, third remainder; For, in the process of Prop. 5, it was 
and so on, until a remainder be found seen that every common measure of the 
which is contained an exact number of two magnitudes A and B measures also 
times in the next preceding; this last the successive remainders, the last of remainder will be the greatest common 
factor required. 

Thus, if the numbers be 628 and 272, 
the successive remainders will be 84,20, 
and 4, of which 4 is contained in 20 an 
exact number of times: therefore, 4 is 
the greatest common factor of the num
bers 628 and 272. 

If there be found no remainder which 
is exactly contained in the preceding, 
until the course of the Rule produces a 
remainder 1, the numbers have no com
m o n factor but 1, and are said to be 
prime to one another. 

The greatest common factor of two 
numbers being thus, found, if the num
bers be divided by it, the quotients will, 
manifestly, be prime to one another. 

which is the greatest common measure 
of A and B. 

Therefore, &c. 
Cor. 1. The lowest terms of the ratio 

of two magnitudes being determined by 
the greatest common measure of the 
two, and any other common measure 
being contained an exact number of 
times in the greatest, any other terms 
expressing the same ratio must be equi
multiples of the lowest terms. 
This corollary has been cited by an

ticipation in the observations upon 
def. 6. 
Cor. 2. The numerical ratio of two mag

nitudes being given, if not already in its 
lowest terms, may be reduced to them by 
dividing the terms by their greatest com-

With regard to other common factors of m o n factor: for the lowest terms, being 
the same two numbers, every other com- determined by the greatest common 
mon factor must be contained an exact measure of the two magnitudes, must be 
number of times in the greatest: for it prime to one another, and there is no 
is contained an exact number of times other common factor but the greatest, 
in each of the remainders of the Rule, by which if two numbers be divided, the 
the last of which is the greatest common quotients will be prime to one another. 
factor. (See Prop. 5. Scholium.) 

Hence it follows, that, any two num- For example,- the terms of the ratio 
bers being given, there is no other com- 628 ; 272 have 4 for their greatest com-
mon factor but the greatest, by which if mon factor: therefore, dividing them by 
the numbers be divided, the quotients 4, the quotients 157 and 68 are the 
will be prime to one another; for, after lowest terms in which the ratio can be 
division by any other common factor, a expressed. 
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Cor. 3. If this Rule be applied to two 

numerical ratios which are differently 
expressed, it will show whether they are 
different ratios or only different forms of 
the same ratio: viz. according as the 
lowest terms of the two are different or 
the same. 
Prop. .7. 
If a magnitude A be measured by each 
of two others M andN, a common mea
sure of these two may be found; and, 
conversely, if two magnitudes be com
mensurable, a magnitude may be found 
which is measured by both. 

Let A contain M 4 times, 
and N 5 times : then, if A 
be divided into 4x5, or 20 
equal parts, M will contain 
5 and N 4 of those parts; 
and, therefore, one of those 
parts being contained an 
exact number of times in M , 
and an exact number of times in N, is 
a common measure of M and N . 
Next, let M contain a magnitude a 

5 times, and let N contain the same a 4 
times: then, if there be taken a magni
tude A, which contains a 5x4, or 20 
times, A will contain M 4 times, and N 
5 times, and, therefore, will be mea
sured by each of the magnitudes M 
andN. 
And the demonstration will be the 

same whatever numbers are taken. 
Therefore, &c. 

Prop. 8. 
If there be three magnitudes A, B, C, 
the first of which is commensurable with 
the second, and the second with the 
third, the first shall be commensurable 
with the third. 

Let M be a common 
measure of A and B, and 
N a common measure of 
B and C. Then, (7.) be
cause the two, M , N , are 
both of them measures of 
the same magnitude B, a 
common measure m of 
these may be found. And, because m 
measures M,' it measures also A, which 
is a multiple of M (1. Cor. 1.); and in the 
same manner, because it measures N , it measures C, which is a multiple of N. Therefore m is a common measure of A and C, that is, A and C are commensurable. Cor. 1. If there be any number of magnitudes, the first of which is com

mensurable with the second, the sfecond 
with the third, the third with the fourtĥ  
and so on to the last, all the magnitudes 
shall be commensurable. 

Cor. 2. If two magnitudes be com
mensurable with one another, and if 
one of them be incommensurable with 
a third magnitude, the other shall like
wise be incommensurable with the third. 

Section 2.—Proportion of Commen
surable Magnitudes. 

In the foregoing Section it has been 
seen how the greatest common measure, 
and hence the lowest terms of the ratio, 
of two magnitudes may be determined 
(5. and 5. Cor. 3.). It has been seen, 
also, that every other common measure 
of the same two magnitudes is contained 
in the greatest a certain number of times 
exactly, and hence that no other terms 
but such as are equimultiples of the 
lowest can express the same ratio (6. and 
6. Cor. 1.); which last simple relation 
affords an easy Rule for reducing any 
given terms to the lowest terms, and 
hence determining whether two given 
numerical ratios which are differently 
expressed be the same or not (6. Cor. 
2 and 3). 

W e now proceed to the theorems of 
proportion, the end" of which is for the 
most part to show, that if two magni
tudes have the same ratio with other 
two, magnitudes which are related after 
a certain manner to the two former, will 
have the same ratio to one another with 
magnitudes which are similarly related 
to the two latter. 
In the demonstration of these theo

rems, an illustration by particular num
bers will be preferred, for the sake of 
the less practised reader, to the use of 
general symbols for numbers. In fol
lowing this plan hitherto, we have had 
occasion to observe at the conclusion 
of each demonstration, that the steps 
are not upon this account the less gene
ral, but apply equally to any other 
numbers which maybe substituted in 
place of the particular numbers as
sumed. The same observation will be 
found equally true, and is accordingly 
here premised with regard to particular numbers, wherever they are introduced in the following demonstrations. The demonstrations are exactly similar, whatever numbers be substituted in the place of them \ and, accordingly, the general propositions are not less evident 
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than if the reasoning had been con
ducted by general symbols. 
h The present Section treats only of 
commensurable proportionals as de
scribed in def. [7]. The theorems, how
ever, (that is, all of them, the first ex
cepted which is expressly enunoiated 
of commensurables) are likewise true 
with regard to the more general descrip
tion of proportionals to be considered 
in Section 3. Hence the brackets 
which the reader will have already 
noticed in " def, [7]" and " def, [8]," and 
in which the numbers 9, 10, &c. of 
the following propositions are inclosed. 
Hence, too, the absence of all reference 
to Euclid, whose theorems on the sub
ject of Proportion are stated not of 
commensurable magnitudes only, but 
of such as, whether commensurable or 
otherwise, come under a more general 
definition of proportionals. In the next 
Section, these propositions, (prop. [9] 
excepted) will be repeated with refer
ence to a similar general definition, the 
brackets will be removed from the num
bers 9, 10, & c , and the references to 
Euclid will be annexed as usual. 

Paop. [9]. 
' If there be four magnitudes A, B, C» D, 
which are commensurable proportionals, 
the second and fourth, and any like parts 
of the second and fourth, shall be con
tained in the first and third the same 
number, of times exactly, or the same 
number of times with corresponding 
remainders less than the parts. 

Let' the common ratio of A to B and 
.'Cto D be any whatever, for example, 
84 ; 5 ; and first, let the second and 
fourth, viz. B andD, be taken: B and D 
shall be contained in A and C respec
tively, the same number of times ex
actly, or the same number of times with 
corresponding less remainders, 

Let M and N be the common mea
sures of A and B and of 0 and D, by 
which the ratio 84 ; 5 is determined; 
and which are therefore contained in B 
andD respectively 5 times, and in A and 
C respectively 84 times. Then, because 
M and N are contained in A and C 
respectively 84 times, and that B and D 
contain M a u d N respectively 5 times; B and D are contained in A and C respectively, as often as the number 5 is contained in 84, that is, the same number of times exactly, if 5 be exactly pontained in 84, or the same number of times with corresponding remainders, if 5 be contained in 84 with a remainder. 
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Next, let any like"parts, for example 
the 6ths of B and D, be taken: these 
shall be contained in A and B the same 
number of times, either exactly, or with 
Corresponding less remainders. 

Let M and N be the common mea
sures of A and B and of C and D, as 
before, by which the ratio 84: 5 is deter
mined ; and which are therefore con
tained in B and D respectively 5 times, 
and in A and C respectively 84 times, 
And let M be divided into 6 parts each 
equal to m, a n d N also into 6 parts each 
equal to n. Then it is. evident that m 
and n must be contained in A and C 
respectively 84x6, times, and in B and 
D respectively 5 x 6 times (1.). And, 
because'the sixth-parts in question, i. e\ 
the sixth-parts of B and D, are con
tained in B and D respectively 6 times, 
they must qontain m and n respec
tively 5 times, Therefore, the parts in 
question are contained in A arid C re
spectively as often as the number 5 is 
contained in 84 x 6, that is, the same 
number of times exactly, if 5 be exactly 
contained in 84 x 6, or the same numr 
ber of times with corresponding re
mainders, if 5 be contained in 84x6 
with a remainder, 

Therefore, &e, 
"~ Cor, h Hence if appears that, if two 
magnitudes and other two have a com
mon numerical ratio, any other terms 
expressing the ratio of the first to the 
second must also express the ratio, of 
the third to the fourth; as was ob
served in the remarks upon def. [7]. 

Cor. 2. Hence it appears, also, that 
A cannot be said to have to B the same 
ratio which C has to D, according to 
def. [7], and at the same time a greater 
or a less ratio than 0 has to D, accord
ing to def. [8]; as was observed at 
def. [8]. 

Cor. 3. And much less can A be said 
to have to B a greater ratio than C has 
to D, according to def, [8], and at the 
same time a less ratio than C lifts to D, 
according to the same definitipn,* 

* As the General Theory of Proportion in Section 
8. contains the remaining propositions of this Sec
tion with reference to the new definitions 7 and 8 
there given, the reader may, if he pleases, pass on to that Sectinn, or rather, to the concluding Scholium of the present Pn« 5 hy which he will omit nothing that will be cited in the future pages of this treatise. O n the other hand, it is recommended to beginners, and such as are not curious about the general and complete theory of proportion, to peruse with care the remainder of the present Section, with the opening paragraphs of' Section 3., and then pass on to Enaction 4. i which they may do with the assurance of no difficulty being presented to them upon that aceoun t in the remainder of the treatise. 
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Prop. [10], 

Equal magnitudes have the same ratio 
to the same magnitude i and the same 
has the same ratio to equal magnitudes, 
For if any part, as a 
5th, of C be contained in 
A any number of times, 
as 4, and if B be equal 
to A, the same part of 
C will evidently be con
tained in B the same number of times, 
4 ; and therefore, 4 ; 5 will be the com
mon ratio of A to C, and of B to C. 

Again, if any part of A, as a 4th, be 
contained in C any number of times, as 
5, and if B be equal to A, the like part 
of B (ax. 2.) will evidently be contained 
in C the same number of times, 5 ; and, 
therefore, 5 ; 4 will be the common 
ratio of C to A, and of C to B. 

Therefore, &c. 
Cor. If a ratio which is compounded 

of two ratios be a ratio of equality, one 
of these must be the reciprocal of the 
other. For if there be three magni
tudes-of the same kind A, B, and C, 
and if A be equal to C, the ratio of B 
to C must be the same with the ratio 
of B to A : in other words, if the ratio 
of A to C, which is compounded of the 
ratios of A to B and of B to C, be a 
ratio of equality, the ratio of A to B 
must be the reciprocal of the ratio of 
B t o C , (def. 6. and 12.). 
Prop. [11]. 
Of two unequal magnitudes the greater 
has a greater ratio to the same magni
tude; and the same magnitude has a 
greater ratio to the lesser of the two, • 

For, the magnitudes A, B, 
and C, being supposed to 
be commensurable, if A be 
greater than B, it must con
tain the common measure of 
A, B, and C, that is, a measure 
of C, a greater number of 
times than B contains the 
same measure of C, and therefore (def. 
[8]) A has to 0 a greater ratio than B 
has to C. 

Again, if A be greater than B, and if 
C be any magnitude commensurable 
with each of them, like measures of A and B may be found, which are each of them contained a certain number of times in C, For, sinpe A, B, and C (8,) contain the same magnitude M , each of them a certain number of times, let them be equal to 7'M, 5 M , and 12 M , 

k T? 0 

respectively. Then, if a and b be taken, 
the 35th parts (7 x 5) of A and B, a will 
be a 5th part of M , and therefore will be 
contained an exact number of times in C, 
and b a 7th part of M , and therefore 
also contained an exact number of 
times in C (1. Cor. I.). But any mea
sure of A is greater than the like mea
sure of B (ax. 4.); therefore, of the like 
measures in question, viz. a and b, C 
will contain that of A a less number of 
times than it contains that of B, There* 
fore (def. [8]) C has to A a less ratio 
than it has to B, or a greater ratio to 
B than it has to A. 

Therefore, &c. 
Cor. 1. Magnitudes which have the 

same ratio to the same magnitudes 
are equal to one another: as likewise 
those to which the same magnitude has 
the same ratio ([9] Cor. 2.) 

Cor. 2. A ratio which is compounded 
of two ratios, one of which is the reci
procal of the other, is a ratio of equality. 
For, if there be three magnitudes of the 
same kind, A, B, and C, and if the 
ratio of B to C be the same with the 
ratio of B to A, A must be equal to C: 
in other words, the ratio of A to C, 
which is compounded of the ratios of 
A to B and of B to C, one of which is 
the reciprocal of the other, is a ratio of 
equality, (def. 6. and 12.). 

Cor. 3. If one of two magnitudes 
have a greater ratio to the same mag
nitude than the other has, the first 
must be greater than the other : and 
if the. same magnitude have a greater 
ratio to one of two magnitudes than it 
has to the other, the first must be less 
than the other ([9] Cor. 2, 3.). 
Prop. [12]. 
Magnitudes A, B and C, D, which 
have the same ratio with the same mag
nitudes P, Q, have the same'ratio with 
one another. 
For, since A, B have the same ratio 

with P, Q, some part of B is contained 
in A as often as a like part of Q is con
tained in P; therefore, if any other part 
of Q be contained a certain number of 
times in P, a like part of B will be con
tained as often in A ([9]). 

But, because C, D have the„ same ratio with P, Q, some part of D is contained in C as often as "a like part of Q. is contained in P. Therefore, whatever part this be, which is taken of D,' and contained in C as often as the like part of Q in P, the like part of B is con-
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tained as often in A ; that is, A : B:: 
C :D. 
Therefore, &c. 
Cor. 1. If A have to B the same ratio 

as C to D, and C to D a greater or a 
less ratio than E to F, A shall have to 
B a greater or a less.ratio than E to F. 
For, from what we have seen ([9]) it fol
lows, that whatever part of D it be that 
is contained in C a greater or less num
ber of times than the like part of F is 
contained in E, the like part of B must 
be coataihed in A the same greater or 
less number of times. 

Cor. 2. And in the same manner it 
may be shown, that if A have to B a 
greater or a less ratio than C to D, and 
C to D the same ratio as E to F, A 
shall have to B a greater or a less ratio 
than E has to F. 
Prop. [13]. 

If four magnitudes be proportionals, 
and if the first be any multiple or part 
of the second, the third shall be the 
same multiple or part of the fourth: and 
conversely, if one magnitude be the 
same multiple, or part, of another, 
that a third magnitude is of a fourth, 
the four magnitudes shall be propor
tionals.-
For, if A, B, C, D be proportionals, 

and if the second, or any part of the 
second, be contained a certain number of 
times in the first, the fourth, or a like 
part of the fourth, will be contained the 
same number of times in the third ([9]). 
Therefore, if the second be contained in 
the first seven times, the fourth will also 
be contained in the third seven times ; 
or again, if a seventh part of the second 
be contained in the first once, a seventh 
part of the fourth will also be contained 
in the third once. 
Again, if A contain B seven times, 

and C also contain D seven times, A, B 
and C, D have a common ratio 7 : 1 ; 
and, in like manner, if Abe contained'inB 
seven times, and C inD also seven times, 
A, B, and C, D, have a common ratio 
1 ; 7. Therefore, in either case, A,B,C,D 
are proportionals. 
Therefore, &c. 

Prop. [14]. If four magnitudes A, B, C, D, be proportionals, and if the first be greater than the second, the third shall be greater than the fourth, if equal, equal, and if less, less. For if A be greater than B, any common measure M of A and B will be con

tained a greater number of times in A 
than it is in B, and therefore ([9]) the 
like measure, N of D, will be contained 
in C a greater number of times than it 
is in D, that is, C will be greater than D. 
And in like manner it may be shown, 

that if A be equal to B, C will be equal 
to D, and if less, less. 
Therefore, &c. 

Prop. [15]. 
If four magnitudes A, B, C, D, be 

proportionals, they shall also be pro
portionals when taken inversely ; that 
is, invertendo* B ; A : :D ; C. 
For if 7 : 5 be the common ratio of A 

to B and of C to D, there will be common 
measures M , N , the first of A and B, 
and the other of C and D, which are 
contained in B and D respectively five 
times, and in A and C respectively seven 
times; and therefore 5 : 7 will be a com-. 
mon ratio of B to A and of D to C. 

This may be stated as follows— 
"the reciprocals of equal ratios are 
equal to one another." 
Therefore, &c. 

Prop. [16]. 
If four magnitudes; A, B, C, D be 

proportionals, and if there be taken any 
equimultiples of the first and third, and 
also any equimultiples of the second and 
fourth; these equimultiples shall like
wise be proportionals. 

Let 4 A, 4 C be any equimultiples of 
A, C, and 6 B, 6 D, any equimultiples 
of B, D : and let 7 : 5 be the common 
ratio of A to B, and of C to D, as in the 
last proposition. Then, if the measures 
M and N by which it is determined be 
taken, because M and N are' contained 
in A and C respectively 7 times, they are 
contained in 4 A and 4 C respectively 
4 x 7 times ; and in like manner it may 
be shown that they are contained in 6 B 
and 6 D respectively 6 x 5 times. There
fore 4 x 7 : 6 x 5 is at once the ratio of 
4 A to 6 B, and of 4 C to 6 D. 

Therefore, &c. 
* The Latin words " invertendo," " alternando," 
" dividendo," " convertendo," " componendo," " ex 
ffiqualiin proportione directa," " miscendo," and " ex 
asquali in proportione pcrturbata," ([151, [191, [201 
[20] Cor. 1. [21], [24], [24], Cor. 2. and [26]) carry 
with .them, particularly to such as are strangers to the language, an air of mystery we should rather have dispensed with. They are in such constant use, however, that we cannot well do without them. They mean no more than " by inverting," " by alternating," " by separating," " b y exchanging," " by combining, '• by reason of equal intervals in direct proportion," " by mixing," and " by reason of equal intervals in cross proportion:" and they serve as so many titles to their respective theorems, which are those most frequently cited out of the whole theory of proportion, v 
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Cor. If A, B, C,D be proportionals, 

and if any like parts, of the first and 
third be taken, and also any like parts 
of the second and fourth, these like 
parts will likewise be proportionals. 
Prop. [17]. 

Magnitudes have the same ratio to 
one another, which their equimultiples 
have. 

Let M , N be equimul
tiples of A, B : that is, let * : 
M , N contain A, B the I 
same. number of times 
respectively, as 5 : then 
it is evident that if any 
measure K of B be con
tained in A a certain num
ber of times, the like mea
sure 5 K of 5 B, or N , 
will be contained in 5 A, or M , the same 
number of times. Therefore A : B :: 
M:N. 

Therefore, &c. 
Cor. 1. Magnitudes • have the same 

ratio, to one another, which their like 
parts have. 

Cor. 2. If A, B, C,D be propor
tionals, and if equimultiples be taken of 
the first and second, and- also equimul
tiples of the third and fourth, these 
equimultiples will likewise be propor
tionals. 

The same, it is evident, may be stated 
with regard to any like parts taken of 
the first and second, and also of the 
third and fourth. 
Prop. [18]. 

If four magnitudes of the same kind 
be proportionals, and. if the first be 
greater than the third, the second shall 
be greater than the fourth; if equal, 
equal; and if less, less. 
Let A, B, C, D be proportionals, and 

let M and N be the common measures 
of A and B and of C and D, by which 
their common ratio is determined; that 
is, let M and N be like parts of B and 
D, which are contained the same num
ber of times in A and C respectively, 
(def. [7]). Then, because M and N 
are like parts of A and C, it is evident 
that if A be greater than C, M must be 
greater than N ; and therefore also B, which is a multiple of M , greater than D, which is the same multiple of N (ax. 3.). In the same manner it may be shown, that if A be equal to C, B will be equal to D ; and if less, less. Therefore, &c. 

Cor. Hence also, if four magnitudes 
of the same kind be proportionals, and 
if the second be greater than the fourth, 
the first will be greater than the third; if 
equal, equal; and if less, less. 
Prop. [19]. 

If four magnitudes A, B, C, D of 
the same kind be proportionals, they 
shall also be proportionals when taken 
alternately ; that is, alternando A : C 
::B:D. 
For, if M and N be the common mea

sures of A and B and of C and D, by 
which their common ratio is determined; 
then, because A and C are equimultiples 
of M and N ([17]), A : C::M : N , — 
and, for the like reason, B : D: : M : N. 
Therefore ([12].) A : C:: B : D. 

Therefore, &c. 
Prop. [20]. 
If <four magnitudes A,B, C, D be 
proportionals, they shall also be pro
portionals when taken dividedly; that 
is, the difference of the first and second 
shall be to the second as the difference 
of the third and fourth to the fourth;— 
or dividendo, A ~ B : B:: C~D : D > 

For, M and N being taken as in the 
preceding propositions, if they be con
tained in A and C 7 times, and in B and 
D 4 times, they will be contained in A ~ B 
and C ~ D , 7-4 or 3 times; and there
fore 3 :4 will be the ratio of A ~ B to B, 
and also of C ~ D to D. Therefore 
A~B:B::C~D:D. 
And the same may be said, when 

A and C are less than B and D respec
tively. 

Therefore, &c. 
Cor.l. If four magnitudes A , B , C , D 

be proportionals, they shall also be pro
portionals by conversion; that is, the 
first shall be to the difference of the 
first and second, as the third to the 
difference of the third and fourth; or 
convertendo A : A ~ B ; : C : C~D. 

For invertendo, B : A " D : C j divi-
' i, A ~ B : A:*.C~D : C, and inver-
A:A--B::C:C~D. 

Cor. 2. If four magnitudes A, B, C, D 
of the same kind be proportionals, the 
greatest and least of them together 
shall be greater than the other two together. 

• The sign — placed between two letters denotes 
the difference of the magnitudes which are represent
ed by them, without supposing the first to be the 
greater, as is the case when we write A---B by itself. 
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For, if one of the ex
tremes, as A, be the 
greatest, then, because 
-B is less than A, D is 
less than C ([14]), and 
because C is less than 
A, D is less than B 
([18]); therefore D is 
the least. B ut, because 
A : B:: C : D, dividendo, 
A — B : B :: C — D : D ; and because in 
this proportion B is greater than D, 
A — B is greater than C - D ([18]. Cor:) 
Therefore, if B-j-D be added to each, 
the sum of A and D will be greater 
than the sum of 0 and B. If one 
of the means, as B, should be greatest, 
then invertendo B : A::D ; C ; and 
-hence, as before, the sum of B and 
C, that is, of the greatest and least, is 
greater than the sum of A and D. 

Cor. 3. If three magnitudes be propor
tionals, the sum of the extremes will be 
greater than twice the mean, and there
fore half the sum greater than the mean. 

For, if three magnitudes be propor
tionals, and if the mean be greater than 
one of the extremes, it must be less 
than the other; or again, if it be less 
than one, it must be greater than the 
other ([14] or [18]). Therefore, the 
two extremes are the greatest and least. 
Half the sum of two magnitudes, being 

as much greater than the one as it is 
•less than the other (I. ax. 9.), is called an 
arithmetical mean between the two. 
It appears therefore, that the arithme
tical mean between two magnitudes is 
greater than the geometrical mean. * 
Prop. [21], 

If four magnitudes A, B, C, D be 
proportionals, they shall also be pro
portionals when taken conjointly; that 
is, the sum of the first and second shall 
be to the second, as the sum of the third 
and fourth to the fourth; or compo-
nendo A+B : B:: O+D : D. 
For the measures M, N remaining 

as in the precedhlg proposition, that is, 
being, contained in A and 0 respectively 
7 times, and in B and D respectively 4 
times, are contained in A + B and O + D 
respectively 7 + 4 or 11 times; and, 
therefore, 11:4 will be the ratio of A + B to B, and also of C + D to D. Therefore A + B :B : s C + D :D. Therefore, &c. » The case is hpre excepted in which the magnitudes are equal to one another ; fpr in thftt case it is \ manifest that the arithmetical mean is equal M H e ' geometrical m e p , , 

Cor. Hence, invertendo and com-
ponendo, (after the order of Cor. 1. in 
the preceding proposition,) if four 
magnitudes A, B,C, D be proportion
als, the first shall be to the sum of the 
first and second, as the third to the 
sum of the third and fourth ; or, A : A 
+ B : : C : C + D . » 
Prop. [22]. 

If one magnitude be to another as a 
magnitude taken from the first to a 
magnitude taken from the other, the re
mainder shall be to the remainder in the 
same ratio. 

Let A, B be any two magnitudes, 
from which respectively let there be 
taken the magnitudes A', B', which have 
to one another the same ratio which 
A has to B ; the remainders A-^A' and 
B — W shall be to one another in the 
same ratio. 

For, because A : B :: A' : B', alter
nando, A : A' :: B : B'; therefore, divi
dendo, A - A ' : A.'::B-B':B'; and 
again, alternando, Ar^A' : B — B ' : : A' 
: B', that is ([12]) :: A : B. 
Therefore, &c.~ 
Cor. 1. If there be any number of 

magnitudes, A, B, 0, D, Sec, in geo
metrical progression, the differences 
A-B, B~C, C<*D, &c. will form a geo
metrical progression, in which the suc
cessive terms have the same ratio with 
the successive terms of the former. 

For B is to G as A to B, G to D as 
B to C, and so on; therefore, A-J3 is to 
B~C as A to B, B~C to C~D as B to C, 
i. e. as A to B, i. e. as A ~ B to B ~ C 
([12]); &nd so on, 

Cor. 2. And conversely, any number 
pf magnitudes A, B, C, D, &c. in geo
metrical progression, may be considered 
as the differences of other magnitudes, 
A', B', C , D', E', &c. forming a geo
metrical progression, in which the first 
term A' is to A as A to A~B, and the 
successive terms have the same ratio 
with the successive terms of the former. 
* It is usual,_when two demonstrations are equally 

short and obvious, to prefer that which is the most 
elementary, or approaches nearest to first principles. 
N o w , it m a y be observed of this corollary, the corre
sponding ooroUaryofProp. [23], and other parts of 
the present section, as the thoorem misaendo and Prop, [25], that, stated, as is here the case, of commensurable proportionals, they may, a t least, as obvious y and briefly be referred to def. [7] as they may lie derived from other propositions. The connected demonstrations have in this case been preferred with a view to the next Section, where nearly all the propositions of this Section will be re-stated, and such as have been referred, to def. [7], will have to be reconsidered with reference to a more general definition. A similar consideration will be found to have directed the arrangement of the propositions. 
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. For, if "such a~progression be taken, 
A', B', C , &c. in which A' is to A as 
A to A ~ B , and A' to B' as A to B ; 
then because A': B' : : A : B, conver-
tendo, A' : A'~B' :: A : A~B ; but A' : 
A ;: A : A ~ B ; therefore ([12]) A' : 
A' — B':: A' ; A ; and ̂because in this 
proportion the first term is the same 
with the third, the second is equal to the 
fourth ([18)], that is, A'~B' is equalto A. 
But (by Cor. 1.), A'-B', B'~C, C'~D', 
&c, form a progression in which the 
successive terms, as A'~B', B'~C, have 
the same ratio with A', B', that is, with 
A, B ([12]). Therefore, also, B'~C is 
equalto B ([18]), and hence again C'~D' 
is equal to C, and so on. In fact, the 
progressions A, B, 0, D, &c. and A'~B', 
B'~d', C'~D', D'~E', Ssc. having the 
same first terms, and the same common 
ratio of their terms, cannot but be 
identical. 
Prop. [23]. 

If one magnitude be to another as a 
third magnitude of the same kind to a 
fourth, the s u m of the first and third 
shall be to the s u m of the second, and 
fourth in the same ratio. 

Let A , B be any two magnitudes, to 
which respectively let fhgre be added the 
magnitudes A',B\ which have the same 
ratio to one another which A has to B ; 
the wholes A + A ' and B + B ' shall be 
to one another in the same ratio. 

For, because A : B :: A': B', alter
nando, A : A':: B : B'; therefore com-
ponendo, A + A ' : A'::B+B': B'5 and 
again, alternando, A + A ' : B + B ' ; :A': 
B', that is, ([12.]) : : A : B. 

Therefore, Ssc. 
Cor. 1. Hence, if there be any num

ber of magnitudes of the same kind 
antecedents, and as many consequents, 
and if every antecedent have the same 
ratio to its consequent, the sum of all 
-,the antecedents shall have the same ratio 
to the sum of all the consequents. 

Cor. 2. If the ratio of A' to B' be not 
the same with the ratio of A to B, the 
ratio of A + A ' to B + B ' will not be the 
same with the ratio, of A to B ; but less, 
if A' be to B' in a less ratio, or greater, 
if A' be to B' in a greater ratio. 

For if A' have toB' a less ratio than A has to B, A' must be less than a magnitude P,* which has to B' the same ratio * It ishere assumed that to two given magnitudes 'of the same kind and a third there is some magnitude whicb is a fourth proportional: a truth obvious enough in the case of commensurable, proportion here supposed; for if there be taken a common measure of the first two magnitudes and a part which is contained in the third as often as that 
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as Ato B ([11] Cor. 3.); and therefore 
A + A ' must have a less ratio ([11]) to 
B+B'than A + P has to B+B'; but 
A + P has to B +B' the same ratio as A 
to B, by the proposition: therefore A + A ' 
has to B + B' a Jess ratio than A has 
to B ([12] Cor. 2.): and the other case 
in which A' has to B' a greater ratio than 
A to B, admits of a similar demonstra
tion. 
. Cor. 3. Hence, if the ratio of A' to B' 
be not the same with the ratio of A to B, 
the ratio of A + A ' to B + B ' will he be
tween the ratios of A to B, and of A' to 
B',; that is, it will be greater than the 
lesser of the two, and less than the 
greater of the two. 
Prop. [24], 
If there bethreemagnitudes of the same 

kind A, B, 0, and other three A', B', C , 
which, taken two and two in order, have 
the same ratio, vw. A to B the same 
ratio as A' to B', and B to C the same 
ratio as B' to C ; then ex aequali in pro
portione directs (or ex sequoj the first 
shall be to the third of the first magni
tudes, as the first to the third of the 
others; or, as it rnay^be more briefly 
stated, 

a/A:B;;A';B' 
and B : C::B': C, 

then ex aequali, A : C:: A' ; C', 
Let 3 ; 4 be the common ratio of A 

to B and of A' to B', and 5 » 7 the 
common ratio of B to C and of B' to 
C. Then, if B be divided into 4 x 5 or 
20 equal parts, one of these parts will 
be contained 3 x 5, or 15 times in A, and 
4x7 or 28 times in C, because 3 ; 4, 
or 3 x 5 ; 4 x 5 (1. Cor. 2) is the ratio of 
A to B, and 5 ; 7, or4 x 5 : 4x 7 is the 
ratio of B to C. And for the like reason, 
if B' be likewise divided into 20 parts, 
one of these parts will be contained 3x5 
or 15 times in A', and 4 x 7 or 28 times in 
C. Therefore, 15 : 28 is the ratio of A 
to C, and also of A' to C ; and, con
sequently A : C : A' ;• 0', 
Therefore, Ssc. 
Oor. I. The same may be stated of 

any number of magnitudes A, B, C, D, 
and A', B', C , D': that is, 

if A:B:xA':B' andB : G'lB': C andC :P;:C':D' then, ex cequali, A '. D;",0! : D'. For by the first two proportions A : C common measure is contained in the first, a multiple containing this part as often as that common measure is contained \a the second will be the fourth proportional required. Thp ease of general proportion will be noticed at prop. 23. of the next section. 
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:: A': C, and from this combined with 
the third, A : D :: A': D'; and so on 
for any number of proportions. 
This may be stated in the following 

Words : " ratios, which are compounded 
of any number of equal ratios in the 
same order, are equal to one another." 
(def. 12.) 

Cor. 2. By help of this proposition 
another property of proportionals may 
be demonstrated, which is commonly 
cited by the word miscendo .-* viz. 

If four magnitudes A, B, C, D ba 
proportionals, the sum of the first and 
second will be to their difference, as the 
sum of the third and fourth to their dif
ference. 

For, since A : B : : C : D, 
componendo A + B :.B :: C + D : D. 

And again, because invertendo B : A : : 
D: C, convertendo B : A~B :: D: C~D. 
Therefore, ex cequali A + B : A-B : : 
C + D : C~D, which is the property in 
question. 

Prop. [25]. 
If two proportions have the same conse

quents, the sum of the first antecedents 
shall be to their consequent, as the sum 
of the second antecedents to their con
sequent ; that is, if A : B : : C : D, and 
if A' : B : : C : D, then A + A : B :: 
C + C':D. 
Because by the first proportion A: B 

:: C : D, and, by the second proportion, 
invertendo, B : A':': D : C ; ex cequali, 
A : A' : : C : C : hence, componendo, 
A + A ' : A : C + C : C, and on account 
of the second proportion, viz. A': B :: 
C : D, ex cequali, A-+ A' : B : : C + 
C : D, which is the property in question. 
Therefore, Ssc. 
Cor. 1. The same may be stated of any 

number of proportions having the same 
consequents: that is, the sum of all the 
first antecedents shall be to their con
sequent, as the sum of all the second 
antecedents to their consequent. 

Cor. 2. In like manner also it may 
shown (by " dividendo" instead of" com
ponendo"), that if two proportions have 
the same consequents, the difference of 
the first antecedents shall be to their 
consequent as the difference of the se
cond antecedents to their consequent. Cor. 3. Hence, if there be any number of magnitudes of the same kind A, B, C, D, E, F, and as many others, A', B', C, D', E', F'; and if the ratios of the first to the second, of the second to the third, of the third to the fourth, and so on, be * Sometimes also, and more appropriately, by the English words " by sum and difference.'' 
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respectively the same in the two series, 
any two combinations by sum and dif
ference of the magnitudes of the first 
series, e.g. A + C - E and B - C + D, 
shall be to one another as two similar 
combinations of the corresponding mag
nitudes of the second series, viz. A' + 
C - E' and B' - C + D'. 
For, because A : F :: A' : F (ex 

cequali) ; and again, C : F :: C : F', by 
the proposition A + C : F:: A'+ C : F'; 
but E : F : : E': F'j therefore, by the 
preceding corollary, A + C — E : F :: 
A' + C — E': F. In the same manner, 
it maybe shown that B — C + D : F :: 
B' — C + D' : F ; therefore, invertendo 
and ex cequali A + C — E : B — C + D 
::A' + C'~E':B'—C' + D'. And a 
similar demonstration may be applied to 
any other combinations by sum and dif
ference. 

Prop. [26]. 
If there be three magnitudes of the 

same kind A, B, C, and other three 
A', B', C , which taken two and two, but 
in a cross order, have the same ratio, viz. 
A'Jo a*the same ratio as B' to C , andB 
to C the same ratio as A' to B'; then, 
ex sequali in proportione perturbata" (or 
ex asquo perturbato) the first shall be to 
the third of the first magnitudes, as the 
first to the third of the others; or, as it 
may be more briefly stated, 

if A : B :: B' : C 
and B : C :: A': B' 

then ex aequo perturbato, A: C:: A': C 
For, if 3 : 4 be the common ratio of A 

to B, and of B' to C, and 5 : 7 the com
mon ratio of B to C and of A' to B', it 
may be shown, exactly in the same man
ner as in the demonstration of. Prop. 24, 
that the ratio of A to C is 3 x 5 : 4 x 7, 
that is 15 : 28, and in like manner that 
the ratio of A' to C is 5x3 : 7x4, that 
is again 15 : 28. Therefore, 15 : 28 is 
the ratio of A to C, and also of A' to C, 
and consequently A : C :: A': C 
Therefore, &c. 
Cor. The same may be stated of any 

number of magnitudes A, B, C, D, and 
A', B', C, D ; that is, if A : B :: C : D' 

and B : C:: B' : C 
and C:D::A': B' 

then ex cequo perturbato A : D:: A': D'-for by the two first proportions, A : C :: B : D', and from this combined with the third proportion, A : D :: A': D', and so on for any number of proportions! This may be stated in the following words:/' Ratios which are compounded of any number of equal ratios, but in, a 
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reverse order, are equal to one another." 
{Def. 12.) 

Prop. [27]. 
Ratios which are compounded of the 

same ratios, in whatsoever orders, are the 
same with one another. 
The case of ratios which are com

pounded of the same ratios in the same 
order is that of [24]. Cor. 1. The case, 
again, of ratios, which are compounded 
of the same ratios in a reverse order, is 
that of [26]. Cor.l. 

Let the ratio of A to D, therefore, be 
compounded of the ratios of A to B, of 
B to C, and of C to D, and let the ratio 
of A' to D' be compounded of the ratios 
of A' to B', of B' to C , and of C to D', 
which are the same respectively with the 
ratios of which the ratio of A to D is 
compounded, but without regard to or
der ; thus, let 3 : 4 be the common ratio 
of A to B, and of B' to C, 5 : 7 the com
mon ratio of B to C and of A' to B', and 
11 : 8 the common ratio of C to D and 
of C to D'. Then it is evident, from the 
demonstration of Prop. [24], that the ratio 
of A to C is 3 x 5 : 4 x 7, and hence 
again, the ratio of A to D, 3 x 5 x 11 : 
4 x 7 x 8. And on the other hand, the 
ratio" of A' to C is 5 x 3 : 7 X 4, and 
hence the ratio of A' to D', 5 x 3 x 11 
: 7 x 4 x 8 ; which is the same with 
3 x 5 x 1 1 : 4 x 7 x 8 , because 5 x 3 x 11 
is the same with 3x5x11, viz. 165, and 
7 x 4 x 8 is the same with 4 x 7 x 8 , viz. 
224* Therefore 165 : 224 is the ratio 
both of A to D, and of A' to D', and con
sequently A : D :: A': D'. But the ratio 
of A to D is compounded of the same 
ratios with that of A' to D', without re
gard to order. 
Therefore, Sec. 
Cor. 1. If there be any number of 

ratios as those of A to B, of C to D, of 
E to F, Ssc, magnitudes which have to 
one another a ratio compounded of any 
two of these shall have the same ratio to 
one another with any other magnitudes 
which have to one another a ratio com
pounded of the same two; and, in like 
manner, magnitudes which have to one 
another a ratio compounded of any three 
of these shall have the same ratio to one 
another with any other magnitudes which have to one another a ratio compounded of the same three; and so on. Cor. 2. If the ratios of A 'to B, of C to D, of E to F, Ssc. be all equal to one another, magnitudes which have to one another a ratio compounded of any two 

• See Arithmetic, art, 23. 

of them will have to one another a ratio 
which is the same with the duplicate 
ratio of A to B : and in like manner, 
magnitudes which have to one another 
a ratio compounded of any three of them 
will have to one another a ratio which 
is the same with the triplicate ratio of A 
to B ; and so on. 

Cor. 3. Ratios which are the dupli
cate, or triplicate, &c. of the same ratio 
are the same with one another. 

Cor. 4. In the composition of ratios 
any two which are reciprocals of one 
another m a y be neglected, without 
affecting the resulting compound ratio. 
(See [10.] Cor.) 
. Cor. 5. If the ratio of A to C be 
compounded with the ratio of C to B, 
that is, with the reciprocal of B to C, the 
ratio A to B will be obtained, which 
being compounded with the direct ratio 
B to C, reproduces the ratio of A to C : 
that is, if one ratio be compounded with 
the reciprocal of another, a ratio will be 
obtained, which being compounded with 
that other, will again produce the first. 
This compounding of the reciprocal is 
sometimes called subducting, or taking 
away the direct ratio, and the result is 
termed the remaining ratio. 

It appears, therefore, from the pro
position, that if two ratios be equal 
to one another (and therefore com
pounded of equal ratios having any or
der in the composition of each), and if 
any of the equal ratios be subducted or 
taken away ([15]), the remaining ratios 
will be equal to one another. 
Scholium. 

The demonstrations which have been 
given of Prop. [24], [26], and [27], as 
above stated of commensurable magni
tudes, are derived from a property of nu
merical ratios; viz. that "if the ratio of 
A to B be any whatever, as 3 : 4, and, 
again, the ratio of B to C any whatever, 
as 5 : 7, the ratio of A to C will be deter
mined from these by multiplying their 
antecedents for a new antecedent, and 
their consequents for a new consequent." 
See the demonstration of Prop. [24], 
which is referred to in the demonstra
tions of Prop. [26] and [27]. It follows 
that a similar rule may be observed with regard to any number of ratios which are compounded according to Def. 12 ; viz. " In all cases in which the several numerical ratios of A to B, B to C, C to D, can be assigned,,i. e. when the magnitudes A,' B, C, D, are commensurable (8. Cor, 1.), the compound ratio, or that 
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of the first A to the last D, will be ex
pressed by an antecedent which is the 
product of all the antecedents, and a 
consequent which is the product of 
all the consequents." Hence, also, 
a numerical ratio is frequently said to 
be compounded of two or of any other 
number of numerical ratios, when its 
antecedent is the product of all their an
tecedents, and its consequent the pro
duct of all their consequents: for the 
magnitudes whose ratio it denotes will in 
such a case have to one another a ratio 
which is compounded of the ratios ex
pressed by those others. 

In a geometrical progression A, B, C, 
D, Ssc. of commensurable magnitudes, 
the successive terms have a common 
numerical ratio, e. g. 5:7; therefore, 
the ratio of A to C, i. e. the duplicate of 
A to B, is 5 x 5 : 7 X 7, the ratio of A 
to D, i. e. the triplicate of A to B, is 5X5 
X 5 : 7 X 7 x 7; and so on. 
Prop. [28]. 

If there be two fixed magnitudes, A 
and B, which are the limits of two others, 
P and Q, (that is, to lahichPand Q, by 
increasing together or by diminishing 
together, may be made to approach more 
nearly than by any the same given dif
ference), and if Y be to Q always in the 
same given ratio ofOtoH, A shall be 
to B in the same ratio. 

First, let P and Q approach to A and 
B respectively by a continual increase, 
so that P and Q can never equal, much 
less exceed, A andB, but may be made 
to approach to A and B more nearly 
than by any the same given difference. 
And let a magnitude B' be taken* such 
that A : B' :: C : D. Then, if B' is not 
equal to B, it must either be less than 
B or greater than B. First, let it be 
supposed less, as by any difference b. 
Then, because P : Q :: C : D, and A : 
B'::C:D, ([12]) A : B ' : : P : Q ; but 
A is always greater than P; therefore, 
B' is always greater than Q [(18)]. 
Wherefore, because Q is always less 
than B', which is less than B by b, Q 
cannot approach to B within the dif
ference b, which is against the sup
position. Therefore, B' cannot be less 
than B. Again, if B' be supposed greater than B, take* A' such that A' : B'::A : B. Then, because B is less than B', A is less than A' ([18]), as by some difference a. And, because A : B'::A : B, and P : Q : : A ; B , ([i2])A' :B'::P:Q : * See note at prop. [23], 

but B' is always greater than Q , be
cause it is supposed to be greater than B, 
which is greater than Q ; therefore A' is 
always greater than P ([18]). Wherefore, 
because P is always less than A', which 
is less than A by a, P cannot approach 
to A within the difference a, which is 
against the.supposition. Therefore B' 
cannot be greater than B. 

Therefore, in this case, B' cannot but 
be equal to B ; that is, A ; B:: C : D. 
And the other case, in which P and Q ap^ 
proachto A and B respectively, by a 
continual decrease, maybe demonstrated 
after the same manner; indeed in the 
same words, if the word " greater" be 
everywhere substituted for " less," and 
" less" for " greater," 

Therefore, Ssc. 
This proposition will be found of very 

extensive application in Geometry. B y 
help of it, the lengths of plane curves, 
and the areas bounded by them, the 
curved surfaces of solids, and the con
tents they envelope, m a y in many in
stances be brought into comparison with 
little greater difficulty than right lines, 
rectilineal areas, and solids bounded by 
planes. This will be exemplified in sub
sequent parts of the present treatise in 
cases which suppose the magnitudes 
compared to be similar, or of the same 
form; but the use of the proposition is by 
no means confined to these. It m a y be 
regarded as one of the first steps to what 
is called the higher Geometry, and in this 
view, likewise, is well worth the attention 
of the student. 
General Scholium 
O n the proportion of commensurable 

It was shown in the first proposition 
of this section ([9].) that if four magni-
tudes be proportionals, and if any mea
sure of the second be contained a cer
tain number of times in the first, a like 
measure of the fourth shall be contained 
the same number of times in the third. 
Hence it follows, that any terms ex
pressing the ratio of the first to the 
second, express also the ratio of the 
third to the fourth. But no terms can 
express the ratio of two magnitudes ex
cept the lowest, and such as are equi
multiples of the lowest terms; that is, 
except m , n, if m, n are the lowest terms, 
and I x m , I x n , where 2isa number 
multiplying the lowest terms (6. Cor. 1.). 
And - =i-^(Arith.art.80.).There-

n I x n fore, if four magnitudes be proportionals, 



II. {. 2.] G E O M E T R Y . 

and if a and b be the numbers of times any 
common measure of the first and second 
is contained in them respectively, and 
e and d the 'numbers of times any com
mon measure of the second and fourth is 

a c. 
contained in them, r = *j- The converse 

b a 
a 'c 

is likewise true, that is, if — = -f- the 
o a 

four magnitudes must be proportionals; 
for it may easily be shown, that fractions 
do not represent the same part of the 
whole unit, or, which is the same thing, 
are not equal to one another, except 
they be reducible to the same lowest 
terms, as —: * and these lowest terms 

n 
will express, at once, the ratio of the 
first to the second, and of the third to 
the fourth (1. Cor. 3.). 
The same conclusion may be stated in 

other words, as follows: 
If four magnitudes be proportionals, 

and if A, B, C, D, represent those mag
nitudes numerically, that is, if A andB 
represent the numbers of times the unit 
of their kind is contained in the two first, 
and if C and D represent the numbers 
of times the unit of their kind is con
tained in the two last, the quotient or 

A C 
fraction =• shall be equal to =r : and con-

adding 1 to each side, 

47 
Aj+B = C+p 

B D * 
which is the theorem cited by the Latin 
word componendo; again subtracting 
, , , A-B C-D, 
1 from each,-

B D 'wWch 
that cited by the word dividendo .-di-

tiplying^ into each, 7^ = —, which are 

A C 
This equation !=• = •=: is the founda

tion of the theory of proportion as it 
is treated in Arithmetic or Algebra, 
(see Arithmetic, art 127 and 128.) and 
leads with great facility to all the theo
rems of the foregoing section. Thus, 
* It is shown in the treatise on Arithmetic (art. 
61.) that the same nnraber can have but one set of 
prime factora: from this it follows, thatifffXd=£Xc 
fas is the ease when — =.— , Arith. art 127.)» an^ 

0 d 
if a be prime to &, the other factor d on the first side 
mnst contain b, and therefore mnst be of the form 
IX h% where / is some whole number multiplying the 
•whole number &; and hence it is evident that c is 
likewise of the form IX a, where I is the same whole 
number multiplying the whole number a. Therefore 
a c 

if — = — , and if a, be prime to h, c and d must be 
equimultiples of a and 6, that is — is reducible to if 

d h by dividing and d by their greatest common factor Qsee Prop. 5. Scholium); and hence likewise if — = —, and if a be not prime to bf nor c prime to d, a c the fractions— and— must be reducible to the same b d lowest terms by dividing a and & by their greatest common factor, and c and d by their greatest common factor. 

"R D 
viding 1 by each side, -r = -p, and mul-
B . L , A B 

C D' 
the theorems cited by the words inver
tendo and alternando respectively. A n d 
with equal readiness the rest m a y be 
derived from the same equation. A s 
they are all however sufficiently con
sidered in their several places, the re
mainder of this scholium will be confined 
to the explanation of certain rules com
monly practised in the treatment of pro
portions, which suppose the terms A , B , 
C, D to be numbers, and are at once de-

A C 
rivable from the equation = = = " 
Rule. 1. If four magnitudes, which are 
numerically represented by A, B, C, D, 
be proportionals, the product of the ex
tremes will be equal to the product of 
the means, i. e. if A : B:: C : D, A x D 
= B x C : and conversely if A x D = B x C 
the magnitudes represented by A, B, 
C, D will be proportionals. 

A C 
For, since =j = — , multiplying each side 

x> 1) 
b y B x D , A x D = B x C : and hence, con
versely, dividing each side by B x D , 
A C 
_ = — , i. e. A , B , C, D are proportionals. 
B D 

Rule 2. The same things being sup
posed, any c o m m o n factor M , which is 
found in both the antecedents, or in 
both the consequents, or in both the 
antecedent and consequent of the same 
ratio, m a y be expunged. 
„ . KxM LxM 
For if 

B D 
•A U ^ K L 
sides by M , g = g : 
n •» A C 

Or if . 

dividing both 

KxM LxM 
A C 

both sides by M , vf = j,: 
„ ..KxM C 

Or if 

multiplying 

C 
D' 

t = ?:» for 
LxM D' 

KxM = K 
LxM ~L" 
O r the Rule m a y be thus stated: 

Expunge all c o m m o n factors, except 
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they be common only to the two ex
tremes, or to the two means. For, in 
all other eases, if, as before, K x M and 
L x M be the terms having a common 
factor, and if P and Q be the terms not 
having a common factor, by multiplying 
extremes and means, K x P x M = 
L x Q x M , and dividing each side by 
M, KxP = LxQ. 

Of these three cases, the one which 
occurs most frequently is the last, viz. 
that in which the common factor is 
found in the terms of the same ratio. 
Rule 3. If there be two or more pro

portions, the products of the corre
sponding antecedents and consequents 
shall constitute a proportion. 
For if 5= g' and if also g,=gv 
multiplying together the quantities upon 
the left hand, and also those upon the 
right of the two equations, 

Ax A' CxC, 
BxB'~DxJ>' 

i.e. if A :B::C :D 
and A' :B'::C':D' 

Thus if K:B ::C :D 
andB:B'::C : D' 
andB':L ::C":D" 

AxA':BxB'::CxC':DxD'. 
•' Again, if there be a third proportion 
A " : B" : : C" : D"; the terms of this 
being multiplied into those of the.pre
ceding, A x A ' x A " : B x B ' x B " : : C x 
C ' x C " : D x D ' x D " ; and so on, if 
there be any number of proportions. 

When this Rule is applied, the result
ing proportion is said to be compounded 
of the others, and hence the rule is 
called, " compounding the proportions." 
W e may observe that the compound 
proportion commonly admits of reduc
tion by Rule 2., on account of the same 
term or terms occurring in more than 
one of the component proportions. 

If, for example, A : B :: C : D 
and B': A ::D : C 
and A',: C'::B':D", 

the proportion which is compounded of 
these is AxB'x A" : B x Ax C : : Cx 
D X B' : D x C x D": which is reducible 
by Rule 2. toA":B::C : D". 
The terms are, however, seldom (or 

never) so intermixed as in this example. 
The end which is usually proposed in 
the compounding of proportions is to 
obtain the ratio of one magnitude K to 
another L by means of a number of 
intermediate magnitudes; in order to 
which, K is made the antecedent of the leading ratio of the first proportion, and L the cpnsequent of the like ratio in the last. 

by compounding the proportions, K x B 
xB: BxB'xL:: CxC'xC":DxD' 
x D", and hence by Rule 2, K : L : : 
CxC'xC":DxD'xD". 
Section 3.—The General Theory of 

Proportion. 
The foregoing theorems have been es
tablished upon the supposition that the 
magnitudes spoken of are commensu
rable. This, however, is not always the 
case with magnitudes: there are ̂ some 
(examples will appear in a future paige) 
which have no common measure, and 
which are therefore said to be incom
mensurable. 
In the present-section, the similar re

lations of such magnitudes will be briefly 
considered ; a new definition will be laid 
down, comprehending that already given 
(def. [7]) of the proportion of commen
surable magnitudes, af the same time 
that it does not require, that the magni
tudes which satisfy it shall be commen
surable ; and to this new definition the 
theorems of the preceding section will 
be shown to apply equally as to the 
former. ,s > 
In the first place, then, it is evident 

that, incommensurable magnitudes hav
ing no common part, their ratio can 
never be exactly expressed by numbers. 
Numbers may nevertheless be obtained 
which shall serve to compare two such 
magnitudes A and B to any required de
gree of accuracy. 

Let B be divided into any large num
ber of equal parts, a million for ex
ample: then A will contain a certain 
number of these parts with an excess 
which is less than one of them, less, 
that is, than a millionth part of B ; so 
that if we take no account of this excess 
in our estimate of their relative magni
tude, we shall commit an error of less 
than one-millionth. And it is plain that, 
in this manner, by dividing B into a still 
greater number of equal parts, the error 
of our estimate may be made as small 
as we please. 
It is found, for example, (by methods 

which will be noticed hereafter) that, if the diameter of a circle be divided into 7 equal parts, the circumference will contain not quite 22 of those parts; if, again, the diameter be divided into 113 equal parts, the circumference will contain not quite 355 of those parts: if into i n nnn.noo. tha circumference will con-
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tain not quite 31,415,927 ; and so on. 
Therefore the ratio of the circumference 
to the diameter is expressed by the 
ratio 22 : 7 nearly; more nearly by. 355 : 
133; still more nearly by 31,415,927 : 
10,000,000; and so on: nor is there 
any limit to the accuracy of this ap
proach, although there should (as is 
really the case) be no two numbers by 
which it can be expressed exactly. 

This consideration brings us directly 
to the only case in which, consistently 
with the view already taken of the sub
ject of equal ratios, two magnitudes may 
be said to be similarly related Cor in the 
same ratio) to two others of the same 
kind respectively, with which t/tey are 
incommensurable. The ratios of the for
mer to the latter, each to each, must ad
mit of being approximately represented 
by the same numbers, to how great an 
extent soever the degree of approxima
tion m a y be carried: in other words, any 
like parts whatsoever of the two latter 
magnitudes, however minute they m a y 
be taken, must be contained in the two 
former, each in each, the same number 
of times, with corresponding8 remain
ders less than the parts. 

It has been already observed that 
this obtains with regard to the propor
tionals of def. [7]. W h e n four magni
tudes are proportionals by that defini
tion, which supposes the first two and 
second two to be commensurable, there 
are, indeed, some like parts of the se
cond and fourth which are contained in 
the first and third the same number 
of times without remainders; viz. the 
greatest c o m m o n measures of the first 
two and second two, and any like parts 
of the greatest c o m m o n measures: it is 
easy to perceive, however (and the same 
has been demonstrated at large in Prop. 
[9]), that any other like parts of the 
second and fourth will be contained in 
the first and third the same number of 
times, with corresponding less remain
ders. The following, therefore, is to be 
considered as the general test of two 
magnitudes A and C, having the same 
ratio to two others B and D, of the 
same kind with the former two re
spectively. Def. 7. The first of four magnitudes is said to have the same ratio to the se-* By the word " corresponding" here used, it is merely intended to point oat the fact of there being two remainder, i. e. a remainder in the comparison of the two first magnitudes, and a remainder corresponding to it in the comparison of the two last. And in the same sense the word is to be understood in subsequent passages on the same subject. 

cond which the third has to the fourth, 
when any like parts whatsoever of the 
second and fourth are contained in the 
first and third the same number of times 
exactly, or the same number of times 
with corresponding remainders less than 
the parts. 

For example: let A B C D , ' E F G H be 
two rectangles having the same altitude, 
and let A B , E F be their bases. Let 
the base E F be divided into any number 
of equal parts E /, & c , and the rect
angle E F G H into as many equal rect
angles, E/g- H , &c. by lines drawn 

J ? o 

through the points of division parallel 
to E H. Then if A b, &c. be taken 
equal to E /, and if straight lines be 
drawn through the points b, &c. parallel 
to A D ; the base A B, and the rectangle 
A B C D , will contain, the one a certain, 
number of parts equal to E /, and the 
other the same number of rectangles 
equal to'E/g- H , either exactly, or with 
corresponding remainders less than E / 
and E/g- H . And this will always be the 
case, whatsoever be the number'of parts 
into which E F is divided. Therefore, 
according to def. 7., the two rectangles 
and their two bases are proportionals. 

Def. 8. If the first of four magni
tudes contain any part of the second a 
greater number of times, with or with
out a remainder, than the third con
tains the like part of the fourth, the first 
is said to have to the second a greater 
ratio than the third has to the fourth" 
also, in this case, the third is said to 
have to the fourth a less ratio than the 
first has to the second. 

As from Prop. [9] with regard to 
commensurable proportionals, so from 
the terms of our new general definitions 
7. and 8. with regard to the propor
tionals described in def. 7. it is at once 
evident that of four magnitudes, A, B, 
C, D,- the first A cannot be said to 
have to the second B the same ratio 
which the third C has to the fourth 
D, according to def. 7, and at the same 
time a greater or a less ratio than C 
has to D, according to' def. 8.: much less can A be said to have to B at the same time both a greater and a less ratio than C has to D * 

* See note at Prop. [9.] 
E 
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W e proceed to the properties'of this 
more general description of propor
tionals, which will be found the same 
with those already demonstrated in the 
preceding Section of commensurable 
proportionals. They will be considered 
accordingly in the same order, and will 
have the same numbers affixed to them. 
It will be observed, also, that they are 
stated.in the same words, with the excep
tion of Prop. 9., which is little more than 
another form of expressing def. 7., and 
its corollaries, which again express the 
same thing in different terms, the 2d. 
of them being, in fact, Euclid's cele
brated definition of proportionals. 
Prop. 9. 
If four magnitudes A, B, C, D be 
proportionals, the first and third shall 
contain respectively —ths of the second 
m 
and fourth, or both more than —ths, or 
both less than -v™, whatsoever values 
may be given torn and n; and conversely, 
if this be the case with four magnitudes, 
they shall be proportionals. 

For, by def. 7., if A contain exactly 
—tns. 0f B7 -C must contain exactly 
n 
—ths 0f D: or, again, if A contain more 
n -
than m of the nih parts into which B 
is divided, as m' (suppose), or m> with a 
remainder, where m1 is greater than m , 
C must also contain ml parts, or m! with 
a remainder, that is, more than m of the 
nth parts into which D is divided: and 
in like manner, if A contain less than 
-th» of B, C will likewise contain less 
n 
than -«"ofD. 

n 
Next, let this be the case with four 

magnitudes, A , B , C, D, whatsoever 
numbers be substituted for m and n: 
A , B, C, D shall be proportionals. 

For, if A and C contain exactly m of the nth parts into which B and D are divided, the four A, B, C, D are commensurable proportionals, according to def. 7 ; and, therefore, also (by Prop. [9] of the last Section, as has been already observed) proportionals according to def. 7. Again, if A contain more than m, as m' and a remainder, that is more than m! and less than m'+l parts 

B, C will contain, also, by the supposi
tion, more than ml and less than m'+l 
of the like parts of D, that is, the same 
number m' of these with a remainder, 
and this, whatever be the value of n. 
Therefore, (def. 7.) A, B, C, D are pro
portionals. 
Therefore, &c. 
Cor. 1., The same had been expressed 

by saying-, "if A,B, C,D be propor-
m 

tionals, and if A be greater than - a, 
m 
C shall be likewise greater than — U, 
if equal equal, and if less less, whatso
ever values may be given to m and n: 
and, conversely, if this be the case with 
four magnitudes, they shall be propor
tionals." 

Cor. 2. (Euc. v. def. 5.) Or, again, 
"if A,B, C^D be proportionals, and if 
ra A be greater than m B, n C shall like
wise be greater than toD, if equal equal, 
and if less less, whatsoever values may 
be given to m and n: and, conversely, if 
this be the case with four magnitudes, 
they shall be proportionals." 

For nk, otB, raC, otD are equimul-
lyyt /yyt 

tiples of A, - B, C, - D; and of the 
n n 

equimultiples of two magnitudes, one 
will be greatfer than, or equal to, or less 
than the other, according as the corre
sponding magnitude is greater than, or 
equal to, or less than the corresponding 
magnitude of the other; and con
versely (ax. 1, 2, 3, 4).* 

* "The first of four magnitudes is said to have the 
same ratio to the second, which the third has to the 
fourth, when any equimultiples "whatsoever of the 
first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; if the multiple 
of the first be less than that of the second,' the multi
ple of the third is also less than that of̂ the fourth j 
or, if the multiple of the first be equal to* that of the 
second, the multiple of the third is also equal to 
that of the fourth ; or, if the multiple of the first be 
greater than that of the second, the multiple of the 
third is also greater than that of the fourth."— 
Euc. v. def. 5. 
This definition of proportionals has been sometimes 

found fault with as too abstruse and recondite for be
ginners ;—which would riot perhaps have been the 
case, had its connexion with the more obvious but 
confined view of def. [7-] been always pointed out. For, we have seen that a general theory of proportion, which shall embrace indifferently all magnitudes, whether commensurable or otherwise, admits of no test essentially different from that which is here adopted. The greatest geometers in dwelling upon this part of the Elements have ever found cause to admire the profoundness and sagacity of their author. "Witness the energetic testimony of Barrow, "That there is nothing m the whole body of the Elements of a more subtile invention, nothing-more solidly established, orinore accurately handled, than the doctrine of proportionals." Euclid has, indeed, left little in this respect, as in others, to be 
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Cor. 3. (Euc. v. def. 7.) In like man
ner, it .'may be shown, that, if there be 
four magnitudes A, B, C,D, and if a 
multiple of A , as m i , can be found 
which is greater than a multiple of B 
as n B, while the corresponding multiple 
of C, viz. m C, is not greater than the 
corresponding multiple of D, viz. n~D, 
A has to B a greater ratio than C has 

rffi txis 
to D. For, A will be greater than — 

n 
of B, but C will not be greater than 
TOths 
— of D ; that is, the 71th part of B 
will be contained in A m times or more 
with a remainder, but thera* part of 
D will not be contained in C so much as 
m times with a remainder. (See def. 8.) 
Prop. 10. (Euc. v. 7.) 

Equal magnitudes have the same ratio 
to the same magnitude: and the"same 
has the same ratio to equal magnitudes. 

For, any the same part of the same 
magnitude will be contained the same 
number of times in equal magnitudes 
with corresponding . less remainders. 
And, again, any like parts of equal 
magnitudes, being equal to one another 
(ax. 2), will be contained the same num
ber of times, with the same remainder in 
the same magnitude. 
Therefore, &c. 
Cor. If a ratio which is compounded 

of two ratios be a ratio of equality, one 
of these must be the reciprocal of the 
other. (See [10] Cor.) 
Prop. 11. (Euc. v. 8.) 

Of two unequal magnitudes, the 
greater has a greater ratio to the same 
magnitude: and the same magnitude has 
a greater ratio to the lesser of the two. 

The first is evident: for, of any the 
same magnitude a part m a y be found 
less than the difference of two unequal 
magnitudes, which .part must evidently 
be contained a greater number of times 
in the greaterthan in the lesser of the two. 

In the second place, therefore, let A 
and B be any two magnitudes of which 
A is the greater, and let C be any third 
magnitude: C shall have to the greater 
A a less ratio than the same C has to 
the other B. J done by succeeding writers, but to follow Ms steps as, closely as they axe able: the principles, the theorems, the demonstrations they are in search of are all to be found in this one masterpiece, and fox the most part under the simplest form. From this it will, of course, be easily understood how large a portion "of the present Section is borrowed from the 5th Book of the Elements, 
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Let D be the difference of A and B : 
then, whether B and D be or be not both 
of them greater than C, multiples oiB, 
m D may be taken of them which are both 
greater than C. And, because C is less 
than otB, let multiples of 0 be taken, as 
2 C, 3 C, &c. until a multiple be found, 
asp-f-l.C,which is the first greater than 
m B. Then, because m B is not less than 
the preceding multiple p C, and because 
mD-is greater than C, the two m B , mT> 
together are greater thaiiff C and C toge
ther, that is, thanp-t- l.C. But, because 
A is equal to B andD together, it is evi
dent that m A is equal to m B and m D 
together. Therefore to A is greater than 
p+.l.Cj and n B less than£> + l.C. 
Therefore the p + lth part of A is con
tained in C, not so much as m times, 
and the p + 1th part of B is contained in 
C, m times with a remainder. There
fore (def. 8.) C has a less ratio to A than 
it has to B, or a greater ratio to B than 
it has to A. (See also 9. Cor. 3.) 
Therefore, &c. 
Cor.l. (Euc.v. 9.) Magnitudes which 

have the same ratio to the same magni
tude are equal to one another : as like
wise those to which the same magnitude 
has the same ratio. 

Cor. 2. A ratio which is compounded 
of two ratios, one of which is the reci
procal of the other, is a ratio of equality: 
for, A having to C a ratio which is_com-
pounded , of the ratio's of A to B and 
of B to C, if the latter be the same 
with the ratio of B to A, A [must be 
equal to C. 

Cor. 3. (Euc.v. 10.) If one of two mag
nitudes have a greater ratio to the same 
magnitude than the other has, the first 
must be greater than the other: and if 
the same magnitude have a greater ratio 
to one of two magnitudes than it has to 
the other, the first must be less than the 
other. 

Prop. 12. (Euc. v. 11.) 
Magnitudes A , B and C,D, which 

have the same ratio with the same mag
nitudes P, Q , have the same ratio with 
one another. 

For any part of B will be contained 
in A exactly or with a remainder, as 
often as a like part of Q is contained m P exactly or with a remainder, because A • B :: P: Q , that is, as often as a like part of D, is contained in C exactly, or with a remainder, because C : D ;: P:Q.; Therefore, &c.. E % 
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Cor. 1. (Euc. v. 13.) If A have to B 
the same ratio as C to D, and C to D a 
greater or a less ratio than E to F, A 
shall have to B a greater or a less ratio 
than E has to F. 

Cor. 2. If A have to B a greater or 
a less ratio than C to D, and C to D 
the same ratio as E to F, A shall have 
to B a greater or a less ratio" than E 
has to F. 
Prop. 13. (Euc. v. D and C.) 

If four magnitudes be proportionals, 
and if the first be any multiple or part 
of the second, the third shall be'the same 
•multiple or part of the fourth.- and 
conversely, if one magnitude be the same 
multiple or part of another, that a third 
magnitude is of a fourth, the four mag
nitudes shall be proportionals. 
The first is evident from def. 7.; for 

it is supposed in that definition that if 
any part of the second be contained a cer
tain number of times in the first exactly, 
alike part of the fourth will be contained 
the same number of times in the third ex
actly. And, in the'secbnd place, if A b e 
the same multiple or part of B that C is 
of D, A, B, C, D will be commensurable 
proportionals, and therefore ( [9]) also 
proportionals by def. 7. 

Therefore, &c. 
Prop. 14. (Euc. v. A.) 
F If 'four magnitudes A, B, C, D be pro
portionals, and if the first be greater 
than the second, the third shall be 
greater than the fourth; if equal, equal; 
and if less, less. 
For, if A be greater than B, a part of 

the latter may^ be found which shall be -
less than their difference, and which 
shall therefore be contained a greater 
number of times exactly, or with a re
mainder, in A, than in B : therefore, 
because A, B,C,D are proportionals, 
the like part of D will also be contained 
a greater number of times exactly or 
with a remainder in C than in D, that 
is, C will be greater than D. 
And, in the same manner it may be 

shown, that if A be equal to B, C will 
be equal to D ; and if less, less. 

Therefore,- &c. 
Prop. 15., (Euc. v. B.) 

If four magnitudes A, B, C, D be proportionals, they shall also be proportionals when taken inversely: that is, invertendo, B : A :: D : C. Of A, C take any equimultiples whatever m A, m C , and of B, D, 

any equimultiples whatever riB, n D . 
Then, according as n B is equal to, 
or greater than, or less than m A, it 
is plain that m A will be equal to, 
or less than, or greater than n B ; 
and, therefore, on account of the pro
portion, (9. Cor. 2.)mC will be likewise 
equal to, or less than, or greater than 
n D , that is, n D will be equal to, or 
greater than, or less than m C. And 
this will be the case, whatever be the 
numbers n and m. Therefore (9. Cor. 2.) 
B, A, D, C are proportionals. 

Therefore, &c. 
Prop. 16. (Euc. v. 4.) 

If four magnitudes A, B, C, D be pro
portionals, and if there be taken any 
equimultiples of the first and third; and 
also any equimultiples of the second and 
fourth: these equimultiples shall like
wise i"be proportionals. 

Let m A , m C be any equimultiples 
whatever of A, C, and n B, n D any 
equimultiples whatever of B, D. Take 
K, M any equimultiples whatever of 
to A, m 0, and therefore (2.) like
wise equimultiples of A, C ; also L, N 
any equimultiples whatever of n B, 
nt>, and therefore likewise equimulti
ples of B, D. Then, because A : B:: 
C : D, if K be greater than L, M will 
be greater than N ; if equal, equal; 
and if less, less (9. Cor. 2.). But K, M 
•are any equimultiples whatever of m A, 
m C, and M , N any equimultiples 
whatever of n B, n D. Therefore 
(9. Cor. 2.)mA: n B ::mC : nD. 
Therefore, &c. 
Cor. If A, B, C, D be proportionals, 

and if any like parts of the first and third 
be taken, and also any like parts of the 
second and fourth, these like parts will 
likewise be proportionals. 
Prop. 17. (Euc. v. 15.) 

Magnitudes have the same ratio to one 
another which their equimultiples have. 

For, if to A, m B be any equimulti
ples whatever of A, B, it is evident, that 
any part P of B will be contained in A 
exactly, or with a remainder, as often as 
to times that part or to P is contained in 
m A with a remainder. Also, what
ever part P is of B, to P is the like part 
of to B. Therefore, A : B • • m A • to B (def. 7). ' Therefore, &c. Cor. 1. Magnitudes have the same ratio to one another which their like parts have. Cor. 2. If A, B, C, D be proportion-
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als, and if any equimultiples whatever be 
taken of the first and second, and also 
any equimultiples whatever of .the third 
and fourth, these equimultiples will like
wise be proportionals (12). 

The same, it is evident, may be stated 
with regard to .any hke parts taken of the 
first and second,. and also of the third 
and-fourth. 
Prop. 18. (Euc. v. 14.) 

If four magnitudes of the same kind 
be proportionals, and if the first be 
greater than the third, the second sliall 
be greater than the fourth; if equal, 
equal; and if less, less. 

Let A, B, C, D, be proportionals, and 
first, let A be greater than C ; B shall 
be greater than D. 
For A, being greater than C, has to B 

a 'greater ratio (11.) than C has to B : 
therefore (12. Cor. 1.) C has also to 
D a greater ratio than the same C has 
toB therefore, (11. Cor.3.)B is greater 
than D. 
And, in hke manner it may be shown, 

that if A be equalto C, B must be equal 
to D ; and if lesŝ  less. ' 

Therefore, &c. 
Cor. Hence, also, if four magnitudes 

of the same kind be proportionals, and 
if the second be greater than the fourth, 
the first will be greater than the third; 
if equal, equal; and if less, less. 
Prop. 19. (Euc.v. 16.) 

If four magnitudes A, B, C, D of the 
same kind be proportionals, they shall 
also be proportionals,' when taken alter
nately ; that is, alternando A : C : : 
B:D. 

Of A, B take any equimultiples what
ever to A, to B, and of C, D any equi
multiples whatever n C, n D : then 
(17. Cor. 2.) m A, m B, ra C, ra D are 
proportionals; and, therefore, (18.) if 
m A-be greater than ra C, to B will also 
be greater than ra D ; if equal, equal; 
if less, less. But to A, toB are any equi
multiples whatever of A, B, and ra C, 
ra D any equimultiples whatever of C, D. 
Therefore, (9. Cor. 2.) A : C : : B : D. 

Therefore, Sec. 
Prop. 20. (Euc. v. 17.) 

If four magnitudes A, B, C, D, be proportionals, they shall also be proportionals, when taken dividedly: that is, the difference of the first and second shall be to the second as the difference of the third and fourth to. the fourth;—or dividendo A ~ B ; B ;: C~D :_D,,, 

For, if any like parts whatever, as the 
»*, of B and D be contained in A and 
C the same number of times, to, exactly, 
or with corresponding remainders, they 
will be contained in A ~ B and C~D, the 
same number of times, m~n, exactly, or 
with the same remainders. Therefore, 
(def. 7.) A ~ B : B : : C~D : D. 
Therefore, &c. 
Cor. 1. (Euc. v. E.) If four magni

tudes A, B, C, D be proportionals, then 
convertendo, A : A~ B :: C : C~D (See 
[20] Cor. 1.) 

Cor. 2. (Euc. v. 25.) If four "magni
tudes of the same kind be proportionals, 
the greatest and least of them together 
shall be greater than the other two to
gether. (See [20] Cor. 2.) 

Cor. 3. If three magnitudes be pro
portionals, half the sum of the extremes 
shall be greater than the mean : in other 
words, the arithmetical mean j between 
two magnitudes is greater than the geo
metrical mean between the same two. 
(See [20] Cor. 3.) 
Prop. 21. (Euc. v. 18.) 

If four magnitudes A, B, C, D, be 
proportionals, they shall also be propor
tionals when taken conjointly; that is, 
the sum of the first and second, shall be 
to the second, as the sum of the third 
and fourth to the fourth : or, compo • 
nendo, A+B : B :: C+D : D. 

For, if any like parts whatever, as the 
re'Vof B and D be contained in A and C 
the same number of times, m, exactly, or 
with corresponding remainders, they 
will be contained in A + B and C + D 
the same number of times, m + ra, exactly, 
or with the same remainders. There
fore, (def. 7.) A + B : B : : C + D : D. 

Therefore, &c. 
Cor. If four magnitudes A, B, C, D 

be proportionals, A : A + B :: C : C + D . 
(See [21] Cor.) 

Prop. 22. (Euc. v. 19.) 
If one magnitude be to another as a 

magnitude taken from . the first to a 
magnitude taken from the other, the re
mainder shall be to the remainder in the 
same ratio. 
See the demonstration of [22]. 
Cor. 1. If there be any number of magnitudes A, B, C, D, &c. in geometrical progression, the differences A~B, B~C, C~D, &c. will form a geometrical progression in which the successive terms have the same ratio with the successive terms of the former. (See [22] Cor. 1.) 
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Cor. 2. And conversely, any number 
of magnitudes A, B, C, D, &c. in geome
trical progression may be considered 
as the differences of other magnitudes 
A', B', C, D', E', &e. forming a geome
trical progression, in which the first 
term A' is to A, as A to A~B, and the 
successive, terms have the same ratio 
with the successive terms of the former. 
(See [22]. Cor. 2.) 

Prop. 23. 
If one magnitude be to another as a 

third magnitude of the same hind to a 
fourth, the sum of the first and third 
shall be to the sum of the second and 
fourth in the same ratio. 

See the demonstration of [23]. 
Cor. 1. (Euc. v. 12.) Hence, if there 

be any number of magnitudes of the 
same kind antecedents, and as many 
consequents, and if every antecedent 
have the same ratio to its consequent, 
the sum of all the antecedents shall have 
the same ratio to the sum of all the 
consequents. 

Cor, 2. If the ratio of A' to B' be not 
the same with the ratio of A to B, the 
ratio of A + A' to B + B' will not be the 
same with the ratio of A to B ; butiless, 
if the magnitudes added be to one ano
ther in a less ratio, or greater, if the 
magnitudes added be to one another in 
a greater ratio.* (See [23]. Cor. 2.) 

Cor. 3. "Hence, if the ratio of A' to 
B' be not the same with the ratio of A 
to B, the ratio of A + A' to B + B' will 
he between the ratios of A to B and of 
. A' to B'; that is, it will be greater than 
the lesser of the two, and less than the 
greater of the two. 

Prop. 24. 
' If there be three magnitudes of the 
same kind, A , B , C> and other three 
A', B', C , which, taken two and two in 
order, have the same ratio; viz. A to B 
the same ratio as A' to B', and B to C 
the same ratio as B' to C ; then ex 
* It is required in the demonstration of this Corol
lary, by help_ of the proposition, as in [23]. Cor. 2., 
that to two given magnitudes of the same kind, and a 
third, there may be found a fourth proportional. 
The case in which the two first magni tudes are com
mensurable has been already noticed in the note upon [23]- Cor, 2. : in the other case, i. e. when they are incommensurable, we can only approximate to the fourth proportionals we approximate to the ratio of the two magnitudes numerically, as in the opening of this section. Since, however, such approximation may be continued without limit, and magnitudes can be obtained which are in a greater and less ratio to the given magnitude, according to def. 8., we presume that there is some-magnitude between them which is to the given third magnitude'in the same ratio which the second has to the first—that is, some magnitude which is a fourth proportional to the three, - - ; .-%.-•. 

[II. § 3. 

sequahMn proportione directa (or ex 
aequo) the first shall be to the third of 
the first magnitudes, as the first to the 
third of the others; or, as it m a y be 
more briefly stated, 

if A : B :: A' : B' 
andB_:C::B':C 

then, ex sequali A : C :: A' : C. 
Of A, A' take any equimultiples toA, 

to A', of B,B' any equimultiples raB, 
raB', and of C, C any equimultiples^ C, 
p C : then, because A, B, A', B are 
proportionals, m A , raB, to A', raB' are 
also proportionals, (16.): and, in like 
manner, because B, C, B', C are pro
portionals, raB, pG, raB',p C are also 
proportionals.-
Now, if to A be greater thanpC, it 

will have to raB a greater ratio thanp C 
has (11.); and therefore, (12. Cor. 1.) 
to A' will also have to raB' a greater 
ratio than p C has to ra B ; that is, on 
account of the proportionals p C , raB, 
p C, raB' (15.), a greater ratio than p C 
has to raB/ (12. Cor. 2.); therefore, 
also, m A' will be greater, than p C 
(11. Cor. 3.). In the same manner it 
may be shown, that if m A be equal to 
pC, m A ' will also be equal to p C ; and, 
if less, less. And the numbers m,p may 
be any whatever. Therefore (9. Cor. 2.) 
A, jC, A', C' are proportionals, and 
A : C : •, A' : C. 
Therefore, &c. 
Cor. 1. (Euc. v. 22.) Hence, also, 

if A : B :: A': B' 
and B :C ::B':C 
and C : D :: C : T>' 

ex cequali A : D:: A' : D' ; and the 
same is true whatever be the number of 
magnitudes A, B, C, D, &c. A', B', C, D', 
&e. 
This may be stated in the following 

words : ". Ratios, which are compounded 
of any number of equal ratios in the 
same order, are equal to one another." 

Cor. 2. If four magnitudes A, B, C, D 
be proportionals, then miscendo A + B 
: A ~ B :: C + D : C~ D . (See [24] 
Cor. 2.) 
Prop. 25. (Euc. v. 24.) 
If two"proportions have the same con
sequents, the sum of the first antecedents 
shall be to their consequent, as the sum ofthe second antecedents to their consequent; that is, if A : B : : C : D ; and if A': B :: C : D, then A + A': B :: C + C : D. See the demonstration of [25]. Cor, l, The same m a y be stated of 
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any number of proportions having the 
same consequents; that is, the sum of 
all the first antecedents shall be to their 
consequent as the sum of all the second 
antecedents to their consequent. 

Cor. 2. In like manner, also, it may be 
shown (by " dividendo" instead of " com
ponendo") that if two proportions have 
the same consequents, the difference of 
the first antecedents shall be to their 
consequent as the difference of the se
cond antecedents to their consequent. 

Cor. 3. Hence if there be any number 
of magnitudes of the same- kind A, B, C, 
D, E, F, and as many others A', B', C, 
D', E', F', and if the ratios of the first 
to the second, of the second to the 
third, of the third to the fourth, and 
so on, be respectively the same in the 
two series; any^ two combinations by 
sum and difference of the magnitudes 
of the first series, e. g. A + C — E and 
B — C + D shall be to one another as 
two similar combinations of the cor
responding magnitudes of the second 
series, viz. A' + C — E' and B' — 
C + D'. 

Prop. 26. 
If there be three magnitudes of the 

same kind A, B, C, and other three 
A1, B', C, which taken two and two, but 
in a cross order, have the same ratio, vis. 
A to B the same ratio as B' to C, and B 
to C the same ratio as A' to B'; then, ex 
aequali in proportione perturbato (or 
ex aequo perturbato), the first shall be to 
the third of the first magnitudes as the -
first to the third of the others ; or, as it 
may be more briefly stated, •-

if A : B :: B': C 
and B : C :: A': B' 

ex aequo perturbato A : C :: A' : C. 
Of A, B and A' take any equimul

tiples to A, toB and mA', and of C, B' 
and C any equimultiples ra C, raB' and 
ra C : then, because A, B, B', C, are 
proportionals, to A, toB, raB', re C are 
also proportionals (17. Cor. 2.); and, 
because B, C, A', B' are proportionals, 
m"B, raC, to A', raB' are also propor
tionals (16). 

Now, if to A be greater than ra C, it 
will have to m B a greater ratio than ra C has to toB (11.); and therefore, (12. Cor.l. )raB' will also have toraC'agreater ratio than ra C has to m B, that is, on account of the proportionals ra C,mB, raB', to A' (15.), a greater ratio than raB' has to m A 1 (12. Cor. 2.): therefore, also, to A' willbe greater than n C (11. Cor.3.). In the same manner, it may be shown 

that if to A be'equal to raC, to A'will 
also be equal to ra C', an,d if less, less. 
And the numbers m, ra may be any 
whatever. Therefore (9. Cor. 2.), A, 
C, A', C are proportionals, and A : C 
::A':C;. 
Therefore, &c. 
Cor. 1. (Euc. v. 23.) Hence, also, 

if A : B ::C':D' 
and B : C::B': C 
and C :D:;A:B/ 

ex cequo perturbato A : D :: A': D'; and 
the same is true .whatever be the 
number of magnitudes A, B, C, D, Ssc. 
A', B', C, D', Ssc. 
This may be stated in the following 

words: "ratios which are compounded 
of any number of equal ratios, but in a 
reverse order, are equal to. one another." 

Prop. 27. (Euc. v. F.) 
Ratios which are compounded of the 

same ratios, in whatsoever orders, are. 
the same with one another. 
The case of ratios which are com

pounded of the same ratios in the same 
order is that of 24. Cor. 1. 
The case, again, of ratios which are 

compounded of the same ratios in a re
verse order, is that of 26. Cor. 1. 
Let the ratio of A to D, therefore, be 

compounded of the ratios of A to B, of 
B to C, and of C to D: and let these 
ratios be the same respectively with the 
ratios of C'to D', of A' to B' and of B' 
to C, of which the ratio of A' to D' is 
compounded, but in a different order: 
the ratio of A to D shall be the same 
with the ratio of A' to D'. 

For, becauseB:C;:A':B' 
andC:D;:B':C 

ex cequali, B: D :: A': C 
but again, A : B :;C':D' 

Therefore ex cequo 
perturbato . . . A: D :: A': D'. 
And, in a similar manner, the case of 

ratios which are compounded of the 
same three ratios in any other order, 
may be demonstrated. For, if K, L, M 
represent the three ratios in one order, 
in whatever other order they may be 
arranged, two of them will be found 
which are contiguous in both arrange
ments ; commencing with, which two, the demonstration will differ little from the above. Hence, again, it may be shown, that ratios which are compounded of the same four ratios K, L, M, N in whatsoever orders, are the same with one another; as for instance, in the orders K,L,M,N, and, M,K,N,L: for the 
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latter ratio is the same with the ratio nearly than by any the same given differ-
which is compounded of the same ratios ence)and ifP be to Q always inthe same 
in the order M,K,L,N, because the ratio given ratio o f C t o D ; A shall be to a m 
which is compounded of K, N , L, is the the same ratio same with that which is compounded of 
K, L, N ; and, for a similar reason, the 
ratio which is compounded of M , K, L, 
N , is the same with that which is com
pounded of K,'L, M , N . 

And the same reasoning may be ex
tended to five, six, or any other number 
of ratios. 

Therefore, 8cc. 
Cor. 1., (Euc. v. G.) If there be any 

number of ratios as those of A to.B, of 
C to.D, of E to F, &c. magnitudes which 
have to one another a ratio compounded 
of any two of these shall have the same 
ratio to one another with any other mag
nitudes which have to one another a 
ratio compounded of the same two; 
and, in like manner, magnitudes which 
have to one another a ratio compounded 
of any three of these shall have the same 
ratio to one another with any other 
magnitudes which have to one another a 
ratio compounded of the same three; 
and so on. 

Cor. 2. If the ratios of A to B, of B 
to D, of E to F, 8cc. be all equal to one 
another, magnitudes which have to one 
another a ratio compounded of any two 
of them will have to one another a ratio 
which is the same with the duplicate 
ratio of A to B : and in like manner, 
magnitudes which have to one another 
a ratio compounded of any three of them 
will have to one another a ratio which 
is the same with the triplicate ratio of A 
to B ; and so on. 

Cor. 3. Ratios which are the duplicate, 
or triplicate, &c. of the same ratio are 
the same with one another. 

Cor. 4. In the composition of ratios 
any two which are reciprocals of one 
another may be neglected, without af
fecting the resulting compound ratio. 
(See 10. Cor.) 

Cor. 5. Hence, if two ratios be equal 
to one another (and therefore com
pounded of equal ratios, having any 
order in the composition of each), and if 
any of the equal ratios be subducted or 
taken away, the remaining ratios will be equal to one another. (See [27] Cor. 5.) Prop. 28. If there be two fixed magnitudes A and B, which are the limits of two others P and Q (that is., to which? and Q, by increasing together, or by diminishing together, may be made to approach more. 

See the demonstration of [28.] and 
the note at 23. Cor. 2. 

It has been already observed, that mis 
proposition is of extensive application 
in Geometry, and the uses have been 
mentioned to which it will be found ap
plied in subsequent parts of this treatise. 
The present section, or rather, m e 
passing from a property demonstrated 
of commensurable proportionals to the 
demonstration of the same property 
with regard to incommensurable pro
portionals, offers an immediate illus
tration of it; which seems also the 
rather not to be passed by m this place 
as we here take leave of the abstract 
theory of proportion, to consider its 
application to the proper subjects of 
Geometry, viz. lines, surfaces and 
solids ; and a theory of proportion 
would scarcely appear complete with
out some notice of the equality existing 
between \heproducts of the extremes and 
means. In what sense this expression 
is to be interpreted with regard to a. pro
portion of four magnitudes of any kind 
A, B, C, D, was pointed out in the Ge
neral Scholium at the end of Section II.; 
viz. that it supposes the magnitudes to 
be commensurable, and is to be under
stood of the numbers which stand for 
them. But we have seen that the term 
product is sometimes also, for the sake 
of brevity, used synonymously for rect
angle,—as whenever the product of two 
lines is spoken of, meaning the rect
angle which they contain. 

W e propose then to demonstrate 
generally, that, if four straight lines 
A, B, C, D be proportionals, (whether 
commensurable or otherwise,) the rect
angle under the extremes will be equal to 
the rectangle under the means; and that 
in such a manner as may serve to illus
trate the use of Prop. '2 8. 

First, let A and B 
be commensurable, and 
therefore also C and 
D : and let their com
mon ratio be any whatever, as 7:5; that is, let there be common measures M , N , the first of A and B, and the second of C and D, which are contained in A and C respectively 7 times, and in B and D respectively 5 times. Then because A contains M 7 times, and that D contains 

M 

file:///heproducts
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N 5 times, the rectangle AxD contains 
the rectangle M x N, 7 x 5 (1.29. Cor. 1.) 
that is 35 times: and for a like reason, 
the rectangle B x C contains the rect
angle M x N , 5x7 or 35 times. There
fore (ax. 1.) the rectangle A x D is equal 
to the rectangle B x C. 
In the next place let the straight lines, 

A, B, and therefore also C, D, be in
commensurable, A, B, C, D, being pro
portionals according to def. 7. Then 
(def. 7.) straight hues P and Q may be 
found, which approach nearer to A and 
- C, than by any assigned difference, and 
contain hke parts of B and D ; so that 
by what has been just demonstrated, 
PxD = QxB. But PxD, andQxB 
may be made, by increasing together, 
to approach more nearly to A x D, and 
C x B, than by any assigned difference, 
because, by taking the hke parts of 
B, D continually less and less, P and Q 
may be made to increase towards A and 
C within any assigned difference. There
fore (Prop. 28.) A x D = C x B o r B x C . 
Therefore, 8cc. 
The same will be demonstrated after 

a different manner in Section 5,'to the 
subject of which Section the theorem 
properly belongs.* 
* Upon quitting this subject, the consideration of 
which has carried us, to so great a length, it m a y be 
well to observe why the common arithmetical or al
gebraical method of- treating the same appears in- -
sufficient for the purposes of Geometry. In the first 
place, that method does not represent the magnitudes 
themselves as constituting the proportion, but only 
the numbers by which the magnitudes are measured ; 
upon which account, should the method be adopted, 
the task would still remain of explaining its applica
tion to magnitudes in general, before it was applied 
to the magnitudes treated of in Geometry. In the 
next place, it does not furnish a general test of pro
portion, but distinguishes, in every instance, the two 
cases of rational numbers and such as are irrational, 
corresponding to our cases of commensurable mag
nitudes and such as are incommensurable—a separa
tion which, though it has been, for the sake of sim
plicity, admitted into the theory of the foregoing 
sections, is avoided in their application both by the 
definition of Euclid, and by our similar definition in 
Section 3. Lastly, the arithmetical method is so 
concise, that it becomes necessary to develope it in its application, and to state anew !the important rules it furnishes for the treatment of proportions; whether with the view of deriving a new proportion from one taken singly, or with that of combining two or more proportions in order to obtain from them a single proportion, which, could result from neither of them taken alone. The manner in which it has been attempted to supply these desiderata in the present treatise, and to furnish a theory which, at the same time that it should be complete and general, might be easily apprehended, and easily applied, is undoubtedly prolix, though not more so than the importance of the subject seemed to demand. The embarrassments of the beginner have been obviated and (.it is hoped) in a great measure removed by the more simple theory of commensurable proportion of Section 2., inserted chiefly with this view ; nor is the subject left so lame and incomplete as would have been the case had the general discussion of Section 3. been entirely omitted, (See note at prop. [9]), 
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Section 4.—Proportion of the Sides of 

Triangles. 
Def. 13. Two straight lines are said to 
be similarly divided, when any two ad
joining parts of the one have to one 
another the same ratio with the cor
responding parts of the other. 

It is evident (ex cequali), that when 
this is the case, any two parts whatso
ever of the one will have to one ano
ther the same ratio as the corresponding 
parts of the other. 

14. (Euc. vi. Def.l.) Two rectilineal 
figures are said to be similar when they 
have all their angles equal, each to each, 
and the sides about the equal angles 
proportionals.* 

(Euc. vi. 21.) It is evident from this 
definition that rectilineal figures, which 
are similar to the same rectilineal figure, 
are similar to one another. (I. ax. I. and 
II. 12.) 

15. Homologous sides of similar 
figures are those which he between 
equal angles, and are antecedents, or 
consequents, of the same proportion. 

16. Two straight lines are said to be 
similarly placed in two similar figures, 
when they cut corresponding sides of 
the figures proportionally. 
Prop. 29. (Euc. vi. 2.) 
If a straight line be drawn parallel to 
the base of a triangle, iUshall cut the 
sides, or the sides produced, proportion
ally : and, conversely, if a straight line 
' • This definition, like some othersto he found in 
the Elements, is excessive. To contain no more than 
is strictly necessary (or, indeed, than as yet has ap
peared to be possible) it should be modified as fol
lows. T w o rectilineal Jigures are said to be similar. 
when the first has all its sides but one proportional 
to the sides of the other, and the angles included by 
those sides equal to the angles included by the corre
sponding sides of the other. For a figure of any num
ber of sides, as 6, being determined by 5 of those sides 
placed at given angles, it is sufficiently evident, that 
a figure of 6 sides m a y be constructed, which shall 
have 5 of those sides in the same ratio respectively to 
5 sides of a given six-sided figure, and the four in
cluded angles in order, equal to the four correspond
ing angles of that figure : but it is not sufficiently 
evident that," being so constructed, it will have its 
6th side in the same ratio to the 6th side of the other 
figure, and the two adjacent angles equal, respectively, to the corresponding angles of the other. This kind of excess in a definition is, in the accurate language of mathematics, always more or less objectionable; especially as instances arenotwanting, in which it is assumed, without proof, as the foundation of certain properties of the thing defined. Such is the case, for example, when parallel straight lines are defined to be such, that any.two points whatsoever in the one are at edjral distances from the other; whereas, it cannot be stated apriori of two straight lines, that more than two points of the one shall be at equal,distanees from the other. W h e n speaking, therefore, for the first time of similar figures in 32. Cor. 1, it will be our care to demonstrate that part of Def. 14, which is assumed, retaining it in the text as allowedly more concise and obvious to apprehensjon 1h an under the restricted, form. 
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cut the sides of a triangle, or the sides 
produced, proportionally, it shall be pa
rallel to the base of the triangle. 
Let A B C be a triangle, and let the 

straight line D E, which is drawn pa
rallel to the base B C, cut the sides A B , 
A 0, or the sides A B, A C j produced, in 
the points D, E£ A D shall be to A B 
as A E to A C . 

Let A B be divided into any number 
of equal parts B b, 8ce.: then it may be 
shown, as in I..49, that A C will be divided 
into as many equal parts C c, &c. by 
lines drawn parallel to B C : also, if in 
A D there be taken as many parts D d, 
See. equal to B b, as can be found in it, 
exactly, or with an excess less than B b, 
and if through the points d, &c. lines 
be drawn parallel to B C or D E, there 
will be found in A E , the same number 
of parts E e, &c. equal to C c, exactly, 
or with a corresponding excess less than 
C c. And this will be the case, how 
great soever be the number of parts 
into which A B , A C are divided; 
therefore, (Def. 7.) A D : A B: : A E : 
A C. 
Next, let A D betoAB asAE to 

A C : D E shall be parallel to B C. 
For, if there be any line whatever, B C, 
parallel to D E, then, by the first part of 
the proposition, A E is to A C as A D 
to A B , that is, as A E to A C : there
fore, (18.) A C is equal to A C, that is, 
the points C and C coincide, and B C 
is parallel to D E. 
Therefore, &c. 
Cor. In the same manner it may be 

shown, that if the sides of an angle be 
cut by any number of parallels, any two 
parts of the one will have to one another 
the same ratio as the corresponding 
parts of the other, that is, the sides will 
be similarly divided in the points of 
section (def. 13.) 
Prop. 30. If a straight line be drawn parallel to the base of a triangle, and be terminated by the sides, or by the sides produced, any straight line which passes through 

the vertex, and a point of the base, shall 
divide the base- and its parallel in the 
same ratio : and, conversely, if the base 
and its parallel be divided in the same 
ratio, the straight line which joins the 
•points of division, or that straight line 
produced, shall pass through the vertex 
of the triangle. 

Let A B C be a triangle, and let the 
straight line D E, which is drawn pa
rallel to the base. B C, 
cut the sides A B, 
A C in the points 
D, E respectively: 
then if any straight 
line A F be drawn 
through the vertex, 
to cut the base in F IJ :K 1» s 
and its parallel in G, 
B F shall be to F C as D G to G E. 
Through F draw F H parallel to A D , 

to meet D E in H. Then, (29.) D G is 
to H G, as A G to F G, and, convertendo, 
D G is to D E , as A G to AF. But 
D H is equal to B F (I. 22.): therefore, 
DGistoBFas A G to A F . In the 
same manner it may be shown, that G E 
istoFC as A G to AF. Therefore, 
(12.) D G : B F : : G E : F C ; zn&alter-
nando, DG:GE::BF:FC. 

In the next place let B F be to F C 
as D G to G E ; and let the points 
F, G be joined: the straight line F G, 
or F G produced, shall pass through 
the point A. For, let A F (produced 
if necessary) cut D E in any point 
whatever G': then, by the former part 
of the proposition, D G': G' E : : B F : 
F C, but D G : G E : : B F : F C, there
fore, (12.) D G' : G' E : : D G : G E. 
Therefore the straight line D E is di
vided in the same ratio in the points G' 
and G. But two points cannot divide 
the same straight line in the same ratio 
except they coincide: for if H, for ex
ample, be any other point than G in 
the line D E, and if D H be less than 
D G, the ratio of D H to G E will be 
less (11.) than the ratio of D G to 
G E ; and the ratio of D H to H E still 
less than the ratio of D H to G E, be
cause H E is greater than G E : much 
more then;is the ratio of D H to H E 
less than the ratio of D G to G E. And in the same manner it may be shown, that if D H be greater than D G, D H will be to H E in a greater ratio than D G to G E. Therefore, as was before stated, two points cannot divide the same straight line in the same ratio, except they coincide. Therefore the points G', G coincide, i. e, A F G is 
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no other than a straight line, and F G 
produced passes through A. 

Therefore, &c. 
Cor. 1. If two parallel straight lines 

be cut by any number of straight lines 
which pass through the same point, they 
shall be similarly divided in the points of 
section. 

Cor. 2. It has been seen in the course -
of the demonstration that the parts of 
the base are to the parts of the parallel 
respectively in the same ratio, viz. as 
A G to A F, or, which is the same thing 
(29.), as A B to A D : therefore also 
the whole base (23.) is to the whole 
parallel as A B to A D ; that is, as the 
side of the triangle to the segment next 
the vertex which is cut off by the pa
rallel from the side, or from the side 
produced. 

The same is at once made evident by 
drawing through C a parallel to A D. 

Cor. 3. It has also been seen in the 
course of the demonstration that a 
straight line D E can be divided in the 
same ratio in one point only. Here 
D E and E D are considered as differ
ent straight lines, viz. differing in their 
first points.,. 
Prop. 31. (Euc. vi. 4. 5.) 

If two triangles are equiangular, they 
shall have the sides about the equal 
angles proportionals, those which are 
opposite to the equal'angles, being the 
antecedents or consequents of the ratios : 
and, conversely. 
Let A B C , D E F be two triangles 

having the three angles 
A, B, C of the one ,, 
equal to the three angles 
D, E, F of the other, a. • 
each to each : the sides fj^ 
about any two equal b c^ e » 
angles A, D, shall be A 
proportionals, that is, / \ 
A B shall be to A C as » tsc 
D E to D F. 
In D E, D F, or in D E, D F pro

duced, take DG, D H equal to AB, 
A C respectively; and join G H. Then, 
because the triangles A B C , D G H , 
have two sides of the one equal to two 
sides of the other, each to each, and the 
included angles equal, they are equal in every respect (I. 4.), and the angle D G H is equal to A B C , that is, to D E F . Therefore, (1.15.) G H is parallel to E F, and (29.) D G : D E :: D H • D F • therefore, alternando, D G : D H '"DE:DF, that is, AB : AC;;DE :DF. 
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In the same manner it may be shown 
that A B is to B C as D E to E F; and 
again, A C to CBasDFtoFE. 
Next, let the triangles A B C , D E F 

have their sides, each to each, in the 
same ratio, that is, A B to A C, as D E 
to DF, A C to CB, as D F to FE, 
and therefore, ex cequali, (24.) A B to 
B C, as D E to E P: the triangle A B C 
shall have its three angles A, B, C 
equal to the three angles D, E, F of the 
triangle D E F , each to each. 

Let K L M be a triangle having its 
three angles K, L, M equal to the three 
angles D, E, F respectively, and its side 
K L equalto A B (1.50.). Then, by the 
first part of the proposition, because the 
triangles K L M , D E F are equiangular, 
KL:LM::DE:EF, but DE:EF 
::AB:BC, therefore, (12.) KL: 
L M : : A B : B C : but K L is equal to 
A B ; therefore, (18.) L M is equal to 
B C. And in the same manner it may 
be shown that K M is equal to A C. 
Therefore, the triangles A B C , K L M 
have the three sides of the one equal to 
the three sides of the other, each to each, 
and are, consequently (I. 7.), equal in 
every respect. Therefore A B C is equi
angular with K L M , that is, with 
DEF. 

Therefore, &c. 
Cor. 1. Equiangular triangles are 

similar (Def. 14.) 
Cor. 2. Triangles which have the sides 

of the one parallel to the sides of the 
other, or perpendicular to the sides of 
the other, are similar. For such trian
gles are equiangular (I. 18.). 

Cor. 3. The same m a y be said of tri
angles which have the sides of the one 
making any equal angles with the sides 
of the other towards the same parts 
(I. 18. Cor.). 

Scholium. 
This is not necessarily the case with 

other rectilineal figures ; that is, it can
not be said, that if any two rectilineal 
figures be equiangular, the sides about 
the equal angles will be proportionals. 
And the reason of this difference between 
a triangle, and a rectilineal figure of four, 
or a greater number of sides, is obvious. For, in the triangle, D E F, a line G H , which is drawn parallel to one of the sides E F, will cut off from the other sides, or from those sides produced, parts less or greater than them in the same proportion in which it is itself less or greater than E F: and, accordingly, the new triangle D G H , which is equian-
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gular with D E F. (1.15.) has its sides 
respectively less or greater than the cor
responding sides of the triangle D E F , 
in the same ratio. But, in a quadrila
teral figure as G E F H, or generally any 
rectilineal figure, which has more than 
three sides, a, straight line drawn pa
rallel to one of the sides, as E F, and 
therefore cutting, as before, the two ad
joining sides, or those two sides pro
duced, will diminish or increase those 
two sides of the figure only," and even 
those not necessarily in the proportion in 
which it is itself less or greater than E F; 
and, accordingly, the new rectilineal 
figure, which is equiangular with the 
former, has its sides, with the exception 
of three, the same with the sides of the 
former; while these three are diminished 
or increased. Therefore, although equi
angular triangles have, necessarily, their 
corresponding sides, each to each, in 
the same ratio, equiangular rectilineal 
figures pf a greater number of sides 
have not, necessarily, their sides so 
related. 
Prop. 32. (Euc. vi. 6.) , 

If two triangles have one angle of the 
one equal to one angle of the other, and 
the sides about the equal angles pro
portionals, the two triangles shall̂  be 

angles shall be equal, each to each, viz. 
the angles A and F to the angles a and 
/, and their remaining sides A F, a f, 
in the same ratio with any other two 
corresponding sides A B , ab: that is, 
the rectilineal figures, A B C D E F , 
abcdef, shall be similar according to 
Def. 14. 

Let the triangles A B C, D E F (see 
the last figure,) have the angle at A 
equal to the angle at D, and the sides 
about the equal angles, that is, A B , 
A C, D E, D F, proportionals: the tri
angle A B C shall be similar to D E F. 
In D E, D F, or in D E, D F pro

duced, take D G, D H equal to A B , 
A C respectively, and join G H. Then 
the triangles A B C, D G H are equal in 
every respect (I. 4.). And, because 
D G : D H : : D E : D F , alternando 
D G : D E : : D H : D F . Therefore (29.) 
G H is parallel to E F: and (I. 15.) the 
angles D G H and D H G are equal to 
the angles at E and F respectively: but 
D G H i s equal to B, and D H G to C : 
therefore the • angles% at B and C are 
equal to the angles at E and F, each to 
each ; and the triangle A B C (31.Cor.) 
is similar to D E F. 

Therefore, &c. 
Cor. 1. Hence it may easily be shown, 

that, if any two rectilineal figures, as 
A B C D E F , abcdef, have all their 
angles but two equal in order, viz. B, 
C, D, E, to b, c, d, e, each to each, and the corresponding sides about the equal angles proportionals, their remaining 

Join A C , A D , A E, ac, ad, ae. 
Then, because the triangles A B C; a b c 
have one angle of the one equal to one 
angle of the other, and the sides about 
the equal angles proportionals, they 
are similar (32.); therefore, the angle 
A C B is equal to a c b, and A C : C B 
'y.ac-.cb. And, because the whole 
angle B C D is' equal to the whole an
gle bed, and that the angles A C B, 
acb are equal to one another, the re
maining angle A C D is equal to the 
remaining angle a c d: also, because 
A C : C B :: a c : c b and C B : C D :: 
cb : cd, ex cequali A C : C D ',', ac : cd. 
Therefore (32.) the triangles A C D , 
ac d are similar: and in the same man
ner it may be shown that the triangles 
A D E , A E F are similar to the tri
angles ade, aef respectively. There
fore, the angles at F,/are equal to one 
another, and because the several angles 
making up the angle F A B are equal 
respectively to those which make up the 
angle fab, the angles Y.AB,fab are 
likewise equal. Also, because A F is to 
A E , as a/to ae, and AEto A D asae 
to ad, and A D to A C, as ao"to ac, and 
A C to A B as a c to a b, ex csquali 
A F is to A B as af to a b, and alter
nando A F : af;: A B : ab. 

Cor. 2. It appears from the preceding 
corollary, that similar rectilineal figures. 
may be divided into the same number of 
similar triangles, and that their corre
sponding or homologous sides are to 
one another in the same ratio, each 
to each. 

Cor. 3. It, appears also from Cor. 1., 
that lines similarly drawn in similar 
figures cut the sides at equal angles, and are to one another as the homologous sides of the figures. For if the sides A B, a b of the similar figures A B C D E F and abcdef, be divided in the same ratio in the points P, p, it may easily be shown (23.) that 
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PB is topi as ABto ab, or asBC to 
be; that is, alternando, PB:BC;: 
p b : be. And, in the same manner, if 
any other corresponding sides, as E F 
and ef be divided in the same ratio in 
the points Q,q, it may be shown that 
Q E : E D :: qe : e d, or, invertendo, 
that D E : E Q :: de : e q._ Therefore, 
by Cor. 1., the straight lines P Q and 
p q, which join the points P, Q and p, q, 
make equal angles with A B, ab respec
tively, and with E F, ef, respectively, 
and P Q is to p q as P B to p b, or as 
A B to a b. 
Prop. 33. (Euc. vi. 7.) 

If two triangles have one angle of the 
one equal to one angle of the other, and 
the sides about two other angles pro
portionals ; and, if one of the remaining 
angles be a right angle, or if they be 
both greater, or both less than right 
angles; the two triangles shall be 
similar.1* 

Let A B C , D E F be two triangles, 
which have the angle at A equal to the 
angle at D, and 
the sides about 
two other angles, 
B and E,propor
tionals: then, if 
one of the re
maining angles, 
as C, be a right 
angle, or if both of them, C, F, be 
greater, or both less, than right angles, 
the triangle A B C shall be similar to 
the triangle D E F . 

At the point E make the angle D E G 
equal to A B C, and let the lineE G meet 
D F, or D F produced in G. Then, be
cause the triangles A B C, D E G have 
two angles of the one equal to two an
gles of the other, "each to each, they are 
equiangular: therefore (31.) D E : E G 
••AB:BC, but AB: B C : :DE :EF: 
therefore (12.) D E : E G:: D E : E F , and 
(18.) E G is equal to E F. 
And first, if one of the angles A C B , 

D F E be a right angle, whether it be 
A C B or D F E , one of the lines E G, 
E F will be at right angles to D F; and 
therefore, if E G do not coincide with 
E F, there will be an isosceles triangle 
E F G, which has one of the angles at the base a right angle, and therefore (I. 6.) the other likewise a right angle, and the two together equal to two right * Angles which are both greater or both less than riirht angles are said to be. of the same affection: hence, instead of saying " both greater orTioth less than right angles," this proposition is sometimes enunciated by saying " both of the same affection." 

angles, which is impossible (I. 8.) : 
therefore, in this case, E G cannot but 
coincide with E F, that is, the angle 
D E F cannot but be equal to the'angle 
D E G , that is, to A B C. 
Again, if the angles A C B, D F E be 

both greater than right angles, they will 
be together greater than two right an
gles ;—or, if they be both less than right 
angles, they will be together less than 
two right angles.: but, if E G do not coin
cide with EF, these same two angles will 
be together equal to the angles D G E, 
D F E , that is, to the angles D G E , E&F, 
(1.6.) because E G is equal to EF, that 
is, to two right angles (1.2.),—which is 
impossible: therefore in these cases, also, 
E G cannot but coincide with E F, that 
is, the angle D E F cannot but be. equal 
to the angle D E G , that is, to A B C. 
And, because the triangles A B C , 

D E F have two angles of the one equal 
.to two angles of the other, each to each, 
they are equiangular (1.19. Cor. 1.), and 
therefore similar (31. Cor. 1.). 
Therefore, &c. 

Prop. 34. (Euc. vi. 8.) 
In a right-angled triangle, if a per

pendicular be drawn from the right 
angle to the hypotenuse, the triangle's 
upon either side of it shall be similar to 
the whole triangle, and to one another. 

Let A B C be a right-angled triangle, 
and from the right angle A, let there 
be drawn to the hy
potenuse the per- A 
pendicular A D : the 
triangles D B A , D A C 
shall be similar to b k o 
the whole triangle 
A B C , and to one another. 

Because the angles B D A, B A C are 
right angles, and because the angle at 
B is common to the two triangles 
D B A, A B C, their third angles (T. 19. 
Cor. 1.) are equal to one another;, and 
therefore .the triangle D B A , being equi
angular with the triangle A B C , is simi
lar to it (31. Cor. 1.). In the same manner 
it maybe shown that D A C is equiangular 
with A B C , and therefore similar to it. 
And, because D B A, D A C are equi
angular with the same triangle, they are 
equiangular with, and therefore similar to, one another. Therefore, &c. Cor. (Euc. vi. 8. Cor.) The perpendicular A D is a mean proportional between the segments B D, D C of the hypotenuse; '. and either side, as A B, is a mean proportional between the 
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whole hypotenuse' B C, and the seg
ment B D, which is adjacent to it. 
. For, because the angles B A D , A C D , 

are equal to one another, the sides B D , 
A D of the similar triangles B D A , A D C 
are homologous, and the angles B D A, 
A D C are equal to one another ; there
fore (31.) B D : D A :: A D or D A : D C : 
and, in like manner, because the sides 
B D, B A of the similar triangles B D A, 
B A C are homologous, and the angles 
atB equal, BD: BA:;BA: B C. 

Section 5.—Proportion of the Surf aces 
of Rectilineal Figures. 

Prc-p. 35. 
Rectangles which have the same or 

equal altitudes, are to one another as 
their bases. 

For, if the" base of one of the rect
angles be divided into any number of 
equal parts, the rectangle itself will be 
divided, into as many equal rectangles 
by straight lines drawn parallel to its 
side through the points of division. 
Also, the,base of the other rectangle 
will contain a certain number of parts 
equal to-those into which the first base 
is divided, exactly or with an excess less 
than one of those parts, and that rect
angle will contain as many rectangles 
equal to those into which the first rect
angle is divided, exactly or with a cor-' 
responding excess less than one of 
them. And this will be the case what
soever be the number of parts in the 
first base and rectangle. Therefore, 
(def. 7.) the first rectangle is to the 
second as the base of the first is to the 
base of the second; that is, rectangles 
of the same altitude are to one another 
as their bases. 
Therefore, &c. 
The same demonstration has been 

already given, with a figure, to illus
trate the definition of Proportionals in 
Section 3. (See def. 7.) 

Cor. (Euc. vi. 1 part,of.) In the same 
manner it may be shown, that :any two 
parallelograms which have the same or 
equal altitudes are to one another as 
their bases; or,, the same may be 
directly inferred from this proposition, 
for every parallelogram is equal to a rectangle, having the same base and altitude. Scholium. Proportions of this kind, in which the two first terms stand in the same relation to the two last respectively, as, in the above instance, in the relation of a 

rectangle of given altitude to its base, 
are of perpetual occurrence in the 
Mixed Sciences, and are commonly 
enunciated, as , in the proposition, by 
the word as. They constitute, indeed, 
a peculiar class, which has received 
the name of Variations; one quantity 
being said to vary as another when it 
increases and decreases in the same 
proportion with that other. "We have 
already had one.instance in a rectangle 
of given altitude arid its base. To take 
another perhaps more familiar, we say 
commonly, that the weight of a mass of 
lead is in proportion to its magnitude ; 
and the same is understood, when it is 
said, that the weight of such a mass is 
as its magnitude, or varies .as its , mag
nitude. Again, the distance a horse 
runs in a given time " is in proportion 
to his speed," or " is as his speed," or 
" varies as his speed." It is evident that 
the Use of the word as in these and the 
like cases enables us to avoid the fol
lowing and similar enunciations. " The 
weight of one mass of lead is to (he 
weight of another, as the magnitude of 
the first to the magnitude of that 
other." " The distance a horse runs in 
a given time with one velocity, is to the 
distance he would run in the same time 
with another velocity, as the first velo
city to that other." (See Arithmetic, art. 
136..). 

Prop. 36. 
Any two rectangles are to one another 

in the, ratio which is compounded of 
the ratios of their sides. 
Let A C, E F be two rectangles, and 

let an angle of the one be made to 
coincide (1.1. and ax. 1 ].) 
with an angle of the other, 
as at B: the rectangle 
A C shall be to the rect
angle E F in the ratio 
which is compounded 
of the ratios of A B to 
E B, and of B C to B F. 

For the rectangle A C is to the rect
angle E F in the ratio which is com
pounded of the ratios of A C to E C 
and of E C to E F. (def. 12.) But, be
cause the rectangles A C, E C have the 
same altitude B C , A C is to E C as A B to E B (35.); and, in like manner, because the rectangles E C, E F have the same altitude E B, E C is to E F as B C to BF. Therefore, (27. Cor. 1.) the ratio which is compounded of the ratios of A C to E C, and of E C to E F, is the same with the ratio, which is com-

"ju 
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pounded "of the ratios of A B to EB, 
and B C to B F; that is, the rectangle 
A C is to the rectangle E F in the ratio 
which is compounded of the ratios of 
A B to E B, and of B C to E F . 
Therefore, &c. 
Cor. 1. (Euc. vi. 23J In the same 

manner it may be shown that any two 
parallelograms A C , EF, which have one 
angle of the one equal to one angle 
of the other, are to one 
another in the ratio which 
is compounded of the ra
tios of the sides about the 
equal angles. For if the -bL __ 
equal angles be made to 
coincide, as at B, the parallelogram 
A C is to the parallelogram E F in the 
ratio which is compounded of the ratios 
of A C to E C, and of E C to E F, 
that is (35. Cor.) in the ratio which is 
compounded of the ratios of A B to E B, 
and of B C to BF. 

Cor. 2. It appears, also, from the 
proposition, that any two parallelograms 
whatever are to one another in the ratio 
which is compounded of the ratio of 
their bases and altitudes; for the rect
angles, to which (I. 24. Cor.) they are 
equal, are in that ratio. 
Prop. 37. 

If the straight line A be to the 
straight line B in one ratio, and the 
straight line A' to the straight line B' in 
another ratio, the rectangle A A' shall 
be to the rectangle B B' in the ratio 
which is compounded of these two ratios. 
This proposition is the same with the 

preceding, which is here stated under a 
different form, as well for the sake of 
rendering more obvious such references 
as may be made to it under this form, as 
to separate the following corollaries from 
those of Prop. 36. Its demonstration is 
accordingly contained in that of Prop. 3 6. 

Cor. 1. If A be to B as A' to B', the 
rectangle A A' will be to the rectangle 
B B' in the duplicate ratio of A to B. 
For, if C be taken a third proportional to 
A and B, then, because B is to C as A 
to B, that is as A' to B', the ratio which 
is compounded of the ratios of A to B 
and of A' to B' is the same with the 
ratio of A to C, that is (Def. 11.) with the duplicate ratio of A to B. Cor. 2. Hence if three straight lines A, B, C, be proportionals, the square of the first shall be to the square of the second as the first is to the third; that is, the duplicate ratio of two straight lines is the same with the ratio of their squares, 

Cm: 3. If A, B, C, D be four straight 
lines, andA' B', C, D' four others, • 
andif A :B ::C :D 
and A':B'::C':D' 
then AxA' : BB':: C C : DD'; that 

is, if four straight fines A, B, C, D be 
proportionals, and likewise four others 
A', B', C, D'; the rectanglesJA A', B B', 
C C, D D', which are contained under 
the corresponding antecedents and con
sequents, shall also be proportionals. 
For ratios which are compounded of the 
same ratios are the same with one ano
ther (27). And hence it is evident, con
versely, that if AA', BB', C C , D D ' be 
proportionals, and A', B', C, D'likewise 
proportionals ; A, B, C, D must also be 
proportionals. 

Cor. 4. If four straight lines A, B, 
C, D be proportionals, their squares 
As, Bs, C8, D2 shall likewise be propor
tionals ; and conversely. 
Prop. 38. (Euc. vi. 16.) 
If four straight lines be proportionals 
the rectangle contained by the extremes 
shall be equal to the rectangle contained 
by . the means ,• and conversely, if the 
rectangle contained by two straight lines 
be equal to the rectangle contained by 
other two, the four straight lines 
shall constitute a proportion, in which 
the sides of- one rectangle are extremes, 
and the sides of the other rectangle means. 

The first part of this proposition has 
been already demonstrated in the Scho
lium on Prop. 28., Sect. 3.; which de
monstration the reader is here desired 
to consult, as depending immediately 
upon the definition of proportionals in 
Sect. 3. t 

So important a theorem, however, 
cannot be considered in too many points 
of view. The following proof, by help 
of Prop.35., is therefore added, beingin 
effect the same with that of Euclid. 

Let A B , A C , A D , 
A E be the four pro
portionals, of which 
the extremes AB, A E 
are placed at right 
angles to one ano
ther, and contain the 
rectangle B E, and 
the means A C, A D are placed inBA, E A produced, and, being for that reason (1.3.) likewise at right angles to one another, contain the rectangle C D. Complete the rectangle C E . Then, because the rectangles B E, C E have the same 

B 

A. a 
1 
: 
i 
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altitude A E , the rectangle B E is to the 
rectangle C E as A B to A C (35.): and, in 
like manner, because the rectangles C D , 
C E have the same altitude A C , the rect
angle C D is to the rectangle C E as A D 
to A E ; but the line A B is to A C as A D 
to'AE; therefore, the rectangle B E is to 
C E as C D to C E. And, because the 
rectangles B E , C D have the same ratio 
to the same rectangle C E, they are 
equal to one another (11,. Cor. 1.). 

Next, let the rectangle under A B , 
A E , be equal to the rectangle under 
A C , A D ; the lines A B , A C , A D , A E , 
shall be proportionals, A B , AE'being 
extremes, aiid A C , A D means.! 

For, the v rectangles being placed as 
before, and the rectangle C E being com
pleted, B E is to C E as C D to C E (10.); 
but B E is to C E as A B to A C (35.),"and 
C D to C E as A D to A E ; therefore (12.) 
A B is to A C as A D to AE.* 

Therefore, &c. 
The principle of this demonstra

tion is contained in 10. Cor. and 11. 
Cor. 2., by the use of which corollaries 
it may consequently be put under a 
more concise form. 

Cor.l. (Euc. i. 17.) If three straight 
lines be proportionals, the rectangle un
der the extremes shall be equal to the 
square of the mean; and, conversely, if 
the rectangle under the extremes be 
equal to the square of the mean, the 
three straight lines shall be propor
tionals. 

Cor. 2. It appears from the propo
sition-that rectangles which have their 
sides about the right angles reciprocally 
proportional, are equal; and, conversely, 
that equal rectangles have their sides 
about the right angles reciprocally pro
portional. 

Cor. 3. (Euc. vi. 14.) And, in the 
same manner, it may be shown, that any 
two parallelograms which have one an
gle of the one equal to one angle of the 
other, and their sides about the equal 
angles reciprocally proportional, are 
equal to one another; and conversely. 

For," if the equal 
angles be placed vertically as in the figure, and the parallelogram C E be completed, the demonstration of this more general case will be the same with that 

• Or we may say, '.' A D : A E : : A B : A C," in 
™*« A ̂  and AD will be extremes, and AB, 

of the proposition; 35. Cor. being cited 
instead of 35, 

Scholium. 
By'help of this prop'osition the pro

portion of "four lines is convertible info 
the equality of two rectangles, and the 
reverse. Thus it appears, that I.- 36. 
Cor. 2. and 3., in which it is inferred 
that the squares of the sides of a right 
angled triangle are respectively equal 
to the rectangles under the hypotenuse 
and its adjoining segments, and that the 
square of the perpendicular is equal to 
the rectangle under- the segments of the 
hypotenuse, may be slated in the words 
of 34. Cor., in which it is inferred that 
either side is a mean proportional be
tween the hypotenuse and segment ad
jacent to it, and that the perpendicular 
is a mean proportional between the seg
ments of the hypotenuse. Again, I. 38. 
in which it is demonstrated that, in every 
triangle, if a perpendicular be drawn 
from the vertex to the base, or to the base 
produced, the difference of the squares'. 
of the sides is equal to the difference of 
the squares of the segments of the base, 
or of the base produced, m a y b e stated 
thus:—the base is to the sum of the sides 
as the difference of the sides to the differ
ence of the segments of the base, or sum of 
the segments of the base produced. For it 
is shown (1.38.) that the difference of the 
squares of two straight fines is equal to 
the rectangle under their sum and dif
ference. '; 

M a n y other instances will occur in 
the remaining part of this treatise,, in 
which the demonstrations ;are consider
ably abridged Jay the use of this very 
important theofem. , ,, 

W e shall conclude trip present Scho
lium by applying it to the demonstration 
of the following Lemmas (or auxiliary 
theorems) which will be found of ser
vice in such problems,as have the sum 
or the difference of the sides of a tri-" angle among their data. (See Book III. Sect. 7.) It will be seen that they belong, according to our arrangement, to the subject of the preceding Section; to which they should have been subjoined, had they admitted of an easy demonstration without the aid of this 38lh Proposition. Lemma 1. If a perpendicular be drawn from the vertex of a triangle to the base, and if the base be equally produced both ways, so that the base produced may be a third proportional to the base and the 
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sum of the sides, the sides shall be to 
one another as the corresponding seg
ments of the base produced. 

Let A B C be a triangle, and from the 
vertex A to the base B C let there be 
drawn the perpendicular A D ; also let 

Lemma 2. 

the base B C be equally produced both 
ways to the points E and F; so that 
BC may be to B A + A C as B A + A C 
foEF. B A shall be to A C as E D to 
DF. 
Bisect B C in G: then because EB is 

equal.to C F, E F is likewise bisected in 
G. Therefore the difference of ED, D F 
is equal to twice GD. But twice G D is 
equal to the difference or to the sum of 
BD, DC, according as the point D is in 
BC, or in B C produced. Therefore the 
difference of E D, D F, is equal to the 
difference of BD, DC, or to the sum of 
BD, DC, according as the point D lies 
in BC, or in B C produced. Again, be
cause A D is perpendicular to B C, the dif
ference of the squares of B A, A C is equal 
to the difference of the squares of B D, 
D C (I. 38.) or, which is the same tiling 
(1.34.), the rectangle under the sum and 
difference of BA, A C is equal to the 
rectangle under the sum and difference 
of BD, DC. Therefore (38.) B A-AC : 
BD =p D C :: BD ± D C : BA+AC ;* 
that is, since the second term is equal 
to E D ~ D F, and the third to BC, BA-
A C : ED-DF :: B C : B A + AC, that 
is,:: B A + A C : E D + D F, by the sup
position. Therefore, alternando (19.) 
BA-AC : BA+AC ::ED-DF : ED 
+ D F: and, by sum and difference (24. 
Cor. 2.) 2 B A : 2 A C ::2ED : 2DF, 
thatis,(17.Cor.2.)BA: A C ::ED:DF. 
Therefore, &c. 
. Cor. If D E be taken to A B as B A + 

A C to..BC, or, which is the same thing, 
in a ratio .which' is the subdupiicate of 
G E to G B , then the other segment D F 
of the base equally produced in the op
posite direction shall be to the other side A C in the same ratio. -

* The sign ± denotes that the sum or difference is 
to be taken according to one or other of two supposed 
cases, that is, in the present instance, according as 
the point D lies in B C, or in B C produced'; the sign 
V that the difference or sum is to be taken according 
to those cases, 

If a perpendicular be drawn from the 
vertex.of a triangle to the base, and if 
the base be equally reduced both ways, 
so that the base reduced m a y be a third 
proportional to the base and the differ
ence of the. sides, the sides shall be to 
one another as the corresponding seg-, 
ments of the base reducedv " 

The demonstration is so similar to 
that of L e m m a 1., that it will be readily 
apprehended from the following outline, 
with reference to the adjoined figures. 

A B C is the triangle, A D the perpen
dicular, upon the base, E F the base 

equally reduced both ways, so that E F 
: B A ~ A C : B C , and G is the middle 
point of the base. Then, because BE = 
C F, the point G bisects also E F, and 
E D + D F = 2 G D , that is, = B D qzDC, 
according as the point D lies in BC,, or in 
B C produced. N o w , converting B A a -
A C 2 = B D 2 - D C 2 into a proportion, as in 
Lem. l,BA+AC:BDqrDC ::BD± 
DC :B A- A C, or BA+AC -ED + 
D F : : B C : B A - A C, that is, ::BA 
- A C :EF (or E D - D F ) . Therefore 
alternando, B A + A C : B A - A C ::ED 
+ D F : ED-DF: and hence, by sum and 
difference, B A : A C :: E D : DF. 
Therefore, &c. 

Prop. 39. (Euc. vi. 1., first part of.) 
Triangles which have the same or 

equal altitudes are to one another as their 
For such triangles are the halves of 

rectangles which are upon the same bases 
respectively, and have the same or equal 
altitudes: and because these rectangles 
are as the bases (35.), (he triangles.whicht 
are their halves, have to one another the 
same ratio (17. Cor. 1.), 

Otherwise : A s in 
35.it is demonstrated 
of the rectangles, so 
here it may, after the-
same manner, be de
monstrated of the 
two triangles, A B C, 
A D E, and the two-' : 
bases B C, D E, that they are propor-t F 

http://35.it
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tionals according to def. 7.; I. 27. being -
cited instead of I. 25. 
"Therefore, &c. 
Cor. 1. In like manner it may be 

shown that triangles which have the 
same or equal bases are to one another 
as their altitudes. 

Cor. 2. Also any two triangles are to 
one another in the ratio which is com
pounded of the ratios of their bases, and 
Of their altitudes. 

Cor. 3. Wherefore if the base of one 
triangle be to the base of another as the 
altitude of that other to the altitude of 
the first, the two triangles will be equal 
to one another (11. Cor. 2.). 

Prop. 40. 
Triangles which have one angle of 

the one equal to one angle of the other, 
are to one another in the ratio which is 
compounded of the ratios of the sides 
about the equal angles. 

For, if the triangles be completed into 
parallelograms having the same equal 
angles and the same sides containing 
them, these parallelograms (36. Cor. 1.) 
will be to one another in the ratio which 
is compounded of the ratios Of the sides ; 
therefore the triangles, which are their 
halves, will be to one another in the 
same ratio. (17. Cor. 1.) 

Otherwise: As in 36. it is demon
strated of the rectangles, and in 36. 
Cor. 1. of the parallelograms, so here, 
it may, after the same manner, be de
monstrated of the two triangles A B C, 
E B F, by making the equal angles coin
cide, as at B, and completing the trian
gle E B C , that the tri
angle A B C is to the tri
angle E B F in the ratio 
which is compounded of 
the ratios of A B to E B 
andofBCtoBF; 39. 
being cited instead of 35. 
Therefore, &c. 
Cor. Triangles, which have one angle 

of the one equal to one angle of theother, 
are to one another as the rectangles 
under the sides about the equal angles 
(37.). 

Prop. 41. (Euc. vi. 15.) 
Triangles which have one angle of the one equal to one angle of the other, and their sides about the equal angles reciprocally proportional, are equal to one another; and, conversely, equal triangles which have one angle of the one equal to one angle of the other, have. their sides about the equal angles reciprocally proportional. 

For,, if the triangle's be completed into 
parallelograms having the same equal 
angles and the same sides containing 
them, these parallelograms (38. Cor. 3.) 
will be equal to. one another, because 
they have the sides about the equal 
angles reciprocally proportional; and 
therefore the triangles, which are their 
halves, are likewise equal (I. ax. 5.). 
• And in like manner the converse from 
the converse part of the same 38.Cor.3. 

Otherwise: As of the rectangles in 
Prop. 38., so here it may, after the 
same manner, be demonstrated of the'. 
two triangles A B C, A D E, by making 
the equal angles vertical, as at A, and 
completing the triangle A C D , that if 
the sides be reciprocally proportional, 
that is, if A B be to A D 
as A E to A C, the tri
angles A B C , A D E 
will have the same ratio 
to the triangle A C D , 
and therefore will be 
equal to one another: 
and, conversely, that if m 
A B C , A D E be equal w 
to one another, and therefore have the 
same ratio to the triangle A C D, A B 
will be to A D as A E to A C, that is, 
the sides about the equal angles will be 
be reciprocally proportional; 39. being 
cited instead of 35. 
Therefore, &c. 

Prop. 42. (Euc. vi. 19.) 
Similar triangles are to one another 

in the duplicate ratio of their homolo
gous sides. 
Let ABC, DEF .̂ 

be similar triangles, K 
and let the sides B C, \\ \ 
E F be homologous; \ \ l\ 
the triangle A B C \ \ \ L A 
shall have to the tri- B ® ° ' B E 
angle D E F the du
plicate ratio of that, which B C has to E F. 

Because the angle at B is equal to the 
angle at E, the triangle A B C is to the 
triangle D E F in the ratio which is 
compounded of the ratios of A B to D E, 
and of B C to E F (40.). But, because 
the-triangles are similar, A B is. to B C 
as D E to E F, and alternando A B : D E :: B C : E F; therefore the ratio which is compounded of the ratios of A B t o D E , and-of B C t o E F , is the duplicate of the ratio of B C to E F (37. Cor. 1.). Therefore the triangle A B C has to the triangle D E F the duplicate ratio of that which B C has toEF. 
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Otherwise: Take B G a third propor
tional to B C and E F, and join A G. 
Then the triangle A B C is to the tri
angle A B G as B C to B G, that -is, 
(def. 11.) in the duplicate ratio of B C 
to E F. But because A B is to D E as 
B C to E F, that is, (12.) as E F to B G , 
the triangles A B G , D E F have their 
sides about the equal angles B and E 
reciprocally proportional: therefore the 
triangle A B G is equal to the triangle 
D E F (41.). Therefore the triangle 
A B C is to the triangle D E F in the 
duplicate ratio of B C to E F, 

Therefore, &c. 
Cor. Since the duplicate ratio of two 

straight lines is the same with the ratio 
of their squares (37. Cor. 2.) it appears 
that similar triangles are to one another 
as the squares of their homologous sides, 
Prop. .43. (Euc. vi. 20.) 

Similar rectilineal figures are to one 
another in the'duplicate ratio of their 
homologous sides; a n d their perimeters 
are as those sides. 

For it has been seen (32. Cor. 2.) that 
any two similar rectilineal figures A B 
C D E F, ab.c d ef, may be divided 
into the same number of similar tri
angles by straight lines drawn from cor
responding angles A, a; and the homo
logous sides of these triangles, which are 
the same with the homologous sides of 

the figures, are to one another, each to 
each, in the same ratio. But similar 
triangles are to one another in the du
plicate ratio of their homologous sides. 
Therefore the triangles into which the 
figure A B C D E F is divided, are to the 
similar triangles into which the figure 
a b c d ef is divided, each to each,| in 
the same ratio (37. Cor. 4.) viz. in the 
duplicate ratio of that which A B has 
to ab. Therefore the sum of all the 
former is to the sum of all the latter 
(23.Cor. 1.) that is, the figure A B C D E F 
is to the figure abodef, in the same 
ratio. 
Again, because the sides A B, B C, 

&c. of the one figure are to the homolo
gous sides a b, b c, &c. of the other 
figure in the -same ratio, the sum of the 
former is to the sum of the latter in" the same ratio; that is, the perimeter of the 
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one figure is to the perimeter of the 
other as A B to a b. 
Therefore, &c. 
Cor. 1. Similar rectilineal figures are 

to one another as" the squares of their 
homologous sides (37. Cor. 2.). 

Cor. 2. (Euc. vi. 22.). If four straight 
lines be proportionals, any similar recti* 
lineal figures described upon the first 
and second shall be to one another as 
any similar rectilineal figures described 
upon the third and fourth; and con
versely (37. Cor. A.). " 

Prop. 44. (Euc. vi. 31.) 
In a right-angled triangle, if similar 

rectilineal figures be similarly described 
upon the hypotenuse and the-two sides, 
the figure upon the hypotenuse shall be 
equal to the sum of the figures upon 
the two sides. 
For the figure upon one of the sides is 

to the similar figure upon the hypote
nuse, as the square of that side to the 
square of the hypotenuse (43. Cor.l.), and 
the similar figure upon the other side is 
to the figure upon the hypotenuse as the 
square of that other side to the square 
of the hypotenuse—proportions having 
the same consequents: therefore (25.) 
the sum of the figures upon the two sides 
is to the figure upon the hypotenuse as 
the sum of the squares of the two sides 
to the square of the hypotenuse, that is 
(I. 36.), in a ratio of equality. 
Therefore, & c 

Section 6.—Of Lines in Harmonical 
Progression. 

Def. 17. Three straight "lines are said 
to be in harmonical progression w h e n 
the first is to the third as the difference 
of the first and second to the difference 
of the second and third.* 

O f three lines A , B , C , which are in 
this progression, B is said to be an har
monical m e a n between A and C , and 
* This progression was called harmonical horn its 
having been firstnoticed (it is said, by Pythagoras) 
in the lengths of chords which, having the same thick
ness and tension, produce the sounds of a certain 
note, its fifth and its octave. These lengths are as 
I, .§-, and -%-, .of which it is plain that the first is to 
the third as the difference of the first and second to 
the difference of the second and third, 
It is observable that if harmonical means be 

inserted between the numbers above .mentioned, 
lengths will be found among, them producing, the 
other notes of the major scale. 
" If a musical string C O and its parts D 0, E O, 

F O , G O , A O , B O , c O, be in proportion to one another as the numbers 1 8 4 3 2 3 8 1 , "9", T) -3> -3> TJ T-B~, -w> their vibrations will exhibit the system of 8 sounds, which musicians denote by the letters C, D, E, F, G, A, B, c." Smith's Harrnonics,.Sect. II. Art, 1, F 2 
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C a third harmonical progressional to 
A and B. 

After the same manner, also, three 
magnitudes of any other, kind are said 
to be in harmonical progression, viz. 
when the first is to the third as the dif
ference of the first and second to the 
difference of the second and third; and 
the terms harmonical m e a n and third 
harmonical progressional are applied to 
them in the s a m e sense. 

18. A n y n u m b e r of straight lines, 
or other magnitudes, A , B , C , D , & e . are 
said to be in harmonical progression, 
w h e n every consecutive (or following) 
three are in harmonical progression. 

19. A straight line is said to be har-
Now 4- is an harmonical meanbetween 1 and -^-, 
-|. the second of two harmonical means between 1 
and •§-, and •§• the first of threeharmonical means be
tween 1 and .§-. Again, ̂ - is the first of two har
monical means between -§- and 4-, and *̂  the third 
of three harmonical means between -§- and ̂-; 
In fact, taking the original progression 1, -§-, ̂-, 
and inserting -first one harmonical mean between its 
terms, we get the progression 1, -£-, -§-, %, \\ se
condly, two harmonical means between its terms, 

monical means between its terms, 1, -|-, -£., -P~£, ~?s, 
-TTT> Ti tVj,-2-j from which progressions, rejecting 
such fractions as admit 7, 11, and 13 in the denomi
nator, that is, such as _have other numbers entering 
into their terms, besides 2, 3, 5, and their products, 
those which remain will represent the lengths of 
strings producing, with the same, thickness and ten
sion, the sounds denoted by C, D, E, F, G, A, B, c. 
The above observation, striking and ingenious as 

it is, must not, however, lead the student to suppose 
that the theory of Harmonics has any mysterious 
connexion with the properties of lines harmonically 
divided. Why such lengths only as. -are related by 
the numbers 2, 3', 5, and their products, produce a 
gradation of sounds pleasing to the ear as those of 
the gamut, it is for tliat̂  theory to explain ; but the 
discovery of these relations, b^ taking harmonical 
means, is attributable to the simple property, that 
the reciprocals of numbers in harmonical progression 
are in arithmetical progression.- Thus the reciprocals 
of 1. it, 1, tV, -f, tV, t, tVi T) that is of 
9 8 8 ̂  8 8 8__ 8 8 8 n ,.„ 
to -5-5 -rrr, t t , -t~2"j t t , t d x r , xtt, are 
fractious having the common denominator 8, and 8,9, 
10, 11, 8rc. for their numerators, that is, are in-arith
metical progression. And, generally, if a,b, c be in harmonical progression, i. e.if a\: c':: a~b: 6—c, multiplying extremes and means, a &—ac=a c~be, and , 1 1 1 1 1 1 - 1 dividing by a b c, — —— = — — — > i. „, —, —; — c o l a a b c are in arithmetical progression. It follows as a necessary inference, that, if the lengths of the strings which produce harmonious sounds, bear to eachothera ratio which can be expressed in whole numbers, however great, they may be made terms in some harmonical serieB ; the singular resultwhich arises from this ratio being expressed in terms involving only the numbers 2, 3, 5, and their products, is that the whole series is obained by the interposition only of.two and of three harmonical means between the note and its fifth and the fifth and octave; for, g being comprised in the series which results from the interposition of three means, that of one mean may be neglected. 

inonically divided; w h e n the distances 
of one extremity of the line and of the 
points of division from the other extre
mity, are in harmonical progression. 
" Thus, A D is said to be harmonically 
. divided, -when the ' , 
points B , C are A i c D 
so taken that 
A B , A C , A D arerin harmonical pro
gression. 

It will be shown in Prop. 45., that, if 
the line A D be harmonically divided in 
the points B, C, the line D A will like
wise be harmonically divided in the 
same points: that is, that if A B , A C, 
and A D be harmonical progressionals, 
D C , D B , and D A shall likewise be 
harmonical progressionals. 

20. Four straight lines are said to be 
harmonicals, when they pass through 
the same point, and divide any one 
straight line harmonically. 
Prop. 45. 
If AB, AC, AD be harmonical pro
gressionals in the same straight line, 
D C , D B , D A shall likewise be har
monical progressionals. (See figure of 
def. 19.). 
Because A B , A C , A D are in har

monical progression, (def. 17.) A B : A D 
;; B C : C D ; therefore, alternando, 
A B : B C : : D A : C D , and, in
vertendo, D C : D A :: B C : A B. 
Therefore D C , D B , D A are three 
straight lines, such, that the first is to 
the third as the difference of the first 
and second to the difference of the 
second and third; that is, (def. 17.) 
D C, D B, D A are in harmonical pro
gression. 

Therefore, &c. 
Cor. If a given line A C be divided 

in any ratio in the point B, and if A C 
produced be divided in the same ratio 
in the point D (so that D A may be to D C 
as A B to B C), the whole line A D will 
be harmonically divided in the points B and C. For it is obvious that D A is harmonically divided in the points B and C ; that is, that D A, D B, D C are harmonical progressionals: therefore, also, A D , A C , A B are harmonical progressionals, and A D is divided harmonically in the points B and C. Prop. 46. If A B, A C, A D be harmonical progressionals in the same straight line, and if the mean A C be bisected in K, K B , K C , K D shall be in geometrical progression: and conversely. 
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In the first place, because A B : A D 

" B C : C D , and that A D is greater 
than. C D , A B is also greater than 
BC,(18.Co7-.). 
Wherefore the f. 
point K,whieh A ' * c; 
bisects A C, 
lies between A and B. Again, alter
nando, A B : B C :: A D : C D: there
fore, by sum and difference,- A B-B C : 
AB + BC :: AD-CD: A D + CD. 
But the first term of this proportion is 
equal to 2 K B , the second to 2 K C , 
the third likewise to 2 K C , and the 
fourth to 2 K D. Therefore 2 K B : 
2 K C :: 2 K C : 2 K D ; and hence, 
(17. Cor. 2.) K B : K C " K C : K D, 
that is, K B , K C , K D are in geome
trical progression. 
Next, let K B , K C, K D be in geo

metrical progression, and let K A be 
taken equal to K C : A B , A C , A D 
shall be m harmonical progression. 
For since K B : K C :: K C : K D , 

by sum and difference K B + K C : K B -
KC::KC + K D :KC~KD, that is, 
AB : BC :: AD : CD. Therefore, alter
nando, A B : AD;:BC : CD, or AB, 
AC, A D are - in harmonical pro
gression. 
Therefore, &e. 

Prop. 47. 
The same being supposed, D A, D K, 

D B, D C shall be proportionals. 
Because D A is equal to the sum, 

and D C to the difference of D K, K C, 
the rectangle under D A, D C is equal 
to the difference of the squares of D K, 
K C (I. 34.). Again, because K C is a 
mean proportional between K B and 
K D, the square of K C is equal to the 
rectangle under K B, K D, (38. Cor. 1.). 
Therefore the rectangle under D A, D C 
is equal to the difference of the square of 
D K, and the rectangle under K B , K D; 
that is, (1.30. Cor.) to the rectangle D K, 
DB. Therefore (38.) D A , D K, D B, 
D C are proportionals. 
Therefore, &c. Cor. 1. If K B , K C, K D be proportionals in the same straight line, and if K A be taken in the opposite direction equal to the mean K C ; D A, D K, D B and D C shall be proportionals (46.). Cor. 2. From this proposition it appears that the harmonical mean D B between two straight lines D A and D C is a third proportional to the arithmetical mean D K, and the geometrical mean M between the same two. ForDBxDK=DAxDC=M2 

if M be a geometrical mean between D A 
and D C : and because D B x D K = M2, 
D K, M, and D B are proportionals. 

Prop. 48. 
If four straight lines pass through 

the same point; to whichsoever of the 
four a parallel be drawn, its parts in
tercepted-by the other three, shall be to 
one another in the same ratio. 
Let the four straight lines P A, P B, 

P C, P D pass through the same point 
P ; through A, any point in P A, draw 
A C parallel to P D , and let it be di
vided by the other three P A , P B , P C 
into the parts A b , b e ; through c 
draw B d parallel to P A, and let it be 
divided by the. other three into the 

parts Be, cd; through d draw C a pa
rallel to P B, and let it be divided by 
the other three into the parts Cd, da; 
lastly, through a draw D b' parallel to 
P C, and let it be divided by the other 
three into the parts Da, ab': then, A b 
shall be to b c, as c d to B c, as C d to 
da, and as ab' to D a. 
Because A c is parallel to P D , and 

cd to P A , A d is a parallelogram. 
therefore (I. 22.) P d is equal to A c. 
And, by similar triangles B Pd, Bbc, 
Pd: be :: B d : B c, (31.): but Pa*is 
equal to A c ; therefore, dividendo, A b 
: be :: cd:B c. In the same manner 
it may be shown that cd : B.c ;: C d : 
da; and again, that C d : da :: ab' : 
Da. Therefore the ratio of A b to be 
is the same with the ratio of cd to Be, 
which is the same again with that of 
C d to da, which is the same with that 
of ab' to D a: And any straight lines 
parallel to these (30.) will be divided in 
the same ratio. Therefore, &c. It will be observed that, if the parts be considered as proceeding in a particular direction, viz. from A towards B, C, D, the proportional parts are continually in an inverted order: thus, Ab, 
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is to bcnot as B c to cd, but as cd to 
B c, and so on. 

Cor. If four, straight lines pass 
through the same point, and if a paral
lel to one of them has equal parts of it 
intercepted by the other three, a paral-
lei to any of the others shall likewise 
have equal parts of it intercepted by the 
other three, 
Prop. 49. 
If four straight lines pass through • 
the same point, and divide any one 
straight line harmonically; they shall 
divide every straight line, which is cut 
by them, harmonically. 

Let the four .straight lines P A , P B, 
P C, P D pass through the same point 
P, and let the -straight line A D be har
monically divided by them in the points 
B, C : then, if any other straight line 
ab be-cut by the same four lines, the 

(12.) that is, a b is harmonically divided 
in the points c, d, 

Therefore, &c. 
Cor. 1. If there be four straight lines 

harmonicals (def. 20), and if a parallel 
be drawn to any one of them, equal 
parts of the parallel shall be intercepted 
by the other three. 
-r- Cor. 2. And, conversely, if four 
straight lines pass through the same 
point, and if, a parallel being drawn to 
any one of them, equal parts of the pa
rallel be intercepted by the other three, 
those four straight fines shall be har
monicals. 

Thus, the two sides of a triangle, a 
line drawn from the vertex to the bisec
tion of the base, and a line drawn through 
the vertex parallel to the base, are har* 
monicals, 
Prop. 50. (Euc, vi. 3. & A.) 

If the vertical and exterior-vertical 
angles of a triangle be bisected by 
straight lines which cut the base and 
the base produced, the base and likewise 
the base produced shall be divided in 
the ratio of the sides: and conversely. 
Let A B C be a triangle; and first, 

let the vertical angle B A C be bisected straight line a b shall likewise be divided 
harmonically. 

Through C draw E F parallel to P A, 
and let it cut P B , P D in the points 
E, F respectively. Then, by similar tri
angles B P A , B E C, (31.) the ratio of 
A P to E C is the same with that of 
A B to B C. - Again, by similar trian
gles D P A, D F G , the ratio of A P to 
C F is the same with the ratio of A D 
to D C . But, because A D is har
monically divided, A B has to B C the 
same ratio as A D to D C, (def. 19.): 
therefore, (12.) A P has to E C the 
same ratio as A P to C F, and (11. Cor. 1.) 
E C is equalto C F. 

And, because E F, which is parallel to 
1' A, has equal parts of it intercepted'by 
P B , P C, P D , if through the point d 
in which a b cuts P D, the straight "line 
ef be drawn parallel to P B and ter
minated by P C, P A, the line ef will 
likewise be divided equally in d (48. Cor.). 
But, by similar triangles cPb, ced, 
cb : cd;;Pb.: ed, and by similar triangles a P b , afd, a b : a d '.: P b : df (or ed): therefore cb : cd'.',»b'. ad, 

by the straight line A D which cuts the 
base B C in D : B D shall be to D G 
as B A to A C . 
Through C draw C E parallel to 

A D , and let it meet B A produced in 
E: then, because the angles A E C, 
A C E are (1.15.) equal, respectively, to 
the halves of the bisected angle, they 
are equal to one another: wherefore 
A C is equal to A E , (1.5.). But, again, 
because C E is parallel to D A, B D : 
D C :: B A : A E , (29.) : therefore B D 
:DC::BA: AC. 
And, conversely, if B D be to D C as 

B A to A C, A D shall bisect the ver
tical angle. For, C E being drawn (as 
before) parallel to A D, because B A is 
to A C as B D to D C, that is (because 
C E is parallel to D A ) as B A to A E 
(29.), A C is (1.1. Cor. 1.) equal to A E. 
Therefore the angle A E C is equal to 
A C E (I. 6.), and the parts of "the angle in question being equal to A E C , A- C E respectively (1.15.), are equal to 
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one another ; that is, it is bisected by 
the line A D . 
And, in the same words, it may be 

demonstrated, that if the exterior verti
cal angle be bisected by the line A d, 
which cuts the base produced in d, B d 
shall be to d C as B A to A C ;. and 
that, conversely, if B dbe to d C as B A 
to A C , A d shall bisect the exterior 
vertical angle: the letters d, e, being sub
stituted for D,E. 
Therefore, &c. 
W h e n the sides A B , A C are equal te 

one another, A D bisects the base B C 
at right angles (I. 6. Cor. 3.); and A d 
is parallel to the base B G ; for A d is 
always at right angles to A D , because 
the angle D A rf is equal to the halves of 
the two angles B A C , C A E together, 
that is, to the half of two right angles. 

Cor. Since the ratios of B D to D C, 
and of B d to d C, are each of them ihe 
same with the ratio of B A to A C, they 
are the same with one another (12.), and 
B d is harmonically divided in the 
points D, G. Therefore the two sides of 
a triangle,. and the lines which bisect 
the vertical and exterior-vertical angles, 
are harmoniGals (def. 20.). 
Section 7.—Problems. 
Def. 21. A straight line is said to be 
divided in extreme and mean ratio, when 
the whole line is to the greater segment 
as the greater segment is to the less. 
A straight line so divided is also said 

to be divided medially; and the ratio of 
its segments is. called the medial ratio. 
Prop. 51. Prob, 1. (Euc. vi. 13.) 

To find a mean proportional between 
two given straight lines A B and B C. 
Let the straight lines A B, B C be 

placed in the same straight line: from 
the point B (1.44.) draw B D at right an
gles to A C : bisect A C 
in E (I. 43.), and from 
the centre E, with the. 
radius E C, describe a 
circle cutting B D inr 
D: B D shall be the 
mean proportional required. 

For, the angle E B D being a right 
angle, the square of B D is (1.36.Cor. 1.) 
equal to the difference of the squares of 
E B, E D. But, because E A and E C are, each of them, equal to E D, A B is equal to the sum, and B C to the difference of E D, E B: therefore (1.34.) the square of B D is equal to the rectangle under A B , B C, and (38. Cor. 1.) B D 

is a mean proportional between A B , 
BC. 
Therefore, &c. 

Prop. 52. Prob. 2. (Euc. vi. 11.) 
To find a third proportional to two 

given straight lines A B, B C. 
Let A B , B C be placed in the same 

straight line: from the point A draw 
A D, making any an
gle with A C, and ^ 
make A D equal 
to B C : join B D, 
and through C draw 
(I. 48.) C E parallel 
to B D, to meet A D produced in E. 

Then, because (29.) A B is to B C as 
A D (or B C) to D E, D E is the 'third 
proportional required. 
Therefore, &c. 

Prop. 53. Prob. 3. (Euc. vi. 12.) 
To find a fourth proportional to three 

given straight lines A B, B C, and D. 
Let the straight lines A B , B C be 

placed in the same straight line: from 
the point A draw A E , making any 
angle with A C, 
and make A E equal 
toD : join B E , and 
through C draw 
C F parallel to B E 
(1.48.), to meet A E produced in f7 
Then, because (29.) A B is to B C as 

A E (orD) toEF, E F is the fourth 
proportional required. 
Therefore, &c. 
Prop. 54. Prob. 4. (Euc. vi. 10.) 
To divide a given straight line A, simi

larly to a given divided straight line BC. 
Method 1. Draw B D making any 

angle with B C, and make B D equal to 
A : join C D, and 
through the seve
ral points in which 
B C is divided, 
draw lines parallel s 
to C D (1.48.): then * 
(29. Cor.), because these lines are pa
rallel to C D , the straight line D B , 
that is, A, is divided by them similarly 
to the given divided straight line B C. 
Jto/jod2.UponBCdescribe(I.42.)the 

equilateral triangle 
D B C : take DE, D F each of them equal to A, and join E F; and from D through the several points in which B C is divided, draw straight lines cutting EF. 
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Then, because D E is equal to D F, 
and D B to D C , the triangles D E F , 
D B C are similar (32.): but B C is 
equal to B D ; therefore E F is equal to 
E D, that is, to the given straight line 
A ; and, for the same reason, the angle 
D E F is equal to the angle D B C : 
therefore (I. 15.) E F is parallel- to B C. 
And, because E F, B C are parallels, 
E F , that is,'A, is divided similarly to 
B C by lines drawn from the point D 
(30. Cor. 1.). 

Therefore, &c. 
Prop. 55. Prob. 5. 

_ To divide a given straight line, or a 
given straight line produced* in a'given 
ratio. -
LetABbethe 

given straight 
line, and let the 
given ratio be 
that of the 
straight line P 
to the straight 
line Q. 
Draw A C mak

ing any angle with 
A B ; make A C equal to P and C D 
equal to Q ; join D B, and through C 
draw C E parallel to D B to meet A B , 
or A B produced in E. Then because 
A E is to E B "as A C to C D. (29.), 
that is, "as P to Q, A B , or A B pro
duced, is divided in the point E in the 
given ratio. 
Therefore, &c. 

Prop. 56. Prob. 6. 
To divide a given straight line A B, 

or A B produced, so that the rectangle 
under the segments m ay be equal to a 
given square; viz. the square of C. 

Bisect A B in D, and take D E such 
that the square of D E m a y be equal 
to the difference or to the sum of the 
squares of D B and C (I. 59. or 60.), ac
cording as A B is to be divided or A B 

produced; then, because A E is equal 
to the sum, and E B to the difference 
of D B, D E, the rectangle under A E, 
E B is equal to the difference of the 
• A line or a line produced is said to be divided in 
a given ratio, when the segments of the line or of 
the lino produced are to one another in that ratio. 
By the segments of a line produced, are meant the 
whole line produced and the paTt-produced. 

squares of D B, D E (1.34.), that is, to 
the square of C ; and A B is divided, 
as required, in the point E. 

Therefore, & c . 
Cor. Hence also a given straight line 

A B or A B produced may. be so di
vided, that the rectangle under the seg--
ments m ay be equal to a given rect
angle (I. 58.). 
•N. B. In the first case, viz. when the 

point E is to be found between A and B, 
the problem will be impossible if C be 
greater than the half of A B ; for A E x 
E B is equal to the difference of the 
squares of D B, D E, which is never 
greater than the square of D B . The 
second case is not thus limited. _ 

W e m a y remark also, that in both 
cases, two points E may be found satis
fying the given conditions, viz. one upon 
each side of the point D: in the first case, 
when C is equal to the half of A B , 
these two points coincide at D. 
Prop. 57. Prob. 7. 

To find an harmonical mean between 
two given straight lines A B and A C. 
Divide B C in the . «• » b 

point Din the ratio ' ' 
ofBAtoAC(55.): then, because A B : 
A C :: B D : D C , the three lines AB, 
A D, and A C are in harmonical pro
gression (def. 17.), and A D is-an har
monical mean between A B and AC. 
Therefore, &c. 

Prop. 58. Prob. 8. 
To find a third harmonical progres

sional to two'givenstraight lines A B , 
AC. 
Divide A C produced in the point D 

in the ratio of A B to B C (55.): 
then, because A D : C D ." A B : B C, 

alternando A D : A B :: C D : B C • 
therefore (def. 17.) A B, A C, A d' 
are in harmonical progression, and A D 
is a third progressional to" A B, A C. 
, Therefore, &c. a 
Prop. 59. Prob. 9. (Euc. vi."30.) 

To divide a given straight line A B 
in extreme and mean ratio. 

From A draw A C 
perpendi cular to A B 
(I. 44.), and make it 
equal to the half of 
A B : joinCB: from 
the centre C with the 
radius C A describe a circle cutting 
C B in D, and from the centre B with 
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the radius B D describe a circle cutting 
A B in E : A B shall be divided in ex
treme and mean ratio in the point E. 

Because (1.36.) the squares of C A, 
A B are together equal to the square of 
C B, that is (I. 32.), to the squares of 
C D, D B, together with twice the rect
angle C D, D B, and that the square of 
C A is equal to the square of C D (I. 25. 
Cor.); the remaining square of A B is 
equal to the square of D B, together 
with twice the rectangle C D , D B, or, 
which is the same thine;, to the square 
of B E, together with the rectangle A B, 
B E, for B E is equal to D B, and A B 
to twice C D. 
But (I. 30. Cor.) the square of A B is 

also equal to the rectangle A B, A E , 
together with the rectangle A B , B E . 
Therefore the square of B E, together 
with the rectangle A B , B E, is equal to 
the rectangle A B , A E , together with 
the rectangle A B , B E . Therefore the 
rectangle A B , A E is equal to the square 
of B E (1. ax. 3); and (38. Cor. 1.) 
A B : B E : : B E : A E , that is, A B is 
divided in the point E in extreme ana 
mean ratio, (def. 21.) 
Therefore, &c. 

' Scholium. 
The parts of a line thus divided be

long to a certain class of incommen
surable magnitudes, described in the 
following general theorem. 

If P, Q be two magnitudes of the 
same kind, and such that P is contained 
in Q a certain number of times with a 
remainder which is to P as P is to Q ; 
the magnitudes P and Q shall be incom
mensurable. 

For, let P be contained in Q 5 times, 
and let R be the remainder; then, be
cause R : P::P : Q, 5 R : 5 P:: 
P: Q (17. Cor. 2.); therefore, alter
nando, 5 R : P :;5 P : Q, and divi
dendo, 5 R - P : P :: 5 P - Q : Q. But 
P : R :: Q : P: therefore, ex cequali, 
5 R - P : R :: 5 P - Q (or R) : P; in 
which proportion the third term is less 
than the fourth: .therefore the first term 
is less than the second (14.), that is, R 
is also contained in P 5 times-, with 
a remainder 5 R - P orR2, which is to K 
as R to P. Therefore, again, R„ is contained in R 5 times with a remainder R3 which is to R2 as R„ to R ;. and so on: i.e. every following remainder is always contained in the preceding 5 times with a new remainder, and there is no remainder which is contained in the preceding; a certain number of times ex

actly ; therefore P and Q have no com
mon measure (5. Cor. 1.). 
Therefore, &c. 
N o w it is evident that the segments of 

a line medially divided are magnitudes 
of this description, for the greater seg
ment E B being contained in the whole 
line A B once with a remainder A E 
which is to E B as E B to A B , it fol
lows, as in the preceding demonstration, 
that A E likewise is contained in E B 
once with a remainder, which is to A E 
as A E to E B ; and therefore A E, E B 
are incommensurable. 
Another instance of incpmmensurables 

of this class is afforded by the, side and 
diagonal of a square. 

Let A B be a side, 
and A C one of the 
diagonals of the 
square A B C D . Pro
duce A C to E so that 
C E may be equal to 
C B ; and from C A cut off C F like
wise equal to C B. Then because A E 
is equal to the sum, and A F to the dif
ference of A C, C B, the rectangle under 
A F , A E i s (I. 34.) equal to the differ
ence of the squares of A C, C B,- that is 
(I. 36. Cor. 1.), to the square of A B . 
Therefore (38. Cor. 1.), A F is to A B as 
A B to A E . But, because A B is equal 
to B C, and thatE F is equal to 2 B C, 
A B is contained in A E twice with the 
remainder A F. Therefore A B , A E 
are magnitudes of the same kind with 
P, Q in the above theorem, and are in
commensurable. And because A E is 
incommensurable with A B, and that 
its part C E is equal to A B , the re
mainder, that is, the diagonal A C, is 
incommensurable with A B . 

W e shall conclude this Scholium with 
an easy method of approximating nume
rically to all ratios of this description.-
~ To explain it, let us suppose, as in 
the latter instance, that there are two 
magnitudes, P and Q, and .that P is 
contained in Q twice with a remainder 
R, which is to P as P to Q : the ratio of 
P to Q shall lie between any two conse
cutive ratios of the series 1 : 2, 2 : 5, 
5 : 12, 12 : 29, 29 : 70, &c. the terms of 
which are formed -from the two first, by making every new term equal to twice the last, together with the last but one; that is, it shall lie between 1 : 2 and 2:5; again between 2 : 5 and 5 : 12, & c , the ratios of each" successive pair approaching always more nearly to one another, and therefore to the ratio sought.. 
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For, since P is contained in Q twice 
with a remainder R, Q = 2 P + R : there
fore R: P :: P : 2-P+R; that is, a ratio 
the same with that of R to P is formed • 
by taking P for a new antecedent, and 
twice P together with R for a new con
sequent. 
The same may be shown of the ratio 

2 P + R : 5 P + 2R, which is formed 
from this last according to the same 
rule,- viz. that it is likewise the same with 
the ratio from which it is formed, that 
is, with the original ratio; and so on. 
Let these successive ratios, be written 
one after another in the order in which 
they are derived: (a) R : P ; (6) P : 2 P 
+!R,r(e) 2 P + R : 5 P + 2 R ; (d) 5 P + 
2R: 12P + 5R; (e) 12 P + 5R: 29 P 
+12 R, &c. Now, of these ratios, each 
of which is equal to the ratio sought, the 
ratio (c) lies between (23. Cor. 3.) 2 P : 
5 P and R : 2 R, that is (def. 5.) between 
2 : 5 and 1 : 2 ; in like manner, (d) lies 
between 5 : 12 and 2 : 5, (e) between 12 
; 29 and 5 : 12, &c. Again, 5 : 12 is 
formed by adding the terms of 2 x 2 ; 
2 x 5 to those of 1:2, and therefore 
lying between 2:5 (1. Cor. 3.) and 1: 2 
approaches niore nearly to 2:5 than 
1 : 2 approaches; in like manner, 12 : 
29 is formed by adding the terms of 
2x5 : 2 x 12 to those of 2 : 5, and there
fore lying between 5 : 18 and 2 : 5, ap
proaches more nearly to 5 :12 than 2 : 5. 
does; and so on. Not only, therefore, 
does the ratio sought lie between the 
successive ratios of the series 1:2, 2:5, 
5 : 12, 12 : 29, &c.; but these approach 
continually more and more nearly to 
one another, and therefore to the ratio 
sought. 
In the same manner, if E were con

tained in Q 5 times, we might approxi
mate to their ratio by means of the series 
1, 5, 26, 135, &e. which is formed from 
the two first terms by malting every fol
lowing term equal to 5 times the last, 
together with the last but one: whence 
the application of the Rule to any given 
case is sufficiently apparent. 

In the case of the medial ratio the 
series becomes 1, 1, 2, 3, 5, 8, 13, 21, 
34, 55, &c. which is formed from the 
two first terms by making every following term equal to the sum of the two last terms ; and this is the simplest case possible.* 

Prop. 60. Prob. 10. 

.A O 

Upon a given hypotenuse A B , to 
describe a right angled triangle, which 
shall have its three sides proportionals. 
Divide A B medially 

(59.) in the point C, 
apd from C draw G D 
(1.44.) perpendicular 
to A.B; bisect A B 
in E, and from the 
Ggntre E, with the radius E A describe a 
circle cutting C D in D ; join D A , D B , 
D E ; A D B shall be the triangle required. 
For the triangle A D B is right-angled 

at D, because E D is equal to E A orEB 
(1.19. Cor. 4.). AlsoAD2istoDB2as 
the rectangle (I.,36. Cor. 2.) under A C, 
A B, to the rectangle under CB, A B , 
that is, as A C to C B (35.); andDB3 
is to B A8 as the rectangle under C B, 
B A, to the square of B A, that is (35.) 
as C B : B A. But because A B is me
dially divided in C, A C : C B :: C B : 
B A ; therefore (12.) A D 8 : D B 8 : : 
DB»:BA*», andAD :DB ::DB :BA 
(37. Cor. 4.); that is, AD, DB, B A 
are proportionals. 
Therefore, &c. 

:'"'•" , Prop. 6L Pi'ob. 11. 
Through a given point A , to draw a 

straight line such that the parts of it 
intercepted by the legs, B C , B D , of a 
given angle Bj m a y be to one another in 
a given ratio. 

Let the given ratio be that of the two 
straight lines P, Q, of which the latter 
is greaterthan the distance of A from 
BE, From A to B D draw the straight 
line A E equal to Q, and take A F equal to P ; through F draw F C parallel to 
B D (I. 48.), and draw the straight line 
A C D . Then, because A C is to A D 
as A F to A E (29.), that is, as P to Q , 
G D is the straight line required. 
Therefore, &c. 
In the solution of this problem the 

ratio is supposed to he that of two 
given straight lines P, Q. If Q be less ' 
than the perpendicular drawn from A 

that the incommensurable ratios of the text are'all 
able from the doctrine of Continued Fractions. The included in the surd formula \ Cm + s/ m? + 4) 
series are of the kind called recurring series, because where m is the number of times P is contained in Q •' 
every term has a given relation to a certain number and may therefore be readily obtained by the process 
of the terms preceding it. It may also be remarked, for extracting the square root. 

The converging ratios in Ihe text are alsoderiv 
i from the doctrine of Continued Fraction : ' 

series are of the kind called recurring series 
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to B E, take any line Q' which is not 
less than that perpendicular, and P' 
such that P':Q':;PSQ (53.), and 
proceed with P', Q', as above. 
Prop. 62. Prob. 12. 

Through a given point P, to draw a 
straight line which shall pass through 
the intersection of two given straight 
lilies A B , C D , that intersection being 
without the limits of the draught* 

Through P draw 
any straight line 
cutting the given 
fines in the points 
A, C ; and through 
a'iy point B in A B 
draw B D parallel to 
A C to meet C D in 
D.(1.48.) Take P a 
equal to twice P A, 
and P c equal to 
twice P C: join aB, 
c D, and let them 
be produced to meet 
one another in - Q ; 
and join P Q ; P Q 
shall be' the line required. 

For, let B D cut P Q in E ; then, be
cause B D is parallel to a c, B E is to E D 
as a P to P c (30.), that is, as A P to P C 
(17.); and therefore the line P Q pro
duced (30.) passes through the intersec
tion of A B , C D . 

Therefore, &c, 
Prop. 63. Prob. 13. 

To find two straight lines which shall 
contain a rectangle equal to a given 
rectangle, and have one to the other a 
given ratio. 

Let the rectangle 
A B , B C be the given 
rectangle, and, A B 
making any angle 
with B C, let B C 
be produced to D, a " * " 
so that A B may be 
to B D in the given ratio (53.). Join A D ; take B E a mean proportional (51.) between B C and B D, and through E draw E F parallel to A D (I. 48,), to meet A B in F ; B E, B F shall be the straight lines required. For (29.) they are evidently in the given ratio; and because B F is to B A as B E * This operation occurs so frequently in perspec-" tive drawings, that it is convenient to nave a ruler expressly constructed for the purpose, called a cen-trolinead. Such an instrument was a desideratum among draughtsmen, until it was supplied by the ingenuity ofMr.P, Hicholson,. 

to B D , the" rectangle under BF, B E is to 
therectangle under B A , B D as the square 
of B E to the square of B D (37. Cor. 1. 
and 2.), that is, as B C to B D. But the 
rectangle under A B, B G is likewise to 
the rectangle under A B, B D, as B C to 
B D (35.) j therefore the rectangle,under 
E B, B F is equal to the rectangle under 
AB.BC (11. Cor. 1.). 
Therefore, &c. 

Prop. 64, Prob. 14. 
Given any number of straight lines 

A, A 2 , A3, A4, antecedents, and as 
•manyB, B2, B3, B4, consequents, to find 
a straight Una such that A shall bear 
to it the ratio which is compounded of 
the ratios of A to B, A 2 to B2, A 3 to B3, 
and A ^ to B4. 
Find (53.) the straight line P such that 

B : P :: AB : B2, Q such that P : Q ;: 
A3 \ B3, and R such that Q : R;: A4 : 
B4; R shall be the straight line required. 
For the ratio of A to R is compounded 

(def. 12.) of the ratios of A to B, B to P, 
P to Q, and Q to R, that is, of the ratios 
of A to B, A . toB2, A3 toB3, and A„ 
toBt. 

Therefore, &c. 
Prop. 65. Prob. 15. (Euc. vi. 18.) 

Upon a given straight line A B, to 
describe a rectilineal figure similar to a 
given rectilineal figure C D E F G. 

Method 1. Join C E, C F; at the 
points A, B (I. 47.) make the angles 
B A K, A B K , equal to the angles 

D C E, C D E respectively; and because 
these two angles are, together, less "than 
two right angles (I. 8,> A K, B K will 
meet, if produced, in some point K 
(I. 15. Cor. 4.). Again, at the points 
A, K, make the angles K A L , A K L 
equal to the angles E O F , C E F re
spectively,' and (as before) let A L, K L 
meet one another in the point L: lastly, 
at the points A, L make the angles 
LAM, ALM equalto FCG, CFG 
respectively, and let A M , L M meet one 
another in the point M : the rectilineal 
figure A B K L M shall be similar to 
CDEFG. For the angles of the two figures are evidently equal, each to each, because they are the sums of corresponding 
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angles of equiangular triangles. Also, 
because the triangles K B A, E D C are 
similar, B K is to K A as D E to E C ; 
and for the like reason, K A is to K L 
as E C to E F : therefore, ex cequali, 
B K : K L : : D E : EF. And in the 
same manner it may be demonstrated, 
that the sides about the other equal 
angles of the two figures are propor
tionals. Therefore, the figure described 
upon A B is similar to the given figure 
C D E F G. (def. 14.) 
Method 2. Place A B parallel to C D, 

and join C A , D B. Then, if A B be 
not equal to C D, C A will not be pa
rallel to D B (I. 21. and 14. Cor. 2.), 
and C A, D B will meet, if produced, in 
some point P: join P E, P F, P G: 
through B draw B K parallel to D E 
(I. 48.), and let it meet P E in K: 
through K draw K L parallel to E F, 
and let it meet P F in L: through L 
draw L M-parallel to F G, and let it meet 
P G in M ; and join A M : the figure 
A B K L M shall be similar to the given 
figure C D E F G . ] 

For, because P C : P A : : P D : P B 
(29.), that is, ::P E : P K , that is :; 
P F : PL , that is, : : P G : P M , A M i s 
parallel to C G; and because the sides 
of the two figures are parallel, each to 
each, they are equiangular (I. 18.) with 
one another. Also, because the tri
angles C D P, A B P are similar, C D : 
D P :". A B : B P, and for the like reason 
D P : D E ;: B P : B K ; therefore, ex 
cequali, C D :DE:;AB": B K. And 
in the same manner it may be demon
strated, that the sides about the other 
equal angles of the two figures are pro
portionals. Therefore the figure upon 
A B is similar to the given figure. When 
A B is equal to C D, C A is parallel to 
B D , and the lines E K , FL, G M , in
stead of being drawn to a point P, must 
be drawn parallel to G A or B D. The 
demonstration that the figure A B K L M , sq constructed, -will be both similar and. 

equal to C D E F G, may then be easily 
derived from I. 21. 
Therefore, &c. 
The last method will 

appear under a still 
more simple and conve
nient form, if A B be 
made to coincide with 
C D, and B with D, as in the adjoined 
figure. 
Prop. 06. Prob. 16. 

To describe a rectilineal figure, which 
shall be similar to a given, rectilineal 
figure C D E F G , and shall have its peri
meter equal to a given straight line A Q . 
Produce C D to R, (see the second 

figure of Prop. 65.) so that C R may be 
equal to the perimeter of the given 
figure C D E F G ; take A B (53.) a 
fourth proportional to CR, A Q , and 
C D , and upon A B (65.) describe a 
rectilineal figure A B K L M similar to. 
the given figure. Then, because the 
figures A B K L M and C D E F G are 
similar, the perimeter of the first is to the 
perimeter of the other (43.), as A B to 
C D, that is (12.), as A Q to C R : but 
the perimeter of C D E F G is equal to 
C R: therefore (18. Cor.) the perimeter 
of A B K L M is equal to A Q, that 
is, to the given perimeter. • Therefore, 
A B K L M is the figure required. 
Therefore, &c. 

Prop. 67. Prob. 17. (Euc. vi. 25.) 
To describe a rectilineal figure which 

shall be similar to a given rectilineal 
figure A B C, and shall have its area 
equal to the area of another given recti
lineal figure DEF. 
Find (1.58. Cor.) 

the straight lines 
G, H such that 
their squares may 
be equal to the fi
gures A B C , D E F 
respectively : take 
K L a fourth pro
portional (53.) to 
G, H, and B C, 
and upon K L (65.) describe the figure 
K L M similar to the figure B C A. 
Then, because the figure A B C is to the 
figure M K L as the square of B C 
to the square of K L (43.), that is, (37. Cor 4.) as the square of Gto the square of H, and that the figure A B C is equal to the square of G, the figure K L M is (18.) equal to the square of H, that is, to the- figure D E F : and it is similar to A B C ; therefore it is the figure required. 
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Prop. 68. Prob. 18. 

To divide a given rectilineal figure 
A B C D E F in a given ratio, by a 
straight line drawn from one of its an
gles, or from a given point in one of 
its sides. 

In the first place, let A be the given 
angle from which the line of division is to 
be drawn. 

Describe (I. 54.) the triangle A B G , 
equal to the figure A B C D E F , and 
having the side A B , and angle A B C 
the same with it: divide (55.) the base 
B G in the given ratio in the point H : 
join A C and A D : through H draw 
H K parallel to A C , to meetC D pro
duced in K ; through K draw K L pa
rallel to A D to meet D E in L, and 
join A L: A L shall be the line re
quired. 

For, by the construction, which is si
milar to that of I. 55., it is evident, that 
the figure A B C D L is equal to the 
triangle A B H :* but the whole figure is 
equal to the triangle A B G : therefore, 
the part A L E F is equal to the triangle 
A H G . Therefore, the parts of the 
figure are as the triangles A B H, A H G , 
that is (39.) as the bases B H , H G , 
that is, in the given ratio. 

Next, let P be the given point in the 
side A B , from which the line of division 
is to be drawn. 

as before, the part P B C D L of the 
given figure, is equal to the triangle 
P B H, and the remaining part P A F E L 
to the triangle P H G'. Therefore, the 
parts of the figure are as the bases B H, 
H & (39.), that is, in the given ratio. 

Therefore, Ssc. 
Prop. 69. Prob. 19, 

Given a triangle. A, a point B, and 
two straight lines C D, C E, forming 
an angle D C E ; to describe a triangle 
which shall be equal to the triangle A, 
so that it may have the angle D C E for 
one of its angles, and the opposite side 
passing through the point B. 

In the solution of this problem we 
have three cases to consider; first, when 
the point B is in one of the given lines 
as C D ; secondly, when the point B is 
without the given angle D C E ; and 
thirdly, when B is within the angle D C E . 

Case 1. Let the point B be in the line 
C D. Take C D equal to a side of the tri
angle A, and upon C D (1.50.) describe 
a triangle C D F , which shall have its two 
remaining sides equal to the two remain
ing sides of the triangle A, each to each, 
and therefore (I. 7.) shall be equalto the 

Describe, as before, (I. 54.), the tri
angle A B G equal to the given .figure, 
and, by drawing A G' parallel to P G, 
make the triangle P B G'equal to A B G 
(as in I. 56.): divide (55.) B G'in the 
given ratio in the point H : join P C 
and P D : through H draw H K paral
lel to P C, to meet C D produced in K : 
through K draw K L parallel to P D to 
m e e t D E in L, and join P L . Then, 
* The line AH is wanting in this figure; and 
EH is in like manner wanting in the figure below, 
as also AG, AG', 

triangle A in every respect: through F 
(1/48.) draw F E parallel to D C : join 
D E, B E : through D (I. 48.) d r a w D G 
parallel'to BEto meet C E in G, andjoin 
G B : the triangle C B G shall be the 
triangle required. 

For, because E B is parallel to G D,. 
the triangle G E B (I. 27.) is equal to 
D E B : therefore, adding the triangle 
E C B to each, the whole triangle G C B is 
equal to E C D, that is (because E F is 
parallel to C D ) to F C D, that is, to the 
given triangle A. 
Case 2. Let the 

point B be with
out the angle 
D C E . Through 
B (I. 48.) draw 
B D parallel to 
C E to meet C D 
inD, and by the construction pointed out 
in Case 1. describe a triangle D C F 
having the given side D C and the given angle D C E , and equal to the given triangle A : in C F produced take the 
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point G such that" C G x G F may be 
equalto B D x G F (56.): join B G, and 
let B G cut C D in H : C H G shall be 
the triangle required. 
Join H F . Then, because C G x G F 

is equalto B D x C F , C F : F G : ; C G 
: B D (38.), that is, since D H B and 
C H G are (I. 15.) equiangular, : ; C H 
: H D. Therefore (29.) H F is parallel 
to D G ; and hence, as before, the trian
gles D H F and G H F are (I. 27) equalto 
one another, and C H G is equal to CDF, 
that is to A. 

Case 3. Let the 
point B be within > 
the angle D C E . 
Through B (I, 48.) 
draw B D parallel to 
E C to meet C D in 
D, and, by the con
struction pointed out _ 
in Case 1, describe0 
a triangle D C F, having the given side 
C D and the given angle D C E , and equal 
to the given triangle A : in C F (if it be 
possible) take the point G such that 
C G x G F may be equal to, B D x C F 
(56. Cor.): join B G, and let G B pro
duced cut C D in H ; C H G shall be the 
triangle required. 
Join HF. Then, by a demonstration 

which may be given in the same words 
as that of Case 2, the triangle C H G is 
equal to G D F, that is to the given tri
angle A. 
In this -last case a solution will be 

impossible if B D exceed a fourth of 
CF;'for then B D x C F will exceed a 
fourth of the square of G F, that is 
(I. 29. Cor. 2.) the square of half C F,-
and no point G can be taken in C F 
such that C G x G F may exceed the 
square of half C F (56. N. R.). 
W e may remark also that, whenever 

the solution is possible in the last cas«, 
two points G may be found such that C G 
x G F = B D x 0 F, (56.) and therefore 
two lines G H may be drawn satisfying 
the given conditions. When B D is ex
actly a fourth of C F, these two points 
coincide with one another and with the 
middle point of C F, and therefore the 
two solutions become identical. 

If B be in one of the lines D C, E C produced, or within the angle which is vertical to D C F, the solution will be manifestly impossible.-Scholium. Had the problem been proposed under the following form: " through a given point B to draw- a straight line 

which shall form 
with two given 
straight lines C D 
C E cutting one 
another in C a 
triangle equal to- _ 
a given triangle W 
A ;" we should 
have had four 
solutions, two 
of them corre
sponding to the 
angle in which 
B lies, and one 
for each of the adjacent angles; as is 
apparent from the foregoing construc
tions applied to the adjoined figure. 
When B D is equal to a fourth of C F, 
two of these, become identical; when 
B D exceeds a fourth of C F, the same 
two become impossible, but the other 
two, viz. those which correspond to the 
adjacent angles, are always possible, ex
cept when B is in one of the fines as 
G D. This last-mentioned position is 
peculiar : it has likewise, however, two 
solutions, one for each of the adjoining 
angles. 
BOOK III. 
§ 1. First Properties of the Circle-— 

§ 2. O f Angles in a Circle—§ 3. Rect
angles under the segments qf Chords 
— § 4 . Regular Polygons, and A p 
proximation to Circular Area—§ 5. 
Circle a M a x i m u m of Area, and 
M i n i m u m of Perimeter—§-6. Simple 
•'and Plane Loci—§ 7. Problems. 

Section I.—First Properties of the 
Circle. 

Def. 1. A n y portion of the circum
ference of a circle is called an arc ; and 
the straight line which 
joins the extremities of / £ l Z Z j X 
an arc is called the chord f \ 
of that arc. t 1 

W h e n the chord passes 
through the centre, it is 
a diameter, and the arcs 
upon either side of it, being equal to 
one another, are called, each of them, 
a semi-circumference* 

2. The- figure which is contained by 
an arc and its chord is-called a segment. 
*• That every diameter divides a circle anil its eif cufliterence into- two equal parts, is evident from the symmetrical character of the circle. The same may be proved by doubling the fignre upon the diameter; for, every point 'of the circumference being at the same distance irom the. centre, the parts so applied (whether of circumference or area) will coincide. 

o 
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A segment which is contained by a semi-. 
circumference and a diameter, is equal 
to half the circle, and is therefore called 
a semicircle. 

3. A n angle in a segment 
angle contained by two 
straight lines drawn 
from any point of the 
arc of the segment to 
the extremities of its 
base or chord. 
4. A sector of a cir
cle is the figure con
tained by any arc, and 
the radii -drawn to its 
extremities. 

5. Equal circles are those which 
have equal radii. 

By this is intended no more than that 
when the term " equal circles " may be 
hereafter used, those which have equal 
radii are to be understood. That such 
circles, however,- have also equal areas, 
is at once evident by applying one to 
the other, so that their centres may 
coincide. 

6. Concentric'circles are those which 
have the same centre". 

7. (Euc. iii. def. 2.) A straight line is 
said to touch a circle, when it meets the 
circumference in any point, but being 
produced does not cut it in that point. 
Such a line is frequently, for brevity's 
sake, called a tangent; and the point 
in which it meets the circumference is 
called the point of contact. 
8.. Circles are 
said to touch one 
another, when they 
meet, but do not 
cut one another. 

9. A rectilineal figure is said to be 
inscribed in a circle, when afi its angular 
points are in the cir
cumference of the cir
cle. Also, when this 
is the ease, the circle 
is said to be circum
scribed about tits rec
tilineal figure. 

10. A rectilineal figure is said to be 
circumscribed about 
a circle, when all 
its sides touch the circle. Also, when this is the case, the circle is said to he inscribed in the rectilineal figure.^ 

Prop. 1.-(Euc, iii. 2.) ' 

If a straight line meet the circum
ference of a circle in two points, it shall 
cut the circle in those points; and the 
part of the straight line which is 
between them shall fall within the 
circle. 

Let the straight line A B meet the 
circumference of a circle having the 

centre C in the points A and B : it 
shall cut the circle in those points, and 
the part - A B shall fall within the 
circle. 
Join C A, C B : bisect A B in D, and 

join C D ; take also the points E and F 
in the line A B, the former between A 
and B, the latter upon the other side of 
B, and join C E , C E . 

Then, because C A is equal to C B, 
G A B is an isosceles triangle; there
fore (I. 6, Cor. 3.) C D , which is drawn 
from the vertex to the bisection of the 
base, is perpendicular to A B. And, 
because C E is nearer to the perpendi
cular than C B is, (I. 12. Cor. 2.) C E 
is less than C B ; therefore the point E 
is within the circle: on the other hand, 
because C F is farther from the perpen
dicular than C B is, C F is greater than 
C B ; and therefore the point F is with
out the circle. And the same may be 
said of the parts about A. Therefore 
the straight line in question cuts the cir
cle in the points A and B. 
Also, because every point, as E, of 

A B, is at a less distance from C than 
the radius, the part A B falls within 
the circle. 

Therefore, &c. 
Cor. 1. A straight line cannot meet a 

circle in more than two points. 
Cor. 2. A straight line which touches 

a.circle meets it in one point only. 
Cor. 3. A circle is concave towards 

its centre. , 
Prof. 2. (Euc. iii. 16.) 
The straight line,, which is drawn at 
right angles to the radius of a circle from its extremity, touches the circle; andno other straight line-can touch it in the same point.•__ 
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From the.point 
A in -the circum
ference of a circle 
having the centre 
C, let the straight 
line A T be drawn 
at right angles to 
the radius , C A : 
A T shall touch 
the circle. 

For, C A being shorter (I. 12. Cor. 3.) 
than any other line which can be drawn 
from C to A T, every other point of 
A T lies without the circle: therefore 
A T meets the circle in the point A but 
does not cut it, that is, it touches the 
circle. 

In the next place, let D E be any 
other "straight line passing through the 
same point A : D E shall cut the circle. 

For, C A not -being perpendicular to 
D E , let C E be perpendicular to it. Then, 
because C E is less than C A (T. 12. 
Cor. 3.), the point E is within the circle. 
But if D be a point in D E upon the 
other side of A, C D will be farther from 
the perpendicular than C A ; wherefore 
C D being (I. 12. Cor. 2.) greater than 
C A, the point D will be without the 
circle. Therefore the straight line D E 
cuts the circle ;. and the same may be 
demonstrated of every other straight line 
which passes through A, except the 
straight line A T only, which is at 
right angles to A C . , 

Therefore", &c. 
Cor. 1. (Euc. iii. 18.) If a straight 

line touches a circle, the straight line 
drawn from the centre to the point of 
contact, shall be perpendicular to the 
line touching the circle. 

Cor. 2. (Euc. iii. 19.) If a straight 
line touches a circle, and from the 
point of contact, a straight line be 
drawn at right angles to the touching 
line, the centre of the circle shall be in 
that line. 

Cor. 3. Tangents T A, T B which 
are drawn to a circle from the same 
point T, are equal to one another. For, 
C A T , C B T being right-angled tri
angles which have the common hypo
tenuse C T, and their sides- C A, C B equal to one another, their remaining sides T A, T B are likewise equal. (1.13.) Cor. 4. Tangents which are at the extremities of the same diameter are parallel to one another. Prop. 3. (Euc. iii. 3.) If a diameter cut any other chord at right angles, it shall bisect it; and 

[IIL,§ 1-

conversely, if a . diameter bisect any 
other chord, it shall < cut it at right 
angles. 

L e t A B be a diameter of the circle 
A D E, the centre of 
which is C ; and, 
first, let it cut the 
chord D E at right 
angles in the point 
F: D E . shall be 
bisected in F. 

Join C D, C E. Then, because C D E 
is an isosceles triangle, the straight line 
C F which is drawn from the vertex C 
at right angles to the base D E, bisects 
the base, that is, D F is equal to 
F E . (1.6. Cor. 3.) 

Next let D E be bisected in F by the 
' diameter A B ; the angles D F A, E F A 
shall be right angles. For in the 
isosceles triangle C D E, the straight 
line which is "drawn from the vertex C 
to . the middle point of the base D E 
is at right angles to the base. (I. 6. 
Cor. 3.) 
Therefore, &e.-
Cor. 1. A diameter bisects all chords 

which are parallel to the tangent at 
either extremity of the diameter. 

Cor. 2. The straight line which bi
sects any chord at right angles passes 
through the centre of the circle. . 

Cor. 3. If two circles 
have a common chord, 
the straight line which 
bisects it at right angle's 
shall pass through the 
centres of both the 
circles. 

Cor. 4. (Euc. iii. 4.) If appears from 
the proposition, that .two chords of a 
circle cannot bisect one another except 
they both of them pass through the. 
centre. 

For, if only one of the chords pass 
through the centre, it cannot be bisected 
by the other which does hot pass 
through the centre. 

And if, when neither of them passes 
through the centre, it were possible that 
they should bisect one another, the 
diameter passing through the supposed 
point of mutual bisection would be -at 
right angles to each of them, which is absurd. Prop. 4. (Euc. iii. 15.) The diameter is the greatest straight line in a circle; and, of others, that which is nearer to the centre is greater than the more remote : also the greater is nearer to the centre than the less. 
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Let A B be a dia
meter of the circle 
A B D , the centre of 
which is C : let D E, 
F G b e any two chords 
to which perpendi
culars C H, C K are 
drawn; and let the 
distance C H be less than C K : the 
diameter A B shall be greater than the 
chord D E, and the chord D E shall be 
greater than the chord F G. 
Join C D, C E, C F. Then, because 

C A is equal to C D, and C B to C E, 
the whole A B is equal to C D and C E 
together: but C D and D E together 
(1.10.) are greater than D E : therefore 
A B is greater than D E. Again, be
cause C H D, C K F are right-angled 
triangles, and that C D-square is equal 
to C F-square, the squares of C H , H D 
together (1.36.) are equal to the squares 
of C K, K F together: but the square 
of C H is less than the square of C K ; 
therefore the square of H D is greater 
than the square of K F, that is, H D is 
greater than K F. And D E, F G are 
double of H D, K F respectively, be
cause the perpendiculars C H, O K 
pass through the centre (3.): therefore 
D E is greater than F G. 

Next, let the chord D E be greater 
than F G ; it shall also be nearer to the 
centre. For, C H and C K being drawn 
as -before, the squares of C H , H D 
together are equal to the squares of 
C K , K F together; but the square of 
H D, which is half of D E, is greater 
than the square of K F, which is half 
of F G : therefore the square of C H is 
less than the square of C K , and C H is 
less than C K, that is, D E is nearer to 
the centre than F G is. 

Therefore, &e. 
Cor. (Euc. iii. 14.) Equal straight 

lines in a circle are equally distant from 
the centre; and those which are equally 
distant from the centre are equal to one 
another. 

Prop. 5. (E^jc. iii. 9.) 
If a point be taken, from which to the 

circumference of a circle there fall more 
than two equal straight lines, that point 
shall be the centre of the circle. Let A B C be a circle, and let D lie a point taken, such that the three straight lines D A, D B, D C drawn from the point D to the circumference, are equal to one another: thepomt 
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D shall be the centre of the circle 
ABC. 
Join A B andB C, and bisect them in 

the points E and F respectively; and join 
D E, D F.; Then, because D A B" is an 
isosceles triangle, the straight line D E, 
which is drawn from the vertex D to 
the bisection of the base A B, is at right 
angles to A B (I. 6. Cor. 3.) ;-and, be
cause D E bisects the chord A B at right 
angles (3. Cor. 2.), it passes through the 
centre of the circle. In the same man
ner it may be. shown that the straight 
line D F passes through the centre of 
the circle. But the only point through 
which each of the straight lines D E, 
D F passes, is their point of intersec
tion D. Therefore D is the centre of 
the circle. 
Therefore, &c. 

. Cor.l. From any other point, than 
the centre there cannot be" drawn to 
the circumference of a circle more than 
two straight lines that are equal to one 
another, whether the point be within or 
without the. circle. (Euc. iii. 7 and 8 
parts of.) 
Cor. 2. It appears from the demonstra

tion that if three points A, B and C be 
given which are not in the same straight 
line, a circle may be found, the circum
ference of which shall pass through the 
three points A, B and C ; the circle, 
namely, which has for its centre the in
tersection of the two lines which bisect 
A B and B C at right angles. 

Prop. 6. 
If two circles have the same centre, 

either they shall coincide, or one of them 
shall fall wholly within the other. 

For if the radii of two 
concentric circles be 
equal to one another, it 
is manifest that every 
point in the circum
ference of the one must \ s^ ,y 
be at the same distance 
from their common cen
tre, with every point in the circum
ference of the other; and therefore the 
two circumferences cannot but coincide, 
But if the radii be unequal, every point 
in the circumference of that which has the lesser radius is at a less distance from the common centre, and therefore must fall within the circumference of the greater circle. Therefore, &c. Cor. (Euc. iii. 5 and C.) If two circles cut or touch one another, they cannot have the same centre. G 
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Prop. 7. (Euc. iii. 10.) 

The circumferences of two circles 
cannot intersect one another in more 
,than two points. . 

For if they should have three points 
in common, those three points could 
not be (1.) in the same straight line. 
Therefore a point might be found 
(5. Cor.) equally distant from the three, 
which point would (5.) be the centre of 
each of the circles; that is, there would 
be two.circles cutting one another and 
having the same centre, a thing impos
sible. 
Therefore, & & 

Prop. 8. 
If the circumferences of two circles 

meet one another in a point which is 
not in the straight line joining their 
centres, or in that straight line pro
duced; they shall meet one another 
in a second point upon the other side 
of that straight line, and shall cut one 
another. 

Let A, B be the centres of two circles, 
the circumferences of which meet one 
another in the point C, which is not in 
A B, nor in A B produced: from C 
draw C D perpendicular to A B or to 
A B produced, and produce C D to E 
so that-D E may be equal to D C : the 
circumferences shall meet one another 
in the point E, and shall cut one another 
in each of the points C, E. 

JoinAC, A E , B C , B E - Then be
cause the triangles A D C , A D E have 
two sides of the one equal to two sides of 
the other, and have also the included 
angles A D C , A D E equal to one 
another, the base A C (I. 4;) is equal to 
A E : therefore, the point E is in the 
circumference of the circle which has the 
centre A. In the same manner it may 
be shown, that the same point is in the 
circumference of the other circle, There

fore, the two circumferences meet one 
anothefin the point E. 
Again, let the circumference of the 

first circle cut the • line A B produced in 
the points F,/, and let the circumference 
of the other circle meet the same line 
A B , in the points G, g, the points F 
and G being towards the same parts, as 
also/and g: then, A G is equal to the 
sum, and A g to the difference of A B . 
B C. But, because A B C is a triangle 
(I. 10.), the sum of the sides A B , B C 
is greater, and their difference is less, 
than the side A C, that is, than A F or 
•A/. Therefore, A G is greater than 
A F ; and A^- is less than A/. But, 
because (7.) the circumferences cannot 
'have more than the two points C, E in 
common, it is evident that if the arcs 
C G E, C F E do not coincide, the one 
must be wholly without or wholly within 
the other: and the same may be said 
of the arcs C-g-E, C / E . Conse
quently, the arc C G E of the second 
circle is without the first, and the arc 
C g E of the same circle within the first, 
that is, the circumferences cut one 
another in the points C and E. 

Therefore, &c. ' 
Cor. 1. (Euc. iii. 11, 12, and' 13.) 

Circles that touch one another meet in 
one point only, which point is in the 
straight line that joins their centres, or 
in that straight line produced. 

For, should they meet in two points, 
they would have a common chord, which 
common chord would (3. Cor. 3) be bi
sected by the straight line joining their 
centres; and, therefore, the points of 
meeting being upon either side of this 
straight line, the circles, as in the pro
position, would not only meet, but cut 
one another. 

Cor. 2. Hence, if two circles. touch 
one another, the distance between their 
centres must be equal to the sum or to 
the difference of their radii; the sum if 
they touch externally, the difference if 
they touch internally. 
Scholium. 

W e may remark that frpnj the second 
part of the demonstration of this pro
position, it likewise follows that— 

1. If a point A be taken in the diameter of a circle C G E , which is hot the centre (see the lower figure), of all the straight lines which can be drawn from that point to the circumference, the greatest is that which passes through the centre, viz. £. G, and, the other part Ag-.of that diameter is the "least; also 
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of "any others that which is nearer to 
the greatest is greater than the ' more 
remote. (Euc. iii. 7. part of.) 

2. If a point A be taken without 
a eircle C G E (see the upper figure), 
and straight lines be drawn from it to 
the circumference, whereof one A G 
passes through the centre; of those 
which fall upon the concave circum
ference, the greatest is that which passes 
through the centre, viz. A G ; and Of 
the rest, that which is nearer to the one 
passing through the centre is always 
greater than one more remote: but of 
those which fall upon the convex cir
cumference, the least is that between the 
point without the circle and the dia
meter; and of the rest, that which is 
nearer to the least is always less than 
the more remote. (Euc. iii. 8. part of.) 

The parts of the circumference which 
are here termed concave and convex 
towards the point 
A, are determined 
by the points H 
and K, in which 
tangents drawn a? 
from A meet the 
circumference,— 
the part H G K 
being concave, 
and H ^ K convex. 
Prop. 9. 

If the circumferences of two circles 
meet one another in a point which is in 
the straight line joining their centres, 
or in that straight line produced; they 
shall meet in no other point; the cir
cumference of that which has the greater 
radius shall fall wholly without the cir
cumference of the other; and the two 
circles shall touch one another. 

Let A, B be 
the centres of 
two circles, the 
circumferences 
of which meet 
one another in 
the point C, 
which is in the 
line A B, or in 
A B produced: 
and let the ra
dius of the first circle be greater than the radius of the other: the circumference of the first shall fall wholly without the circumference of the other, and the circles shall touch one another in C. ' ' Let D be any point in the circum

ference of the circle which has the 
centre A,; and join AD,- D B. Then, be
cause A D B is a triangle, the side D B 
(I. 10.) is greater than the difference of 
A B, A D, that is, greater than B C : but 
B C is the radius of the circle which has 
the centre B : therefore, the point D lies 
without the latter circle. And the same 
may be demonstrated of every point in 
the circumference of the. greater circle. 
Also, because the arcs E C , s C of the 
one circle, lie upon the same side of the 
arcs D C , d C of the other, the circles 
meet, but do not cut one another in the 
point C ; that is, they touch one another. 

Therefore, &c. 
Cor. 1. Circles that cut one another 

meet in two points, one upon either side 
of the straight line which joins their 
centres. For circles meeting in a point 
which is in that straight line do not cut, 
but-touch one another, as is shown in 
the proposition: and such as meet in a 
point which is not in that straight line, 
meet also: (8.) in a second point upon 
the other side of it. 

Cor. 2. Hence, if two circles cut one 
another, the straight line which joins 
•their centres must be less than the sum, 
and greater than- the difference of their 
radii. (I. 10.) 
Prop. 10. 

If the circumferences of two circles do 
not meet one another in any point, the 
distance between their centres shall be 
greater than the sum, or less than the 
difference of their radii, according as 
each of the circles is without the other, 
or one of them within the other. 

Let A, B be 
the centres of 
thetwo circles, 
and let. the 
line A B , or 
that line pro
duced, cut 
the circum
ferences in the 
points. C, D. 
Then, it is 
evident that A B is equal to the sum, or 
to the difference of A C, B C, accord
ing as each of the circles is without the 
other, or one of them within the other. If it be equal to the sum, then, because B C is greater than B D, the sum of A C, B C is greater than the sum of A C , B D ; that is, the distance of the centres is greater than the sum of the radii: and if it be equal to the difference, then, for the same reason, the G2 
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difference of A C , B C is less than the 
difference of A C, B D , that is, the 
distance of the centres is less than 
the difference of the r.adii. 

Therefore, &c. 
Cor. 1. Hence it appears, conversely, 

that two circles will, 1°, cut one another ; 
or 2°, touch one another ; or 3°, one of 
them fall wholly without the other; ac
cording as the distance between their 
centres is, 1°, less than the sum, and 
greater than the difference of their radii; 
or 2°, equal to the sum, or to the differ7 
ence of their radii; or 3", greater than the 
sum or less than the difference of their 
radii'. 

Cor. 2. Therefore, 1°, if two circles 
cut one another, the distance of their 
centres must be at the same time less 
than the sum and greater than the dif
ference of their radii; and conversely, 
if this be the case, the circles will cut 
one another. 

2°. If two circles touch one another, 
the distance of their centres must be 
equal to the sum or to the difference of 
their radii, according as the contact is 
external or internal; and conversely, 
if either of these be the case, the circles 
will touch one another. 

3". If two circles do not meet one 
another, the distance of their centres 
must be greater than, the sum or. less 
than the difference of their radii, ac
cording as each is without the other,, or 
one of them within the other; and con
versely, if either of these be the case, 
the circles will not meet one another. 
Section.2.— Of Angles in a Circle.. 
Prop. 11. 
In the sam,e, or in equal circles, the 
greater chord subtends the greater 
angle at the centre: and conversely, the 
greater angle at the centre is. subtended 
by the greater chord. 

Let C be the centre of 
a circle A B D , and let 
A B, D E be two chords 
in the same circle, of 
which A B subtends a 
greater angle at C than 
D E does:" A B shall be 
greater than D E. For, the radii A C, C B being equal to the radii D C , C E respectively, C A B and C D E are triangles having two sides of the one equal to two sides of the other, each to each, but the angle A C B . greater than D C E : therefore, 

the base A B (I. 11 •) is likewise greater 
than the base D F. 

And, conversely, if A B be greater 
than D E , it shall subtend a greater 
angle at C : for C A B and C D E are, m 
this case, two triangles having two sides 
of the one equal to two sides of the 
other, each to each, but the base A B 
greater than the base D E : there
fore the angle A C B (I. 11 •) is likewise 
greater than the angle D C E . 

The same demonstration may be ap
plied to the case of equal circles. 

Therefore, &c. 
Cor. In the same or in equal circles, 

equal chords subtend equal, angles at 
the centre; and conversely. 
Prop. 12. (Euc. iii. 26 and 27,'first 

parts of.) 
In the same or in equal circles, equal 
angles at the centre stand upon equal 
arcs; and conversely. 

Let C, c be the centres of two equal 
circles, and let A C B , acb be equal 

angles at the centres; ..the arc A B shall 
be equal to the arc a b. 
For if the circles be applied one to 

the other, so that the centre C maybe 
upon c, and the radius C A upon ca, the 
radius C B will coincide with cb, because 
the angle A C B is equal to acb. Also 
the points A, B will coincide with the 
points a, b respectively, because the ra
dii C A, C B are equal to-the radii c a, 
c b. Therefore the arc A B coincides 
with the are a b, and is equal to it. 

And conversely, if the arcs A B , a b 
be equal to one another, the angles 
A C B , acb shall be likewise equal. 
For, if not, let any other angle acb' be 
taken equal to A C B ; then, by the for
mer part of the proposition, the arc a b' 
is equal to A B, that is, to a b, which is 
absurd; therefore, the angle acb can
not but be equal to A C B. 

In the next place, let A C B, D C E be 
equal angles in the same circle: then, if c 
be the centre of a second circle equal to 
it, and if the angle a c b be made equal to A C B or Dt.E, the arc a b will be equal to A B or D E ; therefore, the arcs A B, 
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D E are equal to one another. And, in 
like manner, the converse. 

Therefore, &c. 
Cor. 1. (Euc. iii. 28 and 29.) In 

the same or in equal circles, equal arcs 
are subtended by equal chords; and 
conversely (11. Cor). 

Cor. 2. By a similar demonstration 
it m a y be shown that in the same or in 
equal circles, equal sectors stand upon 
equal arcs; and conversely. 
Prop. 13. (Euc. vi. 33, part of.) 

In the same or in equal circles, any 
angles at the centre are as the arcs upon 
which they stand; so also are the 
sectors. 

Let C, c be the centres of two equal 
circles; and let A C B, a c b, be any an

te ct, 6 
gles at the centre: the angle A C B shall 
be to the angle acb as the arc A B to 
the arc ab. . , 

Let the angle acb be divided into 
any number of equal angles by the 
radii cd, ce, cf, eg, and therefore the 
arc a b into as many equal parts (12.) 
by the points d, e, f, g. Then, if the arc 
A D be taken equal to ad, and if C D be 
joined, the angle A C D will be (12.) 
equal to a cd; and if the arc A D be 
contained in A B a certain number of 
times with a remainder less than A D, 
the angle A C D will be found in the 
angle A C B the same number of times 
with a remainder less than A C D : and 
this, whatsoever be the number of parts 
into which the arc a b is divided. There
fore, (II. def. 7.) the angle A C B is to 
the angle a c b as the arc A B to the 
arc a b. 

A n d in the same manner it m a y be 
shown that the sector A C B is to the 
sector a c b as the arc A B to the arc ab 
(12. Cor. 2.) 

The case of arcs or sectors occurring 
in the same circle has a similar demon
stration. 

Therefore, &c. 
Scholium. 

Hence the angle at the centre of a, 
circle is said to be measured by the arc upon which it stands: and generally, any angle in a circle is said to be measured by that part of the cir

cumference which measures an equal 
angle at the centre. 

In Book I. def. 9. an angle was stated 
to have its origin in the meeting of two 
straight lines in a point, and to be 
greater or less according to the extent 
of the opening between those lines: a 
right angle was then defined ; an angle 
"less" thanwhichwassaidto be an acute 
angle, and an angle "greater" an obtuse 
angle. W e ought rather however to have 
defined the obtuse angle to be greater 
than one, and less than two right angles: 
for if the opening between the legs of 
such an angle be increased to a still 
further degree, it becomes equal to two 
right angles—greater than two—equal 
to three—greater than three—and, by a 
still increasing separation of one leg 
from the other in the same direction, 
equal to four right angles—greater than 
four—and so on. 

A n angle which is greater than two 
and less than four right angles is fre
quently called a reverse or re-entering 
angle.* 

These angles (right, acute, obtuse, and 
re-entering) are all that have place in 
elementary Geometry, or in the subjects 
to which it is commonly applied; the an
gles spoken of being understood never 
to exceed four right angles. But where 
no such limitation, confining the mag
nitude of the angle, is supposed, it is 
plain from the considerations above-
mentioned, that the magnitude of any 
angle, in general, cannot be estimated 
from the apparent opening between the 
legs. Besides this opening, there is to 
be considered the direction in which it 
is supposed to have been "generated, 
and yet further, the number of times the 
revolving leg m a y have coincided with 
and passed by the other ; for the same 
apparent opening is the result of dif
ferent angular revolutions: just as the 
hand of a watch is at the same appa
rent distance from any given position, 
whether it has made fifty and a quarter, 
or a hundred and a quarter, or a hundred 
more circuits. The traversed space 
being made up of parts which coincide, 
and which do not therefore distinctly 
appear, the number of these parts must be specified if w e would form an estimate of the whole. * It has been already observed CI. 2. note) that an angle is sometimes said to be supplementary, viz. when it is considered as the supplement of the adjacent angle to two right angles: in like manner, an angle takes the name of an explementary angle, when together with the adjoining and opposite angle it fills up the whole space about the angular point, 
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an angle at the circumference upon the; 
same base A B : the angle A C B shall 
be double of the angle A D B. 

Join D C, and produce it to E. Then, 
because C A is equal to C D (I. 6.), the 
angle C A D is equal to C D A : there. 
fore the angle A C E , which is equal to 
C A D , C D A together (I. 19.) is dou
ble of C D A. In like manner it may 
be shown that the angle B C E is double 
of C D B. Therefore the sum or differ
ence of the angles E C A, E C B is also 
double of the sum or difference of the 
angles C D A, C D B, that is, the angle 
A C B is double of the angle A D B . 

The adjoined figure 
shows that this proof 
is equally applicable 
when the angle A C B 
is re-entering. 

Therefore, &c. 
Cor.' 1. Any angle at the circumfer

ence is measured by half the arc upon 
which it stands. 

Cor. 2. (Euc. iii. 26 and 2.7, second 
parts of, and Euc. vi. 33 part of). In 
the same or in equal circles, equal angles 
at the circumference stand upon equal 
arcs, and conversely; and, generally, any 
angles at the circumference are as the 
arcs upon which they stand. (13..and 
II. 17.) 

Prop. 15. (Euc. iii. 21.) 
Angles in the same segment -of a cir

cle are equal to one another. 
For they are halves of the same an

gle, viz. the angle at the centre which 
stand's upon their common base; or, 
which is the same thing, they are mea
sured by the same arc, viz. the halt of 
their common base. 

Cor. 1. (Euc. iii. 31., first part of.)t 
The angle which is in a 
semicircle is a right an
gle, for it is measured / 
by half the semi-circum- [̂ ^̂ "̂  \l 
ference, that is, by a 
quadrant. 

Cor. 2. (Euc. iii. 31. 
second part of.) 
The angle, which is in 
a segment greater.than 
a semicircle, is less than 
a right angle; and the angle, which is in a segment less than a semi-••••v - i circle, is greater than a 1 irem the Latin word ouairMs, a fourth part. right angle; for the onejs measured by 

This complete definition of angular 
magnitude is of the greatest importance 
in the higher parts of the mathematics, 
and may be well illustrated by help of 
the measuring circumference. 

With the cen
tre C, and radius "'~ 
C A, let there be 
described a cir
cle A Q Q 2 Q 3 , 
and let the dia
meters A Q2, 
Q Q3 be drawn 
at right angles 
to one another, 
dividing the whole angular space about 
the centre into 4 equal angles, each of 
which will be measured by a quadrant,* 
or fourth part of the circumference. 

Let us now suppose that the radius 
of the circle, being made to revolve 
about its centre from the original posi
tion C A, is brought successively into 
the positions C Q, C Q2, C Q3, and 
thence again, continuing its revolution,' 
a second time into the same positions 
CA, CQ, CQ„ CQ3, and so on. 
Then it is evident that the angular space 
through which the radius will' have re
volved, will be, in these successive po
sitions, one, two, three right angles; 
upon returning to A four right angles, 
which is the whole angular space about 
the point C : and thence again, coming 
a second time to the same positions 
C Q , C Q S , C Q3, five, six, seven right 
angles, and so on: which angular spaces 
will be measured respectively by one, 
two, three quadrants, a'whole circum
ference ; five, six, seven quadrants, and 
so on: and any angular spaces interme
diate to these will be measured by cor
responding arcs intermediate, that is, of 
magnitudes between one and two, two 
and three, three and four,&C quadrants. 
Prop.14. (Euc. iii. 20.) 
The angle at the centre of a circle is. 
double of the angle at the circumference-
upon the same base, that is, upon the. 
same part of the circumference. 

Let A C B be any angle at the centre. 
C of the circle A B D, and let A D B be 
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an arc which is greater, and the other 
by an arc which is less than a quadrant. 

Cor. 3. If upon the base of a tri
angle there be described a segment of a 
circle, the vertex of the triangle shall 
fall without, or within, or upon the arc 
of the segment, according as the verti
cal angle of the triangle is less than, or 
greater than, or equal to the angle in 
the segment. 
For it may easily be showttj (L 8. 

Cor. 1.) that if the vertex fall within 
the arc of the segment, the vertical 
angle must be greater than the angle of 
the segment, and if without it, less. 
Prop. 16. 

If any chord be drawn in a circle, the 
angles contained in the two opposite 
segments shall be together equal to two 
right angles. 
Let A D B be a cir

cle, and let it be di
vided by the chord A B 
into the segments A D 
B, A E B : the angles 
A D B , A E B contained 
in these segments shall 
be together equal to 
two right angles. 
For the angle A D B is measured by 

half the arc A E B upon which it stands 
(14. Cor. 1.), and in like manner the 
angle A E B is measured by half the arc 
A D B . Therefore the angles A D B , 
A E B together are measured by half the 
circumference, that is, by two quadrants, 
and are consequently equal to two right 

Therefore, &c. 
Cor. 1. (Euc. iii. 22.) If a quadri

lateral figure be inscribed in a circle, 
either pair of its opposite angles shall 
be equal to two right angles. 

Cor. 2. And conversely, if the oppo
site angles of a quadrilateral be together 
equal to two right angles, a circle may 
be described about it. For, if the cir
cle described through the three points 
A, D, B (5. Cor.) were to cut the side 
B E in any other point than E, suppose 
F, the angles A F B , A D B being equal 
to two right angles, would be equal to the 
angles A E B , A D B , and therefore the 
angle A F B to the angle A E B ; where
as one of them, being exterior, must 
(I. "8. Cor. 1.) be greater than the other. 
Prop. 17. (Euc. iii. 32.) 
If a straight line touch a circle, and 
if from the point of contact a straight 

line be drawn cutting the circle, the 
angles which it makes with the tangent 
shall be equal to the angles which are 
contained in the alternate segments of 
the circle. 
Let the straight line A B touch the 

circle C D E in the point C, and from 
C let there be 
drawn the straight 
line C D cutting 
the circle: the an
gle D C A shall 
be equal to the 
angle in the seg- — 
ment D F C, and K 
the angle D C B to the angle in the seg
ment D E C . • 
From C draw C E at right angles to the 

tangent A B, and therefore (2. Cor. 2.) 
passing through the centre of the circle : 
let C E meet the circumference in E : 
take any point F in the arc of the oppo
site segment, and join C E, E D, D Fs 
F C. Then, because C D E is a semi
circle, the angle C D E is a right angle 
(15. Cor. 1.): therefore the remaining 
angles of the triangle C D E (I. 19.), 
that is, the angles D E C and D C E , are 
together equal to a right angle. But the 
angles D C B and D C E are likewise 
together equal to a right angle: there
fore the two latter angles are equal to 
the two former, and the angle D C B is 
equal to D E C , that is, to the angle in 
the alternate segment. 
And because (16.) the angles in the 

two segments are together equal to 
two right angles, that is (I. 2.), to the 
angles D C B, D C A, the angle D C A 
is equal to the angle in the other segT 
mentDFC. 
Therefore, &c. 
Cor. The converse is also true: that 

is, if from the extremity of a chord there 
be drawn a straight line, such that the 
angles which it makes with the chord 
are equal to the angles in the alternate 
segments of the circle, that straight line 
must touch the circle. 
Scholium, 

The theorem which has been just 
demonstrated, states no more than is 
contained in Prop. 15., if the tangentbe 
considered as a chord in which the points of section are coincident. For, if the point F be supposed to move up to the point C, the chord C F will tend more and more to coincide in position with the tangent C B. But if E F be joined, then, by Prop. 15, the angle D C F is always equal to the 
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angle D E F . Therefore, when F coin
cides with C, that is, when the chord 
C F becomes a tangent at C, the angle 
D C B is equal to the angle D E C. As 
this, however, was a case not contemj 
plated in the demonstration given of 
that proposition, the inference ' could 
not have been directly drawn from it. 
The proposition (2.) that the tangent 
is at right angles to the radius is an 
instance of the same kind. Others may 
be seen in the corollaries of the two 
following propositions, and in certain 
properties of tangents which will be 
found in the next section. 
Prop. IS. 
Parallel cliords intercept equal arcs; 
and conversely. 

Let A B C be a 
circle, and let the 
chords A B , CD'be 
paraUel to one ano
ther : the arc' A C 
shall be equal to the 
arc B D. 
. Join B C. Then, because A B is 
parallel to C D, the angle A B C (1.15.) 
is equal to the angle1 B C D : therefore 
(14. Cor. 2.) the arc A C is equal to the 
arc B D. 
And conversely, if the arc A C be 

equal to the arc B D, the angle 
A B C will (14. Cor. 2.) be equal to the 
angle B C D , and therefore (1.15.) A B 
will be parallel to C D. 

Therefore, &c. 
Cor. If one of the chords, as A B , be 

supposed to move parallel to itself until 
the points A and B in which it cuts the 
circle coincide, as at E, the same and 
its converse will be true: that is, if a 
chord and tangent be parallel, they 
shall intercept equal arcs; and con
versely. 

For, because E F is parallel to C D, 
the angle F E C is equal(I. 15.) to the 
angle E C D , which stands upon the arc 
E D: but, because E F is a tangent, 
(17.) the same F E C is equal to ED, C 
which stands upon the arc E C. There
fore the arc E C is equal to , E D, 
(14. Cor. 2.) And the proof of the con
verse is similarly varied. Prop. 19. If two cliords of a circle meet one another, the angle contained by them shall be measured by half the sum, or by. half the difference of the intercepted 

arcs, according as the point in which 
they meet is within or without the 
circle. 
Let A B C be a cir

cle, and let the 
chords A B , C D 
meet one another 
in the point E: the 
angle A E C shall 
be measured by 
half the sum or by 
half the difference 
of the' arcs, A C , 
B D, according as 
the point E is with
in or without the 
circle. 

Through B draw B F.parallel to D C, 
and let it meet the circumference in F: 
then (18.).the arc F C is equal to B D , 
and therefore the arc A F is equal to the 
sum or to the difference of A C, B D, 
according as theJ point E is within or 
without the circle. But, because B F is 
parallel to D C, the angle A E C is 
equal to A B F (1.15.) ; and A B F is 
measured by half the arc AF, (14.Co?-.l.): 
therefore the angle A E C is measured 
by half the sum or by half the differ̂ . 
ence of the arcs A C , B D, according as 
the point E is within or without the 
circle. ' 

Therefore, &c. 
When the point E is in the circum

ference, the result of this proposition 
coincides with that of 14. Cor. 1. . 

Cor. By a similar demonstration 
(18. Cor.) if a chord meet a tangent in 
a point which isiiot'the point of contact, 
the angle contained by them will be 
measured by half the difference of the 
intercepted arcs. 
The case of a chord, meeting a tan

gent in the point of contact, has been 
already contemplated in Prop. 17. It 
may be considered, however, as included 
under the above rule, the measuring arc 
iii this pase being the same by this, co
rollary as by Prop. 17. 
Section 3.—Rectangles under the 

Segments of Chords. 
Prop. 20. (Euc. iii. 35.) 
If two chords of a circle cut one 
another, the rectangles under their segments terminating in the points of section shall be equal, whether they cut one another within or without the oircle.-
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Let AB C be a 
circle, and let the 
chords A B, C D 
cut, or be produced 
to cut, one another 
in the point E : the 
rectangle under AE, 
E B shall be equal 
to the rectangle un
der C E, E D. 

Join A D , B C . 
Then, because the 
angle E A D is equal 
to "the angle E C B 
in the same segment (15.), and that 
the angles at E, which are vertical (1.3.) 
as in the upper figure, or coincide as in 
the lower, are equal to one another, the 
.triangles A E D , C E B are equiangular. 
Therefore (II. 31.) A E : E D :: E C ; 
E B, and (II. 38.) the rectangle under 
A E, E B is equal to the rectangle under 
CE, ED. 

Therefore, &c. 
W e may remark that ah easy demon

stration of this proposition is likewise 
afforded by 1.39.; for the rectangles in 
question are each of them equal to the 
difference of the squares of the radius, 
and of the distance of the "point E from 
the centre of the circle. 

Cor. A n d hence, conversely, if two 
straight fines A B, C D cut one another 
in a point E , and if the points A, B and 
C, D be so taken, that the rectangle 
under A E , E B be equal to the rect
angle under C E , E D ; the points 
A, B, C, D shall lie in the circumference 
of the same circle. 
Prop. 21. (Euc. iii. 36.) 

If any chord of a circle be produced 
to cut a tangent to the same circle, the 
square of the tangent shall be equal to 
the rectangle under the segments of the 
chord. 

circle, and let the 

89 

Let A B C be a 
chord A B be pro
duced to meet the 
tangent C E in E : 
the square of C E 
shall be equal to 
the rectangle under 
AE,EB. 
Join C A, C B. Then, because the 

angle E C B is equal to the angle E A C 
in the alternate segment of the circle, 
(17) and that the angle at E is com
m o n to tha,two triangles E C B, E A C, 
.aaK-Two triangles are equiangular. 
Therefore (II. 310 A E : E C ..EC.: 
E B , and (II-38. Cor. I.) the square of 

E C is equal to the rectangle under 
AE.EB. 
Therefore, &c. 
The same remark may be made here 

as at the end of the preceding proposi
tion : viz., that an easy demonstration 
is likewise afforded by I. 39. and I. 36. 
Cor. 1. 

Cor. And hence, conversely, if two 
straight lines A B, C E cut one another 
in a point E, and if the points A, B and 
C, be so taken* that the square of E C 
be equal to the rectangle under A E, 
E B, the straight line E C shall touch 
the circle which passes through the 
points A, B, C. 

Prop. 22. (Euc. vi. B.) 
If the vertical or exterior-vertical 

angle of a triangle be bisected by a 
straight line, which cuts the base, or 
the base produced, the square of that 
straight line shall be equal to the 
difference of the rectangles under the 
two sides, and under the segments of 
the base, or of the base produced.* 

Let A B C be a triangle, and let the 
vertical or exterior-vertical angle be 
bisected by the 
straight line 
A D, which 
meets the base 
or the base 
produced in D: 
the square of 
A D shall be 
equal to the 
difference of 
the rectangles 
B A, A C, and 
BD, DC. 

Let A E C be the circle which (b.Cor.) 
passes through the points A, B, C, and-
let A D be produced to meet the cir
cumference in E, and join E C . 
Then, because the angles B A D , 

E A C are halves, or supplementary to 
the halves of the bisected angle, they 
are equal to one another: also the angle 
A B D is equal to the angle A E C in 
the same segment (15.): therefore, the. 
triangles B A D, E A C being equiangu
lar, (II. 31.) B A : A D :: E A ; A C, and 
(II. 38.) the rectangle under B A, A C is equalto the rectangle under E A, A D . Again, because the chords B C, E A cut one another in D (20.), the reet-« This as is evident from the enunciation, is a nrouertv not of the circle, but of a triangle, and belongs as snch to I. 5 6. The required demonstration has, however, in this and one or two other in,. Btanees' rendered an infringement of the classification unavoidable. . 



9.0 GEOMETRY. [III. § 3* 

angle under ,B D, D C is equal to the 
rectangle under E D , D A : therefore) 
the difference of the rectangles under 
B A,' A C and B D , D C is equal to the 
difference of the rectangles under E Ar 
A D , and E D ; D A j that is, to the square 
of A D (I. 31.). 
Therefore, &c. 
It should be observed in the case of 

exterior bisection (see the lower figure), 
that the bisecting line A D must* if pro
duced, cut the circumference in a second-
point Es in all cases in which it cuts the 
base B C produced in a point D ; that 
is, in all cases in which the sides A B, 
A C are unequal. For when A B is equal 
to A C, the angles A B C , A C B are 
likewise equal (I. 6.), and therefore 
(I. 19. and I. ax. 5.) equal to the halves 
of the exterior angle: therefore, the 
angle C A D beingequal to A C B, A D 
is parallel to B C (I. 15.)* and the same 
C A D being equal to the angle A B C 
in the alternate segment, A D touches 
the circle in A (17. Cor.). But; when 
one of the sides, as A B , iii greater than 
the other, the angle A C B is also greater 
than A B C (I. 9.); therefore the angle 
C A D , which (I. 19.) is equal to half the 
sum of the two A B C , A C B , is less than 
A C B , and greater than A B C ; and 
because the angle C A D is not equal to 
A C B , A D is not parallel to B C (1.15.) ; 
and because the same C A D is not equal 
to A B C , that is to the angle in the alter
nate segment, A D does not touch the 
circle in A, but cuts it and meets the 
circumference in a second point E* as 
was observed. 
Prop. 23. (Euc. vi. C.) 
If a triangle be inscribed in a circle, 

and if a perpendicular be drawn from 
the vertex to the base; the rectangle. 
under the two sides shall be equal to the 
rectangle under the perpendicular and 
the diameter of the circle, 
Let A B C be a triangle inscribed in 

the circle A B C ; from A draw A D 
perpendicular toBC, and 
A E through the centre of 
the circle to meet thes< 
circumference in E : the 
rectangle under B A , A C 
shall be equal to the rectangle under E A, A D. * Join CE.. Then, because A C E is a semicircle, (15. Cor. l.)the angle A C E is a right angle: but A D B is likewise a right angle, and the angle A E C is-equal to the angle A B D in the same segment (15.); therefore, the triangles 

E A C, B A D being equiangular, B A ; 
A D :;E A : A C (II. 31.), and (II. 38.) 
the rectangle under B A , A G is equal 
to the rectangle under E A, A D. 
Therefore, &c. 
Cor. If two triangles be inscribed in 

the same, or in equal circlesj the rect
angle under the two, sides of the one, 
shall be to the rectangle under the two 
sides of the other, as the perpendicular, 
which is drawn from the vertex to the 
base of the one, to the perpendicular 
which is drawn from the vertex to the 
base of the other (II. 35.). 
Prop. 24. 

If a quadrilateral be inscribed in a 
circle, its diagonals shall be to one an
other as the sums of the rectangles under 
the sides adjacent to their extremities. • 
Let A C B D be a 

quadrilateral figure, 
inscribed in the circle 
ABC andAB, CD 
its diagonals : A B 
shall be to CD, as 
the sum of C A x A D 
andCBxBD to the 
sum of A C x C B, 
and A D x DB. 
Let A B, and C D cut one another in 

the point E : and, first, let A B cut C D 
at right angles. Then, because A C D , 
B C D, C A B, and D A S are triangles 
inscribed in the same circle, the per
pendiculars A E, B E, C E and D E, are 
to one another as the rectangles A C x 
AD, BCxBD, CAxGB, and D Ax 
D B : therefore, (II. 25. Cor. 3.) the sum 
of A E and B E, that is A B , is to the 
sum of C E and D E, that is C D, as the 
sum of A C xAD, and B C x B D to 
the sum of C A x C B andDAxDB. 
In the next place, let A B cut CD, but 
not at right angles : and let the per
pendiculars A a, B b, C c, and D d be 
drawn. Then, as before, it may be 
shown that A a + B 6 is to C c + B d , 
as AC x AD+BG x B D to CAx 
CB+DAxDB. But, because the tri
angles A E a, B E b, C E c, D E d are 
equiangular, A a, B 6,,C c, and Dd are 
to one another as AE, BE.CE, and 
D E (II. 31.). Therefore, Aa + Bbis to Cc+Drf, asAE+BEtoCE+DE, that is, as A B to CD. Therefore, (II. 12.)AB :CD ::ACxAD+BC xBD:CAxCB + DAxDB. Therefore, &c. Prop. 25. (Euc. vi. D.) If a quadrilateral be inscribed in a' circle, the rectangle under its diagonals 
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shall be equal- to the sum of the rect
angles under its opposite sides. 
Let A C B D be 

a quadrilateral in
scribed in the circle 
ABCjandlet A B , 
C D be its diagonals: 
the rectangle under 
A B , C D shall be 
equal to the sum of 
the rectangles under 
AD, B C, and A C, 
BD. 
At the point A make the angleD AF 

equal to BAG, and let A F meet C D 
in F. 
Then, because the angle A B C is 

equal to A D F in the same segment 
(15.), and that B A C was made equal 
to D A F , the triangles A B C, A D F 
are equiangular: therefore, (II. 31.) A B : 
B C :: A D : D F, and (II. 38.) the rect
angle under A B, D F is equal to the 
rectangle under A D , B C. 
Again, because the angles B A C , 

D A F are equal to one another, let the 
angle B A F be added to each; therefore 
the whole angle F A C is equal to the whole 
angle D A B ; and the angle F C A is 
equal to the angle D B A in the same 
segment (15.) ; therefore, the triangles 
A F C , A D B are equiangular. There
fore (11.31.) A B : B D : : A C : C F , 
and (II. 38.) the rectangle under A B , 
C F is equal to the rectangle A C, B D. 
Therefore, the sum of the rectangles 
under A B , D F and A B , C F, that is, 
(I. 30. Cor.) the rectangle under A B , 
C D, is equal to the sum of the rectangles 
under A D, B C, and A C, B D. 
Therefore, &c. 
Cor. Hence, a quadrilateral may be 

constructed, which shall have its sides 
equal to four given straight lines, in a 
given order, each to each, and-its angular 
points lying in the circumference of a 
circle. For, by the 24th proposition, the 
ratio of the diagonals, and by that which 
has been just demonstrated, their rect
angle is given: therefore, (II. 63.) the 
diagonals may be found, and (1.50.) the 
quadrilateral constructed. 
It is only essential to the possibility 

of the construction that of the four given straight lines, every three be greater than the' fourth (I: 10. Cor. 2.). It is remarkable that, although the diagonals will be different in different orders of the Eiven sides, the circumscribing circle as the same magnitude whatsoever be their'order. (See Sect. 5. Prop. 41; Scholium.) 

91 
Ssction 4.—Regular polygons, and 

approximation to • the area of the 
circle. 

Def~ 11. A regular polygon is that 
which has all its sides equal, and likewise. 
all its angles equal. 
A figure of five sides iscalledapsrafa-

gon ; a figure of six sides a hexagon ; of 
ten sides a decagon; and of fifteen sides 
a pente-decagon. There is so, seldom 
any occasion, however, to specify the 
number of sides of an irregular figure, 
as distinct from a multilateral figure in 
general, that it has become common to 
appropriate these names with others of 
similar derivation (as by way of pre
eminence) to the regular figures—-'' a 
hexagon," for instance, is understood to 
mean a regular figure of six sides, and 
so of the rest. 
It is evident, that regular polygons, 

which have the same number of sides, 
are similar figures; for their angles are 
equal, each to each, because they are 
contained the same number of times in 
the same number of right angles (1.20.); 
and their sides about the equal angles 
are to another in the same ratio, viz. the 
ratio of equality. 

12. The centre of a regular polygon 
is the same with the common centre of 
the inscribed and circumscribed circles 
(see Prop. 26.): and the perpendicular 
which is drawn from the centre to any 
one of the sides is called the apothem. 

13. Similar arcs of circles are those 
which subtend equal angles at the centre. 
Similar sectors and. Segments are those 
which are bounded by similar-arcs. 
Prop. 26. (Euc. iv. 13 and 14,). 

If any two adjoining angles of a 
regular polygon be bisected, the inter
section of the bisecting lines shall be the 
common centre of two circles, the one 
circumscribing, the other inscribed in, 
the polygon. 
Let A B C D E F 

be any regular po
lygon, and let the 
angles at A and B 
be bisected by the 
straight lines A O , 
B 0 ; which meet in some point O, (I. 15. Cor. 4.) because each of the angles F A B , C B A is less than two right angles, and therefore each of their halves O A B , O B A less than aright angle, and the two together less than two right angles The point O shall be the centre 
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cf two cir-clei, One passing through all 
the points A, B,- C-, D, E, F, and the 
other in contact with all the sides A B , 
B C, C D, D E, E F. 
Join 6 C, O D, O E, OF, and draw 

the perpendiculars O a, O b, O c, Od, 
Oe, Of. Then, because the triangles 
.0 B C, O B A have two sides of the one 
equal to two sides of the other, each to 
each, and the included angles O B C, 
O B A equal to' one another, (I. 4.) the 
base O C is equal to the base-O A, and 
the angle O C B to the angle O A B, 
But OAB' is the half of F A B , and FAB; 
is equalto D C B : therefore O C B is 
the half of D C B , and the latter angle is 
bisected by the line 0 C. By a similar' 
demonstration, therefore, it may be 
shown that O D is equal to O B, O E to 
OC, and O F to O D . And, because the 
angles-0 A B , O B A, being halves of 
equal -angles, are equal to one another, 
O B is equal to O A 0- 6-)- Therefore the 
straight lines drawn from O to the angu
lar points of the figure are equal to one 
another, and. 0 is the centre of a circle' 
passing through those points. And be
cause A B, B C, &c. are equal chords 
of the same circle, they. are at equal 
distances from the centre O (4. Cor,): 
that is, the perpendiculars O a, Ob, $tc. 
are equal to one another, and O is 
likewise the centre of a circle described 
with the apothem O a or O b for its ra
dius, and (2.) touching the sides in their 
middle points (3.), a, b, c, d, e,f. 
Therefore, &c. 

Prop. 27. 
If the circumference of a circle be di

vided into any_ number of equal parts, 
the chords joining the points of division 
shall include a regular polygon inscribed 
in the circle; and the tangents drawn 
through those points shall include a re
gular polygon of the same number of 
sides circumscribed about the circle. 

Let the circumfe
rence of the circle 
A C F be divided 
into any number of 
equal parts in the 
points A, B, C,D,E, 
F. The figure which is included by the straight lines joining those points shall be a regular polygon. For its sides being the chords of equal arcs of the same circle, are (12.Cor.-l.)eq.ualto one another;; 

and-its angles standing upon equal arcs; 
viz. the differences between the whole 
circumference, and two of the former, 
are likewise equal (14. Cor..2.). 

Next, let a b c d ef be the figure which 
is included by tangents drawn through 
the points A B C D E F: this shall like
wise be a regular polygon. 
Let O be the centre of the circle, and 

join O A , O B , Oa, O b, O C . Then be
cause a A, a B, are tangents drawn from 
the same point, they are equal to one 
anc-fher (2 Cor. 3.). And.because the 
triangles A O a, B Or a have the three 
sides of the one equal to the three sides' 
of the other, each to each, the angle 
B O o is equal to A O a , that is, to the 
half of A O Bi In like manner, it may 
be shown that the angle B O b is equal 
to the half of B O C ; and A 0 B is 
equal to B O C, because the arc A B . 
is equal to the arc B C (12.); there
fore the angle B O a is equal to B O b. 
Therefore B O a, B O b are triangles 
which have two angles Of the one equal 
to two angles of the other, each to each, 
and the interjacent side O B common 
to both : consequently, (I. 5.) they are 
equal in every respect, and B a is equal 
to B b ; therefore ab is bisected in B; 
In the same manner it may be shown 
that a f is bisected in A ; arid it has 
been shown that aB, a A, are equal to 
one another; therefore a 6 is equal to 
af. And by a like demonstration it 
may be shown that the other sides of 
the figure are each of'them equal to ab 
or af. Therefore, the figure a b c d ef 
has all its sides equal to one another. 
And because its angles, as a, b, are sup
plements (I. 20.Cor.) of equal angles, as 
A O B , B O C, they are likewise all equal 
to one another. Therefore it is a regular 
polygon. 
Therefore, &c. 
Cor. 1. (Euc. iv. 12.). If any regular 

polygon be inscribed in a circle, a similar 
polygon may be circumscribed about the 
circle by drawing tangents through the 
angular points of the former; and con
versely. 

Cor. 2. If, any regular polygon being 
inscribed in a circle, a tangent, be drawn 
parallel to one of its sides, and be terminated both ways by radii passing through the extremities of that side, such terminated tangent shall be a side of a regular polygon of the same number of sides circumscribed about the circle. For, since the radius drawn to the point of contact bisects the side (3. Cor. 1.) at right angles, and there. 
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fore also bisects the angle formed by the' 
radii passing through its extremities 
(I. 6. Cor. 3.) it is obvious from I. 5. 
that the parts of the tangent in question 
are equal to one another, and to the 
halves of any side of the regular circum
scribed polygon of the same number of 
sides. 
Prop. 28. (Euc. iv. 10. and 15. Cor.) 

The side of a regular hexagon is 
equal to the radius of the circle in which 
it is inscribed; the side of a regular 
decagon is equal to the greater segment 
of the radius divided medially ; and the 
side-square of a- regular pentagon is 
greater than the square of the radius by 
the side-square of a regular decagon 
inscribed in the same circle. 

First, let A B be 
the side of a hexa
gon inscribed in the 
circle A D B , the cen
tre of which is C. 
Join C A, C B, and 
let A C produced 
meet the circum
ference in D. Then, because the arc 
A B is contained in the whole circum
ference six times, it is contained three 
times in the semi-circumference A B D , 
and twice in the arc B D. But the an
gle B A C is measured by half of the arc 
B D , (14. Cor. 1.) and the angle A C B 
by the are A B . Therefore the angle 
B A C is equal to A C B, and the side 
A B is equal to B C; that is, the side of 
the regular hexagon is equal to the ra
dius of the circle. 
Secondly, let A B 

be the side of a regu
lar decagon inscribed 
in the circle A D B 
the centre of which 
is C. Join CA, CB, 
and let A C produced 
meet the circumfer
ence in D. Then, because the arc A B 
is contained ten times in the whole cir
cumference, it is contained five times in 
the semi-circumference ABD,and four 
times in the arc B D. But the angle 
B A C is measured by half of the arc 
B D (14. Cor. 1.) and the angle A C B is 
measured by the arc A B . Therefore the angle B A C is equal to twice the angle A C B . Let the angle B A C be bisected by the line A E, and let A E meet C B in E. Then, because the angle E A C is equal to A C E , the side E A is equal to E C ; and because A E B is equalto the two E A C , A C E , that is 

double of A C E, and that A B E being 
equal (L 6.) to B A C is likewise double 
of A C E, A E B is equal to A B E, and 
A B is equal to A E orE C (I. 6.). But, 
because the straight line A E bisects the 
angle B A C , C A : A B :: C E : E B 
(II. 50.). Therefore C B : C E ; : C E ; 
E B, lhat is the radius C B is medially 
divided in E ; and A B, the side of the 
decagon, is equal to the greater seg
ment C E. 
Lastly, let A B be 

the side of a regular 
pentagon incribed in 
the circle A D B, the 
centre of which is C. 
Bisect the angle 
A C B by the radius 
C E (I. Post. 4.j: 
then the arcs A E , E B measuring equal 
angles, are equal to one another (12.). 
Join A E ; 'take C F equal to A E , and 
join A F. Then, because the are A E 
is the half of A B , it is contained ten 
times in the whole circumference, and 
the chord A E is the side of a regular 
decagon inscribed in the circle A D B . 
Again, the angle E A O being measured 
by half the arc E B D, that is, by two-
fifths of the semi-circumference A E D , is 
equal to the angle F C A, which is mea
sured by the arc A B , that is likewise 
by two-fifths of the semi-circumference 
A E D ; therefore, because the trian
gles E A C , F C A, have two sides 
of the one equal to two sides of the 
other, each to each, and the included 
angles equal to one another, the base 
A F (1.4.) is equal to C E or AC. And, 
because from the vertex A of the isos
celes triangle A C F, the straight line 
A B is drawn to meet the base produced 
in B, the square of A B is greater than 
the square of A C (1.39.) by the rectan
gle CB.BF. But C F being equal to A E , 
the side of a regular decagon, the radius 
C B is medially divided in F, as shown in 
the second part of the proposition; and 
therefore the rectangle CB, BF is equal 
tofhesquareofCForAE(II.38.Co?\l.). 
Therefore the square of A B is greater 
than the square of A C by the square of 
A E ; that is, the side-square of a regu
lar pentagon is greater than the square; of the radius by the side-square of a regular decagon inscribed in the same circle. Therefore, &c. Prop. 29. The area of any -regular polygon is 
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equal to half the rectangle under its 
perimeter and apothem. 
• Let A B C D E F be any regular po
lygon, O its centre, and O K , which is 
drawn perpendicular to A B, its apo
them r the area of the polygon shall be 
equal to half- the rectangle under the 
apothem O K and the perimeter A B C 
DEF. 

Take A L equal to the sum of the 
sides or perimeter A B C D E F, and join 
0 L, O ,B. Then because the sides are 
equal to one another, the base" A L con
tains the base A B , and therefore the tri
angle O A L contains the triangle O A B , 
(I. 27.) as many times as the polygon 
has sides. But, because the triangles 
O A B , O B C , &c. having equalbases and 
altitudes (I. 27.), are equal to one ano
ther, the polygon likewise contains the 
triangle O A B as many times as it has 
sides. Therefore the polygon is equal 
to the triangle O A L , (II. ax. 1.) that 
is, (I. 26. Cor.) to half the rectangle un
der the perimeter A L and apothem O K . 

Therefore, &c. 
Prop. 30. (Euc.-xii. 1.) 

The perimeters of similar regular 
polygons are as the radii of the in
scribed or circumscribed circles, and 
their areas are as the squares of the 
radii. 

Let O, o be the centres of two re
gular polygons having the same number 
of sides, A B, a b, any two sides, and 
0 K, o k lines drawn from the centres 

perpendicular to them respectively-: 
then (26.) O A, o a are the radii of the 
circumscribed circles, and O K, o k the 
radii of the inscribed circles. The peri
meters of-the polygons shall be to one 
another as O A to o a, or O K to o k and 
their areas as OA2 to o a2, or O K 2 to o h\ 

Because the polygons have the same 
number of sides, the angles A O B , aob 
are contained the same number of times 
in four right angles, and are therefore 

equal to one another (II. ax. 2.), as 
also their halves (1.6. Cor. 3.) the angles 
A O K, a ok. Therefore the triangles 
A O B, a o b (II. 32.) as also A O K , a ok, 
(11.31. Cor. 1.) are similar, and A B isto 
a b as O A to o a, or as O K to o A (II. 31.). 
But, because the polygons are similar, 
their perimeters are to one another as 
A B to a b, and their areas as AB2 to ab* 
(Ii. 43.). Therefore their perimeters are 
to one another as O A to o'a, or as'OK to 
ok (II. 12.); and their areas as OA2to 
o a', Or as O K 2 to ok*. (II. 37. Cor'.4.) 

Therefore, &c. ' 
Prop; 31. 
,. Any circle being given, similar re
gular'polygons may be, the one in
scribed^ arid the other circumscribed, 
such that the difference of their peri
meters or areas shall be less than any 
given difference. 

Let C be the 
centre and C A the 
radius of any given 
circle: and let K be 
any given straight 
line ;. there,may be. 
found two regular 
polygons „ of. the 
same number of 
sides, the one in
scribed in the cir
cle, the other cir
cumscribed, about 
the circle, which shall have the difference 
pf.their perimeters less than the straight 
line IS., or the difference of their areas 
less than the square of K. 

And first of the perimeters. Let L be 
a straight, fine equal to the perimeter of 
some circumscribed polygon; and let the 
radius A C be divided in the point D in 
the ratio of Kto L (II. 55.). Through D 
draw the chord E F perpendicular to 
C A, and draw the radius C B likewise 
perpendicular to C A : bisect the arc 
A B in M,* the arc A M in N , the arc 
A N in P, and so on till the point of 
bisection fall between A and E ; let P be 
the first point so falling; draw the chord 
P Q parallel to E F and. cutting the 
radius C A in R. Then, because the 
double of the arc A P is contained a * The necessity of having the lines ,and letters in the neighbourhood of A clear and distinct has led the engraver to tax the reader's imagination somewhat more than.was absolutely necessary in.the figures, of this proposition. H e is requested, therefore, to suppose that the point M bisects thB arc A B , the point JST the are A.M, and the point P the arc A N . With regard to the operation of bisecting the are, w e should remark that it-may be effected by bisecting the angle, at the centre (12.), 
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certain number of times in the quadrant 
A B, it is contained four times as often 
in the whole circumference. But be
cause the radius C A cuts the chord 
P Q at right angles, the arc P A Q is 
equal to the double of A P (3. and 1.-6. 
Cor. 3.). Therefore the arc which it 
subtends being' contained exactly a cer
tain number of times in the whole circum
ference, the chord P Q is the side of an 
inscribed polygon (27.).- And because the 
perimeter of this inscribed polygon is to 
the perimeter of the similar circum
scribed polygon as C R to C A (30.), the 
difference of their perimeters (invertendo 
and dividendo) is to the perimeter of 
the inscribed polygon as A R to R C , 
that is, in a less ratio than that of A D 
to D C , or of K to L. But even a mag
nitude which should have been to the 
perimeter of the inscribed polygon in the 
same ratio as that of K to L would have 
been less than K (II. 18.), because the 
perimeter of the inscribed polygon is 
less than L (1.10. Cor. 3.). Much more, 
tfien, is the difference of the perimeters 
of the inscribed and circumscribed po
lygons less than K, that is, less than the 
given difference. 

In the next 
place, of the areas. 
LetMbe a straight 
line, such that the 
square of M is 
equal to the area 
of some circum
scribed polygon: . j 
letAC(II.55.)be 
divided in din the 
Tatio of K-square 
to M-square, and Q \ 
let C D be taken X.' 
(II. 51.) a mean 
proportional between C A and O d. 
Then, as before, there may be found an 
inscribed polygon whose apothem C R 
is greater than C D . Take C r (II. 52.) a 
third proportional to C A and C R ; and, 
because CD2 : CR2 :: C A x C d : C A x 
C r (II. 38. Cor. 1.), in which proportion 
the first term is less than the second, the 
third is also less than the fourth (II. 14.), 
and therefore C dis less than Or. And 
because the area of the inscribed polygon is to the area of the similar polygon circumscribed as CR2 to CA2 (30.), that is (II. 35.), as C r to C A- (invertendo and dividendo), the difference of their areas is to the area of the inscribed polygon as A r to C r, or in a less ratio thin that of A d to Cd, or of K2 to M2. But even a magnitude which should have 

been to the inscribed polygon as Ks to 
M 2 would have been less than K2, be
cause the inscribed polygon is less than 
M2. Much more, then, is the difference 
between the inscribed and circumscribed 
polygons less than K square, that is, 
less than the given difference. 

Therefore, &e. 
Cor. 1. Any circle being given, a re

gular polygon may be inscribed (or cir
cumscribed) which shall differ from the 
cbjcle, in perimeter or in area, by less 
tijfn any given difference. For the 
fefference between the circle and either 
of the polygons is less than the differenpp 
of the two polygons. 

Cor. 2. Any two circles being given, 
similar regular poijjgons may be u> 
scribed (or circufo'lipibed), which shall 
differ from the circles, in perimeter or 
in area,- by less than any the same given 
difference. 
Prop. 32i 
The area of a circle is equal to half 
the. rectangle under the radius and cir
cumference. 

Let C be the centre, and- 0 A the ra
dius of any circle: from the point A let 
there be drawn A B perpendicular to 

C A, and suppose any line'AB equal to 
the circumference of the circle, and join 
C B : the circle shall be equal to the!tri
angle C A B . 
: For, if not • equal, it must-be'"either 
greater or less than the triangle. First, 
let it be supposed greater, and therefore 
equal to some triangle C A D , the base 
A D of which is greater than AB. Then, 
because (31.) there may be circum
scribed about the circle a regular poly
gon, the perimeter of which approaches 
more nearly to that of the circle ( A B ) 
than by any given difference, as B D, a 
polygon may be circumscribed, the' pe
rimeter of which shall be less than A D . 
But the area of any regular polygon is 
equal to.half the rectangle under its peri
meter and apothem (29.). Therefore the 
area of such circumscribed-polygon will 
be less than the triangle C A D , less 
that is, than the supposed area of the 
circle; which is absurd. Neither can the area of the circle be 
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less,Uian the triangle C A B ; for, as the 
perimeter of every circumscribed poly
gon is greater than the circumference 
A B (I. 10. Scholium), and therefore, as 
before shown, the polygon itself greater 
than the triangle C A B , to which, how
ever, it may be made to approach within 
any given difference, because its peri
meter may be made (3i. Cor. 1.) to ap
proach to A B within any given difference; 
so, because similar polygons maybe in
scribed and cieumscribed approaehingio 
one another more nearly than by^fcy 
given difference (31.) a polygon mayHJ 
inscribed approaching to the triangle 
C A B within any given difference, that 
is greater than.the circle, if the circle be 
supposed to be less than the triangle 
C A B ; which is â isuijjL 
Therefore the circle^B'neither greater 

nor less than the triangle C A B, that is, 
it is' equal to it. 

Therefore, &c. 
Cor. Any circular sector is equal to 

half the. rectangle under the radius, of 
the circle, and the arc upon which it 
stands: for it is less than the circle in 
the ratio of that arc to the circum
ference (13.). 
Prop. 33. (Euc. xii. 2.) 

The circumferences of circles are as 
the radii, and their areas are as the 
squares of the radii. 

Let R, r, represent the radii of two 
circles, C, c their circumferences, and 
A a, their areas: then C : c ;; R : r, 
and A : «::R2 : r*. 

For, in the first place, there may be 
inscribed (31. Cor. 2.) two similar poly
gons, the perimeters of which approach 
more nearly to the perimeters C, eof the 
two circles, than by any the same given 
difference ; and the perimeter of the one 
polygon (30.) is to the perimeter of the 
other, always, in the ,same ratio, viz. as 
R to r: therefore, C : c ." R : r (II. 28.). 

And, in the same manner, because 
there maybe inscribed in the circles two 
similar polygons, the areas of which (31. 
Cor. 2.) approach more nearly to the 
areas A, a of the circles, than by any the 
same given difference ; and because the 
area of the one polygon (30.) is always 
to the area of the other in the same ratio, viz. as R2 to r2, A : a : R8: r2 (II. 28.).' Therefore, &c. Cor. I. Hence, similar arcs of circles are as their radii; and similar sectors are as the squares of their radii. For such arcs (or sectors)being to the whole circumferences (or circles) in the same 

ratio; viz. that of the angle" at the centre 
(13.) to four right angles, are-to one ano
ther, alternando, as the whole circum
ferences (or circles), that is, by the pro
position) as the radii (or the squares of 
the radii.) 

Cor. 2. Similar segments of circles 
are as the squares of the radii (II. 22.). 
For they are the differences of similar 
sectors, and, similar triangles, (def. 13. 
and II. 32.), which sectors (Cor. 1.) as 
also the triangles (II. 42>) are as the 
squares of the radii. 
Prop. 34. 

IfK. and L represent'two regular 
polygons of the. same number of sides, 
the one inscribed in, and t/ie other '.cir
cumscribed about, the same circle, andif-
Mcerad-N represent the'inscribed-and 
circumscribed polt/gons of twiie the 
number of sides; M shall bed geome
trical mean between. K and ~L\und N-
shall be an harmonical mean between L 
and M . 
Let C be the centre 

of the circle, A B a 
side ofthe inscribed 
polygon K, C D a 
radius drawn per
pendicular to, and 
therefore (3.) biseclJ-
ing A B in the point 
I. Then, if E F be drawn, -touching the 
circle in D, and terminated' by C A and 
C B produced ; EF-will (27. Cor. 2.) be a 
side of the circumscribed polygon L of 
the same number of sides. Also, if A D 
be joined, and at the points A and B 
tangents be drawn to meet E F in the 
points G and H ; A D and G H will be 
sides of the polygons M and N of twice 
the number of sides (27.), 
. Now, because the triangles C A I, 
C E D, C A D , C G H are severally con
tained in the polygons K, L, M , N,-the 
same number of times, viz. as often as 
the angle A C D , or G C H, is contained 
in four right angles, the polygons are 
one to another as those triangles(II.17.). 
But the triangle C A I is to the triangle 
C A D as C I to C D , (II. 39.) that is 
(because A I, E D are parallels), as CA 
,̂~AC-r?Vthi?'t is' ^ i n , as the triangle 
C A D to the triangle C E D (II. 39.). r-nn'j£C„se c AI isto C A D as C A D t?^'-K:M::M--L(U.17.Cor:2.) K and LS & mea" proPorti'onal between' Again,because the triangle C GH is double of G 6 p, and, therefore, equa to. the quadrilateral C A 6 D ; the tri-
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wangle A E G is equal to the difference 
of the triangles C E D, C G H, and the 
triangle A G D to the difference of the 
triangles C G H, C A D. But A E G is 
to A G D as E G to G D , that is, (II. 50.) 
because the line G C bisects the angle 
A C D , as E C to C D or CA, that is again', 
. as the triangle C E D. to the triangle 
C A D (II. 39.). And, because C E D is to 
C A D as the difference of C E D, C G H 
to the difference of C G H , C A D, L : 
M : : L - ^ N : N — M(fl.l7. Cor. 2.); 
that is, N is. an harmonical mean be
tween L and'M (def..17.). 

Therefore, &c. 
Scholium. 

... The proposition which has been just 
demonstrated, affords one of the most 
simple methods of approximating to the 
area of the circle : to which purpose it 
.may be applied as follows. 

Let the diameters , 
A B, D E be d»awn 
at 'right angles to 
one another: the 
' straight lines joining jj 
fcjjeir extremities will 
include an inscribed. 
square, and fhetash-' 
agents drawnthrough^, 
'the same a circumscribed square. N o w it 
is plain that the circumscribed square is 

, equal to 4 times the square of the radius, 
and the -inscribed to half the circum
scribed, that is, to twice the square of 
the radius. Therefore, if the radius be 
assumed for the finear unit, the inscribed 
square will contain 2, and the circum
scribed 4 units of area. But the in
scribed figure of eight sides is a mean 
proportional between them: therefore, 
the number of units of area which it con
tains, will be a m e a n proportional be-
tween2and 4,= V 2 x 4 , = 2.8284271247 
&c. to the tenth decim al place inclusively. 
A n d the number which is an harmo
nical m e a n between 4 and 2.8284271247 
will, in like manner, be the number 
of superficial units in the circum
scribed figure of 8 sides. N o w , to 
find such a m e a n x between two n u m 
bers m , n, w e have this proportion, 
m : n:\rn — x : x — ra (II.. .def. 17); 
whence, multiplying extremes and means, m x (x—n) = rax (m—x); transposing, m x + n x = 2 m n ; and dividing by m+n, x= ; that is, an m + n harmonical mean between two numbers is obtained by dividing twice their product by their sum. Thus w e find the cir

cumscribed figure of 8 sides to contain 
3.3137084989 &c. superficial units. In the 
same manner, from these inscribed and 
circumscribed figures of 8 sides, are to he 
obtained the inscribed and circumscribed 
figures of 16 sides; and so on. This 
process leads us, after 18 times doubling 
the number of sides,* to the following 
values of the inscribed and circum
scribed polygons of 1,048,576 sides. 

3.1415926535 &c. 
3.1415926535 &c. values which 

differ from one another by a quantity 
which does not appear in the tenth deci
mal place. But the circle is greater than 
one, and less than the other of tiiese 
* In the following - table of polygonal areas, suc

cessively computeoTas in the text, the letters, A, B, 
C, D, &c. indicate the regular polygons of 4, 8, 16i 
32, &c. sides ; and, to show the progress of the ap
proximation, dots are substituted for the. figures at 
the head of their respective columns. 

..(in. 2. 
A loir. 4. 
„ (in. 2.8284271247 
D Icir. 3.3137084989 
„ (in. 3.0614674589 
u tc-ir. ..1825978780 
n j in. ..1214451522 
" icir. ...517249074 
v (in. .,.365484905 
11 i cir. .. .441183852 
„ (in. ...403311569 
" \cir 22236300 
r fin. ....12772509 
" Icir. ....17503692 
„ (in 5138011 
a icir. .....6320807 
. (in 5729404 
1 icir. 6025103 
„ fin 5877253 
K Icir 5951177 
. (in 914215. 
h icir 32696' 
,. fin. ".." 23456 
Micir, .......28078 
XT f in. ........5766 
^Icir 6921 
_ fin 6343 
° icir 632 
p (in 487 
F \cir 560 
„ (in 523 
Q \cir 42 
„ (in 32 Rlcir 37 a (in 5 S icir 6-, •P f in 5 -, 1 \ cir 5 Of a calculation which has attracted so much attention, it is not impossible that the student may be curious enough to revise the steps, or even push it tp a still greater degree of approximation. In doing this by the method here given, his labour will be considerably abridged by attending to the followingrules. 1°. Annex one more to the decimal places which are required to be exactly ascertained, and with this additional place, use the abbreviated modes of multiplying, dividing, and extracting the square root, viz. by inverting the multiplier, cutting oif successively the figures of the divisor, and dividing out when the root is obtained to half the required number of places (See Aritb. art, 167- 185.) 2°. When the calculation has proceeded so far that (js being the difference of the two preceding poly. H 

file://n:/rn


"98 GEOMETRY. [III. § 4. 

polygons \ therefore, the area of the 
circle is 'correctly denoted by 3.1415926 
535 as far as the tenth decimal place 
inclusively. 

This number is commonly represented 
gons, and 5 the lesser of the two), the quotient of the 
fraction tttt^' when expressed in decimals, has no 
significant figure in the first ten decimal places,-the 
harmonical mean may be found by taking half the 
sum or arithmetical mean, and subtracting therefrom 
rr. Since &=3.14, &c, this rule may be used -when 
2 #4- does hot appear in the last place but three. 

in the last decimal place (or which is the same thing 
nearly, 7#3 in the last place but three), the geome-

tical mean and subtracting- therefrom —* 

1.4 • When —- -1S not found jn the last decimal 

place, (or 8 #2 in the last but two) neither the har
monical nor the geometrical mean will differ appa
rently from the arithmetical, Which may therefore 
be taken for them. 
Or, when this comes to be the case, instead of 

computing the intermediate polygonal areas, the 
area of the circle may be directly found to the re
quired number of places by- the following rule. 
" Let an inscribed polygon be the last computed ; 

take the difference between its area and that of the 
preceding circumscribed; divide this difference 
(considered as a whole number) by that powerof 2, say 
2 m, which is next less than it; multiply the quotient 

m—l 
2 1. 

b y — - — . and add twice the product to the area of 
the inscribed polygon, placing the units of the pro
duct under the1 last decimal place of the area ; the 
sum shall be the circular area required." 
Thus, in the preceding table of areas, the difference 

between the inscribed polygon L and. the circum
scribed polygon K is 36962 j the power of 2, which is 
next less, is 32768; the quotient of 36962 divided by 
32768 is 1.128; the number by which this is to be 

1 32768 
multiplied — (— 1) or 5461; the product to 

the nearest unit 6160; and, 14215, together with the 
double of this product, is 26535, which has the re
maining digits in question. 
The second,, third, and fourth of these rules may 

be established by the assistance of the binomial theo
rem : the last is derived, from the algebraical form of 
a series of quantities, each of which is an arithmetical 
mean between the two preceding. 
* The letter ft is, however, more generally under

stood to represent thesemicircumference of a circle whose radius is unit; this being evidently the same number which represents the circumference when the 'diameter is assumed for unit. i • In fact -r represents (1), the superficial area of the circle where the unit of superficies is the square of the radius; (2) the linear value of the circumference, where the diameter is the unit of length ; and (3) the' linear value of the semicircum'ference, where the radius is the unit of length. The last of these is the meaning most commonly attached to the symbol. In the method of approximation which is adopted in the text, although the principle is perhaps more obvious, the computation is not so concise as in another :method, which may be derived from the following elegant theorem. If k and 1 represent the radii of the circles which are inscribed m any regular polygon, and circumscribed about it; andifm andu represent these radii for a regular polygon which has twice as many sides 

by the Greek letter *, being the' first 
letter of the Greek word which signifies 
circumference.* F o r the s a m e n u m b e r 
which represents the area of a circle 
w h e n the radius is taken for unit, te
as the former, and an equal perimeter; m shall be an 
arithmetical mean-between k and 1, and n a geometri
cal mean between 1 and nr. 
To demonstrate this: 
Let A B be a side, and C the centre of any regular 

polygon ; let C D be drawn perpendicular to AB, and 
join CA, C B : then CD is the 
radius, ft, of the inscribed cir
cle, and CA the radius, ?, 
of the circumscribed circle. 
From D C produced eut off C E 
equal to CA or CB, and join 
EA, E B : from C draw OF 
perpendicular to ' EAi and 
therefore (I.. 6. Cor. 3.) bi
secting E a , and through F 
draw FG parallel to AB, and 
therefore (I. 1,4.) perpendi
cular to ED, which it cuts in 
the point H. 
Then, because the angle A E C is equal to half the 

angle A C D (I. 19.), the, angle AEB, or FEG, is 
equal to half the angle ACD'; also, because- EF is 
equal to the half of EA, FG'is %ial (II. 30. Cor. 2.) 
to the half of AB: therefore FG is the side of a re
gular polygon, which has twice as many sides asjhe 
former, E its centre, E H the radius, m, of the inscribed 
cjrele, and EF the radius, n, of the* circumscribed 
circle. 
But, because E F is equal to half EA, E H is 

(II. 30.) equal to half ED, or to half the sum of CD 
and CA; that is, mis an arithmetical mean between 
ft and I. And, again, because from the right angle 
F of the triangle KFC, FHis drawn perpendicular to 
the hypotenuse EC, E F is a mean proportional be
tween E C and E H (II. 34. Cor.); that is, n is a 
mean proportional netweeD I andm. 
Therefore, &c. 
Hence, beginning with the squaTe or hexagon, we 

may proceed, by alternate arithmetical and geometri
cal means, to determine these radii for a regular poly
gon, the number of whose sides shall exceed any given 
number; in which process it is evident that the values 
of the radii will continually approach to one another, 
and, therefore, to the intermediate value of the radios 
of a circle which has the same given perimeter. 
There is yet a third theorem, nearly related to the 

preceding, which may be applied to the purpose of 
this approximation. If\ and 1 represent the radii of the circles which are circumscribed about any regular polygon, and inscribed in it, and m ah arithmetical mean between them; and if k' and V represent these radii for a regular polygon which has twice as many sides as the former, and an equal area, k' shall be a mean proportional between k and 1, and V a mean proportional between land m. To demonstrate this: Let A B be a side, and C the centre of any regular polygon; let C D be drawn perpendicular to AB, and joinCA, CB: then CA is the radius, ft, of the circumscribed circle, and CD the radius, I, of the inscribed circle. Draw the straight line C E bisecting the angle A C D ; in CD produced take CF a mean proportional between CA and CD ; from F draw FG perpendicular to CE, and produce it to meet CA in H. ;<• TJS* b,e.ca?se CG b^ects the angle FCff, and FG IS ?>V" ^™iiM 
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presents also the circumference when 
the diameter is taken for unit, because 
the area of a circle, being equal to the 
rectangle under the semicircumferenee 
and radius (32.), bears to the square 
of the radius ihe same ratio which the 
semicircumferenee bears to the radius, 
or the circumference to the diameter. 

A n d hence if R be the radius of any 
circle, its circumference (greater than 
2 R i n the ratio of w : 1") is = 2 *• R : and 
its area (greater than R a in the ratio of 
»•: 1) is = srR2. 

It remains to observe that the circunv 
ference of a circle is incommensurable 
with its diameter, for which reason their 
ratio can never be exactly represented 
, By numbers. This was for the first time 
demonstrated in the year 1761 A . D. by 
Lambert. During the long period for 
which it was only matter of Conjecture, 
the ijuest of the exact numerical ratio 
(and that by methods not more expe
ditious than the above) occupied m a n y 
laborious calculators. Could they have 
-assigned any such, it is evident that 
they might likewise have assigned the 
exact value of the area of a eircle, whose 
radius is given, and vice versa; because 
that area is (32.) equal to half the pro-
duet of the radius and circumference. 
But the hope of arriving at a term of 1he 
approximation is n o w demonstrated to 
have been vain, and accordingly ah exact 
solution of the celebrated problem of 
squaring the circle, that is, of finding 
a straight line, the square of which 
shall be exactly equal to a given circle, 
impracticable. At the same time, the 

gnlar polygon which has twice as many sides as the 
former, and an equal area, C its centre, CF the 
radius, A*, ef the circumscribed circle, and CG the 
radius, /', of the inscribed circle 
-Bui", by the construction, CF is a mean proportional 

between CA and GD ; that is, k' is a mean propor
tional between &and I. And, again, because the tri
angle CGF is similar to CDE, the triangle CGF is to 
the triangle CDE as CG2 to CDa (II. 42. Cor.) ; bnt, 
because the triangle CGF is equal to half CHF, that is 
to half CDA, CGF is to CDE as half DA to DE 
(II. 39.), or.because CE bisects the angle ACD as half 
CA+CDto CD (II. 50.) i therefore (II. 12.)CG2: 
C D2 : : SA+CI>: CD, and (II. 37. Cor. 2.) CG is a 
. - 2 - . 
mean proportional between CD and ̂ —-—, that 
is, /' is a mean proportional between I and m. 
, Therefore, &c. 
This theorem is applied in the same manner as the preceding. It is necessary to observe that CG is greater than CE, and not equal to if, as is wrongly represented in the figure : for, if P be taken a third proportional to EC and ED, it may be shown that CG« is greater than BE8 by a square which is to F8 as CA to CD. 
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approximate Solution exhibited in the 
number 3.1415926535 See. is sufficienf 
for every useful purpose. If the ratio 
be considered as expressed by the in
teger and first ten decimal places, the 
erro? committed will bear a less propor
tion to the whole circumference than an 
inch to the circuit of the earth. 
Instead of the number 3.1415 &c. the 

fractions " and f f | may also be con
veniently used in cases not requiring d 
great degree of approximation. ThS 
first (discovered by Archimedes) will 
be found to fail in the third decimal 
place: the bther (due to Metius, and 
remarkably made up of the odd num
bers 1, 3, 5) fails in the seventh decimal 
place only. 

Section 5. — The circle a maximum qf 
area, and a mi n i m u m of perimeter. 

In the present section it is proposed 
to show that of all plane figures having 
equal perimeters, the circle contains the 
greatest area ; and consequently, of all 
plane figures containing equal areas, has" 
the least perimeter; in other wordsj as 
it is announced in the title of the §ec= 
tion, that the circle is a m a x i m u m of 
area and a m i n i m u m of perimeter. 

Prop. 35. 
Of equal triangles upon the same base^ 

the isosceles has the least perimetWr; 
and, of the rest, that which has thi 
greater vertical angle has the less pe
rimeter. 

Let the triangles A B C , D B C U 
upon the same base 
B C, and between the 
same parallels A D, 
B C (I. 27.), and let 
the triangle A B C be 
isosceles: the triangle 
A B C shall have a less 
perimeter than the tri
angle D B C . 
From B draw B E perpendicular to 

A D , and produce it to F, so that E j? 
may be equal to E B: and join A F,-
D F. Then, because the triangles B E A, 
F E A have two sides of ths one equal to 
two sides of the other, each 1o each, 
and the included angles B E A, F E A 
equal to one another, A F is equal 
to A B (I. 4.) and the angie F A E to the angle B A E , that is, to A B C (1. 15.) or (I. 6.) A C B . But the ail-, gles A C B, E A C are together equal to 'H2 
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two right angles {1.15) ; therefore F A E , 
E A C are' likewise equal to two right 
angles, and (I. 2.) F A, A C are in the 
same straight line. And because the 
triangles B E D , F E D have the two 
sides B E, E D of the one equal to the 
two F E , E D of the other, each to each, 
and the included angles equal to one 
another (I. 4.) D F is equal to D B ; 
and it was shown that A F was equal to 
A B . But D F, D C are greater than 
F C (I. 10.); therefore D B , D C are 
greater than A B, A C ; and, B C being 
added to each, the perimeter of the 
triangle D B C is greater than the pe
rimeter of the triangle A B C . 

In the next place, let G B C be ano
ther triangle upon the same base B C, 
and between the same parallels, but 
having the angle B G C less than B D C: 
the perimeter of the triangle Or B C shall 
be greater than the perimeter of the 
triangle D B C . 

Bisect B C in K, and join A K. Then, 
because A B C is an isosceles triangle, A K 
is (I. 6. Cor.3.) at right angles to B C. 
And, because A K bisects B C at right 
angles, it passes (3. Cor. 2.) through the 
centre of the circle which is circumscribed 
about the triangle D B C (b.Cor-2.) Take 
A d equal to A D, Then, because A K 
passes through the centre of this circle, 
and bisects the chord B C, it bisects 
also the chord which passes through the 
point A parallel to B C (3. Cor. 1.); and 
therefore the point d is in the circum
ference of the circle. 

Now, because the angle B G C is less 
than B D C , the point G must lie without 
tjie circle, (15. Cor. 3.) that is, G must 
be some point in the line D d produced, 
and does not lie between the points 
D, d. But if it lie upon the same side of 
F C with the point D, FG, G C together 
must be greater (I. 10. Cor. 1.) than 
' F D, D C together; and therefore, be
cause FGis equal to BG, and F D to BD, (1.4.) the perimeter of the triangle G B C must be greater than the perimeter of the triangle D B C . And if it lie upon the other side of FC, FG, G C together will be greater than Fd, d C together. But because the diagonals F C, D d bisect one another (1.22.) the figure F D C d is a parallelogram, and (I. 22.) the sides F d, d C together are equal to the sides F D , D C together. Therefore FG, G C together are greater than F D , D C together, and, as before, the perimeter of the triangle G B C is greater than the perimeter of the triangle D B C . Therefore, &c. 

Prop" 36. 
If a rectilineal figure A B O D E have 

not all its sides equal and all its angles. 
equal, a figure of equal area may be 
found, which shall have the same num
ber of sides and a less perimeter. 

For, in the first 
place, if it have not 
all its sides equal, 
there must be at least 
two adjacent sides 
which are unequal. 
Let these be A B , A E , 
and join B E : and let a B E be an 
isosceles triangle of equal area, and 
upon the same base B E. Then the 
whole figure a B C D E is equal to the 
whole A B C D E ; and because (35.) 
a B, « E together are less than A B , A E 
together, the figure a B C D E has been 
found of equal area with the figure 
A B C D E , and having a less perimeter. 
Next, if it have not all its angles 

equal, there must be two adjacent angles 
A, B, which are unequal.. 
And, first, let the sides 

A E , B C , meet one ano
ther in a point P. Take 
P a a mean proportional 
(II. 51.) between PA, PB, 
and make P b equal to 
Pa.' Then, in the first 
place, if one of these 
points, as b, lie in the cor
responding sicleBC, that 
is, between B and C, join 
ab: the figure ab C D E 
shall be of equal area 
with the figure A B C D E , 
and shall have a less pe
rimeter. For, because 
P A is to P a as P a or 
P 6 to P B , a B joined is parallel to 
A b (II. 29.). Therefore (I.. 27.) the 
triangle a A 6 is equal to the triangle 
B A b, and the figure a b C D E is equal to 
the figure A B C D E . And because the triangle B a b is isosceles, the angle E a b is equalto the angle C b a (I. 6. or.I. 6, Cor. 2.); but the two E a b, C ba are together equal to the two E A B , C B A (1.19.), of which one, viz. E A B , is the greater; therefore the angle E a b is greater than the other CBA. And these latter angles are the vertical angles of the equal triangles a A b, B A b, which stand upon the same base A b : therefore (35.) the sides a A, a 6 together are less than the hr\ A' B h together; and the figure a b C D E has a less perimeter than the figure A B C D E . 
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But, in the second place, if neither 

t)f the points a, b lie in a side of the 
figure, but both of them 
in the sides produced, 
take any point to in BC, 
and join to A. Through 
B draw B n parallel to 
m A, and join m n : 
the figure n m C D E 
shall be of equal area 
with the figure A B C 
D E , and shall have a less perimeter. 
The figures are of equal area, because, 
Bra being parallel to m A, the triangles 
n A m , B A m are (I. 27.) equal to one 
another. And because the angle m n A 
is (I. 8. Cor. 1.) greater than the angle 
m a A,* much more is it greater than the 
angle b a A ; but the latter angle being, 
as in the preceding case, equalto ab O, 
is (I. 8. Cor. 1.) greater than A B C ; 
therefore much more is the angle to re A 
greater than the angle A B C . And 
hence it follows, as before, that re A, re to 
together (35.) are less than B A, B to toge
ther, and that the perimeter of the figure 
n m C D E is less than that of the figure 
ABCDE. 

The two cases in which the sides A E , 
B C are parallel, are easily demonstrated 

in a manner taken with little variation 
from the preceding, and readily to be 
apprehended by aid of the adjoined 
figures, in which a b is drawn through 
the middle point of A B perpendicular to 
A E and B C . 
Therefore, in every case, if a figure 

have not, &c. 
Cor. 1. Of plane rectilineal figures 

having the same number of sides, and 
containing the same area, the regular 
polygon has the least perimeter. _ 

For it is obvious, that a certain area 
being to be comprehended under a cer
tain number of sides, the perimeter of 
the containing figure cannot be less than 
of some certain length depending on the 
extent of the area; that is, in other words, 
of figures inclosing the same area, and 
having the same number of sides, the 
perimeters cannot, any of them, be less • The line m a is not drawn in the figure. 

than a certain line, viz. the least possible 
by which, under the aforesaid condition, 
the given area can be inclosed. But it 
is shown in the proposition that, except 
a figure have all its $ide,s 'equal and all 
its angles equal, aijother may be found 
inclosing the same area under the same 
number of sides and with, a less peri
meter. Therefore, of all the above 
figures there is one only which is con
tained by the least possible perimeter, 
and that one is the regular .polygon (def. 
Cor. 2. And hence a regular polygon 
contains a greater area than any other 
rectilineal figure having the same num
ber of sides and the same perimeter: 
for a similar polygon which should have 
the same area with the figure, would 
have a less perimeter (Cor. 1.), and there
fore (30.) a less area than the regular 
polygon which has the same perimeter. 

Prop. 37. 
Of regular polygons having equal 

perimeters, that is greatest which has 
the greatest number of sides. 

Let A B , ab 
be the sides of 
two regular po
lygons having 
equal perime
ters, and let 
the polygon 
which has the 
side a b have a greater number of sides 
than the other. The polygon which has 
the side a b shall be greater than the 
other. 
Let the sides A B , ab, be placed in 

the same straight line, and so that their 
middle points may coincide, as at D. 
Then, because ab is contained a greater 
number of times than A B in the common 
perimeter, a b is less than A B, and the 
point a lies between A and D. From D 
draw D C at right angles to A B, and 
therefore (3. Cor. 2. and def. 12.) passing 
through the centres of both the poly
gons : and' let C be the centre of the 
polygon which has the side A B , and c 
the centre of the polygon which has the 
side ab; it being supposed as yet un
known whether D C or D c is the greater 
of the two. Join C A, ca; through C draw C o parallel to c a to meet A D in o; and lastly, with the centre C and radius C o describe the arc m n cutting C A in to, and C D produced in n. Then, because A B is to the common perimeter of the two polygons (II. 17.) as the angle A C B to four right angles, and the com-
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mon perimeter to a b as four right angles 
to the. angle acb, ex cpquali (II. 24), 
A B is to ab as the angle A C B to the 
angle a,p,&,;,and hence, by taking the 
halves,'. (II:, 1%. Cor. 2.) the line A D is to 
o D as the angle A C D to acD, or (I. 
15.) ,0 C D . Therefore, dividendo (II. 
2,0.) A a is to a D as the angle A C 0 to 
q,CD, and invertendq (II. 15.) ~Da is 
to a A;as the angle D C 0 to 0 C A. 

Again, because the sector C n o is 
greater than the triangle C D p, and the 
srector C 0 mlessihan the triangle C 0 A 
%he sector IC no. has, on both accounts, 
(II. 11.) to the sector C o , m a greater 
f atio. than the triangle C D 0 to the tri
angle C 0 A : hut the angles D C 0,0 C A 
have the same ratio -as the sectors 
(13.), and the lines D 0, 0. A the same 
ratio as the triangles (II, 39) : therefore 
flie,. angle D C 0 has to the angle 0 C A 
a greater ratio than the line D o has to 
the line 0 A (II. 12. Cor.l and 2.). A n d 
it was shown,.that D a has to a A the 
;sam§ ratio which the angle D C p has to 
ihe, angle o C A : therefore D a. has to 
a A a greater ratio than D 0 to 0 A, and 
D a is greater than D 0. And, because 
C 0 is parallel to ca, D e : D C :;Doi 
D p (II. 29.); therefore j)q is also 
greater than D C. 

But the polygons, being equal, each of 
them, to half the rectangle under the 
apothem and perimeter {29.), are to 
one another as their apothems «D, C D 
(II. 3g,); therefore, the polygon which 
has the apothem s D and side ab, is 
•greater than the other. 

Therefore, &c. 
Cqr, A regular polygon is greater 

than any other rectilineal figure having 
the same perimeter, and the, sarne .or a 
lgss number of sides (36. Cor. 2.). 
Prop. 38. 

A circle is greater than any regular 
polygon having the same perimeter. 
l* For let a similar polygon be circum
scribed about the circle, yiz. by dividing 
the circumference (or conceiving it to be 
fliyided) into as many equal parts as the 
polygon is tp have sides, and drawing 
tangents through the points of division. 
Then, because the area of the polygon is equal (29.) tp half the rectangle under its apothem ant} perimeter,' and the area of the circle to half the rectangle under its radius and perimeter (32.) ; and that the apothem of the circumscribed polygon is equal to the radius of the circle, \\\e circumscribed polygon 1st to the -su-ple as its, perimetry t° tlifxt pf 

the circle (II. 33,),tha,tis, ajsits, peri
meter tp the perimeter of the polygon in 
question, or (II. 17.) as its side to the 
side of the latter. Again, because the 
polygons are similar (II, 43.), they are 
one to another in the duplicate ratio 
of their sides. Therefore, the circum
scribed polygon has to the other the 
duplicate ratio of that which it has to 
the circle, and (II, def. 11.) the circle is 
a mean proportional between the two 
polygons.* But the circumscribed poly
gon is greater than the circle: therefore, 
the circle (II. 14.) is greater than ttje 
polygon of equal perimeter. 

Cor. A circle is-greater than any 
plane rectilineal figure of the same peri
meter (37, Cor-)-
It may be inferred also, from the fore

going propositions, that the circle is not 
less than any curvilineal figure of the 
same perimeter. For there may be in
scribed in the latter a rectilineal figure 
of less perimeter, yet approaching 
more nearly to it in area than by any 
supposed excess of the original figure 
abpve the circle, so that, were there 
such an excess, a rectilineal figure 
might be found greater than the circle, 
and yet of less perimeter, which is im
possible. This method will not, how
ever, carry us any further. In the fol-
lowing propositions, another view is 
taken of the subject, and by them it will 
be made to appear, that the circle is 
greater than any other figure, curvili
neal or otherwise, which has the same 
perimeter. 

Prop. 39. 
If two triangles have two sides of the 

one equal to two sides of the other, each 
to each, and the angle contained by the 
two sides of the first a right angle, but 
the angle contained by the two sides of 
the other-not a right angle, the first tri
angle shall be greater than the other. 

Let A B C , » 
D E F be two 
triangles which 
have the two 
sides A B, B C 
of the one 

* It appears from this part of the demonstration, 
that 1/ there be two similar polygons, of which one is 
circumscribed about a circle, and (he other has 'ths 
same perimeter with the circle, the circle shall be a 
mean proportional between the two polygons: a pro
position which is true, whether the polygons be re
gular or irregular. For whether the circumscribed 
J W g O n be regular or otherwise, it 'is' evident thai 
its area is equalto half. the. rectangle under its peri -meter and tire radius of the circle. f 



.IH..§J5.3 GEOMETRY. 
equal to the two sides D E , E F of the 
other, each to each, but the angle A B C 
a right angle, and the angle D E F greater 
or less than a right angle; the triangle 
A B C shall be greater than the triangle 
DEF. 
From the point D draw D G perpen

dicular to E F, or E F produced. Then, 
because D G is (1.12. Cor. 3.) less than 
D E or A B, the rectangle under D G, 
E F is less than the rectangle under 
A B , E F, or A B , B C , and therefore 
(1.26. Cor.) the triangle D E F is less 
than the triangle A B C . 
Therefore, &e. 
Cor. Two given finite straight lines 

with a third' indefinite, inclose the 
greatest possible area, when placed at 
right angles. 

Prop. 40. 
If two quadrilaterals have three sides 
of the one equal to three sides of the 
other, each to each, and the angles of 
the.first lying in a semi-circumference 
,q/ which the fourth side is diameter, but 
the angles of the other •not so lying, the 
first quadrilateral shall be greater than 
the other. 
For if EFGH (see fig. 1) be that one 
of the quadrilaterals which has not the 
angles lying in a semicircumference, of 
which the fourth side E H is diameter, 
and if G be an angle which does not so 
lie; then, joining EG, the angle E G H 
will not be equal to a right angle, 
(15 Cor. 3.) and, therefore, if GH' be 
drawn perpendicular to EG, and equal 
to GH, and if EH' be joined, the trian-
gie EGH' will be greater than E G H , 
(39.) and, accordingly, the quadrilateral 
EFGH', which has its three sides EF, 
FG, GH' equal to the three EF, FG, 
GH, each to each, greater than the 
quadrilateral EFGH. Therefore, if 
a quadrilateral be inclosed by three 
given sides and a fourth not given, a 
greater may be found inclosed by the 
same three given sides and a fourth not 
given, except when the angles lie in a 
semicircumference, of which the fourth 
side is dianieter. But, because the 
fourth side is (1.10. Cor. 2.) necessarily 
less than the sum of the other three, it is evident that there is some certain area, a greater than which cannot be so inclosed, and therefore some quadrilateral which incloses the greatest possible area. Therefore, the quadrilateral A B C D which has its angles lying in a semicir-cumfereijce, of wbjgh the fourth side is 

w 
diameter,- incloses the greatest possible 
area, and the quadrilateral A B C D is 
greater than EFGH.* 
Otherwise. 

Let A B C D , E F G H be two qua
drilaterals which have the sides A B, 
B C, C D of the one, equal to the sides 
EF, F G , G H of the other, each to 
each ; and let the angles A, B, C, D of 
the first lie in the circumference of a 
circle, of which the side A D is diameter, 
but the angles E , F, G , H , pf the other 
not lie in the circumference of a circle 
of which E H is diameter: the quadri
lateral A B C D shall be greater than 
EFGH. 

and, as most fa-
Fig. l. 

m 

Fig. 2. 

Fig. 3. 

Join E G , F H 
vourable to the 
figure E F G H 
in the com
parison with 
ABCD,let one 
of the angles 
EFH, EGH, 
the former for 
instance, ̂ >e a 
right angle ; 
since, F H re
maining the 
same, the tri
angle E F H , 
and therefore 
the whole figure 
will be greater 
(39.) upon this 
than upon the 
contrary suppo
sition. It will 
appear in the 
demonstration, that it is indifferent 
whether E G H be supposed less or 
greater than a right angle: we shall set 
out with supposing it to be less, and, 
therefore, (15. Cor. 3.) the point Gtobe 
without the semicircle upon E H. 
Draw G H ' at right angles to E G , 

and equal to G H (fig. 1); and join 
* If two'of- the given sides as FG, GH should be in 
the same straight line, E F G H would be a triangle, 
not a quadrilateral: it may be observed, hpwever, that the demonstration is equally applicable to show that in this case E F Q H is less than A B C D . We may add that, by a similar demonstration, it appears that any number whatever" of given finite .straight \ines with an indefinite inclose the greatest possible area when placed as chords of a semicircumference ofyjhigh the indefinite is dianyiteri-

file:///ines
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EH'. Then, because E F H is aright 
angle, E F H' is greater than a right 
angle, and therefore (15. Cor. 3.) the 
point F falls within the semicircle drawn 
upon EH', as in fig. 2. Again, draw 
F E ' (fig. 2) at right angles to F H ' and 
equal to E F, and join E'H'. Then. 
because E G H ' is a right angle, E'GH' 
is less than a right angle, and the 
point G falls without the semicircle upon 
E' H' (see fig. 3), as at first. It appears 
therefore, that if the process be repeated 
and continued, we shall obtain in this 
manner a series of figures (fig. 1., fig. 2., 
fig. 3., Ssc), each of which is greater 
"than the preceding (because one of the 
triangles remaining the same, the other 
is made to have a right angle), and in 
which, one of the angles E F H , E G H , 
being a right angle, the other is greater 
than a right angle, and less than a right 
angle alternately. 
Again, of the bases E H, E H', E' H', 

&c. each is of a magnitude intermediate 
between, the two preceding. For, be
cause the square of E'H (fig. 2) is equal 
(I. 36.) to the squares of E'F and F H', 
and that FH' is greater than F H (fig. 1), 
(because the two sides F G , G H' of the 
triangle F G H ' are equal to the two sides 
F G . G H of the triangle F G H , and con
tain a greater angle (1. 11),) the square 
of E' H' is greater than the squares of 
E' F, F H, or of E F, F H ; greater, that 
is, than (1.36.) the square of E H (fig. 1), 
and therefore E'H' (fig. 2 or 3) is 
greater than E H (fig. 1), But E'H' 
(fig. 3) is less than E H' (fig. 2), because 
the two sides E' F, F H ' of the triangle 
E' F H' are equal to the two E F, F H' 
of the triangle E F H', and contain a 
less angle, (I. 11.). Therefore, E'H' 
(fig. 3) is of intermediate magnitude be
tween E H (fig. 1) and E H ' (fig. 2). 
And, in a similar manner, it may be 
shown that E' H " (fig. 3. or 4) is of 
intermediate magnitude between E H' 
(fig. 2) and E'H' (fig. 3) ; and so on. 
N o w A D is greater than E H, E' H', 

& c , and less than E H', E' H", & c , 
because the chords A B , B C, C D , 
which together subtend the semi-circum
ference of which A D is diameter, sub
tend more than a semi-circumference in the circles of which E H, E' H', &c. are diameters, and less than a semi-circumference in those of which E H', E' H", &c. are diameters. Therefore, every successive base E H being alternately greater and less than A D , and lying between the two preceding, approaches more nearly to A D 

than did the last in the series which 
was greater or less than A D ; that is, 
A D is the limit to which, in the fore
going process, the bases E H are made 
to approach. And it has been shown, 
besides, that the figure E F G H is in
creased at every step. Therefore, the 
figure upon the base A D is greater than 
any of the figures E F G H . 
Therefore, &c. 
Cor. Three given finite straight lines 

with a fourth indefinite, inclose the 
greatest area, when placed as chords 
of a semi-circumference, of which the 
fourth side is diameter. 

Prop. 41. 
If two quadrilaterals have the four 

sides of the one equal to the four sides 
of the other, each to each in order, and 
the angles of the one lying in the cir
cumference of a circle, but the angles 
of the other not so lying, the first 
quadrilateral shall be greater than the 
other. 

Let the quadrilaterals A B C D , A B cd 
have the four sides of the one equal to 
the four sides of 
the other,' each 
to each in order, 
and the angles 
A, B, C, D lying 
in the circum
ference of a cir
cle A B D , but the 
angles A, B, c,d, 
not so lying: the quadrilateral A B C D 
shall be greater than the quadrilateral 
A B cd. 
Through A draw the diameter A K, 

and join B K , K C ; and upon Bc, 
which is equal to B C, make the tri
angle B he equal and similar to the 
triangle B K C, so that the sides Bit, he 
m a y be equal to the sides B K , ̂ C 
respectively ; and join A k. 

Then, because the straight lines B x , 
B C do not coincide, (for if they did, the 
figures would coincide altogether by 1.7.) 
the point /{ does not coincide with the 
point K : but A B K is a right angle 
(15. Cor. ].): therefore A B k is not a 
right angle, and (39.) the triangle B A K 
is greater than the triangle B A h. Also, 
the quadrilateral A D C K , having its three sides A D, D C, C K chords of the semi-cu-cumferenee upon A K , is greater than any other quadrilateral* A d c h , having three of its sides equal to A D , D C, „„! fff,ca"d c tl lie in the same straight Hue (as ii nearly the case in the figure), the figure A d c h vAll b' a triangle, not a quadrilateral; but in this case also it is less than A D O K (see note Prop. 40 ) tS0 
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C K, respectively1 (40.). Therefore, the 
whole figure A B K C D is greater than 
the whole figure A B k cd; and, taking 
away the equal triangles B K C, B h c, 
the figure A B C D is greater than the 
figure Abed. 
Therefore, &c. 
Cor. 1. If a figure A B C D E F is to 

be inclosed by any number of given sides, 
and if these sides be not so disposed 
that the angles may lie in the circum
ference of a circle, a greater figure may 
be inclosed by the same sides. For, if 
the angle E, for instance, do not lie in 
the circumference which passes through 
the points A, B, C, join A E , C E, and 
let there be constructed the quadrila
teral abce, such that its sides may be 

equal to those of A B C E, each to each, 
and its angles in the circumference of a 
circle (25. Cor.): and upon the sides ae, 
ce, which are equalto A E , CE, respec
tively, let there be described the figures 
afe, cde equal to the figures A F E , 
C D E , respectively. Then, because, by 
the proposition, the quadrilateral abce 
is greater than A B C E , the whole 
figure a b e d ef is greater than 
ABC DEF. 

Cor. 2. And hence, of all figures 
contained by the same given sides in 
the same order, that one contains the 
greatest possible area which has all its 
angles in the circumference of a circle. 
For the area inclosed by the given sides 
cannot exceed a certain limit depending 
upon them, which limit is the greatest 
possible that can be inclosed by the 
given sides, and is therefore such as by 
them can be inclosed. But no figure, 
so inclosed, contains the greatest pos
sible area, of which the angles do not lie 
in the circumference of a circle. There
fore, the figure which has its angles in 
the circumference of a circle contains a 
greater area than any other figure hav
ing the same given sides. 
Scholium. 

That a circle may be imagined in which 
any number of giyen straight lines shall subtend as chords the whole circumference exactly, is evident from-this, that a circle may be imagined in which they shall 

subtend less than the whole circumfer
ence, and a second circle in which they 
shall subtend more than the whole cir
cumference : for the circle required will 
be of some magnitude between these two. 

It may be observed, also, that the 
order of the sides is indifferent as well 
to the magnitude of the required circle, 
as to the magnitude of the figure which 
is to be inscribed in it; for the same 
chord will subtend an arc of the same 
magnitude, at whatever part of the cir
cumference it may be placed (12. Cor. I); 
and therefore the arcs subtended by all 
the chords will be together equal to the 
whole circumference, whatsoever may 
be their order. And, because the same 
chord always cuts off a segment of the 
same area, the segments cut off by all 
the chords will amount to the same 
area, whatsoever may be their order ; 
and therefore the inclosed area, which 
is the difference between that amount 
and the area of the circle, will also be 
the same. From these considerations 
it appears that Prop. 41. Co?: 2. need not 
have been qualified by a regard to the 
order of the sides. 

Prop. 42. 
Of all plane figures having the same 

perimeter, the circle contains the great
est area. 

For, if the figure A B C D E F G H 
be any other than a circle, there must 
be some four points in the perimeter, 

as A, C, E, G, which do npt lie in the 
circumference of a circle. Join these 
points, and let the quadrilateral aceg 
be constructed, having its sides equal 
to those of the quadrilateral A C E G , each 
to each, and its angles in the circumfer
ence of a circle (25. Cor.). Then, because 
(41.) the quadrilateral aceg is greater 
than A C E G, if upon the sides ac, ce, 
eg, ga, which are equal to A C, C E, 
E G , G A , respectively, there be con
structed the figures abc,c de, efg.gh a 
equal to the figures A B C, C D E , 
E F G, G H A, each to each, in all re
spects, the whole figure abedefg 
will be greater than A B C D E F G , 
and will have the same perimeter. 
It appears, therefore, that if a plane figure be not a circle, a greater area 



1Q6 GEOMETRY, [III. § «. 

than is contained by that figure m a y b e 
inclosed with the same perimeter; But 
the area inclosed by a given perimeter 
cannot exceed a certain -limit, which 
.limit, being the greatest possible that 
ean be so inclosed, some figure with the 
given perimeter must be capable of con
taining. Therefore the circle only con
tains the greatest area of all figures 
having the same perimeter. 

Cor. In the same manner it m a y be 
shown that if a figure is to be inclosed 
by a given perimeter, of which part is to 
be a given finite straight line, and if it be 
not made a circular segment of which 
the given line is chord, a greater maybe 
inclosed with the same conditions, and 
therefore that of all figures so inclosed 
the circular segment is the greatest. 
Prop., 43, 

Of all plane figures having the same 
area, the circle has the least perimeter. 

Let the circle C have the same area 
with any other plane figure F; C shall 
be contained by. a less perimeter thanF, 

Let. C' be a sepond circle, having the 
same perimeter with F; then by the 
last proposition, C' has a greater area 
•than F has, that is, than C has. But 
the areas of circles (33.) are as the 
squares of their radii; therefore the ra
dius of C is greater than the radius of 
C ; and the radii of circles (33.) are as 
their circumferences; therefore the cir
cumference of C , or perimeter of F, is 
greater than the circumference of 0. 

Therefore, &q. 
Section 6.^Simple and Plane Loei. 
Def. 14. A locus in Plane Gepmetry is 

a straight line, circle, cr plane curve, 
every point of which, and none else in 
that plane, satisfies a certain condition. 

The nature and use of loci will be 
readily apprehended from the fpllowing 
example:— 

" Required a point in a certain plane 
which shall be, first, in a given line in 
the plane ; and, secondly, equidistant 
from tvyo given points in flie same 
plane." 

Here, as far as the first condition 
only is concerned, any point in the given line, but none else, wil} answer, The given line is therefore the. locus' corr& 

spending to. the first condition. But 
again/ the point required must be 
equidistant from the two given points, 
that is, it must be in the straight line 
which bisects the distance of the two 
given points at right angles; for this, it 
is easily seen, (I. 6.) is the locus cor
responding to this second condition. 
Therefore, if this straight line be drawn; 
and intersect the given line, the point 
of intersection (or any of those points, 
if there he more than one) will satisfy 
both conditions, and will be the point 
required. 

If there be no point of intersection, the 
problem is impossible. 

To take another instance— 
Let it be required f'to find a point ina 

certain plane, which shall be, first, at a 
given distance from a given point in the 
plane; and, secondly, at a second given 
distance from a second given point in 
the, same plane." 

Here it is evident that the locus cor
responding to the first condition is the 
circumference of a circle described about 
the given point as a centre with the 
given distance as radius: and again^ 
that the locus corresponding to the se
cond condition is the circumference of 
a circle described about the second 
given point as a centre with the second 
given distance as radius. Therefore: 
the points which are Common to the twp 
circumferences, that is, their points of 
intersection, if there be any, will either 
of them be the point required, 
If the circles do pot intersect pne ano

ther, the problem is imppssible. 
Such is the use of loci in the solution of 

problems. W e have seen also in the above 
example, that they serve to determine in 
what cases the solution is possible or im
possible- Thus, in the latter example, it 
will be impossible, if the distances pf 
the point required from the given points 
differ by more than the mutual distance 
of those points, or together fall short of 
that distance: and in the first example 
it will be impossible, if the given line, 
being straight, be perpendicular to the 
line which passes through the two giveri 
points, and does not pass thrqugh the 
point which bisects that line; for if it does so pass, the two conditions proposed are identical, and any point in this line will answer them. Every locus is the limit between express and defect. The points upon one side of it fail by defect,' and those upon the other $kle by excess, of possessing the requkeel property which is pp^sessed 
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by every point in the loops. Thus, in 
the case of the circle, the distance of a 
ppint within the circle falls short of the 
distance of the circumference, while that 
of a point without exceeds it, 
W h e n a locus is merely a straight line, 

it is called a simple locus; when the cir
cumference of a circle, it is called etplanp 
locus ; when any other curve, it is said to 
be of higher dimensions than the circle. 

The following propositions afford ex
amples of the two first only; and, the 
three concluding propositions excepted, 
they will be found the same in substance 
with theorems which have been stated 
before, and which only reappear in this 
place under a different form. 

It will be observed that they are in
vestigated—a species of analytical rea
soning which has not hitherto been ex
emplified either in the demonstration of 
a theorem or in the solution of a pro
blem, but which is the method commonly 
pursued in arriving both at the one and 
the other, and is known under the name 
of " Geometrical Analysis." The nature 
of this, as opposed to the ordinary di
dactic method of solution, commonly 
called that of synthesis or composition, 
is pointed out by its name, and will be at 
once apprehended from any of the fol
lowing examples. W e need only ob
serve'that rather than two distinct me
thods of doing the same thing, as might 
at first appear tc be the case, they are 
but the -different parts cf pne full and 
1 perfect method ; that the use of each is 
essential to a complete solution; the 
latter (synthesis) always taking the sub
ject up "where the other leaves it; the 
analysis first descending, by geometrical 
reasoning, from the thing proposed to 
the minutest particulars of the solution, 
and the synthesis ascending back through 
thesame steps from these particulars to 
the thing proposed. It is true, that, be
cause the steps in each are for the most 
part the same, occurring only in an in
verted order, the same principles are 
developed in each, and, therefore, the 
detail of either (more especially the syn
thesis) commonly furnishes a satisfac
tory view of the question; for which rea
son, and for the sake of brevity, one is usually given to the exclusion of the .other. The student will, hewever, find himself amply repaid by entering intp both, and he is recommended, after following the analysis of the problems of the present section, to supply in each • case where it is omitted, the synthesis necessary $q complete, the solution. 

Prop. ££. 
Required the lacus of all points which 

are equidistant from two, given points 
A, B, 

Let P be a point in the 
locus, and join P A , P B . 
Then, because P A B is an 
isosceles triangle, if the 
base A B be bisected'in C, 
P C joined will be at right 
angles to A B (I. 6. Cor.3). 
Therefore the point P lies 
in the straight line which 
bisects A B at right an
gles ; and it is easily shown, reversely, 
that every point in this straight line is 
equidistant from A and B (I. 4,); there, 
fore this straight line is the lopus re? 
quired. 
" W e may observe, that if any point Q 
lie upon the same side of the locus with 
A, Q A will be less than Q B ; if upon 
the other side, Q A will be greater than 
QB (I, ll.). 

Prop. 45. 
Required the locus of all points which 

are equidistant from two given straight 
lines A B , C D . 

If the given 
straight lines be 
parallel, the re
quired locus is evi
dently a straight 
line, which is pa
rallel to each, and 
bisects' the dis
tances between 
them. 

But if not, let 
them meet in E, and let P be a point in 
the locus. Then if P A be drawn perpen
dicular to A B , and P C perpendicular to 
C D , P A will be equal to P C . Join 
P E : then, because the right-angled tri
angles P A E , P C E have a common 
hypotenuse P E, and equal sides P A, 
P C, they are equal to one another m 
every respect (1.13.), and the angle P E A 
is equal to the angle P E C . Therefore 
the point P is in the straight line which 
bisects the angle A E C : and, reversely, 
it may be shown that every point in this 
straight line is equidistant from A B and C D (1,13.): therefore, this straight line is the locus required. If any point Q lie upon the same side of the locus with the straight line A B, its distance from A B will be less than its distance from C D ; if, upon the other side, its distanpe frgm A B jyill be greater than that from C D. 
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Prop. 46. 
Straight lines being drawn from a 

kiven point A to a given straight line 
B C, required the locus of all points 
dividing them in the same given ratio 

Let A B be any 
straight line drawn 
from A to B C, and 
divided in the given 
ratio in the point D ; 
and let P be a point JJ 
in the locus. Then, because A P is to 
P C in the same ratio as A D to D B, 
D P joined is parallel to B C (II. 29.). 
Therefore the point P lies in a straight 
line drawn through D parallel to B C: 
and reversely it may be shown that 
every point in this straight line has the 
given property (II. 29.) ; therefore it is 
the locus required. 
If Q be any point on the same side of 

the locus with A, it will divide the line 
A C which passes through it, in a less 
ratio than that of A D to D B : if upon 
the other side, in a greater ratio. 

Prop. 47. 
Required the locus of the vertices of 

all equal triangles, upon the same base 
A B , and upon the same side of it. 

Let A B C be _c P 
any triangle, upon 
the given side of 
the base, and hav
ing the given area, 
and let P be a 
point in the locus. Then, because the tri
angle P A B is equal to C A B , P C joined 
is parallel to A B (I. 27..). Therefore 
•the point P lies in a straight line drawn 
through C parallel to A B : and, re
versely, it may be shown that every 
point in this straight line has the given 
property (I. 27.); therefore it is the 
locus required. 
If Q be any point upon the same side 

of the locus with A B , the triangle Q A B 
will be less than C A B ; if upon the 
other side, greater. 
Prop. 48. 

Required the locus of the vertices of 
all triangles having equal vertical an
gles, upon the same base A B , and upon 
the same side of it. Let A C B be the given vertical angle, and let P be any point in the locus. Then, because the angle at P is equal to the angle at C, 

the point P is in the circular arc passing 
thrPugh C, and having A B for its 
chord (15. Cor. 3.): and, reversely, it 
may be shown that every point in this 
arc has the given property (15.)'; there-
fpre it is the locus required. 

If Q be any point upon the same side 
of the locus with A B, the angle A Q B 
will be greater than A C B ; if upon the 
other side, less. 

Prop. 49. 
Required the locus of the vertices of 

all triangles upon the same base A B , 
having the side terminated in A greater 
than that terminated in B, and the dif
ference of the squares of the sidles equal 
to a given square. 
Let P be a point 

in the locus, and 
from P draw P C at 
right angles to A B, 
or A B produced, 
Then,, because the 
difference of the 
squares of A C, B C 
is equal to the dif
ference of the squares of A P , BP(L38.), 
the difference of the squares of A C , B C 
is equal to the given square; and the 
point C may be found (1.34.) by taking 
A D (II. 52.) a third proportional to A B 
and the side of the given square, so that 
the rectangle under A B , A D may be 
(II. 3 8. Cor.l.) equalto the given square, 
and bisecting B D in C * And it may 
be shown,, reversely, that if from the 
point C so taken, P C be drawn per
pendicular to A C, every point in P C 
will satisfy the given condition; there
fore P C is the locus required. 
If Q be any point upon the same side 

of the locus with the middle point of 
A B , the difference of the squares of 
Q A, Q B will be less than the given 
differenee; if upon the other side, 
greater. For, if a perpendicular Q E 
be drawn from Q to A B, and E F be 
taken equal to E B , the difference of 
the squares of Q A, Q B will be equal to 
the rectangle under A B , A F, (1.39.) 
which is less or greater than the rectan
gle under A B, A D, according as the 
position of Q is one or the other of the 
two just mentioned. The figure represents the point C in A B produced; if, however, the given square be sufficiently small, the point C may lie between A and B. Prop. 50, Required the locus of the vertices of all triangles upon the same base A B, 
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having the sum of the squares, of their 
sides equal to a given square. 
- Let the given square 
be the square of C, 
and let P be a point 
in the locus. Bisect 
A B in D, and join PD. 
Then, because the base 
A B of the triangle 
P A B is bisected in 
D, the sum of the 
squares of P A, P B is equal to twice 
the square of P D , together with twice 
the square of D A (1.40.) But it is also 
equal to the square of C. Therefore twice 
the square of P D is equal to the dif
ference between the square of C and 
twice the square of A D, that is, if twice 
the square of D E be equal to the same 
given difference, to twice the square of 
D E ; and the point P lies in the circum
ference of a circle described from the 
centre D with the radius D E. And it 
may be shown, reversely, that every 
point in the circumference of this circle 
satisfies the given condition (I. 40.); 
therefore it is the locus required. 
If Q be any point without the circle, 

the sum of the squares of Q A, Q B 
will be greater than the given sum; if 
within it, less. For QD2 will be greater 
than P D2 in the former case, and less 
in the latter; and therefore the sum of 
the squares of Q A, Q B will be (I. 40) 
greater than twice the sum ef the squares 
pf P D, D A, that is than the given sum, 
in the fprmer pase, and less in the latter. 
Prop. 51. 

Required the locus of the vertices of 
all triangles upon the same base A B , 
having the side terminated in A greater 
than the side terminated in B, and their 
ratio the same with the given ratio of 
ADtoDB. 
. Let P be a peint in the locus. Di

vide A B produced (11.55.) in the point 
d, so that A d may be to d B as A D to 
D B , and join P A , P B, P D , Pd. 
Then, because in the triangle P A B 

the straight lines P D , P d divide the 
base and the base produced in the ratio 
of the sides (II. 50.) they bisect the ver
tical and exterior vertical angles: there, 
fore the angle D P d is equal to half the: 

sum pf the angles A P B, B P X, that is 
to the half of two right angles (I. 2.) or 
to one right angle. And because D P d 
is a right angle, the point P lies in the 
circumference cf a circle described uppn 
the diameter D d. (15. Cor. 3.) 
And reversely, if P be any peint in 

the eircumference of this circle, P A shall 
be to P B in the given ratio. For, take 
C the middle point of D d, that is, the 
pentre pf theeircle, and jpin C,P. Then, 
beeause A D is tp D B as A d tp d B, 
the line A d is harmpnically divided in D 
and B (II. def. 19, page 68); and because 
the harmenical mean D dis bisected in C, 
(II. 46.) C A, C D and CB are preppr-
tipnals : alsp, C D is equal to C P: 
therefore, in the triangles ACP, PCB, 
A C is to C P as C P to C B ; and 
consequently (II. 32.) the triangles are 
equiangular. Therefore (II. 31.) P A is 
to P B as A C to C P, that is, as A C to 
C D, or (beeause CA, C D, and C B 
are proportionals) as A D t o D B (II. 
22. Cor. 1.). 
If any point Q be taken within the 

locus, Q A will be tc Q B in a greater 
ratio than that of A D to D B ; if with
out it, in a less ratio. For, if A B be di
vided in E in the ratio of A Q to Q B, 
and if A B produced be divided in the 
same ratio in e; then, joining Q E and 
Q e, the angle E Q e will be a right an
gle, as is above shown. And if one of 
the points E, e lie between D and d, the 
other will also lie between D and d; for if 
A E is to E B in a greater ratio than A D 
to D B , which is the case when E lies 
between D and d, A e will be to e B in 
a greater ratio than A d to dB, which 
is the ease (as may easily be shown) only 
when e lies between D and d: and con
versely. Therefore, if the point Q be 
within the lopus, and the angle D Q d 
(by consequence) greater than a right 
angle (15. Cor. 3.), that is, than E Q e, 
the point E cannot lie otherwise than 
between D and d; and consequently the 
ratio of A E to E B, that is, the ratio of 
A Q to Q B, must be greater than the 
ratio of A D to D B. In the same man
ner it may be shown that, if the point Q 
lie without the locus, A Q will be to Q B in a less ratio. Cor. If there be taken in the same straight line, and in the same direction from a common extremity, three harmonical progressionals, and if upon the mean progressional for a diameter, a circle be described, the distances of any point in the circumference from the, other extremities pf the first antj thirds 
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shall have to one another always the 
same ratio, viz. that of the first to the 
third. 

Scholium. 
The last proposition may be stated 

thus: " Required the locus of all points 
P, the distances of which from two 
given points A ahdB, are to one another 
in a given ratio." And it has been showrt 
that the locus is a circle in every case in 
which the given ratio is not that of equa
lity ; and in that particular case it is 
(44.) a straight line which bisects A B 
at right angles. Under this form it 
readily suggests two other questions of 
the same kind, which likewise lead to 
plane loci, and are at the same time so 
elegant and so nearly related to that we 
have been discussing, that they claim 
some notice in this place. 

First, then, let it be " required to firtd 
the locus of all points P such that the 
distance P A from a given point A, and 
the tangent P T drawn to a given circle 
P C D are to one another in a given 
ratio." 

Take E the eentre pf the given circle; 
jcin A E : and, if P A is tp be greater 
than PT.'produee A E to F (II. 55.) so 
that A F may be to F E in the duplicate 
of the given ratie (fig. 1.); but, if P A is 
tp be less than PT, predupe E A to F so 
that A F may be tp F E in the duplicate cf 
the given ratip (fig. 2.); take E G (II. 52.) 
a third proportional to E A and E d , and 
Fig-. 1, 

Fig. 2. 

F K a mean propprtional (II. 51.) be
tween FA- and F G ; and, from the eentre 
F with the radius F K describe a- cifccle 

K P Q : this circle shall be the Ibeus re
quired. 

For, let P be any point in the circum
ference of the circle K P Q ; join PA, 
draw the tangent PTto the circle B C D , 
and join PE, cutting the circumference 
B C D in L ; join also GPy and draw 
P M perpendicular to A E . 
Then, by Prop. 51, because the circle 

K P Q is described from the centre F 
with the radius FK, which is a mean' 
proportional between F A and FG, and 
that P is a point in the circumference 
K P Q , P A is to P G as A K to K G ; or as 
F A to F K (II, 22. Cot. 1.) because FA, 
F K andFG areproportiPnalS. Therefbre 
al3P PA2 is tp PG2 as FA2 is to FK8, or 
as F A to F G (II. 37.). And, beeause 
PA2: PG2:: FA : FG, 
PA2x EG : PG2x AE>:FA S<EG ; 

FG x AE (RUU 2. Scholium, II. [28].-) 
Therefere, ionV&rtendo PA2xEG > 
PG2xAE-PA2xEG:;FAxEG • FG 
xAE-FAxEG.(a) But, because PA2 
= PE2 +AE2 ± 2 AExEM (L 37.) 
. PA2xEG = PE2xEG+AE2xEG± 
2 AE x E M x EG ; and, for the like rea
son, 
PG2 x A E = PE« x A E + E G2 x A E ± 

2AE x E M x EG; therefore PG« x A E ̂ -
PA2X A G = PE2x AE—PE2x EG, + 
EG2xAE-AE2xEG, that is, = PE*x 
AG-AGxAExEG. 
Again, because FG is equal to F E ± 

EG, F G x A E is equal to F E x A E ± 
E G x A E , that is, to F E x A G + F E x 
E G ± E G x A G ± E G 2 , because A E is 
equalte A G + E G ; and, in like man
ner, beeause-FA is equal tp F E ± E G ± 
AG, F A x E G is equal tp FExE&rfc 
E G 2 ± E G x A G ; therefpre, FG X AE 
— F A X E G is equal tp FExAG. 
Therefore, substituting these values 

instead of the second and fourth terms 
of the proportion, (a), 
PA2xEG : PE2xAG-AGxAEx 

EG::FAxEG : FExAG, and hence, 
(Rule 2. Scholium, II. [28]). 
PA2,; P E2 - AE x E G :: FA : FE, 

that is,'because A E xEGis equal to ED2 
(II. 38. Cor. 1.), and PE2-ED2 is equal 
to PE2-ET2 or PT2, PA2 • PT2:: 
FA ; FE. Therefore PA is te' PT in the subduplicate ratio of F A to FE, that is in the given ratio; and the circumference K P Q is the locus required* If the given ratio be the ratio of equality, the difference of the squares of PA, P E will be equal to the square of E D j and therefore the locus is a straight line (49.) putting A E at right angles; and may be determined as in Prop. 49. 



iii. j 6j GEOMETRY-. iii 

Secondly, let it be "required to fihd 
the lecus of all points P such that the 
tangent P A , drawn to a given circle 
A B C , and the tangent P D drawn to a 
second given circle DEF, may be to one 
another in a given ratio. 

Take G, H the centres of the two cir
cles ; join G H, and produce it on the 

side of the lesser circle to O so that O G 
may be to O H as the radius G C to the 
radius H F (II. 55.): upon O G describe 
a semicircle cutting the circle A B C in 
B, so that O B and B G being joined 
may be perpendicular (15. Cor. 1.) to one 
another, and therefore O B a tangent at 
B (2) ; and from H to O B (produced 
if necessary) ' draw the perpendicular 
H R. Then, because H R is parallel to 
G B (I. 14.) HRisto G B as O H to O G 
(II.30.Cor.2.), that is, as H F toGC; and, 
because G B is equal to G C , H R is equal 
to HF. Therefore R is a point in the 
circle D E F ; and because O R H is a 
right angle, O B touches the circle D E F 
in R. Upon B R describe the semicircle 
B L M R cutting G H in the points L and 
M ; and if P A is to be greater than 
PD, produce G H to K (II. 55.) so that 
G K may be to H K in the duplicate of 
the given ratio (as in the figure) ; but, 
if PA. is to be less than PD, produce 
H G t o K (II. 55.), sp that G K may be 
tp H K in the duplicate cf the given 
ratie; take K N (II. 51.) a mean propor-
tional between K L and K M , and from 
the eentre K with the radius K N describe 
the circle N P Q ; this circle shall be 
the Ippus required. 
Fer, if P be any ppint in the Ipcus, and if the tangents P A and P D be drawn, and PL, P M joined, PA2 will be to PD2 in the ratio which is compounded of the ratips of PA2 to PM», PM2to PL5, andPL2to PD2.(II.a"ef. 12.) 

But the circle N P Q stands dialed td 
each of the circles A B C ; D E F , with the 
corresponding pbihts M , L, in the same 
mariner in which KPQ- is -related tp 
B C D in the preceding locus. For, 
With regard to A B C j because G B is 
perpendicular to BR, which is the dia
meter of the semicircle B L M R , G B 
touches the semicircle (2.) at B, and 
therefore (21.) GB2 is equalto G L x 
G M , that, is, G L a third proportional to 
G M and GB, or G C ; and K N was 
made a mean proportional between 
K L and K M . And, in the same man
ner, with respect to the other circle 
DEF, H M is a third proportional to 
H L and H F ; and K N was made a 
KM-. Therefore, by the last question, 
mean proportional between K L and 
PA2 is tp PM2 as K G tp K M ; and PL* 
is to PD2 as K L to K H . Also, beeause 
KL; K N and K M areproportionals, PMa 
is to PL2 as K M to KL. (51.) There
fore the ratio of PA2 to PDa is com^ 
pounded of ratios which are the same 
with the ratios of K G to K M , K M to K L , 
and K L to K H , that is, it is 1he same 
with the ratio of K G to K H (II. 27.); 
and P A is to P D in the subduplicate 
ratio of K G to K H , that is in the given 
ratio. Therefore the circle N P Q is the 
locus required. 
If the given ratio be the ratio of 

equality, the difference of the squares 

ofPG, P H will be equalto the differ
ence of the squares of G C and H F ; 
and therefore the locus is a straight line 
(49.) cutting G H at right angles, and 
may be determined as in Prep. 49. 
The first of the two loci we have thus 

discussed is manifestly the same which 
satisfies the condition that A and E 
being two given points, and ED* a 
given square, PA2 shall be to PE2 — 
ED2 in a given ratio: and the second, 
the same whieh satisfies the condition 
that G and H being two given points, 
and GC2 and HF2, two given squares, 
PG2-GC2 shall be to PH2-HF2 in a 
given ratio. 
Prop. 52. 
A point A being given within or without a circle B D E , and in every 
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chord M N 'which passes' through it, a 
second point ~P being taken such that the 
chord produced may be divided by these 
two points and the circumference har
monically ; it is required to find the 
locus of the points P. 
Let C be the centre of the circle, and 

let C A, produped if necessary, meet the 
circle in B : take C F a third preppr-
tipnal tp CA, CB, (II. 52.) and jpin FP, 
F M , FN. Then, because CF, CB, C A 
are prepprtionals, and that C E is equal 
to CB, the straight lines E A, EB, E F 
are in harmonical progression (II. 46.). 
And, beeause upon the mean E B , the 
circle E D B is described (51. Cor.), A M 
is to M F as A N to NF. Therefore, alter-
nando,(U.19.) A M : A N : : M F : N F. 
But by the supposition that P is a point 
of the required locus, M P : P N :: A M 
: A N , that is, :: M F : N F : therefore, 
in the triangle F M N , both the base 
M N and the base produced are 
divided in the ratio of the sides. 

Consequently, as was shown in the 
like case in the demonstratipn pf the last 
proposition, the angle A F P is a right an
gle, and the point P lies in a straight line 
drawn from the point F perpendicular to 
C F. It is easy to reverse the reasoning, 
and to show that every point in this 
straight line satisfies the given condition. 
Therefore this straight line is the locus 
required. 

Cor. If the diameter of a circle, and 
the diameter produced, be divided in the 
same ratio, or, which is the same thing, 
(11.45 Cor.) if the diameter produced be 
divided harmonically, any chord which 
passes through pne ppint pf division shall 
be divided harmonically by the circum
ference and the perpendicular to the 
diameter which is drawn through the 
other peint. 

Prop. 53. 
A point A being given within or without a circle B D E, and .at the extremities of every chord M N which 

passes through it, tangents beingdrawn 
intersecting in P; it is required to find 
the locus of the points P. 
Let C be the eentre ef the circle, and 

let C A, produced if neoessary, meet the 
circumference in B : take C F a third 
proportional to C A, C B : join P F, P C, 
C M , C N , and let P C cut M N in Q. 
Then, because P M is equal to P N 

(2. Cor. 3.), and C M to C N , M N i s bi
sected by P C at right angles (3. Cor.3.). 
And, because C N P is a right angled 
triangle (2.), and that from the right 
angle N , a perpendicular N Q is drawn 
to the hypotenuse, the rectangle under 
CQ.CPis equal (1.36. Cor. 2.) to the 

square\bf C N , that is, to the square 
of CB, or to the rectangle CA, 
C F (II. 38. Cor. 1.). Therefore 
(II. 38.) C Q is to C A as C F to CP, 
and (II. 32.) the triangle C F P is equi
angular with the triangle C Q A. There
fore C F P is a right angle, and the 
point P is in a straight line drawn 
through the point F perpendicular to 
C F. It is easy tp reverse the reasoning, 
and te shpw that every ppint in this 
straight line satisfies the given condition. 
Therefore this straight line is the locus 
required. 

Cor. If the diameter of a circle, and 
the diameter produced, be divided in the 
same ratio, or, which is the same thing, 
(II. 45 Cor.) ifthe diameter produced be 
divided harmonically, and if tangents be 
drawn at the extremities of any chord 
passing through one of the points of di
vision, they shall intersect cne another 
in the perpendicular te the diameter 
which is drawn through the ether peint. 

Section 7.—Problems. 
Prop. 54. Prob. 1. (Euc. iii. 30.) • 
To bisect a given circular arc A C B . Let C be the required point of bisection,: take D the Jniddle, point of 



III. §7.] GEOMETRY. 113 
Then, A B , and join CA, CB, C D. 

because the- arc C A 
is equal to the arc /?T^v\ 
CB, the chord C A (12. A / N \ 
Cor. 1.) is equal to the jl i -g 
chord C B: and, be
cause the triangles C D A , C D B have 
the three sides of the one equal to the 
three sides of the other, eaeh tp each, 
the angle CDAis equalto C D B : there
fore, the line C D bisects A B at right 
angles. Therefore reversely, bisect the 
chord A B at right angles by the straight 
line CD, and the given arc A C B will be 
bisected in C. 

Therefore, &c. 
Cor. Hence, a given arc may be 

divided into 4,8,16, &c. equal parts. 
Scholium. 

The practicability of a geometrical 
division of a circular are into any num
ber of equal parts, implies that of the 
angle at the centre (12.) into the 
same number of equal parts; and vice 
versa". It has already been stated that 
in the cases of 3, 5, &c, equal parts, 
the division of the angle cannct be ef
fected by a plane censtructinn; and the 
same is tp be understppd pf the circular 
arc (1.46. Scholium). W e may ebserve 
that the problem of trisecting an arc 
has been put under the following form, 
which gives it an appearanee at first pf 
being mueh easier than uppn examina
tion it is found to be. 
'* From a given 

point A in the cir
cumference ef a 
given circle A B D 
te draw a straight 
line A P Q sueh that 
thepart P Q , whiph 
is intercepted between the circumference 
and a given diameter B D preduced, shall 
be equal te the radius CA." 
For, if this be done, the are P D will 

be found, which is a third of the given 
arc A B ; because, P Q being equal to 
PC, the angle P C Q is equal (1.6) to the 
angle P Q C , and therefore, the angle 
C P A or C A P is equal to twice P C Q 
(1.19.), and A C B , which (1.19.) is equal 
to C A P and P Q c together, is equal 
to three times P C Q , that is, the are A B is equal te three times the arc P D (13.) Prop. 55. Prcb. 2. (Euc. iii. 1.) To find the centre of a given circular arc ACB. 

Sinpe the straight 
line whieh bisects a 
chcrd at right angles 
passes through the _£ 
eentre ef the circle, 
two such straight lines 
will cut ene anether in the centre. 
Therefere, in the are A C B take any 
point C; join A C, C B; and bisect A C, 
C B at right angles by the straight lines 
D E, F E : the point E in which they 
cut one another is the centre of the arc 
A C B . (See also Prop. 44.) 

Cor. (Euc. iii. 25.) Hence, any arc of 
a circle being given, the circumference 
may be completed of which it is a part. 

Prop. 56. Prob. 3. (Euc iii. 17.) 
From a given point A, to draw a tan
gent to a given circle B D E. 

1. If the point A 
be in the circumfe
rence of the circle, 
find the centre C 
(55.), join C A, 
and from A draw 
A F perpendicular 
to C A. Then, because A F is drawn 
perpendicular te the radius at its extre
mity, it teuphes the circle (2.). 

2. If A de npt lie 
in the circumference, 
let the line A B be 
assumed as the re
quired tangent. Find 
the centre C, and jcin 
C A, C B. Then, be
cause A B is atangent, the angle C B A is a 
right angle (2. Cor. 1.), and the point B 
lies in the circumference of a circle of 
which A C is diameter (15. Cor. 3.) 
Reversely, therefore, upon A C as a dia
meter describe a circle cutting the given 
circle in B, and join A B : A B is the 
tangent required. 
W e may observe that in this case 

there are two points of intersection B, 
and therefore two tangents. The same 
may be said, indeed, of the former case; 
but there the two touch in the same 
point, and are parts of the same straight 
line. 
Prop. 57. Prob. 4. 
To a given circle ABD fo draw a tangent, which shall be parallel to a given straight line E F. Find the centre C (55.); from C draw C E perpendicular te E F (I. 45,), and 
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let CE, produced if 
necessary, cut the cir
cumference in P. 
Then, if P Q be drawn 
parallel to EF, it will 
be at right angles to 
the radius C P (I, 
14.); anc[ therefore 
(2.) wiil be the tap-
gent required. 

Prop. 58. Preb. 5. 
To draw a straight line, which shall 

touch each of two given circles A B D , 
dbd. 

Let A a be assumed as the epmmpn 
tangent required: and first, let it touch 
the circles in the points A, a whiph lie 
upon the same side of the line joining 
thjir eentres C, c. 

A 

[HI. § 7. 

Jein C A, c a; and from c, the centre 
of the lesser circle, draw c E parallel 
to A s tp meet C A in E. Then,be
cause C A g (2. Cor. 1.)is a right angle, 
C E c is likewise a right angle (I. 14.), 
and C E will touch in the point E the 
circumference of a circle, described 
from the centre C, with the radius C E, 
which is equal te the difference of CA, 
E A , that is (I. 22.) to the difference ef 
the radii C A, c a. 

Therefere, reversely, frem the centre 
C with a radius equal te the difference 
of the radii C A, c a, describe a circle, 
and from the point c draw a straight 
line (56.), touching this circle in the 
point E : jpin CE, and produceitto meet 
the circumference A B D in A ; draw c a 
parallel to C A, and join A a: A a is the 
common tangent required. When the cir
cles are equal, C A and c amust be drawn, 
each of them, perpendicular to C c. In 
this case the common tangent A a is 
evidently parallel to C c. 

2. If the points pf contact are to lie 

upon ppppsite sides ef the line joining 
the eentres, the like reasening will lead 
tp a cpnstruptipn whiph differs frem 
that pf the first ease in this enly, that 
C E is equal to the sum of the radii. 
W e may remark that in eaoh pf the 

cases there are twp tangents c E, and 
two common tangents parallel to them 
respeetively. 
Prop. 59. Prob. 6. 

To describe a circle, which shall 
i. (Euc. iv. 5.) pass through three 

given points not in the same straight 
line; or 

2. pass through two given points, 
and touch a given straight line; or 

3. pass, through a given point, and 
touch two given straight lines; or 
4. (Euc. iv. 4.) touch three given 

straight lines not parallels. 
1. Let A, B,C be the three given 

points, and let the point P he assumed 
for the eentre pf the required circle. 
Then, because P is 
equidistant frem A 
arid B, it is in the 
straight line which 
bisects A B at right 
angles (44.) ; and 
fer a similar reason, 
it is in the straight 
line which bisects B C at right angles. 
Therefore, reversely, tc find the ppint P, 
bisect A B , B C at right angles (1.43. Cor.) 
by the straight lines D P , EP, which in
tersect cne another in P: and, from the 
centre P with the radius PA, describe 
a circle; it shall pass through the points 
B, C, and shall be the circle required. 

2. Let A, B be the two given points, 
and C D the given straight line. ' Sup-
ppse the eircle to be described, and that 
it touches C D in P: also, let A B 
produced meet C D in C. Then, be
cause C P touches, and C A cuts the cir
cle, the square of C P is equal (21.) to the 
rectangle ynder C A , C B . Therefore, 
reversely, take C P a mean proportipnal 
between C A, C B, and describe a cir
cle through the points A, B, P; it shall 
be the circle required. 
W e may remark that in this, pase, 

there may be described two circles, 
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each of which passes through the twe 
given points A , B, and touches the 
given straight line C D, viz. one for a 
point P upon the right hand of C, and 
another for a point P upon the left 
hand of C. 

If A B be parallel to C D, the point 
P will be in the straight line which bi
sects A B at right angles, (3. Cor. 1.) 
and being found accordingly, the circle 
m a y be described as before. 

3. Let A be the given point, and B C, 
D E the given straight lines. Produce 
B C, D E to meet one another in F: 
join F A : draw F G bisecting the angle 
B F D (1.46.): in F G take any point 
G, and from G draw G E (I. 45.) per
pendicular to F D : from the centre G 
with the radius G E describe a circle 
cutting F A in H : join H G , and 
through A draw A P parallel to H G 
to meet F G (produced, if necessary), in 
P (1.48.): the circle described from 

the centre P with the radius P A shall 
be the circle required. 

For, if P D be drawn from the point 
P perpendicular to F D, P D will be 
parallel to G E (I. 14.), and, therefore, 
(II. 30. Cor. 2.) G E will be to P D as G F 
to P F: but, because G H is parallel to 
PA, GF is to PF as G H to PA: 
therefore (II. 12.) G E is to PD as G H 
to P A : and in this proportion the first 
term G E is equal to the third G H ; 
therefore also (11.18.) P D is equal to 
P A. Therefere, the eirple which is de
scribed from the centre P with the ra
dius P A passes through the point D ; 
and it touches the line D E in that 
point, because P D is at right angles to 
D E (2.): therefore (45.) it also touches 
the line B C * 

The case in which B C is parallel to 
D E differs from the foregoing in this 
only, that F G must now be drawn 
jfilallel to B C or D E, and bisecting 
the distance between them (See 45.). 

* When thepoint A isin FGf, orin FGr produced, 
the solution here given must be modified by joining 
HE, drawing A D parallel to H E, and erecting 
B P perpendicular to FD; which gives the centre P 
f* before. When A is in ope of t̂e, given lines, 3s 
C, the solution takes a still more simple form. ' 

In both cases we m a y observe that 
there are two circles which satisfy the 
given conditions, corresponding to the 
two points in which the circle which is 
described from the centre G with the ra
dius G E cuts the line F A . 
4. Let A B, B C , 

C D be the three 
given straight lines, 
of which not more 
than two are paral
lel, and let these 
two be cut by the 
third in the points 
B,C. 

Assume the point P for the centre of 
the circle. Then, beeause P is equi
distant from A B, B C, it is in the 
straight line B P which bisects the an
gle A B C (45.); and, for a similar reason, 
it is in the line P C which bisects the 
angle B C D . Therefore, reversely, to 
find P, bisect the angles at B and C by 
straight tines meeting in P: from P 
draw P Q perpendicular to A B (1.45.), 
and from the centre P with the radius 
P Q describe a circle: it shall be the 
circle required. 

If A B , C D are parallel, two circles 
(and two only) can be described, each 
tcuphing the three given lines: but 
if no two pf the straight lines be paral
lel, four circles may be described which 
shall satisfy this condition, viz. one 
within the triangle included by the 
given lines, and three others touching 
the sides of that triangle externally. 
Scholium. 
The problem of describing a circle 
about a given triangle (Eue. iv. 5.) be
longs to the first ease, that pf inscrib
ing a circle within a given triangle 
(Euc. iv. 4.) to the last case of this pro-
positipn. The second and third cases 
are modified by supposing a point and a 
tangent passing through it tp be pf the 
data. Thus, the seepnd beeomes " to 
deseribe a eirple, which shall pass 
thrcugh twp given ppints, and tpuch a 
given straight line in one of those 
points," and the third "to describe a 
circle which shall touch two given 
straight lines, and one of them in a 
given point." The modified solutions corresponding are top simple tp detain us here: that ef the first eccurs in prcb. 7. Instead pf touohing pne, two, or three given straight lines as in the problem we have just eonsidered, it may be required to deseribe a eircle which shall 1 2 
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touoh pne, twp, pr three given circles, 
cr whiph shall touph both a straight 
line and a circle, or two straight lines 
and a circle, or a straight line and two 
circles, and at the same time pass 
through one or two given points, as 
the other data may happen to admit. 
The six new problems of contact which 
are thus suggested are too remarkable 
to be passed over without further no
tice ; they are accordingly here sub
joined. 

1. To describe a circle which shall 
pass through two given points A, B, 
and touch a given circle C D E . 

In the circumference C D E take any 
point C, and describe (59.) a circle 
which may pass through the three 
points A, B, C ; then, if this circle 
meet the circum
ference C D E in 
no other point, it 
is the circle re
quired : but if it 
do, let that other 
point be D : join 
A B , C D , and 
let them be pro
duced to meet in 
F: from F draw 
F G, touching the 
circle C D E (56.): 
let G be the point 
of contact, and 
describe a circle (59.) passing through 
the three points A, B, G. Then, be
cause the chord C D of the circle 
C D E meets the tangent G F in F 
(21.), the square of G F is equal to the 
rectangle C F, F D , that, is, to the 
rectangle A F, F B (20.): therefore 
(21. Cor.) G F touches also the circle 
A B G , and, consequently, the circle 
A B G teuphes the eirple C D E (2. Cor. 
2 and 9.), and is the eirple required. 

If A B and C D be parallels (which 
will be the case when the line which bi
sects'A B at right angles passes through 
the centre of the eirple C D E), a tan
gent F G is to be drawn parallel to 
A B or C D (57.), and the circle A B G , 
being then described as before, will be 
the circle required. 

It is evident, in each ease, that there are two tangents F G, and two circles A B G corresponding to them, one touching the given circle externally, the other internally. Cor. The problem which requires a circle to be described which shall touch a given straight line in a given point, and also a given circle, may be solved 

after a similar manner; viz. by deserib-
ing a pircle which shall tcuph the given 
straight line in the given point, and like
wise pass through a point assumed in 
the circumference of the circle, and then 
propeeding as in the preppsitipn. 

2. Tp describe a circle which shall 
pass threugh a given point A, and 
touch two given circles.B C D, E F G. 

Suppose that the required circle is 
described, and that it touches the given 
circles in the points D, F respectively: 
join D F, and since the straight line 
D F cannot touch the given circles in 
the points D, F, (because then it would 

touch the required circle A D F in the 
same points, which (1. Cor. 2.) is absurd) 
let it be produced both ways to meet the 
circumferences a second time in the 
points C, G respectively: take H, K, the 
centres of the circles B C D, E F G, and 
join H K, H D, K F, K G : then,because 
the circle A D F touches B C D in D, 
and E F G in F, the radii H D , K F 
produced (8. Cor. 1.) will meet in its 
eentre, L ; and, because K G F , L F D 
are isosceles triangles, the angle K G F 
is (I. 6.) equal to KFG/that is (I. 3;) 
to L F D , that is again (I. 6.) to L D F 
or (I. 3".) H D C : therefore (I. 15.) K G 
is parallel to H D , and, consequently, if 
the circles B C D , E F G be equal, 
H K, D G will be parallel (I. 21.), or if 
one of them, as B C D , be greater 
than the other, H K'and D G will meet, 
if produced in some point M . 7 In the 
latter 'ease, draw M B tpuphing the 
circle B C D in B (56.), join H B, and 
from K draw K I (I. 45.) perpendicular 
to M B , and therefore (I. 14.) parallel 
to H B : then, because K I, H B are 
parallel,KI : H B : : K M :HM(II.30. 
Cor. 2.) that is, :: K G : H D , because 
K G , H D are parallel: but H B is 
equal to H D ; therefore (II. 18.) K I is 
equal te K G, and I is a point in the cir
cumference of the circle E F G , and (2.) 
M B touches the circle E F G in the 
point I. Now, M I ; M B :: M K ; M H (II. 29.), that is, :: M G : M D ; therefore, alternando (11.19.), M I : M G ::MB : M D : but, because M I touches the circle E F G , the square of M I is 
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equal to the rectangle M F x M G (21.), 
and cpnsequently (II. 38. Cor. 1.) M F : 
M I : : M I : M G: therefere (II. 12.) 
M F : M I : : M B : M D, and (38.) the 
rectangle M i x INI B is equal to the rect
angle M F x M D. Jein M A, and let 
it eut the circumference of the circle 
A F D a second time in the point 
N : then the rectangle M A x M N is 
equal (20.) to the rectangle M F x 
M D , that is, by what has been just 
demonstrated, to the rectangle M i x 
MB. 
Therefore, reversely, to solve the 

problem, draw the common tangent 
B I to the two given eircles (58.), and 
produce it to meet the line H K which 
joins their centres in M : join M A : 
take M N a fourth proportipnal (II. 53.) 
to M A , M B , M I, and, as in (1 ), 
deseribe the circle A N D , passing 
through the two points A, N and 
touching the circle B C D : A N D will 
be the circle required. For if M D 
be joined, cutting the circle E F G in 
F and G, and if K F and K G be joined, 
the circle described will (20. Cor.) pass 
through F, because (as has been shown 
above) M D x M F is equal to M B x 
M I, that is to M A x M N ; and (which 
has been likewise shown) K G will be pa
rallel to H D. Therefore, if in H D pro
duced (which (8. Cor. 1.) passes through 
the centre of the circle A N D , because 
it passes through the centre H of B C D, 
which touches A N D in D), there be 
taken L, the eentre of the circle A N D , 
and L F be joined, the angle L F D will 
be equal (I. 6.) to L D F, that is (I. 3.) 
to H D C, that is, again (1.15.)to K G F, 
or (I. 6.) K F G ; and because D F G is 
a straight line, K F and F L likewise lie 
in a straight line (I. 3.), and therefore 
the circle A N D touches the circle E F G 
in F (9.). 

Should the given circles be equal, or 
should the point N coincide with the 
point A, the foregoing solution must be 
modified accordingly. The latter case 
is provided for by the corollary of the 
preceding problem: both, indeed, are 
comparatively easy, and are therefore 
left to the student. It remains to observe, that we have only considered the case in which the required circle touehes both of given eircles externally: since both, however, may also be touched internally, or one internally and the other externally by the same circle, there are evidently four different circles which satisfy the conditions of the problem. For each of these a different construction is re

quired, to which the reader will be 
easily conducted by an investigation 
similar to that which has been already 
given. 

3. To describe a circle which shall 
touch three given circles A, B, C. 

Let C be that one of the three which 
is not greater than either of the other 
two. From the centres of A and B 
describe two new circles with radii less 
than their own respectively by the ra-

A 

dius of C ; and, as in the last problem, 
describe a circle D E F which shall pass 
through the centre F of the circle C, and 
touch these two new circles in the points 
D, E respectively: then, if a circle be de
scribed concentric with the circle D E F , 
with a radius less than that of D E F 
by the radius of C, it will evidently touch 
each of the three given circles (10. Cor. 
2.), and will be the circle required. 
In the case here considered, the re

quired circle touches each of the given 
circles externally: since, however, a circle 
may be described which shall tcuph all 
three internally, er any two externally, 
and the third internally, er again, any 
twp internally and the third externally, 
there are ne less than eight different eir
cles which satisfy the problem: the 
construction of each of these is ob
tained after a similar manner. 

4. To describe a circle which shall 
pass through a given point A, touph a 
given straight line B C, and alsp tpuch 
a given eircle D E F . 

Take G the centre (55.) ef thp circle 
D E F , and through G draw (1.45.) 
the diameter D F perpendieular to B C 
tp meet B C in C: join A D, and take 
D H a fourth proportional (II. 53.) to 
A D , D C and D F, i. e. (II. 38.) such 
that A D x D H may be equal to D C x 

D F; and describe a circle H A B (59.) 
passing through the two points A, H , 
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and tbuohing the straight line B C: 
this shall be the circle required. For, 
let it toitch B C in B; join B D , and 
let it cut the circumference D E F in 
K, and'join K F : then, because (15. 
Cor. 1.) D K F is a right angle, the tri
angles D K F, D C B are equiangular, 
and (II. 31.) D K : D F :: D C : D B, or 
( 3 8 . ) D K x D B is equal t o D C x D F , 
that is, to A D x D H ; therefore K is 
also a point in the circumference of the 
circle A B H (20. Cor.). N o w take L 
the centre of the circle A B H (55.) and 
join L B , L K , G K : and, because L B 
is (2. Cor. 1.) perpendicular to B C, it 
is (I. 14.) parallel to D C, and therefore 
(1.15.) the angle L B K is equal to 
G D K ; but L K Bis equalto L B K, 
and G K D to G D K , because L B is 
equal to L K, and G D to G K (I. 6.) ; 
therefore the angle L K B is equal to 
G K D , and (I. 3.) L K G is a straight 
tine: therefore the circle A B H touches, 
(9.) the circle D E F in the point K, 
and is the circle required. 
If D H be equal to D A, a circle 

A B H is to be described touching D A 
in A, and also touching the straight 
line B C. (See the beginning of this 
Scholium.) 
In this problem there are two circles 

satisfying the conditions : the construc
tion of that which touches the given 
eirple internally will readily be under-
stood by applying what has been said 
to the stibjoined.figure. 

(55.): and (59.) deseribe the circle 
H L N passing through the point N 
and touching the straight' lines H K, 
L M : then, if a eirele be described 
concentric with H L N , artd with a ra
dius less than that pf H I N by the 
radius ef E F G , it will evidently toueh 
the straight lines A B , and C D , and 
the eirple E F G (10. Cor. 2.) arid will 
therefere be the eirele required. 

Feur different circles maybe described 
to satisfy this problem, viz. two touch
ing the given circle externally, and two 
internally:* the latter two may be found 
by drawing H K and L M between A B 
and C D. 
6. To describe a circle which shall 

touch a given straight line A B , and 
two given circles C D E, F G H. 

If the given circles be equal to one 
another, draw K L parallel to A B, at 
a distance front it equal to their com
mon radius (I. 48.), and (59.) describe 
a circle passing through the centres of 
the two given circles and touching the 
line K L: then it is evident that a cir
cle concentric with the latter, and hav
ing a radius less by the common radius 
of the given circles, will be the circle 
required. But, if one of them, as 
F G H . b e greater than the other, de-

5. To describe a circle which shall 
touch two given straight lines A B, 
C D , and also a given circle E F G . 
Draw H K parallel to A B, and at a 

distance from it equal to the radius of 
E F G : draw also L M parallel to and 

at the same distance from C D (I. 48.): 
take N the.centre of the circle E F G 

scribe aboiit its centre a circle f g h 
with a radius less than that ef F G H 
by the radius of the lesser circle C D E : 
draw K L parallel tp A B at a distanpe 
from it equal te the radius of C D E ; 
and describe a circle passing through 
the centre of C D E touching the line 
K L, and touching also the circle fgh, 
as shown in the last problem but one : 
then, if a circle be described-concentrip 
with this and with a radius less by the 
radius pf C D E , it will evidently be 
the circle required. 
Here, also, there are four different 

circles satisfying the conditions of the 
problem; and the same principle leads 
to the construction of them all. 
* External contact is where two circles touch one 
another, and each of them is without the other; in
ternal contact, where two circles touch one another, 
and one of them is within the other. In the latter ease, it _is evident that the circumference of the larger rircle is without the circumference of the other; and yet each of them is properly said to touch the other internally, meaning, with that description: of contact which is called internal. 
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Much as each of the foregoing pro

blems may be varied in appearance by 
the consideration of internal contact, 
they admit of being varied yet further 
by supposing, when a point is given, 
that it is in the given tangent or cir
cumference : and when it is besides sug
gested that, in each of the ten problems 
furnished by the proposition and scho
lium, one of the data be changed for 
''a given radius," or for " a given line 
in which the centre is to lie," or again, 
two of the data for both of these, the 
student will have before him a field no 
less pleasing than extensive, still re
maining for the exercise of his inge
nuity, in problems of contact. 
Prop. 60. Prob. 7. (Euc. iii. 33.) 

Upon a given straight line A B to 
describe a segment of a circle which 
shall contain an angle equal to a given 

•leABC. 

Let A Q B be the segment required, 
and P its centre. Then, because the angle 
A B C is equal to the angle in the al
ternate segment, the line B C touches 
the eirele (17. Cor.) at B. Therefore, P B 
joined is at right angles to B C. Again, 
because P is the centre 
Of a circle having the 
chord A B, it is in 
the straight line which 
bisects A B at right an
gles (3 Cor. 2). There
fore, reversely, draw 
B D perpendicular to 
B C (1.44.), and bisect 
A B at right angles 
(I.43.Cor.)byastraight 
line, cutting B D in P: 
with the centre P and radius P B describe 
the circular arc B Q A : and the segment 
B Q A will be the segment required. 

Prop. 61. Prob. 8. (Euc. iii. 34.) 
Given a point A in the circumference 

of a circle A B C ; to cut off a segment 
which shall contain a given angle, by 
a straight line drawn from the point A. 

Frpm A draw A D tpuching the eir
ele, and let A B be the line required: 
then, because the angle 
B A D (17.) is equal 
to the angle in the al
ternate segment B C A, 
it is equal to the given 
angle. Therefore, reversely, make D A B equal to the given angle (I. 47); and A B will be the line required. 

Prop. 62. Prob. 9. (Euc. iv. 2, 3.) 
Given a circle A B C , to (1) inscribe 

in it, or (2) deseribe about it, a triangle 
similar to a given triangle D E F . 

1. Let A B C be the required in
scribed triangle, and through A draw the 
line G A H touching the circle (56.): 
then the angle G A B is equal to the an
gle at C, and the angle H A C to the an
gle at B (17.) Therefore, reversely, take 
any point A of the circumference, draw 
the tangent G A H (56.), and make the 
angles G A B , H A C equal to the angles 

at F and E respectively (I. 47.) Then, 
if A B , A C meet the circumference in 
the points B, C respectively, and if B C 
be joined, A B C will be the triangle 
required; fcr, the angles at B and C 
being equal te the angles at E and F, 
each te each, the third angles at A and 
D are likewise equal (I. 19. Cor. 1.), 
and therefcre the triangles are similar 
(11.31. Cor. 1.). 

2. Let K L M be the required circum
scribed triangle, and let its sides teuph 
the circle in the pcints A, B, C: take 
0 the eentre pf the eirple (55.), and jein 
OA, OB, OC. 

/ I 
E P 

Then, because the angles at A and B 
ef the quadrilateral A L B O are right 
angles (2. Cor. 1.), the remaining angles 
L and A O B are tegether equal te two 
right angles (I. 20. Cor.) and A O B is 
the supplement of the angle L, or, ef 
its equal, the angle E ; which supple
ment may be ebtained by producing the 
side E F. In like manner it may be 
shown, that the angle B 0 C is the sup
plement of the angle M or F. Therefore, 
reversely, taking any point A in the cir
cumference, at the point O, make (1.47.) 
the angle A O B equal to the supplement 
of E, and the angle B O C equal to the 
supplement of F: at the points A, B, C 
draw tangents (56.) meeting one anpther 
in K, L, M ; and K L M will be the triangle required, 
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iv. 6, 7, Prob. 10. (Euc, 
11, 12, 15, 16.) 

A circle being given; to inscribe 
in it, or describe about it, 

1. an equilateral triangle; or 
2. a square ; or 
3. a regular pentagon ; or 
4. a regular hexagon; or 
5,. a regular decagon; or 
6. a regular pentedecagon. 
Take C the centre of the circle; and, 

1. to insoribe an equilateral triangle: 
frem A, any ppint pf the eircumference, 
with the radius A C, describe a circle 
cutting the given circle in the points 
B, D : produce A C to 
meet the circumference 
in E, and jcin B D, 
D E , E B . Then jein-
ing BC, CD, BA, A D , 
because the triangles 
ACB, A C D are equi
lateral, the angles 
BCA, D C A are each ef them a thir" 
ef twp right angles (I. 6. and I. 19.). 
Therefere the adjacent angles B C E, 
D C E are each cf them two-thirds of the 
same, as is also the angle B C D ; and 
beoause the sides ef the triangle B D E 
subtend equal angles at the centre C, 
they are equal te pne another (12. Cor. 1.), 
i. e. the triangle B D E is equilateral. 

2. To inscribe a 
square : draw two dia
meters at right angles 
to one another, and 
join their extremities: 
the included figure will 
be a square; for its 
sides are equal, because they subtend 
equal angles at the centre C (12. Cor. 1.), 
and its angles are right angles, because 
they are contained in semicircles (15. 
Cor. 1.) 

3. To inscribe a re
gular pentagon: divide 
the radius C D medi
ally (II.59)inthe point 
F, so that C F may be 
the greater segment. 
Draw the radius C A 
at right angles to C D, and join A F. 
Then, because the square of A F is greater than the square of C F by the square of the radius A C , and that CFis the side of the inseribed decagcn (28.), A F is the side pf the inseribed pentagpn. Therefere, a ehprd, equal tp A F, will subtend a fifth partcf the circumference, and if the eircumference be divided into five parts with chcrds each equal te A F , 

a regular pentagon will be inscribed, as 
required. 

4. To inscribe a regu
lar hexagon: divide the 
circumference into six 
parts with chords each 
equal to the radius (28). 
5. To inscribe a regular decagon: di
vide the radius medially, and divide the 
circumference into ten 
parts with chords 
each equal to the 
greater segment of the 
radius so divided 
(28). 6. To inscribe a re
gular pentedecagon: 
take the chord A B e/ 
equal (as above) to 
the side of a regular 
inscribed pentagon, 
and the chord A. D 
equal (as above) to the side of an in
scribed equilateral triangle: bisect the 
arc B D in E (54.), and jcin B E . Then, 
because the arc A B is centained 
in the whole circumference five times, 
and A D three times, if the circumfer
ence be divided into 5 x 3, or 15 equal 
parts, A. B will contain three and 
A D five of those parts. Therefore 
the difference B D contains two of the 
same parts, and its half B E is one-fif
teenth of the whole circumference. Di
vide the circumference, therefore, into 
fifteen parts with chords each equal to 
B E , and a regular pentedecagon will 
be inscribed, as required. 

And in every case, if through the an
gular points of the inscribed figure, 
or through the bisections of the arcs, 
(which is sometimes more convenient) 
there be drawn tangents to the circle 
(56.), a similar figure will be circum
scribed about the circle (27.). 

Cor. Hence by the aid of II. 65. any 
one of the above-mentioned figures 
may be described upon a given finite 
straight line. 

Scholium. • 
Besides the figures mentioned in the 

proposition, it has been discovered that 
any regular figure which has the num
ber of its sides denoted by 2" + 1 and prime, may be inscribed in a circle without any other aid than that of Plane Geometry, that is, by the intersections of the straight line and circle only. And it is evident that by dividing the sub-
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fended arcs into two, four, &c. equal 
parts (54.) a regular figure of twice, 
four times, &c. the number of sides of 
any of the above may be inseribed; e.g. 
an octagon, (or regular figure of eight 
sides,) by bisecting the arcs which are 
subtended by the sides of a square, a 
dodecagon (or regular figure of twelve 
sides) by bisecting those which are 
subtended by the sides of a hexagon; 
and sp on. Still there are many regular 
figures, as the heptagon, enneagon, hen
decagon, &c. (figures of 7, 9, 11, &c. 
sides), for the inscribing of which no 
exact geometrical rule has ever been 
discovered. These figures we can only 
inscribe approximatively; and when it is 
required to do so with a considerable 
degree of accuracy, the following method 
may be adopted. 

Let it be required, fer instanpe, to in
scribe a regular heptagon. Continue 
the series 4, 8, 16, &c. which repre
sents the numbers of parts into which 
the circumference may be divided by 
continued bisections, until a number 
be found which is greater or less by 1 
than a multiple of 7 : 64 is such a num
ber, being greater by 1 than 9 x 7 . 

N o w , if the circumference be divided 
into 64 equal parts, and the arc A G be 
taken equal to 9 of those parts (which 
may be done by bisecting the quadrantal 
arc A B in D, D B in E, D E in F, 
and D F in G ) , the arc A G will be less 
than a seventh part of the circumference 
by a seventh part of one of them D G. 
But, the are D G being small, a seventh 
part ef its chord (which may be found 
by (1. 49.) may without any considerable 
error be assumed for the seventh part of 
the arc itself, being somewhat less than 
the latter; and if the chord of A a be 
taken equal to this approximate seventh 
part, the error of assuming for it the arc 
A a, which is somewhat greater than its 
chord, will be still less, so that G a will 
be equal, very nearly, to one-seventh 
of the circumference, and the chcrd pf G a very nearly equal to the side of a regular heptagon inspribed in the circle. 

For a second example, let us take the 
enneagon, or, as it is sometimes palled, 
nonagon: here, again, 64 exeeeds 7 x 9 
by 1; therefere, the same division of the 
quadrant being made as in the case of 
the heptagon, because B G is equal to 
7 parts out of the 64, and D G to pne part, 
B G with a ninth pf D G will be con-
tained in the circumference 9 times ex
actly : and if the chcrd cf B 6 be taken 
equal to the ninth part of the chord of 
D G , the chord of G b will be very nearly 
equal to the side of a regular enneagon 
inscribed in the circle. 

It is not, however, necessary that we 
should always proceed with the series 
till we arrive at a number greater or less 
than the number of sides by 1. Take, 
for instance, the hendecagon, or, as it is 
sometimes called, undecagon: here 11x6 
= 66, which exceeds 64 by 2. N o w the 
arc B F contains 6 out of 64 parts D G 
of the circumference. Therefore, if the 
circumference be increased by twice 
D G , B F will be contained in the eircum
ference so increased 11 times, and, con
sequently, if B F be diminished by two-
elevenths of D G, it will be contained in 
the circumference 11 times exactly; so 
that the side of the hendecagon will be 
obtained approximatively by assuming, 
as before, the chord in place of the arc, 
and taking from B F two-elevenths of 
the former instead of two-elevenths of 
the latter. 

In these examples, the real errors, if 
computed, will be found far more mi
nute than those which the imperfection 
of our instruments entails upon the most 
accurate geometrical constructions. 
Seven times the arc which has been as
sumed as a seventh of the circumference 
falls short of the whole circumference 
by less than the Tsioooth part, and 9 
times the arc which has been assumed 
as a ninth, by about an equal quantity ; 
while 11 times the arc, which has been 
assumed as an eleventh, exceeds by 
only about twipe the same quantity. 
The method may therefore be adopted 
in these and in similar cases, as practi
cally accurate. 

Prop. 64. Prcb. 11. 
To construct a triangle, any three being assumed out of the four following data, viz. the vertical angle, the base, the sum of the sides, and the area. This problem comprehends four cases, in which the data are respectively, 1. Vertical angle, base, and sum pf sides; 2. Vertical angle, base, and area; 
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3. Vertical ailgle, 'mA of Sides and 
area; 

4. Base, sum of sides, and area. 
1. Let A b 

be the given 
base, A C the 
given sum of 
the two sides, 
and D the 
given vertical 
angle. Upon 
A B (60.) describe a segment A E B , 
containing an angle eqtial to the half of 
D. With the centre A and radius A C 
describe a circle cutting the arc A E B 
in E. Join A E, B E, and at the point 
B make the angle E B F equal to B E A : 
the triangle F A B shall be the triangle 
required. For, because the angle F E B 
is equal,to F B E, the side F B is eqhal 
to F E (1.6.), and the twp sides AF, FB 
together are equal to A E , that is, to A C , 
the given sum of the sides. Again, be
cause the angle A F B (I. 19.) is equal 
to the sum of the angles at E and B, 
and that these angles are equal to One 
another, the angle A F S is equal to 
twice the angle at E, that is, to the given 
angle D. And the triangle is described 
upen the given base A B . 
Therefore, &c. 
2. Let A B be 

the given base, 
upon which let 
there be describ
ed the rectangle 
A B C D , contain
ing an area equal to twice the given 
area (I. 57.), and a segment A E B con
taining an angle equal' to the given an
gle (60.). Then if the arc A E B cut 
the side C D in E. and EA, E B be 
joined, E A B will evidently be the tri
angle required. 
3. Let A be the 

given vertical an
gle, and let the tri
angle A B C (H.69.) 
Contain an area 
equal to the given 
area: and let D be 
the given sum of the 
two sides. Divide 
D into two parts, such that their rectangle may be equalto the rectaflgle under A B , A C (II.56.). Take A E equal te One, and A F equal tp the pther pf these parts, and join E F. Then, because the triangles A B C , A E F have the cdmmon angle A, they are to pne another (IL40. Cor.) as the rectanglei under the con

taining sides, that is, they are equal to 
one another; therefore A E F is the tri
angle required. 

4; Let A B be the given base, arid let 
it be bisected in C. Let twice C E be 
the given sum of the sides, and let the 
triangle D A B contain an area equal to 
the given area. 
Take C F (II. 52.) a third proportional 

to CA, CE, and from the point F draw F G 
perpendicular to E F (1.44.): through G- r, 

h e / 
% 

\ X 

r> 

d 
.B » f 

vi 

D draw D G parallel to A B (I. 48.) to 
meet F G in G, and join G A. Through 
E and C draw E H and C K parallel to 
F G, to meet G A and G A produced in 
the points H, K, so that K G, K H , K A 
will be proportipnals (II. 29.): from the 
eentre K, with the radius K H , describe a 
circle cutting G D in L, and join L A, 
L B : L A B shall be the triangle required. 
Produce G K to-M, so that K M may 

be equal to K H ; and from L draw L N 
perpendicular to A B . Then, because 
K A, K H, K G are proportionals, M A , 
M H , M G are in harmonical progression 
(II. 46.); but the point L is in the cir
cumference of a circle upon the mean 
M H ; therefore (51. Cor.) L A : L G :; 
A H : H G ; but L G i s (I. 22.) equal 
to NF, and AH:HG".AE:EF 
(II. 29.), that is, since C A , C E , C F are 
proportionals (II. 22. Cor. 1.) :: C A ; 
C E ; therefore L A is to N F as C A to 
C E , or in the subduplieate ratio of C A 
to C F; and (II. 38. Schol. Lem. 1. Cor.) 
if B / be taken equal to A F, L B is to 
N / in the same ratio. Therefore the 
sum of L A , L B is to the whole line 
F/in the same ratio, or, if C e be taken 
equal to C E , a?S E e to F /: therefore, 
the s u m of L A , L B is equal (II. 11. 
Cor. 1.) to E e, that is, to the given sum, 
and L A B is the triangle required. 

Therefore, & c * 
» If the difference of the sides be supposed given 
instead of the sum in cases 1, 3 and 4, solutions of 
the same character may be obtained; viz. in case 1 bydescribirig upon the given base" AB a segment which shall contain an angle exceeding by a right angle half the given angle I); in case 3, by dividing the difference D produced, so that the rectangle tinder the segments may be equal to A B X A C j and in case 4, by making use of the following corollary to 
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Prop. 65. Prob. 12. 
To find two straight lines, there being 

assumed any two out of the six follow
ing data; viz. their sum, their differ
ence, the sum of their squares, the dif
ference of their squares, their ratio, and 
their rectangle. 

The cases of this proposition are fif
teen in number, and may be arranged 
as follows:— 

1. Sum, and difference. 
2. S u m of squares, and difference of 

squares. 
3. Sum, and sum of squares. 
4. Difference, and sum of squares, 
5. Sum, and difference of squares. 
6. Difference.and difference of squares. 7. Ratio, and rectangle (Tl. 63.) 
8. Sum, and ratio (II. 55. fig. 1.) 
9. Difference, and ratio (II. 55. fig. 2.) 
10. Sum, and rectangle (II. 56. fig. 1.) 
11. Difference, and rectangle (II. 56. 

fig- 2.) 
12. Sum of squares, and ratio. 

13. Difference of squares, and ratio, 
14. S u m of squares, and rectangle. 
15. Difference of squares, and rectan

gle. 

Those of the second division, viz. the 
7th, 8th, 9th, 10th, and 11th eases, have 
in effect been already considered in the 
propositions referred to at the side. 
They will accordingly be here omitted. 
Of the rest the greater part are so ob
vious, that it will be sufficient to indi
cate only the construction, leaving the 
demonstration to the reader. 

1. Let A B be the given sum, A C the 
given difference. Bisect C B in D, and 

A D , D B will be the straight lines re
quired. 

2. Let A B 2 be 
the given sum of 
the squares, and 
C D 2 the given 
difference of the 
squares. Biseet 
A B in E (I. 43.) 
II. 38. Schol Lem. 2: *' If DE be taken to AB as 
AB—A.C to BC, or, which is the same thing, in a ratio 
which is the subduplieate of GK to GB, then the other 
segment DF of the base equally reduced in the oppo, 
site direction shall be to the other side AC in the same 
ratio." The application of these suggestions is left to the student. 

and C D in F, and take E G a third pro
portional to E B and C F. F r o m the 
centre E , with the radius E A , describe 
a semicirelte A H B ; and front the point 
G (1.44.) draw G H perpendicular to 
A B , to meet the circumference itt H . 
Join A H , H B : they shall be the 
straight lines required. 
3. Let A B be the given sum, and the 

square of A C the 
given sum of the 
squares. Bisect 
A C inD, (1.43.) 
and fromD (1.44.) 
draw D E per
pendicular to A C. 
From the centre D 
with the radius D A or D C describe a 
circle cutting D E in E _; and from .the 
centre E, with the radius E A or E C 
describe the circle C F A : lastly, from 
the centre A with the radius A B de
scribe an arc cutting C F A in F. Join 
A F , let A F cut the circumference 
A E C in-G: and join G C. A G and 
G C shall be the lines required. 

4. Let A B be the given difference, 
and the square of A C the given sum of 
the squares. Bisect 
A C inD (1.43.),and 
from D (I. 44.) draw 
D E perpendicular to 
A C : from the centre 
D with the radius 
D A or D C describe 
a circle cutting D E 
in E ; and from the 
centre E with the radius E A or E C de 
scribe the circle C F A ; lastly, from the 
centre A with the radius A B describe 
an are cutting C F A in F: join A F , and 
let A F produced cut the circumference 
A E C G in G, and join G C . A G and 
G C shall be the straight lines required. 

5. Let A B be the given sum, and 
the square of A C the given difference 
of the squares: take A D a third pro

portional to A B , A C (II. 52.), and 
bisect D B in E (I. 43.); A E , E B 
shall be the straight lines required. 
6. Let A B be the given difference; 

and the square of A C the given differ
ence of the squares: take A D a third 
proportional to A B , A C (II. 52.), and 



124 

bisect B D in E (1.43.) ; AE, E B shall 
be the straight lines required. 

12. Let the given ratio be that of 
A B to A C, and let the square of D be 
the given sum of the 
squares: - from A (I. 
44.) draw A E at right 
angles to A B, and from 
the centre A with the 
radius A C describe a 
circle cutting A E in E : 
join B E : take B F equal n 
to D, and through F ' 
(I. 48.) draw F G parallel to E A : G F, 
G B shall be the straight lines required. 

13. Let the given ratio be that of 
A B to A C , and let the square of D 
be the given difference of the squares: 
from B (1.44.) draw 
B E at right angles 
to A B , and from the 
centre A, with the 
radius A C, describe 
a circle cutting B E 
inE: joinAE: take 
B F equal to D, and 
through F (I. 48.) draw F G parallel to 
A E : G F , G B shall be the straight 
lines required. 

14. Let the square of A B be the 
given sum of the squares, and let the 
rectangle under A B and C be 
given rectangle: di
vide A B in D (II. 
56.), so that the rect
angle under A D , D B 
may be equal to the 
square ef C ; from 
D (II: 56.) draw D E 
at right angles tp 
A B ; and uppn A B as a diameter de
scribe a circle cutting D E in E : A E , 
E B shall be the straight lines required. 
Fcr it is evident, that the square pf E D 
being, by ccnstruption, equal to the reet-
angle under A D , D B (II. 34.Cp?\), E D is 
equal to C ; and the rectangle under 
A E , E B is equal to the rectangle under 
A B , E D , that is, to the rectangle under 
A B and C. 

15. Let the square of A B be the 
given difference of the squares, and let 
the rectangle under A B and C be the given rectangle; produce A B to D (II. 56.), so that the rectangle under AD, D B may be equal to the square of C, from B (I. 44.) draw B E at right angles to A D, and 
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upon A D describe a circle cutting B E 
in E : A E, E B shall be the straight 
lines required. For it is evident that 
the square of E D being (as in the last 
case) by the eenstructicn equal to the 
rectangle under A D , D B (II. 34. Cor.), 
E D is equal te C; and, beeause the tri
angles A B E , E B D are similar (II. 34.), 
A B is te A E as E B tp ED , and there
fere the reetangle under A E , E B is 
(II. 38.) equal te the reetangle under 
A B , ED, that is to the rectangle under 
A B and C. 

Scholium. 
In the cases of this Proposition we 

have exhibited geometrieal splutipns pf 
the following well-known equations. 

1. x +y =a 2. x*+y* = a? 
x —y —b x2—y!1 = ba 

3. x +y =a 4. x —y =a 
5. x +y =a 6. x —y =a 

the 

7. x a 
y b 
xy — c2 

8. x + y = a 
x b 
y o 

10. x +y =a 
xy = 62 

12. xo+yi=ai 
x b 
— =— 
y c 

14. x* + y*=o? 
xy =62 

9. 

11 

13. 

15. 

x — y = a 
x b 
y ~ c 

. x — y = a 
xy =6* 

xa—y* = a!> 
x b 
_ — 
y c 

xs—y*=aa 
xy =62 

In the constructien pf these and ether 
problems of the foregoing Sections, the 
data have always been supposed such 
that the problem in question be not im
possible. For, as we have already had 
occasion to observe, many of them are 
possible, only so long as the mutual 
relations of the data are epnfined within 
pertain limits. Thus, if it be required 
te find two lines, such that their squares 
may together contain 9 square feet, it 
is evident that the sum of the lines in 
question must not be less than 3 feet, 
nor must their difference exceed 3 feet, 
(II. 56. N. B.). The solution, therefore, 
of a problem, which should require the 
sum of the two to fall short of this quantity, or their differenee to exceed it, 
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would be impossible. In this manner 
does one of the conditions frequently set 
limits to the other—frequently, but not 
in every case:—thus, if two lines be re
quired, which shall contain a given 
rectangle, their ratio m a y be any what
ever, and a problem which should re
quire them to be to one another in any 
ratio, h o w great or h o w small soever, 
would be possible. The limits of possi
bility, when there are any, are commonly 
indicated by the construction, if the 
problem be solved geometrically, as 
they are, If algebraically, by the form 
of the final equation. See the cases of 
Prop. 64., where the vertex of the tri
angle sought is determined by the inter-
seetipn of a straight line and eirple, pr pf 
two oircles: if the data be such that no 
intersection can take place, the con
struction fails, and the problem becomes 
impossible. 

BOOK IV. 
§ 1. O f Lines perpendicular, or inclined, 

or parallel to planes.—§ 2. Of Planes 
which are parallel, or inclined, or per
pendicular to other Planes.—§ 3. O f 
Solids contained by Planes. — § 4. 
Problems. 
Section 1.—Of Lines perpendicular, 

or inclined, or parallel to Planes. 
In the preceding books our attention 
has been confined to lines which lie in 
one and the same plane, the intersection 
of such lines, and the figures contained 
by them ; w e are now to consider lines 
which lie in different planes, planes 
which intersect one another, and solids 
which are contained by plane or other 
surfaces. In other words, w e have 
been hitherto engaged with Plane Geo
metry ; w e are now to enter upon Solid 
Geometry. 

Def. 1. (Euc.xi.def.3.) Astraightline 
is said to be perpendicular (or at right 
angles) to a plane, when itmakes right 
angles with every 
straight line meet
ing it in that plane, 
(seeProp 3.). Also, 
conversely, in this 
case the plane is 
said to be perpendi
cular to the straight" line. The foot of the perpendicular is the point* in which it meets the plane. * It is evident that a straight line cannot meet-a plane in more than one point, unless it lies altogether in the plane ; and m like manner that- one plane cannot meet another.plane in a portion of sur-

2. (Euc. xi. def. 5.) A straight line is 
said to be inclined to a plane, when it 
meets the plane but is not perpendicular 
te it. 
When a straight line A B is inclined 

te a plane C D E , 
the angle A B F 
whieh it makes 
with a straight 
line drawn from 
the point B in 
whieh it meets 
the plane.through 
the foot of the _ 
perpendicular AF, which is let fall upon 
the plane from any other point A of the 
straight line (see Prop. 7.), is called the 
angle of inclination. 

3. A straight line is said to be pa
rallel to a plane, when it cannot meet 
the plane, te whatever extent beth be 
preduped. Also, conversely, in this case 
the plane is said to be parallel to the 
straight line. 

4. If two planes A B C, 
A B D intersect one an
other in a line as A B 
(see Prop. 2.), they are 
said to form at that line 
a dihedral angle C A B D . 
The magnitude of a 

dihedral angle does not 
depend upon the extent 
of thp ccntaining planes, but upon the 
opening between them. Thus, the di
hedral angle C A B D is greater than 
the dihedral angle E A B D by the dihe
dral angle C A B E. 
5. When one plane standing upon 

another plane makes the adjacent dihe
dral angles equal to one another, each 
of them is called a 
right dihedral angle; 
and the plane which 
stands upon the other 
is said to be perpen
dicular (or at right 
angles) to it. 

A dihedral angle is also said to be 
acute or obtuse, according as it less or 
greater than a right angle. 

6. (Euc. xi. def. 8.) Planes, which do 
not meet one another, though produced 
to any extent, are said to heparallel. 7. (Euc. xi. def. 9.) If three or more planes pass through apoint as A,they are face common to both, unless they coincide altogether. (See Prop. 1.) Therefore a straight line cuts a plane in apoint; and a plane cuts a plane in a line, which line (see-Prop. 2.) is a straight line. 



•a. 

126 GEOMETRY. 

said to form at that 
point a solid angle, of , -^gjfij 
which the intercepted - " ^ s H ^ g 
plane angles (see 
Prop. 2.) are called 
the sides or {a,ces,a.nd. j^ ^ g ^ i ^ f . 
the intersections of "^^^^StllM 
the planes, edges. ^ ^ ^ B p 
8. A polyhedron is a solid figure in
cluded by any number of planes, which 
are called its faces: if it have four faces 
only, which is the least number possi
ble, it is called a tetrahedron; if six, a 
hexahedron; if eight, an octahedron; 
if twelve, a dodecahedron; if twenty, an 
icosahedrpn; and so on.* 

The intersections of the faces of a 
polyhedron are called arrises or edges, 
land the points of. the solid angles 
vertices or angular points. The diagonals 
of a polyhedron are the straight lines 
whiehjoin any two vertices not lying in 
the same face. 

The surfaces of the polyhedrons here 
treated of are supposed to be epnvex, 
that is, such that the same straight line 
can cut them in two points only. 

9. A polyhedron is said to be regular, 
when its faces are similar and equal 
regular polygons, and its solid angles 
equal to one another. There are only 
five such figures. (See Prop. 20. Cor.) 

10. T w o polyhedrons are said to be 
similar, when they are contained by simi-
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lar faces similarly situated, and forming 
equal dihedral and solid angles.t 

* The Greek word for " seat" being in all cases 
annexed to the Greek numeral which indicates the 
number of seats, or faces, on which the figure may be 
seated. A solid figure may be contained by apy 
number of faces above three, in the same manner as 
a plane figure may be contained by any number of 
sides above two, the numbers 4, 6, 8, 12, and 20 being 
here specified only because the other solids (of 5,7, 
&c. faces) are less frequently subjects of considera
tion. 
f The same observation may be made here as at 

Book II. def. 14, viz. thatin this definition there are 
some things assumed which have not been as yet 
demonstrated. These are, 

1. If all the plane angles but one whieh contain 
two solid angles be equal, each to each, in order, and 
make with one another equal dihedral angles, the remaining plane angle of the one shall be equal to the remaining plane angle of the other, and the two remaining dihedral angles of the one equal respectively tq the two remaining dihedral angles of the Other. This may be proved by coincidence. 

11. (Euc. xi. def. A-) A parallelopiped 
is a solid figure h a v 
ing six faces, of which 
every opposite two 
are parallel. 

S u e h a figure rnay^5 
b e fermed by taking 
any solid angle A , wh i e h is formed b y 
three plane angles, assuming a n y points 
B , C , D in the three edges, and passing 
through those points planes parallel to 
the planes A C D, A B D, A B C re
spectively. 

The faces of a parallelopiped are 
sometimes distinguished by naming any 
two opposite faces the bases of the pa
rallelopiped, and the other four the 
sides: in which case the altitude of the 
parallelopiped is the perpendicular dis
tance between the two bases. 

12. A rectangular parallelopiped is 
that which has one pf 
its solid angles con
tained by three right 
angles, and therefore 
(see Prop. 17.) every 
face at right angles to 
those which are adjoining to it. 

13. A cube is a rectangular parallelo
piped which has the three 
edges terminated in one of 
the solid angles equal to 
one another. The cube of 
any straight line A B, is 
the cube of which A B is 
an edge. 

14. (Euc. xi. def. 13.) A prism is a 
solid figure having any number of faces, 
two of which are similar and equal rec
tilineal figures, so placed as to have 
their corresponding sides parallel, and 
the rest parallelograms. 

Such a figure' may be formed by 

2. If all the planes but one which form a convex 
surface be similar and similarly situated to all the 
planes but one which contain a solid figure, each to 
each, and if the dihedral angles which every adjoin
ing two of the first make with one anotherbe equal 
to the dihedral angles which every corresponding 
two of the latter make \vith one another, each to 
each, the remaining edges of the surface (viz. those 
which are not common to adjoining planes) shall 
lie in one plane, and shall inclose a rectilineal iiguTe 
similar tq the last face of the solid, and making 
equal dihedral angles with the corresponding faces 
adjoining to it. This may be demonstrated by 
making any two of the equal solid angles coincide. 
(See Prop. 14. Cor.) 

It is evident, also, that'the definition would be 
complete without mentioning the equality of the solid angles, for the several plane and dihedral angle? of the one being equal and similarly situated witb the corresponding plane and dihedral angles of the other, it is evident that any two corresponding solid angles may be said to coincide. 

file:///vith


IV. § 1.] GEOMETRY. 127 
drawing through the several-angles of 
a polygon A B C D E , 
but not in the same 
plane with it, the pa
rallels A a, B b, C c, 
&c., taking A a, B b, 
C c, & c , each of them 
equal to any the same 
straight line, and join
ing ab, be, &c. (see 
Prop. 13. and 15.) 

The parallels, which join the corre
sponding angles of the two polygons, are 
ealled the principal edges of the prism: 
the polygons are called bases; the pa
rallelograms, sides; and the surfaces of 
the parallelograms together cpnstitute 
what is ealled the lateral er convex sur
face of the prism. 

The altitude of a prism is the perpen
dicular distance between its two bases. 

15. A prism is said to be triangular, 
or quadrilateral, or pentagonal, & c , 
according as its bases are triangles, or 
quadrilaterals, or pentagons, &C. 

A prism is also said to be right or 
oblique, according as the principal edges 
are perpendicular to the bases, or in
clined to them. 

16. A regular prism is a right prism, 
which has for its bases two regular 
polygons ; and the straight line which 
joins their centres is called the axis of 
the prism. 

17. (Euc. xi. def. 12.) A pyramid is 
a solid figure, having any number of 
faces, one of which is a triangle or other 
rectilineal figure, and the rest triangles 
which have a common vertex, and for 
their bases the sides of the first triangle 
or rectilineal figure. 

Such a figure may 
be formed by drawing 
straight lines from 
the angles of any 
rectilineal figure A B 
C D E to any point 
V whieh is not in the 
same plane with it. 
The straight lines V A, V B , & c , 

which are the sides of the triangles, are 
called the principal edges of the pyra
mid: the first triangle or rectilineal 
figure is called the base, the other triangles the sides, and their common vertex, the vertex or summit: the surfaces of the latter triangles also eonsti-tute what is called the lateral er convex surface pf the pyramid. The altitude ef a pyramid is the perpendicular distance cf the vertex from the base or the base produped. 

18. A pyramid is said to be triangu
lar, or quadrilateral or pentagonal, &c. 
according as its base is a triangle, or a 
quadrilateral, or a pentagon, &5fi. 

19. A regular pyramid is that which 
has for its base a regular polygon, and 
the straight line whiph is drawn from 
the vertex to the eentre of the base per
pendicular to the base; and the line so 
drawn is called the axis of the pyra-* 
mid. 

2Q. If a pyramid be 
divided into two parts /f\ 
by a plane parallel to /̂ \ 
its base, the part next . s j 
the base is palled a ^ = 3 
frustum ef a pyramid, -. 
pr sometimes a trun
cated pyramid. 

•21,(Euc. xi. def. 14.) A sphere is a 
solid figure, every point in the surfapp 
of which is at the same distance frem 
a certain point within the figure, which 
is called the centre. The distance from 
the centre to the surface is called the 
radius, pr spmetimes the semidiameter 
of the sphere, because it is the half of a 
straight line which passes through the 
centre, and is terminated both ways by 
the surface, which straight line is called 
a diameter. 

Such a figure may . a 
be conceived to be /rffl illfc 
generated by the re
volution of a semi- d H 
circle A D B about jg 
its diameter A B ;— 
that is to say, if the 
semicircle be made to revolve round its 
diameter A B , its plane will, in the course 
of the revolution, pass through the whole 
solid space about the line A B produced, 
and the semicircular portion A D B will 
pass through the whole spherical space 
upon the diameter A B , so that there 
shall not be a- point within that space 
with which some point or other of the 
semicircle will not have coincided, but 
the same cannot be said of any point. 
without the sphere. By the word " ge
nerate," it is intended to convey the idea 
that the parts of the solid start into exist
ence as they are successively traversed 
by the generating plane. Prop. 1. (Euc. xi. 2.) A plane, and one only, may be made. to pass through a given straight line and a given point without it, or through three given points, which are not in the same straight line,A 
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Let A B be a given 
straight line, and C a 
given point without 
it: a plane, and only 
one plane, may be 
made to pass through 
the straight line A B 
and the point C. 

For a plane may be made to pass 
through A B , and this plane may be 
turned about A B until it pass through 
C. Now, let any other plane be made 
to pass through the same straight line 
A B and the same point C ; and let P 
be any point taken in it: P shall like
wise be a point in the first plane. For, 
if in A B any two points A, B be taken, 
and C A , C B be joined, the straight 
lines C A , C B will lie in each of the 
planes (I. def. 7.). And because P is a 
point in the same plane with C A and CB, 
through P there may be drawn P Q pa
rallel to A B to meet C A in some point 
Q and C B in some point R (1.14. Cor. 3). 
Then, because the lines CA, C B are in 
the first plane, the points Q, R are 
likewise in that plane, and therefore 
the straight line P Q R, which passes 
through them, and the point P of that 
straight line, are in the same plane. 
Therefore, there is no point in either of 
the two planes which is not also in the 
other plane, that is, they are one and 
the same plane. 
Again, any plane which passes through 

the straight• line A B and the point C 
without it, passes also through the three 
points A, B, C, which are not in the 
same straight line ;. and reversely. 
Therefore, since it has been shown that 
a plane, and one pnly, may be made to 
pass through the straight line A B and 
the point C, it follows that a plane, and 
pne enly, may, be made to pass through 
the three points A, B, C. 
Therefere, &c. 
Cor. 1. A plane, and one.only, may 

be made to pass through the sides of 
a given reotilineal angle, er through two 
given parallels. 

Cor. 2. Any number of parallels 
through whieh the same straight line 
passes are in pne and the same plane. Cor. 3. It follows from the preceding corollary, that a plane may be oon-eeived tp be generated by a straight line which mcves along a given straight line so as always to continue parallel to another given straight line. Cor. 4. Any number of planes may be made to pass through the same straight line. 

Prop. 2. (Euc. xi. 3.) 
If two planes cut one another, their 

common section shall be a straight 
line. 

For, if any two points 
be taken in the common 
section, the straight line 
whieh joins them will 
be in each of the planes 
(I. def. 7.): but the only 
line which is in each of 
the planes is their common section; 
therefore the common section coincides 
with the straight line which jpins any 
twp of its points, that is, it is a straight 
line. 

Therefore, &c. 
Prop. 3. (Euc. xi. 4.) 
•If a straight line stand at right an

gles to each of two other straight lines at 
their point of intersection, it shall be at 
right angles to every other straight line 
which passes through the same point 
and lies in the same plane with them ; 
that is, (def. 1.) it shall be at right an
gles to the plane in which they are. 

Since two different planes may pass 
through the same straight line A P, and 

a perpendicular may be drawn to it in 
each of these planes from the point 
A, the case supposed in the proposi
tion is evidently possible. 

Let the straight line A P , therefore, 
stand at right angles to each of the 
•straight lines A B, A C , at their point of 
intersection A, and let A D be any other 
straight line in the plane A B C , which 
passes through the same point A : A P 
shall be at right angles to A D . 
In A B , A C , take any points whatever 

B, C ; and in B A , C A produped make 
A b equal te A B , and A c equal to A C •: 
join B C, b c, and let A D and D A pro
duced cut B C and b c respectively in D 
and d: take any point P in A P, and 
join PB, P C, P D, P b, P c, P d. Then, 
beeause in the triangles A B C , A b e , 
the two sides A B, A C are equal to the 
two A b , A c , each to each, and the in
cluded angles (1.3.) equal to one ano
ther, the base B C is equal to the base b c, and the angle A B C to the angle A b e (I. 4.); and because in the tri* 
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angles A B D , A b d the side A B is equal 
to the side A b, and the angles A B D, 
B A D (1.3.) equalto the angles Aid, 
b Ad, each to each, the side A D is 
equal to the side A d (I. 5.), and B D to 
b.d. Again, the triangles P A C, P A c 
have the two sides P A, A C of the 
one equal to the two P A, A c of the 
other, each to each, and the included 
angles right angles ; therefore the base 
P C is equal to the base P c (1.4.): and for 
the like reason, P B is equal to P b; and 
it was before shown that B C is equal to 
be: therefore, the triangles PBC, Bbc 
have the tirree sides of the one equal to 
the three sides of the other, each to each; 
therefore, also, the angle P B C is equal to 
the angle P b c (1.7.). And, because the 
triangles P B D, P b d have two sides P B , 
B D of the one equal to two sides P b, b d 
of the other, each to each, and the in
cluded angles P B D, P b d equal to one 
another, the bases P D , Pdare likewise 
equal (1.4.). Lastly, therefore, beeause 
the triangles P A D , P A d have the 
three sides of the one equal to the three 
sides of the other, each to each, the 
angles P A D , P A d are equal to one 
another, and (I def. 6.) P A is at right 
angles to A D . And because P A is at 
right angles to every straight line A D , 
which meets it in the plane B A C , it is 
at right, angles to that plane (def. 1.) 
Therefore, &c. 
Cor. 1. (Euc. xi. 5.) Any number 

of straight lines which are drawn at 
right angles to the same straight line 
from the same point of it, lie all of them 
in the plane which is perpendicular to 
the straight line at that point. 

Cor. 2. Hence, if the plane of a 
right angle be made to revolve about 
one of its legs, the other leg will describe 
a plane at right angles to the first leg. 
Prop. 4. 
If a straight line be perpendicular to 

zglane, and if from its foot a perpendi
cular be drawn to a straight line taken in 
the plane ; any straight line, which is 
drawn from a point in the. former per
pendicular to meet the foot of the latter 
oerpendicular, shall likewise be perpen
dicular to the straight line taken in the olane. Let the straight ine A B be perpen-licular to the plane C D E at the point B; let F G be a straight line taken n the plane C D E ; 

and from B let B IT be drawn per
pendicular to F G : take any point A 
in A B , and join A H : A H shall be 
perpendicular to F G. 

In H F take any point F, make H G 
equal to H F, and join A F , A G , B F, 
B G. Then in the triangles B H F, 
B H G , because the two sides B H, H F 
are equal to the two B H , H G , each to-
each, and the included angles right an
gles, B F is equal to B G (1.4.). Again, 
because A B is perpendicular to the plane 
C D E , the angles ABF, A B G are right 
angles (def. 1.): and because in the tri
angles A B F, A B G, the two sides A B , 
B F are equal to the two A B , BG, each 
to each, and the included angles right 
angles, A F is equal to A G (I. 4.). 
Therefore, lastly, because the triangles 
A H F , A H G have the three sides 
of the one equal to the three sides 
of the other, each to each, the angle 
A H F is equal to the angle A H G 
(I. 7.); and they are adjacent angles ; 
therefore, each of them is a right angle 
(I. def. 10.), and A H is at right angles 
to F G. ° b 
Therefore, &c. 
Cor. Hence, also, if a straight line 

be perpendicular to a plane, and if from 
any point of it a perpendicular be drawn 
to a straight line taken in the plane, the 
straight line which joins the feet of the 
perpendiculars shall likewise be perpen
dicular to the straight line taken in the 
plane. 
Prop. 5. (Euc. xi. 6 and 8.) 
Straight lines, which are perpendicv.-
lar to the same plane, are parallel: and, 
conversely, if there be two parallel 
straight lines, andif one of them be per
pendicular to aplane, the other shall be 
perpendicular to the same plane. 

Let the straight 
lines A B, C D be 
each of them per
pendicular to the 
plane E F G : A B 
shall be parallel to 
CD. 
Join B D ; and, 

in the plane E F G , 
from D draw D H perpendicular to B D : in A B take any point A, and join A D. Then, because A B is perpendicular to the plane E F G , and B D a perpendicular drawn from its foot to the line D H which is in that plane, A D is likewise perpendicular to D H (4.): and C D is perpendicular K 
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to D H, beeause it is perpendicular to 
the plane E F G (def. 1.): therefore, 
DB, DA, and D C lie (3. Cor. 1.) in one 
and the same plane. But B A lies in the 
plane of D B and D A: therefore, B A 
and D C lie in the same plane. Again, 
because A B and C D are perpendicular 
each cf them tp the plane E F G , they 
are perpendicular eaeh of them to the 
straight line B D (def. 1.). And beeause 
they are in the same plane and perpen
dicular to the same straight line, they 
are parallels (1.14.). 
Next, let AB, C D be parallels, meet

ing the plane E F G in the points B, D, 
respectively, and let A B be perpendicu
lar to the plane E F G : C D shall like
wise be perpendicular to it. 
Join B D, and draw, as before, in the 

plane EFG, D H perpendicular to B D; 
and, taking any peint A in A B, join 
AD. Then, as before, D A is (4.) perpen
dicular to D H. Therefore, D H is per
pendicular to the plane of AD, D B (3.). 
But C D is in that plane; because it is 
parallel to AB, and therefore in the same 
plane with A B andthepointD (l.Cor. 1.). 
Therefore C D is likewise perpendicular 
toDH (3). Again, because A B , C D 
are parallel, and that A B (being per
pendicular to the plane E F G ) is per
pendicular to B D, (def. 1.) C D is like
wise perpendicular to B D (I. 14.). 
Therefore, C D is perpendicular to each 
of the straight lines B D, D H, that is, 
it is perpendicular to the plane B D H 
(3.) or EFG. 
Therefore, &c. 
Cor. If from different points in the 

same straight line perpendiculars be 
drawn to the same plane, these perpen
diculars shall lie in one plane, and their 
feet in one and the same straight line: 
for the perpendiculars,, being parallel 
and passing through the same straight 
line, lie in one plane (1 Cor. 2.); and the 
common section of this plane with the 
first is a straight line (2.). ; 
Prop. 6. (Euc. xi. 9.) 
Straight lines which are parallel to 
the same straight line, though not both 
of them in one plane with it, are parallel 
to one another. 

A- / 
Let the straight 

lines A B, C D be 
each of them pa
rallel to the straight ^ "\ 
line E F , and not « ' 
in one plane with 
it; A B shall be parallel to CD. 
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In E F take any point G, and from G, 
in the plane of A B, E F, draw G H at 
right angles to E F; and from the same 
point G, in the plane of C D, E F, draw 
G K at right angles to E F. Then, be
cause E F is at right angles to each of 
the lines G H , G K , it is at right angles 
totheplaneHGK(3.). But A B and C D 
are each of them parallel to EF. There
fore, A B and C D are also at right an 
gles to the plane H & K (5.): and be
cause they are at right angles to the 
same plane, they are parallel (5.). 
Therefore, &e. 
Prop. 7. (Eup.xi. 11, 12, and 13.) 

A straight line may be drawn perpen
dicular to a given plane of indefinite 
extent from any given point, whether the 
given point be without or in the plane; 
but from the same point there cannot 
be drawn more than one perpendicular 
to the same plane. 
Let A be a point 

without the plane 
B C D: a perpendi
cular, and one only, 
may be drawn from 
the point. A to the 
plane B C D . 
IntheplaneBCD 

draw any. line E F, 
and from the point A draw A G perpen
dicular te E F: from G draw, in the 
plane B C D , G H perpendieular to E F ; 
and from A draw A H perpendicular to 
GH(I. 45.). Through H draw K L pa
rallel to E F (I. 48.), and therefore lying 
in the same plane with H and E F, that 
is, in the plane B C D . Then, because 
E F is at right angles to each of 
the straight lines A G , G H , it is at 
right angles to the plane A G H (3.); 
but K L is parallel to E F ; therefore 
K L is at right angles to the plane 
A G H , and the angle A H K i s a right 
angle (5.). And because A H is. at 
right angles to each of the straight lines 
K H , H G , it is at right angles to the 
plane K H G (3.),' that is, to the 
plane B C D . But from the same point 
A, there cannot be drawn any other 
straight line which is at right angles to 
the plane B C D ; fer if we suppose A G 
to be any other straight line drawn from 
A and meeting the plane B C D in G, and if H G be jeined, the angle A H G will be a right angle, and therefere (1.8.) the angle A G H less than a right angle; so that A G cannot (def. 1.) be at right angles to the plane B CD.^ 

-3f" 
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Next, let A be a 
point in the plane 
B C D : take any 
point A' without 
the plane, and from 
A' draw A' H' per
pendicular to the 
plane : then, if 
through A, A H be drawn parallel to 
A' H'"(I. 48.), A H will likewise (5.) be 
perpendicular tc the plane. And from 
the same point A. there cannot be 
drawn any other straight line perpendi
cular to the plane B C D : for, if A G be 
any other straight line drawn from A, 
and if the plane H A G cut B C D in 
the line K L (2.), the angle H A K 
will be a right angle, and therefore 
G A K will not be a right angle; so that 
A G cannot be at right angles (def. 1.) 
to the plane B C D . 

Therefore, &p. 
Prop, 8. 

From a point to a plane the perpendi
cular is the shortest distance: and of 
other straight lines which are drawn 
from the point to the plane, such as are 
equal to one another cut the plane at 
equal distances from the foot of the 
perpendicular; and such as are unequal 
.cut the plane at unequal distances from 
the foot, the greater being always fur
ther from the perpendicular; anflcon
versely. 

Let A be a point 
without the plane 
B C D , and let there 
fall from A to the 
plane, the perpen
dieular A E, any 
other straight line 
A F , the straight 
line A G whieh is 
equal to A F , and the straight line 
A H which is greater than A F ; and 
join E F, E G, E H : the perpendieular 
A E shall be less than the straight line 
A F ; the distance E G shall be equal tp 
the distance E F, and the distance E fi 
greater than the distance E F. 

For, in the first place, because A E 
is perpendicular to the plane B C D , the 
angle A E F is a right angle; wherefore 
A F E is less than a right angle (I. 8.), and in the triangle A E F (I. 9.) the side A E is less than the side AF. Next, because the angles A E F, A E G are both of them right angles (def. 1.), A E F and A E G are right-angled triangles which have the hypotenuse A F equal to the hypotenuse A G, and the side A E com-
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mon to both; therefore (I. 13.) the 
remaining sides E F , E G are equal to 
,pne anether. Lastly, because A E H is 
a right angle, the square of A H is 
equal te the squares of A E , E H (1.36 ); 
and for the like reason. the square of 
A F is equal to the squares of / E, E F: 
but the square of A H is greater than 
the square of AF, because A H is greater 
than A F: therefore, the squares of 
A E, E H are together greater than the 
squares ef A E, E F ; therefore the 
square of E H is greater than the 
square of E F, and E H is greater than 
EF. 
And hence, conversely, if the distances 

E F, E G be equal to one another, the 
line A F must be equal to the line A G ," 
for, if not, the distances EF, E G would 
be unequal: and in like manner, if the 
distance E H be greater than the dis
tance E F, the line A H must be greater 
than the line AF. 

Therefore, &c. 
Cor. If, from the centre A, a sphere 

be described with a radius less than the 
perpendicular A E, it will not meet the 
plane B C D : if with a radius equal to 
A E , it will meet B C D in one point 
only, whiph is the fppt pf the perpendi
eular ; and, if with a radius greater than 
A E , its surface will cut the plane, in 
the circumference ef a circle which 
has fcr its pentre the foot of the per
pendicular. 
Lemma. 

If, in two right-angled triangles, the 
hypotenuse of the one be equal to the 
hypotenuse of the other, but a side pf 
the first greater than a side pf the pfher, 
the angle ppppsite to that side shall be 
greater than the angle opposite to the 
side of the other ; and conversely. 
Let A B C , D E F be two right-angled 

triangles, whichhave the hypotenuse A C 
equalto the hypote
nuse D F, but the 
side A B of the first 
greater than the side 
D E of the other: the 
angle A C B shall 
likewise be greater 
than the angle D FE. Bisect A C and -•" D F in the points G and H respectively (1.43.): then, if G B and H E be joined, they will be equal respectively to the halves of A C and D F (1. 19. Cor. 4.), and therefore (I. ax. 5. equal to one another. And, because in the triangles G A B , H D E , the two sides K 2 
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A G , G B of the one are equal to the two 
D H , H E of the other, eaeh to each, but 
the base A B greater than the base D E, 
the angle A G B is (I. 11.) greater than 
the angle D H E. But the angle A G B 
is double of A C B, for A G B is equal 
to the sum of G C B and G B C (I. 19.), 
whieh are equal to one another, because 
G B is equal to G C (I. 6.) ; and for the 
like reason, the angle D H E is double of 
D F -E. Therefore (I. ax. 8.), the angle 
A C B is greater than the angle D F E . 

And hence, conversely, if A C B be 
greater than D F E , A B must also be 
greater than D E : for it cannot be equal 
to D E (I. 13.)'; neither, by what has 
been just demonstrated, can it be less 
than D E. 
Therefore, &c. 

Prop. 9. 
If a straight line be inclined to a 
plane, of all the angles which it makes 
with straight lines meeting it in that 
plane, the least shall be the angle of 
inclination; and, with respect to every 
other of these angles, a second angle 
may always be drawn which shall be 
equal to it, viz. upon the other side of 
the angle of inclination; but there can
not be drawn in the plane more than 
two straight lines with which the in
clined straight line shall make equal 
angles, one upon each side of the angle 
of inclination. 
Let the straight line A B be inclined 

to the plane C D E at the point B: 
from any point A in A B, draw A F 
perpendicular to the plane C D E (7.), 
and join B F, so that A B F may be the 
angle of inclination (def. 2.); and let B G 
be any other straight line in the plane 
C D E passing through the point B: 
the angle A B F shall be less than the 
angle A B G . 

From the point 
F draw F G per
pendieular to B G, 
and join A G. 
Then, because A F 
is perpendicular 
to the plane in 
which B G lies, 
and that F G is 
drawn from the point F perpendicular to B G, A G is likewise perpendicular to B G (4.). And, because in the right-angled triangles A F B, A G B , the hypotenuse A B is common to both, but the side A E of the first less than the side 

A G (8.) of the other, the opposite angle 
A B F is likewise less than the angle 
A B G , by the foregoing Lemma. 
Also, from the point B in the same 

plane C D E , there may be drawn a 
straight line B H , making an angle with 
A B equal to the angle A B G , viz. upon 
the other side of the angle A B F . For, 
if the angle F B H be made equal to the 
angle F B G, then, drawing F H perpen
dicular to B H , and joining A H , A H 
will likewise be perpendicular to B H 
(4.); and, because in the right-angled 
triangles F G B , F H B, the hypotenuse 
F B is common to both, and the angle 
F B G equal to the angle F B H , the 
opposite side F G is equal to F H 
(I. 13.): therefore, also, (8.) A G is 
equal to A H : and, because in the 
right-angled triangles A G B , A H B the 
hypotenuse A B is common to both, 
and the side A G equal to the side A H, 
the angle A B G is likewise equal to the 
angle A B H (1.13.). 
B ut, lastly, there cannot be drawn in the 

plane C D E more than two straight lines 
B G, B H, with which the straight line 
A B shall make equal angles. For, if B K 
be any other straight line, then, drawing 
F K perpendicular to B K, and joining 
A K, A K will likewise be perpendicular 
to F K (4.): and, because in the right-
angled triangles F H B , F K B , the hy
potenuse F B is common to both, but 
the angle F B H not equal to the angle 
F B K, the side F H is not equal to the 
side F K (Lemma): therefore (8.) A H is 
not equal to A K ; and, because in the 
right-angled-triangles A H B , A K B , 
the hypotenuse A B is common to both, 
but the side A H not equal to the side 
A K, the angle A B H is not equal to 
the angle A B K (Lemma). 

Therefore, &c. 
Cor. If three straight lines lie in the 

same plane and meet in the same point, 
and if a fourth straight 
line stand at equal 
angles to the three at 
that point; the equal 
angles shall bs right 
angles, and the fourth 
straight line shall be 
at right angles to the three. 

plane 

Prop. 10. 

If one straight line be parallel to 
another, it shall likewise be parallel to 
any plane which passes through thai 
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other ;* and if a straight line be paral
lel to a plane, it shall be parallel to 
the line in which any plane passing 
through it cuts the first plane. 
Let the straight line A B be paral

lel to C D, and 
let E F G be a. b 
any plane pass
ing through Er— 
C D : the line c-
A B shall be I 
parallel to the a 
plane E F G . 

For, since A B is in the plane of A B, 
C D (I. def. 12.), if it meetthe plane E F G 
at all, it must meet it in the plane of A B , 
C D, and therefore in some point of the 
line C D which is the common section 
of the two planes. But A B cannot 
meet C D , being parallel to it. There
fore neither can it meet the plane 
E F G , that is, it is parallel to the plane 
E F G (def. 3.). 
Next, let A B be parallel to the 

plane E F G , and let C D be the line 
in which any plane passing through 
A B cuts the plane E F G : A B shall 
be parallel to C D. For if not, it must 
meet it in some point. But in the same 
point it would meet the plane E F G , 
to whieh it is parallel: which is im
possible. Therefore A B is parallel te 
CD. 

Therefore, &c. 
Cor. I. If two straight lines be pa

rallel, the c o m m o n section of any two 
planes passing through them shall be 
parallel to either of them. For, by the 
first part of the proposition, one of the 
lines is^ parallel to the plane which 
passes through the other; and, there
fore, by the second part of the pro
position, it is parallel to the tine in 
which the plane passing through itself 
cuts the plane passing thrcugh the 
ether. 

Cor. 2. If twe straight lines, whieh 
put pne another, be parallel, eaeh pf 
them, to the same plane ; the plane of 
the two straight lines shall be parallel 
to that plane. For should the planes 
meet, their c o m m o n section would, by 
the proposition, be parallel to each of the cutting straight lines; which is impossible. (1.14. Cor. 2.) • It is possible that a plane may pass through the second straight line, and also through the first, which is supposed' to be parallel to it: in this ease, it is evident that the latter, is not, as is predicated in the proposition,parallel to such plane,butlies altogether in it. The enunciation must, therefore, be understood with the exception of this particular case. 

Section 2.—Of Planes which are pa
rallel, or inclined, or perpendicular to 
other Planes. 

Prop. 11. (Euc xi. 14.) 
Planes, to which the same straight 

line is perpendicular, are parallel: and, 
conversely, if two planes be parallel, 
and if one of them be perpendicular to 
a straight line, the other shall be per
pendicular to the same straight line. 

Let the straight line A B be perpendi
cular to each of the planes C D E , 
F G H : the plane C D E shall be pa
rallel to the plane F G H . 

For, if they are not parallel, let them 
meet one another, and let K be any 
point of the common secticn. Join 
K A , K B . Then, because A B is per
pendieular to the plane C D E , the 

» IT 

angle K A B is a right angle (def. 1.); 
and, because the same A B is perpen
dicular to the plane F G H , the angle 
K B A is a right angle: therefore, two 
angles of the triangle K A B are to
gether equal to two right angles ; which 
(I. 8.) is impossible. Therefore, the 
planes do not meet one another, to what
ever extent they may be produced, that isj 
(def. 6.) they are parallel to one another. 
Next, let the plane C D E beparallel 

to the plane F G H , and from any point 
A of the first let A B be drawn perpen
dicular to the other plane F G H : A B 
shall likewise be perpendicular to C D E . 
For, if not, (def. 1.) there must be some 
line in the plane C D E which meets the 
line A B, and does not make a right 
angle with it: let K A be such a line, and 
let the plane K A B cut the plane F G H 
in the straight line B L (2.). Then, be
cause A B is at right angles to Ihe plane 
F G H , the angle A B L is a right angle: 
but B A K is not a right angle : there
fore the straight lines A K and B L 
will meet, if produced, in some point (I. 
15. Cor. 4.) which will be common to 
both the planes; and, beeause the 
planes meet one another in this point, 
they cannot be parallel, which is contrary to the supposition. Therefore the straight line A B makes a right angle with every 
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straight line meeting it in the plane 
C D E , that is, it'is (def. 1.) at right 
angles to the plane C D E . 

Therefore, &c. 
Cor. 1. Through any given point a 

plane may be drawn, and one only, 
which- shall be parallel to a given plane. 
For a perpendicular A B, may be drawn 
from the given point, A to the given 
plane F G H (7.); and from the same 
point A there may be drawn in two 
different planes straight lines at right 
angles to this perpendicular ; the plane 
of which straight lines (3.), and evi
dently none other which passes through 
the given, point, is, perpendicular to the 
straight line A B, and, therefore parallel 
to the given plane F G H . 
. Cor. 2. Planes, which are parallel to 
the same plane, are parallel to one 
another. 
Prop. 12. "(Euc. xi. 16.) 
If parallel planes be cut by the same 
plane, their common sections with it 
shall be parallels. 

For, these common sections lying one 
of them in one of the planes, andthe other 
in the other, cannot 
meet one; another, 
unless the planes 
meet one another; 
which they do not, 
because they are 
parallel: also, the ̂  ' 
common sections lie 
in the same, (viz the cutting) plane: 
therefore they are parallels (I. def. 12.). 

Therefore,. &c. 
Cor. If two planes which cut one 

another be parallel to other two which 

[IV. § 2; 

Prop. 13. 

4 
r 

j 

cut one another, each to each, the 
common sections A B and C D of the 
first two arid second two. shall be paral
lels. For, if one of the first two planes 
be produced to meet that one of the 
second two, to which it is not parallel 
(11. Cor. 1.), in the straight line E F (2.), 
E F will be parallel both to A B and 
C D ; therefore (6.) A B and Ct> are 
parallel to one another. 

If two parallel straight lines be cut 
by two parallel planes, the parts of the. 
straight lines which are intercepted 
between the planes shall be equal to 
one another. 

For, if the plane of the parallels be 
drawn to cut the two parallel planes, the 
common sections will be parallel (12.), 
and will therefore in
clude, together with I 
the parts in question, / \~ 
a parallelogram; of \ 
whieh the, parts in / \ 1 7 
question are opposite L / 
sides, and therefore 
are equal to one another (I. 22.). 

Therefore, &c., 
. Cor. 1. Parallel planes are every 

where equidistant (5.). 
Cor. 2. If, from any number of points 

in the same plane, there be drawn with
out the plane as many equal and pa
rallel straight lines, the other. extre
mities of these straight lines shall lie in 
a second plane parallel to the first. 
Prop. 14. (Euc. xi. 17.) 

If any two Straight lines be. cut by 
three parallel planes; the parts of the 
Straight lines, which are intercepted by 
the planes, shall be to one another in 
the same ratio. 

Let the straight lines AB,' C D be 
out by the parallel planes G H, K L, 
M N in the points A, E, B; and C, F, D 

n 
Y~i 

m ' % 
•^&M ,/L 

\ • 

*f svi A 

respectively: A E shall be to E B as 
CFtoFD. . ,„ 
Join A D , and let it out the plane 

K L in 0: and join O E, OF, A C , 
B D. Then, because the parallel planes 
K L, M N are cut by the plane of the 
triangle A B D , the common sections 
E 0, B D are parallel (12.): there
fore (II. 29.) A E is to E B as A O 
to O D. Again, beeause the parallel 
planes G H, K L are put by the plane 
ef the triangle D A C, the common, 
sections A C, O F are parallel ; and 
therefore (II. 29.) C F is to F D as 
A O to O D . Therefore (I. 12.) A E : 
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Therefore, &c. 
Cor. If straight lines be drawn to a 

plane from any point without it, and 
if each of these straight lines, or each 
of them produced, be divided in the 
same ratio towards the same parts ; the 
points of division shall all lie in a seeond 
plane parallel to the first. 
Prop. 15. (Euc. xi. 10 and 15.) ] 
If two straight lines, which meet one 
another, be parallel respectively to two 
other straight lines, which meet one 
another, but are not in the same plane 
with the first two; the contained angles 
shall be equah* and their planes pa
rallel. 

Let the straight lines A B , A C , 
which meet one another in A, be pa' 
rallel respectively to the straight lines' 
D E, D F, which meet 
one another in D. 
the angle at A shall 
be equal to the angle 
at D, and the plane 
B A C shaU be pa
rallel to the plane 
EDF. 
In the straight tines A B , A C take 

any points B, C : make D E equal to 
A B and D F equal to A C , and join BC, 
E F , A D , B E , C F . Then, because 
the straight lines A B , D E are equal 
and parallel, B E is equal to A D and 
parallel to it (I. 21.): and for the 
like reason C F is equal to A D and 
parallel to it: therefore also C F, B E 
are equal and parallel (I. ax. i. and 
6), and Consequently (I. 21.) B C is 
equal and parallel to E F. Therefore, 
because the triangles' A B C , D E F 
have the three sides of the one equal 
* It will be observed that this proposition is an 
extension of I. 18. to the case in which the sides of 
the one angle are not in the same plane with the 
sides of the other; In order to exclude the case in 
which the angles would be supplementary, not equal, 
to one another, it was required,in,the,enunciation of 
I. 18„ that the parallel sides'should be " in the same 
order" or direction from one another; arid a similar 
limitation for the same purpose is obviously necessary 
in the proposition before us. In the 'former case, a 
very simple criterion is afforded by the positionof the 
angles relatively to the joining line B E (see the figure of 1. 18.); for, in order that the angles may be equal, the sides which are parallel ought to be, each pair, upon the same side, or each pair upon opposite sides, of the joining line B E ; for, if one pair lie towards the same parts, and the other towards opposite parts, the angles will be, not equal, but supplementary. And the present case admits of acritenon equally simple; for, in the case of equality, the parallel sides lie, each pair, upon the same side, or each pair upon opposite sides-, of any plane which passes through B E ; whereas, when the angles are supplementary to one another, one pair of parallel sides, lie towards the same parts of any such plane, and the other pair towards opposite parts. 

to the three sides of the other, e a c h 
to each, the angle B A C is equal to 
the angle E D F (1.7.). A g a i n , because 
the straight line A B is parallel to D E , 
it is parallel to the plane E D F ( 1 0 ) ; 
a n d for the like reason A C is parallel 
to the s a m e plane: therefore (10. Cor. 2.) 
the plane B A C is parallel to the plane 
EDF. 
Therefore, &c. 
Cor. If the planes, which contain a 

dihedral angle, be cut by two parallel 
planes, equal angles shall be intercepted 
in the latter: for the lines which con 
tain them are parallel (12.). 
Prop. 16. 
If two planes cut one another, and 
if other two likewise cut one another, 
and if the rectilineal angle which is 
contained by perpendiculars drawn in 
the two first to their common section 
from the same point of it, be equal to 
the rectilineal angle contained by per
pendiculars similarly drawn in the other 
two ; the dihedral angles shall be equal 
to one another. 
Let the two planes A B C , D B C 

out one another in the straight line A 

B C, and let the two E F G, H F G cult 
one another in the straight line F G ; 
also, let the angle A B D which is 
contained by perpendiculars to B C 
drawn in the two first planes from the 
point B, be equal to the angle E F H 
which is contained by perpendiculars 
to F G drawn from the point F in the 
two others: the dihedral angle A B 
C D shall be equal te the dihedral 
angle E F G H . 

For, if the point B be made to coin
cide with the point F, the straight line 
B C with F G , and the plane A B C 
with the plane E F G , the straight line 
A B will coincide with E F, because 
the angles A B C, E F G are right an
gles (I. 1.). Also, because B D is per
pendieular to B C, it will be (3 Cor. 1 ) 
in the plane E F H which (3.) is at 
right angles to F G, and therefore 
B D will coincide with F H, because the angle A B D is equal te the angle E F H . Therefore the plane 
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C B D coincides with the plane G F H . 
And, because the planes A B C, D B C 
coincide with the planes E F G, H F G 
respectively, the dihedral angle A B C D 
coincides with the dihedral angle E F 
G H, and is equal to it. 
v Therefore, &c 
Prop. 17. 
Any two dihedral angles are to one 
another as the angles contained by per
pendiculars drawn as in the last pro-

Let A B C D , E F G H be any two 
dihedral angles, and let' A B D and 
E F H be the angles of the perpendi
culars A B , B D and EF, F H drawn 

A 
y 

f 
B e> 

as in the last proposition: the dihedral 
angles shall be to one another as the 
angles A B D , E F H . , 
' For, if the angle E F H be divided 
into any number of equal angles by 
the straight lines F e, & c , which straight 
lines, being in the plane of the angle 
E F H , are all of them perpendicular to 
the common section F G (3.), the dihedral 
angle E F G H will be divided into the 
same number of equal dihedral angles by 
the planes G F e, &c. (16.). And, if the 
angle E F e be contained in A B D any 
number of times with a remainder less 
than E F e, the dihedral angle E F G e 
will be contained in A B C D the same 
number of times with a remainder less 
than EFGs(16.). And this will be the 
case, how great soever be the number 
of parts into whiph the angle E F H is 
divided. Therefore (II. def. 7.), the 
dihedral angle A B C D is to the dihe
dral angle E F G H as the angle A B D 
to the angle E F H. 

Therefore, &c. 
Cor. If one plane be at right angles 

to another, the perpendiculars to the 
common seetipn, which are drawn in 
the two planes from the same point of 
the common section, will be at right an
gles to one another; and conversely. 
Scholium. Hence a dihedral angle is said to be measured by the plane angle of the per

pendiculars. And, in thus measuring 
the dihedral angle, it is indifferent from 
what point of the common section the 
perpendiculars are drawn; for, if any 
two points be taken, the planes of the 
two pairs of perpendiculars drawn from 
these points will be (3.)perpendicular to 
the common section, and therefore pa
rallel (11.); and ithas been seen(15.Cpr.) 
that, if a dihedralangle be cut by parallel 
planes, the intercepted angles will be 
equal to one another. 

It has been already stated (17. Cor.) that 
a dihedral right angle is measured by a 
plane right angle: it follows that a dihe
dral obtuse angle is measured by a plane 
obtuse angle, and a dihedral acute angle 
by a plane acute angle. 

Many prepositions with regard to put
ting planes are readily derived from this 
mode of measuring dihedral angles. Of 
these the foUowing only need here be 
mentioned: 

1. If two planes out one another, the 
vertical dihedral angles will be equal. 

2. If a plane fall upon two parallel 
planes, it shall make the alternate dihe
dral angles equal to one another, the 
exterior dihedral angle equal te the in-
teripr and ppposite upon the same side, 
and the two interier dihedral angles upon 
the same side together equal to two right 
angles. 
3. Of .two dihedral angles, if the 

planes]of the one be parallel to. the planes 
of the other, or perpendicular to the 
planes of the other respectively, the two 
dihedral angles shall be equal.* 

4. If two planes cut one another, and 
if perpendiculars be drawn to them from 
any the same point, the adjacent angles 
contained by the perpendiculars shall 
measure respectively the adjacent dihe
dral angles contained by .the two planes. 
Prop. 18. (Euc. xi. 18.) 
If one plane be perpendicular to ano
ther, any straight line which is drawn 
in the first plane at right angles to their 
common section shall be perpendicular 
to the other plane: and, conversely, if a 
straight line be perpendicular to aplane, 
any plane which passes through it shall 
be perpendicular to the same plane. 

* It hemg provided also, lhat. the parallel planes 
lie, each pair, upon the same side, or each pair upon 
opposite sides of the plane which passes throuo-h the 
common sections (A B, C D in the figure of 12. I'or ) ; 
lor, if one pair lie towards the same parts, and the 
other pair towards opposite parts of that plane, the 
dihedral angles will be supplementary, not equal to 
one another. See the note at Prop. 15. 
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• Let the plane 
A B C be perpendi
cular to D B C , and 
let any straight line 
A B be drawn in 
the plane A B C per
pendieular to the 
common section 
B C : the straight 
line A B shall be perpendicular to the 
plane D B C . From the point B, in 
the plane D B C , let B D be drawn at 
right angles to BC. Then, beeause the 
planes are at right angles to one ano
ther, the angle A B D is a right angle 
(17. Cor.): but A B C is likewise a 
right angle; therefore (3.) A B is per
pendieular to the plane D B C . 
Next, let the straight line A B be per

pendicular tp the plane B C D ; and let 
A B C be any plane passing through 
A B : the plane A B C shall be perpen
dicular tc B C D. 
Let B C be the common secticn of the 

two planes ; and, from the point B, in 
the plane B C D , draw B D at right 
angles to BC. Then, beeause A B 
meets the line B D drawn in the plane 
te which A B is perpendicular, the angle 
A B D is a right angle (def. 1.). But 
the angle A B D is contained by straight 
lines drawn in the two planes perpen
dicular to then- common section B C. 
Therefore (17. Cpr.) the dihedral angle 
A B C D is likewise a right dihedral 
angle, and the plane A B C is perpen
dicular to B C D. 
Therefore, &e. 
Cor. 1. If through the same point 

there pass any number of planes per
pendieular tp the same plane, they shall 
all ef them pass through the same 
straight line, viz. the perpendicular 
which is drawn from the point to the 
plane. 

Cor. 2. Euc. xi. 19. If two planes, 
which cut one another, be each of them 
perpendicular to a third plane, their 
common section shall be perpendicular 
to the same plane. 
Prop. 19. (Euc. xi. 20.) 

If a solid angle be contained by three 
plane angles, any two of these shall be 
together greater than the third. Let the solid angle at A be contained by the three plane angles B A C , BAD, CAD: any two of them, as BAC, BAD, shall 
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be together greater than the third 
CAD. 
If one of the angles B A C , B A D 

be greater than C A D , or equal to it, 
the proposition is evident; for this, to
gether with the other, must be greater 
than C A D . 
But, if the angles B A C , B A D be each 

of them less than C A D , from the angle 
C A D cut off the angle C A E equal to 
B A C ; in A B take any point B, make 
A E equal to A B ; through E draw 
any line C E D, not parallel to A C or 
A D, and therefore cutting A C, A D in 
the points C, D respectively ; and join 
B C, B D. Then, because the triangles 
A B C , A E C have two sides of the' 
one equal to two sides of the other, 
each to each, and the included angles 
B A C , E A C equal to one another, 
the base B C is equal to the base E C 
(I. 4.): but B D and B C are together 
greater than D C, (I. 10.) that is, than 
D E and E C : therefore B D is greater 
than E D. And, because in the trian
gles A B D , A E D the two sides A B , 
A D pf the one are equal to the two sides 
A E , A D of the other, each to each, but 
the base B D greater than the base E D, 
the angle B A D is greater than the 
angle E A D (I. 11.). Therefore, B A C , 
B A D together are greater than E A C , 
E A D together, that is, than C A D . 
Therefore, &c. 
Cor. If three plane angles form a 

solid angle, any pne pf them shall be 
greater than the difference ef the other 
two. 
Prop. 20. (Euc. xi. 21.) 
If a solid angle be contained by any 
number of plane angles; these shall be 
together less than four right angles. 
Let the solid an

gle at A be con
tained by any num
ber pf plane angles 
BAC,CAD,DAE, 
EAF, FAB: these 
shall be tegether 
less than fpur right 
angles. 

Let the edgê s ef the solid angle be cut, 
by any the same plane, in the points B,C, D, E, F respectively, and therefore the planes which contain it in the straight lines B C , C D , D E , E F, F B (2.), which together contain the rectilineal figure B C D E F. Then, because the triangles A B C , A C D , &c. are as many, in number, as the sides of the figure, the angles 
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of these triangles are (I. 19.) together 
equal to .twice as many-right angles as 
the figure has sides. But the angles of. 
these triangles are thoSe which contain 
the solid Irigle at A, together with the 
pairs of angles' at the points B, O, D, 
&e.; and twice- as many right angles as 
the figure has sides are equal to four 
right angles together with the angles 
of the figure (I. 20.). Therefore, the 
angles at A, together with the pairs of 
angles at B, C, D. &c. are equal to four 
right angles together with the angles of 
the figure B C D E F. But, because the 
solid angles at B, C, D, &c. are each 
of them contained by three plane angles, 
any ,twb of which are (19.) together 
greater than the third, the pairs Of an
gles at B, C, D, &c. are together greater 
than the angles of the .figure B C D E F." 
Therefore, the angles at A are together; 
less than four right angles. 

Therefore, &c. 
Cor. It follows from this proposition 

that there cannot be liiore than five regu
lar solids. For the solid angles of a regu
lar solid are contained by the plane an
gles of equilateral triangles, or of squares, 
or of regular pentagons, &c. (def. 9.). 
Nbw, six angles of equilateral triangles 
are together equal to four right angles 
(I. 19.): therefore, only three, Or four, 
or five, of such angles, may be taken 
to form a solid angle; and, accord
ingly, there cannot be more than three 
different regular solids, whese faces are 
equilateral triangles. Again, three an
gles of squares may be taken to form 
a solid angle ;. but four angles of 
squares are equal to four right angles 
(I. def. 20.). Lastly, three angles of 
regular pentagons may be taken to form' 
a solid angle, for these are together less 
(I. 20.) than four right angles. But, be
cause the angle of a regular pentagon is 
greater (I. 20.) than that of a square, 
four angles of a regular pentagon are 
greater than four right angles, so that 
not more than three of them can be taken 
to form a solid angle. With regard to 
the regular hexagon, and other regular 
figures that have a still greater number 
of sides, three angles of a regular hexagon are equal to four right atigles, and those of the others still greater (I. 20.). It appears, therefore, that there cannot be mere than five regular solids; of which, if there be so many, three will be included by equilateral triangles, one by squares, and one by regular pentagons, It will be seen in the section of problems, that all of these may be constructed, and 
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that they are contained by 4, 8, 20, 6, 
and 12 faces respectively. 
The further consideration of solid 

angles is deferred to Book vi., where we 
shall find that the investigation of their 
properties is greatly facilitated by means 
of the spherical surface described ah'tiut 
the angular point, and that they are, 
indeed, perfectly analogous to the prd< 
perties of triangles' upon stich a surface". Section 3.—Of Solids contained by 

'Prop. 21. 
If two triangular prisms have aprin-. 

cipal edge, of the one equal to a principal 
edge of the other, and the dihedral an
gles at those edges equal to one another, 
and likewise the sides which contain. 
those dihedral angles equal, each to 
each ; the two prisms shall be equal to 
one another. 

Let A B C D E F, a b c def be two tri
angular prisms which have the edge A B 
equal to the edge a b, the dihedral angle 
D A B E equal to the dihedral angle 
dabe, and the.sides A C , A F equal to 
the sides a c, af each to each: the prism 
A B C D E F shall be eqdal to the prism 
abedef. 

. First, let the angle A B C be equal to 
the angle a be, and the angle A B F to 
the^angle abf, so that the sides A F , 
A C are similar and similarly placed 
to the sides af, a c, eaeh to each. Then, 
if the straight line A B be made to coin
cide with the straight line a b, which is 
equal to it, and the plane A F with the 
plane af, the plane A C will also coin
cide with the plane ac, because the 
dihedral angle D A B E is equal to the 
dihedral angle d a b e . also the lines 
B C , B F will coincide with the lines b c, 
^/respectively; and therefore the lines 
t t u ' wllicn are parallel and equal 
to the former, each te each, will coin
cide respectively with the lines ad, ae, 
which are parallel and equal to the 
latter: therefore the prism A B C D E F 
will coincide with the prism a b cdef. 
And because the two prisms may be 
made to coincide, they are equal to one another (I. ax. 11.). 
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Next, let the sides A C , acbe equal 
and similar, and the sides A F, af equal 
but dissimilar. Make the angle A B G , 
in the plane A B F , equal to the angle 
a bf; complete the parallelogram A B 
G H ; and join C G, D H. Then because 
G H is equal and parallel to A B (1.22.), 
which is equal and parallel to C D, 
the three, A B , C D , G H are equal 
and parallel, and, therefore, (def. 14.) 
A B C D H G i s a triangular prism.. 

^ H 

Also, the parallelogram A H G B is equal 
to the parallelogram A E F B (I. 24.), 
that is, to the parallelogram a e f b; 
and the parallelogram A D C B is equal 
to. the parallelogram a deb, by the 
supposition. Therefore, because the 
sides AC,, A G bf this new prism, are 
respectively equal, similar, and similarly 
placed to the sides ac, a f of the prism 
a b c d ef, it is equal to the prism 
abedef, by the former ease, Agwa, 
because H G is equal to D C, that is .to. 
E F , H E is equal to G F , and may be 
made to coincide with it; also the di
hedral angle A E H D is equal to the 
dihedral angle B F G C, and may be 
made to coincide with.it; in which case, 
also, the angles H E D, H E A will co
incide with the angles G F C , G F B , 
which (t. 15.) are equal to them respec
tively, and the lines E D , E A with the 
lines F C, F B , which are equal to them 
respectively (I. 22.). Therefore the 
solid H E A D , whieh is bounded by the 
four triangular planes H D E, H D A, 
H E A, E A D, may be made to coincide 
with the solid G F B C, which is bounded 
by the four triangular planes G C F, 
G C B, G F B , F B C, and (I. ax. 11.) is 
equal to it; and, therefore, adding the 
solid A B C D H F to each, vthe prism 
A B C D E F is equal to the prism A B C 
D H G , that is( to the prism abcdef. 

Lastly, let the. sides,AC, ac, as also 
A F, af, be equal, but dissimilar. Make 
the parallelogram A G similar to af, 

^ a x j ^ 

and complete the triangular prism A B 
C D H G, as in the preceding case. Then, 
it is evident that the prism A B C D H G 
is equal to each of the prisms A B C D 
E F , a b cdef; to the former, because 
the side A C is common to both, and the 
other sides A G , A F are equal to one ano-, 
ther; and to the latter, because the sides 
A G , af are equal and similar (I. 24. 
and I. ax. 1.), and the other sides A C , a c 
equal to one another. Therefore (I. ax. 1.) 
the prism A B C D E F is equal to the 
prism abed ef.' 

Therefore, &e. 
Prop. 22. (Euc. xi. 24 and 28:) 

The opposite faces of a parallelopiped 
are similar arid equal parallelograms : 
also any two of its opposite edges are 
parallel to one another; and the plane 
which passes through Ihern bisects the 
parallelopiped. 

Let A a be a paral
lelepiped, and C D, 
cd any twp opposite 
faces; they shall be 
similar and equal pa
rallelograms. They 
are parallelograms, for the opposite sides 
of each, as A C, D b, being sections of, 
parallel planes by the same plane, are 
parallel (12). Again, their cbrre-
spending sides, as A D , Be, are equal 
te one another, because they are oppo
site sides of a parallelogram A B c D 
(I. 22.); and their corresponding angles, 
as C A D , d B c are equal to one another, 
because they are intercepted upen pa
rallel planes C A D , d B c by the planes. 
pf.the same dihedral angle C A B D 
(15. Cor.): therefore the parallelograms 
C D , cd are,equal and similar. 
Also, any two of the opposite edges of 

the parallelopiped, as A C, ac, are pa
rallel to one another; for they are the 
epirtnion seotipns ef parallel planes, 
namely, the opposite faces of the paral
lelopiped (12. Cor.). 

Lastly, therefore, let the parallelo
piped be divided by the plane of any two 
opposite edges A C , ac, into the two 
triangular prisms d B A C a c , 6 D A C 
dc: these prisms shall be equal to one 
another. For the edges 6D, dB, being 
each of them equal to C A (I. 22.), are equal to,one another; and the dihedral angles at those edges are likewise equal (17. Sohplium, 3.) and the sides which contain them are equal, each to each, because they are opposite faces of the parallelepiped, Therefpre the prisms are equal te pne another (20.). 

http://with.it
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Therefore, &p. 
Cor. 1. If a triangular prism be epm-

pleted intp a parallelepiped (whieh may 
be dpne by ppmpleting its triangular 
bases into parallelograms), the prism 
shall be equal to half theparallelopiped. 
. Cor, 2. If a pa-
rallelppiped be put 
by twp planes whieh 
are drawn parallel 
respeetively to two of 
its adjoining faces, 
the line of their in
tersection will be parallel to the edge 
made by those faces (12. Cor.); and if 
that line be in the diagonal piane, and 
the parallelopiped be thus divided into 
four parallelopipeds, two of which 
are about the diagonal plane ; the 
other two which, together with the for
mer, make up the whole parallelopiped, 
shall be equal to one another. For, as 
in I. 23, the whole parallelopiped, and 
the two parts which are about the di
agonal plane, are bisected by that plane. 
'Scholium. 

It is worthy of remark, that " the 
four diagpnals pf a parallplppiped pass 
through the same peint, and that the 
sum of their squares is equal to the sum 
of the squares of the twelve edges." 
For, if the diagonal planes whieh pass 
through A C, a c and 
B D, b d intersect 
one another in the 
line E F,' the figures 
A C a c and BT>bd 
will be parallelo
grams, having their opposite sides bi-
seeted by the line E F , (I. 22.); where
fore, the diagonals of each (which are 
the same with the diagonals of the pa
rallelopiped), as, for instance, A a, will 
bisect E F ; because the triangles A E G , 
a F G having the angles of the one equal 
to the angles of the other, each to each 
(I. 15.), and the side A E equalto the 
side a F, the side E G is likewise equal 
to the side F G (I. 5.). Therefore, the 
four diagonals of theparallelopiped pass 
through the same point, viz. the middle 
point of EF. And again, because A C a c 
and B D b d- are parallelograms, the 
squares of their four diagonals are (1.41. Cpr.) together equal to the squares of A C, a c, A c, a C, and B D, b d, B d, b D, that is to say, to the squares of the four edges A C, a c, B d, b D, together with the squares of Ac, B D, and «C, b d, which are the diagonals • of the parallelograms A B c D and a b C d respec

tively ; that is, to'the squares (1.41. Cor.) 
of the twelve edges, whieh are made up 
of the sides of these parallelograms, and 
the four edges before mentioned. 
Prop. 23. (Euc. xi. 29 and 30.), 

Parallelopipeds upon the same base, 
and between the sameparallelplanes, are 
equal to one another. 
Let A B C D be the common base of 

two parallelopipeds, which have their 
opposite bases E F G H and K L M N 
lying in .the same plane: the two paral
lelopipeds shall be equal to one another. 

Since E F and K L are both parallel 
to A B, either they 
are parts of the same y M w * 
straight line, or they 
are parallel to oneIv< 
another (6.). And 
first let them lie in the 
same straight line. 
Then, beeause L M 
and E H are equal and parallel to B C, 
and therefore to one another (I. ax. 1. 
and 6.), M H is parallel to L E o r K F 
(I. 21.), and M N , G H lie in the same 
straight line with M H and with each 
ether. Therefore, the sides A L , D M , of 
the one parallelopiped, are in the same 
planes with the sides A F , D G of the 
other, eaoh with each. And because the 
bases K M , E G are equal each to the 
base A C (22.), they are equal to cne 
anpfher. Therefore, also, the parallelo
gram K H is equal to the parallelogram 
L G. And because the triangular prisms 
KNHEAD, LMGFBC have the 
edges K N , L M equal to one another, and 
the dihedral angles at those edges equal 
(17. Scholium, 2.), and the sides con
taining those angles equal (22.), each to 
each, they are equal to one another (21.): 
but, if the first of these prisms be taken 
from the whole solid A D N K F G C B , 
there remains the parallelopiped A G ; 
and if the other be taken from the same 
solid, there remains the parallelopiped 
A M : therefore the parallelopiped A G 
is equal to the parallelopiped A M. (I. 
ax. 3. ) 
Next, let E F, K L not be in the same 

straight line. Let the planes A D H E , 
B C G F be produced to meet the planes A B L E , D C M N , themselves produced if necessary, and let the parallelo-piped A P be epmpleted* by producing * In this case the sides of the parallelopiped to be completed are already drawn, viz. by producing the sides of the para lelopipeds A M , A U ; and, to com-Plete the parallelopiped, it is only necessary to draw the upper base by producing the plane of E F G H and 
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the plane of the- upper bases E F G H , 
K L M N . Then, by the former case, 
the parallelopiped A G is equal to A P, 
because O P , F G are in the same 

straight line; and, for the like reason, 
the parallelopiped A M is equal to the 
same A P. Therefore (I. ax. 1.) the 
parallelopipeds A G , A M are equalto 
one another. 
Therefore, &c. 

Prop. 24. (Euc. xi. 31.) 
Parallelopipeds upon equal bases, and 

between the same parallel planes, are 
equal to one another. 
Let A G , K Q be two parallelopipeds 

upon equal bases A B C D , K L M N , 
and between the same parallel planes; 
the parallelopipeds A G, K Q shall be 
equal to one another. 
The bases A B C D , K L M N are 

either similar, or equiangular, or not 
equiangular. 
In the first ease, since they are equal 

as well as similar, they may be made tc 
poincide; and thp parallelepipeds will 
then stand uppn a common base, and 
between the same parallel planes: there
fore they are equal to one another. 

Secondly, let them be equiangu
lar, and not similar, having the angle 
at B equal to the angle at L; and 
therefore, also, their pther angles equal, 
each tc each, (1.15. and I. ax. 3.). Prc-

KX.MN to cutthe sides. It maybe observed, how
ever, that a parallelopiped can always be completed 
when its base A B C D and one of its principal edges 
A E are given, viz. by drawing the side-planes EAB, 
EAD, and then through BC, CD the side-planes BG, 
CH parallel to E A D and EAB* respectively, and, 
lastly, through thB point E, the upper base E G pa
rallel to ABCD. This operation is analogous to that 
by which a parallelogram is completed from two adjoining sides (see note, page 17) ; and will be sometimes understood whin it is directed to CC—'"'" parallelopiped in future propositions. 

duce A B to R, so that B R may be 
equal te K L ; ppmplete -the parallelo
gram B C S R; join S B, and produce it 
tc meet D. A procluoed in T; through T 
draw T-U parallel to A B , to meet' C B 
and S R produped in the ppints V and 
U ; ccmplete the parallelepiped D X 
upen the base D T U S , and with the 
edge D H ; produce the planes A B F E , 
C 6 F G, in order tc pomplete the paral
lelopiped B X , and draw the diagonal 
plane S T Y Z of the parallelopiped D X. 
Then the parallelopipeds B H and B X 
are equal to one another, because, toge
ther with the parallelopipeds B Y and 
B Z about the diagonal plane, they com
plete the whole parallelopiped D X 
(22. Cor. 2.). Again, because the bases 
B U and B D are complements of the 
parallelogram D U, B U is equal to 
B D (I. 23.), that is, to L N ; but B R 
is equal to K L, and the angle R B V 
to the angle A B C (I. 3.), that is, to 
K L M : therefore, also, B V is equal to 
L M , and the bases B U, L N are both 
equal and similar. Therefore, by the 
first case, the parallelopiped K Q is 
equal to the parallelopiped B X, that is, 
to B H or A G. 
Lastly, let the bases A B C D, K L M N 

be equal, but not equiangular. Make the \ 0 7 " 

\ 

\ 
1 
M \ 

Si 
angle A B S , in the plane A B C D , 
equal to the angle K L M , and oomplete 
the parallelogram A B S T, and the pa
rallelopiped A X , upon the base A B S T 
and with the edge B F. Then it is 
evident that the triangular prisms D H 
E A T Y , C G F B S X have the edges 
D H , C G equal to one another (22.), 
and the dihedral angles at those edges 
equal (17. Scholium 2.), and the sides 
containing those angles equal, each to 
each, for the sides A H, B G are oppo
site faces of the parallelopiped A G (22.), 
and the sides T H , S G stand upon equal 
bases (I. ax. 1. and ax. 2. or 3.) T D, SC, 
and between the same parallels (I. 25.); 
therefore, the prisms are equalto one 
another(21.); and,thesebeingtakenfrom 
the whole solid A E Y T C G F B , there 
remains the parallelopiped A G , equal 
to A X . But the parallelopiped K Q is equal to A X by the preceding case ; because their bases are equal (1.24, and 
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ax. 1.) and equiangular. Therefore the 
parallelopiped K Q is equal to A G . 
(I- ax. 1.). 

Therefore, &c. 
Cor. Every parallelepiped is equal tp 

a rectangular parallelopiped . pf equal 
ba^e and the same altitude. 
Prop. 25. 

If the three conterminous edges of a 
rectangular parallelopiped contain, each 
of them, the same straight line a cer
tain number of times exactly; thepa
rallelopiped shall contain the cube of 
that straight line, as often as is denoted 
by the product of the three numbers, 
which severally denote how often the 
line itself is contained in the three edges. 

Let A B , A C , A D be three edges ef 
a rectangular parallelepiped terminated 
in the same angular point, and let them 
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oontain the same straight line M , five, 
three, and four times respeetively: the 
parallelepiped shall contain the cube cf 
M , 5 X 3x4, pr 60 times. 

In the straight line A B , take the five 
parts A b , b V, &e. each equal to M , in 
A C the three parts A c, c c', &c. each 
equal to M , and in A D the four parts 
A d , dd', &c„ each equal to the same 
M . Through the points b, c, ,and d, let 
planes be drawn parallel to the planes 
cAd, b A d , and b A c respectively, (ll. 
Cor. 1.) and let them meet one ano
ther in the point k; then A & is equal 
to the cube of M . Let the planes 
ck, dh be produced to meet the plane 
B N ; and let them be cut by the planes 
' b'k1, &c. which are drawn through b', 
&c. parallel to the plane b k, or the plane 
C A D . Then, because the lines A b , 
b b', &c. are equal to one another, the 
bases of the parallelopipeds A h , bk', 
&c. are equal to one another (I. 25.), 
and the parallelopipeds have the same 
altitude ; therefore (24.), they are equal 
fo one another, and the whole row A K 
is equal to five times (he cube of M . 
Again, through the points c', &c., let the planes c' /, &c. be drawn parallel tc the plane c k, or (11, Cor. 2.) the plane B A D , 
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to cut the plane dk produced. Then, 
because the lines Ac, cd, &c. are equal 
to one another, the bases of the paral
lelopipeds A K , cl, &e. are equal tp one 
another (1.25.) ; and the parallelopipeds 
have the same altitude ; therefore (24.) 
they are equal to one another, and the 
whole tier A L is equal to three times 
A K ; that is, to 3 x 5, or fifteen times 
the cube of M . 

Lastly, through the points d, &c, 
let planes be drawn parallel to the plane 
dk, or (11. Cor.2.) the plane B A C . 
Then, as before, because A d , dd', &e. 
are equal, the parallelopipeds A L, dp,, 
fie. are likewise equal 1o one another; 
and, therefore, the whole parallelopiped 
A N is equal to four times A L , that 
is to 4 x 3 x 5, or sixty times the cube 
of M . 

And, it is evident that a similar demon
stration may be applied, whatever other 
numbers be taken in place of the num
bers 5, 3, and 4. 

Therefore, &c. 
Scholium. 

Hence the solid content of a rectan
gular parallelopiped is said to be equal 
to the product of its three dimensions, 
that is to A B x A C x A D , if A B , 
A C, A D are the three edges; this ex
pression being interpreted in the same 
sense with the product of the two dimen
sions or sides, which is said to ponsti-
tute the area of a rectangle, viz., that 
the number of pubical units in the pa
rallelopiped is equal to the prpduct of 
the numbers which denote how pftep 
the corresponding linear unit is con
tained in the three edges. Thus, if the 
linear unit be a foot, and the edges 3, 
4, and 5 feet respeetively, the solid con
tent will be 3 x 4 x 5, or 60 cubic feet, 

It is likewise said, in a similar sense, 
that the solid content of a rectangular 
parallelopiped is equal to the product of 
its base and, altitude: thus, in the exam
ple just staled, the number of square 
feet in the base is 4 X 5, or 20 ; and this, 
being multiplied by 3, the number of 
linear feet in the altitude, gives 60 for 
the number of cubic feet in theparallelo
piped, as before. 
The cube is also the unit in the mensuration of all other solids; their contents being the same with the contents of rectangular parallelopipeds equal to them. Thus, since every parallelopiped (24, Cor.) is equal to a rectan-gular parallelopiped of equal base and altitude, the solid content of every pa-
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rallelopiped is equal to the product of 
its base and altitude. The prism and 
the pyramid will presently furnish new 
examples. 
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Prop. 26. (Euc. xi. 32.) 

Parallelopipeds, which have equal 
altitudes, are to one another as their 
bases ; and parallelopipeds, which have 
equal bases, are to one another as their 
altitudes; also, any two parallelopipeds 
are to one another in the ratio, which is 
compounded of the ratios of their bases 
and altitudes. 

First, let A B, A C be two rectangular 
parallelopipeds, having equal altitudes, 
and let A E , A F be their bases; the pa
rallelopipeds being so placed that a 
solid angle of the one may coincide, as 
at A, with a solid angle of the other. 
Then, the parallelopipeds will have a 
common part A D , which is likewise a 
rectangular parallelopiped, having the 
same altitude A L with them, and the 
two adjoining edges A G , A H common 
to it with A B , 
A C respeetively. 
Let the base A K 
ef this parallele
piped be divided 
into any number 
of equalreetangles 
by lines parallel te 
A H ; and, there-" a & 
fpre, the parallelo
piped into the same number of equalpa-
rallelopipeds, by planes passing through 
these lines parallel to the planes L A H 
(24.) Then, if one of the first parts 
becontained in the base A E any number 
of times, exaptly, or with a remainder; 
one of the others will be eontainedin the 
parallelopiped A B the same number of 
times, exaetly, or with a ccrresponding 
remainder (24.). Therefore (II. def. 7.) 
the parallelopiped A B is to A D as the 
base A E . to" the base A K . And in the 
same manner it may be shewn that the, 
parallelopiped A D is to A C as the 
base, A K to the base A E. Therefore, 
ex cequali (II. 24.), the parallelopiped 
A B is to the parallelopiped A C as the 
base A E to the base A F. 

Next, let A B , C D bg two rectangular parallelopipeds, having equal bases; and let A E, C F be their altitudes. Then, if the altitude C F be divided into any number of equal parts; it may easily be shown that the parallelopiped C D will be divided into the same number of equal parallelopipeds, by planes 
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drawn through the points of division pa
rallel to the base .„ 
(I. 25. and 24.). 
And, if one of the 
first parts be con
tained in the alti- ' 
tude A E a certain 
number of times 
exactly or with a 
remainder, one of 
the others will be contained-in the paral
lelepiped A B the same number of times 
exactly, or with a corresponding re
mainder (I. 25. and 24.). Therefore 
(II. def. 7.) the parallelepiped A B is to 
the parallelopiped C D as the altitude 
A E to the altitude C F . 
. Lastly, let A B , C D be any two 
rectangular parallelopipeds, haying the / 

/ 
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bases A E , C F , and the altitudes A G , 
C H. Take A L equal to C H , and let 
A K be a third parallelopiped having 
the base A E and the altitude A L . 
Then, because the parallelopiped A B has 
to C D the ratio which is compounded 
of the ratios of A ;B to A K, and A K to 
C D (II. def. 12.); whieh ratips, by what 
has been just demonstrated, are the same 
with those ef A G to A L or C H , and A E 
to C F ; the parallelopiped A B has to 
the parallelopiped C D, the ratio which 
is compounded of the ratios of the alti
tude A G to the altitude G H , and of 
the base A E to the base C F. 

And what has here been demon
strated of rectangular .parallelopipeds is 
true also with regard-to any two paral
lelopipeds whatever, because these (24. 
Cor.) are equal to rectangular parallelo
pipeds having equal bases and altitudes 
.with them. 

Therefore, &c. 
Prop. 27. 
Any two rectangular parallelepipeds 
are to one another in the ratio, which is 
compounded of the ratios of their edges. 

Let A E, A e be twe rectangular pa
rallelopipeds, the first having the edges 
A B , A C , A D , the other the edges 
A b , Ac, A d ; the parallelopiped A E shall be to' the parallelopiped A B in the ratio which is compounded of the 
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ratios of A B to A b, 
A C to Ac, and A D 
to A d . 

For, the parallelo
pipeds being placed 
so that a solid an
gle of the one may 
coincide with a solid angle of the other 
as at A, they will have a common part 
A F, which is likewise a rectangular pa
rallelopiped; and the face of this pa
rallelopiped, which is opposite to D b, 
being produced to meet the plane de, 
will cut off from the parallelopiped A e, 
the part A G , which is also a rectangu
lar parallelopiped. Now, the parallelo
pipeds A E , A F have a common base 
D C ; therefore (26.) they are to one ano
ther as their altitudes A B, Ab ; and, for 
the like reason, the parallelopipeds A F, 
A G are to one another as their altitudes 
A D , A d, and the parallelopipeds A G , 
A e are to one another as their altitudes 
A C , Ac. But the parallelopiped A E 
has to the parallelopiped A e the ratio 
which is compounded of the ratios of 
A E to A F , A F to A G , and A G to 
Ae. Therefore, the parallelopiped A E 
has to the parallelopiped Ae, the ratio 
which is compounded of the ratios of 
A B to Ab, A D to Ad, and A C to 
A c; or, which is the same thing, which 
is compounded of the ratios of A B to 
Ab, A C to Ac, and A D to Ad. (II. 
27.)* 
Therefore, &c. 
Cor. 1. (Eue. xi. D.) The same may 

be said of any two parallelopipeds 
A E , Ae, in which a solid angle of 
the one may be 
made to coincide 
with a solid angle 
of the other; that 
is, such parallelo
pipeds are to one 
another in the ra
tio, w h i c h is c o m p o u n d e d of the ratios 
of the edges abput the equal angles. 
Fpr, the parallelopiped A G being e o m -
pleted as in the proposition, A E is 
to A F as the base B C to the base 
* This demonstration is analogous to that of II. 36. 
The proposition may, however, be otherwise, and 
more concisely established by the aid of Prop. 26.; for, since the parallelopipeds are to one another in the,ratio which is compounded-of the ratios of their bases and altitudes, and that the bases, which are rectangles under two of the conterminous edges of each, are to one another in the .ratio which is compounded of the ratios of those edges (II. 36.), and the altitudes equal to the third edges, it follows that the parallelopipeds are to one another in the ratio which is com pounded of the ratios of their edges. And the first corollary (analogous to II. 36. Cor. 1.) admits of a demonstration little different. 

b C (26.), that is, as A B to A b (II. 
35. C o r . ) ; a nd in like m a n n e r A F is 
to A G as AD,to Ad, and A G to A e 
as A C to A c ; therefore, as in the 
proposition, the parallelopiped A E is 
to the parallelopiped Ae, in the ratio 
which is compounded of the ratios of 
A B to .Ae, A D to A d , and A C to 
A c; that is, in a ratio which is com
pounded of the ratio of the edges about 
the common angle A. 

Cor. 2. Cubes are to one another in 
the triplicate ratio of their edges (II. 27. 
Cor. 2.) ; therefore, the triplicate ratio of 
two straight lines A B, a 6 is the same 
with the ratio of their cubes. 

Cor. 3. If one straight line be to ano
ther as a third to a fourth, the cube of 
the first shall be to the cube of the se
cond as the cube of the third to the cube 
of the fourth (II. 27.). 
Prop. 28. 

Every triangular prism is equal to a 
rectangular, parallelopiped, which has 
an equal base and the same altitude. 

Let A b e be a triangular prism, and 
let E F be a rectangular parallelopiped, 

having its base E G equal to the base 
A B C of the prism, and its altitude F G 
the same with the altitude of the prism: 
the prism A 6 c shall be equal to the pa
rallelopiped E F. 

Let the bases A B C, a e c of the prism 
be epmpleted intp the parallelograms 
A D, a d, and let D d be joined. Then it 
is evident that the solid A d is a parallelo
piped (def. 11.). But the prism A 6 c is 
equal to half the parallelopiped A d (21.); 
and the parallelopiped E F is also equal 
to half the parallelopiped Ad, because 
the base E G is equal to A B C, that "is, 
to half of the base A D, and the altitude 
F G is the same with the altitude A a 
(26.). Therefore (I. ax. 5.) the prism 
A b c is equal to the parallelopiped E F 
Therefore, &c. 

Prop. 29. 
Every prism is equal to a rectangular 

parallelopiped, which has an equal base 
and the same altitude. 

Let A d C be a prism, having the 
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polygonal bases A B C D E, a b c d e, and 
let F G be a rectangular parallelopiped, 
having its base F H equal to the base 
A B C D E , and its altitude G H the 
same with that of the prism: the prism 
A d C shall be equal to the parallelo
piped F G . Join A C , A D , ac, ad; 

\/i 

/ 

/ 

/ 

then, because A a and C c are parallel, 
they lie in the same plane (I. def. 12.) 
and the solid A b c is a triangular prism 
upon the base A B C (def. 14.). In 
the same manner it may be shewn, 
that Acd, Ade, are triangular prisms 
upon the bases A C D , A D E . Now, 
beeause the rectangle F H is equal to 
the polygon A B C D , it may be divided 
(I. 57.) into rectangles F K , L M , N H, 
severally equal to the triangles A B C , 
A C D , A D E , whieh together make up 
the polygon; and the parallelopiped F H 
may be divided into as many rectan
gular parallelopipeds, having the same 
altitude G H , and these rectangles for 
their bases. And, because these bases 
are severally equal to the bases of the 
triangular prisms Abe, Acd, Ade, and 
that their common altitude G H is the 
same with the common altitude of the 
prisms, the parallelopipeds, which stand 
upon them, are severally equal to the 
prisms (28.). Therefore their sum is 
equal to the sum of the prisms; that is, 
theparallelopiped F G is equal to the 
prism A d C . 
Therefore, &e. 
Cor. 1. The selid pontent pf every 

prism is equal to the produet of its base 
and altitude (25. Scholium). . 

Cor. 2. (Euc. xii. .7. Cor. 2.) Prisms 
which have equal altitudes are to one 
another as their bases; and prisms which 
have equal bases are to one another as 
their altitudes: also, any two prisms are 
to one another in the ratio which is 
compounded of the ratios of their bases 
and altitudes. (26.). 

Scholium. 
With regard to the lateral surface of 

a prism, if it be a right prism, it is measured by the product of the principal edge, and the perimeter of. the base; if oblique, by the product of the principal edge and the perimeter of a section, which is made by a plane per-
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pendicular to the principal edge. For, 
in the case of the right prism, the sides 
are rectangles, which have a common 
altitude, and for their bases the sides of 
the base of the prism; there
fore (1.30.) their sum is 
equal to a rectangle of the 
same altitude, and having its 
base equal to the sum of 
those sides. And, in the case 
of the oblique prism, the 
sides of the perpendicular section, being 
perpendicular to the principal edges 
(5.), are the altitudes respectively of the 
parallelograms, which are the sides of 
the prism and have for their bases each 
a principal edge of the prism; therefore 
the sum of those parallelograms is equal 
to a rectangle, having likewise for its base 
a principal edge of the prism, and for its 
altitude the sum of their altitudes, that is," 
the perimeter of the perpendicular section. 
In the latter case it is easy 

also to perceive that the 
content of the oblique prism 
is measured by the product 
of the principal edge, and 
the area of the perpendieu
lar seetipn abpve men
tioned: for, if the lateral 
surface be produced, and cut by two such 
perpendicular planes passing through 
the extremities of any principal edge, as 
in the figure, the solids included between 
these planes and the bases of the oblique 
prism, may be made to coincide, and are 
therefore equal to one another: there
fore the whole oblique prism is equal to 
the right prism, which has for its bases 
the two perpendicular sections. 

Theoonvex surfaeeef a prism has this 
obvious but remarkable property, that 
the seetipns made by any two parallel' 
planes are similar and equal figures (12. 
and 15. Cor.): the convex surface, also, 
of a pyramid has its parallel sections 
similar, but they are not equal to one 
another. 

Prop. 30. 
Triangular pyramids, which have 

equal bases in the same plane, and their 
vertices in a straight line parallel to 
that plane, are equal to one another. Let A B C D, E F G H be two triangular pyramids, having equal bases B C D , FGHinthe same plane, and the straight line A E, which joins their vertices parallel to that plane: the pyramid A B C D is equal to the pyramid E F G H . Since A E is parallel to the plane of the bases, the pyramids have a common L 
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altitude K L. Let K L be divided into 
any number of equal parts ; and let the 
pyramids be cut by planes, parallel to 
the plane of the bases, passing through 
the points of division. Let bed and 
fgh, V c' d! and f'g'h, &c. be the sec
tions made by these planes. Then, be
cause the triangles bed, B C D lie in 
parallel planes, which cut the dihedral 
angles at the edges A B, A C, and A D 
of the pyramid A B C D , the angles 
6, c, d of the one are (15. Cor.) severally 
equal to the angles B, C, D of the other, 
and therefore (II. 31. Cor. 1.) the two 
triangles are similar. Therefore the tri
angle 6 c d is te the triangle B C D as 
6c2 to B C » (11.42. Cor.), that is, be
cause be is (12.) parallel to B C, as 
Ab'' to A B 2 (II. 30. Cor. 2. and II. 37. 
Cor. 4.) And, in the same manner it may 
be shewn, that the triangle f g h is to the 
triangle F G H as E/2 to E F2, that is 
(14.) as AJ8 to AB2. Therefore the 
triangle bed is to the triangle B C D as 
the triangle f g h to the triangle F G H : 
and, beeause B C D is equal to F G H 
(II. 12.), 6cdis equal to f g h (11.18. 
Cor.). In the same manner it may be 
shewn, that b'ddl is equal to f'g'h'; 
and so of the rest. 
Now, if the triangular prisms with 

the bases bed, V c' d', & c , and the edges 
o B, V b, &e., be completed, and also the 
triangular prisms with the bases B C D , 
bed, &c, and the- edges Bb,bV', &c.; 
the former will, together, ppnstitute a se
ries of prisms inscribed in the pyramid 
A B C D , and the latter a series of prisms 
circumscribed about the same pyramid, 
which, -excepting that upon the base 
B C D , are equal to the former, each 
to each, because they have equal alti
tudes towards opposite parts of the 
same base (29. Cor. 2.). And, because 
the pyramid exceeds the inscribed series, but is less than the circumscribed; it differs from the former, by less than the difference of the two series, that is, by less than the prism upon the base B C D . But, by increasing the number of parts into which the altitude 

is divided, the altitude of this prism may 
be diminished without limit, and so the 
prism itself be made less than any given 
solid. Therefore, the series of inscribed 
prisms -may be made to approach to the 
pyramid A B C D , by less than any 
given difference. And in the same man
ner it may be shewn, that if prisms be 
similarly inscribed in the other pyramid 
E F G H , this series will approach to 
the pyramid E F G H , by less than the 
prism upon the base F G H , which is 
equal to.that before-mentioned upon the 
equal base B C D ; by less, that is, than 
the same given difference. But ef the 
prisms inscribed in the two pyramids, 
those upon the bases bed, and fgh, 
b' d dl and/'r/A', &c. are equal to one 
anpther, beeause their bases are equal 
to one another, and they have the same 
altitude (29. Cor. 2.). Therefore, the 
series inseribed in the pyramid A B C D 
is equal to the series inseribed in the 
pyramid E F G H (I. ax. 2.). And be
eause this equality always subsists, and 
that the two series may be made to 
approach to the two pyramids respec
tively within any the same given dif
ference, the pyramid A B C D is equal 
to the pyramid E F G H . (II. 28.). 

Therefore, &c. 
Prop. 31. (Euc. xii. 7. Cor. 1.) 

Every triangular pyramid is equal to 
the third part of a prism, having the 
same base and the same altitude with 

Let A B C D be a triangular pyramid, 
having the base B C D ; let the sides 
A B C , A B D be com
pleted into the parallelo
grams A B C E, A B D F, 
and join E F ; then it is 
evident that the triangle 
A E F is the upper base 
of a prism B E F , stand
ing upon the same base 
B C D with the pyramid, and having 
the same altitude: the pyramid A B C D 
shall be equal to a third part of the 
prism B E F . 
Join D E. Then the prism B E F is 

made up of three pyramids, viz. A B 
CD, ACDE, and ADEF. The 
first of these is the original pyramid; 
the seppnd is equal (30.) to a pyramid 
B C D E, upon the same base C D E , 
and having its vertex B in the same line 
A B parallel (10.) to the base; and 
the third is equal to a pyramid B D E F , upon the same base D E F , and having its vertex B in the same line A B paral-
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lei to the base (30.), that is, to a py
ramid B C D F, upon the same base 
B D F with the last, and having its 
vertex C in the same line C E, parallel 
to the base. Therefore the prism B E F 
is equal to the three pyramids A B C D , 
B C D E, and B C D F. But of these, 
the two last are each of them equal to the 
first A B C D , because they stand upon 
the same base B C D with it, and their ver
tices are jn the same fines with it, viz., A E , 
F A,-parallel to the base (30.). There
fore, the prism B E F is equal to three 
times the pyramid A B C D ; and the py
ramid A B C D is equal to a third part 
of the prism B E F . 

Therefore, &e. 
Cor. If a parallelppiped be deseribed, 

having three pf its edges the same with 
three epnterminpus 
edges pf a triangu
lar pyramid, the py- / ^ 5 \ 7 
ramid shall be equal / ~ 
tp a sixth part of the <• 
parallelopiped; for the latter is divided 
by its diagonal plane into two equal 
prisms (22.), one of which stands upon 
the same base, and is of the same altitude 
with the pyramid, and is, therefore, by 

- the proposition, equal to three times the 
pyramid. 

Scholium. 
This proposition might have been 

demonstrated somewhat more concisely. 
It will be found, however, that our de
monstration applies equally to the fol
lowing more general theorem:—" If the 
upper part of a triangular prism (see 
the figure in the proposition) be cut 
away by a plane A E F , whether paral
lel to the base B C D , or otherwise, the 
remaining solid will be equal to the sum 
of three pyramids standing upon the 
same base B C D with the prism, and 
having for their vertices the upper ex
tremities A,E,F of the diminished edges." 
Prop. 32. 

Every pyramid is equal to the third 
part of a prism, having the same base 
and the same altitude. 

Let V A B C D E be a pyramid, and 
let abcde be the upper base of a prism 
standing upon the same 
base A B C D E , and having the same altitude "' with the pyramid: the pyramid shall be equal to the third part of the prism. Join A C , A D , ac, ad. Then the pyramid V A B C D E is divided by the 

planes V A C , V A D into triangular 
pyramids; having the common vertex V ; 
and the prism, into as many triangular 
prisms, by the planes A C e a , A D da. 
And because the former have the same 
altitude, and stand upon the same bases 
with the latter respectively, they are 
equal to their third parts, each of each. 
Therefore, also, the sum of the former, 
that is, the whole pyramid V A B C D E, 
is equal to a third part of the sum of 
the latter, that is, to a third part of the 
whole prism A d e . 

Therefore, &c. 
Cor. 1. The solid content of every 

pyramid is equal to one-third of the 
product of its base and altitude (29. 
Cor. 1.). 

Cor. 2. (Euc." xii. 5, 6.) Pyramids 
which have equal altitudes are to one 
another as their bases : and pyramids 
which have equal bases are to one 
another as their altitudes: also, any 
two pyramids are to one another in the 
ratio compounded of the ratios of their 
bases and altitudes. (29. Cor. 2.). 
Scholium. 

It was observed in the Scholium at i, 
29. that the measurement of any plane 
rectilineal figure in general depends upon 
that of the triangle, because every such 
figure may be divided into triangles. In 
like manner, we may here remark, that 
the solid content of the pyramid leads to 
that of every other polyhedron; and that 
the latter may be found by adding toge
ther the contents of all the pyramids 
which constitute the polyhedron. These 
maybe assumed with a common vertex, 
which may be either within the solid, 
in which case the several faces will be 
the bases of so many pyramids tpgether 
making up the polyhedron, or at one 
of the angular points, in which ease the 
adjoining faces will be divided into sides, 
and the others will be bases of the com
ponent pyramids. 
Prop. 33. 
If the upper part of a pyramid be cut 
away by a plane parallel to the base; the 
remaining frustum shall be equal to the. 
sum of three pyramids, having the same 
altitude with the frustum, and for their 
bases the bases of the frustum, and a mean proportional between them. First, let B C D , bed be the two bases, of the frustum of a triangular pyramid : draw c E parallel to bB, to L2 
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meet B C in E, and 
join D E. Then, be
cause the • triangles 
B C D , bed are equi
angular (12. and 15.), 
and therefore similar, 
B C D is to b c d in 
the duplicate ratio (II. 
42.) of B C to b c, or 
(I, 22.) BE, that is, in 
the duplicate ratio of the same B C D 
to B E D (II. 39.). Therefore the tri
angle B E D is a mean proportional be
tween B C D and bed (II. def. 11.) 
Now, the frustum is made up of three 
pyramids, namely, c B C D , D 6 c d , and 
c b B D. And, of these the first has the 
same altitude with the frustum, and 
stands upon the base B C D ; the seoond 
has likewise the same altitude with the 
frustum, and stands upon the base bed; 
and the third, beeause c E is parallel (10.) 
tp the plane B b d, is equal (30.) tp the 
pyramid E b B D, which has the same 
altitude, and stands upon the base 
B E D , that is, upon a base whieh is a 
mean proportional between B C D and 
bed. 
Next, let A B C D E . a o c d e be the 

two bases of the frustum of any pyra
mid, having the vertex V. v 
Then, if the planes V A C , | 
V A D be drawn putting /?/;\ 
the bases in the straight 
lines A C , ac, A D , ad, 
the frustum in question 
will be divided into frus
tums of triangular pyra
mids. And each of these, 
by what has been already 
demonstrated, is equal to the sum "of 
three pyramids, having the same alti
tude with the frustum, and for their 
bases respectively, the two bases of 
the frustum and a mean proportional 
between them. Therefore, their sum, 
that is, the frustum in question, is 
equal to three pyramids having the 
same altitude, and for their bases the 
sum of the lower bases, the sum of 
the upper bases, and the sum of the 
means respectively. Now, the two 
former sums are the bases A B C D E, abede. And the sum of the means is a mean between the bases A B C D E , abede; for, the triangles A B C , A C D , &c. having to the triangles a be, a cd, &c. the same ratio, each to each, viz. that of V A2 to M 1 (II. 42. and II. 32.) must have the same ratio also to their respective means (II. 27. Co?: 3. and 

note*) ; wherefore the' sum of the for
mer, that is, the base A B O D E , has 
to the sum of the means the same 
ratio (II. 23. Car. 1.), viz. the subdu-
plicate ratio of A B C to a be, or of 
A B C D E to abede; and accord
ingly (II. def. 11.) the sum of the 
means is a mean proportional between 
A B C D E and abede. Therefore, in 
this case also, the frustum in question is 
equal to the sum of three pyramids, 
having the same altitude with it, and for 
their bases its two bases, and a mean 
proportional between them. 

Therefore, &c. 
Prop. 34. (Euc. xii. 8. and 8 Cor.) 

Similar pyramids are to one another 
in the triplicate ratio of their homolo
gous edges. 

In the first place, let A B C D and 
a b e d be two similar triangular pyra
mids, and let the edges B C , be be ho
mologous : the pyramid A B C D shall 

B V E C l> 
have to the pyramid a b e d the triplicate 
ratio of that which B C has to b c. 

Because the faces ef the two pyramids 
are similar triangles, it is evident that 
» If a magnitude A be the first of three propor
tionals A, B, C, and if the same A be the first also ot 
three other proportionals A, 6, c, then if B be greater 
than o, C shall likewise be greater than c. For O is 
to c in the ratio which is compounded of the ratios 
of C to B, B to 6, and 6 to c, that is, (because the first 
of these ratios is the same with that of B to A, and 
the-last the same with that of A to »,) in the ratio 
which is compounded of the ratios of B, to A, A to 0, 
and B to o, or in the duplicate ratio of B to b. Where
fore because B is greater than 6, C is likewise greater 
than c. . , , 
Hence it follows, that if A,B, C be proportionals, and 

if A' B', C be likewise proportionals, and if A has 
a greater ratio to B' than A toB, A' shall also have 
a greater ratio to C than A to C. For, if 6'be taken 
such that A' may have to 6 the same ratio as A to 
B 6 will be greater than B' (II. ll.Cor. 3.); where
fore, if c be taken such that A', J, c may be propor
tionals,!: will likewise be greater than 0'; and there
fore A'will have to C a greater ratio than it has to 
c. But A' has to c the same ratio as A to C (II. 24.). 
Therefore A' has to C a greater ratio than A" to C. And hence it is evident, that if any three magni' tudes A, B, C be proportionals, and likewise any. other three. A', B', C, and if A is to C as A' to C, A is to B os A' to B'; for if A'has not to B the same ratio as A' to B', then neither can A have to C the same ratio as A' to C. This l̂tst is the theorem demanded in the text; and is evidently the converse of II. 27. Cor. 3., from which alone, however, it may be considered as sufficiently apparent, 
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their corresponding' edges are to one an
other in the same ratio, so that A B is 
to a b as B C to b c, and as B D to b d. 
And, because the plane and dihedral 
angles of the solid angle B are severally 
equal in order to the plane and dihedral 
angles of the solid angle b, these solid 
angles may be made to coincide. There
fore (27 Cor. 1.) the parallelopipeds, 
which have the edges B A, B C, B D, 
and ba,bc, bd, are to one another in 
the ratio which is compounded of the 
ratios of B A to b a, B C to b c, and B D 
to bd, that is, since these ratios are 
equal to one another, the triplicate ratio 
(II. 27. Cor.2.) of that which B C has 
to be. But the pyramids A B C D , 
abed are (31. Cor.) the sixth parts of 
these parallelopipeds, each of each, and 
therefore have to one another (II. 17.) 
the same ratio with the parallelopipeds. 
Therefore, the pyramid A B C D has to 
the pyramid abed the triplicate ratio 
of that whieh B C has to b c. 

Otherwise: 
Take B E (II. 52.), a third proportional 

to B C , be; and, again, B F a third 
proportional to b c, B E ; so that B C 
may have to B F the triplicate ratio of 
that which it has to be (11. def. 11.): 
join D E, D F, A F; and, from A, a, let 
A P , ap be drawn perpendieular to the 
bases B C D , bcd of the pyramids, 
each to each. Then, because the solid 
angles B, b may be made to coincide, 
arid that in this case (5. Cor.) the tri
angles A B P,* a b p will be in the same 
plane, and on account of the parallelism 
of A P , ap (5.) will be equiangular 
(I. 15.), A Pis to ap (11.31.) as A B to 
a b, or as B C to b c. Again, because, 
in the triangles D B'C, db c, D B is to 
d b as B C to b c; that is, as b c to B E ; 
the triangles D B E, d b c are equal to 
one another (II. 41.) But D B E is to 
D B F (II. 39.) as B E to B F; that 
is, as B C to be. Therefore, dbc is to 
D B F a s B C t o & c . But B C is to be 
a s A P to a p ; therefore, dbc is to 
D B F as A P to ap, and consequently 
(II. 11. Cor. 2.) the ratio, which is com
pounded of the ratios of dbc to D BF, 
and ap to A P is a ratio of equality. 
But the pyramid abed is to the pyramid A B F D in a ratio which is compounded of the ratios of dbc to D B F, and ap to A P (32. Cor. 2.) ; therefore, the pyramid A B F D is equal to the pyramid a bed. Now, the pyramid A B C D is to the pyramid A B E D , as the * The lines B P, bp are omitted in the figure. 

base D B C to the'base D B F (32. Cor. 
2.); that is, as B C to B F (II. 39.), 
or in the triplicate ratio of B C to be. 
Therefore, the pyramid A B C D is to 
the pyramid abed in the triplicate ratio 
of that which B C has to b c* 
The proposition is therefore demon

strated with regard to triangular pyra
mids. 

Next, let V A B C D E , vab\cdebe 

any two similar pyramids, and let B C, 
b c be homologous edges: the pyramid 
V A B C D E shall Ibe to the pyramid 
v abede in the triplicate ratio of that 
which B C has to b c. 

Because the plane and dihedral angles 
of the selid angle V are severally equal 
te the plane and dihedral angles ef the 
selid angle- v, these selid angles may be 
made to coincide; and, if this be done, 
the bases A B C D E , abede will be 
parallel (15.), because the faces V A B 
and vab, V B C and v b c, &c. being 
similar, their sides A B and ab, B C 
and&c, &c. will be parallel (I. 15.). 
Hence it appears that the planes V A C 
and vac,\ AT) and v a d make equal 
angles with the adjoining faces of 
the pyramids; and that the triangles 
V A C and vac, as also V A D and vad, 
are similar. And it is easy to show 
that the triangles A B C , A C D , A D E 
are respeetively similar to the triangles 
a be, acd, a d e (11.32.). Therefore, 
the pyramids in question are divided by 
those planes into similar triangular py
ramids V A B C and vabc, V A C D 
and vacd, V A D E and vade (def. 10.). 
And, sinee the hpmplogous edges of 
these pyramids, B C and be, C D and 
cd, D E and de, are to one another in 
the same ratio; and, by what has been 
* These demonstrations are respectively analogous 
to those given of II. 42. in pageG6.. The second, it is 
obvious, admits of considerable abridgment, by refer
ence to 32. Cor. 2.; for, since the pyramids are to 
one another in the ratio which is compounded of the ratios of their bases and altitudes, and_ that the bases are to one another in the duplicate ratio of two homologous edges (II. 42.), and the altitudes have to one another the same ratio with those edges, it follows that the pyramids are to one another in the triplicate ratio of their homologous edges. And in this form the demonstration applies equally to the general case in which the bases are similar polygons. 
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"already demonstrated, the' pyramids to 
one another in the triplicate ratios of 
their homologous edges, that is likewise 
(II. 27. Cor. 3.) in the same ratio; the 
whole pyramid V A B C D E is (II. 23. 
Cor. 1.) to,the whole pyramidvabede 
in the latter ratio, i. e. in the triplicate 
ratio, of that which B C has to b c. 

Therefore, &c. 
Cor. Since the triplicate ratio of two 

straight lines is the same with the ratio 
of their cubes (27. Cor. 2.), similar py
ramids are to one another as the cubes 
of their homologous edges. 
Prop. 35. 

Similar polyhedrons are to one ano
ther in the triplicate ratio of their ho
mologous edges. 

Let A C G, a eg- be two similar poly
hedrons, and let B C, be be any two 

homologous edges: the polyhedron 
A C G shall be to the polyhedron a eg 
in the triplicate ratio of that which 
B C has to b c. 

In the first place, it is evident that 
the corresponding edges of the polyhe
drons are to one another each to each in 
the same ratio, because they,are homo
logous sides of the similar faces of the 
polyhedrons. Let the polyhedrons be 
so placed as to have two corresponding 
edges A B, ab parallel to one ano
ther, and two corresponding faces 
A B C D , abed adjoining to those 
edges likewise parallel. Then, be
cause the angles A B C , abc are 
equal to one another, B C is likewise 
parallel to be (15.); and for the like 
reason 0 D , D A are parallel to cd, da 
respectively. Again, since A B is pa
rallel to a b, a plane may be made to 
pass through A B parallel to the plane 
d b h g (15.), and that plane is no other 
than A B H G, because the dihedral an
gles at A B and a b are equal of one ano-
ther(17. Scholium,3.andll.Cor.l.); and 
for the like reason the other similar faces 
of the two polyhedrons lie in parallel 
planes. Therefore, also, any two cor
responding edges being the common 
sections of such planes, are parallel (12. Cor.). Join A C and ac, A H and ah, A K and a A, A L and a I; that is, join +'ih 

points A, a, with all the angular points 
of their respective figures, to which they 
are not already joined by the edges 
terminating in A, a. Then, because 
the triangles A B C, abc, are similar 
(II. 32.) the angles B A C , bac are equal 
to one another ; but the planes B A C , 
bac are parallel, and A B is parallel to 
a b ; therefore, also (15.),AC is parallel 
to a c: and, for the like reaspn, A H is 
parallel to a h. Again, beeause A F and 
F K are parallel respectively, and in the 
same ratio, to af and/ft, the triangles 
A F K , afk are similar (15. and II. 32.), 
and their planes parallel; wherefore, as 
before, A K is parallel to a k ; and for the 
like reason the triangles A D L, a dl are 
similar and in parallel planes, and A L 
is parallel to a 1. And beoause the tri
angles A C L , acl have the three sides 
of the one parallel to the three sides ef 
the ether, each to each, they are equi
angular (15.), and he in parallel planes: 
the same also may be said of the triangles 
A K L , akl, and A H K , ahk. 
Therefore, the pyramids into which 

the solid A C G is divided by the planes 
A C L , A D L , A F K , A H K , A K L are simi
lar to the pyramids into which the solid 
aegis divided by the planes acl, ad I, 
afk, ah k, akl, each to each: for it 
has been shewn that the faees in these 
planes are similar, each to- each, and 
their other faces are similar, because 
they are similar faces, or similar parts 
of similar faces, of the polyhedrons ; also 
the dihedral angles made by any two 
similar and adjoining faoes are equal 
(17. Scholium, 3.), beeause their planes 
are parallel. And the former pyramids 
are to the latter (34.) in the triplicate 
ratios of their homologous edges, each 
to each; that is, in the triplicate ratio 
pf B C to be, because their edges have 
to one another the common ratio of 
B C to 6 c. Therefore, also, the sum 
of the former pyramids, that is, the po
lyhedron A C G , is (II. 23. Cor. 1.) to 
the sum pf the latter, that is, to the 
polyhedron a eg, in the same ratio, viz., 
the triplicate ratio of B C to b c. 

Therefore, &c. 
Cor. Similar polyhedrons are to one 

another as the eubes ef their hemolo-gous edges (27. Cor. 2.). Section 4.—Problems. In the following problems it is assumed that a sphere may be deseribed frem any centre, and at any distance ro m that centre: also, a plane is consi-
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dered to be drawn, when two straight 
lines are drawn whieh lie in that plane. 

Prop. 36. Prob 1. 
To draw a straight line perpendicu

lar to a given plane A B,from a given 
point C without it. 

From C, to the plane, draw any 
straight fine C D ; from the centre C, 

« •Se 

with the radius C D, describe a sphere 
D E F . If this sphere touch the plane 
in D, C D is the perpendicular required 
(8. Cor.); if not, take K, the centre of 
the circle D G H in which it cuts the 
plane, and join C K ; C K will be the 
perpendicular required (8. Cor.). 

Therefore, &c. 
Another method has been seen in 

prop. 7. 
Prop. 37. Prob. 2. 

To draw a straight line perpendicular 
to a given plane A B.frcmi agiven point 
C in the same. 
From the centre C, with any radius 

C D, describe, in ., (i 
the plane A B , the 
circle D E F . In 
the circumference 
ef this pirple, take 
any three peints __ 
D, E, F; and jpin a 
CD, CE, CF. 

N o w , let C G be the perpendicular 
required. From the centre D, with 
any radius greater than D C, describe 
a sphere, and let its surface cut the 
perpendicular C G in G ; and join 
G D , G E , G F . Then, because G E 
and G F are each of them equal to 
G D (8.), if spheres be described from 
the points E and F, each with a radius 
equal to D G, their surfaces will like
wise each of them pass through the 
point G. And G is the only point on 
that side of the plane A B, which is 
found at the same time in the surface of 
each ef the three spheres. Fer, every 
peint, as G, whiph is at equal distances frem the three points D, E, F, must lie in the perpendieular which passes .through the centre of the circle D E F , because (I. 7.) the angles G C D, G C E, G C F are equal to one another, and 

are therefore (9. Cor.) right angles; 
and every other point of the perpendi
eular pn the same side ef A B is at a 
greater or a less distance frem D than 
G is (1.12. Cor. 2.). Reversely, therefere, 
frem the eentres D, E,F, with any the 
same radius greater than D C, describe 
three spheres, and let G be the peint 
common to the surfaces of these 
spheres; join C G; C G will be the 
perpendieular required. 

Therefere, &e. 
Another method has been seen in 

prep. 7. 
Cor. It appears frem the demenstra-

tion, that, if a point be equally distant 
from the three angles of a triangle, it 
must lie in a perpendieular to the plane 
of the triangle, which passes through 
the eentre ef the eirpumspribing pirple. 

Scholium. 
Had the interseetipn pf the spherical 

surfaces, in this problem, been consi
dered at a greater length, the analogy of 
the construction to that employed in the 
first method pf Bppk i. prpp. 44, might 
have been lest sight pf in the detail. 
The subjeet is, however, of suffioient in
terest to merit the attention of the stu
dent ; and, as it has not hitherto found 
a place in this treatise, the present is, 
perhaps, the most proper for its consi
deration. 

1. Two spheres will, 1°, cut ohe ano
ther, or 2°, touch one another, er 3°, 

One ef them fall wholly without the 
other, aepording as the distanee be
tween their eentres is, 1°, less than the 
sum, and greater than the differenee 
of their radii, er, 2°, equal to the 
sum, or to the difference of their ra
dii, or, 3°, greater than the sum, or less 
than the difference of their radii. 
This is easily inferred from what has 
been already demonstrated with regard 
to, the interseetion of circles; for it 
is evident that the sections of two 
spheres, made by a plane passing 
through their centre and through any 
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point whieh is supposed to be cpmmon 
to the two surfaces, will be circles hav
ing the same radii and centres with the 
spheres respectively. 

2. If twe spheres cut one another, 
they shall put pne anpther in a circle, 
the plane ef which is perpendicular tc 
the line jpining their centres, and its 
centre in that line. 

Let C, c be the centres of twe spheres, 
and P, Q any twe points common to 
the surfaces of both; join C P, P c, C Q , 
Q c, and C c; draw P O perpendicular 
to C c ; and join O Q. Then, because 
the triangles C P e, C Q c have the three 
sides of the one equal to the three sides 

of the. other, each to each, the angle 
P C 0 is equal (1.7.) to the angle Q C O. 
And because the triangles P C O, Q C O 
have two sides P C , C O of the one equal 
to two sides Q C, C O of the other, each 
to each, and the included angles equalto 
one another; the remaining sides P O, 
Q O are equal to one another, and the 
angle Q O C is equal to P O C, that is, to 
a right angle. Therefore, the point Q is 
in the circumference of a eirple whiph is 
deseribed from the eentre O, with the 
radius O P , in a plane (3. Cor. 1.) 
. perpendieular to C 0 or C c. And the 
same may be shewn of every other 
point Q in the common section of the 
two spheres. Therefore that common 
section is a circle, the plane of which is 
perpendicular to the line C c, and its 
centre in that line, as above stated. 
In fact, if the plane P C c cut the spheres 
in the circles A P f and apV, and if it 
be made to revolve about the line C c, 
the circles A Pp, ap P will generate the 
two spheres (def. 21.), and the line O P 
(3. Cor. 2.) the circle of intersection. 
3. If three spheres be described, whose 

centres A, B, C do not lie in the same 
straight line, the surfaces of the three 
cannot have more than two points in 
common, which points (if there be any 
such) lie in a straight line perpendi
cular to the plane of the centres,- and 
at equal distances on either side of that plane. From the points A, B, with the radii of the spheres described from A , B, respectively, in the plane A B C , de

scribe two circles, and let them cut 
one another in P; and from P draw 
P M perpendicular to A B : then M is 
the centre, and MP-the radius, of the 
circle (dotted in the figure) in which the 
spheres, whose centres are A and B, cut 
one another. In like manner draw the 

line Q N , so that N may be the centre, 
and N Q the radius, of the circle (dotted 
in the figure) in which the spheres, whose 
centres are A and C, cut one another. 
Then, it is evident lhat the only points, 
common to the surfaces of the three 
spheres, are those which are common to 
the circumferences of these two circles. 
Let P M , Q N be produped to meet ene 
anpther in the point O ; and let the planes 
of.the circles cut one another in the line 
Ytv, which passes through O, and is 
perpendicular to the plane A B C (18. 
Cor. 2.), because the planes of the cir
cles, being perpendicular to the lines 
A B , A C respectively, are perpendicular, 
each, to the plane A B C, which passes 
through each of those lines (IS.). Then, 
if M P be greater than M O, the circle, 
which has the centre M and the radius 
M P, will cut the line V v in two points 
V, v, which are equally distant from the 
point O (I. 12.). Join V N , v N. Then, 
beeause A N is at right angles tp the 
plane Q N V, the angles A N V . A N s 
are right angles. And, beeause V, v are 
points in the surface ef the sphere which 
has the centre A and radius A P or 
A Q , A V and'Au are, each ef them, 
equal te A Q. Therefere, because the 
right-angled (3.) triangles A N V, A N v 
have their hypctenuses A V , A v , and 
sides A N equal respeetively te the 
hypotenuse A Q and side A N of the 
right-angled triangle A N Q, their 
other sides N V, N v are equal each 
to N Q (I. 13.); and, consequently, 
the circle which has the centre N and the radius N Q also passes through the same two points \',v. But, the circumferences of the two circles do not meet one another in any other point; for they can meet only in the line Jv, 
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in which their planes cut one another. 
Therefore the points V, v, which are in 
a perpendicular to the plane A B C , and 
at equal distances on either side of that 
plane, and none else, are common to the 
surfaces of the three spheres; as above 
stated. 
If the point V coincide with O, the 

point v will likewise coincide with it; 
and in this case the three spherical sur
faces will have only one point common 
to them, viz. the point O, which is in the 
plane of the three centres A, B, C. 
If the centres of three spheres lie in 

the same straight line, their circles of 
intersection (if there are any) cannot 
meet one another, beeause their planes 
are perpendieular to this straight line, 
and therefore (11.) parallel; and ac
cordingly the surfaces can have no 
point in common; unless each of them 
passes through the same point of the 
straight line in whieh the centres lie, 
for then each of them will touch the 
other two in that point. 
Prop. 38. Prob. 3. 

Through a given point C, to draw a 
plane, which shall be perpendicular to a 
given straight line A B. 

If the point C lies 
in the straight line 
A B, from C draw 
any straightline C D 
perpendicular to 
A B (1.44.): through 
A B draw any plane 
not coinciding with 
the plane A C D , 
and draw C E in that plane perpendi
cular to A B (I. 44.): then the plane 
D C E (3.) is the plane required. 
But if C do not lie in A B , draw 

C D perpendicular 
to A B (I. 45.): 
through A B draw 
any plane not co
inciding with the 
plane A D C , and 
draw D E in that 
plane perpendicu
lar to A B (1.44.): 
then the plane C D E is the plane re
quired. 
Therefore, &e. 

Prop. 39. Prob. 4. 

Through a given point A in a given 
plane B C , to draw a straight line, which 
shall lie in the plane B C, and be at 
right angles to a given straight line 
A D, which cuts the plane in that point. 

Through A draw a 
planeGH (38.) per
pendicular to A D, 
and let it cut the 
given plane B C in 
the line A E : A E 
will be the straight line required. For, 
A D , being perpendicular to the plane 
G H , is perpendicular to the line A E , 
which meets it in that plane (def. 1.). 

Otherwise : 
From any point D in A D draw D F 

perpendicular to the plane B C (36.): 
join A F; and, in the plane B C, draw 
A E perpendicular to A F; then A E (4.) 
will be the line required. 

Therefore, &c. 
Prop. 40. Prob. 5. 

Through a given point A in a given 
plane B C, to draw a straight line, which 
shall lie in that plane, and be parallel 
to another given plane D E. 
If the planes 

B C , D E are pa- 7 7 
rallel; then any / 1% 
straight line which i?4 la-. 
is drawn through 
the point A in the 

^ ? 

plane B C will be parallel to the plane 
D E (def. 6. and def. 3.). 

If the planes are not parallel, let them 
be produced to out pne another in the 
straight line F G, and through A draw 
A H parallel to F G (1.48.): A H will 
be the line required (10.). 

Therefore, &p. 
Cor. In the same manner a straight 

line may be drawn through a give'n 
peint, whiph shall be parallel te each 
ef two given planes; viz., by producing 
the planes to cut one another, and draw
ing the required straight line parallel to 
their common section. 

Prop. 41. Prob. 6. 
Through a given straight line A B , 

to draw a plane, which shall be perpen
dicular to a given plane C D. 

If the straight 
line A B is per
pendicular to the 
plane C D, then 
any plane whieh 
passes through A B 
will be perpendi
cular to the plane 
C D (18.). 

But, if A B be not perpendieular to 
C D, from any point A in A B draw A E perpendicular to C D (36.or37.); and the plane B A E will be the plane required." Therefore, &c. 
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Prop. 42. Prob. 1. 
Through a given point A to draw a 

plane which shall be perpendicular to 
each of two givenplanes B C, D E. 

If the given planes are parallel, frem 
A draw (36.) a straight line perpendi
cular to either of them; and any plane 
passing through this straight line will be 
perpendicular to each of the given planes 
(11. and 18.) 

If the planes are not parallel, let them 
be produced to 
meet one another , !;L 
in the straight line r 
F G, and through 

Prop. 45. Prob. 10. 

A draw the plane 
H K perpendicu
lar to F G (38.): H K will be the plane 
required (18.). Or, in this case,, draw 
from the point A perpendiculars to the 
two planes (36.); and the plane of these 
perpendiculars will be the plane re
quired (18.). 

Therefore, &c. 
Prop. 43. Prob. 8. 

Through a given point A, to draw a 
plane, which shall be parallel to a given 
plane B C. 

From A draw the straight line A D 
perpendieular tp the 
plane B C (36.); and 
through A draw the 
plane E F (38.) per
pendicular tc the 
straight line A D : 
the plane E F is the plane required (11.). 

Otherwise : 
In the given plane B C, draw any twe 

straight lines cutting one another; and, 
through the given point A, draw parallels 
to them respeetively: the plane of these 
parallels will be the plane required (15.). 

Therefore, &c. 
Prop. 44. Prob. 9. 

Through a given straight line A B, 
to draw a plane, which shall be parallel 
to a second given straight line C D. 

If A B is parallel tp C D, then any 
plane,(10.) which passes through A B, 
and dees not pass through C D, is pa
rallel to C D. 

But, if A B is not parallel to C D, 
through any point A. of A B draw the 
straight line A E 
parallel to C D 
(I. 48.): the plane B A E is the plane required (10,). ' Therefore, &c. 

To find the shortest distance between 
two given straight lines, A B and C D, 
which do not lie in the.same plane.. 

Through A B draw the plane E F, pa
rallel to the line C D (44.) ; and through 
the same A B draw the plane G H. per
pendicular to the plane E F (41.). 
Then, because the straight line C D is 
parallel to the plane E F, which cuts the 
plane G H in the line A B , it cuts, or 
may be produced to cut, the plane G H 
in some point L. From L, draw L K 
perpendicular to A B : K L shall be the 
shortest distance required. 

For, the plane G H , being perpendicu
lar to the plane E F, the straight line 
K L, which.is drawn in the former plane, 
at right angles to the common section 
A B, must be perpendicular to the plane 
E F (18.), and therefore (10. and I. 14.) 
to the line C D, which is parallel to the 
plane EF. Now, because the line 
A B lies in the plane E F, C D cannot 
be nearer to A B than it is to the plane 
E F , to which it is .parallel. But be
cause K L is perpendicular to the plane 
E F, K L is the shortest distance of C D 
from the plane E F. Therefore K L is 
the shortest distance between the straight 
lines A B and C D . 

Otherwise : 
From any point A in A B, draw A C 

perpendicular to C D (I. 45.): from C 4 N e 
kL 

draw- C E perpendicular to the plane 
A C D (37.), and let A B cut the plane 
D C E in B : complete the rectangle 
B D C E , and join A E : from C draw 
C F perpendicular to A E (I. 45.): 
through F draw F K (I. 48.), parallel to 
B E or C D , to meet A B in K : take C L 
equal to F K , and join K L : K L shall 
be the shortest.distanee required. 

Fer, let G be any other point in A B , 
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and G H its perpendieular distance frem 
C D : through G draw G M , parallel te 
B E pr D C (I. 48), tp meet A E in M, 
and join C M. Then, because G M and 
H C are in the same plane (I. def. 12.), 
G H and M C are likewise in the same 
plane ; and, because C D is perpendicu
lar both to C A and C E, it is perpen
dicular also to C M and C F (3.): but, C D 
is likewise perpendicular to G H ; there
fore (1.14.) C M is parallel to H G, and 
the quadrilateral C G is a rectangle. 
Again, because F K, C L are parallel 
and equal, and that the angle F C L is 
a right angle, C K is a parallelogram 
(I. 21.) and a rectangle. Therefore 
(I. 22.) G H is equal to C M , and K L 
to C F . But C F (I. 12. Cor. 3.) is 
less than C M , because C F is perpendi
cular te A E. Therefere, alse, K L is less 
than G H. And in the same manner it 
may be shpwn that K L is less than any 
other distance between the lines A B , 
CD. If A B do not meet the plane D C E , 
that is, if it be parallel to that plane, 
A C is the shortest distance required. 
Therefore, &c. 
Cor. 1. The shortest distance" be

tween two straight lines is a straight 
line which is at right angles to each of 
them. This is evident from each of the 
constructions above given. Indeed, if 
such were not the case, it could not be the 
shortest distance ; for a perpendicular to 
the line whieh it does not meet at right 
angles, drawn from the point in which 
it meets the other, would be shorter 
(I. 12. Cor. 3.). 
The problem shows, therefore, how to 

draw a straight line, which shall be at 
right angles to each of two given straight 
lines not lying in the same plane. 

Cor. 2. If, in the second construc
tion, the perpendiculars A C and B D be 
given, the length of the shortest distance 
K L may be fcund ; for it is equal to the 
perpendicular C F, which is drawn from 
the right angle to the hypotenuse of a 
right-angled triangle having those per
pendiculars for the two sides. 
Prop. 46. Prob. 11. 

To bisect a given dihedral angle 
ABCD. Draw from any the same point B in the edge B C, B A and B D perpendicular to it (I. 44.) in the planes C B A and C B D respectively, and bisect the angie A B D by the straight line B E (1.46.): the plane E B C , will bisect the 

\ & 

given dihedral anele A B C D (17.). 
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Therefore, &e. 
Cor. Any point in the bisecting plane 

is at equal distances from the planes of 
the dihedral angle A B C D (1.13) ; for it 
may easily be shown that these distances 
are the sides of right-angled, triangles, 
which have a common hypotenuse and 
the angles opposite to them equal to one 
another. 
Prop. 47. Prob. 12. 

To circumscribe a sphere about a 
given tetrahedron or triangular pyra
mid ABCD. 

Bisect any one of the edges, A B , in 
E (1.43.): from E, in the adjoining faces 
ABC, ABD, draw 
E F, E G perpendi
cular to A B (1.44.): 
take F, G, the cen
tres of the circles 
circumscribing the 
triangles A B C , 
A B D (III. 59.),; 
and therefore in the 
straight lines E F, 
E G respectively : from the points F, G, 
in the plane F E G , draw F O , G O , 
perpendicular to F E , G E (I. 44.) 
respectively, and meeting one another 
in O, and join O A : the sphere, which is 
described from the centre O, with the 
radius O A, shall pass through the 
points B, C, D, and circumscribe the 
tetrahedron. 
Join O B, O C, O D. Then, because 

E F and E G are each of them at 
right angles to E A, the plane F E G 
is perpendicular to E A (3.), and there
fore (18.) to each of the planes A B C , 
A B D , which pass through E A. But 
0 F and O G are perpendicular to the 
common sections F E and G E respec
tively. Therefore (18.) O F a n d O G are 
perpendicular to the planes A B C and 
A B D respectively. And because the 
points A, B, C, are equidistant from 
the foot of the perpendicular O F, they 
are likewise equidistant from the point 
O in the perpendicular (8.); therefore 
0 B and O C are each of them equal to 
O A. And for the like reason O B (as 
before) and O D are each of them equal 
to O A. Therefore, the four distances, 
O A, O B, 0 C, O D, are equal to one another; and the sphere, which is described from the centre O, with the radius O A, is circumscribed about the tetrahedron A B C D . Otherwise: . Bisect three of the edges at,right angles by planes meeting one another iii 
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the.point O (38.): O is evidently the cen
tre of a sphere, passing through the 
points A, B, C, D, and circumscribing 
the pyramid. 

Therefore, &c. 
Prop. 48. Prob. 13. 

To inscribe a sphere in a given tetra
hedron or triangular pyramid A B C D. 
Bisect the dihedral angles at the edges 

B C , C D , D B of any the same face,(46.) 
and let the bisecting 
planes meet one an
other in the point O : 
from O draw OP, O Q , 
O R , O S , perpendicu
lar to the faces B C D , 
A B C , A B D , A C D , re
spectively (36 ): the 
sphere, which is de
scribed from the cen
tre O, with the radius O P* shall pass 
through the points Q, R, ", and be 
inscribed in the tetrahedron. 

For, the point O being in the plane 
which bisects the dihedral angle at B C, 
is equidistant (46. Cor.) from the planes 
A B C, B C D, that is, O Q is equal to 
O P; and, for the like reason, O R and 
O S are each of them equal to O P ; 
therefore, the four distances, O P, 0 Q, 
O R , O S, are equal to"one another: and 
the sphere, which is described from the 
centre O, with the radius O P, is in
seribed in the tetrahedron A B C D . 

Therefore, &c. 
Cor. • If the faces and altitude A L 

of the tetrahedron be given, the length 
of the radius O P may be found. Por, 
since -the pyramid, which has the alti
tude A L and the base B C D , is equal 
to the sum of four pyramids having the 
common altitude O P, and for their 
bases the four tapes pf the first pyra
mid ; pr, which is the same thing, to a 
pyramid, which has the altitude O P, 
and a base equal to the sum of those 
faces (30.) ; it may easily be shown 
(32. Cor. 2. and II. 10. Cor.) that O P 
is to A L as the base B C D to the sum 
of thefourfapes. 

Scholium. 
In these problems, 12. and 13., it is as

sumed that, three planes being given, a 
point may be found whieh is common to the three, or that, any three planes being drawn, there is some point through which each of them passes, and which may be called their point of intersection. It is evident, however, that if the common section of two. of the planes be parallel to the third plane (in which case, 

also, by Prop. 10, the common sections 
are all parallel to one another), there 
can be no such point; for, since all the 
points which are common to the two 
first planes are found in their common 
section, if this common section does not 
put the third plane (that is, in other 
words, if there is no point ppmmpntp this 
pommon seetipn and the third plane), 
there pan be no point whieh is com
mon : to the three planes. "When, on 
the contrary, the common seotion. of 
two of the planes is not parallel to the 
third, it may be produced to cut that 
plane, and the point in which it cuts it 
is the point which is common to the 
three planes. 

"When a point is to be determined, 
therefore, by the intersection of three 
planes, in order to be satisfied with regard 
to the meeting of the planes, it is only 
necessary to consider the common sec
tion of any two of them, and examine 
whether it is or is not parallel to the third 
plane. Thus, in Problem 13, the ques
tion occurs, whether 0 C is, or not, pa
rallel to the plane which is made to pass 
through D B ; and it is easily perceived 
that it is not parallel; for, if the plane 
D B A be supposed to be turned round 
D B, in order to arrive at the position in 
which it will be parallel to O C, before 
it arrives at that position it must evi
dently become parallel to A C , andDBO 
is necessarily more distant from the po
sition of parallelism than D A B when 
parallel to A C , for it passes between the 
face A D B of the pyramid, and the base 
C D B. In the seccnd solution of Prob. 
12, the three planes, which are supposed 
to meet in O, are at right angles to the 
edges, and therefore the common sec
tion of any two of them, as, for instance, 
the two which are at right angles to 
A B , A C , is perpendicular to the face 
A B C of the pyramid (18. and 18. Cor. 2.), 
for which reason any plane which is 
parallel to it must be perpendicular to 
the same faee, which is evidently net the 
ease with the plane whieh is at right an
gles to the edge A D . 
Prop. 49. Prob. 14.1 

Three plane angles A O B, B 0 C, 
C O A, which form a solid angle O, beinggiven; to find by a plane construction the angle contained by two of the planes, viz. A O B and B O C. At the point B, in the plane B O C , and upon either side of the angle B O C , make the angles B O D , C O E equal to the angles B O A , C O A , eaeh tp eaeh 
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(I. 47.): in O D take any peint D, and 
make O E equal to O D ; from the points 
D, E, draw D B, E C perpendieular 
(I. 45.) to A B , A C. respectively, and let 
them be produced to meet ene anpther in 
P: from P (I. 44.) draw Q P perpendieu
lar to P B, and from the centre B, with 
the radius B D, describe the circle D Q d 
cutting P Q in Q, and jcin B Q ; the 
angle Q B P shall measure the angle 
ef inplinatipn ppntained bv the two 
planes A O B , B O C . 
Take 0 A equal to O D or OE, and join 

AB, A C , AP. Then,because the triangles 
O B A, O B D have the two sides OB, O A 
of the one equal to the two sides OB, O D 
of the ether, eaeh to each, and the in
cluded angles equal to pne anpther, B A 
is equal te B D (1.4.), and the angle 
O B A to the angle O B D , that is to a 
right angle. And, because O B is at 
right angles both to B A and B P, it is 
at right angles to the plane A B P (3.), 
and therefore the plane B O C , which 
passes through O B, is at right angles to 
the same plane A B P (18), or, which is' 
the same thing, the plane A B P is at 
right angles to the plane O B C. And 
in the same manner it may be shown 
that the plane A C P is likewise at right 
angles to the plane O B C. Therefore 
the straight line A P , which is the com-
mon section of the planes A B P, A C P, 
is at right angles to the plane 0 B C 
(18. Cor. 2.), and the angle A P B is a 
right angle. And, because in the right-
angled triangles Q B P, A B P, the hypo
tenuse Q B is equal to the hypotenuse 
A B , and the side B P common to both 
the triangles, the angle Q B P is equal to 
the angle A B P (1.13.). But A B P mea
sures the inclination of the planes A O B , B O C, because A B and B P are each of them perpendicular to the common section O B (17. Schol.) Therefore, the angle Q B P measures the same inclination, Therefore, Ssc. It will be found'that the aboye con-

struetion becomes impossible, when the 
third angle C O E is greater than the 
sum or less than the difference of the 
other two. For, in order that it may be 
applied, it is necessary that B P be less 
than B D. Now, if D F be drawn per
pendicular to O C, arid produced to 
meet the circle described from the centre 
O with the radius O D in G, it may 
easily be shown that the angle F O G is 
equal to the angle F O D (III. 3. and 
I. 7.); and, therefore, the angle C O G 
to C O D , that is, to the sum of B O C 
and B O D . And in like manner, if 
df be drawn perpendicular to O C, and 
produced to meet the circumference of 
the same circle in g, the angle C Q g will 
be equal to the angle C O d, that is, (be
cause B O d, by III. 3. and I. 7., is equal 
to B O D ) to the difference of B O C 
and B O D . But if C O E be greater 
than C O G, or less than C O g , in either 
ease the perpendicular E C, which is 
drawn to O C from a point E in the cir
cumference of the circle D C g, will not 
cut D d between the points D and d; 
and, therefore, B P will be greater than 
B D. The limits of possibility are, 
therefore, those above slated. The in
ferences from this are evidently the same 
with 19. and 19. Cor. 

Cor. 1. The same construction, slightly 
modified, may be used to find the third 
angle C O A from the two A O B , 
B O C , and their angle of inclination. 
For, if P B Q be made equal to the 
angle of inclination, and if B Q be taken 
equal to B D, the point P will be de
termined by drawing Q P perpendicu
lar to B P ; and thence the angle 
C O E or C O A, by drawing P C per
pendicular to O C, and producing it to 
meet the circumference D G g in E. 
Cor. 2, (Euc. xi. A.) It follows, from the 

solution of this problem, that if two solid 
angles be contained each of them by three 
plane angles, and if the plane angles which 
contain one of them be equal to those 
which pontain the other, eaeh to eaeh, 
the dihedral angles pf the one will like
wise be equal to the eprresponding dihe
dral angles of the other, each te eaeh. 

Cor. 3. And in like manner it follows, 
from Cor. 1, that if two solid angles be contained each of them by three plane angles, and if two of the plane angles which contain one of them be equal to two of those whieh contain the other, each to each, and equally inclined to one • another, the third angle of the one shall be equal to the third angle of the other, and its plane inclined at equal angles to the adjacent planes. 
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Prop. 50. Prob. 15. 
A n edge A B of a regular polyhedron 

Being given; to construct the polyhe
dron. 

It has been already seen (20. Cor.) that 
the number of regular polyhedrons can
not exceed five, three of which (if there 
be so many) will be contained by equila
teral triangles, one by squares, and one 
by pentagons. In the present problem 
it will appear that each of these five 
solids may be constructed. 

1. Let the solid angle of the polyhe
dron in question be contained by three 
angles of equilateral triangles. Upon 
the "given edge A B , 
describe (I. 42.) an 
equilateral triangle 
A B C : take the cen
tre O (III. 26.) of 
the triangle A B C, 
and from O draw 
O D perpendicular to 
the plane A B C (37.): in O D take the 
point D such that A D may be equal 
to A B * and join D A , D B, D C . 
Then, because O B and O C are each of 
them equal to O A, D B and D C are 
each of them equal to D A or A B (8.), 
and, therefore, the faces D A B , D A C, 
D B C of the solid D A B C are equi
lateral triangles: and because its solid 
angles are each of them contained by 
three angles of equilateral triangles, 
they are equal to one another (4 9. Cor. 2.). 
Therefore, D A B C is a regular solid ; 
and since it has four faces, it is a regu
lar tetrahedron. 

2. Let the solid angle be contained 
by four angles of equilateral triangles. 
Upon the given edge 
A B describe a 
square A B C D 
(I. 52.); take the 
centre O (III. 26.), 
and from O draw 
O E (37.) perpendi
cular to the plane 
A B C D ; take O E 
equal to O A, and, 
therefore, (I. 22. Cor. 2. and I. 36.) 
such that A E shall be equal to A B ; 
and produce E O to F, so that O F may be equal to O E : join E A, E B, E C , E D , and FA, FB, FC, FD. Then, because the point O is equally distant from the points A, B, C, D, E B, E C, E D are each of them equal to E A or A B (8.): and for the like reason FB„ FC, F D are each of them equal to FA; that is, because O F is equal to O E , * That is, takeODS equalto AB» —AO*CI. 89.) 

t o E A , (1.4.) or A B . Therefore, the 
eight faces of the solid E A B C D F are 
equilateral triangles. Again, each of 
the quadrilaterals E A F C, E B F D is 
a square, because its diagonals are 
equal, and (I. 22. Cor. 2.) bisect one 
another at right angles: therefore, the 
planes of any two adjoining faces are in
clined to one another at the same angle 
as the planes of any othertwo, (49. Cor. 2.) 
viz., the angle which is contained by 
two angles of equilateral triangles form
ing with the angle of a square a solid 
angle. Therefore, any two of the solid 
angles, as E and F, may be made to co
incide, and are equal to one another. 
Therefore, E A B C D F is a regular 
solid; and, since it has eight faces, it 
is a regular octahedron. 

3. Let the solid angle be contained by 

five angles pf equilateral triangles. Upon 
the given edge A B describe a regular 
pentagon A B C D E,'(III. 63. Cor.): take 
the centre O (III. 26.), and from O 
draw O F perpendieular tc the plane 
A B C D E (37.): take O F such that 
F A may be equal to A B (which may 
be done by joining 0 A, and taking 
(I. 59.) O F such that the square of 
O F may be equal to the difference of the 
squares of O A, A B ) , and join FA, FB, 
F C, F D , F E . Then, beeause the point 
O is equally distant from the points A, B, 
C, D, E, FB, FC, FD, F E are equal eaeh 
Pf them to F A or A B (8.), and there
fore FAB, FBC, FCD, FDE, FEA 
are equilateral triangles. Join B D ; then 
because the triangles B F D, B C D have 
the three sides of the one equal to the 
three sides of the other, each to each, 
the angle B F D is equal to the angle 
B C D (I. 7.), that is, to the angle of a regular pentagon; and the same is evidently true of the plane angle formed by any two of the principal edges of the 
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pyramid FAB CDE, which are not 
adjacent to one another. Complete 
the regular pentagon B F D G H , and 
join C G, C H . Then, because the point 
C is equally distant from the three 
peints B, F, D, it lies in that perpendi
cular te the plane B F D , which passes 
through the centre ef the circle circum
scribing the triangle B F D (37. Cor.), 
that is, through the eentre of the pen
tagon B F D G H ; therefore C G, C H 
are each of them equal to C B (8.) or 
AB, and C D G, C G H, C H B are equi
lateral triangles. Join CE, and let it cut 
B D in the point Z. Then, because the 
diagcnal B D is common to the two pen
tagons A B C D E, H B F D G, and that 
another diagonal C E of the former cuts 
it in Z, it may easily be shown that the 
diagonal F G of the latter euts it in the 
same point Z.* Therefore EF, FC, and 
C G lie in one plane ; and because the an
gles EFC, FCG, as shown in the case of 
the pyramid first constructed, are equal 
to the angles of a regular pentagon, let 
the regular pentagon E F C G K be com
pleted, and join DK. Then, as above, it 
may be shown that D K is equal to D E 
or AB, and that D E K , D K G are equila
teral triangles. Complete in like manner 
the pentagon A F D K L, and j oin L E ; 
and in like manner the pentagon B F E 
L M , and join M A : then, as before, E L 
is equal to E A or A B , and E A L , E L K 
are equilateral triangles; and A M is 
equal to A B , and A B M , A M L are 
equilateral triangles; and because F A , 
A M, F C, C H may be shown in the 
same way as above to be in one plane, 
and that they make with one another 
angles of a regular pentagpn, the line 
M H will complete the regular pentagon 
F A M H C, and B M H will be an equi
lateral triangle. 
Again, because G K is parallel to the 

diagonal C E of the pentagon F C G K E, 
and K L to the diagonal D A of the pen
tagon F D K L A , and so on, the lines GK, 
K L, L M, M H, H G lie all in the same 
plane parallel to the plane A B C D E 
(15.); and the angle oontained by every 
adjaeent two is equal to the angle of a 
pentagon, beeause K G H is equal te 
E Z B (15.), that is, to E A B (1.22), and so on. Therefore G K L M H is a regular pentagon. From the centre P of this * Because the diagonals of a regular pentagon divide one another always in the same (viz. the medial) ratio. In fact, the diagonals BD, E C of,the pentagon A B C D K being parallel to the sides AE. A B respectively (III. 26. III. 12. Cor. 1. and III. 18.), it follows (1.22.) that EZ is equal to A B or D C ; and the triangles KCD, DCZ (I. 6.) being isosceles and similar, K C is to C D (or EZ) as C D tor EZ) to CZ (11.31.). 
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pentagon draw(37.) aperpendieularPN' 
and take P N such (I. 59.) that N G m a y 
be equal to G K , and" join N G, N K , 
NL, NM, NH: then NGK, NKL, 
N L M, N M H, N H G are equilateral 
triangles. Therefore all the faces of 
the solid F N are equilateral triangles; 
And it is evident that any two adjoining 
faces on the same side of the plane 
G K L M H are inclined to one another at 
thesame angle as any other two (49. Cor. 
2.), viz., the angle which is contained by 
two angles of equilateral triangles form
ing a solid angle with the angle of a pen
tagon. Also, that any two upon opposite 
sides of that plane, as A L M, N L M, are 
inclined to one another at the same an
gle, maybe shown by comparing it with 
the angle contained by any two G D C , 
F D C , upon opposite sides of the plane 
A B C D E : for, since a solid angle is 
formed at C by the three plane angles 
B C D, B C F, D C F, of which the first 
is an angle of a regular'pentagon, and, 
the two others angles of equilateral tri
angles, and in the same manner a solid 
angle at L by the three plane angles 
K L M, K L N, M L N, of which the first 
is an angle of a regular pentagon, and 
the two others angles of equilateral tri
angles, the dihedral angle, contained at 
the edge C D by the planes B C D, F C D, 
is equal to the dihedral angle contained 
at the edge L M by the planes K L M , 
N L M (49. Cor. 2.): and again, since 
a solid angle is formed at C by the three 
plane angles B C D , B C G , D C G , of 
which the two first are angles of regular 
pentagpns, and the pther an angle pf an 
equilateral triangle, and in the same 
manner a solid angle at L by the three 
angles K L M, K L, A, M L A, of whiph 
the twe first are angles ef regular penta
gpns, and the ether an angle of an equi
lateral triangle, the dihedral angle con
tained at the edge C D by the planes 
B C D , G C D , is equal to the dihedral 
angle contained at the edge L M by the 
planes K L M , A L M (49. Cor. 2.) ; 
therefore, the whole dihedral angle con
tained at the edge C D by the planes 
F C D, G C D, is equal to the whole di
hedral angle contained at the edge L M 
by the planes N L M, A L M (I. ax. 2.), Therefore, all the plane and likewise.all the dihedral angles of the solid F N are equal to one another; and, consequently, any two of its solid angles, as at A and K, may be made to coincide, and are equal to one another. Therefore, F N is a regular solid (def. 9.); and, since it has twenty faces (viz. five, forming the pyramid which has the ver-
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tex F and base A B C D ; five mere, 
ferming the pyramid which has the ver
tex N and the base G K L M H ; and 
- ten mere between the two bases;) it is 
a regular icosahedron. 
4. Let the solid angle be contained 

by three angles of squares, that is, by 
three right angles. Upon the given 
edge A B describe a 
square A B C D : from -p 
A draw A E at right J 
angles to the plane 
A B C D (37.), and 
therefore at right an
gles both to A B and 
A D ; take A E equal 
to A B , and epmplete 
the parallelopiped 
E C . Then it is evident that the six 
faces of the parallelopiped E C are 
squares (I. def. 20. and IV. 22.) ; and 
beeause each of its solid angles is con
tained by three right angles, any two of 
them may be made to coincide, and are 
equal to one another. Therefore E C 
is a regular solid, and since it has six 
faces, is a regular hexahedron. This 
figure is the same as the cube (def. 13.). 

5. Let the solid angle be contained 
by three angles of pentagons. Upon 
the given edge A B describe a pentagon 
A B C D E : find the angle, I, at which 
two angles of regular pentagons must 
be mutually inclined, in order that with 
a third angle, which is likewise an angle 
of a regular pentagon, they may contain 
a solid angle (49.) ; and through the 
sides A B, B C, Ssc. of the pentagon, 
already described, draw planes, each 
making with it that angle of inclination, 
and intersecting one another in the lines 
AF, BG, C H , D K , F L : then the angles 

at the points A, B, C, D, E, will all of them 
be angles of regular pentagons. Com
plete the regular pentagons A B O M F , 

B C H N G, &c.: then, since the angles 
B G M , B G N are angles of pentagons, 
and so inclined, that with a third angle 
of a pentagon they may form a solid 
angle, the third angle M G N is an angle 
of a pentagon; and for the like reason 
the third angles at H, K, L, F are like
wise angles of pentagons. Now, it is 
evident from the figure thus far con
structed, that, if at adjacent angles 
F A B , G B A of a pentagon, other angles 
F A E , G B C of pentagons be placed 
at the inclination I, the edges A E, A B, 
B C will lie in one plane.* If, there
fore, the pentagon G M R S N be com
pleted, not only will H N S be an angle 
of a pentagon, for the reason before 
stated, but, for the reason just mentioned, 
O H , H N , N S will lie in one plane, 
because at the adjacent angles C H N, 
G N H, other angles C H 0, G N S of 
pentagons are placed at the inclination 
I: and for the like reasons F M R is 
an angle of a pentagon, and QF, F M , M R 
lie in one plane. In like manner, if the 
pentagon H N S T O be completed, PK, 
K O, O T will be in one plane; and if 
K O T U P lie completed, Q L, L P, P U 
will lie in one plane; and if L P U V Q 
be completed, M F , F Q , Q V will lie in 
one plane, viz., the plane Q F M , or 
Q F M R, and therefore M R being joined 
will complete the pentagon F Q V R M.. 
Lastly, also, by the same rule, the lines ' 
R S, S T, T U, U V, V R lie in one plane, 
and make with one another angles of 
pentagons, and therefore R S T U V is a 
pentagon completing the solid A T. And 
because A T has all its faces regular 
pentagons, and all its solid angles 
(49. Cor. 2.) equal (for each of them is 
contained by three "angles of pentagons), 
it is a regular solid; and, sincethefaces 
are twelve in number, it is a regular 
dodecahedron. 
And, in every case the regular solid 

is described with the given edge A B . 
Therefore, &e. 
As it is possible that the dotted or 

occult lines, which have been necessarily 
introduced in the foregoing construc
tions, may prevent the reader's acquiring 
from them a clear notion of the solids 
intended, we have here added shaded representations of the five'regular solids, each in two different positions, in which only so much of the convex surface is exhibited as would present itself te the eye if they were epaque bedies. * The same will evidently be the ease if FAB, GBA are any other equal angles, FAE, O B 0 any other two likewise equal to one another, and the 
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Cor. 1. Regular solids of the same 
name are similar (def. 10.). 

Cor. 2. Any regular solid being given, 
a point may be found within it, whieh is 
the common centre of two spheres, one 
inscribed in the solid, and touching all 
its faces, the other circumscribed about 
it, and passing through all its solid 
angles. 

Take O the centre of any face having 
the edge A B for a side, and draw O X 

perpendicular to the face (37.): let the 
dihedral angle at A B be bisected by a 
plane cutting O X in X : X shall be the 
point in question. 

Take O' the centre of the adjoining 
face, and Y the middle peint pf A B , 
and join O Y, O' Y, X 0', X Y. Then, 
beeause O Y is perpendicular to A B 
(III. 3.)XY is likewise perpendicular 
to A B (4.) ; also O' Y is perpendicular 
to the s a m e A B : therefore O Y , X Y 
and O'Y he in one plane (3. Cor. 1-.). 
And because the plane X Y A bisects 
the dihedral angle O Y A O', the angle 
X Y O is equal to the angle X Y O' (17.) : 
also Y O is equal to Y O'; therefore 
X 0' is equal to X O (1.4.) and the angle 
X O'Y to the angle X O Y , that is, to 
a right angle. But the plane X O' Y is 
perpendieular to the face which has the 
centre O' (18.), because it is perpendi
cular to the line A B , through which 
that face passes. Therefore (18.) X O' 
is perpendieular to the face which has 
the centre O'. Now, because X lies in 
the perpendicular passing through the 
centre O, it may easily be shown (4. and 
I. 4.) that the planes X B C , X C D , 
&c. make dihedral angles with the 
plane O A B , equal eaeh to the dihedral 
angle O Y A X ; also the dihedral angles 
of the solid are equal to one another; 
therefore those planes biseet the dihedral 
angles pf the solid at B C, C D, &p. 
Hence, as abcve, it may be shown, that 
the straight lines drawn from X to the 
eentres ef eaeh pf the adjeining fapes 
are perpendicular te thpse faces, and 
equal eaeh to X O. And beeause the 
dihedral angles at A B , B C, &e. are 
bisected by plaries meeting the perpen
diculars from the centres of those faces 
in X, the same may be said of the faces 
adjoining to them, and so on. There
fore the straight lines drawn from X to 
the eentres ef all the faees are perpen
dicular to them respectively, and equal 
each to X O . And hence again, be
cause the centres of the faces are equi
distant from their several angles, the 
point X is likewise equidistant from the 
several angles of the solid (8.). There7 
fore X is the common centre of two 
spheres, one inscribed, and the other circumscribed, as before said. The point X is called the centre of the solid. Cor. 3. Each of the regular solids of six, eight, twelve, and twenty faces has for every face a face opposite and parallel to it, and the opposite edges of "M 
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those faces likewise parallel; and the 
straight line which joins two opposite 
angles passes through the centre of the 
solid. That the opposite faces and edges 
are parallel, is evi
dent from the con
struction of the so
lid ; and hence it is 
evident (11. and 7.) 
that the lines X O , 
X O' drawn to their 
centres from the cen- /C 
tre of the solid, are in 
one and the same straight line: there
fore, again, because the opposite edges 
are parallel, it may easily be shown that 
the lines X A , X A'whieh are drawn 
from the centre to the opposite angles 
A, A', lie in the same straight line 
(15. and 1.4.) 
Scholium. 
Upon examining the number of the 
solid angles in each of these figures, it 
will appear, that the tetrahedron has four 
solid angles, whieh is also the number 
of its faces; the cube eight, which is 
the number of faces of the octahedron; 
the octahedron six, which is the number 
of faces of the cube; the dodecahedron 
twenty, which is the number of faces of 
the icosahedron; ..and the icosahedron 
twelve, which is the number of faces of 
the dodecahedron. Hence it is easily 
inferred, that if the centres of the faces 
of a regular solid be taken, they will be 
the vertices of another regular solid in
scribed in the first. In-this manner a 
tetrahedron m a y be inscribed in a te
trahedron; an octahedron in a cube, 
and a cube in an octahedron; an icosa
hedron in a dodecahedron, and a dode
cahedron in an icosahedron.* 

[IV. §.4. 

* With ithe aid of this relation it will be found, 
also, that a regular solid being given, any one of the 
regular solids whieh have a less number of faces, 
may be inscribed in it by taking for the vertices cer
tain of the vertices of the former, or else of the cen-
tres of its faces, or of the middle points of its edges. 
Thus, in the cube AF, the vertices B, D, B, F are 

the vertices also of an inscribed tetrahedron. 
In the octahedron E F, the centres of the several 

faces are the vertices of an inscribed cube; and the 
centres of thefacesEAB, E D C , FAD, FBOthe 
vertices of an inscribed tetrahedron. 
In the dodecahedron AT, the vertices H, G, A, D, 

P, Q, R, T, are the vertices of an inscribed cube; for 
AD and GH being equal, and also, because they are 
parallel to BC, parallel to one another (6), the figure, 
A D H G is a parallelogram (I. 2,1.); but the side A D is equal to the side D H, and the' diagonal A H may be shown to be equal to the diagonalDG; therefore A D H G is a rhombus, which has its two diagonals equal to one another, that 1b, a square; and, since the same may be shown of the other figures A D P Q, 

This mutual relation of the regular 
solids is very striking. W e m a y observe 
that if lines are drawn from the centre of 
the circumscribed solid to its different 
angular points, these lines will be per
pendieular respectively to the faces of 
the inscribed selid: henee, if w e eleave 
er put away the selid angles ef the 
eircumscribed figure by planes perpen
dieular to these lines; and if w e con
tinue the process until w e arrive at the 
centres of the several faces, w e shall 
obtain the regular solid which is in
scribed, and which forms as it were the 
nucleus of the other. There are two 
stages of this process, which geometers 
have marked by bestowing names upon 
the figures which the derived solids are 
m a d e to assume on arriving at them. 
The first is w h e n the solid angles are so 
far cut away that the remaining por
tions of the faces are regular polygons, 
which have twice as m a n y sides as the 
original faces. The derived solids at 
this stage are called the ex-tetrahedron, 
ex-cube, ex-octahedron, ex-dodecahe
dron, and ex-icosahedron. They are 
obtained from the regular solids by in
scribing in each of the faces a regular 
figure, having twice as m a n y sides as the 
face; and then cutting away the small 
pyramids which have for their vertices 
the several selid angles ef the regular 
selid. Thus, in the face ef a regular 
tetrahedron a hexagon m a y be inscribed 
by inscribing a circle intheface.joining 
the centre with the angles of the face, and 
drawing tangents to the circle at the 
points where the pircumferenee is put by 
the joining lines: and in a similar man
ner an octagon m a y be inseribed in a 
square, and a decagen in a pentagen. 
The number and eharacter of the faces 
of any of these derived solids m a y be 
readily obtained from the number and-
character of the faces and solid angles • 
of the regular solid from whiph it is de
rived. Thus the faces cf the ex-cube are 
six octagons and eight equilateral tri
angles. 

&c, the inscribed solid I-IG A D P Q R T is a cube ;' 
hence, also, the vertices A, H, P, R are the vertices 
of an inseribed tetrahedron ; and the middle points 
of B C, U V, K L, S N, K O, MF, the vertices of an 
inscribed octahedron. 
In the icosahedron AG, the centres of the several 

faces are the vertices of an inscribed dodecahedron; 
the centres of the faces F B A, A L M, M N H , H B C, 
CGD, DFE, ELK, KGN, the vertices of an inscribed 
cube; the centres of thefaces F B A , M N H, CGD, 
E L K , the vertices of an inscribed tetrahedron; and the middle points of the edges BC, KL, EF, K N , A M , DG, the vertices of an inscribed octahedron, 
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The second stage occurs when, the 

selid angles being still further cut away, 
the planes cf pleavage meet at the mid
dle peints pf thp edges, thus redueing 
the original faoes tp regular polygons 
whioh have the same number ef sides 
with the faces, and are inscribed in them 
by jeining the middle ppints pf the edges. 
In faet, if the edges of a regular solid be 
biseeted, and the peints of biseetion 
joined, there will be inscribed in each of 
its faces a figure similar to that face, 
that is, an equilateral triangle, if the face 
be an equilateral triangle; a square, if a 
square ; and a pentagen, if a pentagpn. 
Here the fprms pf the derived solids 
apprise us at once of the mutual rela
tions of their originals; the two derived 
from the cube and octahedron being 
precisely similar, as are likewise those 
derived from the dodecahedron and ico
sahedron ; from which circumstance 
the new figures with which we ' are 
thus presented have received the names 
of the cuboctahedron and the icosado-
decahedron. From the tetrahedron 
treated in this manner we obtain the 
octahedron. 

Finally, the cleavage being continued 
till we arrive at the centres of the faces, 
we obtain the inscribed regular solids. 

Prop. 51. Prob. 16. 

To find the inclination of two adjoin
ing planes of a given regular solid. 

1. If the given solid be a regular 
tetrahedron, the required inclination is 
that of two angles of equilateral trian
gles, which, together with a third, form 
a solid angle, and therefore may be 
found by the eonstruption p;Si j 
given in Prep. 49. 
Or thus: describe the right-

angled triangle A C B , hav
ing the hypetenuse A B 
equal te three times the side 
A C ; and the angle B A C 
will be the angle ef inelina-
tion required. A T 

2. If the solid be a cube, the angle 
of inclination will be a right angle (17. 
Cor.) 

3. If an octahedron, the required 
inclination is that of two angles of equi
lateral triangles, which, together with 
the angle of a square, form a solid angle, 
and may be found as in Prop. 49. 

Or thus: describe the _pvo-
right- angled triangle A C B , 
having its two sides A C, 
C B equal, respeetively, te 
the side and diagonal pf a 
square, and twice the angle 
B A C will be the angle cf 
inolination required. •"• 4. If a dodeoahedron, the required inclination is that of two angles of re-M-2 • 

2. 
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gular pentagpns whiph, together with 
a third angle pf a pentagpn, fprm a 
splid angle, and therefore may be found 
as in Prop. 49. 

Or thus: describe the 
right-angled triangle A C B , 
having its sides A C , C B 
to one another in the medial 
ratio, and A C the lesser of 
the two; and twice the angle 
B A C will be the angle re
quired. 

5. If an icosahedron, the required in
clination is that of two angles of equila
teral triangles, whieh, together with the 
angle of a regular pentagon, form a solid 
angle, and therefore may be found as in 
Prop. 49. Fig. 4 
Or thus : deseribe the right-

angled triangle A C B, having 
its sides A C , C B to one an
other in a ratio which is the 
duplicate of the medial ratio ; 
and twice the angle B A C will 
be the angle required. 

It will be sufficient to notice briefly 
the steps which lead to the foregoing 
constructions. 

With regard to the tetrahedron; if a 
perpendicular be drawn from the centre 
of an equilateral triangle to one of the 
sides, such perpendicular will be a 
third of the whole perpendicular which 
is^drawnto the same side from the angle 
opposite to it (see the method of in
scribing an equilateral triangle in a 
circle at III. 63.). N o w , in the tetrahe
dron the faces are equilateral triangles, 
and the line which joins any of Jts solid 
angles with the eentre of the opposite 
face is perpendicular te that face (37. 
Cor.); whence, by the aid ef Prop. 4., 
the first ccnstruption. 

In the optahedren, the square which 
divides the figure (see the ccnstruption 
in Prop. 50) bisects the angles made by 
the adjeining faces upen either side ef it: 
and the line which jcins the centre of this 
square with either of the two solid an
gles above and below it, is equal to half 
its diagonal, while the perpendieular 
drawn from the centre of the square to 
any of its sides is equal to half the side; 
whence the construction in this case. The eases of the dodecahedron and icosahedron admit of an easy demonstration by help of the mutual relation of the dodecahedron and icosahedron mentioned in the last Scholium. For, if X be the centre of the icesahe-dron A G (seethe figure of Prop. 50.), 

X F and X G will be perpendieular to 
two adjoining planes of the inseribed 
dodeeahedron, and therefore, A X G 
being a straight line (50. Co?\3.), the angle 
A X F will measure the inclination of those 
planes (17. Schol. 4.) : new beeause X F 
is equal tp X A pr X G (50. Cor. 2.), 
the angle A F G is a right angle (1.19. 
Cor. 4.), and the angle A X F is deuble 
ef the angle A G F (I. 6. and I. 19.); 
alse, F G is the diagenal pf a regular 
pentagon, whese side is equal to A F , and 
therefere F G is to A F in the medial 
ratio (see note p. 159). Hence the con
struction given for the inclination of the 
faces of a dodecahedron. 

And that given for the icosahedron 
is similarly derived, from considering it 
as inscribed in a dodecahedron. For 
if X be taken, the centre of the dode
eahedron L N (see the figure of Prop. 
50.), X N , and X H will be perpendi
cular to two adjoining planes pf the 
inscribed iccsahedron, and therefore, 
L X N being a straight line (50. Cor. 3.) 
the angle L X H will measure the incli
nation of those planes (17. Schol. 4.): 
now, if L K , K H , L H , be joined, the 
angle L K H will be equal to the angle 
E D C of a pentagon (15.), because L K 
and K H are parallel to E D and D C 
respectively; therefore, the triangle 
L K H is similar to K O H (II. 32.), 
and O H is to H K as H K to L H ; 
and since O H is to H K in the medial 
ratio, O H or H N is to L H in a ratio 
whiph is the duplipate of that ratio 
(II. def. 11.): and, because XII is equal 
to X L or X N , the angle L H N is a 
right angle (I. 19. Cor. 4.), and L X H 
is equal to twice L NII (1.6. and 1.19.), 
that is, the angle of inclination is equal 
to twice the greater acute angle of a 
right-angled triangle, whcse sides are 
te pne anpther in a ratio whioh is the 
duplicate of the medial ratio. 

Therefore, &c. 
Prop. 52. Prob. 17. 
The edge of any regular solid being 
given, to find the radii of the inscribed 
and circumscribed spheres. 
Find A B and A C , the V 

radii of the circles in
scribing and circumscribing a face of the given solid (III. 26.); from A draw A D perpendicular to A B or A C ; at ,,. the point B make the angle A B D equal to half the angle which measures the in-
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clinaticn of two adjoining faces (51.); 
let B D meet A D in D, and jein C D . 
Then it is evident, from the construction 
of 5 0. Cor. 2, that D A is the radius 
of the inscribed sphere, and D C that 
of the circumscribed sphere. 

Or the radius D C cf the circum
scribed sphere may be determined in 
the several cases, by the following con
structions ; and then D A from the tri
angle D A C , described with the hypo
tenuse D C and side A C. 

1. If the given solid be a tetrahedron, 
describe the right-angled triangle A C B 
(see 51. fig. 2.), having the sides A C , 
C B, equal respectively to the side and 
diagonal of a square; and the diame
ter of the oirpumscribed sphere will be 
to the edge of the tetrahedron as A B 
toBC. 

2. If a cube, the diameter of the cir
cumscribed sphere will be te the edge ef 
the eube as A B to A C in the above 
triangle (51. fig. 2.); and that of the 
inscribed sphere will be equal to the 
edge. 
3. If an octahedron, the diameter of 

the circumscribed sphere will be to the 
edge as the diagonal of a square to its 
side. 

4. If a dodecahedron, describe the 
right-angled triangle A C B (see 51. 
fig. 4.), having its sides A C, C B te pne 
anpther in a ratio whieh is the duplicate 
cf the medial ratie; and the diameter pf 
the circumscribed sphere will be to the 
edge as the hypotenuse A B to the lesser 
side A C. 

5. If an icosahedron, describe the 
right-angled triangle A C B (see51.fig. 
3.), having its sides A C , C B in the 
medial ratio; and the diameter of the 
circumscribed sphere will be to the edge 
as the hypotenuse A B to the lesser side 
A w. 

W e need not enter into the details of 
these eonstructions: it will be sufficient, 
as in the preceding problem, to point 
out the considerations from which they 
are derived respectively. 
And first, a tetrahedron may be in

scribed in a cube, which shall have for 
its four angles four of the angles of the oube, and for its four edges the diagonals of four faoes ef the cube (see nete, p. 162); and the sphere whieh is eir-cumscribed about such tetrahedron will be also circumscribed about the cube; but in a cube, the line which joins two opposite angles is the diameter of the circumscribed sphere, and the square of litis line is equal to the square of one of 

the edges of the cube, together with the 
square of the diagonal of one of dhe 
faces: hence, therefore, the constructions 
for the tetrahedron and cube. 

In the octahedron, the line which 
joins two opposite angles is at once the 
diameter of the circumscribed sphere, 
and also the diagonal of a square which 
has for its four sides four of the edges of 
the octahedron; hence the construction 
in this case. 
In the dodecahedron (see the figure 

of p. 160) the triangle L H N is right-
angled at H , and the sides L H, H N 
have to one another a ratio whieh is the 
duplicate of the medial ratio, as was 
shown in the last problem : also L N is 
the diameter of the circumscribed sphere; 
therefore, the rule in this case is mani
fest. 

And, lastly, in the icosahedron (see the 
figure of p. 158) the triangle A F G i s 
right-angled at F, and the sides G F , F A 
are to one another in the medial ratio, 
as was shown in the last problem; also 
A G is the diameter.of the circumscribed 
sphere: whence the construction in this 
case. 

Therefore, Sec. 
Cor. Every regular solid may be di

vided into pyramids, having for their 
bases the several faces of the solid, and 
for their common vertex the centre of the 
solid; and the altitude of each of these 
pyramids will be the same, viz. the ra
dius of the inscribed sphere. B y help 
of this proposition, therefore, we may 
find the solid eontent of any given regu
lar solid; for it will be one-third of 
the product of the above radius and 
the convex surface of the solid (32. 
Cor. 1.). 

Scholium. 
The regular solids have ceased to 

pecupythat prominent place in science 
which was assigned to them for so long 
a period, from the time of Euclid to that 
of Kepler*. A volume, replete with the 
most striking results, might indeed be 
written upon the subject; but as these 
figures, with the exception of the cube, 
have little or no oonoern with anything 
besides themselves, such a work would 
be of value to the curious only. It is not surprising, perhaps, if we regard Euclid as the discoverer of the' many elegant relations which characterize them in the 13th, 14th, and 15th Books of the Elements t, that he should have # See the Life of Galileo, page 27. •j- The two last books are, however, with some probability, ascribed to Apollonius. 
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composed his immortal treatise, as is 
said to have been the case, with the sole 
object of demonstrating these relations ; 
it is not, perhaps, too much to say that 
at that epoch, when the properties of 
numbers and geometrical figures were 
investigated ̂ for their own sake, ab
stractedly "and without reference, as in 
the present day, to the body of mixed 
sciences dependant upon them, the five 
regular solids were even worthy of such 
a distinction. The fate of this portion 
of his work (so rarely now perused) is, 
however, a striking illustration of the 
lasting and transcendant nature of what 
is really (though humbly) useful above 
the merely curious and surprising. So 
Obscure is the rank now assigned to 
these once interesting and all-important 
figures, that it may be considered even 
trifling, in the present treatise, to have 
established their construction, Ssc. at a 
greater length than usual. W e must 
refer the reader, by way of apology, to 
thp properties above alluded to, a few of 
which, eapable pf being verified without 
diffipulty with the assistanpe which we 
have afforded, are here subjoined. 

Tn the tetrahedron, the radius of the 
eireumscribed sphere is equal to three 
times the radius of the inscribed sphere: 
in the cube (as we have seen) the two 
radii are to one another in the subdu-
plicate of this ratio. 

In the cube, the radii of the inscribed 
and cirpumspribed spheres have to ene 
another the same ratio as in the ootahe-
dron: and the same is true of the dode
cahedron and icosahedron. 

In the icosahedron, the distance of the 
regular pentagon, which passes through 
five of the solid angles, from the centre of 
the solid, is equal to half the radius of the 
circle circumscribed about the pentagon. 

These few may serve as a sample 
of the rest, whieh are occupied with the 
mutual inscription and circumscription 
of these figures, and the proportions of 
their surfaces and contents when in
scribed in one and the same sphere. 
BOOK V. 
§ 1. Surfaces and contents of the Right ' 

Cylinder and Right Cone.—§ 2. Surface and content of the. Sphere.—§ 3. Surfaces and contents of certain portions of the Sphere. Section l.-Qf the Right Cylinder and Right Cone. Def. 1. A cylinder is a selid figure. the surface ef whiph is partly plane and 

partly eurved; the plane portions being 
two equal and parallel eircles, and the 
curved portion such, that any point being 
taken in the circumference of either 
circle, the straight line which is drawn 
through it parallel to the line joining 
their centres lies wholly in the sur
face. 

Such a surface may be cpnceived to 
be generated by a straight 
line A a, which is carried 
round the eirpumferenee 
of a given eirele A B D , 
sp as to be always pa
rallel and equal to a given 
straight line C c at the 
eentre. 

Per it is easy to perceive that the up
per extremity of such a line will always 
lie in the circumference of a second 
circle a bd, which is of the same dimen
sions with the given circle, and in a 
plane parallel to it (IV. 13. Cor. 2,). 

The eurved surface of a cylinder is 
called also the convex surface; the cir
cles are called bases ; and the straight 
line which joins their centres is Galled 
the axis of the cylinder. 

2. A cylinder is said to be right or 
oblique, according as the axis is per-

c y 
pendieular tp the bases, er inclined to 
them. C is a right, and C an oblique 
oylinder. 
. 3. Similar Cylinders are thpse whpse 

axes are perpendicular, cr equally in
clined, te their respective bases, and in 

the same ratie tp the radii pf those 
bases. 

4. A cone is a solid figure, the sur-
faee pf whiph is partly plane, and partly 
curved; the plane portion being a 
circle, and the curved portipn such, that 
if any peint be taken in the eircum
ference cf the circle, the straight line 
which joins it with a certain point with
out the plane of the circle, lies wholly in 
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may be conceived to be 
generated by a straight 
line V A, which is car
ried round the circum
ference of a given circle 
A B D, so as to pass 
always through a given 
point V without the 
plane of the circle. 

The curved surface of a cone is called 
also the convex surface: the point 
through which the straight tine always 
passes is called the vertex or summit; 
the eirele is ealled the base ; and the line 
which is drawn from the vertex to the 
centre of the base, the axis of the cone. 

5. A cone is said 
to be right or ob
lique, according 
as the axis is per
pendicular to the 
base, or inclined 
to it. C is a right, 
and C an oblique cone. 
The slant side of a right cone is a 

straight tine which is drawn from the 
vertex to any point in the circumference 
of the base. 
6. Similar Cones 

are those whese 
axes are perpendi
cular, er equally 
inelined te their 
respective bases, 
and in the same ratio to the radii of 
those bases. 

7. If a cone be divided 
into two parts by a plane 
parallel to its base, the 
part next the base is 
called a frustum of a 
Cone, or sometimes a 
truncated cone. 
The axis of a frustum is that part of 

the axis of the whole cone, which is in
tercepted between the cutting plane and 
the base of the cone. 

8. A prism is said to be inscribed in 
a cylinder, when its bases are inscribed 
in the bases of the cylinder; and in 
like manner a prism is said to be cir
cumscribed about a cylinder, when its 
bases are circumspribed about the bases 
of the eylinder. 

in a cone, when its vertex is the same 
with that ef the opne, and its base is in
scribed in the base ef the cone: and in 
like manner a pyramid is said to be 
circumscribed about a cone, when its ver
tex is the same with that ef the ppne, 
and its base circumscribed about the 
base of the cone. 

& 

o 
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9. A pyramid is said to be inscribed 

The right cylinder, right cone, and 
sphere, are sometimes styled, by way of 
pre-eminence, the three round bodies. 
They are also termed solids of revolu
tion, because each of them may be con-
eeived te be generated by the revolution 
of a plane figure about a fixed straight 
line taken in its plane. Thus we have seen 
(IV. def. 21.) that a sphere is generated 
by the revolution of a semicircle about 
its diameter. If a right angle triangle 
V C A revolve about 
one ef the sides cen-
taining the right an
gle, as V C, that side 
will be the axis ef a 
right ppne, pf whiph 
the pther side A C 
will deseribe the base 
(IV. 3. Cor. 2.) and 
the hypetenuse V A 
the cenvex surfaee. 
And if a reetangle A c 
revelve abeut pne pf 
its sides C c, that side 
will be the axis ef a 
right cylinder, ef whiph the two adjoin
ing sides will describe the two bases 
(IV. 3. Cor. 2.), and the side opposite, 
A a, the convex surface. 

Before we can proceed to consider the 
convex surfaces of the cone and cylin
der, it will be necessary to establish the 
following lemmas concerning convex 
surfaces in general. 
Lemma 1. 

A plane surface O A B C D is less 
than any other surface P A B C D, ter
minated by the same contour A B C D . 

For, in whatever' di
rection we extend the plane B P D , to cut the plane surface in the straight line B D, and the other surface in the curved or bent 
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dimensipn B D pf the plane is less than 
the dimension B P D of the other sur
face (I. 10. Scholium). But if theplane 
surface were equal to or greater than 
the other, the dimension of the plane 
surfaee cculd npt be, in every direction, 
less than the dimension of the other. 
Therefore, the plane surfaee O A B C D 
is neither equal to nor greater than the 
surfaee P A B C D ; that is, it is less 
than the surface P A B C D . 

Therefere, &c. 
Lemma 2. 

If a ppnvex surfaee A B is enveloped 
pn all sides by another surface M N ; 
whether they have any points, lines, or 
planes in common, or have no point at 
all in common, the enveloped surface 
will always be less than the surface which 
envelops it. 

For it is the nature of ^ — < M 
a convex surface that 
there is no point of it 
through which a plane 
cannct be drawn touch
ing, pr at least not cut-
ling, the surfaee. There
fore, if such a surface A B be enveloped 
by any other M N , and if A be any point 
in the former which is not also in the 
latter surface, a plane C D may be drawn 
through A, cutting the surface M N , and 
not cutting the surface A B . A n d be
cause the plane C D is less than the sur
face C M D by the preceding lemma, the 
whole surface C N D is less than the whole 
M N (I. ax. 6.) Therefore, of all the sur
faces which envelop the spaoe A B, and 
are in any part exterior to the surfaee 
A B , there is none than whieh a less 
cannot be fcund enveloping the same 
space A B . But cf the surfaees enve-
lpping this spape, there must be some 
(one or more) less than any of the others; 
for none of them can be less than of 
some certain magnitude. Therefere, 
since cne pr mpre ef the surfaces must 
be less than any cf the pthers, and 
sinee a less may be fpund than any 
whiph is in any part exterior to the sur
faee A B , sueh least surface is nene pther 
than the surface A B. Therefere, the 
surfaee A B is less than the surface M N . 
Therefere, &e. Prop. 1. A right cylinder is greater than any inscribed prism, and less than any circumscribed prism : also the convex surface of the cylinder is greater than the convex surface of any inscribed prism, and less than the convex surface of any circumscribed prism. 

The first part 'ef the proposition is 
manifest: we have only, therefore, to 
demonstrate that whieh relates to the 
surfaees. 

Let A a be (he axis ef a 
right cylinder, and B C D , 
b e d its two bases ; and, 
first, let E F, efbe the bases 
cf any prism inscribed in the 
cylinder: the epnvex surfaee 
of thecyUnder shall be greater 
than the convex surface of 
the inscribed prism. 

For, if not, it must either 
be less than the latter surface 
or equal to it. First, let it 
be supposed less, viz. by a surface P; 
let Q be any multiple of P, which is 
greater than the difference between the 
two eircles B C D , bed taken together, 
and the two polygons E F, ef taken 
together: take A a' the same multiple of 
A a that Q is of P, and complete the 
cylinder which has the axis A a and the 
base B C D , and the prism e'f E F , 
which is inscribed in it upon the base 
E F. Then, by making the cylinder 
which has the axis A a coincide succes
sively with the parts of the larger cylin
der, it may be shown that the convex 
surface cf the latter is the same multiple 
ef the eonvex surfaee ef the ̂ former that 
A a' is of A a, or Q of P; and it is evi
dent that the convex surface of the 
prism inscribed in it is the same mul
tiple of the convex surface of the prism 
inscribed in the former cylinder: there
fore, because the convex surface of the 
lesser cylinder together with P is equal to 
the convex surface of its inscribed prism, 
the convex surface of the larger cylinder 
together with Q is likewise equal to the 
convex surface of its inscribed prism. 
But the difference between the two cir
cles B C D , bed taken together and the 
two polygons E F, ef taken together (or, 
which is the same thing, between the 
two circles B C D , V c' d1 taken together 
and the two polygons E F , e'f taken 
together) is less than Q. Therefore, the 
convex surface of the, larger cylinder 
together with this difference is less than 
the convex surface of its inscribed prism; 
which is impossible (Lem. 2.), because the convex surface of the cylinder, together with this difference and with the two polygons E F , e'f, envelops the convex surface of the prism, together with the same two polygons E F, e'f. Therefore, the convex surface of the cylinder which has the axis A a is not less thpn th" nnnvex surface of the in-
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Neither can the convex surface of the 

cylinder be equal to the convex surface 
of the inseribed prism. For, if this be 
supposed, then, because a polygon may 
be inscribed in the circle B C D , which 
shall have a greater perimeter than the 
polygon E F , a prism may be inscribed 
in the cylinder which shall have (IV. 29. 
Scholium) a greater convex surface than 
the prism upon the base EF, that is, than 
the cylinder has. But this is impos
sible, as has been already demonstrated. 
Therefore, the convex surface of the 

cylinder must be greater than the con
vex surface of the in
scribed prism. 
And by a similar course 

of reasoning applied to 
the adjoined figure, it may 
be demonstrated that the 
convex surface of a cylin
der is less than the con
vex surface of any cir
cumscribed prism. 
Therefore, &c. 

Prop. 2. 
Any right cylinder being given, two 

prisms may be the one inscribed in it, 
and the other circumscribed about it, 
such that the difference of their con-
vet: surfaces, or of their solid contents, 
shall be less than any given difference. 
Let A B G , a b g be the bases of a 

given right cylinder; C, c their centres. 
And, first, let P be the given difference 
of surfaces, and let Q be the convex 
surfaee of some circumscribed prism. 
Then, because (as in III. 31.) a regular 
polygon may be inscribed in the circle 
A B G, the apothem C E of which ap
proaches to the radius C D within any 
given difference, it is evident that a 
polygon may be inseribed such that 

C D - C E shall be to C E in a ratio less 
than any assigned, and, therefore, in a ra
tio less than that of P to Q. Let A B F G H 
be such a polygon, and C E its apo
them. Join C A, C B , &c„ and let the 
planes A C c, B C c, &c. cut the upper 
base in the radii ca, cb, & c , and join 
A a, B b, & c , a b, bf, & c ; then (def. 8.) 
it is evident that the polygons A B F 
G H , a b f g h are the bases, and the 
straight lines A a, B b, &e., the princi
pal edges of a prism inscribed in the 
given cylinder. Again, let the polygon 
K L M N O , similar to A B F G H , be 
circumscribed about the circle A B D , 
so that one of its sides, K L, may touch 
the circle in D (III. 27. Cor. 2.): let the 
plane D C c cut the circle a b d in the 
radius cd, and let a similar polygon 
k l m n o be circumscribed about this 
circle, so that the side hi may touch it 
in d, and join K h, L I, &c.; then (def. 8.) 
it is evident that K L M N O , k l m n o 
are the bases, and the straight lines K k, 
L /, &c. the principal edges of a prism 
circumscribed about the given cylinder. 

N o w , the convex surfaces of these 
prisms, inseribed and circumscribed, 
are the sums of their rectangular faces. 
And, since these rectangles have all of 
them the same altitude, the sums of the 
rectangular faces are as the sums of the 
bases of the rectangles (II. 35.), which 
sums are the perimeters of the inscribed 
and circumscribed polygons, and are, 
therefore, as the apothems C E , C D (III, 
30.). Therefore, the convex surfaces of 
the prisms are to one another as C E , C D 
(II. 12.) ; and their difference is to the 
convex surface of the inscribed prism 
a s C D - C E t o C E (II. 20.), that is 
in a less ratio than that of P to Q. 
But even had the ratio of their differ
ence to the convex surface of the in
scribed prism been the same with that 
of P to Q, the difference would have 
been less than P (II. 18. Cor.), because 
the surface of the inscribed prism is 
less than Q, which is the surface of 
some circumscribed prism (IV. 29. 
Scholium): much more, therefore, being 
less, is the difference less than P. 

In the next place, let S be the given 
difference of solid contents, and let T be the solid content of some circumscribed prism. Then, as before, a polygon may be inscribed in the lower base such that its apothem C E shall approach to the radius C D within any given difference; and, therefore, such also that C D8 — C E2 may be to C E2 in a ratio less than any assigned; less, therefore, than that •S toT. Let ABFGH be such a 
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polygon, and let the prisms be inscribed 
and Circumscribed as before. Then, 
because these prisms have the same 
altitude, their stolid contents are to one 
another as their bases (IV 29. Cor. 2.), 
Which bases are the inscribed and cir-
eumspribed pelygpns, and, therefore, are 
to one another as C E 8 , C D 2 . There
fore, the contents are to one another as 
C E 3 , C D 2 (11.12.); and their differ
ence is to the opntent ef the inseribed 
prism as C D2 - C E2 to C E2 (II. 20.), 
that is, in a less ratio than that of S to 
T. Therefore, as before, because the 
content of the inscribed prism is less 
than T, much more is the difference of 
contents less than S, 

Therefore, &c* 
Cor. 1. A n y right cylinder being 

given, a regular prism may be inscribed 
(or circumscribed) which shall differ 
from the cylinder in convex surface, or 
in solid content, by less than any given 
difference. For the difference between 
the cylinder and either of the prisms, 
whether in surface or in content, is less 
than the difference of the two prisms (1.). 

Cor. 2. Any two similar right cylin
ders being given, similar regular prisms 
m a y be inscribed (or circumscribed) 
which shall differ from the cylinders in 
convex surface or in solid content, by 
less than any the same given difference, 

Prop. 3. 
' The convex surface of a right cylin
der is equal to the produet of its alti
tude by the circumference of its base. 

For, if this product be not equalto the 
convex surface of the cylinder, it must 
either be greater or less than that surface. 

If greater, as by a difference D, it 
must be greater also than the convex 
surface of some circumscribed prism; 
for a prism may be circumscribed, the 
convex surface of which approaches to 
that of the cylinder within the differenceD 
(2. Cor.l.): but the convex surface of such 
a prism is equal to the product of its alti
tude (which is the same with that of the 
cylinder) by the perimeter of some cir
cumscribed polygon (IV. 29. Scholium); 
therefore, the circumference of the base 
of the cylinder is greater than the perimeter of this circumscribed polygon, which is impossible. And, in the same manner, if less, as by a. difference D, it must be less also than the convex surface of some inscribed prism (2. Cor. 1.); but the convex surface of such a prism is equal to the product of its altitude (the same with that of the cylinder) by the perimeter of some inscribed polygon (IV. 29. Scho 

H u m ) ; therefore, the circumference of 
the base Pf the cylinder is less than the 
perimeter pf this inspribed polygon, 
whiph is impossible. 

Therefore the product in question is 
neither greater nor less than the convex 
surface cf the eylinder; that is, it is 
equal te it. 

Therefore, &e. 
Cor. If R is the radius ef the base of 

a right cylinder, and A its altitude, 
the convex surface of the cylinder is 
2 * R A (III, 34. Scholium.). 

Prop. 4. 
The solid content of a right cylinder 

is equal to the product of its base and 
altitude. 

This proposition is demonstrated in 
exactly the same manner as the preced
ing. If the product in question exceed 
the content of the eylinder, it must like
wise exceed the ccntent of some oir-
eumspribed prism (2. Cor. 1.): but this 
is impossible, because the prism (IV. 29. 
Cor. 1.) is equal to the produet of its 
altitude, which is the same with that of 
the cylinder, by its base, which is greater 
than the base of the cylinder. If, on 
the other hand, it be less than the con
tent of the cylinder, it must likewise be 
less than the content of seme inscribed 
prism (2. Cor. 1.) ; but this is imppssi
ble, because the prism (IV. 29. Cor. 1.) 
is equal to the produpt of its altitude, 
whieh is the same with that ef the ey
linder, by its base, whieh is less than 
the base ef the eylinder. Therefore, the 
product in question Cannot but be 
equal to the eontent of the eylinder. 

Therefpre, &p. 
Cor. 1. if R is the radius of the base 

of a right cylinder, and A its altitude, 
the solid content of the cylinder is 
trR^A (III. 34. Scholium.). 

Cor. 2. If a right cylinder and a 
prism have equal bases and altitudes, 
the cylinder shall be equal to the prism 
(IV. 29. Cor. 1.). 

Cor. 3. (Euc. xii. 11. and 14.) Right 
cylinders which have equal altitudes are 
to one another as their bases ; and right 
cylinders which have equal bases are to 
one another as their altitudes: also any 
two right oylinders are tp pne anpther in the ratip whiph is cemppunded of the ratios of their bases and altitudes (IV. 29. Cor. 2.). Prop. 5. (Euc. xii. 12.) The surfaces of similar right cylinders are as the squares of the axes ; and their solid contents are as the cubes of the axes. 
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For, in the first place, there may be 
inscribed in the cylinders similar prisms, 
the convex surfaces of which approach 
more nearly to the cenvex surfaees 
of the cylinders than by any the same 
given difference (2. Cor. 2.): and it may 
easily be shewn that the convex sur
faces of these prisms are to one another 
always in the same ratio, viz., as the 
squares of their principal edges (II. 43. 
Cor. 1.), which are equal respectively 
to the axes of the cylinders: therefore, 
the eonvex surfaces of the cylinders 
are to one another in the same ratio 
(11.28.), viz., as the squares of their axes. 
And, in the same manner, because 

there may be inscribed in the cylin
ders, similar prisms, the solid contents 
of which approach more nearly to the 
solid contents of the cylinders than by 
any the same given difference (1. Cor. 2.); 
and because the solid contents of these 
prisms are to one another always in the 
same ratio, viz., as the cubes of their 
prineipal edges (IV. 35.), which are 
equal respectively te the axes pf the 
pylinders, the solid ccntents ef the cylin
ders are to one another in the same ratio 
(II. 28.), viz., as the cubes of their axes. 

Otherwise: 
"Let A , a represent the axes of two 

similar right pylinders, and R, r the radii 
of their bases. Then (3. Cor.) 2 * R A, 
2;rrawill represent their convex sur-
fapes respeetively, and (4. Cor. 1.) *R2 A, 
•rr*a their selid contents. But, be
cause the eylindprs are similar, (def. 3.) 
R : A :: r : a; therefore (p. 47, Rule ii.) 
R A : A 2 :: ra : a2, alternando (II. 19.) 
R A : ra :: A 2 : a2, and (p. 47, Ruleii.) 
2 a-RA : 2 * r a :: A 2 : a2, that is, the 
convex surfaces of the cylinders are tc 
pne anpther as the squares ef their 
axes. 
Again, beeause R : A :: r ; a, R 2 : 

A 2 : : r- : o2 (11.37. Cor. 4.), and (p. 47, 
Rule ii.)] R 2 A : A3 :: r2 a : a?; therefere, alternando (II. 19.) R 2 A : r2 a :: A3 : a3, and (p. 47, Rule ii.) a-R2A : irr2 o :: A3 : a3; that is, the selid ccntents of the cylinders are to one another as'the cubes of their axes. Therefore, &c. Prop. 6. A right cone is greater than any inscribed pyramid, and less than any circumscribed pyramid; also the convex surface of the cone is greater than the convex surface of any inscribed pyramid, and less than the convex surface of any circumscribed pyramid. The former part of the proposition is 

manifest: the latter respecting the sur
faces may be demonstrated as follows: 

Let V A be the axis 
and B C D the base of 
a right cone ; and, 
first,"" let E F be the 
base of any pyramid 
inscribed in the cone: 
the convex surface of 
the cone shall be 
greater than the con
vex surface of the 
inscribed pyramid. 

For, if the axis V A 
be produced to V , so 
that A V may be equal to AV.'and if a 
right cone be described which shall have 
the axis V A and the base B C D, it may 
be shown by coincidence that the con
vex surface of the latter cone V B C D 
is equal to the convex surface of the 
first cone V B C D ; and, because the 
triangles which form the eonvex surface 
of the inscribed pyramid V ' E F have 
their sides equal respectively to the sides 
of the corresponding triangles which 
form the convex surface of the inscribed 
pyramid V E F (I. 4.), the former trian
gles are equal to the latter, each to each, 
and the whole convex surface of the 
pyramid V ' E F is equal to the whole 
convex surface of the pyramid V E F . 
Therefore the convex surface of the cone 
V B C D is equal to half the convex sur
faces of the two cones taken together; 
and the convex surface of the pyramid 
V E F is equal to half the eonvex 
surfaces of the two pyramids taken to
gether. But the convex surfaces of the 
two cones taken together are greater than 
the convex surfaces of the two pyramids 
taken together (Lemma 2), beeause the 
former envelop the latter. Therefore 
(I. ax. 8.), the convex surface of the 
cone V B C D is greater than the con
vex surface of the in
seribed pyramid V E F . And by a similar demonstration applied to the adjoined figure, it may be shown that E^ the convex surface of the cone is less than the convex surfaee of any circumscribed pyramid. Therefore, &c. Prop. 7. Any right cone being given, two pyramids may be the one inscribed in the cone, and the other circumscribed about it, such that the difference of their con-
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yftB surfaces,' or. of their solid con
tents, shall be less than any given dif
ference. 

Let V be the vertex of a right cone, 
A B D its base, and C the centre of the 
base. And, first, let P be the given dif
ference of the surfaces; and let Q be the 
convex surface of some circumscribed 
pyramid. Then, because (as in IIL31.) 
a regular polygon may be inscribed in 
the circle A B D , the apothem C E of 
which approaches to the radius C D 
within any given difference, a polygon 
may be inscribed, such that C D ! -
C E 2 may be to C E 2 in a ratio less 
than any assigned; less, therefore, 
than that of P to Q. Let A B F G H 
be such a polygon; and let a similar 
polygon K L M N O be circumscribed 

about the circle, so that the side K L 
may touch the circle in D (III. 27. 
Cor. 2.). Join V A , V B , & c , V K , 
V L , & c , and through E draw ETJ 
parallel to D V, to meet C V in U, and 
join U A , D B , & c * Then, it may 
easily be shown, that the convex sur
faces of the two pyramids, which have 
the points U, V, for their vertices, and 
the inscribed and circumscribed poly
gons for their bases, are made up of 
similar triangles, which are to one an
other in the same ratio, eaeh to each, 
viz. that of C E2 to C D2 (II. 42. Cor.). 
Therefore, the convex surfaces of the 
pyramids are to one another in the same 
ratio (II. 23.. Cor. I.); and the differ
ence of their eonvex surfaces is to that 
of the lesser pyramid as C D 2 — C E 2 to 
C E2 (II. 20.), that is, in a less ratio than 
that of P to Q. But the convex surface 
of the lesser pyramid is less than the surface of the pyramid V A B F G H * The lines U A, U B, &c. are omitted in the figure. 

(1.26. Cor. and 1.12. Cor. 2.), and there
fore by much more less than Q. M u c h 
more, therefore, is the difference of the 
convex surfaces less than P (II. 18.Ce?\); 
and more still is the difference of the 
surfaces of the inscribed and circum
scribed pyramids, which have the com
m o n vertex V, less than P. 

Next, let S be the given difference of 
the solid pontents; and let T be the 
selid pontent pf some eirpumscribed py
ramid. As befere, let the regular pely-
gpn A B F G H be inscribed in the circle 
A B D , such that C D 2 - C E 2 m a y be 
to C E2 in a less ratio than that of S to 
T ; let a similar polygon be circum
scribed, and the inscribed and circum
scribed pyramids ccmpleted. Then, 
beeause these pyramids have the same 
altitude, their solid eontents are to pne 
anpther as their bases, that is, as C E2, 
C D 2 (IV.32.): therefere, the differenee 
ef the contents is to that of the inscribed 
pyramid as C D 2 - C E 2 to CE2 (11.20.) 
that is, in a less ratio than that of S to 
T. Therefore, because the content of the 
inscribed prism is less than T, much 
more is. the difference of the cpntents 
less than S (II. 18. Cor.). 

Therefere, &c. 
Cor. 1. Any right ccne being given, 

a regular pyramid may be inseribed (or 
circumscribed), which shall differ from 
the eone in ppnvex surfaee, pr in solid 
oontent, by less than any given differ
ence; fer the difference between the 
cone and either cf the pyramids, whe
ther in surfaee or in epntent, is less than 
the differenee ef the twp pyramids (6.). 

Cor. 2. Any two similar right cones 
being given, similar regular pyramids 
may he inscribed (cr circumscribed), 
which shall differ from the cones in 
convex surface, or in solid content, by 
less than any the same given difference. 
Prop. 8. 

The convex surface of a right cone is 
equal to half the product of its slant 
side by the circumference of its base. 

For, if half this product be not equal 
to the convex surface of the pyramid, it 
must either be greater er less than that 
surface. If greater, it must alsc be 
greater than the ppnvex surface ef some eirpumspribed pyramid (7. Cor. 1.)— greater, that is, than half the product of the slant side of the cone by the perimeter of the circumscribed polygon (I. 26. Cor.), whioh is the base of the pyramid; for the triangles whieh fprm the ccnvex surface cf the pyramid have for their bases the sides of the circum-
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scribed polygon, and the lines drawn 
from their oommon vertex to the points 
of contact (which lines are each a slant 
side of the cone) perpendicular to those 
bases respectively (III. 2. Cor. 1. and 
IV. 4.). But this is impossible, be
eause the circumference of the base of 
the cylinder is less than the perimeter 
of the circumscribed polygon. Again, 
if half this product be less than the con
vex surface of the cone, it must be less 
also than the convex surface of some 
inscribed pyramid (5." Cor. 1.)—less, that 
is, than half the product of the perpen
dicular drawn from the vertex to a side 
of the inscribed regular polygon which is 
the base of the pyramid, by the perimeter 
of that polygon; which is impossible, 
beeause not only is the slant side greater 
than the perpendicular (IV. 8.), but the 
circumference of the base of the cylinder 
is also greater than the perimeter of the 
inscribed polygon. 

Therefore, half the product in question 
is neither greater nor less than the con
vex surface of the pyramid; that is, it is 
equal to it. 

Therefore, &c. 
Cor. If R is the radius of the base of 

a right cone, and S its slant side, the 
convex surface of the cone is •r R S 
(III. 34. Scholium.). 
Prop. 9. 

The solid content of a right cone is 
equal to one-third of the product of its 
base and altitude. 

This proposition is demonstrated in 
the same way as the preceding. If a 
third of the product in question exceed 
the content of the cone, it must likewise 
exceed the content of some circum
scribed pyramid (7. Cor. 1.); but this is 
impossible, because the latter (IV. 32. 
Cor. 1.) is equal to a third of the pro
duct of its altitude, which is the same 
with that of the cone, by its base, which 
is greater than the base of the cone. 
A n d if, on the other hand, it be less 
than the content of the cone, it must 
likewise be less than the content of some 
inscribed pyramid (7. Cor. 1.) ; but this 
is impossible, because the latter (IV. 32. 
Cor. 1.) is equal to a third of the pro
duct of its altitude, which is the same with that of the cone, by its base, which is less than the base of the cone. Therefore, a third of the product in question is equal to the content of the cone. Therefore, &c. Cor. 1. If R is the radius of the base of a right cone, and A its altitude, the 
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R2A solid content of the" cone is 
(HI. 34. Scholium.). 
Cor. 2. (Euc. xii. 10.). If a right cylinder 

and a right cone have the same base and 
the same altitude, the cone shall be a 
third part of the cylinder (4.). 

Cor. 3. If a right cone and a pyramid 
have equal bases and altitudes, the cone 
shall be equal to the pyramid (IV. 32. 
Cor. 1.). 

Cor. 4. (Euc. xii. 11 and 14.) Right 
cones which have equal altitudes are to 
one another as their bases; and right 
cpnes whieh have equal bases are to one 
another as their altitudes: also, any 
two right cones are to one another in the 
ratio which is compounded of the ratios 
of "their bases and altitudes (IV. 32. 
Cor. 2.). 

Prop. 10. (Euc. xii. 12.). 
The surfaces of similar right cones 

are as the squares [of the axes; and 
their solid contents are as the cubes of 
the axes. 
For, in the first place, there may be 

inscribed in the cones similar pyramids, 
the convex surfaces of which approach 
more nearly to the convex surfaces of 
the cones than by any the same given 
difference (7. Cor. 2.); and the convex 
surfaces of these pyramids are, to one 
another, always in the same ratio, viz, 
as the squares of the sides of their bases 
(II. 42. Cor. and II. 23. Cor.l.), that 
is, as the squares of the radii of the cir
cumscribing circles (III. 30.), or (II. 
37. Cor. 4.) as the squares of the axes 
of the cones, for the axes of the cones 
are to one another as the radii of their 
bases (def. 6.); therefore the convex 
surfaces of the cones are to one another 
in the same ratio (II. 28.), viz. as the 
squares of their axes. 
And, in the same manner, because 

there may be inscribed in the cones 
similar pyramids, the solid contents of 
which approach more nearly to the solid 
contents of the cones than by any the 
same given differenee (7. Cor. 2.); and 
because the solid contents of these pyra
mids are to one another always in the 
same ratio, viz. as the cubes of the sides 
of their bases (IV. 35.), or (IV. 27. 
Cor. 3.) as the cubes of the axes of the cones; the solid contents of the cones are to one another in the same ratio (II. 28.), viz. as the cubes of their axes. Otherwise: Let A, a represent the axes of two similar right cones; R, r the radii of their bases ; and S, * their slant sides. Then (8, Cor.) srRS and * r $ will represent 
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their convex surfaees respectively, and 
(9. Cor. 1.) jV R2 A, $ * r3 a their solid 
contents. But, because the cones are 
similar (def. 6.) R ; A :: r : a; and be
cause the slant sides S, * are the hypo-. 
tenuses of right-angled triangles, which 
have the sides A, R and a, r about the 
right angles proportional (1.1. 32.) S : A 
:.' * : a: therefore (II. 37. Cor. 3.), R S 
: A2:: rs :-a2, alternando (II. 19.) R S 
I rs ;: A2 ; a2, and (p. 47, Rule ii.) 
j R S : is- r s :: A2 : a2, that is, the con
vex surfaces of the cones are as the 
squares of their axes. 
Again, because R : A : r ; a, R2 ; A3 
; r°- \ a2 (II. 37. Cor. 4.), and (p.47, 
Rule ii.) R2 A : A3 : r2 a ; o?: therefore 
alternando (II. 19.) R2 A : r2 a :: A3 
; a3, and (p. 47, Rule ii.) J sr R> A : 
j vr"- a :: A3 ; a", that is, the solid 
contents of the cones are to one another 
as the cubes of their axes. 
'- Therefore, &c. 

« Prop. 11. 
The convex surface of a frustum of a 

right cone is equal to the product of its 
slant side by half the sum of the circum
ferences of its. two bases; and its solid 
content is equal to the sum of the solid 
contents of three cones, which have the 
same altitude with the frustum, and for 
their bases its two bases, and a mean 
proportional between them. 

Let A B D , abd, be the bases of the 
frustum of a cone, which has the vertex 
V- Draw any slant side V a A ; from A 
draw any straight lime A E perpendicular 
to V A (I. 44.); suppose A E to be taken 
equal to the circumference A B D , and 
jcin V E , and through a draw a e parallel 
to A E (1.48.), to meet V E in e. Then, 
beeause the circumferences A B D , abd, 
axe as their radii (III. 33.), that is, as 
V A , V a (II. 31.), that is, again, as A E , 
ae (11.31.), and that A E is equal to 
A B D , ae is equal to a b d (II. 18.). 
N o w the triangle V A E is equal to the 
convex surface of the cone V A B D 
(6.), because (I. 26. Cor.) it is equal to 
half the predupt pf V A the slant side, 
and A E , which is equal te the eircum
ference A B D ; and, fcr the like reason, 
the triangle V a e is equal tn the eonvex 
surface of the cone V a b d ; therefore, the convex surface of the frust"™ is 

equal to the trapezoid A E e a . And 
beeause the trapezoid A E e a is equal 
to the product of its altitude A a by half 
the sum of its parallel sides A E , ae 
(I. 28.), the convex surface of the frus
tum is equal to the product of its slant 
side A a, by half the sum of the cir
cumferences A B D , abd. 
In the next place, with regard to the 

solid content. Let K L M N be a triangular 

pyramid, having its base L M N equal to 
the base A B D , and in the sameplane with 
it, and its vertex K in the same parallel 
to the base with the vertex of the cene. 
Then, beeause the eone and pyramid 
have equal bases, and the same altitude, 
they areequal te pne another (9. Cor.3.). 
Let the plane abd be produced to cut 
the pyramid in the triangle I m n : then, 
because I m n is similar to L M N 
(IV. 12. and IV. 15.), they are to one 
another as I m* and L M 2 (III. 42. Cor.), 
that is, (II. 37. Cor. 4.) as K l * and 
K L2, or (IV. 14.) as Vo2 and V A 8 : 
but the bases.a&d and A B D are te 
pne anpther in the same ratip (HI. 33. 
and II. 31.), and L M N is equal tp 
A B D : therefprp, alsp, I m n is equal 
to a b d (II. 12. and II. 18.), and 
(9. Cor. 3.) the cene Y a b d is equal 
tp the pyramid K i m n. Therefere 
(I. ax. 3.) the frustum ef the cene is 
equal to the frustum of the .pyramid, 
But the latter (IV. 33.) is equal to the 
sum of three pyramids, having j the 
same altitude with the frustum, and 
for their bases the bases of the frustum, 
and a mean proportional between them; 
and (9. Cor. 3.) each of these pyra
mids is equal to a cone having the same 
altitude and an equal base. Therefore, 
also, the frustum of the oone is equal te 
the sum ef three pones, having the same 
altitude with it, and fer their bases the 
bases-ef the frustum, and a mean pro
portional between them. 

Therefore, &o. 
Cor. If a straight line A a be made to revolve about any axis, V C , in the same plane with it, the surfaee generated by such straight line shall be equalto the produet pf the straight line and the circumference generated by its middle ceint F. 
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For the generated surfaep is that of a 

eylinder if the line be parallel to the axis; 
and, in every other case, that of a frus
tum of a right cone. In the former 
case, the reason is sufficiently manifest 
(3.). In the latter, it may be shown, 
that if F G be drawn parallel to A E (in 
the first figure of the proposition) to 
meet V E in G, F G will be equal to the 
circumference generated by the point F: 
also, because V F is equal to half the 
sum of V A and V a , F G is equal tp half 
the sum pf A E and ae (II. 30. Cor. 2.); 
therefore the circumference generated by 
the point F is equal to half the sum of 
the circumferences A B D , a b d ; and 
hence by the proposition, the convex 
surface of the frustum, that is, the con
vex surfaee generated by the line A a is 
equal to the product of A a and the cir
cumference generated by its middle 
point F. 
Scholium. 

Although the propositions of this sec-
tipn have, fpr greater brevity and sim-
plipity, been stated and demonstrated 
only with regard to the right cyfinder and 
right cone, it will be fcund that Props. 2. 
and 7. apply equally te the eblique eylin
der and eblique cone, to which the de
monstrations may be without diffipulty 
adapted, and henee it may be demon
strated, almpst in the wprds pf Props. 
4. 9. 11.5. and 10. that the solid ppntent 
pf an oblique cylinder is equal to the 
produpt pf its base and altitude; the 
selid content of an oblique cone to one-
third of the product of its base and 
altitude • the solid ppntent pf a truncated 
pblique epne to the sum cf the selid 
pontents of three cones, having the same 
altitude with it, and for their bases its 
two bases, and a mean proportional be
tween them; and, lastly, that the sur
faces of similar oblique cylinders and 
cones are to one another as the squares 
pf their axes, and their splid pontents as 
the eubes pf the axes. With regard to 
the epnvex surface cf the oblique eylin
der, it may likewise be shpwn in a simi
lar manner (see IV. 29. Scholium) tp 
be equal to the produpt of its side (or 
axis) -by the perimeter of a plane sec-
tipn perpendicular to it. It remains to observe, with regard to Props.3. and 8., that the remarkable property by which the convex surfaces of the cylinder and cone have been defined, viz. that ef ppntaining, the first, straight lines parallel tp a given straight line; and the other straight lines diverging 

from a given point, leads to another 
property of those surfaces, from which 
the measures assigned in Props. 2. and 
6. may be very readily inferred. This 
property is, that they are developable, 
that is, they m a y be conceived to be 
unfolded and spread out upon a plane. 
N o w , it is easy to perceive, that if the 
surface of a right cylinder be so deve
loped, it will form a rectangle, which 
has for its base the circumference*of the 
circle, which is the base of the cylinder, 
and for its altitude the altitude of the 
cylinder; whence it follows, that the 
convex surface of a right cylinder is 
equal to the product of its altitude by 
the circumference of its base. In like 
manner the developed surface of a right 
cone will form a circular sector, the arc 
of which is equal to the circumference 
of the "base of the cone, and its radius 
to the slant side; whence it follows, 
that the convex surface of a. right 
cone is equal to half the product of its 
slant side by the circumference of its 
base. 
Section 2.—Surface and content of 

the sphere^ 
Prop. 12. 

If an isosceles triangle A B C be made 
to revolve about an axis which lies in 
the same plane with it and passes 
through the vertex A, and if a perpen
dicular A D fe drawn from the vertex̂  
to the base, and E F be that portion of 
the axis which is intercepted by per
pendiculars drawn to it from the ex
tremities of the base ; the convex surface 
generated by the base shall be equal to 
the product of Id's by the circumference 
of a circle having the radius A D ; and 
the solid generated by the triangle shall 
be equal to one-third of the product of 
this surface by the perpendicular A D. 
First, of the surface generated by 

the base B C. This is evidently the 
convex surface of a truncated cone 
having the axis E F, and E B , F C 
for the radii of its 
bases; and is there
fore (11. Cor.) equal 
to the produet of B C, 
and the circumfer
ence generated by its middle point D, that is, (if D G be drawn parallel to B E to meet EFinG)the circumference which has the radius D G. N o w , if E L be drawn 

"v 
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parallel to B C, E L will be equal to B. C, 
(I. 22.), and the triangles L E F, A D G 
will be similar (1.18.), because the si'des 
of the one are perpendicular to the sides 
of the other, each to each; therefore 
E L or B C is to E F as A D to D G 
(II. 31.), that, is, as the circumference 
of a circle whieh has the radius A D to 
the circumference of a circle whieh has 
the radius D G (III. 33. and 11.12.); 
and therefore (II. 28. Schol. Rule I.) 
the product of B C and the latter cir
cumference is equal to the product of 
E F and the former. But the convex 
surfaee in question is equal to the pro
duct of B C and the circumference of 
which has the radius D G. Therefore 
(I. ax. 1.) that surface is likewise equal 
to the product of E F, and the circum
ference whieh has the radius A D . 

Next, of the solid generated by the 
triangle A B C . Let C B and F E be 
produced to meet one another in V. 
Then the solid in question is the dif
ferenee ef those generated by the trian
gles A C V and A B V. Now, the solid 
generated by the triangle A C V is 
equal to the sum or differenee of two 
cones, having the altitudes A F , V F 
respectively, and for their eommon base 
the circle of which C F is radius—equal, 
that is (9.), to one-third of the product 
of A V, which is the sum or difference 
of the altitudes, by half the radius C F, 
and the circumference which has the 
radius C F (III. 32.); or to one-third 
of the produet of A D , half V C , and that 
circumference (for A D X V C is equal 
to A V x C F), or lastly, to one-third of 
the product of A D , and the surface 
generated by V C (8.). And in the 
same manner it may be shewn, that 
the solid generated by the triangle 
A B V is equal to one-third of the pro
duct of A D, and the surface generated 
by V B . Therefore the difference of 
these solids, that is, the solid in question, 
is equal to one-third of the product of 
A D , and the surface generated by B C. 

It has been supposed in the above 
demonstrations, that E F and B C are 
not parallel. If B C be parallel to E F, 
the surface generated by B C will be 
that of a right cylinder having the axis E F, whence the first part of the proposition is manifest; and the solid generated by the triangle A B C will be equal to two-thirds of the cylinder (9.), whence the second part of the preposition. Therefore, &o. Cor. The proof of the second part of 

the proposition is equally applicable, 
whether A B C be isosceles, or ether-
wise. Therefere, if any triangle A B C 
be made te revplve about an axis which 
lies in the same plane with it and passes 
through its vertex A ; and if A D be 
drawn perpendicular to the base, the 
solid generated by the triangle shall be 
equal to one-third of the product of 
A D and the surface generated by the 
base B C. 
Prop. 13. 

If the half A F G H K B of any regu
lar polygon of an even number of sides 
revolve about the diagonal A B ; the 
whole surface of the solid generated by 
its revolution shall be equal to the pro
duct of A B by the circumference of a 
circle whose radius is the apothem C E 
of the polygon; and its solid content 
shall be equal to one-third of the product 
of this surface by the apothem C E. 
From the points F, G, H, K, draw 

FL, GM, HN, KO 
perpendicular to A B , 
(1.45.) and join CF.CG, 
C H , C K . Then, be
cause C is the centre cf 
the pplygpn, the trian
gles C A F, C F G , &e. 
are iscsceles triangles, 
having the common ver
tex C, and the perpen
diculars drawn from C 
to their respective bases equal each of 
them to the apothem CE. And, because 
these triangles revolve about the axis A B 
passing through C, and that A L , L M , 
&c. are the parts ef the axis intercepted 
by perpendiculars drawn from the ex
tremities of the base of each; the por
tions of the whole surface in question, 
generated by A F , F G , &c., arc equal, 
respeetively, te the products of A L , L M , 
&c , by the circumference of the circle 
which has the radius C E (12.). There
fore the whole surface is equal to the 
sum of these products, that is, to the 
product of A B by the cirpumference pf 
the same eirple. 

Again, beeause the pertions of the 
whole solid whieh are generated by the 
triangles C A F, C F G, &e. are the third parts, respectively, cf the produpts pf the portions of surfaee generated by A F, F G, &e. by the apothem C E (12.); the whole solid is the third part of the sum of these products, that is, the third part of the product of the whole surface by the apothem C E. Therefore, &c, 
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Prop. 14. 

If within and about a semicircle there 
are inscribed and circumscribed any 
two half-polygons, the one having the 
diameter of the semicircle for its diago
nal, and the other the diameter pro
duced; and if these figures are made to 
revolve together with the semicircle 
about the diameter; the sphere gene
rated by the semicircle shall be greater 
than the inscribed solid of revolution, 
and less than the circumscribed solid: 
also the surface of the sphere shall be 
greater than the surface of the inscribed 
solid of revolution, and less than that of 
the circumscribed solid. 
For, with respect to 

the solid contents, the 
sphere contains the in
seribed solid, and is itself 
eontained in the circum
scribed solid: and, with 
respect to the surfaees, 
the surface of the sphere 
envelops the surface of 
the inscribed solid, and 
is enveloped by that of 
the circumscribed solid 
(Lemma 2.). 
Therefore, &c. 

Lemma 3. 
If there be two straight lines, of which 

one is given, and the ether may be made 
tp approach to it within any given dif
ference ; the cube of the latter may also 
be made to approach to the cube of the 
former within any given difference. 

Let A B , A C be the two straight lines, 
of which A B is given. Upon A B (1.52.) 
describe the square 
B D ; from A draw "-"=-' • ~1 ' 
A E perpendicular Ef 
to the plane B A E H 
(IV. 37.); make A E 
equal to A B , and 
complete the cube 
A F : andinlikeman- a. C B 
ner upon A C describe the square C G 
in the same plane with B D , from A E 
cut off A H equal to A C , and com-
plel e the cube A K : and let the faces 
H K and G K of the latter cube be pro
duced to meet the faces B F, E F, of the former. Then the difference of the two cubes is equal to the sum of the three parallelopipeds G F , C L, and L E . Of these, the first has its base D F equal to the square of A B (IV. 22.), and its altitude D G equal to the differenee of A B , A C ; the second has its base C K equal to the square of A C (IV. 22.), and its 
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altitude C B likewise equal to the differ-
ence of A B , A C ; and with respect to 
the third, its altitude H E is likewise 
equal to the difference of A B , A C , and 
its base H L is a mean proportional be
tween the squares of A B , A C, because 
its adjacent sides are equal to A B and A C 
respectively, and (II. 35.) AB2 is to A B 
x A C as A B x A C to AC2. Therefore 
the difference of the cubes is less than 
a parallelopiped, whose altitude is C B , 
and its base equal to three times the 
square of A B . But, because C B may 
be made less than any given line, this 
parallelopiped may be made less than 
any given solid. Much more, therefore, 
may the difference of the cubes be made 
less than any given solid, that is, than 
any given difference. 
Therefore, &c. 
Cor. It appears from the demonstra

tion, that the difference of the cubes of 
two straight lines is equal to the pro
duct of the difference of the straight lines 
by the sum of their squares, and a mean 
proportional between those squares. 
Prop. 15. 
Any sphere being given, two figures 

of revolution generated by similar half 
polygons may be, the one inscribed in 
the sphere, and the other circumscribed 
about it, such that the difference of their 
surfaces, or of their solid contents, shall 
be less than any given difference. 
Let the given sphere be generated 

by the revolution of 
the semicircle A D B 
about the diameter 
A B . And first, let 
P be the given diffe
rence of surfaees ; and 
let Q be the surface of 
any solid circumscri
bing the sphere. Then, 
since (as in prop. 7.) 
a,' regular polygon 
may be inscribed in 
the circle A B D, such 
that, C E being its 
apothem, C D2 — C E2 shall be to 
C E2 in a ratio less than that of P to 
Q ; let A F G H K B be the half of 
such a polygon, and let a similar half-
polygon L M N O R V be circumscribed, so that one of its sides L M may touch the circle in D (III. 27. Cor. 2.) Then, if these inscribed and circumscribed half-polygons be made to revolve with the semicircle about the axis A B , they will generate, together with the sphere generated by the semicircle, two figures 
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of revolution, the one inscribed in the 
sphere, the other cirpumspribed about 
it. And because the surfaces of these 
figures are equal respectively (13.) tc the 
reetangles under A B and the eircum-
ferenee whieh has the radius C E, and 
under L V and the circumference which 
has the radius C D, and that these rect
angles are to one another as the squares 
of C E , C D (II. 37. Cor. 1.); the dif
ference of the surfaces is to the surface 
of the inscribed figure as C D 2 — C E 2 
to C E2 (II. 20.); that is, in a less ratio 
than that of P to Q. But the surface of 
the inscribed figure is less than Q : much 
more, therefore, is the difference of the 
surfaees less than P (II. 18. Cor.). 

Next, let S be the given difference of 
ppntents; and let T be the ccntent of 
any solid circumscribing the sphere. 
Then, since a regular polygon may be 
inscribed in the circle A B D, such that, 
C E being its apothem, C D — C E shall 
be less than any given difference, and 
therefore also such that C D 3 — C E a 
shall be to C E3 in a ratio less than that 
of S to T (Lemma'3.); let A F G H K B 
be the half of svieh a polygon, and let the 
figures of revolution be inseribed in the 
sphere, and circumscribed about it, as 
before. Then, beeause the contents of 
these figures are (13.) equal respectively 
to the thirds of two parallelopipeds (IV. 
25. Schol.), having their bases equal to 
the surfaces, and their altitudes equal 
to 0 E, C D, and that these parallelo
pipeds are to one another as the cubes 
of C E, C D , for their bases are, as was 
shown in the former part of the propo
sition, as the squares of C E, C D ; the 
difference of the contents is to the con
tent of the inscribed figure as C D 3 — 
C E3 to C E 3 (II. 20.), that is, in a less 
ratio than that of S to T. But the con
tent of the inscribed figure is less than 
T : much more, therefore, is the dif
ferenee of the contents less than S (II. 
18. Cor.). 
Therefore, &e. 
Cor. Any sphere being given, a 

figure of revolution may be inscribed 
(or circumscribed), which shall differ 
from the sphere in surfaee or in content; 
by less than any given, difference. For the difference between the sphere and either of the figures of revolution, whether in surface or in content, is less than that of the two figures (14.). Prop. 16. The surface of a sphere is equal to the product of the circumference and diameter-of the generating circle. 

[V.§2. 

For if this produpt be net equal tp 
the surfaee of the sphere, it must either 
be greater or less than it. 

If greater, it must be greater also 
than the surfaee ef spme eircumscribed 
selid pf revolution (15. Cor.), greater, 
that is (13,), than the product of the dia
gonal L V by the circumference which 
has for its radius the apothem C D (see 
the figure of Prop. 15.) ; which is impos
sible, because the diameter is less than 
LV, and the circumference of the gene
rating circle is the same with the cir
cumference which has the radius C D. 

If less, it must also be less than the 
surface of some inscribed solid of reve-
lution (15. Cor.)—less, that is (13.), than 
the produet of the diameter A B, whieh 
is the same with the diameter of the 
generating circle, by the circumference 
whieh has for its radius the apothem 
C E ; whiehjs imppssible, because the 
eircumference cf the generating eirele is 
greater than the circumference which 
has the radius C E. 

Therefore the product in question is 
neither greater nor less than the surface 
of the sphere; that is, it is equal to it,t 

Therefore, &c. 
Cor. 1. The surfaee of a sphere is 

equal to four times the area of its gene
rating circle. For the area of this circle 
is equal to half the produet of the radius 
and circumference (III. 32.). 

Cor. 2. If a right cy
linder be circumscribed 
about a sphere; the 
surface of the sphere 
shall be equal to the 
convex surface cf the 
eylinder. For the latter 
is equal to the pro
duct of its altitude, and the circumference 
of its base (3.) ; and its base is equal 
to the generating circle of the sphere, 
and its altitude to the diameter. 

Cor. 3. The surfaee of a sphere is 
equal to two-thirds of the whole surface 
of the circumscribing cylinder. 

Cor. 4. If D is the diameter of a 
sphere, its whole surface is equal to * D 2 
(III. 34. Schol.). 
Prop. 17.' 

The solid content of a sphere is equal to one-third of the product of the radius by the surface. For the third part of this product cannot be greater than the content cf the sphere; since then it would be greater also than the content of some eircumscribed solid of revolution (15 Cor.)— greater, that is, than one-third of the 



V. $ 3.] GEOMETRY. m 

produpt of the same radius by the sur
faee of that selid (13.); whiph is impos-
sible, beeause the surfaee of the sphere 
is less than that of the solid (14.). 

Nor, on the other hand, can it be less 
than the content of the sphere, for then 
would it be less than some inscribed 
solid of revolution (15. Cor.), less, that is, 
than one-third of the product of the apo
them by the surface of that solid (13.); 
which is impossible, because not only 
is the radius greater than the apothem, 
but the surface of the sphere is likewise 
greater than the surface of the inscribed 
solid (14.). 

Therefore the product in question is 
equal to the solid content of the sphere. 

Therefore, &c. 
Cor. 1. The solid content of a sphere 

is equal to one-third of the product of 
the radius by four times the area of the 
generating circle (16. Cor. 1.). 

Cor. 2. The solid content of a sphere 
is two-thirds of the solid content of the 
circumscribing cylinder. For the latter 
is equal to twice the product of the 
radius, and the area of the generating 
circle (4). 

Cor. 3. If any solid contained by 
planes be circumscribed about a sphere, 
the content of the sphere will be to the 
content of the solid as the surface of the 
sphere te the surfaee ef the selid. For 
the solid may be divided into pyramids, 
. having the centre of the sphere for their 
c o m m o n vertex, and their altitudes equal 
each to the radius of the sphere; and 
since each of these pyramids is equal to 
â third of the product of its base and 
altitude, their sum is equal to a third of 
the product of the convex surface of the 
solid and the radius of the sphere: also, 
the sphere is equal to a pyramid, having 
the same altitude, and its base equal to 
the surface of the sphere (IV. 32.). 

Cor. 4. If D is the diameter of a 
sphere, its whole solid content is equal 
to |* x D s (16. Cor. 4.). 

Prop. 18. (Euc. xii. 18.). 
The surfaces of spheres are as the 
squares of the radii, and their solid con
tents are as the cubes of the radii. 

For the surfaces are equal respectively 
to four times the areas of the generating circles (16. Cor.l.), and these areas are as the squares ef the radii (HI. 33.). A n d the selid ppntents are te pne another in a ratio which is compounded of the ratios of the surfaces and cf the radii; that is (beeause the surfaces are te one another in the duplicate ratio of 

the radii), in the triplioate ratio of the 
radii, or (IV. 27. Cor. 2.) as the cubes of 
the radii. 

Otherwise: 
Let D, d be the diameters of two 

spheres, and R, r their radii. Then 
(16. Cor. 4.) j-D', *d» will represent 
their surfaces, and (17. Cor. 4.) J*D8, 
i sr d3 their solid contents ; or, since D 
is equal to 2 R and d to 2r, 4 »• R!, 4 ! • ) • ' 
-will represent their surfaces, and | srR3, 
| *r3 their solid contents. But (p. 47, 
Rule ii.) 4 * R 3 is to 4 •xr"- as R 2 to r2, 
and | -aR3 is to | *• r" as R3 tp rs. There
fore, the surfaces are as the squares of 
the radii, and the solid contents as the 
cubes cf the radii. 

Therefere, &e. 
Section 3.—Surfaces and contents of 

certain portions, of the sphere. 
In order te have a clear apprehension 

pf the figures intended in the fellpwing 
definitions, it is neeessary te keep in 
mind, that every seetipn pf. a sphere 
whieh is made by a plane is a pircle, the 
centre ef which is the feot of the per
pendieular drawn to the plane from the 
eentre ef the sphere (IV. 8. Cor.). 

Def. 10. A segment of a sphere is any 
pertipn of it whioh is cut off by a plane, 
and the circle in which the plane cuts the 
sphere is called the base of the segment. 

W h e n the plane 
passes. through the ,'*'' ,s%, 
centre, the two seg
ments into which the 
sphere is divided are 
equal to one another, 
and are therefore 
each of them called a hemisphere. 

The convex surface of a segment is 
called a zone. 

11. A double-based spherical segment 
is a portion of a sphere 
intercepted between two 
parallel planes ; and the 
circles in which these 
planes cut the sphere 
are called the bases of 
the segment. The con
vex surface of a double-based segment 
is likewise ealled a zone. 

12. A sector of a sphere is the selid 
figure contained by the convex surface of '-"'' ""->N a segment, and that ,' \ of a right cone, which has the same base with the segment, and for its vertex the centre of the sphere. N2 
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The convex surfaee of the segment is 
called the base of the sector. 

13. A spherical orb 
is a portion of a sphere 
contained between its 
surface and that of a 
lesser sphere, which is 
concentric (or has the 
same centre) with it. 

14. A spherical wedge or ungula is a 
portion of a sphere intercepted between 
two .planes, - each of which passes 
through the centre of the sphere. The 
convex surface of an ungula is called a 
tune. -

Let A D B be a semicircle, and from 
the points D, E of 
the semicircumfe
rence, let the straight 
lines D F , E G be 
drawn at right an
gles to the diameter 
A B ; join C E , and 
let K N L be a se
cond semicircle, 
having the same 
centre C ; then, if the whole figure re
volve about A B , the parts A E G , D E 
G F, A E C, and A D B L N K will ge
nerate a spherical segment, a double-
based, spherical segment,-a spherical 
sector, and a spherical orb respectively. 
Andif. the semicircle A D B , instead of 
making a complete revolution, revolve 
only through a certain angle, it will ge
nerate a spherical wedge or ungula. 
Prop. 19. 
If a semicircle be made to revolve 
about its diameter, the zone which is 
generated by any arc of the semicircle 
shall be greater than the surface gene
rated by the chord of that arc, and less 
than the surface generated by the tan
gent of the same arc, which is drawn 
parallel to the chord, and terminated by 
the radii passing through its extremi-
Let A D B be a 
semicircle having the 
diameter A B , and 
the centre C : let 
D E F be any arc of 
the semicircle, D F 
its chord, and G H a 
straight line parallel loDF, which touches the arc D E F in E, and is terminated by the radii C D, C F passing through the 
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extremities of the arc: then, if the semi
circle be made to revolve about the dia
meter A B, the zone whieh is generated 
by the are DF, shall be greater than the 
surface generated by the chord DF, and 
less than the surface generated by the 
tangent G H . 

From the points D, F draw the straight 
lines D d, F/, eaeh of them perpendicu
lar to A B (I. 45.). Then, in the sup
posed revolution of the figure, these 
straight lines will generate two .circles 
which have the points d,f for their cen-' 
tres, and dD,/F for their radii respec
tively (IV. 3. Cor. 2.). And, because 
the zone generated by the are D E F , 
together with these two circles, forms a 
eonvex surface which envelops, and 
therefore (Lemma 2.) is greater than the 
eonvex surface consisting of the surface 
generated by the chord D F and the same 
two circles, the zone generated by the 
arc D E F is greater than the surface 
generated by the chord D F. 

In the next place, from the points 
D, F draw the tangents D K, F L 
(III. 56.) to meet G H in the points K, L 
respectively; bisect D K in M (I. 43.); 
through M draw M N parallel to C G 
(I. 48.) to meetGK in N, and from the 
points M , N draw M m , N n perpendi
eular eaeh of them to A B ; and, lastly, 
through m draw m p parallel to M N to 
meet N n in p. Then, beeause the middle 
point of D K, in the supposed revolution 
of the figure about the axis A B , gene
rates the eireumf'erenoe which has the 
radius M m , the. surfaee generated by 
D K is equalto the product of D K and 
the circumference which has the radius 
M m (11. Cor.). And, in like manner, 
since N is the [middle point of G K 
(II. 29.), the surface generated by G K 
is equal to the product of G K and the 
circumference which has the radius Nre. 
But, because (III. 2. Cor. 1.) the angle 
K D G is a right angle, and therefore 
(1.8.) the angle K G D less than a right 
angle, that is, than K D G, D K is less 
than G K (I. 9.); and, beeause (I. 22.) 
M m is equal tp ~Np, which is less than 
N n, the circumference which has the 
radius M m is less than the ̂ circumfer
ence which has the radius Nra (III.33.). Therefore, upon both accounts, the surface generated by D K is less than the surface generated by G K. And in the same manner it may be shown that the surfaee generated by L F is less than the surface generated by L H. Therefore, the whole convex surface generated by the three straight lines D K, K L, L F is 
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less than the whole surface generated by 
the tangent G H. But the zone gene
rated by the arc D E F is less than the 
surface generated by D K , K L , L F 
(Lemma 2.), for the zone together with 
the eircles which have the radii D d, F/, 
is enveloped by the latter surface toge
ther with the same two circles. Much 
more, therefore, is the zone generated 
by the arc D E F less than the surface 
generated by the tangent G H. 

Therefore, &c. 
Prop. 20. 

A spherical zone is equal to the.pro
duct of the circumference of the gene
rating circle and that portion of the 
axis which is intercepted between its 
convex surface and base; or, if it be 
double-based, between its tivo bases. 

Let A D B be a semicircle, and A K 
any arc, by the revolution, of which 

about the diameter A B a spherical zone 
is generated, and from K draw K L 
perpendieular to A B : the zone shall be 
equal to the product of the whole cir
cumference A D B E by the part A L of 
the diameter. 

The demonstration is in every respect 
similar to that of prop. 13. For, in the 
first place, it is evident that the arc 
A K m a y be divided into a number of 
equal arcs, such that, the chords A F , 
F G , Sec. being drawn, their c o m m o n 
distance C E from the centre C shall 
approach to the radius C D within any 
given differenee; and hence it m a y be 
shown, as in prop. 15., that there may 
be inscribed in the zone and circum
scribed about it, twp surfapes pf revo-
lutipn which differ from each other, and 
therefpre (19.) each of them from the 
zone, by less than any given difference. 
Therefore, the produpt in question pan-
not be greater than the zone; for then 
it must be greater alsp than spme eir-
eumspribed surfaee—greater, that is, 
than the produpt of M Q and the circum-
ferenee A D B E ; which is impossible, because A L is less than M Q * Neither ' * If the pointQ lies between A and C, M Q will be the difference, not the sum, of M L, and L Q • but ;n this case also, A L is less than M Q, because LQ is less than K P, that is, than M A. 

can it be less than the zone; for then it 
must be less also than [some inscribed 
surface—less, that is, than the product 
of A L and the oirpumferenee which 
has the radius C E ; which is impossible, 
because the circumference A D B E is 
greater than that which has the radius 
C E . Therefore, it must be equal to 
the zone ; that is, the zone is equal to 
the produet of the eircumference A D 
E B, and the part A L cf the diameter. 

Next, let H K be any are, by the re
volution of which about the diameter 
A B a double-based zpne is generated; 
and let H L, K N be drawn perpendi
cular to A B . Then, because the whole 
zone generated by the arc A K is equal 
to the product of A N and the cir-

cumference A D B E , and the part gene
rated by the arc A H equal to the pro
duct of A L and the same circumfe
rence, the remainder, that is, the 
double-based zone in question, is equal 
to the product of L N and the same cir-
cumferenee. 

Therefore, &c. 
Cor. 1. If a cylinder, having the axis 

A B, be circumscribed about the sphere; 
any zone having the same axis, shall be 
equal to that portipn pf the convex sur
face of the cylinder which is intercepted 
between the base of the cylinder and 
the plane of the base of the zone, or be
tween the planes of its two bases, if it 
be double-based (3.). 

Cor. 2. In the same or in equal spheres, 
any two zones are to one another as the 
parts of the axis or axes which are in
tercepted between their respective bases 
(II. 35.). 

Prop. 21. 
Every'spherical sector is equal to 

one-third of the product of its base and 
'the radius of the sphere. 

The steps by which this proposition 
is demonstrated are similar to those in
dicated in the preceding. In the first 
place, it m a y be shown that two solids of revolution m a y be, one' inscribed in the sector, the other circumscribed about it, which approach each' of them to the sector more nearly than by any given difference. Hence, the pro-
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duct in question cannot" be greater than 
the sector; for then would it be greater 
than some circumscribed solid, and 
therefore (12.) the base of the sector 
greater than the convex surface of such 
a solid, which (19.) is impossible: nei
ther can it be less, for then would it be 
less also than some inscribed solid; which 
is impossible, because, not only is the 
base of the sector greater (19.) than the 
convex surface of such a solid, but the 
radius C H is likewise greater than the 
perpendicular C E. Therefore it must 
be equal to the sector. 

Therefore, &c. 
Prop. 22. 
Every spherical segment, upon a 
single base, is equal to the half of a cy
linder having the same base and the 
same altitude, together with a sphere, of 
which that altitude is the diameter. 

Let A D F G be any circular half-
segment, by the revolu
tion of which about the 
diameter A B, a spheri
cal segment having the 
altitude A G is gene
rated : the spherical seg
ment shall be equal to 
the half of a cylinder 
havingthe same base and 
altitude, together with a 
sphere, of which A G is the diameter. 
Join A F; and from the centre C 

draw C E perpendicular to A F. Then, 
because the solid, generated by the seg
ment A D F, is equal to the difference 
of the solids generated by the sector 
C A D F . a n d the triangle C A F , the 
former of which (21.) is equal to one-
third of the produet of C A by its base 
A G x 2 = r x C A (20.), and the latter 
(12.) to one-third of the product of C E 
by the convex surface generated by 
A F viz. (12.) A G X 2 * x C E ; the 
solid, generated by the segment A D F, 
is equal to # * x A G (C A2 - CE2), 
i. e. \ * x A G x AE2, or to \ * x A G 
x AF2, because (I. 36. Cor. 1.) C A 2 
— CE2 is equal to AE«, and AE2 
(III. 3.) to a fourth of AF2. To this 
add the cone generated by the triangle 
A F G , which (9.) is equal to | » x A G 
x F G2: therefore, the spherical segment in question is equal to \ * x A G (AF2 + 2 FG2), i. e.to \« x AG(3 FGa + AG2) because AF2 is equal to AG2 + FG2(III.36.). Andjt*x A G ( 3 F G * + AG2) is equal to | * x A G x F G 2 + \ * x A G3; the first part of which is (4. Cor. 1.) the half of a cylinder having the altitude A G and the same base 

D A 

with the segment, and the other part 
(11. Cor. 4.) a sphere of which A G is 
the diameter. 
Therefore, &c. 

Prop. 23. 
Every double-based spherical seg

ment is equal to the half of a cylinder 
having the same altitude with the seg
ment and a base equal to the sum of 
its two bases, together with a sphere of 
which that altitude is the diameter. 
Let F H K G be any portion pf the se

micircle A D B , by the revelution of 
whioh abcut the diameter A B, adouble-
based segment, having the-altitude G K , 
is generated: the segment shall be 
equal te the half ef a pylinder having 
the same altitude and a base equal te 
the sum ef its twp bases, together with 
a sphere ef whiph G K is the diameter. 
For, in the first plaoe, because the 

selid, generated by the revelution of the 
circular segment FH, 
is equal te the excess 
of the difference of the 
sectors generated by 
CAH and CAF 
above the solid ge
nerated by the tri
angle C F H , it may 
be shown by the 
same steps as in the 
last proposition, that the solid generated 
by the revolution of F H is equal to 
i * x G K x F H2, i. e. if F L be drawn 
parallel to G K , to &«• x G K (FL8 + 
LH2). But (1.22.) F Lis equal to G K , 
and L H is equal to the difference of F G 
and H K (I. 22.) : therefore (I. 33.), 
L H 2 is equal to F G2 + H K2 -2 F G X 
HK , and i *x G K (FL2 + LH2), or the 
solid generated by the segment F H, is 
equal to i * x G K (FG2+HK2-2 F G 
X H K ) + S * x S R To this add the 
truncated cone generated by the tra
pezoid F G K H ; which (11.) is equal 
to | *• x G K (FG2 + HK2 + F G x 
H K): therefore, the double-based seg
ment in question is equal to & * x 
G K (3FG2+3ITK2) + J* + GK«; 
or to J «• x G K (F G2 + H K2) + | * 
X G K8 ; the first part of which is the 
half of a cylinder (4. Cor. 1.) having the altitude G K, and a base * X F G2 + a- X H K2, equal to the sum of the bases of- the segment, and the other part a sphere of which G K is the diameter (17. Cor. 4.). Therefore, &c. Cor. It appears from the demonstrations of this and the preceding proposition, that the solid generated by the re-
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volution of any circular segment about 
a diameter of the circle, is equal to 
\* x G K x F H 2 ; GKbeingthat por
tion of the diameter, which is intercepted 
between two perpendiculars drawn to it 
from the extremities of the segment, 
and F H the chord which is the base of 
the segment. 

Prop. 24. 
Every spherical orb is equal to the 

sum of three pyramids having their 
common altitude equal to the thickness 
of the orb, and for their bases its ex
terior and interior surfaces, and a mean 
proportional between them. 

For, a spherical orb is the differ
ence between two concentric spheres. 
Now, if a pyramid be described having 
its base equal to the exterior surface, 
or surface of the larger sphere, and 

its altitude equal to the radius of that 
surface, this pyramid will be equal 
to the whole sphere (IV. 32. Cor. 1. 
and 17.). And if, from this, there be 
cut off, by a plane parallel to the 
base, a pyramid, having its altitude 
equal to the radius of the interior sur
face, the two pyramids will be to one 
another as the cubes of any two homolo
gous edges (IV.34. Cor.); or, since it 
may be shown that their altitudes are 
to one another in the same ratio with 
the homologous edges, as the cubes of 
their altitudes, (IV. 27. Cm: 3.), that is, 
as the cubes of the radii of the spheres, or 
(18.) as the spheres. Therefore, because 
the larger pyramid is equal to the larger 
sphere, the smaller pyramid is equal to 
the smaller sphere (II. 18.); and the dif
ference of the two pyramids is equal to 
the difference of the two spheres, that is, 
the frustum is equal to the spherical 
orb. And, because the larger base of 
the frustum is equalto the surface of the 
larger sphere, it may be shown that its 
smaller base is equal to the surface of 
the smaller sphere, exactly in the same 
manner as it has been already shown, 
that the content of the smaller pyramid 
is equal to the content of the smaller 
sphere ; also the altitude of the frustum is equal to the thickness of the orb. But the frustum is equal to the sum of three pyramids, having the same altitude with it, and for their bases its 

two bases and a mean proportional 
between them (IV. 33.). Therefore, the 
spherical orb is equal to the sum of 
three pyramids, having their common 
altitude equal to the thickness of the 
orb, and for their bases its exterior and 
interior surfaces, and a mean propor
tional between them. 
Therefore, &c. 

Prop. 25. 
Every spherical ungula is to the 

whole sphere, as the angle between its 
planes to four right angles; and its 
lune, or convex surface, is to the surface 
of the whole sphere in the same ratio. 
Let A D B E be an ungula of a sphere 

having the centre C and the diameter 
A 

A B ; and from C let C D , C E be 
drawn in the planes A D B, A E B, per
pendicular to A B (I. 44.): the ungula 
A D B E shall be to the whole sphere, as 
the angle D- C E to four right angles. 

For, since the plane D C E is per
pendicular to A B (IV. 3.), the angle, 
which measures the inclination of any 
two planes passing through A B , may
be drawn in that plane at the point 
C (IV. 17. Schol.); and, if any two 
of these angles at C be equal to one 
another, the dihedral angles which they 
measure willbe equal (IV.l 7.), and there
fore the ungulas, which have those dihe
dral angles, may be made to coincide, and 
are equal to one another. Now, let the 
angle D C E be divided into any number 
of equal angles D C F, F C G, &c.; and 
therefore the dihedral angle D A B E into 
the same number of dihedral angles by the 
planes A C F, A C G, &c. (IV. 17.); and 
the ungula A D B E into as many equal 
ungulas A D B F, A D B G, &c. by the 
same planes. Then, if the angle D C E 
be contained in the four right angles 
about C any number of times exactly, 
or with a remainder, the ungula A D B F 
will be contained in the whole sphere the 
same number of times exactly, or with a remainder. Therefore the ungula A D B E is to the whole sphere as the angle D C E to four right angles (II. def. 7.). 
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A n d a similar proof may be applied 
to show that the lime A D B E is to the 
surface, of the whole sphere in the same 
ratio, viz. that of the angle D C E to four 
right angles. 

Therefore, &e. 
Cor. 1. Every spherical ungula is 

equal tp one-third of the produot pf the 
radius by its lune pr convex surface. 

Cor. 2. In the same or in equal 
spheres, any two ungulas are to one 
another as the angles between their 
planes. A n d the same may be said of 
any two lunes. 
Scholium. 
_ W e might here add the proportions of 
similar segments, sectors, orbs, ungulas, 
and of their convex surfaces. The 
reader will, however, easily perceive, 
from the demonstration of prop. 15, that 
if similar spherical segments and sectors 
be defined to be such as are generated 
by similar circular segments and sectors, 
their surfaces will be as the squares of 
the radii, and their contents as the cubes 
of the radii. " And the same may be said 
of similar spherical orbs, defined to be 
such that the radii of their exterior and 
interior surfaces are to one another in 
the same ratio ; and of similar ungulas 
defined to be such as have their dihedral 
angles equal to one another. 

BOOK VI. 

§ 1. Of great and small circles of the 
Sphere.—§ 2. Of Spherical trian
gles.—} 3. Of equal Portions of Sphe
rical Surface, and the Measure of 
solid Angles.— § 4. Problems. 

§ l.—Of great and small Circles of the 
Sphere. 

Def. 1. If a sphere is cut by a plane 
which passes through the centre, the 
section is called a great circle of the 
sphere; the radius of such a section 
being the greatest possible, the same, 
namely, with the radius of the sphere. 

From this definition it is evident that 
a great circle m ay be made to pass 
through any two points in the surface of 
a sphere; and that, if the two points be 
not opposite extremities of a diameter, 
only one great circle can be made to 
pass through them, for its plane must 
pass through the centre of the sphere, 
and only one plane can be made to pass 
through three points which are not in the same straight line (IV. 1.) But through 

the two extremities of a diameter, any 
number of great circles may be made to 
pass, for they are in the same straight 
line with the centre of the sphere (IV. 
I. Cor. 4.). 

2. If a sphere is cut by a plane which 
does not pass through the centre, the 
section is called a small circle of the 
sphere; the radius of such a section 
being less than that of the sphere. 

A circle, it is plain, may be made to 
pass through any three points in the 
sphere's surface; and it will be a great 
or a small circle, according as its plane 
passes through the centre of the sphere, 
or otherwise. 

3. The axis of any circle of the sphere 
is that diameter of the sphere whieh is 
perpendipular to the plane of the circle; 
and the extremities of the axis are called 
the poles of the circle. 

4. Parallel circles of a sphere are 
such as have their planes parallel. 

It is evident that parallel circles have 
the same axis and poles; for a straight 
line which is perpendicular to one of two 
parallel planes is perpendicular to the 
other likewise. (IV. 11.). It may also be 
observed that two parallel eircles can
not both of them pass through the centre 
of the sphere, that is, they cannot both 
be great circles of the sphere. 

These feur definitions may be illus
trated by referring te the figure pf prop. 
1. in which P A P ' is a great circle, 
A B C a small circle, P O P ' the axis, 
and P, P' the poles pf the eirele A B C , 
and A ' B ' C ' , A B C are parallel circles 
cf the sphere. 

5. Any pertion pf the eirpumferenee 
of a great eirele is called a spherical 
arc. 

T w o points are said to be joined on 
the surface of the sphere when the sphe
rical arc between them is described; and 
this arc is called the spherical distance 
of the two points, in order to distinguish 
it from their direct distance, which is the 
straight line which joins them. The 
spherical distance of opposite extremities 
of a diameter of the sphere is evidently 
half the eircumference of a great circle: 
but the spherical distance of any other two points is less than a semicircumference, being always the lesser of the two ares into which Ihey divide the great circle which passes through them. . 6 . The polar distances of any circle of _ the sphere are the spherical arcs which join any point in the circumference with the.two poles of the circle. 
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B y the polar distance (singly) the lesser 
ef these two ares, pr distanpe from 
the nearer pole, is generally to be under
stood. 

7. If the ares A B , 
A C ef twp great cir-
cles meet ene anpther 
in a ppint A , they 
are said tp-form at 
that point a spherical 
angle B A C . 

A spherical angle 
is greater or less, 
according to the opening between its 
containing ares: thus the angle B A C is 
greater than the angle D A C by the an
gle B A D . 

Eveiy spherical angle is measured by 
the plane angle which measures the in
clination of the planes of the containing 
arcs. For it is easy to perpeive, that if 
this inclination is the same in any two 
spherieal angles, they m a y be made to 
eoinpide, and therefere are equal te pne 
another. If, therefore, the dihedral an
gle made by the planes of one spherieal 
angle centain any sub-multiple of the 
dihedral angle made by the planes of 
another a pertain number ef times ex
actly, cr with a remainder, the first 
spherieal anglp will contain a hke sub-
multiple of the other the same number 
of times exactly or with a remainder; 
and, therefore, the spherical angles are 
to one another (II. def. 7.) as the dihe
dral angles made by their planes, and 
have the same measures with them.* 

8. W h e n one spheri
cal arc standing upon 
another makes the ad
jacent spherical angles 
equal to one another, 
each of them is called 
a spherical right an
gle, and the arc which stands upon the 
other is said to be perpendicular, or at 
right angles to it. _ 
The terms acute and obtuse are likewise 

applied to spherical angles, in the same 
sense as in Book I. def. 11. 

It is evident that a spherical right an
gle is measured by a rectilineal right an
gle, a spherical acute angle by a rectili-

* Hence a spherical angle has been defined by 
some writers to be identical with the dihedral angle 
of its planes; while others have extended to it the 
general definition of the angle in which two curves 
cut one another, considering it the same with the 
plane rectilineal angle of the tangents at the point 
A ; for the latter angle, being contained by perpen-
dicnlars to the common section OA, measures the dihedral angle of the planes. 

neal acute angle, and a spherical obtuse 
angle by a rectilineal obtuse angle. 

9. A spherical triangle is a portion of 
the sphere's surface included by three 
arcs of different great circles, as A B C. 

Every spherical tri
angle, A B C , has three 
sides, viz. the containing 
arcs A B , A C, and B C, 
and three angles A, B, 
and C. 

In the spherical triangles here con
sidered, it is supposed that each of 
the sides is less than a semicircum
ference. For,. the greatest spherical 
distance at which two points can be 
placed is a semicircumference ; and if 
any arc, as P A P ' , „ 
be taken equal to 
a semicircumference, 
its extremities P, P' 
will be extremities of 
a diameter P O P ' of 
the sphere, and there
fore the same great 
circle will pass 
throughboth of them, 
and any third point Q on the sphere's 
surface, so that the arcs Q P and Q P' 
will be arcs, not of different circles, but 
of the same circle. 

Any three points on the sphere's sur
face may be assumed for the angles of 
a spherieal triangle (see def. 5.), pro
vided they are not in the same great 
circle, nor any two of them opposite to 
one another, that is, opposite extremities 
of a diameter of the sphere. 

10. T w o spherical triangles are said to 
be symmetrical, when the sides of the 
one are equal to the sides of the other, 
each to each, but in a reverse order, as 
ABC and DEF. 

11. IfABCisany 
spherical triangle, 
and the points A', B', 
C are those poles of 
the arcs B C, A C, 
A B , respectively, 
which lie upon the 
same sides of them 
with the opposite an
gles A , B, C, and the triangle A' B' C 
is completed: this triangle A ' B' C 
is said to be the polar triangle of the 
triangle A B C . 
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There are no fewer than eight differ
ent triangles which have for their angu
lar points poles of the sides of a given 
triangle A B C ; but there is only one 
triangle in which these poles A', B', C , 
lie towards the same parts with the op
posite angles A, B, C, and this is the 
triangle A' B' C , whieh is known under 
the name of the polar triangle. 

12. A spherical polygon A. 
is] any portion of the / ^ \ 
sphere's surface included »( ) ^ 
by more than three arcs of \ / 
different great circles, as c d 
ABCDE. 

13. Opposite points on the surface of 
the sphere are those which are opposite 
extremities of a diameter of the sphere. 
It is evident that the arcs which join two 
such points with anj third point on the 
sphere's surfaee, are parts of the same 
great circle, and are together equal to a 
semicircumference (see the second figure 
of def. 9.) 
Prop. 1. 
Every plane section of a sphere is a 
circle; the centre of which is either the 
centre of the sphere, or the foot of the 
perpendicular which is drawn to the 
plane from the centre of the sphere. 

The substance of this proposition has 
been already "given in the corollary.to 
Book IV. Prop. 8 ; and the following 
demonstration is only a statement at 
greater length of the reasoning from, 
which it was there inferred. 
If the plane pass through the cen
tre O of the sphere, as P A P', the 

one another ; because the right-angled 
triangles O K A , O K B have their hypo
tenuses O A, 0 B each a radius of the 
sphere, and the side O K common to 
both (1.13.). Therefore, in this case the 
section is a circle having the centre K. 
Therefore, &c. 
Cor. 1. The radius of a great circle is 

the same with the radius of the sphere; 
and the radius-square of a small circle 
is less than the radius-square of the 
sphere by the square of the perpendicu
lar, which is drawn to its plane from 
the centre of the sphere (I. 36. Cor. 1.), 

Cor. 2. Every diameter of a great: 
circle is likewise a diameter of the 
sphere. 
Prop. 2. 

Either pole of a circle of the sphere is 
equally distant from all points in the 
circumference bf that circle; whether 
the direct or the spherical distance be 

distance O A of any point A in the 
circumference of the section, from the 
point O, will be the same with a radius 
of the sphere, and therefore the section 
will.be a circle having the centre O. 
And if the plane do not pass through 
the centre, the distances A K , B K , of 
any two points A, B, in the circumfer
ence of the section, from K the foot of 
the perpendicular 0 K, will be equal to 

Let A B C (see the figure of prop. 1.) 
be any circle of a sphere which has the 
centre O, and let 0 K be drawn perpen
dicular to the plane A B C , and pro
duced to meet the surface of the sphere 
in P; then, if A, B be any two points 
in the circumference of the circle A B C , 
and if the straight lines P A , P B , as 
also the spherical ares P A , P B be 
drawn, the line P A shall be equal to the 
line P B, and the arc P A to the arc PB. 

Join K A , K B . Then, because K is 
the centre of the circle A B C ( L ) , the 
right-angled triangles P K A and P K B 
have the two sides P K, K A of the one 
equal to the two sides P K, K B of the 
other, each tc each; therefere, (I. 4.) 
the hypotenuse P A is equal to the hypo
tenuse P B. And because, in equal cir
cles, the arcs which are subtended by 
equal chords are equal to- one another 
(III. 12. Cor. 1.), the arc P A is likewise 
equal to the arc PB. And in like man
ner it may be shown that the other pole 
P' is also equidistant from A and B. 

In this demonstration it is supposed 
that the point K does not coincide with 
the point O, or that the circle in ques
tion is not a great circle. If, however, 
A B C i,s a great circle, the angles P 0 A, 
P O B are right angles, and therefore 
equal to one another (1.1.), from which 
the equality of the chords P A, P B and 
of the arcs PA., P B will follow as before. Therefore, &c. Cor. 1. Hence any circle bf a sphere may be conceived to be described from 

http://will.be
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either of its poles as a centre with the 
spherical distance ef that pole as a radius. 
For, if this distanee be parried round the 
pele, its extremity will lie in the eircum
ference ef the circle. 

Cor. 2. The distances ef any pirple 
from its two poles are together̂  equal to 
a semicircumference. 
Cor. 3. A great eirele is equally dis

tant from its two pples ; but this is not 
the ease with a small eirple. For if 
A B C be supposed to be a great eirple, 
the angles P O A, P' O A will be right 
angles, and therefere equal to one ano
ther, so that the polar distances P A , 
P' A will be likewise equal (III. 12.) ; 
but if A B C be a small circle, the 
angles P O A, P' O A will be, one of 
them less, and the other greater than a 
right angle, and therefore the distances 
P A , P' A will be unequal. 
Prop. 3. 
Equal circles pf the sphere have equal 
polar distances; and conversely. 

Let A B C and A' B-' C (see the figure 
of prop. 1.) be any two equal circles of 
the sphere ; K, K' their centres, and P, 
P'their poles; then, if the radius K A 
is equal to the radius K' A', the polar 
distance P A shall be equal to the polar 
distance P' A'; and conversely. 
For, if O be the centre of the sphere, 

and OK, K P be j oined, O K will be per
pendicular to the plane A B C (1.), and 
therefore (def. 3.) O K , K P will lie in 
the same straight line; and in like man
ner O K' will be perpendicular to the 
plane A' B' C , and O K', K' P' will He 
in the same straight line. Join O A, 
P A and OA', P'A'. Then, because 
the right-angled triangles O K A , OK'A' 
have the hypotenuse O A equal to the 
hypotenuse O A', and the side K A 
equal to the side K' A', the angle K O A 
or P O A is equal to the angle K' O A' 
or P' O A' (I. 13.) ; and therefore, also, 
the arc P A (III. 12.) is equal to the arc 
P'A'. And, conversely, if the arc P A 
be equal to the arc P'A', the angle 
P O A will be equal to the angle P' O A' 
(III. 12.); and, therefore, because in the 
right-angled triangles O K A , OK'A', 
the hypotenuse "0 A is equal to the hypotenuse O A', and the angle K O A to the angle K' O A', the radius K A i s equal to the radius K'A'(1.13.). In the foregoing demonstration it is supposed that the points K and K' do not coincide with the point O, that is, that the circles in question are not great 

circles of the sphere. If, however, 
the circles are great circles, the angles 
P O A , P'OA' are right angles, and 
therefore the arcs P A, P' A' quad
rants : and it is evident that, conversely, 
circles whose polar distances are quad
rants pass through the centre of the 
sphere, that is, are great circles of the 
sphere, and are equal to one another. 
Therefore, &c. 
Cor. Circles whose polar distances are 

together equal to a semicircumference 
are equal to one another (2. Cor. 2.) 
Prop. 4. 

Any two great circles of the sphere 
bisect one another. 
For, since the plane of each passes 

through the centre of the sphere, which 
is also the centre of each of the great 
circles, their common section is a dia
meter of each; and circles are bisected 
by their diameters. 
Therefore, &c. 
Cor. 1. Any two spherical ares may 

be produced to meet one'another in two 
points, which are opposite extremities of 
a diameter of the sphere. 

Cor. 2. Any number of spherical arcs 
which pass through the same point may 
be produped to pass likewise through 
the opposite point. 
Prop. 5. 
The spherical arc which is drawn 
from the pole of a great circle to any 
point in its circumference is a quad
rant of a great circle, and is at right 
angles to the circumference. 
Let the- point P be the pole of a great 

circle A B'C: let any point A be taken 
in the circumference A B C , and let 

P A be joined by the spherical arc 
P D A : the arc P D A is a quadrant, 
and at right angles to the circumference 
ABC. 
Take O the centre of' the sphere, and 

join O P, O A. Then, because (def. 3.) 
O P is at right angles to the plane 
A B C , the angle P O A is a right angle 
(IV. def. 1.); and, therefore, the arc 
P D A is a quadrant. Again, because 
O P is at right angles to the plane A B C , 
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the plane 0 P D A is at right angles to 
the plane A B C (IV. 18.) ; and, there
fore, the arc P D A is at right angles to 
the circumference A B C (def. 7. and 
def. 8.). 
Therefore, &c. 
Cor. 1. If two great circles cut one 

another at right angles, the circumfe
rence of eaeh shall pass through the 
poles of the other. 

Cor. 2. If the spherical distances of a 
point Pin the surfaee of the sphere from 
two other points A and C in the same 
surface which are not opposite extremi
ties of a diameter be eaeh of them equal 
to a quadrant, P shall be the pole of the 
great circle which passes through the 
points A and C. For, if O be the centre 
of the sphere, the angles P O A and 
P O C will be right angles, because the 
arcs P A and P C are quadrants ; and, 
therefore, P O is at right angles to the 
plane O A C (IV. 3.); for which reason 
P O must be the axis, and P the pole of 
the great circle which passes through A 
and C (def. 3.). 
Prop. 6. 

Every spherical angle is measured by 
the spherical arc which is decribed from 
the angular point as a pole, and inter
cepted between the sides of the angle. 
Let B A C be any spherical angle, 

and from the point 
A, as a pole, let a 
great eirele be de
scribed cutting the 
sides A B , A C in 
the points M , N re
spectively : the sphe
rical angle B A C 
shall] be measured 
by the arc M N. 

Take O the centre of the sphere, and 
join O A, O M , O N. Then, because 
A is the pole pf the spherical arc M N, 
the plane M 0 N is perpendicular tc 
O A (def. 3.), and M O, N 0 are each of them perpendicular to O A. Therefore the angle M O N measures the dihedral angle M O A N (IV. 17.), or which is the same thing, (def. 7.) the spherical angle M A N or B A C . Therefore, the arc M N which measures the angle M O N , measures also the spherical angle B A C . Therefore, &c. Cor. The angle contained by two spherical arcs is measured by the distance of their poles, which lie towards the same parts of the arcs. For, if the arc N M be produced to R, so thatR.?|T may be a quadrant, and to Q, so th... 

Q M may be a quadrant, Q R will be 
equalto M N (I. ax. 3.). And the points 
Q, R are the poles Of A M , A N,re
speetively, because Q M , Q A, as also 
R N , R A , are quadrants (5. Cor. 2.). 
Prop. 7. 
If one triangle be the polar triangle 

of another, the latter shall likewise be 
the polar triangle of the first; and 
the sides of either triangle shall be 
the supplements* of the arcs whieh 
measure the opposite angles of the other. 

Let A B C be any spherical triangle, 
and let A', B', C be those poles of the 
sides B C, A C, A B, which lie towards 
the same parts of the arcs B C, A C , 
A B, with the opposite angles A, B, C, 
respeetively, so that A' and A lie to
wards the same parts of B C, B' and B 
towards the same parts of A C, and C' 
and C towards the same parts of A B : 
that is, (def. 11.) let A' B' C be the 
polar triangle of A B C : the triangle 
A B C shall, likewise, be the polar 
triangle !of A'B'C'.-and the sides of 
either triangle shall be the supplements 
of the arcs which measure the opposite 
angles of the other. 
For, in the first place, B' being the 

pole of AC.AB'is a 
quadrant (5.); and C 
being the pole of A B, 
A C is likewise a 
quadrant: therefore 
(5. Cor. 2.) A is the 
pole of B' C. Also, 
it is upon the same 
side of B' C that A' is: for, because 
A' and A are upon the same side of 
B C, and that A' is the pole of B C, 
A' A is less than a quadrant; and be
cause A is the pole of B' C , and that 
A A' is less than a quadrant, A and A' 
are upon the same side of B' C . 
And, in the same manner, it may be 

shown that B is the pole of A' C , and 
B, B' upon the same side of A' C ; and that C is the pole of A'B'.and C , C upon the same side of A' B'. Therefere, the triangle A B C is the polar triangle of A'B'C'(def. 11.). Next, let the are B' C be produced both ways, if necessary, to meet the arcs A B , A C (produced likewise if necessary) in the points D, E, (4 Cor.l.). Then, because A is the pole of the arc B' C , the spherieal angle B A C is measured by D E (6.). Again, because B' is the pole of A C, B' E is a quadrant; and for the 
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like reason C D is also a quadrant: 
therefore, the sum of B' E and C D, 
that is, of D E and B'C,is equal to a 
semicircumference, and the side B' C is 
the supplement of D E which measures 
the spherical angle B A C . And, in the 
same manner, it may be shown that any 
other side of either' of the triangles 
A B C, A' B' C is the supplement of 
the arc which measures the opposite 
angle of the other. 
Therefore, &c. 

Scholium. 
If the three sides of a spherical tri

angle be each of them equal to a quad
rant, the polar triangle will coincide with 
it; for each of the angular points will 
be the pole of the side opposite to it. 
(5.Cor. 2.) Thesurface ofthe sphere may 
be divided into eight such triangles, by 
dividing the circumference of any great 
circle into quadrants, and joining the 
points of division with the poles of the 
great circle. 
Section 2.—Of Spherical Triangles. 

Prop. 8. 
The angles which one spherical arc 

makes with another upon one side of it 
are either two right angles, or are to
gether equal to two right angles. 

See the Demonstration of Book I. 
Prop. 2. 

Cor. 1. If two spherical arcs cut one 
another, the vertical or opposite angles 
will be equal to one another. See the 
Demonstration of Book I. Prop. 3. 

Cor. 2. If any number of spherieal 
arcs meet in the same point, the sura 
of all the angles about that point will 
be equal to four right angles. 

Prop. 9. 
Any two sides of a spherical triangle 

are together greater than the third 
side; and any side of a spherical tri
angle is greater than the difference of 
the other two. 
Let A B C be a spherical triangle ; 

the sides B A and A C shall be to
gether greater than B C ; and A B alone 
shall be greater than the difference of 
A C and B C Take O 
the eentre of the sphere, 
and join O A, O B, O C. 
Then, because the solid angle at O is cpntained by three plane angles AOB,AOC,andBOC, thetwp AOB andAOC are together greater than the third B 0 C (IV. 19.). 
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But these angles are respeetively mea
sured by the arcs A B , A C, and B C. 
Therefere A B and A C are together 
greater than B C. And henee, taking 
A C from eaeh, A B alone is greater 
than the difference of A C and B C. 

Therefore, &e. 
Cor. 1. The three sides ef a spherieal 

triangle are tegether less than the eir-
cumferenee of a great circle. For, if 
A B and A C be produced to meet in D, 
the arcs A B D, A C D will be semicir-
cumferences ; but B C is less than B D 
and D C together ; therefore, A B, A C , 
and B C are together less than A B D 
and A C D , that is, less than tire cir
cumference of a great circle. 

Cor. 2. In the same manner it may 
be shown that all the sides of any 
spherical polygon are together less than 

D1--^ 

the circumference of a great circle. 
This is likewise evident from IV. 20. 
Scholium. 

By help of this proposition, it may be 
shown that the shortest distance of two 
points on the surface of a sphere, mea
sured over that surface, is the spherical 
arc between them. See Book I. prop. 
10. Scholium. 
Prop. 10. 

The three angles of a spherical tri
angle are together greater than two 
right angles, and less than six right 
angles. 
For the arcs which measure the three 

angles together with the three sides of the 
polar triangle are equal to three semi-
circumferences (7.), or six quadrants : 
therefore, the former alone are less than 
six quadrants, and consequently the 
angles which they measure are less than 
six right angles. Again, the sides of 
the polar triangle are less than a whole 
circumference, or four quadrants (9 Cor. 
I.): therefore, the arcs before mention
ed are greater than two quadrants, and 
consequently the angles which they 
measure greater than two right angles. 
Therefore, &c. ' Cor. 1. A spherical triangle may have two or even three right angles, or two 
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or even'three obtuse angles. For, it is 
evident from the demonstration of the 
proposition, that the sum of the angles 
depends upon the magnitude ef the 
sides ef the pplar triangle, and sinee 
the sum pf these last may be any what
ever less than fpur quadrants, the sum 
ef the angles ef the original triangle 
may be any whatever greater than two, 
and less than six right angles. 

Cor. 2. If one side of a spherical tri
angle be produced, the exterior angle will 
be less than the sum of the two interior 
and opposite angles. 
For the exterior an
gle, together with its 
adjacent interior an
gle, is only equal, to 
two right angles (8.); 
but the two interior and opposite angles, 
together with the same angle, are greater 
than two right angles. 
Prop. 11. 

If two sides of a spherical triangle be 
equal to one another, the opposite angles 
shall be likewise equal; and conversely. 
Let A B C be a spheri

cal triangle, having the 
side A B equal to the 
side A C ; the angle 
A C B shall likewise be 
equal to the angle A B C . 
Take O the centre of 

the sphere, and join 0 A, 
O B , O C. From the 
point C, in the plane 
A O C, draw C S at right 
angles to C O (and, therefore (III. 2.), 
touching the arc C A in C) to meet O A 
produced in S : at the points B and C 
draw B T and C T , touching the arc 
B C, and meeting one another in T, 
and join B S , ST. Then, beeause the 
arc A B is equal to A C , the angle A O B 
is equal to the angle A O C (III. 12.); 
and, because the triangles S O B, S O C 
have two sides pf the pne equal tp two 
sides of the other, each to each, and 
the angles S O B, S O C which are in
cluded by those sides equal to one 
another (I. 4.), the base S13 is equal to 
the base S C, and the angle S B O to the 
angle S C O , that is, to a right angle. Therefore, B S touches the arc A B in B (III. 2.). And, because the spherical angles A B C , A C B are measured by the plane angles of the tangents at B and C (see def. 7. note) they are measured by the angles S B T, S C T respeetively. But, because T B and T C are tangents drawn from. tha same 

point B to the arc B C, T B is equal 
to T C (III. 2. Cor. 3.). Therefore, the 
triangles S B T and S C T have the 
three sides of the one equal to the three 
sides of the other, each to each, and 
consequently the angle S B T is equal to 
the angle S C T (I. 7.). Therefore, also, 
the spherical angle A B C is equal to 
the spherical.angle A C B . 
Next, let the angle A B C be equal to 

the angle A C B . : the side A B shall be 
equal to the side A C . For, if the polar 
triangle A' B' C' be described, its sides 
A' B' and A' C which are supplements 
to the measures of the equal angles (7.) 
will be equal; and, therefore, by the 
former part of the propositipn, the sphe
rical angle at C is equal to the spherieal 
angle at B'. But the sides A B and 
A C are supplements to the measures 
of these angles (7.). Therefore, also, 
A B is equal to A C . 
Therefore, &o. 

Prop. 12. 
If one angle of a spherical triangle 
be greater than another, the opposite 
side shall likewise be greater than the 
side apposite to that other; and con-

bee the demonstration of Book I. 
Prop. 11. 

Cor. If pne side B C ef a spherical 
triangle " A B C be produced te D, the 

exterier angle A C D shall be equal te, 
or less than, er greater than, the interior 
and opposite angle A B C , according as 
the sum of the two sides A B , A C is 
equal to, or greater than, or less than, 
the semicircumference of a great circle. 
For, if B A and B C be produced to 

meet one anether in D, the angles at B 
and D will be equal te pne another, 
having for their common measure the 
measure of the same dihedral angle 
(def. 7.) ; and B A D will be a semicir
cumference. But, by the proposition, 
the angle A C D is equal to, or less than, 
or greater than the angle at D, accord
ing as A C is equal to, or greater than, 
or less than A D . Therefore, the angle 
A C D is equal to, or greater than, or 
less than the angle at B, according as 
A B and A C are together equal to, or 
greater than, or less than a semicircumference. 
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Prop. 13. 
If two spherical triangles have two 

sides of the one equal to two sides of the 
other, each to each, and likewise the in
cluded angles equal; their other angles 
shall be equal, each to each, viz. those 
to which the equal sides are opposite, 
and the base, or third side, of the one 
shall be equal to the base, or third side, 
of the other. 
There are here two cases for consi

deration ; first, that in which the equal 
sides A B , A C and D E, D F he in the 
same direction; and, secondly, that in 
which they lie in opposite directions. 
The first case may be demonstrated by 
superposition, after the same manner as 
Book I. Prop. 4, to which, for brevity's 
sake, the reader is referred: the second 
case as follows:— 
Let A B C , D E F be two spherical 

triangles, which have the two sides ABi 
A C equal to the two sides D E, D F, 
each to each, viz. A B to D E and A C 
to DF, but D E lying in a direction from 
DF, which is the reverse of that in which 
A B lies from A C , and let them likewise 
have the angle B A C equal to the angle 
E D F : their other angles shall be equal, 
each to each, viz, A B C to D E F; and 
A C B to D F E , and the base B C shall 
be equal to the base E F. 
Take O the centre of the sphere: from 

A draw A P perpendieular to the plane 
0 B C, and produce it to meet the sur
face of the sphere in A'. Join P O, P B, 
P C,' and O B ; from P draw P Q per
pendicular to O B ; join A Q, A B , A C , 
A' Q,* A' B, A' C ; and draw the spheri
cal arcs A7B, A'C, A'A. Then, be
cause in the right-angled triangles A P O , 
A'P O, the hypotenuse A O is equal to 
the hypotenuse. A' 0, and the side P 0 
common to bo'th, the remaining sides 
A P and A' P are equal to one another 
(I. 13.): and because in the right-angled 
triangles A P Q, A' P Q, the side A P is 
equal to the side A' P, and the side P Q 
common to both, the hypotenuse A Q is equal to the hypotenuse A' Q, and the * A' Q is omitted in the figure, 

angle A Q P to the angle A' Q P (I. 4.); 
and in the same manner it may be shown 
that A Bis equalto A'B, and A C to 
A' C. N o w , beeause A P is perpendi
eular to the plane O B C, and that P Q 
is perpendieular to the line O B in that 
plane, A Q is likewise perpendicular to 
O B (IV. 4.); and for the like reason 
A'Q is perpendicular to the same O B. 
Therefore, the angles A Q P, A' Q P mea
sure the dihedral angles formed by the 
planesOAB, O B C , andOA'B, O B C 
(IV. 17.), or, whiph is the same thing, 
(def. 7.) the spherieal angles A B C and 
A ' B C ; and because, as has been already 
demonstrated, the angle A Q P is equal 
to the angle A' Q P, the spherical angle 
A B C is equal to the spherical angle 
A' B C. In the same manner, it may be 
shown that the spherical angles A C B 
and A' C B are equal to one another. 
And because the straight line [A B is 
equal ,to the straight line A' B, the arc 
A B is equal to the arc A'B (III. 12. 
Cor. 1.); and, for the like reason, the arc 
A C is equal to the arc A' C. There
fore, in the isosceles spherical-triangle 
B A A', the angle B A' A is equal to the 
angle B A A', and in the isosceles sphe
rical triangle C A A' the angle C A' A is 
equalto the angle C A A' (11.); and, 
consequently, the whole (or, if the points 
B, C, are on the same side of the are 
A A', the remaining) angle B A' C is 
equal to the whole or remaining angle 
B A C . Therefore, the triangles A' B C, 
A B C have their several sides and angles 
equal to one another, but lying in a 
reverse order. 

N o w , because A' B and D E are each 
ef them equal to A B, they are equal to 
one another; and, for the like reason, 
A' C is equal to D F, and the angle 
B A ' C to the angle E D F . Also, the 
equal parts lie in the same direction 
from one another in these two triangles, 
A' B C, D E F. Therefore, by the first 
ease, the base B C is equal to the base 
E F, and the angles A ' B C, A' C B to 
the angles D E F and D F E respee
tively. And, because the angles A B C , 
A C B are equal tc the angles A' B C, 
A' C B, eaeh to each, the former angles 
are likewise equal to D E F and D F E , respectively. Therefore, Sec. Prop. 14. If two spherical triangles have two angles of the one equal to tioo angles of the other, each to each, and likewise the. interjacent sides equal; their other sides 
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shall be equal, each to each, viz. those to 
which the equal angles are opposite, and 
the third angle of the one shall be equal 
to the third angle of the other. 

The case in which the equal angles 
lie in the same direction from one ano
ther in the two triangles may be demon
strated by superposition, in the same 
manner, as Book I. Prop. 5, tp which 
the reader is referred. The other ease, 
in which they lie in different directiens, 
may be demonstrated as follows:— 

Let A B C, D E F (see the figure of 
Prop. 13.) be two spherical triangles, 
which have the two angles A B C , 
A C B of the one equal to the two 
angles D E F, D F E of the other, each 
to each, but in a reverse order, and like
wise the side B C equal to the side E F: 
their other sides shall be equal each to 
each, and the third angle B A C shall 
be equal to the third angle E D F . 

Let there ,be described, as in the last 
proposition, upon the other side of the 
base B C the triangle A' B C, which has 
its sides and angles equal to those of the 
triangle A B C , each to each, but in a 
reverse order. Then, because the an
gles A ' B C and D E F are equal, each 
of them, to the angle A B C, they are 
equal to one another; and, for the like 
reason the angle A' C B is equal to the 
angle. D F E . Also, B C is equal to E F; 
and these equal parts lie in the same 
direction from one another in the two 
triangles A' B C, D E F. Therefore, by 
the first case, the angle B A' C is equal 
to the angle E D F , and the sides A' B, 
A' C are equal to the sides D E, D F re
spectively. And, because the angle 
B A C is equalto the angle B A' C, and 
the sides A B , A C to the sides A'B, 
A' C, each to each, the angle B A C is 
equal to the, angle E D F, and the sides 
A B , A C to the sides D E . D F respectively. 

Therefore, &c. 
Prop. 15. 

If two spherical triangles have two 
sides of the one equal to two sides of 
the other, each to each, and have like
wise their bases equal, the angle con
tained by the two sides of the one shall 
be equal to the angle contained by the 
two sides equal to them of the other. The case in which the equal sides he in the same direction from one another, may be demonstrated in the same manner as Book I. Prop. 7: the other case, in which they lie in different directions, as follows:— Let A B C, D E F (see the figure of 

Prop. 13) be two spherical triangles hav
ing the two sides of the one equal to the 
two sides of the other, each to each, and 
likewise the base B C equal to the base 
EF. The angle B A C shall be equal 
to the angle E D F . . 

Let there be described, as in Prop. 13, 
upon the pther side pf the base B C the 
triangle A' B C, whieh has its sides and 
angles equal to those of the triangle 
A B C , each to each, but in a reverse 
order. Then, because A' B and D E are 
each of them equal to A B , they are 
equal to one another: and, for the like 
reason, A' C is equal to D F : also B C 
is equal to E F; and these equal parts 
lie in the same- direction from one ano
ther in the two triangles A' B C, D E F. 
Therefore, by the first case, the angle 
B A ' C is equal to the angle E D F . 
Therefore, because the angle B A C is 
equal to the angle B A' C, the angle 
B A C is likewise equal to the angle 
EDF. 
Therefore, &c. 

Prop. 16. 
If two spherical triangles have the 
three angles of the one equal to the three 
angles of the other, each to each, they 
shall likewise have the three sides of the 
one equal to the three sides of the other, 
each to each, viz. those which are oppo
site to the equal angles.* 

Let the spherieal triangles A B C, 
D E F have the three angles A, B, C of 
the one equal to the three angles D, E, F c V 

OB' •&' 

of the other, each to each. The sides A B , 
A C and B C shall likewise be equal to 
the sides D E, D F and E F, each to 

For, if the polar triangles A' B' C, 
D' E' F' be described, they will have the 
three sides of the one equal to the three 
sides of the other, eaeh to eaeh, because 
every two corresponding sides, as A' B' 
and D'E' are (7.) supplements of the 
measures of equal angles C and F (I. 
ax. 3.). Therefore, by the last proposi
tion, these polar triangles have likewise 
* See the Scholium at the end of this Book, 
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the three angles A', B', C of the one 
equal to the three angles D', E', F' of 
the other, each to each. And henee the 
triangles A B C , D E F have the three 
sides of the one equal to the three sides 
of the other, each to each, because every 
two corresponding sides, as A B and 
D E are supplements of the measures of 
equal angles C and F' (7.) 
Therefore, &c. 

Prop. 17. 
. If two spherical triangles have two 
sides of the one equal to two sides of the 
other, each to each, but the angle which 
'is contained by the two sides of the one 
greater than the angle which is contained 
by the two sides which are equal to them 
of the other ; the base of that which has 
the greater angle shall be greater than 
the base of the other: and conversely. 
See the demonstration of Book I. 

Prop. 11. 
Prpp. 18. 

If any point be taken within a circle 
of the sphere which is not its pole; of all 
the arcs which can be drawn from that 
point to the circumference, the greatest is 
that in which the pole is, and the other 
part of that arc produced is the least; and 
of any others, that which is nearer to the 
greatest is always greater than one more 
remote: and from the same point to the 
circumference there can be drawn only 
two arcs that are equal to one another, 
which two make equal angles, upon either 
side, with the shortest arc. 
Let A B C be any 

circle (either a great 
or a small circle) 
of the sphere, P its 
• pole (if a great cir
cle, either of its two 
•poles; if a small 
circle, the nearer 
pole), and D a point on the surface of 
the sphere, which is upon the same 
side of the circle A B C D with the pole 
P. Of all the arcs D A , D P B, D C , &c. 
which can be drawn from D tp the cir
cumference, the arc D P B which passes 
through P shall be the greatest, and 
D A the other part of that arc produced 
the least: and of the others, D C , which 
is nearer to D P B, shall be greater than D E , which is more remote. Join P E, P C. Then, because the two sides D P, P C of the triangle D P C are together greater than the third D C (9.), and that P B is equal to P C, the arc 

D P B is greater than D C. Again, 
because the triangles P C D , P E D have 
the two sides P C, P D of the one equal 
to the two sides P E , P D of the other, 
each to each, but the angle C P D greater 
than the angle E P D, the base D C is 
greater than the base D E (17.). Again, 
because the side E D of the triangle 
P D E is greater than the difference of 
P D , P E the other two sides (9.), and 
that P A is equal to P E, the arc E D 
is greater than the difference of P D and 
PA, that is, than AD. Therefore, D P B 
is the greatest and D A the least of all 
ares which can be drawn from D to the 
circumference, and D C, which is nearer 
to D P B, is greater than D E, which is 
more remote. 

Also, there can be drawn only two 
equal arcs D E, D F from the point D 
to the circumference, and these make 
equal angles with the shortest arc D A 
upon either side.of it. For, if P F be 
drawn, making the angle A P F equal 
to the angle A P E , and D F be joined; 
then, because the triangles P D F, P D E 
have two sides of the one equal to two 
sides of the other, each to each, and 
the included angles D P F, D P E equal 
to one another, the bases D F and D E 
are equal to one another, and the angles 
P D F , P D E which are adjacent to 
A D F , A D E , likewise equal (13.). 
But, besides D F, there cannot be drawn 
any other arc from D to the circumfer
ence equal to D E ; for if it were pos
sible, and D G were such an arc, then 
D G, which is nearer to (or farther from) 
D P B than D F is, would be equal toD F, 
which is contrary to what was shown in 
the former part of the proposition. 
Therefore, &c. 
Cor. 1. From a point to a spherical 

arc, the perpendicular is either the least 
or the greatest distance, the least when 
it is less than a quadrant, the greatest 
when it is greater than a quadrant. 
For the perpendicular arc either passes, 
or may be produced to pass through 
the pole of the spherical arc (5. Cor. 1.1: 
in the former case it is, as D P B , 
greater than any other arc which can be 
drawn from the point E to the circum
ference of which the spherical arc is a portion, and it is, at the same time, greater than (5.) the quadrant P B ; in the latter, ease it is, as D A, less than any other, and it is, at the same time, less than (5.) the quadrant P A. Cor. 2. If there be taken within a circle (that is, anywhere on the surface of the sphere, if it be a great circle, or 0 
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pn the same side with the nearer pole, 
if a small circle) a point from which 
there fall more than two equal aros tp 
the circumference, that peint shall be 
a pole of the circle. 

Cor. 3. Hence, also, if there be taken 
without a small circle a point from 
which there fall more than two equal 
arcs to the circumference, that point 
shall be the more distant pole of the 
small circle. For if the opposite point 
through which the equal arcs pass 
(4 Cor. 2.) be' taken, three distances 
of 1he latter from the circumference 
(I. ax. 3.) will be equal, and therefore,by 
Cor. 2., it will be the nearer pole. 
Prop. 19. 
In a spherical triangle, which has 
one of its angles a right angle, either 
of the other angles is greater or less 
than a right angle, according as. the. 
Opposite side is greater or less than, a 
quadrant; and if the sides, which, con
tain the right angle, are both greater or 
both less than quadrants, the third, side, 
or hypotenuse, shall be less than a quad
rant ; but if one of these sides be greater 
than a quadrant, and the other less, the 
hypotenuse shall be greater than a quad
rant. 

Let A B C be a spheri
cal triangle, having the 
right angle A B C , and let 
A C B be one Of the other 
two angles: the angle 
A C B shall be greater or 
less than a right angle, -
according as the opposite 
side A B is greater or less than a quad
rant. 
For, if from B A, qr from B A produced, 

B P be cut off equal to a quadrant, and 
P C joined, theanglePCB will be aright 
angle, because P is the pole of B C (5.); 
and it is evident that the angle A C B 
is greater or less than the angle P C B, 
according as A B is greater or less 
than P B. 

Also, if the sides A B, B C are both 
greater or both less than quadrants, the 
hypotenuse A C shal} be less than a 
quadrant; but if one of them be greater 
than a quadrant, and the other less, 
A C shall be greater than a quadrant. For, if from B C, or from B C produced, B D be cut off equal to a quadrant, and A D be joined, D will be the pole of A B (5.), and, therefore, A D will be equal to a quadrant. And, first, if A B and B C be both less than quadrants, 

then, A B being (18. 
Cor. 1.) the least arc 
which can be drawn 
from A to B C, A C 
which is nearer to it 
is less than A D , 
which is mere re
mote (18.); or, se-
ppndly,ifABandBC 
be both greater than 
quadrants, then A B 
being (18. Cor. l.)the 
greatest arc which 
can be drawn from 
Atp B O , A C whic'h is further fronfj£\$si,. 
less than AD.whichis not so remote ̂ 8-f",-
therefore, in both cases, A C is listen 
a quadrant. But, if either of the sides?' 
as A B , be greater than a quadrant,.and 
the other, B C, iess, A B being\'the 
greatest are which pari be'drawn frpjn A 
to B 0, A C which is nearer to,-it is,' 
greater than A D , which is more remote 
(18.); therefore, A C is greater than "a 
quadrant. 
Therefore, &c. 
Cor. 1. It is evident from the demon

stration, that if one of the two' sides 
which contain the right angle be equal 
to a quadrant, the opposite angle will 
be a right angle, and the hypotenuse 
likewise a quadrant. 

Cor. 2. Hence, in a right-angled 
spherical triangle, either of the two sides 
is of the same affection with-the opposite 
angle; and the hypotenuse is, 1°,. equal 
to, or, 2°, less than, or, 3°, greater'th'an", 
a quadrant, according as, 1°, one of $he 
adjoining angles is a right angle, or 
these two angles are, 2°, of the sam'e or, 
3°, of different aff'ectipns. See note, 
page 61. 
Section 3. — Of Equal Portions of 

Spherical Surface, and the Measure. 
of Solid Angles. 

Prop. 20. 
Spherical triangles which hixe the 
three si4es of the one equal to the three 
sidgs of the other, each to each, contain 
also equal portions of spherical surfabe., 
whether the triangles are symmetrical 

Let A B 0, D E F be two sphfrical 
triangles, which have the three sides of 
the one equal to the three sides of the 
other, each to each, viz. A B to D E, 
A C to D F, and B C to E F: the sur
face of the triangle A B C shall be equal 
to the surface of the triangle D E F . 
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r'! .Let" a plane be drawn through the 
Joints A, B, C, to out the sphere in a 
circle passing through thpse peints (1.): 
fropi the eentre ef the sphere, draw a 
perpendicular to the plane A B C , and 
produce it to meet the surface of the 
sphere in P : then P is the .pole of the 
(cir/ele A B C (def. 3.) ; and, consequent-
' W (2.) if the spherical arcs P A, P B , 
iP-,C"are drawn, joining the point P with 
ttlx;points A, B, C, respectively, they 
will be equal to one another. Make the 
spherical angle D E Q equal to the 
sbherical angle A B P : make also the 
f c E Q equal to the arc B P, and join 

D, Q F. Then, because the angles 
D E F (15.) and D E Q are equal to the 
angles A B C and A B P , each to each, 
the angle Q E F is equalto the angle 
P B C (I. ax. 3.). And, because in the 
triangles Q E F, P B C, two sides of the 
t"oiie are equal to two sides of the other, 
' each to each, »nd the included angles 
Q E F , P B C likewise equal to one ano-
fher '(13.) the arc Q F is equal to the 
"ai'ci P C, and the angle E Q F to the 
-apgle.BPC. In the same manner, it 
• may. be shown that the arc Q D is 
equal/To the arc P A , and the angle 
D';QE to the angle A P B. There
fore, because the angles D Q E and 
E Q F are respectively equal to the 
angles A P B and B P C, the angle 
D Q F is equal to the angle A P C : 
and because the arcs P A , P B, P C 
are equal to one another, the arcs Q D, 
Q E, Q F, which are severally equal to 
them, are likewise equal to one another 
ll. ax. 1.). 
|, Now, it is evident that isosceles tri
angles, asPB C and Q E F , which have 
equal vertical angles, and equal sides 
containing them, may be made to coincide, and, therefore, are equal to one another. Therefore, the isosceles triangles P A B , P B C , and P A C are respectively equal to the isosceles triangles Q D E , Q.KF, and Q D F. But the triangle A B C is equal to the sum of 

the former three, if the point P fails 
within the triangle A B C ; or to the dif
ference between the sum of two of them 
and the third, if it fall without the 
triangle; and the triangle D E Fis equal 
to the sum of the latter three, in the first 
case, or to the difference between the 
sum of the corresponding two of them 
and the third, in the other*. Therefore, 
the triangle A B C is equal to the triangle 
D E F (I. ax. 2. 3.). 

Therefore, &c. 
Prop- 2i. 

Every spherical triangle is equal to 
half the difference between the hemi
spherical surface, and the sum of three 
lunes which have their angles equal to the 
three angles of the triangle respectively. 
Let A B C be any spherical triangle; 

its surfaee shall be equal to half the 
difference between the hemispherical 

surface, and the sum of three lunes 
having their angles respectively equal 
to the angles A, B, C. 

Let the circles be completed, of which 
the sides A B, A C, and B C are parts, 
and let A a, B b, and C c be the diameters 
passing through the points A, B, and C. 
Then, beeause C A c and A c a are semi-
circumferences (4.), they are equal to one 
another, and A c being taken frem eaeh, 
the remainders A C , ac are likewise 
equal. In the same manner it may be 
shewn that A B is equal te a b, and B C 
tp be. And, beeause the triangles 
A B C , abc have the three sides pf the 
one equal te the three sides ef the 
ether, eaeh te each, their surfaees are 
equal te pne anpther (20.) Now,, the lune 
A cab A has its angle equal te the angle 
A ef the triangle A B C (8. Cor.l.), and 
the lunes B A 6 C B , C B c A C have for 
their angles the angles B, C ef the same 
triangle. And these three lunes are 
* If the ares BP,EQ, or these arcs produced, cut 
the arcs A C, D F in the points R, S, respectively, it 
may be shewn by prop. 14, that B R is equal to K S: 
therefore, since B P is equal to E Q , if the point B falls within the triangle A B C , the point Q must likewise fall within the triangle D E F; or if P fall without th.e triangle-ABC, and within the angle A B C , Q must likewise fall without the triangle D E F , and within the corresponding angle D E F, 02 
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together equal to the surface of the 
hemisphere A B C 6 c together with the 
triangles A B C , abc; that is, to the 
surface of the hemisphere, together with 
twice the triangle A B C . Therefore, 
twice the triangle A B C is equal to the 
difference between the sum ef the three 
lunes and the surface cf the hemisphere; 
and the triangle A B C is equal te half 
that difference. 

Therefere, &e. 
Cor. 1. Henee, if the angles of a 

spherical triangle are given, we may 
find the proportion which its surface 
bears to the surface of the sphere. 
For, since the surface of any lune is to 
the surface of the sphere, as the angle of 
the lune to four right angles (V. 21.), or 
as twice its angle to eight right angles; if 
the surface of the sphere be represented 

' by 8 right angles, or 8 R,* the sur
faces of the lunes which have the angles 
A , B, and C will be represented by 2 A, 
2 B, and 2 C ; and the hemispherical 
surface will be represented by 4 R : 
therefore, the surface of the triangle 
A B C will be represented by half 2 A + 
2 B + 2 C - 4 R , that is, by A + B + C -
2 R. And hence, it is commpnly said, 
that the surface of a spherical triangle 
is measured by the excess of the s u m of 
its angles above two right angles; it 
being understood that the surface of 
the sphere is measured by eight right 
angles. 

Cor. 2. The surface of a spherical 
triangle whose angles are A , B, C is 
equal to the surface of a lune whose 

, . A+ B + C _ _ ,,, 
angle is — — — R. For both 

surfaces are measured by A + B + C — 
2R. 

Cor. 3. The surface of a spherical 
polygon A B C D E is measured by the 
excess of the s u m of 
all its angles, toge
ther with four right 
angles, above twice 
as manyright angles 
as the polygon has 
sides-. For the polygon m a y be divided into as m a n y triangles as it has sides, by joining its angles with any point P taken within the polygon ; and the surfaee of each of these triangles is measured by * In which case, R represents the surface of the spherical triangle, which has each of its angular points the pole of the side opposite to it (7. Scholium.). « a shall sce (og. Scholium.) that the surface of this c f?g ume»»urcs a solid right angle at the centre of the sphere. J 

the s u m of its angles minus two right 
angles : therefore, the s u m of all the tri
angles, that is, the polygon, is measured 
by the s u m of all their angles minus 
twice as m a n y right angles as there are 
triangles. But the sum pf all the an
gles pf the triangles is equal tp the sum 
pf all the angles pf the pplygp'n, tpgether 
with the angles pf the point P, that is, (8. 
Cor. 2.) together with four right angles: 
and there are as m a n y triangles. as the 
polygon has sides. Therefore, the sur
face of the polygon is measured by the 
s u m of its angles plus four right angles 
minus. twice as many right angles as 
the polygon has sides. 

Let s be the s u m of its angles, and 
n the number of its sides : then the sur
face of the polygon is measured by 
s + 4R-2»R. 

Scholium. 
It follows from the last corollary, that 

i f S b e the number of the solid angles of 
a polyhedron, F the number of its faces, 
and E the number of its edges, S + F — E 
will be equal to 2. For, if a sphere be 
described about any point within the 
polyhedron as a centre, the lines which 
are drawn from this point through the 
solid angles of the polyhedron will cut 
the surface of the sphere in S points, 
and the planes whieh are drawn from the 
same point through the edges will eut 
the surface in E spherical arcs; and thus 
the whole surface of the sphere will be 
divided into F spherical polygons, cor
responding to the F faces of the poly
hedron. N o w , the surface of each of. 
these spherical pplygpns is measured by 
the sum of its angles plus four right 
angles minus twiee as many right an
gles as the polygon has sides. There
fore, the surfaces of all the polygons 
taken together are measured by the sum 
of all their angles taken together plus 
as many times four right angles as there 
are polygons minus twice as manyright angles as all the polygons together have sides. But the s u m of all their angles taken together is the s u m of all the angles, at the S angular points, and, therefore; is equal to S times four right angles (8. Cor. 2.) : the number of the polygons is F; and the number of the sides of the polygons is 2 E , because the number of different sides is E , and each of these is at once a side of two adjoining polygons. Therefore, the surfaees ef all the pply-gons, taken together, are measured by (S + F — E ) times four right angles. Therefore, since the surface of the 
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sphere is made up of the surfaees ef all 
the polygens, and that the surface cf 
the sphere is measured by 8 cr 2 x 4 
right angles, S + F — E is equal tn 2. 

And from the equation S + F — E = 2 
it may be further shown that the sum of 
all the plane angles which contain the 
solid angles of any polyhedron is S — 2 
times 4 right angles. For, the plane 
angles of each face are together equal to 
twice as many right angles as the face 
has sides minus four right angles. 
Therefore, the plane angles of all the 
faces are together equal to twice as 
many right angles as all the faces taken 
together have sides, minus as many 
times four right angles as there are 
faces. But the number of sides of the 
faces is 2 E, for the reason before men
tioned ; and F is the number of faces. 
Therefore, the sum 'in questipn is equal 
tp E — F times 4 right angles; that is, 
because S — 2 = E — F, tc S — 2 times 
4 right angles. 
Prop. 22. 
Through any two given points and a 
third upon the surface of a sphere, 
which do not lie in the circumference of 
the same great circle, there may be 
made to pass two equal and parallel 
small circles; that is, one of them 
through the first two given points, and 
the other through the third given 
point; and every spherical arc which is 
terminated by these circles shall be 
bisected by the circumference of the 
great circle to which they are parallel. 

Let A and B be any twe ppints uppn 
the surfaee ef a sphere, and C any third 
peint, whiph dpes npt lie in the eircum-
ferenep pf the great circle passing 
through A and B. Through the twe 
ppints A, B, and the point C, there may 
be made to pass two equal and parallel 
small circles of the sphere. 
Let O be the centre of the sphere, 

and let c be the opposite extremity of 
the diameter C O c. Then it is evident 
(IV. I.) that through the three points 
A, B, c there may be made to pass the small circle A B c, and through, the pafflL 

C the circle C D E parallel to A B d 
(IV. 11. Cor. 1.). Let P be the common 
pole of the two circles, and join P C, P c. 
Then, because C c is a diameter of the 
sphere, P C and P c are arcs of the same 
great circle, and are together equal to a 
semicircumference. And, because the 
polar distances P C and P c of the circles 
A B c and C D E are together equal to a 
semicircumference, the circles A B c and 
C D E , which have been made to pass 
through the two points A, B, and the 
point C, are equal to one another (3. 
Cor.). 
Next, let D B be any spherical arc 

which is terminated by these circles ; and 
let it be cut by the great circle F G H , . 
to which they are parallel, in the point 
G: D G shall be equal to G B . Join 
D P ; let the great circle D G B be com
pleted, and let its'plane cut the plane of 
the great circle F G H in the diameter 
G O g , and the plane of the great circle 
D P in the diameter 1> O d. Then, be
cause P D and P d are together equal 
to a semicircumference, and that the 
pointD is in the circle C D E , the point 
d is in the circle A B c , which is equal 
to C D E, and has the same pole with, it 
(3. Cor.). JoinOG, O B , B d : and, 
because G O, B dare sections of parallel 
planes F G H , A B c by the plane 
D G B d, G O is parallel to B d (IV. 12.); 
therefore the angle D O G is equal to 
the angle DrfB, and the angle B O G 
to the angle O B d (II 15.). But the 
angles O B d and O d B or D d B are 
equal to one another, because O d is 
equal to 0 B (I. 6.): therefore, also, the 
angle D O G is equal to the angle 
B O G (I. ax. 1.), and the arc D G to the 
a r c G B (III. 12.). 
Therefore, &c. 
Cor. 1. It is shown in the latter part 

of the demonstration, that if there be 
two equal and parallel small circles, and 
if a great circle meets one of them in 
any point, it will meet the other in the 
opposite extremity of the diameter which 
passes through that point. : 

Cor. 2. Hence if a great circle cuts 
one of two equal and parallel small cir
cles, it will cut the other likewise; also 
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if it touches one of them, it will touch 
the other likewise. 

Prop. 23. 
Lunular portions of surface, which 

are contained by equal spherical arcs 
with the arcs of equal small circles of 
the same sphere, are equal to one 
another; so also are the pyramidal 
solids, which have these portions for 
their bases, and their common vertex 
in the centre of the sphere. 

Let A B C , D E F be equal small cir
cles, and let the spherical arcs AB, D E 
contain with the small arcs A C B, D F E 
the lunular surfaces A C B , D F E ; then, 
if the arcs A B and D E are equal to one 
another, the surfaces A C B, D F E shall 
be likewise equal. 

gle A B C shall be equalto the triangle 
EBC. Let the circumference of the great 

Let P be the nearer pole of the circle 
A B C , and Q the nearer pole of the pu> 
cle D E F , and join PA, P B, Q D, Q E. 
Then, beeause the circles are equal to 
one another, the polar distances PA, Q D 
are likewise equal (3.) : and, because 
the triangles P A B, Q D E have the two 
sides P A , P B equal to the two sides 
Q D, Q E, each to each, and the base 
A B equal to the baseDE, the angle 
A P B is equal to the angle D Q E (15.). 
Therefore, if the pole P be applied to 
the pole Q, and the arc P A to the arc 
Q D, the arc P B will coincide with the 
arc Q E, and the points A and B will 
coincide with the points D and E respec
tively, and the arc A B with the arc D E , 
and the small arc A C B with the small 
arc D F E ; and therefore the lunular 
surface A C B coincides with the lunular 
surface D F E , and is equal to it. And 
because these surfaees may be made to 
coinpide, it is evident that the pyramidal 
solids, which have these surfaees for their 
bases, may likewise be made to coin
cide, and are equal to one another. 
Therefore, &c. 

Prop. 24. 
Spherical triangles, which stand upon 

the same base and between the same 
equal and parallel small circles, are equal 
to one another. Let the spherical triangles A B C , E B C stand upon the same base B C, and between the same equal and parallel small circles A E F, B C G: the triajx 

circle to which both A E F and B C G 
are parallel cut the arc A C in H ; join 
B H , and produce it to meet the circumfe
rence AEFinD(22. Cor. 2.), and join A D . 
Then, because every spherical arc which 
is terminated by the circles A E F, B C G 
is bisected by the circumference of the 
great circle to which they are parallel 
(22.), A H is equal to H 0; and D H to 
H B ; and because the triangles H A D , 
H C B have the two sides H A , H D 
equal to the two sides H C, H B, each 
to each, and the included angles equal 
to one another (8. Cor. 1.), the base 
A D is equal to the base C B (13.): and, 
for the like reason, A B is equal to C D : 
therefore, the triangles A B C , C D A 
have the three sides of the one equal 
to the three sides pf the other, each to 
each, and are equal to one another (20.); 
so that the quadrilateral A B C D is dou
ble of the triangle A B C . In the same 
manner, the quadrilateral E B C F may 
be described, which is double of the tri
angle E B C, and has its sides E F, F C 
equal to the sides BC, EB, each to each. 
And, because the spherical arcs A D and 
E F are each of them equal to B C, they 
are equal to one another : therefore, 
also, the chord A D is equal to the chord 
E F (III. 12. Cor. 1.) and the small arc 
A D to the small arc E F; and, if the 
small arc E D is added to, or taken from 
them, the small arc A E is equal to the 
small arc D F ; and hence, again, be
cause the chords of these equal small 
arcs are equal, the spherical arc A E 
is equal to the spherical arc D F 
(III. 12. Cor. 1.). And, because the 
triangles A B E , D C F have the three 
sides of the one equal to the three sides 
of the other, each to each, they are equal 
to one another (20.): but the lunular por
tions which are contained by the small arcs A E, D F with the equal spherical arcs A E , D F are likewise equal (23.): therefore, the remaining portions of the triangles A B E, D C F are equal to one another. Let each of these equals be taken from the whole surface included by_the small arp A E F and the spherical Snib'Aijt B " ® ) ^ ĵ -affldjĥ re remains 
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the surface included by the small arc 
E F and the spherical arcs E B, B C, 
C E, equal to the surfaee included by 
the small arc A D and the spherical arcs 
A B , BC, CD. To each of these equals 
add the equal lunular portions (23.) which 
are contained by the small arcs E F, 
A D, with the equal spherical arcs E F, 
A D ; and the whole quadrilateral E B C F 
is equal to the whole quadrilateral 
A B C D . Therefore, because the halves 
of equals are equal, ihe triangle E B C 
is equal to the triangle A B C . 

Therefore, &e. 
Cor. Hence, if equal triangles A B C , 

E B C stand upon the same base B C, 
and the same side cf it, the points A, E 
and B, C lie in the eircumferences of 
two equal and parallel small circles. 

For, if the arc B E be produced, to 
meet the eircumference A D F in some 
point as E' (22. Cor. 2.), and if E' C be 
joined, the triangle E ' B C will be equal 
to the triangle A B C, by the proposition, 
and therefore likewise equal to the 
triangle E B C , which is impossible, 
unless the point E' coincides with the 
point E. In fact, if the point E were 
supposed to fall between the two circles, 
it is evident that a triangle E ' B C might 
be found having its vertex E' in the 
circumference A D F, and including the 
vertex E of the triaHgle E B C ; or if 
E were supposed to fall within the eirele 
A D F, a triangle E ' B C might be 
found having its vertex E' in the same 
circumference, and included within the 
triangle E B C ; and in neither case 
could the triangle E' B C be equal to 
the triangle E B C , that is, to the triangle 
A B C, whereas, by the proposition, 
such triangle E ' B C must be equal to 
the triangle A B C . 
Scholium. 

It may at first appear that the pre
ceding proposition does not apply to all 
triangles which stand upon the base 
B C, and have their vertices in the cir
cumference A E F ; since the arc B A 
(for instance) may be produced to cut 
the circumference A E F a second time 
in a point A' which may be joined with 
the point C, and thus, apparently, a 
second triangle formed, which is greater than A B C : but, if the arc B A produced cuts the circumference A E F in a second point A', the arc A' A B will be a semicircumference (22. Cor. 1.), and therefore the triangle which is apparently contained by A' B, B C, and A' C, is not a triangle (def. 9.) but a June. 
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Prop. 25. 

Of equal spherical triangles tipoh the 
same base, th? isosceles has the least 
perimeter. 

Let A B 0, D B C be two equal spheri
cal triangles upon the same base B 0, 
and upon the same side of it, and there
fore also between the same equal and 
parallel small circles A D E, B C F (24. 
Cor.) ; and let the triangle A B C be 

isosceles, having the side A B equal to 
the side A C : the triangle A B C shall 
have a less perimeter than the triangle 
DBC. 
Let P be the nearer pole of the circle 

A D E ; and therefore, also, the more 
distant pole of the circle B C F. Join 
P A* and through the point A draw the 
spherical are G H at right angles to P A : 
then, beeause the arc P A, being less 
than a quadrant, is less than any other 
arc which can be drawn frem P tp G H 
(18. Cor. 1.) and that P D is equal tp PA, 
the are G H will put the are B D in some 
point H whieh is between D and B. 
From B draw the arc B G perpendicular 
tc G H , and produpe it to meet C A pro
duced in the point K ; and join H C, 
H K , P B , P C . Then, because the 
spherical triangles P A B , P A C have 
the three sides of the one equal to the 
three sides of the other, each to each, 
the angle P A B is equal to the angle1 • 
P A C (15.) ; but the angle P A G is equal 
to the angle P A H , because they are right 
angles; therefore, the remaining angle 
B A G is equal to the remaining angle 
C A H or (8. Cor. 1.) K A G . And, because 
the triangles B G A , K G A have two an
gles of the one equal to two angles of the 
other, each to eachj and the interjacent 
side G A Common to both, G K is equal 
to G B , and A K to A B (14.). There
fore, because the triangles H G B, 
H G K have two sides of the One equal 
to two sides of the other, each to each, and the included angles H G B, H G K equal to one another, H K is equal to HB(13.). But in the triangle H K C , the side K C is less thanH K and H G together (9.) : therefore, A B and A 0 are 
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together less than H B and H C. And 
H B , H C together are less than. D B , D C 
together, because H C is less (9.)thanDC 
and D H together. «Much more, there
fore, are A B and A C together less than 
D B and D C together. Therefore, if 
B C is added to each, the perimeter of 
the triangle A B C is less than the peri
meter of the triangle D B C . 

Therefore, &e. 
Cor. Hence, of sdl triangles which 

are upon the same base, and have, equal 
perimeters, the isosceles has the greatest 
area. For triangles, which have the 
same or a greater area than the isosceles, 
have greater perimeters. 
Prop. 26. 
If two spherical triangles have two 
sides of the one equal to two sides of 
the other, each to each, and the angle 
which is contained by the two sides of 
the first equal to the sum of the other 
two angles of that triangle, but the an
gle which is contained by the two sides 
of the other not so ; the first triangle 
shall be greater than the other. 
Let the spherical triangles ABC, 
D E F have the two sides AB, B C equal 
to the two sides D E, E F, each to each, 
and let the angle A R C of the first tri

angle be equal to the sum of the other 
two angles B C A, B A C, but the angle 
D E F of 1he other not equal to the sum 
of the other two angles E F D, E D F : 
the triangle A B C shall be greater than 
the triangle D E F . 

Because the angle A B C is equal to 
the sum of the two angles B C A, B A C, 
let it be divided into the parts G B C, 
G B A , equal to them respectively, by the 
arc B G which meets A C in G. Draw 
the arc G H, bisecting the angle A G B, 
and let it meet A B in H. Then, because 
the angles G B C, G B A are equal to the 
angles G C B, G A B respectively, G C 
and G A are equal, each of them, to 
GB'(] 1.), and therefore, also, equal to one 
another ; and, beeause in the triangles G H A , G H B the two sides G A , G H 

are equal tp the two sides G B , G H , 
each to each, and the included angles 
equal to one another, A H is equalto 
H B, and the angle A H G to the angle 
BHG(13.). Now, through the two points 
B, C and the third point A let there be 
made to pass two equal and parallel 
small circles B C K and A L M (22.). 
And, because in arcs A B and A p, ter
minated by these circles, the points of 
bisection H and G lie in the circumfer
ence ef the great eirple to which they 
are parallel (22.), the arc G H is an arc 
of that great circle. Make the angle 
C B L equal tc the angle F E D , and let 
the are B L put the'are G H in N , and the 
circumference AL'M in L (22. Cor. 2.); 
and jcin L C, N A. Then, beeause the 
triangles N H A, N H B have two sides 
of the one equal to two sides of the other, 
• each to each, and the included angles 
N H A, N H B equal to one another, 
the arc N A is equal to N B (13.); but 
N B is equal toNL, beeause the arc G H 
produced bisects every arc A L which 
is terminated by the circles A L M , 
B C K ; therefore N A is equal to N L: 
but N A and N B are together greater 
than A B (9.)*; therefore, L B is likewise 
greater than AB,. Therefore, if B Q be 
out off from the arcBL produced, equal 
to A B or D E, the point Q will be be
tween L and B. Join QC:-and, be
cause the triangles Q B C, D E F have 
the two sides QB, B C equal to the two 
sides D E, E F, each to each, and the 
included angles equal to one another, 
the third sides Q C , D F are equal to one 
another (13.); and, consequently (20.), 
the triangle Q B C is equal te the triangle 
D E F. But L B C is greater than Q B C ; 
and A B C is equal te L B C, because 
they are upen the same base B C, and be
tween the same equal and parallel small 
eircles (24.). Therefore, the triangle 
A B C is greater than the triangle DEF. 
Therefore, &c. 
Cor. Two given finite spherical arcs 

A B , B C, together with a third indefi
nite, inclose the greatest surface possi
ble, when placed so that the included 
angle A B C may be equal to the sum of 
the other two angles of the triangle 
ABC. This conclusion is analogous to that of III. 39. Cor. with regard to the greatest possible area whieh can be enclosed by two given finite straight lines with a third indefinite; for, althpugh the angle A B C ineluded by the spherical arcs is not a right angle, it is equal to the sum of the other two angles of the 
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triangle A B C , which is the case also 
with the right angle of a right-angled 
plane triangle (I. 19. Cor. 3.). 
Scholium. 

In a triangle A B C which has one of 
its angles A B C equal to the sum of the 
other two, the containing sides A B , B C 
are together less than a semicircumfer
ence. For G, the middle point of A C , is 
the pole of a small circle passing through 
A, B, and C,because G A , G B andG C 
are equal to one another: and, because 
a spherical arc (9. Schol.) is the shortest 
distance between two points along the 
surface of the sphere, the great arcs 
A B and B C are together less than 
the small arcs A B and B C, that is, 
than the semi-circumference of a small 
circle: much more, therefore, are A B . 
and B C together less than the semi
circumference of a great circle. In fact, 
when the given sides A B and B C are 
together equal tp a semieircumference, 
B C poincides with B R , the pplar diame
ter ef the eirple B C K , and because A C 
is always bisected by the circumference 
cf the great eirele H G N , A G and 
G C are in this case quadrants, and 
consequently (19. Cor. 1.) A G C is at 
right angles to A B ; so that A B C is 
a lune, not a triangle, and equal to a 
fourth part of the surfaee of the sphere. 
And when the given sides A B and B C 
are together greater than a semicircum
ference, it is evident, without reference 
to the figure, that a triangle may be 
found which shall have A B, B C for 
two of its sides, and differ by as little 
as we please from half the surface of the 
sphere. For, in this case, if A B, B C 
are placed in the circumference of the 
same great circle, that is, at an angle 
equal to two right angles, the arc A C 
which completes the circle will be less 
than a semicircumference; and if A B, 
B C are placed at any angle less than 
two right angles, the arc A C will be still 
less (18.); therefore, if A B , B C are 
placed at any angle less than two right 
angles, A C being joined will complete 
a spherical triangle (def. 9.), and this 
triangle will differ less and less from 
the hemispherical surface, as the an
gle A B C approaches to two right angles. In a triangle A B C of this kind, the angle A B C , which is equal to the sum of the other two, is always greater than a right angle, because the three together are greater than two right angles (1 o). It is worthy of nptipe, alse, that the triangle B' A C, which is the difference between 

the lune B A B ' C, and the triangle A B C 
has its surfaee always equal to a fourth 
part of the surface of the sphere; for it 
is measured by the difference of 2 B and 
2 B — 2 R, that is, by 2 R, and the 
sphere's surface by 8 R (21. Cor. 1.). 

It may be observed that asimilar course 
of reasoning to that which is exhibited in 
Book III. Prop. 40, 41, 42, and 43, 
founded upon this proposition, will lead 
to the same conclusions with regard to 
the surfaces included by spherical poly
gons and circles of the sphere, which 
are there stated with regard to the areas 
of rectilineal figures, and circles on a 
plane surface: viz. 

1. Of all spherieal polygons, contained 
by the same given sides, that one con
tains the greatest portion of spherical 
surface, which has all its angles in the 
circumference of a circle. 

2. A circle includes a greater portion 
of the spherical surface than any sphe
rical polygon of the same perimeter. 

3. The lunular surface, which is in
cluded by a spherical arc and a small arc, 
is greater than any other surface which 
is included by the same perimeter, of 
which the same spherical arc is a part. 
W e may also infer from Prop. 25., that, 

of all spherical polygons having the same 
number of sides and the same perimeter, 
the greatest is that which has all its sides 
equal and all its angles equal. For if a 
spherical polygon A B C D E have not 
ail its sides equal, and A B, A E be two 
adjoining sides which are unequal, a 
greater A' B C D E may be found with 
the same perimeter by describing upon 
the base B E the isosceles triangle 
A ' B E , which has the 
same perimeter with 
A B E . And, as above, 
if a spherical polygon 
have not all its angles 
lying in the circumfer
ence of a circle, a greater 
may be found with the same sides. 
Therefore, none is greatest, but that 
which has all its sides equal, and all its 
angles lying in the circumference of a cir
cle, that is, which has all its sides equal 
and all its angles equal; and, since 
there is evidently some greatest, the greatest is that which has all its sides equal and all its angles equal. Prop. 27. Spherical pyramids, which standupon equal bases, are equal to one another • so, likewise, are their solid angles. First, let the bases of the pyramids be equal triangles, which have one side 
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of the one equal to one side of the other, 
and let the equal sides be made to coin
cide, so that the triangles A B 0, E B C 
(in the figure of Prop. 24.) may repre
sent the bases of the pyramids; Then 
the triangles A B C, E B C, being equal 
to one another, lie between the same 
equal and parallel small circles, and 
may be completed (as in Prop. 24.) into 
the quadrilaterals A B C D , E B C F. 
And it may be shown, as in the same 
proposition, that the triangles E A B , 
F D C have the three sides of the one 
equal to the three sides of the other, 
each to each, and therefore may be 
made to coincide (15.): wherefore, alse, 
the pyramids^ which have these triangles 
fcr their bases, may be made to coinpide, 
and are equal tp pne anpther. And henee, 
as in Prop. 24., it was demonstrated, 
by the addition and subtraction of the 
lunular portions of surface, that the qua
drilateral A B C D is equal to the quadri
lateral E B C F , so, here, it may be demon
strated, by the addition and subtraction 
of the pyramidal solids (23.), which have 
these lunular portions for their bases, 
that the pyramidal solids, which have for 
their bases the quadrilaterals A B C D 
and E B C F , are equal to one another. 
But, because the triangles A B C, C D A 
have the three sides of the one equal to 
the three sides of the other, each to each, 
in the same order, they may be made to 
coincide (15.), and therefore the pyramids 
which have these triangles for their 
bases may be made to coincide, and are 
equal to one another; and each of them 
is the half of the pyramidal solid which 
has the quadrilateral A B C D for its base. 
And in the same manner it may be 
shown, that each of the pyramids on the 
triangular bases, E B C , C F E is the 
half of the pyramidal selid pn the 
quadrilateral base E B C F . Therefpre, 
because the halves ef equals are equal, 
the pyramid upon the base A B C is 
equaltothepyramidupontheba'seEBC. 

Next, let the bases of the pyramids 
be any equal triangles A B C, K L M . 
From L K or L K produced cut off L K' 
equal to B A, and let the triangle K' L M ' 

be taken equal to the triangle A B C of 
K L M , and jcin K'M.. Then, by the 
former case, the pyramids upon the 
bases A B C, K' L M ' are equal to pne 
annther. And, because the triangle 
K ' L M ' is equal te the triangle K L M , 
the triangles K ' M M ' and K K ' M 
whieh have the cemmon side K' M are 
likewise equal; therefore, by the first 
ease, the pyramids, which have these 
triangles for their bases, are equal to one 
another ;. and, these being added te, or 
taken from, the pyramid upon the base 
K' L M , the whele or remaining pyra
mid upon the base K' L M ' is equal to 
the whole or remaining pyramid upon 
the base K L M , that is to the pyramid -
upon the base A B C . 

Lastly, let the bases of the pyramids 
P, P' be equal polygons. Let a triangle 
be found which is equal to one, and 
therefore also to the other of the 
polygons, and let Q be the pyramid 
which has this triangle for its base. 
Then, because this triangle is equal to 
the base of the pyramid P, it may be 
divided into triangles which are equal 
respectively to the triangles into which 
the base of P is divisible. And it has 
been already shown that.pyramids which 
have equal triangles for their bases are 
equal to one another ; and the sums of 
equals are equal; therefore, the pyra
mids P and Q are equal to one another. 
In the same manner it may be shown that 
the pyramids P' and Q are equal to one 
another. Therefore P is equal to P'. And 
it is evident that what has been shown 
with regard to spherieal pyramids, being 
derived from coincidence, may, be shown 
equally of their solid angles at the een
tre of the sphere. 

Therefore, &e. 
Prop. 28. 

Any two spherical pyramids are to 
one another as their bases; and the 
solid angles of the pyramids are to one 
another in the same ratio. 

Let P, P' be any twp spherical pyra
mids, and let B, B' be their bases : the 
pyramid P shall be te the pyramid P' 
as the base B tp the base B'. 

Fer if the base B' be divided inte any 
number pf equal parts, then, beeause pyramids whieh stand upon equal bases are equal to one anpther, the pyramid P' will be divided into the same number of equal parts by planes passing through the ares pf divisipn (27.); and if the base B epntain exactly, cr with a remainder, a certain number pf parts equal to the 
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former, the pyramid P will contain 
exactly, or with a remainder, the same 
number of parts equalto the latter (27.),' 
therefore, P is to P' as B to B' (II. 
def. 7.) 

An d the same may be said of the solid 
angles. 

Therefore, &e. 
Cor. Every spherical pyramid is equal 

tc the third part pf the produet of its 
base and the radius of the sphere. 

For, if the whole sphere be divided 
into spherical pyramids, these pyramids 
will be to one another as their bases; 
and, therefore, any one of them is 
to the sum of all, as the base of that one 
to the sum of all the bases (II. 25. 
Cor. 3.) ; that is, any pyramid is to the 
whole sphere as its base to the surface 
pf the sphere. Therefere, any pyramid 
is to the whole sphere as the produet of 
its base and the radius of the sphere to 
the product of the whole surface and 
radius (IV. 26.); and because, in this 
proportion, the second term is equal to 
the third part of the fourth (V, 17.), the 
first term is likewise equal to the third 
part of the third (II. 19. and II. 13.). 
Scholium. 

Hence it appears that every solid 
angle is measured by the spherical sur
face which is described with a given 
radius about the angular point, and in
tercepted between its planes. For it is 
shown in the proposition that, any two 
solid angles are to one another as these 
surfaees. 

This measure bears an obvious ana-
logy to the measure of a plane angle, as 
stated in the Scholium at Book III. 
Prop. 13. The angular unit of the latter 
measurement is the right angle ; into 
four of which the whole angular space 
about any point in a plane is divided by 
two straight lines drawn at right angles 
to one another; and each right angle is 
measured by a quadrant, or fourth part 
of the circumference of a circle described 
about that point with a given radius. 
In like manner, if, through a point in 
space, three planes be made to pass at 
right angles to one another, they will 
divide the whole angular space about 
that point into eight solid right angles, each of which (a solid angular unit) is measured by an octant, or eighth part of the surface of a sphere described about that point with a given radius. Thus, then, the plane angles, dihedral angles, and magnitude of a solid angle, which has three or a greater number of 

faces, are represented, upon the surface 
a sphere described about the angular 
point, by the sides, angles, and surface 
of a spherical triangle or polygon: and 
whatever has been stated with regard to 
the latter may be understood likewise of 
the former. It is shown (for instance) 
in Prop.13. thatif two solid angles, each 
of which is contained by three plane an
gles, have two plane angles of the one 
equal to two plane angles of the other, 
each to each, and likewise the dihedral 
angles contained by them equal to one 
another, the remaining plane and dihe
dral angles of the one shall be equal to 
the remaining plane and dihedral angles 
of the other, each to each. And, gene
rally, all questions which relate to solid 
angles will be placed in the clearest 
view before us, when w e contemplate 
only their representatien and that pf 
their parts, upen the surfaee pf the 
sphere. 
Section 4.—Problems. 
In the selutipn pf the following pro
blems, it is assumed, 

1. That of any two points, whieh are 
given upon the surface of a sphere, the 
direct distance may be obtained; and, 

2. That from any given point as a 
pole, with any given distance less than 
a semicircumfereboe, a circle may be 
described upon the surface of a sphere. 
W e may observe, however, that the first 

assumption is only used in Prob. 1 to 
obtain the diameter of the sphere-; and, 
therefore, if the diameter is supposed to 
be given, it may be dismissed as unne
cessary. Constructions made within 
the sphere are excluded. 
Prop. 29. Prob. I. 

To find the diameter of a given 
sphere A B C D . 

From any point A, as a pole, with any 
distance A B , describe the circle B C D ; 

in the circumference B C D take any 
three points B, C, D ; describe the plane 
triangle bed with its sides b,c, cd, bd 
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equal to the direct distances B C, C D , 
B D respectively; find e the centre of 
the circumscribing circle (III. 59.), and 
join e b; from the point e draw e a per
pendicular to e b, and from the centre 
b, with a radius equal to the direct dis
tance B A describe a circle cutting e a 
in a; produce a e to /, and from b draw 
bf perpendicular to ba (1.44.) to meet 
af in /.• a f shall be equal to the dia
meter of the sphere. 

For, if 0 be the centre of the sphere, 
and the diameter A O F be drawn cut
ting the plane B C D in E, and E B be 
joined, A F will be the axis (def. 3.), 
and therefore (1.) the point E the centre, 
of the circle B C D , and the angle A E B 
will be a right angle. Also.EB is equal 
to e b, because the triangles B C D , bed 
may be made to coincide, and, then, the 
points E, e being, each of them, the 
centre of the same circumscribing circle, 
will likewise coincide. Therefore, be
cause in the right-angled triangles A E B , 
aeb, the hypotenuse A B is equal to 
the hypotenuse a b, and the side E B 
to the side e b, the angle B A E is equal 
to the angle Sac (I. 13.). Join A B , 
B F, O B . Then, because O B is equal 
to the half of A F, the angle A B F is 
a right angle (I. 19. Cor. 4.); and, 
because, in the right-angled triangles 
A B F , abf, the side A B and angle 
B A F are equal respectively to the side 
a b and angle b af, the hypotenuses A F 
and af are equal to one another (I. 5.), 
and a f is equal to the diameter of the 
sphere. 

Therefore, &c. 
Cor. Hence, a sphere being given, 

the quadrant of a great circle may be 
found ; for it is equal to the quadrant 
of the circle which is described upon the 
diameter af. 
Prop. 30. Prob. 2. 

Any point A being given upon the 
surface of a sphere, to find the opposite 
extremity of the. diameter which passes 
through that point. 
From the pole A, 
with the distance of 
a quadrant, (29. 
Cor.) describe a 
spherical arc P Q (5.); and, from any two points P, Q of this arc, as poles, with the same distance, describe two great circles passing through A, and cutting one another again in the point a. 

Then, because the planes of any two 
great circles cut one another in a dia
meter of the sphere, the points A, a are 
opposite extremities of a diameter. 
Therefore, &c. 

Prop. 31. Prob. 3. 
To join two given points A, B upon 

the surface of a sphere. 
From the pole A, 

with, the distance 
of a quadrant (29. 
Cor.), describe a 
great circle, and 
from the pole B, 
with the same dis
tance, describe a 
great circle cut-
ing the former in the peint P. From P 
as a pole, with the same distance, de
seribe the are A B. Then, because A B 
is the arc ef a great circle (5.) described 
between the points A, B, it joins those 
two points on the surface of the sphere 
(def. 5.). 
Therefore, &c. 
Cor. In the same manner, any sphe

rical are being given, the great circle 
may be completed of which it is a part. 

Prop. 32. Prob. 4. 
To bisect a given spherical arc A B , 
From the pole A, with 

the distance A B describe, 
a circle, and from the pole 
B with the same distance 
A B or B A describe a cir
cle cutting the former cir
cle in the points C, D. 
Join C D (31.) and let it cut 
A B in E. A B is bisected 
inE. 

See Book I. Prop. 43. 
Therefore, &c. 
It must here be observed that al

though the peints C, D are determined 
by the intersecticn pf small pireles, the 
arcs CA, C B , C D , D A , D B , whieh are 
the sides of the spherical triangles in the 
demonstration, are portions of great cir
cles ; and the same remark applies to 
some subsequent problems. 

Cor. In the same manner, a spherical 
arc C D may be drawn which shall bi
sect any spherical arc A B at right an
gles. Prop. 33. Prob. 5. To draw an arc, which shall be perpendicular to a given spherical arc A B , from a given point C in the same. FromCB, orCB j, produced, cut off C P j equal to a quadrant, ^___J -_~. and from the pole P, A , c E • *' 
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with the distance P C , describe the spheri
eal arc C D . Then, because P C is 
drawn from the pole of a great eirele 
C D to the point C in that circle, P C 
is at right angles to C D (5.) ; or, whieh 
is the same thing, C D is at right angles 
to P C or A B . 

Therefore, &c. 
Prop. 34. Prob. 6. 

To draw an arc, which shall be per
pendicular to a given spherical arc A B , 
from a given point C without it. 

From the pole C, 
with the distance of 
a quadrant, describe 
a great circle,- cut
ting A B or A B pro
duced in P, and from 
the pole P, with the same distance, de
scribe the spherical are C D. For the 
same reasen as in the last problem, C D 
is the perpendicular required. 
Therefere, &c. ' 

Prop. 35. Prob. 1. 
To bisect a given spherical angle 

BAC. 
In A B take any point 

B ; make A C equal to 
A B, and join B C; from 
the poles B, C, with the 
common distance B C, 
describe two spherical 
arcs cutting one another 
inD, and join A D (31.). 
A D is the bisecting arc 
required. See Book I. Prop. 46. 

Therefore, &c. 
Prop. 36. Prob. 8. 

At a given point A, in a given arc 
A B , to make a spherical angle equal to 
a given spherical angle C. 
From the pole C, with the distance of 

a quadrant, describe a circle cutting the 
sides of the given angle in the points 

G\ 

Prop; 37, Prob. 9. 

To describe a circle through three 
given points A, B, C, upon the surface 
of a sphere. 
Join (31.) AB and 
A C , and bisect them 
at right angles (32. 
Cor!) with the arcs 
D P , EP, which meet , 
one another in the 
points P, P'. From 
either of these points, 
P, as a pole, with the 
distance PA.describe 
a circle. It shall pass through the other 
two points B and C. ForPB is equal to 
PA, because the triangles P D B, P D A 
have two sides of the one equal to two 
sides of the other, each to each, and the 
included angles P D A, P D B equal to 
one another (13.); and in the same man
ner it may be shown that PC, likewise, 
is equal to P A. 
Therefore, &c. 
Cor. In the same manner, the poles 

P, P' of any given circle A B C may be 
found. 

Prop. 38. Prob. 10. 
Through two given points A, B, and 

a third point C on the surface of a 
sphere, to describe two equal and paral
lel small circles; the points A, B, C not 
lying in the circumference of the same 
great circle. 
;• Join A B , and draw D E bisecting it 
at right angles in the point'D (32. Cor.); 
find A' the opposite extremity of the 
diameter which passes through A (30.); 
join A' C (31.), and bisect it at right 
angles with the arc F P which meets 
D E in the points P, P' (32. Cor.) ; 
join PA, P C, and from the pole P with 

D, E ; and from the pole'A, with the 
same distance, describe a circle B F G 
cutting A B in B ; from B F G cut off 
B F equal to D E , and join AF(31.). The 
angle B A F is equal to the given angle 
C ; for they are measured by equal arcs 
B F, D E (6.) 
Therefore, &e. 

the distances P A , P C deseribe two 
small circles A G H and C K L : the 
former shall likewise pass through the 
ppint B, and they shall be the twe equal 
and parallel small circles required. 

Fcr, if P A and P B be joined, they 
will be equal to one another, because 
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the triangles P D A , P D B have two 
sides of the one equal to two sidps of 
the other, each to each, and the included 
angles P D A , P D B equal to one anp
ther (13.). And, forthe same reason, if 
PA'and P C are joined, PA' will be equal 
to PC. But P A and P A' 'are together 
equal to a semicircumference, because 
A A' is a diameter of the sphere. There
fore, P A and P C are together equal to 
a semicircumference; and, consequently 
(3. Cor.), the parallel circles A G H , 
C K L are equal to one another. Also, 
because P A is equal to ,P B, the circle 
A G H passes through the point B. 

Therefore, &c. 
Prop. 39. Prob. 11. 

jfo describe a triangle which shall be 
equal to a given spherical polygon, and 
shall have a side and adjacent angle the 
same with a given side A B and adjacent 
angle B of the polygon. 
First, let the given A 

polygon be a quadri
lateral A B C D . 
Through the two 
points A, C; and the -B 
third point D, describe two equal and 
parallel small circles (38.), and let the 
arc B C, which cuts one of them in C, 
be produced to cut the other in E (22. 
Cor. 2.), and join A E , A C (31.). Then, 
because the triangles A C D, A C E lie 
between the same equal and parallel 
small circles, they are equal to one ano
ther ; and, therefore, the triangle A B C 
being added to each, the triangle A B E 
is equal to the quadrilateral A B C D . 

Next, let A B C D E F be the given 
polygon. Join A C, A D. Make, as in 
the former case, the triangle A D G equal 
to the quadrilateral 
A D E F, the trian
gle A C H equal to 
the quadrilateral 
A C D G, and the 
triangle A B K equal 
to the quadrilateral 
A B C H . It is evi
dent that the triangle A B K is equal to 
the polygon A B C D E F . 
And, in each case, the triangle de

scribed has the same side A B and angle 
B with the given polygon. Therefore, &o. Prop. 40. Prob. 12. Given two spherieal arcs A B and Q, which are together less than a semicircumference ; to place them so, that, with a third not given, they may contain the greatest surface possible. 

4^S!i 

Bisect A B in H 
(32.), and produce 
H A to P, so that 
H P may be equal 
to a quadrant ; 
from the pole P, 
with the distance 
P B , describe the 
small circle B C K , 
and ft-pm the pplp 
B, with the distanee Q, deseribe a circle 
cutting the circle B 0 K in C. Jour 
A,C, B C. The triangle A B C shall be 
the triangle required. 

For, if, with the distances P A, P H, 
there are described from the pole P the 
small circle A L M and the great circle 
H G N , the latter cutting the arc A C in 
G, the circles A L M and B C K will be 
equal to one another, because the dis
tances P A , P B are together equal to 
twice the quadrant P H (I. ax. 9.), that 
is, to a semieircumfere.nce (3. Cor.) ; and 
they are parallel because they have the 
same poles ; and H G N is the great circle 
to which they are parallel; therefore, 
A G is equal to G C (22.). But, because 
P is the pole of the great circle H G N , 
P H is at right angles to H G (5.); and, 
because the triangles G H A , G-HB 
have two sides of the one equal to two 
sides of the other, each to each, and the 
included angles G H A , G H B equal to 
one another, G B is equal to G A or G C 
(13.). Therefore, beeause in the isosoeles 
triangles G A B , G B C , the angles GBA, 
G B C are equal tn the angles G A B , 
GCB.respeetively (11.), the wheleangle 
A B C pf the triangle A B C is equal tp 
the sum of the two angles C A B , A C B ; 
wherefore the triangle A B C is the 
greatest that can be fqrmed with the 
two sides A B, B C, or the greatest that 
can be formed with the given sides A B 
and Q (26. Cor.). 
Therefore, &c. 

Prop. 41. Prob. 13. 
Through a given point A to describe 

a great circle, which shall touch two 
given equal and parallel small circles 
B C D, E F G. 

Find the point P which is the com-
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mon pole of the circles B C D, E F G 
(37. Cor.), and join P A (31.): from the 
pole P, with the distance P A, describe 
a circle, and from the point H, in which 
P A cuts the circle B C D , draw H K at 
right angles to P A (33.), and let. it cut the 
circle, which was described through A, 
in K : join P K (31.), and let it cut the 
circle B C D in L: the great circle A L / 
which passes through the points A and 
L shall be the great circle required. 

For, because in the triangles P H K, 
P L A, the two sides P H , P K are 
equal to the two sides P L, P A, and 
the included angle L P H common to 
both triangles, the angle P L A is equal 
to the angle P H K , (13.) that is, to a 
right angle; and the arc P L is less than 
a quadrant; therefore, P L is the least 
arc which can be drawn from the point 
P to the circle A LI (18. Cor. 1.), and if 
L P be produced to meet the circle in I, 
PI is the greatest. But every point of 
the circle B C D is at the distance P L ; 
and every point in the equal circle E F G 
at the distance P I, because P I and P L 
are together equal to a semicircum
ference (3. Cor.). Therefore, the circle 
A L M , which has been described through 
the given point A, touches the given 
circles B C D and E F G in the points L 
and I. 
Therefore, &c. 

Prop. 42. Prop. 14. 
To inscribe a circle in a given spheri
cal triangle A B C . 

Bisect the angle A B C with the arc BP, 
and the angle A C B with the are C P 
whieh meets the former arc in P (35.); 
from P draw P a per
pendicular to B C 
(34.) ; make B c equal 
to B a, and C b equal 
to C a, and join P c, 
PA. Then, because the 
triangles P B a, P B c 
have two sides of the 
one equal to two sides 
of the other, each to eaeh, and the in
cluded angles P B a, P B c equal to one 
another, P c is equal to P a (13.), and the 
angle P c B to the angle P a B, that is, 
to a right angle: therefore, the oirele 
which is described from the pole P, with the distance P a, will tcuch A B in the peint c (18. Cor. 1.). And, in the same manner, it may be shewn that the same circle will touch A C in b. Therefore, from the pole P, with the distance P a, describe the circle abc; and it will be the circle required. Therefore, &c. 

Scholium. 
The constructions in this secticn have 

little or no practical utility, and have, 
accordingly, been added rather with a 
view to illustrate the analogies of Plane 
and Spherical Geometry, than te furnish 
rules for practice. Some of these we 
have already had occasion tc nptipe, 
and ethers will have offered themselves 
to the reader; who will readily perceive 
that these striking points of resemblance 
(or, as he may be disposed to call them, 
of identity) are to be ascribed to the cir
cumstance, that spherical triangles, 
when their sides are but small portions 
of great circles, and consequently their 
surfaces small in ppmparison with the 
surfaee ef the sphere, beppme more and 
more nearly plane, their sides more and 
more nearly straight lines, and the sum 
of their angles (the excess of which 
above two right angles bears the same 
ratio to eight right angles (21 Cor. 1.) 
as the surface of the triangle to the 
surface of the sphere) more and more 
nearly equal to two right angles. Thus 
every plane triangle may be regarded 
as a spherical triangle upon the sur
face of a sphere, the radius of which 
is indefinitely great; and in this way 
of viewing the subject, the properties ef 
plane triangles resemble these pf sphe
rieal triangles, pnly as.a particular case 
the general cne in which it is included. 
But it may be asked, has the term 

similar, which introduces us tc so wide 
a field in Plane Geometry, any place 
in Spherics ? Not in propositions 
which have reference only to the sur
face of one and the same sphere. 
Similar figures upon the surface of the 
same sphere are likewise equal to one 
another, and may be made to coincide. 
But, when we consider the surfaces of 
different spheres, and compare the fi
gures which are formed upon them, 
here again we shall find room for the 
application of the term in its full and 
peculiar sense. Thus, similar spherical 
triangles are such as are contained by 
similar arcs upon the surfaces of dif
ferent spheres. It is easy to perceive 
that such triangles are equiangular, and 
have their sides about the equal angles proportionals ; and that their surfaees bear the same ratio to one another as the surfaces of their respective spheres, and, therefore, are to one another as the squares of the radii of the spheres, or as the squares of the arcs which are homologous sides of the triangles, 
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A P P E N D I X . 

Part I.—Of Projection by Lines diverging and by Lines parallel. 
Part II.—Of the Plane Sections of the Right Cone, or Conic Sections. 
Part III.—Plane Sections of the Oblique Cone, of the Right Cylinder, and of the 

Oblique Cylinder. 
Part I.— Of Projection by Lines di

verging and by Lines parallel. 

It is npt here intended to enter at large 
upon the subject of perspective, or to 
anticipate in any manner the rules by 
whieh it affords such material assistance 
to the draughtsman and artist. W e 
propose, on the contrary, no mpre than 
the explanation of a few terms, and the 
statement of a few theorems, occasion
ally serving to simplify the consideration 
of lines in different planes, and which 
will be of immediate service in the ac
count which will be subsequently given 
of the general properties of the conic 
sections. 

Def. 1. Let A B 
be a plane given 
in position, and V 
a given point with
out it; then, if 
through any point 
P a straight line 
is drawn frem V 
to meet the plane 
A B in p, the point 
p is ealled the per
spective projec
tion of the point P upon the plane A B. 

The plane A B is called the plane of 
projection, the point V the vertex, and 
the plane E F, which is drawn through 
the point V parallel to A B, the vertical 
plane. 

2. Let A B be a plane given in posi
tion, and C D a straight line given in 
position, npt parallel to the plane A B : 
then, if through 
any point P a 
straight line is 
drawn parallel to 
C D to meet the 
plane A B in p, 
the pointy is called 
the orthographic 
projection of the point P upon the plane A B . The straight line C D is called the direction, and the plane A B , as before, the plane of projection. 3. A line P Q is said to be projected, 
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either perspectively or orthographically, 
upon a.given plane A B , when all its 
points are so projected; and the line 
p q which contains the projections of the 
latter is called the perspective (fig. of 
def. 1.) or orthographic (fig. of def. 2.) 
projection of the line P Q. 

4. A figure P Q R is said to be pro
jected, either perspectively or orthogra
phically, upon a given plane A B , when 
all its containing lines are so projected; 
and the figure p q r , which is contained 
by the projections of the latter is called 
the perspective (fig. of def. 1.) or ortho
graphic (fig. of def. 2.) projection of the 
figure P Q R . 

5. Any point, line, or figure is called 
an original point, line, or figure with 
reference to its perspective or orthogra
phic projection. 

Thus, in the figures of def. 1. and 
def. 2., the point P is called the original 
of the point p, the line P Q the original 
of the line p q, and the figure P Q R the 
original of the figure p q r. 

It is almost needless tp observe that 
in these definitions the planes E F and 
A B, [although they necessarily appear 
circumscribed in the figures, are consi
dered to be of unlimited extent; and 
the same is to be understood in the fol
lowing propositions. 
Prop. 1. 

In perspective projection, no point in 
the vertical plane E F can be projected 
from the vertex V upon the plane of 
projection A B ; but, of every point 
which is not in that plane, the projection 
may be found upon the piano A B . 
For, the straight 

linewhichis drawn 
from the point V 
through any point 
in the plane E F, 
can never meet the 
plane A B ; because it lies entirely in the plane E F, which is parallel to A B . Therefore, no point in the plane E F can be projected from V upon the plane A B. 
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But, if P be a point which is not in 

the plane E F, draw V O perpendicular 
to the plane A B (IV. 36.), and let the 
plane P V O cut the parallel planes E F 
and A B in the straight lines V M and 
O N respectively. Then, because the 
sections of parallel planes by the same 
plane are parallel straight lines (IV. 12.), 
V M is parallel to O N ; and, beeause V M 
is parallel to O N , and that V P cuts 
V M in V, V P may be produced to cut 
-ON in some pointy (1.14. Cor. 3.); but 
if it cuts O N in any point, it must put 
the plane A B in the same peint, beeause 
O N lies in that plane: therefere p, the 
projeetipnpf the ppint P (def. 1.), may be 
found. 

Therefore, &c. 
Cor. It is shewn in this proposition, 

that if a straight line cuts one of two 
parallel planes, it may be produoed te 
cut the pther likewise. 
Prop. 2. 

The perspective projection of a straight 
line is a straight line; and if any point 
of the original straight line be in the 
vertical plane, the straight line which 
is its projection shall be of unlimited 
extent. 

Let A B be the -. 
plane ef prpjec- „• 
tion, V the ver
tex, P Q any 
straight line, and 
p q its projec-
tipn: p q shall 
likewise be a 
straight line. 

Beeause the 
peints "pf p q lie 
in straight lines 
drawn through 
V and the eor-
responding points of P Q, and that 
P Q is a straight line, the points of p q 
lie in the plane V P Q . But they lie 
also in the plane A B. Therefore they 
lie in the common section of the planes 
V P Q and A B , that is (IV. 2.), in a 
straight line. 
Also, if any point M of the original 

straight line Q P M lie in the vertical 
plane E F ; the straight line qp, which 
is its projection, shall be of unlimited extent towards p. For the projection of the point M cannot be found upon the plane A B (1.); and every point in q p produeed is the perspective projection of some point of Q P M , because the straight line which is drawn from it to 
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the vertex V cuts Q P M in some point 
between Q and M . 

Therefore, &c. 
Cor. 1. It is supposed in the propo

sition that the original straight line P Q 
does not pass through the vertex V ; 
for, in this ease, it is evident that all its 
points have for their projeetions the sin
gle point in whieh it cuts the plane of 
prqjeeticn. 

Cor. [2f The perspective projection 
of any given straight line is apart of the 
common section cf twp planes, viz. the 
plane which passes thrcugh the vertex 
and given straight line, and the plane ef 
projeetipn. 

Cor. 3. The perspective prcjecticn pf 
a straight fine which is parallel) tc the 
plane of projecticn, is parallel to its ori
ginal (IV. 10.) 

Cor. 4. The perspeetive projeetion pf 
a straight line which is not parallel tc 
the plane pf projecticn, shall pass, if 
produced, thrcugh the point in which a 
parallel tc the original drawn through the 
vertex outs the plane pf projection. For 
such parallel is in the plane whieh passes 
through the. vertex and the original 
straight line, and oonsequently the point 
in whieh it cuts the plane cf projection 
is in the ccmmpn seetion of the two 
planes. 

Cor. 5. If the original straight line 
cuts the vertical plane, in the point M , 
so that one part, as K M , lies upon 
one side of that plane, and the other 
part, as M P Q, upon the other side of 
it, the projections of the two parts shall 
together make up the whole of a straight 
line infinitely produeed both ways, ex
cept only the finite interval k q between 
the projections of its extreme points K 
and Q. 

Cor. 6. And if such original finite 
straight line K M P Q be infinitely pro
duced both ways, the projections of the 
produced parts shall together make up 
the finite interval k q between the pro
jections of its extreme points K and Q. 

For, if V t be drawn parallel to K Q 
to meet the plane A B in i, the projee
tion ef every point in the part produced 
beyond K will be found between k and 
i, and the projection of every point in the part produced beyond Q between q and i. Prop. 3. The perspective projections of parallel straight lines, which are likewise parallel to the plane of projection, are parallel straight lines. Let A B be the plane of projeetion, 
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V the vertex, -.»,,. - . •• ... 
parallel straight lines, which are hke-
wise parallel to the 

- and p'q1 their pro
jections: p q shall 
be parallel to p' q . 

Because P Q is 
parallel to the 
pi ane A B, the pro
jection p q is pa
rallel to P Q (2. 
Cor. 3.) and, for 
the like reason, 
p' q' is parallel to 
cause p q and P' Q' are each of them 
parallel to P Q, p q js parallel to P Q' 
(IV. 6.); and, because p q and pf q' are 
each cf them parallel to'P'Q', p a is 
parallel to p' q'. 

A n d in the same manner it m a y be 
shewn that if there are any number ef 
parallel straight lines whieh are likewise 
parallel te the plane A B , their perspec
tive projections shall be parallel to one 
another. 

Therefore, &c. 
Prop. 4. 
The perspective projections of parallel 

straight lines, which cut the plane of 
projection, are straight lines, which are 
not parallels, but which pass, when pro
duced, all of them, through one and the 
same point, the point, namely, in which 
a straight line drawn through the vertex 
parallel to the. original straight lines, 
cuts the plane of projection. 

Let A B be the 
plane of projec
tion, V the vertex, 
P Q and F Q' 
any. two paral
lel straight lines 
which are not pa
rallel te the plane 
A B , andpq and 
p' q' their projee
tions ; also let V C be drawn through the point V parallel to P Q to meet the plane A B in C: the straight lines p q, p'q1 produced, shall, each of them, pass through the point C. Because straight lines- which are parallel to the same straight line are parallel to one another (IV. 6.) V C , which is parallel to P Q , is parallel also to P'Q'. But it has been already shown (2 Cor. 4.) that the perspective projection of a straight line which is not parallel to the plane of projection, passes through the point in which a parallel to it drawn 
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projection. Therefore, because V C is 
parallel both to P Q arid P' Q', the pro
jections p q andp' q' pass both of them 
through the point C. And in the same 
manner, it may be shown that the pro
jection of any other.straight line which 
is parallel to P Q, passes through the 
same point C; for such straight line 
is likewise parallel to V C (IV. 6.). 

Therefore, &c. 
Prop, 5. 

The perspective projection of a curved 
line* is'a curved line; and, if any point 
of the original curve be in the vertical 
plane, the curve which is its projection 
shall have an arc of unlimited extent 
corresponding to the arc of the original 
curve which is terminated in that 

Let A B be the plane of projection, 
V the vertex, P Q R any curved line, 
a n d p q r its projection: p q r shall like
wise be a curved line. . 

through the vertex cuts the plane of 

For, if any part of p q r , as pq, be 
a straight;(line, then, since P Q is the 
perspective prcjectien of p q upon the 
plane P Q R (def. 1.), P Q must likewise 
be a straight line (2.), whieh is ocntrary 
tp the supposition. -Therefore, no part 
pf p qr is a straight line, that is, p q r is 
a curved line (I. def. 6.). 

Alse, if any ppint M of the curve 
P Q R lies in the vertical plane E F, the 
projecticn p q r shall have an arc of un
limited extent ccrresponding tp the arc 
M P, which is terminated in M . 

Let N be any point in the arc M P, 
and let V N be jcined'and produced to 
meet the plane A B in n, which is there
fere (def. 1.) the projection of the point 
N : from V draw V 0: perpendicular- to 
the plane A B (IV. 36.), and from N 
draw N T perpendicular to the plane 
* The whole of which (it is also understood) lies in one piano. For, if the parts of a curve lie in different planes, of whieh one or more pass through the vertex "I projeetion, the projections of the corresponding; parts will be straight lines, Csee Cor. 1 of this propo-oniTto i demoas'ra«Jpn given in the tert »ppl»9a pniy to a plane curve, 
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E F, and join 0 n, V T . Then, beeause 
V O is perpendicular to the plane A B, 
which is parallel to the plane E F, V O 
is also perpendicular to the plane E F 
(IV. 11.); but N T is perpendicular to 
-the same plane; therefore N T is pa
rallel to V O (IV. 5.), And, because 
the plane of the parallels T N , V O (I. 
def. 12.) cuts the planes E F, A B in the 
lines T V, 0 n respectively, T V is parallel 
to O n (IV. 12.). Therefore, because 
the triangles VOra, T N V have the 
sides V O, 0 ra of the first parallel to the 
sides N T , T V of the other, each to eaeh, 
and their sides V n, N V in the same 
straight line, they are equiangular (I. 
15.), and, consequently (II. 31.), O n is 
to O V a s T V to T N . Therefore (II. 9.), 
if T V contains T N any number of times 
exactly or with a remainder, O n will 
contain O V the same number of times 
exactly or with a remainder. But, if 
the point N be made to approach to the 
point M , T V will approach in magni
tude, as well as position, to M V, and 
T N , which is the distance of the point 
N from the plane EF, will be diminished 
without limit; consequently, there is no 
limit to the number of times T V may 
be made to contain T N . Therefore, 
also, there is no limit to the number of 
times 0 n may be made, to contain O V, 
that is, the line O n may be increased 
without limit, and the point n will de
scribe an arc of unlimited extent cor
responding to the arc P N M or M P, 
which is terminated in M . 

Therefore, &c. 
Cor. 1. In the demonstration of this 

proposition it is supposed that the plane 
of the original curve does not pass 
through the vertex V ; for, in this case, 
it is evident that its projection upon the 
plane A B is a straight line (IV. 2.). 

Cor. 2. If the original curve cuts the 
vertical plane in the point M , so that 
one part, as K L M , lies upon one side 
of that plane, and the other part, as 
M P Q, upon the other side of it, the 
projection shall have two arcs which 
are extended without limit in opposite 
direotipns, ccrresponding tc the two 
arcs K L M , M P Q, which are termi-
minated in the point M . Def. 6. If a curve has an arc of unlimited extent, and if a straight line is drawn which never meets that arc, but which, being produced, may be made to approach nearer to it than by any given distance, such straight line is called an asymptote to the arc, 

This definition will be best illustrated 
by the example contained in the follow
ing proposition. 
Prop. 6. 

The perspective projection of a 
straight line which touches any curve is 
a straight line which touches the pro
jection of that curve, if the point of 
contact is without the vertical plane; 
but, if the point of contact is in that 
plane, the projection of the tangent is an 
asymptote to the projection of the curve. 

Let A B be the plane of projection, V 
the vertex, and P Q R any curve; and, 
first, let P be a point of the curve P Q R 

E,-

Iying without the vertical plane E F, and 
P H a straight line which touches the 
curve P Q R in the point P ; then, if the 
point p be the projection of the point P 
(def. 1.), because P is a point both in the 
curve P Q R and the tangent P H , p will 
be a point in the projection of each; let, 
therefore, the curve p q r be the projec
tion of the curve P Q R , and the straight 
lineji A the projection of the tangentP H : 
the straight line p h shall likewise touch 
the curve p q r in the pointy. 

Because P H touches the curve P Q R , 
(he points of the curve P Q R upon both 
sides of P lie towards the same part of 
P H , and therefore also the straight lines 
drawn from V through those points lie 
towards the same part of the plane 
V P H or Y p h . But these straight lines 
are the same which are drawn from V 
to the points of the curve p q r on both 
sides of p (def. 1.). Therefore, the lat
ter also lie towards the same part of the 
plane V p h ; and, consequently, the 
points of the curve p q r on both sides 
of p lie towards the same part of the 
straight \inep h, that is, p h touches the 
curve p q r in the point p. 

But, in the next place, let M be a 
point of the curve P Q R lying in the 
vertical plane E F, and let M G H be a straight line touching the curve P Q R in the ppint M ; then, if the curve p q r be the projection of the curve M P Q R, and the straight line g h of the tangent P 3 
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M G H , the straight line g h shall be an 
asymptote to the curve p q r. 

Because the point M lies in the plane 
E F, and therefore (1.) cannot be 
projected upon the plane A B , and be
cause the tangent M G H does not meet 
the curve M P Q R in any other point, 
no point can be found in which the pro
jection g- h of the tangent meets thepro-
jeetipn p q r pf the curve, tc whatever 
extent bpth of them may be produeed. 
Again, let D be any given distance.: 
produce the tangent M H to meet the 
plane A B in T, and therefore also to meet 
"its projeetion g h in the same point T. and 
let the plane of the curve M P Q R be 
produced to meet the plane A B in the 
straight line T Z (IV. 2.); from T, in the 
plane A B , draw T Y perpendicular to 
g T , and let T Y be taken of any length, 
so that it be less than the given distance 
D ; through it draw Y Z parallel to g T, 
and let it cut T Z in Z, and join M Z. 
Then, because M Z falls within the tan
gent M H T, and that no straight line can 
be drawn through the point of contact 
between the curve and its tangent so as 
not to cut the curve, M Z must cut the 
curve P Q R in some point N. And, 
beeause V M and g T are sections of the 
parallel planes E F and A B by the plane 
V M T, V M is parallel to g T (IV. 12.); 
but g T is parallel to Y Z ; therefore 
(IV. 6.), V M is likewise parallel to Y Z. 
But the point N is in the plane. V M Z, 
that is, in the plane of V M and Y Z . 
Therefore, if V N be joined, and pro
dueed, it will cut the straight line Y Z in 
some point n; and, beeause the point n 
is also in the plane A B, it is the pro
jection of N , and therefore a point in the 
curve p q r, which is the projection of 
M P Q R. Also, because Y Z is parallel to g h T, n is at the same distance from g h T (I. 16.) that Y is, that is, at a less distance than the given distance D. Therefore, g h T being produced may be made to approach nearer to the curve p q r than by any given distance. And 
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it has been^shown that it never meets 
the curve, to whatever extent it is pro
duped. Therefore, it is an asymptote to 
the curve p q r (def, 6.). 

Therefore, &c. 
Cor. 1. In that part of the proposi-

b tion whiph relates to the tangent at a 
peint M in the vertieal plane; it is sup
posed that the tangent M H does not lie 
in the vertieal plane*; for in this pase it 
is evident that no point pf the tangent 
pan be projected ripen plane A B , and 
censequently there is ne asymptote. 

Cor. 2. The perspective projection pf 
a straight line which cuts a curve is a 
straight line which cuts the prcjecticn 
pf the eurve, if the first point of- inter
section is without the vertical plane. 

Scholium. 
The assumption made in the demon-

stratipn pf the feregeing proppsitipn, 
viz. that " np straight line pan be drawn 
through the point of oontact between a 
curve and its tangent se as not to cut 
the curve," or, in other words, that a 
curve admits of only one tangent at the 
same peint pf it, may be regarded as an 
axiem. That such is the case in the 
circle has been shewn in Bopk iii. 
Prop. 2.; and hence, with regard to 
other curves, generally, it may be illus
trated as follows:—Conceive a circle 
having the same tangent with the curve 
at the peint M , and suffi-
eiently small to fall within 
the eurve, as in the adjeined 
figure. Then, sinee no 
straight line can be drawn 
through the point M sp near 
to the tangent as npt to cut 
(he circumference cf this 
circle, and since the curve 
lies between the circumfer
ence of this circle and the 
tangent; much less can any straight 
line be drawn so near tc the tangent as 
npt tp intercept a.part of the curve be
tween itself and the tangent, and, con
sequently, being produced, te cut the 
curve. 

Prop. 7. 

The direction C D and the plane of 
projection A B being given; the ortho
graphic projection of any point P what
ever may be found upon the plane A B. 
* It may, perhaps, appear at first, that if the tan
gent lies in the vertical plane, the curve must like
wise lie in that plane ; this, however, is not a neces
sary consequence; the tanirent M H may he the com-
rnon section of the plane of the curve with the vertical 
plane, and this is the case M'hich is supposed in the 
corollary. 
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For, the direc
tion C D not being 
parallel to the 
plane A B (def 2.), 
the straight line 
which is drawn 
through P parallel 
to C D is not pa- / / 
rallel to that plane; fc 
since, otherwise, 
the line thus drawn would be parallel 
to the common section of a plane pass
ing through it with the plane A B 
(IV. 10.), and therefore, also (IV. 6.), 
C D would be parallel to the same com
m o n section, that is, to a straight line 
in the plane A B, for which reason C D 
would be parallel also to the plane A B 
(IV. 10.), which is contrary to the sup
position. Therefore, the straight line 
which is drawn through Pparallel to C D 
may be produced to meet the plane 
A B in some point p ; and the pointp 
thus found (def. 2.) is the orthographic 
projection of the point P. 

Therefore, &c. 
Prop. 8. 

The orthographic projection 
straight line is a straight line. 

Let C D be the 
direction, A B the 
plane of projec
tion, P Q any 
straight line, and 
p q its orthogra
phic projection : 
p q shall likewise 
be a straight line. 

Because P Q is a straight line, and 
that the parallels to C D , which are 
drawn through the several points of P Q , 
are parallel to one anpther (IV. 6.), these 
parallels lie in one and the same plane 
P Q q (IV. 1. Cor. 2.): but (def. 2.) the 
points of p q lie in these parallels respec
tively ; therefore, the points of p q lie in 
the plane P Q q. But they lie also in 
the plane A B . Therefore they lie in the 
common section of the planes P Q q and 
A B, that is, in a straight line (IV. 2.). 

Therefore, &c. 
Cor. l. It is supposed in the proposi

tion that the original straight line P Q is not parallel to C D ; for, then, it is evident that all its points have for their projections the single point in which it cuts the plane of projection. Cor. 2. The orthographic projection of any given straight line is a part of the common section of two planes, viz, a plane which passes through the given straight fine parallel to the direction C D and the,plane of projection A B , 
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Cor. 3. The orthographic projection 

pf a straight line, which is parallel tc 
the plane pf projeetipn, is parallel to its 
original (IV. 10,). 
Prop. 9. 

The orthographic projections of pa
rallel straight lines are parallel straight 
lines, and have the same ratio to their 
respective originals. 

Let C D be the 
directipn, A B the 
plane pf projecticn, 
P Q and P Q' any 
twcparallel straight 
lines, and p q, p' q1 
their respective pro
jections : p q shall 
be parallel to p1 q'. 

Because Q q and1" 
Q'g' are each ef 
them parallel to C D (def. 2.), they are 
parallel tp one another (IV. 6.); also 
P Q is parallel to P'Q'; therefore, the 
plane P Q q is parallel to the plane 
P'Q' q> (IV. 15.). Bxxtpq axtdp'q' are 
the respective sections of these parallel 
planes made by the plane of projecticn 
A B (8. Cor. 2.). Therefore, p q is pa
rallel to p< q' (IV. 12.). 

Also, the projections p q and^j' q' have 
the same ratio to the original straight 
lines P Q and P' Q' respectively. 

For, if P Q is parallel to p q, then, 
because P' Q' and p q are each of them 
parallel to P Q, P' Q' is parallel to p q 
(IV. 6.); and because p' q' is likewise 
parallel to p q by the former part of the 
proposition, P' Q' is parallel to p' q'. 
Also, because P p and Q q are each of 
them parallel to C D (def. 2.), P p is 
parallel to Q q; and, for the like reason, 
V'p' is parallel to Q' q'. Therefore, the 
figures P p q Q, P'p'q'QJ are, in this case, 
parallelograms ; and, because (I. 22.) 
the opposite sides of parallelograms are 
equal te pne another, p q and p'q' are 
equal to P Q and P Q' respeetively; 
that is, the prpjeetiens have the same 
ratie tp their respeetive priginals, viz. 
the ratip pf equality. But, if P Q is not 
parallel to pq, draw P R parallel to p q 
to meet Q q in R, and P' R' parallel to 
p'q' to meet Q' q' inR'. Then, beeause P p q R and P' p' q' R' are parallelograms, P R and P' R' are equal to p q and p/ q' respectively (I. 22.). But, because P R and P' R' are parallel to p q and p' q' respectively, and that p q is parallel top' q', P R is parallel to P R . (IV. 6.). Therefore, the triangles P Q R . P Q' R' have the three sides of the pne parallel te the three sides of the ether, each to each;, 
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and (IV. 15.)" are equiangular. Conse
quently, P R is to P Q as P R' to P' Q' 
(II. 31.), that is, since p q is equal to 
P R and p' q< to'P R', p q is to P Q as, 
p'q'to P'Q'. 

Therefore, & £ • 
! Cor. If the Original straight lines are 
parallel to (he plane of projection, the 
orthographic.projections are equal to 
their respective originals. 
Prop. 10. 

The orthographic projection of a curved 
line* is a curved line ; and, if a straight 
line touches the original curve, the pro
jection of that straight line shall like
wise touch the projection of the curve. 
L e t ' C D be the 

direction, A B the 
plane, of projec-
tipn ; P Q R any 
curved' line, and 
p q r its project 
tion: p q r shall 
likewise be a 
curved line. 

For, if any part of p q r, as p q, be 
a straight line,- then, because P Q is 
the orthographic projection ofp q (def. 2.) 
upon the plane P Q R , P Q must like
wise be a straight line (8.), which is 
contrary to the supposition. There
fore, ho part of p q r is a straight line, 
that is, (1. def. 6,) p q r is a curved line. 

Next, let the straight line P H touch 
the curve P Q R in the point P, and let 
p h be the orthographic projection of 
P H : p S shall touch the eurve^i q r in p. 

For, C D being parallel to P p (def. 2.), 
straight lines which are parallel to C D 
are parallel to P p (IV. 6.), and there
fore (IV. 10.) parallel to the plane H Pp. 
Also, the points of the curve P Q R on 
both sides of P fall, all of them, without 
and to the same part of the tangent P H . 
Therefore, the parallels to C D or Pp, 
which pass through these points likewise 
fall without and to the sahle part of the 
plane H P p. But these parallels pass 
through the corresponding points of the 
projection p q r (def. 2.). Therefore the 
points ofp qr, on both sides ofp, lie with
out and to the same part of the plane 
H Pp, and consequently also without and 
to the same part of the straight line p h which is in thatplane (8. Cor. 2). Therefore, p h meets the curve p q r inp, but does not cut it, that is, p h touches the curve pqr. Therefore, &c. Cor. 1. It is supposed in the proposition that the plane of the original curve " * See note, page 81P,_ 
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is not parallel to the direction C D ; for, 
then, it is evident that the projection of 
the purve is a straight line, and that (he: 
projection of the tangent is confounded 
with (or, if parallel te the directicn C D 
(8. Cor. 1.) is pnly a point in) the pro
jeetion pf the eurve. 

Cor. 2. The erthpgraphipprojectionof 
a straight line Which cuts any curve is a 
straight line which cuts the projection 
of that curve. 
Part II.—Of the Plane Sections of the 

Right Cone, or Conic Sections. 
It is easy to perceive that every section 
of a right cone which is made by a plane 
passing through the vertex is rectilineal, 
and, again, that every section which is 
made by a plane parallel to the base is a 
circle. The former follows from the 
definition (V. def 4.) of a cone; the 
latter will be demonstrated at large 
hereafter (in prop. II.). But, if a right 
cone be cut by a plane which neither 
passes through the vertex nor is parallel 
to the base, the section will be neither 
rectilineal nor circular; but will, ac
cording to the position of the cutting 
plane, take one of (he three forms men
tioned in the following definitions. 

Def. 7. If the slant 
sides of a right cone 
are produced up
wards through the 
Vertex, the produced 
parts will, it is evi
dent, lie in the-sur
face cf another right 
eone which has the 
same Vertex, and its 
axis lying in the 
same straight line 
with the axis cf the 
first. This cone, with 
reference te the first.is called the opposite 
cone, and its surface the opposite surface. 

The twe ppposite surfaces, infinitely 
produced, are to be considered as con
stituting one complete conical surface; 
which m a y be conceived to be gene
rated by the revolution of a slant side 
infinitely produced both ways about the 
axis of the cone. 

8. If a complete conical surface is cut 
by a plane which neither passes through the vertex nor is parallel to the base, the curved line in which such plane cuts the surface is ealled a conic section*. * The plane sections which are here excepted, viz, the straight line and circle, are likewise sometimes called conic sections, inasmuch as they likewise are plane sections of a cone : the term is, however, usually appropriated to the other plane sections, vis- the ellipse (def. 10,), the parabola (clef, J,L), and, Ji.e liypeslwla (def^jjps 
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9. The vertical plane of a conic sec
tion is a plane which passes through the 
vertex ef the cene parallel to the plane 
of the conic section. 

10. If the ver
tical plane of 
a conic section 
falls entirely with
out the surfaee, 
the conip seetipn 
surrounds the 
lower cone, and is 
ealled an ellipse. 
The reason why 

the section in this 
case surrounds 
the lower cone is, 
that the lower surface only is intercepted 
between the planes; and because every 
slant side of this surface cuts the vertical 
plane in V, it will, if produced, cut also 
the plane of the conip section which is 
parallel to the vertical plane (1. Cor.). 

11. If the verti
cal plane touches 
the conical surface 
in a slant side, the 
conic section has 
two infinite arcs, 
and is called a pa-
rabola. 

The section has 
in this case two in
finite ares, because 
one slant side of 
the cone lies in the vertical plane, and 
therefore can never be produced to meet 
the plane of the conic section; it is still, 
however, only the lower surfaee which is 
intercepted between 
the planes, and be
cause every other 
slant side of this 
surface cuts (he ver
tical plane in V, it 
may be produced to 
cut the plane of the 
conic section (1. 
Cor.). 

12. If the vertical 
plane cuts the coni
cal surface in two 
slant sides, the conic 
section has four infinite arcs, two lying in one and two in the other of the opposite surfaces, and is called an hyperbola. The section in this case cuts both of the opposite surfaces, 

because apart of each is intercepted be
tween the vertical plane and theplane of 
the conic section; and because there are 
two slant sides in each surface which lie in 
the vertical plane, and therefore cannot 
be produced to meet the plane of the co
nic section, the section has two infinite 
arcs in each surface corresponding to 
them. 

These curves, or the conic sections 
properly so called, different as they are 
in form, the first a complete figure in
closing an area, the secend having two 
infinite ares, the third four, are never
theless very nearly related tp pne anp
ther in their properties, many pf which 
bear a striking analogy to the proper
ties of the circle. Thus, "if, in any 
conic section two chords are drawn 
which cut (or are produced tc cut) one 
another, and other two chords parallel 
te the former respectively which like
wise cut -cne anpther, the rectangles 
epntained under the segments nf the 
former (wo shall have the same ratio 
to one another as the rectangles which 
are contained under the segments of the 
latter two ;" a property which we have 
seen (III. 20.) obtains in the circle, the 
ratio in this case being always that of 
equality. It is proposed in the present 
part of the Appendix to demonstrate a 
few of these properties, among them the 
one just stated; and it will be found 
that the demonstrations are consider
ably aided and abridged by help of the 
principles laid down in the preceding 
part. 
Prop. 11. 

Every section of a right cone which 
is marie by a plane parallel to its base, 
is a circle having its centre in the axis 
of the cone. 

Let V be the vertex 
of a right cone, V O its 
axis, and A B C its 
base; and let a b c be 
a section which is 
made by any plane 
parallel to the base 
A B C : the section 
a b c shall be a circle 
having its centre in 
the axis V 0. Let the plane a b c cut the axis of the cone in the point o : in the curve, or circumference, abc, take any two points a, b; join V a, V b, and produce them to meet the circumference of the circle A B C in the points A, B respectively, and join oa, ob, O A, O B . Then, be-
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cause o a and O A are sections of pa
rallel planes, by the plane V O A, o a is 
parallel to O A (IV. 12.), and conse-

' quently (II. 30. Cor. 2.), o a is to O A as 
. V.o to V O. And, in the same manner, it 
may. be shown that o b is to O B as V o 
to V O . Therefore (II. 12.) o a is to O A 
as ob to O B ; and, beeause O A is equal 
to O B, oa is equal to o b (II. 18. Cor.). 
In like manner, if c be any other point 
in the circumference abc, and if oc be 
joined, it may be shown that o cis equal 
to o a or ob. Therefore, every point in 
the circumference abc is at the same 
distance from the point o ; that is (I. def. 
24.), ab c is a. circle of which o is the 
centre. 

Therefore, &c. 
Prop. 12. 
Every conic section Q PR is the per
spective projection of a circular section 
q p r, upon the plane of the conic section, 
by straight lines drawn from the ver
tex V ; and the vertical plane of such 
perspective projection is the vertical 
plane of the conic section. 

For, every straight 
line which is drawn 
from V through a 
point of the circum
ference p q r to meet 
the plane of the 
conic section, meets 
that plane in some 
point of the conic 
section; and there is 
no point of Q P R 
which is not in a 
straight line with V 
and some point of 
q p r ; therefore 
(def. 1.), Q P R is 
the perspective pro-
jection of q p r by straight lines drawn 
from V. And, because the vertical plane 
of the conic section Q P R is parallel to 
the plane Q P R (def. 9.), that vertical 
plane is also the vertical plane of pro
jection (def. 1.). 

Therefore, &c. 
Cor. 1. In like manner, also, every 

circular section q p r may be considered 
as'ihe perspective projection of (he conic section Q P R by straight lines drawn from the vertex V. Cor. 2. The projection of every point in the conic section may be found in the circular section, whether it be an ellipse, or a parabola, or an hyperbcla (1.) : for the plane which passes through V pa-
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ralleltp the circular section, falls entirely 
witheut the cone, so that no point pf 
the conic section is found in that plane. 

Cor. 3. A n d so, the projection of 
every point in the circular section may 
be found in the conic section; except, in 
the case of the parabola, the projection 
of the point in which the vertical plane 
touches the circular section, and except, 
in the case of the hyperbola, the projec
tions of the two points in which the ver
tical plane cuts the circular section. 
Prop. 13. 

Every conic section is symmetrically 
divided by a straight line, which is the 
common section of the cutting plane, 
and a plane which passes through the 
axis of the cone perpendicular to the 

Let V be the 
vertex, and V O 
the axis of the 
cone, and let P Q R 
be the conic sec
tion ; from V draw 
V U , perpendicu
lar to the plane 
P Q R , and let the 
plane U V O , which 
passes through 
V O , and (IV. 18.) 
is perpendicular 
to the plane 
P Q R , cut the lat
ter plane in the straight line A M : the 
conic section P Q R shall be divided 
symmetrically by the straight line A M . 
Through the point A let there be 

drawn a plane perpendicular to the axis 
V O, and let it cut the cone in the cir
cular section p q r, having the centre O 
(11.), and the plane Q P R in the straight 
line A F (IV. 2.); through V draw V D 
parallel to A F (1.48.). Take any point P 
in the conic section, join V P, and let the 
plane D V P cut the planes cf the conic 
section and circle in, the straight lines 
P Q, and p q respectively (IV. 2.); also, 
let these straight lines cut A M , A O in 
the points M , m respectively. Then, be
cause V D is parallel,to AF,itis parallel 
(IV. 10. Cor. l.)toPQ and to p q, which 
are the common sections of planes pass
ing through A F with the plane D V P 
which passes through D V : therefore, 
also, P Q and p q are parallel to one another (IV. 6.). N o w , because the plane p q r oi the circle is perpendicular to the axis V O , it is perpendicular to the plane U V O , which passes through V O (IV. 18.)j and the plane P Q R is 



Appendix.] "GEOMETRY. 21 r 

by the construction perpendicular to 
the same plane U V O : therefore A F , 
the common section of the planes p q r , 
P Q R, is perpendicular to the same 
plane ("IV. 18. Cor. 2.), and, conse
quently (IV. def- 1.), perpendieular to 
each of the straight lines A M , A O 
which meet it in that plane. Therefore, 
because P Q is parallel to A F, P Q is 
perpendicular to A _ M (I. 14.); and, 
for the like reason, p q is perpendicular 
to A O. And, beeause the chord p q of 
the circle p q r is perpendicular to the 
radius A O, it is bisected by A O in the 
point m (III. 3.) ; but P Q is parallel to 
p q; therefore (II. 30.) P Q is bisected 
by A M in M . And.in the same man
ner it may be shown, that all other 
straight lines which are drawn in the 
conic section parallel to A F, or (which 
is the same thing) perpendicular to A M , 
are bisected by A M . Therefore, the 
straight line A M divides the conic 
section P Q R symmetrically. 

Therefore, &c. 
Cor. 1. The straight line A F , to 

which the bisected chords are parallel, 
touches both the circular section and the 
conic section at the point A. 

Cor.' 2. The 
straight line A M , 
which divides a pa
rabola symmetrical
ly, is parallel to the 
slant side V L , in 
which the vertical 
plane of the para
bola touches the 
surface of the cone. 

For if the vertical 
plane cuts the plane 
of the circle p q r in the straight line 
K L, K L touches the circle, and is 
therefore (III. 2.) perpendicular to the 
radius O L; and A F was shewn in the 
proposition to be perpendieular tp A O ; 
also, K L is parallel to A F, because 
they are sections of parallel planes by 
the plane of (he circle (IV. 12.); there
fore (I. 14.) O L and O A are in the 
same_straight line, and V L is in the 
plane V A O, that is, in the same plane 
with A M . And, because V L and 
A M are sections of parallel planes by the same plane, they are parallel to one another. Def. 13. The straight line A M , which divides a conic section symmetrically, is called the axis of the conic section. 14. In the ellipse and hyperbola, the axis A M cuts, the curve in two points,, A, A'; these points are called the vrin-

cipal vertices of the ellipse or hyper
bola, and the straight line A A', which 
is intercepted between them, is called 
the principal diameter or transverse 
axis of the ellipse or hyperbola. 

In the parabola, the axis cuts the 
curve in one point, A, pnly; and this 
ppint is called the principal vertex of 
the parabola. 

15. The centre of an ellipse or hyper
bola, is the middle point C of the trans
verse axis A A'. 

A parabola has no eentre. 
See the figures ef defs. 10,11, 12. 

Prop. 14. 
The hyperbola has two asymptotes, 

which pass through the centre, and 
make equal angles with the axis upon 
opposite sides of it. 
Let V be the vertex ef the eone, V O 
its axis, V A and V A' the slant sides in 

which the conical surface is cut by a 
plane perpendieular to the plane of the 
hyperbola, A and A' the principal ver
tices of the hyperbola, Ae/the circular 
section passing through the point A, 
0 its centre, A O a' its diameter, and 
E A F the common section of the planes 
of the circle and hyperbola which, as has 
been already seen (13. Cor. 1.), touches 
both the circle and the hyperbola in the 
point A ; also, let the vertical plane of 
the hyperbola cut the- circular section 
A ef in the chord ef, and at the points 
e, f,. let the straight lines c E, c F be 
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drawn touching the circle; letcE and 
c F meet one another in c and the 
straight line E F in the points E and F 
respectively, and let the chord e/cut 
the diameter A O a! in L. Then, because 
ef and E F are sections of parallel planes 
by the plane of the circle A c / , e f is 
parallel to E F (IV. 12.) ; but E F is per
pendicular to the diameter A 0 a', be
cause it touches the eirele in A (III. 2.); 
therefore e f is perpendicular to the same 
diameter(1.14.), and consequently (III. 3.) 
is bisected by it in the point L ; also, be
cause c e, cf, are tangents drawn from c 
to the circle A ef, they are equal to one 
another (III. 2. Con 3.-), and the triangle 
c efis an isosceles triangle: therefore the 
straight line A O a', which bisects e f at 
right angles, passes through the point c 
(I. 6. Cor. 3.). Join c V, and produce it 
to cut A A' in C (I. 14. Cor. 3.), and 
from C, through the points E and F, draw 
the straight lines C E , C F : the point C 
shall be the centre of the hyperbola, and 
the straight lines C E, C F produced, 
shall be asymptotes, making equal 
angles with the axis A A' upon either 
side of it. 
Join O e and V L . Then, because 

c e touches the circle in e, the triangle 
O ec is right-angled at e (III. 2.); and 
it has been shown that e L is perpendi
cular to the opposite side 0 e; therefore, 
O e or O a' is a mean proportional be
tween O L and O c (II. 34. Cor.). But 
O A is equal to Oa'. Therefore, the 
straight line A c is harmonically divided 
in the points L and o' (II. 46.), and, 
consequently (II. def. 20. page 68.), the 
four straight lines V A , V L , Va', and 
V c, are harmonicals. But, because 
V L and A A' are sectiens of parallel 
planes by the plane V A A', A A is pa
rallel to V L (IV. 12.). Therefore (II. 49. 
Cor. 1.), A A' is biseeted by V c pro
duced, and the point C is the centre of 
the hyperbola (def. 15.). 

Again, because the hyperbplip arcs 
A P, A' P', are the projections of the 
eircular arcs A p / , a'p'f, by straight 
lines drawn frem V (12.), and (hat the 
peint / of the arcs A p f , a'p'f, lies in 
the vertieal plane V ef; the projection 
of the tangent cf, that is, the straight line C F produced, is an asymptote to the hyperbolic arcs A P, A ' P (6.). And, for the like reason, G E produced is an asymptote to the hyperbolic arcs AQ, A'Q'. Lastly, beeause C E and V e are sec-lions of parallel planes by the plane C V e, O E . is parallel to V e (IV. 12.), and. for 

the like reason, C F is parallel to V / ; 
and it has been already shown that A A' 
or C A is parallel to V L ; therefore the 
angles E C A and . P D A are equal to 
the angles e V L and / V L respectively 
(IV. 151);' but, beeause the slant sides 
V e, V / are equal to one another (IV. 8.),. 
and that efis bisected in L, the triangles 
Y e L.-V/L, have the three sides of the 
one equal te the three sides pf the pther, 
each to each, and, consequently, the angle 
e V L equal to the angle/V L (I. 7.) ; 
therefore, also, the angle E C A is equal 
to the angle F C A, that is, the angles 
whieh C E and'O F make with the axis 
A A' upon either side of it, are equal to 
one another. 

Therefere, &e. 
Cor. 1. The asymptotes of the hyper

bola are parallel respectively to the slant 
sides in which (he vertical plane cf the 
hyperbela puts the surface cf the cene. 

Cor. 2. And as the existence ef 
asymptotes. to the hyperbola has been 
inferred from Proposition 6, so from 
Cor. 1., of the same proposition, it fol
lows that the infinite arcs of the para
bola dp not admit of asymptotes; be
eause the tangent ef the circle at the 
peint a' (see the figure of 13. Cor. 2.) 
lies in the vertical plane of the parabola. 
Prop. 15, 
A conic section cannot be cut by a 
straight line in more than two points; 
and, if a straight line touches a conic 
section, it shall meet it in one point only, 
viz. the point of contact. 

For, the circular.secticn being consi
dered (12. Cor. l.)as the projecticn of the 
conic section, the projection of any point, 
P, of the conie section, may be found in 
the circular section (12. Cor. 2.); and the 
projection of a straight line which cuts 
any curve in a point that may be pro
jected, is a straight line which cuts the 
projection of the curve in the projection 
bf that point (6. Cor. 2.); therefore, if 
it were possible that a straight line 
could cut a conic section in more points 
than two, the straight line which is its 
projection (2.) would cut the circular 
section in more points than two, which 
is impossible (IIL 1.). 

And, in the same manner, we may reason with regard to the tangent. If it were possible that a straight line which touches a conic section should meet it in any other point besides the point of contact; then, because the projections of the noint of pontact and any such 
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other ppint may, both of them, be found 
in the circular section (12. Cor. 2.), and 
because the projection of a straight line 
which touches a curve in a point that 
may be projected is a straight line which 
touches the projeetion of that eurve 
(6.), the projection of such tangent 
would be a straight line touching the 
circular section, and meeting it also in 
another point besides the point of con
tact, which is impossible (III. 2.). 

Therefore, &C; 
Prop. 16. 

A straight line which is parallel to 
the axis of a parabola cannot cut the 
parabola in more than one point; and 
a straight line which is parallel to either 
of the asymptotes of an hyperbola can
not cut the hyperbola in more than one 
point; but, with these exceptions, if a 
straight line cuts a conic section in any 
point, it may be produced to cut it in a 
second point. 

Let P A Q be a pa
rabola, A M its axis, 
and P N any straight 
line which is parallel 
to the axis A M , and 
cuts (he parabola in 
P: P N shall not out 
the parabpla in any 
pther peint, to what
ever distance it may 
be produped. 

Let V be the vertex 
of the cone, V L 
the slant side in 
which the vertieal 
plane of the parabola touches the sur
face of the cone, and A p L q the cir
cular section passing thrcugh A. Then, 
beeause V L (13. Cor. 2.) and P N are 
each ef them parallel tp A M , V L is pa
rallel to P N (IV. 6.). A n d , because 
V L is parallel to P N , the projection p n 
of the straight line P N on the plane. 
A p L q will, if produced, pass through 
the point L (2. Cor. 4), and the pro
jection of every point in P N produeed 
Will, it is evident, be found between p 
and L, that is, within the surface of the 
cone. Therefore, every point of P N 
produped falls within the surface pf the cone, and consequently, since the curve of the parabola is always in the surface of the cone, P N cannot be produped te meet the parabpla in a seccnd ppint. But, if P N ' be net .parallel to the axis of the parabola, then neither is it parallel to V L, and eonsequently the projection p n' does not pass through the 

point L. But, becausePN' cuts the para
bola in P, p n' likewise cuts the circle in 
p (6. Cor. 2.). Therefore, p ra', if produced, 
will cut the circle in a second point q 
different from the point L. And, be
cause the projection of every point, ex
cept L.may be found in the parabola (12, 
Cor. 3.), Q the projection of q may be 
found, and consequently P N ' produced 
will meet the parabola in the point Q. 

A n d the same rea
soning, in every re
spect, applies to the 
case.of the hyperbola. 
For, if a straight line 
P N be parallel to 
pne of the asymp
totes C E, it will also 
be parallel to the 
slant side V e, to 
which(14.Cor.l.)the 
asymptote is parallel, 
and, therefore, its 
projeetionp n passing 
through the point e, 
every point of P N 
produced will fall 
within the surface of the cone. But if 
a straight line P N ' be not parallel to* 
either of the asymptotes, its projection 
p n' will not pass through either of the 
points e, /, but, because P N ' cuts the 
hyperbola, p ra' cuts the circle in p, and 
will cut it if produced in some other 
point q, the projection Q Of which may 
be found in the hyperbola, and, conse
quently, P N produced will meet the hy
perbola in a second point Q. 

In the case of 
the ellipse, since 
the projeetion p ra 
of any straight 
line P N which 
cuts the ellipse 
must cut the cir
cle (6. Cor. 2.), 
p n may be pro-
duced-fo meet the 
circumference in 
a second point 
q as before; and 
since the projec
tion of every point 
in the circle may be found in the ellipse (12. Cor. 3.) Q the projection of q may be found, arid, consequently, P N produced will meet the ellipse in a second point Q, Therefore, &c. Def. 16. In the ellipse and hyperbola, any straight, line' P P' which is drawn through'the-centre C, arid terminated 
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straight lines are drawn to touch the 
circle, every straight line which is drawn 
through that point to cut the circle shall 
be harmonically divided by the circum
ference and the chord joining (he points 
of _ contact; and the tangents at the 
points in which every such straight line 
cuts the circumference shall meet one 
another in the ehprd produped. -

Let A B C be a eirple, and D any 
point without it, from whieh the straight 

both ways by the curve, is called a dia
meter ; and the points P, P' in which it 
meets the curve are called the vertices 
of that diameter. 

In the parabola, any straight line P N , 
whieh is drawn parallel to the axis A M , 
is called a diameter, and the point P in 

which it cuts the parabola is called the 
vertex of that diameter. 

17. If at the vertex P of any diameter 
of a conic section, there be drawn a tan
gent P H , any straight line Q R which 
is parallel to the tangent P H and is 
terminated both ways by the conic sec
tion, is called an ordinate of that dia
meter. 

18. In the ellipse and hyperbola, the 
segments P N , N P', into which a dia
meter or a diameter produced is divided 
by any of its ordinates, are called the 
abscisses corresponding to that ordinate. 
In the parabola, the part of the diameter 

P N , which is intercepted between the 
vertex P and the ordinate Q R is called 
the abscissa of that ordinate. 

Lemma. 
Jf from any point without a circle two 

lines D A, D B are drawn to touch the. 
circle in the points A, B respectively: 
then, if D E F G be any straight line 
passing through D, and cutting the cir
cumference in the points E, G and the 
chord A B in the point F, D G shall be 
divided harmonically in E and F, and 
the tangents at the points E, G shall 
meet one another in some point of A B 
produced.' 

Take 0 the centre of the circle, and 
draw the straight line D O cutting the. 
circumference in the points K, C, and 
the chord A B in the point L; and join 
0 A. Then, because D A touches the 
circle, the angle D A 0 is a right angle 
(III. 2.) ; also, because (III. 2. Cor. 3.) 
the tangents D A, D B are equal to one 
another, D is the centre of a circle pass
ing through the points A, B, and, con
sequently, D O bisects A B at right 
angles (III. 3. Cor. 3.); therefore, be
cause from the right angle A of the tri
angle D A O , A L is drawn at right angles 
to the hypotenuse D O, O A or 0 K is a 
mean proportional between O L and O D 
(II. 34. Cor.) But 0 C is equal to 0 K. 
Therefore (II. 46.), D C is harmonically 
divided in the points K and L. And 
because D C, the diameter produced of 
the circle A B C , is harmonically divided, 
every straight line D G which passes 
through D is harmonically divided by the circumference and the perpendicular A B which passes thrcugh L (III. 52. Cor.); and the tangents at the peints E , G in which .every such straight lirie 
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cuts the circle meet cne anpther in A B 
produced (III. 53. Cor.). 
Therefore, &c. 

Prop. 17. 
E v e r y diameter of a conic section bi

sects its ordinates; and, if the conic 
section is a n ellipse or a n hyperbola, the 
diameter is itself bisected by the centre. 

Let A P Q be any conic section, A M * 
its axis, P N any diameter, P H a tan
gent at P, Q R a parallel to P H , and 
therefore an ordinate to the diameter 
P N (def. 17.), and let Q R cut P N in N : 
Q R shall be bisected in N . 

Let the vertex V of the cone, the cir
cle A p q, its centre O, and diameter 
A o a', as also the line A F * , which is the 
common seetion pf the planes A P Q, 
A p q, remain as in the foregoing pro
positions ; let the lines q r and p n 
in the circle be the projectipns of Q R 
and P N in the conic sectien, and 
the tangent p h * (6.) the projection of 
the tangent P H ; and let the vertical 
plane of the conic section cut the plane 
Ap'q of the circle in the line K G , which 
cuts A a' or A a' produced in L, and 
join V L. Then, because V L and A M 
are sections of parallel planes by the 
same plane, V L is parallel to A M 
(IV. 12.) ; and, for the like reason, K G 
is parallel to A F , and therefore" (III. 2.) 
perpendicular to A a'. 

A n d first, in the ellipse or hyperbola, 
let A' be the other principal vertex and 
C the centre, join V C*, and let V C 
or V C produced cut A a' or A a' pro
duced in c. Then, because A A' is 
parallel to V L, and bisected by V C 
in C, the four straight lines V L , VA', 
V C, V A are harmonicals (II. 49. Cor. 
2.). Therefore, A L or A L produced 
is divided by these straight lines harmo
nically (II. 49.); and, because the mean 
A a' is bisected in O, O L, O a' and 0 c 
are proportionals (II. 46.). Let the 
planes V P P ' , V P H cut (he vertical 
plane in the lines V K , V G, which meet 
the line K G in the points K, G respec
tively. Then, because V K and P P ' are 
sections of parallel planes by the plane 
V P P', V K is parallel to P P (IV. 12.), 
and, for the like reason, V G is parallel 
t o P H : therefore, because the straight lines V K, V G are parallel to the original straight lines PP', P H respeetively, and meet the plane of the circle p A q * The line VC is wanting in the upper figure, and VN, VP, VP', VQ, VR, and VT, are wanting in each of the figures of this proposition. It has been attempted, however, to supply the assistance which might have been derived to the conception from the (visible presence of these lines by placing the corre-

521 

in the points K, G respectively, the pro
jections pp', p h will, if produced, pass 
through the points K, G respectively 
(2. Cor. 4.), and, forthe like reaspn, the 
projecticn qr pf the prdinate Q R , which 
is parallel to P H pr V G, will also pass 
through the point G. 

Join Gp'*. Then, because p p ' is a 
chcrd of the circle p A q passing through 
the point c, and that L G is drawn per,-
pendicular to the diameter O c produced 
from a point L so taken that the dia
meter produced is divided harmonically, 
sponding letters n, p, p', q, r, and t, in the straight 
lines VN, VP, V P ^ VQ, VR, and V T respectively. 
The line A F and the letter?; in. the two first figures 
the letters M and h; in the second the line Qp', and in the third the line Ghp, ha^e likewise been omitted 
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the tangents at the extremities of the 
chord p,p' will meet one another in some 
point of the line L G (III. 53. Cor.) ; but 
the straight line G A p is the tangent at 
p : "therefore G p ' Is the tangent at p'. 
And, because from the point. G; in which 
the tangents G p , G p ' meet one ano
ther, the line G q is drawn to cut the 
circumference in the points q, r and the 
chord p p' in ra, Q q is harmonically 
divided in these points (Lem.). There
fore (II. def. 20.) the four straight lines 
V G, V ?-R, V raN, V q Q are harmo-
nicals ; and, consequently, because Q R 
is parallel to V G, it is bisected by V N 
i n N (11.49. Cor.l.). 
In the parabola, 
the point L coin
cides with a', and 
because the dia
meter P N is pa
rallel to A M , that 
is (IS. Cor. 2.) to 
V L, its projection 
p n passes through 
L. Therefore, be
cause G q is drawn 
from the intersec
tion G of the tan
gents G L and 
G h p * , G q is har
monically divided 
by the circumfer
ence and the chord 
L p (Lem.), and Q R is bisected in (he 
point N , as before. 

But, further, in the ellipse and hyper-
bola,the diameter P P' is bisected by the 
eentre C. For, since K p passes through 
the point c, and is cut by the straight 
line K L, which is drawn perpendicular 
to the diameter O c from 'a point L so 
taken that O c produced is harmonical
ly divided, K p is harmonically divided 
by K L and the circumference (III. 52. 
Cor.). Therefore, the four straight lines 
V K , Yp'P', Y c C , V p P , are harmo-
nicals (II- def. 20.); and, because P P' 
is parallel to V K, it is bisected by V C 
in C (II. 49. Cor. 1.). 

Therefore, &e. 
Cor. 1. In the ellipse and hyperbola, 
the tangents at the extremities P, P' of 
any diameter are parallel to one another. For they are the Originals of Gjo and •Gp' in the plane of the circular section; and all straight lines, the projections of which pass through G, are parallel (o V G and to one another (IV. 10.). Cor. 2. If any diameter of a conic • section bisects a straight line which is 'not a diameter, the'bisected straight 

line shall "be an ordinate bf the diame
ter by which it is bisected. 

Prop. 18. 
. In.every, conic section the tangents 

at the extremities of any ordinate, Q R, 
meet the diameter, P N , in the same 
point, T ; and that in such a manner, 
that, in the ellipse and hyperbola, C N , 
C P, and C T. are proportionals, and, 
in the parabola, N P is equal to P T . ' 

Let the construction remain as in the 
last proposition. Then, in the ellipse 
and hyperbola, beeause q r, the pro
jection of Q R, passes through G, 
and that G p , G p ' are tangents drawn 
from G to the circle, the tangents 
at q and r meet one another in some 
point of pp' produced (Lem.). But these 
tangents are the projections of the tan
gents at the points Q and R of the ellipse 
or hyperbola (6.), and pp' produced is 
the projection of P P' produced. There
fore, the tangents at Q and R meet one 
another in some point, T, of P P' pro
duced. Again, because tq and tr are 
tangents drawn from t to the circle, the 
line tp which passes through I is harr 
m'onically divided, by q r and the cir
cumference (Lem.). Therefore, the four 
straight lines Y p' P', V r a N , V ^ P , 
V t T*, are harmonicals (II. def. 20.), 
and divide P P' produced harmonically 
(II. 49.); and, because the mean P P 
is bisected in C, C N , C P, and C T are 
proportionals (II. 46.). 

In the parabola, because the projec
tion q r of the ordinate Q R passes 
through G, and that G L, G p are tan
gents drawn from G to the circle, the 
tangents at q and r meet one another in 
some point t of Ljo produced (Lem.), 
and consequently, as before, the tangents 
at Q and R meet one another in some 
point, T, of N P produced. Again, be
cause tq and tr are tangents drawn 
from t to the circle, the line tp is har
monically divided by q r and the circum
ference (Lem.). Therefore,. the four 
straight lines V L, V raN, Y p P , V tT, 
are harmonicals (II. def. 20.); and be
cause N T is parallel to V L (IV. 6.), it 
is bisected by V P in P (II. 49. Cor. 1)., 
that is, N P i s equal t o P T . W h e n the diameter in question is the axis of the conic section, these demonstrations will be modified, and appear under a more simple form, to which they are easily reduced by substituting A M forPN, AFforPH, &c. Therefore, &c. _ . ..., . j i .—-T5 * See note, page 221, 



Appendix.] GEOMETRY. 223 

Prop. 19.. 
In the ellipse and hyperbola, the 

squares of any two semiordinates of 
the same diameter are to one another 
as the rectangles under the correspond
ing abscisses: in the parabola, the 
squares of any two semiordinates of the 
same diameter, are to one another as 
the abscisses. 
Let P Q R be an ellipse or hyperbola, 

P U any diameter, and Q R, Q' R' any 
two ordinates, cutting the diameter P U 
in the points N , N ' respectively; the 
square of Q N shall be to the square of 
Q' N' as the rectangle P N x N U to the 
rectangle P N ' x N ' U . 

Through N draw a plane parallel to 

the base of the cone, "and, therefore, 
cutting the cone in a circular section 
p q u r (11.), and letp u,qrbe the projec
tions of P U, Q R respectively, upon this 
plane, by straight lines drawn fronfthe 
vertexVofthecone; (hen,becausepqur 
is a circle, the rectangle under q N , N r 
is equal to the rectangle under p N, N u 
(III. 20.). ThroughV drawVK parallel to 
P U to meet the plane of the circle in K, 
and V G parallel to Q R to meet the same 
plane in G ; then, because p u is the pro
jection of P U, it will, if produced, pass 
through the point K, and, for the like 
reason, q r produced will pass through 
the point G (2. Cor. 4.). 

Then, because V K is parallel to P U, 
the triangles Y K p and Y K u are simi
lar to the triangles P N p and U N m 
respectively (I. 15.); therefore (II. 31.) 
PN :j5N::VK:KpandNU:NM:.: 
V K : Km, and, consequently (II. 37. 
Cor. 3.), P N x N D : ^ N x N « : ; T B 
; KpX-Kw. And,in the same manner, 
beeause the triangles QNg, R N c are 
similar to the triangles V G q, V G r re
spectively*, it may be shown that Q N x 
NRor(17.)QN2 ^ N x N r o r p N x 
Nw :: V G2 : G gxGn But, from the 
former proportion, invertendo (IL 15.) 
p N x N M : P N x N U : : K p x K w 
; V K2. Therefore (II. def. 12.), the 
ratio of Q N 2 to P N x N U is compound
ed of the ratios of V G2 to G q x G r and 
Kp x KKtoVK1.. 

Now, if through N ' there be likewise 
drawn a plane parallel to (he base of the 
cone, and which, therefore, likewise cuts 
the cone in a circle (11.),- p' q1 u' r', and 
if V K and V G are produced to meet this 
new plane in the points K' and G' re
spectively, the projections p' u' and q' r1 
of (he diameter P U and the ordinate Q'R' 
upon this plane will pass through the 
points K' and G' respectively (2. Cor. 4.), 
because P U is parallel to V K ' as before, 
and Q' R' to Q R, that is (IV. 6.), to VG'. 
Therefore, as before, it may be shown, that (he ratio of Q' N'2 to P N' x N' U' is compounded of the ratios of V G'2 to G'q'x G'V and K'p'xK'u' to VK'2. But, if xy is the projection of Q R upon the plane p' q' u' r', x y produced will pass through the point G', because Q R is parallel to VG' (2. Cor. 4.): and, because p' q' u' r1 is a circle, G' q' x G' r' is equalto&xxG'y (III.20.). Also, because the triangles V K p , V K m are simi7 lar to (he triangles VK'p'.VK'w'respect tively, V K ; K p :: V K ' ; K'p'(11.31.), » Thestraight lines VgQx, VRry, Ya'Q', and VRV are omitted in each of the figures^ of this prpposi-tion, 
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andVK;K«:: VK': K'u', and, con
sequently (II. 37. Cor.3.), V K 2 : K p x 
Km :: V K'2 : K'p' x K'u', or, inver
tendo (II. 15.), K p x K u : V K2:: K'p' 
xii!u' ; V K'2; and, in like manner, 
"because the triangles V G q, V G r are 
•similar to the triangles V G' x, V G' y 
respectively, V G 2 : G q x G r :: 
VG ' 2 : G'x x-G'y or G'g' x G V . 
Therefore the ratio of V G 2 to G qx 
G r is the same with the ratio of V G'2 
to G'g'xG' ?•', and the ratio of K p x K u 
to V K2 is the same with the ratio of 
K' p' x K' ii to V K'2. Therefore, be
cause ratios which are compounded of 
the same ratios are the same with one 
another (II. 27.), the ratio of Q N 2 to 
P N x N U is the same with the ratio 
of Q'N'2 to P N ' x N ' U ; and, alter
nando (II. 19.), Q N 2 : Q ' N ' 2 : : P N 
-,xNU : PN'xN'U. "•' 

In the next place, let Q P R be a para
bola, P N any diameter, and Q R , Q' R' 

v 

any two ordinates cutting the diameter 
P N in the points N,-N' respectively: 
the square of Q N shall be to the square 
of Q'N'asPN.toP'N'. 
Through N draw a plane parallel to 

the base of the cone, and therefore 
cuttingit in a circular section qp r(ll.), 
and let p N, q r be the projections of P N , 
Q R respectively upon this plane, by 
straight lines drawn fromV; also, let 
V L be the slant side of the cone, which 
is parallel to the axis of the parabola 
(13. Cor. 2.), and .therefore (IV. 6.) 
likewise parallel to the diameter P N , 
and let it meet the plane qpr in the 
point L of the circumference qpr: then, 
because V L is parallel to P N, p N 
-produced passes through the point L 
(2. Cor.4.), and, because qp r is a circle, the rectangle under q N, N r, is equal to .the rectangle under p N, N L. (III. 20.) Through V draw V G parallel to Q R, 
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to meet the plane of the eirele pqr in 
G ; then, because q r is the projection 
of Q R, it will, if produced, pass through 
the point G (2. Cor. 4.). 
Now, as in the former part of the 

proposition, it may be shown that Q N2 
: gN xNr orpN xNL :: VG2 : 
G q x G r ; also, beeause the triangles 
V Lp, P N p are similar, p N : P N :: 
Lp : V L (II. 31.), and consequently, 
sincepNxNListo P N x N L as p> N 
to PN(II. 35.), » N x N L : P N x 
N L :: Lp : V L (II. 12.); therefore the 
ratio of Q N 2 to P N x N L is com
pounded of the ratios of V G 2 to G q x 
G r and L p to VL. And in the same 
manner, if through N ' there be drawn a 
plane parallel tp the base pf the cene, and 
if V L and V G be produced to meet it in 
the points L' and G' respectively, it may 
be shown that the projections p' N' and 
q'r' of the diameter P N or P N ' and 
the ordinate Q R upon this plane pass 
through the points L' and G' respective
ly, and accordingly (hat the ratio 'of 
Q'N'2 to PN'xN'L'.is compounded 
of the ratios ofVG'2 to G'g'xG'r', 
and U p ' toVL'. But if x y is the 
projection, of Q R upon the plane of the 
circle p' q' u'>', it may be shown, as in 
the former part of the proposition, that 
x y .produced will pass through G', and 
that G'q'xG'r' is equal to G x x G y . 
Also, because the triangle V L p is .simi
lar to the triangle VL'p', the ratio of 
L p to V L is the same with the ratio of 
U p ' to V;L' (II. 31.); and, because the 
triangles V G q, V G r are similar to the 
triangles V G' x, Y G ' y respectively, the 
ratio of V G 2 to G q x G r is the same 
with the ratio of VG'2 to G'xxG'y 
or G'q'xG'r'. Therefore(II.27.) Q N ' 
: p n xNL::Q'N'2 :PN',xN'L', 
and alternando (II. 19.), QN3 : Q'N'2 
:;PNxNL : PN'xN'L'. ButNL 
is equal to N'L' (I. 22.), and conse
quently (II. 35.), P N x N L : P N ' x N' L'i:: P N : P N'. Therefore Q N2 : Q'N'2 :: PN : pn', The foregoing demonstrations are not applicable, in the above form, to the case in which the diameter P N is also the axis of the conic section. They become, however, much more simple when they are adapted to this particular case, and the manner in which this is to be done is obvious. - Therefore, &c, Cor. 1. In the ellipse and hyperbola, the square of the semiordinate varies as the reetangle under the abscissa?; in the 
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parabola, the square of the semiordinate 
varies as the -abscissa (II. 35. Schol.). 

Cor. 2. If, in the ellipse, a diameter 
D Z is drawn parallel to the ordinates of 
the diameter P U, (see the first figure 
of the Scholium which follows this pro-. 
prsition,)the square of the semiordinate 
Q N is to the rectangle P N x N U under 
the abscissa?, as the square of the semi
diameter C P to the square of the semi
diameter C D. 

Cor. 3. It is not necessary, in the 
demonstration of the first part of the 
proposition, that the conic section should 
be an ellipse' or an hyperbola, or 
P U a diameter having the ordinates 
Q R, Q' R ; but only that P U should 
be a straight line cutting the- conic 
section P Q R in two points, and Q R, 
Q' R' two parallel straight lines like
wise cutting the conic section, each in 
two points, (in which case the part 
shewing that Q N x N R and Q'N' x 
N ' R' are equalto Q N s and Q' N'2, will 
have to be omitted,) or even one or both 
touching the conic section in a single 
point, the only difference being that in 
this case the points Q and Q' coincide 
with the points R and R' respectively. 

Therefore, generally, if a straight line 
P U cuts a conic section in two points, 
and is cut by any two parallel straight 
lines which likewise cut the conic sec
tion each in two points, or one or both 
of them touch the conic section, the 
reetangle under the segments of one 
parallel, or its square, if it be a tangent, 
shall be to the rectangle under the seg
ments of the other, or to its square if it 
be a tangent, in the same ratio as the 
rectangles under the corresponding seg
ments of the straight line which is cut 
by them. 

Cor. 4. And hence, in any conic sec
tion, if two straight lines, P U, Q R cut 
one another, and likewise other two 
P'U', Q'R', which are parallel to the 
twe first respectively, and if each of 
them cuts the conic 
section in two points, 
or one pr mpre touch it 
in a single peint, the 
rectangle under the seg
ments of either ef the first shall be to the reetangle under the segments of its parallel as the reetangle under the segments of the remaining one of the first to the reetangle under the segments of its parallel; the sauare of anv of the' straight lines 

being understood instead of the rectan
gle under its segments, when it touches 
the conic section instead of cutting it. 

For, let P U and Q R cut one another 
in N , and P U ' and Q'R' in N'; also, 
because Q' R' is parallel to Q R, let it 
cut P U in M (1.14. Cor. 3.). Then, by 
the last corollary, 
Q N x N R : Q'MxMR'::PNxNU 
; P M x M U, and 
Q'MxMR' : Q'N'xN'R'::PMx 

M U : PN'xN'U'; 
therefore, ex cequali (II. 24.), Q N X N R 
: Q'N'x N'R' : : P N x N U : P'N'x 
N'U'. 
And the same may be directly inferred 

from the demonstration of the proposi
tion : for the projection of P' U' will pass 
through the point K' in the same man
ner as the projection of Q' R' passes 
through G. 

Cor. 5. It is indifferent, also, in the 
second part of the demonstration, whe
ther P Q R be a parabola and P N a 
diameter, or P Q R be an hyperbola, 
and P N a straight line parallel to one of 
the asymptotes, for in this case also P N 
will be parallel to a slant side of the 
cone (14. Cor. 1. and IV. 6.); and in 
either case, Q R and Q' R' may be any 
two parallel straight lines cutting the 
conic section each in two points, or one 
or both of them touching it in a single 
point. 

Therefore, generally, if a straight line 
P N , which is a diameter of a parabola 
or parallel to one of the asymptotes of 
an hyperbola, be cut by any two parallel 
straight lines which likewise cut the 
parabola pr hyperbola each in two 
points, or one (or both of them, as is 
possible in the case of the hyperbola) 
touch it in a single point; the rectangle 
under the segments of one parallel, or 
its square if it be a tangent, shall be to 
the rectangle under (he segments of the 
other, or to its square if it be a tangent, 
in the same ratio as the parts P N , P N ' 
of the line P N , which are cut off by the 
parallels respectively. 
Scholium. 
The diameter D Z, which is supposed 
in Cor. 2. to be drawn in the ellipse 
parallel to the ordinates of the diameter P U, is said to be conjugate to P U. It is easy to perceive that the diameter P U is in this case likewise parallel to < the ordinates of D Z : for, let Q R be any ordinate of the diameter P U , and let O C be joined and produced to meet the Q 
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ellipse in X, and let R X be joined, and 
let it cut D Z in Y ; then R X will be pa

rallel to P U (II. 29.), because Q R and 
Q X are bisected in N and C respectively 
(17.); and R X is an ordinate to (he 
diameter D Z, (17. Cor. 2.) because R Y 
is to Y X as Q C to C X , that is, in a ratio 
of equality. From this reciprocal rela
tion such diameters P U and D Z are 
ealled conjugate diameters ; and the dia
meter which is conjugate to the trans
verse axis (and therefore (13. Cor.l.) 
perpendicular to that axis) is called the 
conjugate axis * of the ellipse, for, being 
perpendicular to its ordinates, it divides 
the figure symmetrically, and therefore 
is a second axis of the figure f. 

In the hyperbola, which, as w e have 
seen, although so different in form, is 
very like the ellipse in its properties, 
there are no diameters, properly speak
ing, except such as lie in the angle m a d e 
by the asymptotes. Let us, however, 
define the conjugate diameter of any 
diameter P U to be a straight line D Z, 
which is drawn through the centre C 
parallel to the ordinates of P U , is 
bisected in (he centre, and is such that 
C D 2 is to C P 2 as the square of the 
ordinate Q N to the rectangle under the 
ahseissae P N , N U. Such a straight 
tine D Z will, it is evident, as in the 
ellipse, bisect all straight lines which are 
drawn parallel to the diameter P U , and 
terminated by (he hyperbola. But there 
* The conj agate axis of the ellipse being always 
less than the principal or transverse axis, the former 
is frequently called the pinor axis, and the latter 
the major axis of the ellipse. 
t There is, however, no other straight line which 

divides the figure symmetrically, that is, no third 
axis. For, if C Q be joined in the first figure of prop. 
17, and if P 0 P' be supposed to represent the trans
verse axis, then if it were possible that C Q could divide the figure symmetrically, or (which is the same thing) bisect its ordinates at right angles, C Q 1 would be a right angle, and, consequently, because Q N is perpendicular to C T, C Q would be a mean proportional between C N and C T, (II. 34. Cor.) and therefore equal to C P (18.), so that Q N« would be to C P's—C N2 or P N X N P' in a ratio of equality, and consequently(I9.)tlie square of every other semi-ordinate of the axis would be equal to thê rect-angle under its abscisste, and the figure would-be a circle, no t an ellipse. 

is yet a more striking analogy, to which 
w e are led by observing that, in the 
ellipse, the curve in which the extremity 
of a conjugate diameter so defined lies, is 
a part ef the ellipse itself, pr, as we m a y 
epnsider it, an ellipse having the same 
eentre and axes with the given ellipse. 

It might be expected that the same, cr 
spmething similar, weuld pbtain in the 
hyperbela; and suph, w e are abeut to 
dempnstrate, is the pase; viz. that " the 
Ippus of the extremities of all the opnju-
gate diameters pf a given hyperbola is 
an hyperbola which has the same centre 
and the same axes as the first." 

T o demonstrate this : 
Let C B be drawn parallel to the tan

gent at the principal vertex A , and there
fore perpendicular to the transverse axis-

A ' C A (13. Cor. 1.): let P be any point 
in the hyperbola, and draw P M likewise 
parallel to the tangent at A , to meet CA, 
produced in M , so that P M is a semi
ordinate to the transverse axis A' C A 
(17. and def. 17.); take C B such that 
C B 2 shall be to C A 2 a s P M 2 to A M 
x MA', and make CB' equal to CB, so 
that, according to the above definition, 
B B' is the conjugate axis cf the hyper
bola. Let P T be drawn touching the 
hyperbola in P to meet C A in T; 
through A draw A Q parallel to P T, 
and therefore (def. 17.) an ordinate to 
the diameter P U , by whieh it is con
sequently bisected (17.) in the point 
of intersecticn N ; through C draw C D 
parallel to P T, and take C D such that 
C D 2 shall be to C P 2 as Q N 2 to P N 
x N U, and make C Z equal to C D, so 
that D Z is the diameter which is conju
gate to the diameter C P. The points 
D, Z shall lie in an hyperbola which 
has B B' for its transverse axis and A Af 
for its opnjugate axis. 
From D draw D E perpendicular to 

C B produced. Then, because the sides 
of the triangles C D E, P T M are parallel, eaeh to eaeh, those triangles are similar (1.18.) : therefere, C E : P M :: CD"; P T (II. 31.), and, consequently 
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(II. 37. Cor. 4.), C E 2 : P M 2 :: C D2 
: PT2. New, C D 2 is to PT2 in a 
ratio whiph is pompounded pf the ratios 
of C D2 to Q N2, and Q N 2 or N A2 to 
PT2. And because, by supposition, 
CD2 : CP2 :: QN2 : PN xNUor 
(I. 34.) C N2 - C P2 alternando C D2 
•: Q N 2 :: CP2 : C N 2 - C P 2 ; also, 
because N A is parallel to PT, N A ' 
: PT2 :; C N2 : CP2 (II. 30. Co?-.2. 
and II. 37. Cor. 4.) ; therefore, the 
ratio which is compounded of the ratios 
of CD2 to Q N 2 and N A 2 to PT- is 
the same with the ratio which is com
pounded of the ratios of CP2 to CN2 — 
C P2 and CN2 to CP2, the same, tliatis, 
with the ratio of C N2 to C N2 - C P2, 
that is, again, since (II. 29.) C N : C.P 
:: C A : C T, the same with the ratio 
of C A2 to C A2 - C T2 (II. 37. Cor. 4. 
and II. 20. Cor. 1.). Therefore, C E2 : 
P M2:: C A2 : CA2 - C T2 (a). 
Again, because P M is a semiordinate 

of the diameter A A' to which B B' is 
conjugate, P M 2 : B C2 :: A M x M A ' 
pr C M* - C A2 : C A2. Therefpre, 
combining this with the proportipn (a), 
ex cequo perturbato, C E2 : B C2 ;: 
C M2 - C A2 : C A2 - C T2: and, 
consequently, beeause C M , CA, C T 
are prepprtipnals (18.), C E } ; B C 2 : : 
C M2 : C A2 (II. 22.). And hence, 
dividendo, C E2 - C B2 ; C B2 :: 
C M 2 - C A 2 : CA2 (b). 
But, because the triangles C D E , 

P T M are similar,DE2 : M T 2 :: CE2 
-. P M 2 (II. 31. and II. 37. Cor. 4.); 
therefore, by the preportion (a), DE2 
is to M T2 as CA2 to C A2 - C T2, that 
is, sinoe C M, C A, C T are propor
tionals (18.), as C M to C M -• C T or 
M T (II. 37. Cor. 2. and II. 20. Cor. 1.), 
or as C M x M T to M T 2 (II. 35.); 
therefore, D E2 is equal to C M x M T, 
or, since M A , M T , M C, M A ' are pro
portionals (II. 47.), to A M x M A ' 
(II. 38.), that is (I. 34.) to C M 2 - CA2. 
Therefore, by the proportion (b), DE2 

: CA2:: C E 2 - C B 2 : CB2; zndalter-nando(ll. 19.) D E 2 : C E 2 - C B2 or (I. 34.) B E x E B ' :; CA2 : CB2, which shows that the point D is in an hyperbola which has the transverse axis B B' and the ccnjugate axis A A'. (19.) And, bepause C Z is equal to CD, and that the diameters of an hyperbola are biseeted by the eentre, the peint Z is in the same hyperbela. This hyperbpla, whiph has for its transverse axis the eonjugate axis of the given hyperbola, is called the conjugate hyperbola. Thus the two hyperbolas are 

mutually conjugate, each to the other, 
and each of them is the locus of the 
vertices of all the conjugate diameters of 
the other. 

Prop. 20. 
If through any point taken within or 

without a conic section, there are drawn 
any number of straight lines,, each cut
ting the curve in two points, and if at 
every such two points tangents are 
drawn intersecting one another in a 
third point P, the locus of the points P 
shall be a straight line; and every 
straight line which is drawn through 
the point taken to cut the curve shall be 
harmonically divided by that straight 
line and the curve. 
For the point taken, D, may be trans

ferred by a straight line drawn from the 
vertex of the cone to a corresponding 

point d within or without the eirele which 
is the prcjecticn of the conic section 
(12.): 'also any straight line passing 
through the former may, in like manner, 
be transferred to a corresponding straight 
line passing through the latter, and the 
tangents at the points in whieh the conic 
section is cut by the former straight 
line to tangents of the circle (6.) at 
the points in which it is cut by the latter, 
and the point P in which the tangents of 
the eonic section intersect one another 
to a corresponding point p in which the 
tangents of the circle intersect one ano
ther. But the points p lie in a straight 
line (III. 53.) because they are the in
tersections of tangents to a circle at the 
extremities of chords passing through 
the same point. Therefore, the projec
tions of the points P are suoh that their 
projeetipns lie in a straight line, that is, they also lie in a straight line (2.). Q2 



228 GEOMETRY. [Appendix. 

Again, in the circle, any straight line 
which passes through the projection of 
•the point taken, is divided harmonically. 
by the circumference and the straight 
line which is the locus ofp (III'. 53. Cor.); 
and lines harmonically divided are the 
projections of other lines which are 
likewise harmonically divided (II. 49.); 
therefore, also, in the conic section, any 
straight line which passes through the 
point taken is divided harmonically by 
the conic section and the straight line, 
which is the locus of P. 

Therefore, &c. 
Prop. 21. 
In every conic section APQ, if in 
the right cone of which it is a section 
there be inscribed a sphere which touches 
the plane of the conic section in a point 
S, and the conical surface in a circle, 
the plane of which is produced to cut the 
plane of the conic section in a straight 
line R X ; the distances S P and P R 
of any point P in the conic section from 
the point S, and the straight line R X , 
shall be to one another in a constant 
ratio.* 

Let V O be the axis of the cone, and 
A M the axis of the conic section, so 

that the plane V A M A' passes through 
V O, and is perpendicular to the plane 
pf the eonio seetion A P Q (13. and def. 
13.): then, because the axis V 0 makes 
equal angles with the slant sides V A , 
V A', if the angle V A M be bisected by a 
straight line cutting V O in O, the point O 
will be the centre of a circle touching the 
three straight lines V A, V A', and A M 
(III. 59.); and, if O B , O S be drawn per
pendicular to V A', A M respectively, it 
will touch V A ' in the point B, and A M in 
the point S. Therefore, if the half of this 
eirele, which is upon the same side of V O 
with the tangent V B, be made to revolve 
* From the " Transactions of the Cambridge Philo-

•sophical Society," Vol. Ill, No, YHJ. 

together with V B about the axis V O of 
the cone, it will generate a sphere (IV. 
def. 21.) which touches the conipal sur
face (in which V B always lies) in the 
circle B D E (IV. 3. Cor. 2.), generated by 
the peint B. A nd the same sphere will 
toueh the plane A P Q in the point S 
(IV. 8.); for O S , being drawn in the plane 
V A M perpendicular to A M , which is 
the common section of the plane V A M 
with the plane A P Q to which it is per
pendicular, is perpendicular to the plane 
A P Q (IV. 18.). It is supposed, there
fore, that the plane of the circle B D E is 
produced to meet the plane A P Q in the 
line R X ; and it is required to show that, 
if from any point P of the conic section, 
P R is drawn perpendicular to R X , .and 
S P is joined, S P shall be to P R in 
a constant ratio. 

Through V draw V L parallel to A M 
(I. 48.), and, since V L so drawn is in 
the plane V A M (I. def. 12. and 
IV. 1.) let it meet the straight line 
E B, in which the "plane of the circle 
is cut by the plane V A M , or E B pro
duced, in L; join V P, and let it cut 
the circumference B D E in D, and join 
L D , D R. Then, because the plane 
B D E of the eirele is perpendicular to the 
axis V O (11.), and consequently to the 
plane V A M which passes through V O 
(IV. 18.), and that the plane A P Q of 
the conic section is perpendicular to the 
same plane V A M , the common seetipn 
R X is perpendicular to the same plane 
(IV. 18. Cor. 2.), and therefore, also, to 
the line X A M which meets it in that 
plane (IV. def. 1.). But R X is also 
perpendicular to R P. Therefore R P is 
parallel t o X A M (I. 14.), that is (IV. 6.), 
to V L . Therefore the' points L, D, R 
are" in the plane of the parallels V L, 
R P; but they are, also, in the plane of 
the circle B D E ; therefore they are in 
the common section of these two planes, 
that is, in a straight line (IV. 2.), and L D , 
D R are in one and the same straight line. 
Again, because the plane V P S cuts the 
sphere in a circle (VI. 1.), and that the 
straight lines P D , P S meet this circle 
and do not cut it, they touch it in the 
points D, S respectively, and con
sequently, P D is equal to P S (III. 2. Cor. 3.). But, because V L is parallel to R P, the triangles V D L, P D R are similar (I. 15.). Therefore, P D is to P R as V D to V L (II. 31.). Therefore, since S P is equal to P D , and V B to V D , S P is toPRasV.BtoVL, that is, in a constant ratio.̂  Therefere, Sec. 



Appendix.] GEOMETRY. 229 
Cor. 1. If the conie section be an 

ellipse or an hyperbela, a. sepond pircle 
may be described in the angle A V B er 
in the angle vertieal to it, touching the 
straight fines V A , VA', and A A', and 
accordingly, a second sphere inscribed 
in the cone touching the plane of the 
ellipse or hyperbola in a second point 
S' of the axis, and the surfaee of the 
cone in a second circle B' D' E'. And 
if the plane of this circle be produced 
to cut the plane ef the ellipse er 
hyperbpla in a line R' X', it may be 
shpwn, as in the proposition, that the 
distances S' P and P R ' of any point 
P, from the point S' and the line R' X', 
are to one another in the constant 
ratio of V B ' to VL', that is, in the 
same constant ratio as before, of V B 
to V L (11.29.). 

In the case cf the parabela np suph 
second circle can be described, because 
V B is parallel to A M . 

Cor. 2. If C is the centre of the 
ellipse or the hyperbola, CS, CA,|CX, as 

also C S', C A', C X', are proportionals. 
For, since (by the proposition) S A is 
to A X as S A' to A'X, the straight 
lines A'X, A'A, andA'S, are in har
monical progression (II. 45. Cor.) ; and 
consequently, the mean A A' being bi
sected in C, C S, C A, and C X are pro
portionals (11.46.); and the like demon
stration applies to C S', C A' and C X'. 

Cor. 3. The constant ratio of S P to 
P R is the same with that of C S to C A, 
or (whioh is the same) ef C S' to C A'. 
For A being a point pf the ellipse er hy
perbpla, S A is to A X in the constant 
ratio ; and because C S, C A, C X are 
proportionals, C S is to C A as S A to 
A X (II. 2.2.) And for the like reason 
C S' is to C A' as S' A' to A'X', that is, 
likewise in the constant ratio. 

Cor. 4. In the ellipse S P + PS' = 
A A'; and in the hyperbola S P ~ P S' 
= A A'. For, since S P is to P R in the 
constant ratio of C S to C A, or of 
.CA to C X , or again (II. 23.), of A A ' 
to XX', and that S' P is to P R ' in the 
same ratio, S P +'S' P is to P R + PR' 
in the same ratio of A A' to X X ' (II. 
23. and II. 22.). But in the ellipse P R 
+ P R ' is equal to RR', and R R ' is' 
equal to X X ' (I. 22.); therefore (II.-
18. Cor.), S P + S'Pis equal to A A'. 
And,, in (he hyperbola, P R ~ P R ' is-. 
equal to R R', and R R' is equal to X X'' 
(1.22.); therefore (II. 18. Cor.) S P ~ 
S'Pis equalto A A'. 

Cor. 5. In the ellipse S P is less than 
P R ; in the hyperbola S P is greater 
than P R ; and in the parabola S P is 
equal to P R . 
Scholium. 
The points S and S' are called the foci, 
and the straight lines R X, R' X' the 
directrix-es, of the conic section: the 
ellipse and hyperbola having two foci 
at equal distances from the centre upon 
either side of it, and two directrix-es -r 
the parabola one focus and one directrix 
only. From the simple properties which 
have just been demonstrated with re
gard to these remarkable points, viz,,. 
that 

1. In the ellipse S P + S ' P = A A'. 
2. In the hyperbola S P ~ S' P = A A'. 
3. In the parabola S P = P R, others of very considerable importance are derived. The three conic sections are, indeed, cpmmpnly defined by these preperties, and frem these, by help pf the theorems of Plane Geemetry, all pther preperties are derived in order. 
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Part 111.—Plane Sections of the ob
lique cone, of the right cy Under, and of 
the oblique cylinder. 

Prop. 22. 
" Every section of an oblique cone which 
is' made by a plane parallel to its base, 
is a circle having its centre in the axis 
of the cone. 
^LSee the demenstratipn of Prop. 11. 

Prop. 23. 
In an oblique cone, if V A, V A' are 

the slant sides in which the surface of 
the cone is cut by a plane passing 
through the axis V" O perpendicular to 
the base, and if the cone be cut by a 
plane P Q R which is perpendicular to 
the plane V A A', and is inclined to 
either of the slant sides V A at the same 
angle at which the base is inclined to the 
other slant side V A', the section made 
by the plane P Q R shall be a circle : 
in other words, every suboontrary sec
tion of an oblique cone is a circle. 

LettheplanePQR 
cut the plane V A A' 
in the straight line 
PP'; take any point 
Q in the eurve P Q R , 
and through Q draw 
the plane A Q A' R 
parallel to the base of 
the cone, and let this f 
plane cut the . plane v:< 
V A A' in the straight line A A', and the 
plane P Q R in the straight line Q R 
(IV. 2.); then A Q A' is a circle having 
its centre O in the axis of the cone (22.). 
And, because the planes A Q A', P Q R 
are each of them perpendicular to the 
plane V A A', their common section Q R 
is perpendicular to-the same plane (IV. 
18.Cor. 2.), and consequently (IV.def. 1.) 
to the straight lines AA', PP' which meet 
it in that plane. Now, because, by the 
supposition, the planes P Q R, A Q A' 
are equally inclined to the straight lines 
V A , V A ' respectively, the angles of 
inclination V P ' P and V A'A are equal 
to one another, and (I. 3.) the vertical 
angles P N A and A N P' are likewise 
equal; therefore the triangles P N A', 
A N P are similar, and (11.31.) P N 
is t e N A ' as A N to N P, and oon-
sequently (II. 38.), P N x N P is equal te A N x NA'. But, because A A' is the diameter cf the circle A Q A , and is perpendicular to the chord Q R at the point N, Q R is bisected in N (III. 3.), and Q N » is equal to A N X N A' (III. 20.). Therefore Q N2 is equal to P N x N P'-Thertefore, because P P' bisects every 

straight line Q R, which is drawn per
pendicular tc it from a ppint Q pf the 
secticn P Q R, and that the square Q Na 
of the half of such straight line is equal 
to the rectangle P N x N P', under the 
segments of P P', the section P Q R is a 
circle, having P P' for its diameter (III. 
3. and III. 20.). 

Therefore, &c. 
Prop. 24. 

Every plane section of an oblique 
cone which neither passes through the 
vertex, nor is parallel to the base, nor 
is subcontrary, is a conic section, that 
is, either an ellipse or a parabola or an 
hyperbola. 
Let V be the vertex, and V O the axis 

of an oblique cone, and let it be cut by 
any plane P Q R : through V draw the 
straight line V D parallel both to the base 
of the cone and to the plane P Q R 
(IV. 40. Cor.): through any point in 
the base of the cone draw a straight 
line parallel to V D , and (III. 57.) a 
straight line teuching the base parallel 
te this straight line er (IV. 6.) to V D; 
and let V P be the slant side of the ppne 
which passes thiscugh the point of ppn-
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(act, so that the plane DVP touches the 
conical surface in the slant side V P . 
Let the plane P V O cut the plane P Q R 
in the straight line P N, and (he ccnipal 
surface in the second slant side Vp'. 
Then, if P N cuts Vp>' in a point P', 
the section P Q R shall be an ellipse; if 
P N is parallel to Vp', the seetipn shall 
be a parabola; and if P N cuts V p ' 
produced beyond the vertex in a point 
P' the section shall be an hyperbola. 

First, let us suppose thatPN is not 
parallel to VP', and therefore, if pro
duped, cuts it in a point P' below or 
above the vertex V. Take any two points 
Q, Q' in the curve P Q R , and through 
these points draw the planes D V Q, 
D V Q' (IV. 1.) cutting the plane P Q R 
in the straight lines Q R, Q' R' and the 
plane V P P' in the straight lines V N , 
V N ' respectively (IV. 2.); also through 
the point P draw a plane parallel to the 
base of the cone, and therefore cutting 
the cone in a eireular sectien P q r (22.), 
and let the same plane cut the plane 
PQRinthe straight line P H . Then, 
because the plane D V P touches the 
cpnipal surface, the straight line P H 
tcuphes bpth the circular section P q r 
and the curve P Q R , and consequently 
the diameter P O p' of the circle is 
perpendicular to P H. Let q n r be the 
projection of Q N R on the plane P a r 
by straight, lines drawn from V, or, which 
is the same thing, the common section 
of the plane p q r with the plane D V Q ; 
then, because V D is parallel to the plane 
of the circle, and likewise to the plane 
P Q R, it is parallel to P H , which is the 
common section of these two planes 
(IV. 40. Cor.); but qr is parallel to 
V D , because it is the common section 
of a plane passing through V D with the 
plane p q r, to which V D is parallel 
(IV. 10.): therefore qr is parallel to 
P H (IV. 6.); and, for the like reasons, 
Q R is likewise parallel to P H , that is 
(IV. 6.), to q r. Also, because q r is 
parallel to P H , which touches the circle 
P q r in P, it is perpendicular to the dia
meter P Op' (III. 2. and I. 14.), and is 
therefore (III. 3.) bisectedirt the point n; 
wherefore, also, since Q R is parallel to 
q r, it is bisected in the point N (II. 30.). Through N and N' draw K L and K' L', each of them, parallel to P Op'. Then, because the triangles V K N, V N L are similar to the triangles Yp'n, Y n P respectively (I. 15.) K N : p'n :: V N ; Y n (II. 31. and II. 19.), and N L : n P :: V N '. Y n , and consequently (11.37. Cor. 3.), K N x N Lis to p'nx 
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re P as V N2 to V re2, that is, since the 
triangles V N Q, Y n q are similar, as 
Q N j to q re2 (11.37. Cor..4.): butp'rc 
x re P is equal to q re2 (IIT. 20.): there
fore, also, K N x N L is equal to Q N8 
(II. 18 Cor.). In the same manner, it 
may be shown that K' N' x N' L' is 
equal to Q' N'2. But, because the tri
angles P' K N, P N L are similar to the 
triangles P'K'N', PN'L' respectively 
(1.15.) K N : NP'::K'N : N ' P , and 
n l : N P :: N'L' : N'p (ii. 31.), 
and consequently, K N x N L or Q N2 is 
to P N x N P as K' N' x N' L' or Q' N'« 
is to P N ' x N ' P (11. 37. Cor. 3.). 
Therefore, alternando, Q N2 is to Q' N'2 
as P N x N P t o P N ' x N ' P ; and 
consequently, P Q R is an ellipse or an 
hyperbola having the diameter P P' and 
tangent P H (19.); an ellipse, if P N 
cuts V P ' below the vertex; an hyper
bola, if above. 

And, by a similar construction, if 
P N be parallel toVp', it may be shown, 
in the same manner, that K N x N L is 
equal to Q N2, and K' N' x N' L' to 

Q' N'2. But, because K N' is a paral
lelogram, K N is equal to K' N' (I. 22.), 
and, because N L is parallel to N' L', 
N L is to N' L' as P N to P N' (II. 30. 
Cor. 2.); therefore, K N x N L is to 
K'N' x N ' L ' a s P N toPN' (11.35.). 
Therefore, Q N2 is to Q' N'3 as P N to 
P N'; and, consequently, P Q R is a 
parabola having the diameter P N and 
tangent P H (19.). 
Therefore, &c. 

Prop. 25. 
Every section of a cylinder which is 
made by a plane parallel to its base, 
is a circle having Us centre in the 
axis of the cylinder, whether the cylin
der be right or oblique. 

Let A B C , ab c be the bases of a 
cylinder, and -Oo its axis, and let 
P Q R be a section made by any plane 
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which is parallel to 
A B C or a be, and cuts 
the axis O o in E. The 
section P Q R shall be 
a circle having the cen
tre E. 

Let P be any point 
in the curve P Q R ; 
join P E ; through P 
draw P A parallel to E 
O, and, consequently 
(V. def. 1.), lying in the convex surface 
of the eylinder, to meet the circumfer
ence A B C in A, and join O A. Then, 
because the parallels P A , E O are in
tercepted between parallel planes, they 
are equal to one another (IV. 13.); 
and, because P A and E O are both 
equal and parallel, E P is equal to O A 
(I. 21.), that is, to the radius of the eirele 
A B C . And, in the same manner, it 
may be shewn that the straight line 
drawn frem E to any other point Q of 
P Q R is equal to the same radius. 
Therefore, the point E is at the same 
distance from every point of P Q R ; and, 
epnsequently, P Q R is a eirele having 
the centre E. 

Therefore, &c. 
Cor. The radius of every eircular 

section of a cylinder, which is made by a 
plane parallel to its base, is equal to the 
radius of the base. 
, Prop. 26. 
In an oblique cylinder, if A a and 
A' a' are the parallel straight lines in 
which the surface of the cylinder is cut by 
aplanepassing through the axis O oper
pendicular to the base, and if the cylin
der be cut by a plane P Q R which is per
pendicular to the plane A a a' A', and is 
inclined to either of the parallel straight 
lines, A a, at the same angle at which the 
base is inclined to the other A' a', the 
section made by the plane P Q R shall be 
a circle having its centre in the axis of 
the cylinder; or, in other words, every 
subcontrary section of an oblique cylin
der is a circle having its centre in the 
axis of the cylinder. 

Let the plane P Q R cut the plane 

A a a' A' in the straight line P P (IV. 2.), 
take any peint Q in (he curve P Q R , 
and thrcugh Q draw the plane D Q D ' R 
parallel tp the base of the cylinder (IV. 
43.), and let this plane cut the plane 
Aaa' A' in the straight line D E D ' and 
the plane P Q R in the straight line 
Q R ; then D Q D' is a circle having 
the centre E (25.). And, because ,the 
planes D Q D', P Q R are each of them 
perpendicular to the plane Aaa'A', 
their common section Q R is perpendicu
lar to the same plane (IV. 18.), and con
sequently to the straight lines DD', PP', 
which meet it in that plane (IV. def. 1.). 
Now, because, by the supposition, the 
planes P Q R, D Q D' are equally inclined 
to the straight lines A a, A' a1 respee
tively, the angles of inclination N P D, 
N D' P' are equal to one another; but 
N D' P' is equal to N D P, because A'a' 
is parallel to A a (1.15.); therefore, the 
angle N P D is likewise equal te N D P, 
and ppnsequently (I. 6.) the side N P is 
equal te the side N D . And. for the like 
reasons, N P' is equal to N D'. There
fore, the rectangle P N x N P is equal 
to the rectangle D N x ND'. But, be
cause D E D' is the diameter of the cir
cle D Q D', and is perpendicular to the 
phprd Q R at the point N , Q R is bisected 
in N (III. 3.), and Q N ! is equalto D N 
x N D' (III. 20.). Therefere, Q N 2 is 
equal to P N x N P'- Therefore, because 
PP' bisects every straightline Q R which 
is drawn perpendicular to it frem a ppint 
Q pf the section P Q R , and that the 
square Q N 2 of the half of such straight 
line is equal to the rectangle P N x N P ' 
under the segments of P P, the section 
P Q R is a circle having P P' for its dia
meter (III. 3. and III. 20.). Also, the 
middle point of P P' is the eentre of the 
circle. But, because 0 o, A a and A' a! 
are parallel, and that A' O is equal te 
O A, P F is equal to F P (II. 29.), that 
is, F is the middle point, of P P'. There
fore, F is the centre ef the eirele P Q R . 

Therefore, &c. 
Cor. The radius of every subcontrary 

section of an oblique cylinder is equal to 
the radius of the base of the eylinder. 
Prop. 27. 

Ev e r y plane section of a cylinder which is neither parallel to the axis* nor parallel to the base, nor subcontrary, is an ellipse having its centre in the * A plane which is parallel to the axis of a cylinder, cuts the convex surface in two straight lines which are parallel to the axis. 
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axis of the cylinder, whether the cylinder 
be right or oblique. 
Let A B A ' , aba' be the bases, and 

O o the axis ef a pylinder, and let P Q R 
be any plane seetion which is neither 
parallel to the axis O o nor to the base 

A B A ' , nor subcontrary: P Q R shall 
be an ellipse having for its centre the 
point C in which its plane cuts the axis 
of the eylinder. 
Through O draw a plane parallel- to 

the plane P Q R (IV. 43.), and let it cut 
the plane A B A ' in the straight line O B ; 
draw the diameter A A ' perpendicular to 
O B, and let the plane A O o cut the 
convex surface of the cylinder in the pa
rallel straight lines A a, A' a', and the 
plane P Q R in the straight line P C P': 
in the curve P Q R take any two points 
Q, Q', and through these points draw 
the planes K Q L R , K'Q'L'R' parallel 
to the base A B A' (IV. 43.) and cutting 
the plane P Q R in (he straight lines 
Q N R, Q' N' R' and the plane Aaa'A' 
in the straight lines K N L, K' N' L' 
respectively (IV. 2.). Then, because 

Q Ris the common section of two planes 
which are parallel respectively to the two 
passing through O B, Q R is parallel to 
O B (IV. 12. Cor.); and, for the like 
reason, Q' R' is parallel to O B or Q R. 
Also, because K L and A' A are the 
common sections of parallel planes by 
the same plane A a a' A', K L is parallel 
to A' A (IV. 12.); and, for the like rea
son, K' L' is parallel to A' A or K L. 
But A'O A is at right angles to O B . 
Therefore, Q R is at right angles to K L . 
and Q'R' is at right angles to K'L' 
(IV. 15.). And, beeause the diameter 
K L pf the circle K Q L R is at right 
angles to the chprd Q R, it bisects Q R 
in the peint N (III. 3.); and, for the like 
reasen, Q' R' is bisected in N'. There
fere (III. 20.) Q N 2 is equal te K N x 
N L , and Q'N'2 tp K'N'xN' U. But, 
because the triangles P'KN, P N L are 
similar to the triangles P'KN', P N ' L' 
respectively (1.15.) K N : NP':: K'N' : 
N' P, and N L : P N :: N' U ; P N' 
(II. 31.), and, consequently, K N x N L 
orQN2 :PNxNP'::K'N'xN'L'or 
Q'N'2 : PN'X N'P' (II. 37. Cor. 3.). 
Therefore, alternando, Q N2 : Q'N'2 
:; P N x N P : PN' x N'P'; and 
consequently (19.), P Q R is an ellipse 
having the diameter P P, and the tan
gent at P parallel to O B . Also, be
cause A A' is bisected in O, and that 
A a, O o and A' a' are parallel to one 
another, P P' is bisected in C (II. 29.). 
Therefoie, C is the centre of the ellipse 
P Q R. 
Therefore, &c. 
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Those marked with an asterisk are of importance. 

age Col. 
4 2 
6 I 
13 2 
11 1 17 1 
18 1 
20 1 

•23 2 
24 1 
25 
26 

1 
1 
1 

28 2 
45 2 

*4l) 1 
-M6 1 
* 46 1 
* 46 2 47 1 
50 1 
54 2 
56 1 
62 I 
64 1 
64 2 

47 /or greater read greater or less 
20 — side D Bread sides D E 
27 •— same line read same side 
12 for to the same straight line l-eatZ to 

the same straight line, and in the 
same plane 

29 — 22. Cor. read 22. Cor. 1 
3 and 4 for AD, and read A D. And 
13/or32 read SI 
42 — and hence read therefore, adding 

twice the square of A E or A C 
23 — 39. Cor.2i-ead29. Cor. 2 
26 — equal to read is equal to 
52 — thepoints D E read the points D, E 
33 — triangle A B C read triangle abc 
3 from bottom,/or H C read A C 
Hi for [10]. Cor. read [11]. Cor. 2 
5 and 2 from bottom, for A': B' : : A: B 

read A' : B -.: A : B' 
4 and 3 from bottom, for A read A', and 

for A' read A 
1 from bottom, for B read B', and for 

B' read B 
1 for B' read B, omitting because it is 

supposed to be greater than B, which 
is greater than Q 

13 of note, for and d read e and d 
45 for def. 7 read def. [7] 

69 
70 

2 
2 

75 1 
78 1 
78 2 
82 1 
S3 I 
92 2 
95 2 
96 1 
99 1 

101 2 
109 2 
110 1 
*U0 2 
*111 1 
*111 2 
*111 2 
117 1 
120 1 
*122 2 

12 
48 

29 
33 
13 
39 

A, B, A', B read A, B, A', B' 
10. Cor. read 11. Cor. 2 

— homologous, and read homolo
gous; and 
— Euc. 1.17 read Enc. VI. 17 
— I. 38 read I. 34 
.— A C read A c 
— 1.5 read I. 6 
— D. (I. 48 read D. (I. 48) 

2 — 5 6 read 56. Cor. 
in the figure of the Scholium, for C 

read G' 
7 /or 1 read 1. Cor. 1 

in the figure of the Scholium, for the C 
nearest to A read c 

7 for A B C D E F read A, B, C, D, E, F 
39 — 31 read SI. Cor. 1 
37 — is greater read is, greater 
1 from bottom, for impracticable read 

impracticable in the way of calcu
lation 

2 from bottom,/or II. 17 read II. 13 
41 for asmayeasilybeshownread(II.23) 
25 for V C D read B C D 
31 _ P A « X A G read P A2 X E G 
16 and 17 for (produced if necessary) 

read produced 
5 /orB C D read B C D and the point A read line 19 immediately before line 18 56 for of given read of the given 31 — 12. Cor. 1 read 11. Cor. 41 — 12. Cor. 1 read 11. Cor. in the figure the letter C is wanting be-ttve'en N and B 

Page Col. Line. 
•124 2 in the Scholium ease 6, for ar3+y2=52 

read a& — */2 = 62 
126 2 1 of note from bottom, for said read 

made 
2 26 for 17 read 17. Cor. 
1 11 — pass read passes 
2 47 — will be read will lie 
2 5 —this read that one 
2 1 from bottom, for 20 read 21 
2 '3 from bottom, for themselves read 

likewise 
2 33 for altitude G H read altitude CH 
2 3 8 — 2 1 read 22 
1 IS A B C D r e a d A B C D E 
1 27 omit the reference (II. 12) 

126 
123 
134 
137 
139 
140 
*14S 
144 
145 
*I46 
*I50 
152 
154 
157 
160 
*160 
160 
167 
171 
172 
172 
173 
173 
174 
174 
175 

181 
*I82 
1S2 
182 

184 
190 
190 

1 in thenguretheline AE is dotted bymistake 
SO for I. 12 read I. 12. Cor. 1. 
16 — G H, being read G H being 
4 — AB, ACreadOB, O C 
1 — ABCDreadABCDE 
4 from bottom, for FL readE L 

1 in the lower figure, for u read U 
for right angle read right-angled 

21 — 1 Cor. 2 read 2 Cor. 2 
22 — IV. 32 read IV. 32. Cor. 2 
12 from bottom, for pyramid read cone 
13 for 5. Cor. 1 read 7. Cor. 1 

_ 26 — pyramid read cone 
1 in the figure, the letter C is wanting at the 

centre of A B D 
9 from bottom, for 6 read 8 
3 and 4 for Props. 2 and 6 read Props. 

3 and 8 
29 for 13 read 13 and 16 
12 — C H read C D 
5 from bottom, for III. 36 read I. 36 
13 from bottom, /or f » + G 13 read 

20 for 15 read 18 
5 from bottom, for greater read less 
4 from bottom, for less read greater 

A D D E N D U M . 
Page 93, col. 2, after Book III. prop. 28, add, 
Cor, In an isosceles triangle, which has each of 

the equal angles double of the vertical angle, the 
sides and base are in extreme and mean propor
tion ; and conversely. 
In such a triangle, each of the equal angles is 

four-fifths of a right angle (I. 19.) As we are ena
bled, therefore, to describe such a triangle by II. 
59, we can thus divide a right angle into five equal 
parts, as was observed in the scholium of p. 26. 
And generally, if a regular polygon of n sides can 
be inscribed in a circle, (as, in the present instance, 
the regular polygon of five sides,) a right angle 
may be divided into n equal parts, by taking for 
one of those parts (I. 40. Cor.) a fourth of the 
angle which the side of the polygon subtends at the 
centre of the circle. (I. 3. Cor.) 
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The theorems and problems of Plane Geometry will be found under the heads Straight Line, Angle, 
Triangle, Square, Rhombus, Rectangle, Parallelogram, Quadrilateral, Rectilineal Figure, Circle; those 
of Solid Geometry under Plane, Dihedral Angle, Solid Angle, Tetrahedron, Cube, Rectangular Paral
lelopiped, Parallelopiped, Prism, Pyramid, Polyhedron, Regular Polyhedron, Cylinder, Cone, Sphere, 
Solid of Revolution; of Spherical Geometry under that beadj of Ratios and Proportion under those 
respective heads; and so of Projection and the Conic Sections. 
The parts included in uncise are additions ; having been made, either with the view of supplying such 

connecting links as seemed wanting in the present digest of the whole work, as in " Circle " (E) and 
(G) ; or of completing what had been left imperfect, as in the notes on " Proportion " and " Rectangle;" 
or of extending and generalising where only partial viewshad been given, as under the heads " similar," 
" symmetrical," " touch ;" or of adding whatever of use or interest hadbeen inadvertently omitted, as 
in " Annulus," " Lunes," and the note on " Centrolinead." 

A B S C I S S A (Lat., a part cut off) of a 
conic section . . . def. 220 

Acute, (Lat., pointed,) a term applied to an
gles, whether plane, dihedral, or spherical, 
which are less than right angles. 

Adjacent angles are those which one straight 
line, or plane, or spherical arc makes with 
another upon one side of it. 

Affection, angles said to be of the same, or 
of different affections . . note 62 

Algebra, its signs + , —, x, & c , borrowed 
with advantage by geometry . 20 

Alternando, a rule in Proportion. See " Pro
portion." 

Alternate, certain angles said to be, which 
are made by two straight lines (or planes), 
with a third straight line (or plane) 13 

Altitude, of any figure, is a perpendicular 
drawn to the base from the vertex, line, or 
plane, opposite to it. 

Analysis, (Gr., undoing, or taking to pieces,) 
in geometry, is that mode of demon
strating a theorem, or solving a problem, 
which searches into the thing proposed; 
and takes it (as it were) to pieces, in order 
to discover the more simple truths and 
constructions upon which it is built.: the 
reverse process is called Synthesis, (Gr., 
putting together,) and proceeds in a didactic 
form, by the putting together of truths and 
constructions already established, to do, or 
establish the certainty of the tbing pro
posed . . . 107 

Angle, dihedral. See " Dihedral Angle." 
Angle, rectilineal . . def. 1 

W h e n said to be right, oblique, acute, 
obtuse . . . def.2 

Supplementary . . note 5 
Explementary, reverse . . 85 More complete definition of angular magnitude . . . 8 5 (a) The magnitude of an angle is independent of the extent of its legs def. 1 (i) Equal angles may be made to coincide . . ax. 4 (o) All right angles are equal to one another . . . 4 (d) Every angle is measured By the cir

cular arc, which is described about 
the angular point with a given radius, 
and .is included between the legs, 

sch. 85 
(e) B y continued bisections, a given 
. angle m a y be divided into 2, 4, 8, 16, 
&c. equal parts; but the division of 
an angle (in general)'into any other 
number of equal parts is impracticable 
by a plane construction, i. e. with the 
right line and circle only sch. 26 

( f ) To bisect a given angle . 25 
(g) At a given point in a given straight 

line to make an angle-equal to a given 
angte . . 26 

See :i Straight Line." 
Angle, solid. (See " Solid Angle.") def. 125 
Angle, spherical. (See " Spherical Geome

try.") . . . def. 185 
Angle in a segment. (See " Circle.") def. 79 
[Annulus (Lat., a ring,) a name given to the 
space which is the difference of two con
centric circles—two annuli are said to be 
similar, when the radii of the interior and 
exterior circumferences are to one another 
in the same ratio. See " Circle."] 

Antecedent, of a ratio, is the leading term : 
the antecedents of a proportion are. the first 
and third terms . . def, 32, 33 

Apothem of a regular polygon . def. 91 
Approximation to the area of a circle, when 

the radius is given; or, to the radius when 
the circumference is given; or, to the radius 
when the area is given. (See " Circle.") 

sch. 97, 98 
Arc (Lat., a bow) of a circle. (See " Circle.") 

def. 78 
Arc, spherical. (See " Spherical Geometry.") 

def. 184 Area (Lat., a floor) means, sometimes, the same as surface; but is more properly applied to signify the number of times any surface contains the superficial unit sch, 18 Area of a triangle. See " Triangle." Area of the circle. See " Circle." Arithmetical mean, between two magnitudes, is a magnitude which exceeds the lesser of the two by as much as it falls short of the greater. 
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(a) Is equal to half the sum of the two 
magnitudes • . . ax. 4 

(b) Is greater than the geometrical 
mean . . cor. 42 

(c) Arithmetical means being continually 
taken between two magnitudes, be
tween the new mean and the last, and 
so on; to arrive at the approximate 
result immediately, after a certain 
number have been taken. • note 98 

Arithmetical progression. Magnitudes A, B, 
C, D, &c. are said to be in arithmetical 
progression, when their successive diffe
rences are equal, i. e. when A is. as much 
greater or less than B , as B is than C, as 
C is than D, and so on. 

Arithmetical theory of proportion. (See "Pro
portion.") 

In what respects inadequate to the pur
poses of geometry . note 57 

Arris of a solid. (See "Polyhedron.") def. 126 
As. Peculiar use of the word, in expressing 
. certain proportions . . sch. 62 
Asymptote of a curve. (See " Conic Sec

tions," and " Projection.") . def. 211 
Axiom (Gr.), a self-evident truth . 4 
Axioms of equality and inequality . 4 
Axis of a circle of the sphere def. 184 

Of a cone or cylinder def. 166, 167 
O f a regular prism or pyramid def. 127 

Axis of a, figure of revolution (and in, this 
• sense of a sphere) is the straight line about 
which the revolution is supposed to take 
place. 

Axis of a conic section . def. 217 
Principal or transverse def. 217 
Conjugate . . def. 226 

Base of a triangle, def. 2—of a pyramid, 127 
— o f a cone, 167—of a spherical segment, 
-179—of a spherical sector, 179. 

Bases of a parallelopiped, def. 126—of a 
prism, 127-—of a cylinder, 166. 

Centre of a circle, def. 3—of a regular poly
gon, 9 1 — o f a sphere,-127—of a regular 
polyhedron, 161—of an ellipse, or hyper
bola 217 

Centrolinead, an instrument for drawing con
verging lines . . . . 75 

For a description of Mr. Nicholson's 
instrument, * see the " Transactions 
of the Society of Arts," vol. xxxii. 

Circle, (also centre, circumference, radius or 
semidiameter, diameter) . def. 3 

* A more simple instrument, for the same purpose, 
consisting of three rulers, which are stiffly moveable 
about a common joint in the same, or in parallel 
planes, is likewise of frequent use among draughts
men. Its form is not so convenient, neitherfrom the 
want of the additional rulers is its adjustment sus
ceptible of the same accuracy as Mr. Nicholson's. 
It derives its use, however, from the same principle, 
and the manner of applying it may be explained as 
follows:— 
Let A B and C D be two given lines, converging to the distant point O, and let it be required to draw through any given point P a straight line, which shall pass through the same point O. In A B take any point A, and in C D any point C, and join A G ; 

Arc, chord, segment, sector, tangent 
def. 78, 79 

Similar arcs, similar segments, similar 
sectors . . . def. 91 

(A.) First Properties, III. § 1. 
(a) If a straight line meets a circle in 

two points, it cuts the circle in those 
points, and the part between them falls 
within the circle . . 79 

(b) A straight line cannot meet a circle 
in more than two points cor. 79 

(c) A circle is every where concave to
wards its centre . cor. 79 

(d) The straight line which is drawn at 
right angles to the radius of a circle 
from its extremity touches the circle; 
and no other straight line can touch 
it in the same point . . 79 

(e) If a straight line touches a circle, the 
straight line drawn from the centre to 
the point of contact shall be perpendi
cular to the line touching the eirele 

,' cor. 80 
(/) If a straight line touches a circle, 

and if from the point of contact a 
straight line be drawn at right angles 
to the touching line, the centre of the 
circle shall be in that line cor. 80 

(g) Tangents which are drawn to a circle 
from any the same point without it, 
are equal to one another cor. 80 

(h) Tangents at the extremities of the 
same diameter are parallel cor. 80 

(B). Of the Diameter and other CAorrfs, III.§1. 
(a) The diameters of the same circle 

are equal to one another def. 3 
(6) Every diameter divides the circle 

and its circumference into two equal 
parts , . - note 78 

(c) The diameter is the greatest straight 
line in a circle; and, of others, that 
which is nearer to the centre is greater 
than the more remote; also, the greater 
is nearer to the centre than the less 80 

let QA, QP, Q C , represent the three rulers, having 
the common joint Q, and let the angles PQA, P Q C 
be set (or made equal) to the angles A C D and B A C 
respectively; fix two pins, one at A, the other at C, 
and move the rulers A Q , C Q, along these pins, until 
Q P passes through the point P ; let the ruler Q P be 
then steadily fixed, andtheline QP.drawn; Q p is the 
line required. For, if a circle be described through 
the points A, C, O, the point Q will always lie in its 
circumference, because A Q C is equal to the sum 
(fig. 1) or the difference (fig. 2) of P Q A and P Q C , 
i. e. of B A C and A C D , i. e. to the supplement of 
the angle O (fig. 1), or to the angle 0(fig. 2); there
fore, since, the angle P Q C is equal to B A C , Q P 
produced passes through O. 
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(d) Equal straight lines in a circle are 

equally distant from the centre; and 
those which are equally distant from 
the centre are equal to one another 

cor. 81 
(e) If a diameter cuts any other chord 

at right angles, it bisects it; and 
conversely, rf a diameter bisects any 
other chord, it cuts it at right angles 80 

(/) T w o chords of a circle cannotbisect 
one another, except they both pass 
through the centre . cor. 80 

(g) The straight line which bisects any 
chord at right angles, passes through 
the centre of the circle . cor. SO 

(h) If two circles have a common chord, 
it shall be bisected at right angles by 
the straight line joining their centres 

cor. 80 
(V) A diameter bisects all chords which 

are parallel to the tangent at either of 
its extremities . . cor. 80 

{(f) Every diameter divides the circle 
symmetrically. .See " Symmetrically 
divided."] 

(/) If a point be taken, from which to 
the eircumference of a circle there 
fall more than two equal straight lines, 
that point is the centre of the circle 81 

(m~) From any other point than the centre 
there cannot be drawn to the circum
ference of a circle more than two 
straight lines that are equal to one 
another, whether the point be within 
or without the circle . cor. 81 

{n) If a point be taken within a circle 
which is not the centre, of all the 
straight lines which can be drawn 
from that point to the circumference, 
the greatest is that which passes 
through the centre, and the other part 
of that diameter is the least; also, of 
any others, that which is nearer to 
the greatest is greater than the more 
remote, and any two, which are equally 
distant from the greatest upon either 
side of it, are equal to one another 

sch. 83 
•(o) If a point be taken without a circle, 

and straight lines be drawn from it 
to the circumference, of those which 
fall upon the concave circumference, 
the greatest is ' that which passes 
through the centre, and of the rest that which is nearer to the greatest is greater than the more remote, and any two which are equally distant from the greatest upon either side of it are equal to one another; also, of those which fall upon the convex circumference, the least is that between the point without the circle and the diameter, and of the rest, that which is nearer to the least is less than the more remote, and any two which are equally distant from the least upon either side of it are equal to one another . . . *cA. 83 

(C) O f Circles which cut or touch one 
another, III. § 1. 

(a) Circles which are concentric either 
do not meet one another, or coincide 
altogether . . . 81 

(6) Circles which cut or touch one 
another cannot have the same centre 

cor. 81 
(c) Circles cannot cut one another in 
-more than two points . . 82 

(d) If two circles meet one another in a 
point which is not in the straight line 
joining their centres, or in that straight 
line produced, they shall meet one 
another in a second point upon the 
other side of that straight line, and 
shall cut one another . . 82 

(e) If two circles meet one another in a 
point which is in the straight line 
joining their centres, or in that straight 
line produced, they meet in no other 
point; the circumference of the circle 
which has the greater radius falls 
wholly without the circumference of 
the other, and the circles touch one 
another . . . . 83 

(f) Circles which cut one another meet 
in two points, [and the distance be
tween the two is bisected at right 
angles by the straight line which 
joins their centres] . cor. 83 

(g) If two circles cut one another, the 
straight line which joins their centres 
is less than the sum, and greater than 
the difference of their radii cor. 83 

(H) Circles which touch one another meet 
in one point only; and the straight 
line which joins their centres, or that 
straight line produced, passes through 
tlie point of contact . cor. 82 

(i) If two circles touch one another, the 
distance of their centres is equal to 
the sum or to the difference of their 
radii; the sum, if they touch exter
nally; the difference, if they touch 
internally . . . cor. 82 

(k) If the circumferences of two circles 
do not meet one another in any point, 
the distance between their centres 
shall be greater than the sum, or less 
than the difference of their radii, ac
cording as each of the circles is with
out the other, or one of them within 
the other; [and the circles approach nearest to one another in the straight line joining their centres, or in that straight line produced] . 83 (I) If the distance between the centres of two circles be at once less than the sum, and greater than the difference of their radii, the circles will cut one another ; if that distance be equal to the sum, or to the difference, of the radii, the circles will touch one another; and, if that distance be greater than the sum, or less than the difference of the radii, the circles will not meet one another . cor. 84 
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CD) Of Arcs and Angles in u. Circle, III. 

(a) In the same, or in equal circles, 
equal chords subtend equal angles at 
the centre, and conversely; and the 
greater chord subtends the greater 
angle at the centre, and conversely 84 

(b) In the same, or in equal circles, equal 
angles at the centre stand upon equal 
arcs, andconversely . . 84 

(c) In the same, or in equal circles, equal 
chords subtend equal arcs ; and con
versely . . . cor. 85 

(d) In the same, or in equal circles, any 
angles at the centre at the arcs upon 
which they stand; i.e., any angle at 
the centre is measured by the are upon 
which it stands . . 85 

(e) The angle at the circumference is 
equal to half the angle at the centre 
upon the same base; i. e.} any angle 
at the circumference is measured by 
half the are upon which it stands 86 

(y) In the same, or in equal circles, 
equal angles at the circumference stand 
upon equal arcs, and conversely; also, 
any angles at the circumference are 
as the arcs, upon which they stand 

cor. 86 
(g) Angles in the same segment of a 

circle are equal to one another 86 
(h) The angle in a semicircle is a right 

angle; the angle in a segment, which 
is greater than a semicircle, is less 
than a right angle ; and the angle in 
a segment, which is less than a semi
circle, is greater than a right angle 

cor. 86 
(i) If a triangle and a circular segment 

stand upon the same base and upon 
the same side of it, the vertex of the 
triangle will fall without, or within. 
or upon the arc of the segment, ac
cording as the vertical angle is less 
than, or greater than, or equal to, the 
angle in the segment . cor. 87 

(k) If any chord be drawn in a circle, 
the' angles contained in the two oppo
site segments shall be, together, equal 
to two right angles . . 87 

(I) The opposite angles of a quadrila
teral in a circle are, together, equal to 
two right angles . cor. 87 

(m) If at one extremity of a chord a tangent be drawn, the angles which it makes with the chord shall be equal to the angles in the alternate segments ; and conversely, if at one extremity of a chord a straight line be drawn such that the angles it makes with the chord are equal to the angles in the alternate segments, such straight line is a tangent . • S? («) Parallel chords intercept equal arcs, and conversely . • °8 (o) If a tangent and a chord be parallel, the arc between them is bisected by the point of contact; and, conversely, 

if the- arc between a chord and tan
gent be bisected by the point of con
tact, the chord and tangent shall be 
parallel . . . cor. 88 

(p) If any two chords meet one another, 
the angle contained by them is mea
sured by half the sum, or by half the 
difference of the intercepted arcs, ac
cording as the point in which they 
meet is within or without the circle 88 

(o) If a chord meet a tangent, the angle 
contained by them is measured by 
half the difference of the intercepted 
arcs [and the same measure obtains 
when two tangents meet one another.] 

cor. 88 
(E) Of Rectangles under the Segments of 

Chords, III. § 3. 
1(a) If a diameter bisects any chord, 
the square of half the bisected chord 
is equal to the rectangle under the 
segments of the diameter (I. 36, and 
I. 34.)] 

[(b) The tangents at the extremities of a 
chord meet one another in the same 
point T of the bisecting diameter, and 
that in such a manner, that if C is the 
centre of the circle, N the point of 
bisection, and C A the radius, C N , C A , 
and CT, are proportionals (II. 34.)] 

(c) If any two chords cut one another, 
the rectangles under their segments 
shall be equal, whether they cut one 
another within or without the circle 88 

(d) If two straight lines A B , C D , cut 
one another in a point E, and if the 
points A, B, and C, D, are taken, (the 
two first upon the same side of E, and 
the two last likewise upon the same 
side; or the two first upon opposite 
sides of E, and the two last Ukewise 
upon opposite sides,) so that the rectan
gle under A E , E B , shall be equal to 
the rectangle under C E , E D , the points 
A, B, C, D, shall lie in the circum
ference of the same circle cor. 89 

(e) If a chord meet a tangent, the 
square of the tangent shall be equal to 
the rectangle under the segments of 
the chord . . . 89 

(/) If two straight lines, A B and C E , 
meet one another in a point E, and if 
the points A, B, and C, are so taken, 
that, A and B being upon the same side of E, the square of E C is equalto the rectangle under A E , E B , the straight line E C shall touch the circle which passes through the points A, B, C " . . cor- 89 (g) If a triangle be inscribed in a circle, and if a perpendicular be drawn from the vertex to the base, the rectangle under the two sides shall be equal to the rectangle under the perpendicular and the diameter of the circle 9 0 (h) If triangles are inscribed in the same, or in equal circles, the rectangles 
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under the sides, containing any two 
angles, shall be to one another as the 
perpendiculars drawn to the opposite 
sides . . . cor. 90 

(i) If a quadrilateral be inscribed in a 
circle, its diagonals are to one another 
as the stuns of the rectangles under 
the sides terminated in their extremi
ties . . . . 90 

(k~) If a quadrilateral be inscribed in a 
circle, the rectangle under its diago
nals shall be equal to the sum of the 
rectangles under its opposite sides 90 

(I) If from any point without a circle, 
two straight lines are drawn to touch 
the circle, every straight line which is 
drawn through that point to cut the 
circle shall be harmonically divided 
by the circumference, and the chord 
joining the points of contact; and the 
tangents at the points in which every 
such straight line cuts the circum
ference shall meet one another in the 
chord produced . lem. 220 

(m) If through any point taken within 
or without a. circle, there are drawn 
any number of straight lines, each 
cutting the circle in two points, and 
if at every such two points tangents 
are drawn intersecting one another in 
a point P, the locus of the points P 
shall be a straight line; and every 
straight line which, is drawn through 
the point taken to cut the circle shall 
be harmonically divided by that 
straight line and the circle cor. 112 

(F) Of regular Polygons, inscribed and cir
cumscribed, III. § 4. 

(a) If any two adjoining angles of a 
regular polygon be bisected, the inter
section of tbe bisecting lines will be 
the common centre of two circles, the 
one circumscribed about, the other in
scribed in, the polygon . 91 

(b) If the circumference of a circle be 
divided into any number of equal 
parts, the chords joining the points of 
division shall include a regular poly
gon inscribed in the circle ; and the 
tangents drawn through those points 
shall include a regular polygon of the 
same number of sides circumscribed 
about the circle . . 9 2 

(c) If any regular polygon be inscribed in a circle, a similar polygon may be circumscribed about the circle by drawing tangents through the angular points of the former; and, conversely cor. 92 (d) If any regular polygon be inscribed in a circle, and if a tangent be drawn parallel to one of its sides, and be terminated both ways by radii passing through the extremities of that side, such terminated tangent shall be a side of a similar polygon, circumscribed about the circle , . cor. 92 

(e) The side of a regular hexagon is 
equal to the radius of the circle iu 
which it is inscribed; the side of a 
regular decagon is equal to the greater 
segment of the radius divided me
dially ; and the side-square of a regu
lar pentagon* is greater than the 
square of the radius by the side-square 
of a regular decagon inscribed in the 
same cncle . . . . 93 

(f) If K and L represent two regular 
polygons of the same number of sides, 
the one inscribed in, and the other 
circumscribed about the same [circle, 
and if M and N represent the inscribed 
and circumscribed polygons of twice 
the number of sides; M shall be a 
geometrical mean between K and L, 
and N an harmonical mean between 
L and M . . . 96 

(g) If k and / represent the radii of the 
circles which are inscribed in any 
regular polygon, and circumscribed 
about it, and if m and n represent 
these radii for a regular polygon 
which has twice as many sides as the 
former, and an equal perimeter; m 
shall be an arithmetical mean between 
k and /, and n a geometrical mean be
tween I and m . . note 98 

(h~) If k and / represent the radii of the 
circles which are circumscribed about 
any regular polygon and inscribed in 
it, and m an arithmetical mean between 
them; and if k' and I' represent these 
radii for a regular polygon which has 
twice as many sides as the former and 
an equal area, k' shall be a mean pro
portional between k and I, and I' a 
mean proportional between / and m 

note 98 
(i) The area of any regular polygon is 

equal to half the rectangle under its 
perimeter and the radius of the in
scribed circle . . . 93 

(k) The perimeters of similar regular 
polygons are as the radii of the in
scribed or circumscribed circles, and 
their areas are as the squares of the 
radii 94 

(/) Table of tbe areas of the regular po
lygons of 4, 8, 16, &c. sides up to 220, 
which are inscribed in and circum
scribed about the same circle, as far as the 10th decimal place inclusively ; the square of the radius being unity sch. 97 (G) Of the Circumference and Area of the Circle, III. § 4, 5. [(o) The circumference of a circle is greater than the perimeter of any inscribed polygon, and less than that of any circumscribed polygon; so also 

* The diagonals, also, of a regular pentagon are 
severally parallel to its sides, and greater than them 
in extreme and moan ratio. Note, 159. 
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its area is greater than the area of 
any inscribed polygon, and less than 
that of any circumscribed polygon. 
(I. 10. sch.)] 

(b) A n y circle being given, a regular 
polygon m a y be inscribed (or circum
scribed), which shall differ from the 
circle in perimeter, or in area, by less 
than any given difference cor. 95 

(c) A n y two eircles being given, similar 
regular polygons may be inscribed, 
or circumscribed, which shall differ 
from the circles, in perimeter or in 
area, by less than any the same given 
difference . . . cor. 95 

(d) The area of a circle is equal to half 
the rectangle under the radius and 
circumference . . . 95 

(e) The circumferences of circles are as 
the radii, and their areas are (in the 
duplicate ratio, or) as the squares of 
the radii . . . . 9 6 

(/) The ratio of the circumference to the 
diameter is 3.1415926535 &c. ; to 
which number we may approximate 
by any of the theorems (/), (g), (h), 
in the last division . sch. 97 

For rules to abridge the calculation, see 
note 97 

(g) The circumference and diameter 
have been demonstrated to be incom
mensurable, so that their approxima
tion has no limit . sch. 99 

(h) If K represents the radius of a cir
cle, and vr the number 3.1415 &c. the 
circumference = 2a-B., and the area 
— 5rR2 . . . sch. 99 

(i) The circle is a mean proportional be
tween any circumscribed polygon and 
a similar polygon which has the same 
perimeter with the circle note 102 

(h) The circle is greater than any (regu
lar polygon, or any rectilineal figure, 
or any other) plane figure whatever 
which has the same perimeter; and 
has a less perimeter than any other 
plane figure whatever which has the 
same area . . 102, 105 

-(H) Of certain Portions of the Circumference 
and Area, III. § 4, 5. 
(a) Similar arcs of circles are as the 

radii . . . cor. 96 
(4) In the same, or in equal circles, any 

two sectors are as tbe arcs upon which they stand . . 85 [(c) A sector of a circle is to the whole circle as the arc upon which it stands to the whole circumference]. (d) A sector of a circle is equal to half the product of the radius and the arc upon which it stands . cor, 96 (e) Similar sectors are as the squares of the radii ,' . . cor. 96 (/) Similar segments are as the squares of the radii . . cor. 96 (r/) A circular segment is greater than any other plane figure whatever having 

the same right line for a base and the 
same perimeter [and has a less peri
meter than any other plane figure 
whatever having the same right line 
for a base and the same area] cor. 106 

[(A). A circular annulus is equal to the 
product of its breadth and half the 
sum of its interior and exterior cir
cumferences.] 

[(;') Similar annuli are as the squares of 
their interior or exterior radii.] 

(I). Problems relating to the Circle. 
(a) To divide a given circular arc into 

2, 4, 8, &e. equal parts . . 112 
(b) To find the centre .of a given circu

lar arc, and to complete the circum
ference of which it is a part 113 

(c) To draw a tangent to a given circle 
from a given point— 

1. W h e n the given point is in the 
circumference. 

2. W h e n without it . . * 113 
(d) To draw a tangent to a given circle, 

which shall be parallel to a given 
straight line . . . 1 1 3 

(e) To draw a common tangent to twi 
given circles— 

1. So as to touch them upon the 
same side of the line joining their 
centres. 

2. So as to touch them upon oppo
site sides of that line 114 

(f) Upon a given straight-line to de
scribe a circular segment which shall 
contain an angle equal to a given 
angle . . . . 119 

((f) From a given point, to draw a chord 
which shall cut off from a given circle 
a segment containing a given angle— 

1. W h e n the given point is in the 
circumference . . 119 

[2. W h e n not.]* 
(h) To inscribe in, or circumscribe 

about, a given circle, a triangle simi
lar to a given triangle . 119 

(i) To inscribe in or circumscribe about 
a given circle— 

1. A n equilateral triangle. 
2. A square. 
3. A regular pentagon. 
4. A regular hexagon. 
5. A regular decagon. 
6. A regular pentedecagon 120 

(k) To inscribe in or circumscribe about a given circle a regular figure of any required number of sides, very nearly sch. 120 (/) To describe a circle, in which four given straight lines, of which everyone is less than the other three, shall together.: subtend the whole .circumference . . . . . 9 1 

* Describe a circle about the same centre, touch
ing a chord which is drawn from any point of the cir
cumference to cut off a segment containing the given 
angle, and through the given point draw a tangent 
to this circle. 
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(m) To describe a circle, which shall 
1. Pass through three given points, 
,,not in the same straight line (to 
circumscribe a circle about a 
triangle is the same as this) 114 

2. Pass through two given points, 
and touch a given straight line 

114 
3. Pass through a given point, and 

touch two given straight lines 
114 

4. Touch three given straight lines, 
of which not more than two are 
parallel (to inscribe a eirele in a 
triangle is a case of this) 114 

5. Pass through two given points, 
and touch a given circle sch. 116 

6. Pass through a given point, and 
touch two given circles sch. 116 

7. Touch three "given circles, of 
which not more than two are con
centric . . sch. 117 

8. Pass through a given point, 
touch a given straight line, and 
also touch a given circle sch, 117 

9. Touch two given straight lines, 
and also a given circle sch. 118 

10. Touch a given straight line, 
and also two given circles sch.l 18 

In what manner these problems 
may be modified and varied, see 
sch. 119. 

•Circle of a sphere (See " Spherical Geome
try") . def. 184 

Circular section of a cone, or cylinder.—See 
" Cone " and " Cylinder." 

Circumference of a circle. (See " Circle") 3 
Circumscribed ahout a circle, a rectilineal 
figure said to be . . def 79 

• about a rectilineal figure, a 
circle said to be . . def. 79 

• about u. cone, a. pyramid 
said to be . . . def. 167 

•— about a cylinder, a prism, 
said to be , def. 167 

Commensurable, magnitudes said to be, 31 
(a) Magnitudes, which measure the 

same magnitude, are commensurable; 
and if two [or more] magnitudes are 
commensurable, a magnitude may be 
found which is measured by them 37 

(6) If one magnitude is commensurable 
with another, which is commensurable 
with a third, the first is commensurable with the third; and so, of any number of magnitudes . . 37 Common factor of two numbers, is a number which divides each of them. (a) The greatest may be found by the rule given for the greatest common measure of any two magnitudes sch. 36 (6) Every other is contained an exact number of times in the greatest sch.3S (c) The greatest, and the greatest only, dividing the two numbers, gives prime quotients r . sell. 36 (d) If — = —, and if a is prime to b, 
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c and d are equimultiples of a and b 
note 47 

(e) If -7- = —, the fractions — and — 
v ' b d o d 
have the same lowest terms note 47 

Common measure of two (or any number of) 
magnitudes . . . def. 31 

(a) Measures their sum and difference 
34 

(6) If A contains B any number of 
times, with a remainder R, every 
common measure of A and B mea
sures R, and every common measure 
of B and R measures A ; also the 
greatest common measure of B and 
R is the greatest common measure of 
A a n d B . . . . 3 5 

(c) Process by which the greatest com
mon measure may be found— 

1. Of two magnitudes. 
2. Of any number of magnitudes 35 

(d) Every other common measure mea
sures the greatest . . 36 

Common section of any two surfaces is the 
line in which they cut one another, and 
which is common to both the surfaces, see 
p. 128, 131, 151, 214. 

Common tangent.—See " Circle." (I). 
Complement, one angle is said to be the com
plement of another, when the two together 
are equal to a right angle. 

Complements of parallelograms about the di
agonal of a parallelogram . def. 3 

of parallelopipeds about the dia
gonal plane of a parallelopiped. See iv, 
22, Cor. 2. 

Complete conical surface . . def. 214 
Componendo, a rule in proportion. See 
" Proportion." 

Compound ratio, a name given to the ratio 
which is compounded of two or more ra
tios . . . cor. 45 

Compounded, ratios said to be ., def. 34 
. proportions said to be . sch. 48 

Concentric, circles (or spheres) are said to be 
when they have the same centre def. 79 

Cone, (also its base, axis, slant side, con
vex surface, frustum) . def. 166, 167 

W h e n said to be right, when oblique 
def. 167 

When two cones are said to be similar 
def. 167 

When a pyramid is said to be inscribed in, 
or circumscribed about a cone def. 167 (a) The convex surface of a cone may be supposed to be generated by a straight line which is carried round the circumference of its base, so as to pass always through the vertex def. 167 (6) A right cone is generated by the revolution of a right angled triangle about one of the sides . 167 (c) A pyramid may be inscribed in any cone (or circumscribed about it) which shall approach nearer to the cone, in convex surface or in solid content, than by any given difference cor. 172 and sch. 175 
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(d) A cone is greater than any inscribed 
pyramid, and less than any circum
scribed pyramid; also, the convex 
Surface of the cone is greater than 
that of any inscribed pyramid, and 
less than that of any circumscribed 
pyramid . . 171 and sch. 175 

(e) A n y two similar cones being given, 
similar pyramids m a y be inscribed 
(or circumscribed), which shall ap
proach nearer to the cones, in convex 
surface or in solid content, than by 
any the same given difference 

cor. 172 and .scA. 175 
(f) The convex surface of a right cone 

is equal to half the product of its 
slant side, and the circumference of its 
base, or (if R represents the radius of 
the base, and S the slant side) = s r R S 

172 
(jf) The solid content of every, cone is 

equal to onerthird of the product of its 
base and altitude; or (if R represents 
the radius of the base, and A the alti
tude) = i * R 2 A 173 and sch. 175 

(h) Every cone is equal to the third 
part of a cylinder which has the same 
base and the same altitude 

cor. 173 and sch. 175 
(i) Every cone is equal to a pyramid 

which has an equal base and an equal 
altitude .. cor. 173 and sch. 175 

(k) Cones which have equal altitudes 
are to one another as their bases; 
and cones which have equal bases, as 
their altitudes; also any two cones 
are to one another in that ratio which 
is compounded of the ratios of their 
bases and altitudes 

t cor. 173 and sch. 175 
(/) The surfaces of similar cones are 

in_ the duplicate ratio (or as the 
squares) of their axes; and their 
solid contents in the triplicate ratio 
(or as the cubes) of their axes 173 

(pi) The convex surface of the frustum 
of a right coue is equal to the product 
of the slant side of the frustum by 
half the sum of the circumferences of 
its two bases; i. e. of the slant side 
and the circumference generated by 
its middle point . . . 1 7 4 

(n) The solid content of a frustum -of a 
cone, whether it be right or oblique, is equal to the sum of the solid contents of three cones which have the same altitude with the frustum, and, for their bases, its two bases and a mean proportional between them 174 (o) If a cone is cut by a plane which is parallel to its base, the section is a circle, having its centre in the axis of the cone . . 215 and 229 (jo) The subcontrary section of an oblique cone is a circle . . 229 (q) If a cone is cut by a plane which is neither parallel to the base nor sub-contrary, nor passes through the_ver 

tex, the section is a conic section 
214 and 230 

Conic section . . . def. 214 
vertical plane of . def. 215 

-when Baid to be an ellipse, when 
a parabola, when an hyperbola def. 215 

(A) Of the three Conic Sections. 
(a) Every conic section is the "perspec

tive projection of a circular section of 
the cone upon the plane of the conic 
section by straight lines drawn from 
the vertex of the cone . 216 

(6) And in like manner, eveiy circular 
section m a y be considered as the 
perspective projection of the conic 
section by straight lines, drawn from 
the vertex of the cone** . cor. 216 

(c) The projection of every point ̂ mtjie 
conic section m a y be ftrtrnd Jp. the 
circular section, whetheryit -me,, an • 
ellipse or a parabola, or anAyperbrSa 

(d) The projection of every poinFiu the 
circular section m a y be foundAinifcJie 
conic section; except in the case bfffiie 
parabola, the projection of the poifi 
in which the vertical plane touchOT 
the circular section; and except in-
the case of the hyperbola, the projec
tions of the two points in which the 
vertical plane cuts the circular section,. 

cpr. 216 
(e) A conic section cannot be cut, by a 

straight line in more than two points; 
and, if a straight line touches a- conic 
section, it shall meet it in one point 
only, viz., the point, of contact 218 

[ (f) If from any point without a conic 
section, two straight lines are drawn 
to touch it, every straight fine which. 
is drawn through that point to cut the 
conic section, shall be harmonically 
divided by the curve and. the chord 
which joins the points, of contact; 
and the tangents at the points in 
which every such straight'line cuts 
the curve, shall meet one another in 
the chord produced.—See lem. p. 220, 
and the demonstration of App. 20, in 
p. 227.] 

(g) If, through any poin taken within 
or without a conic section, there are 
drawn any number of straight lines, 
each cutting the curve in two points, 
and if at every such two points tangents be drawn, cutting one another m a point P, the locus of the points P shall be a straight line, and every straight line which is drawn through the point • taken to cut the curve, shall be harmonically divided by that straight line and the curve 227 (B) O f the Ellipse and Hyperbola. (a) The curve of the ellipse returns into itself, and incloses an area: the curve of the hyperbola has four infinite arcs. 1 ' a*/. 215 
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(6) In both, the curve is symmetrically 

divided by a certain straight line, 
which cuts it in two points, and is per
pendicular to the tangents at those 
points . .. . 216,217 

Transverse (or major) axis, principal 
vertices, and centre . def 217 

(c) The hyperbola has two asymptotes, 
which pass- through the centre, and 
make equal angles with the axis upon 
opposite sides of it, being parallel re
speetively to the slant sides in which 
the vertical, plane of the hyperbola 
cuts the surface of the coue 217 

(d) If. a straight line (not parallel to 
either asymptote, in the hyperbola) 
cuts the curve in any point, it m a y be 
produced to cut it in a second point; 
but, in the hyperbola, a parallel to 
either of the asymptotes cannot meet 
the eurve in more than one point 219 
Diameter, vertices, ordinate, abscissas 

A?/219, 220 
(e)-Every diameter bisects its ordinates, 

and is itself bisected bythe centre 221 
(f) If a straight line, which .cuts the 

curve in two points, but does not pass 
through the centre, be bisected by 
any diameter, it is, an ordinate to that 
diameter , . . cor. 222 

\fg) T w o straight lines cannot bisect one 
another, except they both pass through 
the centre *.] 

(h) Tangents at the extremities of a 
diameter are parallel . cor. 222 

(i) Tangents at the extremities of any 
ordinate meet the diameter in the 
same point, and that in such a man
ner (fig. p. 221) that C N , C P , C T, 
are. proportionals . . 222 

(k) The squares of any two semiordi
nates, of the same diameter, are to one 
another as the rectangles under the 
abscissas . . . 223 

(I). If two straight lines cut one another, 
. and likewise other two, which are 
parallel to the two first respectively, 
and if each of them cuts the curve in 
two points, or if one or more touch it 
in a single point, the rectangle under 
the segments of either of the two first, 
shall be to the rectangle under the 
segments of its parallel, as the rect
angle under the segments of the remaining one of the first to the rectangle under the segments of its parallel; the square of any of the straight lines being understood, instead of the rectangle under its segments, when it touches the eurve instead of cutting it! cor. 225 (m) If, in the hyperbola, a parallel to either of the asymptotes be cut li>y any two parallel straight lines, the seg-

* For each would be parallel to the tangent at the 
extremity of the diameter ( f), which is impossible 
(X. 14. Cor. 2.1 

ments of such parallel shall be to one 
another as the rectangles under the 
segments of the straight lines ; the 
square being understood instead of 
the rectangle, if one or both touch the 
hyperbola . . cor. 225 

Conjugate diameter of an ellipse, 
and conjugate axis . sch. 226 

There is no other axis note 226 
Conjugate diameter of an hyperbola, 

and conjugate axis . sch. 226 
(«) The vertices of the conjugate dia

meters of an hyperbola lie in another 
hyperbola, which has the same centre 
and axes as the first . sch. 226 

Conjugate hyperbolas sch. 227 
The two are mutually conjugate. 

(o) If two spheres are described, touch
ing the plane of the curve in two points 
S, S', and the conical surface in two 
circles, the planes of which being pro
duced, cut the plane of the curve in 
two straight lines X R , X'R'; then, 
if P R , P R ' are the perpendiculars 
drawn from any point P in the curve 
to the lines X R, X' R', S P is. to P R, 
and S' P to P R', in the same constant 
ratio; S P being less than P R in the 
ellipse, and greater in the hyperbola 

229 
(j>) The same being supposed, in the 

ellipse S P + S'P = A A'; in the 
hyperbola, S P ~ S' P = A A', cor. 

229 
The points S, S' are called the foci, 

and each of the lines X R, X' R', a 
directrix . . . sch. 229 

(C) Of the Parabola. ...... 
(a) The curve of the parabola has two 

infinite arcs ' . . def. 215 
(6) It is symmetrically divided by a 

certain straight line, which cuts it in 
one point only, and is perpendicular to 
the tangent of that point . 216 

Axis and principal vertex, def. 217 
(e) The infinite arcs of the parabola do 

not admit of asymptotes cor. 218 
(d) The axis of a parabola is parallel to 
the slant side in which the vertical 
plane touches the surface of the cone 

cor. 217 
(e) If- a straight line (not parallel to the 

axis) cut the "curve in any point, it 
may be produced to cut it in a second point; but a parallel to the axis cannot meet the curve in more than one point . . . . 219 Diameter, vertex, ordinate, abscissa def. 219, 220 (/) Every diameter bisects its ordinates ' 221 (jg) If a straight line, which cuts the curve in two points, be bisected by any diameter, it is an-ordinate to that diameter . . cor. 222 [(h) N o two straight lines, in a parabola, can bisect one another*.] R 2 
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(»') Tangents at the extremities of any 
ordinate meet the diameter in the same 
point, and that in such a manner (see 
fig. p. 222) that N P is equal to P T 

221 
(K) The squares of any two semiordi

nates of the same diameter are to 
one another as the abscissa? 223 

(I) If two straight lines cut one an
other, and likewise other two, which 
are parallel to the two first respec
tively, &c. (see (/) of the last division) 

cor. 225 
<(m) If a diameter be cut by any two 

parallel straight fines, the segments 
of the diameter are to one -another as 
the rectangles under the segments of 
the parallels . . cor. 225 

(«) If a sphere is described, touching 
the plane of the parabola in a point S, 
and the conical surfaee in a circle, the 
plane of which (being produced) cuts 
the plane of the parabola in a line 
R X ; then, if P R is drawn perpendi
cular from any point P in the para
bola to the line R X, S P is equal to 
P R - . . 228 and cor. 229 
The point S is called the focus, and 

the line R X the directrix sch. 229 
Conjugate axis of an ellipse or hyperbola 

sch. 226 
Conjugate diameters of an ellipse or hyper-
' bola . . . . sch. 226 
Conjugate hyperbolas . . sch. 227 
Consequent of a ratio, is the second term. 
Consequents of a proportion, are the second 
. .and fourth terms. 
Construction of a geometrical proposition 3 

W h e n said to be a plane construction 
sch. 26 

Contact of two circles, when said to be inter
nal, when external . . note, 118 

point of , . . def. 79 
•" — problems of. See « Circle." (I) (m). 
Continued proportion, magnitudes said to be 

in (See "Geometrical Progression.") 34 
-.Content of a solid, is the number of times it 
. contains the cubical unit, or unit of solidity 

sch. 142 
" The terms " capacity" and " volume" are 

•used in the same sense. 
Concave. (See " Convex Side.") def. 1 
Convertendo, a rule in proportion. See <' Pro

portion." Convex, a line or surface is said to be, when its roundness or bulging is everywhere towards the same parts; the test of which, whether it be a fine or a surface, is, that it cannot be cut by any the same straight line in more than two points. /Convex side of a line or surface, is that side upon which is the roundness or bulging out; and the other side is called the concave side. . . . def. 1 •Convex surface of a prism or pyramid, def. 127 : of a cylinder or cone, def. 166,167 (a) A convex surface is greater than a 

plane surface which has the same 
contour . . . 167 

(6) Of two surfaces, one of which is 
convex and is enveloped by the other, 
the enveloping surface is greatest 168 

Corollary of a proposition . . 3 
Cube. (Also " Cube of a straight Line.") 

def. 126 
(o) Cubes are to one another in the 
triplicate ratio of their edges; i. e. 
the triplicate ratio of two straight 
lines is the same with the ratio of their 
cubes. . . . cor: 144 

(o) The difference of two cubes is equal 
to the sum of three parallelopipeds 
having the same altitude, viz., the 
difference of tbe edges,-and for their 
bases the respective bases of the cubes 
and a mean- proportional between 
them; «. e., R3 — r' — (R - r) X 
(R2 + r2 - f R r ) * . . km. 177 

(c) If the difference of tbe edges of 
two cubes may be made less than any 
given difference, the difference of the 
cubes may likewise be made less than 
any given difference . lem. 177 

(d) The cubes of proportional straight 
lines are proportionals, [and con
versely] . . .. cor. 144 

(e) The cube is one of the regular solids, 
and, as such, is sometimes called the 
hexahedron . . . 160 

Cuboctahedron, a solid derivable from either 
the cube or the octahedron sch. 163 

Curve, or curved line .. . def. 1 
Upon which side concave, upon which 

convex . , . def. 1 
(a) A curve is greater than a straight 

line which has the same extremities, 
and less (if convex) than the sum of 
any number of straight lines which 
are exterior to it, and joins those ex
tremities . . . sch. 8 

(b) O f two curves, one of which is con. 
vex and is enveloped by the other, the 
enveloping curve is greatest sch. 8 

Cylinder (also its bases, axis, convex surface) 
def. 166 

W h e n said to be right, when oblique : 
when two cylinders are said to be simi
lar : when a prism is said to be in
scribed in, or circumscribed about a 
cylinder . . . 166, 167 

(a) The convex surface of a cylinder may be supposed to be generated by a straight line which is carried round the circumference of either base so as to be always parallel to the axis 166 (6) A right cylinder is generated by the revolution of a rectangle about one of its sides . . . 167 (c) A cylinder is greater than any inscribed prism, and less than any circumscribed prism; and the convex 

« Hence the form under which the difference of 
two magnitudes, which are as the cubes of certain. 
straight lines, appears in 1 V.33., V. 11. and Y.24, 
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surface of the cylinder is greater than 
that of any inscribed prism, and less 
than that of any circumscribed prism 

168 and sch. 175 
(d) A prism m a y be inscribed in any 

cylinder (or circumscribed about it) 
which shall approach nearer to the 
cylinder, in convex surface or in solid 
content, than by any given difference 

169 and. sch. 175 
(e) A n y two similar cylinders being 
given, similar prisms m a y be inscribed 
(or circumscribed), which shall ap
proach nearer to the cylinders, in 
convex surface or in solid content, 
than by anythe same given difference 

cor. 170 and sch. 175 
(/) The convex surface of a. right 
cylinder is equal to the product of its 
altitude and the circumference of its 
base; or (if Rrepresents the radius of 
the base, and A the axis) = 2 a- R A. 

170 
(g) The convex surface of any cylinder 
is equal to the product of its axis, aud 
lite perimeter of a section which is 
perpendicular to the axis sch. 175 

(h) The solid content of every cylinder 
is equal to the product of its base and 
altitude, = * R 2 A . 170 and sch. 175 

(i) Every cylinder is equal to a prism 
which has an equal base and an equal 
altitude . cor. 170 and sch. 175. 

(k) Cylinders which have equal altitudes 
are to one another as their bases; and 
cylinders, which have equal bases, as 
their altitudes ; also any two cylinders 
are to one another in the ratio which 
is compounded of the ratios of their 
bases and altitudes cor. 170 and sch. 

175 
(/) The surfaces of similar cylinders are 

in the duplicate ratio (or as the 
Squares) of their axes; and their solid 
contents are in the triplicate ratio (or 
as the cubes) of their axes 170 and 

sch. 175 
(m) If a cylinder be cut by a plane 

which is parallel to its base, the sec
tion is a circle, having its centre in 
the axis of the cylinder, and its radius 
equal to the radius of the base 231 

(n) The subcontrary section of an ob
lique cylinder is a circle, having its centre in the axis of the cylinder, and its radius equal to the radius of the base . '. . . 232 (o) If a cylinder, whether right or oblique, be cut by a plane, which is.neither parallel to the axis, nor parallel to the base, nor subcontrary, the section is an ellipse . . 231 Data (Lat.things given), in geometrical problems, limits of . . sch. 27, 124 Decagon (figure of ten sides) regular. See " Circle " and '•' Regular Polygon." Developable, a term applied to the surfaces 

of the cone and cylinder.—[All coniform 
and cylindrical surfaces are developable.] 

sch. 175 
Diagonals of a quadrilateral . def. 3 

See " Quadrilateral," " Parallelogram," 
and " Circle." 

[The diagonals of any rectilineal figure 
are the straight lines, which join any 
two angles not immediately adjacent-
to one another.] 

Diagonals of a polyhedron . def. 12t>-
See " Parallelopiped." 

Diameter of a circle 3, of a sphereJ127, of er 
conic section 219. 

Dihedral angle . . . def. 125 
W h e n said to be right, when acute, when 

obtuse . . . . 125 
(a) If a dihedral angle is cut by any 
two parallel planes, it intercepts equal 
angles in those planes . cor. 13& 

(b) A dihedral angle is measured by the 
rectilineal angle of the perpendiculars. 
to the common section which arer -
drawn in its two planes from any the 
same point of the common section 

sch. 136-
(c) Or by the angle of two perpendicu

lars to its planes, which are drawn 
from any the same point sch. 136-

(d) To bisect a given dihedral angle 155 
(e) If a dihedral angle is bisected, 
every point in the bisecting plane is. 
at equal distances from the planes of 
the dihedral angle . cor. 155 

See "Plane" 
Direction of .projection, in orthographic pro
jection . . . . def. 20S. 

Directrix of-a conic section sch. 229* 
Distance between two points 9, from a point 

to a straight line 10, from a point to a 
plane 131, from one point to another over 
the surface of a sphere 189. 

Diverging lines, projection by. See " Pro' 
jection." 

Dividendo, a rule in proportion. See " Pro
portion." 

Dodecahedron (solid contained by twelve 
planes) regular.* See " Regular Polyhe
drons." 

Duplicate ratio, . . . def. 34. 
Edge, of a polyhedron , . def. 126 

See " Polyhedron." 
Elementary course of Geometry, -in the pre--

sent Treatise . . . p. iv Enneagon (figure of nine sides) regular, to inscribe in a circle, very nearly . 121 Enunciation, of a geometrical proposition 3 Equal, circles said to be . def, 79 — — — ratios said to be . def. 32 Equality and inequality, axioms of 4 Equations of two unknown quantities, solved geometrically . . . sch. 124 Equiangular, triangles are said to be, when the angles of the one are equal to the angles of the other, each to each . see 59 Equilateral triangle . . def. 2 Is equiangular, and conversely. See 
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also "Circle" and " Regular Poly-
. Son-" 

Equimultiples of two (or more) magnitudes 
def. 31 

(a) Equimultiples of equal magnitudes 
are equal; and conversely: also the 
equimultiple of the greater is greater 
than the equimultiple of the less; and 
conversely . . oa\34 

(b) If two magnitudes, A, A', are equi
multiples of other two B, B', which 
again are equimultiples of other two 
C, C, the first two shall be equimul-
ples of the last two 34 

(c) If two magnitudes A, A' are equi
multiples of other two B, B', and 
again of other two Q, C , and if B be 
a multiple of C, B' shall be the same 
multiple of C. . . cor. 34 

Ex cequali in proportione directd, or ex 
cequali, or ex cequo, a rule in proportion. 
See " Proportion." 

Ex cequali in proportione perturbatd, or ex 
cequo perturbato, a rule in proportion. 
See " Proportion." 

Excube,extetrahedron, exoctahedron, exdode-
cahedron, exicosahedron, solids formed 
- from the regular solids . see sch. 162 
Explemeniary, an angle said to be note 85 
Exterior angle. See " Straight Line," " Tri
angle," " Rectilineal Figure," " Spherical 
Geometry.*' 

Extreme and mean ratio, a straight line said 
to be divided in. (See " Straight line") 71 

Extremes of a proportion, are the first and 
last terms . . . def, 33 

Faces of a polyhedron . . def. 126 
M a y be of any number greater than 
three. See "Polyhedron." 

Figure, plane, def. 2, plane rectilineal, def. 2 
See " Rectilineal Figure," and "Circle." 

Focus, of a conic section. See " Conic Sec
tion." 

Foot of a perpendicular, is the point in which 
it meets the line (or plane) to which it is 
- perpendicular. 
Pourth proportional . . def. 33 

• May be found to any three given mag
nitudes . . note 43,54 

Frustum of a pyramid, def. 127, of a cone 
167. See « Pyramid," and " Cone." 

Geometrical Mean, def'. 33. See "Arithme
tical Mean," and " Straight line." 

Geometrical Analysis. See " Analysis." Geometrical Progression, magnitudes said to be in 34 (a) The differences of magnitudes, which are in ̂geometrical progression form a geometrical progression having the same common.ratio .. cor. 42 (J) Magnitudes. A, B, C, &c, which are in geometrical progression, are the differences of other magnitudes A', B', C', D', &c. in a geometrical progression having the same common ratio 

and in which the first term A' is to A 
as A to A ~ B . . . cor. 42 

[(c) And the sum of any number of the 
magnitudes A, B, C, &c. in succession, 
is equal to the difference of two of the 
magnitudes A', B', C, D', &e.: thus, 
A is the difference of A' and B', 
A + B of A' and C, A + B + C of 
A' and D', and so on.] 

[(a!) Hence, if A is greater than B, the 
sum of the whole series A, B, C, D, 
&c. continued without end is equal to 
A'; i. e. the sum of a finite number 
of terms is less than A', but by the 
continued addition of new terms may 
be made to approach to it by less than 
any given difference.] 

Geometry, its subject . .. • ' 1 
Geometry is distinguished by the epi

thets of "plane," "solid," and "spheri- -
cal," according as it treats of plane 
figures and lines in one plane, or rjf 
solid figures and lines in different planes, 
or of figures and lines upon the surface 
of a sphere. 

General theory of proportion . 48 
General* properties of the conic sections 214 
Generated, meaning of the word as applied to . 
solids of revolution ' . . 127 

See also "Cone," "Cylinder," "Plane," 
"Sphere." 

Great Circle of a sphere . def. 184 
See " Spherical Geometry." 

Harmonical mean . . def..67 
(a) The harmonical mean between1 two 

,-. , . 2 m n -\ .. ~J,_ 
numbers, m and n, is . schivl 

m -f ft. ;• 
(b)' If five harmonical means are taken 
between 1 and -J-, we obtain the. pro
gression 1, f, f, f, J-, -ft, i ; if 
seven, the progression 1, -§-, -§-, ft, •§-, 
t|V> f' ft> i'-> from wliichijrpgres-
sions, rejecting such fraction, as have 
7, 11, and 13 in the tKuorninator, 
those remaining, viz.T, •§-, %, •§-, f-, 
§"> "TS' i> ™ u represent the lengths of 
strings producing with the same thick
ness and tension the sounds denote'd 
by C, D, E, F, G, A, B, c. note 67 

Harmonically divided, a straight line said to be 
68 

Harmonicals, four straight lines when said to 
be . . 68 Harmonical progression, magnitudes said to be in . . . . 6 8 to what observation the name is owing note, 67 Hemisphere, the half of a sphere, [is equal to * By " general properties," aTe here meant such properties as may be declared in the same words.̂  or nearly so, (i. e. with some slight difference arising from their difference of form,) to pertain to the three conic sections. Those in the Appendix are moreover only such as admit of being derived from the circle by perspective projection. See "' Conic Sections." 
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two-thirds of a cylinder upon the same base 
and of the same altitude, cor. 179]. 

Hendecagon (figure of 11 sides) regular, to 
inscribe in a eirele, very nearly . 121 

Heptagon (figure of 7 sides) regular, to in
scribe in a circle, very nearly . 121 

Hexagon (figure of 6 sides) regular. See 
"Regular Polygon" and " Circle." 

Hexahedron (solid contained by 6 planes) 
regular. See " Regular Polyhedrons." 

Homologous edges of similar polyhedrons, are 
the homologous sides of their similar 
faces. 

Homologous sides of similar figures def. 57 
Homologous terms of a proportion def. 33 
Hyperbola, oue of the conic sections def. 215 

See " Conic Section." 
Hypotenuse of a right-angled triangle def. 3 

See " Triangle.". 
[The side opposite to the right angle is 
called the Hypotenuse also in right-
angled spherical triangles.] 

Icosa-dodecahedron, a solid derivable either 
from the icosahedron, or from the dodeca
hedron . . . . 1 6 3 

Icosahedron (solid contained by 20 planes) 
regular. See " Regular Polyhedrons." 

Inclination of a straight line to a straight 
line, is the acute angle which the former 
makes with the latter. 

of a plane to a plane, is the acute 
dihedral angle, which the former makes 
with the latter. 

- of a straight line to a plane 
% def. 125 

^commensurable, magnitudes said to be 32 
.La) 'If one magnitude is incommen

surable with another, it is incommen
surable with every magnitude which 
incommensurable with that other 

cor. 37 
fb) Although the ratio of two incom

mensurable magnitudes can never be 
y_ê actly expressed by numbers, yet two 
rKgLUj&ers m a y be obtained whieh shall 
express it to any required degree of 
exactness . . . 4 8 

Cc) Magnitudes are incommensurable, 
* - when the process for finding the great

est common measure leads to no con
clusion, but has an unlimited number 
of steps . . - cor. 35 

(<Z) If P and Q are two magnitudes of 
the same kind, and if Q be contained in P any number of times with a remainder R, which is to Q as Q to P, P and Q are incommensurable sch. 73 (e) The same being supposed, if n be the number of times that Q is contained inj?, the ratio of Q to P shall He between the ratios of any two successive terms of the series 1, n, a, &-, c, &c, -where a, the third term, is equal to n X.» + 1, i> the fourth term — n a + n, c, the fifth term :=: n b -j- a, and so on, every successive term being 

equal to » times the last, together 
with the last but one * . sch, 73 

(/) The parts of a fine divided in medial 
ratio are ineommensurables of this 
class, and their ratio may be approxi
mated to by the series 1, 1, 2, 3, 5, 8, 
&c.: the side and the sum of the side 
and diagonal of a square are ineom
mensurables of the" same class, and 
their ratio m a y he approximated to 
by the series 1, 2, 5, 12, 29, &c. 

sch. 73 
Infinite arc is an arc of unlimited extent ; 
such as, for example, occurs in perspective 
projection, when any point of the original 
curve lies in the vertical plane. 211 

The hyperbola affords an example of infi
nite arcs with asymptotes, the parabola 
of infinite arcs without asymptotes. 

Infinite extent. Straight fines and arcs of 
infinite extent may have finite projections, 
and vice versd . . 209, 210 

Inscribed in a circle, a rectilineal figure said 
to be . . . 7 9 

, in a rectilineal figure, a circle said 
to be . . . . 7 9 

in a cone or cylinder, a pyramid 
or prism said to be . . 167 

in a sphere, a solid of revolution 
said to be . . 167 

Interior, a term applied to any of the angles 
of a triangle, in contradistinction to the ex
terior angle formed by producing one of 
the sides; also to certain angles made by 
parallels with a straight line cutting them 

13 
Invertendo, a rule in proportion. (See " Pro
portion.") 

Joined, two points are said to be, 
(a) In space, when the straight line be
tween them is drawn. 

(o) Upon the surface of a sphere, when 
the spherical are between them is 
drawn. . . . 184 

Isosceles^ triangle. (See "Triangle.") def. 2 
Isosceles spherical triangle. See " Spherical 

Geometry." 

* It is observed in p. 74, that this series may be 
derived from the doctrine of continued fractions: 
For, every successive quotient in the division of P 
by Q, of Q by K, of R by the next remainder, and so 
Dn, being n, the ratio of Q to P is represented by the continued fraction 

fractions — 

n + 1 therefore the 

• n I a 
n X n + 1 \ a 

suppose 

&c. will represent̂  the ratio," *ach m>re 
nb -j-a' 
nearly than the preceding. 
f " Having equai,legs,"_from the Greek 
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Lateral surfaee of a prism or pyramid 
def 127 

Leg, of an angle, def. 1. See " Angle." 
L e m m a (Gr.), is an auxiliary proposition. 
Length of a line is the number of times it 

contains the unit of length . sch. 18 
Like parts of two (or more) magnitudes, 

def.Zl 
See " equimultiples" and " ratio." 

Limits. 
(a) Two fixed magnitudes A, B, are 

said to be limits of two others P, Q, 
when P and Q, by increasing toge
ther, or by diminishing together, may 
be made to approach more nearly to 
A and B respectively, than by any 
the same given difference, but can 
never become equal to, much less 
pass A and B : e.g. two circles are 
the limits of the similar inscribed or 
circumscribed regular polygons 46 

(b) If two magnitudes A and B are 
the limits of two others P and Q, and 
if P is always to Q in the same con
stant ratio, A is to B in the same 
ratio* . . . 4 6 

For examples of this theorem see 
56, 96, 146, 171, 173. 

Limits of a geometrical problem, are of fre
quent occurrence, and are commonly indi
cated by the construction: loci are useful 
in determining them • 27, 106, 124 

Line, (also '• straight line" "curved line.") 
def. 1 

See " Curve," " Straight Line," and 
" Projection." 

Locus (Lat., place), . . def. 106 
[More generally, a locus is any part of 

space, every point of which, and none else, 
satisfies certain conditions.] 

W h e n said to be a simple locus, when 
a plane locus, when of higher dimen
sions . . . 1 0 7 

.How serviceable in the solution of pro
blems . . . 1 0 6 

- Is the limit between excess and defect 
106 

(A) Examples of Simple Loci. 
(a) All points which are equidistant 

from two given points . 107 
(b) All points which are equidistant 

from two given straight lines .107 
[(e) The extremities of all equal parallels 

whose other extremities lie in the same given straight line, I. 16. cor.] (d) All points which divide fines falling from a given point to a given straight line in the same given ratio . 108 (e) The vertices of all triangles upon the same base, which have the side terminated in one extremity of the ..base greater than the side terminated or between two parallel planes, or such 

' * There are some very important errors in the 
latter part of the demonstration of this theorem, for 
the correction of which the reader is desired to, con
sult the errata. 

in the other extremity, and the diffe
rence of their squares equal to a given 
square . . . 1 0 8 

(/) The points which divide the chords 
of a circle passing through any the 
same given point harmonically 112 

(g) The points in which the two tan
gents, drawn at the extremities of all 
chords pasing through a given point, 
meet one another . . 112 

(B) Examples of Plane Loci. 
(a) The vertices of all triangles upon 

the same base and tbe same side of it, 
which have equal vertical angles 108 

(b) The vertices of all triangles upon 
the same base, which have the sum of 
the squares of their sides equal to a 
square . . . . 1 0 9 

(c) The vertices of all triangles upon the 
same base, which have the side ter
minated in one extremity greater than 
the side terminated in the other ex
tremity, and the sides (or which is 
the same thing, the squares of the 
sides) in a given ratio . 109 

(d) The vertices of all triangles upon 
the same base, which have the square 
of one side in a given ratio to the 
square of the other side diminished 
by a given square . sch. 110 

(e) The vertices of all triangles upon 
the same base, which have the square 
of one side diminished by a given 
square in a given ratio to the square 
of the other side diminished by ano
ther given square . sch. 110 

(C) Examples of Loci satisfying conditions 
in Solid Geometry. ^« 

[(a) All the points in space which are 
equidistant from two given points lie 
in the plane which bisects the distance 
between them at right angles.] 

1(b) All the points in a given plane, which 
are equidistant from two., given points 
without the plane, lie in the common 
section with the -given plane* of the 
plane which bisects at right angles the 
distance between the two points.] 

(c) All the points which are equidistant 
from three given points, not lying in 
the same straight line, lie in the 
straight line which is drawn perpendi
cular to their plane from the centre of 
the circle which passes through them. cor. 151 [(d) All the points equidistant from a straight line and plane, or from two given planes, lie in the straight fine or plane which bisects their angle of inclination,] (e) The extremities of all equal parallels whose other extremities lie in one and the same plane, lie in a plane parallel to it. . . . cor. 134 (/) The points which divide all straight fines drawn from a point to a plane, 
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straight lines produced in a given 
ratio, lie in another parallel plane 

cor. 135 
(D) Examples of Loci satisfying conditions 

in Spherical Geometry. 
[fo^*All points upon the surface of a 

sphere, which are equidistant from 
two given points of that surface, lie 
in the circumference which bisects 
their distance at right angles.] 

[(b) All points which are equidistant 
from the circumferences of two given 
great circles, lie in the circumference 
whichbisectsthe angle between them.] 

(c) The vertices of all equal spherical 
triangles upon the same base and 
upon the same side of it, lie in the 
circumference of a small circle, such 
that one equal and parallel to it may 
be drawn through the extremities of 
the base . . cor. 199 

(d) The vertices of all spherical trian
gles upon the same base, which have 
the vertical angle equal to the sum 
of the other two, he in the circum
ference of a small circle, whose pole 
is the middle point of the base, and its 
polar distance half the base sch. 201 

Lowest terms of the ratio of two magnitudes. 
See " Numerical ratio." 

Lune, (Lat., moon) spherical . def. 180 
See "Sphere" and " Spherical Geometry." 

Lunes (contained by circular ares in the same 
plane) quadrature of. 

[(a) If a semicircumference A B C D E 
be divided into any two arcs, A B C , 
C D E , and if upon the chords of 
these arcs semicircles are described, 
as in the adjoined figure, the lunes 
A B C b, C D E d shall be together 
equal to the triangle A C E . 

For, semicircles (III. 33.) being as the 
squares of their diameters, the semi-
circlesupon A C and C E are together 
equal to the semicircle upon A E ; 
therefore, taking away the segments 
A B C and C D E, the lunes which re
main are together equal to the triangle 
A C E.] 

[(b) The lune which is included by a 
semicircumference C d E and a quad
rant C D E , is equal to the triangle 
C O E, whose vertex 0 is the centre 
of the quadrant. 

For if the arcs A C, C E, in the former 
figure, are equal to one another, each 
of them will be a quadrant, and the 
two lunes will be equal to one another; and the two triangles, C O A, C O E are also equal; therefore, since 

the halves of equals are equal, the 
lune C D E i f is equal to the triangle" 
C O E . ] 

Maximum (Lat., greatest) is a name giver* 
to the greatest among all magnitudes of 
the same kind which are subject to the 
same given conditions : as minimum (Lat.r 
least) is, on the other hand, the name given 
to the least. 

For examples of maxima and minima 
on a plane See III. § 5, p. 99. 
on a spherical surface, See 199 and 
sch. 201. 

Mean. See "Arithmetical mean," "Geome—'• 
tricalmean," " Harmonical mean," 

Mean proportional, one or more def. 33, 34 
See " Geometrical mean." 

Means of a proportion, are the two middle 
terms. 

Measure, one magnitude said to be of 
another . . . 31 

Measure of a rectilineal angle. See "Angle." 
of a dihedral angle. See " Dihe

dral angle." 
— • of a solid angle. See " Solid an
gle." 

of a spherical angle. See " Sphe
rical angle." 

• of the surface of a spherical tri

angle or polygon. See " Spherical Geo
metry." 

Medial ratio is the same with " extreme and? 
mean ratio" . . . 7 1 

See " Straight line," and " Incommen
surable." 

Medially divided, a line said to be • 71 
Minimum, see " Maximum." 
Multiple, one magnitude said to be of 
another . . . . 3 1 

Nonagon. See " Enneagon." 
Numbers, common factor of two or more,. 

See " Common factor." 
Numerical ratio of two magnitudes def. 32. 

Its terms, antecedent and consequemr 
def. 32 

(a) The. lowest terms are those which 
are determined by the greatest com
mon measure; and are, therefore,. 
prime to one another . cor. 36 

(6) Any other terms are equimultiples 
of the lowest terms . cor. 36 

(c) The lowest terms may be found from 
any terms by dividing them by their-
greatest common factor: they serve-
when found to determine whether two-
numerical ratios are different, or only different forms of the same ratio cor. 36 (d) A numerical ratio, which is com.--. pounded of any number of ratios, has for its antecedent the product of .their -
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antecedents, and for its consequent 
the product of their consequents. 

sch. 45 
Oblique, a term applied to angles (whether 
rectilineal, dihedral, or spherical) which are 
- not right angles. 
Oblique cone, def. (See " Cone.") . 167 
Oblique cylinder, def. (See " Cylinder.") 166 
Obtuse (Lat. blunted), a term applied to an

gles (whether rectilineal, dihedral, or sphe
rical) which are greater than right angles. 

Octagon, (figure of eight sides) regular. (See 
" Regular Polygon") . • . sch. 121 

Octahedron (solid contained by eight planes) 
regular. See " Regular Polyhedron." 

Opposite cone, def. (also " opposite conical 
. surface") . . . 214 

Opposite points, on the surface of a, sphere, 
def. (See " Spherical Geometry.") 186 

Orb, spherical, def. (See " Sphere.") 180 
Ordinate, in a conic section . def. 220 
.See "Conic Section." 

Original point, line or plane, in projection 
Orthographic projection. See " Projection." 
Parallel* circles, of the sphere def 184 

See " Sphere." 
Parallel planes, def .. (See "Plane.") 125 
Parallel ruler, an instrument for drawing 
. parallel lines . . .̂  note, 24 

Parallel straight lines. (See " Straight line.") 
def. 2 

Parallel to a plane, a straight line said to be 
125 

Parallel to a straight line, a plane said to be 
125 

Parallelogram „ . . def 2 
(a) Its opposite sides and angles are 

equal to one another . 15 
(o) Its diagonals bisect one another 15 
(c)s It is bisected by each of its diago-
' nals . . . . cor. 16 
(d) The squares of its diagonals are, to
gether, equal to the squares of its four 
sides • . . cor. 24' 

(e) If a quadrilateral figure has its op
posite sides equal to one another, or 
its opposite angles equal, or if its dia-

'. f gonals bisect one another, or if it is 
bisected by each of its diagonals, or if 
the squares of its diagonals are, to
gether, equal to the squares of the 
four sides, the quadrilateral is a paral
lelogram 15, cor. 17, and cor. 24 

(/) The complements of parallelograms about the diagonal of a parallelogram are equal to one another . 16 (g) If one angle of a parallelogram is a right angle, all its angles are right angles . . . cor. 16 (A) Every parallelogram is equal to a rectangle having the same base and the same altitude, i. e. to the product of its base and altitude . cor. 16 

* From two Greek words, signifying " along one 
another." 

(i) Parallelograms upon the same or 
equal bases, and between the same 
parallels, are equal to one another 16 

(k) If a parallelogram and a triangle 
stand upon the same base, and between 
the same parallels, tbe parallelogram 
is double of the triangle . 17 

(l) Parallelograms having the same alti
tude are to one another as theirbases ; 
parallelograms having equal bases are 
to one another as their altitudes ; and 
any two are to one another in the 
ratio whieh is compounded of the 
ratios of their bases and altitudes 

cor. 62, 63 
(m) Equiangular parallelograms are to 

one another in the ratio which is com
pounded of the ratios of their sides 

ear. 63 
(n) Equiangular parallelograms, which 

have their sides reciprocally propor
tional, are equal; and, conversely, 
equiangular parallelograms, which are 
equal, have their sides reciprocally 
proportional . . cor. 64 

(o) To describe a parallelogram 
1. W h e n two sides and the included 

angle are given . , 2 8 
2. Upon a given base, and with a 

given angle, which shall be equal 
to a given triangle, or rectilineal 
figure . . cor. 30 

Rectangular. See " Rectangle." 
Parallelopiped . . . def, 127 

(a) Its opposite faces are similar arid 
equal parallelograms, and its opposite 
edges are [equal and] parallel . 139 

(6) Its four diagonals pass through the 
same point, and bisect one another 

v sch. 140 
(c) It is bisected by each of the diago

nal planes * . . 139 
(d) The squares of its four diagonals 

are together equal to the squares of 
tbe twelve edges . . sch. 140 

(e) The complements of the parallelo
pipeds about the diagonal plane of a 
parallelopiped are equalto one another 

cor. 140 
[(/) If one face is at1 right angles to 
each of its adjoining faces, every face 
is at right angles to each of its adjoin
ing faces.] 

(g) Every parallelopiped is equal to a rectangular parallelopiped, having the same base and. the same altitude; i. e. to the product of its base and altitude cor. 142 (h) Parallelopipeds upon the same, or .upon equal bases, and between the # The prisms, into which a parallelopiped isdivided by its diagonal plane, are symmetrical ; arid, therefore, except in the case of the rectangular parallelopiped, their equality cannot be established by coincidence ; a circumstance which has been overlooked in Book XI. prop. 28, of Simson's Euclid. See "Polyhedron." 
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same parallel planes, are equal to one 
another . . . 140, 141 

(t) If a parallelopiped and a tetrahedron 
have the same three edges, the paral
lelopiped is equalto six times the tetra
hedron . . . cor. 147 

f k ) Parallelopipeds having the same 
altitude are to one another as their 
bases; parallelopipeds having equal 
bases are to one another as their alti
tudes ; and any two are to one another 
in the ratio which is compounded of 
the ratios of their bases and altitudes 

143 
(I) Parallelopipeds which are equiangu

lar (so that a solid angle of the one 
m a y be made to coincide with a solid 
angle of the other) are to one another 
in the ratio which is compounded of 
the ratios of their edges cor. 144 

Rectangular. See "Rectangular Paral
lelopiped." 

Part, or measure . . def. 31 
Pentagon (figure of five sides) regular. See 

" Regular polygon" and " Circle." 
Pentedecagon (figure of 15 sides) regular. 

See " Regular polygon" and " Circle." 
Perimeter of a plane figure . . def. 2 

Minimum of. See " Circle." 
Periphery, (Gr.) another name for " circum

ference." 
Perpendicular to a straight line, a straight 

line said to be, 2 ; a plane said to be, 125 
To a plane, a straight line said to be, 125 ; 

a plane said to be, 125. 
To a spherical arc, a spherical arc said 

to be, 185. 
See " Straight line," "Plane," and 
" Spherieal Geometry." 

Plane . . . . def. 1 
W h e n said to be parallel or perpendicu-
' lartoaplane . . 125 
W h e n said to be parallel or perpendicular 

to a straight line . . 1 2 5 
(A) (a) A plane, and one only, m a y be made 

to pass through a straight line and a 
point without it, or. three given points 
not in the same straight line, or the 
sides of a given rectilineal angle, or 
two given parallels . . 127 

(b) A n y number of parallels through 
which the same straight' line passes, 
are in one and the same plane cor. 128 

(e) A n y number of planes m a y be made to pass through the same straight line cor. 128 (d) The common section of two planes is a straight Hue . . 1 2 8 (e) If there be three planes, and if the c o m m o n section of two of the planes be not parallel to the third plane, the three planes shall pass through the same point; viz., the point in which the common section of two of the planes meets the third plane sch. 156 (/) A plane surface is less than any other surface having the same contour lem. 167 

(B) Of a plane and perpendicular straight 
line. 

A straight line when said to be perpen
dicular to a plane . . 125 

(a) If a straight line stand at right 
angles to each of two other straight 
lines at their point of intersection, it 
shall be at right angles to the plane 
in which they are . . 1 2 8 

(b) A n y number of straight lines, which 
are drawn at right angles to the same 
straight line from the same point of it, 
lie all of them in the plane which is 
perpendicular to the straight line at 
that point . . . cor. 129 

(c) If the plane of a right angle be 
made to revolve about one of its legs, 
the other leg will describe a plane at 
right angles to the first leg cor. 129 

(d) If a straight line be perpendicular 
to a plane, and if from its foot a per
pendicular be drawn to a straight fine 
taken in the plane, any straight line, 
which is drawn from a" point in the 
former perpendicular to meet the foot 
of the latter perpendicular, shall like
wise be perpendicular to the straight 
line taken in the plane . 129 

(e) If a straight line be perpendicular to 
a plane, and if from any point of it 
a perpendicular be drawn to a straight 
line taken in the plane, the straight 
line which joins the feet of the per
pendiculars shall likewise be perpen
dicular to the straight line taken in 
the plane . . . 1 2 9 

(/) Straight fines which are perpendi-
.cular to the same plane are parallel; 
and conversely, if there be two paral
lel straight lines, and if one of them 
be perpendicular to a plane, the other 
shall be perpendicular to the same 
plane . " . . 129 

(g) Perpendiculars to the same plane, 
which are drawn to it from points of 
the same straight fine, lie in one and 
the same plane . . cor. 130 

(h) A straight line m a y be drawn per
pendicular to a plane of indefinite 
extent, from any given point, whether 
the given point be without or in the 
plane; but from the same point there 
cannot be drawn more than one per
pendicular to the same plane 130 (i) From a point to a plane the perpendicular is the shortest distance; and of other straight lines which are drawn from the point to the plane, such as are equal to one another, cut the plane at equal distances from the foot of the perpendicular; and such as are unequal, cut the plane at unequal distances from the foot, the greater being always further from the perpendicular, .and conversely . ,. 131 (&) If from any point taken without a plane, a sphere. be described with a radius less than the perpendicular, it 
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will not meet the plane; if with a 
radius equal to the perpendicular, it 
will meet it in one point only, viz. the 
foot of .the perpendicular; and, if 
with a radius greater than the perpen
dicular, its surface will cut the plane 
in the circumference of a. circle, 
having for its centre the foot of the 
perpendicular . '. cor. 131 

(I) To draw a plane perpendicular to a 
given straight line— 

(1) From a given ^oint in the 
straight line. 

(2) From a given point without it 
153 

(m) T o draw a straight line perpendicu
lar to a given plane— 

(1) From a given point in the 
-plane. 

(2) From a given point without it 
' 151 

(C) O f a plane and inclined straight line. 
Angle of inclination of a straight line to 

a plane . . . def. 125 
(a) If a straight line be inclined to a 

plane; of all the angles which it makes 
with straight lines meeting it in that 
plane, the least is the angle of inclina
tion ; and, with respect to every other 
of these angles, a second angle may 
always be drawn which shall be equal 
to it—viz., upon the other side of. the 
angle of inclination; but there cannot 
be drawn in the plane more than two 
straight lines with which the inclined 
straight line shall make equal angles, 
one upon each side of the angle of in
clination . . . 1 3 2 

[(b) If a straight line cuts a plane, every 
straight line which is parallel to it 
shall cut, and be equally inclined to 
the same plane.] 

(c) Through a. given point in a given 
plane, to draw a straight line at right 
angles to a straight line which is in
clined to the plane at that point 153 

(D) Of a plane and parallel straight line. 
(a) If one straight line is parallel to 

another, it is parallel to every plane 
which passes through that other 132 

(b) If a straight line is parallel to a plane, 
it is parallel to the common section 
of every plane which passes through 
it with that plane . . 132 [(c) If a straight line is parallel to a plane, every straight line, which is parallel to it, is parallel to the same plane, see app. prop. 7.J (d) If two straight lines are parallel, the common section of any two planes passing through them is parallel to either of them . . cor. 132 [(e) If there be three planes, and if the common section pf two of the planes is parallel to the third plane, the comm o n sections of the three planes are parallel.] 
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(/) To draw through a given point— 
1. In a given plane, a straight line 

which shall be parallel to another 
given plane . . 153 

2. A straight line which shall be 
.parallel- to each of two given 
planes . . cor. 153 

(g) T o draw through a given straight 
fine a plane which shall be parallel to 
a given straight line . . 1 5 4 

(E) Of parallel, inclined, and perpendicular (a) If two straight line's, which cut one 
another, are parallel each of them to 
the same plane, the plane of the two 
straight lines is parallel to that plane 

cor. 133 
(b) Planes, to which the same straight 

line is perpendicular, are parallel; and, 
conversely, if two planes are parallel, 
and if one of them is perpendicular to 
a straight line, the other is perpendi
cular to the same straight line 133 

(c) Through any given point a plane 
m a y be drawn, and one only, which 
shall be parallel to a given plane 

cord 3 4 
(a!) Planes, which are parallel to the 

same plane, are parallel to one an
other . . .. cor. 134 

(e) If parallel planes are cut by the 
same plane, their common sections 
with it are parallel . . 1 3 4 

(/) If two planes, which cut one an
other, are parallel to other two which 
cut one another, each to each, the 
common sections of the first two and 
of the second two are parallels cor. 134 

(#) If two planes are parallel, a .straight 
line which cuts one of them m a y be 
produced to cut the other likewise 

cor. 209 
[(h) If two planes are parallel, a straight 
line, which is parallel, or perpendicu
lar, or inclined to one of them, shall 
be parallel or perpendicular, or equally 
inclined to the other.] 

(i) If parallel straight lines are cut by 
.parallel planes, the parts of the 
straight lines, which are intercepted 
between the planes, are equal to one 
another . . .. 134 

(k) Parallel planes are everywhere equi
distant . . . cor. 134 

(I) If any two straight lines are cut 
by three parallel planes, the parts of the straight lines which are intercepted by the planes shall be to one another in the same ratio . 1-34 (m) If two straight lines, which meet one another, are parallel respectively to other two which meet one another, the contained angles shall be equal, and their planes parallel . 135 (n) The dihedral angle made by any two planes which meet one another is measured by the rectilineal angle of 
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the perpendiculars to the common 
section which are drawn in the two 
planes from any the same point of 
the common section . 136 

(o) Dihedral angles, which have the 
sides of the one parallel, or perpendi
cular, or equally inclined to the sides 
of the other, and in the same order, 
are equal to one another sch. 136 

fjp) If one plane is at right angles to 
another, the perpendiculars to the 
common section, which are drawn in 
the two planes from any the same 
point of the common section, are at 
right angles to one another; and con
versely . . . cor. 136 

{j) If one plane is perpendieular to 
another, any straight line, which is 
drawn in the first plane at right 
angles to their common section, is 

l perpendicular to the other plane 136 
(r) If a straight line is perpendicular to 

a plane, every plane which passes 
through it is perpendicular to the same 
plane , . . . 136 

(*) If two planes which cut one another 
are each of. them perpendicular to a 
third plane, their common section is 
perpendicular to the same plane 

cor. 137 
(t) If through the same point there 

pass any number of planes perpen
dicular to the same plane, they all of 
them pass through the same straight 
line, viz., the perpendicular which is 
drawn from the point to the plane 

cor. 137 
(u) If two planes are parallel, a plane 

which is parallel, or perpendicular, or 
inclined to one of them, shall be 
parallel or perpendicular, or equally 
inclined to the other . sch. 136 

{«) Through a given point, to draw a 
plane which shall be parallel to a given 
plane . . , 1 5 4 

{») Through a given point, to draw a 
plane perpendicular to each of two 
given planes . . . 1 5 4 

(y) Through a given straight line to 
draw a plane perpendicular to a given 
plane . . . . 1 5 3 

Plane Geometry is that part of Geometry 
which treats of plane figures and lines in 
one plane. W h a t constructions are said to be practicable by Plane Geometry sch. 26 Plane Locus. (See " Locus.") def. 107 Plane Section of a solid, is any section made by a plane. . of a cone, cylinder, or sphere. See " Cone," " Cylinder," or " Sphere." Planes, angle contained by. See " Dihedral angle." Point . . . . def. 1 Point of contact . • def. 79 {•a) If a straight line touches a circle, or if a plane touches a sphere, the foot of the perpendicular which is drawn from 

its centre to the straight line or plane 
is the point of contact 80, 129 

(A) If a circle touches a circle, or a 
sphere a sphere, the straight line 
joining their centres, or that straight 
line produced, passes through the point 
of contact . . 82,151 

Point of intersection, of three planes. (See 
"Plane.") .. . . sch. 156 

• , of three spherical sur
faces . . . sch. 151 

Pole of a circle of the sphere. (See " Sphe
rical Geometry.") . . def. 184 

Polar distance of a circle of the sphere J 
def. 184 

Polar triangle. (See " Spherical Geometry.") 
def. 185 

ion. (See "Rectilineal Figure," " R e 
gular Polygon.") . . def. 2 

Polygon, spherical. (See " Spherical Geome
try.") . . . . aV/.186 

Polyhedron. (Also "Diagonals of a Poly
hedron.") . . . def. 126 

W h e n said to be regular . 126 
W h e n two polyhedrons are said to be 

similar. (SeeNote upon this def.) 126 
[Two polyhedrons are said to be sym
metrical, when a face of the one may 
be made to coincide with a face of the 
other, and, these being made to coin
cide, the straight lines which join the 
solid angles of the one with the cor
responding solid angles of the other 
are perpendicular to, and bisected by, 
the plane of the faces.] 

(a) If S, E, and F represent respec
tively the number of solid angles, the 
number of edges, and the number of 
faces of a polyhedron, S — E X F = 2 

sch. 197 
(b) If S represents the number of solid 

angles, the sum of all the plane angles 
of the faces is equal to (S — 2) times 
4 right angles . . sch. 197 

(c) The solidity of a polyhedron m a y 
be obtained by dividing it into pyra
mids, having for their common vertex 
one of the vertices of the polyhedron, 
or some point within it . sch. 147 

(d) Similar polyhedrons are divided into 
the same number of similar pyra
mids, by drawing diagonals from any 
two corresponding angles, and planes 
along those diagonals . 150 (e) Similar polyhedrons are to one another in the triplicate ratio (or as the cubes) of their homologous edges; and their convex surfaces are in the duplicate ratio (or as the squares) of those edges . . 150 [(/) If torn- straight lines are proportionals, any two similar polyhedrons which have the first and second for homologous edges, and any two which have the third and fourth, are proportionals. (IV. 27. cor. 3.] [(g) Symmetrical polyhedrons may be divided into the same number of 
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symmetrical pyramids, by drawing 
diagonals from any two correspond
ing angles, and planes along those 
diagonals.] 

[(h) Symmetrical polyhedrons are equal 
to one another.] 

Postulates (Lat., things required) . 3 
' in the constructions of theorems 

in plane geometry . . . . 3 
• in the constructions of problems in 

plane geometry . 24 
— , in the constructions of problems 

in solid geometry . . 150 
•—̂ —• in the constructions of problems in 

spherical geometry . . 203 
Prime, numbers said to be (See " C o m m o n 
, Factor.") . '. . sch. 36 
Principal edges of a prism or pyramid, 

def. 127 
Principal diameter of a conic section def. 217 
Principal vertices, or vertex, of a conic section 

def. 217 
Prism, def. (a)so its bases, sides, principal 

edges, lateral or convex surface) 127 
W h e n said to be right, when oblique 127 
W h e n said to be regular (its axis) 127 
(a) Triangular prisms, which have two 

sides and the included angle of the one 
equal to two sides and the included 
angle of the other, are equal to one 
another . . . 138 

(b) If the upper part of a triangular 
prism be cut away by any plane, the 
remaining solid is equal to the sum 
of three pyramids, having the same 
base with the prism, and for their ver
tices the upper extremities of the di
minished edges . sch. 147 

(c) Every prism is equal to a rectangu
lar parallelopiped, having an equal 
base and altitude ; i. e. to the product 
of its base and altitude . 144 

(d) Prisms which have equal altitudes 
are to onejanother as their bases; and 
prisms which have equal bases as 
their altitudes; also, any two prisms 
are to one another in the ratio which 
is compounded of the ratios of then-
bases and altitudes . cor. 145 

(e) The solid content of any prism is 
equal to the product of the principal 
edge, and the area of a plane section 
perpendicular to it; and the convex' 
surface is equal to the product of tbe principal edge, and the perimeter of the same section. In the right prism, this section is the same with the base sch. 145 [(/) Prisms which have for their bases similar polygons, and the principal edges drawn from two corresponding angles of those polygons, making equal angles with each of the homologous adjoining sides, and in the same ratio as those sides, are similar.] [(g) Similar prisms are as the cubes of their homologous edges. (IV. 35.)] 
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[(h) Symmetrical prisms are equal to one 
another.] 

(i) If the convex surfaee of a prism be 
produced to any extent, the sections 
of it by parallel planes will be similar 
and equal polygons . sch. 145 

Problem (Gr., a thing put forth or proposed) 3 
Product, strict meaning of the word when 
used in geometry . sch. 18, 142 

And hence it is used synonimously with 
rectangle or rectangularparallelopiped, 
these figures being measured by the 
products of their bases and altitudes,. 
or of their respective dimensions. 

Progression, arithmetical. See " Arithme
tical Progression." 

geometrical. See " Geometrical 

Progression." 
harmonical. See " Harmonical 

Progression." 
Projection, orthographic and perspective 208 
(A) Of Orthographic Projection. 

Orthographic projection of a point, line, 
. or figure . . . def. 208 

Plane of projection, direction of pro
jection, original . . def. 208 

(a) The orthographic projection of every 
given point m a y be found upon the 
plane of projection . . 212 

(b) The orthographic projection of a 
straight line (not parallel to the di
rection of projection) is a straight 
line—viz., the common section of the 
plane of projection, andaplane drawn 
through the original, parallel to the 
direction of projection . 213 

(c) If the original straight line be pa
rallel to the plane of projection, the 
orthographic projection of such 
straight line is a point . cor. 213 

(d) The, orthographic projection of a 
straight line, which is parallel to the 
plane of projection, is parallel, and 
. equal to its original . cor. 213 

(e) The orthographic projections of any 
parallel straight lines are parallels, 
and have the same ratio to their re
spective originals . . 213 

(/) The orthographic projection of a 
curve .(the plane of which is not paral
lel to the direction of projection) is a 
curve; and the orthographic projec
tion of a straight line, touching the 
original curve, is a straightlinetouch-
ing the projection of that curve 214 

(g) If the plane of the original curve be 
parallel to the direction of projection, 
the projection of a straight fine, and the projection of the tangent coincides with it, or, in one case, is a point of it cor. 214 (A) The orthographic projection of a straight line cutting a curve, is a straight line cutting the projection of that curve, except always as in (g) cor. 214 [(i) The orthographic projection of a 
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circle is a circle, or an ellipse (app. 25, 

26,27,)] 
(B) Of Perspective Projection. 

Perspective projection of a point, line, or 
figure , . . . def. 208 

Vertex, vertical plane, plane of projec
tion, original . . def. 208 

(a) The perspective projection may be 
found of every point which is without 
the vertical plane, but of no point in 
that plane . . _ . 208 

(A) The perspective projection of a 
straight line (not passing through the 
vertex) is a straight line—viz. the 
common section of the. plane of pro
jection, and the plane which passes 
through the vertex and original 
straight fine . . 209 

(c) If the original straight line passes 
through the vertex, the projection of 
such straight fine is a point cor. 209 

(d) The perspective projection of a 
straight line parallel to the plane of 
projection, is parallel to its original 

cor. 209 
(e) The perspective projection of a 
straight line, which is terminated by 
the vertical plane, is a straight line of 
irnlimited extent in one direction; and 
the projection of a straight line, which 
cuts that plane, is the whole of a 
straight line of unlimited extent, in 
both directions, excepting only the part 
which lies between the projections of 
the extreme points . . 209 

[(/) The perspective projection of a 
straight hire, which is of unlimited 
extent in one direction, but does not 
meet the vertical plane (and is not 
parallel to that plane), is finite.] 

(g) The perspective projection of a 
straight line, which is not parallel to 
the plane of projection, passes, if pro-

- - duced, through the point in which a 
parallel to the original, drawn through 
the vertex, cuts the plane of projection 

cor. 208 
(A) The perspective projections of paral
lel straight lines, which are likewise 
parallel to the plane of projection, are 
parallels . . . .209 

(j) The perspective projections of paral
lel straight lines, which cut the plane 
of projection, are not parallels, but pass, when produced, all of them through the same point—-viz., the point in which a parallel to the originals, drawn through the vertex, cuts the plane of projection . . 2 1 0 (k) The perspective projection of a curve (Ihe plane of which does not pass through the vertex) is a curve; and, if any point of the original curve lies in the vertical plane, the projection shall have an arc of unlimited extent corresponding to the arc of the original curve, which is terminated in that p o i n t . . . . 210 

(I) The perspective projection of a 
straight line touching any curve is a 
straight line touching the projection 
of that curve, if the original point of 
contact be without the vertical plane ; 
but if it be in that plane, the projection 
of the tangent is an asymptote to the 
projection-of the curve . 211 

(m) If, however, the tangent at the ori
ginal point-be also iu the vertical plane, 
it has no projection, and the projec
tion of the original curve has no 
asymptote . . . cor. 212 

(n) The perspective projection of a 
straight line, which cuts a curve in a 
point without the vertical plane, is a 
straight line which cuts the projection 
of that curve . . cor. 212 

[(o) The perspective projeetion of a circle 
(except as in (k) ) is a circle, or a, 
conic section (app. 22, 23, 34).] 

Proportion, and how denoted (also its ante
cedents and consequents) . def. 33 

the first and second terms must be 

of the same kind, and also the third and 
fourth . . . . 3 3 

Of commensurable magnitudes . 37 
general theory of . . 48 
when four magnitudes A, B, C, D, are said to he proportionals; def. [7.] 

p. 33; and def. 7 p. 49 
Proportionals according to def. [7.] are 

also proportionals according to def. 7. 
~ 38,49 

(A) Comparative magnitude of the terms, in a 
proportion, A : B : : C : D *. 

(a) If A > or = or < B, then C > 
rrr or < D ; and conversely . 52 

(6) If A > or = or < C, then B > 
or = or < D; and conversely 53 

m 
(c) If A > or = or < — B , then C 

m 
> or = or <, - D; and conversely 

cor. 50\ 
(d) If ?iA > or = or < m S , then ftC 
> or = or < i»D; and conversely. 

cor. 50 
(e) If there are four magnitudes A, B, 

C, D, and if when «A > or = or < 
mB, nC > or = or <i»D, for all 
values of n and m, then A, B, C, D 
are proportionals . ,, cor. 51 

(/) If four magnitudes are propor
tionals, the greatest and least toge
ther are greater than the other twi> 
together . . . 5 3 

(B) Pules for transforming a single propor
tion, a : B :: c : d. 

(a) C : D :; B : A, by merely placing the second ratio first . . 3 3 (o) B : A :: D : C, invertendo 52 

* For the sign •< in this division read̂  "is less 
than,"."and for > "is greater than." 
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(c) A ; C ;; E I D, alternando (when 
the four are of the same kind) 53 

(d) A ~ b : b ;: c ^ D ; d, divi-
dendo - • . 5 3 

(e) A + B : B :: C 4- D : D, compo-
nendo . . • . 5 3 

(/) a : a + b :: c : c + d, con-
vertendo . . . cor. 53 

(ff) a + b : a^B;:C + d : c^d 
miscendo . . . cor. 54 

((C) Rules for combining two or more proper-
(a) if A : c :: A': c, and b : c:: 

B': C, then A ± b : c :: A' + B' 
; C; and so, if any number of pro
portions have the same consequents 54 

(b) If A : B ;: A': B', and B : c: : 
B' I C, then, ex cequali, A'. C '.'. A". 
C ; and so, if there are any number of 
magnitudes A, B, C, D, and A', B', 
C, D', the ratios of which are the same 
respectively in the same order. 54 

•(c) if A : B :: B': c, and b : c :: 
A' '. B', then ex cequo perturbato, 
A : C :: A' : C ; and so, if there 
are any number of magnitudes A, B, 

• C, D, and A', B', C , D', the ratios 
of which are the same respectively in 
a cross order. . . 55 

(D) Rules of Arithmetical Proportion. 
(a) If four magnitudes are proportionals, 

and if A, B , C, D represent those 
A 

magnitudes numerically,' then — = 
B 

:c .„a c 
—-; and, conversely, if ̂  = j : , the 

four are proportionals* . sch. 4 7 
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(b) The same being supposed, AxD-
B x C, and conversely . sch. 47 

(c) .The same being supposedj A x M : 
B x M I.' C ; D; and conversely 

sch. 47 
(d) The same being supposed A x M : 

; B ;; C x M '. I), and conversely 
sch. 47 

(e) If four magnitudes, numerically re
presented by A, B, C, D, are propor
tionals ; and four others, represented 
by A', B', C, T>% are likewise propor
tionals; then A x A' : B x B' :; 
C x C : D x D'; a rule which is 
ealled " cornpouiiding the propor
tions," and is applicable to any num
ber of proportions . . sch. 48 

Proportional. See "Third Proportional," 
"Fourth Proportional," "Mean Propor
tional." 

Proportional Straight Lines. See " Straight 
Line." 

Pyramid, (also its vertex, base, sides, prin
cipal edges, lateral or convex surface, frus
tum, or truncated pyramid) . def. 127 
W h e n said to be regular (its axis) 127 
W h e n two pyramids are said to be similar 

126 
W h e n symmetrical. See " Polyhedron." 

(a) Triangular pyramids whieh have 
equal bases and altitudes are equal to 
one another . . . 1 4 5 

(6) Every pyramid (triangular or other-
* This is true, not only when the magnitudes are 

commensurable proportionals (as is demonstrated in 
p. 47), but also when four magnitudes are propor
tionals aecordingto def. 7, and as such, is meant to be 
asserted by placing it among the properties of pro
portionals! It is necessary, therefore, to add the 
"following demonstration of the general case:— 

Let A, B, -C, D,. be proportionals according to def. 
7, p. 49 ; let B be divided into any number, 6, of 
equal parts, and let A contain a of those parts ; that 
as, a certain number exactly together with a frac
tion, which number and fraction are, together, re
presented by a; also let D be divided into any 
number, tf, of equal parts, and let C contain c of those 
parts, c being a whole number and fraction as before; 
•a c 
•— shall be equal to —-. 
D « 
Take mtind n any equimultiples of h and dt so that 

— =—, and consequently md = nb; and let B 
•a d 
and D be divided, each, into m d, or, which is the iame, nb equal parts; then, because A contains —ths of B, it contains-—-ths of B, and in like b nb inannerC contains •—-ths of D ; but because A, B, C, m d D are proportionals according to def. 7. and that n q is equal to m d, the units (j> suppose) in n a are equal to the units (^suppose) in m c; and therefore •—j = 

-I—: and this will be the case, how great soever the 
md 
numbers bj and n may be "taken; that is, how great 
soever the numbers n b and m d may be. But be
cause -^-differsfrom —- by less than —- and —— 

nb no no m a 
from^ by less than —-, by increasing m and //, 

m d md 
JL and -=— may be made to differ from —- and 
nb md «° 
"^ by less than any the same given difference* 
m d 
Therefore, because -— is always equal to —- , 

nb m d 
l!L-Jt!L Hi, 28) and consequently^- =4*' 
nb md b a 
Also, conversely, if — = -r. A, B, C, D shall be 

b a 
proportionals according to def. 7. For let B and D 
be divided, each, into any number, n, of equal parts; 

a . 1 
then, becauseA contains --ths of B, it contains -*th 

* o ft 
a 

of B as often as the number n is contained in — t 
b 

and in like manner C contains — th of D as often as n c , a c n is contained m — ; but, because y- = —tn is contained in -— with a remainder, as often as it is con-o tainedin— with a remainder; therefore-A, B, C, D a are proportionalŝ  
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wise) is equal to the third part of a 
prism whieh has the same base and 
altitude . . . 146,147 

(c) The solid content of a pyramid is 
equal to one-third of the product of its 
base and altitude . . cor. 147 

(d) The frustum of a pyramid is equal 
to the sum of three pyramids which 
have the same altitude with the frus-
.tum, and for their bases the sum of its 
two bases and a mean proportional 
between them . . . 147 

(e) Pyramids which have equal altitudes 
are to one another as their bases, and 
pyramids which have equal bases, as 
their altitudes; also, any two pyra
mids are to one another in the ratio 
which is compounded of the ratios of 
their bases and altitudes . cor. 147 

[(/) Pyramids which have for their bases 
similar polygons, and the principal 
edges drawn from two corresponding 
angles of those polygons making 
equal angles with each of the homolo
gous adjoining sides, and in the same 
ratio as those sides, are similar.] 

(g) Similar pyramids are to one another 
in the triplicate ratio (or as the cubes) 
of their homologous edges . 149 

[(h) Symmetrical pyramids are equal to 
one another; for they have equal 
bases and altitudes.] 

(i) If the convex surface of a pyramid 
be produced to any extent, the sections 
of it by parallel planes will be similar 
polygons . . . sch. 145 

Quadrature of (he eirele; an exact quadrature 
is impracticable in the way of calculation, 
sch. 99. See " Circle" and " Lunes." 

Quadrilateral plane figure . def. 2 
(a) Its angles are together equal to four 

right angles. . . . cor. 15 
(b) If any other than a parallelogram, 
the squares of its diagonals are to
gether greater the squares of the four 
sides by four times the straight line 
which joins the middle point of the 
diagonals. . . . 2 3 

(c) If two quadrilaterals have three sides 
of the one equal to three sides of the 
other, each to each, and the angles of 
the one lying in the circumference of 
a circle of which the fourth side is 
diameter, but the angles of the other not so lying, the first quadrilateral shall be greater than the other * 103 (d) If two quadrilaterals have the sides of the one equal to the sides of the other each to each, and the angles of the one lying in the circumference of a circle, but the angles of the other not so lying, the first quadrilateral shall be greater than the other 104 (e) To construct a quadrilateral which shall have its sides equal to four given * These propositions (c) and (d) are true, whether the equal sides lie in the same, or in different orders. 

straight lines (of which every three 
are greater than the fourth), and its 
angles lying in the circumference of 
a circle . . . cor. 91 

In what cases a quadrilateral is a paral
lelogram, and the properties of such a 
figure. See " Parallelogram." 

Iu what cases it has its angles in the 
circumference of a circle, and the pro
perties of such a figure. See "Circle." 

Quindecagon. See "Pentedecagon." 
Radius of a circle, or sphere def, 3, 127 
Ratio, meaning of the word . . 3 1 

Is independent of the kind of magni
tudes compared, but requires that the 
two shall be of the same kind 31 

Of commensurable magnitudes, how 
expressed in numbers . 32 

Of incommensurable magnitudes . 48 
Ratio of equality, inverse or reciprocal 
ratio . . def. 32 

Equal ratios, greater ratio, less ratio 
def. 32, 49 

Duplicate ratio, triplicate ratio, &c. 
(Also Sub-duplicate, Sub-triplicate, 
&c.) . . . def 34 

Compound ratio; i. e., a ratio which is 
compounded of any number of ratios 

def. 34 
W h e n one ratio is said to be taken away 

from another . . . - 45 
(A) Of equal Ratios *. 

(a) If A = B, then A : C = B : C; 
and conversely . . . 5 1 

(b) If A : B = C : D and C : D = 
E : F, then A : B = E : F . 51 

(c) If A : B = A' : B', then A : B 
= A ± A' : B ± B' . 53, 54 

(d) If A : B = A' : B' = A" : B", 
then A r B ^ A + A' + A'lB-f-
B' -)- B"j and so of any number of 
equal ratios . 54 

(e) Magnitudes are to one another as 
their equimultiples . . 5 2 

(/) If A : B = C : D, mA. \ mTS = 
nC InD; and conversely cor. 52 

(g) if a : b = c : d, i » A : » c = 
niC : n D ; and conversely . 52 

(h) If there are any number of magni
tudes of the same kind A, B, C, D, 
and as many others A', B', C', D', and 
if the ratios of the first to the second, 
of the second to the third, of the third 
to the fourth, and so on, are the same respectively in the two series, any two combinations by sum and difference of the magnitudes in the first series shall be to one another as two similar combinations of the magnitudes in the second series . cor. 55 (B) Of unequal Ratios. (a) If A > or < B, then A : C > or <[ B I C ; and conversely . 51 * For the signs > and < which are here used, read " is greater than" for > , and " is less than" for <;. S 
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(b) If A > B, then C : B > C ; A ; 
and conversely . . . 5 1 

(c) If A : B = C : D and C : D > 
or < E : F, then A : B > or < 
E : F . . . cor. 52 

(d) If A : B > or < C : D and C : 
D = E : F, then A : B > or < 
E : F. . . . cor. 52 

(e) If A : B > or < A' : B', then A 
: B > or < A + A' : B + B' 

cor. 54 
(f) If A : B not == A' : B', then A 
+ A' :. B + B ' lies between A : B 
and A' : B'. . . . cor. 54 

(C) Of compound. Ratios. 
(a) Ratios which are compounded pf the 

same ratios, in whatsoever orders, are 
equal to one another . . 55 

(b) Ratios which are the duplicates, tri
plicates, &c. of equal ratios, are equal 
to one another ' . . cor. 56 

(c) If equal ratios are taken from equal 
ratios, the remaining ratios are equal 

cor. 56 

(D) Of reciprocal Ratios. 
(a) If a ratio, which is compounded of 
two ratios he a ratio of equality, one 
of these is the reciprocal of the other ; 
and conversely . . cor. 51 

(b) The reciprocals of equal ratios are 
equal . . . 4 0 

(e) In the composition (i. e., compound
ing) of ratios, any two which are re
ciprocals may be neglected without 
affecting the resulting compound ratio 

cor. 56 
See also " Numerical Ratio" and " Pro
portion." 

Reciprocal, one ratio said to be of another 
32 

-Reciprocally proportional; two magnitudes 
and other two are said to be recipro
cally proportional, when the four con
stitute a proportion, in which one pair 
are extremes and the other means. 

Rectangle . . . . def. 2 
[(a) Its diagonals are equal to oue an

other, and all its angles are right 
angles (I. 4.).] 

(b) If the adjoining sides of a rectangle 
contain auy the same straight line M , 
the one a times and the other b times, 
the rectangle shall contain the square 
of M , a x b times* . . 18 

(c) Hence, a rectangle is measured by, 
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and said to he equal to, the product of 
its adjoining sides . sch. IS 

(d) Rectangles^ having the same base, 
are to one another as their altitudes 

62 
(e) Rectangles are to one another in the 

ratio which is compounded of the 
ratios of their sides . . 62 

(/") Rectangles, which have their sides 
reciprocally proportional, are equal to 
one another; and, conversely, rectan
gles, which are equal to one another, 
have their sides reciprocally propor
tional . . . , 63 

(#) The equality of two rectangles is 
convertible into a proportion of four 
straight lines ', and vice versd sch. 64 

See " Straight Line" and "Parallelogram." 
Rectangular Parallelopiped . def. 126 

[(a) Its diagonals are equal to one 
another, and every face is at right 
angles to the two adjoining faces.] 

(b) If the conterminous edges of a rect
angular parallelopiped contain any 
the same straight Une M , a, b, and c 
times respectively, the rectangular 
parallelopiped shall contain the cube 
of M , a x b x c times f . 142 

(e) Hence, a rectangular parallelopiped 
is measured by, and said to ,be equal • 
to, the product of its three contermi
nous edges . . sch. 142 

(d) Rectangular parallelopipeds, having 
the same base, are to one another as 
their altitudes . . 143 

(e) Rectangular parallelopipeds are to 
one another in the ratio which is com
pounded of the ratios of their edges 

143 
See "Straight Line" and "Parallelo
piped." 

Rectilineal figure•, or polygon . def 2 
W h e n said to he a regular polygon 91 

* This (although only demonstrated in p. 18, in the 
case of whole numbers) is true generally, i. e. when 
a and b are any numbers whatever. 
Of the general case we add the following demonstra

tion :—Let CA, C B be the sides of the rectangle, 
containing. M a and b times respectively; and, first, 
let a be supposed a whole number. Ler the square 
of M be contained in the rectangle a x d times; 
and, first, let d be supposed greater than 6, so lhat if C D be taken equal to d times Af.it will be greater than C B, which is only b times M. Let any part of M, which is less than B D, say the half, be taken,- ""d 

let C E be the first multiple of this part, which is 
greater than C B ; then E lies between B and D. 
Complete the rectangle A C E F ; and, because half 

A T 

03ED 
M is contained in C A 2a times,and in C D 2d times, 
and in C E an exact number of times (say^) less 
than 2d, its square is contained in the rectangle 
A C E F 2axp times,that is, less than 2ax2d times; 
but its square is contained in the rectangle A B 
2a x 2d times, for tbe square of M is supposed to be 
contained in A B axdtimes; therefore the rectangle 
A B is greater than A E CF, which is impossible— 
consequently d cannot be greater than b. And in the 
same manner it may be shown that it cannot be 
less than &, that is, it is equal to it. And this being 
shown in the case in which one of the numbers, as a, 
is whole, the like demonstration, resting upon this, may be applied to the case in which neither of them is a whole number. Th e case of the rectangular parallelopiped may be demonstrated in the same manner. f This is true, whatever the numbers «, b, andfl are*—see the last note. 

http://Af.it
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W h e n said to be inscribed in a circle or 
circumscribed about a circle . 79 

W h e n two rectilineal figures are said to 
be similar, and what are homologous 
sides. (Seethe-Note upon this def.)b7 

W h e n straight lines are said to be simi
larly placed in similar rectilineal 
figures . . . 5 7 

(A) (a) Any one of the sides is less than the 
sum of all the others . . cor. 8 

(b) The exterior angles of a rectilineal 
figure (formed by producing its sides) 
are together equal to four right angles; 
and the sum of its interior angles, to
gether with four right angles, is equal 
to twice as many right angles as the 
figure has sides . . . 15 

(c) The area of a rectilineal figure m a y 
be obtained by dividing it into tri
angles, having for their common vertex 
one of the angular points of the figure, 
or some point within it . .sch. 18 

(13) Of similar rectilineal figures. 
(a) Rectilineal figures of more than 

three sides which have their several 
angles equal in order, each to each, 
are not for that reason necessarily 
similar . . sch. 59 

(b) Rectilineal figures which have all 
their angles but two, equal each to 
eaeh in order, and the sides about the 
equal angles proportionals, are similar 

cor. 60 
(c) A n y two which are similar to the 
same rectilineal figure are similar to 
one another . . def. 57 

[d) Similar rectilineal figures are divided 
into the same number of similar tri
angles by the diagonals which are 
drawn from any two corresponding 
angles . . . cor. 60 

(e) Lines, which are similarly placed in 
similar figures, cut the homologous 
sides at equal angles, and are to one 
another as those sides . cor. 60 

(f) Similar rectilineal figures are to 
one another in the duplicate ratio (or 
as the squares) of their homologous 
sides; [and their perimeters are as 
those sides] . . . 6 7 

(g) If four straight lines are propor
tionals, any two similar rectilineal 
figures whieh have the first and second 
for homologous sides, and any two which have the -third and fourth, are proportionals . . . cor. 67 (h) If similar rectilineal figures are similarly described upon the hypotenuse and sides of a right angled triangle, the figure upon the hypotenuse is equal to the sum of the figures upon the two sides . . 67 (.C) Of rectilineal figures which are not similar. i (a) If a rectilineal figure have not all 

its sides' equal, and all its angles 
equal, a greater m a y be found having 
the same number of sides, and tbe 
same perimeter . . . 100 

(b) Of regular polygons which have the 
same perimeter, that which has the 
greatest number of sides is greatest 

101 
(c) A regular polygon is greater than 

any other rectilineal figure which has 
the same (or a less) number of sides, 
and the same perimeter cor. 101, 102 

((f) A regular polygon has a less peri
meter than any rectilineal figure which' 
has the same (or a less) number of 
sides and the same area . cor. 101 

(e) If a rectilineal figure have not all its 
angles in the circumference of a cir
cle, a greater m a y be found having 
the same sides . . cor. 105 

(/) A rectilineal figure, which has all 
its angles lying in the circumference 
of a circle, is greater than any other 
having the same sides, whether in the 
same or in different orders cor. 105 

(g) If two rectilineal figures have all 
their sides but one equal each to each 
(in the same, or in different orders), 
and the angles of the one lying in the 
circumference of a circle of which the 
excepted side is the diameter; but the 
angles of the other not so lying, the 
first figure shall be greater than the 
other « . . . note 103 

(D) Problems relating to Rectilineal Figures. 
(a) To describe si triangle which shall 

be equal ta a given rectilineal figure, 
and which shall have a side and angle 
adjoining to it, the same with a side 
and adjoining angle of the figure 28 

(b) T o divide a given rectilineal figure 
into two (or more) equal parts by a 
line (or lines) drawn from a given 
angle, or from a given point in one of 
its sides . . . . 29 

(c) T o divide a given rectilineal figure 
in a given ratio (or into any number 
of parts having given ratios) by a line 
(or lines) drawn from one of its an
gles, or from a given point in one of 
its sides . . . 77 

(d) To describe a rectilineal figure upon 
a given straight line, similar to a given 
rectilineal figure; the given line being homologous with a given side of the figure . . . . 75 (e) T o describe a rectilineal figure, which shall be similar to a given rectilineal figure} and' have a given perimeter . . . 76 (/) T o describe a rectilineal figure, which shall be similar to one given rectilineal figure, and equal to another . . . . 76 

Regular Polygon, 
centre) ., 

def. (also its apotheni and 

S 2 "' 
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Regular polygons of the same name are 
similar . . . . 91 

To describe any regular polygon upon a 
given straight line . cor. 120 

See "Circle," and " Rectilineal figure." 
Re-entering, an angle said to be . 2 
Regular Polyhedron . . def. 126 

Its centre . . . cor. 161 
[The apothem of aregular polyhedron is 
-a perpendicular drawn from the centre 
to any one of the faces, and is equal 
to the radius of the inscribed sphere.] 

(A) (a) There are only five regular poly
hedrons, three of which (the tetrahedron, 
octahedron, and icosahedron) are contained 
by equilateral triangles, one (the hexahe
dron, or cube) by squares, and one (the 
dodecahedron) by pentagons cor. 138 

(6) A sphere m a y be inscribed in any of 
the regular polyhedrons, and a sphere, 
concentric with the former, circum
scribed about it . cor. 161 

[(c) The common centre of which spheres 
(i. e. the centre of the polyhedron) may 
be found by bisecting any three of the 
dihedral angles, or by bisecting auy 
three of the edges by planes at right 
angles to them (IV. 50. cor. 2.)] 

(d) The solid content of a regular poly
hedron is equal to one third of the 
produet of its convex surface and apo
them (i, e. the radius of the inscribed 
sphere) . . . cor. 165 

(e) Regular polyhedrons of the same 
name are similar . cor. 161 

(/) The regular polyhedrons of 6, 8, 
12, and 20 faces have for every face a 
face opposite and parallel to it; and 
the opposite edges of those faces like
wise parallel; also the straight line 
which joins two opposite angles passes 
through the centre of the polyhedron 

cor. 161 
(g) Any one of the regular polyhedrons 

m a y be inscribed in a regular polyhe
dron, which has a greater number of 
faces, by taking for its vertices certain 
of the vertices of the latter, or of the 
centres of its faces, or of the middle 
points of its edges . note 162 

(h) To find the inclination of the ad
joining faces of any of the regular 
polyhedrons » . . 163 

(i) The edge of any regular polyhedron being given, to find the radii of the inscribed and circumscribed spheres 164 (k) The edge of any regular polyhedron being given, to describe the polyhedron . . . . 158 (B) Of the regular Tetrahedron, [(a) The tetrahedron has 4 faces (equilateral triangles), 4 solid angles, and 6 edges.] (6) The centres of its faces are the vertices of an inscribed regular tetrahedron . . . sch. 162 

(c) The inclination of its adjoining faces 
is measured by the greater acute angle 
of a right-angled triangle, whose hy
potenuse is equal to three times one of 
its sides . . . 163 

(d) The diameter of the circumscribed 
sphere is to the edge, as the hypo
tenuse to the greater side of a right-
angled triangle, whose sides are as 
the side and diagonal of a square 165 

(e) The diameter of the inscribed sphere 
is one-third that of the circumscribed 
sphere . . . sch. 166 

(C) Of the regular Hexahedron, or Cube. 
[(a) The cube has 6 faces (squares), S 

solid angles, and 12 edges.] 
(6) The centres of its faces are the ver-
• tices of an inscribed regular octahe
dron . . . sch. 162 

(c) Four of its vertices are the vertices 
of an inscribed octahedron, as the side 
and diagonal of a square note 162 

(d) Its adjoining faces are at right angles 
to one another . . ]63 

(e) The diameter of the circumscribed 
sphere is to the edge, as the hypote
nuse to the lesser side of a right-angled 
triangle, whose sides are as the side 
and diagonal of a square . 165 

(/) The diameter of the inscribed sphere 
is equal to the edge of the cube 165 

(D) Of the regular Octahedron. 
[(a) The octahedron has 8 faces (equila
teral triangles), 6 solid angles, and 12 
edges.] 

(6) The centres of its faces are the ver
tices of an inscribed cube sch. 162 

(c) The inclination of its adjoining faces 
is measured by twice the greater acute 
angle of a right-angled triangle, whose 
sides are as the side and diagonal of a 

• square . . . . 163 
(d) The diameter of the circumscribed 

sphere is to the edge, as the diagonal 
of a square to its side . 165 

(e) The ratio of the diameters of the in
scribed and circumscribed spheres is 
the same as in the cube, viz. 1 : ^ 3 , 

sch. 166 
(E) Of the regular Dodecahedron. 

[(a) The dodecahedron has 12 faces 
(pentagons), 20 solid angles, and 30 
edges.] 

(6) The centres of its faces are the vertices of an inscribed icosahedron sch. 162 (c) Eight of its vertices are the vertices of an inseribed cube; and four of an inscribed tetrahedron . note \62 (d) The inclination of its adjoining faces ,. is measured by twice the greater acute angle of a right-angled triangle whose sides are in the medial ratio 163 (e) The diameter of the circumscribed sphere is to the edge as the hypotenuse 
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to the lesser side of a right-angled 
triangle, whose sides, are in the dupli
cate of the medial ratio . 165 

(f) The ratio of the diameters of the 
inscribed and circumscribed spheres 
b the same, as in the icosahedron 

sch. 166 
(F) Of the regular Icosahedron. 

[(a) The icosahedron has 20 faces (equi
lateral triangles), 12 solid angles, and 
30 edges.] 

(6) The centres of its faces are the ver
tices of an inscribed dodecahedron 

sch. 162 
(c) The inclination of its adjoining faces 

is measured by twice the greater 
acute angle of a right-angled triangle, 
whose sides are in the duplicate of 
the medial ratio . . 163 

(d) The diameter of the circumscribed 
sphere is to the edge, as the hypote
nuse to the lesser side of a right-
angled triangle, whose sides are in 
the medial ratio . . 165 

(e) The ratio of the diameters of the 
inscribed and circumscribed spheres is 
the same as in the dodecahedron, [viz. 
as the greater side to the hypotenuse 
of a right-angled triangle, the lesser 
side of which is equal to twice the 
lesser segment of the greater side 
medially divided; or (if r, greater 
than unity, represent the medial 
ratio) in the subduplicate ratio of r4 
to r4 + 4.] . .. sch. 166 

Regular Prism, def. (also its axis) 127 
See " Prism" and " Cylinder." 

Regular pyramid, def. (also its axis) 127 
See "Pyramid" and " Cone." 

Reverse angle. See " Re-entering." 
Revolution, figures of. See " Solid of Re

volution." 
Rhombus . . . . def. 2 

(a) H a s all its sides equal, and its dia
gonals bisect one another at right 
angles . . . cor. 16 

[(b) If a quadrilateral has all its sides 
equal, or if its diagonals bisect one 
another at right angles, it is a rhom
bus.] 

(c) T o describe a rhombus with a given 
side and angle . . 28 

Right, a term applied to any angle (whether 
rectilineal, dihedral, or spherical) which is equal to the adjacent angle, formed by producing either of its sides. (a) A right angle is measured by » quadrant, or fourth part of the circumference, which is described about its angular point with a given radius sch. 85 (b) All the angles about a point in a plane, are together equal to four right angles • . • cor-5 See "Angle." Right solid angle . . . sch. 203 (a) A right solid angle is measured by 

an octant, or eighth part of the sphe
rical surface, which is described about 
its angular point with a given radius 

sch. 203 
(b). All the solid angles about any 

point are together equal to eight solid 
right angles . . sch. 203 

See "Solid Angle." 
Right, a cone, or cylinder said to be. (See 

" Cone" and " Cylinder.") 166, 167 
, a prism said to be. (See " Prism.") 127 

Right-angled triangle, def. (See"Triangle.") 
2 

Right-angled spherical triangle. See " Sphe
rical Geometry." 

Round bodies, the sphere, right cone, and 
right cylinder, so called . . 167 

Scalene (Gr. limping), a triangle said to be -2 
Scholium (Gr.), an observation . 3 
Section (Lat., division). See " Plane Sec
tion." 

Sector of a circle, def. (See " Circle.") 79 
of a sphere, def. (See " Sphere.") 179. 

Segment, of a circle, def. (See "Circle.") 79 
of a sphere, def. (See « Sphere.") 179 

Semicircle, def. 79, (also " Semicircum
ference," 78, " Semidiameter" 3.) 

Sides, of a triangle, 2 ; isosceles triangle, 2 ; 
rightangled triangle, 2. 

homologous, of similar figures 127 
• • of a prism or pyramid . 127 
Similar, rectilineal figures said to be 57 

arcs, circular sectors and segments 
said to be . . . . 91 

• • annuli said to be. See " Annulus." 
polyhedrons said to be . 126 
cones, cylinders said to be . 167 
spherical segments and sectors, 

orbs, ungulae, said to be . . ' 184 
zones, lunes, spherical triangles, said 

to be . . . . 184,207 
[In all these figures there is one gene

ral property, and which it would not be 
difficult to demonstrate in each sepa
rately, viz., that any two that are simi
lar, m a y be so placed, as that every 
straight line which is drawn from a cer
tain point, to cut the perimeters or sur
faces, shall be divided by them in the 
same ratio. Generally, therefore, let 
the term similar be applied to all figures 
which answer this description; i. e., let 
it be the general test of similarity, that 
two figures, which are said to be similar, m a y be so placed as that every straight line which is drawn from a certain point (similarly placed with regard to the two) to cut the perimeters or surfaces, shall be divided by them in the same ratio. According to this definition, plane figures will be similar, when a point may be found in each, and a straight line drawn from each of these points, such that every two straight lines which are drawn from the same points at equal angles to these, and terminated 
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by the figure; sb.all be to one another in 
the same ratio. Of such figures it may 
be demonstrated— 

1. That if any rectilineal figure what
ever be inscribedin, or circumscribed 
about' the one, a similar rectilineal 
figure may be inscribed in, or cir
cumscribed about the other. (II. 32.) 

2. That their areas are in the dupli
cate ratios (or as the squares) of 
a!ny two homologous lines, and their 
perimeters as those lines. (II. 28.) 

Again, according to this definition, 
solid figures will be similar, when a 
point may be found in each, and two 
straight lines drawn from each of those 

. points, in the same direction from one 
another, such, that any two straight 
lines which are drawn from the same 
points at equal angles to these, and 
terminated by the figure, shall be to one 
another in the same ratio; and of such 
figures it may be demonstrated— 

1. That if any polyhedron whatever is 
inscribed in, or circumscribed about 
the one, a similar polyhedron may. 
be inscribed in, or circumscribed-
about the other. 

2. That their solid contents are in the 
triplicate ratio (or as the cubes) of 
:any two homologous lines, and their 
^convex surfaces in the duplicate 
ratio (or as the squares) of those 
lines. (II. 28.)] 

Similarly divided, straight lines said to be 57 
Similarly placed, straight lines said to be, in 
similarafigures . . . 57 

Simple.locus. (See "Locus") . def. 107 
Small arc,.in spherical geometry, is the arc of 

a small, circle,. 
Small circle, of the sphere, def. (See " Spheri

cal Geometry.") , . . 184 
Solid . . . . d e f . l 
Solid Geometry, is that part of geometry 
which treats of solid figures and lines in 

, different planes. See " Polyhedron," &c. 
Solid angle, def. (also its "edges") . 125 

W h e n said to be a right angle sch, 203 
(a) If a solid angle is contained by 

three plane angles, any two of them 
are together greater than the third: 
and any one is greater than the dif
ference of the other two . 137 

(b) The plane angles, which contain any solid angle, are together less than four right angles . . 137 (e) If two solid angles are each of them contained by three plane angles, and if two of these and the included dihedral angle in the one, be equal to two and the included dihedral angle in the other, each to each; their other dihedral angles are equal, each to each, and the third plane angle of the one is equal to the third plane angle of the other . . cor. 157 (d) If two solid angles are each of them contained by three plane angles, and 

if tie three containing the one are 
equalto the three containing the other, 
each to each, their dihedral angles are 
also equal, each to each—viz. those 
which are opposite to the equal plane 
angles . . - . cor. 157 

(e) • Given the three plane angles which 
contain a solid angle, to find any of 
the dihedral angles by a plane con-: 
struction . . 156 

(/) Given two of three plane angles con
taining a solid angle, and the dihedral 
angle which they contain, to find the 
third plane angle, and the other two 
dihedral angles by a plane construc
tion . . . cor. 157 

(g) Every solid angle is measured by 
the spherical surface described about 
its angular point with a given radius, 
and included between its planes 

sch. 203 
(h) The properties of solid angles are 

analogous to those of spherical tri
angles and polygons . sch. 203 

See "-Right Solid Angle." 
Solidoontent. See "Content." 
Solid of revolution, is any solid which is ge

nerated by the revolution of a plane figure 
about an axis in the same plane. 

(a) If an isosceles triangle revolve about 
an axis, which passes through its ver
tex, the convex surface geneiated by 
the base is equal to the product of that 
portion of the axis which is inter
cepted by perpendiculars drawn to it 
from the extremities of the base, and 
the circumference which has for its 
radius the perpendicular drawn from 
the vertex to the base; and the solid 
generated by the triangle is equal to 
one-third of the product of this surface 
by the same perpendieular . 175 

(6) If any triangle revolve about an 
axis, which passes through its vertex, 
the solid generated by the triangle is 
equal to one-third of the product of 
the surface generated by the base, and 
the perpendicular drawn from the 
vertex to the base . . cor. 176 

(c) If the half of any regular polygon 
of an even number of sides revolve 
about the diagonal, the whole convex 
surface- is equal to the product of the 
diagonal and the circumference of a circle which has the apothem for its radius; and the whole solid content is equal to one-third of the product of this surface and the apothem 176 See also " Cylinder," " Cone," "Sphere." def. (also its "radius," and "diameter") . . . . 1 2 7 Is generated by the revolution of a semicircle about its diameter' 127 i(A) Of the whole Spherical Surface and j Content. | (a) A sphere is greater, both as to sur-
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face and content, than any inscribed 
solid of revolution, and less than any 

. circumscribed solid . . 1 7 7 
(b) A n y sphere being given, a solid of 

revolution m a y be inscribed in it or 
circumscribed about it, which shall 
differ from the sphere, in convex sur
face, or in solid content, by less than 
any given difference . cor. 177 

(e) The whole convex surface of a 
sphere, 

= the product of the circumference 
and diameter of the generating 
circle . . 178 

^ four times the area of the gene
rating circle . cor. 178 

— sr Ds, if D is the diameter of the 
sphere . . . cor. 178 

si the convex surface (or two-thirds 
of .the whole surface) of the cir
cumscribed cylinder cor. 178 

(d) The whole solid content 
= one-third of the product of the 

radius and surface . . 178 
= one-third of the product of the 

radius and four times the area of 
the generating circle . cor. 179 

= J ir D3, if D is the diameter of 
the sphere . . cor. 179 

— two-thirds of the content of the 
circumscribed cylinder, cor. 179 

(e) If a polyhedron be circumscribed 
about a sphere, the contents of the 
sphere and polyhedron will be to one 
another as their convex surfaces 

cor. 179 
(/) T h e surfaces of any two spheres arS 

as the squares of the radii, and their 
solid contents are as the cubes of the 
radii . . . 179 

(B) Of certain portions of the Sphere. 
Spherical segment, sector, orb, ungula, 
zone, lune-. . def. 179, 180 

These portions are generated by the re
volution of certain portions of a circle 180 

(a) If a semicircle revolve about its dia
meter, the zone, which is generated by 
any are of the semicircle, shall be 
greater than the surface generated by 
the chord of that arc, and less than the 
surface generated by the tangent of 
the same arc which is drawn parallel 
to the chord, and terminated by the 
- radii-passing through its extremities ISO (b) Every spherical zone is equal to the product of the circumference of the generating circle and that portion of the axis which is intercepted between its convex surface and base, or (if it be -double-based) between its two bases . . . 1 8 1 (c) If a cylinder having the same axis be circumscribed about the sphere, any zone generated about that axis is equal to that part of the convex surface of the cylinder which is inter

cepted between the base of the cylin
der and the plane of the base of the 
zone, or (if double-based) between the 
planes of its two bases . cor. 181 

(d) In the same, or in equal spheres, any 
two zones are to one another as the 
parts of the axis, or axes, which are 
intercepted between their respective 
bases . . . cor. 181 

(e) Every spherical sector is equal to 
one-third of the product of its base and 
the radius of the sphere; and the 
. same m a y be said of every spherical 
pyramid* . . . 1 8 1 

[(/) In the same, or in equal spheres, 
any two sectors are to one another as 
their bases; and the same m a y be 
said of any two spherical pyramids] 

(g) Every spherical segment upon a sin
gle base is equal to the half of a cylin
der having the same base and the 
same altitude, together with a sphere 
of which that altitude is the diameter 

182 
(h) Every double-based spherical seg

ment is equal to the half of a cylinder 
having the same altitude with the 
segment, and a base equal to the sum 
of its two bases, together with a sphere 
of which that altitude is the dia
meter . . . 1 8 2 

(«') The solid generated by the revolu
tion of any circular segment about a 
diameter of the semicircle is equal to 
$*• X G K x I f f ; G K being that 
portion of the diameter which is inter
cepted between two perpendiculars 
drawn to it from the extremities of the 
segment, and F H the chord which is 
the base of the segment . cor. 182 

(/;) Every spherical orb is equal to the 
sum of three pyramids, having their 
common altitude equal to the thickness 
of the orb, and their bases equal to 
its exterior and interior surfaces, and 
a mean proportional between them 

183 
(/) Every spherical ungula is to the 

whole sphere as the angle between its 
planes to four right angles, and its 
lune, or convex surface is to the sur
face of the whole sphere in the same 
ratio . . . 183 

(m) Every spherical ungula is equal to one-third of the product of the radius by its lune or convex surface cor. 184 (n) In the same, or in equal spheres, any two ungulas are to one another as the angles between their respective planes ; and the same m a y be said rf any two lunes . . cor. 184 

* A spherieal pyramid is the solid figure which is 
contained by the surface of a spherical triangle or 
polygon, and the planes which pass through the sides 
of the triangle or polygon; the polygon is called its 
base, and the centre uf the sphere its vertex. Two 
spherical pyramids are said to be similar when their bases are similar triangles or polygons. 
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(o) Similar zones and lunes, and also | 
the triangular or polygonal surfaces 
which are the bases of similar pyra
mids, are as the squares of the radii; 
and similar sectors, pyramids, seg
ments, orbs, and ungulas, are as the 
cubes of the radii . sch. 184, 207 

Spheres, intersection and contact of sch. 151 
Spherical„Geometry, is that part of geometry 

which treats of figures and lines upon the 
surface of a sphere. 

Great and small circles, axis, poles, and 
polar distance of a circle, parallel cir
cles, opposite points . def. 184 

Spherical arc, spherical angle (right, 
acute, and obtuse), spherical triangle, 
polar triangle, spherical polygon def. 

184, 185, 186 
W h e n two points are said to be joined 

on the surface of a sphere def. 184 
W h e n two triangles are said to be sym

metrical . . . def. 185 
W h e n two triangles are said to be similar 

sch. 207 
(A) Of great and small Circles. 

(a) Every plane section of a sphere is a 
circle, the centre of which is either 
the centre of the sphere, or the foot 
of the perpendicular which is drawn 
to its plane from the centre of the 
sphere . . . . 1 8 6 

(6) The radius of a great circle is the 
same with the radius of the sphere; 
and the radius-square of a small circle 
is less than the radius-square of the 
sphere by the square of the perpen
dicular which is drawn to its plane 
from the centre of the sphere cor. 186 

(c) Either pole of a circle of the sphere 
is equally distant from all points in 
the circumference of that circle, whe
ther the direct or the spherical distance 
be understood . . . 186 

(d) A n y circle of a sphere m a y be con
ceived to be described round either of 
its poles as a centre, with the sphe
rical distance of that pole as a radius 

cor. 186 
(e) The distances of any circle from its 
two poles are together equal to a 
semicircumference . . cor. 187 

(/) Equal circles have equal polar dis
tances; and conversely . 187 

(g) Circles whose polar distances are together equalto a semicircumference are equal to one another cor. 187 (h) If a point be taken within a circle which is not its pole, of all the spherical arcs which can be drawn from it to the circumference, the greatest is that in which the pole is, and the other part of that arc produced is the least; and, of any others, that which is nearer to the greatest is always greater than the more remote; and from the same point there can be drawn only two arcs that are equal to 
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one another, which two make equal 
angles upon either side with the 

. shortest arc . * . 1 9 3 
(i) If there be taken a point from which 

there fall more than two equal sphe-
' rical arcs to the circumference of a 
circle, that point is one of the poles of 
the circle . . . cor. 193 

(k) A great circle is equally distant 
from its two poles; a small circle not 
so . . cor. 187 

(I) Great circles bisect one another: 
[but no two small circles bisect one 
another; neither can a small circle 
bisect a great circle] . . 187 

(m) The spherical arc which is drawn 
from the pole of a great circle to any 
point in its circumference, is a qua
drant, and is at right angles to the 
circumference . . 1 8 7 

(n) Great circles which are at right 
angles to one another, pass each of 
them through the poles of the other 

cor. 188 
[(o) If the perpendicular drawn from 

any point to a great circle be a. qna-
draut, that point is' a pole of the great 
circle.] . 

(p) If, from a point to a great circle, 
there fall two spherical arcs, each of 
which is a quadrant, that point is a 
pole of the great circle . cor. 188 

(B) O f Spherical Angles. 
(a) Any two spherical arcs m a y be pro

duced to meet one another in two 
points which are opposite to one 
another . . . cor. 187 

(i) If any number of angles are formed 
at the same point, their sides, being 
produced, shall pass through the op
posite point, [and there form as many 
angles equal to the former respectively, 
each to each] . .. cor. 187 

(e) A spherical angle has the same 
measure with the dihedral angle of its 
planes, and with the plane angle of 
the tangents at the angular point 

def. 185 
(d) Every spherical angle is measured 

by the spherical arc which is described 
about the angular point as a pole, and 
included between its legs; or, which is 
equal to it, by the distance between 
the poles of its legs . . 1 8 8 

(e) The spherical angles which one arc 
makes with another upon one side of 
it, are either two right angles or are 
together equal tq two right angles 189 

(/) If two spherical arcs cut one an
other, the vertical or opposite angles 
are equal . . cor. 189 (g) All the spherical angles about any the same point are together equal to four right angles . • cor. 189 (C) Of Spherical Triangles. (a) li one triangle be the polar triangle 
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of another, the latter shall likewise be; 
the polar triangle of the first; and 
the sides of either triangle shall be 
the supplements of the arcs which 
measure the opposite angles of the 
other . . . . 1 8 8 

(6) In a spherical triangle, any two of the 
sides are together greater than the third 
side; and any side is greater than the 
difference of the other two . 189 

(c) The three sides of a spherical tri
angle (and, generally, all the sides of 
any spherical polygon) are together 
less than the circumference of a great 
circle . . cor. 189 

(d) In every spherical triangle, the sum 
of the angles is greater than two and 
less than six right angles . 189 

(e) A spherical triangle m a y have two 
or three right angles, or two or three 
obtuse angles . . cor. 189 

(f) If a spherical triangle has two of 
its sides equal to one another, the op
posite angles are likewise equal, and 
conversely , . . . 1 9 0 

(̂r) If one side of a. spherical triangle 
be greater than another, the opposite 
angle is greater than the angle oppo
site to that other; and conversely 190 

(h) If one side of a spherical triangle is 
produced, the exterior angle is less 
than the sum of the two interior and 
opposite angles; and the exterior angle 
is equal to or greater than, or less 
than either of the interior and oppo
site angles, according as the sum of 
the two sides not common to them is 
equal to, or less than, or greater than 
a semicircumference . cor. 190 

(i) T w o spherical triangles have all their 
sides and angles equal, each to each, 
when they have, 

1. T w o sides, and the included 
angle equal:. 

or 2. Two angles and the interja
cent side: 

or 3. The three sides: 
or 4. The three angles: 

Whether the equal parts be 
in the same, or in reverse 
orders .» . 191, 192 

(k) O f spherical triangles which have 
the two sides of the one equal to the 
sides of the other, each to each, that which has the greater vertical angle has the greater base; and conversely 193 (I) In a right-angled spherical triangle, either of the two sides is of the same affection with the-opposite angle; and the hypotenuse is equal to, or greater, than, or less than a quadrant, according as one of the adjoining angles is a right angle, or these two angles are of the same or of different affections 194 (m) The spherical triangle, whose three sides are quadrants, coincides with its polar triangle, and is equal to an 

eighth part of the surface of the 
sphere . . . sch. 189 

(D) Of the surface of Spherical Triangles. 
(a) Spherical triangles which have the 

three sides of the one equal to the 
three sides of the other, each to each, 
have equal surfaces; whether the tri
angles are symmetrical or otherwise 

- 194 
(b) Every spherieal triangle is equal to 

half the difference between the hemi
spherical surface and the sum of three 
lunes which have their augles respee
tively equal to the three angles of the 
triangle . . . . 195 

(c) Every spherical triangle is measured 
by the excess of the sum of its angles 
above two right angles . cor. 196 

(d) A spherical triangle, whose angles 
are A, B, and C, is equal to a lune 
whose angle is + B + — R, R 
being a right angle cor. 196 

(e) Every spherical polygon is measured 
by the excess of the sum of its angles 
together with four right angles above 
twice as many right angles as the 
figure has sides ., . cor. 196 

(/) Spherical triangles which stand upon 
the same base, and between the same 
equal and parallel small circles, are 
equal to one another; and conversely, 
equal spherical triangles which stand 
upon the same base, and upon the 
same side of it, are between the same 
equal and parallel small circles 198 

(g) Of equal spherical triangles upon 
the same base, the isosceles has the 
least perimeter; and of spherical tri
angles upon the same base, and 
having the same perimeter, the isos
celes has the greatest area 199,200 

(h) O f all spherical triangles which 
have the same two sides, the greatest 
is that in which the angle included 
by them is equal to the sum of the 
other two angles . . 200 

Of which triangle it m a y be re
marked :— 

1. The two sides are by less than a 
semicircumference, and the angle 
included by them is greater than 
a right angle. 

2, The difference between the lune which has the same angle, and the triangle, has always the same surface, viz., a fourth of the surface of the sphere sch. 201 (i) A spherical polygon, which has all its sides equal, and all its angles equal, is greater than any other which has the same number of sides and the same perimeter . . Sch. 201 (k) A spherical polygon, which has all its angles lying in the circumference of a circle, is greater than any other which has the same sides sch. 201 
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(I) A small circle of a sphere is greater 

than ,any spherical polygon having 
the same perimeter . sch. 201 

(m) The lunular surface, included by a 
small arc and a spherical arc, is 
greater than any other surface, having 
the same perimeter, of which the same 
spherical arc is part . sch. 201 

(E) Problems upon the Surface of a Sphere. 
(a) To find the diameter of a given 

sphere; and, hence the quadrant of a 
great circle . . . 203 

(b) A n y point being given, to find the 
opposite point . . . 204 

(c) To join two given points . 204 
(d) A n y spherical arc being given, to 
produce it, and complete the great 
cii cle, of which it is a part cor, 204 

(e) To bisect a given spherical arc 204 
(/') To draw a perpendicular to a given 
spherical arc— 

1. From a given point in the arc 
204 

' 2. From a given point without it 
205 

(g) To bisect a giveu spherical angle 205 
(h) At a given point, in a given arc, to 
make a spherical angle equal to a 
given spherical angle . 205 

(i) To circumscribe a circle about a given 
spherical triangle, or (which is the 
same) to describe a circle through 
three given points . . 205 

(k) To find the poles of a given circle 
cor. 205 

(/) Through two given points and a 
third (not lying in the circumference 
of a great circle) to describe two equal 
and parallel small circles . 205 

(m) To describe a spherical triangle 
which shall be equal to a given sphe
rical polygon, and shall have a side 
and adjacent angle the same with a 
given side aud adjacent angle of the 
polygon . . . . 206 

(») T w o spherical arcs being given, 
which are together less than a semi
circumference ; to place them so, that 
with a third not given they m a y con
tain the greatest surface possible 206 

(o) Through a given point to describe a 
great circle which shall touch two 
given equal and parallel small circles 

206 (p) To inscribe a circle in a given spherical triangle, or (which is the same) to describe a circle touching three given spherical arcs . . 207 Square, def. (also " Square of a straight line A B.") . . . 2 [a) A square has all its sides equal and all its angles right angles cor. 16 [(b) Its diagonals are equal and bisect one another at right angles.] (c) The squares of equal lines are equal; and conversely . . cor. 17 
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(d) The square of 2 M is 4 M?, of 3 M is 
9 Ma, &c. . . . cor. 18 

(e) The square of 5 M is equal to the 
square of 4 M together with the square 
of 3 M . . - . cor. 18 

(,f) Squares are to one another in the 
duplicate ratio of their sides cor. 63 

(g) The squares of proportional straight 
lines are proportionals . cor. 63 

(li) To describe a square, 
1. Upon a given straight line, 28 
2. Which shall be equal to a given 

rectangle, or other rectilineal 
figure . . . 30 

3. Which shall be equal to the dif
ference of two given squares, or 
other rectilineal figures . 30 

4. Which shall be equal to the sum 
of two or more given squares, or 
other rectilineal figures 30 

See " Rectangle," " Straight Line," 
and "Circle." 

Straight Line . . . def. I 
W h e n said to be perpendicular to another 

straight line . . . 2 
W h e n parallel . . . 2 

(A) (a) Straight lines which pass through 
the same two points lie in the same 
straight line . . . ax. 4 

(o) If at a point in a straight line two 
other straight lines upon opposite sides 
of it make the adjacent angles to
gether equal to two right angles, 
these two straight fines shall be in 
one and the same straight line 5 

(o) A straight line is the shortest dis
tance between two points . sch. 8 

[d) A perpendicular m a y be drawn to a 
given straight line from any given 
point, whether without or in the 
straight line; but from the same point 
there cannot be drawn more than one 
perpendicular to the same straight 
line . . . . 9 

(e) From a point to a straight line, the 
perpendicular is the shortest distance, 
and of other straight lines which are 
drawn from the same point, such as 
are equal to one another are at equal 
distances from the foot of the perpen
dicular, and conversely; and the greater 
is always further from the perpendi
cular, and conversely . cor. 10 

(B) Of Angles made by Straight Lines, (a) The adjacent angles, made by one straight line with another upon one side of it, are, together, equal to two right angles . . 5 (6) If two straight lines cut one another, the vertical or opposite angles are equal . . 5 (e) All the angles which are made upon one side of a straight line at the same point of it, are, together, equal to two right angles .. cor. 5 All the angles about the same point 
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are, together, equal to four right an
gles . . . cor. 5 

(e) Angles, which have the sides of the 
one parallel, or perpendicular, or 
equally inclined to the sides of the 
other, in the same order, are equal 14 

(C) Of parallel Straight Lines. 
Difficulty in the theory . sch. 11 
(a) Straight fines which are perpendicu
lar to the same straight line are pa
rallel ; and conversely , 11 

(6) A parallel to a given straight fine 
may be drawn through any given 
point without it; but through the 
same point there cannot be drawn 
more than one parallel to the same 
given straight line . cor. 11 

(c) Straight lines which make equal 
angles with the same straight fine 
towards the same parts are parallel; 
and conversely . . . 12 

(d) If a straight line falls upon two 
other straight fines, so as to make the 
alternate angles equal to one another, 
or the exterior angle equal to the 
interior and opposite upon the same 
side, or the two interior angles upon the 
same side together equal to two right 
angles, those two straight lines are 

- parallel . . . cor. 13 
(e) And conversely, if a straight line 

falls upon two parallel straight lines, 
it makes the alternate angles equal to 
one another, the exterior augle equal 
to the interior and opposite upon the 
same side, and the two interior angles 
upon the same side together equal to 
two right angles . . cor. 13 

(/) If a straight line falls upon two 
other straight lines, so as to make the 
two interior angles upon the same 
side together less than- two right 
angles, those two straight lines are 
not parallel, but may be produced to 
meet one another upon that side 

cor. 13 
(gr) Straight lines, to which the same 
straight line is parallel, are parallel to 
one another . • • 13 

(h) Parallel straight lines are every 
where equidistant . . 13 

(f) Parallel straight lines intercept equal 
parts of parallel straight lines cor. 13 

(k) The straight lines which join the extremities of equal and parallel straight fines towards the "same parts, are equal and parallel . . 15 (/) If two straight lines, .which pass , through the. same point, are cut by two parallel straight fines, their parts terminated in that point shall be proportional . . . . 57 (m) If two (or more) straight lines which pass through the same point, are cut by any number of parallel straight fines, they shall be similarly divided by them , , cor. 58 

(») If two (or more) parallels are cut by 
any number of straight lines, which 
pass through the same point, they shall 
be similarly divided; and, if two pa
rallels are similarly divided, the 
straight lines which join the corre
sponding points of division, pass, or 
may be produced to pass, all of them 
through the same point . 58 

(o) If the legs of an angle cut two 
parallel straight lines, the intercepted 
parts of the parallels shall be to one 
another as the parts which they cut off 
from either of the legs . cor. 59 

(C) Of Straight Lines, which are not in tlie 
same plane. 

(a) Straight lines, to which the same 
straight line is parallel, although not 
in one plane with it, are parallel to 
one another . . . 130 

(b) The shortest distance of two straight 
lines, which are not in the same plane, 
is a straight fine, which is at right 
angles to eaeh of them, and is equal 
to the perpendicular which is drawn 
from the vertex to-the hypotenuse of a 
right-angled triangle, whose sides are 
the perpendiculars drawn to one of the 
straight lines from the two points in 
which the other is cut by any two 
planes passing through the first at 
right angles to one another cor. 155 

(D) Rectangles under the parts of divided 
Lines, II. § 5 . . . 19, 20 

The theorems of which section are briefly 
expressed as follows:— 

(a) A x (B + C + D) = AB + AC 
+ AD. 

(b) (A + B) x B t= AB + B2. 
(c) (A-f- B)a,= A' + ff+HB, 
(d) (A - B)2 = A2 + B « - U B . 
(e) (A -4- Bf - (A - B)a = 4 A B. 
(/) (A + B)2 + (A - Bf - 2 (As 
+ B!). 

(g) (A + B) x (A - B) == A* - Bs. 
(E) Of Straight Lines which are propor

tionals. 
(a) If four straight lines are propor
tionals, the rectangle under the ex
tremes is equal to the rectangle under 
the means; and conversely, if two 
rectangles are equal to one another, 
their sides are proportionals, the sides 
of the one being extremes, and the sides of the other means . 63 (6) If A, B are two straight lines, and A', B' other two, the rectangle A x A' shall be to the rectangle B x B' in the ratio which is compounded of the ratios of A to B and A' to B' . 63 (c) If A, B and A', B' are proportionals, A X A' is to B x B' as A2 to B8 cor. 63 (d) If A, B, C are proportionals, A is to CasA2toB2 . . cor. 63 (e) Jf A, B, C, D, and also A j B', C , 
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D', are proportionals, the rectangles 
A x A', B x B', C x C, and D x D' 
are also proportionals . cor, 63 

(/) The squares of proportional straight 
lines are proportionals; and con
versely . . . cor. 63 

(g) If A, B are two straight lines, A', B' 
other two, and. A", B " other two, the 
rectangular parallelopipeds A x A' 
X A", B x B' x B " shall be to one ano -
ther in the ratio which is compounded 
of the ratios of A to B, A' to B', and 
A"to B " - . . «' . 1 4 3 

[(h) If the ratios of A to B, A'to B', and 
A " to B " are all equal, A x A' x A " 
is to B x B' x B " as A3 to B3.] 

[(i) If A, B, C, D are in continued pro
portion, A is to D as A3 to B8.J 

[(h) If A, B, C, D, and also A', B', C , D', 
and also A", B", C", D", are propor
tionals, the rectangular parallelopipeds 
A X A' x A", BxB'x B", C X C 
X C", D X D ' x D", are also propor
tionals.] 

(I) The cubes of proportional straight 
lines are proportionals; and con
versely . . . 144 

(F) Of Straight Lines harmonically divided. 
(a) If A B, A C , A D are harmonical 
progressionals in the same straight 
line, and A B the least, D C, D B, D A 
shall likewise be harmonical progres
sionals . . . . 68 

(6) The same being supposed, and the 
mean A C being bisected in K , K B , 
K C, K D are proportionals; and, 
conversely, if K B, K C, K D are pro
portionals, and if K A is taken in the 
opposite direction equal to K C, A B, 
A C , A D shall be in harmonical pro
gression . . . . 68 

(c) The same being supposed, D A, D K, 
D B, D C are proportionals . 69 

(d) The harmonical mean between two 
straight lines is a third proportional 
to the arithmetical and geometrical 
means . . . cor. 69 

(e) If any four straight lines pass 
through the same point, and lie in the 
same plane, to whichsoever of the four 
a parallel is drawn, its parts intercepted 
by the other three shall be to one an
other in the same ratio 70 

(f) If a parallel is drawn to any one of four harmonicals, equal parts of such parallel are intercepted by the other three; and, conversely, if four straight lines pass through the same point, and if a parallel drawn to one of them has equal parts of it intercepted by the other three, the four are harmonicals . . . cor. 70 (g) Harmonicals divide every straight line, which is cut by them, harmonically . . . . 70 (h) The two sides of a triangle, the straight line which is drawn from the 

vertex through the middle point of the 
base, and the straight line which is 
drawn through the vertex parallel to 
the base are harmonicals cor. 70 

(i) The two sides of a triangle, and the 
lines which bisect the vertical and 
exterior vertical angles, are harmoni
cals . . . cor. 71 

(G) Problems relating to Straight Lines, 
(a) Through a given point to draw a 

straight line— 
1. Perpendicular to a given straight 
line; several methods 24, 25 

2. Parallel to a given straight line 
' ' 26 

W h e n many parallels are to be 
drawn, See II. 49. 

3. Which shall pass through a point 
which is the point of concourse 
of two given straight lines, but is 
without the limits of the draught 
(See " Centrolinead.") 75 

4. So that its parts intercepted by 
two given straight lines shall be 
to one another in a given ratio 

74 
5. Which shall form with the parts 

cut off by it from two given 
straight lines a triangle equal to 
a given triangle . . 77 

(b) To divide a given straight line—• 
1. Into two or more equal parts 26 
2. Similarly to a given divided 
straight line . . 71 

3. In extreme and mean ratio 72 
4. In any given ratio . . ' 72 
5. So that the rectangle under the 
parts shall be equal to a given 
rectangle . . . 72 

(c) To produce a given straight line— 
1. In a given ratio . . 72 
2. So that the rectangle under the 

whole line produced and the part 
produced shall be equalto a given 
rectangle . . . 72 

(d) To find a straight line, 
1. Which shall be a mean propor

tional between two given straight 
lines . . . . 71 

2. Which shall be a third propor
tional to two given straight lines 

71 
3. Which shall be a fourth propor
tional to three given straight lines . . . . 71 4. Which shall be an harmonical mean between two given straight lines . . . . 72 5. Which shall be a third harmonical progressional to two given straight lines . . 72 6. To which a given straight line A shall have the ratio, which is compounded of the given ratios of A to B, A2 to B2, A3 to Bs, and AitoB* . . 75 
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(e) To find two straight lines, there being 

given the—-
1. Sum, and difference. 
2. S u m of squares, and difference 

of squares. 
3. Sum, and sum of squares. 
4. Difference, and sum of squares. 
5. Sum, and difference of squares. 
6. Difference, and difference of 

squares. 
7. Ratio, and rectangle. 
8. Sum, and ratio. 
9. Difference, and ratio. 

10. Sum, and rectangle. 
11. Difference, and rectangle. 
12. S u m of squares, and ratio. 
13. Difference of squares, and ratio. 
14. S u m of squares, and rectangle. 
15. Differenee of squares, and rect

angle . . . 123 
(/) To draw the shortest distance be

tween two given straight lines which 
do not lie in the sauie plane . 154 

Subcontrary section of an oblique cone 229 
of an oblique cylinder 

232 
Subduplicate, one ratio said to be of another 34 
Subtriplicate, one ratio said to be of another 

34 
Supplement, or supplementary, one angle said 
to be of another . . . note 5 

Supplementary triangle, a name sometimes 
given to the polar triangle . note 188 

Surface, (See " Convex," " Plane.") def. 1 
Surfaee of revolution, is the surface of a solid 
of revolution. See " Solid of Revolution." 

Symmetrical, spherical triangles said to be 
185 

[Symmetrical. A n y two solids are said to be 
symmetrical, when they can be placed upon 
the two sides of a plane, so that for every 
point in the surface of the one, there is a 
point in the surface of, the other, in the 
same perpendicular to the plane, and at the 
same distance from it; also, the solids, 
when so placed, are said to be symmetri
cally situated, with regard to the plane*. 

Of such solids it m a y be demonstrated— 
1. That if any polyhedron what

ever be inscribed in, or circum
scribed about the one, a polyhe
dron symmetrical with it may be 
inscribed in, or circumscribed 
about the other. 2. That they are equal to one another, and have equal surfaces.] Symmetrically divided; a plane (or solid) figure is said to be symmetrically divided by a straight line (or plane), when, for every point in the contour of the figure which is upon one side of that line (or plane), there is another point in the con-

* According to a similar description, it is evident 
that two plane figures may be said to be symmetri
cal, and symmetrically situated with regard to a 
straight line whieh is in the same plane with them ; 
but such figures are also similar, and may be made 
to coincide, which is not the case with symmetrical solids, 

tour upon the other side, in the same per
pendicular to the fine (or plane), and at the 
same distance from it. 

Synthesis, geometrical. See "Analysis." 
Tangent,, of any curve. See " Touch." 

N o straight line can be drawn be
tween a curve and its tangent, from 
the point of contact, so as not to cut 
the-curve .' . . sch. 212 

Tangent of a circle. (See " Circle.") def. 
Tangent of a conic section. See " Conic Sec
tion." 

Tangent plane. See "Touch." 
Terms of a ratio. (See "Numerical Ratio.") 

def. 32 
Tetrahedron, or triangular pyramid def. 126 

(a) Is contained by the least number of 
faces possible—viz. four . 126 

(b) Is equal to one-sixth of a parallelo-. 
piped, which has three of its edges 
coincident with, and equal to, three 
edges of the tetrahedron cor. 147 

(c) To inscribe a sphere within a given 
tetrahedron . . . 1 5 6 

(d) To circumscribe a sphere about a 
given tetrahedron . . 156 

Regular. See " Regular Polyhedron." 
Third proportioned (see " Straight lAne" def.33 
Third harmonical progressional . def. 68 
[Touch; (a) a straight line is said to touch a 
curve in any point, when it meets, but does 
not cut the curve, in that point*. Such a 
line is called a tangent. 

(o) One curve is said to touch another 
in any point when they have the 
same tangent at that point. 

(c) A plane is said to touch a. curved 
surface in any point or line, when it 
meets, but does not cut, the surface in 
that point or line: such a plane is 
called a tangent-plane, and the point or 
line in which it touches the surface, is 
called the point or line of contact. 

(d) One curved surface is said to touch 
another in any point or line, when they 
have the same tangent plane at that 
point or at every point of that line. 

(e) The following examples m a y be 
given of the contact of surfaces— 

1. A plane touches 
The surface of a sphere in a point, 
the convex surface of a cylinder 
in a straight line which is parallel 
to the axis, the convex surface of a cone in a slant side. 2. A spherical surface touches A spherical surface, whether externally or internally, in a point; the convex surface of a cylinder or * Some curves are of a winding or serpentine form, haying the curvature or bending now towards the one side, now towards the other. In such curves, there are always one or more points of contrary flexure, i. e, points where the curvature which had before been towards one side changes to the other side. Through such points no straight line can be drawn so as not to cut the curve : every other point, however, admits of a straight line being drawn, which, meets and does not cut tie curve in that point, 
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cone externally in a point, inter
nally in one or two points or in 
the circumference of a circle.] 

Transverse axis, of an ellipse or hyperbola, 
def. 217 

Trapezoid, (also its " Altitude") . def. 2 
(a) Is equal to the rectangle under its 

altitude, and half the sum of its pa
rallel sides . . . 17 

[(6) Half the suni of the parallel sides of 
a trapezoid is equal to the straight line 
which joins the middle points of the 
other two sides.] 

Triangle, rectilineal (also its "Vertex," 
"Sides," "Base") . . . d e f . 2 

W h e n said to be equilateral, isosceles, 
scalene . . . 2 

W h e n said to be rightrangled, oblique-
angled, obtuse-angled, acute-angleu 2 

(A) Of the first Properties, and of Triangles 
which are equal in all respects. 

(a) A n y one of the angles of a triangle 
is less than two right angles cor. 5 

(6) Triangles which have two sides and 
the included angle of the one equal to 
two sides, and the included angle of 
the other, each to each, are equal in 
all respects . . . 5 

(c) Triangles which have two angles 
and the interjacent side of the one 
equal to two angles and the interja
cent side of the other, each to each, 
are equal in all respects . . 6 

(d) If one side of a triangle be equal to 
another, the opposite angle is likewise 
equal to the angle opposite to the 
other; and conversely . . 6 

(e) In an isosceles triangle, 
1. The angles at the base are equal 

to one another; and if the equal 
sides are produced, the angles 
upon the other side of the base 
are likewise equal . cor. 6 

2. The following lines, viz. the line 
which bisects the vertical angle, 
the line which is drawn from the 
vertex to the middle point of the 
base, and the line which is drawn 
from the vertex perpendicular to 
the base, coincide with one ano
ther . . , cor. 7 

3. The straight line which bisects 
the base at right angles passes through the vertex, and "bisects the vertical angle . cor. 7 (/) Triangles which have the three sides of the one equal to the three sides of the other) each to each, are equal iu all respects . . 7 (g) A n y two angles of a triangle are together less than two right angles 7 (Ii) A triangle cannot have more than one right angle, or more than one obtuse angle . . .car. 7 (i) If one side of a triangle be produced, the exterior angle is greater than either of the interior and opposite angles . , » cor, 7 
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(k) If one side of a triangle be greater 
than another, the opposite angle shall 
likewise be greater than the angle 
opposite to that other; and con
versely . . . - 7 

(/) A n y two of the sides are together 
greater than the third side, and any 
side is greater than the difference of 
the other two . . 8 

(m) If two triangles stand upon the 
same base, and if the vertex of the one 
falls within or upon a side of the other, 
that triangle has a less perimeter than 
the other . . . cor. 8 

(n) O f triangles whieh have the two 
sides of the one equal to the two sides 
of the other, each to each, that which 
has the greater vertical angle has the 
greater base; and conversely . 9 

(o) The three angles of a triangle are 
together equal to.two right angles; 
and if one of the sides be produced, 
-the exterior angle is equal to the two 
interior and opposite angles . 14 

(p) In a right angled triangle— 
1. One of the angles, viz. the right 

angle, is equal to the sum of the 
other two . . cor. 14 

2. The straight line which joins 
one of the angles, viz. the right 
angle, with the middle point of 
the opposite side is equal to half 
that side; and conversely, if a tri
angle has either of these proper
ties, it is a rightangled triangle 

cor. 14 
[(q) A n y two triangles are equal to one 

another in all respects, when they have 
1. Tw o sides and the included angle 
of the ene equal to two sides and 
included angle of the other, each 
to each (b). 

2. T w o angles and the interjacent 
side (e). 

3. The three sides (/). 
4. T w o angles, and a side opposite 

to one of them . cor. 14 
5. A u angle of the one equal to an 

augle of the other, and the sides 
about two other angles, each to 
each, and the remaining angles 
of the same affection, or one of 
them a right angle (see II. 33.)] 

(r) T w o right-angled triangles are equal to one another in all respects, when they have 1. The hypotenuse and a side of the one equal to the hypotenuse and a side of the other, each to each . . . 1 0 2. The hypotenuse and an acute angle • . . 1 0 3. The two sides (I. 4.) 4. A side and the adjoining acute angle (I. 5.) o. A side, and the opposite acute angle (I. 19. audi. 4.) (s)I If in two right-angled triangles, the hypotenuse of the one is equal to the. 
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hypotenuse of the other, but » side 
of the one greater than a side of the 
other; the angle which is opposite to 
the side of the first shall be greater 
than the angle which is opposite to 
the side of the other . lem. 131 

(B) Of the mutual Relations of the Sides. 
(a) In a right-angled triangle, the 

square of the hypotenuse is equal to 
the squares of the two sides . 21 

(6) In every triangle, the square of the 
side which is opposite to a given angle 
is greater or less than the squares of 
the sides containing that angle, by 
twice the rectangle contained by 
either of these sides, and that part of 
it which is intercepted between the 
perpendicular, let fall upon it from 
the opposite angle, and the acute 
angle; greater if the given angle is 
greater .than a right angle, and less 
if it is less . . . 2 2 

(e) A n y angle of a triangle is equal to or 
greater or less than a right angle, 
according as the square of the opposite 
side is equal to or greater or less than 
the squares of the containing sides 

cor. 21,22 
(d) In every triangle, if a perpendicular 

be drawn from the vertex to the base, 
the difference of the squares of the 
sides is equal to the difference of the 
squares of the segments of the base, 
«'. e. the base is to the sum of the 
sides as the difference of the sides 
to the. difference of the segments of 
the base or sum of the segments of 
the base produced . . 22 

(e). In a right-angled triangle, if a per
pendicular be drawn from the right 
angle to the hypotenuse, the square of 
the perpendicular is equal to the rect
angle under the segments of the hypo
tenuse, and the square of either side 
is equal to the rectangle under the 
hypotenuse and the segment adjoining 
to it; i. e. the perpendicular is a 
mean proportional between the seg
ments of the "hypotenuse, and either 
side is a mean proportional between 
the hypotenuse and the segment ad
joining to it . cor, 21 and 61 

(/) In an isosceles triangle, if a straight 
line is drawn from the vertex to any point in the base, or in the base produced, the square of that straight line shall be less or greater than the square of the side by the rectangle under the segments of the base, or of the base produced . . . 2 3 (g) In every triangle, the squares of the two sides are together double of the squares of half the base, and of the straight line which is drawn from the vertex to the middle point of the base 23 (A) In every triangle, if the yertical or 

exterior vertical angle he bisected by 
a straight line which cuts the base, or 
the base produced, the base or base 
produced shall be divided in the ratio 
of the sides: also the square of the 
bisecting line shall be equal to the 
difference of the rectangles under the 
Bides and the segments of the base, 
or base produced . . 7 0 , 89 

(i) In every triangle, if the base is 
equally -produced both ways, so that 
the base produced is a third propor
tional to the base' and sum of the 
sides, the sides of the triangle are to 
one another as the corresponding seg
ments of the base produced sch. 64 

(k) In every triangje, if the base is 
equally reduced both ways, so, that 
the base reduced is a third proportional 
to the base and the difference of the 
sides, the sides of the triangle are to 
one another as the corresponding seg
ments of the base reduced sch. 65 

(/) In an isosceles triangle, if the equal 
angles are eaeh of them double of the 

. vertical angle, the sides and base are 
in extreme and mean ratio. See 
" Errata." 

(C) Of the Area of a Triangle, and of Trian
gles which are not equal in all respects, 

(a) If a triangle and a parallelogram 
stand upon the same base, and between 
the same parallels, the parallelogram 
is double of the triangle i 17 

(b) Every triangle is equal to the half of 
a rectangle which has the same base 
and the same altitude; i. e. to half the 
product of its base and altitude * 

cor. 17 
* When the sides of a triangle are given, its area 
maybe directly computed from the following theo
rem :— 
Every triangle is a mean proportional between two ~ 

rectangles, the sides of which are equal to the semi-
perimeter of the triangle and the excesses of the 
semiperimeter above the three sides. 
The demonstration of this is briefly as follows:— 

Let a circle be described within the triangle A B C , 
A and a circle upon the other side 

of B C , tlieone touching B C,AC, 
and A B, in the points D, E, F, 
and the other B C and A C, A B 
produeed in the points G, H, K ; 
then the centres L, M of these circles lie in the straight line which bisectsthe angle at A, and if B L, B M be Joined, the angle L B M will be a right angle, because it is half the sum of the angles A B C, C B K; also, because A K and A H are together equal to A B, B G and A C, l ]C G, that is to the perimeter of the triangle A B C , each of them is equal to the semiperimeter. Again, because F B and B K (i.e.BD and B G ) are together equal to E C and 0 H (.. «. to G D and C G), taking away G D from each, 2 B G is equal to 2 C D, and consequently B G to C D ; therefore F B is equal to C H, and B K to E C. A F, therefore, is the semiperimeter, B K is the excess above the side A B, B F the excess above the side A C, and A F the excess above the side B C, 
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(c) Triangles which stand upoh the same 

or upon equal bases, and between the 
same parallels, are equal to one ano
ther . . . . 1 7 

(d) Triangles which have equal altitudes 
are to one another as their bases, and 
triangles which have equal bases, as 
their altitudes; also any two triangles 
are to one another in the ratio, which 
is compounded of the ratios of their 
bases and altitudes ; . 6 5 , 66 

(e) Triangles which have one angle of 
the one equal to one angle of the 
other are to another in the ratio, which 
is compounded of the ratios of the 
sides about the equal angles, or as the 
rectangles under those sides . 66 

(/) Triangles which have one angle of 
the one equal to one angle of the other, 
and the sides about the equal angles 
reciprocally proportional, are equal to 
one another; and, conversely, equal 
triangles, which have one angle of the 
one equal to one angle of the other, 
have the sides about the equal angles 
reciprocally proportional . . 6 6 

(g) T w o triangles are similar, when 
they have 

1. The three angles of the one 
equal to the three angles of the 
other, each to each . . 5 9 

or 2. The three sides of the one pro
portional to the three sides of the 
other . . . 5 9 

or 3. One angle of the one equal to 
one angle of the other, and the 
sides about the equal angles pro
portionals . . . 6 0 

or 4. One angle of the one equal to 
one angle of the other, and the 
sides about two other angles 
proportionals, and the remaining 
angles of the same affection, or 
one of them a right angle 61 

(h) Similar triangles are to one another 
in the duplicate ratio (or as the 
squares) of their homologous sides 67 

(f) O f all triangles having the Same 
two sides, that one has the greatest 
area, in which the angle contained by 
the two sides is a right angle . 103 

(k) Of triangles which have equal bases, 
and equal areas, the isosceles has the 
least perimeter; and of triangles having equal bases and equal perime-Nowthe area of the triangle ABC is equalto L F X A K , for it is equal to naif the rectangle under the Tadius L F of the inscribed circle, and the sum 2 A K of the three sides (I. 26. cor.); also B F x B K is equal to L F x M K, because, L B M being a right angle, the right-angled triangles B F L, M K B are similar: b u t A K x A F : A K x F L : : AF : FL, i. e. : : A K : KM, i. e. • : A K x F L : K M x FL : therefore A K x F L is a mean proportional between. A K x AFandKM X F L or B F x B K , that is (if a, b, c represent the three sides opposite to the angles A, B, C respectively and S the half ot (a-f b+e} the area of the triangle is a mean proportional between S X IS - a) and CS - ») 
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ters, the isosceles has the greatest area 
- - 99 

(D) Problems relating to the Triangle, 
(a) To describe a triangle, when there 

axe given— ' 
1. Tw o sides and the included angle. 
2. T w o sides, and an angle opposite 

to one of them. 
3. T w o angles and the interjacent 

side. 
4. T w o angles and a side opposite 

to one of them. 
5. The three sides . 4 27 

(») To-describe » triangle, when there 
are given the 

1. Vertical angle, base, and sum (or 
difference) of the two sides. 

2. Vertical angle, base, and area. 
3, Vertical angle, sum (or differ

ence) of sides and area. 
4. Base, sum (or difference) of sides 

and area . . . 121 
(e) To describe a triangle— 

1. Which shall be equal to a given 
rectilineal figure, and have a side 
and adjoining angle the same 
with a given side, and adjoining 
angle of the figure ' . 28 

2. Which shall be equiangular with 
a given triangle, and have a given 
perimeter [or area] . 28 

3. Which shall have for two of its 
sides the parts which are cut off 
by the third side from two straight 
lines given in position, and the 
third passing through a given 
point . . . 77 

(d) To describe a right-angled triangle 
which shall have its three sides pro
portionals . . . . 74 

See « Circle." 
Triplicate, one ratio said to be of another 34 

Trisection of an arc or angle, under -what 
form the problem has been put . 113 

Vndecagon. See " Hendecagon." 
Ungula. See " Sphere." 
Unit of length, or linear unit, is any arbitrary 
straight line, *as an inch, a foot. 
—-of surface, is the square of the linear 

unit . . . . sch. 18 
— o f content, is the cube of the linear unit 

sch. 142 
Variation, a short form of expressing certain 
proportions . . . sch. 62 Vertex of a triangle 2, polyhedron 126, pyramid 127, cone 267. -—of the diameter of a conic section, 220 — a term in perspective projection 208 — o f a conic section . . , 215 Vertical plane, in perspective projection 2i08 Vertical angle, of a triangle. See " Triangle." Volume. See " Content." Wedge, spherical. See " Sphere." |"-«o»e, spherical. See " Sphere." 
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