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P K E F A C E 

TN this treatise an attempt is made to give, in as 

-*- elementary a. form as possible, the main outlines 

of Lie's theory of Continuous Groups. I desire to 

acknowledge m y great indebtedness to Engel's three 

standard volumes on this subject; they have been 

constantly before me, and but for their aid the present 

work could hardly have been undertaken. His Con-

tinuierliche Gruppen, written as it was under Lie's 

own supervision, must always be referred to for the 

authoritative exposition of the theory in the form in 

which Lie left it. During the preparation of this 

volume I have consulted the several accounts which 

Scheffers has given of Lie's work in the books entitled 

Differential-gleichungen, Continuierliche Gruppen, and 

the Beruhrungs-Transformationen; and also the inte

resting sketch of the subject given by Klein in his 

lectures on Higher Geometry. In addition to these 

I have read a number of original memoirs, and would 

specially refer to the writings of Schur in the Mathe-

matische Annalen and in the Leipziger Berichte. Yet, 

great as are m y obligations to others, I am not with-̂  

out hope that even those familiar with the theory of 

Continuous Groups may find something new in the 

form in which the theory is here presented. Within 

the limits of a volume of moderate size the reader 

will not expect to find an account of all parts of the 

subject. Thus the theory of the possible types of 

group-structure has been omitted. This branch of 
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group-theory has been considerably advanced by the 

labours of others than Lie; especially by W Killing, 

whose work is explained and extended by Cartan in 

his These sur la structure des groupes de transforma

tions finis et continus1. A justification of the omission 

of this part of the subject from an elementary treatise 

may perhaps also be found in the fact that it does 

not seem to have yet arrived at the completeness 

which characterizes other parts of the theory. 

The following statement as to the plan of the 

book may be convenient. The first chapter is in

troductory, and aims at giving a general idea of 

the theory of groups. The second chapter contains 

elementary illustrations of the principle of extended 

point transformation. Chapters III-V establish the 

fundamental theorems of group-theory. Chapters VI 

and VII deal with the application of the theory to 

complete systems of linear partial differential equa

tions of the first order. Chapter VIII discusses the 

invariant theories associated with groups. Chapter IX 

considers the division of groups into certain great 

classes. Chapter X considers when two groups are 

transformable, the one into the other. Chapter XI 

deals with isomorphism. Chapters XII and XIII 

show how groups are to be constructed when the 

structure constants are given. Chapter XIV discusses 

Pfaff's equation and the integrals of non-linear partial 

differential equations of the first order. Chapter X V 

considers the theory of complete systems of homo

geneous functions. Chapters XVI-XIX explain the 

theory of contact transformations. Chapter X X deals 

1 See the article on Groups by Bumside in the Encyclopaedia Bri-
tannica. 



PREFACE v 

with the theory of Differential Invariants. Chapters 

XXI-XXIV show how all possible types of groups can 

be obtained when the number of variables does not 

exceed three. Chapter X X V considers the relation 

subsisting between the systems of higher complex 

numbers and certain linear groups. I have added 

a fairly full table of contents, a reference to which 

will, I think, make the general drift of the theory 

more easily grasped by the reader to whom the sub

ject is new. 

It now remains to express m y gratitude to two 

friends for the great services which they have ren

dered me during their reading of the proof-sheets. 

Mr. H. T. Gerrans, Fellow of Worcester College, 

Oxford, at whose suggestion this work was under

taken, found time in the midst of many pressing 

engagements to aid me with very helpful criticism. 

Mr. H. Hilton, Fellow of Magdalen College, Oxford, 

and Mathematical Lecturer in the University College 

of North Wales, has most generously devoted a great 

deal of time to repeated corrections of the proofs, 

and suggested many improvements of which I have 

gladly availed myself. With the help thus afforded 

me by these friends I have been able to remove some 

obscurities of expression and to present the argument 

in a clearer light, though I fear I must still ask the 

indulgence of m y readers in many places. Finally 

I desire to thank the Delegates of the Oxford Uni

versity Press for undertaking the publication of the 

book, and the staff of the Press for the great care which 

they have taken in printing it. 

J. E. C A M P B E L L . 
Herteobd College, Oxeobd. 

September, 1903. 
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CHAPTER I 

DEFINITIONS AND SIMPLE EXAMPLES OF GROUPS 

§ 1. If we have two sets of variables, x1,...,xn and x{,..., xn\ 
connected by the equations 

(!) xi=fi{xi,-~,xn\ (i=l,...,n), 
they •will define a transformation scheme, provided that w e can 
solve the equations so as to express the variables xl,..., x% in 
terms of the variables x{,..., xn'. 

W e shall denote the transformation scheme (l) by S. 

The operation, which consists in substituting for xv...,xn 
in any function of these variables /19 ...,/„ respectively, will 
be denoted by 8X, or simply by S w h e n there is no need to 
indicate the objects on which the operation S is performed. 

So Sy will denote the operation of substituting for ylf ...,yn 
respectively, ft (yv ..., yn),..., fn (yu .,<., yn) respectively. 

Similarly the operation which consists in substituting for 
xi the function/^(fv ...,fn) will be denoted by S2, and so on. 

Solving the equations (1) w e obtain the algebraically 
equivalent set 

(2) x{ = Ft(x^,..., xn'), •. (i = 1,..., n). 

From (1) and (2) w e see that f 

xi = *i(/l\*hi '•'•> xn)i ••••> Jn\xv • • • > xn)) 

— fi{fl\xi> •••>xn)> •••> *n\xl> •••' xn))-
W e therefore denote the scheme (2) by S~\ and the operation 
of substituting F1(xl, ..., xn), ..., Fn(x1, ..., xn) for xv ..., xn 
respectively by Sx~x. 

The two schemes (l) and (2) are said to be inverse to one 
another. 

§ 2. If w e have a second transformation scheme T, viz. 

xi=<Pi(xv-,xn)> (i = l,...,n), 

then TSX will denote the operation of substituting fi (<f>1} ...,</>„) 
for x'i. 
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The function /<(</>!,..., 4>n) may be more compactly written 
/«fcthe function/i(^1(^1,...J^)!...,</>B(^,-^J) may be 
written/^i/f, and so on. 
In TS the order in which the operations are to be taken 

is from right to left; but it should be noticed that,/being 
the functional symbol which corresponds to 8, and $ the 
functional symbol which corresponds to T, the functional 
symbol which corresponds to TS is not (pf hut ftp. 
So if we have a third transformation scheme U, viz. 

»/=^(a5i, •••>*»)» (i=l,...,n), 

UTS would denote the operation which consists in first opera
ting with 8, then operating with T on this result, and finally 
operating with U ; the functional symbol which corresponds 
to U T S is f<p\jf: that is, U T S is the operation which consists 
in substituting/^^, ...,fncp\j/for xv ...,xn respectively*. 

S T denotes the operation of substituting <pxf, ..., <$>nf for 
xu...,xn respectively, and T S the operation of substituting 
for xx xn respectively, f^>,..., fn<p; if then 

fi4> = <i>if> (»=1,'...,»), 
S T = TS, and the operations 8, and T are said to be per-
mutable. 

§ 3. In accordance with what precedes, STS^T1 denotes the 
operation of replacing a^ by J^#/; it follows therefore that 
when STSgjT1 is applied to fi{xv ...,xn) this function becomes 
fiFQf; that is, since f t F ~ x{, it becomes frfa, ...,/„). 

W e thus see that the operation ST8~* has the same effect 
on the variables x{,..., xn', w hen expressed in terms of x^..., xn 
by the scheme S, viz. 

xi=fi{xv •••»«»), •(* = 1> •••,«), 
as the operation Tx> has on the variables" x{,..., xnr; STS'1 is 
therefore said to be an operation similar to T with respect 
to 8. 

§ 4. If w e have a system of transformation schemes Sv8.2,..., 
and if the resultant operation generated by successively per
forming any two operations of the system is itself an operation 
of the system, then the transformation schemes are said to 
form a group. 

* In Burnside's Theory of Groups the order of operations is taken from left to 
right. The reason why we have adopted the opposite convention is that we 
shall deal chiefly with differential operators, and it would violate common 
usage to write — y in the form y — . 

dx dx 
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§ 5. A group is said to be continuous when, if we take any 
two operations of the group S and T, we can always find 
a series of operations within the group, of which the effect 
of the first of the series differs infinitesimally from the effect 
of $; the effect of the second differs infinitesimally from the 
effect of the first; the third from the second and so on; and, 
finally, the effect of the last of the series differs infinitesimally 
from T. Naturally this series must contain an infinite number 
of operations unless 8 and T Bhould themselves chance to differ 
only infinitesimally. 

§ 6. If the equations which define the transformation 
schemes 8VS2,... of a group involve arbitrary functional sym
bols the group is said to be an infinite group; but w e shall 
see that a group, with an infinite number of operations within 
it, is not necessarily an infinite group. 

§ 7. A group is said to be discontinuous if it contains no 
two operations whose effects differ only infinitesimally. 

It should be noticed that the two classes of continuous 
and discontinuous groups, though mutually exclusive, do not 
exhaust all possible classes of transformation groups. 
A n example of a transformation group which belongs to 

neither of the above classes is 

x'= a>x + a, 

where a is a parameter and co any root of xm = 1. 
A series of transformations within the group, the effects of 

consecutive members of which only differ infinitesimally, could 
be placed between 

cor—<ox + a and x'= a>x + b, 

, b — a , 2(b — a) 
viz. x = a>x + a-\ > x = cox + a H — '-,•••> 

n n 
, n—l,-, > 

x — cax + a + (o — a ) , 
n v ' 

where n is a very large integer; but such a series could not 
be placed between 

x'=a>x + a and x'—a>'x + b 
if <o and a/ are different mth roots of unity. 

§ 8. The transformation scheme 
xi = xi, (i=l,...,n) 

is called the identical transformation; if it is included in the 
transformations of a group, the group is said to contain the 
identical transformation. 

B 3 
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§ 9. A simple example of a discontinuous group is the set 
of six transformations, 

x = x, as — , x = , x' = -, x = 1 — x, x = r > 
1—x x x x — l 

by which the six anharmonic ratios of four coUinear points 
are interchanged amongst themselves. 

If we denote the six corresponding operations by Sj (which 
is equal to unity since it transforms x into x), S2, Ss, #4, 
Ss, S6 respectively, we verify the statement that these opera
tions form a group when we prove that S2S3 = Slf 8i S5 = S3, 
and so on. 

Inversion with respect to a fixed circle offers an even 
simpler example of a discontinuous group ; it only contains 
two operations, viz. the identical operation S1 and the opera-
tion 82 which consists in replacing x by —% 2 and y by 
a2y ~ x +y 
» „ when the circle of inversion is x2 + v2 = a2. 

ar+i/2 
The group property follows from the fact that S22 = Sv 

§ 10. In the above two examples there are only a finite 
number of operations in the group ; the set of transformations, 

x'=ax + (3y, y'=zyx + hy, 
where a, /3, y, 8 are any positive integers, is an example of 
a discontinuous group with an infinite number of operations. 

The group property follows from the fact that from 
xr = ax + Py, y' = yx + by, 

and x"z=px' + qy/, y"= rx' + sy', 
where p, q, r, s are another set of integers, we can deduce 
x"= (pa + qy)x + (pp + qb)y, y"= (r a + sy) x + {rp + sS) y, 

where the coefficients of x and y are still positive integers. 

§ 11. Simple examples of continuous groups are the fol
lowing : 

(1) x'=f(x), y'=<p(y) 
where / and (f> are arbitrary functional symbols; the group 
property follows from the fact that these equations and 

x"=\(x'), 2/"=M(2/') 

where X and p are other arbitrary functional symbols, lead to 

x"=Xf(x), y"=y.<$>{y). 
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(2) x'=f(x,y), y'=<p(x,y), z'=^(z) 

where/, <p, a n d ty are all arbitrary functional symbols. 

(3) x'=f(x,.y), y'=<j>(x,y) 

w h e r e / and <j> are conjugate functions; for if d and \jr are t w o 
other conjugate functions, and 

x"=6(x',y% y"=+(x',y'), 

then x" + iy" — F (xf + iy') = F $ ( x + iy), 

so that x" and y" are also conjugate functions of x and y; 
that is, the transformation system, which is obviously con
tinuous, has the group property. 

(4) x'=f(x, y, z), yf= <ji (x, y, z), zf= f (x, y, z) 

where /, <p, -f are functions of their arguments such that their 

Jacobian »(/, ftfl 1 

5 (x, y, z) 

The group property follows from the identity 

a &', y, O _ a (x", y", z") a (x\ y>, z1) | 

•<> (x, y, z) " d (x', y', z1) ' I (x, y, z) ' 

These are examples of infinite continuous groups, for the 
transformation schemes in (1), (2), (3), (4) involve arbitrary 
functional symbols. 

§ 12. If the transformation scheme 

xi=fi(xv •~>xn> av—,ar)> (i = l,...,n) 
defines a group; that is, if from the equations 

xi =JiVBl> •••'xn> °1> •••!ar)> 

xi = Ji \xl > • • • > xn > °1> •' •' "r) 
w e can deduce x{'=fn(xv ...,xn, cv ..., cr), 

where av..., ar and b1,...,br are t w o sets of r unconnected arbi
trary constants, and cv..., cr are constants connected with these 
two sets, then this group is said to he finite a n d continuums. 

If values of av ..., ar can be found such that 

xi=fi(xi> •~>xn> <h> —,ct>r)> (i = l,...,ri) 

the group contains the identical transformation; if at°, ...,ar° 
are these values, ax°, ...,ar° are said to be the parameters of the 
identical transformation. Finite continuous groups do exist 
which do not contain the identical transformation, but the 
properties of such groups will not be investigated here. 
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§ 13. A transformation whose effect differs infinitesimally 
from the identical transformation is said to be an infi
nitesimal transformation. The general form of such a 
transformation is 

xi = xi + tiiixv •••>*«)» (* = !»•••>'"') 
where (isa constant so small that its square m a y be neglected. 

If (f> (xv ..., xn) is any function of xv..., xn, then if w e expand 
(j> (x{,..., xn') in powers of t, neglecting terms of the order t2, 
w e get 

<p(x1',.,.,xn') = cl>(x1 + t£1,...,xn + t£n) 

If then we let X denote the linear operator, 

Qi(xv ...,xn)~ +... + £n(xv ...,xn)^-> 

<p {x/,..., xn') = (1 +tX) $ (xv ..., xn), 

so that w e take 1 + t X 

to be the symbol of an infinitesimal transformation ; and w e 
call X the infinitesimal operator, or simply the operator, which 
corresponds to this infinitesimal transformation. 

W e shall see that any transformation whatever of a finite 
continuous group which contains the identical transformation 
can be obtained by indefinite repetition of an infinitesimal 
operation; that is w e shall prove that if 

xi = Ji\xl> '••> xnt al> • • • > ar)> (* = 1, ..., %J 

are the equations of such a group, 

fi(xv ...,xn> av...,ar) = the limit of (l + —) xit 

when m is made infinite, and X is some linear operator. 
This limit is, w e know by ordinary algebra, 

§ 14. A simple example of a finite continuous group is the 
projective transformation of the straight line 

X •=•— -
aBx + at 

where a1,a2,a3, ai are four arbitrary constants ; the group 
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property of these transformation schemes can be easily 
verified. 

In this group four arbitrary constants appear, but only 
three effective parameters, viz. the ratios of these constants; 
it is always to be understood that the parameters of a group 
are taken to be effective; thus, if ax and a% always occurred 
in the combination a1 + a2 they would be replaced by the 
single effective parameter av 
The identical transformation in the above projective group 

is found by taking the parameters a2 = a3 = 0 and ax = ai. 
If we take ax = ai(l+e2), a2 = e1ai, a3= —e3aiy where,, 

ev e2, e3 are small constants whose squares may be neglected, 
, (1+e^x + e, „ 
x' — \——u i = x + e +e x + ê x*. 

l — e3x 
This is the general form of an infinitesimal transformation of 
the projective group of the straight line. 
§15. If ai' = xi + ek(M(xl,...,xn), CkZ i,".'!,r) 
are a set of r infinitesimal transformations, they are said to be 
independent if no set of r constants, \v ..., \r, not all zero, can 
be found such that 

The r linear operators, Xv ...,Xr, where 

^ = ^ + -+^^ Vc = l,...,r), 

are said to be independent when no r constants, \v ...,Ar, not 
all zero, can be found such that 

\1X1 + ...+XrXr = 0. 

Any linear operator which can be expressed in the form 

XjXj-t- ... +\rXr 

is said to be dependent on X,, ...,Xr. 
If we have r operators, Xv...,Xr, such that no identical 

relation of the form 
f 1 X 1 + . . . + ^ X r = 0 

connects them, where ^l,...,^rT are r functions of the variables 
xv...,xn, not all zero, they are said to be unconnected operators. 
It is necessary to distinguish between independent operators 
and unconnected operators ; unconnected operators are neces-
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sarily independent, but independent operators are not neces
sarily unconnected; thus 

a a _a_ 

ox oy oz 

are unconnected operators, but X, Y, Z where 

yoz ly ox oz oy *ox 

are three connected operators, since 

xX + yY+zZ= 0, 

and yet they are independent. 
In the projective group of the straight line there are three 

independent operators, viz. 

o 3 „ S 
•2. - , X r 3 X' tt , 

CX OX OX 
but only one unconnected operator. 
W e shall find that there are always just as many indepen

dent operators in a group as there are effective parameters. 

§ 16. If Xx and X2 are any two linear operators, the symbol 
Xx X2 means that we are first to operate with X2 and then 
with Xx; the symbol Xx X2 is, not then itself a linear operator; 
but Xx X2—X2 Xx is such an operator, since the parts in Xx X2 

o2 
and X9 X, which involve such terms as - — - — , are the same 
in both. i x i ^ 
The expression XXX2—X2XX is written (Xx, X2) and is 

called the alternant of Xx and X2. 
In the projective group of the straight line we see that 

(^-> X2zr-) — 2x^~> 
KoX OX' ox 

( ° 2 3\- 2 S 
( x — , a r — ) =x2 — , 
v ox oX' oX 

so that the alternant of any two of the three infinitesimal 
operators of the group is dependent on these three operators. 
This will be proved to be a general property of the infinitesimal 
operators of any finite continuous group. 
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§ 17. The most general infinitesimal operator of the pro
jective group of the straight fine is X where 

X=(ex + e2x + e3x2) -y-

and ex, e2, e3 are arbitrary constants. 
If we take 

t (1) 2/=2(4e1e3-e22)-itan-1-{(4e1e3-e22)-i(2e3a; + e2)}, 
it is easily verified that 

^ = (e1 + e2x + e3x2)^ = X; 

and therefore 

(1 + nz+2iX2 + 3iZ3+-> 

is equal to 

yl + l\dy+2\dy2+-) We3 4e32tan 2 V~2eJ' 

and this by Taylor's theorem is equal to 

/fl ^ t a n 7 4 \ e 3 - * / ( y + l ) 
V e3 *e32 2 Vi/ ' 

A . 
o3 a 2e3 

If we substitute for y its value in terms of x we shall have 
an expression of the form 

Cb-tQj ~J~ Cf/n 

a3x + at 

where aX) <x2, a3, ai are functions of ex,e2,e3; and we thus verify, 
for the case of the projective group of the straight line, the 
general theorem that any transformation of a group can be 
obtained by repeating indefinitely a properly chosen infini
tesimal transformation. 

§ 18. If we have two groups 

xi=fi{xi>-••=*»» <h>—>ar)> (i=l,...,n) 

and y/= ab^,...,ym, ax,...,ar), (i = l,...,m) 

where m and n are integers not necessarily equal; and if we 
have a correspondence between Sax, ...,ar the operations of the 
first, and Tax, ...,ar the operations of the second such that to 
every operation 8ax, ...,ar& single operation Tax, ...,ar corre
sponds, and to every operation Tav ...,ar a single operation 
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Sax,...,aT and to the product Sav --^cir Sfa, ...,br the product 
Tav .-^ar Tbx,..., br, then the two groups are said to be simply 
isomorphic. 

It might appear at first that any two groups with the same 
parameters would be simply isomorphic; w e could of course say 
that 8ai, ...,ar corresponds uniquely to Tai, ...,ar and 8&x, ...,6r 
to Tix, ...,br, hut it would not follow that Sa-i, ...,ar 8bx, ...,bT 
corresponded to Tax, ...,ar Tbx,..., br- For from the definition 
of the group 

San ••••sdr Sbv •••,br = 8Cl, ...,cr> 

where cx, ...,cr are functions of the two sets ax,...,ar and 
bx, ...,br; and these functions will naturally depend upon the 
forms of the functions fx, ...,/„ which defined the first group; 
while from m 

•Lav •••>ar J-bv •••,br = J-yv •••,yr, 

where yx, ...,yr are functions of ax,...,ar and bx,...,br, whose 
forms depend on the forms of the functions <f>v ..., <pm, w e could 
not in general conclude that yx = cx, ...,yr = cr unless the two 
groups are specially related. 

A n example of two simply isomorphic groups is offered by 

xx = axxx + axa2x2, x2 = axx2 

and yx' =yx + a2y2 + log ax, y2'=y2. 

If we take two operations of the first 

xi = axxx +axa2x2, x2 = axx2, 

x('= bxxx' + \\x2\ x2"= bxx2\ 

we deduce xx= cxxx-\-cxc2x2, x2"=cxx2, 

where cx = axbx, c2 = a2 + b2, 

so that the group property of the first is verified. 

Taking two operations of the second 

Vx =Vi + atfz + log ax, y2' = y2, 

Vi'= Vi + Kvi + log bx, y2"= y2\ 

we also deduce 

Vi" = Vi + c22/2 + logcj, y2" = y, 

where cx = axbx, c2=a2 + b2, 

and thus verify the group property of the second and its 
simple isomorphism with the first. 
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§ 19. Returning now to the definition of a finite continuous 
group and writing fi{xx,...,xn,ax,..., ar) in the abridged form 
fi(x, a) w e see that if 

xi = fi (x> a)> xi" = fi (*'» &)> 

then x^'=fi{x,c)i 

Where ch = <$>k{ax, ...,ar, bx,...,br), (Je = 1, ...,r). 

It will now be proved that these functions <pv...,<pr define 
two groups, one of which is simply isomorphic with the given 
group. 

It is to be assumed that fi is an analytic function of 
xx,...,xn,ax,...,ar within the region of the arguments xx,..., xn 
ax,..., ar; and also that the parameters are effective ; that is 
if w e suppose f{ expanded in powers of xx,..., xn the coefficients 
will be analytic functions of ax,..., ar, and there will be exactly 
r such functionally unconnected coefficients in terms of which 
all other coefficients can be expressed. 

From the group definition w e have 

f{(x,c) = xt"=ft {x\ b) =fi (fx(x,a),...,fn(x, a),bx> ...,bT), 

and since the parameters are effective w e have 

(!) ch = ($>h(av...,ar,bx,...,br), (k = l,...,r). 

Also Xi = Fi (xf, a), (i=l,...,n) 

being the inverse transformation scheme to 

xi=fi(x,a), 
we have 

fi(x', b) =fi(x,c)=fi(F1(x',a),...,Fn(x',a),cv...,cr); 

and therefore if we expand/^ (x\ b) in powers and products of 
x(,..., xn', since there are exactly r parameters involved, w e 
see that in the expansion of 

(2) fi (Fx (a/, a)... Fn (a/, a), cx,..., cr) 

there must be exactly r unconnected coefficients. 
W e further see that bh can in general be expressed in terms 

of Oj,..., ar, cx,..., cr subject to certain limitations in the values 
which av...,«,,, cx,...,cr can assume in order that (2) m a y 
remain an analytic function of its arguments. 

Thus suppose w e have the equations 

/(as, y) = a, <j> (x, y) = /3, 

a necessary condition that w e m a y be able to express x and 
y in terms of a, j3 is that the Jacobian of the functions / (x, y) 
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and <f> (x,y) should not vanish identically, or as w e shall say 
the functions must be unconnected. T h e form of the functions 
/ and <p m a y , however, be such that whatever the values of 
x and y, real or complex,/ cannot exceed an assigned value a, 
nor <j> an assigned value b ; the equations 

f ( x , y ) = a , <j>(x,y) = p 

could not then be solved unless a ^ a a n d / 3 ^ b . 
W h e n w e come to seek the conditions that a group m a y 

contain the identical transformation w e shall have to m a k e 
aJe = Cjj., and the result m a y be that w e cannot solve the equa
tions (1), and in this case the group will not contain the 
identical transformation. 

In general, however, w e can express bk in terms of ax,..., ar, 
cx,...,cr, and therefore in the equations 

Ck = (l>k(ai>—>ar> bx,...,br), (k=l,...,r) 

the functional forms <j>lt..., <pr are such that the determinant 

7>bx 36. 

*4>r 
ob„ 

Hr. 
obx 

cannot vanish identically. 
Similarly from Xi'=fi (a/, b) w e deduce x / = Fi [x", b ) ; and 

from Xi=fi(x,a) and from these identities w e have 

fi(x,a) = Fi(x",b) = Fi{fx(x, c),...,fn(x,c),bx,...,br) ; 

so that w e see that ak can be expressed in terms of bx, 
c1;..., cr and conclude that the determinant 

s0i *<h 

.,br, 

oa-. oa„ 

Hi Hr_ 
()ax <sar 

cannot vanish identically. 
W e 'can therefore conclude that the equations 

(3) yJt'= 4>h(yi>—>yr> «!>•••>ar)> (fc = i,...,*•) 
define a transformation scheme with r effective parameters, 
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and we shall now prove that these are the equations of 
a group. 

W e have /< (a/, b) = x/'= /< (x, c) = f t (x, <p (a, b)) • 
and if w e take any other set of parameters yx, ...,y , 

x i " = fi(«"•, 7) = fi « <p (b, y)) = fi (x, </> (a, <p (b, y))). 
N o w fi (x", y) = ^ (x, ab (c, y)) = /< (as, 4 (0 (a, 6), y)), 

so that by equating the coefficients in these two expressions 
for fi (x"y) w e have the identity 

(j>k (a, <f> {b, y)) = <t>k (4, (a, b), y). 

This identity leads at once to the group property of (3), for 
by its aid w e deduce from 

yk = (pk(y^) and yk"=<i>k(y'>'o) = 'rk(<$>{y,a<),b) 

A"1* Vh"=4>k(V>4>(<*,h)), 
that is the equations (3) generate a group which is known as 
the first parameter group of 

xi=fi(xv;xn> av...,ar), (i = 1,,..,»). 
It is an obvious property of this parameter group to be its 
o w n parameter group. 

F r o m the definition of simple isomorphism w e see that two 
groups are then, and only then, simply isomorphic w h e n 
they have the same parameter group; the first parameter 
group is therefore simply isomorphic with the group of which 
it is the first parameter group. 
§ 20. In exactly the same way we see that the equations 

2te'=*s(01.•••»«,» yv—>yr)> Qc = i,...,r) 
are the equations of a group. 

This group is called the second parameter group; it is its 
o w n second parameter group; but it is not isomorphic with 
the original group; for from yk'= <j>k {a, y), y k " = <ph (6, y') w e 
deduce y { ' = (pk (c, y), where ck = 4>h(bx,..., br, a1,..., ar), and 
d>£ (b, a) is not generally equal to (pk (a, b). 

The two parameter groups are such that any operation of 
the first is permutable with any operation of the second. 

This comes at once from the fundamental identity 
4>k (a> <t> (b> c)) = 4>k (<t> («> b)> c)> 
which is true for all values of the suffix k and the arbitrary 
parameters ax, ...,ar, bx,...,br, cx,...,cr; for to prove that 
yk=<piAy>a) and »*'=** M 
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are permutable operations it is only necessary to prove that 

<l>k (4> (6, y), a) = <\>k (6. 4> (y> a))-

§ 21. As an example we shall find the first parameter group 
of the general linear homogeneous group, 

xi = 2auxh, 

the summation being for all positive integral values of h from 
1 to n inclusive. 
As such summations will very frequently occur it is neces

sary to employ certain conventions to express them. The 
subscripts will always denote positive integers; those which 
vary in the summation will be supposed to go through all 
positive integral values between their respective limits, thus in 

2CBpjApj \ak, 

where the summation is for all positive integral values of 
a from p to r inclusive, and for all positive integral values 
of /3 from q to k inclusive, we should indicate the sum by 

a. = r, p= k 

^Capj\^ikak-
a =p, 0 = q 

When the two limits are the same we should write the above 
sum in the form 

Jtd eaPJ^-piKk-
* = $=$ 

This would not of course mean that a — /3 throughout the sum
mation ; a summation in which a = /3 would be expressed by 

j£j Caaj Xai A, ak. 

When the lower limit is unity it will be omitted, thus when 
p = 1 the sum would be written 

2Lt Capjhpi^ak-

Expressing the linear group in this notation from 

xi=^aMxh and xi,,= '2bMxhr, 



22] SIMILAR GROUPS 15 

h = n 

we obtain xi"=HcMxh, 

h — n 

where «M=2flJ*l» 

If then yki,... are n2 variables, the hnear group 

k = n 

is the first parameter group of the general linear homogeneous 
group in n variables. 

It will be noticed that this group is itself a linear homo
geneous group in n2 variables, but it is of course not the 
general linear group in n2 variables. 

The second parameter group is 

k = n 

yhi=^ahkyu-

§ 22. If in any given group 

I1) Xi' = fi(xx,...,xn, ax,...,ar), (i=l,...,n) 

we pass to a new set of variables yi,..-,yn where 

(2) yi = 9i(xi,—>x„), 

and to a cogredient set y{, ...,yn' given by 

yi=9i(xi'>-->xn)> 

where gx,...,gn are any nunconnected functions of their argu
ments, w e must obtain equations of the form 

(3) yif = (pi(yx,..i,yn,ax,...,ar), (* =1,...,«)• 

We are now going to find the relation between the two trans
formation schemes (1) and (3). 

Let T denote the operation which replaces a^ by gx, x.2 by g2, 
and so on. 

If then x i = G i ( y v — , y n ) 

is the inverse scheme to (2), T-1 will denote the operation 
which replaces x{ by G^. 

W e n o w take 8a to be the operation which replaces x{ by 
fi(x, a) and Sb the operation which replaces x{ by/^as, b). 

The operation T8aT'x acting on y{ that is on gi(xv ...,a:J 
will transform it into y { ; for 
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TSaT-igi(xx, ...,xn) = T8agt(0lt..., GJ = T8aXi, 

and TSaXi = Tfi{xx, ...,xn, ax, ...,ar) =fi{g1, ...,gn, ax, ...,ar), 

and fi(gx,...,gn, %,...,ar)=fi(yx, ...,yn, ax,...,ar) = y/. 

The operations of the transformation schemes (3) are 

therefore T8aT'\ TShT~\... 

and since TSJ-1 TS^T'1 = TS^T'1 = T8cT-\ 

we see that the equations (3) are the equations of a group 
simply isomorphic with the group (1). The two groups (1) 
and (3) are said to be similar. Similar groups are therefore 
simply isomorphic, but it is not true conversely that all 
simply isomorphic groups are similar. The necessary and 
sufficient conditions for the similarity of groups are obtained 
in Chapter X. It will then be seen why it is not possible to 
transform the two isomorphic groups given in § 18 into one 
another. Groups which are similar are also said to be of the 
same type. 

§ 23. It will be proved later that groups which contain the 
identical transformation can have their operations arranged 
in pairs which are inverse to one another; that is to every 
transformation 8a another transformation 8b of the group will 
correspond in such a way that the product of the two will be 
the identical transformation. If then T is any operation 
within the group, T~x will also be an operation of the group, 
and so will the operation TST'1. This operation is said to be 
conjugate to S with respect to T; if T8T"1 is equal to 8, 
whatever operation of the group T may be, then 8 is per-
mutable with every operation of the group and is said to be 
an Abelian operation. 

If T is an operation of the group so is TST~*; but even if 
T is not such an operation, T8T~X may be an operation of the 
given group: we should then say that T was an operation 
which transformed the group into itself. 

If Tx and T2 are two operations each of which transforms 
a given group into itself, then ̂ S T ^ 1 is an operation within 
the group; T2 Tx ST^1 Tf1 must then be within the group ; 
that is, since T-f1 Tfx == (T2 Tx)-\ T2 T} is also an operation 
which transforms the given group into itself. 

It follows therefore that the totality of operations with the 
property of transforming the group into itself, or as we shall 
say the totality of operations which the group admits, form 
a group. This group, however, need not be finite. 
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§ 24. If out of all the operations of a group a set be taken 
not including all the operations of the group, this set may 
itself satisfy the group condition; in this case it is said to be 
a sub-group of the given group. 
Let 8X, S2,..., Tx, T2,... be the operations of a group, and 

suppose that Sx, 82, ... form a sub-group, then Tk8xTk-1, 
Th82Tk~1,... which (§ 22) is a similar group to 8X, 82,... is 
said to be conjugate to the sub-group 8X,S2,.... Sub-groups 
which are conjugate to one another are also said to be of the 
same type. 

If, whatever the operation Tk may be within the group 
Sx, 82i..., Tx, T2,... the sub-group Tk Sx Th~\ Tk 82 T k \ ... 
coincides with 8X, 82,..., then the sub-group Sx, S2,... is said 
to be a self-conjugate sub-group. It will be noticed that it 
is not necessary in order that the sub-group may be self-
conjugate, that Tk 8k Tk~x should be identical with Sk, but 
only that it should be some operation of the system Sx, 82,.... 

A group such that all its operations are commutative is called 
an Abelian group. 
It is easily proved that if a group contains Abelian opera

tions they form an Abelian sub-group. 

Example. The linear homogeneous transformation schemes 
h = n 

xi'=^ahixh> (i = l,...,n), 

where the parameters are subject to the single condition 

%n 

= 1, 

hn an: 

form a group with (n2 — 1) effective parameters. 
If 8a is a transformation included in this scheme, and Ma 

the above determinant, then, Sb being any other transformation 
of the scheme and Mh the determinant which corresponds to it, 
the determinant of SaSh is MaMh; and therefore, since this is 
unity, the transformations generate a group. This group is 
called the special linear homogeneous group; it is a sub
group of the general linear homogeneous group. It is also 
self-conjugate within it; for if T is any operation of the 
general group, the determinant of TSaT-x is the same as that 
of Sa, and therefore TSarf-1 is itself an operation of the 
special linear group. 
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Example. The projective group of the straight line 

X = — 
asx + ai 

contains the sub-group 
Jo —'— CL-i vO —J— wo • 

This sub-group contains two sub-groups, viz. 
x' = ax and xf — x + a ; 

the first is the homogeneous linear group, and the second is the 
translation group. 

W e shall prove later that these are the only types of finite 
continuous groups of the straight line; that is, all other 
groups of the straight line are transformable to one of these 
by the method of § 22; it will also be proved that every 
group which contains only one parameter is of the type 

a/ = x + a, 
that is, the type of the translation group of the straight line. 
§ 25. A group which contains r effective parameters is said 
to be of order r, or to be an r-fold group. W e n o w write 
down some groups of transformations of the plane. 

The eight-fold projective group is 
x/_aMx + a2Xy + asx̂  a^x + a^y + a^ 

aX3x + a23y + a33' y aX3x + a23y + a33' 
The identical transformation is obtained by taking 

alx = a22 = etgg, 

and making the other parameters zero; the eight infinitesimal 
operators (§ 13) are then found to be 

a 
aa; 

a 
oy' 

2 o 
ar — 

3a; 

a a 
Xi^- 3 y r— 1 
ox yoy 

+ xy^y' xy 

a 

a 
a a; 

a 

oy 

+ tf 

a 
y7Tx 

oy' 

The projective group has as a sub-group the general linear 
group, viz. 

x'= alxx + a2Xy + a3X, y'= a12x + a22y + a32, 
of which the infinitesimal operators are 

a a a a a a 
—-> ^—» a;— > y^r—} a; — > y — • 
dx oy ox oy by ° ox 

One sub-group of the general linear group is the group of 
movements of a rigid lamina in a plane, viz. 
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x'= x cos 0+y sin 6+ ax, y' =— x sin 0 + y cos 9 + a2, 

ax, a2, and 6 being the arbitrary parameters. 

The identical transformation is obtained by putting 

ax = a2 = 6 = 0, 

and the infinitesimal transformations by taking ax,a2, 6 to be 
small unconnected constants ; the infinitesimal operators are 

a a a a 

aa; oy u dx oy 

Each of these sub-groups could be obtained from the pro
jective group by connecting the parameters of the latter by 
certain equations; thus the general linear group was obtained 
by taking a13 = a23 = 0. It must not, however, be supposed 
that if we are given a group, and connect its parameters by 
some arbitrarily chosen equation, the resulting transformation 
Bystem will generally be a sub-group ; this would only be true 
for equations of a particular form connecting the parameters of 
the given group. 
It has been stated that there are no groups of the straight 

line which are not types of the projective group of the line, or 
of one of its sub-groups. In space of more than one dimen
sion, however, groups do exist which are not of the projective 
type ; thus in the plane the equations 

, a,x+a9 , yxr + ar,xT + aRxr~x +...'+«,+, 
x = ——;—-> y = - — ^ — 7 — — , — & — 1 

a3x+ai ° (axx + a2Y 
where the constants are arbitrary, define a non-projective 
group of order r + 4. The group property may be verified 
easily. The identical transformation is obtained by taking 
a2 = a3 = a5 = ... = 0, and a1 = ai = l, and the infinitesimal 
operators may be written down without much difficulty; but, 
since a general method of obtaining these will soon be in
vestigated, we shall not now consider these operators. 
This group is not similar to the projective group, nor to any 

of its sub-groups. 

§ 26. In three-dimensional space many of the groups have 
long been known; there is the general projective group of 
order 15, viz. 

, a^x + a^y + a^z + a^ , aX2x + a22y+a32z + ai2 
x = > y := — •» 

aXix+a2iy + a3iz + au a aXix+a2iy + a3iz + au 
./_ ai3x + a2sy + a3sz + a^ 

aXix + a2iy + auz+au 
0 a 
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From this we obtain the linear group of order 12 by taking 
axi — a2i = a3i = 0 ; the linear homogeneous group of order 9 
by further taking aiX — ai2 = ai3 = 0; the special linear homo
geneous group of order 8 by taking 

*n> 
= 1. 

*13! "'SS > ̂"33 
Other sub-groups of the general projective group are: the 
group of rotations about a fixed point of order 3 ; the group 
of translations, also of order 3 ; and the six-fold group of move
ments of a rigid body, obtained by combining these two groups 
of order 3. 

There are very many other sub-groups of the projective 
group, but w e have n o w perhaps given a sufficient number of 
examples of projective groups in three-dimensional space. 

From these groups others could be deduced by transforma
tions of the variables, but they would not be n e w types, thus 
the groups 

a/= aixx + a2Xy + a3Xz, y'= a12x + a22y + a32z, 
z'= aX3x + a23y + a33z, 

and a,/=«i1^ + a21y + a31j ,_ a-^x + a22y + a32 ̂  
aX3x + a23y + a33' y a^x + a23y + a^' 

z/= aX3xz+a23yz + a33z2 
are of the same type, for the first can be transformed into the 
second by the scheme 

xx = xz, yx = yz, zx = z. 

§ 27. W e m a y apply the theory of groups to obtain, in terms 
of Euler's three angles, the formulae for the transformation 
from one set of orthogonal axes to another. 

Describe a sphere of unit radius with the origin 0 as centre, 
and let the first set of axes intersect this sphere in A , B, G. 

B y a rotation i//- about the axis 0 G w e obtain the quadrantal 
triangle G P Q , and a point whose coordinates referred to the 
first set of axes were x, y, z will, when referred to the n e w set, 
have the coordinates x', y', z' where 

x'= xcos-ty + ysinty, y'= — xsin\j/ + ycosf, z'=z. 
B y a rotation 0 about 0 Q w e pass to the quadrantal triangle 

GXPXQ, and a point with the coordinates x, y, z will n o w have 
the coordinates x", y", z", where 
a;"=a;'cos0-z'sin03 y"= y', z"=xfsm6 + z'coBd. 
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Finally by a rotation <f> about OCx we pass to the axes 
0GX, 0AX, 0BX referred to which the coordinates of x, y, z will 
be x'", y"\ z"\ where 

as'" = a/'cos </> + y" sin #, y'"— — x"sm<f> + y"coa<t>, z"'=z". 

If then B denotes the operation of replacing x, y, z re
spectively by 

x cos -ty + y sin ̂ , — x sin \jr + y cos ty, z, 

S the operation of replacing x, y, z by 

as cos 0—z sin 0, y, x sin 0 + z cos 0, 

and T the operation of replacing as, y, z by 

xcos $ + y sin<j), — as sin<|> + y cos <f>, z, 

the coordinates of a point as, y, z, with respect to the first 
axes, will be obtained when referred to the new axes 0AX> 
0 B U 0GX, by operating on as, y, z with BST, and therefore 
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x'"=- (cos 0 cos <p cos \{i—sin </> sin ^) as 
+ (cos 0 cos<£ sin^ + sin $ cos^) y-ain 0 cos </>.«, 

j/'" = — (cos 9 sin ob cos i/c + cos # sin \/r) as 
+ (cos <p cos i/r - cos 5 sin 0 sin i/r) 2/ + sin 0 sin <p . g, 

z"'=sin 0 cos i/f. x + sin 0 sin \\r. y + cos 0. z. 

These are Euler's formulae; if we take 

(p + f = ei, 0 cos (4>-i/O = e2, 0 8m(<f>-^) = e3, 

and then m a k e ex> e2, e3 small, w e obtain the three infini
tesimal operators 

a a a a a a 

^ - V zTx-xTz> xTy~yTx 

of this group. These can, however, be more easily obtained 
otherwise. 

§ 28. An example of a group in three-dimensional space, 
which is not derivable from the projective groups by a trans
formation of coordinates, is 

, ax x + bxy + cx , a.2x + b2y + c2 
x = 5 > y = r > 

a3x + b3y + c3 * a3as+632/ + c3 
v_ (62o3-63c2)as + (q258-a362) fc/ + a;z) + a2c3-a3c2 _ 

(61c3-6sPi)a! + (ai68-«36i)(2/-a!S) + aic3-asci' 

If w e notice that 

v>_ g / j - (b1c2-b2cx)x + (axb2-a2bx)(y-xz) + axc2-a2cx ̂  

{bxc3—b3cx)x + (axb3-a3bx) (y-xz) + axc3-a3cx' 

it will not be difficult to verify the group-property. 
As the number of variables increases the number of different 

types of groups increases rapidly. Thus there are only three 
types of groups of the straight line ; there are a considerable 
number of types of groups in the plane, but they are now 
all k n o w n and will be given later on; in three-dimensional 
space there are a very large number of types, most of which 
have been enumerated in Lie's works; but in space of higher 
dimensions no attempt has been made to exhaust the types. 



CHAPTER II 

ELEMENTARY ILLUSTRATIONS OF THE PRINCIPLE 
OF EXTENDED POINT TRANSFORMATIONS 

§ 29. Some classes of differential equations have the property 
of being unaltered when we transform to certain new variables. 
Such transformation schemes obviously generate a group; for 
if $ and T are two operations which transform the equation 
into itself, or as we shall say operations admitted by the 
given equation, TS will also be an operation admitted by 
the equation, and therefore 8 and T must be operations of 
a group. This group, however, is not necessarily finite or 
continuous. 
The differential equation of all straight lines in the plane, viz. 

-t~y = 0, is an equation of this class ; for from its geometrical 

meaning we know that it must be unaltered by any pro
jective transformation. 

Again the differential equation of circles in a plane, viz. 

dx^dx*' ( ydxJ )dx6 

must admit the group of movements of a lamina in a plane, 
and also inversion. 
It would be easy to write down many equations which, 

from their geometrical interpretation, must obviously admit 
known groups; but more equations exist admitting groups 
than we could always obtain by this a priori method; and 
we shall now therefore briefly consider a method by which 
the form of those differential expressions may be obtained 
which are unaltered, save for a factor, by the transformations 
of a known group. The method will be more fully explained 
and illustrated in the chapter on Differential Invariants. 

§ 30. In this investigation the underlying principle is that 
of the extended point transformation. 



24 EXTENDED POINT TRANSFORMATION [30 

To explain this principle let 

as'= x + t£(x,y), y'=y + U {x, y) 

be an infinitesimal transformation ; then 

~ dx ^dx oy dx dxdx dy^dx*'' 

since t is a constant so small that its square may be neglected. 

If we denote -^ by p, and -p- by p', and the expression 

aa; Kdy dx->r dyr 

by ts, we have proved that 

p'=p+tTt. 
Similarly we have 

dp /on dn dirdp\ 

dp' dx ^dx dy^ dp dx-' 

^ "& + %*) 

_dp roir drr d£dp d£ dp dwdp^ 

dm >̂dx ov dxdx "du* d,x drtd.x' dx ^dx oy dxdx dy* dx dpdx' 

- this gives, 

/= r + tp, 

If we now write r for j - this gives, after some easy reduction, 

where 
_ a2,? , o2r, a 2 ^ ,d2n a2£ , 2_i!i 3 

P ~ dx2 + V dxdy ox2)P+\oy2 dxdy)P dy2^ 

dy" ^dy dx' 

The infinitesimal transformation is said to be once extended 
when to the transformation scheme 

as'=as-M£ y'=y + tv 

we add p'= p + ttt; 
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it is said to be twice extended when we add to these 

r'= r + tp, 
and so on. 

A general rule for extending a point transformation to any 
order will be explained in Chapter XX. 
W e have only considered the extension of an infinitesimal 

transformation, but any transformation could be similarly 
extended; the infinitesimal transformations with their exten
sions are, however, the most important in seeking differential 
equations which admit the operations of a known group. 
It will be proved in Chapter X X that if we have a group 

of transformations, and extend it any number of times, the 
resulting set of transformations will belong to a group which 
is simply isomorphic with the given group. 
§ 31. In order to illustrate the theory of extended point 
transformations we shall find the absolute differential in
variant of the second order; that is, an expression of the form 
f(x, y, p, r), which is unaltered by the transformations of the 
group of movements of a rigid lamina in the plane xy. 
In this problem the infinitesimal transformation is 

x'=x + t£, y/=y + trj, p'—p + tTs, r'—r + tp, 
where 

£ = a+cy, ?/ = b — cx, ir = — c (1 +p2), p = —3cpr, 
and a, b, c are constants. 

Since f(x,y,p,r)=f(x + tg, y + tr,,p + tTr, r+tp), 

and t is so small that its square may be neglected, 

(« + c2/)^ + (6-cas)^-c(l+p2)^-3^r-

must annihilate/. 
As the constants are independent we infer that 

a a a a ,, ., a o a 
— , ^ > x t — y ^ ~ + { 1 + P ) ^ +3PrT 
dx dy dy y dx v r' dp c or 

must each separately annihilate/. 
W e conclude therefore that in / neither x nor y can occur 

explicitly, so that/is a function of̂ > and r annihilated by 
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it is now at once seen that the required differential invariant 
for the group of movements in the plane must be a function 

ofv £_i_, that is, of the radius of curvature. 
r 

§ 32. In the theory of differential invariants we look on the 
group as known and deduce its invariants; a related problem 
is: ' given a differential equation or differential expression to 
find the infinitesimal transformations which the equation or 
the expression admits.' 

W e know that these transformations must generate a group, 
though we do not know that the group will be finite. It 
should be noticed, however, that the property of admitting an 
infinitesimal transformation at all belongs only to particular 
types of differential equations. 

Thus if we take the equation 

d£=x+y* 

and try whether it admits the infinitesimal transformation 

x'=x + t£, y'=y + tr], p' = p + tir, r'=r + tp, 

we see that it cannot admit it unless 

p = 2x£+2yrj, 

for all values of as, y, p, r satisfying the equation r = as2 + y2-
W e must therefore have 

^ + (2A_^,+ ^_2ZlV_^a 
dx2 ̂  v dxdy dx2)F^\dy2 dxdy)P dy2F 

for all values of as, y, and p. 
Equating the coefficients of the different powers of p to zero, 

we get 

(1) *l-0 (2) »1 2 ^ -0 

(3) 2^r-^l-3^(x2 + y2)^0, 
v ' dxdy ox2 dyK a ' ' 



32] ADMIT POINT TRANSFORMATIONS 27 

From (1) we see that 

£ =yf(x).+ <t>ix)'i 

by differentiating (2) with respect to x, and (3) with respect 
to y, and eliminating -q w e get 

a3£ af 

dx2by a dy 

that is /"(as) + 2yf(x) = 0, 

so that/(as) vanishes identically. 
From (l), (2), and (3) we therefore conclude that 

€ = <P (x), V = yf(x) + ^ ix\ 

and 2/'(a;) = <p"{x). 
From (4) w e get 

yf"{x) + ^"{x) + {x2 + y2)(f{x)-2<p'{x)) = 2xcp(x) + 2y2f(x) + 2yf(x), 

and on equating the coefficients of y2 in this equation we see 

that f{x) + 2 <f>'(x) = 0, 

and we conclude that f'(x) = <p"(x) = 0. 

By equating the coefficients of y we get -f(x) = 0 ; while by 
equating the terms independent of y on each side w e easily 
obtain <p (as) = 0, and therefore/(as) = 0. 

The equation proposed therefore does not admit any in
finitesimal transformation. 

If we were to treat the equation -^-f = 0 in the same manner, 

we should find that the only infinitesimal transformations it 
admits are those of the projective group. 

Example. Find the form of the infinitesimal transformations 
which have the property of transforming any pair of curves, 
cutting orthogonally, into another such pair. 

Let a/=as-|-££, y'=y + tri, p'=p + t-n, 

be the once extended infinitesimal point transformation; and 
let x, y be the point of intersection of the two curves, and 
p and q the tangentB of the respective inclinations of the axis 
of x to the curves at this point, so that ̂ + 1 = 0. 

W e have now to find the form of £ and r\ in order that 
p q + 1 = 0 may admit the infinitesimal transformation. 



28 TRANSFORMATIONS ADMITTED BY [32 

We must have 

p{ni+(-n2~^)q-^<f) + <l{n1 + (-n2-Qp-^Pi) = ° 
wherever p q + 1 = 0. In this and other like examples we 
shall employ the suffix 1 to denote partial differentiation with 
respect to as, and the suffix 2 to denote partial differentiation 
with respect to y. 

Substituting - for q in this equation, and equating the 

different powers of p to zero, we get 

"i + £2 = °> ii-v2=o, 

so that £ and i\ are conjugate functions of x and y. 
A n infinity of independent infinitesimal transformations 

will then have the required property. 

§ 33. W e know that the differential equation 

/ou\2 roU\i roV'\2 

(a^)+(^)+(a^)=0 

is unaltered by any transformation of the group of movements 
of a rigid body in space; and we also know that it is unaltered 
by inversion with respect to any sphere; and finally that it 
is unaltered by the transformation 

as'= 7<sas, y ' = ky, z ' = kz, 

where k is any constant, that is, by uniform expansion with 
respect to the origin. W e therefore see that this differential 
equation admits a group, and we now proceed to find all 
the infinitesimal transformations of this group. 

It is a matter of interest to connect this problem with 
another one, apparently different, but really the same. 

Any curve in space, the tangent to which at each point on 
it intersects the absolute circle at infinity, is called a mini/mum 
curve. If x, y, z and x + dx, y + dy, z + dz are two consecutive 
points on such a curve, 

dx2 + dy2 + dz2 = 0. 

Through any point P in space an infinity of minimum 
curves can be drawn, and the tangents at P to these curves 
form a cone; also through P an infinity of surfaces can be 
drawn to satisfy the equation 

.aits2 sou-.2 ,oUs2 

and the tangent planes to these also touch a cone; we shall 
now prove that these cones coincide. 
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On any surface, and through any point on it, two minimum 
curves can be drawn; for in the usual notation we have on 
any surface 

dx2 + dy2 + dz2 = dx? + dy2 + (pdx + qdyf; 

if therefore we choose dx : dy so that 

(1 +p2)dx2 + 2pqdxdy+(l+q2)dy2 = 0, 

we have two directions for minimum curves through the 
point. 
N o w on any surface, u = constant, which satisfies 

/,\ roU\ roU\2 /,oV'\ „ 

W (â ) + (a^)+(^)==0' 

we must have 1 +p2 + q2 = 0, 

and therefore the minimum lines on the surface drawn through 
any point on the surface must coincide; and, conversely, 
surfaces with this property satisfy the differential equation (1). 
It follows that any tangent plane, at a given point, to a sur

face satisfying the equation (l) touches the cone, formed by the 
tangents to the minimum curves through the same point; the 
two cones therefore coincide at every point of space, and the 
same set of transformations must leave unaltered the two 
equations, 

(p)\(p)*+(*J!)a=0 and dx2+dy2 + dz2 = 0. 
^dxJ ^oy' KdZ' 

This is a particular case of a theorem, to be considered later, 
connecting partial differential equations of the first order with 
equations of the form 

f(xx, ...,xn, dxx, ...,dxn) = 0, 

where dxx, dx2, ..., dxn enter the equation homogeneously. 
These equations are called Mongian equations. 

§ 34. Consider the infinitesimal transformation 

x'=x + tg, y'=y + tr], z'-z + t^, 

which has the property of being admitted by the equation 

dx2 + dy2 + dz2 = 0. 

Since dx'2 + dy'2 + dz'2 = 0, wherever dx2 + dy2 + dz2 = 0, 
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we say that these two equations are connected; we now have 
the equation 

dx (£x dx + £2dy + £3dz)+dy(r}1dx+v2dy + y3 dz) 
+ dz(txdx + C2dy + C3dz) = 0 

connected with dx2 + dy2 + dz2 = 0. 

W e must therefore have 

(1) £1 = V2 = (3, V3 + C2=Ci + ̂  = ^ + V1 = 0. 

To verify that we obtain these same equations by the con
dition that the two equations 

sdUs2 sou-2 rdu^2 n , /du^2 rdu^2 sdlls2 

are connected, we write down the identities 

a a u d a a. 
a^ ~ d¥+H£i dx7 + VldY + W < >' 

a a , a a a. 
a^ = ayf•t^2dxT + r)2dy-' + C W ' 

a a ^ , a a . a, 

and, since t is so small that its square may be neglected, we 
deduce from these 

a ° * (/• ^ ° r ̂  \ 
aZ = ^ - H f i ^ + " i ^ + & ^ ) ' 

dy,~dl/~t^2dx + r,2dy+C2dz)' 
a a ( a a a^ 
a7 ~ a^ ~ H f 3 ^ + ̂  + fa^J • 

By the conditions of the problem the expression 

0U/£ o<W oU /.°U\ dU/^dU du /-aU\ 
a ^ a ^ + Vlo^ + c*Jz~) + a^2ai + ,?2a^ + f2ai>> 

dU/. dU du > Hn 

must therefore be zero, wherever the expression 

fOU-^ (oU\ (°'u'\ 
^dlc) + ^iy) + ^dz~) 

is zero, and the equations (1) are thus obtained over again. 
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§ 35. We now take 

£i = v-z = C3 =/(*, y, z), 

v3+C2 = C1 + £3 = £2 + r,x = 0. 

Differentiating r)3 + (2 = o with respect to y and z, and ex
pressing the resulting equation in terms of/, w e get 

aj/2 "*" az2 ~ "• 
Similarly w e obtain 

a2/ d2f , a2/1 a v 
r 7 + r 4 = 0 , and -4 + _£ = o, 
â 2 aar aas2 â 2 

and conclude that 
a2/=a2/_32/_. 
aas2 a ^ - a ^ 2 -

We therefore take 
f=a0 + a1x + a2y + a3z+a23yz + a3Xzx + a12xy + a12sxyz, 
where the coefficients of the powers and products of the 
variables are constants, so that 

d3£ _ d*r, _ 
dxiyiz~a23 + a^X' dxdydz ~ a&1 + amV' 

QSC 
dxdydz~ a™ + <hs&Z' 

B y differentiating 773 + <T2 with respect to as, d + £s with 
respect to y, and £2 + t)x with respect to z, we have 

t23 = ^31 = C12 = 0 ; 
and conclude that 

a23 ~ aZl = al2 == ̂ 123 = "• 
Integrating £ = / = a0 + axx + a2y + a3z 

we see that 
£ = a0x + £axx2 + a2xy + a3xz+F(y, z); 

and since £23 = 0 we see that F(y, z) must be of the form 
•̂ 12 (y) + -̂ 13 (z)> where F12 (y) is some unknown function of y, 
and F^ (z) some unknown function of z. 

W e have now advanced so far that we may take 

£ = a0x + %a1xi + a2xy + a3xz + FX2 (y) + FX3 (z), 

n = a0y + axxy + ±a2y2 + a3yz + F2X (x) + F& (z), 

( = a0z + a1xz + a2yz+^a3z2 + F31(x) + F32(y); 
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and from the equations 

'Ja + 6 = & + & = 6 + '»i = 0 
w e next obtain 

a3y + F^(z) + a2z+F^2(y) = 0, 
axz + F'3x{x) + a3x + F[3{z) = 0, 

<w>+FiM+a.iy+Fk(x) = °-
W e conclude then that 

Fs2(y) = - i a 3 y 2 - A x y +constant, 
F ^ (z) = — | a2z2 + Axz + constant, 

with similar expressions for the other functions. 
Finally w e have 
£ = lax(a?—y2—z2) + a2yx + a3xz + a0x + a + A2z-A3y, 

•n = %a2(y2-z2-x2) + a3yz+a1xy + a0y + p + A3x-A1z, 

( = \a3{z2—x2 — y2) + axxz + a2yz + aQz + y + Axy — A2x. 

W e n o w have ten infinitesimal transformations admitted by 
the equation cU 2 du 2 r&u 2 

(to) + M + (*) = °' 
and by the Mongian equation 

dx2 + dy2 + dz2 = 0. 
The ten operators which correspond to these transforma

tions are 
a d_ 
aas' d y 

xYx+y 

a 
Tz' V] 

0 ° 
dy dz 

(z2 

(as2 

+ x2-

:+y2-

a a 

dz dy 

. (y2+z 

- z * ) ± -
' OZ 

a 

3a; 

*~^Tx 
n d 
2 aw-

âas 

*y4y-

a 

-B5T 

- 2 x y ^ 

2 ^ > 

„ a 
220S — • 

a^ 

a 
a s — • 
a2/ 

— 2̂ 03 

-2/ 

a 

a 
aas 

1 

§ 36. Example. Find the most general infinitesimal trans
formation with the property of transforming any two surfaces 
intersecting orthogonally into another pair of such surfaces. 

Let u and v be any two functions satisfying the equation 
... du dv du dv oU dv 

aas aas dy dy dz dz 
then u = constant, and v = constant will be two surfaces 
intersecting orthogonally. 
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The equation (1) must therefore admit 

x'=x + t£, l/=y + tr}, z/=z + tC. 
W e have 

dU dU (t dU dU dU\ 
dxy-dlc'~t^1-dlc+7,^ + ^dz')' 

with similar expressions for 

dU dU dv <>V dV 
dy7' W W a/' a?' 

substituting in (1) and neglecting t2 we see that 

t dU dV dlldV *dudV 
2 ^ d x + 2r,2d^dy + 2̂ d~̂  

. â-li aw .dUoVs .j. j.../dUdV , dUdVs 
+ <*+« (a^ai + * 5y) + &+«(* a5 + Tx u ) 

, ... . /a«,a-y aw â >. 
+ &+^(a^+a^to) = 0 

is an equation connected with (1). 
W e are thus again led to the equations 

£i = VZ = Cs> 7?3 + Cs = £3 + & = f2 + '?i = ° 5 
and conclude that the only infinitesimal transformations with 
the required property are those found in the last article. 

D 



C H A P T E R III 

THE GENERATION OF A GROUP FROM ITS 

INFINITESIMAL TRANSFORMATIONS 

The identical transformation. 

§ 37. From the equations 

x'i=fi(x,a)> (i=l,...,n) 

which define a group, and from 

x'i -fi(x',fy=fi(x, c), 
we have 

(!) Ck = <r-k(a>b)> (Jc = 1, ...,r). 

Subject to certain limitations on the values of ax,...,a, 
cx,...cr, w e can deduce from these equations 

(2) 6&=^(a,c), (7<s = l,...,r). 

Now suppose that on taking ax = cx, ...,ar = cr the func
tions i/f& (a, c) remain analytic functions of their arguments; 
and suppose further that the values of bx,...,br so obtained 
make fi (â ,..., afn, bx,..., br) an analytic function of its argu
ments, within the region over which x'x,...,x'n may range; 
then as we have always 

fi ix, c) =fi («', 6); 

by the hypothesis ak = ck w e have 

x'i=fiix> a)=fi(x,c), 

so that x'i =ft (as', b), (i = 1, ...,n): 

that is, bk = \jrk (a, a) gives the identical transformation. 

'n 
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Since these values of bx,..., br are obtained from the equations 

ak= <Pk{ax,...,ar, bx,...,br), 

it might seem at first as if they would be functions of %,..., ar: 
this, however, is not the case; they are absolutely independent 
of ax,..., ar. To prove this, suppose that 

bk = ^k(ax,...,ar), (k=l,...,r), 

\k being some functional symbol: then 

xi=-fi (xi> •••>xn, \l5..., \r), 

and as \x,..., \r must occur effectively in f{ w e should have x'i 
expressed in terms of x[,...,x'n and arbitrary constants, which 
is of course impossible. 

§ 38. As an example in finding the parameters which give the 
identical transformation w e take the case of the linear group 

x'i =lLa'%ixK-

We have cu=^ahkbM; 

putting cki = aki we have 

k = n 

^t a/yt 6jm = ahi> 

and therefore, since the determinant 

anl> ani 

cannot be zero, we must have bM = 0, if h and i are unequal, 
and bu = 1 . 
Of course these values of the parameters for the identical 

transformation could have been obtained by inspection of 
the equations of the group, but we have preferred to deduce 
them by the general method in order to illustrate the theorem 
that they are absolute constants. 
As we shall very often have to deal with constants such as 

bki, characterized by the property of being zero if h and i are 
unequal, and unity if they are equal, it will be convenient 
to denote such a constant always by the symbol e^. 

D 2 
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We should thus express the parameters of the identical 
transformation in the general linear group by the equations 

,h=l,...,n^ 
°M = ehi> \i = i,...,n'' 

but it will not always be necessary to explicitly state the 
range of the suffixes. 

§ 39. Engel has proved that finite continuous groups do not 
necessarily contain the identical transformation. 

T h u s consider the function due to Poincare" 

y = 2 2 - / 

which is known (Forsyth, Theory of Functions, § 87, Ex. 3) 
to exist only within a circle of radius unity, whose centre is 
the origin. It follows that x is an analytic function of y 
Buch that, whatever value y takes, as always lies within 
a circle of radius unity. Let x = X (y): then A. is a function 
such that, whatever may be the value of its argument, it is 
always less than unity. 
Take now the transformation schemes x'— X(a)x. These 

clearly generate a group ; for if 
x"= X (b) x' then as"= X (a) X(b) as, 
and X(a) X(b) = k, k being a constant less than unity, so that 
X(a)X(b) = X(c), where 

c=22_nfc3n 
»i = 0 

W e therefore have the group property, since w e can deduce from 
as'= A.(a)as and as"= X(b)x' the equation as"= X(c)x. 

We now have X(b) = ~-^, 
X(a) 

but we cannot take c = a, for that would give X(b) = 1, which 
is impossible, since X(b) is always less than unity. 

The method of obtaining the operators of a group. 

§40. Let (1) x'i=fi(x,a) 
dx'. 

be a transformation of the group; let—A . expressed in terms 
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of a/1; ...,<, a,, ..., ar be written &;(a4, ..., x'n, ax, ..., ar), 
or in abridged notation a£ki; and denote by aX'k the linear 
operator 

* ± + + * A . 
oCfelaar; "^^^aas; 

Let -5— denote the operation of differentiating totally with 
dak 

respect to ak any function of xx, ...,x'n, ax, ...,ar,in which on 
account of (1) a{,...,a4 are to be considered implicit functions 
of ax, ...,ar. 
We have 

d *l*t V a a \ - S^ ** J. 4- ^ ** J. ** 

= (a^i^ + -+aiknWn+^)4>; 

that is, if we express any function of x'x, ...,x'n, ax, ...,ar,in 
terms of xx, ...,xn,ax,...,arhy means of the equation system (1), 
and then differentiate with respect to ak, we get the same 
result as if we had performed the operation 

X'+ a 

directly on the given function. 
K we now keep â ,..., xn, ax, ...,ar fixed, aŝ ,..,, afn will also 

remain fixed; and the increment of any function <p (x'x',...,x'̂ ), 

where x'/ = fi (as', 6) = fi (as, c), 

due to the increment dbk, (the other parameters 6j, ...,bk_x, 
bk+x, ...,br remaining fixed), will be 

lXU(xfx',...,xn)dbk. 

Since, however, x'( = fi (x, c) and xx,.,.,xn remain fixed, while 
cx, ...,cr are functions of av ...,ar> bx,..., br, we may write this 
increment in the form 

i=r dc. 
^^-eX^'<p(afx',,..,^)dbk. 

fi 
N o w <p (a//,..., x„) is an arbitrary function of its arguments; 

so that we obtain the identity 
i = r dc 

by equating the above two expressions for the increment. 
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B y giving k the values 1,...,r we have r identities which 
hold for all values of a//,..., a£, o^, • • •> ar> bx,...,br> where 

ck = <Ph(a> 6). (ft=l,...,r). 

§41. We now take bx,...,br to be the parameters of the 
identical transformation, and since these are absolute constants, 
we shall omit the 6 in hXk and write it X'h' simply. 

dc-
^ is now a function of ax, ..., ar only, for bv ..., br 
"k 

are absolute constants; we write it therefore in the form 
akj(ax, ...,an), or simply akj. 

Also, since bv ...,br are the parameters of the identical trans
formation, c,k = ak, and we have the identities 

-?l=aU a^l+ — + alr a^r> 

<1) : 
Xr = or] ,aXx + ... + arr aXr, 

where the determinant 

cannot vanish identically, that being a condition for the 
existence of an identical transformation. 

From these identities we deduce 

(2) 

oXj —Xu Xx + ...+Xlr Xr, 

aXr—XrlX1+...+Xrr Xr, 

where X{j,... are functions of ax,..., ar ; that is, any operator 
with any implicit set of constants ax,...,ar is dependent on 
X v ...,Xr. 

This theorem is called the first fundamental theorem in 
group theory. 

§ 42. A group of order r contains exactly r independent 
operators. 

Lemma. If we have any linear operator of the form 

(1) 
fc=*r 

2«a 
a 
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where ak is a function of av ...,ar, we know from the theory 
of differential equations that there are exactly (r— 1) functions 
of ax,..., ar which this operator will annihilate. I,etA1,...,Ar_1 
be any such (r— 1) functionally unconnected functions, then 
if/ is any function of ax, ...,ar, which is annihilated by (1), 
w e k n o w that it must be a function of Ax,..., AT_X. 

It follows that there cannot be any linear operator of the 
form (1) which annihilates the n functions fi, ...,/„ defining 
a group ; for if there were such an operator there could not be 
more than (r— 1) effective constants involved in fi, ...,/„, viz. 
Ax, ...,Ar_x. 

From this lemma w e conclude that there cannot be any 
equation system of the form 

S,g=0, (i=l,..,n), 

where Xx,...,Xn do not contain xx,...,xn; and therefore there 
cannot be any identical relation of the form 

between the operators aXv ...,aXr when Xv ...,Xr only involve 
av...,ar; that is, the r operators 

X X 

are independent, and therefore so are the operators 

Xx, ...,Xr. 

If bx,..., br are the parameters of the identical transformation, 
and bx + ex,..., br + er an adjacent set of parameters, ex,..., er 
being so small that their squares m a y be neglected, then ex

panding x'i =fi(xv ...,xn, b1 + e1,...,br + er) 

by Taylor's theorem w e have 
k = r 

rfi = x i + H e k & i > (* = !,...,»); 

or since x'i is approximately equal to a^, 

rfi = xi+Hek£u-

Since -X&=2&j^;' 

and the operators are independent, we see that there are 
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exactly r independent infinitesimal transformations; and w e 
see further that the operators of a group, as defined in § 13, 
coincide with the operators as defined in this chapter. 

§ 43. As an example illustrative of the preceding methods 
w e take the projective group of space, viz. 

(1) gf. = aiixi + a2i xa + aH xs + aii ' u _ 1} 2, 3); 
^ ' * a14as1 + a24as2 + a34as3 + a44' 

from these equations w e obtain (p being < 4) 

and 

„ £. if q < 4, 
dapq aXixx + a2ix2 + a3ix3 + aii 
dxfj auxi xp + azi x2 xp + a&i xs xp + aUxp 
da, 
"pi , (au x i + a n x2 + a3ix3 + au)2 

If Apq is the minor of apq in the determinant 

M = 

a. a. 
w e have, as the scheme inverse to (1), 

a, _ An "4 + Aa x2 + Ai 3 "4 + Au. 
A a x'x + A & x2 + Ai3 af3 + A ^ 

Since only the ratios of the constants are involved, w e m a y 
take a u as absolutely fixed; and w e get as the operator 
corresponding to apq 

(2) M-1 (Aplaf1 + Ap2x'2 + Ap3af3 + Api)_ if g < 4. 

K q = 4 the operator is 

(3) a a a 
M~x(Aplx'1 + Ap2x'2 + Ap34 + Api)(xx^+x'2—f+x'3^). 

The identical transformation is obtained by taking apq = epq: 
this gives Apq = epq, and the corresponding 15 operators are 

, J>_ ,p=l,2,3, 
'Peat' ^ « = 1.2.3/' v~oxl. 

<4> £ • 

^=1,2,3-

(p = 1, 2, 3), 

V'p(X'xdxl+X'2^+X'3daf): dafx 
(p = 1, 2, 3). 
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The reader may easily verify that the set of 15 operators 
given by (2) and (3) is dependent on the set of 15 given by 
(4); and also that either of these sets of operators contains 15 
independent operators. 

Examples. Find the infinitesimal operators of 

(1) the projective group of the plane; 

(2) the orthogonal linear homogeneous group, viz. 

as'= anas + a2Xy + a3Xz, y/= a2Xx + a^y + a32z, 

z'=a3Xx + a32y+a33z, 

where the constants are such that 

a* + y"i + z'2=x2+y2 + z2; 

(3) the linear homogeneous group in n variables; 

(4) the non-projective group given in § 25. 

The canonical equations of a group. 

§ 44. The parameters bx,..., br which determine the identical 
transformation in the 'group 

X2=fi(X, «) 

give for all values of the parameters ax,..., ar 

ak~ <t>k(av->ar> 61,...,6r); 

they are therefore the same parameters as those which determine 
the identical transformation in the first parameter group (cf. 
(3), § 19). 
It also follows from the definition of the functions 

akj(aV->ar) 

that the infinitesimal operators of the first parameter group 
are Ax,..., Ar where 

Ak = akl±+... + akr^, (t=l,...,r). 

Let now ax°, ...,ar° be the initial values of the variables 
ax, ...,ar; let the operator 

exAx+... + erAr 

be written A ; and the operator obtained _ by replacing 
ax, ..., ar in A by ax°, ...,ar° respectively be written A0. 
If Xis anylinearoperator.weshall denote by e2 the expression 

l + ^X+iz2+^X3+... to infinity. 
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We now take 
ak = e0uak°, (k=l,...,r), 

d 
when we have —ak = A0ak, 

and therefore, (p(ax, ...,ar) being any function of av ...,aT, 

d 
jt<p{av •••,ar) = Ao<l>(ai> •••.«,)• 

We also have -=r An = An -77 
dt ° " dt 

since the operators are in unconnected sets of variables, viz. 
t and ax°, ...,ar° ; and therefore 

d2 , d A 1 a d _! AO j 
W2<p = ItA«<? = A0jt<P = A2<t>. 

Similarly we have 

and therefore the limit of -rrr-. when t is zero, is 
dt1 

Since <f> (ax,..., ar) is a function of t and of the initial values 
ax°,..., ar°, we have by Taylor's theorem 

• « * ~ . * > - w ( & 1 . . + £ ( 3 ) , . + . 

and therefore 

*(^...,ar) = (l + ^^ + ^».K..)$foV..,V)-

From this formula we deduce 

= (1 + TlAo + ^A§ + ...) ^0</>«, ...,ar°), 

= A<p(a1,...,ar), 

by a second application of the same formula. 

A particular case of this second formula is 

c1) iih'i'w 
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The identities of § 41 (expressed in the variables a!x, ...,x'n) 

aX'k = XkxX'x+... + XkrX'r, (k = 1,,..,r) 

are equivalent to 

(2) afc'ki = Hi £!<+ — + Hr £'ri 5 
and therefore, since x'x is a function of xx, ...,xn, ax, ...,ar and 
thus implicitly of xx,..., asTO, a/, ...,ar°, £, and since 

K _ , 
aafe ~~ aCw' 

WehaV6 "fltt = ^ hj£jie8a8k 
by (1) and (2). 

N o w the identities (1) and (2) of § 41 are equivalent, so that 
k = r 

we must have 2 H j ask = e*j 5 

and therefore 

(3) -^ = 2jes isi-

We can deduce from the formula (3) a result which will be 
useful later; since 

xi=fi(x>a), (i=l,...,n) 

we have the inverse scheme 

xi = Fi (x', a); 

and therefore, since aŝ  does not involve t, w e see that 

^^(as;,...,<, ax,...,aT) = 0. 

It follows from (1) and (3) that the operator 

2e*(^a^ + a^a^)' ~j -*i> 

that is, the operator 2 e g (X'„ + As) 

very function of as1,..., as„ 
ax, ...,ar. If w e notici 
are all independent of one another, w e shall see 
;he operators X'x+Ax,..., X'r + Ar, must have this 

annihilates every function of xx,..., xn when expressed in terms 
of asi, ...,x'n, ax, ...,ar. If w e notice that xx, ..., x'n, ax,.. 

ar, ex,..., es 
that each of the 
property. 
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If w e now take ax°,..., ar° to be the parameters of the identical 
transformation, then, when t = 0, x'{ = x{; and applying 
Taylor's theorem we have 

, , /dx'-s t2 fd2x's\ 

If we write X' for the linear operator 

^xi+.-.+e^x;, 

and express any function of afx, ...,x'n in terms of xx, ...,xn,t, 
ev ..., er w e have from (3) 

d 
-^ <p (as'j, ...,<) = X'<j> (a4,..., < ) . 

N o w X'<p (afx,..., afn) is itself a function of x[, ...,x'n, so that 

^fX'<p(x'x,...,x'n) = X'2<P(x'1,...,xll), 

and therefore 
d2 
^(p^,..., afn) = X'2 <p (â ,..., aQ, 

and more generally 

^s<p(x'x,...,a/n) = X''»<p(x>x,...,a/n). 

It follows that the limit of ( 7 *) is XmXi, and therefore 

< = (l + ̂ X + | I X 2 + ...)as, = e ^ . 

Similarly we could prove that 

(4) $ (x'x,..., < ) = iz<p (xx,..., xn), 

where X denotes the operator 

exXx+...+erXr. 

Example. Assuming that 

x'i = etxXi, prove that <p (x'x,..., x?n) = e ^ (xv ..., xn). 

Since Av ...,Ar are operators given by 

^ = a ^ a ^ + - + a ^ a ^ - (* = *. •••>»•) 
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where the determinant 

does not vanish identically, these operators are not merely 
independent but also unconnected. 
A group in n variables with n unconnected operators is 

said to be transitive; if the order of the group is also equal 
to n the group is said to be simply transitive. 
W e now see that the first parameter group is simply 

transitive. 
Since Ax, ...,Ar are unconnected operators, and ex,..., er 

arbitrary parameters, and ax, ...,ar are defined by 

cs^MV, (k=l,...,r), 

we know that there can be no functional connexion between 
ax, ...,aT, they may therefore be any parameters whatever. 
It follows that if 

x'i = fi(xv •••>xn> av--,ar\ (i-l,...,n), 

we can always throw f{ (as, a) into the form 

When the equations of a group are given in the form 

x'i = eeiXl+ — + erXrXi, (i= l,...,ri), 

the group is said to be in canonical form. 
Since e«i-*i + .•• + «r-*r is the limit when m =00 of 

, exXx + ... + erXrS» 

v m ' 

we see that every finite operation of a group can be generated 
by indefinite repetition of an infinitesimal operation. 
It should be noticed that the operation of substituting 

for asj, ..., xn in any given function of these variables 
x[,...,x'n respectively, an operation denoted in the first 
chapter of this treatise by 8ax, ..., ar, has now been proved 
equivalent to operating on as,,..., xn with e*t-*i + — + «r-2'rj -when 
ex, ...,er are functions of ax, ...,ar known as the canonical 
parameters. W e shall sometimes speak of e«i-?i + —+er-̂ r as 
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a finite operator of the group, or simply as an operator, when 
there is no risk of confusing it with a linear operator.. 

W h e n in canonical form, the parameters of a transformation 
scheme and its inverse are very simply related. 

W e have seen that 
<p(x'x, ...,<) = ex<p(xx,...,xn), 

and since this formula holds for any function of x'x,..., x'n we 
must also have 

e-x'76(as'1, ...,<) = exe-x<f>(xx, ...,xn). 

Now just as in elementary algebra we see that 

exe~x=l, 

and therefore cp(xx,..., xn) = e~x' <p (x[,...,afn). 

A particular case of this general formula is 

,as4. = e~^x'i-~-~erX'rx'i, 

so that the canonical parameters of any transformation scheme 
being ex, ...,er, those of the inverse scheme are — ex,..., — er. 

Examples, (l) Prove that, X being any linear operator, 

afi=etxXi, (i = l,...,n) 

is a group of order unity. 
(2) If X and Y are two linear operators whose alternant 

is zero, prove that any transformation 

x'i = etxXi 

is permutable with any transformation 

xf{ = etTXi. 

§ 45. W h e n w e are given the infinitesimal transformations 
of a group—and the group is generally discovered through the 
infinitesimal transformations—we are given the group in its 
canonical form; the question then arises, H o w are we to 
determine whether a known set of linear operators do, or do 
not, generate a finite continuous group 1 

This question will be answered in the next chapter, but just 
now it will be asBumed that Xx, ...,Xr are r linear operators, 
known to generate a group given by 

as'̂  = ^ixi + —+erxrxi, (i = 1,..., n). 

The group is, however, only given in the form of an infinite 
series, involving the evaluation of such terms as 

(exXx + ...+erXr)mXi, 
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so that we may ask, Can a!x, ...,a4 be expressed as finite 
functions of xx,..., asm? 

The differential equation 
(e1Xx + ... + erXr)u = 1 

has n unconnected integrals; let these be 

<px(as3,..., xn), ..., <pn{xx, ..., xn). 

If w e take as a new set of variables yx,..., yn where 

yx = <px{xx, ..., asj, y2 = <p2-<px,..., yn = <pn-<px, 

w e see that (exXx+... +erXr)yx = 1, 

and (exXx+... + erXr)yi = 0 if i > 1; 

and therefore the operator 

X = e1Xx + ... + erXr, 

expressed in the new variables, is -r— • 

Now we have proved that <f> (xx, ...,xn) being any function 
of the variables ,6 (a^, ..., a Q = ex<j> (xx,..., xn), 
and therefore w e conclude that 
fafa, ..^afj-faix'i, ..^oQ = <p2{xx, ...,xn)-<px(xx, ...,xn) 

^>TO«, •~>x'n)-<Pi(xl> •••><) = <Pn (xv—> asJ-^iC*!. —,xn)> 
while 

i_ 
<px(x'x,...,x'n) = e*yiyx = yx+l - (f>x(xx, ...,as„)+l. 

From these n equations w e can therefore deduce the expres
sions for x'x, ..., afn in terms of â ,..., xn. 

It follows that, when w e are given the infinitesimal operators 
of a group, w e can find the equations of the group in finite 
terms if w e can find the integrals tpv ..., <pn of 

(exXx +... + erXr) u = 1, 
and then solve the equations 

<Pi(x'x, ...,<) = <j>i(xv...,xn) + l, (i = l,...,n), 
so as to express x'x, ...,x'n finitely in terms of xx,..., asw. 

The functions <px, ...,<pn will of course involve the arbitrary 
parameters ev...,er. 

Example. The operators 

a a a a , a „ a , a 
—-fas — s y — + z — , {xy—z)^- + y\- + yz\z> 
oy dz * dy dz v a ' dx a dy dz 
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are known to generate a group; find the equations of the 
group in finite form. 

W e have to find the integrals of 

e3(xy-z)~ + (e1+e2y + e3y2)^+(exa> + e2z + e 3 y z ) ^ = l . 

The subsidiary equations are 

dx dy dz _ d u 
e3(xy-z)~ ex + e2y + e3y2~ exx + e2z + e3yz l ' 

and if we write 

V4ei63-e22 at&n(p = y+fi., aten0 = ̂  + ^ , 
2e3 r * 2e3 as 2e3 

these equations become 

dl°Sx =d<p = d0=Vie^-e£ck<,. 
tan cp—tan 0 2 

So that 

u = 
24> _ 2 tan_i (^3y + e2) 

V±exe3-e22 Vuxe3-e22 V±exe3—e22 

integral of the proposed equation; and •—•, and cp—0, 

"l̂ s — ̂2 

is an" 
are functions annihilated by the operator cos 

e3 (ay-z) ̂  + (ex + e2y + e3 y2) ̂  + (exx + e2z + e3yz) ̂ ; 

., . . e,;S2 + e,,zas + e1a:2 , z—xy 
that is -2—j-2 1 — and -—-,—" . — 

e32/+e22/ + e! 2e32/3+ei(xy+z) + 2e1x 
are annihilated by this operator. 

The finite equations therefore of the required group are 
e^2 + e2z'x' + exx'2 _ e3z2 + e2zx+exx2 
e3y'2 + e2y' + ex " e3y2 + e2y + ex 

z'—x'y' _ z—xy 
2e3y'z' + e2(x/y' + z') + 2exx' ~ 2esyz + e2(xy + z) + 2exx' 

tan 
v/4e1e3 — e22 */4exe3 — e, 

. tan"1 3* 8- + 1 ; 
VUxe3-e22 Yie1e3—e22 
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and if we were to solve these, and thus express as', y', zf in 
terms of x, y, z, we should have the finite equations of the 
group in canonical form. 

§ 46. There is generally considerable difficulty in expressing 
the equations of a group in finite form when we are given the 
infinitesimal operators; but for most parts of the theory of 
groups the knowledge of the forms of the infinitesimal opera
tors is of more interest than the knowledge of the finite form; 
and the most important result which we have proved in this 
chapter is that every transformation of a group may be 
obtained by indefinite repetition of a properly chosen infini
tesimal transformation. 

Thus if we take the binary quantic 
u = a0xp+pa1xv~1y +..., 
and apply the linear transformation 

as'= lxx + mxy, y'=l2x + m2y, 

we get u = a'^P +pa'1afp-1 y' + .... 

From the identity of these two expressions for u, we deduce 

(1) a'0 = a0l£+pa1l?-1l!i + ..., 

a'x = a0l1p~1m1 + ..., 

with similar expressions for a'2,...; and the problem of the 
invariant theory is the deduction of the functions which have 
the property 

/ « > a'i, •••) = Mf{aQ, ax,...), 

where M is a function of lx, mx, l2, m2 only. 
N o w the equations (1) are easily proved to be the finite 

equations of a group of order four; but they are of little 
use in the invariant theory in comparison with their four 
infinitesimal operators 

a a „ a 
a0-r— + 2 a l T — + B a 2 ~ — +..., 
0 dax da2 A da3 

a a a 
+ 2«»-i^:— + 3<V-2tt—+•-. 

^ a V l ^ " ^ a V 2 - r u ^ - 2 a a 2 ) _ . 

a a a 
°aa0 1da1 Ada2 

a a „ a 

^ac^ 2aaa 3 da3 
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A like result holds for most of the applications of continuous 
groups; thus, one of the questions to which the theory is 
applied is the investigation of those linear partial differential 
equations, which are unaltered by the transformations of a 
known group; we know that every equation, which admits 
all the infinitesimal transformations, will admit all the finite 
transformations of the group, for the latter can be thrown 
into canonical form ; and it' is much simpler to find the forms 
of differential equations admitting known infinitesimal trans
formations than the form of those admitting known finite 
transformations. 



C H A P T E R IV 

THE CONDITIONS THAT A GIVEN SET OF LINEAR 

OPERATORS M A Y GENERATE A GROUP 

§ 47. We have proved in the last chapter that a group of 
order r has exactly r independent linear operators, in terms 
of which all other linear operators of the group can be ex
pressed; and when these operators are known the group is 
also known in canonical form. 

If Xx,..., Xr are any r independent operators of the group, 
we can express all other operators of the group in terms of 
these; there is therefore no unique system of operators; thus, 
in the group of rotations about the origin, 
r- ° ^ a s a a 

X = y~ z — i Y — z - a;—. Z = x - « — 
dz dy dx dz dy u dx 

will be three independent operators ; but so also would be 
a1X + 61F+c1^, a2X + b2Y+c2Z, a3X + b3Y+c3Z, 
provided that the determinant 

ax, bx, cx 

&2> "2 J ̂ 2 
a3> °3> C3 

did not vanish. 
W e shall, however, suppose that we have fixed on some one 

set of independent operators, in terms of which the others 
are to be expressed. 

The proposition which, with its converse, will form the 
subject of the present chapter may now be stated. 
If Xx, ...,Xr is a set of independent operators of the group, 

the alternant of any two of these is dependent on the set; 
that is ... . 

_fi^X /i=l,...,rx 
X i X j — X j X i = (Xi,Xj) =2^CijkXk, \j _ it i##jr) 

where the symbols ctvft,... denote a set of constants, called the 
structure constants of the group; these constants are fixed, 

e a 
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when once the set Xx, ...,XT is fixed, but they vary with our 
choice of the set. 

The converse of this theorem is, if X1,...,Xr are any r 
independent linear operators such that 

k = r 
(%i> Xj) = 2 cijk % k > 

then Xx,..., X r will be the operators of a group, which will be 
finite and continuous, and will contain the identical trans
formation ; the canonical form of the group will be 

as'̂  = e?ixi + — +*rxrXi, (j _ i)>i-)TO). 

We have proved that in operating on any function of 
a!x, ..., asjj, ax, ...,ar, where w e regard xx,..., xn as fixed, and 
x'x, ...x'n as varying, through being implicitly functions of 
xx, ...,xn, ax, ...,ar, we have (§ 40) 

d Y, a 

dah~a k+ dak 

Since then -^—=-— = -=—=—, 
dakdak aakdak 

we have 

G*i + d^) (.*i + ̂ ) ^ (.n + daTj (^ + ai.)' 

get 

dah daka" 

expanding this w e get 

a^'k aX'h + aXkj— + 5—" aX'k 

— a%h â -'k + aX'h^T" + JZ~ â -'k• 
dak dah 

This identity is true for all values of o\, ...,ar, x[,...,x'n; 
w e m a y therefore replace x'i by aŝ , and in the notation of 
alternants w e have 
(1) (A A).+ (^' A) + (A> ^) = °-

From the set of identities obtained in § 41, viz. 

a%k = kkiX!+...+XkrXr 
in which Xki,... only involve ax,..., ar, w e have 

(a^' »xV=-a^Xl+- + ^X'-

)•! 
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and therefore conclude from (1) that 

(a^k' <A) = Akhl %-l + • • • + ^khr %r > 
where the functions Xkki,... only involve ax, ...,ar. 

This identity holds for all values of the parameters ax,..., ar; 
we therefore take ax, ...,ar to be the parameters of the identical 
transformation, and the functions XkM,... now become absolute 
constants and give the identities 

(2) (Xi,Xj)=*2cijkXk. 

This is called the second fundamental theorem in group 
theory. 

Example. The equations (1) of § 46 are those of a group 
of order four, with the independent operators Xx, X2, X3, X4, 

where „ a „ a 3 
X j = a0r— + 2 a l K — +...+pav_x^—, 
1 "dax 1a«2 x P Liap 

X2 = pal5— + (p-l)a2 _— + ...+ a. oa0 v-̂  ; 2dax Pdap-i 

xr - ° ° ° 
-£3 = a0 -r f- a. -— + ... + «„ r — i 
a ° da0 x acij P dap 

xr ° „ ° * 
Xi = a, ;-— + 2 a 2 — +... +pav-— > 
* x dax *da2 r -Paa 

and we may verify that 
(X1,X2)=pXs-2Xi, (Xx,X3) = 0, (XltXJ = Xv 
(X2, X3) = —X2, (X2, X4) = —X2, (X3, X4) = 0. 

If we take as the four independent operators of the group, 
Yx, Y2, Ys, F4, where 

Yx = Xx, Y2 = X2, Y3=pX3—2Xi, F4 = X3, 
we see that the group has the structure 

(YX,Y2) = Y3, (Y2,Y3) = 2Y2, (Y3,YX) = 2YX, 

(Yx, F4) = 0, (F2, F4) = 0, (F3, F4) = 0. 

§ 48. We now know that unless a system of linear operators 
is such that the alternant of any two of them is dependent on 
the set, they cannot generate a finite continuous group; but 
more important, and, at the same time, more difficult to prove, 
is the converse theorem, viz. that any operators which satisfy 
these conditions will generate a group. 
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Before proceeding to prove this we shall consider some 
formal laws according to which the symbols of linear operators 
are combined. 

Let y and as denote two linear operators, and let yx denote 
yx—xy, y2 denote yxx—xyx, y3 denote y2x—xy2, and so on. 

The identity 
xny = yxn—nyxxn~x -| i——- y2xn~2 — ... 

may easily be proved by induction; for it is obviously true 
when n = 1; assume that it holds for all values up to n, then 

xn+1y = xyxn — nxylxn~1-\—-—-—-xy2xn~2—..., 

and as xyr_x = yr-Xx—yr, we have 

xn+iy — yxn+1—nyxxn+ —5——-y2xn-x —..., 

—ylxn + ny2xn~x — ..., 

=yx»+1-(n + l)y1xn+ (n+^<'y^-i-..., 

so that the identity holds universally. 
If we denote by [y, xr] the expression 

yxr + xyxT~1 + x2 yxr~2 + ... + xry, 

we next prove the identity 

w* Vi*-1 , y^'2 L/ ,w yr 
•̂y' (r+l)!J = l!r!_2!(r-l)!+ 3l(r-2)l~'"+^~1' (r + l)l' 

Assuming that this identity holds for all values of r up to 
n — 1,then 

r as"-, r . a;"-1-, xny 
[y>ij} = ly'^r>+iJ-

yx» yxx»-i , / x.n-iyn-ix , xny 
l!(n-l)! 2! («-2)I ̂ •••"'"v > n\ nl ' 

N o w we have proved that 

xny = yxn — ny1xn~1-i -—-—'-y2xn~2—..., 

so that by addition of similar terms in the two series we get 

W'nl* {n+ ^llnl 2!(%-l)!+-+ (n+l)\)' 
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and as the identity holds when n = 1 we conclude that it 
holds universally. 
W e have of course similarly 

r« * \~y*xr ys+i^-1, 
L^'(r+i)jJ 1!r! 2\{r^\)r"" 

Examples. 

(1) Prove similarly by induction the formula 

yxn = xny + nxn-1y1+ n\7 'xn~2y2+ ..., 

(2) ^y=a"di-0+2a^x+-'+pap-^ 

x=pa^0+^-1^2wx+-'-+aPiap-:1' 
prove that 

-2(^4+2a2a^+- + ^4); 

y(yi+2) = yiy> y2 = -2x, y3 = o, yi = o,.... 

(3) Prove that y and x being as defined in example (2), 

yxr = xry + rxr~x (yx—r+l), 

*(4) Apply induction to deduce from (3) the more general 
formula 

y»xr a? y* of-1 y*-1 _ 

s~lr\~rls\ (r-l)l(s-l)l(yi r + S) 

of'2 y'~2 (yi-r+s) (yx-r + s-l) 
(r-2)l (s-2)l 1 2 

xr-3 yt-s (yi_r + 8) (yx—r + s—1) (yx—r + s—2) 

+ (r-3)! (s-3)l 1 2 3 

(5) Prove that x and y being any linear operators, 

yx2—2xyx+x2y 
is a linear operator. 

* A generalization of the formula of Hilbert, see Elliott, Algebra of Qualities, 
p. 154, Ex. 5. 
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(6) Prove that 

yr = yxr - rxyxr-r + r ( r ~ 1 ) tfyx*-2 -... + (- l)r xry. 

§ 49. Let 

-—- = l-a^t + a ^ - a ^ + a ^ - a ^ + a^-...; 

then, if Bx, B3,... are Bernouilli's numbers, 

<hn = (~ 1)*~1-(25l ' and «3 = «5 = «7 = - = 0. 

W e shall n o w prove the identity 

tt = & (^rryil+ai [^ ttI+aa [y* (T=i)iJ+• • •+a«-y'-

If w e substitute for each expression in brackets the series 
to which w e have proved it equal, w e find that the coefficient 

of yxr on the right is —- > and that the coefficient of ysxr~* is 

(-1Y( - Si + Si \. 
v ; ̂ (s+l)!(r-s)I s!(r-s)! (s-l)!(r-s)! V 

B y equating the coefficients of the powers of t in 
t - (el-l) (l-aj + a ^ - a ^ + aj*-...) 

w e see that the expression in brackets is zero, and therefore 
the identity required is proved. 

Example. If 
z = y + a1y1 + a2y2 + a3y3 + aiyi + ... 

and zr = zr_xx—xzr_x, (r = 1, 2, 3,...), 

prove that zx z2 z3 
y-Z~2l + 3! ~ 4 1 + - -

We now let 
z = y + a1y1 + a2y2+... to infinity, 

then, from what w e have proved, w e have 

y = y, 
y x - l[y, x~\ + axyx, 
X2 r X2 -, r X -. 

y 2l = ly' 3~I-I+ aiLVv 2\J + a2V2' 

xT r asr n r as1--1-, 
VT\ = L^(^lJ|J + «ibi.-7T-I + --
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Adding these expressions we get 

(1) yex = z + [z, ±1 + [z, |J] +... to infinity. 

Now if £ is a constant so small that its square may be 
neglected, (x + tyy = x' + t[y, x ^ ] ; 

and therefore from (1), if we neglect t2, 

(l+ty)ex=l+x + tz + ±-(x + tzf+ -L(x + tz)3+... 
u\ 3! 

_ ĝ  + te 
We can now say that, if t is a constant no longer small, 

(l + ty)ex = ex+t3+t2B, 

where R is some operator formed by combinations of the 
symbols as and y. 

§ 50. W e now suppose that 

x = exX1 + ... + eTXr, 

y = exXx+... + erXr, 

where ex, ...,er and ex,...,er are two sets of parameters, and 
Xx, ...,Xr linear operators such that 

(X^, Xj) = 2.c^kXk, {j _ j _ ; T) ' 

From these conditions it follows that, if z is the linear 
operator deduced from as and y by the law 

z = y + axyx + a2y2+..., 
then z is equal to 

c1X1+...+crXr, 

where cx,..., cr are a set of constants, which are functions of 
ex, ...,eT, ex, ...,er, and of the absolute constants ĉ -j.,.... 
From the definition of z we see that these constants 

Cj,..., cr are analytic functions of ex,...,er, elt...,er; and 
therefore the coefficients of the differential operators in z 
will be finite, provided that ex, ..., er, ex,..., er do not exceed 
certain fixed limits. It now follows that, e* and ex + 1z being 
two operators whose effects on the subject of their operations 
are not in general infinite, the effect of B on any such subject 
cannot be infinite. 

If we now denote by xx the operator as-I , where m is 

some integer, then asj will be a linear operator dependent on 
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Xx,...,Xr; and the result at which we have arrived may be 
thus expressed 

(1) (l+l-)ex = exi+-^R. 
v ' v m,' mr m ' m" 

Similarly we must have 

y_\ „xi —_ cx2 j. J_ 
mJ 

(2) (l+ -£.)**=**+-s Sp 
v ' V m.' m* x 

where xx has replaced as in (1). 
So we have 

,(3) (l+ l-)e^ = e^+i2E9, 
,v ' v m } mi 

(l+y-)ex^=e^+-.ji2m+1. 

7/ m-l . w m-2 
Multiplying (1) by (l + J ) (2) by (l + £ ) and 

so on, and then adding we obtain 

(1 + y )V=^.+j.((1 + xf-^H. (1+%r\+...y 
\ m,' m2\v m ' v mJ x / 
N o w let m become infinite; from what we have proved 

for B we see that 

±^+^^+(1+1-)-^,+ ...) 

is an operator whose effect on any subject on which it 
operates is zero when m is infinite; and because asm is always 
a linear operator dependent on Xx, ...,Xr whatever m may 

be, and because also the limit of (1 + — ) is e" we conclude 
v m / 

that e"ex = ex, 
where X is some linear operator dependent on Xx,...,Xr. 
§ 51. We can now easily prove that a set of operators 
which have the property 

(1) (Xi,Xj)=%ijkXk 
will generate a group. 

From the definition of a group in canonical form, we see 
that what we have to prove is, that if 

X = Xx Xx + ...+Xr Xr, 
Y=p.xXx + ...+p.TXr, 
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where Xx,..., Xn and px, ...,p.r are two sets of parameters, and 
if Y' denotes the operator obtained by replacing x{ in F by 

* > h e r e xfi = exXi, (<=!,...,»), 

then eT'x'{ = eVlXl + ---+vrXrXi, 

where vx,..., vT are a set of parameters, which are functions of 
Axj ...,Xr, ix,, ...,pr, and of the structure constants c4y&, ... t 

N o w eT'Xi is a function of xfx, ...,x'n, and therefore b y § 44, (4) 

er'as^ = e2- .eTXii 

and as we have proved that 

e x e T = e"i-̂ i+ • •• + "!• ̂  

we now conclude that the conditions (1) are sufficient as well 
as necessary in order that Xx,...,Xr m a y generate a group. 

§ 52. To find vx, ..., vr in terms of Xx,..., Xr and p^,..., p.r 
would be to find for the group in canonical form the functions 

<Pk(xi>--->K> Mi.--)Mr)= (k=l,...,r), 
which define the parameter groups. 

Without attempting to perform the calculations necessary to 
find these functions, we can see the terms of the first degree in 
the expansions of vx, ...,vr respectively, in powers of Xx,..., Xr, 
p.x,...,pr; for, neglecting all products of these parameters, we 
have 

^1xl + ...+xrxr eii1X1+... + iirXr 
= (l+X1X1+...+XrXr)(l+p.1X1+...+lxrXr), 
= l+(X1 + p.1)Xx+... + (Xr + H.r)Xr, 

and therefore vk = Xk + p.k + ..., 

where the terms not written down are of higher degree than 
those which are written down. 

It follows that any operation of the group 
X^ = efr-Xl + — +erXrXi 

can in general be written in the form 

x'i = etlXlet2Xa... etrXrXi. 

To prove this we recollect that the necessary and sufficient 
conditions, that r functions of r variables should be capable of 
assuming r assigned values, are that the functions should be 
unconnected. N o w we have proved that e^^e'2^2... etrXr is 
equal to e^i+ v*x*+ • • • + v*xr, 
where vk = tk + ..., (k = 1, ...,r); 
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and as tx,...,tr are unconnected so must vx, ...,vf be uncon
nected: by a suitable choice of the parameters tx,... they can 
therefore be made to assume the respective values ex,...,eT. 

§ 53. Example. Prove that the operators 

X = y-r z — , Y = Zt as^-» Z — x- y— , 
" dz dy dx dz dy a dx 

generate a group. 
W e have 

(Y,Z) = -X, (Z,X)=-Y, (X,Y) = -Z, 

and therefore by the converse of the second fundamental 
theorem these operators generate a group. 

If now we require the equations of this particular group 
in finite form, we may proceed as follows. 

The most general operation of the group is 

Let as'= etlXx, y'= etlXy, z'= etlXz, 

so that 

^==(1+tdyTz-zdj) + fi(ydz--%)+''-)y 

t2 t,3 t* 

= y cos tx—z sin tx. 

Similarly we see that 

z'= y sin tx + z cos tx 
and x'=x. 
We now have 

e%Yjxxx _ et2T'x'_ x'cos^+sfsint^ x", 

^YgtlXy _ ehY'y'= yf _ y'̂  

e^¥e^xz = e**2'V = z' cost2—x' fsint2*= z". 

And finally we get 

as'"= as" cos t3~y" sin t3, 

y'" = x" sin t3 + y" cos t3. 

From which equations we could express as''', y'", z'" in terms 
of x, y, z, and the parameters tx,t2,t3. 
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§ 54. If m of the operators of a given group Xx, ..., Xr are 
such that the alternant of any two of them is dependent on 
the m operators, then these m operators will themselves form 
a group, which will of course be a sub-group of Xl5..., Xr. 

Example. Find the projective transformations which do 
not alter the equation 

ar+y2+z2 = 1. 

The most general operator of the projective group is 

(a0+axx + a2y + a3z + x(exx + e2y + e3z)) — 

+ (60 + hx+\y + hz + y («ix + e2y + e3z)) ^~ 

+ (c0 + cxx+c2y + c3z + z (exx + e2y + e3z)) —; 

we must therefore have 

x (a0 + axx + a2y + a3z) + y(b0 + bxx + b2y + b3z) 

+z(c0 + c1x-rcxy + c3z) + (exx + e2y + e3z)(xi + y2+z2) = 0 

for all values of the variables such that 

x2 + y2 + z2 = 1. 

This gives ax = b2 = c3 = 0, 

a2 + bx = a3 + cx = 63 + c2 = a0 + ex = b0 + e2 = c0 + e3 = 0, 

so that there are six operators admitted by the given equa
tion, viz. 

-rr / o .\ ̂  a a ._. a a 
X, = (xr — l)r— + x y — + xz — j Y,=y- « r ) 
1 v ' dx ^ dy dz x d dz dy 

X„ = yx^—\-(y2 — IK—vyz—> Y9 = z^ x—, 
2 " dx yy ; o y y d z 2 aas dz 

xr ° ° / v .\ <> xr ° 3 
X3 = zx-—Vzy-—Y(z2 — 1) —-> F„ = as- y^--
3 dx a o y K 'oz 3 dy adx 

We find that 
(X2, X3) = Yx, (X3, Xx) = F2, (X15 X2) = F3, 

(Y2,Y3)=-YX, (X1,Yx) = 0, 
(^3) ^l) =—^2) (^1) ^2) = ~^3J (-^1j ^2) =—-^3! 

(X1,F3) = X2, (X2,F2) = 0, 
C^2> -^l) = "^31 (-^2> ^s) = ~-^l> C^3> ^l) = — X2, 

(X3,F2) = X1, (X3,F3) = 0; 
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these six operators will therefore generate a group, and of 
this group Yx, F2, F3 will form a sub-group. 
W e could of course have foreseen that such operators must 

generate a group, from the general principle that if Tx and T2 
are any two operators admitted by an equation, then Tx T2 is 
also admitted; and therefore the alternant Tx T2 — T2 Tv which 
is a linear operator, is also admitted; and must therefore be 
connected with the operators which belong to the group 
admitted by the equation. 
Also in this example the group must be a finite one; for, if 

it is a group at all, it is a sub-group of the general projective 
group. 

§ 55. If X, ..., Xr are the operators of a simply transitive 
group, and Yx, ..., F^she operators of a second such group, 
and if the alternant of (X^, YA is zero for all values of i and j, 
then it is clear, from the canonical forms of the groups, that 
any operation of the one group is permutable with any opera
tion of the other group; such groups are said to he reciprocal. 
In the group we have just considered, taking as our set of 

six independent operators 

Zx = X x + iYx, Z2 = X 2 + iY2, Z3 =X3+iY3, 

Wx = Xx-iYx, W2 = X2-iY2, W3 = X3-iY3, 

where i is a square root of negative unity, the group has, 
with respect to these operators, the structure 

(Z2, Z3) =-2iZx, (Z3, Zx) = -2iZ2, (Zx, Z2) = -2iZS! 

(W2,W3) = 2iWx, (W3,Wx) = 2iW2, (Wx,W2)=2iW3, 

It is easily proved that each of the sub-groups ZX,Z2,Z3 
and WX,W2, W3 is simply transitive; they are therefore reci
procal sub-groups. 

§ 56. Examples. 

(1) If u, v, w are three quadratic functions of as, prove that 

a a a 
Ur—, V — , W—-
dx dx dx generate a group. 

(2) Prove ths 

cannot be operators of a finite continuous group. 

(2) Prove that — and as3̂ -
aas aas 
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(3) Find the relations between the constants a, b, c, d 
in order that 

(ax + by)— +(cx + dy)~ and as — 
"' dx v a/ dy dy 

may be operators of a group of order three. 

(4) Prove that 

0 "° 1 I a n o\ O 3 3 
y-r z — and (x2—y2—z2)-—\-2xy— + 2xz — 
dz dy v . •/ i oX a ~̂ y ^z 

are the operators of a group of order two; find the finite 
equations of the group, and hence verify that the group is 
an Abelian one. 

(5) Prove that 

y- z-x— and (y2—z2—x2)-—Y2yx~ + 2yz— 
ydz dy Ky 'dy y dx y dz 

are two operators of a group; and find the other operators of 
the group of lowest order containing these two. 

§ 57. Example. Prove that a finite group containing 

a a a a 
x^-, as — 5 I/ — , y--, 
dx dy ° dx dy 

cannot contain an operator of the form u =—Hd— where u 
c dx dy 

and v are homogeneous integral functions of x and y, of degree 
higher than unity. 
The principle which enables us to prove this theorem is 

that a group which contains two operators must contain their 
alternant. The alternant of two operators which are both 
homogeneous is then itself a homogeneous operator of the 
group; and if the degrees of the two operators are r and s 
the degree of the alternant is (r + s— 1). If then the group 
is to be finite, there must be a limit to the degree in which 
a; and y can be involved in an operator; we may therefore 
suppose that there is no operator of degree higher than that 
of the operator 

a a 
Kr- + V - -
dx dy 

Now suppose that u^-—h v;— is of degree r, and can exist 
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in a group which contains 

a a a a 
x^-> aŝ -—> y^-> 2/t~* 
aas dy a dx ° dy 

As we cannot have u and v both identically zero, we may 
suppose that u is not identically zero. 

Form the alternant of u^—\- v^— with aŝ —> and we have 
d a ox ly . *y 

an operator ux^-—h^r- also of degree r; in ux, however, y is 

of lower degree than it is in u. 

By forming the alternant of ux^- + vx— with x — > and 

proceeding similarly with the resultant operator, we see that 
the group must contain the operator 

Xr— + V^-> 
dx dy 

when v is some homogeneous function of x and y of degree r. 

Denote this operator by F, and as— by X, and let 

Yx = Y X - X Y , Y2 = YxX-XYlt... 

then rr+1 = (r-irvi, since af+i^so. 

Now r > 1: so that the group, if it exists, must contain the 

operator xr r- • 

Forming the alternant of xr — and y — > we see that the 

group will contain yajr_1 ^— > and therefore 

("v y^lx)' 

that is, yx2r~2^- • 
dx 

But, since r > 1, this operator is of degree higher than r, and 
therefore we may conclude that the proposed group cannot 
exist. 
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§ 58. We proved in § 44 that Ax,..., Ar, the operators of 
the first parameter group, were unconnected; and that 
Xx,...,Xr being the.operators of the group of which Ax, ...,Ar 
is the parameter group 
X'x + Ax,...,X'r + Ar 

each annihilated any function of xx,...,xn, w h e n expressed 
in terms of afx,..., x'n and ax,..., ar. 

It follows that the alternant 
(X'i + Ai, X'j + Aj) 

annihilates such a function ; and therefore so also does 
h=r 

(X^ + Ai, X'j + Aj)-^CiJk(X'k + Ak). 

Expanding the alternant and noting that 

(X'i,Xp-^CijkX'k 

vanishes identically, we conclude that 

(Ai,Af)-^cijkAk 

annihilates any function of xx,..., asra, when expressed in terms 
oi aSj,..., xn, ax,..., ar. 

N o w this operator does not contain x'x,...,x'n, and there
fore, from what w e proved in § 42, it cannot annihilate the 
functions which express xx,...,xn, respectively, in terms of 
x'x,...,x'n, a^,...,ar, unless it vanishes identically; w e must 
therefore conclude that 

k = r 
(Ai> Aj) = ^ cijk Ak ' 
that is, the first parameter group has the same structure con
stants as the group Xx, ...,Xr. 

§ 59. The theorem of § 41, known as the first fundamental 
theorem, tells us that if 

(!) xi=fi(xi,--->xn> a1;...,0, (i=l,...,n) 

are the equations of a group, and 

X X 
a-°-v •••>a'a-r 

the operators derived from (1), by the method explained in 
§ 40, then 
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(2) aXk = XkxXx+...+XkrXr, (k=l,.. 

where Xkj,... are functions of ax,..., ar, and 

X v ...,Xr 

are the operators obtained from 

X X 

•-.»•). 

b y substituting therein, for a15 ...,ar, the parameters of the 
identical transformation. 

T h e converse of this theorem can n o w be proved. 
Let (1) denote a system of equations k n o w n to involve the 

identical transformation; w e can form the operators 

aXx,...,aXr and X-,, ...,Xr 

from the equations (1) without presupposing any group pro
perty of those equations; the converse theorem then is, ' if the 
equations (2) are satisfied, then the equations (1) will define 
a finite continuous group.' 

O n referring back to § 44, it will be seen that the two facts, 
firstly that (1) involved the identical transformation, and 
secondly that its operators were connected b y the equations (2). 
involved as a consequence that 

•hi — er- jj^ 

If therefore we can prove that the alternants obtained from 
X j , ...,Xr are dependent o n Xx,...,Xr, then the converse of 
the second fundamental theorem will s h o w us that the equa
tions (1) are the equations of a group. 

N o w the equations of § 40, viz. 

d xr, ° 
V da-k = "X*+da-k> P - 1 - " . ' ) . 

are independent of any group property in the equations (1); 
and (3) and (2) were the only equations used in § 47 to deduce 
(2) of that article. W e conclude therefore that the facts, that 

xi = Ji \XV • • • >xn> au •">ar)> (* = '•>•••> n) 

involves the identical transformation, and that its operators 
are connected b y the equations (2), are sufficient to ensure 
that the equations (1) are the equations of a group. 

This is converse of the first fundamental theorem. 



CHAPTER V 

THE STRUCTURE CONSTANTS OF A GROUP 

§ 60. If Xx, X2, X3 are any three linear operators whatever 
w e have from the definition of an alternant 

(1) (Xx,X2) + (X2,Xx) = 0. 

Also from the same definition 

(Xx, (X2, X3)) = Xx (X2, X3) — (X2, X3) Xj 

= XXX2X3—X1X3X2—X2X3XX + X3X2XX 
and therefore 

(2) (X1; (X2, X3)) + (X2, (X3, XX)) + (X3> (Xx, X2)) = 0. 

This equation will be referred to as Jacobi's identity. 
If Xx, ...,Xr are r independent operators the second funda

mental theorem has shown us that 
h = r 

(3) (***>)= 2 <tyfc*6. 

if, and only if, these operators generate a group. 
From (1) we then have 

k = r 

Hi(cijk+cjik)xk = °; 

and therefore, since the operators are independent, 

eijk + cjik = °-

Again by (3) (Xj, (Xit Xk)) is equal to 
h=r h-r %=m=r 

(Xj, 2 cikh %h) = 2 cikh (Xj, Xh) = 2 cikh cjhmXm, 

so that, applying Jacobi's identity, w e have 

h = m = r 

2 (cikh cjhm + ckjh cihm + cjih ckhw) %-m ~ 0l 

F 2 
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Since the operators are independent we must therefore have 
h = r 

2 (cikh cjhm + °kjh cihm + cjili ekhm) = °-

The constants then which occur in the identities 
h = r 

(X{> xk) = 2 cikh x % 

are such that they satisfy the system of equations 

(cikj + ckij — °> 
(4) U = , 

[ 2< (cikh °jhm + ckjh °ihm + cjih cTtJm) ~ °> 

where i, k, j, m m a y have any integral values from 1 to r. 
These constants are the structure constants of the group 

corresponding to the operators Xx,..., X r . 
The third fundamental theorem in the theory of finite 

continuous groups is that the structure constants of any 
group must satisfy these conditions; and the converse pro
position is that any set of constants, satisfying these conditions, 
will be structure constants of some finite continuous group. 

A set of constants satisfying the conditions (4) is called a set 
of structure constants of order r; what w e are n o w about to 
show is, how, w h e n w e are given any such set of structure 
constants, r unconnected operators Xx, ...,Xr, in r variables, 
can be found such that 

k = r 
(^i,Xj) =2c#fc^fc; 

that is, w e shall find r operators generating a simply transitive 
group, with the given constants as its structure constants. 

Groups of order r with the given set of structure constants 
m a y exist in a number of variables greater or less than r; 
and the method of obtaining types of such groups will be 
investigated in Chapter X I ; in this chapter, however, as we 
are only concerned to prove the converse of the third funda
mental theorem, it will be sufficient to prove the existence of 
a simply transitive group with the required structure. 

k — T 

§ 61. If x{ = ^ a u x ' h , (i = 1, ...,r) 

is any linear transformation scheme, whose determinant 
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fc=r 

does not vanish, and x\ = 2 A u xk 

is the inverse scheme, then, cikk,... being any other set of r3 
variables, and ĉ fe,... another set connected with the first set 
by the equation system 

h—r p=q=r 

(X) 2 ah8 °ikh = 2 «ip akq Cpq8> 

we see that, since the above determinant does not vanish, 
(1) must give c'ikk,... in terms of cikh,.... 

From the fact that in the notation of § 38 

p — r 

2dApiakp ~ fik> 
w e easily verify that 

h=r p=q=r 

2* Ahs cikh = 2 Aip Akq cpgs '•> 

and therefore cikk,... are given in terms of c\kk, — 
It will n o w be proved that if one set cikll,... satisfy the 

system of equations (4) of § 60, so will the other c'ikll,.... 
To prove this, multiply (1) by atmcsmj, and sum for all 

values of h, s, m , p, q, w h e n w e shall have 

h = s = m = r m = %} = s = q = r 

'•2d ahs atm cikh csmj = -2^ aip akq atm cpqscsmj • 

Since by (1) the left hand member of this equation may be 

m = h = r 

written 2««*4*<!m* 

we see that 
m = h = r 

2 amj (cikh Htm + c'kth chim + ctih chkm) 

is the sum of a number of terms which vanish by the con
ditions (4) of § 60. 

W e therefore conclude, since the determinant does not 
vanish, that 

2 (Gikh cMm + ckth cUm + ctih chkm) = ° 

for all values of i, k, m, t. 

To prove that c'ikt + ckit = 0, 
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interchange i, k, in (1); we then get 
h=r p = q=r 

2 aks ^kih = 2 aiq akp °pqs-

Adding this equation to (1), from the conditions (4) of § 60 
w e must have „> , j . _ q 

cikt + ckit — u' 
Suppose n o w that w e have a group with the structure con

stants cikh,..., the corresponding operators being Xx, ...,Xr. 
If w e take as a n e w set*of operators Yx,..., Yr where 

*=)• 

(2) 7i = ^ a i k X k , 

then it can be at once verified that c'ikri,... are the structure 
constants of the group corresponding to Yx, ...,Yr. The con
clusion w e draw is that w h e n w e can find a group with the 
structure constants cijWs,... this group has also the structure 
constants c'ikll,... corresponding to another set of independent 
operators. 

W e often take advantage of the fact that the structure 
constants of a group vary, with the choice of what w e may 
call the fundamental set of operators, in order to simplify 
the structure constants of the group. Thus in § 55 w e simpli
fied the structure of the group of projective transformations 
admitted by as2 + y2 + z2 — 1. 

If two groups are such that the structure constants of the 
first, corresponding to some one fundamental set of operators, 
are the same as the structure constants of the second, corre
sponding to some one fundamental set of its operators, then 
the two groups are said to be of the same structure. 

It is, however, a matter of considerable labour when w e are 
given two groups, with their respective fundamental sets of 
operators not given in such a form as to have the same 
structure constants, to determine whether or no the groups 
have the same structure with respect to some two Bets of 
fundamental operators. 

§ 62. Suppose that w e are given a set of structure constants 
cikk,... such that all ( r — s + l)-rowed determinants, but not 
all (r — s)-rowed determinants, vanish in the matrix 

°jik> • 
Cj2k> • 

cjrh>-
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(in any row all positive integral values of j and k are to be 
taken from 1 to r). 

W e n o w choose constants a#,... such that 

ahlcjlk+-~ + ahrcjrk = °, 
(j = l,...,r; k = l,...,r; h = l,...,s), 

and complete the determination of these constants by taking 
amk arbitrarily if m > s; these arbitrary constants, however, 
must be subject to the limitation that the determinant of the 
r2 constants 

*n> 

gfcO. 

If a group of the required structure exists, and Xx, ...,Xr 
are its operators, then 

ahlXl+---+ahr\' (h=l,...,s) 

will be s independent operators of the group permutable with 
every other operator of the group; that is, s Abelian operators 
forming therefore an Abelian sub-group. 

W e n o w take the operators given by (2) of § 61, and thus 
w e get a n e w set of structure constants c^,... with the 
following properties: 

(a) cikh = dikh 

where i, 7c, h m a y have any values from (s + 1 ) to r, and 
dikJl are a set of structure constants of the nih order, n being 
written for ( r — s ) ; 

(j3) the constant c'ik̂  = 0, 

if either i or k is less than s + 1 , h having any value from 
1 to r inclusive ; 

(y) the constants c'ikm,... 

where i and k both exceed s, and m does not exceed s, are 

such that c'ikm + c'kim = 0, 
h = r 
2 (dikh chjm + dkjh chim + djih chkm) = °-

fc = s+1 
W e m a y therefore say (with the slight change of notation 

which consists in writing 

dikh = cr-i, r-k, r-h> an^ cikm = <*r-t, r-k, r-m) 
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that the. problem of finding a group with the required 
structure is n o w reduced to that of finding a group with 
the structure constants d'ikh,... defined b y the following 
properties: 

(«) dikh = cikh, 

if none of the suffixes i, k, h exceeds n , w h e r e the constants 
cikk are k n o w n structure constants of the nth order, such that 
not all «-rowed determinants vanish in the matrix 

cjik> 

(3 =l,...,ns. 
^As= \,...,n>> 

cjrk> 
(/3) the constant d'ikJl = 0, 

if either i or k exceeds n, h having any value from 1 to r; 

(y) a ,•%.„. = dj "ikm "ikm* 
dihm + d, kim ' 

where (1) • 

. 2 (cikh d%jm + ckjh % m + cjih dhkm) = °j 

if neither i nor k exceeds n, and m does exceed n. 
The constants d'^,... m a y be called normal structure 

constants, and the problem of finding a group with a given 
set of structure constants is n o w reduced to that of finding 
a group with a given set of normal structure constants. 

If Yx, ..., Yr are the operators of a group with normal 
structure constants, Yn+X,..., Yr are the Abelian operators of 
the group, if any such exist; and there is no Abelian operator 
in the group independent of Yn+X,, 

Example. 

Yr. 

e3> u312 — "e2J C311 — 0eV> C113 — 

2̂23 — ' C322 — ' 
Cnon OCo 

-ae '2> °321 

0, cXX2- 0, 

aex, cX23 = ce3, cX22= ce2, 

0) C331 — 0, c133 — — I ClOO ' °332— "' ^331" ") ̂ 133" ut,3' u132 : 
c2ii = ~ cei> C m = 0, c212= — ce2, c313= be3, 

C221 == "> ^121 == C^V ^222 == "> C323 ~ ^e3l 
c23i== aex, cX3X = oex, c232— ae2, c333= 0, 

are a set of structure constants, forming the matrix 

— ce„ bex, 0, 
0, — ae2, —aex, ce„ 

0, 
ce2, 

-cex, 
0. 

0, -ce2, be3 

0, — a e 3 ce, 
ae3! 0, 0, — be3, —be2, a^, — 6 ^ , ae2, 0 



63] AN IMPORTANT LINEAR GROUP 73 

W e see that every determinant of the third order vanishes; 
and that, unless a — b = c, or ex = e2 = e3 — 0, it cannot 
happen that every determinant of the second degree vanishes. 
If then a group Xx, X2, X3 exists with these given constants 

as structure constants, 
aXx + bX2 + cXs 

will be permutable with every operator of the group, that is, 
will be an Abelian operator ; and we take then 

Yx = aXx + bX2 + cX3, F2 = X2 ^3 = %S 
to be the operators of the group. 
W e have now a group of which the structure is 

(F2, F3) = exYx + (ae2-bex) Y2 + (ae3-ce1) Y3 

(Yx, F3) = 0, (Yx, YJ = 0. 

If ae2—bex, and ae3 — cex are both zero, we see that Zx — eYx, 
Z2 = Y2, Z3 = F3 will be three independent operators of the 
group with the structure 

(Zx,Z2) = 0, (Zx,Z3) = 0, (Z2,Z3) = ZX. 

If ae2 — bex and ae3 — cex are not both zero, suppose that 
ae2 — bex is not zero, and take 

Z2= ex Yx + (ae2—bex) Y2 + (ae3—eex) F3, Z3 = (ae2—bex)~1Y3, 

when we shall have 

(Z2,Z3) = Z2, (ZX,Z2) = Q, (ZvZ3) = 0. 

§ 63. W e have proved in § 58 that the first parameter 
group has the same structure constants as the group which 
generates it, and that it is a simply transitive group. N o w it 
may be at once verified that, if 

-Zjcjikxjdxk 
(i= l,...,n), 

then the operators X3,..., Xn, if independent, will form a linear 
group with the structure constants Cjik, The first para

meter group of this linear group will be simply transitive and 
have these constants as its structure constants. 
Now the operators Xj, ...,Xn are independent, since by hy

pothesis not all 7i-rowed determinants vanish in the matrix 

cjik> • 

cjrk> • 
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and we thus see that, given the structure constants, the group 
can be at once obtained if it does not contain any Abelian 
operators. 

Example. Find a simply transitive group with the structure 

C121 = *> C122 = °. C2U = ~ 1> C212 = °> C1U = °> 
CXX2 = 0, C22X = 0, C222 ~ ". 

Writing down the matrix we see that 

X-.=x^—>. X„ = y^— 
1 aas 2 aas 

is a group of the required structure, but it is not simply 
transitive. 

The finite equations of this group in canonical form are (if 
we take ex Xx + e2 X2 as the general operator of the group) 

x'=eeiix+ -(eeit—l)y, y'—y-
e2 

If we change to a new set of parameters given by 

ax = eeJ, a2=-1(eei*-l) 
e2 

the finite equations of the group are no longer given in 
canonical form, but yet they take the simple form 

x'=axx + a2y, y'—y. 

The first parameter group is now 

x'= axx, y'=axy + a2, 

since the equations which generate it are 

cx = ax bx, c2 = bxa2 + b2. 

The parameter group is therefore a group of the required 
type, since it is simply transitive, and it may be verified that 
it has the required structure, for its operators are 

a a a 
asr—I- ŷ r— > — • 
ea; dy dy 

§ 64. We now proceed with the theory of the construction 
of a group when the assigned structure constants are such 
that the group, if it exists, must contain Abelian operators. 
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Let Xj, ...,Xn be the simply transitive group, which we 
have shown how to construct with the structure constants 
Gikh> '••• . 
Assuming for the moment that the simultaneous equation 

system 

(1) Xi ukm—Xk uim = dikm + 2 °ikh uhm' 

(i = 1, ...,n; k = l,...,n; m — n+ 1, ...,r) 

can be solved, let uXm,...,unm be any set of integrals. We can 
then at once verify that the r linear operators 

xi + v>i.n+i]r-— + ...+«frT—» (i=l,...,n), 
oxn+1 Odjr 

a a 

Xn+X xr 

generate a simply transitive group of order r with the structure 
constants d'ikll,.... 

Example. Find a group with the structure 

(X2>X4) = 0J (XX,X2) = -X2 + X3, (X1,XS) = 0, 

(X2,X3) = 0, (X3,X4)=0, (Xj,X4) = 0. 

The constants of the proposed group are such that the group 
must have two Abelian operators; and the constants are in 
normal form, for X3 and X4 are clearly these Abelian operators. 
Using the results of the last example, we take 

xi = xio^x+X2*x-2' X2 = a¥2] 

and the operators of the required group will be Yx, F2, F3, F4, 

where F, = X, + f, ± +(,±, ^ = ^ + %4 + "S5' 

We see then, by the condition of the problem, that £3, £4, 
tj3, r/4 are functions not involving x3 or as4, and that 

Xj tj3 -JX2 £3=1- r/3, Xj rj4-X2 $1 = 0. 
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As we can take any integrals of these equations, we choose 
?74 = £4 = £3 = 0; and. we must then determine t]3 so that 

(X^1+X2ijr>3=1-rl3-

W e therefore take r)3 = lj a n d w e see that 

a a a a a a 
X,t 1- OS, ;- ; c h C > C • ^~ 
13as1 aas2 aas2 dx3 dx3 dxi 

will be four independent operators forming a group of the 
required structure. 

§ 65. We now proceed to show how the equation system (1) 
of § 64 may be solved. 
Since Xx,...,Xn is a known set of unconnected operators, 

r— , .... -— can be expressed thus:— 
aasj dxn * 

^T="KiXi+---+KiXn, (i=l,...,n), 
oxi 

where Xik,... is a k n o w n set of functions of the variables 
aSj, ...,xn. 
From the fact that 

a a _ a a 
dXidxk ~ dXkdXi 

and that Xx, ...,Xn form a group, we see that Xik,... are func
tions satisfying the equation system 

a — /3 —71 

It will now be verified that 

(2) 2 d«pm (^7 Kj Xpk + ^- Xak Ajsi + ^- Xai \w) = o 
i J k 

for all values of *, j, k. 
W e have 

a a a 

a a a 
dx'jKk^i-Kkdx~.^i + ̂ idx~3Kk' 

a a a 
— xai xN - xai—xw+Aw ^ - A.,. 
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Smce daPm + dPam=o, 

we see that what we have to prove is that 

2 Ki dafSm (—Apt- ^-Ap,) + 2 Ap* cZa„m (— A„. - — Aai) 

a=(3=» ^ 

+ 2 ^i dapm (^ Xai— ̂  AaJ) = 0. 

Writing the second and third of these sums in the re
spectively equivalent forms, 

y=P=n j ^ 

2 v ^ m (̂ r V - ^-.Aw)' 

2 AM^pm(;— \w_ ^-Ap,cj , 

and substituting from (1), we see that the coefficient of 
KiXy^Xu in the identity is 

(3 =n 

Z (apam eyip + apam cby& + dpom cayp); 

and this is zero by (1) of § 62, so that the identical relation 
(2) is now proved. 
In order to prove that the simultaneous equation system (1) 

of § 64 can be satisfied, multiply the equation there given by 
X^ Xk , and sum for all values of i, k; then, if the new set of 
equations—there will be one for each pair of values of p, q— 
can be satisfied, so can the old. 
To see this we notice that for the equation, with a given 

pair of values of i, Jc, the multiplier is X̂  Xkq — Xk Â  ; and the 
determinant of these multipliers cannot vanish, for the deter
minant of A does not vanish (Forsyth, Differential Equa
tions, § 212). 
If we now take 

vim = Xxiulm+...+Xniunm, (£= 1, ...,n), 

the simultaneous equation system takes the simple form 
- ^ i — lc — n 

~̂Z~ ' vqm~ d~Z~' vpm = 2d d{km X^, Xkq = <Tpqm, 

where a-ikm,... are functions such that 

a'ikm+'Tkim = °> 

since dikm + dkim = 0 ; 
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and from (2) we know that 

a a a 
d~x~i °>m + dXj (r**»+ a xk â 'm -

§ 66. To solve these equations consider the following lemma: 

if we have -n(n—l) functions crik,... of the variables 

xx,...,xn such that <rik + <ru = 0, 

al^ + a^ + a^0"^0' 

(i= l,...,n; j = l,...,n; k = l,...,n), 

then n functions ux, ...,un can be found such that 

°* / \ 
ilc dXidxkK l H' 

To prove that this is true for the case n = 3, let 

a2 

here we can take ux arbitrarily, and obtain u2 and u3 by 
integration. 
Since o-X2 + <r2X — °> an<i "is + ̂ si = 0» 

Now a^1(r23+a^o"31+a^^=0' 

therefore ^-o-23 + ^^^K-^a) = 0, 

and therefore ^2 

°"23 = aas9aas ̂ 2 ~ ̂  + f ̂ 2' ^ 

It is clear that we can write /(as2, x3) in the equivalent form 

a2 

where w2 and w3 are functions of as2, x3 only; and if w2 is 
taken to be some arbitrary function, then w3 can be obtained 
by integration; therefore 

0-23 = a^a^T ^2+w2-us- wz)-
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Since w2 and w3 do not involve a^, we see that ux, u2 + w2, 
and u3 + w3 are three functions in terms of which o-23, <r31, and 
o-jg can be expressed in the required form. 
The extension to n variables is now easy. Assuming that 

the theorem has been proved for the case of (n— 1) variables, 

a2 
let aik = aasjaa; ^ ~ u ^ ' ^ = l> — »m)' 

where as before ux is arbitrary. 

From ^<rk% + ^ <rAl + ^- <rxk = 0, 

we get A- .„ = ^__(Uk-uh), 

a2 
and therefore <rkk = ^ - ^ r H ~ u h ) + Pkh> 

where pkk is a function of as2, ...,xn only. 

We have Pk7i + Phk = °> 
a a a 

aV^ + aV^+aas&to' 

(i= 2,...,n; h = 2,...,n; k = 2,...,n); 

and therefore, since we now have only (n-l) variables, 

to = a^^-^)! 

where w2,..., v)n do not involve asj. 
It follows as before that 

ux, u2 + w2, ..., un + wn 

will be a set of functions in terms of which we can express 
<rik, ... in the required manner. 

If we now write, as we can, 

aPlm = dx^d~x~q{rPm~V^m)' 

where the functions Ypm,... can be obtained by quadrature, 
the integrals of the equation system, 

a a 

a ^ V - a ^ V * - 0 " ^ ™ ' 
O y 

will be Vpm — ~ j^T Vpm-
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§ 67. We have thus proved that, given any set of structure 
constants, w e can in all cases find a simply transitive group 
of that structure. 

Of the three fundamental theorems in the theory of finite 
continuous groups, the first asserts that in a group with 
r parameters there are exactly r operators which are inde
pendent; and this property, together with the existence of 
the identical transformation, is sufficient to ensure that the 
equations 
xi = fi(xi> •••>xn> ax,...,ar), (i=l,...,n) 
will define a group. 

The second fundamental theorem asserts that these operators 
Xx, ...,Xr are such that 

k~r 
(Xi, Xj) = 2 cijk Xk > 
and that from any set of linear operators satisfying these 
identities a group m a y be generated. The theory of the 
canonical form of a group shows us that the group is entirely 
given, when w e k n o w the linear operators ; and therefore, to 
find all possible groups, w e have to find all possible sets of 
independent operators, such that the alternants of any set are 
dependent on the operators of that set. 

The third fundamental theorem asserts that this set of 
structure constants satisfies the conditions 
cikh + ckih= °> 

h — r 
2d (cikh °jhm + ckjh cihm + cjih cklm) = ° ) 
and that, corresponding to every set of constants satisfying 
these conditions, a simply transitive group can be found whose 
operators satisfy the conditions 

h = r 
(xi, Xk) = ^ c m X h . 

Later on we shall see how all types of groups with a given 
set of constants as structure constants can be found, for so far 
the third fundamental theorem has merely shown us that one 
simply transitive group of the required structure m a y be 
found. 



CHAPTEE YI 

COMPLETE SYSTEMS OF DIFFERENTIAL 

EQUATIONS 

§68. If q linear operators Xx,...,Xq are such that no 
identity of the form 

0i (xi, •••> X J Xx+... + <pq (asj,..., xn) X q = 0 

connects them, the operators are said to be unconnected. 
Any operator which can be expressed in the form 

<Px(xx,...,xn)Xx+... + (pq(xx,...,xn)Xi 

is said to be connected with X15 ...,X„; and all operators so 
connected are said to belong to the system Xj,..., X „ . 

There cannot be more than n unconnected operators, though 
there m a y be an infinity of independent operators ; uncon
nected operators are of course independent, but independent 
operators m a y be connected (§ 15). 

If <px(xx,..., asm) and <p2 (xx,..., xn) are two functions of the 
variables asj, ...,xn, such that there is no functional relation 
between them of the form 

0 (0i, 02) = °, 

they are generally said to be independent; it will be perhaps 
more convenient if we say they are unconnected, and reserve 
the word independent for functions not connected by a relation 

of the form Xx<px + X2<p2= 0, 

where Xx and X2 are constants, and not both zero. 
Similarly any number of functions <px,..., <ps will be said to 

be unconnected if there is no identical relation between them 

of the form f(cpx>...,cj>s) = 0; 

and they will be said to be independent if there is no relation 
between them of the form 

Xj^j+...+Xg^ = 0, 

where Xj, ...,AS are constants. 

CAMI13ELL 
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If we have q unconnected operators, such that the alternant 
of any pair is connected with the q operators; that is, if 

(Xi>Xk)='2<<PhXh> 

the operators are said to form a complete system of order q. 
If w e take any system of unconnected operators X1; ...,X 

and form their alternants (Xt, Xk),..., then, unless each alternant 
is connected with X1; ...,X„, the system m a d e up of X1; ...,X 
and their alternants (X{, X](), ... will contain a greater number 
of unconnected operators than the original system X j , ...,X 

Suppose it contains (q + s) unconnected operators ; w e can 
add to this system as w e added to the original system, and we 
shall thus obtain a n e w system containing still more uncon
nected operators; proceeding in this w a y w e must at last 
arrive at a complete system, since there can never be more 
unconnected operators than there are variables. 

If a function of asj, ...,asw is unaltered by the infinitesimal 
transformation 

^i = xi + t£i(xx, ...,xn), (i= l,...,n), 

it is said to admit the infinitesimal transformation, or to be 
an invariant of that transformation. 

If /(a!j, ...,xn) is a function admitting this transformation 
w e must have 

i = n ^ p 
f(xv...,xn)=f(x'x,...,x'n) =f(xx,...,xn) + t ^ i i ^ - , 

it follows that the necessary and sufficient condition that the 
function m a y admit the infinitesimal transformation is that it 
should be annihilated by the linear operator 

_a_ a 

^oxx+-+^dx~n-

The set of q infinitesimal transformations 

x'i = xi + t£ki(xl> -,xn), C Z ]' '"'l) 
v — J. j ..., 10 

are said to be unconnected if no identities of the form 

2<$>k-£ki(xv •••>*») = 0, (i^ l,...,n) 

connect them, where (px,..., cp are functions of the variables 
asj,..., xn. 
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§ 69. The problem of finding whether there is any function 
f(xx,...,xn) admitting a given set of q unconnected infini
tesimal transformations, is the same as that of finding whether 
there is any function annihilated by each of the q given 
operators -„ -p-

Since, if / is annihilated by X^ and X-, it is also annihilated 
by the alternant (X{, X X this problem may be replaced by 
that of finding whether there is any function annihilated by 
the operators of a complete system. 
If the complete system is of order n, i. e. if the number of 

unconnected operators is equal to the number of variables, 
then the only function which can be so annihilated is a mere 
constant. 
If, however, the order is less than n, it will now be proved 

that there are (n — q) functions which are so annihilated; in 
other words, there are (n — q) unconnected invariants of a 
complete system of order q. 
Let Fj, ..., Y„ be a new set of operators connected with 

Xj,..., X by the identities 

Yk = PklXl+~-+PkqXq> (h=l,...,q), 

where p{k,... are any system of functions such that the 
determinant 

Pin Pig 

Pgl> Pqq 

is not identically zero. 
The operators Yx, ...,Yq also form a complete system of 

order q, and any invariant of one system is an invariant 
of the other. 
In order to simplify the forms of Yx,..., Yq we now so 

choose pik,... as to have, in the notation of § 38, 

i=2 
2 Pki Sin-q+h — ekh' 

Since XX,...,X are unconnected, these values of pih,, 
cannot make the above determinant vanish; we now have 

k dx 

i — n—2 -

- +^Vki(Xl>-~>Xn)^r.> 
n-q+k °xi 

G 3 

(k=l,...,q). 



84 R E D U C T I O N OF LINEAR O P E R A T O R [69 

The operators Yx,...,Yq are now said to be in normal 

form, and the problem before us is to find the unconnected 
invariants of a complete system given in normal form. 
The operators in normal form are all permutable; for 

suppose that 
(Yi,Yk) = pxYx + ... + p.qYq 

where p.x,..., p,q are functions of asj,..., xn. 
From the forms of Fj,..., Yq w e see that the coefficient of 

^ in the alternant of (F^, Yk) is zero; and, since on the 
"Xn-q+h 
right hand of the above identity this coefficient is pk, we con
clude that p.v ..., pq are each zero. 

W e n ow know that Yx,...,Yq generate an Abelian group, 
all of whose operators are unconnected. (It is not of course 
true that the operators Xx,...,Xq necessarily generate a group; 

such a conclusion could only be drawn if Xx, ...,X_ were 
dependent on Yx, ..., Yq; here all w e know is that they are 
connected with Yx, ..., Yq.) 

The problem of finding the integrals of a complete system 
of linear partial differential equations is the same as that of 
finding the invariants of the corresponding operators; and 
this problem is now reduced to that of determining the 
invariants of a known Abelian group, all of whose operators 
are unconnected. 

It will be noticed that in this reduction of the problem only 
the direct processes of algebra have so far been employed. 

§ 70. We shall now show how the form of such an Abelian 
group m a y be simplified by the introduction of new variables. 

Let . x=^4+-+^ 

be any operator, and let fi(xx,_..., xn), :..,fn_l(x1,,..., xn) be 
any (n—1) unconnected invariants of this operator, and 
/„ (asj,..., asm) any other function unconnected with/j, ...,/n_j. 

Take as a new set of variables 

2/i = fi> •••> 2/» ==Jn '• 
then the operator X , when expressed in terms of these new 

variables, must be of the form ri ^— > where n is some function 

of yx,..., yn, which is known, when we know X and its in
variants. 



71] T O S I M P L E S T F O R M 85 

We can now find by quadratures a function <p(yx,..., yn) 
such that ... 

This function cp, which we shall now denote by y'n, must con
tain yn, and must therefore be unconnected with yx,..., yn_x; 
if then we take as variables yx, ...,yn.x, y'n, the operator X 
will be of the form 

d 

In order to bring Yq into the form r—r > it is only necessary 

to be able to find the invariants of a linear operator in 
(n—q+1) variables; for, since the coefficients of 

"xn-q+l "xn-l 

vanish in Y„, the variables xn_q+l, ...,xn_x can only enter that 
operator in the form of parameters. 

(It is not to be supposed that in every operator of any 

Abelian group the coefficients of ^ > • • • > ^ must vanish ; 
"xn-q+l °xn-l _ 

but in the particular Abelian group we are dealing with the 
operator F„ has this property.) 

§ 71. We shall now prove by induction that every Abelian 
group, with q unconnected operators, can be reduced, by a 
transformation of the variables, to the form 

a a a 

dxn 3ajn-l dxn-q+l 

Let Xj, ...,Xq be the given operators of the group; then 
Xj, ...,X j will form a sub-group of (q— 1) unconnected 
Abelian operators. Assume that these can be reduced to the 
forms ., ^ 

and that ^ « ^ 
a a a t a 

Z2 = ^a^j + --- + ̂ - 2 a ^ + ̂ +1s^7j + -" + ^ ^ " 

The operators were unconnected and permutable in the first 
set of variables, and must therefore retain these properties in 
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the new variables; it then follows that none of the coefficients 
£ls..., £n can contain as„_s+1, ..., asn_j. 

B y a transformation of the form 

3/l =/i (xi> •••) xn-q' xn)> •••> 2/re-g = fn-q (xl> •••> ^n-g) *«)> 

yn — fn\xi> •••> xn-q> xn)> •••' 2/»-g+l = xn-q+\> •••> 2/»-l = "'n-u 
we can, without altering the forms of Xj,..., X x, reduce 
X? to the form 

a a a 

iy.+f-«+i5»~ri+-+6-iiSir1* 

where £„_2+1,..., £„-i a16 functions of j/j, ..., yn_q, yn only. 
W e may therefore Buppose that Xj,..., X have been thrown 

into the forms 
„ __ a a a 

oxn oxn-q+\ oxn-l 

x - a r _ ° 
1—aa; '•"' ff-i-^ ' 

0d,n-q+\ oxn-\ 
where £„_2+1,..., £„_j do not contain as„_2+1 as„_j; and to 
simplify the form of these operators further we take yx — aSj, ..., yn_q — xn-qi yn — x w 

2/n-g+l = xn-q+l~ J Cm-g+i^n) •••> 3/»-l = xn-\~\ ti n_j«as,j. 

W e now have 
a 

32/»-g+l ^»-g+i ty»_i aas„_j' 

— A J.* _JL_ a 
a?/ — aas +^»-2+i aas + ,,, + £«-i>^;—> 

and therefore Xx, ...,Xq take the respective forms 

a a a 

tyn-j+l' dyn~q+2""'Wn' 
As w e have already proved that any single operator can be 

reduced to the form -—, we have now given an inductive 

proof that any q unconnected Abelian operators can, by a 
proper choice of variables, be reduced to the forms 

a a a 

ixn 3*»-l *xn-q+i ' 
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§ 72. When an Abelian group is reduced to this form 
â , ...,asre are (n — q) unconnected invariants of the group; 

and therefore we have proved that any complete system has 
exactly (n — q) unconnected invariants. 
It is important to prove that these invariants can be 

obtained by direct algebraic processes and integrations of 
equations in (n — q + 1) variables at the most. 
To prove this we reduce the system to its normal form, 

which can be done by processes which are merely algebraic. 
If Xj,..., X are now the operators we reduce X to the form 

-—; this we have proved can be done by quadratures, and 

the integration of an equation in (n—q+l) variables at the 
most. 

Xj,..., X j will now be (q— 1) unconnected Abelian opera
tors ; let 

where, since Xk is permutable with -—, ^j, ..., £kn only 
involve a!j, ..., asn_j. xn 

Our object being to obtain the invariants of ^— and 
dxn 

Xj, ...,Xq_x, it is only necessary to find those functions 
of asj,..., asw_j which are annihilated by the (q— 1) linear 
operators 

These (q— 1) operators are Abelian operators, and uncon
nected, so that we have to find the invariants of an Abelian 
group in (n—1) variables with (q— 1) unconnected operators. 
Assuming then the theorem for the case of (n—1) variables 

with (q— 1) operators, we see that it will also be true for the 
case of n variables with q operators; and since we have 
proved its truth when q = 1, we conclude that the process of 
obtaining the common integrals of a complete system of linear 
partial differential equations, in n variables, involves the 
integration of linear equations in (n—q+l) variables at 
the most. 

§ 73. Suppose now that we are given the equation 

how far are we aided in finding its integrals by our knowledge 
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of (q—1) other operators X2,..., Xq forming with Xx a com
plete system? 
W e first find the (n — q) unconnected functions which are 

common integrals of 

Xx(f) = 0,...,Xq(f) = 0 

by the method just explained; we then take these functions 
to form part of a new set of variables; and in these new 
variables m a y assume the integrals to be 

xn = an> •••> Xq+X = aq+X-
W e now have to find the remaining (q—1) integrals of 

where £x,..., £g are functions of asj,..., xq, aq+x,..., an; the 
subsidiary equations of (1) are then 

dxx _ dx2 _ _ dxq 

61 62 iq 

It is known (Forsyth, Differential Equations, §§ 173, 174) 
that the solution of these subsidiary equations, and therefore 
of the corresponding linear partial differential equation (1), 
depends on the solution of an ordinary differential equation 
of order (q— 1) in one dependent, and one independent variable. 

Thus the solution of £ ^—h n —- = 0, where £ and j? are func-
dx dy 

tions of a; and y, depends on the solution of an ordinary 

equation of the first order; £- (- rj -—f- C^~ = ° depends 

on the solution of an ordinary differential equation of the 
second order. 

If w e define an integration operation of order m as the 
operation of obtaining the solution of an ordinary equation of 
order m, w e m a y say that: if we are given an equation 
X j (/) = 0, and if we know (q—1) other operators forming with 
X j a complete system of order q; the solution of the equation 
can be made to depend on algebraic processes, on quadratures, 
and on integration operations of order (n — q) and (q—1). 

Example. Prove that, if Xx,...,Xq is a complete system 
with the unconnected invariants ux, ...,un_„, then every 
operator which annihilates each of these invariants is con
nected with Xj,..., X . 

By a change of the variables w e m a y take the invariants 
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to be a^,..., xn_q; then the operators are in the variables 

xn-q+x> •••) xn on^J' and as *bey are unconnected 

a a 

"^m-g+l °xn 

are each connected with Xx,..., X„. 
Any operator which annihilates aSj, ...,xn_q must be of the 

form 
a a 

+ ••.+& 
"•̂ n-g+l OJUn 

and must therefore be connected with Xj,..., X, 
ST 



C H A P T E E VII 

DIFFERENTIAL EQUATIONS ADMITTING KNOWN 

TRANSFORMATION GROUPS 

§ 74. In this chapter we shall show how the fact, that 
a linear partial differential equation admits one or more 
infinitesimal transformations, which m a y be known by 
observation of the form of the equation or otherwise, enables 
us to reduce the order of the operations requisite for the 
solution of the given equation. 

Let Y be the linear operator 

where tj]; ..., r]n are functions of asj,..., asw, and Y' the operator 
obtained from F by replacing aŝ  by aŝ . 

(1) If x'i = etxXi, (i=l,...,n), 

where X = £x — +... + £_, 
xaasj *ndxn 

we must obtain an expression for Y' in terms of xx, ..., as„, and 
this will enable us to determine at once if the equation 
Y (f) = 0 admits the transformation (1). 
From (1) we deduce (§ 44) Xi = e~tx'x'i and therefore 

Y'xi = Y'e~~tx'x'i. Since Y'e~tx'x'i is a function of x[, ...,x'n 
we therefore have 

(2) Y'xi = etxYe-txXi. 
Expanding eiX Ye~tx in powers of t, we see that the 

coefficient of tr is 
XrY _ X1--1 YX Xr~2YX2 Xr~3 YX3 
r! (r-l)l + (r-2)l 21 ~~ (r-3)! 3 ! + " " 

yir) 
W e shall prove that this expression is equal to (— l)r—p 

where YV=YX-XY, F(2) = Y^X-XYW,..., 
YV) = FC-^X-XFC"1) 
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F(r) having now the meaning which was attached to yr in 
§48. 
Assume that 

tf-J''-1)_IMr Xy-2FX Xr~3YX2 
(— ' (r_i)!""(r-l)! (r—2)1 1! + (r-3)I 2! "" 

then 

(r-l)l (r-l)l (r-2)l 1! (r-3)l 

(-l)''(F(f-1)l-IF-1)) 

(r-l)l 
P 7 _ X'-JYX Xr~2FX2 

-(r_l)!_(r ^(r-l)l l!+(r '(t-2)I 21' 

X ^ F X Xr~2YX2 
+ 2 (r-l)l 1! (r-2)! 2! 

XrF X ^ F X X*-2FX3 
— r ; ,,. - + r-

dxt 

~ (r—l)l (r-l)l II (r-2)! 2! 

and therefore 

F(r) _ xrF XT~1YX Xr~2YX2 _ 
( ^Tr""""^ (r-1)! 1! (r-2)! 2! "" 

so that the required theorem is proved by induction; and 

eix7e-tx = Y-tYV + % Y (2> - %. F<3> +.... 

It follows that e'^Fe"*1 is a linear operator, and as such 
it may be written in the form 

^(etxYe-txXi) l 

and by (2) this may be written 

so that F = F-1 F« + J, 7(J) - ^ F<3> +.... 

§ 75. We may apply this formula to obtain the conditions 
that a given sub-group may be self-conjugate. 
If Xj, ...,Xn are the infinitesimal operators of a group, of 

which Xg+1, ...,Xr form a sub-group, we defined a self-con
jugate sub-group as one such that 

ee1X1+...+erXr̂ g+iX,+l+...+*rXre-e1X1-...-erXr 

is always an operation of the sub-group, whatever be the 
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values of ex, ...,er, the parameters of the group, or Xq+X, ...,Xf 
the parameters of the sub-group. 
If we denote by X the operator exXx+... +erXr, this con

dition may be expressed by saying that the group generated 
by X'2+1,...,X;, where 

Xi = e Xi, 

is identical with the group X +x,...,Xr; that is, that each 
operator X'q+x,...,X'r is dependent on the operators of the 
setX3+1, ...,Xr. 
Now the formula we have just proved gives 

*i = **-^+^?-^ + --. (k = q+l,...,r)! 

so that 

xfrj-lxfrj+hzf+j—- <J= L-.'-ff) 

must be dependent on X2+1, ...,Xr. 
By the second fundamental theorem (§ 47) we have 

i = k = r 

•^-q+j ~2eiCq+j, i, k ^&> 

and therefore, if we take ex, ...,er so small that their squares 
may be neglected, we see that a necessary condition for 
X' +1,..., X'r being dependent on X_+1, ...,Xr is 

^deiCq+j,i,k = °> (ft =1, ...,?). 

Since this must be true whatever the values of the small 
quantities e1,...,er we must have 

The sub-group X2+1,...,Xr cannot then be self-conjugate 
unless these conditions are satisfied. 

These necessary relations between the structure-constants 
are also sufficient; for if they are satisfied X ™ - will be 
dependent on X„+1,...,Xr; and therefore, since this is true 

for all values of /from 1 to r — q, X^L-, Xl3)+j,... will all be 
dependent on Xq+1, ...,Xr, and therefore X'+J- will be so 
dependent. 
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If we take q = r— 1, we get in particular as the conditions 
that Xr may be a self-conjugate operator 

"-=»• tiz\:zrr-o-

If Xr is to be an Abelian operator the further conditions 

crir = 0, (i=l,...,r) 
are necessary. 

§ 76. We now seek the conditions that the complete system 

ofequations Fj(/) = 0,..., F2(/) = 0 

may admit the group of order one 

x'i = eiXXi, (i=l,...,n). 

Clearly the conditions are that Fj,..., F' should each be 
connected with Yx, ...,Yq; that is, we must have 

Yk = PkxYx+-~+PkqYq> (h=l,...,q), 

where pki,... are functions of xx, ...,xn. 

Since Yh=Yk-tYf + ^Yf-..., 

we see, by taking t very small, that necessary conditions are 

Yk1} = *kX YX+- + Tkq YV ^ = h ->?), 

where crki, ... are some functions of xx, ...,xn. 
These necessary conditions are also sufficient; for 

Yf = (akxYx+... + crkq Yq,X) = crhxY<P + ... + vkqYf 

+ (Xakx)Yx+... + (Xcrlcq)Yq, 

and therefore, since YQ,..., Y Q are each connected with 
Fj,..., Yq, we see that F̂ 2) is also connected with Yx,..., F . 

Similarly we see that Fj3', Y%\ ... are each so connected; 
and therefore Y'x,..., F' are connected with Fj,..., F„ ; and 
we conclude that the necessary and sufficient conditions that 
a complete system of linear partial differential equations of 
the first order should admit the group 

x,i = etxxi, (i=l,...,n) 

are that the alternants (Yx, X),..., (F„, X) should each be 
connected with Yx,..., Yq. 
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§ 77. If /(asj, ..., xn) — constant is any integral of the com
plete system, that is, if f(xx,..., xn) is any invariant of the 
complete system of operators Yx,..., Yq, then f(x'x, ...,x>n) is 
an invariant of Fj,...,F' N o w by hypothesis the complete 
system admits • _ *x 

tA>i — e u>i, 
and therefore by what we have just proved 

Y'k = PkxYx+-+PkqYq, (k=l,...,q). 

The determinant of the functions pik, ... cannot be zero; 
for if it were zero Y'x, ..., Y' would be connected, and there-
Fj,..., Yq (being operators of the same form, but in the 
variables asj, ...,as„ instead of a!j,...,a4) would be connected, 
and this is contrary to hypothesis: since then the determinant 
is not zero, every invariant of Fj,..., F' is an invariant of 
Fj,..., Yq; and w e conclude that iff(xx,..., xn) is an invariant 
of Fj,..., Yq so also is/(asj,..., aŝ ). 

In other words, any invariant of the complete system of 
operators is transformed by 

x'i = etxXi, (i=l,...;n) 

into some other invariant function, if the complete system 
admits this transformation. 

W e may prove conversely that if 

x'i = etxXi, (i = 1,..., n) 

transforms every invariant of the complete system into some 
other invariant, then the complete system admits this trans
formation. 

For suppose that f(xx,,...,xn) is an invariant: then by the 
hypothesis so is f(x\,,.., afn), that is 

e /(xxs •••>xn) 

is an invariant. If we now take t very small, we may con
clude that X/(aSj, ...,asre) is an invariant, and therefore must 
be annihilated by Fj, ..., F„. 

Since f(xx,...,xn) is an invariant, it is annihilated by 
Fj,..., Yq, and therefore also by the operators of the second 
degree XYx,...XYq; and therefore finally f(xx, ...,asj is 
annihilated by each of the alternants (Yx, X),..., (F„, X ) . 

It follows then from the example on page 89 that each 
of these alternants is connected with Fj, ..., Yq, and therefore 
that the complete system admits 

x,i = etxxi, (i = l,...,n). 
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We thus see that the conditions that a complete system may 
admit the above group may be expressed by either of two 
equivalent conditions; firstly, by the condition that the alter
nants of each of the operators of the complete system with X 
should be connected with the operators of this system; 
or, secondly, by the condition that every invariant of the 
system should be transformed into another invariant by the 
operator X . 

§ 78. The condition that a given function f(xx, ..., xn) may 
admit 

(1) x,i = xi + t£i(xx,...,xn), (i=l,...,n) 

is that it should be annihilated by the operator X, 

where X = £— +... + £n-
âasj dxn 

It must therefore, if it admits (1), also admit 

(2) x'i = xi + tp£i(xx,...,xn), (i=l,...,n) 

whatever function of the variables asj,...,asre the multiplier 
p m a y be. 

If on the other hand a given differential equation Y(f) = 0 
admits (1), it will not in general admit (2). 
If Fj(/) = 0,..., Yq(f) = 0 is a given complete system 

of differential equations the system will obviously admit the 
infinitesimal transformation. 

(3) x'i = Xi + t(PxYx+...+PqYq)Xi 

whatever the functions px,...,pq m a y be; for the alternants 
of F,,..., Ya with pxYx+...+paY„ are connected with 
v v 
x 1) •••) J g" • • 7 
A transformation of the form (3) is said to be trivial. 
If the equation system admits 

we say that it admits the operator X ; and w e now see that if 
it admits X it will also admit 

X + pxYx + ...+PqYq; 

but with respect to the given equation system we should not 

reckon x'i = etxXi 

and x'i = etx+P^ + -+P"T^Xi 

as distinct transformations. 
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We can, however, make use of the fact that px, ...,pq are 
undetermined to obtain the simplest forms of the operators 
admitted by the given equation system. 
Suppose that the complete system admits the non-trivial 

transformation ^ = x. + ti.{Xi> ....^ 

under what conditions will it admit 

x'i = xi + tp£i(xx,...,xn)1 

The conditions are that the alternants (F,, pX),..., (Yq,pX) 
should each be connected with Yx,...,Yq; and therefore, 
since p(Fj,X), ...,p(Yq,X) are each so connected, 

(YxP)X,...,(YqP)X 

must each be connected with Fj,..., F?. 
Now by hypothesis X is not connected with Yx,..., Yq; and 

therefore we must have 

YlP = 0,...,YqP = 0; 

that is p is either a constant, or an invariant of the complete 
system. 

§ 79. If the complete system is reduced to normal form, 
that is if 

a i=n~i 3 

Ffc = a^ r + S ^ w ^ : ' (ft =!,...,<?), 
oxn-q+k oxi 

the further discussion of the problem with which we are now 
concerned is made more simple. This problem is the in
vestigation of the reduction of the order of the integration 
operations, necessary for the solution of the given equation 
system, due to the fact that the system admits known non-
trivial transformations. 
Since the reduction of the system to normal form only 

involves algebraic processes, we may suppose the system to be 
given in normal form. 
If X is a non-trivial operator admitted by the system, then 

X + PlYx+... + PqYq 

is also admitted, and is non-trivial; and, by properly choosing 
the functions px, ...,/>„, we can replace X by a linear operator 

of the form . a . a 
£x5^r+ — + £n aasj bra~2aas„. 

which is necessarily non-trivial. 
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We shall call such an operator a reduced operator; and 
when we are given any non-trivial operator admitted by the 
system, we replace it—and this can be done by mere algebra— 
by the corresponding reduced operator. 
If then we are given a complete system, in normal form, 

admitting m known unconnected reduced operators X15..., X m 
we must have 

(Xi,Yk) = crxYx+... + <TqYq. 

Now in (X^Fj.) the coefficients of ^ >•••>-—are all 
i ^ / L , dxn-q+X ^xn 

zero, and therefore we must have crx = 0,..., crq = 0 ; each 
of the operators Xls ...,Xm is therefore permutable with 
each of the operators Yx,..., Yq. Also there cannot be more 
than (n—q) reduced unconnected operators Xx,...,Xm, for 
these operators are in the (n—q) variables xx, ...,xn_ only, 
xn_q+x, ...,xn entering them merely as parameters. 
W e also see as in § 78 that 

PjXj+...+pmXm 
can only be admitted if px,...,pm are invariants of the 
operators YX,...,Y. 
From the Jacobian identity 

(Yk, (X^Xj)) + (Xj, (Yk, X^) + (Xit (Xj, Yk)) = 0, 
we see that, since (Yk,X{) and (Yk, Xj) vanish identically, so 
also must (Yk, (X{,Xj)) ; that is, the equation system admits 
the alternant of any two reduced operators; and this alternant 
is itself a reduced operator since it is of the form 

&5^r+ ••• + & dXx^-^^-!dxn_q 

It therefore follows that, if an equation system admits any 
non-trivial operators at all, it must admit a complete system 
of operators; we shall suppose then that Xx,...,Xm is a 
complete system of operators in the variables asj, ...,xn_q, the 
other variable xn_q+x, ...,xn entering these operators only as 
parameters; and we know that m ^ n — q . 

§ 80. We now have 

(Xi, Xj) = pijX, Xj +... + pijm Xm, 

and, since the system admits (Xit Xj), the functions pijk,... 
are either constants, or integrals of the given equation system. 
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The first thing which we must now do is to reduce the case 
where the functions are integrals to the case where they are 
mere constants. 

Suppose that of the functions ptjk, ... exactly s are uncon
nected ; we now know s invariants of the complete system, 
and we therefore transform to a new set of variables, so chosen 
that xn_q,xn_q+1, ...,xn_q_s+x are these known invariants of 
the complete system. 
This transformation of the variables has only involved 

algebraic processes; and we now again bring the system to 
normal form, when we have 

i=n—q—s 

+ 2 ^ 5 ^ ' (k=l,...,q). 
odjn-q-rk "x: 

W e suppose Xx, ...,Xm, the operators which the equation 
system admits, again reduced, so that 

i = n—q 

x& = 24i^-.' (ft= i,...,m). 

From the fact that (Yit Xk) = 0, and that none of the terms 
a a 

occur in Yx,..., Yq, we see that °xn-q-8+X °xn-q 

y t _ n fh = n-q-s+l,...,n-q. 

It therefore follows that £kk,... are integrals of the system: 
they may either be new integrals or they may be connected 
with the known set as„_g,..., xn_q_s+x. 

If they are new integrals we simplify Yx,...,Yq still further 
by again introducing the new integrals as variables; and 
continue to do this till we can obtain no further integrals 
by this method. 
W e may therefore now assume that 

£kh,..., (h = n-q-s+l,...,n-q) 

are merely functions of xn_q,..., xn_q_s+x, that is, of the 
integrals already known. 

§ 81. It must be noticed that we cannot advance further in 
obtaining integrals of the complete system, through our 
knowledge that the system admits Xj,...,XOT, unless in so 
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far as we know how to deduce from Xx,...,Xm operators 
of the form i=_a_. 

To prove this, suppose that the system admits X which 
is of the form i=„_2_s 

I + yt.J_. 
dr -<"&ua<7'. 
°xn_q_s+x OJUi 

We now have the complete system of equations 
X(/) = 0,Fj(/) = 0,...,F2(/) = 0, 
and it is in normal form; but, since we have increased the 
number of the variables as well as of the equations, the order 
of the integration operations, necessary to find a common 
integral, is now no lower than it was to find a common 
integralof Yx(f) = 0,...,Yq(f) = 0. 

We take 

zk = PkiXx + --+PkmXm, (lc= l,...,m), 

where pki,... are functions of as„_g, ..., xn_q_s+x only, and 
are therefore invariants of Yx,..., F„. Zx, ...,Zm will now be 
reduced operators admitted by the given equation system. 

W e must so choose pki,... as to obtain as many as possible 
of the operators in the form 
_a_ a 

^ a a s j + - + f"-2-6aas„_2.s' 

and these alone can be effective for our purpose. 

§ 82. The problem before us is now simplified and may be 
thus restated: we are given q operators Yx,..., Yq where 

i = n-q—s 

7* = dx-—:+2^a^' (k = i,...,q)-, 

and, in order to obtain new integrals of the system, we are to 
make the most use of our knowledge that the system admits 
Xj, ...,Xm where 

**=26w^' (*=l,...,m). 

H 3 
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As before we have 

(xi> Xj) = p{jXXx + ... + PijmXm, 

and the functions p^,... being invariants, we should have 
new integrals unless they are merely functions of the known 
integrals xn_q,..., xn_q_s+1. 

Since we have assumed that we cannot obtain any more 
integrals by this method we must take these quantities 
Pijk,... to be merely functions of xn_q, ..., xn_q_s+1; and, 
since these variables only enter Fls ..., Yq, Xx, ..., X m as 
parameters, we may now assume p{jk, ... to be mere 
constants. 
The operators Xx, ...,Xm then satisfy the identities 

k =m 

(***,) =2 ^ * * t . (*=;>->m), 
J J KJ = 1, ...,mJ 

that is, they generate a group. 
W e thus see how Lie's theory of finite continuous groups 

had its origin in the question which he proposed, viz. what 
advance can be made towards the solution of linear partial 
differential equations of the first order, by the knowledge of 
the infinitesimal transformations which the equation admits ? 

§ 83. We know that (m + q) is not greater than n ; suppose 
that it is less than n. W e then find the common integrals of 
the complete system 

X ( / ) = 0, ...,Xm(f) = 0, Fj(/) = 0,..., Yq(f) = 0, 

of which all the operators are unconnected, and of which the 
structure of the operators—for these operators generate a 
group of order (m + q)—is given by 

(xi > xk) = cik\ Xj + ... + c ikmXm, 

and by the fact that the operators Fj, ..., F„ are Abelian 
operators within the group of order m + q. 
There are (n—m—q) common integrals of this system which 

can be found by an integration operation of order (n — m—q). 
Having determined these integrals we so change the variables 
that the corresponding invariant functions become 

xn> •••> xin+q+x! 

and the problem of finding the remaining integrals of 

Fj(/) = 0,...,F2(/) = 0 
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is now reduced to that of finding the invariants of a complete 
system of order q, in (m-+ q) variables â ,..., asm+„, the system 
admitting m known reduced unconnected operators, also in 
the same variables xx, ...,xm+q. 
As (m + q) is either less than n or equal to it, we can now 

restate the problem in the form to which we have reduced it. 
Given a complete system of equations 

Yx(f) = 0,...,Yq(f) = 0 

in (r + q) variables xx,..., xr+q, whose invariants are required, 
we are to take advantage of the fact that the system admits 
r known operators Xx,..., Xr in these variables. 
The r operators are unconnected, and reduced, and generate 

a group which is finite and continuous; and the variables 
xn, ...,xn_r_q+x occur in Xx,...,Xr, Yx,...,Yq, merely as 

parameters; Yx,..,, Yq are operators permutable with each 
other and with Xx Xr. 

§ 84. In order to find the invariants of Fj, ..., Yq we should 
have required integration operations of order r, had it not 
been that we know that the equation system admits the 
operators Xx, ...,Xr. W e therefore find the maximum sub
group of Xj,..., Xr; that is, the sub-group with the greatest 
number of independent operators, which being a sub-group 
must not include all the operators of the given group 
Xj, ...,Xr; and we find the integrals of the system 

F(/) = 0, ...,Yq(f) = 0, Xj(/) = 0, ...,Xm(f) = 0, 

where Xj,..., Xm is this maximum sub-group. 
To obtain these integrals, integration operations of order 

(r—m) are required, and (r—m) integrals are thus obtained; 
the reason why we choose m as large as possible is to reduce 
the order of the necessary operations; and the reason why we 
choose a sub-group is to ensure that (r—m) shall not vanish 
W e shall now show how, by merely algebraic processes, we 

may obtain other integrals from these (r — m) integrals. 

§ 85. The principle which enables us to find these additional 
integrals is that explained in § 77. Since the given system 
admits Xx,...,Xr, we know that if <p(asj, ...jasj is any 
invariant of Yx,...,Yq, then Xx<p, ...,Xrcp will also be in
variants. All of the invariants we have already found can 
be annihilated by X:,..., X m ; but they cannot all be annihi
lated by XTO+j, nor by any of the operators Xm+2, ...,Xr; we 
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may therefore by this method be enabled to obtain new 
integrals. 
By a change of the variables, that is, by an algebraic 

process, we may take the invariants already known to be 

Let Xj, ...,Xl be that maximum sub-group of X15 ...,X?tt 
which is self-conjugate within X1; ..., Xr; if Xj, ..., X m is 
itself self-conjugate within X,,..., Xr, we may take Xx,...,Xl 
to be the sub-group Xx,..., X m itself. 
The proposition which we are now going to establish is 

this—by operating with Xx,...,Xr on the known invariants 
xr+qy..., xq+m+1 we obtain the common integrals of 

Yx(f) = 0,...,Yq(f) = 0, X1(/) = 0,..;,X?(/) = 0; 

that is, we obtain exactly (m — l) additional integrals. 
Since all of the variables xr+q,..., xq+m+x are invariants 

of Fj, ..., F„, Xj, ..., X m they must also be invariants of 
Fj,..., F„, Xj,..., Xj; by a change of variables we may take 
xq+m> •••> ̂ g+z+i *° be the remaining invariants of 

Fj,..., Yq, Xj, ...,Xj; 

we are now about to prove that by performing known opera
tions on xr+q, ..., xm+q+x we must obtain these additional 
invariants. 

Since X1;...,Xj is a self-conjugate sub-group of Xx,... Xr, 
the equations 

Xj(/) = 0,...,Xj(/) = 0, Fj(/)=0,...,F,(/) = 0 

admit the operators Xj, ...,Xr; and therefore the functions 
obtained by operating with Xx,...,Xr on xr+q, ...,xm+„+x 
must all be invariants of Xx,..., Xj, Fj,..., Yq. 
N o w Xj, ...,Xj, Fj, ...,F„ are unconnected, and have as 

invariants the (r — I) variables as„+j+1,..., xr+q ; every other 
invariant must therefore be a function of these variables only; 
and therefore we know that the invariants obtained by 
operating with Xj,...,Xr are functions of xq+l+x, ...,xr+q 
only. 

If (r — l) of these invariants are unconnected, then 

xq+l+X> •••>xr+q 
can be expressed in terms of these invariants; but if fewer 
than (r—l) of the invariants are unconnected, they cannot be 
so expressed; and we therefore know that there must be some 
operator of the form 

""kg+I+l * oXq + m 
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which annihilates each of the functions X^as„+m+-, where _;' 
may have any value from 1 to (r—m), and i any value from 
1 to r, and where £2+j+j, ..., tg+m are not all zero. 
Since as„+m+1, ...,xr+q are invariants of 

•* l> •••> •* g» -&1) •••) -^m' 
and these operators are unconnected, w e see that 

a a 
— > • ••>-
daSj oxq+m 

must be connected with Yx,...,Yq, Xx, ...,Xm; w e can 
therefore replace 

a a 
CJyq+l+X oxq+m 

by an operator of the form 

(1) P1F1-r...+p3Fg + o-jXj+... + (rroXm, 

where px,..., pq, crx, ...,crm, are functions of the variables. 

N o w each of the operators Fj,..., Yq, Xx,..., X m annihilates 
each of the variables xq+m+x, ..., xr+q, and (1) annihilates any 
function X t xq+m+j ; w e conclude then that 

Pi (Yx, Xi) + ...+pq(Yq, Xi) + crx(Xx, Xi) + ...+crm(Xm, X{) 

annihilates each of the variables a3„+m+1,..., x +q. 
From the k n o w n relations between the alternants of the 

operators F15..., Yq, X x , ..., X m w e see that 
j=m, k=r 

^"•jCjikXk, (i=l,...,r) 

annihilates each of these variables; and must therefore be 
connected with the operators of which xq+m+x, ...,xr+q are 

the invariants; that is, with Fj,...,F2, Xj,...,Xm. 
It follows that, these operators being all unconnected, w e 

must have 
i = m . 
2 , % = 1, ...,r •. 

*J°itk = °> Kk = m+l,...,r) 
N o w because Xx, ..., Xl is a self-conjugate sub-group 

oJik = o, Qzl'-'l: *=l+l,...,r); 

and therefore 

2 (% = 1, ...,r v 
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If oia=0, (?=\1,,",r; k = m+l,...,r), 
Jill \j _ l+i} i>#jm; 'J' 

Xj, ..., Xm is a self-conjugate sub-group, and I — m. If m>l, 
these constants cannot all vanish (for then the greatest 
sub-group would be of order > I); and we can take one of 
the functions cj+1, •••,(rm to be dependent on the others; it 
follows that without altering the structure of X15 ...,Xj, or 
without transforming the sub-group Xj,..., X m into any other 
sub-group, we may choose instead of Xj+1, ...,Xm certain 
(m—l) independent operators which will be dependent on 
Xj+1,..., Xm, and for this new set we may take <rm to be zero. 
If we now consider the corresponding new structure con

stants, we shall as before obtain the identities of the form 

j = m—X 
2 n ,% = 1, ...,r -. 

*JeJ* = °> (k = m+l,...,r)> 
3 = l+X ' ' 

and can similarly choose crm_x to be zero, and, proceeding thus, 
finally cause all the functions o-j+1, ...,<rm to disappear. 
It would then follow that 

t - e * 
Sg+Z+ij,™ +,,, + 6g+i»>~ 

could be replaced by an operator of the form 

(2) PiFi+...+p2F2 + o-jXj+...+<rjXj; 

but this is impossible since (2) annihilates xq+l+x, ...,xq+m: 
we must therefore draw the conclusion that xq+i+x, ...,as +m 
can be expressed in terms of the invariants obtained by 
operating on the known invariants xq+m+x, ...,xr+q with 
Xm+i, •••, Xr. 

§ 86. It therefore follows from what we have proved that 
we can by an integration operation of order (r — m) obtain 
(r—l) invariants of Yx, ...,Yq; and we may take these to be 
xr+q,..., xq+i+x, by a transformation to new variables. 

The variables xr+q,..., xq+l+xnow appear only as parameters 
in Fj,..., Yq; we can therefore, by processes which are merely 
algebraic, select from the r operators Xx,...,Xr which the 
equation system admits I operators, in which also 

xr+q> '">xqH+X 

will only appear as parameters. These will form a group of 
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order I in (I + q) variables, and will be unconnected with one 
another, or with Yx, ..., Yq. The equation system 

Yx(f) = 0,...,Yq(f) = 0 

will admit these operators, and the problem which is now 
before us is exactly the same as it was before, but we have 
only (l + q) variables to deal with, whereas before we had 
(r+q). 

§ 87. There is one case of special interest in this general 
theory, viz. when the greatest sub-group of Xx, ...,Xr is self-
conjugate. 
Since Xj, ...,Xm is self-conjugate, the alternant of any of 

these operators with Xm+X is dependent on Xj, ...,Xm ; and 
therefore Xj, ...,Xm+1 is itself a sub-group; but Xj, ...,Xm 
is by hypothesis the maximum sub-group, and therefore 
Xj, ...,Xto+1 must be the group X1( ...,Xr itself. 

When the greatest sub-group of Xj, ...,Xr is self-conjugate 
its order must therefore be (r—l). 
There is only one invariant of Yx,..., Yq, Xx, ...,Xr_x; sup

pose it to be f(xx,..., xr+q), then, since Xr (/) must also be an 
invariant, 

Xrf(xx,...,xr+q) = F(f(xx,...,xr+q)), 

where F is some functional symbol. 
This function F(f(xx,..., xr+q)) cannot be zero ; for 

7 ~ V X X 

being unconnected have no common invariant; there must 
therefore be some function of f(xx,..., xr+q), such that, when 
operated on by Xr, the result will be unity. 
Let u be this required function, then 

Yx(u) = 0, ..., Yq (u) = 0, Xj (u) = 0,..., Xr_x(u) = 0, 

Xr(u) = l. 

Since these are (r + q) unconnected equations in (r + q) variables 

everv derivative of u is known; that is, r— > •••> are each 
J . *xi ?>xq+r 

known, and u can therefore be obtained by mere quadrature. 
By transforming to a new set of variables we may take this 
function to be xq+r; since xq+r will then occur merely as 
a parameter in Fj,..., Yq, Xx, ...,Xr_x we shall then be given 
an equation system 

F1(/) = 0,...,Fg(/) = 0! 
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in (r + q — 1) variables which will a dmit the group Xx, ...,Xr_x; 
and Xj, ...,Xr_j, Fj,..., Yq will all be unconnected operators. 

If the greatest sub-group of Xx, ...,Xr_x is self-conjugate, 
we may take this sub-group to be X j , ...,X,._2, and thus by 
quadratures obtain another integral of 

Fj(/) = 0,...,F2(/) = 0; 

and hence proceeding find all the integrals by quadratures, 
provided that each successive maximum sub-group is self-
conjugate within the previous one. 

§ 88. Suppose we are given the linear differential equation 

^aasj+-+f»aasn-0' 

how far does the method explained help us in obtaining some 
or all of its integrals ? 

W e know that by a suitable choice of variables the equation 

may be reduced to the form -J- = 0; and therefore it will 
J dxx ' 

admit any operator whose form in the new variables is 

"24+-+,?"i' 
where rj2, ...,tjn are functions of x2, ...,xn only. Every equa
tion must therefore admit (n—1) reduced unconnected 
operators; but, since the reduction of a given equation to 

the form ~- = 0 would require integration operations of 

order (n— 1), we do not know any general method of obtain
ing the infinitesimal operators admitted by the given equation. 

Lie's method does not therefore apply to any arbitrarily 
chosen differential equation, but merely to those equations 
which admit known operators. These operators may be known 
from the form of the differential equation, or from its geo
metrical genesis. 

W h e n we do know, by any method, the integrals of a given 
equation, it would be a simple matter to construct infinitesimal 
transformations which the equation will admit; and then, 
knowing these infinitesimal transformations, we could solve 
the equation by Lie's method. Such examples would how
ever merely serve as exercises in applying the method, and 
could not show its real interest. What is remarkable is that 
those particular types of differential equations whose solutions 
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have long been known, and were discovered by various arti
fices, are equations which do admit obvious infinitesimal 
transformations, i.e. transformations which would be antici
pated without any knowledge of the solution of the equation 
and merely from its form, or from the geometrical meaning 
of the equation. 

§ 89. Before illustrating the method by a few simple 
examples it will be necessary to consider how it applies to 
ordinary equations in two variables. 
Consider the equation 

(!) 2/»+i=/(a, 2/, 2/i, ..-,2/J, 
dry 

where yr is written for -j~ • 

Since dx = dy = dyx = ^= dyn 

1 2/i y2 f(x,y,--->yn) 
we see that the solution of (1) will be obtained only when 
we have obtained all the invariants of 

a a a , a 

as, y, yx, ..., yn being regarded as unconnected variables. 
If the equation (1) admits 

x'=x + ti (as, y), y'= y + t-q (as, y), 

then we have shown how to extend this point transformation 
to any required order; and therefore corresponding to any 
known infinitesimal transformation admitted by 

yn+x=f(x,y,yx,--;yn) 
we shall have a known infinitesimal transformation admitted 

bv ou du „a% 
*x-+y^+-+f*y-n=0' 

and we can therefore reduce the order of the integration 
operations necessary for the solution of (1). 

§ 90. We shall now give one or two simple examples of 
the application of Lie's method. 

Example. Consider the linear equation 

yx+yf(x) = <p(x), 

where yx is written for -^- • 
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Let any integral of this equation be y = f, where £ is a 
function of x, and let y = £° be any integral of yx + yf(x) = 0, 
then y = £+c£°, where c is an arbitrary constant, is also an 
integral; w e express this in Lie's notation by saying that the 
given equation admits the infinitesimal transformation 
y'=y+t£0, xf=x. 

The partial differential equation 

therefore admits the operator £° —; and, if u is any invariant 

°f dx + ^^ ~~yf ^ o~' tben ^° d~ wiU a^SO ke an invariant, 

and will therefore be a function of u. 
W e can then find some invariant v, such that 

^ + (<P(x)-yf(x))-=0, (0- = i, 

and such therefore that — and ;—• are known in terms of 
das dy 

x and y. W e can therefore find v by mere quadratures, and 
thus deduce the complete primitive from our knowledge of 
two particular integrals, viz. one of the equation 
s\+yf{x) = (p{x)i 

and one of the equation 

Example. The equation 

obviously admits the transformation 

x'— ax, </= ay, 

where a is a variable parameter, and therefore 

aas +J\x) dy~° 
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admits as ^—by — > 
aas a oy 

so that the homogeneous equation of the first order can be 
solved by quadrature. 

Example. Curves whose equations are given in the form 
of a_ relation between r and p, where r is the distance of 
a point on the curve from the origin, and p the perpendicular 
from the origin to the tangent at the point, can always be 
solved; that is, we can obtain the Cartesian equation of these 
curves. These equations are of the form 
y-xyx= Vl+y2f(x2+y% 

and, from their geometrical meaning, must be unaltered by 
rotation of the axes of coordinates; that is, they admit the 

a a 
operator y^ as —- and can therefore be solved by quad
ratures. oX <>y 
§ 91. Euler has shown how to integrate the equation 

__ b + ex + gy + hxy + ky2 # 
™ ~ a + cx + dy + hx2 + kxy' 

we shall show how this would be solved by Lie's method. 
Writing down the equation 

(a + cx + dy + hx2 + kxy) r—\-(b + ex + gy + hxy + ky2) —- = 0, 

we are to find some infinitesimal transformation which it 
will admit. 

It is obvious that any projective transformation must trans
form this equation into another of the same form, though not 
necessarily with the same constant coefficients a, b, c, d, e, f, 
g, h, k; we therefore seek that particular projective trans
formation (if such exists) which the equation may admit. 

It is now necessary to state a general theorem (the proof 
will be given later) which will help us in finding the forms 
of the infinitesimal transformations which a given complete 
equation system may admit. 

Suppose that Fj(/) = 0, ..., Yq(f) = 0 is a complete equa
tion system of order q and that 

Ft = 
itate1+'" + 7'**7l 
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then not all g-rowed determinants of the matrix 

[91 

Vxx> 

V 

Vxt 

Iqn 
can vanish identically. 

A point asj, ...,as„ such that, when we substitute its co
ordinates in the matrix, not all g-rowed determinants of the 
matrix vanish, is said to be a point of general position; 
a point such that all (h+ 1)-rowed determinants, but not all 
^-rowed determinants vanish, is said to be a point of special 
position of order h; h may have any value from 1 to q, but 
if h is equal to q the special point becomes a general point. 
The theorem, assumed for the present, is that by any trans
formation, which the given equation system can admit, a point 
of general position must be transformed into a point of general 
position; and a point of special position into a point of 
special position of the same order. 

In the example we are considering the points of special 
position are those points which satisfy the two equations 

a + cx + dy + hx2 + kxy =0, b + ex + gy + hxy + ky2 = 0. 

We see that in general there are three points not at infinity, 
and one point at infinity, common to these two conies; by 
a linear transformation of coordinates we may take these 
points to be the points whose coordinates are respectively 

(0, 0), (0, 1), (1, 0), 

and in this system of coordinates the equation whose solution 
is required is 

(1) (ax(x-x2)-a2xy) ^ +(a2(y-y2)-axxy)-^ = 0. 

Since we are now seeking a projective transformation which 
the equation will admit, it must be one which will not alter 

the points (00)j ( M ) | (lo)) 

and it will therefore be of the form 

(ax (x-x2)- a2xy) ^ + (a2 (y-y2) -axxy) — , 

where ax, a2 are undetermined constants. 
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We now easily see that the equation (1) admits 

(x-x2)±-xy^ and (y-y2)± ~xy±. 

These two operators are not reduced unconnected operators, 
but the knowledge of either is sufficient to reduce the solution 
of (1) to quadratures. 
As our object is to illustrate the uniformity of Lie's method 

as contrasted with the earlier and more special methods, and 
not actually to obtain the integrals of differential equations, 
we shall not carry out the operations necessary to obtain the 
explicit solution of the equation. It may often be found 
that the special methods with which we are familiar will 
obtain the solution of known equations more rapidly than 
we can obtain them by the more general method of Lie. 

§ 92. As an example of Lie's method of depressing equations, 
take the known result that a differential equation can be 
depressed when one of the variables is absent. Since, if as 

does not appear in it, the equation must admit — 5 and if y 

does not appear it must admit — > we see that the integration 

operations necessary for the solution are lowered by unity. 
So if neither x nor y occur explicitly the order may be 

depressed by two, for the equation will now admit ^— and — • 

Again, any homogeneous equation can be depressed since it 

j -x a a a 
admits X r — Y y — +z^r~ +.... 

dx dy dz 
Thus, if we take 

, , . , . du . , .du 
(1) (axx + bxy + cxz) — + (a2x + b2y + c2z) ̂ — 

+ (a3x+b3y + c3z)~ = 0, 
>dU 

~dz 

since it admits x ̂ - + y — + s r > w e must find the common 
aas dy dz 

integral of (1) and 
du du a«, 

x^+yTy+zdz-=°> 
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eliminating — this common integral must satisfy the equation 
dz 

z(axx + bxy + clz)~+z(a2x + b2y4 c2z) — 

7 \ f °U <>US 
= (a3x+b3y + c3z)(xyx+y^. 

In this equation z occurs only as a parameter, and therefore 
taking x' = xz, y' = yz, the equations become 

(ajas +6j2/ +cj^ + (a2x +b2y +c2)^> 

= (<h» +b3y +c3)(x ^, + y ~). 

We have proved that the integral of this can be obtained 
by a quadrature; and therefore u must be of the form 

F(x,y,z) + <p(z), 

where F is a known function and cp (z) an unknown function. 

Since u is annihilated bv as-—\-y-—l-3-r— the unknown 
J dx dy dz 

function <p (z) can also be obtained by quadrature. 
Having thus obtained the common integral of the equations, 

we introduce it as a new variable; it then enters the equation 
(1) merely as a parameter, in which form it also enters the 

operator x-—yy^-—bZx—> when this latter is expressed in 

the new variables. 
W e thus have an equation in two variables admitting an 

operator, and can therefore find by a mere quadrature the other 
integral. 



CHAPTER VIII 

INVARIANT THEORY OF GROUPS 

§ 93. W e have already defined transitive groups (§ 44), but 
it is n o w convenient to give a second definition of such 
groups, and to show that the two definitions are consistent. 

The group 

(1) «J =/<(*!. "X, 
,ar), (i=l,...,n) 

is said to be transitive if amongst its operations one can be 
found which transforms any arbitrarily assigned point into 
some other point, also arbitrarily assigned. 

The group will therefore be transitive if, and only if, the 
equations (l) can be thrown into such a form, that some n of 
the parameters a,,..., ar can be expressed in terms of xx, ...,xn, 
x'x,...,x'n and the remaining parameters. The group cannot 
then be transitive unless r ̂  n. The group will be transitive 
unless all %-rowed determinants vanish identically in the 

matrix a,/ aasj 

a a. 

dax 

<>ar 

oa. 

If w e recall the rule for forming the infinitesimal operators 
w e shall see that the group is transitive unless every n of 
those operators are connected ; and w e thus see that the two 
definitions are consistent. 

The group is transitive therefore if, and only if, it contains 
n unconnected operators. If r = n the group, if transitive at 
all, is simply transitive; and in this case there are only a 
discrete number of operations which transform an arbitrarily 
assigned point into another arbitrarily assigned point. 

The mere fact that r ̂  n is not enough to secure the 
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transitivity of the group ; thus we saw that r was equal to n 
for the group of rotations about the origin, viz. 

a a a a a a 
-y- Zr—-, z- x-zr-s Xz- 2/r-> 
"dz dy dx dz dy ° dx 

but the group is not transitive, for these operators are 
connected. 

A n intransitive group cannot therefore have n unconnected 
operators. Let such a group have q unconnected operators; 
we shall now prove that these form a complete system. 

Let Xj,..., X „ be any q unconnected operators of the group, 
and let the other operators be X„+1,..., Xr then 

Xq+j = <Pq+j,XXX+---+<Pq+j,qXq> ti= l,-'-,r-q), 

where <pq+jt k,... are known functions of asj, ...,asn. 

W e have 
8=r s—q 3—f—l 

(Xi>Xk) ~ 2ciksXs — 2d(ciks + ^ci,k,q+j4>q+j,s)Xs> 

where i and ft may have any values from 1 to q, and therefore 
Xj , ..., X „ form a complete system. 

If a function is annihilated by these q operators Xx,..., Xq, 
it must also be annihilated by X„+1,... Xr; and therefore on 
considering the canonical form of the group w e see that such 
a function is unaltered by any transformation of the group. 
W e have proved that there are (n—q) functions annihilated 
by X j , ...,X and w e therefore conclude that an intransitive 
group has (n — q) unconnected invariants. 

§ 94. To express this result geometrically we look on 
asj,..., xn as the coordinates of a point in w-way space, then 

/j (asj,..., asB) = ax,...,]n_q (xx,..., xn) = an_q 

will be a g-way locus in this space, and the coordinates of this 
locus are the constants ax,..., an_q. W e keep the form of the 
functions fi, ...,fn_q fixed, but vary the constants, and thus 
have these g-way loci (or g-folds) passing through every point 
of space. If w e take fi, ...,fn_q to be the invariants of the 

intransitive groups, then by the operations of the group 
a point lying on one of these loci is moved to some other 
point on that locus; w e say therefore that this decomposition 
of space, into con~8 g-folds, is invariant under all the opera
tions of the group. Thus for the group of rotations about the 
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origin, space is decomposed into a simple infinity of spheres, 
whose centre is the origin, and a point lying on any one of 
these spheres can only be transformed to some other point on 
the same sphere. 

§ 95. Only intransitive groups can strictly be said to have 
invariants, and the problem of finding these invariants is 
equivalent to that of finding the integrals of the complete 
equation system formed by their unconnected operators; yet 
w e shall see that in several ways the idea of invariants can 
be extended to transitive groups also. T w o points of space, 
asj, ...,xn and yx,..-,yn, which are transformed to two other 
points by the same transformation scheme, are said to be 
transformed cogrediently; thus if 

xi =fi(xx> •••> xn> aX> •••> arh 

y,i=fi(yx,--;yn> <*!. •••>*,), 

w e should say that xx,...,xn and yx, ...,yn were transformed 
cogrediently. 

N o function of the coordinates of a point is invariant for 
the operations of a transitive group, yet there m a y be functions 
of the coordinates of a pair of points, which are invariant 
when the points are transformed cogrediently by the opera
tions of a transitive group; thus the transitive group 

a a _a_ 

aa; dy dz 

has the three invariants xx — x2,yx—y2,zx — z2, where xx, yx, zx 
and x2,y2, z2 are two points cogrediently transformed by this 
translation group. 

W e could say in this case that w e have extended the point 

group ± ± ± 

dx dy dz 

into the point-pair group 

a a _a_ a _}__}_. 
aasj aas2' dyx dy2 dzx dz2 

and this extended group is intransitive, and has the three 
unconnected invariants xx — x2,yx — y2,zx—z2. 

Similarly the group of movements of a rigid body, viz. 

a a a a a a a a a 
r—j ^ J r—, yr- Zzr-, Zzr X — . as :r 2/V-' 
aas a^ dz oz dy' dx dz dy •'aas 

I 3 
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is transitive and has no invariant; yet w h e n extended so as 
to give the point-pair group 

a _a_ 

aasj aas2 2/1 a z j 1dyx il2dz2 2aj/2 

1 
0 
0 . 
0 
zx, 
Vx, 

0 
1 
0 

- * 1 . 
0 . 
a!j, 

0 . 
0 
1, 
2/1. 
a!j, 
0 . 

1 
0 
o, 
0 . 
z2, 

-2/2> 

0 
1 
0 

— ̂ 2) 
0 
x2, 

this group is intransitive, a n d has the invariant 

(asj-as2)2 + (yx -y2)2 + (zx - z2)2. 

This expression is therefore an invariant of the coordinates 
of a point-pair, when cogrediently transformed by the opera
tions of the transitive group of movements of a rigid body. 

The reason w h y this extended group of six operators in 
six variables has an invariant is that the operators are con
nected, as w e prove by considering the determinant 

0 
0 
1 

2/2 

and subtracting the first column from the fourth, the second 
from the fifth, and the third from the sixth, when it is seen to 
be zero. 

Since five of the operators are unconnected there is no 
other unconnected invariant of a point-pair for the operations 
of the group of movements. 

If we were to extend this group so as to apply to triplets 
of points we should not get any really new invariants; it is 
only when the operators are taken so as to apply to point-
pairs that the six operators are connected; in the case of 
point-triplets w e should have six unconnected operators in 
nine variables; and therefore only three invariants, viz. the 
expressions for the mutual distances of these points. 

§ 96. The operators of the linear group of the plane, viz. 

a/ = lx x + mx y, y' = l2x + m2 y, 

are aas dy y dx y W 

and as t w o of these are unconnected the group has no 
invariant. 
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If, however, a6xv +paxxp~1y +... 

is any binary quantic, the quantic becomes, on applying the 
transformations of the group, 

a'0x'P+pa?xx'p-1y' + ...; 

and we often speak of those functions of the coefficients 
a0, ax,..., which are such that 

f(a0,ax,...) = f(a'0,ax,...), 

as invariants of the linear group. 
These functions are however invariants, not of the linear 

group 

x'—lxx + mxy, y'=l2x + m2y, 

but of the group 

a'0 = aQlxB + ..., a'x = aQlxp-1mx + ..., a'2= a0lxp-2mx2 +..., 

of which the linear operators are Ax, A2, A3, A±, where 

^=^4 + ^-1)^a4i + ^-2)a24 + -"+V1a^ri' 

A2 = ^4 + ^-1)a24 + ^-2)a34 + -'-+^^i' 

a a „ a a 
A,= an- \-2a,z- H3a2- |-... + »a„_j^—, 
3 °aaj xaa2 2a«3 * P 1<>ap 

a a o a a 
A . = axz— + 2a2-z |-3a3—- + ...+pa ^ — 
* Jdax 2a»2 daa3 r poa>p 
If w e denote the operators a:—by X15 as— by X2, y-— 

by X3, and y ~ by X4, w e see that 

X j — Ax, X2 — A2, X3 — A3, Ji.i Ai 

are four operators, each of which annihilates the quantic 

a0xP+paxxP~1y+... ; 

and that there is no operator of the form 

a a a 

°aa0 ^a»x 2a«2 
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(where a0, ax, ... are functions of the coefficients a0, ax,... 
only) which will annihilate this quantic. 
W e must now express the invariant theory of binary 

quantics in such a form as to suggest the extension to general 
group theory. 
First we verify the group property of X1; X2, X3, X4 by 

noticing that 

C^i! x2) = x2> (xx> x3) =~x3> (xx> Xd — °j 
(X2, X3) = Xj—X4, (X2,X4) = X2, (X3, X4)=—X3. 

Next we see that the operator 

%* A=l,...,4:, 
(Xi-Ai, Xk-Ak)-2,Cikh(Xh-Ah), (.h= i>mmmsi) 

annihilates the quantic, since each operator 

Xj — Ax, X2 — A2, X3 — A3, Xi—Ai 

annihilates it. 
Since Xx,...,Xi are each commutative with A1,...,Ai 

(being operators in different sets of variables), and since by 
the group property 

(Xi> Xk) ~ 2 cikh Xh = 0= 
we conclude that 

(-Ait -Ak)-^cm(-Ah) 

must annihilate the quantic. 
N o w this is a linear operator, not containing as or y; it can 

therefore only annihilate the quantic if the coefficients of 
o a . . 
-—> •••> - — in it are identically zero: we conclude that 
da0 da J 

(-Ai, -Ak) = ^cikh(-Ah); 

that is, the operators —Ax, —A2, —A3, —Ai generate a 
group, and this group has the same structure constants as 
the group X1; X2, X3, X4. 

§ 97. We shall now take X to denote the linear operator 

<?j Xj + e2 X2 + e3 X3 + e4 X4, 

and A to denote the linear operator 

ej^j + e2^2 + e3̂ [3-i-e4Jl4, 
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where ex, e2, e3, ei are parameters unconnected with the 
coefficients or variables in the binary quantic. 

Since X — A annihilates the quantic w e have 

a0 xp +pax xp-1 y + ... = ex~A (a0 xp +pax xp*1 y + ...), 

= e~A ex (a0 xp + pax xp~x y+...), 

any operator X ^ being commutative with any operator As. 
The linear transformation 

(1) as'= e^as, j/= ery 

gives ex(a0xp +paxx*-1 y+...) = a0a/p +paxa/"-1/ + ...; 

and therefore, since 

a0as*» +pax xp_1 y + ...= a'Qx'p +pa'x x'p~x y' +..., 

we conclude that 

e~A (a0 x'p +pax x'p~x y' +...)=• a'0 x'p +pa'x x'p~1y' + .... 

Equating coefficients of like powers of the variables on each 
side, we see that 

(2) a'i = e-Aai, 

and so generally cp (a'0, a'x, ...) = e~Acp(a0, ax, ...). 
It now follows from (1) and (2) that if 

f(x, y, a0, ax, ..., ap) 

is any function whatever of x, y, a0, ax,... 

f(x', y', a'0, a'x, ..., a'p) = ex~Af(x, y, a0, ax,..., ap). 

§ 98. Covaiiants and Invariants, as defined in the Algebra 
of Quantics, are therefore merely the functions annihilated by 

Xj—Ax, ...,X4—Ai, 

four operators which are unconnected, and which generate 
a finite continuous group. 

If we are given a group X j , ..., Xr and want to find the 
invariant theory which will bear the same relation to this 
group as the invariant theory of the Algebra of Quantics 
bears to the linear group, we must find some function 

cp (â , ..., xn, Cj, ...,cm), 

where cx, ..., cm are constants, such that for any transforma
tion of the group we may have the fundamental identity 

<p(x[, ...,<, c'1,...,c'm) = (p(xx,...,xn, Cj, ...,cj, 



120 INVARIANTS ASSOCIATED [98 

c'x, ...,c'm being constants, which are functions of cx,..., cm and 
the parameters ax, ..., ar of the given group. 

Following the analogy of the procedure in the theory of 
binary quantics w e should only take such a function as 
satisfied no equation of the form 

d<p ad> 

where yx, ...,ym are functions of cx,..., cm only. 
If. the function found did satisfy such an equation we could 

(since in it the parameters would not occur effectively) replace 
it by a function containing fewer parameters. 

Suppose n o w that w e have found a function, with m effective 
parameters, satisfying the fundamental identity 

cp(xx, ...,xn, Cj, ..., cm) = <p(asj,...,xn, cx, ...,cm). 

Applying the identical transformation 

a?i = xi, (i=l,...,n), 
w e have for it 

cp(xx, ...,xn, cx, ...,cm) = <p(xx, ...,xn, cx,...,cm); 

and therefore, since asj, ...,xn are unconnected, 

c'k=ck> (k = l,...,m). 

We next apply the infinitesimal transformation 

X'i = xi + Hki(xx, -,xn)> ([-]' '"'D' 

and we must have, since c'k is a function of ct, ...,cm and 
differs infinitesimally from ck, 

c'k = ck + tVhk(cx, ••;Cm)> (k Z i ""m)' 

where ykk, ... are functions of cx,..., cm. 
If then we denote by Ck the operator 

y^dc-x+-+y^dC-m' 
we see that 

Xj+aj,...^^^ 

will each annihilate <p (xx, ..., xn, cx, ..., cm). 
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Proceeding as in the theory of binary quantics the operator 

(Xi + Ci, Xk + Ck)-^cikh(Xh + Gh) 

is seen to annihilate this function. Since no operator in 
Cj,..., cm only can do this, and since X1;..., Xr are commuta
tive with Gx,..., Gr, we conclude that 

Ti — r 

(Gi> Gk) = 2,cikhGh> 

and therefore Cx, ...,Cr generate a group with the same struc
ture constants as the group Xx, ...,Xr. 

W e do not, however, know that the operators Cx,..., Gr will 
be independent; and therefore the group which they generate 
may be of an order less than r. 
SinCe Xx + Gx,...,Xr + Gr 

generate a group, all of whose operators annihilate 

cp(xx, ...,xn, Cj, ...,cm), 

this group must be intransitive. 

§99. When we are given the group Xx,...,Xr we can 
construct many functions of asj,..., asra and a set of parameters 
Cj,..., cm, which will have the fundamental property of pos
sessing an invariant theory; it will be sufficient to show how 
one such function may be obtained. 

Let A j,..., Ar, operators in the variables ax,..., ar, be the 
parameter group of Xj,..., Xr ; and let Bx, ...,Br be the same 
parameter group, but written in the variables bx, ,,.,br instead 
of ax, ...,ar; then 
(1) Xx+Ax + Bx,...,Xr + Ar+Br 
is a group with r unconnected operators. This group must 
therefore have (n + r) unconnected invariants, for it is a group 
of order r in (n+ 2r) variables. 
If some one of these invariants does not involve asj, ..., xn 

it must be an invariant of the operators 
Ax + Bx,...,Ar + Br; 

and as there are r invariants of this group, we see that there 
must be n invariants of (1) which will be unconnected func
tions of a^, ..., xn, but may also involve the parameters 
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ax, ...,ar, bx, ...,b in addition to the variables xx, ...,xn; 
and some one at least of these invariants must do so; else 
would Xj,..., X r annihilate each of the variables xx,..., xn 
which is of course impossible. 

W e thus see that for any group there must always be a 
function with the fundamental property 

(2) cp(xx,..., xn, c'x, ..., cm) = <p(a'j,..., xn, Cj, ...,cm); 

and therefore an invariant theory for each group. 
The reason w h y w e take the operators 

Xx + Ax+Bx, ...,Xr + Ar + Br 

rather than the operators 

Xx + Ax, ..., Xr + Ar, 

is that for the latter set of operators there can be no invariant 
theory; since, Ax, ...,Ar being a transitive group, there are no 
functions of ax, ..., ar annihilated by these operators. 

W e n o w take X and G to denote the respective operators 

exXx+ ...+erXr and exGx+... + erGr; 

and, as in the corresponding theory for binary quantics, we 
have, since X + C annihilates cp (xx,..., xn, cx, ..., cm), 

cp(xx,..., xn, cx, ..., cm) = er- cp(xx,..., xn, cx, ...,cm), 

= e e <p (asj, ..., xn, cx, ...,cm); 
and therefore 

cp(xx,..., xn, cx, ..., cm) = e <p(asj, ..., xn, cx, ..., cm). 

Since the parameters cx,..., cm enter the fundamental 
function rf> effectively, w e n o w have 

c'i = ecCi, (i=l,...,m); 

and more generally, if f (xx, ..., xn, cx,..., cm) is any function 
whatever, we must have 

/ (xx> •'•> xw cxi •••> cm) = e f(xX' •••> xn-> cx> •••> cm)# 

The covariants are therefore those functions of xx,...,xn, 
Cj, ..., cm which are annihilated by 

Xj + C1,...,X). + Cr; 

and the invariants are those functions of cx,..., cm which are 
annihilated by G G • 

and therefore for every group we have a corresponding 
invariant theory. 
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§100. For a given group Xx,...,Xr we may be able to 
obtain a fundamental function without having to go through 
the process of finding Gx, ...,Gr, and then finding the invariants 
ofXx+Cx,...,Xr + Gr. 
Thus if we take the group of order ten Xx,..., X10, where 

V- ° xr ° xr O d d 
^ ~ a V X2 = W Xs = d~z-' x*==yorz--zdy" 

Y ° ° V ° ° 
5 dx oz 6 dy y dx 

v a a a 
A7 = xz— +yz— +zz—, 
' dx dy dz 

Xs = (y2 + z2-x2)]^-2xy^-2xz~, 

X9=(z2 + x2-y2)±-2xy±-2yz±, 

XX0=(x2 + y2-z2)±-2yz±-2xz±, 

a group which transforms minimum curves into minimum 
curves, we see that by any operation of this group the 
function 

ax(x? + y2 + z2) + 2gxx+2fiy+2hxz + dx 

( ' a2(a? + y2 + z2) + 2g2x + 2fiy + 2h2z + d2 

is transformed into a function of like form, but with a different 
set of constants. 
The function (1) being fundamental, the group in the para

meters is Cj,..., C10 where 

n a a a a 
1 =~(hWx~29l*dx~a2W2~ 92™2 

G2 =-<hdfi-2fiddx~a2ofi2~2-f2dd2' 

a a a a 

°* z=~a'dhx~2hlddx~a2dT2~2/l2u2' 

4 ~~ 1Wx+fl^h~x~ **fi h*h' 

C^=-^Ux+^oJx~g2^+h2^' 
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^'''^A'^g^^f, 
Ce =-/irr +9xr7-fi^r+92 

s ^ . a 7 a a , a a 
°r - S x ^ + f x ^ + h ^ + g ^ + f i ^ + h ^ 

+ 2d^x + 2d2dT2' 

a 
03 ̂ -^aTj-^ayj-^a^-^a^' 

°' =-2fiMx-dldfi-2f2dT2~d2dJ2' 

, a a a , a 
Gl» = ~ 2thda~x~dldhx~2h'2Ya~2 ~d2d~K; 

It may be verified that this group has the same structure as 
Aj, ..., a10. 

This group, though of the tenth order and in ten variables, 
is intransitive, and has the absolute invariant 

(20192 + 2/1/2 + 2hxh2-dxa2-a2dx)2 
(9x2 +/12 + V - M i ) (g22 +fi2 + V-a 2 d 2 ) 

Since the group Xls ...,X10 transforms spheres into spheres, 
and surfaces intersecting at any angle into surfaces intersecting 
at the same angle, w e could have foreseen that the group must 
have this invariant, for it is a function of the angle at which 
the two spheres, 
ax (as2 + y2 + z2) + 2 gx x + 2 fi y + 2 hx z + dx = 0, 

a2(as2+2/2 + z2) + 2^2as+2/22/ + 2^2^ + d2 = 0, 

intersect. 

§ 101. We know that only intransitive groups can properly 
be said to have invariant functions, but groups, whether 
transitive or intransitive, m a y have invariant equations. 

Before w e consider the theory of the invariant equations 
admitting a given group, w e must prove the theorem quoted 
in § 91 as to the transformations which a complete equation 
system can admit. 

Let Fj,..., Yq be the operators of a complete system where 

Yk=r>kx^r+-~+rikn^r> (ft=1 ?)» 
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and let Y'it..., Y' be the corresponding operators obtained by 

replacing aŝ  by as'̂  in Yx,..., Yq, where 

xi = 0i(aa. • ••»*»). (i = l,...,n), 

is any transformation scheme. 
W e k n o w that the equation system admits this transforma

tion if, and only if, 

W Y'k=PkXYX+-+PkqYq> (k=l,...,q), 

where pki, ... are functions of xx,...,xn such that the deter
minant 

Pll> Pig 

PglJ Pgg 
does not vanish. 

Let rfik denote the result of substituting x\,..., x°n for a!j,..., as„ 
respectively in t]ik ; and let the operator 

be denoted by F7°. 

If x\ = <Pi(xl,...,xl), (i=l,...,n), 

we shall denote by F£ the operator 

n'» * 4-
^1ai1+-"r,/toa< 

• +vl, 

Suppose n o w that x\, ...,x°n is a point of order h, so that 
not all A-rowed determinants vanish in the matrix 

1°n, 

nix, 

Vxn 

Vhn 
then exactly h of the operators Fj°, ..., F ° are unconnected, 

vLz. Fj°,..., F£; what w e have to prove is in effect that h of the 

operators Fj°,..., F ° will be unconnected. 

We have 
Yt+j = <rR+JtlY° + ... + al+JihYfL, (j=l,...,q-h), 

where the functions <r%+jiJt, ... are functions of x\,..., x°n such 



126 SPECIAL POINTS OF [101 

that none of them are infinite; we also suppose that in the 
neighbourhood of this point all the functions rjik, ... are 
regular; that is, we assume that rjik — r\1k + a series of powers 
and products of (xx — x\), ...,(xn — x%), and that in this neigh
bourhood the functions pki, ... are regular and their deter
minant does not vanish; and finally we assume that the 
transformation ~r _ j, /- ™ \ 

is regular in this neighbourhood, so that tj^., ... are also 

regular in the neighbourhood of asj,..., as°. 
W e now have 

a . a 
^ = W + + & » ^ ' (k=l,...,q), 

w h e r e the functions &.•,... vanish for aŝ  = Xs°; a n d therefore 

n=2 Pkj yj=2 (pIj+2 k h+t 'Uj)Y! 
a 

+c^a^:+-+^ dX„ 
where the functions Ckj,... vanish for aŝ  = as?. 

W e can therefore, if we take any (h+ 1) of these operators 
F j , ...,Yq, Bay Y'x,..., Y'h+X, find functions 6\,..., 6l+x of 
x?,..., x\ such that 

a 
,,..., x°n such that 

6lY'x + ...+el+xY'h+x = £*+... + £n 
OXx vu,n 

where ^j,..., £n vanish for as^ = x\; and therefore 

6Uxj + - + 0i+xn'k+x,j, (j = 1, -.., n) 

Cj, . x2, which vanishes when is a function of x'x,..., a 

as4- = x\; and therefore, since xt = x\, if Xi = x\, it vanishes 

for â  = x\. 
W e have thus proved that any (h -f 1) of the operators 

Fj°, ..., Fj°, are connected, for we have proved that all 
(A+l)-rowed determinants vanish in the matrix 

V°xx, 

'/gl 

< 

qn 
Suppose now that only (h—s) of the operators Fj°,..., F" are 
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unconnected; then just as, from the fact that exactly h of the 
operators Fj°, ..., F° were unconnected, we proved that any 

(h+1) of the operators Fj°, ..., F° were connected, so we 

could now prove that (h—s+1) of the operators Fj°, ..., F° are 
connected, and therefore s cannot exceed zero, so that exactly 

h of the operators Fj°, ..., F° are connected. 

W e have thus proved the theorem that, by any transforma
tion which a complete system admits, a point of any assigned 
order is transformed to a point of the same order, provided 
that the transformation is regular in the neighbourhood of 
the point. 

§ 102. We now take X15..., Xr to be the operators of a 
group where 

Xk=£kx^r+---+hn^zr' (k=l,...,r), •dx dx„ 

and we say, as in the theory of complete systems, that a point 
is of order h, if when we substitute its coordinates in the 
matrix /. f. 

tn j tin 

tn j tri 

all (A-f-l)-rowed determinants, but not all A-rowed deter
minants of this matrix, vanish. 
W e shall prove later that for any transformation of the 

SrouP x'i=f.(xx,...,xn,ax,...,an), (i=l,...,n) 

we shall have 

X'j = ejiXi+ ••• + ejrXr, (j=l,...,r), 

where e,-k,... are constants whose determinant does not vanish. 
If then asj, ...,x°n is a point of order h all the functions 

£ik,... are regular in its neighbourhood; and, since now no 
exceptional case can arise through a want of regularity in 
any of the coefficients, we see, as in the case of the complete 
system, that by any transformation of the group a point of 
order h is transformed to a point of order h. 
A point of general position is a point of order q; there 

are oo" of such points, for all (q+ 1)-rowed determinants of 
the matrix vanish identically, where q is the number of uncon
nected operators; if the group is transitive q = n. As there 
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may be no values of xx,.,., xn which make all g-rowed deter
minants vanish, there may be no special points in connexion 
with an assigned group; if there are such points, there may 
be a discrete number of them or there may be an infinity of 
them; if only a discrete number these points must clearly be 
fixed points, unaltered by any operation of the given group. 

Suppose that oo8 points will make all (h + l)-rowed deter
minants of the matrix vanish, but not all h-rowed determinants 
vanish; and let 
(!) x8+m= 0s+m (*!>•••> «>,), (m=l,...,n-s) 
be the equations which define these points; the theorem 
which we have proved asserts that points satisfying these 
equations will be transformed to other points satisfying the 
same equations; in other words the equations (1) admit the 
operations of the group Xx,..., Xr; that is, these equations 
are invariant equations. 

§ 103. Let 

(!) xs+m=:<p8+m(xx> •••>««)» (m=l,...,n-s) 

be any equation system admitting a group Xj,..., X ; we 
shall now define a set of operators closely connected with the 
system. 

If/(asj,..., x j is any function of xx,..., xn, we shall denote 
by / the function f(xx, . . ^ 3 , <ps+x, ..., <pn) of the variables 
asj,..., as8; and by Xj,..., Xr the r operators 

^+- + ^aZ' (k=h-.,r); 
*i 

we call Xj, ..., Xr the contracted operators of Xx, ...,Xr with 
respect to the equation system (1). 

From the definition of the bar 

and therefore 

xk-f=(xkxHH:.)+-

+ ^ ^ ( a ¥ ) + 2 " ( X ^ j ( ^ - ) 
°x8+m' 
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but we also know that 

(Xkf) = (Xkxx)(±i) + . 
dxx 

so that 

+ f t . i ( $ t 2 f t o ( £ ) . 

(2) ft/) = ^ . / + 2 K S ^ a ( , - ^ ) 
dxs+r>'/ 

N o w the equations (1) admit the group, and therefore in 
particular admit the infinitesimal transformations, so that w e 
must have 

(^(fl3«+TO-08+m)) = o; 

and therefore from (2) 

( X k f ) = Xk-fi (ft=l,...,r); 

that is, the result of first operating with X k on any function of 
the variables, and then deducing the corresponding function 
with the bar, is the same as that of first obtaining the function 

/ and then operating with the contracted operator X k . 

§ 104. We can now prove that Xx,..., Xr generate a group. 
From the second fundamental theorem 

k— r 

(Xi> Xj) =2 cijk Xk> 

k = r 

and therefore X { £ j m - X j £im = 2 cijk £km; 

consequently we must have 
k = r 

-&i€jm •"•_/ Cjot = £i cijk t km' 

and therefore from what we have just proved 

-" i • t/m -"j • tim = JL cijk wcro' 

k = r 

that is, (Xh Xj) = 2 îjk Xk-

It is not, however, necessarily true that the r contracted 
operators will be independent. 

CAMPBELL K 
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If the equations 

(1) *.+» = *.+m(«i.-.««). (m=l,„.,n-s) 

are taken to be the equations which define points of order h 
with respect to the group, Xx,...,Xr, we know that these 
equations will be invariant under the operations of the jpsoup; 
we shall now prove that h of the operators Xx, ...,Xr are 
unconnected. 

F r o m the definition of a special point of order h, exactly h 
of the operators 

^a4 + -+S"»a4' C = 1.-.') 

are unconnected; and therefore not more than h of the operators 
Xj,..., X r can be unconnected. 

Also since the equations (1) admit the group X15..., X r 

£ _ (°<Ps+m\— , (0(Pii+mXF~ i , (0<Ps+m\ — 
£k,s+m ~ 1-^T-Jtta + K - ^ - JCS8 + - + 1 dx, ^k8' 

- S 0 S + m \ — , (d<P8±m\— , , fa0s 
TC2 

(k=i,...,r), 

and from these equations it follows that not less than h of the 
operators X j , ...,Xr can be unconnected; w e therefore con
clude that exactly h of these operators are unconnected. 

§ 105. We are now in a position to determine all the equa
tion systems admitting a given group. 

If the system of equations 

(!) x8+m = 'i>s+m(xx>-->xs), (m = 1, ...,n-s) 

is to admit all the transformations, it must in particular admit. 
all the infinitesimal transformations of the group, and there
fore w e must have 

(Xj X8+m) = (Xj<t>8 + m(XX,-,Xs)), {^ Z x\ '/.'' %_S) " 

Conversely, if the system admits all the infinitesimal trans
formations, it will admit all the finite transformations of the 
group; for let f(xx, ..., asn) be any function of the variables, 
then w e have proved that Xx,...,Xr being the contracted 
operators of X 1 ; ...,Xr with respect to the equations (1) 

^77= xi-f 



105] ADMITTING A GROUP 131 

and therefore 

(exXx + ... +erXr)f = (exXx + ... + erXr)fi 

and (exXx+... + erXr)2f = (exXx +... + erXrffi and so on; 

if then/ is any function such that 

Xj/=0,...,Xr/=0, 

(ee1X1 + ... + eP2rry) = fi. 

that is, an equation admitting the infinitesimal transformations 
will admit all the finite transformations of the group. 
Suppose now that we are seeking an equation system 

admitting a given group, the points, whose coordinates satisfy 
these equations, must either be points of general position with 
regard to the group or points of special position. Suppose 
that they are points of order h, and that q is the number of 
unconnected operators in the group Xj,...,Xr; if h is less 
than q the points are ones of special position; if h is equal to 
q they are points of general position, and h cannot be greater 
than q (§ 91). W e say that the equation system is of order h. 
W e now take 

0) x8+m = <t>8+m(xx, •••= xsl (m = h •••> n~s) 
to be the k n o w n equations giving the loci of points of order h; 
and X j , ...,Xr to be the k n o w n contracted operators of the 
group with respect to these equations; and w e take X j , ...,Xh 
to be the h unconnected operators of the contracted group. 

A n y equation system of order h must therefore by means of 
the equations (1) be reducible to an equation system in the 
variables asj, ..., ass; and in order to find such a system it 
is only necessary to find the equation systems admitting 
Xj,..., Xr. This equation system being of order h cannot 
allow the points satisfying it to be special points with regard 
to the group X j , ...,Xr; for were they so, they would be of 
order less than h, which is contrary to our supposition. 

The problem is therefore reduced to this; we are given h 
unconnected operators Xx,...,Xh forming a complete system; 
and w e have to find all the equation systems which admit 
these operators, and are yet such that the points satisfying 
these equations are not of special position with respect to 
xx> ...,xh. 
K % 
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§ 106. B y a change of the variables w e can take Xx, ...,Xh 
to be respectively 

Xl = ^aTj + - + ^a^5 

X h = &lJ^T +'» + £hh dXi 

where £•$,... are functions of asj, ...,x-̂ , and (s—h) other 
variables which occur as parameters; and the equation system 
w e are seeking must not make the determinant 

tn j 

Shx> 
zero. 

Suppose that / (asa,..., ass) 
admitted, then 

tu aasx +' 

tlA 

ihh 

•• 0 is one equation of the system 

f V + 4.* V _ 0 . 
fAla^ + - + ̂ a^-0' 

and therefore, since the determinant is not zero, we must have 

a/ df 

aasj °'-'aas, °-

The required equation system can then be only a system of 
equations in the variables xh+x, ...,xs; that is, the system of 
equations can only connect the common integrals of 

xx(f) = o,...,x;(f) = o. 

Example. Consider the group of the fourth order, 

a a a a a a 
Vdz~Zdy- zs as^-j 

aas dz 
xTy-y-dx> 

a a a 
xz-- + y-z-- +zz---
dx a dy dz 

This group is transitive, and its matrix is 

o, 
z, 
2/. 
X, 

-z, 
o, 
as, 
y> 

y 
-X 
0 
z 



(y2 + z2—x2)zr 2xy^r 2as2; 
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The only values of as, y, z which cause the determinants of 
the second or lower orders to vanish are as = y = z = 0 ; and 
obviously there cannot be contracted operators to correspond 
to a discrete number of special points. 

Forming the determinants of the third order, we see that 
the equation x?+y2 + z2 — 0 causes all of these determinants 
to vanish; this equation is therefore admitted by the group, 
and defines points of order two. The contracted operators 
with respect to this equation will therefore form a group in 
two variables, and will have two unconnected operators, and 
cannot therefore have any common invariants, so that the 
only equation admitted by the group is the equation 
x2 + y2+z2 = 0. 
Example. Consider the simply transitive group 

a a a 
':r 2XZz—i 
dy dz 

(aj. + a._jfli._2flg,iL_22^, 

. „ „ „. a a a 
(x2 + y*—z2)z- 2xzzr 2yzz—-
v a 'dz dx a dy 

The matrix is seen to be (a;2 + y2 + z2)3, and when we equate 
this to zero we see that all determinants of the second order 
vanish, so that the equation 
z = i(x2 + y2)i 

(where the symbol i denotes -/—1) defines the locus of 
points of order one. This is the only invariant surface with 
respect to the group; to obtain the invariant curves with 
respect to the group w e must find the integrals of 
du du 

Xzr L--M—-= 0, 
dx ydy ' 

since the contracted operator is 
a a 

asr—f-v^— • 
dx " dy 

The invariant curves are therefore 
y = ax, x2+y2 + z2 = Q> 

where a is a variable parameter. 
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It must not be supposed that an invariant of the contracted 
operators is an invariant of the group itself; in transitive 

groups they never could be such: in this example — is an 

invariant of the contracted operator, but for the given group 
it is only invariant on the surface x2 + y2 + z2 = 0. 

If we take the group of order ten which transforms minimum 
curves into minimum curves, we see that since it contains 

=— 3 ^— 3 r- one of the determinants of its matrix is unitv 
aas dy dz J' 
and therefore there are no special points with respect to this 
group; and because it is transitive, and without special points, 
it cannot have any invariant equation. 
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PRIMITIVE AND STATIONARY GROUPS 

§ 107. We have seen that for the group which transforms 
minimum curves into minimum curves there is no invariant 
surface, but, since it transforms the sphere 

a(x2 + y2 + z2) + 2gx + 2fy + 2hz + d= 0 

into some other sphere, it has an invariant family of surfaces, 
viz. the spheres in three-dimensional space. 

The theory explained in § 99 would show us that for any 
group whatever w e could find invariant families of surfaces. 
One case of this general theory is of particular' interest, viz. 
when the number of parameters in the surface is less than 
the number of variables. Following the usual phraseology, 
we shall call the parameters involved in the equation of any 
surface the coordinates of the surface. 

W h e n the number of the coordinates of a surface is less 
than the number of variables w e may express its equations 
in the form 

4>x(xx, ..., xn) = cx, ..., cpn_q(asj,..., xny= cn_q; 

cis •••> cn-q wiH then be the coordinates of the surface; and, 
Bince a point on it has q degrees of freedom in its motion, we 
say that the surface is a g-way locus in n-dimensional space, 
or briefly a g-fold. 
W e suppose the forms of the functions <px, ..., cpn_q to be 

fixed; if for all values of the coordinates cx,..., cn_q of the 
q-fold, the g-fold admits the transformations of the group 
Xj,..., X,. the group must be intransitive. Since the g-folds 
can only each individually admit the group when <px,..., cpn_q 
are invariants of the group, w e see that the group cannot 
have more than q unconnected operators. 

Suppose n o w that the group is intransitive, and that 
as„+1, ..., xn are its invariants; w e then have 

Xk= £kl(Xl> •'•>Xn)^ + - + €kq(xX Xn)^' (k=l,...,r). 
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The equations xq+1= aq+x, ...,xn — an are invariant for the 
group; suppose that xx,...,xq, aq+x,..., an is a point of general 

position, the contracted operators with respect to these 

equations are Xj, ..., Xr, where 

Xk~ €kx(xX> •••> xq' aq+X> "•> ai"'dx "*" "' 

+ t7cg(a;l) •'•>xq> aq+l> •••;«•») j~^T * 

We know that these contracted operators will generate 
a group, and that q of its operators will be unconnected, so 
that this group, being in q variables, will be transitive. 

If w e say that the transformation 

x'i = eeiXl+"-+erXrXi, (i = 1,..,, n) 

in.the group Xj,..., Xr corresponds to the transformation 

x'i = eeiXl+ —+erxrXi, (i = 1, ...,n) 

in the group Xj, ..., Xr; then any point on the g-fold 

xq+x = aq+x,..., xn = an 

is transformed to the same point on that g-fold by either of 
these corresponding transformations. 

N o w the group Xx,..., X r is transitive, and therefore any 
arbitrarily selected point on this q-fo\d can by the operations 
of this group be transformed to any other arbitrarily selected 
point on the g-fold: it follows that by the operations of the 
group Xj,..., X r any point on this q-fold can be transformed 
to any other point on the same g-fold. 

§ 108. Without, however, assuming that any one of the 
g'-folds . . _ . . _ 

9j(aSj,..., xn) — Cj, ..., cpn_qyxx,..., xn) — cn_q 

is transformed into itself by the operations of the group, we 
shall suppose that the totality of them is invariant; that is, 
the g'-fold with the coordinates cx, ..., c„_q is transformed to 
the g-fold with the coordinates c'x,.,., cn_„, the forms of the 
functions cpx,..., cpn_ which define the g'-folds being of course 
fixed. 

If a!j,..., xn is a point on 

<Pj(asj, ..., xn) = Cj,..., cpn_q (as,..., asB) = cn_q, 
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and if this point is transformed into x[,..., x'n then we must 

<£j(asj,..., xn) = %, ..., cpn_q(xx, ..., ay = cn_q; 

but unless the group is intransitive, and <px,..., cpn_ are its 
invariants, w e cannot have 

0i («!,••., asj = 0j (asj, ..., asj,..., 

0re-g(a3i» •••> «*) = 4>n-q(xx> •••> <)• 

If, however, the totality of g-folds is invariant w e have, 
whether the group is intransitive or not, an invariant decom
position of space into oo™_9 g-folds. 

A group under which some decomposition of space is 
invariant is said to be imprimitive; a group under whose 
operations no such decomposition is possible is said to be 
primitive; thus intransitive groups are a particular class of 
imprimitive groups, and primitive groups are a particular 
class of transitive groups. 

§ 109. Let 

(!) x'i=fi(xx> —>xn> ax,...,ar), (i=l,...,n) 

be the equations of the given group, and let 

cpx(xx,..., xn) = cx,..., <pn_q(xx, ..., xn) = cn_q 

be an invariant decomposition of space; when we apply to 
this g-fold the transformation (1) w e get 

cpx(x'x, ...,<) = Cj, ..., (pn_q(x'x, ..., x'n) = c'n_q, 

and we must therefore have an equation system of the form 

c'i = ti(Cx,-.;Cn_q, ax,...,ar), (i= l,...,n-q). 

It follows therefore from our first notions of a group that 
the functions fx, ..., \j/n_q will define a group containing the 
identical transformation and r infinitesimal transformations, 
though these are not necessarily independent. 

The variables in this group are the coordinates of the g-folds 
in space xx, ...,xn, and w e m a y say that w e have passed to 
a new space in (n—q) dimensions; to any assigned point in 
this new space there will correspond a definite g-fold in the 
space asj,..., asn; and to any transformation 

x'i =fi(xx> —>xn> ax> •••» ar)> (* = 1> •••> n) 
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in the original space there will correspond a transformation 

c'i = fi (cx> •••> c»-g. <h> •-•> ar)> (* = X> •••> ^-ff) 

in the n e w space. 
B y a change of the variables w e m a y take 

aSg+l = Cq+1, ..., Xn= Cn, 

to be the equations of any g-fold, whose family is unaltered 
by the operations of the imprimitive group X1( ..., Xr. 

In this system of coordinates the finite equations of the 
imprimitive group must be of the form 

stft=fi(xi,—,xn> a1>-->ar)> (i=l,...,q), 

xq+j ==fq+j (Xq+X' •••> x m aX' •••> ar)> (3 =z *> •••> n ~ 1) > 

for any g-fold of the system must by the operations of this 
group be transformed into some other. 

The infinitesimal operators of the group are n o w 

where £k q+j,... do not involve asj,..., as„. 

It therefore follows from the identity 
h = r 

(Xi> Xk) =2cikhXh 

that the r operators Zx,..., Zr, where 

Zk=ik,q+x~ri+-..+ikn^ (*=l,...,r), 

form a group, such that 

(zi> zk) —2dcikhzh' 

this group, however, is not necessarily of order r since the 
operators m a y not be independent. 

§ 110. The complete system of equations 

If df 

dxx dxq 

is invariant under all the operations of the imprimitive group 
Xj,..., Xr. This is at once seen to follow from the fact that 
£kli+j,... do not involve asj,..., xq. 
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Conversely, if any complete system is invariant under the 
operations of a group, that group must be imprimitive. For 
by a change of coordinates we can take the complete system 
to be 

¥ ¥ 

and then, if 
aasj aas„ 

a 

aasj hi jzr +• •+£, kn dxm 
is an operator of the group which the system admits, w e see 
that £kiq+j, 
equations 

cannot involve a^,..., as„; and therefore the 

^ g + l — cq+x> 
can only be transformed to equations of the form 

^g+l = Cg+U •••> xn = cn> 
that is, the group is imprimitive. 

§ 111. We have now seen that groups may be divided into 
transitive and intransitive classes of groups; and also into 
primitive and imprimitive classes; there is yet a third 
division into stationary and non-stationary groups. T o ex
plain this last division, let Xj,..., X r be the r operators of the 
group where 

Xk = hx 0*1 > •••>*«) jTT +••• + hn(xl> •••= xn) jTT-' 
°XX OJjn 

(k=l,...,r), 
and suppose that exactly q of these operators are unconnected, 

and let 
k— q 

(1) Xg+i=20g+j,ft(a;i>->^)Xft, (j=l,...,r-q). 

Let asj,..., as" be a point of general position, that is, a point 
such that not all g-rowed determinants in the matrix 

tii> tiM 

say Xj,...,Xg 

tgl) • tgn 

vanish, when the coordinates of this point are substituted in 
it. First we see that any infinitesimal transformation of the 
form 

x,i = xi + t(e1Xx+... + eqXq)xi, (i = l,...,n) 
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will transform the point asj, ..., x\ to some neighbouring point; 
for if the point remained fixed w e should have 

eJli+...+eq^qi=0, (i=l,...,n), 

and therefore all g-rowed determinants of the matrix would 
vanish. 

The necessary and sufficient conditions that 

ex Xj + ...+er Xr 

should not alter the point x\,..., as" are 

exexi+...+er£°ri=:0, (i=l,...,n); 

and these equations m a y by (1) be written in the form 

k = q j = r—q 

2 (ek + 2eq+j0g+y,k)£°M = °> (i = l,...,n). 

Since then the point x\, ..., as° is one of general position, we 
must have 

3 = r-q 

e& + 2 eq+j 0°g+y, k = °> (ft = 1, • •., q), 

and the general form of an operator of the group which does 
not alter this point must be 

j=r—q fc=g 

2 v./ (xi+j ~ 2 02+/, k«•.., K) xk)-

It follows, since the transformations which leave a given 
point at rest must obviously have the group property, that 
the (r—q) independent operators 

k = q 

Xq+j—^<Pq+j,k Xk> (J = i> •••> r-°) 

generate a sub-group. 
W e call thiB sub-group the group of the point asj,...,as°. 

Unless all the operators of a group are unconnected, to each 
point of general position there will correspond one of these 
sub-groups. 

§ 112. Let now y\, ...,2y» be any other point of general 
position, w e n o w wish to see whether all those infinitesimal 
transformations of the group which leave x\,..., x° at rest 
have the property of also leaving y\, ...,y°n at rest; that is, 
whether the groups of the two points are the same. 
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If the groups of the two points are the same then for all 
values of the parameters eq+1, ...,er 

j = r—q k = q 

2 eg+J (X1+j ~ 2 0g+/, k («l»-•> x°n) Xk) 
j = r—q k = q 

= 2 *q+j (Xq+j ~ 2 0g+/. k (2/l°> • • -, 2/£) ^*), 

where eg+I,..., er is some other set of parameters not involving 
XX> •;•> ̂ ra-

Since the operators X,, ...,Xr are independent, this can 
only be true if _ 

e2+j — e2+1, ..., er — er, 
and if further 

3 = r—q 

2vi(Vi,*^ -»o-0g+/,&(2^, ...,»a)) = o. 

Now e2+1,... er are independent, so that we must have 

4>q+j,lAxl,-.-,K) = <Pq+jMy°l> ••'>!&)> (tZ]"'"r~qJ 
h, — 1, ..., 0/ 

as the necessary and sufficient conditions that the groups of 
the points asj,..., as" and t/J, ...,y\ m a y coincide. 

§113. The sub-group which leaves asj, ...,as° at rest will 
therefore leave at rest all points on the manifold 

(!) <l>q+j,k (xi> •••» xn) = <Pq+j,k(x°x, ••• <)> 

rj = l,...,r—qs 

h=l,..., q) 

Of the functions cpq+jk,... not more than n can be un
connected ; if n are unconnected only a discrete number of 
points will lie on this manifold; and w e then say that the 
group X j , ..., X r is non-stationary. If, however, fewer than n 
of the functions are unconnected, say s, then the equations (1) 
define an (n—s)-way locus; and the group of the point 
asj,..., as° leaves invariant the continuous (n—s)-way locus 
which passes through the point; in this case w e say that the 
group Xj,..., X r is stationary. The groups of all points on 
this locus are the same; w e shall call this locus the group 
locus of any point on it. 

If xx=fi(xx,...,xn, ax,...,ar), (i=l,...,n) 

is any transformation of the group A'j, ...,Xr, and X'x,..., X'r 
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!•> 
are the operators obtained by replacing Xi by x\ in Xx, ..., X, 
we know from the discussion in § 75 that X'x, ...,X'r are an 
independent set of operators of the group Xx, ...Xr. Suppose 
that by this transformation the point asj, ...,x\ becomes the 

r r 
point x\,..,,x®\ then, 

exXx+ ...+erXr 
being an operator which leaves asj,..., x° at rest, 

ejXj+...+e^X; 

will be an operator leaving asj,..., x° at rest; and the group 
of the point aij, ...,as° is therefore transformed into the group 

of the point asj, ..., as°. If then the group is stationary, the 
(n—s)-way group locus through asj,...,x\ is transformed to 

the (n — s)-way group locus through asj, ...,as°. It follows 
therefore that a stationary group is imprimitive, since the 
group loci are transformed inter se. 
It should be noticed that not all imprimitive groups, nor 

even all intransitive groups, are stationary; primitive groups 
however, having no invariant decomposition of space, must be 
non-stationary. 

§ 114. We shall now give an analytical proof of the theorem 
that the equations 

(1) <t>q+j,k(XX, -, Xn) = Cq+j,k, {{ Z J' ']'[ '"J) 

define an invariant decomposition of space into oo* (n—s)-way 
loci, where s is the number of the functions (pq+j w ••• which 
are unconnected. 

From the fundamental group property 

i — r . 

(Xp,Xq+j)=^cp!q+jJXi, (^J*-,r"J|l»=l,...,r)) 

and from the identity 

h = q 

(2) Xq+j = 2 0g+i,ft Xk> U = 1> -•,'r-q), 

w e deduce that 

m — rtk = q k~q i = r 

2 cpkm Qq+j, k Xm + 2 (Xp 'Pq+j,k) Xk ~2 cp,q+j,iXi' 

If we apply to this the identity (2) so as to eliminate the 
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operators Xq+X, ...,Xr, we can equate the coefficients of 
Xj,..., Xq on each side of this identity, for Xj,..., Xq are by 
hypothesis unconnected; we thus obtain 

i = r—q k = q 

^•p'Pq+j,m = cp,q+j,m^' 2dCp,q+j,q+i'Pq+itm 2 cp,k,m'Pq+j,k 

k ~q, i — r—q 

~ 2 cp, k,q+i *Pq+j, k 0g-M',m' 

It therefore follows that by the infinitesimal transformation 

x'i = Xi + tXpXi, (i=l,...,n) 

all the points which he on any one of the (n — s)-way group 
loci (1) are so transformed as to be points lying on some one 
other of these loci. 

W e m a y perhaps see this more clearly if w e throw (as w e 
m a y by a change of coordinates) the equations 

<Pq+j,7c(xx> •••> xn) = °q+j,k 
into the forms 

(3) xx = cx,...,xs = cs. 

What we have then proved is that by any infinitesimal 
operation of the group, and therefore by any finite operation 
of the group, the coordinates asj, ...ass are transformed into 
functions of asj, ..., ass; and therefore the (n — s)-way locus (3) 
into the (n — s)-way locus 

aSj = yx,...,x8 = ys 

where yx, ...,ys are functions of cx, ...,cs and the parameters 
of the group X1;..., X r . 

§ 115. The functions cp^ (xx, ..., x^) have only been defined 
for the case j > q , p.~%>q; it is convenient to complete the 
definition by saying that when these inequalities are not 
satisfied fy^ (xx, ..., asn) iS to be taken as identically zero. 

W e n o w define a set of functions n^,... as follows: 

Tiijk = Cijfc+2c*,.?'.8+<0<z+<.* + 2cf«0.;> + 2 cf,«,5+<0;>02+*,t-

Hj>q, 

^ijh — cijk^~ d^^jyq+t^q+t.hJ 
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if k > q, 
H = q 

Hijk = Gyk4" Xj C/xii <Pj|i J 
and if,;' > q and ft > g, 

yVs = cijk' 
Since c^j. + c -̂  = 0 for all values of i,j, ft w e have 

Xp<Pq+j,k— Up,q+j,k-

Since Xq+i = H<Pq+i,kXk> 
k—q 

Xq+i'Pq+j,m ~2 0g+«,fe Xk <Pq+j,m> 
and therefore 

*=a / i = 1,, 

g+«,g+i,»» =.^< 0g+i,ftUfc,g+j,m> W = ' ' 
\m = 1,. 

these are identities, satisfied by the functions <p +ik,.... 
Again, since 

k = r k~ q t~ r—q 
(Xj, Xj) = 2 Cijk Xk~2 (cijk + 2 ci,j, q+t 0g+«, k) Xk> 

we see that, X13..., Xq being the unconnected operators of the 
group, 

k = q , 
(xh Xj) =2 ftijkxk> („• _ ,''"'„); 

we therefore call the functions Tiitk, when none of the integers 

i,j, k exceed q, the structure functions of the complete system 
Xj, ...,Xq. _ 

The functions <pq+s k, ... w e shall call the stationary func
tions, since they determine whether the group to which they 
refer is stationary or not. 

116. Suppose that s of these stationary functions are uncon
nected; w e can by a suitable choice of n e w variables bring 
them to such a form that they will be functions of the 
variables xx,..., xs only; and w e can also express the 
variables xx, ..., ass in terms of the stationary functions. 

The equations 
(1) asj = Cj,..., xs = ca 

now give a decomposition of space which is invariant under 
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the operations of the group Xx,..., Xr; only if s is less than 
n can we say that the group is stationary ; and only if s is 
less than n can we say that the equations give a decompo
sition of space at all. 
The operators of the group are Xj,..., Xr where Xk is 

hx^ + -.. + hn^-n> (k=l,...,r), 

and £kx, ..., £ks are functions of xx,...,xs only; for the 
(n—s)-way locus (1) must by any operation of the group be 
transformed to some other (n—s)-way locus of the same 
family. If therefore 

Zx,..., Zr will generate a group, such that 

fc = r 

(Zi> Zj) =2 cijk Zk> 

where the structure of the group Xx,..., Xris given by 

k-r 

(Xi, Xj) = 2 cijk Xk-

The group Zx, ..., Zr is not, however, necessarily of order r, 
for its operators may not be independent. 
W e can construct this group Zx,...,Zr merely from a know

ledge of the structure constants and the stationary functions 
of the group Xx,..., Xr. 
For if the stationary functions are known it merely requires 

an algebraic process to bring them to such a form that they 
are functions of a!j, ..., asg only. W e can then say that 
asj, ..., asg are known functions of the stationary functions; 
and, since Xi^%+Jtk = Ui)q+it1t, and n<iS+/>ft is known in 

terms of the stationary functions, we see that Xf 0g+yjb is als0 
known in terms of them. It follows that X̂ asj,..., X̂ a5g are 

a a 
all known functions, that is, the coefficients of =r—> •••> r— 

aasj aass 
in Xj,..., XT are all known; that is, the operators ZX,...,ZT 
are known when the structure constants and the stationary 
functions are known. 

§ 117. We have seen that the operators of an intransitive 
group can be simplified when we know its invariants; ̂  what 
we are now about to show is how by a suitable choice of 
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new variables to simplify these operators, and at the same 
time to simplify the stationary functions cpq+jtk(xx, ...,xn),.... 

W e so choose the variables that the stationary functions are 
functions of the variables â ,..., asg only. 

Of the invariants of Xx,...,Xq, the unconnected operators 

of the group, some m a y be functions of asj,..., ass only; if we 
suppose that there are m such invariants, w e may so choose 
the variables that these are xx,..., xm; and m is not greater 
than the lesser of the two integers n — q and s. 

Since the stationary functions are now functions of a!j,..., as8, 
and asj,..., xm are invariants of X2,..., X „ , w e have 

Xk — h,m+l}TZ +--- + hnx~' (k = !> •••> <?)> 

where i-k m+x,..., £ks are functions of asj,..., asg only. 
A n y function of â ,..., asTO is an invariant of Xx,..., X , but 

there are (n — q — m ) other invariants, unconnected with these. 
Let /(asj,..., xn) be one of these other invariants; since by 
hypothesis asj,..., xm are the only unconnected invariants 
which are mere functions of asj,..., asg,/cannot be connected 
with asj,..., xs; w e may therefore again so choose the variables 
that/will be asTO. 

In this system of variables the stationary functions are 
still mere functions of asj, ..., asg, and xx,..., xm, xn are invari
ants of the group. 

There now remain ( n — q — m — 1 ) invariants, unconnected 
with asj,..., asm and xn; let f(xx,..., xn) be one of these, we 
next prove that it cannot be connected with asj,..., xs, xn. 

Suppose, if possible, that it is a mere function ofxx,...,xs,xn; 
then, since it is annihilated by Xx Xq, w e must have 

h,m+x^r—+ ...+&s|£= 0, (k=l,...,q), 
oxm+x OX8 

for £kn = 0, because xn is by hypothesis an invariant. 
N o w £kim+x,..., £ks do not contain xn; and therefore, if an 

is any arbitrary parameter,/(asj, ..., asg, an) will be annihilated 
bj' Xj,..., Xq. As w e have proved that no function of 

asj,..., asg can be so annihilated, unless it is a mere function 
of asj,..., xm, w e conclude that f(xx, ...,xs, xn) is a func
tion of asj,..., xm and xn only; that is, it is not one of the 
(n — q — m — 1) other invariants. W e can therefore by a fresh 
choice of the variables take the function/to be as„_j; and in 
these new variables the stationary functions will still be 
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mere functions of asj,..., asg, and asj,..., asTO, xn, xn_x will be 
invariants. 

Proceeding thus, w e see that we m a y finally take the 
stationary functions to be functions of the variables asj,..., asg 
only, and m a y take the (n—q) unconnected invariants of the 
group to be xx, ..., xm, xq+m+x,..., xn. 

In proving this we have implicitly proved the inequality 
q + m^.s. 

W h e n a group is brought to this form we say it is in 
standard form. 

§ 118. The above is the general method of bringing a group 
into standard form when it is intransitive, stationary, and 
when some one at least of the invariants of the group is 
a function of the stationary functions; the modification when 
any one of these conditions is not satisfied is simple, and the 
labour of bringing the group to standard form is lessened. 

Thus, if the group is transitive, q = n, and m = 0; to bring 
the group to standard form involves only the algebraic pro
cesses of selecting the stationary functions in terms of which 
the others can be expressed, and taking them as a new set of 
variables xx, ..., xs. 
If m = 0 then q ̂  s, and the invariants may be taken to 

be as„+1,..., xn, while the structure functions will involve 
asj, ...,asgonly. 

If the group is non-stationary s = n and m = (n—q), and 
the invariants are asj,..., xn_q, while the structure functions 
involve all the variables xx,..., xn. 

W e saw in •§ 45 that in order to bring the equations of 
a group, given by its operators Xx,..., Xr, to finite form it 
was necessary to find the invariants of 

exXx + ... + erXr. 

This problem is simplified for stationary groups; for, when 
we know the operators, we know the stationary functions, 
and can by algebraic processes bring the above operator 
to the form 
k = r,j — t k — r,t = n—s > 

2ek hj(xi> •••> xs)^r + 2 ekh,s+t (xi> •••» xn)^—' 

There are (s — 1) unconnected invariants of this operator 
which are functions of asj, ..., ass; and these may be found by 
integration operations of order (s—1): having found these, 
the remaining (n — s) invariants m a y be found by integration 
operations of order (n — s). 

l a 
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CONDITION THAT TWO GROUPS MAY BE 
SIMILAR. RECIPROCAL GROUPS 

§ 119. The functions <pq+j,k> ••• "which determine whether 
a given group is stationary or non-stationary are of much 
importance in other parts of group theory; we shall now con
sider their application to the problem of determining whether 
two assigned groups are or are not similar; that is, whether 
or not the one group can be transformed into the other, by 
a mere change of the variables. 
Taking X1(..., Xr to be the operators of a group of order r 

and Xj,..., X„ to be the unconnected operators of the group, 
we have 

Xq+j =2 0g+./,fc(a!l> •••> xn) Xk> (J = 1> •••> »"-?)• 

If we change to a new set of variables given by 

yi=fi(xx>-~>xn)> (*= 1, ...,»)> 

the r operators Xx,..., Xr will be transformed into r inde
pendent operators Yx, ...,Yr, where 

Xk = Yk = "Vkljy- +---+rlkn^y- ' (k=h .-., ^, 

i)kj,... being functions of the variables yx,..., yn. 
At the same time the functions d>„, . ,, (as,,..., asj,... will be 

transformed into functions 

0g+j,&(2/i>--->2/»)>---; 
such that 

fq+j,k(yx>--'yn) = <t>q+j,k(xx,•••><«„), (3~ '""r~q)-
/fc — i, ..., q 

W e must have 
k = r 

(Yh Yj) =2<cijkYk> 
k-r 

since (Xt, Xj) = 2 cijk Xk, and Xt = F̂ . 
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If then we have two groups, viz. Xj,..., Xr in the variables 
asj,..., xn, and Yx,..., Yr in the variables yx,..., yn, each group 
being of the rth order, w e see that these groups cannot be 
similar unless w e can find a set of independent operators 
Zx,..., Zr, dependent on the operators Fj,..., Yr, and such 
that the structure constants of Zx,..., Zr are the same as those 
of the group Xx,...,Xr; and also such that Zx,...,Zq are 
unconnected, and Z' x,..., Zr connected with Zx,..., Zq. 

These conditions are necessary; suppose that they are 
fulfilled; w e m a y then assume that the group Yx, ...,Yr can 
be presented in such a form that the structure constants of 
Fj,..., Yr are the same as those of Xx,..., X r , that Fj, ..., F„ 
are unconnected, and that Yq+X,..., Yr are given b y 

k = q 

Yq+j =20-g+/,fe (2/l= •••> 2/m) Yk> (J = *> •••> T~(l)-

If the groups are to be similar we must further have 

<Pq+j,k(XX>'»>xn) = i'q+j,k(yx,-,yn)> i\Z L\\\"J j)" 

If from these equations we could deduce an equation 
between xx,...,xn alone or between yx, ...,yn alone, it is clear 
that the groups could not be similar; it will n o w be proved 
that if no such relation can be deduced the groups are similar. 

§ 120. Suppose that of these q(r — q) functions 

<Pq+j,k(XX,--->Xn)> — 

exactly s are unconnected, w e k n o w that s > « ; between any 
(s+1) of these functions there must be a functional equation; 
and therefore, since there is no equation connecting yx, ..., yn, 
there must be the same functional equation between the 
corresponding functions of yx, ..., yn. 

It must be possible to find at least one transformation 
scheme 

tft=fi<3ti>->yj, (i=l,...,n) 

which will transform any s of the functions 

irq+j,k(yi>—>yn)> — 

into the respective forms 

0g+J\fc(2/i>-">24)>---; 

and therefore, since the same functional equation which con
nects any (s + 1) of the functions fq+jtk,... will connect the 



150 CONDITION T H A T T W O [120 

corresponding (s+1) functions <Pq+j.k,..., we see that this 

transformation scheme will transform each of the functions 

0g+/,fc(2/i> •••>2/J. •••» into the corresponding function 

0g+/,ft(2/i. — .24) 
The theorem which is to be proved is therefore reduced to 

the following : Xx,...,Xr and Yx,..., Yr are two groups, each 
of order r, in the variables asj,..., xn and yx,..., yn respectively; 
the operators in the first group Xls ...,X2 are unconnected, 
and 

k = q 
Xq+j =20g+j,fc(a,l' — >xn)Xk> U = h — , r - q ) ; 

in the second group Fj, ..., Yq are unconnected, and 
k = q 

Yq+j =20g+j,fe(2/i. —>yn) Yk> U - h -..,r-q)>, 

these groups will be similar if 
k = r 

(Xi> Xj) =2 cijk Xk< 
k-r 

and (Yi,Yj) =!LcijkXk-

If by the transformation scheme 

^i = fi(xi> •••>xn)> (i = !. ••-, n) 
the stationary functions of Xx,...,Xr are brought to such 
a form that they are functions of asj, ...,asg only, then the 

scheme 2/'i = fi (2/i»• • •»2/»). (i = 1,..., n) 

will m a k e the stationary functions of Yx,..., Yr functions of 
yx,...,ysonhj. 

F r o m what w e have proved in § 115 as to the form of the 
coefficients £kx, ...,£ks in Xj,...,Xr, w e see that these co
efficients will be the same functions of asj, ...,xs that Vkx>"->rlk8 
are of yx, ...,y<.; and therefore, if any function f(xx,..., xs) is 
an invariant of X x , ...,Xr, f(yx, ...,ys) will be an invariant of 
Y Y 
J. j, ..., M r. 

If therefore w e reduce each group to its standard form we 
m a y take xx,...,xm, xq+m+x, ...,xn 
to be the invariants of Xx, ...,Xr, and its stationary functions 
to be functions of asj,..., asg only; and w e m a y take 
2/l> •••j2/m> 2/g+m+l> •••>2Aj 



121] GROUPS M A Y BE SIMILAR 151 

to be the invariants of Fj,..., Yr, and its stationary functions 
to be the same functions ofyx,...,ys, that the stationary func
tions of the first group are of asj, ..., asg. 

§ 121. Let us now say that the g-fold in x space 

(l) asj = ax, ...,xm = am, xm+q+1 = am+q+x, ...,xn = an 

corresponds to the g-fold in y space 

(2) 2/l = ax> •••> 2/m = am> 2/m+g+l — fm+q+l> •••> 2/» = /ju 

where/m+2+1, ...,fn are any ( n — m — q ) fixed functions of their 
arguments ax, ...,am, am+q+x, ...,an, such that am+q+x,..., an 
can be expressed in terms of ax,..., am and ym+q+x, ...,yn. 
W e have now established such a correspondence between 

the two g-way loci, that when one is known the other is 
known. 

Under the operations of the group Xx,...,Xr all of these 
j-folds in as space are invariant; and if on one of these we 
select any point P by an operation of the group XX,...,XT 
P can be transformed to any other point on the same g-fold. 
Similarly the g-folds in y space are each separately invariant 
under the operations of the group Yx,..., Yr; and by a suitable 
operation of this group any point on one of these g-folds can 
be transformed to any other point on the same g-fold. 

W e now wish to establish a correspondence between the 
points in two corresponding g-folds, one in the as space and 
one in the y space. 

W e take as the 'initial' point on (1) the point P whose 
coordinates asm+1, ...,asTO+„ are all zero; and we take as the 
' initial' point on (2), which is to correspond to P, the point 
Q whose coordinates are 
2/to+i = ^) •••>2/s = 0> 2/s+l =/*+i» •••'2/m+g = fm+q 
(we proved in § 117 that m + q<£s), where/g+j, ...,fm+q are 
any fixed functions of their arguments, 
aX>--->am> a7»+g+U •••' an-

W e have n ow established a correspondence between the 
' initial' points on any two corresponding g-folds ; w e get the 
correspondence between the two spaces by the convention 
that the points obtained by operating on the coordinates of P 
with ee1Xl + ...+erXr 
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shall respectively correspond to the points obtained by opera
ting on the coordinates of Q with 

There are ' initial' points P lying on each of the g-folds in 
as space; to take P, a point on any one particular g-fold, would 
merely establish a correspondence between the points of that 
g-fold and the corresponding g-fold in y space; by taking 
initial points on each g-fold w e have the complete corre
spondence between the two spaces. 

It must n o w be proved that w e have established a point-to-
point correspondence between the two spaces; i. e. the doubt 
must be removed as to whether the operators 

eelX1 + ...+erXr an(j ee1Xl + ... + erXrj 
applied to the point P might give the same point in as space, 
whereas the operators 

eeiY1 + ...+erTr and ehY1 + ... + erYr> 

applied to the point Q might give two different points in y 
space. 

If e H ^ + ...+er^r and e'1-Zi + ... + tr.z^ 

applied to P give the same point, then the operator 

e—elX1—...— erXr ee1X1 + ... + eTXr 

will not alter the coordinates of P at all; that is, this operator 
will belong to the group of P. 

B y the second fundamental theorem (§ 50) 

e-e1^i-...-erXr e^1Xl + ... + crXr _ £\1X1 +... + \rXr 

where \x,..., kr axe constants, which are functions of 

ex, ..., er, ex, ..., er, 

and the structure constants of the group Xj, ...,Xr; and 
therefore, as these structure-constants are the same for the 
group Fj Yr, 
e-e1r1-...-errr efi^i + .-. + frrr _ ^17i+...+Arrr| 

The doubt which we have suggested as to the unique corre
spondence will be removed when we prove that if 

\jXj+...+ArXr 
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is an operator of the group of the point P with respect to 
Xj,..., Xr, then 

XjFj + ...+ArFr 

will be an operator of the group of the point Q with respect 
to Fj, ..., Yr. 

Since k x X x + ...+krXris an operator of the group of P, 
we have by § 111, 

3- r—q 

Xfc+2 Vi *q+jM> •••><) = °> (ft= i»...,?). 

where asj, ...,as° are the coordinates of P. 
N o w by hypothesis the functions <pq+.-,k,... only involve 

the coordinates â , ...,xs; and if the coordinates of Q are 
2/J, • • •= y°n, w e have i/J = asj, ..., y°e = as°, so that 

j=r-q 

h+2 A2+j 0g+/,i (2/i> •••> <)> (ft = i» •••» q); 

and therefore XjFj+...+XrF,. is an operator of the group of 
Q with respect to Yx> ...,Yr. 

§122. We have therefore established a point-to-point 
correspondence between the two spaces; it m a y be noticed 

that, having proved that the coefficients of ^—).-.>r— in 
aasj aasg 

X j , ...,Xr are the same functions of asj, ...,asg that the corre

sponding coefficients of ^— > >> • > ^-— inYx,...,Yr are ofyx,...,ys, 
dyx dys 

it will n o w follow that, if yx,..., yn is the point in y space 
which corresponds to asj,..., xn in x space, w e must have 

2/i = xx> •••> 2/« = xs-

Let S denote the transformation scheme which transforms 
any point xx,...,xn to the corresponding point yx,...,ynin the 
other space, then Sf(xx,...,xn) will be equal to f(yx, ...,yn) 
where / is any function of its arguments. 

W e take P to be the 'initial' point on any g-fold in x 
space; by varying the coordinates of this g-fold, and the 
parameters ex, ...,eT in the operator 

eelX1 + ... + erXr 

this operator applied to the coordinates of an initial point P 
will transform it to any point in space x. 
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We may say then that 

ee1X1 + ...+e,.Xrp 

will be a general expression for any point in the x space. 
The point in the y space which corresponds to this will be 

eeLYl + ...+erYrQ! 

and therefore 
gee1X1 + ... + erXrp _ jlYi. + ...+erYrQ> 

or, e-e1r1-...-errr£ee1x1+...+<v.2r,.p_ q 

We now take another independent set of parameters 
el5...,e,., then 

eex Ii +... + er Tr g-ej ri-...-er r, $ eeî i + ...+erXr p 

_6ejri+... + errrQ 

= #e6ixi+••• + '»•-*>• P. 

Since eei-̂ \ + — +erxrp ig aily p0jnt jn the x space, we must 

then have the identity 

ee1r1+... + «rrre-elr1-...-errr/s« 

_ gee1X1 + ...-MPX,. g-Bi^-.-.-e,^. 

and by the second fundamental theorem we therefore have 

e\1Y1 + ...+\rYrg _ )§g\1X1 + ... + ArXr] 

where A1;..., \r are constants which are arbitrary, for they are 
functions of the structure constants, and the arbitrary con
stants ex,..., er and ex, ..., er. 

Since w e have n ow proved that 

e\1r1 + ... + \rrr_./5fgX1Xi + ... + Arx1.^-i) 

we see that the groups are similar; and that they are trans
formed into one another by the transformation scheme S; and 
that the operators X1( ..., X r are respectively transformed to 
xx,..., xr. 

§ 123. A very important theorem may almost immediately 
be deduced from the proof of the foregoing theorem on the 
similarity of groups; to obtain it, however, it is necessary to 
consider closely the form of the transformation scheme 8, 
which has converted the points of the x space into the points 
of the y space. 

This theorem is the answer to the question which now 
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arises, viz. what are the transformations which will transform 
each of the operators of a given group into itself ? 
W e might put this question thus, what are the transforma

tions which will transform 

(ft=l,...,r) (1) * > = & £ + . . 
into 

(2) Yk = n k x ^ + -

'+^as„ 

-+VknWn (ft*=l,...,r), 

where Xx,..., Xr are the operators of a group, and t^- is the 
same function of yx,..., yn that £ki is of asj, ...,xn1 

Suppose that Xj,...,Xg is in standard form; w e take to 
correspond to the g-fold in x space given by 

(3) asj = ax,..., xm = am, xm+q+x— am+q+x,..., asn = a„, 

the g-fold in y space given by 

(4) 2/i = <h' •'•> 2/« = am' 2A»+g+l = aro+g+l + &m+g+l',"> 

2/» = an + &m 
where tg+x, ...,tn are small constants which will not vary 
from g-fold to g-fold in space y. 

To the ' initial' point P on (3) w e take as correspondent on 
(4) a point Q, whose coordinates are 

2/«»+i = 0,..., ys = 0, yg+x = tg+x,..., ym+q = tm+q. 

If w e now establish the correspondence between the two 
spaces w e notice that the coordinates of Q differ infinitesimally 
from the coordinates of P. Therefore, since X k is obtained 
by replacing the variables yx, ..., yn by asj,..., xn respectively 
in Yk, if P' is the point obtained by operating on P with any 
finite operator of the group Xx,..., Xr, and Q' the corre
sponding point obtained by operating on Q with the corre
sponding finite operator of the group Yx,...,Yr, the coordinates 
of P' will also differ infinitesimally from those of Q'. 

W e now have in this correspondence 

yx = xx,...,ys = xs, 

and also, since xm+q+x, ...,xn are invariants, 

2/r»+g+l = ^TO+g+l + ^m+g+D •••» 2/ra = "'« + *»> 
and finally 

i =m+q—s 
ys+j = xs+j + ̂ ts+i Q+it s+j, (j=l,...,m + q-s), 

where Cs+i s+ji • • • are some functions of the variables asj,..., xn. 
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These equations give ( n — s ) infinitesimal transformations 
transforming (1) into (2); the corresponding linear operators 
axe Zs+X,..., Zn, where 

'm+q+i ~ j 
'm+q+t 

+ 2 C 

}-w.+q—t 

"s+i — 2 C •«+», s+j 3a, 

(i = l,...,n-m-q), 

(i= 1,..., m + g-s). 
'S+J 

W e shall n o w prove that the determinant 

G+l, s+1' Q+l, m+q 

£m+g,s+l> *m+q, m+q 

does not vanish identically, and therefore conclude that these 
operators are unconnected. 
When we take asTO+1 = 0,..., asm+2 = 0, that is, when we take 

asj,..., xn to be the point P, yx,..., yn will be the coordinates 
of the point Q, and therefore ys+x = ts+x,..., ym+q = tm+q; it 

follows that Ca+i, s+j WH1 then reduce to e4v, where, as usual, ê  
is unity if i = j, and zero if i^=j. 
The determinant cannot then vanish identically, since it is 

equal to unity when we take asTO+1 = 0,..., asTO+„ = 0. 

Since any infinitesimal transformation which transforms (1) 
into (2) must transform yx into asj,..., ys into asg, we see that 
there cannot be more than (to —s) unconnected infinitesimal 
transformations which have the required property. 

§ 124. W e have now found (n — s) unconnected operators 
#g+1, ...,Zn which have the property of leaving each of the 
operators Xx, ...,Xr unaltered in form, and have proved that 
there is no operator unconnected with Zs+x,...,Zn which can 
have this property. 
Applying the transformation 

«?i = xi + tZk x^ (i = 1,..., n), 
w e see that 

X'j = Xj+t(Zk,Xj), (j=l,...,r), 

and therefore the alternant (Zk, Xj) must vanish for X'- = Xj. 

T h e operators ^g+1,..., Zn form a complete system of which 



125] THE OPERATORS OF A GROUP 157 

the invariants are the stationary functions of Xj,..., X ; 
suppose now that 

k — n—s 
(•"e+i> "s+j) =2 Ps+i, s+j, s+kZs+k> 

where ps+l s+j, s+k, ... are functions of asj,..., xn. 
Since X m is permutable with Zs+i and with Zs+-, it follows 

from Jacobi's identity that it is permutable with the alternant 
(Zs+i, Zs+j); w e therefore have 

k = n—s 

2 (Xm Ps+i, s+j, s+k) Zs+k = ° ' 

and therefore, since Zs+X, ...,Zn are unconnected, each of the 
functions ps+i,g+j,s+k> ••• is an invariant of the group 

Xj,..., Xr. 

Suppose now that Xx,...,Xr is non-stationary; we see 
that there are no operators leaving the forms of the operators 
Xj, ...,Xr unaltered; there are therefore no operators per
mutable with each of these operators. 

If on the other hand Xj,..., Xr is stationary there are 
(n — s) such operators, viz. Zs+X, ..., Zn; these will form a 
complete system 

k — n—s 
(Zs+i> Zs+j) = 2 Ps+i,8+j,s+kZs+k> 
of which the structure functions p8+i,s+j,s+k> ••• are invariants 
of Xj,..., X r ; if then X j , ..., X r is a transitive group, these 
structure functions must be mere constants, and Za+X,..., Zn 
will generate a group which will be finite and continuous, 
and have all of its operators unconnected. 

§ 125. Suppose now that the group X1;..., Xr is simply 
transitive ; it is then stationary, for the stationary functions 
vanish identically; and in it s = 0 and r = n; it will now be 
proved that the simply transitive group Zx,...,Zn has the 
same structure as the group Xj,..., Xn. 

W e may take as the n independent operators of Xx, ..., X n 

(!) Z*=^+2^a*^; + -> (k=l,...,n), 

where the terms not written down are of the second or 
higher order in powers and products of asj,..., xn. 
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We may similarly choose as the operators of Zx,..., Zn 

(2) ^ = -5^ + 2^^ + -. (*=l...-.n), 

where h^,..., lk^v, ••• are sets of constants. 

Since (Xi,Zk) = 0, (j.=J; ;-£), 

we must have 

2 (^ir + ^iir)^- +...= 0, 

where the terms omitted are of higher degree than those 
written down. 
This identity gives 

(3) lit, + h,t, = 0, (! = J n'' v=l,...,n). 
vAs= 1,...,n; ' 

W e also see that 
v = n » 

(X,-, Xj) = 2 (hkiv — hikv) ̂ — + ••• ! 

and therefore the structure constants of Xx, ...,Xn are given 

•> Ciicv = tl-kiv " i k y 

Similarly the structure constants of the group Zx, .,., Zn are 
given by . _ / j 

" îkn — Hkv — 'tin 
and therefore by (3) we see that the two groups Xx,...,Xn 
and Zx,..., Zn have the same structure constants when we 
take the independent operators in the respective forms (l) 
and (2). 

The two groups Xx,..., Xn and Zx,..., Zn are said to be 
reciprocal to one another. 
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ISOMORPHISM 

§ 126. We have proved in § 58 that the structure constants 
of a group are the same as those of its parameter group; 
we shall now give a second and more direct proof of this 
theorem. 

If x'i= dh^i + ...+arxrx^ (i=l,...,7i) 

are the canonical equations of a group, then we know that 

(1) eai-̂ i + ...+arxrebix1+... + brxr _ gCl^1 + ...+crxr 

where cx,..., cr are functions of ax,...,ar, bx,...,br, and the 
structure functions of the group. 

Let ck = Fk (ax, ..., ar, bx, ..., br), (k = 1,..., r), 

then y'k = Fk(yx yr, ax, ...,ar), (k=l,...,r) 

are the equations of the first parameter group in canonical 
form; and the equations of the second parameter group are 

24 = Fk (ax ar> 2/i» •••» yr)> (ft = *> •••> »•)• 
The forms of the functions Fx,..., Fr are fixed by the 

identity (1), and can be determined in powers and products 
of ax, ..., ar, bx, ..., br when w e merely know the structure 
constants of Xx, ..., X r ; the method of obtaining these func
tions is partly explained in Chapter IV, and more completely 
in a paper in the Proceedings of the London Mathematical 
Society,Yol. X X I X , 1897,pp. 14-32. As, however, w e now only 
require the expansion up to and including powers of the 
second degree, w e shall obtain this expansion from first 
principles. 

Neglecting, then, all powers above the second, w e have 
eaXebY = (x +aX+ <*x2) (l +6F+ j Y2), 

= l+aX + bY+jX2 + abXY+jY2; 
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and therefore, since 

(aX + bY)2 = a2X2 + ah ( X Y + Y X ) + b2 Y2, 

eoXebY = 1 + a X + bY+ i (aX + bY)2 + kab (XY- YX). 

This is true whatever the linear operators X and F m a y be; 
and therefore the identity (1) gives 

l+CjX1+... + crXr + i(c1Xj+...+crX}.)2 

= l + (ax + bx)Xx + ... + (ar + br)Xr 

+ i((a1+bx)Xx+... + (ar + br)Xry 
j-i = r 

+ * 2 (aibj -aj h) (xi, xj)-

To the first approximation w e therefore have 

c k =ak + bk, (k=l,...,r). 

In order to obtain the next approximation w e substitute in 
the terms of the second degree ak + bk for ck, and, by aid of 

k = r 
the identity (X^, Xj) = ̂ cijk X k, 

w e thus obtain 
i—j = r 

ck = ak + bk + i^(aibj-ajbi)Cijk+.... 

From this w e see that the first parameter group is 

24 = yk-ak+^2d(yiaj-y,ai)cijk+••• • 

The identical transformation is obtained by taking 

a1 = Q,...,an = 0', 

and then j& = ekj + %2 <>ijk 2/«= 

where ek- has its usual meaning. 

§ 127. The infinitesimal operators of the first parameter 
group in canonical form are therefore 

a i=*='' a 
Yj = ^ - + * 2 W < t y - +».. (3 = 1 «•). 

where the terms not written down are of higher degree in 
yx, ...,yr than those written down. 
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Since Yx, ...,Yr are the operators of a group we can, with
out any further calculation, find the structure constants of 
this group; for suppose that 

k — r 
(Yi> Yj) — 2 d i j ] e Yk, 

w e verify at once that ĉ -j. = d ^ . 

If w e were to obtain the complete expansions for Yx,..,, Yr 
w e could verify the group property; and thus prove directly 
the third fundamental theorem, viz. that a simply transitive 
group can always be found to correspond to any assigned set 
of structure constants. All that w e have attempted to prove, 
however, is that, Fj,..., Yr being k n o w n to generate a group, 
that group has the structure of the group Xx,..., X r . 

Similarly w e m a y see that the operators of* the second para
meter group in canonical form are 

i = k = r 

ZJ = a^--*2<ty*y<ty- +•••» (i = h...,r). 

We know that these groups are simply transitive; and any 
operation of either is permutable with any operation of the 
other: they are therefore reciprocal groups, and w e m a y easily 
verify that the structure constants of 

F15...,Fr and -Zx,..., - Z r 
are the same. 

W h e n w e were given the finite equations of a group 

x'i = fi(xx> •••>«». ai>—> ar)> (i = 1,..., n ) , 
we found (§ 40) definite operators corresponding to the para
meters ax, ..., ar, and we denoted these by 

trXn •••' aAr-
Any operator, however, dependent on these is equally an 
operator of the group; and when we are given any r inde
pendent operators Xx,...,Xr we can pass to another set 
Fj,..., YT, where 

Yk = hxXi+-+hrXr> (k=l,...,r), 
and take these as the fundamental operators of the group, 
provided that the determinant 

does not vanish. 
CAMPBELL 
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When therefore we speak of the canonical form of a group, 
we mean the canonical form corresponding to some one given 
set of operators Xx,...,Xr. If we pass to a new set of 
operators we change the canonical form of the group; and 
therefore change the corresponding canonical forms of the 
parameter groups, by thus introducing a different set of 
structure constants. 

§ 128. If we have two groups 

(1) ^ = e^xi+"+arxrXi, (2) y'i = ea^+-+ar^yi! 

and if we denote by Sax, ..., ar that operation of the first 
which has the parameters ax,...,ar, and by Tax,...,ar the 
operation of the second with the same parameters, we say 
that 8ax,..., ar and Tax, ...,ar correspond. 

It does not follow that, if Sax, ...,ar and 8tx, ...,lr are two 
operations of the first group, and Tax, ...,ar, Thx,...,br the 
corresponding operations of the second, the operationScx, ...,cr 
will correspond to Tyx, ...,yr, where 

$cis •••>cr = 8ax> •••>ar 8frx, ...,lr 

and 2yj,...,yT — Tax> ...,ar ™bx> •••sir-

This is only true if yx = cx, ..., yr — cr ; that is, if the two 
groups have the same parameter group. 
Two groups are therefore then, and only then, simply isô  

morphia when they have the same parameter group. 
Two groups, of which the fundamental set of operators of 

the first is Xx, ...,Xr, and of the second isYx, ...,Yr may not 
have, with respect to these operators, the same parameter 
group; and yet they may be thrown into such a form that 
they will have the same parameter group. 
If we can find r independent operators, dependent on 

Fj, ..., Yr, and such that they have the same structure con
stants as Xj,... ,Xr, then, with respect to these new operators, 
the group Yx,...,Yr will have the same parameter group as 
Xj, ..., Xr. 
Two groups of the same order 

X^ = eai-Xi + ...+a,-X'rX. an(J ^ — ealYx + ...+arYryi> 

are therefore then, and only then, simply isomorphic when 
the two sets of operators X j , ...,Xr and Fj,..., Yr have the 
same structure constants. 

§ 129. Having explained what is meant when we say that 
two groups are simply isomorphic, w e shall n o w consider the 
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analogous relation as to isomorphism of two groups whose 
orders are not the same. 

Let(l) x,i = eaixi+-+arxrxi 

be a group of order r, and 

(2) tfi = & T x + ...+'hT.yi 

a group of order s, where s < r. 
These groups m a y or m a y not be groups in the same 

number of variables; w e establish a correspondence between 
the operations of the groups thus; w e take 

ak=hxax+-~+hrar> (ft=l,..., s), 

where hkj,... are a set of constants such that not all s-rowed 
determinants vanish in the matrix 

"lis "lr 

"-sD "'sr 

and w e then say that the operation Tax, ..., a8 in the second 
corresponds to the operation Sax,..., ar m the first. 

The first group is now said to be multiply isomorphic with 
the second, if the constants hk-,... can be so chosen that, 
whatever the values of the parameters ax,..., ar, bx, ..., br, 
the operation Tax, ..., fflg Tpx,..., ps corresponds to the opera
tion Sax, ...,ar 8lx, ...,br, where j3k is the same function of 
bx,..., br that ak is of ax, ...,ar. 
W e know that ax = 0,..., as = 0 are the parameters of the 

identical transformation in (2); suppose that ax,...,ar, bx,...,br 
are two sets of values of parameters satisfying the equations 

(3) 0 = hxyx+-+hryr, (k=l,...,s). 

Since the identical transformation in (2) corresponds to 
Sax, •••> ar an(i also to ̂ i •••> in ̂  *be groups are isomorphic 
the identical transformation will also correspond to SCx,..., cr, 
where SCx,..., Cr - Sax,..., ar S{ix,..., iT, and therefore 

0 = hkxcx + ...+hkrcr, (ft = l,..., s). 

It follows that all the operations 8ax, ..., ar where ax,..., ar 
are parameters satisfying the equation (3) form a sub-group 
of (1). 

W e shall next prove that this sub-group is self-conjugate. 
M 2 
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Since (1) is in canonical form, the inverse operation to 
8ai, •••, ar is (SLaj,..., _#,.; that is, 

8~ «j,..., ar = &-ax> •••>—ar-

Let Sbx, ..., br be any operation of (1), and Tpx,..., ̂  the 
corresponding operation of (2); then to /S_1gj, ...,br there will 
correspond T~xpx,..., pr in (2). Therefore if ax,...,ar are 
the parameters of the sub-group the corresponding operation 
to 8bx,..., lr 8ax, ...,ar 8~\,..., br must be the identical one; 
and therefore 8bx,...,br 8ax,...,ar S ^ h , ••-, br is itself an 
operation of this sub-group, and therefore the sub-group is 
a self-conjugate one. 

§ 130. We may simplify the further discussion of the 
isomorphism of the two groups by taking Xg+1,..., Xr to be 
the operators of this self-conjugate sub-group. The equations 
(3) of § 129 must then be satisfied by yx = 0,..., y8 = 0, and 
2"s+ij •••> 2/r m a y be taken arbitrarily: it follows that we must 
now have hkj = 0 i f j > s . 

The equations which establish the correspondence between 
the operators of the two groups are now 

ak =hkx «!+••• +hsas> (k=l,...,s); 

and it is easily seen that by taking a new set of operators, 
dependent, on the first set Xj,..., Xg, w e may still further 
simplify these equations, and throw them into the form 

ak = ak> (k=l,...,s). 

Since the first group is multiply isomorphic with the second, 

ea1Y1 + ...+aaYse\Y1 + ... + bsYs an(j &alXl +... +a,.X,. gb1X1 +... + brXr 

must correspond; and therefore, by considering the form of 
the functions cx,..., cr given in § 126, we can see that the 
structure constants of Fj, ..., Fg are given by 

(^^•)=2^f„ Qz\'""'ah 
j — 1., ,..,o 

that is, the structure constants of Yx,..., Ys axe the same as 
those of Xj,..., Xg if w e only regard the coefficients of 
Xj , ..., Xg and not those of Xg+1, ..., X r in the alternants 

Unless, then, a group has a self-conjugate sub-group it cannot 
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be made multiply isomorphic with any group of lower order, 
except the group of zero order which consists merely of the 
identical transformation. A group which contains no self-
conjugate group other than the group itself and the identical 
transformation is called a simple group, and therefore a simple 
group cannot be multiply isomorphic except with the identical 
transformation. 

§ 131. When we are given the structure constants of a group, 
we can find the structure constants of every group with which 
the first is multiply isomorphic. 

W e shall see later on that, given the structure constants 
of a group, all the groups of such structure may be found; 
we now anticipate this result, and assume that, knowing the 
structure constants, we know the operators Xx,...,Xr of 
the group. There is no real need of the knowledge of these 
operators in the proof of the above theorem on isomorphism ; 
it is, however, more simply expressed by aid of these operators. 
Assuming, then, that we know the operators Xx, ..., Xr we 

find a self-conjugate sub-group, and take its operators to be 
X8+x, •••, Xr. 
W e now have 

Tc — r 

(Xi> Xj) — 2 cijk Xk> (,• . 

and therefore 
V = 1, 

(Xm> (Xi> Xj)) ~ 2 cijk (Xm> Xk) + 2 c i,j,s+t (Xm> Xs+t)-

Since Xg+1,..., Xr is a self-conjugate sub-group, if we now 
apply Jacobi's identity to any three operators of the set 
Xj,...,XR we can verify that 

ri = 1,..., s; 7 , n 

% — •• (; = i,...,s; * = 1 - S ) 

are a set of structure constants of order s. 
If Fj, ..., Ys is a group of order s with these structure 

constants, then Xx,...,Xr will be multiply isomorphic with 
Fj,..., Fs; and in this way we obtain all groups with which 
Xj,..., Xr can be multiply isomorphic. 
W e may exhibit in a tabular form the relation of the two 

groups somewhat as in the Theory of Discontinuous Groups 
(Burnside, Theory of Groups, § 29). 
If eaix1 + ... + arxr x8 ally finite operator of the group, of 

which Xg+1, ..., Xr generate a self-conjugate sub-group, we 
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form a row containing this operator by allowing ax,..., a8 to 
vary, and keeping ag+x,..., ar fixed; and we form the column 
containing this operator by allowing ag+1,..., ar to vary, and 
keeping ax, ..., ag fixed. 

If w e take any row, and write in it ag+x = 0,..., ar = 0, 
and replace X j by Fj,..., Xg by Fg, w e have the finite opera
tors of the second group; and to any two operators 01 the 
first group found in the same column only one operator in 
the second group Will correspond. 

§ 132. Suppose next that we are given a group Xx,..., Xr 
of order r such that 

k = r 
(Xi, Xj) = 2 «ijk xk> 

and that we are also given r other operators Fj,..., Yr such 
k = r 

(Yi> Yj) —2cijk Yk ' 

and suppose further that only s of these operators are inde
pendent, viz. Fj,..., Fs, and that 

Ys+j = hs+j,i Yx+ ••• +h+j,s Ys> (j = 1, •••, r-s). 

If n o w instead of Xj,..., X r w e take any other set of inde

pendent operators Xx, ...,Xr, dependent on the first and such 

that X,£ = Z7CjXj+... + Z7.).Xr, (ft=l,...,r); 

and instead of Yx, ...,Yr take Fj, ..., Yr where 

Yk — hx Yx+ ••• +hr Yr> 
then if 

(1) (xi,xf)=^Lcijkxk> 
w e must also have 

(2) (Yi,Yj)=ldCijkTk. 

It should be noticed that though from (1) we can infer (2), 
w e could not infer (1) from (2). 

W e can n o w simplify the relation between the two sets of 
operators X and F by taking as the independent operators 

of the group Xj,...,Xr, where X x = Xx, ...,XS = Xg, and 

k = a 

xs+t = Xs+t-\lLh+t,kXk> (* = l,...,r-8); 
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and we have 

Tx = Fl5..., Fg = Y„ Yg+t = 0, (t= 1, ...,r-s). 

If c~ijk>... are the structure constants with respect to 

Xj, ...,Xr we now see (since Fg+1 = 0) that 

. /i — 1, ...,r—s; 7 , x 
c8+i,j,k = °> L- , k=l,...,s), 

and therefore Xg±j,..., Xr generate a self-conjugate group. 
The operators Y v ..., Fg are n o w independent, and, since we 

k = r 

have (X,, XT) =^cijkTk, (! = {' • - " ) , 

and (^)=2%^, (!= J'-'»), 

we see that X15 ..., Xr is multiply isomorphic with Fj,..., Fg, 
the independent operators of the set Yx,...,Yr; and that 
Xg+1, ...,Xr, the self-conjugate sub-group, corresponds to the 
identical transformation in the group of order s whose opera
tors are Yx,..., Yg. 

§ 133. We had an example of isomorphic groups when we 
proved in § 104 that the contracted operators, with respect to 
any equation system which admitted the group Xx,...,Xr, 
had the same structure constants as the operators X1; ..., Xr. 
If the number of independent contracted operators is r, the 
isomorphism is simple; but if the number is less than r then 
X j , ...,Xr is multiply isomorphic with the group of its con
tracted operators. 

Example. Prove that the group Xx,...,Xr is simply or 
multiply isomorphic with Ex,.,.,Er where 

j = s = r 
# & = 2 c . A S < 3 i ^ > (ft=l,...,r), 

according as Xx,...,Xr does not, or does contain Abelian 
operators. 

Example. Prove that if two transitive groups are simply 
isomorphic in such a way, that the sub-group of one, which 
leaves a point of general position at rest, corresponds to the 
Bub-group in the other, which leaves the corresponding point 
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of general position at rest, then the two groups, if in the 
same number of variables, are similar. 

The equations which define the groups of asj, ...,as° and 
y\,...,tfn are respectively (§ 111) 

3 = r—n 

<>k + 2 en+j <Pn+j,k(xX> •••> O = °» (* = 1, .... %), 
and 

efc + 2e»+^0»+?,fc(2/i> -.2/») = 0. ^ = J> •••.») 5 

and therefore, since e^ = q, we must have 

*.+/,*(«*,..., o = ^.+y,fc<3«, ->2/y, (-J. z i;;;;; r~™) • 

W e have proved that 

^iH>n+j,k ~ Lli,n+j,k> 

and therefore, if X % denotes the operator obtained from X k by 
substituting for xx, ...,xn the respective quantities asj,..., x?a, 
and cp°n+j!k, n« m+J.j. denote respectively the functions cpn+j>k, 
^i,n+j,k with asj, ...,as°, substituted therein for xx,...,xn, we 

have xUl+j,k = m,n+j,k-

N o w since the two groups are simply isomorphic and 

<P°n+j,k = f°n+j,k> we must have 

Y°irn+j,k = xoi<+j,k, (j;i;;:;;r_i; *=i.-.»): 

and therefore, since 

<l>n+j,k(xi> ~»xn) = e6lXl°+-+e''x'-o0B+j,feK.-.a»), 

we must have 
/ j = 1 r—7i\ 

*n+y,* («L» •••> " J = r'n+j.h fa, •••> 2/»)? (k _ { " ] ' J ' 

The groups therefore satisfy the sufficient and necessary con
ditions for similarity. 



CHAPTEE XII 

ON THE CONSTRUCTION OF GROUPS WHOSE 
STRUCTURE CONSTANTS AND STATIONARY 

FUNCTIONS ARE K N O W N 

§ 134. In Chapter X we proved that two groups are similar 
when they have the same structure constants and stationary 
functions. In this chapter w e shall show how when these 
constants and functions are known the group m a y be con
structed. 

W e take the case of transitive groups first; let Xx, ..., X n 
be unconnected and 

k — n 

(!) xn+j = 2 0»+i,k xk> 0' = i. -. r~n); 

suppose that s of the stationary functions are unconnected, 
and that these are functions of aSj,...,xg only. 
W e saw (§ 115) that 

(4^=2^1*. CjZlizl)* 

where ILvj.,... are a known set of functions of asj,..., asg which 
we call the structure functions of the complete system 
Xj, ...,Xn; and if 

we proved that £kl, ...,<:k8 are known functions of xx,...,xs. 
It follows therefore that XmIT^7c,... are all k n o w n functions 
0 1 tJC-t j • • • ; *E>o • 

The problem which lies before us is therefore to determine 
the forms of n unconnected operators inxx,...,xn, such that 

k = n 

(Xi, Xj) =^dIiijkXk' 

where the structure functions n^,... are known, and also 
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the functions obtained by operating on these functions with 
xx,...,xn. 
When we have found Xx,...,Xn then we shall also know 

Xn+1,..., Xr by (1). _ _ . 
If s = n, that is, if the group is non-stationary, since we 

know £liX,..., £kg we know Xj, ...,Xn at once. 
W e now assume that s < n so that the group is stationary. 

§ 135. If we have any n unconnected operators we know 
k~n 

(§68) that (Xi,Xj)^PijkXk; 

from the identities 
(Xj,Xi) + (Xi,Xj) = 0, 

(Xj, (Xit Xk)) + (Xi, (Xk, Xj)) + (Xk, (Xj, Xs)) = 0, 

we therefore deduce the following relations between the 
structure functions Pijk>... 

(x) Pijk + Pjik = °i 
t = r 

Xj Pikm + XiPkjm + XkPjim + 2 (Pikt Pjtm + Pkjt Pitm + PjitPktm) = °> 

where i, j, k, m may have any values from 1 to n. 
If the structure functions Pijk,... are mere constants 

X j , ...,Xn is a simply transitive group; and w e have shown 
in Chapter V h o w from a knowledge of these constants the 
group itself m a y be constructed. In the case where Xx,...,Xn 
formed a group Xmpjik,... were all zero; the problem before 
us now, w h e n pjik,... are k n o w n structure functions satisfying 
the conditions (1), and Xmpjik,... are all known, but not 
necessarily zero, is to find the'operators X 1 ; ...,Xn. 

This problem is therefore a generalization of that considered 
in Chapter V, and w e shall show h o w the results of Chapter V 
enable us to solve it. 

Not more than n of the structure functions p,p, ... can be 
unconnected; if n axe unconnected w e can express asj,..., as„ 
in terms of these structure functions ; and therefore, since we 
k n o w X m pijk,..., w e k n o w X m (asj),...,Xm (asj, and therefore 
k n o w the operators X j , ...,Xn. 

W e next suppose that only s are unconnected where s < n, 
and w e m a y n o w assume that the variables have been so 
chosen that the structure functions only involve asj,..., xs; if 

then Xk = ikx — + ... + ikn^-, 
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we see that £kx,...,i-kg axe all known functions of asj, ...,asg, 
and what w e have to do is to determine £k g+1,..., £kn. 

If w e take 

Yk = HxXx+-+xknXn> (k = l,...,n), 

where Xk-,... are known functions of asj,..., xg whose deter
minant 

viu 

"rali • "-nil 

does not vanish; then Yx,..., Yn will each be connected with 
Xj,..., X n and they will form a complete system, so that 

k = n 

(Yi> Yj) =^i<rijk Yk-

The structure functions aijk, ... of this complete system 
must satisfy equations of condition like (1); they will be 
functions of asj,..., asg only, as will also be the functions 
Ymaijk> •••'•> aiiâ  finally if w e can construct the one set of 
operators w e can construct the other set of operators. 

W e n o w make use of this principle to throw Xx,..., X n 
into the forms 

z& -d^r + h , 

•̂ •t+i ~ t( S+J ~ ±8+J,S+l oX 

US + 1 

+ ... + £ 
a 

''+17>x.^'rm"'rGknlxm 

s+1 
s+J,«dx„ 

(ft= 1, ..., s), 

(j = l,...,n-s). 

§136. In order to find the operators Xx,...,Xn which 
satisfy 

(1) 

* = " ,*=1,...,»N 
(Xi> Xj) =2PijkXk> {j = 1, ...,n' 

we have to find the set of functions £{k, .... 
T h e only equations involving £xx,..., £j„, or such of them 

as are u n k n o w n , are those obtained b y equating the coeffi

cients of r—> •••' r— on each side of the identities 
aasx aasK 

(Xj> Xk) = PjkXXl+-"+PjknXn> \j _ 1} tj n)' 
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We must therefore eliminate £1X,..., £xn from 

m=w tk- l,...,n; . _ x 

Xj hi~Xkiji =2Pjkm€mi> (j = 1,..., n; l ~ ''"' nJ' 

and thus reduce the differential equations to be solved to 
a set not containing £n, ..., £Xn. 

In the form to which w e have reduced X j , ..., X n 
w e see that p̂ -j = 0, ..., p^g = 0; and thus w e see that 
£ii>---> fi« cannot appear in any of the identities, obtained 

by equating the coefficients of ^—)•••>-— in (1), unless k 
o asj O Xm 

or j is unity. 
The only equations obtainable by differentiation and 

elimination from 
m = * ,k=l,...,ns 

(2) X,£ £Xj—Xj gkj = 2 Ptem £mj> \j = 1,..., n >' 

which will not involve derivatives of £xx, ..., £1M above the 
first, are 

(3) (Xh Xk) £xj - Xt Xj £kj + Xk Xj £% 

— -^-i jZd Pkxm tmj -"- k J-d Pixm tmj • 
Now 

Xi Xx hj — Xk Xl £ij = Xl (Xi hj ~ Xk iij) 

+ (Xi> Xx) hj — (Xk> Xx) £ij> 
and 

m = ?i 
(4) Xi hj~Xk £ij = 2 Pikm €mj > 

so that by aid of these equations and (1) we see that (3) takes 
the form 

m=n m=n 

2 Pikm (Xm €xj ~Xx £mj) ~ 2 £mj (XxPikm + XiPkxm + Xk Plim) 

m — n 

+ 2 Pxkm (Xi 4y ~Xm iij) + 2 PiXm (Xk £mj~Xm hj) — °-

We have, in passing to this form of (3), made use of the 

equations , 0 
ri)m~fjvm — "• 
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If we now replace 
p = n 

Xm€xj — Xl£mj by 2<PmXp£pji 

p = n 

and Xitmj-Xw,Uj by 2^™p4j' 

the equation (5) is such that the coefficient of £pj is seen to 
vanish identically by aid of the equations of condition (1) 
of § 135. W e therefore conclude that the only equations 
of the first degree in the derivatives of £n, ..., £Xn are the 
equations (2) themselves. Any equation of the form (4) we 
shall denote symbolically by (i, k). What we have now 
proved is, that the only equations of the first degree in the 
derivatives of fjj, ..., £Xn axe the equations symbolized by 

(1, 2), ..., (l,n). 

§ 137. If then we have found any values of £kl,..., £kn 
(where ft may have any value from 2 to n) to satisfy the 
equations 

<•> <« (Jzl;::> 

the equations for £xx, ..., £Xn, viz. (1, 2), ..., (1, n) will be 
consistent *. 

B y aid of these equations (1, 2), ..., (1, n) w e can express 
x2£ij, ••-, xn£xj m terms of fu,..., £ln and k n o w n functions; 
for, assuming that w e have solved the equations (1), £kx, ..., £kn 
are k n o w n functions if k > 1. 

N o w X2,..., X n are (n—1) unconnected operators, in which 

;-— does not occur; and, since hu---> hn> where k>l, are 

known functions, these operators are known. We can therefore 

express ^— > • • • > -—- in the forms 
aas2 aas„ 

^ = Xk2X2 + ...+\knXn, (k = 2,...,n), 

where kkj,... are known functions of asj, ..., xn. 

It follows therefore that, w h e n w e have solved the equations 

* See a paper by the author on ' Simultaneous Equations' in the Proceedings 
qf the London Mathematical-Society, XXXI, p. 235. 
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(1), we can express the first derivatives of £xx,..., £xn with 
respect to x2,...,xn in terms of £u,..., £Xn and known func
tions ; and in these expressions for the first derivatives 
£jj,..., £Xn will only occur linearly. 

In these equations asj occurs merely as a parameter; we 
therefore look on asj as a constant, and say that we have 
obtained expressions for all the first derivatives of i-xx, ..., flB 
as linear functions of these unknowns, the coefficients being 
known functions of the variables; that is, the types of equa
tions to be solved are 
iuj (j = 1,..., m\ 

j ^ = ajkxul + — +ajkmum + a>jk,m+x> (k _ i)iit)TCJ' 
where ajki are known functions of the variables; and of 
these equations integrals m a y be obtained in the form of 
power series. 

The operators Xg+1,..., X n form a complete system of order 
(n — s), and the structure functions of this system only 
involve asj,..., asg. Since these variables only enter the opera
tors Xg+1,..., X n as parameters w e may look on the structure 
functions as mere constants; and we can therefore by the 
method of Chapter V find these operators Xg+1,..., Xn. 

Xs, X6+1,..., X n now form a complete system, and as we 
know Xg+1,..., X n we may therefore by the method we have 
just described find the coefficients 
£s,8+i> •••> £«»> 
and thus find the operator Xg. 

Proceeding thus we m a y find all the operators Xj, ...,Xn, 
and have thus shown how a transitive group can be con
structed when w e know its structure constants and stationary 
functions. 

§ 138. We can now construct the types of intransitive 
groups. 

Let X j , ...,X„be the unconnected operators of the group 
Xj, ...,Xr which we suppose in standard form. 

The stationary functions only involve xx,...,xg, and, since 
asj, ...,xm, xm+q+x, ...,xn are invariants, 

Xk= h,m+l^Z + -'- + h,m+q<^, ' (k=l, ...,r). 
"•^m+l oxm+q 

Since the invariants only enter Xx, ...,Xq in the form of 
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parameters we may consider Xj, ...,X to be the operators 
of a complete system in the q variables asm+1, ...,xm+q; and, 
as we have 

h~q • _ i 

(Xi> Xj) = 2 uijkXk> Q - i "'a)' 

where IL.-J.,... and Xm ITa-j. ,... are known functions of the 

parameters xx, ...,xm and the variables xm+x,..., xg, w e can 
construct the operators X j , ...,X„ as in the previous theory. 
W h e n w e have thus found Xj,..., X „ w e can find the other 
operators by means of the identities 

k = q 

Xq+j =1<Pq+j,kXk> (3 = 1» ••..«•-?)• 



C H A P T E R XIII 

CONJUGATE SUB-GROUPS: THE CONSTRUCTION 
OF GROUPS FROM THEIR STRUCTURE 

CONSTANTS 

§ 139. If Xj, ...,Xr are the operators of a group with the 
structure constants e^j.,... w e have 

Gijk + Cjik = °> 
h = r 

2 (cikh chjm + ckjh Him + cjih chkm) = °-

If Xq+X,..., Xr form a sub-group we also have 

• 4 = 1, ...,r — q; , _ •> 
cq+i,q+k,h- °> (/c= i)ifj)r_g; ft-*» •••>?;; 

and if this sub-group is self-conjugate we have the further 
conditions 

°q+i,k,h,~ °> 
l,...,r-g; 

(!- l>">'-*'h=l,...,q). 
Kk = 1,..., r; *' 

Since our immediate object is to find the general form of 
a sub-group conjugate with a given sub-group, it will be 
convenient to take a set of operators Yx, ...,Yr dependent on 
Xj, ..., Xr and defined by 

(1) Yk =Xk, 

f1 ~ 9. 
(2) Fg+( = Xq+t—2Vr-*,i«.-3^> 

The identities (2) can be written 

(ft = 1, • 

(* = 1,.. 

••»?)> 

.,r-q). 

fj. = q 

Xq+t — YQ+t + 2 fh+t,li YP 5 

and therefore, whatever values the constants 4r+*>j»> ••• may 
have, Fj,..., Yr are independent operators. 
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If w e suppose that hilL = 0 w h e n i > q, or w h e n p. > q, the 
formulae (1) and (2) m a y be replaced by 

Yi = xi~ 2 K X*> (i = h-., r). 

§ 140. W e n o w introduce a set of functions of these constants 
hq+t,^,... defined by 

t = r—q (i = j n = q 
(1) Hijk = C#fc+2Ci,.7,S+*^S + t , * + 2 C C a ^ l l i + 2 % * ^»C 
ft = v = 2 IJ. = q, t = r—q ^T^q^t — r—q 
+ ^ d Cpr]c fiilj,tljv+ X . ̂ /i,i,2+t ̂ '(X "v+f,*+ .^ ">,(*,2+' >Hu."'il+t,k 

fL = v —q,t = r—g 

+ ^' CjijVj2+4 "<»(», "9V ">q+t,k. 
Since 

(F, f,) = (X, xk)+2 V (x*> x»)+2 ^ &, X) 

+2 ^<* ^*» (-^i" •^>,)» 
A = r X = r i = 2 

and (X„, X ) = 2 < W * k = 2 < W (Fv+2hu Yj)> 

w e see that the structure constants of Yx, ...,Yr are the set 

sijk>----
It therefore follows that 

Hijk + H j i k = 0; 

(2) ,=>• 

2 C^W -^w*+ ̂ ^ •^»<*+-^»m -Ê fes) = °. 

Since X15 ...,Xr are derived from Fj,..., Yr by the law 

(i = S 
X = r » + 2 ^ r ' ^ (i=l,...,r), 

and Bi-j.,... are the structure constants of Fj, ..., Yr, w e must 
have 

t = r—q (i = 2 P--Z 
(3) c%k = J3^i- 2 jHi,i,«+< ̂ 4+'.*- 2 # * * ̂  _ 2 - ^ V 

t = r—2,|u. = 9 t = r—2,(i = 2 
+ 2 -^/*,M+< ̂ J> ̂ 2+*,£ + 2 Hj.V-i+t kin hq+t,k 
H = v = q p. = v = q,t = r—q 

+ ^lHpVkhiH. hju—^J Hw.q+thinhjv hq+t,k-

CAMPBELL N 
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Let 
t=r-q II. =1 fi=2, * = >•—2 

(4) nijIc = Cijk + 2 CiJ,i+t K+t,* + 2 ci»a ̂ > + 2 Cl*>hi+t hp- K+t,k, 

then w e see that 

(5) Hijk= tl~$k —2"'ip."RnJki 

and therefore, since hilx = 0 if i > g, !?#* = 11^ if i > g, and 
(5) can be replaced by 

H- =4 
(6) n^t = 5yt + 2 hi* Hyjk • 

It will be noticed that though R{jk + Hjik = 0, n^j. + II^j 
is not zero if either i or _y exceeds q. 

If ft>g, IT̂ -j. takes the simpler form 

(7) ,1 = 2 t* = 2 ^ = v=2 

•"*>/. 4+* = CV, 2+' " ^ 2 Cf»,i,2+t"'^+ ̂i<Vil».S+*̂ »l**t' ̂ d Cn,v,q+thilJ.hjv 

§ 141. It is n o w necessary to prove the formula 
t-r t=r 

(1) 2 d (^,q+j,t^-vtk — n^j+^tll^a,) =ic,(1(Ilfij+^iii. 

F r o m (2) of the last article w e see that 
t=r t=r 

2 (HiiL,q+J,t Hvtk — Hv,q+j,t PLptk) = 2 -"»(»* •"i.S+A*" 

K w e apply the formula (6) of § 140, w e see that 

t=r 

2 (n>»> a-** * H < * — ^ " » 4 +>>«+n^tt) 
t = r j> = 2 # = 2 

= ^ (•"(*> S+A * "I" ̂  ""My -".2>> i+J, *) (-">* + JL "»p "jitfy 

t = r SP = 4 2> = 4 

— 2 ("" ". 4+A t + 2 "*P Hp, q+j, t) (Eptk + 2 *VP Sptk). 

Multiplying this out and applying (2) of § 140, w e see that 
it is equal to 

t—r t = r,p = q t=r,p~q 

ZjHvfLt.Ht.a+l.k + Zjhu.vJIvrit Ht,q+j,k + 2",'P "PH«-"«i4+A* 

t=r, p—tf—q 

+ 2 ^ hpp hv:pi Mp/pt lit, q+j, k-
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We now replace F£t,q+j,k *n this expression by 
i=2 

"<,q + j , k ~ 2d"-ti ̂ i,q+j,k> 

and we see that, if i > q, the coefficient of n<«+} j is the 

expression for cVILi in terms of hq+tk,... and the functions 
Eijk > • • • given ba (3) of § 140. 

If i > q this coefficient is 

z> = 2 p = q p,=p = q 

£*-vp.i + ' • "'ftp U-vpi + f • î vp JJ-pfLi + s , tlpp tlvp' Hpipi ; 

and if we notice that hjt is zero when i > q, we shall see 

that this is also equal to c„Mj. W e have thus verified the 
formula (1). 

§ 142. We now look on hq+tk, ... as a set of variable 
parameters; since every term which occurs in Il̂ -j. either 
begins with_/ or ends with k, w e see that, if j > q and k > q, 

dtlijk _ x-j „_-, oUijlc _ 
S i — — — l U f i k ana ^5- — lisi,q+t-

W e now introduce a set of r linear operators IIj,..., II,, 
defined by 

k=q,j=r-q 
2 d 

'••V,4+.?,*TI 5 
"'lq+3,k 

when w e have 
t = q t= r—2 

"y HiJ.,q+j,k = .^ '-*v,q+j, t 1V'* "^ .^L '•'•v,q+t,k l^li.,q+j,q+t j 
£=</ t = r—2 

n^ n^-w,*= — ^ i L . ] g + ^ j n „ « + ^ n ^ ^ . ^ nj/j4+^s+j; 
and therefore 
n„ n^^^j,—n^n^j+^j. = — ^ nr]3_W]jii(i(;(.+ _2^ n^+^j n„(t 

i = i-

by the identity (1) of § 141. 

It therefore follows that 

%r (i= 1, •••, r\ 
(Ui,Tlj) =Zcijkuk> V = 1, ..., r)' 

N % 
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so that Ux, ...,Ur generate a group isomorphic with Xx,...,Xr. 
If the operators ITj, ..., ITr are independent the groups are 
simply isomorphic, but if they are not all independent 
Xj, ...,Xr is multiply isomorphic with ITj, ..., Ur. 

§ 143. Still looking on h +f> j.,... as variables, we shall now 
prove that the equation system 

(i) iw.iifc = o, CjZ\\zlzqq:^ = h..,q) 

admits these operators. 
If w e notice that in H„+i, q+j, k every term either ends in k 

or begins with q + i or q + j , w e shall see that if p. > q 

p=q p=q 

^(i S+M+ii* ~ f. •̂ •fitQ+hP -H-q+JtPjki '• •*-*• Ptq+JtP *lp,q+i,k 
t = r—y 

+ 2 * -̂ V,4+*,fc -̂ q+i,q+J,q+t 
p — r 

= jZ. \-Hq+i,li.,p Hp,q+i,k + -"(i,«+/,!> -"2>,4+i,* 
+ Hq+j,q+i,p HpiLh) 

t = r~q p — r 
+ £ i HiL,q+t,k Ĵ q+i,q+j,q+t ^ j -"2+i,n,p •"•p,q+j,k 

P = q+X 
p—r p — r 

2 -"^,«+Ap ̂ p,q+hk j£d -H-q+hq+j,p •"/»,!',*• 
p=q+l 

Since the expression in the bracket vanishes identically w e 
see that n ^ Hq+iiq+ji!c = 0 is an equation connected with the 
equation system (1); that is, it is satisfied for all values of the 
variables which satisfy (1). 

Also since 
H = q 

J-*-q+hq+j,k = '•*q+i,q+j,k j^^q+hv- *-*ti.tq+j,ki 
we conclude that, even when p. > q, the equation 

II Hq + i:(1+j:k = o 

is connected with the equation system (1); so that w e have 
proved that the system admits the operators ITj, ..., TIr. 

It will be noticed that the operators Ilj, ...,ITr are defined 
simply from the structure constants ci7c, ... of the group, as 
are also the equations of the system (1) which admit these 
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operators. The group property of the operators ITj, ...,nr 
might have been proved without any reference to the group 
Xj,..., Xr, though the labour of the proof was much lightened 
by that reference. 

§ 144. Suppose now that we have any sub-group of 
Xj, ...,Xr whose order is (r — q), and suppose that all its 
operators are independent of Xj,..., X • we may throw the 
operators of this sub-group into the form F +1,..., Yr, where 

|i = 2 
Fg+i = X 9 + ( - 2 V k h X m (t= l,...,r-q), 

and we may then take Yx, ..., Yr to be a set of r independent 
operators of the given group where Yk = Xk if k > q. 
Since S{jk, ... are the structure constants of Yx, ..., Yr, 

and Yq+X,..., Yr is a sub-group, 

******* = °. QZlyZl-ll h = 1-"'*> 

These are therefore the equations in the variable parameters 
\+t,k> •-• which define sub-groups of order (r—q). 

Yq+X, ...,Yr will be a self-conjugate sub-group if 

Vi=°- Gz\'""r~l\ *=!.....?); 

that is, the sub-group will then be invariant under any 
operation of the group Fj, ..., Yr. 
Even when not invariant under all the operations of 

Fj, ..., Yr, that is, when not self-conjugate, it may be in
variant under some of the operators. 
It will be invariant under the operations of the sub-group 

Yq+X, ..., Yr in every case; it will be invariant under the 
operations 

a£ = eaq-hYg-.h + ...+arYrXi> ^ _ -̂  <it)TO) 

if, and only if, 

Hja+ik = °, (i=h...,r-q; k = x q\. 
•?>2+V» V; — q — h, ...,r; 7LJ 

The operations which transform a sub-group into itself 
muBt from first principles generate a group, which will con
tain the given sub-group as a sub-group, and therefore the 
operators Yq_h,..., Yr must themselves be a sub-group of 
Fj,..., Yr. 
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§ 145. Suppose now that we are given the structure con
stants Cijk,... of a group Xx,..., Xr, and we want to find 
the structure constants of all possible sub-groups of order 
(r — q); we equate to zero the functions Hq+iiq+jtlc,... of the 
variables hq+t,̂ ., 

If no values of A,8+t](1, ... can be found to satisfy the system 

H, - * = ! , 
q+hq+j .»-«• ( = ':::: : ; * = » . - . * ) 

-?; 

then there is no sub-group of order (r — q), all of whose 
operators are independent of Xa,..., X ; that is, if there is 
a sub-group of order (r — q) at all it must have at least one 
of its operators dependent on Xx,...,Xq. In this case we 
should take, in order to form the functions Hq+i „+.- k, some 

other set of (r — q) operators out of the set Xj,..., Xr in place 
of X+1,..., Xr; for there is no sub-group of order (r—q) 

which cannot be expressed in some one of these ways. 
W e see this more clearly if we consider the sub-group 

<2+i> F, where 
k = r 

q+t =2«, q+t,kXk> (t=l, '-?). 

aq+t,k> ••• being a set of constants. 
This sub-group could then only fail to be expressible in 

the form 

when 
Yq+t = X q + t ~ 2 h q + t,kXk> (̂  — *> -2), 

a, g+l,2+i: a. q+X,r 

a, r,2+l' 

= o; 

and it could only fail to be expressible in some one of the 
required forms if all (r —g)-rowed determinants of the matrix 

'•'2+1,1' *2+l. r 

vanished; that is, if the sub-group w a s of order less than 
(r-q). 
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If on the other hand w e find a set of values of ha.t „ to 
satisfy the equations 

•**q+i,q+j,k — °) 
(i=l ...,r-q; 
KJ = 1, ...,r-q; ' "'*) 

then Hq+iiq+jtq+t, ... will be the structure constants of the 
sub-group whose operators are 

H = q 

Xq+t — 2hq+t,v.Xll,, (t = l,..., r—q). 

We then denote the operators of this sub-group by 
Yq+X,..., Yr and the group itself by Fj,..., Yr. 

The sub-group _ is of course invariant for the operators 
q+1, ...,Yr; it will be invariant for 

if 

ejFj+... + e2F2 

xS1,q+i,k + ... + eqHq!q+i>k = o, (iZi""r'qa)-
k — i,..., q/ 

W e therefore, in order to find within what group F +1,..., F 
is invariant, write down the matrix q 

£ . H. 
q+i,k' 

2,q+i,k> 

JT 
q,q+i,ki • 

where in any row i takes all values from 1 to (r — q), and k 
all values from 1 to q. 

Suppose that the values ofhq+t,^,... n o w found are such as 
when substituted in this matrix will make all (q — m + l)-rowed 
determinants but not all (q—m)-rowed determinants of the 
matrix vanish, then the sub-group F +1,..., Yr is invariant 

for m operators independent of one another and of Yq+X, ...,Yr. 
The sub-group is therefore invariant within a group of order 
r — q + m , and there are only ( q — m ) independent operators 
for which it is not invariant. W e say, then, that the sub
group F_+1,..., Yr is of index ( q — m ) . 

§ 146. We now wish to find the sub-groups conjugate to 
Yq+X, ...,Yr, so w e must consider what this sub-group is 
transformed into when w e apply the infinitesimal trans
formation 

(1) v'i = x{ + tYj xh (i=l,...,n). 
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If j > q the operators Yq+X, ...,Yr will be transformed into 
operators dependent on Yq+X, ...,Yr; we need therefore only 
consider the case where,/ > q. 

W e saw in § 76 that, X'k denoting the operator derived from 
Xk by replacing Xi by x'i, 

ix = r 
X'k = Xk +12 cjk* Xv--
H e n c e w e n o w have, since Yx, ...,Yr axe operators with the 
structure constants H j ^ , . . . , 

[L = r 
(2) Y'k=Yk + t^Hjk,Y.. 

Now Y'„+x,...,Y'r are the operators of the sub-group con
jugate to Yq+X,..., Y r obtained b y applying the transforma
tion (1); a n d therefore, since this is a sub-group of order (r—q), 
and differs infinitesimally from F +1,..., Yr, it cannot have 
operators dependent o n X j , ..., X . W e m a y therefore take its 
operators to be 

>l = 2 p = 4 
Xq+X~2d hq+x^X/,., ..., Xr — J^hr^Xp, 

where h'q+jl, = \+j,p.-t\+j,u., and Xg+J>)... are functions 
of the variable parameters h +i^,... whose forms must now 
be determined. 

The operators F'+1,..., Y'r are operators of the sub-group 
H=2 f=2 

X q + 1 ~ 2 ",2+1>ft **' •">-^r~ 2"rv.^-r\ 

that is, of the sub-group 
n = 4 \>-=q 

m+i + ' a ^ H h -*fi> •••, * y + ̂ Ar^ i^; 
and therefore 

s-r-q >i = 2 

Yq+i~2eq+i,q+s(Yq+s^^2\+s,f- Yn)> (* = 1',-'>r — Q)> 

where eg+$ „+g,... are constants. 
If w e n o w compare this expression for Y'q+j with the 

expression obtained in (2), and equate the coefficients of 
Yq+x> •••>Yr we see that, neglecting small quantities of the 
order t, e +i q+g is equal to unity or. zero according as i is or 
is not equal to s; and therefore w e see that 

x _ w . fs = l,...,r-qs 
r — l> •••> q 
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Since j > q, Hjtq+,tlL = IL,?+S]At; and therefore the constants 
(Vq+j7»., • • • which define the sub-group conjugate to Y+x,..., YT 
obtained b y the infinitesimal transformation 

x'i = Xi + tYjXi, (i=l,...,ri) 
are given b y 

h' . - h • -tn. • (l = 1.---'r-?v 
aq+\n ~ "-q+i,̂ - cuj, 2+*>' U — 1 „) 

Because the sub-group is invariant for the transformations 

' _ ,*y fi = *> •••,n \ 
^i - vCi + tXq+jVCi, \j= l^.^r-q'' 

we see that for such transformations 

V • — h • 
'hq+i,v. ~ "-q+i,̂ ' 

W e now want to find the constants defining the sub-group 
adjacent to that defined by hg+iifl,,... and obtained by the 
infinitesimal transformation 
x'i = Xi+(exXx+... + erXr)Xi, (i = 1,.,.,n). 
We have 

p. = q j = r-q j=r-q 
exXj +... + erXr =2 (<V + 2 eq+j hq+j,») X* + 2 Vi F2+i' 
and therefore 

k = q 
"-q+i,^ = 'lq+i,v-~ 2(ek + 2ieq+j "'q+j,k)'^k,q+i,^-

Now, since 
u - n (i= h—,r-q; „ _ , _v 
aq+i,q+l,V- ~ U' L- _ 1 „, „. M — i!'")tfi) ' 

y — •*' • • • ) ' a ' 
k = q 

'•*q+j,q+i,i>. == /' "*q+j,k 11 £,2+1,1*, 
and therefore 

"-q+i,l>. = ",2+i.""_ 2ek"k,q+i,*> 

= ^2+»>-(eini + ",+e',n'-)^+*.'1" 

T h e relation between the groups rTj,...,nr and X j , ...,Xr 
can n o w be expressed in general terms. Let hq+t,^., ••• be a set 
of constants defining a sub-group of Xx,...,Xr; then the set 
of constants h'q+ill,... which define the sub-group conjugate 
to this and obtained b y the transformation 
x'i = eeixi+-+erxrxi, (i=l,...,n) 
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are given by the formulae 
A = l,..„r-q. 

V*."' lM=l, ..., q) 

§ 147. In order to find all types of sub-groups of order 
(r — q) w e therefore proceed as follows. 

If no sets of values of hg+tll/i,... can be obtained to satisfy 
the equations 

(!) Hq+itq+J!k=0, (' ,% = \,...,r-q; , , 
•̂ = l,...,r-g;*-1'-•*)• 

no sub-group of order (r — q) exists. 
If on the other hand such a set exists, let hq+tlli,... satisfy 

the equations (1); w e write down the matrix of the operators 
nx,...,ur 

Ul,q+j,k> 

r,q+j,k' 

where in any row all values of j from 1 to (r—q) and all 
values of k from 1 to q are to be taken. If when we substitute 
for h +t p,... in this matrix the respective values hq+t ̂ , ... 

all (s +1)-rowed determinants of the matrix, but not all s-rowed 
determinants, vanish, then the sub-group is of index s; and 
the 'point' whose coordinates are h%+t^,... is of order s with 
respect to the equation system 

(*) Hq+i,q+j,k = ° (in *be variables hq+t>l,,...) 

admitting the operators Ilj,..., I7r. 

Since 

n„ '2"'q+i,V- "-V-,q+j,k> (2) E:q+iq+jtJt — i'q+i>q+jtk 

the index s cannot exceed q. 
W e n o w find (as explained in § 103) the contracted operators 

of Ilj,..., T\r with respect to the equation system which con
sists of (1) and the equations which define points of orders ; 
for both of these equation systems are invariant under the 
operations of the group Ux,..., ITr. 

Let this combined equation system be 

(3) hq+t!y. = <pq+tilL (hx,..., hp), 
,t = l,...,r-q 

)• V=i,..., q' 

where hx,,..,hp are some unconnected parameters, in terms 
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of which those values of hg+t,?,... can be expressed which 
satisfy the combined equations; and let Px, ...,Pr be the 
contracted operators. 
Since Xx, ...,Xris isomorphic with Ux, ...,Ur and ITj,..., 17,. 

isomorphic with Px, ...,Pr, Xx, ...,Xr must be isomorphic 
with Pj,...,Pr; but the isomorphism is simple, only when 
Px,...,Pr are independent operators.. 
Since the parameters of a sub-group of order (r—q) and 

index s are by (3) expressible in terms of hx,...,h we call 

these parameters the coordinates of the sub-group. From the 
definition of a point of order s exactly s of the operators 
Px, ...,Pr will be unconnected; and as these are operators in 
the variables hx, ...,h we conclude thaip < s, and that there 
will be (p — s) invariants, which we may take to be 

h 'S+1' .,hp. 

If then hx,...,hp are the coordinates of a sub-group of 
index s and order (r — q), the coordinates of the sub-group 
conjugate to this obtained by the transformation 

x'i = eeixi + — +erxrxi, (i=l,...,n) 

are given by 

h>i = ^ P l + ...+erPrJlh (i==h...!p). 

Since s of the operators of the group Px, ...,Pr are uncon
nected, w e can pass, by the operations of this group, from any 
point whose coordinates are hx,...,h°, to any point whose 
coordinates are/ij, ...,h8,h°s+x, ...,hp. Sub-groups of the same 
order are therefore divided into classes according to their 
indices ; only sub-groups of the same order and index can be 
conjugate; and of sub-groups of the same order and index 
only those can be conjugate for which the coordinates 
hs+x> •••>fy» are the same. There are therefore odp~s different 
types of sub-groups of order (r — q) and index s; and corre
sponding to anyone of these types w e have oo8 conjugate sub
groups. 

§ 148. We can apply these results to obtain the stationary 
functions of groups whose structure constants are assigned; 
and thus complete the investigation of which Chapters V and 
X H formed a part, viz. the determination of all possible types 
of groups with assigned structure constants. 

Suppose the group Xx,..., X r is in standard form so that 
xi> •••>xm> xm+q+x> •••>xn are *be invariants, and the stationary 
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functions only involve xx,..., xs. If asj,..., as° is a point of 
general position then the group of the point—that is, the 
sub-group of operations leaving the point at rest—is of order 
(r — q) ; and the coordinates of this group depend only on 
asj,..., asg; for w e have proved in § 112 that the equations 

Jjx Jjx, ..., Jsg oOg 

define the locus of points whose groups are the same as the 
group of asj,. ..,x°n. 

N o w b y the operations of the group Xx, ..., X r , only the 
coordinates xm+x,..., x m + q can vary; and, as there are 

(r — s + m ) independent infinitesimal transformations which 
leave x°m+x,..., as" at rest, there will be ( r — s + m ) infinitesimal 
transformations which do not transform the group of 
/y>0 /yiO 
•"'D •••; •*'}>• 

This group is therefore of index (s — m ) ; a n d its coordinates 
are expressible in terms of s parameters. 

In order, therefore, to find the stationary functions of a 
group, w h e n w e are merely given the structure constants, 
w e form the equations defining sub-groups of order (r—q) 
a n d index ( s — m ) ; the coordinates, then, of the sub-group 
w h i c h leaves a point of general position at rest will be ex
pressible in terms of s parameters. 

If the combined equation system is 

hq+t,p. = 02+«,n(^l> •••' «•«)> (,._1' „)' 
p. — i, ..., q 

then the stationary functions fq+t: ^ (asj,..., os°) will be given by 

/«+*,„ («?, •••, K) = 04+*,)* (K •••> K)-

Since the functions <pq+t,̂ . (hx, ..., hs), ... cannot be ex
pressed in terms of a smaller number of arguments, we may 
express ĥ , ...,hg in terms of asj, ..., as°; and by a change of 
variables we may take hx, ..., hg to be respectively asj,..., x\. 
As we can vary asj,..., x\ in any way we like, we see that 

we may take the stationary functions to be 

, , , ,t = 1,..., r — os 
04 + *,)* (xx,-->Xs), ( „ _ , „)• 

p. — i, ..., q 
When we have thus found the stationary functions of the 
group Xj, ..., Xr we may complete the determination of the 
operators by the method explained in Chapter XII; and if 
any group with the assigned structure constants, and the 



149] S T A T I O N A R Y F U N C T I O N S 189 

assigned numbers s, m and n exists, we can find it by the 
method now explained. 
Such a group may not exist; thus if we take r > 3, n = 1, 

m = 0 and s = 1, we may, for many assigned sets of structure 
constants, construct the functions cpg+t̂ , ... which express 
the coordinates of sub-groups of order (n — 1) in terms of one 
parameter; but the operators Xj,...,Xr in one variable, 
which we should hence deduce, would not be independent; 
for (as we shall prove later), no group whose order exceeds 
three can exist in one variable. 

§ 149. Example. Find all the sub-groups of order 3 of 
the group whose structure is given by 

(1) (X2,X3) = Xj, (X3,Xj) = X2, (Xj,X2) = X3, 

(Xj, X4) = 0 , (X2, X J = 0, (X3, X4) = 0. 

We first find the sub-groups which can be expressed in 

Xj —AjX4, X2 —A2X4, X3—XgX^, 

that is, the sub-groups not containing X4 as an operator. 

Since (X2-A2X4, X3-A3 X4) = (X2, X3) = Xx, 

we cannot express this alternant in terms of the operators of 
the sub-group unless Ax = 0. Similarly we see that we must 
have Ag = 0, and A3 = 0. 
There is, therefore, only one sub-group of this form, viz. 

the self-conjugate sub-group Xj, X2, X3. 
Whenever by this method we find only a discrete number 

of solutions of the equation system 

H, 
i = 1, ...,r-q: • . ., _ 0 (*=i,...,r-q; , _ x 

q+i,q+j,k — u» \j = lt...sr-q; K-L>--->a)> 

the sub-groups must be self-conjugate; for if they had con
jugate sets obtained by the infinitesimal transformation 

x'i=Xi+(exXx + ...+erXr)Xi, (i = l,...,n), 

there would be an infinity of sub-groups of the required class. 
W e next find all sub-groups of order 3 which do not contain 

Xj as an operator. 
The general method of forming equations for hq+t,p., ••• to 

define sub-groups of order (r — q) is simplified when q = 1. 

If we take X —h X X —h X 
-"-2 — "2A1J •••> ̂ t — "V"-! 
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to be the operators of the sub-group of order (r—l), then the 
equations which h2,..., hr must satisfy are 

Eij = h{ Hxj - hj Exi, (j = 1'""r), 

where Hy = cijx + cij2 h2+...+ cijr hr. 

In the example before us 

•S2,3=1> •H2,4=°> -^3,4=°' •ffl,4 = 0' -^1,2 = K> EX,i = ~h> 
and the equations defining the sub-group are therefore 

A 4 = 0, l+h22 + h32 = 0. 

The sub-group sought has therefore the operators 

X2—icosdXx, X3 — isinflXj, X4, 

where 6 is a variable parameter and i is the symbol V — 1. 
By varying 0 we get an infinity of conjugate sub-groups; 
and as the sub-group is not self-conjugate it must be of 
index unity. 

By interchanging Xj and X2 we should obtain the system 
of conjugate sub-groups 

Xx—icoscpX2, Xs—isincpX2, X4, 
these two systems coincide, however, the relation between 
the parameters being cos 0 cos cp + 1 = 0. 
By interchanging Xj and X3 we get 

X2—icos\pX3, Xx—i sin \jrX3, X4, 

which also coincides with the first system, the relation between 
the parameters being sin 6 sim//- + 1 = 0. 

If we try to find a group in the single variable x which 
shall have the structure (1) we must take 

X2=02(as)Xj, X3 = 03 (as) Xj, X4 = 04 (as) Xj. 

We now have the following identities which enable us to 
determine the stationary functions 

02 (x) = i cos x> 03 (X) — i sin as, cpi (as) = 0 ; 

and we see that the operators cannot be independent, X4 being 
identically zero. 

N o w we know that in general Xj cp +t k = Hx +f k; and in 
this example 

^121 = C121 + C122 ^2 + C123 "3 + C124 ""4 = "3 ~ * SLQ X, 

Hl31 = C131 "I" C132 "2 "f" C133 "3 + C134 "'t = — ^ 2 = —* COS 3S; 
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so that, from either of these two equations, we see that, if 

Xi = ^j^—3 then £, = — 1, and therefore X, = — —, and the 
aas x 1 aas 

group is 
X, = — =— 3 X„ = i cos as —, X„ = i sin x —, X, = 0. 

1 dx dx 3 aas i 

§ 150. Example. Find the sub-groups of order 2 and 
index 2 of the group 

(X2, X3> ~ XX> (X3' xx) = X2> (Xi> X2) = X3> 
(Xj, X J = 0, (X2, X4) = 0, (X3, X4) = 0. 

We shall only find those which are of the form 

X3~KlXX~K2X2J X4 —A41Xj —A42X2. 

Applying the rule (or otherwise) w e find the conditions for 
a group are 

h,2 (J + h%x)~K, 1 h,2 h,x = °' 

4̂,1 (l+hS,2)-h,2 h,l h,2 = °. 

so that 1 +h%x + h2t2 = 0. 

W e must therefore take (A and 6 being parameters) 

hs x = icos0, h3 2 = isind, hiX = Xsind, hi2 = — Acosfl; 

and we may directly verify that 

(X3—i cos l9Xj—i sin 0X2, X 4 — A sin t9Xj + A cos 0X2) 
= — i\ (X3 — icos 6Xx—isin6X2). 

In order to find the corresponding group in the two variables 
as, y we suppose that 

•^3= 03,1-^1 + 03,2X2> Xi= 04,1-^1 +04, 2X2 • 

Since the index is 2 we have s — m = 2; and, since in 
general s cannot exceed n, in this example, s cannot exceed 2, 
so that m = 0 and s = 2 ; that is, the group is non-stationary. 
The order of the group of the point as0, y° of general position 
is (r—q), and therefore (r—q) = 2; and as r = 4 we must 
take q = 2, so that the group is transitive, and Xj and X2 
must be unconnected. 
We have 

03, i (x> y) = i cos e> <?*, i (x> y) = X sin *> 
03,2 (x> y) = isin0, <pit 2 (as, y) = - A cos 0. 
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We may then by a change of the variables take 

03,1 fa y) = x, and 04,1 (x> y) = y> 

and therefore 

03,2 (x> y) = i(1+a2)*> 04,2 fa y) = -iyx (*+x2)~i-

W e have 

Xl<Pa,l = ni31 = ~h,2h 1 = ~ix (! -^ 

^104,1 = ni4i = ~h,xh,2 = iyx* (1 +x2)~i, 

^203,1 =n231= 1+h3,X = 1+X>, 

xAi,x = n24i = K, xh,x = xy-

W e then see that 

Xj = -ix (l+x2)iyx +iyx?(l+x2)-iTy> 

X2 = (l+x2)±+xy^, 

X3 = i(l +x2)^ -iyx (l+x2)^^-

Now X4 is identically zero, and therefore there is no group 
of order 4 of the given structure, but X15 X2, X3 will with 
X4 = 0 form a group of order 3 with the required 
structure. 

§ 151. When the sub-group whose conjugate sub-groups are 
required is of order 1 the equations 

^^ = 0, CjZ\\:;;"~_qq; * = i.-.0 

are satisfied identically, since q = r—l. 

The variables which define the sub-group are hrX,...,hr r_x; 

and exXx+...+erXr 

will be the operator of this sub-group if 

efc + ^rter = °> (ft= l,...,r-l). 

We therefore take hrk = —, and let 
er 
k=j = r 

d Ep = 2 Cjfjt e. 
'̂ efe' * 
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In operating on any function of hrX, ...,hr r_x 

so that 
7>ek lek dhrx "• dek dhr ' 

e,-v~~ = Ki^ir- if i < r and & < r, 

er;-— = — -=— if k < r, 
H aArJ. 
a *=r_1 a 

a hZ~l a 
eraer-2^s^-

Therefore, since 

j=i=r—l i = r-l >=r-l 

*V = ĵ w cj>A fy ̂TT r .^ cr>£ 6r ;— + ̂  CjiLr ej r— r Crjkr eT x — 
oek oek oer oeT 

k = r-X j = l—1 j=r—1 
a — £d \J—d CjiLkhirj + Cy.rk + Ĉ rr fork + ̂ d ty/ir for) fork) 

*Kk 
k = r—X 
= 2 r W ^ r — if p- < r, 

6 "-rk 
w e see that in operating on any function of hrX, ..., hr r_x 
E ^ has the same effect as IT^ if p. < r. 

Since exEx +... + erEr = 0, 

Er = -^Ex-...-e-^Er_x 

= hrxnx+...+hriT„xnr_x, 

and this operator is equivalent to ITr, since the equations 

Hq+i,q+j,k = ° 

are satisfied for all values of hrX, ...,hr r_x. 
Since the coordinates of the sub-group of order one are 

the ratios of ex,..., er, w e see that for such sub-groups the 
operators ITj, ...,11,. m a y be replaced by the k n o w n operators 
Ex,...,Er, of which w e m a d e use in Chapter V. 



C H A P T E K XIV 

ON PFAFF'S EQUATION AND THE INTEGRALS 
OF PARTIAL DIFFERENTIAL EQUATIONS 

§ 152. If asj,..., xn axe the coordinates of a point in n-way 
space, and 

(x'x-xx)px+... + (x'n-xu)pn=0 

(where x[, ...,x'n are the current coordinates) the equation of 
a plane through asj,..., asm, then w e speak of the point together 
with the plane as an element of this space. W e say that the 
coordinates of the element are xx,...,xn, px,...,pn, where 
asj,..., xn are the coordinates of the point of the element, and 
px, ..., pn the coordinates of the plane of the element. In the 
coordinates of the plane w e are only concerned with the 
ratios Pi'-p2...'Pn; and therefore in n-waj space there are 
cc2"-1 elements. 

T w o contiguous elements, xx,..., xu, px,..., pn and 

asj + cfej,..., xn + dxn, px + dpx,..., pn + dpn, 

are said to be united if the point of one element lies on the 
plane of the other. More exactly expressed, the elements are 
united if the point of the second is distant from the plane 
of the first by a small quantity of the second order. The 
analytical condition for this is 

(1) pxdxx+...+pndxn= 0; 

and therefore, if this equation is satisfied, the point of the 
first element is also distant from the plane of the second 
element by a small quantity of the second order. 

The equation (1) is called Pfaff's equation. 
Since the coordinates of an element only involve ̂ >j,..., pn 

through their ratios, w e shall suppose that, when we are 
given any equation connecting the coordinates 

asj,..., xn, px, ...,pn 

of an element, it is one which is homogeneous inpx, ...,pn-
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If we have m unconnected equations connecting 

aij, ..., xn, px, ...,pni 
viz. 

(2) fi(x1,...,xn,p1,...,pn) = 0, (i=l,...,m) 

then oo2"-™-1 elements of space will satisfy this equation 
system; they will be called the elements of the system. 
Two contiguous elements of the system will not however, 

in general, be united. The question thus arises, what are the 
necessary and sufficient conditions which these equations must 
satisfy in order that any two contiguous elements of the 
system may be united? In other words, what are the con
ditions that the equations (2) may satisfy Pfaff's equation % 
Suppose if possible that, from the equations (2), no equation 

of the form /(asj,..., asj = 0 

can be deduced; we must then be able to express m of the 
coordinates px,..-,pn in terms of the remaining coordinates 
of the element xx,...,xn, px,...,pn. The equation system 
may therefore be thrown into the form 

(3) px =/j(asj,..., xn, pm+x, ..., pn),..., 

Pm —Jm (XX> •••' xni Pm+X> •••tPrUi 
or into some equivalent form, obtained by replacing the 
suffixes 1, ...,m by some m of the suffixes l,...,n. It is 
obvious that, by differentiating the equations (3), we could 
not obtain any equation connecting dxx,..., dxn, and could 
not therefore by the equation system assumed satisfy Pfaff's 
equation. 
W e must therefore suppose that the equation system (2) is 

such that at least one equation between asj, ..., xn alone can 
be deduced from it. Suppose that exactly s of these equations 
can be deduced; and suppose further that these have been 
thrown into the forms 

xn =fn(xx> •••' xn-s)> •••> xn-s+l — fn-s+x (xx> •••' xn-s)' 
We now have 

i=n—« t=s 
pxdxx+...+pndxn=^ (i»i + 2.2V 

and therefore, if the equations (2) are to satisfy Pfaff's equa
tion, we must have 

ft+ 2 ?»-.+«"1^=0, (i=l,...,n-s); 

for, by hypothesis, aij,..., as„_g are unconnected. 

o a 
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We therefore conclude that every equation system satis
fying Pfaff's equation must include the system 

xn — fn (xx> •••' xn-s)> •••' xn-s+X =fn-s+x \xx> •••> xn-s)i 

y Jn-s+t _ v+yv , dfn-s+t _ Q 
Pm-s + jZiPn-s+t oxnr_g —"'•••' Px^ sZdPn-s+t^fa, ~ «• 

To these equations we may add a number of arbitrary 
equations connecting a!j,..., asw_g, pn_a+x, ...,pn; these equa
tions, however, must be such that no equation of the form 

/ (xx> •••' xn-s) = 0 
is deducible from them. 
A set of equations satisfying Pfaff's equation is called 

a Pfaffian system. If the system contains m unconnected 
equations it is said to be of order m, and we have proved 
that m < n. When the number m is not specified it is to 
be understood as being equal to n, and a Pfaffian system as 
being of order n unless expressly stated to be of order m. 
The equations of the system which do not involve px, ...,pn 

will be called the generating equations. There must be at 
least one generating equation, and there cannot be more than 
n; there are, therefore, n classes of generating equations, if 
we measure the class by the number of unconnected gener
ating equations in the system. 

§ 153. We now proceed to express in a convenient form the 
conditions that n equations should form a Pfaffian system. 
Let v be any function of the variables asj, ...,asB, px, ...,pn; 

and let v denote the operator 

3d j a^ a a^ a a^ a 

a^aasj "' dpn^xn oxxdpx~ — ~dx^dp^' 

then, u being any function of the variables, 

aw du dv du~ 

^Pi~°xi dxidPi 

W e call the expression on the right the alternant of the 
functions v and u, and we denote it by (v, u); we have 

v. u = (v, u) =—(u, v) = — U . V. 

The equation v — 0 will admit the infinitesimal trans
formation 

, , ou , , du ,. . 
xi=xi + td~p~.' Pi=P~tzx-.' (* =!,...,») 

•r / "ff ou OV OU \ 
•^^dVtdX: dx.. dn.--' 



153] E Q U A T I O N S IN I N V O L U T I O N 197 

if, and only if, the equation (u, v) = 0 is connected with 
v = 0 ; that is, if the values of the variables, which satisfy 
the second equation, also satisfy the first. 
A set of functions ux,..., um is said to be in involution 

when the alternant of every pair vanishes. 
So also a set of equations, 

Wj= 0,..., um = 0, 

is said to be in involution when for all values of the suffixes 
(ui, Us) = 0 is an equation connected with the given set. 
An equation system in involution, 

(1) ux = 0,..., um= 0, 

will therefore admit the m infinitesimal transformations 

(2) x?i = Xi + tp, p^Pi-tp, (i=\-'n). 
K ' l * dpt ri •" aaŝ  ^j — l,...,mJ * 

If vx = 0,..., vm = 0 is any given equation system such 
that each of these equations is connected with 

%j = 0, ..., u m = 0, 

and each of the equations ux = 0,..., um = 0 is connected 
with vx = 0,..., vm = 0, we say that the two systems are 
equivalent. 
W e must now prove that, if any equation system is in 

involution, then any equivalent system is also in involution. 
If v = 0 is connected with the system (1), it must admit 

all the infinitesimal transformations which (l) admits; and 
therefore (v, ux) = 0,..., (v, um) = 0 
are equations each of which is connected with (1). 

If then vx = 0,..., vm = 0 is equivalent to (1) we know 
that the equation (v{, Uj) = 0 will be connected with 

u x - 0,..., um = 0; 

and therefore ux = 0,..., um = 0 will admit the m infini
tesimal transformations 

(3) as^as-. + iS^' Pi = Pi-tKT-> C.~ ''"' )• 
v ' * opi -̂ l r% dk{ \? = l,...,m' 

Now each of the equations vx = 0,..., vm — 0 is connected 
with ux — 0,...,um=0; and therefore each of these equations 
admits the infinitesimal transformations (3); that is, the equa
tion (vi} Vj) = 0 is connected with ux — 0,..., um — 0, and 
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therefore with vx = 0,..., vm = 0; that is, vx — 0,..., vm = 0 
are equations in involution. 
If vx,..., vm is a set of functions of xx,..., xn, px, ...,pn, in 

terms of which we can express uxi ..., um; then, ifux,.,.,um 
axe unconnected, we can express vx, ..., vm in terms of 
ux,...,um; we say that two such systems of functions are 
equivalent. 
When we say that a function is homogeneous we shall 

mean -that it is homogeneous in px,...,pni suppose that 
ux, ..., um are each homogeneous functions, then, if vx,..., v^ 
is an equivalent function system, Vs will not in general be 
a homogeneous function; but, since there are m homo
geneous functions, equivalent to vx,..., vm, we shall say that 
vx, ...,vm is a homogeneous function system. When each of 
the functions vx, ..., vm is separately homogeneous, we shall 
say that the homogeneous function system is in standard 
form. 

Similarly, if we say that the equation system 

vx= 0,...,vm= 0 

is homogeneous, that will not mean that each separate equa
tion is homogeneous, but only that an equivalent system can 

be found, viz. ux= 0,..., u m = 0, 

«ach equation of which is homogeneous in px,..., pn. 

It can be at once verified that the n unconnected equations 

xn~Jn\xl> •••> xn-s) ~ "> •••' xn-s+l~fn-s+x (xx> •••> xn-s) = ^J 

r, 4- T n fn-s+t _ n n , ~K „ °fn-s+t _ n 
Pn-s + d£dPn-8+t^Z — u' •••' Pl + £dPn-s+t^TZ ~ u 

oxn_s OXj 
are in involution ; and that each of these equations is homo
geneous; we have, therefore, the following theorem: if m 
equations form a Pfaffian system, it is possible to deduce from 
them m, unconnected homogeneous equations in involution. 

The most important Pfaffian systems are those in which 
m = n, and we see that n equations cannot form a Pfaffian 
system unless they form a homogeneous equation system which 
is in involution. 

§ 154. We shall now prove the converse of this theorem, 
viz. that a homogeneous equation system of order n in in
volution forms a Pfaffian system. 
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Suppose that in the system there are s generating equations, 

viz. /j(asj, ...,xn) = 0, ...,/e(asj, ...,xn) = 0 ; 

and let the remaining (n—s) equations of the system be 
thrown into the form 

Ps+1~0s+l(Pl> •••>Ps> xl' •••>xn) = °J ••') 

Pn-<t>n(Px>—>Ps> xl> - > x n ) = °> 

where the functions 0g+1,..., cpn axe homogeneous and of the 
first degree. 

W e m u s t first prove that the Jacobian determinantal 
equation 

(1) 

aas. 

y . 
v 5 
dasj 

aas. 

y 
aasa 

= 0 

is not connected with the generating equations fx = 0,. ,.,fg— 0. 

Since (jVi-0g+i,/i) = 0,..., (p8+1-<P8+1,fe) = 0, 

dfx = ¥ia06+i , , ¥i Hs+ii 
aasg+j aasj a^j "" aasg ope 

aas, 
y. _ v . ^ . + i . */.**.«. 

— n— —^ r ... t ^— -^ j «+l 
aasj dpx aasg dpg 

and therefore, if the equation (1) were satisfied for those values 
of the variables which satisfy the generating equations, all 
s-rowed determinants of the matrix 

dxx 

dxx 

¥i 
iX8 + l 

y 

a«.+l 

would, w h e n equated to zero, be equations connected with 
the generating equations. 

Proceeding thus, from the equations 

4Ps+a-h+*>fd = °. •••> (Pn-<PnJi) = °> (* = l> —.«)» 
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we should similarly see that all s-rowed determinants of the 
matrix 

Vi y 
aasj' 

y 
aas. 

<>x„ 

y 
aas„ 

would also, when equated to zero, be connected with the 
generating equations. 

N o w this is impossible; for, were it true, it would mean 
that, asj,..., asB being the coordinates of a point P on the 
(n—s)-way locus 

/i = 0, ...,/, = 0, 
and aSj + daSj, ..., xn + dxn the coordinates of a consecutive 
point P' on the (n—s+ l)-way locus 

fi = °> -fis-x =0, 
P' must also be on the (n — s)-way locus; and this is of course 
not true, since the equations which define the locus are 
unconnected. 

The Jacobian determinantal equation is therefore uncon
nected with the generating equations ; and w e m a y therefore 
throw the equations of the given homogeneous involution 
system into the forms 

aSj—jx (asg+1,..., xn) = 0,..., xg—fs (asg+1,..., xn) = 0, 
Ps+X~f8+l(Pl> •••'Ps' Xs+Xi •••' Xn) = 0, ..•., 

P n Jn(Px> •'•>Ps> Xs+X> ••'>xn) = "i 
where f8+\,...,fn are homogeneous of the first degree in 
Pi Ps- „ 

B y reason of the homogeneity of these functions w e have 

y±i 
ts+j Jidfi ipt fs+j ~ 2 P i ' (j = 1, ...,n-s), 

and, since (ps+j-f8+j, x~fi) - 0, w e have 

^Pi 
w e therefore conclude that 

v , 

^ i + ^ = 0 ; 
d X. 

•s+j 

Pe+j + 2 ^ dx, 
= 0, 

8+j 
(j - l,...,n-s). 
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From these (n—s) equations together with 

xx~fx = 0,--->xs-fi= °. 

we now at once deduce Pfaff's equation. 
W e have therefore proved that the necessary and sufficient 

conditions that n unconnected equations should form a 
Pfaffian system are that the equations should be homogeneous, 
and in involution. 

§ 155. We now know that cc"-1 elements of space will 
satisfy any assigned Pfaffian system of n equations between 
the coordinates of the elements xx, ...xn, px, ...pn. If the 
system contains only one generating equation, then the 
elements consist of the points of an (n — l)-way locus in this 
space together with the corresponding tangent planes to the 
locus. If there are two generating equations fi (xx, ...,xn) = 0, 
f2(xx, ...,xn) = 0 the elements consist of the points of this 
(n— 2)-way locus together with the tangent planes which can 
be drawn at each point of the locus; there is not now, how
ever, one definite plane at each point xx,...,xn, but an infinity 
of tangent planes, viz. 

K-i)(^;+M^)+...+«-m)(x||+^) = o, 

where A : p, is a variable parameter and as1; ...,x'n are the 
current coordinates. 

If there are three generating equations fi = 0, fi = 0, f3 = 0 
the elements will be formed by the points of this (n — 3)-way 
locus together with the oo2 of tangent planes, viz. 

and so on. 
Each of these different classes of cc"_1 elements satisfying 

the Pfaffian equation 

p1dxx+...+pndxn= 0 

will be denoted by the symbol Mn_x; each will form a mani
fold of united elements with (ft—1) ' degrees of freedom.' 

Thus, when n = 2, that is, in two-dimensional space, the 
elements are the points with the straight lines through the 
points. The symbol Mx will now denote either an infinity of 
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points on some curve together with the corresponding tangents 
to the curve; or a fixed point with the infinity of straight 
fines through the point; either of these infinities of elements 
will satisfy the Pfaffian equation 

pxdxx+p2dx2 = 0. 

In three-dimensional space there are oo5 elements consisting 
of points with the planes through them. The symbol M2 will 
now denote one of three go2 sets of united elements, viz. (1) 
the points of any surface with the corresponding tangent 
planes; (2) the infinity of points of any curve together with 
an infinity of tangent planes passing through each point of 
this curve; (3) the oo2 of planes passing through any fixed 
point; the elements of any one of these three sets will satisfy 
the Pfaffian equation 

px dxx +p2 dx2 +p3 dx3 = 0. 

§ 156. We must now consider Lie's definition of an integral 
of a partial differential equation of the first order; and we 
need only take the case where the equation is homogeneous, 
and the dependent variable does not explicitly occur; for 
any partial differential equation of the first order can be 
reduced to such a form (Forsyth, Differential Equations, 
§ 209). 
Let f(xx,...,xn, px, ...,pj = 0 

be such an equation; according to the usual definition 
cp (asj, ..., asB) = 0 is said to be an integral if, and only if, 

/(« . %n, ̂ —' •••>̂ --H = 0 is connected with <p = 0. 
n dxx dxj ^ 

Stated geometrically, any surface—that is, any (n— l)-way 
locus—is said to be an integral, if the coordinates of the 
tangent plane, at any point, are connected with the coordinates 
of the point by the equation 

ffa,...,xn, px,..„pn) = 0. 

Otherwise expressed, if we have any Mn_x, whose elements 
satisfy the given equation, and which has only one generating 
equation, then that generating equation is said to be an 
integral of the given equation. Lie extends the notion of 
an integral by defining it as the generating equations of any 
Mn_x, which includes, as one of its Pfaffian system, the given 
differential equation 

f(xx,...,xn, px,...,pn) = 0. 



156] INTEGRAL OF A N EQUATION 203 

If then 

/l (xxi •••! xn>Px> •••iPn) — ^> •••'/» (xl> •••> xn>Px> •••iPn) = 0 

is any homogeneous equation system in involution, such that 
/ = 0 is connected with fi= 0, ..., fn = 0, the generating 
equations of this system will be an integral, whatever the 
number of these generating equations; whereas, according 
to the usual definition, they would only be an integral if the 
number was one. B y this extension of the definition of an 
integral, it will be seen that more uniformity is introduced 
into the theory of the transformations of partial differential 
equations of the first order. 

It should be noticed, however, that it is only special forms 
of differential equations which can admit these new integrals. 
If the equation 

/ fan •••) xni Px> •••iPn) = 0 

has an integral of the form 

xn —Jn \xxi •••ixn-s)i '••ixn-s+X = fn-s+X (xl> •••> xn-s)i 

the equation must be satisfied for all values of 

asj,..., xn_s, pn_s+Xi ...,pn, 

when w e substitute in it for xn, ...,xn_s+x the respective 
functions fn, ...,/w_8+i, and for pk (where k m a y have any 
value from 1 to (n—s)), the sum 

y» 
~:+j *xk - 2 a 

s+j 

N o w to satisfy these equations it would in general be 
necessary that the functions /„, ...,/„_g+1 should satisfy a 
number of partial differential equations, and, this number 
being generally greater than s, the equations for /„, ...,/B_g+1 
would not usually be consistent. 

If, however, the given differential equation is the linear one, 

Pj.ft+...+P„^re=0, 

where Px, ...,Pnaxe functions of â ,..., xn, it will admit these 
extended integrals. To prove this, let 

u x = raj,..., un_x = ara_j 

be the integral equations of any characteristic curve defined by 

dxx _ dx2 _ _ dxn _ 
-p- — -p- —...— -p-; 
-i j j- 2 n 
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then 

From these conditions it follows that 

PiPi + .-.+PnPn = 0, ux-ax = 0,..., Vi-«w = 0 

are w homogeneous equations in involution; and therefore 
ux — a, = 0, ..., un_x — an_x=0 are generating equations of 
a Pfaffian system, which includes the given linear equation; 
it follows that an integral of 

Pxpx+...+Pnpn = 0 

will be ux = ax,..., un_x = an_x, 

where ax,..., an_x axe any constants. 

§ 157. In order to find the complete integral of 

/(aij,...,asre, px,...,pn) = u, 

we must find (n—1) other unconnected homogeneous equations, 
forming with / = 0 a Pfaffian system; the generating equations 
of this system will be (in Lie's sense) a complete integral if they 
involve (n—1) effective arbitrary constants. 

Suppose that 

/j(aSj, ...,xn, px, ...,pn) = 0, .,., fm(asj, ...,xn, px, ...,pn) = 0 

are m given homogeneous equations in involution; we can 
throw these equations into such a form that some m of the 
variables asx, ...,xn,px, ...,pn will be given in terms of the 
remaining ones. 

Let asj,..., asm_g, px, ...,p8 he given by 

xi~fi(xm-s+H •••' xni Ps+X> •••>Pn) — ®> (l =• 1, ...,m — s) 

Pj-<t>j(xm-s+l> •••>xm Ps+Xi —iPn) = °. (J = l,..-,s). 

These equations are- still in involution; but in any such 
equation as fa—fi, pj — cp.) — 0 the variables xx, ...,asTO_g, 
px, ...,pg do not occur at all; and it therefore follows that the 
above alternant, if it vanishes at all, must do so identically, 
and not by virtue of any equation system; the homogeneous 
function system 

xx-fxi--ixm-8-fm-si A-0i'---'Ps-0s 

must therefore be a system in involution. 
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If then w e are given m equations in involution, and require 
the remaining ( n — m ) equations forming with them a homo
geneous Pfaffian system, w e can reduce the problem to the 
following: given m homogeneous functions in involution, it 
is required to find (n — m ) other homogeneous functions, 
forming with the given functions a complete system in 
involution. 

W e shall show h o w one homogeneous function of degree 
zero m a y be obtained; having found this w e shall have 
( m + 1 ) homogeneous functions in involution, and m a y proceed 
similarly till all the functions are obtained. 

§ 158. Let ux,...,um be the given homogeneous functions 
in involution, then, u denoting the operator 

du a du a 

a^aij" '" o~p~noxn 

du a du a 

oxxoPx "• dxndpn 

w e see that if i; is any function of ux, ...,um 

dv _ 
r — Uj+...+ 
dUx X 

dv _ 
a Wn 
oUm 

(this result is of course true whether or not ux, 
involution); the operator v is therefore connected with the 
operators ux,...,um. 

Conversely if v is connected with ux,..., um, that is, if 

v = Xxux+...+Xmum, 

where \x,..., km are any functions of xx,...,xn 
then all ( m + l)-rowed determinants of the matrix 

auj a-u-j dux du 

•i Pni 

dpx 

*Um 

*Pn *xx 

0U„ a ^ 

aas, 

~bx„ 

au^ 

aas„ ^Pl ^Pn 
dv dv dv dv 

y»l ' dPn dxx *xn 

must vanish identically; and therefore v must be a function 
of ux,..., um. 

Again, if u and v are any two functions of 

a^,..., xn, px, ..., pn 
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we see that 
a ,du \ . ( °vs 
r-ttJ = ri!) + (UtK—)l 
dxtK ' ' yoXi ' V oXi> 

o ,dU \ , ( *V\ 
•̂ -(u,v) = (^—iV)+ (u,^—); 
*Pi ' K*Pi J V W 

and therefore, u and v being the corresponding operators, the 
alternant u v — v u which is equal to 

dv _a%N a 4=re/_ a« _ a^ N a 
• > dxs *£d v aas,- aas„-'' 

2 v . w a ^ "dpJdxi ' s Z ^ " dXi ""dx^dpt 

=2 (0> £) - («, |5) ^ + 2 ((«, £) - («, £)) 
a^ 

= 2 ( ^ M ) ^ . - 2 ( S — («.»>W 
P̂i 

It follows that the alternant of u and « is derived from the 
function (u, v) by the rule which derived the operator u from 
the function u. 

It is for this reason that w e called the function (u, v) the 
alternant of the functions u and v; and what w e have proved 
is expressed symbolically b y 

(u, v) = (u, v). 

If then u and v are in involution the operators u and v axe 
commutative, and conversely. 

§ 159. Let the operator px- h...+pn^— be denoted by 

P; we shall now prove that P is not connected. with 
ux, ..., u m . Suppose it were so connected, then every 
(m+l)-rowed determinant of the matrix 

a it j 

a ^ ' 

~°Px' 
0, 

dux 

dPn 

dPn 
0, 

a-u-j 

aas. 

dxx 

Px, 

a«j 

f>Xn 

~°um 

*xn 

Pn 

would vanish identically. 
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It follows that every m-rowed determinant of the matrix 

dux dux 

Wx 

^Px' 

dPn 

*Pn 

must vanish; there must therefore be some function of the 
form <p (ux,..., u m ) which does not involve px,...,pn. B y 
passing to an equivalent function system w e m a y take this 
function to be u m , where u m only involves asj,..., asm. 

Every ( m + 1)-rowed determinant n o w vanishes in the matrix 

aitj dux dux dux 

dpx 

^m-l 
dpx 

o, 

o, 

dPn 

V: 

aasj 

oum 

ox„ 

dum 
dxx 

dxx 

Pi, 

dxn 

*u„ 

dx. 
n 

Pn 

N o w u m does not contain px, 
rowed determinant of 

°u„ 

pn, so that every two-

dx. 0X„ 

Px' Pn 

cannot vanish; else would um be a mere constant, which is 
contrary to the hypothesis that ux,..., u m are unconnected. 

W e must therefore conclude that every (m—l)-rowed 
determinant of 

dux 

d~p"x 

d u x 

Wn 

oU„ 

-X *Pn 

vanishes identically. 

W e n o w proceed as before, and passing to an equivalent 
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system to ux, ...,um_x m a y assume that um_x does not contain 
Pi, •••,Pn', an<l we thus see that either every (m — 2)-rowed 
determinant of the matrix 

a^j 
dp~x 

du 

dux 

dPn 

*U„ 

*Px ' ~°Pn 

vanishes identically; or else every 3-rowed determinant of 

oum du 
oxx 

aasj 

Px, 

oxn 

dxn 

Pn 
vanishes identically. 

Since um_x and u m are functions of asj, ...,xn alone, we see, 
as before, that the latter hypothesis is untenable ; proceeding 
with the alternate hypothesis, w e ultimately come to the 
conclusion that our hypothesis of P being connected with 
u. 
"X, 

, u m is untenable. 

§ 160. If u is a homogeneous function of degree s in the 
variables px, ...,pnit can be at once verified that 

(P,u) =(s-l)u. 

The problem of finding a homogeneous function of degree 
zero, in involution with each of the m homogeneous functions 
ux, ...,um (themselves mutually in involution), and uncon
nected with these functions, is therefore equivalent to that 
of finding an integral of the complete system of (m+1) 
unconnected equations 

hf = °> >wm/: 0, P/=o, 

which shall not be a mere function of ux, ..., u„ 

There are (2n — m-

Ui/ = 

1) common integrals of 

>,...,umf=0, P/=0; 

if any one of the functions ux, ...,um is of zero degree then 
it will be an integral. There must, however, be at least 
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(2n—m—l—m) common integrals unconnected with ux,.. .,um; 
and, as m is less than n, we can find at least one integral of 
zero degree unconnected with ux, ...,um. 

W e n o w see how the complete integral of a given equation 

f(xx,...,xn,px, ...,pn) = 0 

is to be obtained. 

W e m a y write the equation in such a form as to give one 
of the variables in terms of the others; say in one of the forms 

(1) xx = cpx(x2,...,xn, px,...,pn), 

or, (2) px=cpx(xx,...,xn,p2,...,pn). 

We must then find, if we take the first form, a homogeneous 
function of zero degree in involution with xx—cpx, and uncon
nected with it; knowing then two homogeneous functions in 
involution, w e find a third homogeneous function in involution 
with these two, unconnected with them, and of zero degree; 
proceeding thus, w e finally obtain n unconnected functions in 
involution, one of which is xx — cpx. 

If we equate each of these functions, except xx — cpx, to 
arbitrary constants, and xx—cpx to zero, we shall have a 
Pfaffian system of equations which will include the given 
equation, and will involve (n—1) arbitrary constants; the 
generating equations of this system will be a complete integral. 
If w e had taken the second form we should have proceeded 
similarly. 

§ 161. An equation of the form/(aSj, ...,xn) — 0 would not 
ordinarily be called a differential equation; but considering 
Lie's extension of the definition of an integral it should be 
regarded as a particular form of the differential equation. 
If/(asj,..., xn) = 0 is one of this class of differential equations, 
then any other unconnected equations of the form 

f (aij, ...,xn) = 0, ...,/n_i(aSj,...,xn) = 0 

will with / = 0 form a Pfaffian system: any point on the 
locus/= 0 will be an integral of the equation/ = 0. These 
integrals are also complete integrals; for the coordinates of 
any point on the locus / = 0 will involve (n — 1) arbitrary 
constants. 

If the assigned differential equation is of the form 

(1) Pxfi(xx,--;xn) + ---+Pnfn(xX, ••;xn) = °> 
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we could also have 'point' integrals, the equations which 
define each point generating a Mn_x; these points, however, 
will in general be isolated points satisfying the equations 
fi — 0, ...,/„ = 0, and'will not therefore be complete integrals. 

Suppose that the equations fi = 0, ...,fn = 0 are equivalent 
to a smaller number of equations, say 

<Pxfa,--,xn) = °» •••' <t>m(xx,-;xn) = °> 

we should have an (n—m)-way locus in space, any point of 
which would be an integral of the given equation (1); these 
integrals, however, would not be complete, since they would 
only involve (n — m ) arbitrary constants. 

§ 162. Example. Consider the equation 

xxx2p3 = x3pxp2, 

of which a complete integral is 

a\x\+a\x\ + axa2x\+l = 0. 

The corresponding Pfaffian system is 

-f^ = -fg- = Pz .-, a2x\ + a2x\ + axa2x\ +1 = 0, 
1 1 2 9 1 2 ̂  

which may be thrown into the form 

Px-
aSj (px xx + p2x2+ p3 x3) 

P2 

+ a2 = 0, 

+ a2 — 0, xxx2ps xzPxP2 — "• 
as2 (px asj +p2 x2 +p3 x3) 

These equations define an oo2 of M2s, each of which consists 
of points on a surface together with their corresponding 
tangent planes. 

W e shall now try whether the given equation can be 
satisfied by an oo2 of M2s, each of which consists of points 
on a curve together with the infinity of tangent planes which 
can be drawn at each point of this curve. 

Let the generating equations be 

X3=ffa)l ^^tfa), 

then the third Pfaffian equation must be 

p1+p2cp'(xx)+p3f'(x1) =0, 
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where /' denotes the differential coefficient of / with respect 
to its argument. 
If xxx2p\ — x\pxp2 = 0 is to be connected with this Pfaffian 

system, we must have 

^i0^i+/20>i+/2/>2^ = o 

for all values of xx,p2,p3; and therefore we must have <p — 0 
and/' = 0 for all values of the argument xx. 
From the third Pfaffian equation we now conclude that 

px = 0 ; and therefore 

as2 = 0, as8 = constant, px = 0 

will be an co of Jf2's satisfying the given differential equation; 
we do not, however, obtain an co2 of the required class of M2's. 

Example. Find the complete integrals of 

pxxx+...+pnxn = 0 

which are straight lines. 

§ 163. As an example of an equation having no integral 
which is a curve, take 

p2+p2 + 2pxp3xx + 2p2p3x2+2p93xxx2 = 0 

(Forsyth, Differential Equations, § 202, Ex. 1). 

If the Pfaffian system 

X3=ffa), X2 = <t> (xx), Px +P2 0' (xx) +P3 f fa) = ° 

were to satisfy this equation, we should have 

4>'2+l = 0, //2-2aSj(/'-4») = 0, cp'(f'-xx) + cp = 0; 

and, as these equations are inconsistent, we conclude that the 
given equation has no integral of the required form. 
In order to obtain examples of equations having integrals 

in Lie's extended sense, it is only necessary to write down 
any equations 

/j(asj,...,as„) = 0, ...,/g(aSj, ...,asj = 0, 

involving (n—1) effective arbitrary constants, and then to 
complete the Pfaffian system. 

Let 

fs+l(xl,--;xn,Px,--iPn) = °. •••>/« fa, •••> xn,Pxi •••>Pn) = ° 

be the remaining equations of the system; if we eliminate 

p a 
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the arbitrary constants from the system we shall have a single 
equation between asj, ...,xn,px,...,pn; the complete integral 
of this equation will be 

fi (asj, ..., asj = 0, ...,/g (asj,..., as„) = 0. 

Example. Take the equations 

x3 = aasj + b, xi = a2x2 + c 

where a, b, c are arbitrary constants; the other two Pfaffian 
equations will be 

px + ap3 = 0, p2 + a2pt = 0 ; 

and therefore pfPt +p2 p\ = 0 is an equation with the complete 
integral 

x3 = axx +b, xi = a2x2 + c. 



C H A P T E E X V 

COMPLETE SYSTEMS OF HOMOGENEOUS 

FUNCTIONS 

§ 164. Let ux,...,um be m unconnected homogeneous 
functions of as1; ...,xn, Pi,..-,pn- B: we form the alternant 
of any two of these functions u{ and u- we obtain the 
homogeneous function (u{, uf); if (ui} uf) is unconnected with 
ux, ..., um we add it to this system and have thus (m+1) 
unconnected homogeneous functions. Proceeding thus, since 
there cannot be more than 2n unconnected homogeneous 
functions, we must ultimately obtain what we call a complete 
system of homogeneous functions; that is, a system of functions 
homogeneous in£>j, ...,pn, and such that the alternant of any 
two functions of the system is connected with the functions 
of the system. 
Let us now take ux,..., um to be a complete homogeneous 

function system, so that we have 

. . , . A = 1, ...,m̂  
(Ui,Uj)=Wij(ux,...,um) ( ._ ! jmJ-

The functions w^ of the arguments ux,...,um are called 
the structure functions of the complete system; and, since 
(Ui, Uj) + (Uj,Us) = 0, we must have w^+Wji = 0. 
If vx, ..., vm is a system of functions equivalent to u1,...,um 

(that is, if for all values of the suffix *, v{ can be expressed 
in terms of ux, ...,um, and % in terms of vx,...,vm), then, 
though vx,...,vm may not each separately be homogeneous 
functions, we call vx,..., vm a homogeneous function system. 
If then we are given a system of functions vx, ...,vm of the 

variables asj,..., as„, px, ...,pn, how are we to know whether 
or not the system is a homogeneous one 1 
Denoting by P the operator 

P^l+-+PnWn' 

we shall prove that the necessary and sufficient conditions 
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that the system may be homogeneous are that Pvx, ...,Pvm 
should each be connected with vx, ..., vm, that is, each be 
expressible in terms of vx, ...,vm. 

Firstly, the conditions are necessary; for if ux, ...,um are 
m functions homogeneous in px, ...,pn and respectively of 
degrees sx, ..., sm, and forming a system equivalent to 
vx, ...,vm, then Pwris connected with ux, ...,um, Pux,...,Pum. 
N o w Pus is equal to s • Us, and therefore Pv{ is a function of 
ux, ...,um, and so also a function of vx,..., vm; we thus see 
that the conditions are necessary. 

Secondly, these conditions are sufficient; for suppose that 

Pvi = fi(vxi---ivm), (i=l,...,m); 

then if/j, ...,/m are each identically equal to zero, vx, ...,vm 
will be homogeneous functions of zero degree. If on the 
other hand these functions do not vanish identically, we can 
find ( m — 1) unconnected functions of vx, ...,vm such that they 
are each annihilated by 

„ a a 

and therefore by P. 

Let these functions be ux,...,um_x; they will be homo
geneous functions of degree zero ; we can then find one other 
function of vx,..., vm say um, unconnected with ux,..., um_x, 
and satisfying the equation 

Ildvx +'"+fm^vm ~ m' 

and therefore satisfying the equation Pum = um. 

The function u m is therefore homogeneous of degree unity; 
and, as the system ux, ...,um is equivalent to vx,..., vm, we 
conclude that the necessary conditions are also sufficient. 

§ 165. If ux,...,um are m unconnected functions of 
asj,..., xn, px, ..., pn, which m a y or may not be a homogeneous 
system, we say that the system is complete if the alternant 
of any two of the functions is connected with ttj, ...,um. 
If then w e form the alternant of / (ux,..., um) and <p(ux,..., um) 
(where / and cp are any two functional symbols) we see that 
this alternant is connected with ux, ...,um, if ux, ...,umaxe 
the functions of a complete system. It at once follows that 
vx,...,vm being any system equivalent to ux, ...,um, the 
one system is complete, if the other is complete. 
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We can now give a general definition of a complete homo
geneous function system, as a system of m unconnected 
functions ux, ...,um such that 

(ut, Uj) = w4j (ux,..., um), i - it ,,.;m 

Pu{ = Wi(ux, ...,uj, V = 1,...,«*'" 

The functions w^, ...,W{,... are the structure functions 
of the system; we can pass to any equivalent system vx, ...,vm, 
and in so doing we should change the form of the structure 
functions. Thus when we pass to an equivalent system in 
which vx, ...,vm_x are homogeneous of degree zero, and vm 
homogeneous, either of degree zero or of degree unity, we 
have wx, ...,wm_x each zero, and wm either zero or unity. 
The main problem to be considered in this chapter is how 
to pass to a system equivalent to ux, ...,um in which the 
structure functions may have the simplest possible form. 
If each function ux, ...,um is homogeneous and of degree 

zero, then f (ux, ...,um) is homogeneous and of degree zero; 
and therefore every equivalent system has all its functions 
of degree zero. If such a system is complete, we shall now 
prove that it is in involution. 
Since (uitUj) is by hypothesis a function of ux,...,um, 

it is homogeneous and of degree zero; but Ui and Uj are each 
homogeneous of degree zero, and therefore their alternant 
is homogeneous and of degree minus unity. The only way 
of reconciling these two facts is by supposing that (uit ...,uA 
is identically zero ; that is, the system must be in involution. 

§ 166. We shall, as in § 153, denote by % the operator 

dui a dut a dut a du{ a 

o~pxdx\ "" opndxn *x1*p~1'~'"~°'vndpn' 

and by (ŵ , Us) the alternant of % and u,j. W e have proved 
that this operator is derived from the alternant of the 
functions ̂  and Uj by the rule which derived the operator 
u{ from the function ut. 
W e have also proved (§ 159) that the operators ux, ...,um 

and P are unconnected. If we form the alternant of P and w^ 
we get 

(p,%) =2(pP*) ^~ -2(*t*),— + 2^,—> 
K i 1/ ^ V dpjJ dXj -**̂  dXj' dpi -**dXjd'pj 

= 2~(Pui)±-±^(PUi)^-Ui; 
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that is, the alternant of P and u~i is derived from the function 
(P— 1) Ui by the rule which derived % from 4^. 
If then ux, ...,um are functions forming a complete system, 

the operators ux, ...,um form a complete system; and if 
ux,..., um form a complete homogeneous system, ux, ..., um, P 
will be a complete system of (m+1) unconnected operators. 
The operators ux,...,um form a complete sub-system of 

operators within the system ux, ...,umP; and the alternants 
(P,ux),..., (P,um) are each connected with ux, ...,um. From 
these facts we conclude that the complete system of equations 

(ux,f) = 0,...,(um,f) = 0, 

admits the infinitesimal transformation 

P'i=Pi + tPi, (i=l,...,n); 

and therefore, if f is any function annihilated byux,...,u, 
Pf will also be annihilated by these operators. m. 

§ 167. W e shall now prove an important identity which 
will immediately be required. 

If u, v, w are any three functions of the variables 

XXi •••! xn> Px, •••,Pn, 

then it will be proved that 

(u, (v, w)) + (w, (u, v)) + (v, (w, u)) = 0. 

Since (u, v) = (u, v) 

it follows that the operator derived from 

(1) (u, (v, w)) + (w, (u, v)) + (v, (w, u)) 

is (fi, (v, w)) + (w, (u, v)) + (v, (w, u)). 

Now by Jacobi's identity this operator vanishes identically 
and therefore (1) must be a mere constant. W e next prove 
that this constant is zero. 
If we notice that 

(uv, w) = u (v, w) + v (u, w), 

we may easily verify that 

(u2, (v, w)) + (w, (u2, v)) + (v, (w, u2)) 

= 2u [(u, (v, w)) + (w, (u, v)) + (v, (w, u))]; 

and we therefore conclude that the constant — 2u x some 
constant. 
Now u being any function whatever of the variable, this 
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can only be true if the constants are zero; and therefore 
we see that 

(u, (v, w)) + (w, (u, v)) + (v, (w, u)) = 0. 

Another proof of this theorem is given in Forsyth, Differential 
Equations, § 214. 

Let now ux, ...,um be a complete system; then ux,...,um, 
being unconnected, there must be (2 n — m ) unconnected 
functions of the variables which will be annihilated by 
ux,...,um. Let these functions be vx, ...,v2n_m; we must 
now have (u{, vA = 0 for all values of the suffixes. 

From the identity 
(«*> (vj, vk)) + («* > («•«' vj)) + (vj, (vk, ui)) = o 
we conclude that (ut (vj , vk)) = 0, and therefore % (vj, vk) = 0. 
W e therefore have the theorem: every alternant of vx,. ..,v2n_m 
is annihilated by the operators ux, ...,um. 

N o w every function annihilated by these operators will be 
connected with vx,..., v2n_m; and therefore every alternant of 
vx, ...,v2n_m is connected with this given set of functions; 
that is, vx,..., v2n_m is itself a complete function system. 

The m unconnected functions ux, ...,um are annihilated 
by each of the (2n — m ) operators vx, ...,v2n_m, so that the 
two systems are reciprocally related, and each is said to be 
the polar of the other. 

If ux,...,um is a complete homogeneous system its polar 
system is also homogeneous. For ux,...,um is homogeneous, 
and Vi is annihilated by ux,..., um; therefore (by § 166) P ^ 
is also annihilated by ux, ...,um; Pvi must therefore be a 
function of vx,..., v2n_m; that is, vx,...,v2n_m is a homogeneous 
function system. 

Suppose that we are given a system ux, ...,um such that 
(u{,, Uj) = ivy (ux, ...,um), i _ i} ...)m. _ 

Pui=Wi(ux,...,uJ, V=l,...,m^ 
any function whatever of ux,..., um will be a function of the 
system, but w e regard ux,...,um as the fundamental set of 
functions of the system once we have chosen them; if we 
were to change to an equivalent set of fundamental functions 
we should have to change the structure functions. 
§ 168. It must now be proved that the functions which 
are common to a system and its polar system—that is, the 
functions which are connected with ux, ...,um and also with 
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vx, •••,v2n_m—will themselves form a homogeneous system in 
involution. 

Let ux, ...,um+q he a complete homogeneous system; by 

properly choosing the fundamental functions of the system we 
may suppose that um+1, ...,um+ are the functions of the 
given system which belong also to the polar system. 
Since um+x, ...,um+q are each annihilated by ux, ...,um+ 

they are functions in involution; and, since both the given 
system and its polar system are homogeneous, 

"\+H •••' Pum+q 

must be functions common to the two systems, and therefore 
must be functions of um+1, ...,um+q; that is, um+x, ...,um+q 
is itself a homogeneous system. 
W e call this homogeneous sub-system of ux, ...,um+ its 

Abelian sub-system: if the Abelian sub-system coincides 
with the polar system, we say that the given system is 
a satisfied one. 
If a system is satisfied its polar system is then a system 

in involution; conversely, if a system is in involution, its 
polar system is satisfied; for, if vx, ...,v2n_m is a system in 
involution, all of these functions must also be contained in the 
polar system ux,..., um, which is therefore satisfied. 

§ 169. Let ux,...,um be a complete homogeneous system 
which is not satisfied; its polar system is, we know, a homo
geneous one; but all the functions vx, ...,v2n_m cannot be of 
zero degree, else would the polar system be in involution, and 
ux, ...,um a satisfied system. The polar system can then 
be thrown into such a form that vx is of degree unity, and 
v2, ...,v2n_m each of zero degree; and it can therefore be 
thrown into such a form that each of its fundamental set of 
functions is of degree unity; for vx,vxv2, ...,vxv2n_m would 
be (2 n — m) unconnected functions of the polar system, each 
of degree unity. 
Since ux, ...,um is not satisfied, not all of the functions 

vx, ...,v2n_m of the polar system can be connected with 
ux, ...,um. W e may therefore suppose that vx is not so con
nected ; and, as it is a homogeneous function of degree unity 
in involution with ux,..., um, we see that 

is a complete homogeneous function system of order (m+1). 
Every unsatisfied system is therefore contained, as a sub-
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system, within another complete homogeneous system whose 
order is greater by unity than that of the given system. 
W e thus see that we can continue to add new functions 

to a given system, till it will finally be contained as a sub
system, within a satisfied system. 

§ 170. If we have two complete systems ux, ...,um and 
vx, ...,vm with the same structure functions; that is, if 

(u{, Uj) = Wfj (ux, ..., um), Pui = Wi (nx, ..., um), 

(vu Vj) = Wsj (vx, ..., vm), PVi = Wi(vx, ..., vm), 

then, if one system is satisfied, so is the other. 
To prove this consider the linear operator 

a > 
Wix (Ux, ...,Um) , — +... + Ws^ (Ux, ...,Um) dux " ^ ^"Jllj, 

which we call the contracted operator of U{. Letf(ux,..., um) 
be any function of ux, ...,um; then, since 

Uif(ux, ..., uj = (u{, ux)^- + ... + (uit wj~- = 
o tix oum 

we see that the contracted operator of % has the same effect 
on any function of ux, ...,um as the operator u{ itself. 
The contracted operator of P is 

wx(ux,...,um)^-+...+wm(wx,...,um) — -

The Abelian sub-system of ux, ...,um consists of the 
functions annihilated by the contracted operators of ux,..., um. 
If ux, ..., um is a satisfied system, every function annihilated 

by ux, ...,um is also annihilated by the contracted operators ; 
and therefore there are (2n — m ) functions of ux, ..., um which 
are annihilated by the contracted operators. Since the con
tracted operators of vx, ...,vm are of exactly the same form 
in vx, ...,vm that the contracted operators of ux, ...,um are in 
ux, ...,um, it follows that there are (2 n — m ) unconnected 
functions of vx, ...,vm annihilated by the contracted operators 
of vx, ...,vm; and therefore v1,...,vmis also a satisfied system. 
If ux, ..., um is an unsatisfied system, we have proved that 

a homogeneous function um+x can be added to it, such that 
um+x is of degree unity, and in involution with ux, ...,um. 
If then we have two systems 4*j, ...,um and vx, ...,vm, with 
the same structure functions, we can add um+x to the first, 
and vm+1 to the second;, in such a way that ux, ..., um+x and 



220 C O M P L E T E SYSTEMS IN [170 

vx,---,vm+x w^ sti^L remain homogeneous function systems 
of like structure. 
W e thus see that if we are given two systems ux, ...,um 

and vx,...,vm, of like structure, we can add functions to 
each, in such a way that the new systems become satisfied 
simultaneously, and have, when both satisfied, still the same 
structure. 

§ 171. We must now show how a complete homogeneous 
system is to be reduced to its simplest form. 
W e first find the Abelian sub-system of the given system 

ux, .°.,um,um+1, •••,um+q; to find jthis it is only necessary 
to form the contracted operators of ux,..., um+q, and then to 
find the functions of ux, ...,um+q which these annihilate. 
W e may now suppose that the fundamental functions have 
been so chosen that um+x, ...,um+ is this Abelian sub
system ; and we further suppose that each of the functions 
ux, •••' um+q are given in homogeneous form, so that w^ is of 
degree S{, in the variables^, ...,pn. 
Since the contracted operator of U{ is 

(wi>ux)^rr +-- + (ui,um+q)^T. ' 
owx owm+q 

we see that the contracted operators of um+1, ...,um+q vanish 
identically. 

The contracted operator of Uj, where j does not exceed m, is 

(uj'ui)d^ +- + (uj'um)^u-' (j=l,...,m), 

and these contracted operators of ux,...,um cannot be con
nected. For if they were connected, they would form a 
complete system of operators in ux,..., um, and would therefore 
have at least one common integral which would be a function 
of ux,..., um. N o w this integral, being a function annihilated 
by ux, ...,um+q, would be an Abelian function of the group, 
which would be contrary to our hypothesis that um+1,..., um+q 
axe the only unconnected Abelian functions in the system. 
The contracted operator of P is 

a a 
s,u.— +...+sm.nun ^ a ^ - ^ + ^ + s a t t , ^ ' 

and we have (as proved for the more general case in § 159), 

(1) PUi-UiP = (Si- l)Ui. 
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We have proved that we may take the functions of the 
system in such a form that they are either all homogeneous 
of degree zero, or all but one of degree zero, and that one 
of degree unity. 
In the first case the functions are all in involution and the 

system cannot be thrown into any simpler form. 
In the second case the function of degree unity may be 

an Abelian function, or it may be a non-Abelian function 
of the system. 
W e consider these alternatives; and we first suppose that 

the Abelian function um+x is of degree unity, and that 
ux,..., um, um+2,..., um+q are each of degree zero. 

§ 172. Each of the alternants (ux,u2),..., (ux,um) will now 
be of degree minus unity, and therefore 

um+1 (ux, u2),...,um+x(ux,um) 

will each be homogeneous functions of degree zero ; and, as 
they are functions of ux, ...,um+q, all of which except um+x 
are of zero degree, we conclude that they are functions of 
ux, ...,um,um+2, ...,um+q only. 

It now follows that some function of 

uv ••;um''wm+2' •••>'M'Tn+g 

can be found, say f(ux, ...,um,um+2, ...,um+q), such that 

um+x-Uif= x; 

and therefore (since uxum+x = 0) um+x f will be a function 
of ux,...,um+q, of degree unity in px, ...,pm, and such that 

U>Xum+xf= 1-

Since um+xf cannot be an Abelian function of the system 
(else would it be in involution with ux, and annihilated by ux), 
we may therefore take the functions of the fundamental 
system in such a form that u2 and also um+x are of unit 
degree, whilst all the other functions are of degree zero ; 
(ux,u2) = 1, and um+x, ...,um+q are Abelian functions. 

Since (ux,u2) = l,u\ and u2 will be permutable, and there
fore the contracted operators of ux and u2 will also be per
mutable. There are therefore (m + q — 2) unconnected func
tions of ux, ...,um+q annihilated by ux and u2; and, from the 

formula (1) of § 171, we see that if f(ux, ...,um+q) is one 
such function Pf(ux, ...,um+) will be another such. These 
functions therefore form a complete homogeneous function 
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system in themselves; and, since (ux,u2) = 1, each one of 
these functions must be unconnected with 4*j &nd'u2. 
It follows from the above discussion that we may take the 

fundamental functions of the system in such a form that 
ux and u2 are in involution with u3, •••,um+q ; that 

um+l> •••'um+q 

are Abelian functions,.and (ux,u.2) = 1; and further that u2 
and um+x are each of degree unity, whilst the other functions 
are of degree zero. 

Since u3, ...,um+q is now in itself a complete homogeneous 
function system, we may treat it in a similar manner, and 
thus reduce the function system to the form 

ux,vx,u2,v2, ...,ug,vg,vg+1,...,v8+q, 

where ux, ...,ug,vs+2, ...,vg+q are each homogeneous of zero 

degree, and vx, ...,vg+x are each homogeneous of degree unity; 
and where further 

(ux,vx) = (u2,v2}=...= (us,vg) = 1, 

all other alternants of the system vanishing identically. 
If instead of the functions vs+x, ...,vg+q, we take the 

Abelian functions vs+x,v8+xv8+2, ...,vg+xvg+q, we obtain the 
normal form. In this all the functions ux, ...,ug are of 
degree zero, all the functions vx, ...,vglrq are of degree unity, 
and 

(A) (ux,vx) = (u2,v2)=...= (ug,vs) = 1, 

while all the other alternants of the system vanish identically. 

§ 173. We next take the case where all the Abelian 
functions are of degree zero, and we take ux to be of degree 
unity, whilst all other functions of the system are of zero 
degree. 

Since (ux,u2),...,(ux,um) 

are each homogeneous functions of degree zero, they must be 
functions of u2, ...,um+q only; and we can therefore find 
a homogeneous function of degree zero, say f(u2, ...,um+q), 

such that 11 f — 1 

We now see as in the last article that we may take the 
functions of the system to be 

ux,u2,u3, •••,um+x,...,um+q, 
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where (ux,u2) = 1, and all the other functions are in involution 
with these two, and form in themselves a complete homo
geneous function system. 
The system u3, ...,um+q cannot have all its functions of 

degree zero, else would these functions all be Abelian within 
the system 4*j, ...,um+q, which is contrary to the hypothesis 
that there were only q such functions. 

W e may therefore, since the Abelian functions are each of 
degree zero, take u3 to be of degree unity. 
W e then, as before, reduce this system to the normal form 

(B) ux,vx,u2,v2, ...,ug,vg,vs+x,...,vs+q, 

where ux,...,ue are homogeneous of degree unity, and 
vx,..., vs+q homogeneous of degree zero, and where 

K'^j) = (u2,v2) =...= (u8,vs) = 1, 

whilst all the other alternants vanish identically. 
Every complete homogeneous system is therefore such that 

all its functions are of degree zero, and therefore all its 
alternants vanish identically; or it is equivalent to one of the 
two forms (A), or (B). 

§ 174. It is important to notice that, in bringing ux, ...,um 
to normal form, we replace these functions by an equivalent 
system of fundamental functions 

fi (ux, ...,um), ...,fm(ux, ...,um) ; 

and to find the forms of the functions fi, ...,fm we did not 
make use of the operators ux, ...,um themselves, but only of 
the contracted forms of these operators, viz. 

(«-«> ux) ^r + • • • + (««. um) jz- (*= 1, • • -, m). 
owx o wm 

If therefore ux,..., um and vx,..., vm are two complete homo
geneous systems of like structure, and, if 

fi(ux,..., um), ...,fm(ux,..., um) 

is a system equivalent to ux, ...,um and in normal form, then 

fi(vx,...,vm),...fim(vx,...,vm) 

will be a function system equivalent to vx,...,vm, and will 
be in normal form. 

§ 175. We can now prove that a complete homogeneous 
system, which contains Abelian functions, is contained as 
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a sub-system within a larger system, not containing any 
Abelian functions. 

W e take the system in normal form (A) 

ux, ...,ug,vx, ...,vs+q, 

where vx,...,vg+q axe each of degree unity. 
The functions ux, ...,ug, vs,vs+2, ...,!;S+Jnowforma system 

complete in itself; if We form the system polar to this it 
must contain vs+x; but in the polar system vs+x cannot'be an 
Abelian function, since it is not a function of the system 
ux,...,ug, vs,vs+2,vg+q. 

W e can therefore find within the dual system a homogeneous 
function of degree zero, say u8+x, such that 

(ug+x, v8+x) = 1. 

We now have the homogeneous system 

ih>-~>i*>8+i> vx, •••»%+g> 

which is of normal form but only contains (q—1) Abelian 
functions. Proceeding similarly, we finally obtain a system 
of (2 s + 2 q) homogeneous functions 

^x,---,u8+q> vx,...,vs+q, 
such that 

(ux, vx) = (u2, v2) =...= (u8+q, vs+q) = 1, 

and all other alternants vanish identically; ux, ...,u8+q axe 
each homogeneous of degree unity; vx,...,v8+q are each 

homogeneous of zero degree; and there are in the system 
no Abelian functions; that is, no functions in involution with 
all functions of the system. 
W e should obtain the same results had we taken systems 

of either of the normal forms 

ux,...,u8, vx,...,v8+q, 

where vx, ...,v8+q are each functions of degree zero ; or 

vx> •••ivm, 

where vx, ...,vm are all of degree zero, and therefore all in 
involution. 

§ 176. In a satisfied system, since the polar system is now 
the Abelian sub-system, q = 2n — 2s — q, and therefore 

2s + 2g = 2n; 

if then we apply this reasoning to a satisfied system we see 
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that it is contained in a system of order 2 n, which has no 
Abelian functions. 
As we have proved that every complete system is contained 

as a sub-system within a satisfied system, we see that every 
system is a sub-system within a homogeneous system of 
order 2n. 
If ux,..., um and vx,...,vm are two complete homogeneous 

systems of the same structure, we can then take, as a funda
mental set of functions of the first, a system 

fi(ux, ...,um), ...,fm (ux, ...,um); 

and as the fundamental functions of the second 

fityx, ...,vm), ...,fm(vx, ...,vm), 

and we can add functions to each of these systems, till finally 
we have two function systems, of order 2n, which will be 
in normal form, will contain no Abelian functions, and will 
be of the same structure, with fi(ux, ...,um) corresponding 
tofi(vx,...,vm). 



CHAPTER XVI 

CONTACT TRANSFORMATIONS 

§ 177. We know (§ 154) that if Xx,..., Xn are functions of 

aij,..., xn, px, ...,pn, 

homogeneous and of zere degree in px, ...,pn, the necessary 
and sufficient conditions, in order that 

Xj = ax,..., Xn = an 

may be a Pfaffian system of equations, for all values of the 
constants ax,..., an, are that Xx,...,Xn should be unconnected 
functions in involution. It follows that pxdxx+ ...+pndxn 
will be a sum of multiples of dXx,..., dXn if, and only if, 
Xj,..., X n are unconnected functions, in involution,and homo
geneous in px,..., pn of zero degree. 

If then we know n unconnected functions Xx,...,Xn satis
fying these conditions, n other functions Px,..., Pn of the 
variables â ,..., xn, px,..., pn can be found such that 

PxdXx + ...+PndXn =pxdxx+... +pndxn. 

Let us now seek the conditions in order that 

<*?{ - xi, Pi = pi> (i = 1» •••> n)i 

where Xx,..., Xn, Px,..., Pn are unknown functions of 

XX> •••> xni Px> '••>Pn> 

may lead to the equation 

i—n i=n 

^p'idxi =^fiLpidXi. 

Consider the Pfaffian equation 

i=n i—n 

^Pidxi-^p'idx'i = 0 

in the in unconnected variables 

a^,..., xn, px,,.., pn, x\,..., xn, px,..,, pn. 
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The necessary and sufficient conditions that the 2n equations 

(1) afi-Xi = 0, p'i-Pi = 0, (i = l,...,n) 

should satisfy it are the three following. 
Firstly, the equations must be unconnected; this condition 

is evidently satisfied since x[,..., x'n, p'x, ...,p'n are unconnected. 
Secondly, the equations 

a s — X ^ o , (i = l,...,n) 

must be homogeneous of zero degree in pl,...,pri, p'i,...,p'n; 
and therefore Xj,..., Xn must each be homogeneous of zero 
degree in px, ...,pn. Similarly we see that Px,..., Pn must 
each be homogeneous of the first degree inpx, ...,pn. 

Thirdly, the equations must be in involution. It is easily 
seen that the following identities hold for all forms of the 
unknown functions Xj,..., Xn, Px,..., Pn, viz. 

fai-Xi,x'k-Xk)=(Xi,Xk), 

fai-Xi, p'k-Pk) = (aŝ, p'k) + (X^ Pk) = (X^ Pk) if i ̂  k, 

(x'i-Xi, p'i-Pi) = faisp's) + (Xit Pi)=-1 + (X{, Ps), 

(Pi-Pi, P'k-Pk) = (Pi, Pk)-
If then the given equations are in involution, we must have, 
for all values of xx,..., xn, px, ...,pn, x[,..., afn, p'x, ...,p'n 
satisfying the equations (1), 

(Xit Xk) = o, (Xt, Pk) = oifij= k, (Xi, Ps) = 1, (Pi,Pk) = o. 

N o w from the given equations (l) no equation connecting 
aij,..., xn, px, ...,pn can be deduced; and therefore the given 
equations cannot be in involution, unless we have identically 

(X^ Xk) = 0, (X{, Pk) = 0 if i ,fc k, (Xi, Ps) = 1, (Pt, Pk) = 0. 

W e therefore have the following important theorem: 

x'i = xi, P'i = Pi, (i = l,...,n) 

will then, and then only, lead to 
i — n i—n 

^p'idx,i=^pidXi; 

that is, to the identity 
i—n i—n 
^PidXi=^pidXi, 

if Xi is homogeneous, and of zero degree in px, ...,pn, P) is 
homogeneous, and of the first degree in^>j, ..., pn, and 

(Xt, Xk) = 0, (X^ Pk) = 0ifi^ k, (Xt, Ps) = 1, (Pi, pk) = o. 
q a 
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It must now be proved that there cannot be any functional 
connexion between Xj,..., Xn, Px,..., P„. 

§ 178. Suppose that it were possible to express Pn in the 

form Pn = F(Xj,..., Xn, Px, ...,Pn-x), 

where Y is some functional symbol; then we should have 

(Xn, Y) = (Xn, PJ = l; 

and, since Xn is in involution with Xx,...,Xn, Px,...,Pn_ll 
it must be in involution with V, and therefore (Xn, Y) would 
be equal both to zero and to unity. 

There cannot then be any connexion between Xx, ...Xn, 
Px,...,Pn involving any of the functions Px, ...,Pn. Suppose 
that there could be a functional connexion between Xx, ...,Xn 
alone; then, since the equations 

X = aX, •••> ^-n == an 

(where ax, ...,an are any constants) satisfy Pfaffs equation 

pxdxx + ...+pndxn = 0, 

we know from § 154 that the given equations must be uncon
nected ; and this result is inconsistent with the hypothesis 
of Xj,..., Xn being connected. 

W e conclude then that Xx, ...,Xn, Px, ...,Pn are entirely 
unconnected; and therefore 

(1) x'i = Xi,p'i = Pi, (i=l,...,n) 

will be a transformation scheme since by means of this equa
tion system w e can express each of the variables asj,...,asn, 
Px,---,Pn™- terms of a£, ...,<, plr..,pn. 

The transformation scheme (1) is said to be a homogeneous 
contact transformation scheme, since it does not alter the 
Pfaffian expression, but transforms 

i=% i=n 

^PidXi into ^p'idx'i-

The scheme we are considering transforms elements in space 
asj,...,asra into elements in space afx, ...,x'n; and, if two con
secutive elements of the one space are united, the corresponding 
elements of the other space will be united. The danger of 
a geometrical misinterpretation must be guarded against: 
thus, if A is a point in one space and a a plane through A, 
the point and the plane together make up an element of that 
space; if B is a second point in the same space and /3 a plane 
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through it then we have a second element in the same space. 
Let now A' be the point in the other space which corresponds 
to the element A, a (not merely to the point A ) and a' the 
plane through A' corresponding to the same element; and let 
B' and /3' have similar meanings with respect to B, /3. If B 
lies on a it is not at all necessary that B' should lie on a'. 
If, however, B is contiguous to A, and /3 to a, then B, j3 is 
a contiguous element to A, a; and, if B lies on a, they are 
united elements; we then see (the transformation scheme 
between the elements being a contact one), that B' lies on a, 
and A' on /3', and that B', /3' and A', a are united elements. 

§ 179. It is important to notice that the contact transforma
tion scheme is altogether known when we know the functions 
Xx,...,Xn. To prove this let the known functions, homo
geneous, of zero degree in px, ...,pn, and in involution, be 
Xj,..., Xn. W e have proved that functions Pj, ...,Pn must 
exist such that 

PxdXx +... +PndXn = pxdxx + ... +pndxn, 

and therefore by the reasoning of § 178, 

&x, ...,JLn, Px,,.,, Pn 

will be unconnected, and 

<• = xi> Pi = pi, (i = !> --,n) 

will be a homogeneous contact transformation. 
That the functions Px, ...,Pn are known, when Xj, 

are known, follows from the equations 
, X„ 

Z * g - A . ( k = l,...,n). 

These equations could only then fail to determine Px,...,Pn 
uniquely in terms of â ,..., xn, px,...,pn -when all 91-rowed 
determinants of the matrix 

a_x 

aasj' 

ax 

ax 
•dxn 

^n 
dx„ 

axt 

y>i 

ax, 

*Pn 

3P» 

vanish identically, that is, when Xx,...,Xn are connected; and 
as X j , ...,Xn are unconnected the equations do not fail. 
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The problem then of finding a homogeneous contact trans
formation is that of finding n unconnected functions of zero 
degree inpx, ...,pn, and mutually in involution; and to every 
such system of functions one contact transformation scheme 
will correspond. W e have shown in Chapter XIV how this 
problem depends on the solution of a complete system of linear 
partial differential equations of the first order; and we have 
also seen how, when we are given m of the n functions in 
involution, the remaining (n—m) are to be found. 

Example. Any n unconnected functions of asj,..., xn are in 
involution and of zero degree; the contact transformation 
scheme, however, which corresponds to this solution of the 
problem, will be a mere point transformation. 
If on the other hand we take any (n—l) unconnected 

functions of px, ...,pn of zero degree they will be in involu
tion ; as there cannot be more than (n—1) such functions the 
nm function of the involution system must involve asj,..., xn. 

Let us take ±-1, ...,-tfcl as the (n — 1) functions ; and let 
Pn Pn K ' 

v be the 11th function; since it is in involution with -̂i we 
, , 1 av Pt ~dv , Pn 

must have — s ±^ :-— = 0 ; we therefore have the fol-
Pn *xx Pi ^ n 

lowing equations to determine v: 
dv dv dv 
dxx _ aas2 _ _ aasw 

Px ~ P2 Pn ' 

and may take v to be the function 

Pxxx+--+Pnxn 

Pn 

W e now have^ n unconnected functions in involution, and 
of zero degree, viz. 

Xj = ^,...,Xm_j = ^, X -P>Xl+-+Pnxn. 
Pn nl Pn " pn 

The identity 

Pj dXx +... + Pn dXn = px dxx +... +pn dxn 
gives us 

2 <Pt + *tPJ d(P±) + Pn^dxt =^PidXi-, 
Jfn Pn 
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and therefore 

"n = Pn, "l = —xxPn> •••> "n-l = ~xn-xPn-
W e thus have the homogeneous contact transformation 

J -Pi rJ - Pn-X „> _ Plxl+--+Pnxn 
x l — — ,--->xn-l — -7r-r x n ~ ~ • 

J/n rn J/n 
Pi = — xiPn, •••>Pn-l = ~xn-iPn> Pn ~ Pn-

§ 180. By a homogeneous contact transformation any 
Pfaffian system is transformed into a Pfaffian system. For if 

(!) /i(«i» —,xn, Px,—,Pn) = 0,—,fnfa, —>xn> Px>—,Pn) - ° 
are the equations of a Pfaffian system; the contact trans
formation 

(2) x,i = Xi,p'i = Pi, (i=l,...,n) 

will transform these equations into some other n equations, say 

(3) <px(x'x, ...,<, p'x, ...,p'n) = 0,..., <£m(a/j, ...,<, p'x, ...,p'n) = 0. 

W h a t w e have therefore to prove is, that any consecutive 
values of xlx, ...,x'n, p'x, ...,p'n satisfying the equations (3) will 
satisfy the equation 

p'xdx'x+ ...+p'ndx'n = 0. 

Now to two consecutive values of x'x,..., x^, p'x,...,p'n satis
fying (3), there will correspond two consecutive values of 
xx,...,xn, Pi,...,pn satisfying (1); and therefore—from the 
definition of a Pfaffian system—satisfying the equation 

p1dx1+...+pndxn= 0. 

Since the transformation is a homogeneous contact one 

p'1dx1+...+p'ndx'n = pxdxx+... +pndxn = 0; 

and therefore the equations (3) satisfy the definition of a 
Pfaffian system. 

If w e know any integral of an assigned differential equation 
of the first order, w e know h o w to write down a Pfaffian 
system which will include the assigned differential equa
tion. If to this known Pfaffian system w e apply any known 
homogeneous contact transformation, the assigned differential 
equation will be transformed into another equation, of which 
w e shall know the Pfaffian system, and therefore the integral. 

It is at this point that w e begin to see the advantage of 
Lie's extended definition of an integral of a given equation. 
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The assigned differential equation may only have an ordinary 
integral, that is, the Pfaffian system, which contains it, may 
have only one generating equation; yet possibly the equation 
into which the differential equation is transformed will have, 
as the Pfaffian system including it, one generated by two or 
more equations. 

It may even happen that by the contact transformation the 
assigned differential equation is transformed into an equation 
only containing x[,..., x'n, that is, into a generating equation 
of the Pfaffian system. 

§ 181. Example. Consider the equation 

2x2x2p2 = x2p2pi 

of which a complete integral is easily found, viz. 

bx32 + cx3 + x22x3—axx2 + ia2x3xi = 0, 

where a, b, c are arbitrary constants. 
If/(asj,..., xn) = 0 is an integral of an assigned differential 

equation cp(xx,...,xm,px, ...,pn) = 0, then this integral gives 
us the Pfaffian system 

Px _ P2 _ _ Pn f — n. 

y.-_y <v_' 

and, since from the definition of an integral, <p = 0 is deducible 
from these n equations, it must be one of the equations of 
the system. 
In the example before us it is then only necessary to add 

two equations to the given differential equation and its 
integral, in order to have a Pfaffian system ; the third equa
tion which we could obtain would be connected with these 
four. 

W e may take these equations to be 

2ax3px + x1pi = 0 

and 4a2x3p3—(x22 + c + 2bx3 + ia2x^)pi — 0, 

and, by aid of the given integral, the second of these is thrown 
into the more convenient form 

4 a2 x32p3 — (bx32 + aasj2) pA = 0. 

The Pfaffian system with which w e are now concerned 
is then 

(1) 2x2x2p2-x2p2pi = 0, 

(2) bx32 + cx3 + x22 x3—axx2 + 4 a2as3as4 = 0, 
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(3) 2ax3px + x1pi = 0, 

(4) 4 a2x32p3 — (&as32 + aasj2) pi = 0. 

If we apply to this system the contact transformation, 

asj=^l, x'9 = P^, a/3=^, x'i = ^ x x + p ^ x . 2 + ^ x 3 + xi, 
Pi ^ Pi 3 pt 4 Pi x Pi 2 p4 3 4' 
P'x=-xxPn P2=-x2Pn P3 = -xsPi, Pi=Pi, 

we obtain the four Pfaffian equations 

(1) p'x2p'ix'2+2p'2p'32x'12=0, 

(2) bp'^-cp'^-p'i^f-ap'2 

-1a2p'3(p'xx'x+p'2x'2+p'3x'3+p'ix'̂  = 0, 

(3) 2ap'3x'x+p'x= 0, (4) ia2p'32x'3—bp'2-ap'2 = 0. 

Eliminating p'x,p'2,p'3, p\ from these equations, we obtain, 
after a little labour, not one but two equations, viz. 

4a3asj2—4a2a/3 + & = 0, c—4a4as2 + 4a2as4 = 0. 

It follows, therefore, that by the contact transformation we 
pass from the equation 

2x2x2p2-xx2p2pi = 0, 

with its ordinary complete integral 

bx32 + cx3 + x22x3 — axx2 + 4 a2 xs xi = 0, 

to the equation P2Pi as2 + %P2P32 xi = °j 

with Lie's complete integral 

4«3a!j2—4a2as3 + 6 = 0, c —4a4as2 + 4a2as4 = 0. 

Example. Any equation of the form 

PxXx + ...+pnxn=pJ(P^,..;P^-) 
Pn Pn 

is transformed by the contact transformation 

rJ-Px rJ -Pn-X „r_Pxxx+---+Pnxn 
xi--^r>—,xn-x--zr-> x n ~ ~ ' 

Fn Fn Fn 
Pl — —xxPn,--;Pn-x = —xn-xPn, Pn = Pn 

into x'n=f(x'x,—,x'n-l)-
This would not be a differential equation at all, according 
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to the usual definition, but is one in Lie's sense; and, since 
we know a complete integral of it, viz. 

asj = ax,..., xn = an, 

where ax,..., an are constants connected by the iaw 

an —f(ax> -•-, an-x), 

we at once deduce that 

aiaSj+... + ara_jasM_i + asra =f(ax,..., a„_i) 

is a complete integral of the given equation. 

§182. The functions Xx,..., Xn, Px,...,Pn which define 
a homogeneous contact transformation satisfy the conditions 
of being a complete homogeneous system of functions in 
normal form; for 

(Xj, Pj) = (X2, P2) =... = (Xn, Pn) = 1, 

and all other alternants of the system vanish identically; 
whilst Xj, ..., Xn are homogeneous of degree zero, and 
Pj,..., Pn homogeneous of degree unity. 
If we are given two homogeneous function systems of like 

structure ,, ,. at1(q ,, „ 
uix,..., wm emu ux,..., um, 

we must now prove that they can be transformed, the one 
into the other, by a homogeneous contact transformation 

If /j (ux,..., u j , ...,fim (ux,..., um) 

are functions equivalent to ux,..., um, and such that/j, ...,fm 
are in normal form, we know that 

fi (vx,..., v j , ...,fm (vx,..., v j 

will be a function system equivalent to vx,...,vm, and of 
the same normal form as 

fx(ux,..., um), ...,fm (ux,..., um). 

Also if a contact transformation 

x/i = Xi, p'i = Pi, (i'=l,...,n) 

transforms fi (vx,..., vm) into fi (ux,..., um) for all values of 

the suffix,/ from 1 to m, that is, if 

fj(v'x,..„ t/m) = fi (ux,..., um), (j = 1,..., m), 

where Vj denotes the same function of x[,..., afn, p'x, ...,p'„ 
that Vj is of xx,..., asB, px,..., pn, then will 

vj = uj> (j=l,...,m). 
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In order, therefore, to prove that two homogeneous function 
systems of like structure are transformable into one another 
by a homogeneous contact transformation, it will only be 
necessary to prove that two such systems of the same normal 
form are so transformable. 

W e have seen that to %,..., um we can add functions 
um+x,..., u2n, till ux, ...,u2n is a system of order 2n, con
taining no Abelian functions, and in normal form; these 
2n functions will therefore define a homogeneous contact 
transformation scheme. If we similarly add functions to the 
system vx,..., vm till it forms a complete homogeneous system 
of order 2n, containing no Abelian functions, and in normal 
form, then vx,..., v2n will also define a homogeneous contact 
transformation scheme. 
In these two systems Uf is homogeneous and of the same 

degree in px, ...,pn that v{ is, viz. unity or zero; and when 
we say that the two systems have like structure we mean 
that Ui in one system corresponds to v̂  in the other. 
W e may suppose that ux, ..., un are the functions of zero 

degree, and un+x,..., u2n the functions of degree unity; 

xi = ui, Pi = un+n (i = l,...,n) 

will then lead to 
i=n i=n 
^Pidaf^^LPidXi; 

and a^/ = v'i, p'l = i/n+i, (i=l,...,n) 

i—n i=n 

will lead to 2p»'^a;*' = 2p«" ̂x'i-

It follows that the equations 

u>i = rfi, (i = l,...,2n) 

i=n i=n 

will lead to 2 Pi ̂ i = 2 Pi ̂xi', 

that is, the functions vx,...,v2n are transformable to the 
functions ux,..., u2m by a homogeneous contact transforma
tion scheme; and in particular vx,...,vm are transformable 
into ux,..., um, vt being transformed into %. 

§ 183. Having now proved that two complete homogeneous 
systems of the same order and structure are transformable 
into one another by a homogeneous contact transformation, 
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we shall now investigate the conditions under which it is 
possible to transform any m given functions vx,..., vm re
spectively into the given functional forms ux,..., um, by 
a homogeneous contact transformation. 

Let x'^X^p^Pi, (i = l,..„n) 

be a homogeneous contact transformation; we have 

dpk ^dpkdx'i ^opkdp'.' 
i-n i-n (ft = !j •••in). 

dxk ^dxk~dx'i ^*Xk~dp'i' 

Suppose that this contact transformation transforms Vj into 
Uj, where 

Vj = cPj (asj, ...,xn, px, ...,pn) and Uj =fi fa, ...,xn, px, ...,pn), 

so that 

Jj (XX> •••,xn> Pi, ••-,Pn) = <rj fax, •••,xn, Pi, •••,Pn) ', 
then 

i = k = n -. / i = k — n -. ^ 

%=2(^^)4^+2(^p,)^^ 

+ L(h,xk)^i^+1(Pi,Pk)^r^k; 

that is, by the conditions for a homogeneous contact trans
formation, 

"J-^WMi ^*a?iip'i-vr 

From the mere fact that Uj = v'j we could not of course 

conclude that Uj •=. v'j; w e were only able to draw this con
clusion from the forms of the functions Xj,..., Xn, Px, ,..,Pn 
which define the homogeneous contact transformation. 

Since Uj — v'j, and Ui = v^, 

Uj. ut = Hj. Vf-, and therefore (Uj, us) = (v'j,v'i); 

and therefore the transformation, which transforms vv ...,vm 
into ux,...,un respectively, must transform the alternant 
(vit Vj) into the alternant (ut,Uj). 
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Again since 

a l^dXi a %nap,; a 
s — = 2 v ~ w + 2 s — 1 w ' (ft =1,...,«), 
*p* ^Pk^i ^ P k M 

*=. ^^*=- ^_a_i=^» ap,^ 
f - 2 d P k l p k - 2 Pk ipk daf.+2Pk ipk ̂ » 

and, as Xx, ...,Xn are of zero degree, and Px,...,Pnof degree 
unity, we therefore have 

*^« ^F^p\ 

The transformation then which transforms Vf into w^ must 
also transform Pv{ into P%$. 

From these considerations we see that, given the functions 
vx, ...,vm and ux, ...%,um, we must form the complete homo
geneous systems of which they are respectively functions. 
To do this form the alternants from vx, ...,vm and also the 
functions Pvx,..., Pvm; if by this means we obtain no function 
unconnected with vx, ...,vm the system is complete and homo
geneous; if, on the other hand, we obtain a new function 
we add it to vx,...,vm, and proceed similarly with the new 
system. As there cannot be more than 2 n unconnected 
functions of asj, ...,asn, px, ...;pn w e must thus ultimately 
arrive at a complete homogeneous function system. W h e n 
we have formed the two complete homogeneous systems of 
lowest orders which contain the given sets of functions, we 
can tell whether or not the systems are of the same order and 
structure; if they are, the given functions vx,...,vm are 
respectively transformable into ux,...,um by a homogeneous 
contact transformation, but otherwise they are not so trans
formable. 

Thus any homogeneous function can be transformed into 
any other of the same degree ; for the function group of each 
is of order one, and the structure the same. 

In particular, any homogeneous function u of degree unity 
can be transformed into px; and therefore the operator u can 
be transformed into ^— by a homogeneous contact trans-
formation if, and only if, u is of degree unity.. 

So if ux,..., um are m unconnected homogeneous functions, 
each of degree unity and mutually in involution, they can be 
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transformed into Pi,...iPm, and therefore u1,...,um can be 

transformed intoir—> •••>-—respectively. 
aasj aasTO 

§ 184. Although in considering the theory of Pfaffian 
systems of equations it is much more convenient to work 
with the homogeneous equation 

pxdxx +... +pndxn = 0, 

yet in particular examples, and in the cases n = 2, and n = 3, 
it is often simpler to take the non-homogeneous form 

(1) dz = pxdxx +... +pndxn. 

It is clear that to satisfy this equation we must have at 
least (n+1) unconnected equations between 

z,xx, ...,xn, px, ...,pn, 

but instead of considering this equation independently we 
may deduce its theory from that of the corresponding homo
geneous equation. 

Let z = yn+1, asj = yx,...,xn = yn, 

(2) Px = -^>->Pn=-^-> 
qn+l qn+l 

where qn+1 is not zero; then the equation (1) is equivalent 
to the homogeneous one 

?i<fyi+..-+?»+i*/B+i = 0. 

To satisfy this equation we must have (n+1) unconnected 
equations in yx,..., yn+x, qx,...,qn+1; and in order that 

•VI _ aXi •••' Yn+X ~ a: n+1 
may satisfy the equation, for all values of the arbitrary con
stants, it is necessary and sufficient that Yx,..., Yn+1 should 
be (n +1) unconnected homogeneous functions of 

. . . ,. Vi> •••>yn+i> 2i>'")9Wi 
in involution. 
Let Z he the function in z,xx,...,xn,px,...,pn equivalent 

fc° -Vm+i'' an(i Xx,...,Xn the functions which correspond to 
Fj,..., Yn respectively. 

If Pis any function of yx,...,yn+1, -^-> •••»-^-,itis also 
9Wi ?»+i 

a function of xl,..„xn,z,px, ...,pn, in which form we shall 



184] 

denote it by 

ap 

s2/»+i ~ 

ap 

* r r 

*: 

a* 
'"iz 

a* 
d~x] 

PFAFFIAN EQUATIONS 

we then have F = 

ap 

a p _ 

M i ~ 

1 

9.n+: 

1 

Qn+l 

cp, and 

-^ a<i> 

l*Pi^i 

a* 

i^i" 
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(i = l,...,n). 

I£ w e n o w denote the expression 

(Yn+x, Yk)y,q = ~ 7, [Z> Xk]> 

2 d u /OV oV\ -^ dv / d U dU\ 

lp~i \dx~i + P i d ^ ) ~ 2 * o~p~i v a ^ +Pi d~Z> 

b y \u,v\zxp, w e deduce that 

(Yi,Yk)y,q=-q^iiXi,Xkl i=1> 

Qn+l 

W e conclude therefore that the necessary and sufficient 
conditions, in order that 

" = an+i> xi = ax> •'•>Xn = an 

m a y satisfy the equation 

dz = pxdxx + ... +pndxn, 

[z,Xi] = o,[Xi,xk]=o, (iz\'t";:tly 

If two functions u and v of the variables z,xx,...,xn, 
Pi,"-iPn are such that \u,v\z,x,p — °' we say they are in 
involution. Similarly w e say' that two equations u = 0, 
v — 0 are in involution if the equation \u, v]z> xp = 0 is 
connected with u = 0, v = 0. W e generally omit the suffixes, 
and write \u,v\ for [u,v}zxp, the variables z,xx, ...,xn, 
Pi> --;Pn being understood. 

The equations Z = 0, Xa = 0, ...,Xn = 0, 

will then, and only then, satisfy the Pfaffian equation 

dz = pxdxx + ... +pndxn, 

whe n they are unconnected and in involution. 
It follows that ( w + 1 ) unconnected equations in involution 

cannot all be equations in asj, ...,asre, Pi,...,pn only, but must 
contain z; else would they not lead to 

dz = ^jcfoj +... +pndxn. 

file:///dx~i
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We may prove this last result independently thus ; suppose 

Z = 0 , Xx = 0,...,Xn=0 

do not contain z, we then see that 

[Z, Xs] = (Z,X{) and [X,X,] = (X{, Xh) ; 

we now have the (n+1) unconnected differential equations 

(Z,f)=0, (Xj,/) = 0,...,(Xra,/) = 0, 

with the (n+1) unconnected integrals 

Xj-«j = 0, ...,Xn-an = 0,Z-an+1 = 0, 

and this is impossible, the equations being in 2n variables 
only. 

§ 185. Suppose we have (n+1) unconnected functions of 
z, asj,..., xn, px,..., pn in involution, viz. Z, Xx,..., Xn. If we 
apply the transformation (2) of § 184, the identities 

[Z,Xi] = 0, [X„X,] = 0 

are transformed to 

<?**>-<• (;=;;:::;::!)• 

We have therefore (n+1) unconnected functions of 

Vi> •••> yn+i, 9i> •••> Qn+V 

homogeneous and of zero degree in qx,..., qn+x, and in in
volution. W e can therefore write down the homogeneous 
contact transformation 

y,i=Yi,q'i = Qii (i=l,...,n+l); 

and, since 2 1i <¥i = 2 ft fyi» 
we see that, if 

P4- = - A , (i=l,...,n), 
^K + l 

dy'n+x-Pxdy'x-----Pndy'n=JT±1 (dz-pxdxx-...-pndxn). 

Therefore 

(1) zf = Z,x'i = Xi,p'i = Pi (i = l,...,n) 

will be a transformation, with the property 

dz' —p'x dx[—... — p'n dxn — p (dz —px dxx — ... —pn dxn), 
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where p = jl"+1, and is therefore a homogeneous function of 
Vn+l 

Vi> -••> yn+x, ftj •--, Qn+n °^ zero degree, and therefore a func
tion of z, asj,..., asn, px, ...,pn. 

A transformation such as (1) is called a contact trans
formation; and w e see that, when w e are given the (n+1) 
unconnected functions in involution, viz. Z, Xx,...,Xn, the 
contact transformation is entirely given. 

The functions Px,..., Pn, as well as the factor p, m a y be 
obtained algebraically from the equations 

dz **r* dz p' 

dZ % \ o X i 
d-x~k-^p^dx~k=-PP^ 

dPk ^ nPk 

(ft = i, .. 

(k = i ,. 

., n), 

.., n). 

The contact transformation 

z~= Z, ^ = Xi; p'i= P^ (i = 1,..., n) 

has the property of leaving the Pfaffian equation 

dz—pxdxx—... — pndxn = 0 

unaltered; and therefore—from the general definition of a 
group—the system of all contact transformations, regarded as 
transformation schemes in the variables z, xx,..., xn, px, ...,pn, 
generates a continuous group, though of course not a finite 
continuous group. 

§ 186. Example. The variables being yx, y2, y3, qx, q2, q3, 
and ux, u2,vx, v2 being unconnected homogeneous functions of 
zero degree, such that every function of ux, u2 is in involution 
with every function of vx, v2, but ux not in involution with 
u2, nor vx with v2, it is required to find simple forms to which 
these functions m a y be reduced by a contact transformation. 

The alternant (ux, u2) is of degree minus unity, and cannot 
therefore be a function of ux and u2; we have therefore three 
unconnected functions ux, u2, and (ux, u2); and, as vx is in 
involution with ux and u2, it is also in involution with 
(ux, u2). W e thus see that ux, u2 and (ux, u2) are three 
unconnected functions of a homogeneous system; and that 
there are at least three unconnected functions in involution 
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with each of these functions, viz. vx, v2 and (vx, v2); it there
fore follows (since the number of variables is six) that there 
cannot be more than three functions in the system containing 
ux, u2 and (ux, u2). The conclusion we draw is that ux,u2, 
(ux, u2) form a complete homogeneous function system, and 
that vx, v2, (vx, v2) is its polar system. 
Since ux,u2, (ux, u2) is a system of order three, it must 

have at least one Abelian function. W e see this by recalling 
the normal form of a complete system; or we may prove it 
independently by writing down the contracted operators of 
a complete system of order three, when, since the Pfaffian 
determinant 0 (ux,u2), (ux,u3) 

(u2,ux), 0 , (u2,u3) 

(u3, ux), (u3, u2), 0 

vanishes identically, we see that not more than two of the 
contracted operators can be unconnected. 

If all two-rowed minors of the above determinant vanished, 
then all the functions would be in involution; there must 
therefore be either three or only one Abelian function. 
In this example, since (ux, u2) is not zero, there must be 

one, and only one, Abelian function; and, as it is not a mere 
function of ux and u2 (for then ux and u2 would be in 
involution), it is not of zero degree (see § 165). When the 
system is then reduced to normal form it is of like structure 

with 2/1, ft, ft; 
and can therefore be reduced to this form by a homogeneous 
contact transformation. 

W e can therefore, by a homogeneous contact transformation, 
so reduce ux and u2 that each will be a homogeneous function 
of yx, qx, q3 of zero degree. 
Since vx and v2 are homogeneous functions of zero degree, 

in involution with every function of ux and u2, they are in 

involution with yx and ^. Since they are in involution with 
ft 

?/j, they cannot involve qx; and, since they are also in involu

tion with —, we see that they cannot involve yx or y3. We 
ft ' . 

conclude therefore that vx and v2 are homogeneous functions 
of y2, ft, ft of zer0 degree. 

If we now take 

z = y3, asj = yx, x2 = y2, px = =&, p^1^3, 
q.3 13 
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we see that ux and u2 can be transformed by a contact trans
formation so as to be functions of asj and px; while by the 
same contact transformations vx and v2 become functions of 
as2 and p2 

§ 187. The above example has an important application to 
Ampere's equation, 

Rr + Ss + Tt+ U(rt-s2) =Y. 

If this equation admits the two systems of intermediary 

l egra s u x = f (u2) and v1 = $ («2) 

(where / and cp are arbitrary functional symbols), then we 
know (Forsyth, Differential Equations, § 237) that 

\ux, v2] = 0, [ux, vx] = 0, [u2, vx] = 0, \u2, v2] == 0. 

From what we have proved, we see that, when we have 
applied a suitable contact transformation to the original 
variables, we may take ux and u2 to be functions of as and p 
only. N o w by a contact transformation any equation of 
Ampere's form is transformed into some other equation of the 
same form. In the new variables then, Ampere's equation 
has an intermediary integral 

«j = /K)» 

where ux and u2 do not involve y, z, or q. 
This equation is therefore to be the result of eliminating 

the arbitrary function from 

du, du. ... . ,du<, du9\ 

<IU, ... . dU„ 

sdp-=sf(^-di-

The eliminant is 

rd^du^ _-duxiu2, = Q _ 

^ das dp dp dx' ' 

and, as ux is not a function of u2, we cannot have 

dux du2 dux du2 _ 

3as dp dp dx ' 

so that the equation must be s = 0. This is therefore the 

b a 
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form to which an equation of Ampere, admitting the two 
systems of intermediary integrals 

ux—f(u2) = 0 and vx—<p (v2) = 0, 

can be reduced by a contact transformation. 
An interesting proof of this theorem of Lie's is given in 

Goursat, Equations aux derivdes partielles du second ordre, 
I. p. 39. 

If in the equation Rr + Ss + Tt + U (rt—s2) = V w e have 
S2 = 4 (RT+ UY), there can only be one system of inter
mediary integrals, ux=f(u2). W e now have, however, 
\ux, 4i2] — 0 ; for, since the roots are equal in the equation 

A2 (RT+ UY) -\US + U2=0, 

we have (Forsyth, Differential Equations, § 238) ux = v2; and, 
since [ux, v2~\ — 0, we must therefore have in the limiting 
case [«j, tt2] = 0. 
W e now take ux — p , u2 = q; and we see that p=f(q) 

can only be an intermediary integral for all forms of the 
function if the equation is 

(rt-s2) = 0. 

This then is the form to which this class of Amperian 
equation, with the intermediary integral ux—f(u2) = 0, can 
be reduced by a contact transformation. 



C H A P T E E XVII 

THE GEOMETRY OF CONTACT TRANSFORMATIONS 

§ 188. If the equations defining a contact transformation are 

(1) z! = Z, x'i = X^ p'i = Pi, (i = 1,..., n), 

we know that the (n + 1) functions Xx,..., Xn, Z form a 
system in involution; and conversely, when we are given 
any involution system, we know how to construct a contact 
transformation scheme. 

In this chapter we shall show how contact transformation 
schemes may be constructed without previously constructing 
involution systems. 

If we eliminate px, ...,pn from the (n+ 1) equations (1), we 
shall obtain at least one equation of the form 
/ fan •••, xn,z, xx> •••> xn,z) = 0 i 
and we may obtain 1, 2,..., (n+1) such equations. W e call 
these equations the generating equations of the contact trans
formation scheme. 

Suppose that we have s generating equations, viz. 
/1=0,...,/g = 0, 
then the equation 

i=n i=n 

(2) d z ' — 2 Pi d>xi—p(dz—HdPi d®i) = 0 

must be of the form 

(3) pxdfi+...+Pgdfg = 0, 
where px,..., pg are undetermined functions of the coordinates 
of corresponding elements. 

W e have, by equating the coefficients of dx'i, 

j_„Vl, , „ dfs 
-Pi-PidUi + ~'+p°Wi' 

Similarly we obtain other identities by equating the coeffi-



246 T H E G E N E R A T I N G E Q U A T I O N S OF [188 

cients of dz', dz, and so on ; and we thus have (2n + 2—s) 
equations between the coordinates of corresponding elements 
when we eliminate the undetermined functions. 
If we add to these the s generating equations and ehminate 

p, we shall have (2n+1) equations connecting the coordinates 
of corresponding elements. 
These (2n+1) equations must be equivalent to the 

system (1). For they are deduced from (1) and the Pfaffian 
equation (2), which itself follows from (1); they are also 
unconnected, since they satisfy (2); finally therefore, being 
(2n+ 1) in number, unconnected, and following from (1), they 
are equivalent to (1). 
The generating equations alone can therefore determine the 

contact transformation scheme; and it is from this point of 
view that we shall study them in this chapter. 

§ 189. Any s equations connecting the two sets of variables 

asj,..., xn, z and x[, ...,afn,z' 

may in general be taken as generating equations. They must 
however satisfy two conditions, viz. firstly the s equations, 
together with the (2n+l—s) derived equations, must be such 
that we can by means of them express x'x, ..., xf̂ zf, p'x, ...,p'n 
in terms of asj,..., xn,z, px,..., pn; and secondly we must be 
able to express xx,...,xn,z, px,...,pn in terms of 

asj,..., xn,z, px,...,pn. 

These two conditions are however equivalent; for suppose 
that from the assumed system we deduce 

(1) z' = Z, x'i = Xh p'i = Pt, (i = 1,..., n), 

then by the method of formation of the system we must have 

i—n i=n 

dZ-^PidXi = P (dz-^pidxs). 

Now p cannot be zero: for if it were the equation (2) of 
§ 188 could not lead to (1), but must lead to exactly 
(n+l-s) equations connecting x[,..., x'n, z', p'x,...,p'n. Since 
then p is not zero, the functions Z,Xx,...,Xn, Px,..„Pn must 
(by § 178) be unconnected; and therefore 

asj,..., xn,z,px,...,pn 

can be expressed in terms of a4,..., a4, z', p'x,..., p'n. 
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§ 190. If we are given s equations which cannot be used as 
generating equations of a contact transformation scheme, what 
special property will distinguish these equations ? W e shall 
call such a system of equations special equations. From 
s special equations w e can, as in the general case, deduce 
(241+1—s) other equations; and these equations will be un
connected, and will satisfy the Pfaffian equation 

i=n i=n 

d z f — 2 Pi dx'i = p(dz—^,Pi dx{). 

If in the special equations we keep x'x,..., x'n,z/ all fixed, 
that is, if we regard this set of variables as parameters, the 
special equations together with the derived equations will 
form a system satisfying Pfaff's equation 

i—n 

(1) d z — 2 Pi dx{ = 0. 

If we now consider how the (2n+l— s) derived equations 
were obtained, we shall see that w e can eliminatep'x, ...,p'n, 
and obtain exactly (n+l—s) derived equations not involving 
these quantities ; these taken with the s special equations will 
satisfy Pfaff's equation (1). 

From that property of the equations, which makes them 
incapable of being taken as generating equations, w e see that 
we must be able to eliminate the coordinates 

aij,..., xn, z, px,..., pn, 

and so obtain at least one equation connecting 

aSj,..., xn, z, px,. •., pn • 

Suppose we thus obtain r equations 

(2) cPi(xx,..., xn,z,px, ...,pn) = 0, (i=l,...,r); 

then for all values of the parameters asj,..., x'^z' the equations 

fifa,..., xn,z, x[,...,a/n,tf) = 0, (i = l,...,s) 

will be the generating equations (and therefore, in Lie's sense, 
an integral) of an M n satisfying the system of differential 
equations (2) (see § 155). 

§ 191. We shall now limit ourselves to the case of n = 3 
which offers the most interesting geometrical applications of 
contact transformation theory. 
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W e take as, y, z as the coordinates of a point, and as, y, z, p, q, 
as the coordinates of an element in one space; and we take 
as', y', z1, p', q', to be the coordinates of the corresponding 
element in the other space. 

There may now be 1, 2, or 3 generating equations. 
W e first take the case where there is only one generating 

equation. 
Let this equation be 

cp (as, y, z, x', y', z?) = 0. 
We now know that the Pfaffian equation 

dz1 —p'dx'—q'dy"—p (dz—p dx—q dy) = 0 

is of the form dcp = 0 ; and therefore we get as the equations 
defining the contact transformation s c h e m e 

dcp d<b 

w dz OX 

dch dcp 
q ̂  + -^ = 0, 
1 dz dy 

^ ( H + H ' ) = 0> ?'(a3 + aY) = 0' * = °-

T h e condition, that the coordinates of one element can by 
aid of these equations be expressed in terms of the corre
sponding element, s h o w s that the three equations 

dcp , d<p. • a # dcp. 

< 2 > P + ( 5 ^ ) = °. « + ( g + g ) - * • -

must be unconnected in the variables as', y', z1. 
It follows therefore, after s o m e simple algebraic reduction, 

that the determinantal equation 

(3) 

a2 (ft 

aas aas" 

d2<p 
dy dx'' 
d2cp 
dz dx' ' 
dcp 
d~x' '• 

a2cp 

dxdy1 
d2cp 

dydtf' 

d2<p 

d2cp 

dx dz" 
a2^ 

dy dz'' 
a2 <£ 

dzdlf' 

dcp 

a? ' 

aj> 

aas 

a_4> 

dy 
a cp 

ai 

o 

= o 

dz dy' 
dcp 
a7 

must be unconnected with <p = 0. 
W e could not therefore take as a generating equation 

xx' + yy'+zz' = 0, 
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for the determinantal equation, formed from it, would be 
connected with it, as may be easily verified. 
This is an example of a special equation; the M2 defined by 

the equations 

xx' + yy'+zz' = 0, pz' + af = 0, qzf+y' = 0 

must therefore be such that we can eliminate as', y', z' from 
these equations; if w e do so, w e obtain the equation 

px + qy—z = 0, 

which is satisfied by 
xx' + yy'+zz1 = 0, 

for all values of the parameters as', 4/, z'. 
From the symmetry of the equation (3) in the two sets of 

variables as, y, z and as', 4/, z1, w e verify the theorem of § 189 
as to the equivalence of the two limiting conditions, imposed 
on the general arbitrariness of the generating equations. 

§ 192. If <p = 0 is a generating equation of a contact trans
formation scheme, the determinantal equation (3) of article 
§ 191 will be unconnected with cp = 0. If then w e eliminate 
as', 4/, z! between the equations (2) and (3), w e shall obtain an 
equation connecting x, y, z, p, q. Elements satisfying this 
equation will be called special elements. 

The equations (l) of § 191 will in general determine one 
definite element x', yf, z', p', q' to correspond to each element 
as, y, z, p, q. If, however, x, y, z, p, q are the coordinates of 
a special element it will not have a definite element corre
sponding to it, but an infinity of elements. Similarly, w e 
shall have special elements in space as', y', z'. 

A particular system of special elements m a y be obtained 
thus : eliminate as', y', z1 from the equations 

* = 0' S=0> a7 = 0' H = 0' 

the resulting equation in as, y, z is known as the special 
envelope of 

cp (x, y, z, as', y', z') = 0, 

as', 4/, z' being regarded as parameters. 
The element consisting of a point on the special envelope 

together with the tangent plane at the point will be a special 
element; to this special element there will correspond an co2 
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of elements, consisting of the point as', y', z1 together with the 
co2 of planes through this point. 

§ 193. There are three different classes of element manifolds 
in three-dimensional space. There is, firstly, the manifold Mi 
generated from one equation only; such a manifold w e shall 
call a surface M 2 . 

y y y y 
Let ffa y,z) = 0, pfi- + ^-=0, qj- + ~-=0 

1 v ' "' ' * dz dx dZ dy 
be the Pfaffian system of a surface M2; and let 
<P fa y, z, as', 4/', z1) = 0 

be the equation which generates the contact transformation 
scheme. 

The generating equation (or it m a y be equations) of the M% 
which corresponds in the space as', y', z1 is that one obtained 
by eliminating as, y, z from the four equations 

y^y=^0_!0, y-^y=^^0, f=0, a=o. 
dx dZ dx dz dy ' dz dy ' dz ' 

If we regard as, y, z as variable parameters connected by the 
equation f(x, y, z) = 0, the generating equation is therefore 
the envelope of 

<p (as, y, z, as', y', z') - 0. 

The manifold M2 with two generating equations we call a 
curve M2. 

Let the Pfaffian system of a curve ilf2 be 

fi fa y,z) = °> fi fa y,z) = °, 

and the equation obtained by eliminating A : p. from the 
equations 

P(XTz+^Jz)+Xi+^=°' 

„ (\ y j. „ y^ i^/u „ y« _ n. 
nxai + ̂ ^)+x^+^a^-°! 

that is, the Pfaffian system 

/_o f-o- J&'ti ,aHfi,fi)_Mfi,f2) 
h ~ ' h ~ ' p Hy,*) +qT^xJ--dfaZy) 

The generating equation of the M 2 , which corresponds in 



194] OF ELEMENT MANIFOLDS 251 

space as', 4/, z', is therefore obtained by eliminating as, y, z from 

/1 = o, /2 = o, \(f'f»ti = o. 
J1 J2 ^fayiz) 

This generating equation will be the envelope of 

<p (as, y, z, as', y', z'), 

where the parameters as, y, z are connected by 

fx fa y,z) = 0, fi fa y, z) = 0. 

The manifold M 2 , which consists of the fixed point a, b, c 
with the co2 of planes through it, has as the generating equa
tion of the corresponding M 2 in space x', y', z1 the surface 

cp (a, b, c, a;', 4/, of) = 0. 

§ 194. If two surface manifolds have a common element 
they must touch; if two curve manifolds have a c o m m o n 
element they intersect; and if a curve manifold has an element 
c o m m o n with a surface M 2 they also touch. 

If a point M 2 has an element c o m m o n with a surface M 2 
or a curve M 2 , the point must lie on that surface, or on that 
curve; but two point manifolds cannot have any c o m m o n 
element, unless they coincide entirely. 

If then in space as, y, z two different M 2 s have a c o m m o n 
element, the M2's in space x', y', z' which correspond to these 
will also have in general a c o m m o n element; the exceptional 
case is w h e n the first c o m m o n element is a special one. 

Thus, if the two surfaces 
cp(x,y,z,ax,b1,cx) = Q and <p fa y, z, a2, b2, c2) = 0 

touch, the c o m m o n element must be a special one for the 
contact transformation with the generating equation 
cp (as, y, z, as', y', z') = 0. 

For otherwise the M2 consisting of the point ax, bx, cx with 
the oo2 of planes through this point would have a definite 
element c o m m o n with the point M 2 whose coordinates are 
a2, b2, c2, and this is of course impossible. 

So if two M 2 s have an infinity of c o m m o n elements, the 
corresponding surfaces will also generally have an infinity of 
c o m m o n elements. 

Thus, if two surface M2's have an infinity of c o m m o n 
elements, they must either touch along a c o m m o n curve; or 
have a c o m m o n conical point, and the same tangent cone at 
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the conical point; if the corresponding M2's in the other space 
are also surface manifolds they must also have one of these 
properties. 
Again, if a curve A is traced on a surface B, then if A is 

transformed to a curve A', and B to a surface B', we must 
have A' traced on B'; if, however, A is transformed into a 
surface A' and B into a surface B', the two surfaces A' and B 
must either have a common conical point, with a common 
tangent cone at it, or they must touch along a common curve. 
Again, if A and B are two points, then the straight line 

joining these points will be a curve M2, with one infinity of 
elements common to the point manifold A, and another infinity 
of elements common to the point manifold B ; if then this 
straight line M2 is transformed to a curve M2 it will be the 
curve common to the two surfaces A' and B'; if, however, it is 
transformed into a surface M2, it will generally be a surface 
touching A' along one curve, and B' along another curve. 

§ 195. The most interesting example of contact transforma
tion of the first class is obtained by taking the generating 
equation cp — 0 to be linear both in as', y', z? and in as, y, z, viz, 

as (ax x' + bxy' + cx z1 + dx)+y (a2 as' + b2y' + c2 zf 4- d2) 

+ z(a3x' + b3y' + c3z' + d3) + aix/ + biy' + ciz' + di = 0. 

We see at once that the only limitation placed on the con
stants in this equation, in order that <p = 0 may generate a 
contact transformation, is that the determinant 

«J, 

ft, 
a3, 

ft, 

bx, 
ft, 
ft, 
ft, 

ft, 
C2, 
C3> 
ft, 

dx 
d2 
d3 

di 
should not vanish. 

If this condition is satisfied the equation cp = 0 will generate 
a contact transformation; and, since the determinant does not 
contain any variables, the contact transformation will be one 
with respect to which there are no special elements. 

Clearly a point in either space will correspond to a plane in 
the other; and the straight line given by 

a1X + P1y + yxZ + bx= 0, a2as + J824/ + y22: + 82 = 0 

will be transformed to an Jlf2 whose generating equation is 
the envelope of the plane cp = 0, when w e regard as, y, z as the 
parameters. This envelope is a straight fine, and therefore 
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the contact transformation transforms straight lines into 
straight lines. 

If w e take as the generating equation 

cp = xx' + yy'—z—z" = 0 

— a form to which any equation, linear both in as, y, z and 
x',y', z', can be reduced by a projective point transformation— 
w e have the well-known contact transformation 

p = x', q = lf, p' = x, q' = y, z' = px + qy-z; 

this is geometrically equivalent to reciprocation with respect 
to the paraboloid of" revolution 

2z = x2 + y2. 

§ 196. We now proceed to discuss at greater length the 
second kind of contact transformations, viz. those in which 
there are two generating equations. 

Let these equations be 

<p fa y, z, as', 4/', z') = 0, \jr (x, y, z, as', 4/', z') = 0 ; 

then, since the equation 

dz'—p'dx'—qdy'—p (dz—p dx — qdy) = 0 

is to be of the form 
Xdcp + pd-f = 0, 

we must have 

^(xSa?+^')+Aa¥'+^'=0> 

, / dct> d\ls\ ad> dxlf 

If we eliminate the undetermined function A: p. from these 
equations w e shall have three equations; and these, together 
with the generating equations, determine the contact trans
formation scheme. 

The equations <p = 0, \jr = 0, m a y be any whatever, provided 
that the above five equations determine an element of one 
space in terms of the corresponding element in the other 
space. 
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If we take W to denote Xcp + p.^, and in differentiating 
regard A and p, as mere constants, we may express this 
limitation by saying that the four equations 

dW dW 
0 = 0, 0 = 0, p^r- + 

dz dx 
dW dW 

in the variables x', 4/', z', A: p are unconnected. 
It m a y be proved without much labour that this condition 

is equivalent to saying that the determinant 

d<p 

dx 

df 

OX 

a2Tf 

aas aas' 

a2F 
dxdy'' 

o2W 
dxdz'' 

dcp 

dy 

ax// 

a ^ 

a2F 

dydx' 

o2W 
dydy'J 

a2if 

dydz'' 

dcp 

Tz 

df 

Tz ' 

a2 if 

a^aas'3 

a2ir 

dzdy'' 

a2 if 

lz~dz'' 

0 

0 5 

df 

W 

d^ 
dy1' 

d\j, 

a?' 

0 

0 

a ^ 

dx~' 

dcj) 

hy' 
dcp 
dz' 

m u s t not vanish b y aid of <p = 0, i/r = 0 for all values of 
Asp.; that is, the determinantal equation m u s t be unconnected 
with cp = 0, \)r = 0. 

If w e substitute in this determinant for as', y',z',k:p their 
values in terms of x, y, z,p, q obtained from (1), and equate 
the result to zero, w e shall have the equation satisfied by 
special elements in the space as, y, z. 

§ 197. In accordance with § 190, we notice that the limita
tion placed o n the generating equations is that cp = 0, \jr = 0 
m u s t not be, for all values of the parameters as', 4/, z', the 
integral of a n y partial differential equation of the first order. 

E x a m p l e . It m a y at once be verified that w e could not take 
as generating equations 

axx' + byy' + czz' = 0, asas' + yy' + zz" = 0. 

If, regarding as', y', z' as parameters, we complete the Pfaffian 
system of which these are the t w o generating equations, w e 
have as the third equation 

(a—b) x'-fi = (b—c) py'z' + (c—a) qx'z1. 
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Eliminating the parameters x', 4/, zf we get as one of the 
equations of the Pfaffian system 

z = px + qy; 

and we see that, according to Lie's definition, 

aasas' + byy1 + czz' = 0, asas' + 4/4/ + zz1 = 0, 

is therefore a complete integral of 

z = px + qy. 

In this, as in all classes of contact transformations, the 
general principle holds that two M2s with a common element 
are transformed into two M2s with a common element. 

§ 198. Before proceeding to discuss the applications of this 
class of contact transformations to geometry, we write down 
some elementary properties of complexes of fines, which will 
prove useful in the sequel. 
W e take as the coordinates of a line whose direction cosines 

are I, m, n, and which passes through the point as', y', z' 

I, m, n, a, /3, y, 
where 

a = mz'—ny', j3 = nxf—lzf, y =ly' — mx'. 

If the coordinates of a line are connected by the linear 

relation a'l + fi'm + y'n +1'a + m'/3 + n'y = 0, 

where V, m', n', a, /3', y are any given constants, the line is 
said to belong to a given linear complex; V, m', n', a, ($', y 
are said to be the coordinates of the complex. If the coor
dinates of the complex are connected by the equation 

I'a' + m'fi' + n'y' = 0, 

then the coordinates of the complex are the coordinates of 
a line, and the complex consists of straight lines intersecting 
a given line. 
W e may take I', m', n' to be forces along the axes of 

coordinates; and a', /3', / to be couples whose axes coincide 
with the axes of coordinates. If a rigid body is rotated about 
the line I, m, n, a, /3, y through a small angle dt, it has linear 
displacements adt, j3dt, ydt along the axes, and rotations 
Idt, mdt, ndt about them. The work done by the given forces 
and couples is then 

(I'a + m'ji + n'y + la + m/3' + ny) dt; 
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and therefore, if a body is rotated about any line of the 
complex, the given system of forces do no work on it. 

These statical considerations enable us to simplify the 
equation of a linear complex ; for, if we take the wrench 
equivalent to the given system of forces and couples, we know 
that it acts along a fixed line, which we now call the axis of 
the complex; let k he the ratio of the couple to the force 
in the wrench, and let us take the axis of the wrench as the 
axis of z. W e now have 

l'= 0, m'=0, a'= 0, B'= 0, /= kn', 

and therefore, if a line be such that the wrench does no work 
on a rigid body rotating about it, its coordinates must satisfy 
the equation 

y + kn = 0 ; 

this therefore is a form to which any given linear complex 
can be reduced. 

An infinity of lines can be drawn through any point 
x', y', tf which shall belong to the complex y + kn = 0 ; these 
lines all lie on the plane yx'—xif + k fa—z) = 0, which is 
called a null plane of the complex. Through every point 
a null plane can be drawn. 

Any two lines, whose coordinates are 

I, m, n, a, B, y, 

I, m, —j-. a, B, —kn, 
Ic 

are said to be conjugate to one another with respect to the 
complex. 

If as', y', z1 lies on any straight line the conjugate line lies 
on the null plane of a;', y', z'; and the null planes of two 
points intersect on the line conjugate to the join of the two 
points. 

If the coordinates of two complexes 

lx, mx, nx, ax, Bx, yx, 

l2,m2, n2, o2, B2, y2 
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are connected by the equation 

lxa2+Z2aj + mxB2 + m2Bx + nxy2 + n2yx = 0, 

they are said to be in involution. The statical interpretation 
is that a wrench along the axis of one complex does no work 
in a rigid body, which is moved along the screw of the other. 

The two complexes, whose coordinates are respectively 

I', m', n', a', B', /, 
r 

l',m',?r, a, B', -kn', 

are said to be conjugate with respect to the complex 

y+kn = 0. 

If a line belongs to any complex, its conjugate line belongs 
to the conjugate complex. 

If two fines intersect, their conjugate lines also intersect. 
A line coincides with its conjugate, if, and only if, it belongs 

to the complex, with respect to which the lines are conjugate. 

§ 199. Let us now take as our generating equations for the 
contact transformation the bilinear equations 

x (axx' + Oj4/ + Cj^+cZj) + y (a2xf + b2i/ +...) 
+ z (a3x' + b3f+...) + a4as' + biy/ + ... = 0, 

as (ajas' + Bxy' + yxz! + 8j) + y (a2x' + 8 ^ + . . . ) 
+ z(a3x'+Bsy'+...) + aix'+Biy'+... = 0. 

If we keep x', 4/, z' fixed, these are the equations of two 
planes; in order to simplify the form of the equations by 
a projective transformation, w e consider the positions of the 
point as', 4/, /, which will cause these planes to be coincident. 

For the coincidence of the planes we must have 

,.k axx' + bxy' + cxz' + dx _ a2x'+... _ a3x' + ... _ aix' + .. 

axx' + B1y' + yxz' + b1 a2x'+... a3x'+... a4as'+. 

equating these equal fractions to A, and eliminating as', y', zf, 
w e have 

ctj — Adj, 

ft- ^ 2 ! 
Og —Attg, 

ai — Aa4, 

bx-XBx, Cj-Ayj, 

ft — ^ 2 , c2 —Ay2, 

ft-x/33> ft — xYs, 

ft-A/ft> ft-^y4, 

c£j-A8j 

d2 — A82 

d3—A83 

d4-A84 

= 0. 
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There are in general, therefore, four positions of the point 
x', y', z', for which the generating equations will represent 
the same plane. 

W e first consider the case where the four points lie on the 
, same plane; and, by a projective transformation, we may 
take this plane to be the plane at infinity. 

The points therefore which give coincident planes must 
satisfy the equations (l), when in these w e put 

dx = 0, 8j = 0, d2 = 0, 82 = 0,...; 

and therefore all three-rowed determinants must vanish in the 
matrix 

ax—Aa,, 

bx-\Bx, 

Cx - kyx, 

ft — ̂ a2, 

ft — ^ 2 , 

c2 —A72, 

a3—Ao8, 

ft—^3, 

C3-XV3> 

a4—Aa4 

ft-^4 
c4-Ay4 

N o w these are cubic equations in A, and by hypothesis they 
are satisfied for four values of A; they must therefore be 
identically true for all values of A. 

The deduction of the necessary relations between the con
stants, involved in these identities, is made easy by a geo
metrical representation. 

W e take Ax to be a point whose coordinates are ax, bv cx, 
Bx to be the point whose coordinates are ax, Bx, yx, and so on. 

Taking A = 0 we see that Ax, A2, A3 are three collinear 
points; taking A to be infinite we see that Bx, B2, B3 are 
collinear. It now follows, from the given identities, that any 
three points which divide the three fines AXBX, A2B2, A3BV 
in the same ratio are themselves collinear. These three lines 
must therefore be generators of a paraboloid of which two 
generators (of the opposite system) are Ax A2 A3 and BxB2BV 
It follows that A3 divides Ax A2 in the same ratio that j53 
divides Bx B2. 

Similarly we see that Ax, A2, A3, Ai are four collinear 
points dividing their line in the same ratios that P>1; B2,B3,Bi 
divide their line. 

§ 200. If we now take 

X'= oJxx' + bxy'' + cxz', F'= a2x' + b2y'+0^, 

Z'= axx' + Bxy' + yxz', W ' = a2x' + B2y' + y2z", 

we see that the generating equations must be of the form 
x(X' + dx) + y ( Y + d2)+z(pX' + qY' + d3)+p'X' + q'Y' + di=0, 

X(Z' + lx) + y ( W + b2)+z(pZ' + q W + h3)+p'Z' + g'TT + 84 = 0, 

where p, q, p', q' are some constants. 
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We further simplify these equations by taking 

Y_ x+pz + p' _ dxx + d2y+d3z+di 
~~ y + qr + q" ~ y + qz + q' 

F_8jas+824/ + 83g + 84 

y + qz + q' ' 

when we have as generating equations 

XX'+Y'+Z=0, XZ'+W+W=0, 

where X', Y', Z', W are connected by an identity of the form 

aX'+bY' + cZ'+dW = 0. 

If finally we take new sets of variables as, y, z and x', yf, s', 
given by 

as = X, z = aZ+cW, y=-bZ-dW, 

x'+iy/=aY/ + cW, x'-iy'=bX'+dZ', z' = bY' + dW', 

where i is the symbol V — 1, the generating equations reduce to 

xz'+z+x'+iy' = 0, x(x'—iyr)—z'—y = 0. 

To sum up: when the four points in space as', 4/, z" which 
make the generating equations coincident are coplanar, the 
generating equations can by a projective transformation be 
thrown into the standard form 

xz' + z + x' + iy' = 0, x (x'—iy')—z'—y = 0. 

In this standard form we now see that every point has 
this property which lies on the intersection of the cone 

x'2 + y,2 + z'2=0 

with the plane at infinity; that is, any point on the absolute 
circle at infinity has the property of making the generating 
equations coincident. 

§ 201. We must now study the contact transformation with 
these generating equations 

(1) x' + iy'+xz' + z = 0, x(x'—iy')—y—z' = 0. 

It is to be noticed that, as the equations are not symmetrical 
in the coordinates of the two spaces, the relation between the 
corresponding elements in the spaces will not be symmetrical. 

S 2 
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In addition to (1) we have for determining the trans
formation 

p' (as—g) +1 +qx = 0, q' (x-q)+i(l -qx) = 0, 

p + z, + q(x'-iy') = 0; 

and we see that each element in space as', y', z' can be uniquely 
determined in terms of the corresponding element in space 
as, y, z. 

If, however, w e wish to express as, y, z, p, q in terms of 
a;', y', z', p', q', we have, to determine x and q, the equations 

p' + iq' 2 . 
q x = —. . ,> q — x = — — — , > 
a p'—%fi * p'—iq 

and therefore two different elements in space as, y, z will have 
the same correspondent in space x', if, z". 

Such a pair of elements in space as, y, z w e shall call con
jugate elements; it may easily be proved that the contact 
transformation 

«'=-?, y'=Pi P'=y, 4= ~x> z'=z-px-qy 

will transform any element to its conjugate element. 

Example. Prove that this contact transformation is the 
result of first reciprocating with respect to xy = 2 z, and then 
reflecting the surface with respect to the axis of y. 

Reciprocation is equivalent to taking as our generating 

equation xy' + yx'—z—z'=0; 

and therefore 

x'=1, y,= P, z'=px+py-z, p'=y, g'= x. 

If we now reflect with respect to the axis of y, we have 

«"=-/, as"=-as', 4/"=?/; 

and completing the contact transformation, generated by these 
three equations, we have 

p"=p', q"=-q', 
so that 

z"=z-px—qy, x"= -q, y"=p, p"=y, q"= -x. 

Example. Prove that if the element as, y, z,p,qis rotated 
90° round the axis of z, in the positive direction, and the 
conjugate element as', y', ẑ ,p', q' is reflected in the plane 3 = 0, 
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the two resulting elements will be reciprocal with respect 
to a;2 + 4/2 = 2 z, that is, will be connected by the equations 

z + z'=px + qy, x'-p, y'=q, x = p', y = qr. 

§ 202. To the point as', y', z' there will correspond in space 
x, y, z the straight line given by the generating equations 
when we regard as', y', z' as fixed. The only exceptional case 
is when x', 4/, z' lies in the absolute circle in its space, and 
then we have as its correspondent a plane in the other space. 
The six coordinates of the straight line corresponding to 

x', y', z1 are given by 
I m w_ a _^_y 

l - ' r f Z j t f - Z ^ - _(X'2 + 4/2 + z'2) ~ as' + iy' ~ Z ? ; 

all of these lines are therefore lines of the linear complex 
y = n. 
To the point as, y, z there will correspond in space as', y', z' 

the straight line whose coordinates are given by 
I m n, 
i(x2-l)~ a?+l ~ -2ix 

a 8 y 

%xz xz . %z 
-y z s - ^ - w ^ - j - x y x2—l * SCa—1 ° x2-l 

This straight line is such that 

l2 + m2 + n2= 0, 

and therefore to x, y, z there corresponds in the other space 
a minimum straight line. 
It will be noticed that, in order to find what corresponds to 

a point M2, it is only necessary to make use of the coordinates 
of the point and the generating equations. In order to find 
what corresponds to the surface M2 given by 
Ix + my + nz + k — 0, 

we must form the other Pfaffian equations of this M2 viz. 

I + np = 0, m + nq = 0. 

From the equations of the contact transformation we now 

have (1) Z + m(as'-i4/)-4iz'=0. 

Eliminating a; and y from the generating equations and the 
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equation of the given plane, we see that (on account of (1)) 
z also disappears, and we get 

n(x'+iy') + mz'—ft = 0. 

The plane therefore has as its correspondent the minimum 

^ne n(x' + iy')+mz'-k=0, l + mfa-iyr)-nz'= 0; 

that is, has the same correspondent as the point 

m _ —I _ —ft 

~~ n' " n' ' n 

§ 203. We next find what will correspond to the straight 

e (1) a = mz—ny, 8 = nx — lz, y = ly—mx, 

of which the coordinates are I, m, n, a, B, y. 
Eliminating as, y, z from two of these equations (there are 

of course only two unconnected ones) and the generating 
equations, we clearly get the generating equation of the M2 
we require; it is 

(2) l(x'2 + y,2 + z'2)-B(x'-ifi)-mfa + iy') + (n + y)z'-a = Q. 

To find the minimum straight line, which corresponds to 
any point on the given line I, m, n, a, 8, y, we must substitute 
in the generating equations for y and z their values in terms 
of x; we get 

x(lzf + n) = 8—I (x' + iy), 

x (Ifa—iy') — m ) = y + lzf. 

Eliminating x from these two equations, we get the equation 
of the sphere which corresponds to the given straight line; 
and one set of generators on this sphere consists of the minimum. 
lines which correspond to points on the given line. 

Writing the equation of the sphere in the form 

(3) x'2 + y'2+z'2 + 2gx'+2fy'+2hz' + c = 0, 

and comparing with (2), we do not get unique values for the 
coordinates of the straight line in terms of the coordinates 
of the sphere. If we take r to be the radius of the sphere 

(that is, */f2+g*-thl — c taken positively), we see that there 
are two straight lines in space as, y, z to each of which the 
same sphere (3) will correspond. 
These lines are respectively 

I _ m n a 8 y 
1~ —g + if~ h — r~ — c ~ —g — if~ h + r 
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which we call the positive correspondent of the sphere, and 

I m n a B y 
l~ —g + if~ h + r ~ — c ~ —g—if~ h-r' 

which we call the negative correspondent. 
These two lines are conjugate with respect to the linear 

complex y = n. 
When r — 0, the sphere degenerates into a cone; and any 

plane through the vertex is a tangent plane to the cone 
(though of course an infinity of planes through the vertex 
are tangent planes in a more special sense). 
The two lines, the positive and negative correspondents 

of the degenerate sphere, now coincide; and therefore belong 
to the linear complex y = n. This is another way of obtaining 
the fundamental theorem, that a point in space as', y', z1 has 
as its correspondent in the other space a straight line of the 
linear complex y = n. 
By allowing /, g, h, c to increase indefinitely, without 

altering their mutual ratios, we see that to the plane 

2gx'+2fy' + 2hz' + c = 0, 

there are two correspondents in space x, y, z, viz. the positive 
correspondent 

7_n m — 
^ g + if~'h-Vh2 + g2+f2 

a B Y 

— c —g—if h + Vh2+g2+fz 

and the negative correspondent obtained by changing the 
sign of the surd. 
The straight lines therefore, which are perpendicular to the 

axis of as, are not transformed into spheres, but into planes. 

§ 204. Suppose now that we have the two spheres 

x'2 + y'2 + z'2 + 2gxx' + 2fxy + 2hxz'+cx = 0, 

x'2 + y'2 + z'2+2g2x'+2f2y' + 2h2z' + c2 = 0, 

then, if lx, mx, nx, ax, Bx, yx, 

hi ™-2J ™2« °2>Ai> Y2 
are the line coordinates of their positive correspondents, we 
have 

lxa2 + l2ax= -cx-c2, mxB2 + m2Bx= 2gxg2 + 2fifi, 

niY2 + n2Yx = 2hxh2-2rxr2, 
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so that if the positive correspondents intersect, 

2 9x92+ 2/i/2 + 2 hh = 2 rir2 + ft + ft; 
that is, the two spheres touch internally. 

If the positive correspondents intersect so do the negative; 
for a positive and negative correspondent are conjugate to the 
linear complex y = n. 
If then two spheres touch internally the positive correspon

dent of the first intersects the positive correspondent of the 
second; and the negative correspondents also intersect. 

The two straight lines, the positive and negative correspon
dents of a sphere, cannot intersect unless the sphere degenerates 
into a point sphere; for conjugate lines, with respect to a linear 
complex, can only intersect when the lines belong to the 
complex; that is, when y = n, and therefore r = 0. 

If the first positive correspondent intersects the second 
negative correspondent, then the second positive correspondent 
intersects the first negative correspondent, and the spheres 
have external contact. 
§ 205. If we are given a line whose six coordinates are 

I, m, n, a, 8, y, 
how are we to decide whether it is a positive or a negative 
correspondent to the sphere to which it corresponds—for we 
know there is only one such sphere ? 

W e always suppose the radius of the sphere to be positive, 
and therefore by the formula 

y—n 
2r- = + L . 

taking, as we may, I to be positive, we know that the line is 
a positive correspondent if y > n, and a negative if y < n. 

If then we are given two interesting lines, there is no 
ambiguity as to whether the corresponding spheres intersect 
externally or internally; the question is settled by the positions 
of the line with regard to the axes of coordinates. 

If we neglected this consideration we should arrive at 
paradoxical results by this method of contact transformation. 
Thus, if we are given two intersecting straight lines A, B, we 
know that, if any other two straight lines G, D intersect them 
both, then C, D must themselves intersect. It would therefore 
appear to follow, from the theory of contact transformation 
explained, that if two spheres touch one another, then any 
other pair of spheres, which touch both of the first pair, must 
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also touch one another, a result which is obviously absurd. 
To see where the error has arisen in the application of the 
contact principle, suppose that the first two spheres touch 
externally; then A and B must be taken to be, one a positive, 
and the other a negative correspondent of its sphere. W e 
suppose C to be a positive correspondent to its sphere C , 
A a positive correspondent to its sphere A', and B a negative 
correspondent to B'; we now have C touching A' internally 
and B externally; and the only way this could happen would 
be by C touching the two spheres, at their common point 
of contact. Similarly P/ must touch at this point; and there
fore C and D' do touch one another, but they are not any 
spheres touching both A' and B' 

§ 206. The cyclide of Dupin is the envelope of a sphere 
which touches three given spheres (Salmon, Geometry of Three 
Dimensions, p. 535), there being four distinct cyclides, corre
sponding to the different kinds of contact of the variable 
sphere with the three given spheres A, B, C. 

The four cases are when the variable sphere touches, 
(1) A, B, G all externally or all internally; (2) B, C externally 
and A internally or B, G internally and A externally; (3) 
G, A externally and B internally, or G, A, internally and 
B externally; (4) A, B externally and G internally or A, B 
internally and G externally. 

W e shall only consider the first of these cyclides; taking 
a, b, c, d to be the positive and — a , — b , —c, — d to be the 
negative correspondents of A, B, G, D we see that, either d 
intersects a, b, c, or else it intersects the three negative cor
respondents — a, —b, — c ; in either case it generates a surface 
of the second degree. 

A cyclide of Dupin in space as', 4/', z' therefore generally 
corresponds to a quadric in space as, y, z. If we take any 
generator of this quadric and regard it as the generating 
curve of a curve M 2 in space as, y, z, its correspondent in the 
other space will be a sphere touching the cyclide along a curve. 
This curve must be a line of curvature on the cyclide; for the 
normals to the sphere along this curve intersect, and therefore 
the normals to the cyclide along this curve intersect. 

If, however, instead of regarding the generator of the quadric 
as a curve M 2 of a;', 4/', zf, w e regard it as an Mx of elements of 
the quadric; that is, if we take the single infinity of elements, 
consisting of the points of the generator and the tangent planes 
at these points to the quadric, then the corresponding Mx 
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in space x', y', z' is the line of curvature, with the tangent 
planes at each point of it to the cyclide. 

§ 207. Any surface in space x, y, z has at every point on it 
two inflectional tangents. The surface therefore which corre
sponds in space as', 4/, z1 will have, as corresponding to these 
two inflectional tangents, two spheres each having contact 
with the surface at two consecutive points; that is, the 
correspondents of the inflectional tangents will be the two 
spheres whose radii are the principal radii of curvature 
(Salmon, ibid., p. 264). 
It will be noticed that any straight line drawn through a 

point on a surface, and in the tangent plane, will be trans
formed into a sphere touching the corresponding surface. 
The peculiar property, however, of an inflectional tangent is 
that it is a straight line through two consecutive points of 
a surface, and also in the two consecutive tangent planes 
at these points. It is therefore transformed into a sphere 
having two consecutive elements common with the new 
surface; that is, it is a sphere whose radius is equal to one of 
the principal radii of curvature. 
By this contact transformation therefore the curves, whose 

tangents are the inflectional tangents to the surface at the 
point, are transformed so as to become the lines of curvature 
on the surface in space as', y', z'. 
If a surface has any straight line altogether contained in it 

the corresponding surface will have a line of curvature, with 
the same radius and centre of curvature all along this line. 

J5 
§ 208. In general a quadric in space x, y, z is transformed 

into a cyclide; but we shall now see that some quadrics are 
transformed into straight lines in space a;', 4/, z'. 

Let a = mz'—ny', 8 = nx'—lzf, y = ly'—rax' 

be a straight line in space as', y, 0'; from the generating 
equations we obtain, by eliminating as', 4/', zf, 

x((ai + B)x—ny + (mi—l)z — 2yi) = (l + mi)y + nz + ai—j3. 

This quadric therefore, instead of having a cyclide corre
sponding to it in space as', y/, z', has the line whose coordinates 
are 7 „ 

I, m, n, a, 8, y. 
It may be verified without difficulty that one system of 

generators of this quadric belongs to the complex 1 = 0, and 
the other to the complex y = n. 
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§ 209. If we have a system of concentric spheres in space 
x', y'i z"> viz. 

as'2 + 4/a + z12 + 2 gx' + 2fy' + 2 hz" + c = 0, 

where c varies, the corresponding system of manifolds in space 
x,y, z will be straight lines satisfying the three linear com

plexes £ ̂  to _ n + y _ B 

1 ~ -g + if-~~2h ~ -g-if 

T w o different manifolds will correspond to a given sphere 
of radius r; there will be the positive correspondent obtained 
by making the coordinates of the straight line also satisfy the 
linear complex 2rf = v — n 

and the negative by making the coordinates satisfy the 

complex 2rl = n-y. 

All these lines are generators of the same system on the 
hyperboloid 

(1) (if—g)x2—xy + 2hx—z + if+g = 0. 

The generators of the other (the second) system on (1) are 

x = t, z + ty =-if+g+2ht + (if-g)t2; 

the six coordinates of any one of these generators are 

I _ m _ n _ a 8 y 
0 _ T ~ ~t ~ if+g + 2ht + (if-g)t2 ~ ~ & ~ ~t' 

Since I = 0, to each of these generators there will correspond 
in space a;', 4/', z' a plane touching all the concentric spheres; 
these planes must therefore be tangent planes to the asymp-
toticcone {x'+ g)2 + {y>+ff + ¥ + ll)2 = 0 . 

this result may be at once directly verified. 
It may be noticed that all generators of the second system 

belong to both the linear complexes 

1 = 0 and y = n. 

The hyperboloid (1) is given when w e are given a gene
rator of its first system; one such hyperboloid can be 
described through any straight line. W e see therefore how 
to construct the system of lines which will be transformed 
into concentric spheres; describe an hyperboloid of the form 
(1) through any line; then the lines, which will be trans
formed to concentric spheres, are the infinity of generators 
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of the same system as the given line. In particular that 
generator, which belongs to the linear complex y = n, will 
correspond to the centre of the given system of spheres. 

§ 210. If a quadric is such that all generators of one system 
belong to the linear complex y = n, then its correspondent in 
space as', yf, z1', instead of being a cyclide, is a circle. For we 
have, in space x, y, z, a system of generators intersecting two 
fixed generators, and belonging to the complex y = n; in the 
corresponding figure therefore w e must have a system of 
points c o m m o n to two spheres, that is, a circle. 

§ 211. We now pass on to consider the more general case 
of the two bilinear generating equations, when the four points 
in space x', 4/, zf, for which the generating equations become 
coincident, are not coplanar. W e take these four points as 
the vertices of a tetrahedron; and w e do not consider the 
special cases which might arise, owing to two or more of 
these vertices coinciding. W e choose our coordinate axes so 
that this tetrahedron has for its vertices the points 
(0, 0, 0), (00, 0, 0), (0, 00, 0), (0, 0, co) ; 
we thus have from the definition of the tetrahedron (employ
ing the same notation as in § 199) 

Oj_a2 = a3 = a4_^ &1 = P* = P$ = Pj = x 
ax a2 a3 a4 v bx b2 b3 64 2' 

yi_Z2_2^ = Z4 = x ^ = ^- = ^=-*=A. 
ft ft c3 ft " dx d2 d3 di 

W e then take 

Y _ a^ + a^ + a^z + a^ y _ bxx + b2y + b3z + bt 
dxx + d2y + d3z + di ~ dxx + d2y + d3z + d± 

z _ cxx + c2y + c3z + ci 
dxx + d2y + d3z + d± 

and thus see that by projective transformation the generating 
equations m a y be thrown into the forms 

axx1 + byyf + czz" + d = 0, 

xx'+ yy' + zz'+l = 0. 

If we keep as', y', z' fixed, these are the equations of two 
planes, and therefore to a point x', y', z' there corresponds 
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a straight line in space as, y, z. The six coordinates of this 
line satisfy the equation 

la mB ny 
(b-c)(a-d) (c-a)(b-d) (a-b)(c-d)' 

that is, the line belongs to a complex of the second degree. 
It can be at once verified that every straight line of this 

complex is divided in a constant anharmonic ratio by the 
coordinate planes and the plane at infinity; on account of 
this property the complex is called a tetrahedral complex. 
W e may look on the generating equations as the polar 

planes of x', y', z1, with respect to two quadrics, which do not 
touch; the quadrics are referred to their common self-con
jugate tetrahedron, viz. the coordinate planes and the plane at 
infinity, and the polar planes intersect in a line of a tetra
hedral complex of this tetrahedron. 
In order to complete the contact transformation we must 

add to the generating equations the three equations obtained 
by eliminating A from 

(A + a)x' _ _ (K + b)yJ 

(A + c)z'' q ~ (A + c)z' 

(A + a)as , (A + o)4/ 
r — — " -" ' ' -" - " 

that is, 
P (\ + c)z' q ~ (k + c)z' 

p (b—c) z'y'+q (c—a) z'xf—(a—b) x'y'= 0, 

pz'x—p'zx'= 0, qz'y—q'zy'= 0. 

The equationp'(b—c)zy + q'(c—a)z'x'— (a—b)xy = Q is con
nected with these, and is not therefore an additional equation. 
In this contact transformation the two spaces are symmetri

cally related; thus a point in either corresponds to a line of 
the tetrahedral complex in the other. 

§ 212. We must now find what corresponds in space x, y, z 
to the plane 7 , . , , 

r lx'+myf+n7f + k = 0. 

Forming the equations of the Pfaffian system of which this 
plane is the generating surface we have 

l + np'= 0, m + nqf= 0, 

and substituting for p' and q' in the equation 

p'(b—c)zy + q'(c—a)zx—(a—b)xy= 0 
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of the contact transformation we have 

(1) l(b—c)yz + m(c—a)zx + n(a—b)xy = 0. 

This, however, is not the only generating equation defining 
the M2 which will correspond to the plane in the other space. 
For, eliminating y', z' from 

axx' + byy1 + czz1 + d = 0, 

asas'+ yy'+ zz'+l = 0, 

lx' + my> + nzf+k = 0, 

we see that by aid of (1) as' disappears at the same time, and 
therefore all the three-rowed determinants vanish in the matrix 

aas, by, cz, d 

(2) as, y, z, 1 

I, m, n, k 

These are the equations of a twisted cubic, viz. the locus 
of a point whose polar planes with respect to the quadrics 

x2+y2 + z2+l = 0 and ax2 + by2 + cz2 + d = 0 

intersect on the plane 

lx + my + nz + k = 0. 

This cubic passes through the origin and the pointB at infinity 
on the axes of coordinates. 
To a plane in one space there will then correspond in the 

other space the twisted cubic given by the above equations. 
As a, 0, c, d axe fixed, when the contact transformation is 
fixed, we may call l:m:n:k the coordinates of this twisted 
cubic. 

§ 213. The coordinates of any point on this cubic are 

_l(t + d) _m(t + d) _ n(t + d) 
X~k(t + a)' V ~ k(t + b)' Z ~ k(t + c) ' 

Since therefore the six coordinates of the line in space 
as', 4/, z' which corresponds to as, y, z are 

V = (b—c) yz, m'= (c—a) zx, n'= (a—b) xy, 

a'= (a—d) x, 8' = (b — d) y, y = (c — d) z, 

the coordinates of the line which corresponds to a point on 
the twisted cubic are 

l'= (b-c)mn(t + a) (t + d), a'= (a—d)lk(t + b) (t + c), 

with similar expressions for the other coordinates. 
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The coordinates of the fine joining two points on this 
twisted cubic are 

„_ I (a—d) (tx—t2) ,_ mn(b — c) (tx—t2) (tx + d) (t2 + d) 

-k(tx + a)(t2 + a) ' a ~ k2(tx + b)(t2 + b)(tx + c)(t2 + c) ' 

with similar expressions for to', n', 8', y ; such a line there
fore belongs to the tetrahedral complex 

l'a' _ m'B' n'y' 

(b—c) (a — d) (c — a) (b — d) ~ (a — b) (c — d) 

and so is divided in a constant ratio by the coordinate planes, 
and has, as its correspondent in space x', y', z1, a point on the 
plane , . , , 7 
r lx+m4/' + ntf + k = 0. 

The twisted cubic which in one space corresponds to any 
plane in the other always passes through four fixed points, 
viz. the origin and the points at infinity on the axes of 
coordinates ; and any straight line which intersects the cubic 
in two points is divided in a constant ratio by the coordinate 
planes. This ratio does not depend on the position of the 
plane which corresponds to the cubic. 

It is generally true that any straight line intersecting any 
twisted cubic in two points is divided in a constant anhar-
monic ratio by the faces of any tetrahedron inscribed in the 
cubic. In order that a twisted cubic m a y belong to the 
family we are here considering it is only necessary that it 
should pass through the origin and the points at infinity on 
the axes and be such that the anharmonic ratio for this 
tetrahedron has the assigned value which defines the tetra
hedral complex. W e shall speak of these cubics as cubics of 
the given complex. 

Since a plane can be drawn to pass through any three points 
we see that a twisted cubic can be drawn to intersect any 
three lines of the tetrahedral complex; for a line of this 
complex corresponds to a point in the other space. 

§ 214. We next find what corresponds to the line 

(1) a = mzf—ny', 8 = nx'—lz', y = ly'-mx'. 

Eliminating y' and z' from the equations of this line and 
the given generating equations of the contact transformation, 

viz. axx' + byy' + czz' + d = 0, xx' + yy'+zz'+ 1 = 0 , 
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we get 
,. x'(lx + my + nz)+l + yy-Bz = 0, 
* ' x'(alx + bmy + cnz) + dl+byy—cBz = 0. 

These are the equations of a generator of one system on 
the quadric 

(3) a (b—c)yz + B (c—a)zx + y (a—b) xy 

+1 (a—d) x + m (b—d) y + n (c—d) z = 0; 

and since (2) corresponds to as', y', z' we see that this system 
(the first system, w e shall call it) of generators on this quadric 
belongs to the tetrahedral complex. 

N o w any quadric passing through the origin and the points 
at infinity on the axes of coordinates is of the form (3); we 
thus have the following interesting theorem in geometry: 
the generators of a quadric are divided in a constant anhar-
monic ratio by the four planes of any inscribed tetrahedron*. 

The following is an analytical proof not depending on 
contact transformation theory. The equation of the quadri& 
referred to the tetrahedron as tetrahedron of reference is 

ax yz + bx zx + cxxy+axw + byw + czw = 0. 

The conditions that the line 

ly—mx = yw, nx—lz = Bw 

may lie wholly on the quadric are 

Oj mn + bx nl + cx Im = 0, ax8y—bly + clB = 0, 

ax(ny—mB) + 1 (cxy—bxB) + 1 (la + mb + nc) = 0. 

Eliminating I from these equations we get 

(Cj m2B—bx n2 y) (cx m + bxn) 

+ m n (cx 6m2 + bx en2 + (ccx + bbx—aa^ m n ) = 0, 

m n ( c B — by) = 8y(cxm + bxn). 

These equations give us to determine the ratio of 8 to y 

bxbn2y2 + cxcm2 B2 + (b1b + cxc — axa)mnBy = 0 ; 

and we have similar equations for a : 8 and a : y. 
If the straight line intersects the faces of the tetrahedron 

* This and much more about the tetrahedral complex will be found in 
BerShruMgstransformationen, Lie-Scheffers, Chap. VIII. 
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of reference in A, B, G, D respectively, and if the anharmonic 

ratio . * „-, is denoted by A, we therefore have 
AD.BG J 

axa\2 — (axa + bxb — cxc)X + bxb = 0, 

so that the generator is divided in a constant ratio by the 
faces of the tetrahedron of reference. 

§ 215. There are two systems of generators in the quadric 

(1) a(b — c)yz + 8(c — a)zx + y(a — b)xy 

+ l(a—d)x + m(b—d)y + n (c—d)z = 0. 

To the first system of these generators we have seen that 
there correspond, in space as', y', z1, the points on the lines 

(2) a = mz'— ny", 8 = nxr — Izf, y = ly'— mx'. 

The equations of the generators of the other system are 

t (Ix + m y + nz) + alx + bnvy+cnz = 0, 

t (I—Bz + yy) + byy—cBz + Id. 

The six coordinates of this generator are given by 

a'=l(a + t), B'=m(b + t), y'=n(c + t), 

a(b + t)(c + t) 8(c + t)(a + t) Y(a + t)(b + t). 

l ~ — d + i ' m " — d + t ' n ~ — d T t ' 

and therefore to any generator of this system there cor
responds in space of, y', z' the quadric 

(3) a'(b - c) i/zf + B'(c-a) z'x' + y'(a - b) x'y' 

+ l'(a-d) as' + m'(b-d)y' + n'(c-d) zf= 0. 

Since all generators of the first system intersect each 
generator of the second, we can conclude that all points lying 
on (2) must also lie on (3); that is, (3) contains the line (2); 
this may easily be verified directly. 

§ 216. If the straight line whose coordinates are 

I, m, n, a, 8, y 

belongs to the tetrahedral complex, that is, if 

la _ m B ny 

(b-c)(a-d) ~ (c-a) (b-d) ~ (a-b)(c-d)' 

the quadric of the form (1) of § 215 which corresponds to 
the line is a cone. 
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The co2 of elements which consists of points on the above 
line, together with the infinity of planes which contains the 
line, is therefore transformed into the cone M 2 . 

W e know, however, that the M 2 which corresponds to a 
line of the tetrahedral complex is a point M 2 , so that this 
point M 2 must coincide with the cone M 2 . There is of course 
nothing paradoxical in this; for the point must be the vertex 
of the cone, and any plane through the vertex will be a 
tangent plane to the cone. 

The quadric which corresponds to a straight line has, like 
the twisted cubic which corresponded to the plane, the pro
perties of passing through the origin and the points at infinity 
on the axes of coordinates; it has also the property that its 
generators of one system are divided in the assigned ratio 
which defines the tetrahedral complex. W e shall call any 
quadric of this family a quadric of the given complex. 

The contact transformation we have now considered has 
the property of transforming point M 2 s into the M2's of fines 
of the tetrahedral complex; or, as w e m a y briefly express it, 
points into fines of the complex. It also transforms planes 
into twisted cubics of the complex; and straight lines 
generally into quadrics of the complex, though, if the fine 
belongs to the complex, the quadrics degenerate into points. 

§ 217. W e may now apply this method of transformation 
to deduce new theorems from theorems already known. 

Thus a straight line can be drawn through any two points 
in space; therefore a quadric of the complex can be drawn 
through any two lines of the complex. 

Again any two planes intersect in a straight line; therefore 
a quadric of the complex can be drawn through any two 
twisted cubics of the complex. 

A straight line in space which intersects three fixed lines 
intersects an infinity of other fixed lines ; therefore a quadric 
of the complex which touches three fixed quadrics of the 
complex touches also an infinity of fixed quadrics of the 
complex. 

One more illustration of the method will be afforded by 
taking any six points Pj, P2, P3, P4, P6, P6 on a twisted 
cubic of the complex ; to these six points will correspond 
six lines of the complex, and all of these lines will lie on 
the plane which corresponds to the cubic. These fines are 
divided in a constant anharmonic ratio by the coordinate 
planes and the plane at infinity; and therefore are divided 
in a constant ratio by the sides of a fixed triangle. They 
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therefore all touch a parabola ; let AB correspond to Pj, BC 
to P2 and so on; B will then correspond to Pj P2. If we 
now apply Brianchon's theorem to the hexagon A B C D E F 
formed by the six lines, we see that AD, BE, and G F are 
concurrent. To A D will correspond the quadric of the 
complex which contains the lines PjP6 and P3Pi; to B E 
the quadric with the generators Pj P2 and P4 PB; to G F the 
quadric with the generators P2 P3 and P5 P6; the theorem 
which we can now deduce from Brianchon's is that these three 
quadrics have a common generator. 

§ 218. We have now examined the first two classes of contact 
transformations and there remains the case where there are 
three generating equations; but as we can now express 
x1, y', z in terms of as, y, z, and x,y,z in terms of x', yf, z', 
this is a mere extended point transformation. W e have had 
examples of this class of contact transformation in Chapter II, 
and shall return to the subject in Chapter X X on differential 
invariants, so that we need not now consider it further. 

T 2 



C H A P T E R XVIII 

INFINITESIMAL CONTACT TRANSFORMATIONS 

§ 219. If z, asj,..., xn,px, ...,pn are the coordinates of an 
element in 7i-way space, 

z! = z+tCfa, ...,xn,z,px,...iPn), 

x'i = Xi + t£i(xx,..., xn,z,px,...,pn), (i = 1,..., 42,), 

Pi=Pi + t*i(xX, ••; xn,z,Pl—,Pn) 

is a n infinitesimal transformation of the elements, if t is a 
constant so small that its square m a y be neglected. 

T h e transformation is a n infinitesimal contact transforma
tion if the Pfaffian equation 

dz—pxdx1—...—pndxn = 0 

is unaltered; that is, if w e have 

i=n i=n 

dz'-^p'idx'i = (1 +pt) (dz-^pidxs), 

where p is s o m e function of the coordinates of the element. 

N o w d z ! = d z + t d £ dx'i = dxt + td^, dp't = dpt+td%i; 

i = rt 

if then we take W = 2 Pi &—& 

we have 

i = n i = n i = n i = n 

dz'—^p'idx'i = dz—^pidxi + t(dC—^Pid^i—^iiidxi) 

i=n i=n 

= dz-^PidXf-tdW+t 2 (£idPi-ndxi) 

(neglecting small quantities of the order t2) ; and therefore 

i—n i=n 

2 (6dPi- wf dxi)-dW= p(dz—^pidxi), 
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. dW dW dW 3TF 
so that £}= — — » p = — — 3 iTi = — - Pi-r—j 

* dpt r dz l dXi % dz 

§ 220. Conversely if W is any function whatever of the 
coordinates of an element, 

„, . ,dW , ,(dW dWs 
(1) af. = x.+t — ,pi = pi-t(^i+pi~), 

will be an infinitesimal contact transformation; for 

dz'-^p'idx'i 

*=* 5TF *=" STF 

V* ^ /Vj ^. ST*S /V jS^ 

l =71 

Sdpi^'^dx, 

= (l ~'-jj) ( & - 2 ^ i dxs) • 

The function IF is called the characteristic function of the 
infinitesimal contact transformation; and the corresponding 
infinitesimal operator is 

2* dpi dXi Z> KiXi +Pid^) i>Pi + 2PiZpi *Z dz' 

If W does not contain z, and is homogeneous of the first 
degree inpx, ...,£>n,the infinitesimal contact transformation is 
a homogeneous one. 

§ 221. Suppose now that cp (z, xx, ...,xn, px, ...,pn) is any 
function of the coordinates of an element, then z',asj, ...,x'n, 
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Px,---,P'n being the contiguous element defined by (1) of 
§ 220, 

<P(zf,x'1,...,x'n,p'x,...,p'n) = cp + t[W,cp]-tW^, 
where 

r w ,n ^ / o W ^ c P dcp. dcp , d W * W s \ 

The necessary and sufficient condition therefore that the 
function cp should admit the infinitesimal contact transforma
tion with the characteristic function TF is 

[w,<p-] = w^. 

Similarly we see that the equation cp = 0 admits the con

tact transformation if the equation [TF. <p~\ — ITft-^ = 0 is 

connected with cp = 0. 

If the equation cp = 0 admits the contact transformation, 
with the characteristic function IF, the equations TF = 0 and 
<p = 0 will be equations in involution. 

§ 222. If cpx = 0,...,cpm=0, 

are any m equations in involution (§ 153), then, TF = 0 being 
any equation connected with the system, this system will 
admit the contact transformation, whose characteristic function 
is IF 

If w e are given any function cp(z,xx,...,xn,px,...,pn) of 
the coordinates of an element, w e can find 24i unconnected 
functions in involution with this function; let these func
tions be 

cpx(z,xx,...,xn,p1,...,pn),...,cp2n(z,x1,...,xn,px,...,pr); 

it will n o w be proved that the equations 

(1) <Pi(z,xx,...,xn,px,...,pn) = cPi(z0,xl...,xl,p°1,...,p°n)> 

(i= l,...,2n), 

define a simple infinity of united elements, that is, an J/i 
containing the assigned element z°, x\,..., as°, pi, ...,p'n-

If xx,...,xn,z,px,...,pn 

and xx + dxx,...,xn + dxn, z+dz, px+dpx,...,pn+dpn 
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are two consecutive elements satisfying the equations (1) 
then 

and since all the functions <px,..., <p2n are in involution with cp 
we must have 

k: 

(3) 
dxxdpx ••' dxndpn dz ^Pkdpk 

_ H i ( H H \ _ *<Pi(Q<P , n H \ 
*px^dxx^FldZ) •'• dPnydxn+PndZy 

There are 2n equations of the form (2) by means of which 
we can determine the ratios of 

dxx,...,dxn, dz,dpx,...,dpn: 

the equations (3) to determine the ratios of 
k = n 

dcp dcp -^ dcp dcp dcp dcp dcp 
*n""'*P«' ZPliWk ~^x~Pl^,""~^n~Pn^z' 

are exactly the same; and therefore we conclude that 

dxx dxn dz 

(*) 

d$ •- j>* *-» ^ 

2>px dpn 2d Pk ipk 

dPx §Pn 
dcp dcp dcp 3̂ > 

~ d~x~x ~Pldz ~ dx^ ~ P n di 

Since the equations (4) satisfy Pfaff's equation 

dz = pxdxx + ... +pndxn, 

we conclude that the infinity of elements satisfying each of 
the equations (l) consists of united elements. 

A n y simple infinity of elements satisfying the equations (4) 
is called a characteristic manifold or M x of the function cp. 

It is possible to describe one, and only one, of these 
characteristic M x s through any assigned element of space 
z°, x\, ..., as°, px, ...,Pn', and it is easily seen to lie altogether 
on the manifold 

cp(z,xx,...,xn, px, ...,pn) = cp(z°,xl,...,x°n, p°x,...,p°n), 

as well as on each of the manifolds given by (1). 
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We shall now prove that by any contact transformation 
a characteristic Mx of a function is transformed into a charac
teristic Mx of the corresponding function. This follows at 
once from the facts: (1) that two functions in involution 
are transformed into two functions in involution; and (2) 
that the characteristic Mx of a function cp, which contains the 
element z°, x\, ...,as°, p\, ...,pn, consists of all elements com
m o n to 

cPi(z,xx, ...,xn, px, ...,pn) = cPi(z°,x°1 as», p\, ...,pl), 

(i= l,...,2n), 

where cpx, ...,cp.2n are any 2n unconnected functions in involu
tion with cp. 

§ 223. We may now interpret an infinitesimal contact 
transformation as follows: take any element z,xx, ...,xn, 
px, ...,pn and construct the characteristic Mx of the character
istic function W which contains this element. Imagine an 
element to be moving along this Mx, the consecutive element 
to the one assumed is 

z + tz, xx + txx, ...,xn + tisn, px + tpx, ...,pn + tpn, 

where t is the small interval of time taken to move to this 
consecutive position; the infinitesimal contact transformation 
which corresponds to TF is then given by 

z,= z+t& x'x = xx + t£x, ...,x'n = xn + t£n, 

p'x- px + tisx, ...,p'n= pn + t-nn, 
where 

wx = £, ...,xn = £n, px = TTj, ...,pn = 7r„, but z-W= C 

We may then say that the velocity of an element, under the 
effect of the infinitesimal contact transformation whose 
characteristic is W, is composed of a velocity along the 
characteristic Mx of TF containing this element, and a velocity 
along the axis of z; the ratio of the z component of the 
first velocity to that of the second being as 

2Pk^o -W. 

§ 224. If P and P' are two consecutive points in space, the 
straight line joining the points and terminated by them is 
called a linear element. 
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If we take any point z, xx,..., xn then oon_1 elements 
z, asj, ...,asre, px, ...,pn pass through this point, and satisfy the1 
equation cp = 0 ; it therefore follows that co™-1 characteristic 
.Mj's of this equation pass through any point. Taking 

z, asj, ...,xn, dz:dxx:dx2: ...:dxn 

to be the coordinates of the linear element joining z,xx, ...,xn 
to a consecutive point on any one of these characteristic -Mj's, 
we see that these coordinates must satisfy the equation (or 
equations) obtained by eliminating px, ...,pn from the equa
tions 

. d x ^ ^ d x ^ _ d x I L _ dz 

1 ' d<p dcp '" dcp ' dcp dcp ' 9 

*Pl *P~2 Wn Pl*Px '"+PnWn 

This equation is called the equation of the elementary 
integral cone of cp = 0 at the point xx, ...,xn,z. 

W e have seen that if the equation cp = 0 is transformed by 
a contact transformation into \j/ = 0, then the characteristic 
.Mj's of <p = 0 are transformed so as to be the characteristic 
Mx's of \jf = 0. It does not, however, follow that the elemen
tary integral cones of <p = 0 will be transformed into the 
elementary integral cones of \p = 0; for characteristic Mxs, 
meeting in a point, will not in general be transformed to 
characteristic Mxs, meeting in a point. 

If, however, the transformation is merely a point transfor
mation, the elementary integral cones of one equation will be 
transformed to the elementary integral cones of the other. 
In particular, the point transformations which leave a given 
equation of the first order unaltered, will also leave the 
system of integral cones unaltered, though naturally these 
cones will be transformed inter se. 

Looking on 
pxdxx +... +pndxn — dz 

as the equation of an elementary plane whose coordinates 
are px, ...,pn, w e easily prove that cp = 0 is the tangential 
equation of the elementary integral cone of cp = 0 at the 
point sz,asj, ...,xn. 

Conversely, suppose w e are given an equation, homogeneous 
in dz,dxx,...,dxn,and connecting z,xx, ...,xn, dz,dxx, ...,dxn, 
the coordinates of a linear element; then, if, regarding 
dz:dxx:dx2:... as the variables, w e find its tangential equa
tion, w e shall have a differential equation of the first order, 
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of which the given equation will be an elementary integral 
cone. 
W e thus see that any point transformation, which leaves 

a differential equation of the first order unaltered, will also 
leave unaltered an equation between the coordinates of a linear 
element; and, conversely, a point transformation, which 
leaves an equation between the coordinates of a linear element 
unaltered, will also leave unaltered a differential equation of 
the first order. 

A n equation between the coordinates of a linear element 
is called a Mongian equation. W e have now proved that 
to every Mongian equation there will correspond in general 
one differential equation of the first order; and conversely 
to every differential equation of the first order there will in 
general correspond a Mongian equation. 

W e say,' in general,' because, for instance, if the elementary 
integral cone at a point shrinks into a line (as it would if the 
given differential equation were linear) there would not be 
one definite Mongian equation but the several equations 
which make up the line; and other cases might arise where 
the result of eliminating px, ...,pn from (1) would be several 
equations. 

So also if the Mongian equation were linear in dz, dxx,..., dxn 
instead of having one equation between the coordinates 
z,aij, ...,xn, px, ...,pn, we should have n such equations; for 
the envelope of a plane touching a given plane is the plane 
itself. 

§ 225. Example. We saw in § 33 that the point transfor
mations which were admitted by 

l+p2 + q2 = 0, 

were also admitted by 

dx2 + dy2 + dz2 = 0, 

the equation satisfied by the linear element of a minimum 
curve; these two equations are clearly associated in the 
manner just described. 

A straight line of the tetrahedral complex which we con
sidered in Chapter XVII has its linear elements connected by 
the equation, 

(b—c)(a—d)xdydz + (c—a)(b—d)ydzdx 

W +(a-b)(c-d)zdxdy = 0. 
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If we form the associated partial differential equation, by 
expressing the condition that 

pdx + qdy = dz 

may, when we substitute pdx + qdy for dz in (1), lead to 
a quadratic with equal roots in dx: dy, we obtain 

, . (px(a—d) (b—c) + qy(b—d) (c—a) + (c—d)(a—b))2 

= ipqxy (a — d) (b — c) (b — d) (c — a), 

which may also be written in the form 

Vpx(a — d)(b — c)+ Vqy(b — d)(c — a)+ V(c-d)(b — a) = 0. 

W e could now find the group—assuming such to exist—of 
point transformations admitted by (1), and the group admitted 
by (2); and seeing that these coincide we should verify the 
general theorem of their coincidence. 
Without, however, actually finding either of these groups, 

we may easily verify that the point transformation 

as = eVO-a) (fi-d) V(fl-b) (c-<o 

d x' 

(3) y _ eV(a-&) (c-d) VQ>-c)(«,-d)} 

z _ eVQ>-c) (a-d) V(c-o) (6-d)j 

transforms 

(b—c) (a—d)xdydz+(c—a) (b—d)ydzdx 

+ (a—b) (c—d)zdxdy = 0 

into dx'2 + dy'2 + dz/2 = 0. 

The group found in Chapter II will therefore, when the 
transformation (3) is applied to it, be a group transforming 
any linear element of a tetrahedral complex into another such 
linear element; and will therefore leave unaltered the equa
tion (1). It may also be easily verified that (3) will transform 

(2)int0 l+p'2 + q'2=0. 

W e can always find a contact transformation which will 
transform any given partial differential equation into any 
other assigned equation, if both are of the first order; this 
we have proved in § 183; but it is not generally true that 
we can find a point transformation which will do so. The 
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example which we have just considered, suggests that if we 
wish to determine whether two assigned equations can be 
transformed, the one into the other, by a point transformation 
it may be more convenient to determine whether or no the 
corresponding Mongian equations are transformable into one 
another by a point transformation. 

§ 226. Let TF denote the infinitesimal operator which 
corresponds to the characteristic function W, viz. 

*Pi ^xi~^^*xi+Pi *»'*Pi+ ^Pi*Pi cTz~wJz' 

As we vary the characteristic function we get different 
operators; we must now find the alternant of two such 
operators. 

To do this, we take 

4/j = asj, •••,yn = xn, yn+x = z, 

Px = —^-,-,Pn=—^- s=-qn+xW, 
Hn+X Hn+x 

and we find the operator in the variables 

yx, ••-,yn+i, ftj'-.jfti+i) 

which has the same effect on any function of these variables 
(provided that it is homogeneous and of zero degree) as 

the operator TF has on the same function expressed in terms 
of a!j,...,xn, z, px, ...,pn. 

Let the function on which we are to operate be 

cp(xx,...,xn, z, Px,...,pn) = ir(yx,...,yn+1, qx,...,qn+x), 

then by § 184 

dcp _ d\ff dcp S\|r dcp d\fr 

*Pi~~qn+1*q~i 5 ^ - t y / ^ = ^ 7 j ; 

(i= 1, ...,44), 

and, since ty is homogeneous of zero degree, 

i — n i=n 

^».i£ ="2 *.!*__„ H 
d£dP<î n. ^ ™ > „ . — Hn+x: •'oPi " * % * q t - *n+1dq 

n+X 
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We now get 

d ,-H^ H d ,-H^ d^ 
+qn+1 >yn+i[ «n+x} >?„+, qn+1 Mn+iKqn+i} *yn+x 

ftj+i 32/»+i' 
and therefore 

i = n+l „. ̂  i=«+l „ ̂  

^ sft tyi ^ *yi Hi 

where E is the infinitesimal homogeneous contact operator 
which corresponds to the characteristic function H. 

That is, TF operating on any function of xx, ...,xnz,px,...,pn 

has the same effect as H on the equivalent function of 
yx, - • •> yn+x, ft, - - •, 1n+x ̂ bere H = - qn+x TF. 

It therefore follows that 

Fj W 2 - W2 TFj = HXE2-H2HX = (Hx, tf2). 

I in § 184 that TFj and TF2 being any 

Pi, ---'Pn 

\WX, Vy2\Ztx,p = —fti+l ( " 1> ^2>y,q J 

W e proved in § 184 that TFj and TF2 being any functions of 
asj, ...,xn, z, px,...,pn 

and therefore 

—- (Hx,H2)y„ = -—(fti+iTFj, qn+1 W2)y>2 
Hn+l qn+l 

o W 
= (-9n+iWvW2)yiq+W2W± 

tfn+l 

That is, TFjTF2—TF2TFj has the characteristic function 

[wvw2itXiP-(wx^2-w2^). 
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§ 227. We next proceed to show how the operator W is 
transformed by the contact transformation 

(1) <di = Xi, z'=Z, p'i = Pi, 

with the multiplier p defined by 
i=n i=n 

d Z — 2 Pj dXi = p(dz—^Pi dxs). 

Take 

n — - ~ft 
: 2/ij •••,xn — y m z — yn+l, Px~ n > -';Pn - .. 

qn+l Hn+i 
xl — Vx, ••-, xn — y%, r - 24+1' Pi — r/ > '"'P ~ , " ^l — Vx, ••-,x:n — 2/m> f _ 2/n+l> P x ~ ,J > •'•'f — v-

am+l tfB+l 
and let yj = F;, g£ = Qt, (i=l,..„n+1) 
be the homogeneous contact transformation equivalent to (1) 
obtained by eliminating as, p and as', p' from (1) and (2). 

Let H = —qn+xW; let K' denote the function of 4/', q' equi
valent to E ; and let F' be that function of as', p' which is 
given by K'=-q'n+xY'. 

We now have E = K' and therefore by § 183 P" = K'; and 
having proved that TF = E, and F'= K', we conclude that 
Tf= F. 

Now Y'=^f±lW=pW; in order therefore to express W 
ftj+i 

in terms of the variables xx,.,., x'n, z', p'x, ...,p'n we find />, and 
then express p W in terms of these variables by (1); the func
tion thus obtained will be the characteristic function, with 
respect to the new variables, of the required operator, equi
valent to TF. 
§ 228. The totality of contact transformations form a 
group. For, z', x'x,...,x'n, p'x,...,p'n being the element derived 
by any contact transformation from z, xx,..., xn, px, ...,pn, 
and z", â ', ...,a4', px,..,,p'n being similarly derived from 
z', x[, ...,xn, p'x, ...,p'n by any other contact transformation, 
we deduce from 

i = n i = n 
dzf-^L p'i dx'i = p(dz- 2 f t dx>), 

i = n i = n 
and dz" — 2 v'l daf/ = // (dz'—2 Pi dafi), 
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i=n i — n 

that d z " - 2 p " dx'{ = pp' ( d z - ^ Pi dx^. 

Therefore z", x'x,...,x'n\ p'x, ...,p'n' is derived from 

z, xx,...,xn, Pi,...,p„ 

by a contact transformation; that is, contact transformations 
satisfy the definition of a group, and clearly, the group is 
a continuous one. 

W e are now going to explain what is meant by a finite 
continuous contact group; it will be seen that m a n y of the 
properties of finite continuous point groups can be transferred 
to the groups now about to be defined. 

K xi = Xifa, •••>«„, z, Px, —,Pn, ft. —>ft)i 

Pi = Pifai--;xn, z>Px,--;Pn> ax,...,ar), 
z' = Z(xx,...,xn, z,px,...,pn, ctj,...,ar) 

is a contact transformation for all values of the constants 
ax,...,ar; and if from these equations and 

x'i=xi fax, —, <> z', P'x, •••iP'n, ft ft), 

Pi=Pifax, •••><> ^,Px, --,Pn> bx,...,br), 
z" = Z(x'x, ...,x'n, z', p'x, ...,p'n, bx, ...,br), 

where bx,..., br are another set of constants, we can deduce 

xi = Xt (asj,..., as„, z,px,...,pn, cx,...,cr), 

Pi = Pi (asj,..., xn, z,px,...,pn, cx,...,cr), 

z = Z (asj,..., xn, z,px,,..,pn, cx,...,cr), 

where cx,...,cr are constants depending on ax, ...,ar, bx,..., br, 
then Xi} P ^ Z are said to be functions defining a finite con
tinuous contact transformation group. 

Such a group will have r independent infinitesimal operators 

TF,,..., TFr. W e see at once that the corresponding character
istic functions must be independent, that is, there must be no 
relation of the form 

CjTFj+...+crFr= 0, 

where cx,...,cr are constants, connecting the characteristic 
functions. Also any finite transformations of the group can 
be obtained by endless repetition of the proper infinitesimal 
transformation. 
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The alternant of any two of these operators is not inde
pendent of the set of operators; we must therefore have 

h = r . _ 

(Wi,wk)=^cmwh, C k - i " " l ) -

Conversely, if we have r independent operators satisfying 
these conditions, they generate a finite continuous contact 
transformation group. If we use the symbol {TF.TF.} to 

dW dW 
denote [Wt, T F ^ ^ ^ - T F j - ^ - 2 + W 2 - j ^ , w e can express 
this fundamental theorem in terms of the characteristic 
functions thus: 

h = r 
{Wi,Wk}=^cmWk. 

These theorems for contact groups follow at once from what 
has been proved for point groups. 

The constants cikk,... are still called the structure constants 
of the group. 

§ 229. If TF is of the particular form 

Pl£l + -+Pn£n-C, 

where £x, ...,£„, <T involve only xx, ...,xn,z, the corresponding 
operator is said to be the extended operator of 

£ ZL a /-ZL 
^i>x1+-' + ̂ dx~n-^dz'' 

and Z'= z + tC(x1,...,xn,z) 

^i = xi + t<-ifa, ...,xn,z) 

Pi -Pi + ^ifa, —,xn,z, Pi, ••;Pn) 
is said to be the extended infinitesimal point transformation 

of asj = xx + t£x(xx, ...,xn,z), ...,x'n = xn + t(-n fa, ...,xn,z), 

z'=z+t((xx,...,xn,z), 

and it is entirely given when the point transformation is 
given. 

Suppose that 

(1) asj = Xx(xx,..„xn,z, ax,...,ar),..., 
x'n = X n f a , ...,xn,z, ax,...,ar), z'= Z(xx, ...,xn,z, ax,...,aT) 

are the equations of a point group; when we know the form 
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of the functions Xx, ...,Xn,Z we can, as in § 185, find the 
form of the functions Px, ...,Pn where 

Pi = Pifa,-;xn,z> Pv—,Pn, <h,—,ar)> (* = 1,—,**). 

It iB n o w obvious that in the variables z,xx, ...,xn, px,...,pn 
these (241+1) equations define a group of order r; for, from (1) 
and 

(2) x'i = Xi(x[, ...,<, z!,bx, ...,br), 

z"= Z fax, ...,x'n,z,bx, ...,br), (i = l,...,n), 

where bx, ...,br are constants, and where the equations (2) 
involve the additional equations 

P'i=Pifax, —X. ^iPx'—iPn, ft,—A). (i = l,...,n), 
we m a y deduce 

(3) x,( = Xi(xx,...,xn, z,cx,...,cr), 

z'= Z(xx, ...,xn,z,cx, ...,cr), ( i = l,...,n), 

where cx, ...,cr are constants which are functions of the sets 
ax, ...,ar, bx, ...,br; and from (3) w e m a y deduce 

Pi=Pifa,—,xn, z,Px,—,Pn, ft.—.ft). (* = 1,...,«). 

§230. Let TFj,..., Wr he the extended operators of this 

group in the 2 n + l variables, and Ux,...,Ur the operators 
of the original group ; it can n o w be proved that the structure 
constants of the extended group are the same as the structure 
constants of the original one. 

A = r 
Let (Wi,Wk) = ^YiknWh, 

(Uii%) = ?<CikhUh, 

and let Wi=Ui+ri, 

so that in Ys the terms c—> —>^—> -r- do not occur. 
daSj dxn dz 

We now have 
(Wi,Wk) = (Ui+Vi,uk+vk) 

— — 3 3 . 
= (ui, uk) + operators in ̂ -. - > — only, 

for the coefficients ofr—>•••>-—, t— in Us and Uk involve 
Sasj dxn <>z 

onlyasj, ...,xn,z. 
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We have, therefore, 

2 Yikh Wh = 2 eah Uh + operators in ^-. • • •. ^- only; 

so that 

h~r d ~) *\ 
2 (Yikh-°ikh) &h = operators not involving^-. •», j - , ^-. 

It follows that yikh = cikh for all values of i, k, h; that is, the 
extended group has the same structure constants as the 
original point group. 

W e see, therefore, that if w e are given any structure con
stants, w e can always find at least one contact group (viz. the 
extended point group) with the assigned structure; and, 
therefore, the third fundamental theorem also holds for contact 
transformation groups. 

§ 231. We now proceed to obtain the necessary and 
sufficient conditions that two groups of contact transformations, 
in the same number of variables, m a y be transformable, the 
one into the other, by a contact transformation. Since a con
tact transformation in ZjXx, ...,xn, px, ...,pn can be expressed 
as a homogeneous transformation in yx, ...,'yn+1, qx, ...,qn+x, 
it will be sufficient to consider this problem for the case of the 
homogeneous contact groups. 

Suppose Ex,...,Er are the r independent characteristic 
functions of a finite continuous homogeneous group; let us 
apply any homogeneous transformation, and let these functions 
become respectively K'x, ..., K'r when expressed in terms of 
the new variables yfx,...,̂ /n, Si>—>S» by the given homo
geneous contact transformation 

y'i = Yi(yx,—,yn, ft.-.ft), si = Qi(yn->yn, qv-.ft)' 
(i= l,...,n). 

W e know that (Eit Ej)y<q = (K'i, X'f)^y; and therefore 

W»*}W=2<tyi*k 

so that the new characteristic functions in y\, ...,34) Si>'•••>Sn» 
generate a group with the same structure constants. 

N o w the functions Ex,..., Er are independent in the sense 
that there is no relation between them of the form 

cxEx+...+crEr = 0, 
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where cx, ...,cT are constants; but they do not need to be 
functionally unconnected. Suppose that Ex,..., E m are func
tionally unconnected, and that the other functions Em+X, ...,Er 
can be expressed in terms of them, so that 

Hm+t=4>m+t(Si>-;Em)> (* = *. -,r-m), 
and therefore 

K'm+t = <Pm+t (K'x, •••> -^m)-

If then w e are given the r characteristic functions of a 
transformation group, viz. Ex,..., Er, and the r characteristic 
functions of another group, viz. Kx,...,Kr, we cannot trans
form the one group into the other, so that Pq m a y become Ki, 
unless the structure constants are the same, and unless the 
functional relations are also the same. 

§ 232. We shall now prove that these necessary conditions 
are sufficient. Let Pj , ...,Er be the one independent set of 
characteristic functions such that 

h = r 

(Hi,Ef) =2ftjA-HA> 

ami Em+t = cpm+t(Ex,...,Em), (t = 1, . . . , r - m ) ; 

and let Kx,..., Kr be another set of independent characteristic 
functions such that 

h = r 

(Xi,Kj)=2<=ijkKk, 

and Xm+t = ^m+t(Xx,...,Xm), (t = 1, ...,r-m). 

Pj, ..., Em now form a homogeneous function system with 
the structure functions Wij,...)wi,... where 

Ws — 2cijs^a + 2dCi,j,m+t(t>m+t(Hx> — > - " m ) . wi — *. 

/4=l,...,ms 
V = l,...,m̂ ' 

By what we have proved in § 182 there can now be found 
a homogeneous contact transformation, which will transform 
Ex,...,Em into Kx, ...,Km respectively,since the two systems 
have the same structure functions. 
It is clear that this transformation will also transform 

Em+x,...,Er into Km+X, ...,Kr respectively; the necessary 
conditions are therefore also sufficient conditions. 
It might be supposed that we could from this theorem 

u % 
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deduce the condition that two point groups should be trans
formable, the one into the other; viz. that all we should have 
to do would be to extend the point groups, and then see 
whether they were so transformable. W e could not infer 
from this, however, that, the point groups would be transform
able into one another by a point transformation, unless we 
know that the contact transformation, which transforms the 
one extended point group into the other extended point 
group, is itself a mere extended point transformation. 
§ 233. W e have proved that given any system of structure 

constants we can always find a contact group with the given 
structure. The particular one we have shown how to construct 
was an extended point group; there will however be others; 
in fact, we have only to apply an arbitrary contact transfor
mation to this extended point group, and we shall have a 
group which will not generally be a mere extended point 
group. Such contact groups, however, being deducible from 
extended point groups by a contact transformation, are said to 
be reducible contact transformation groups; other groups 
which have not this property are said to be irreducible. 

The structure constants of any contact transformation 
group, reducible or otherwise, satisfy the conditions 

cikj + ckij = °. 
t = n 

2 (ciktctJ8 + ckjtcti8 + cjUctks) = °. 

as we at once see from the identities 

(Wt,W£ + (W±Wt) = 0,_ 

((Wi, Wk), Wj) + ((Wk, Wj), Wi) + ((Wjt Wi), Wh) = 0. 

§ 234. Contact transformation groups in z, xx,. ,.,xn,px, ...,pn 
are point groups in these (2 n + 1) variables ; but it is not true, 
conversely, that point groups in (2 n + 1 ) variables are 
necessarily, or generally, contact transformation groups. If 
w e write the variables in the form z,xx, ...,xn,px, ...,pn, the 
group in these variables will only be a contact transformation 
one in the (4i+l)-way space z,xx, ...,xn if all the transfor
mations of the group are characterized by the property of 
leaving the equation 

dz—pfilx^ — ... —pndxn — 0 
invariant. 

F r o m a knowledge then of contact transformation groups 
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in spaces of lower dimensions we can often deduce important 
information as to point groups in space of higher dimensions. 
Thus suppose, in space of s dimensions, we know that a group, 
which we wish to determine, has the property of leaving 
unaltered an equation of the form 

fidxx+...+fsdxg= 0, 

where fi,...,fi are functions of asl3 ...,asg. By the theory 
of Pfaff's Problem a transformation of the variables will 
reduce this equation to one or other of the two forms 

dym+i-Pxdyx-r--Pmdym = °. 
pxdyx+...+pmdym = 0, 

where 2 m +1 does not exceed s; and therefore the group 
we seek must, when expressed in terms of the new variables, 
be a contact transformation group in a space of not more than 
f (s+1) dimensions. 



C H A P T E R XIX 

THE EXTENDED INFINITESIMAL CONTACT 

TRANSFORMATIONS: APPLICATIONS 

TO GEOMETRY 

§ 235. If z = <pfa, ..., xn) is any surface in (4i + l)-way 
space, w e shall n o w consider how the derivatives of z with 
respect to xx,..., xn axe transformed by the application of an 
assigned infinitesimal contact transformation. 

W e must regard the function cp which defines the surface as 
unknown ; for otherwise the derivatives of z would be known 
functions of xx,..., xn; and the contact transformation would 
be (when w e replace px, ...,pn by their expressions in terms 
of asj,..., as„ obtained from z = cp(xx,..., xn)) a mere point 
transformation; and would apply, not to any surface, but 
merely to the particular surface under consideration. 

Let Px,--;Pn be the first derivatives,^-,... the second 

d2Z 
derivatives, where pss denotes ^ — r — . ps-i., ... the third 

^' oXfdXj r%iK 
derivatives and so on; and let TF be the characteristic func
tion of the assigned contact transformation which it is our 
object to extend to derivatives of any required order. 

Let the extended contact transformation be denoted by 

z' =z + tC(xx,...,xn,z,px,...,pn), 

x'i = Xi + 1 & (asj,..., xn, z, px,..., pn), 

Pi =Pi + t*i(xx,--; xn,z, Px, ---'Pn), 

Pij ~ Pij^^^ij fa, —. xn, z, Px, •••. Pn, Pn, -••lPxn'Pil, •••)> 

and so on, where in 4r,y,... no derivatives of order higher 
than the second can occur, in ir^,... no derivatives of order 
higher than the third, and so generally. 

W e know h o w to express & ̂ , irf, in terms of IF and its 
derivatives, and w e have n o w to express similarly 7ry,.... 
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i = n 

We have dp'k = 2 Pudxi> 
i=n i — n 

and therefore dirk = 2 ^udxi + ^Pkid£i, 
so that 

i — n j=zi = n i = n 

(!) 2 ^^-2^6^ = d(*k-^LPki£i)-
d 

If w e use the symbol -^— to denote differentiation with 
dxk 

respect to xk, keeping xx,...,xk_x, xk+x,..., xn all constant, 
but not z or its derivatives, we have 
j -\ -\ i = rl -\ i-j = n -
^ = ^+^+2p^+2^-3—+..-
dW dW . STF 

JNow — wj.= r |-4?j.-—. & = c—. 
* dXk rk dz b4 3^ 

• X* 3TF STF *~ W dW 
so that w , - 2 ^ ^ = - ^ - f t ^ - 2 p M ^ . = - ^ ' 
since TF does not contain derivatives of order higher than 
the first. 
From the equation (1) we can therefore deduce 

_ V* f _ ^ 
* w 2dPkji^j- dx.dXh' 

The result at which we have arrived may be thus stated: 
7TIT 

— TTi= -j— i with the highest derivatives which occur omitted ; 
d2W 
—-nik=-—-j—, with the highest derivatives which occur 

omitted. 
In exactly the same manner we could prove that 

— 7r,.-7.= -—=—=—j with the highest derivatives omitted, 
ylc dxidxjdxk 

and so generally up to any assigned order; and we thus see 
how the infinitesimal contact transformation may be extended 
as far as we please. 
The extended contact operator is 
i = n - -. i=m ~ i = 7" =» ,. 
2^+^+2*^+2^+-• 



296 T H E COEFFICIENTS O F T H E [235 

If we have a group of infinitesimal contact operators then 
these operators, when extended, will also form a group, of the 
same order as the original group, and with the same set of 
structure constants. This may be proved as in § 230, where 
a like theorem was proved for the point group extended, so as 
to be a contact group. 

§ 236. It is convenient to have in explicit form the value 
of the first few coefficients in the operators for the case n = l 
and n = 2, as they are required for applications to geometry 
of two and three dimensions. 
When n = 1, we take 

W = p£-rj, 
and denote as usual 

dy . d2y . d3u , 
dxh?p> a4hjq' d&h?r' 

for r—t- p x— we shall write X. and we now have 
dx dy 

dW dW ^ 
Z = W » = P ^ ~ W > " = ~XW-

Also if q'=q + tK, and r'=r + tp, 

d2Yi 
dx2 

and therefore, since q ^— X— qX —- = q — , 
xdp z dp dy 

-K = (X2 + 2qXlp + q2^ + q±y)W. 

Similarly 

daW 
—p = -j-3-, with the highest derivative omitted, 

which, since ^- X2 - X2 ~ = 2 X^-, 
dp dp dy 

d2W . 
we have — k = -̂ -̂ -» with the highest derivative omitted, 

iw„ d 
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may be written 

-p^X^ + SqX^ + Sq^ + q^+SqX^ + Sq^W 

+ K3^+^ + 4)TF. 

§ 237. As an example of the application of these formulae 
we shall find the form of those infinitesimal contact trans
formations which transform straight lines of the plane into 
straight lines. 
The differential equation satisfied by all straight lines on 

the plane is q = 0 ; and therefore, since we must have q'= 0, 
we must have k = 0, wherever q — 0. W e therefore have 
X 2 W = 0 ; or, explicitly 

d2W „ VW 2d2W n 
W ^ + 2pd^d-y+p-W=°' 

of which the general integral is 

W=f(y-px,p) + xcp(y-p<B,p). 

Any contact transformation, whose characteristic has this 
form, will transform any straight line into a straight line; 
these transformations have therefore the group property, but 
the group is not a finite one. 
If TFj and 1F2 are two characteristic functions of this group 

the characteristic of the alternant of the operators TFj and TF2 
has, we know, the form {TFj, TF2} where 

{WX,W2} = (WX,W2) + WX^-W2^, 

dW dW 
and (Fj, TF2) = X W X ^ 2 - X W 2 - ^ -

We know then that TFj and TF2 being any functional forms 
which satisfy the equation (1), {TFj, TF2} will also be a func
tional form satisfying the same equation. This result may 
easily be verified independently. 
If we only require those contact transformations which are 

mere extended point transformations, then by (1), since 

W=p£—ti, 

and £ and ?j do not now involve p, 

P £n ~ In + 2P (P £u ~ W +P2 (P £22 - W = °. 
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where the suffix 1 denotes differentiation with respect to x, 
and the suffix 2 differentiation with respect to y. 

Equating to zero the coefficients of the several powers of p 
in this equation, we get 

£22 = °. nn = °> ft2-2£i2 = °> £ii-2»h2 = °-

Differentiating these equations with respect to as and y, we 
see that all derivatives of the third order are zero; we 
therefore take 

£ = axx2 + 2hxxy + bxy2 + 2gxx + 2fiy + cx, 

n = a2x2 + 2h2xy + b2y2 + 2g2x+2fiy + c2. 

From £,2 = r/jj = 0 

we conclude that a2 = bx = 0 ; 

and from rj22 — 2 £12 = 0 

we see that 2hx — b2 = 0 ; 

while from £u~ 2?7i2 = ° 

we get 2 h2 = ax; and we thus obtain 

W = ax (px2—xy) + b2 (pxy—y2)+2 gx px + 2fi py 

+ cxp-2g2x-2f2y-c2. 

W is therefore merely the most general characteristic function 
of the extended projective group of the plane. 

§ 238. We shall now find the form of those infinitesimal 
point transformations which have the property of transforming 
the circles of the plane into circles on the same plane. 

The differential equation satisfied by all circles is 

3q2p-(l+p2)r = 0, 

and we must therefore have 

(1) (1+p2) p+2prir — QpqK — 3^2w = 0 

for all values of as, y, p, q, r such that 3q2p = (1 +p2) r. 

Since W=pi-—tj, 

and the contact transformation is now a mere extended point 
transformation, TF will only contain p in the first degree. 

Applying the formulae of the preceding article to the equa
tion (1), and substituting for r its equivalent expression in 
terms of p, q, we must have the equation 
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(1+p2) (X* + 3qX2± + 3q2^ +3gZ^)TT 

(2) +3q2p(3X±+*)W 
' dp dy1 

= ( ^ 2 - i + : 5 ) X T r + 6 ^ ( Z 2 + 2 ^ + ^ ) T r 
+p2' *v * dp * dy 

satisfied for all values of x, y, p, q. 
Equating the coefficients of q2 on each side of this equation 

we have 

o+^f+H^ + ^+f^ 
A vdW „ dw 

= lpX^+2p — . 
Substituting for TF the expression p$—ri, where £ and r\ do 
not contain p, this is equivalent to 

(1 +P2)% + (P2~ 1) (P%+P(€i-V2)-Vx) 
= p(l+p2)(£1+2p£2-r]2). 

Equating the coefficients of the different powers of p on each 
side we get the two equations 

(3) ^i — ^2 = 0, & + ft = 0-

Equating to zero the term in (2) which is independent of q, 
we get X S W = 0 ; that is, 

Pc:111+3p2iXX2+3p^X22+pi^222 = rlxxx+3priXX2+3p2rlx22+pi7l222; 

and therefore, since p, as, y are unconnected, 

7lxn=°, sVn2 — £m=°, rlX22 — £112 =°> te-3£i22 = °. £222 =°-

If we differentiate the equations (3) twice with respect to as 
and y, we shall see that all derivatives of £ and r\ of the third 
order must be zero. 
W e therefore take 

f =ajas2 + 2V^ + Z>i4/2 + 2#ja;+2/j4/ + Cj, 
tj = a2as2 + 2h2xy + b2y2 + 2g2x + 2fiy + c2; 

and from the equations (3) we deduce that 

ax = h2, \ = o2, gx =f2, az+hx = 0, 6j + A,2 = 0, g2+fi = 0, 

so that the characteristic function is of the form 

ax(p(x2-y2)-2xy) + a2(y2-x2-2pxy) + 2gx(px-y) 

+ 2fi(py + x) + cxp-c2. 
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It may at once be verified that for this value of IT the co
efficient of q vanishes in (2); and w e thus see that there is 
a point group of order six which transforms circles into 
circles; the six independent operators of the group are 
3 3 o d d , 3 

--, — . as:r 2/^-' x^—+y — i 
dx dy dy * dx dx dy 

(x2-y2)±+2xy±, 2xy±+(y2-x2)±. 

Of these infinitesimal operators the first corresponds geo
metrically to a small displacement along the axis of as; the 
second to a displacement along the axis of y; the third to 
a rotation round the origin; the fourth to a uniform ex
pansion from the origin; the fifth to an inversion with 
respect to a circle of unit radius whose centre is the origin, 
succeeded by an inversion with respect to a circle of unit 
radius whose centre is at as = t, where t is small, and lastly, 
by a translation backwards along the axiB of x measured by 
t; the sixth operator has a like interpretation with regard to 
the axis of y. It is of course obvious that each of these 
operations changes circles into neighbouring circles; and we 
have n o w proved that any infinitesimal transformation, which 
does so, must be compounded of these six operations. 
§ 239. We next try whether there are any infinitesimal 
contact transformations—not mere extended point trans
formations—which have this property. 

If w e substitute in 
(l+p2)p + 2prw — 6pqK— 3q2it — 0 
for p, k, % their values obtained in § 236; and then for r the 

expression x^ 2 > the resulting equation must be satisfied for 

all values of as, y, p, q. Equating as before the coefficients of 
the different powers of q to zero, w e obtain 

,3s IF 32Tf 
dps ^ dp2 

( l + * 2 ) ^ + 3 ^ = 0, 

/ d2 W d2 W n 

dp2 dpdy 

+ (p*-l)XW-(p2+l)(pX<^+p^) = 
d W . 3TJ\ _ () 
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/ dW 3TFs 
i1+P2)(X2^+X^)-2PX2W-0' 

X3W= 0. 

From the first of these equations we see that 

32W 

where A is a function of x and y only; and therefore 

W = A V l + p 2 + B p + G, 

where A, B, G are functions not containing p. 
If this value of TF is to satisfy the other equations it is clear 

from the irrationality of Vl +p2 that A Vl +p2 and Bp + C 
must separately satisfy the equations. N o w the latter part 
would give rise to a mere extended point transformation; and, 
as we have fully discussed all the point transformations which 
transform circles into circles, we need not further consider 
this part, but have only to find what, if any, are the possible 
values of the unknown function A. 

Taking then TF= A V1 +p2, 

, dW Ap 
we have ¥ Vl +p2 

and the second equation gives us a mere identity satisfied 
whatever function A may be. 
The third equation gives 

(Axl + 2AX2p + A22p2)pVl+p2 + (A12 + A22p)(l+p2)% 

= 2pVl +p2 (Axx+ 2pA12 +p2A22), 

which on dividing by Vl +pi and equating the powers of 
p gives 

(1) Ajj = A22, AX2 = 0. 

Finally the fourth equation gives 

Anx + 3AXX2p + 3AX22p2 + A222p3 = 0, 

from which we see that all derivatives of A above the second 
vanish; and therefore 

A = ax2 + 2 hxy + by2 + 2 gx+ 2fy + c. 
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From (1) we further see that h = 0, and a = b, so that 
A is the power of a circle. 
The most general contact transformation group which trans

forms circles into circles has therefore the following ten 
characteristic functions: 

(2) 
(y2 + x2)Vl+p'\ yVl+p2, xVl+p2, Vl +p2, 
p(x2-y2) — 2xy, y2—x2—2pxy, px—y, py+x, p, l, 

§ 240. If we look on x, y, p as the coordinates of a point in 
three-dimensional space, to a point there will correspond an 
element of the plane; and to two united elements of the 
plane, that is, two consecutive elements whose coordinates 
satisfy the equation 

dy—pdx = 0, 

there will correspond two consecutive points in space con
nected by the equation 

dy—pdx = 0. 

If we write z for p we may say that to every transforma
tion in space which leaves dy—zdx = 0 unaltered there 
corresponds a contact transformation in the plane, and 
conversely. 

The group of contact transformations which we have just 
found leaves unaltered the system of circles 

as2 + 4/2 + 2o-as+2/4/ + c = 0, 

and therefore also 

x+g+(y+f)p = o-

The corresponding group of point transformations in three-
dimensional space must therefore leave unaltered the systent 
of curves given by 

as2 + 4/2+2^as+2/4/ + c = 0, x + g+(y+f) z = 0; 

that is, will transform any curve of this system into some 
other curve of the same system. 

It is now convenient to write the equations of this family 
of curves in the form 

. . 4c (as2 + 4/2) + 4 (b2 — ac) (y + ix)+y—ix—a = 0, 

^' 8c(x + yz) + 4(b2-ac)(z + c ) + z - i = 0, 

where a, b, c are variable parameters, and i is the symbol 

for V~l. 
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If we apply the transformation 

(2) x'=y + ix, y'=y—ix, z' = -^, 
z + % 

which leaves unaltered the equation 

dy—zdx = 0, 

the equations (1) are transformed to 

.. 4cas4/+4(o2—ac)x + y—a = 0, 

^' 4c(y + xz) + 4:(b2—ac) + z = 0 ; 

so that the group into which the group (2) of § 239 is trans
formed by the equations (2) of the present article leaves the 
equations (3) unaltered. 
Transform again with 

y = y'-ix'z', x = -%%, z = -z}\ 
z 

which gives dy—zdx = d'fi—z'dx'; 

and the equations (3) become transformed into 

— 2cas4/ + cas20—2 (b2 — ac)x + yz— \xz2 — az = 0, 

icy + 4,(b2—ac)—z2 = 0. 

Eliminating z between these two equations we get 

(cx2—y + a)2 = ib2x2; 

and therefore, since 6 is a variable parameter, we may write 
these equations in the form 

(4) y = cx2+2bx + a, z = 2 b + 2 cas. 

The group into which the group (2) of § 239 is now trans
formed leaves the system (4) unaltered; or, expressed as 
a contact group in the plane, leaves invariant the system of 
parabolas whose axes are parallel to the fixed line a; = 0; 
or, again, leaves unaltered the differential equation 

The group into which (2) of § 239 is transformed could 
have been directly obtained from this property of leaving (5) 
unaltered, just as (though more simply than) the group which 
left circles unaltered was obtained. If the group is thus 
directly obtained, it will serve as an example of the applicâ  
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tion of § 231, to prove that the two groups are transformable, 
the one into the other, by a contact transformation. 

§ 241. Let us next apply the point transformation in three-
dimensional space 

as' = as, 4/' = y — \xz, z1 = \z, 

for which dy—zdx = dy'—z'dx' + x'dz1, 

and for which therefore a linear element of any curve in the 
plane is transformed into a linear element of the linear 
complex m = B. 

W e then see that the group of contact transformations, 
which leaves unaltered the system of parabolas, is transformed 
into a group of point transformations in three-dimensional 
space, with the property of leaving unaltered the system of 
straight lines 7 , 7 

° y = bx + a, z = cx + b; 
that is, into a projective group which does not alter the linear 
complex m — 8. 

W e have thus established a correspondence between the 
circles of a plane, and the straight lines of a linear complex 
in space of three dimensions; and the two groups, one a con
tact transformation group in as, y, p, leaving the system of 
circles unaltered, and the other a point group which trans
forms the straight lines of a given linear complex inter se, 
are transformable, the one into the other, by a point trans
formation in three-dimensional space. It should be noticed, 
however, that this point transformation is not a contact 
transformation in as, y, p, such as was that which transformed 
the system of circles into a system of parabolas. 

If w e write the equation of a circle in the plane in the form 
(as-a)2+(4/-/3)2 + y2=0, 
then the group of transformations, which transform any one 
circle into any other, being a contact group, will transform 
two circles which touch into two other circles which touch. 

N o w we have seen, in Chapter VIH, that if a group trans
forms an equation of the form 
/(asj,..., as„, ax,..., ar) = 0 
into another equation of like form, but with a different set of 
parameters, then we can construct a group of transformations 
in the variables ax,..., ar, such that if Xx,..., X m are the 
operators of the group in the letters asj,..., asn and Ax,..., 4W 
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the operators in the letters ax,..., ar, the structure constants 
of the two will be the same; and each of the operators 

•^1 + ^1. •••> ^m + X'm 

will be admitted by the equation 

/(aSj,..., as„, ax,..., ar) = 0. 

If we apply this method to the system of circles on the 
plane which admit the group (2) of § 239, we shall have 
a group in the variables o, B, y; this group will be of the 
tenth order, and will be found to be the group of conformal 
transformations in three-dimensional space. 

This result is obtained directly by Lie from the considera
tion that the condition for two neighbouring circles touching is 
da2+dB2 + dy2= ft; 

for, since the transformed neighbouring circles must also 
touch, the equation 

da2 + d82 + d y 2 = 0-

must be unaltered; that is, the group must be the con-
formal one. 

§ 242. We shall now write down in explicit form (for the 
case n = 2) the values of the functions 4rjj, ir-̂ , tt22 which in 
future we shall denote by p, a, t.. 

W e have (p, q, r, s, t having their usual meaning) 

w=p£+qi—(, 

and the infinitesimal operator is 

/* d ,d 3 3 3 3 3 

3a; dy dz dp dq r dr 3s dt 

We denote by X and F the respective operators 

3 3,3 d 
3a; oz oy oz 

and we have 

, oW 

dW 
~*=dx-+p 

7) = 

dz 

2>W . 

= XW, 

3TF 3TF _ 
= Pdp~ + (PdJ-W> 

— K = -r— • 
dy 

^-dz-=7W 
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d2W 
Since —p = - j - ^ , with the highest derivatives omitted, 

clog 

and since ^— X—X-- — ^— = r— Y— Y^~, 
dp dp dz dq dq 

we have 

> F - F ^ = 0 , ± X - X ± = 0, 
dp dp dq dq 

-p = (X2+2rX — + 2sX--+r2^2 +2rsr—^- + s2^-2+rv-)f. 
r v dp dq dp2 dpdq dq* <sz' 

Similarly — <r and — r are obtained from the operators 

XY+sX— + tX— + rY^-+sY— +rs^= + (rt + s2)^-— + st^-+s-
dp dq dp dq dp* v ' dp dq dq' h 

v- + 2tY—+s2-^, + 2st^^- + t2^--2+t^-
dp dq dp* dp dq dq* dz 

§ 243. As an example of the application of these formulae 
we shall find the form of the most general infinitesimal 
contact transformation which does not alter 
d2z 
dxdy 

Since we must have a- = 0 wherever s = 0, we get 

32TF dW 3TF 
•= 0, X-^- = o, F ^ - = 0 , XFTf=0. dpdq ' dq ' d p 

dW 
From the first of these equations we see that ̂ — does not 

contain p; and therefore by the second we must have 

32F d2W 
3g30 ' 3g3as 

dW . 
so that —- is a function of y and q only. Similarly we see 
31F 
that -^ is a function of x and p only, and therefore the 
characteristic function TF is of the form 

f(p,x) + cp(q,y)+^(x,y,z). 
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Since XYW vanishes identically, 

^12 +P *» + Sfe +M^m = °; 
and therefore 

fl3 = °. fus = °. tl3 = °. ^33 = °. 
so that \p (as, y, z) = az + F(x) + <J> (y), 

where a is a mere constant and F and 4> functional forms. 
The characteristic function which leaves unaltered the 

equation s = 0 is therefore of the form 

f(p,x) + cp(q,y) + az. 

There are therefore three distinct forms of characteristic 
functions leaving s = 0 unaltered ; and, corresponding to these, 
three distinct groups of contact transformations with this 
property. Firstly, the infinite group where IF is of the form 
f(p, as), / being an arbitrary functional symbol; the functions 
of this group form a function system of the second order. 
Secondly, the infinite group with characteristic functions of 
the form cp (q, y), where $ is an arbitrary functional symbol; the 
functions of this system also form a function system of 
the second order, any function of which is in involution with 
any function of the first system. Thirdly, the group with the 
single characteristic function z; if w e form the alternant of 
this function with any function of the first system, w e have 
another function of the first system; and a similar result 
follows for the alternant of z with any function of the second 
system. 

The infinite group of contact transformations leaving un
altered the equation s = 0 is compounded of the operations 
of these three groups. 

W e have proved that any Amperian equation with inter
mediary integrals of the form 

%=/i(ft) and u2=fi(v2), 

where/j and/2 are arbitrary functional forms, can by a con
tact transformation be reduced to the form s = 0. 

It follows that any such Amperian equation will admit an 
infinite group of infinitesimal contact transformations, the 
operators of which may be arranged in classes as follows: in 
the first class there are two unconnected operators, but an 
infinite number of independent operators: in the second class 
there are also two unconnected operators, and an infinite 
number of independent operators : in the third class there 
is only one operator: any operator of the first class is 

x % 
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permutable with any of the second, and the alternant of the 
operator of the third class with any operator of one of the 
other classes is an operator of that other class. 

§ 244. We have obtained the conformal group in three-
dimensional space from the property that it leaves the equation 

dx2 + dy2 + dz2 = 0 

unaltered; if we seek the group which will leave the expression 

dx2 + dy2 + dz? 

unaltered, we shall obtain the group of movements of a rigid 
body. 
The question now proposed is to find the infinitesimal point 

transformations which have the property of transforming a 
given surface into a neighbouring one, without altering the 
length of arcs on the surface; that is, if P and Q are any 
two neighbouring points on a given surface which receive 
infinitesimal displacements so as to become two near points 
P', Gf on a neighbouring surface, we want to find the relations 
between £, rj, (in order that we may have PQ = P'Q'. 
Since we must have 

dxd£+dydm + dzKdC= 0 

for all values of as, y, z on the given surface; and 

d£ = -=- dx + -7- dy, d 17 = -s- dx + -=-? dy, 
dx dy, dx dy a 

^ = dlcdx + dydy' dz = Pdx + 9dy, 

we get, by equating the coefficients of dx2, dxdy, dy2 to zero, 

, > §1 , §£_ 0 dJ. drl d€ <%(_ 
dx P dx ~ ' dy dx P dy ^ dx ~ ' 

dr\ d( 

dy * dy 
d d 

where -y- and -y- denote total differentiation with respect to x 
dx dy r 

and to y. 
From the equations 

d2 ,d£ d-q d( d(\ _ 
dxdyv dy dx dy a dx 

fHL(*i ^-0 lILfa §J 
dy2^dx dx'~ ' dx*^dy dy 
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we can eliminate £ and 77, and thus obtain the equation 

td2C 2g d2( r<^=Q 
* ' dx2 dxdy dy2 

The surface on which P and Q lie is a known one, and 
therefore r, s, t are known in terms of x, y, so that the equa
tion (2) determines C as a function of as and y. 
From 
d ,d£ dr\ d^ d£\ d ,dt] d(\ 
dy^dy dx dy d x ' ~ ' dx^dy dy' 

d2i d2( ,dC „ 
we get -7-3 +p-7-5 + t-r- = 0; 

0 dy* x dy* dx 
while by differentiating 

with respect to x and with respect to y we get 

^£ dH ^C_0 nd _^|_ _^!£_ s^-0 
da;2 das2 cZas ' dxdy dxdy dx~ ' 

with similar equations for 77. 

If we denote -^ ^ by X 
aas ct4/ 

we have, therefore, 

d\-( Jl<L _ *£ ^_r^W«s 
~ ^ dxdy ^ dx2 dx dy' 

\- dy2 dxdy dxdy dy' 

which is a perfect differential, since 

t<&C_ d2C &c=0. 
dx2 J dxdy dx2 ' 

and therefore A. can be obtained by quadratures, when ( is 
known in terms of as, y. 

When we know A. and £ the derivatives of £ and 77 are 
known by (1); and therefore £ and tj can be obtained by 
quadratures. It will also be noticed that when f is fixed, 
£ and 77 are fixed, save as to the terms ay + b in £ and —ax + c 
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in 77 where a, b, c are arbitrary constants. The infinitesimal 
transformation is therefore fixed when C is fixed, except for 
small translations along the axes of x and y, and rotations 
round the axis of z. 

The mistake of supposing that the operators 
.d 3 3 

3a; dy dz 

so found will generate a group must be guarded against: if U 
is an operation which transforms a surface 8 into 2 and pre
serves unaltered the lengths of small arcs on S, and V is 
another operation with the same property, then VU will not 
necessarily have the required property, because F has not 
necessarily such a property for the surface 2. 

§ 245. We can now employ the values of p, cr, r obtained in 
§ 242 to prove the known theorem, that any such infinitesimal 
transformation as we are now considering will so transform S 
into 2, that the measure of curvature will be the same at 
corresponding points on these surfaces. 

W e have 
d2 d2 d2 

-tP-rT+2scr = (t — + r - T - , - 2 s - T — r ) W , 
v aas" dy* dxdy' 

omitting derivatives of the highest order which occur, that is, 
derivatives of the third order; and this expression is equal to 
. (P d2 d2 

^ + r d ^ 2 - 2 s d x W y ) ^ + ^ 

since 
, d2 d2 d2 \ _ 
>• fl.x? dti* ^ d.cr.dm' dx2 dy2 dxdy' 

Now 

(t^L- r_^__2s-^_) t- (t— r d' 2s d* )£ 
*- dx2 dy2 J dxdy'P ^ dx* dy2 J dxdy' 

nx o"£ d£ „ o?£ „ M 
+ 2tr-r^ + 2sr-r± — 2sr-7i-2s2-j-> 

dx dy dy dx 
the other terms being omitted as they are derivatives of the 
third order. 

If we now make use of the equations (1) of § 244 to express 
the derivatives of £ of the second order in terms of those of f, 
we have 
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= 2(rt-s2)(§x-p^)=-Hrt-s2)p§ji 

by (1) of §244. 

Similarly we see that 

d2 d2 d2 rl f 
^ • ^ ^ d f - ^ d x T y h ^ - H r t - ^ q ^ . 

Again 

-p-n-qK = (p-^ +qj-) (p£+qv-C), omitting the highest 
J derivatives 

„d£ „di\ ,d£ , d-qs dC dC 
=pdx + ^Ty+Mdry + di)-pd-^4 

= -(l+^ + ?»)(pg + !?^)by(l)of§244. 

Now in order to prove that the measure of curvature is 
unaltered by the given infinitesimal transformations, it is only 
necessary to prove that 

(l+p2 + q2)(tp + rT—2scr) = 4(rt-s2)(pir + qK); 

and this is at once proved by aid of the formulae now 
obtained. 

§ 246. If we have an co2 of points on a surface and the 
distance between neighbouring points (measured along a geo
desic on the surface) is invariable as this oo2 of points moves 
on the surface, we then have on the surface the analogue of 
a rigid lamina in a plane. Such an assemblage we call a net; 
and the question is suggested, can a movable net exist on any 
surface, or can it only exist on particular classes of surfaces ? 
If P is any point on the net which moves to a neighbouring 

point P1, we have just proved that the measure of curvature 
at P and P' must be the same; we shall first discuss the case 
where the given surface has not everywhere the same measure 
of curvature. 
Through each point on the surface draw the curve along 

which the measure of curvature is constant, and let these 
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curves be called the curves of constant curvature. Next draw 
the systenp. of curves cutting these curves of constant curvature 
orthogonally, and call these latter curves the trajectories. 

Let Ax, A2,... be a series of neighbouring points on a tra
jectory ; if the set is movable Ax, A2,... will take up positions 
Pj, B2,... and the points of the net which were at BX,B2,.„ 
originally will now take up a position Gx, C2,... and so on. 

The points AX,BX,GX, ... must lie on a fine of constant 
curvature; similarly A2, B2, G2,... must lie on such a line, 
A3, Ba, G3,... on another, and so on. It will now be proved 
that this net movement is only possible if Pj, B2,... he on a 
trajectory, Cx, C2,... also on a trajectory, and so on. 

Since AxBx = Bx Gx and Ax A2 = PjB2 and A2 Bx = B2GV 
it follows that the angle A2 Ax Bx = B2 Bx Gx; and therefore, 
since A2 Ax Bx is a right angle, so is B2 Bx Gx; that is, BX,B2,,„ 
lie on a trajectory. 

Unless then the surface is such that trajectories can be 
drawn on it, dividing each line, along which the measure of 
curvature is constant, into the same number of equal parts, 
the surface cannot allow a net to move over it. If this con
dition is satisfied, and the surface be not one with the same 
measure of curvature everywhere, the net can move on it 
with one, and only one, degree of freedom. 

Since AjA2 = PjP2 the perpendicular distance between 
two neighbouring lines of constant curvature is the same at 
all points; it therefore follows that the trajectories are geo
desies on the surface. 

If w e take u and v to be the coordinates of any point on 
the surface, where u = a and v = 8 are respectively the lines 
of constant curvature and their trajectories, we can take for 
the element of length on the surface 

ds2 = du2 + k2 dv2 

when A. is a function of u only. 
If the net is to have two degrees of freedom in its move

ments the surface must be everywhere of the same measure of 
curvature. 

§ 247. We can prove these results in a different manner and 
also obtain all possible movements of the net, if we employ 
surface coordinates. 

Let the equation of the surface be given in the form 

x = fi (u, v), y =fi (u, v), z=fi (u, v), 
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so that we have 
ds2 = edu2 + 2fdudv + gdv2, 

where e, f, g are functions of the parameters u, v which define 
the position of any point on the surface. 

W e shall first prove that by proper choice of the parameters 
we may take e — 1, / = 0, and thus simplify the expression 
for the element of length. 

W e must prove that we can find p and q, a pair of functions 
of u and v such that 

edu2 + 2fdudv + gdv2 = dp2 + Xs dq2. 

Since 

dp = ^- du + fi-dv and dq = ^- du + ^- dv, 
r du OV OU dv 

we at once obtain as the necessary and sufficient conditions for 
such reduction 

^\2,>2^S\2 /_¥^,,23S3S 
^du' Kdu' dudv SltSl) 

•dv' ^dv » - ( & ' + * ( £ ' ' 
and therefore 

H&'X'-d?)')-?-££)' 

It follows that p must satisfy the equation 

When we have thus determined |sasa function of 4t and '«, 
we can determine A. and q by the equations 

eliminating g1 we have, for determining A, the equation 

When X is thus determined we can find q by quadratures. 
W e have therefore proved the theorem we stated, viz. that by 
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a suitable choice of surface coordinates we may take 

(1) ds2 = dp2+X2dq2. 

If we form the differential equation of the geodesies on the 
surface with respect to this system of coordinates, we shall 
see that it is satisfied by the curves q = constant: these 
curves are therefore geodesies. 

§ 248. We can throw this expression into another form 
which will also be required in our investigation ; take a new 
set of parameters such that 

dp + iXdq = p.da and dp—iXdq = vdB, 

where i is the symbol for V^l; that is, - is the integrating 
1 ^ 

factor of dp+iXdq and - the corresponding factor for 

dp—iXdq; we now have 

ds2 = eh da dB, 

where h is some function of a and 8. 
It is convenient to write as for a and y for B so that 

ds2 = eh dx dy. 

Suppose now that points on the surface admit the in
finitesimal transformation 

x'=x + t£(x,y), y'=y + tr1(x,y), 

which does not alter the length of arcs; that is, suppose that 
a movable net can exist on the surface. 

Since ds is to be unaltered w e must have 

dxdi) + dy di; + dxdy (fi~ + V y )h = 0; 
3 3 
dx dy^ 

and therefore by equating the coefficients of dx2, dxdy, dy2 
to zero w e get 

=r-= ft —-=0, h f- If- ^71—-)/i = 0. 
dx dy dx dy ^ d x dy' 

From these equations we conclude that £ is a function of 
as only, and 77 a function of y only; and therefore, by taking 
as parameters, instead of x, a suitable function of as, and, 
instead of y, a suitable function of y, w e may in the new 
coordinates take £ and r\ each to be unity. In fact if £=/(#) 
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then from as'= as + tffa), 

we conclude that whatever cp may be, 

cp(x') = <p(x)+tf(x)<p'(x); 

if then we take <p'(x)f(x) to be unity, and <p(x) as a new 
parameter in place of x, £ will be unity. 
Since we must now have with these parameters 

dx dy~' 

h must be a function of x—y. 
W e can therefore, if the surface can have a movable net 

drawn on it, so choose our surface coordinates that 

-df(x-y)-2 

dx 

where / is some functional symbol; and we have 

'A 
-3a; 

e A + 4 ( ^ ^ ) = 0 ) 
v 3a; ' 

= - {h.f(x-y))\(dx+dyf-(dx~dyf) 

= W f - C £ ) \ d x + dy)2. 

This form is the same as (1) of § 247, only that A2 is now 
a function of p only and not of q ; and we conclude that the 
net can move, if and only if, the element of arc can be written 

in the form ds2 = dp2 + X2dq2 

where A2 is a function of p only. 

§ 249. W e now assume the surface to be such that we may 

take ds2 = dx2 + X2dy2 

where A is a function of as only. 
It is known (Salmon, Geometry of Three Dimensions, § 389) 

d2X 
that the measure of curvature is -j—„ -f- A; and therefore the 

dx* 
lines on the surface where the measure of curvature is con
stant are the lines x = constant. 
To find the most general displacement of the net on the 

surface we now have 

dxdi+\2dydr, + dy2($j^ +??V^ 
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and therefore, since X does not contain y, 

(1)^ = 0, (2)A2^ + ^=0, (3)A2^+£^=0. 
v ' dx v ' dx dy v ' dy dx 

Eliminating 77 from the second and third of these equations 
we get 

dy^K2 dy> dx^-X2 dx'' 
and therefore 

34/2_2HA3as2 ^dx') dy 

From the first equation we see that £ is a function of y only. 
First suppose that £ is zero, then 

3a; dy 

and we get the possible displacement 

x'—x, y'=y + t; 

that is, a displacement along a line where the measure of 
curvature is constant. 
If £ is not zero, since 

d2i / 32A ,3Ax2 

3V-£_2(X 3 ^ - ( - ) ) : dy 

and £ is a function of y, and A a function of as, each of 
equal expressions must be a mere constant. 
Suppose that this constant is not zero, then 

Kd^_(dfi\e=a2 
dx* ^dx' 

Solving this equation we get 

X = rcosh (kx + e), 

where e and k are constants; and this value of A gives the 
measure of curvature constant everywhere on the surface, and 
equal to k2. 

From gf=2a2£, 

we get £ = A cosh V2ay + B sinh V2ay; 
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and from (2) and (3) we now have 

Vik -
i) = tanh (7<sas + e) (A sinh V2ay + B cosh V2ay) + C, 

where A, B, C are arbitrary constants. 

If we take A -^ — (-3-) to be negative and equal to —a2, 

we should take A to be j- cos (kx + e), and 

£ = A cos V2ay + B sin V2ay, 
V2k — 

77 = — tan (kx + e) (A sin V 2 a y — B cos V2ay) + G; 
a 

the measure of curvature at any point of the surface is 
then equal to —k2. 
By properly choosing the initial line from which as is to be 
7T Qj 
measured we may take e to be - when A becomes — T sin kx. 

it As 
In particular when Jc is zero, that is, when the surface is 
a developable, 
A=—aas, £ = A cos V2ay + B sin V2ay, 
V2 -

77 = (A sin V2ay — B cos V2ay) + G. 
QjiJu 

In general, then, we have three linear operators corresponding 
to the three possible infinitesimal displacements of the net; 
d2X dX 2 
and for the case where X-j—2 — (-5-) is negative and not zero 
these operators are Xx, X2, X3 where 
3 — k — o 

Xj = cos V2ay = V 2 - cot kx sin V2 ay r— j 
X, = sin V2au — + V2 - cot kx cos V2ay ^-~ 3 

2 ^3as a ady 
X- 3. 

We obtain by simple calculation 

(X3, XJ = - V2aX2, (X2,X3) = - V2aXx, 

(XX,X2) = ^^X3. 
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The discussion of the case where A -3-5 — ( -r- ) is zero may 

be left to the reader; it need only be stated that it cannot be 
deduced from the results given by merely taking a to be zero. 

The general result of this discussion is therefore to show 
that, if a surface is not one over which the measure of 
curvature is everywhere the same, at the most there can be 
but one degree of freedom in the motion of the net; and also 
that no movement of the net is possible at all, unless the 
surface is such that the perpendicular distance between any 
two neighbouring lines, along each of which the measure of 
curvature is constant, is the same at all points of the line. 

O n surfaces, however, with a constant measure of curvature 
the net can move with three degrees of freedom; and the 
movements of the net generate a group of the third order. 
This group will contain a pair, of permutable operators if the 
surface is a developable. 
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DIFFERENTIAL INVARIANTS 

§ 250. If we are given any function of z, xx,..., xn we know 
that there are n unconnected linear operators which will 
annihilate the function; these operators form a group, though 
not necessarily a finite group, with respect to which the given 
function is invariant: and more generally, if we are given 
m such functions of the variables fi, ...,fm, there will be 
( n + l — m ) unconnected operators forming a group, with 
respect to which/,, ...,fm will be invariants. 

So too when w e are given a linear partial differential 
equation of the first order, or a complete system of such 
equations, we have seen in Chapter V n how the system must 
admit a complete system of linear operators generating a 
group. If the system of equations is of the first order, but 
not linear, then, though it will not generally admit any 
group of point transformations, yet it will admit a group 
of contact transformations. In particular cases the equations 
when not linear m a y admit groups of point transformations ; 
thus we found (§§ 33-35) that the equation 

/^z\ i-'oz\2 

1+(dx) + (*y)=°> 

admitted the conformal group of three-dimensional space. 
In general, differential equations of order above the first 

do not admit point transformation groups, but some particular 
equations do; thus 

d?y = 

dx2 

admits the projective group of the plane; the expression 

<dy\\k . d2y 
h O f - dx* 

for the radius of curvature admits the group of movements of 
a rigid lamina in the plane. If we are given any differential 
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expression or equation, we have seen in Chapter XIX how 
to determine the infinitesimal point transformations which 
it may admit; we have also considered examples of deter
mining the transformations admitted by equations of the form 

f(z,xx,...,xn, dxx,...,dxn) = 0, 

and we have seen how closely all these different problems 
are connected with the idea of extended point groups. The 
method common to the solution of these problems was that of 
determining the group admitted by a given expression (or 
equation) which expression is then an invariant of the group; 
that is, the invariant was given, and the group was then 
to be found. 

§ 251. In this chapter we shall consider the converse 
problem, viz. how, when the group is given, we are to obtain 
the functions of z, xx, ...,xn, and the derivatives of z, which 
preserve their form under all the operations of the group; 
in other words, we are to investigate how the differential 
invariants of known groups are to bo calculated. We 
confine ourselves to the case where the group, is a finite 
continuous one. 
W e have solved a part of the proposed problem in Chapter 

VHI, where we showed how to obtain the functions of 
z,asj, ...,xn which are invariant for a known group, and also 
how to find all the equations which the group admits. Such 
functions, or equations, may be considered as respectively 
differential invariants of zero order or differential equations 
of zero order; and we have seen that only intransitive groups 
can have differential invariants of zero order, whilst im
primitive groups must have an invariant system of differential 
equations of the first order. 
Suppose that we now wish to find all the differential 

invariants of the kth order of a known group, that is, in
variants involving derivatives of the kil> order. We .first 
extend the operators of the group to the kth order, when 
we shall have the operators of a group in the variables 
z, xx,...,xn, and the derivatives of z up to the kth order; this 
group has the same structure constants as the given group 
inz,a3j,...,as„. 

W e then apply the general method to this extended group, 
and find its differential invariants of zero order, and these 
will be differential invariants of the original group involving 
the kth derivatives of z; that is, they will be what we have 
called invariants of the kth order. 
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In exactly the same manner, we see how the problem 
of finding the invariant differential equations of the k01 order 
of the given group is reduced to that of finding those of zero 
order in a group where the variables are z,xx, ...,xn, and the 
derivatives of z up to the kth order. 

§ 252. Example. As a very simple example, let it be 
required to find the differential invariants of the third order 
for the group 

* cy+d 

The linear operators of this group are 

2- 2. ajl 
34/' yly> V V 

Now 7j ^— extended to the third order is 
•dy 

d / 3t)vS / 2 ct2 77 <3t;\3 

3377 327) { „ o"ri o-r\ , 077x 0 
- w w + 3 2 / 1 2 / 2 dy*+y*dy:)dy-3> 

where we denote the first three derivatives of y with respect 
to as by yx, y2, y3 respectively. 

If we let 77 successively take the values 1, y, y2, we see that 
the functions we require must be annihilated by the three 
operators 

3 3 3 3 3 
d~y-> yo-y~yio^x^y2dJ2-^dy3' 

2/2^" 22/^j—-(24/j2+24/4y2)^- -(6y1y2 + 2y3y)^, 

and therefore also by the three unconnected operators 

k ^4+%4+^45 2/i4+32/24' 

It follows that any function of x and l 3~ • will be 
2/i2 

a differential invariant of the required class. 
It m a y similarly be shown, by further extending the 

operators, that a differential invariant of the fourth order will 
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have the three annihilatora 

3i> yA+y*k+y*k+yik' 

2/i2^ +3^24 +(42/i2/s+32/22)^; 

that is, it will not involve y, will be homogeneous and of zero 
degree in 4/j,4/2,4/3,4/4, and will be annihilated by the operator, 

2/i24+32/i%4+(42/i2/3+?2/22)4' 

So also the invariant of the fifth order will not involve y, 
will be homogeneous, and of zero degree in yx, ...,y6, and 
will have the annihilator 

Vx ^ + 32/i2/2 ^ + (*ViVa + H2) 3^ + (5 ViV* +10 V»VJ )j ' 

and so on, the new coefficient of the next highest partial 
operator being derived from the last by differentiating it 
totally with respect to as, and adding unity to the coefficient 
of yxy6 obtained by such differentiation. 

§ 253. We shall now write down the extended operators of 
the projective group of the plane 

,,33 3 3 3 
(3) aŝ r h4/r y„- 24/„q 34/,:- ...; 
w dx y d y y2dy2 ^34/3 **ty4 

3 3 3 3 3 
(4) as:r y- 24/,c— — 34/, -~ 44/,^- ...; 
w dx y d y yidyx y2dy2 y3dy3 

<*> ^-*4~(i+^4~3^24 

-(42/i2/3 + 32/22)^--' 

the coefficient of — r— being obtained from that of — v~ 

by differentiating the latter totally with respect to as, and 
adding unity to the coefficient of 4/j4/4 in the result, and so on; 

^ yvx^ry-^-^^-3^2^-' 
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all terms after the third being the same as in (5); 

-(5xy3+3y2)^--..., 

the coefficient of — r— being formed by adding x2yr to the 

coefficient of — r , differentiating the result totally with 
d2/r-i S ' 

respect to as, and omitting the highest, derivative in the result; 

w ^A+^^-^2-^4~3^i2/24 

~(4 <»yiVa+ 3a%2+ 32/11/2 + 2/2/3)^- -•••> 

the coefficients of the successive terms being derived from the 
preceding ones as in (7), only that instead of adding x2yr w e 
add xyyr. 

W e could n o w find the invariant differential equations and 
the differential invariants up to any assigned order of this 
group, or of any of its sub-groups. Thus (l) and (2) form 
a sub-group of which any function of the derivatives not 
containing as or y is an invariant; (1), (2), (3), (4) form a 
sub-group of which any function of the derivatives yx,y2,... 
which is of zero degree and of zero weight will be an invariant; 
(1), (2), (5) is the group of movements in the plane with the 

geometrically obvious invariants p, -J-, -=-£. •••> where p is the 

expression for the radius of curvature in Cartesian coordinates. 

In order to obtain the differential invariants of a less 
obvious group w e take (1), (2), (3), (4), and (7) which is at 
once seen to generate a sub-group. A differential invariant 
of this sub-group must be a function of yx,y2,... of zero 
degree and of zero weight; the only other condition which 
this function has to satisfy is that of being annihilated by 

(9) s^4+8%4+i6y*4+-"+r(r-2)y'-i4+-"-

It can be at once verified that the operator (9) annihilates 
In fs, J6> A .where 

T 3 
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fi = 3 2/22/4-4 2/s2. Js = 9 2/222/5 + 40 2/a3-45 2/22/s2/4. 
J'e = 3y23ye-24y22y3y5 + 60y2y32yi-4:0y3i, 
fi = 27 4/2*4/7 - 315 4/234/34/6 +1260 4/224/324/5 - 2100 y22y32y, 

+ "20y,». 

Each of the equations J4 = 0, J6 = 0,... is invariant under 
the operations of this sub-group; and one of these, IB = 0, is 
invariant under all the operations of the general projective 
group of the plane. This last result is obvious from the 
geometrical fact that J5 = 0 is the differential equation of the 
conic given by the general equation of the second degree in 
Cartesian coordinates. That y2 — 0 is an invariant equation 
of the general projective group is also obvious geometrically. 

The differential invariants of the sub-group (1), (2), (3), (4), 
(7), as distinguished from the invariant differential equations 
of the sub-group, are up to the 7th order 7-2 j j 2 ,,sr 

H_ ±e_ ±t_ yx xi 
J3' ja' tb' y 
J4 J4 a4 t)2 

4 

W h a t w e have called invariant differential equations are 
sometimes called differential invariants; in such a notation 
our differential invariants are called absolute differential 
invariants. 

§ 254. We now wish to find the differential invariant of 
lowest order of the general projective group of the plane. 

W e anticipate ' by counting the constants' that it will be 
of the 7th order; for there are eight operators in the group, 
and w e do not therefore expect an invariant till these operators 
are extended so as to be in nine variables, and thus the 
derivatives of the 7th order will be involved. W e shall find 
that this anticipation will be verified. 

From (1) and (2) of § 253 w e see that the invariant cannot 
contain as or y; and from (5) and (6) of the same article 
w e k n o w that it will not contain yx; it must therefore be 
a function of 

I2 I I2 
j v r*and jV 

since an invariant of the group must clearly be an invariant 
of any sub-group, and therefore of the sub-group (1), (2), (3), 
(4). (7)-

If w e n o w extend all the operators to the 7th order we shall 
find that there are two additional operators to be added to 
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(3), (4), and (9) of § 253; and that the invariant, which is 
a function of y2, ..., 4/7 of zero degree and of zero weight, 
must be annihilated by these operators. These new operators 
are, omitting the parts of these operators which are connected 
with (3), (4), and (9), (we may do this since these parts will 
necessarily annihilate the invariant), 

(10) 64/2 A + 304/24/8 2- + (604/27/4 + 4O4/32) 2-

+ (1052/22/5+1754/34/4)—, 

and (11) 24/24/3^- + 104/32^- + (35y3yi-,3y2y&) ~ 

+ (562M5 + 354/42-74/24/6)2-. 
The linear operator "at 

(12) Is d~y6 +3^dfidJ1 

(where (-r-^-) denotes the total derivative of I5 with respect 

to x) is connected with (10) and (11); and therefore we may 
replace the annihilator (11) of the required invariant by the 
annihilator (12). 
Denoting the operators (10) and (12) respectively by X and 

F the invariant required is a function of 
T2 T 7-2 
±5 ± ± , ±L 
7" 3 ' T 2 ' T 6 
*i J4 J4 

annihilated by X and Y. 
N o w we easily verify that 
XI4=184/23, X I , = 0, X I , = 604/2s74, Xfi = 315y2%, 

and therefore X annihilates P and Q, where 

3I6-5J42 2fi-3SfiIB_ 

and the invariant required will be that function of P and Q 
which is annihilated by F. 

N o w we m a y verify that 

YP-^l, Y0-1^yl(dM~— v*v • 
Y P - z y m - ^ l ^ J - ^ 2 / 2 2/3. 

and also that y2^)-hyaIs = 3fi-5J4. 
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We then have 

FQ = 126|/p and y(7P2-Q) = 0; 

and therefore 7P2 — Q is the invariant which we require; 
that is, 

175li*-210l2Is + 63l62 + 3Sl52Ii-2fifi 
( } J.* ^ 

(where 74, Is, J6, J7 are as defined in § 253) is the differential 
invariant of lowest order for the general projective group of 
the plane. 

From this invariant w e can deduce the differential equation 
satisfied by all cuspidal cubics. To obtain this equation we 
reduce the cubic by a projective transformation to the form 
y* •= xs, and w e therefore have 
4/ = as*, 4/j = fas*, y2=Jx~i, 2/3 = -fari 

If we now calculate for this cubic the values of fi, IB, J6, i7, 
and if we let /denote the numerator in (13), we have with 
little labour 2ia. 102. js+73. 3a. 2g8 = 0 . 

and, as this equation is invariant for any projective trans
formation, it is zero for a cuspidal cubic, given by any equation 
in Cartesian coordinates. 

§ 255. As an example in finding invariants of groups in 
three-dimensional space* we might take the group of move
ments of a rigid body, viz. 

3 3 3 3 3 3 3 3 3 
^~» ^-» ̂ r-5 V^ z^> z^ as — J X^r 4/r—j 
3as dy dz " dz dy dx dz oy ox 

and we should thus obtain the invariant differential equation 
of the first order 

fdZ\2 ,dZ^2 

and two differential invariants of the second order, viz. the 
expressions for the sum and product of the two principal radii 
of curvature at any point of a surface. 

Since, however, these results are obvious geometrically we 
shall consider instead the invariants of the group 

3 3 3 3 , 3 , , 3 3 
c- + 2/t-' x^- + z^-> x2^- + (xy—z)^- + xz^-i 
dx dz dx dz dx v ° 'dy dz 



255] IN THREE-DIMENSIONAL SPACE 327 

3 3 3 3 y ,3,3 3 
5y + " 5 ' ydy- + Zd-z' (Xy-Z^+y*y-+yZ^> 

these are the operators of the group of movements of a rigid 
body in non-Euclidean space. 
Taking as usual p, q, r, s, t to denote the first and second 

derivatives of z with respect to as and y, the twice extended 

linear operator f2_ + J,_ + ^ 

.3 3.3 3 3 3 3 3 
1S ^ + ̂ + C T z + " d p * + Kdq + Pdr- + ,Trs+rdt' 

where (denoting by the suffixes 1, 2, 3 the partial derivatives 
of £, tj, or C, with respect to x, y, z, respectively) 

— n = p2£3+pqn3+p(£x-Q + qT]1-{x, 

-k = q2r]3 +pq£2 + q (r,2 - Q + p £ 2 - C2, 

-p=PSi33 +P2qv33 +P2 (2 &, - C33) + 2PgVx3 + P (ixx - 2 Cm) + 9Vix 
-Cxx + 2r (ix + p & + 2s(lx+pr]3) + r (pi;3 + qv3-Q, 

- <r = p2q£33 +pq\33 + p2£2S + q\3 +pq (&, + Va + C33) 

+ P (fu ~ & ) + ? (»Ju ~ C13) ~ fa 
+ s (6 + T/2-f3 + 2pf3+ 2?773) + r (̂2 + ̂ 3) +r!(77j+p7)3)! 

-T = 23l33 + 22i543 + 22(2'?23-Q+2Mf23 + 9'('722-2C23) 
+P^22-C22 + 2i('72 + 9,'73) + 28(&+?6) +<(pf8 + ?1J8-CB)-

There are six sets of values of £, 77, £ viz. 

(1) £ = 1 , 77 = 0, c = y , 
(2) f = as, 7, = 0, ( = z , 

(3) £ = as2, 77 = xy-2, { = xz, 

(4) f=0, 77=1, C=z, 

(5) £=0, 77=4/, (=g, 

(6) £ = xy-z, r)=y2, (=yz. 

Forming by aid of the above formulae the corresponding 
values of it, k, p, cr, t, we get the six operators 

, . o 3 3 
<1} d-x + yTz+Tq> 

3 3 3 3 , 3 
(2) x — + z — + qx-.-r—+t--; 
v 3a; 30 2 3^ 3r 3tf 
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(3) x*^+(xy-z)^y- + xz^-(Px+9y-z-P<i)^). 

+ q2^-(r(*x-9)+2s(y-p))^; 

~(2s(x-q) + t(y-p))^-tfa-3q)~; 

, * 3 3 3 
(4) :r- + «v- + Sr; 
v ' dy dz dp 

3 3 3 3 3 
(5) y^~ + z^r +P^—t^r+T:^-', 
v ' a dy dz dp dt dr 

(6) (xy~z)^+y2^+yz^-(Px+qy-z-pq)^ 

+ P2^-r(y-^P)^-(^(y-p)+r(x-q))-

^(t(3y-p) + 2s(x-q))~. 

§ 256. As we have six operators forming a complete system 
in eight variables we expect two differential invariants of the 
second order; and could not have more, unless the six 
operators are connected; and it is easily seen that they are 
unconnected. 
From (1) and (4) we see that the invariants must be 

functions of p—y, q—x, z—xy, r, s, and t; we therefore write 
P=p-y, Q = q — x, Z = z—xy. 

The operator (2) now takes the form 

and (5) the form 

^ 3 „ 3 3 3 
QdQ+ZSZ-rdr-+tM' 

PTp+ZW+4r-tYt' 
while (3) becomes 

(2Z+PQ)± + Q2~+(rQ + 2sP)±+(2sQ+tP)±+3tQl 

fr, 3 „o 3 . 3n 
+ 2<QdQ + ZdZ-rd-r+tdl)> 

and we have a similar expression for (6). 
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It is now convenient to denote P by p, Q by q,.and Z by z; 
in this notation we see that the invariants are functions of 
p, q, z, r, s, t, annihilated by each of the four operators 

3 3 3 3 
(a) q^-+z^ r ^ + t ^ , 
v ' * dq dz or dt 

3 3 3 3 
P> Pd-p'+ZTz+rVr-tM' 

(y) (2z+pq)^+q2^+(rq+2sp)-

+ (2sq + tp)^+3tqVt, 

(5) (2z+pq) 2 +p* ^ + (tp + 2sq)yt 

x 3 3 
+ (2sp + rq)^+3rp—, 

which we denote respectively by i2l5 i22, i23, and I24. 

W e have 

Q,x(pq + z) = p q + z, &2(pq + z) = p q + z, 

G3 (pq + g) = 2q (z +pq), J24 (pq + z)=2p (z +pq), 

so that the equation z +pq = 0 is invariant (or in the original 
notation z+pq = p x + qy). 

Also X2j rq2 = rq2, I22 rg2 = rq2, 

Q,3 rq2 = q2 (3rq + 2sp), Q^rq2 = (4^+5^) rg; 

and forming similar equations for tp2 and s(pg, + 22:) we see 
that 

Ox(rq2 + tp2-2s(pq + 2z)) = rq2 + tp2—2s(pq + 2z); 

il2(rq2 + tp2-2s(pq + 2z))=rq2 + tp2-2s(pq + 2z); 

D.3(rq2 + tp2-2s(pq + 2z)) = 3q(rq2 + tp2-2s(pq+ 2z)) ; 

Sli(rq2 + tp2-2s(pq + 2z)) = 3p(rq2 + tp2-2s(pq + 2z)). 

Since 
nx(pq + z)$z-$ = (pq + z)§z~l = n2(pq + z)%z-$, 

Qs(pq + z)§z-i = 3q(pq + z)$z~b, 

I24 (p^ + z)$2r* =3p(po + z)%z~i, 
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we can therefore see that 

rq2 + tp2 — 2s(pq+2z) 

(pq + z)§z~i 

is a differential invariant for the group. 

It m a y be similarly proved that 

rt—s2 

(pq + z)2z~2 

is the other differential invariant of the group. 
In the original notation, therefore, the invariants are 

r (q—xf + t (p—y)2 — 2s (2z+pq—px—qy — xy) 

(z+pq—px—qy)^ (z — xy)~i 

rt—s2 
and 

(z +pq — p x — qyf (z — xy)~ 

§ 257. These examples indicate that the only difficulty in 
obtaining differential invariants of a given group is the 
difficulty of finding the solutions of a given complete system 
of equations. 

W e are often much helped by geometrical considerations; 
thus in the example just considered w e knew that the group 
was a projective one in ordinary three-dimensional space; 
and we knew that it transformed the quadric z = xy into 
itself. If then from any point P on a surface 8 we draw the 
tangent cone to this quadric it will meet the tangent plane at 
P to the surface 8 in a pair of lines ; these lines, together with 
the inflexional tangents to 8 at P, will form a pencil of four 
rays. The condition that the pencil should be harmonic is 
unaltered by any projective transformation, and is, in the 
notation here employed, 

r(q — xf + t(p—yf—2s(2z+pq—px—qy — xy) — 0. 

Similarly the condition that the surface 8 should be a 
developable is unaltered by projective transformation, and 
is rt — s2 — 0. 

It was by attending to these considerations that one was 
enabled to simplify the solution of the given complete system. 



CHAPTEE XXI 

THE GROUPS OF THE STRAIGHT LINE, AND THE 
PRIMITIVE GROUPS OF THE PLANE 

§ 258. When we are given the structure constants of a 
group we have seen h o w the types of groups with the required 
structure are to be formed. If, instead of being given the 
structure constants, w e are merely given the order r of the 
group required, w e should have to find the sets of r3 constants 
which will satisfy the equations 

cijk + cjik = °. 
h = r 

2* (Gik~hcjhm + cJcjhcihm + cjihcMm) = °! 

where the suffixes i, k, j, m may have any values from 1 to r. 
T w o sets of constants c^,... and ĉ -j.,... satisfying these 

equations would not be considered distinct structure sets if 
they could be connected by the equation system 

h = r .p^l — i' 

2< ahscikh =j£j aipakjcpqs> 

where a^,... is a set of constants whose determinant 

hi, ai 

a^x, a y 

does not vanish, as we explained in Chapter V. 
Suppose however that, instead of being given the order 

of the group, w e are given the number of variables in the 
operators of the groups, h o w are w e to find all possible types 
of groups in these variables? The method of finding the 
structure constants is not n o w available; for, when the number 
of variables, n, is greater than unity, the order of the group, r, 
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may have any value up to infinity. The problem suggested 
has so far only been solved for the cases n = 1, n = 2, n = 3. 
In this chapter it will be shown how the groups of the straight 
line, and the primitive groups of the plane may be obtained. 

§ 259. A group X1}..., Xr, where 

xk = hx dx. • + £*. 3as« 
(k=l,...,r), 

.. J w ̂ n 
is transitive if it has n unconnected operators ; that is, if not 
all 41-rowed determinants vanish identically in the matrix 

til. iv 

CtX' • £)•: 
N o w let xl,..., as° be a point of general position, that is, a point 

whose coordinates do not m a k e all n -rowed determinants 
vanish in the matrix, and in the neighbourhood of which all 
the functions £«, ... are holomorphic. B y transforming to 
parallel axes through this point w e m a y expand all the func
tions iij,..., in powers of xt, ...,xn; and w e then see that from 
the r operators of the group a set of n independent ones, 
say Xj,..., X n , can be selected such that 

X, + h i 5 ^ r + - + £hn^z-> (fc =!,...,») L3as. 3as„ "xk *""i 
where fw vanishes for xx = 0,..., xn = 0. 

The other (r — n) operators of the group Xn+X,..., Xr may 
be so chosen that for each of them &•, when expanded, has no 
term not beginning with powers of xx,...,xn, that is, no con
stant term. These (r—n) operators form a sub-group, the 
group of the origin, characterized by the property of leaving 
the origin at rest. 

If in an operator 
. 3 3 

^ j + - + ^ 

the lowest powers of xx,...,xn which occur w h e n £j,..., £„ are 
expanded are of degree s, then w e say that the operator is of 
degree s. 
If we have a number of operators Yx,..., Yq each of degree 

s, and if no operator dependent on these, that is, of the form 

^Fj + . ^ + e ^ , 
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where ex, ...,eq are constants, is of higher degree than s, we 

say that they form a system of degree s. It is clear that we 
cannot have more than n operators in a system of degree zero 
nor more than n2 in one of degree unity, and so on. 
If then the operators Xn+X, ...,Xr do not form a system of 

degree unity, we can deduce from them a number of operators 
of the second degree; and proceeding similarly with these 
latter we may be able to deduce a system of the third degree, 
and so on. 
W e therefore see that the operators of a transitive group 

may be arranged as follows : n operators forming a system of 
zero degree, mx forming a system of the first degree, m2 a 
system of the second degree,..., mg a system of sth degree. 
Since all of these operators are independent, and the group 

is finite, s cannot exceed a finite limit, and we have 

r = n + mx+... +ma. 

If we form the alternant of two operators of degrees p and 
q respectively, it can be at once verified that it cannot be of 
degree lower than p + q — 1. This principle is of great use in 
determining the possible types of groups when n is fixed; we 
shall now apply it to obtain the possible finite continuous 
groups in a single variable, that is, the groups of the straight 
line. 
First, we notice that if a group contains no operator of 

degree k, then it cannot contain one of degree (k+1); for it 
must have, if transitive, n operators of zero degree, and, by 
forming the alternants of these with the operators of degree 
(k+1), we must have operators of degree k. 

§ 260. We now consider the case where n is unity; we may 
take the operators of such a group to be 

3 „ 3 3 . 3 ^ 3 . 3 

3^+&3a7 Xdx+i2dx'-'^dx-+^dx' 

where ^ contains as in degree i at the lowest; and in this 
group there must be no operator of degree higher than s. 
Suppose that s > 2; then, forming the alternant of the 

operators of degree s and (s— 1) respectively, the group must 
contain an operator of degree (2 s—2), viz. 

X2*-2}_,t 2., 
X dx+t2e-1ix' 

which, since s > 2, would be an operator of degree higher than s; 
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and, as this is impossible, we conclude that s cannot be greater 
than two. 
A group in a single variable cannot then contain more than 

three independent operators. 
A general principle, whatever may be the number of vari-

ables, is that all operators of the kth and higher degrees form 
a sub-group. This is proved from the fact that any two such 
operators have an alternant whose degree is at least (2 k—1), 
and therefore not less than k, unless k is zero; if k is zero 
the operators of the &th and higher degrees form the group 
itself. 
If from the operators Xx, ...,Xr we form a new set of 

operators, by adding to any operator of degree k any operator 
dependent on the operators of degree not less than k, we shall 
still have the operators of the group arranged in systems of 
degree zero to s. Advantage of this principle may often be 
taken to simplify the structure constants of a group. 
Thus in the case of a single variable, suppose s = 2, and let 

X0j.Ajj X2 be the three independent operators respectively of 
degrees 0, 1, 2. From the group property we have 

(Xj,X2)=aX0 + 6Xj + cX2J 

where a,b,c are constants. 
Since (X15 X2) is of the second degree, a and 6 must be 

zero; and, by comparing the coefficients of ^— on the two 

sides of the identity, we see that c is unity. 
Similarly we see that 

(X0,X2) = 2Xj + eX2, 

where e is some unknown constant. 
To eliminate this constant, we take as the operators of the 

group F0, Fj, Y2 where 

•^o = X&> -^i — Xx + -£eX2, ^2 = X2> 

and we have 

(1) (Fj,F2) = F2, (F0,F2) = 2Fj. 

Suppose now that 

(2) (F0, Fj) = F0 + aFj + &F2, 

where a and b are some unknown constants: from Jacobi's 
identity 

((To, Fj), F^ + ftFj, F2), F0) + ((F2, F0), Fj = o, 
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and therefore from (l) and (2) 

a(Yx, Fg) = 0, 
so that a is zero. 

W e now take (8 being an undetermined constant) 

^o = T0 + 8Y2, Zx = Fj, Z2 = Y2, 
and have 

(Z0,Z2) = 2ZX, (ZX,Z2) = Z2, (Z0,Zx)=Z0 + (b-28)Z2; 

and therefore, by taking 2/3 = 6, we see that the group has 
three operators Z0, Zx, Z2 respectively of degrees 0,1, 2, and of 
the structure 

C^o> %i) = Z0i (Zx, Z2) = Z2, (Z0, Z2) = 2ZX. 

By a change of the variable from as to as' we can reduce 

;-—|- £j — to the form —,; to do this we have -r- = 
dx dx dx" dx 1+ix 
where £j is of degree unity in as at least, and we may take as' 
in the form x + f fa), where/(as) is a holomorphic function of 
as, whose lowest term is of the second degree in x at least- In 
the new variables therefore Z0, Zx, Z2 will still be of degrees 
0, 1, 2 respectively, but £j will be identically zero. 
Omitting accents from the variable we take Z0 to be ^ • 

/ 3 3 3 v 3 

^dx dx *2dx' dx 

we see that £2 must be a mere constant; it must therefore 
be zero, since it was given to be at least of the second degree 
in as. W e may similarly deduce that £3 is zero; and therefore 
the only group of the third order is 
3 3 .3 

— . x-^i %*--• 
dx dx dx 

Similarly we may see that the only group of order 2 is of 
the type ' ^ 3 
3as 3a;' . 

and the only group of order unity is r- • 

§ 261. Before applying this method to find the types of 
groups in two variables, it will be convenient to consider how, 
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by a linear transformation of the variables, the operator 

(1) Kasj+... + a1BasA— + ... + (anlxx+... + annx,)^-

may be reduced to a simple form. 
Let \j be any root of the equation 

a n — X , a2 

> a22—*-, 
"nx 

a»» —A 

= 0; 

aXn i a2n 
and let us find n quantities ex,...,en such that 

axxex+...+anxen = Xxe1 

anX'ex + • • • + ann en — \l en-
These quantities will, unless all first minors of the deter

minant vanish, be proportional to the first minors of any row. 
W e take as a variable to replace some one of the set asj,..., asB, 

say asj, the expression yx where 

W e then see that the operator (l) is of the same form in 
the variables yx, x, 
constants a. 

2,...,xn as it was in xx,,..,xn, but the 
„,, „. are replaced by a new set of constants 

characterized by the property 
Ojj = Aj, aX2 — 0,..., aln = 0. 

By a linear transformation, then, the operator (1) can be 
reduced to such a form that 

aV> 

«jj — Aj, aX2 — 0, , «1M = 0. 

W e similarly see that, by introducing a new variable 
where 

y2 = e2x2 + ...+enxn, 
and e2, ...,en are determined by 
^22 e9 +... + ano e„ = Xaen, 

%2n e2 + • • • + ann en ~ \en, 

the operator can be still further reduced to a form in which, 
in addition to the former simplification, w e have 

a22 = ^-2' ft23 = 0,..., &2n = 0. 
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Proceeding thus we see that the operator can by linear 
transformation be reduced to the form 

(2) Kxx jz + KA+KX2> ^ + («sXXX + a32X2 + Kx3) ^r + • • • • 
1 2 3 

This operator may be still further simplified; suppose Xx 
and X2 are unequal, and apply the transformation 

which 

2/i = 

gives 

3 
3asj ~~ 

: aSj, 

3 

Wi 

2/2 

+ x 

— x2 

3 

s2/2' 

+ Xasj, 

3 
3as2 

2/3 = 

3 

~ ^ 2 

x3, 

3 • •• 

-,yn 

3 

— asn 

3 

'Wn 
we then see that by a suitable choice of X, without otherwise 
altering the form of (2), we can make the new a2j to be zero, 
when we express the operator (2) in terms of the new variables. 

Similarly, having caused a21 to disappear, by a transforma
tion of the form 
4/j=aSj, y2 = as2, y3 = x3 + Xxx, 4/4 = as4, ...,yn = xn, 

we could cause a3X also to disappear from the new form of the 
operator; and proceeding thus, so long as none of the co
efficients X2,...,Xn are equal to Xx, we could cause aiX,..., anX 
to disappear. 
In exactly the same manner, by properly choosing the trans

formations, we could cause all the coefficients a^,... to dis
appear so long as none of the quantities Xx,..,,Xn are equal; 
that is, if the determinant has no equal roots, the canonical 
form of the linear operator is 
3 3 3 

1 13as1 * Adx2 n dxn 
§ 262. The general method of obtaining a canonical form 
for the case of equal roots will be sufficiently explained by 
considering the case where Xx = X2 = X3 = Xt, and no other root 
is equal to Aj. 
First consider the coefficient of -—; by the transformation 

3ass' J 
yB = xB + Xxi, yx = xx,...,yn = xn 

we can by a suitable choice of X cause aBi to disappear; and 
b y a similar transformation w e can cause a ^ , aB2, aBX also to 
disappear. 
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It is thus seen that the operator may by a linear trans
formation be brought to such a form that as2, as2, as3, xi only 
appear in the first four terms. 
These terms take the form 

Xi(^4+a24+^^+a544)+a3i(a2ii+a3i4+a41^ 

3 3 
+ a32a52ja, +la42a32 + a43ay ;̂ ~' 

Now by any linear transformation in asj, as2, x3, as4 the part 

3 _3_ _3_ 3 
as., r r aSo t + x3 -r f- as. r 
13as1 ^3as2 idx3 43as4 

is unaltered ; if a2X is not zero by a transformation of the form 

2/l = XXl 2/2 = X2> 2/3 = XS> 2/4 = X4 + ^X2 

we can eliminate the new a a ; w e m a y then by a trans
formation 

2/i = «i> 2/2 = x2, 2/3 = ®3 + Xx2, 4/4 = as4 

eliminate a31; and then, if a32 is not zero, w e m a y eliminate 
a^; while if a32 is zero by a transformation 

yi = xi, y2 = x2 + ^x3, y3 = x3, yi = xi 

w e m a y eliminate a^. 
If a2X is zero, but not a32, w e take 

yi = xi, y2 = a32x2 + a3xxx, y3 = xs, 2/4 = a,4. 

and thus eliminate a31; if a2X and a32 are both zero, but not 
a^, w e take 

2/l = Xl> 2/2 = 'X2, y3 = «41 Xl + «42 X2 + «43 X3, y^~ XV 

and thus eliminate a41 and ai2. Finally if a21, a32, and am are 
all zero, w e can similarly eliminate aiX. Summing up we see 
that the first four terms m a y be reduced to the form 

x^i\+X2^2+^i-3+^) 

+ exxx±+e2x2±+e3x3±. 

where ex, e2, e3 are symbols for constants; and it is ea 
seen that, by further simple transformations, w e m a y reduce 
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these constants to such forms that any one, which is not zero, 
is unity. 
Similar expressions could be obtained for the other parts of 

the. operator; and we thus see how, in any given number 
of variables, to write down all possible types of such 
operators. 
W e know of course that any linear operator can be reduced 

to the type —; but such reduction is not effected by a linear 

transformation, and just now we are only considering how to 
obtain types by linear transformation; that is, types con
jugate within the general linear homogeneous group. 

§ 263. We now enumerate the types of linear homogeneous 
groups of order one in two variables x, y; we write p for 

r— and q for — > and e for an arbitrary constant: 
3a; 2 dy J 

(1) e(xp + yq) + xp—yq, (2) xp + yq + xq, 

(3) xp + yq, (4) xp-yq, (5) xq. 

W e shall now find all possible types of linear groups of the 
third order. 
First we find all the groups containing the operator 

(3) xp + yq; by a linear transformation every operator of 
the group we seek can be reduced to one of the above five 
forms (though the same transformation will not necessarily 
bring two operators ,of the group simultaneously to these 
normal forms); and a linear transformation cannot alter the 
form of (3). 
Since we only require two operators to complete the group 

of the third order which contains (3); and, since these must 
be independent of (3), one of the operators may be taken to 
be of the form (4) or (5). 

Suppose it is of the form (4), the remaining operator of the 
group must be of the form 

a (xp + yq) + b (xp - yq) + cxq + dyp, 

where a, b, c, d are constants; as we only require the part 
independent of (3) and (4), we may take a and 5 to be zero. 

Form the alternant of (4) with 

cxq + dyp, 

and we shall see that cxq—dyp 

is an operator within the group. As the group is to be of the 

Z 2 
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third order, and to contain (3) and (4); and, as we now see 
that cxq and dyp are operators of the group, we must have, 
either d zero when the group is 

(6) xp-yq, xp + yq, xq; 

or c zero, when we get a group of the same type; that is, 
a group transformable into (6) by a linear transformation. 
If we had assumed that the second operator was of the 

form (5) we should have been led to the same group (6). 
W e must now find the linear groups of the third order 

which do not contain the operator (3). 
Suppose that one operator of our group is of the type (5); 

and let a second operator be 

a (xp + yq) + b (xp — yq) + cyp. 

Forming the alternant with asg' we see that the group will 

contai* " c (xp-yq); 

first we suppose that c is zero ; and we take the third operator 
of the group to be 

(7) ax(xp + yq) + bx(xp-yq) + cxyp, 

where ax, bx, cx are constants. 
Now cx cannot be zero, for, if it were, 

a(xp + yq) + b(xp — yq) and ax(xp + yq) + bx(xp—yq) 

would be two independent operators of the group; and there
fore xp + yq would be an operator of the group, which is 
contrary to our hypothesis. 
Forming the alternant of (7) and (5) we see that the group 

will contain cx(xp-yq), ' 

and therefore the group which contains (5), and does not 
contain (3), must contain (4). 
W e therefore take the third operator of this group to be 

a(xp + yq) + byp; 

and forming the alternant with (4) we see that the group 
must contain yp, and we thus have the group 

(8) xq, yp, Xp-yq. 

W e obtain the same group by supposing the first operator 
to be of the type (4). 

W e have now only to find any possible group of the third 
order which does not contain any operator of the types (3), 
(4 or (5). 



264] GROUPS OF THE PLANE 341 

Suppose that one operator is of the type (2); we then take 
a second to be 

a(xp + yq) + b(xp-yq) + cyp, 
and the third 

ax (xp + yq) + bx (xp - yq) + cx yp, 

and we may clearly suppose that either c or cx is zero; say 
we take c to be zero, if we now form the alternant of 

a(xp + yq) + b(xp-yq) 

with (2), we shall get an operator of the type (5), which is 
contrary to our hypothesis. 
The group cannot therefore contain an operator of the type 

(2); and we see similarly that it cannot contain one of the 
type (1). 
The only groups of the third order are therefore 

xq, xp-yq, xp + yq, 

and xq, xp — yq, yp. 

It may be shown in a similar manner that the only groups 
of the second order are 

e(xp + yq) +xp-yq, xq; 

xp-yq, xp + yq; 

xq, xp + yq. 

We have now found all possible sub-groups of the general 
linear group in as, y ; we might have obtained these directly 
by the method explained in Chapter XIII. 

§ 264. It is now necessary to examine the groups which 
we have found; and to see, with respect to each of them, 
whether there is any linear equation 

Xx + py = 0 

admitting all the transformations of the group. 
It may be at once verified that the group 

asg, xp-yq, xp + yq 

is admitted by the equation as = 0; that is, by any trans
formation of this group, points on the line as = 0 are trans
formed so as still to remain on the line x = 0. 
It may similarly be proved by successively examining these 

groups that, for each group, at least one linear equation can 
be found to admit the transformations of that group, unless 
the group is either 
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(1) the general linear group, 

xq, yp, xp-yq, xp + yq, 

or (2) the special linear group, 

xq, yp, xp-yq. 

§ 265. We now proceed to determine the types of primitive 
groups of the plane. 

If a group is imprimitive it must have at least one in
variant equation of the form 

d£=*fay)-

We express this condition geometrically by saying that 
an infinity of curves can be drawn on the plane ; and that by 
the operations of the imprimitive group these curves are only 
interchanged inter se; any set of points, lying on one of the 
curves of the system, being transformed so as to be a set, 
lying on some other curve of the system. 

If then we take a point of general position the group of 
the point, that is, the transformations of the imprimitive group 
which keep that point at rest, cannot alter the curve of the 
system which passes through the point; and in particular 
the direction of the curye at the point is not altered. 

W e take the origin to be a point of general position ; then 
the lowest terms in the group of the origin are of the first 
degree; suppose P is the origin, and P T the tangent to any 
curve which passes through P ; by the operations of the 
group of the origin this curve will be transformed into a 
system of curves all passing through P ; and the directions 
of the tangents at P to these curves are what the direction 
P T has been transformed into by the operations of the group 
of the origin. 

N o w the only terms in the group which are effective in 
this transformation of the linear elements through P are the 
lowest terms; that is, the linear elements at P are trans
formed by a linear group. 

W e obtain this same result analytically as follows:— 
l6t f55 + '8y 
be any operator of the group of the origin, so that £ and tj, 
the terms of lowest degree in as, y, are at least of the first 
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degree; and let us extend the operator (denoting by p the 

quantity -=M so as to get 

^dx +" 3^ +(li+P(v»-tt-3?Q ^' 

where the suffix 1 denotes partial differentiation with respect 
to as, and the suffix 2 partial differentiation with respect to y. 

W e are only concerned to know how the p of any line 
through the origin is transformed; this w e know through 
the operator 
(vx+p(v2-i;x)-p2Q^-, 

where after the partial differentiations have been carried out 
we are to take as = 0, y = 0 ; w e therefore need only consider 
those parts of £ and 77 which are linear in as, y. 

N o w if the group is imprimitive at least one value of p can 
be found which is invariant for the group of the origin; but 
if the group is primitive no such value can be found. If 
therefore the group is primitive the operators in it of the 
first degree, according to the classification explained in § 259, 
must either be of the form 
3 3 3 3 

(1) 4/—+..., 05—+..., x^ y — + ..., 
' dx dy dx a dy 

where the terms not written down but indicated by +... are 
of higher degree in the variables than those which are written 
down; or else they must be of the form 
3 3 3 3 3 3 

^ y Y x + -Xd^+-XTx-yd-y + -Xd-x+ydy- + ''-
for, by § 264, all other forms for the group of the origin would 
leave invariant at least one linear element through the origin. 

§ 266. Suppose that the operators of the first degree are 
of the form (1); it will now be proved that there cannot be 
any operator of degree three, and therefore not any of higher 
degree. 

Suppose that there could exist in the group the operator 

(1) 2/3^ + .... 
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where the terms not written down are of higher degree than 
those written down; form its alternant with 

3 
X-r r •••} 
34/ 

when we shall see that the group must contain 

<2> 3Xy2Tx-y3Ty+~-

Forming the alternant of (1) and (2) we get 

(3) /JL+... 

and forming the alternant of (2) and (3) we get 

and so on ad infinitum; so that the group would not be 
finite as all of these operators are independent. 

W e can now prove that there can be no operator 

where £ and 77 are of the third degree; forming the alternant 

of (4) with y-—|-... we get 
v X 

(y£i-n)^ +2/%^ + 

Forming the alternant of this again with y ^—b..., and so 
on, we get successively x 

(y%i-zyvi)~+ynxx^+..., 

(2/36n-32/2>hi)^ +2/1m^+.... 

-42/Vi4 + --

Now tjjjj is a constant, and it must be zero, else would the 
group have an operator 

yVx+-> 
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and therefore 77 must contain y as a factor; similarly we see 
that £ must contain a; as a factor. 
W e must now try whether there can be an operator of the 

form 

(5) X^d\+y^Ty+-

where £ and 77 are of the second degree; forming the alternant 

with 4/ -—h... we have 
0 dx 

(6) (j/as£j + y(£-r]))— + y\x ~ +.... 

Now the coefficient of —, being of the third degree, must 
oX 

he divisible by x; and therefore £—77 must be divisible by x; 
by symmetry it must be divisible by y, so that 

£_7j = axy, 
where a is a constant. 
The result at which we have arrived is that in any operator 

of the third degree 
,3 3 
£*x+r>dy + -> 

£-j-as — 77-^-4/ is divisible by xy. Applying this theorem to (6), 
and writing 77 + axy for £, we see that a is zero, so that £ and 
77 are equal. 
W e then have to try whether the group can contain an 

operator of the form 

t(Xdx+y*y)+-

where £ is of the second degree. 
Forming its alternants with the operators of zero degree 

viz. -—f-.... and ^—f-..., we obtain the two operators 
dx ' oy r 

3 3 v ,. 3 

^ X d x + y ^ + ^ y + -

and forming the alternant of these two we have 

! 3as C€l 34/ ^ 2 ^ - ^ i ^ T , + -
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This operator being of the third degree, must be such that 

as 2/ 

and, £ being of the second degree, we must therefore have 

£2 = &as, £j = - % , 

where k is a constant. 

34/Cl_ 3ar 

and therefore k must be zero; so that £ being of the second 
degree and £j and £2 both zero, £ must vanish identically. 
W e have therefore proved the theorem we enunciated, viz. that 
no operator of degree three can exist in the group. 

§ 267. We have now to find the possible forms of operators 
of the second degree; let such an operator be 

. 3 3 
<*> ^ + ^ + -

First we could prove as before that the hypothesis of an 
operator of the form ^ 

2 / V + " 
° dx 

existing in the group would involve the non-finiteness of 
the group. 

~\ 
Form successive alternants of (1) with y^- +...; and we 

get 
2/V^ + -; 
and therefore, since we must have 17^ zero, we see that i\ 
contains y as a factor. Similarly we see that £ contains a; as 
a factor; and we need only consider operators of the form 

where £ and 77 are of the first degree. 

Form the alternant of (2) with 4/-—1-..., and we shall see 
oX 

that £— 77 is divisible by as, and therefore by symmetry it is 
also divisible by y; but £— r\ is of the first degree, and there
fore must vanish identically. 
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The only possible operators of the second degree are 
therefore , 3 3 N 

t(Xdx+ydy)' 
where £ is of degree unity. 
So far the reasoning has only involved the existence of two 

of the operators of the first degree, viz. 

(7) a, 2.+... and y~ +..., 

and it therefore applies equally to either class (1) or class (2) 
of the primitive groups. 
W e now assume that the group is of the first class and 

so has no operator of the form 

w xoh+yd\+-> 

and we shall see that £ must be zero. 
Forming the alternants of 

^xrx+y^y+-

with 3 . 3 
-+..., and - + . . . , 

we have in the group the operators 

(9) cr * ^ i> 
£2(XTx+ydy)+£dy+-

Since £ is linear and equal, say, to ax + by, the existence 
of (9) and (7) involves the existence of (8), unless a and 6 
are zero. 
A primitive group of the first class can then only have the 

five operators 

3 3 3 3 3 3 
;—+..., r-+..., as—+..., 4/:—+..., x^ 4/— + .... 
3a; 34/ dy u dx ox oy 

§ 268. We shall now for brevity denote by P the operator 

y-—h..., by Q the operator as^-—I-..., and by R the operator 

3 3 
m r y - y V y + - ' 
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P, Q, R is the group of the origin, and we have 

(P, R)=2P, (Q, R ) = - 2 Q , (P, Q) = -R. 

3 -,3 
Also, since P, Q, R form with r 1-... and — + ... the 

group itself, ' " 

(±+-,r) = axr+bxQ+*xR+±+-, 

(^ + ..., Q) = a2P+b2Q + c2R+ 2- +..., 

where ax,bx,cx, a2, b2, c2 are unknown constants. 
If we now take as two operators of the group X and 7 

where 

X=ajP + /31<2 + yjJR+^+..., 

Y=a2P + B2Q + y2R+^-+..., 

we get 
(F,P) = X+(a1-aj)P + (&j^/3)Q + (Cj-y1)JR + /32(Q,P) 

+ Y M V 
= X+(ax-a1+2y2)P + (bx-Bx)Q + (c1-yx + 82)R; 

and, similarly, 

(XQ) = Y+(a2-a2)P + (b2-B2^2yx)Q + (c2-y2-ax)R. 

We now choose the undetermined constants ax, Bx, yv 
a2, P2, y% so as to make 

(1) (Y,P) = X and (X,Q) = Y. 

W e next suppose (a2,b2,... denoting unknown constants) 

that (Y,Q) = a2P + b2Q + c2R; 

for obviously (F, Q) does not involve X, F, when we express 
it in terms of X, F, P, Q, R, a set of five independent operators 
of the group which is of order five. Similarly we take 

(X,P) = ajP + 6jQ + CjP. 

We now apply Jacobi's identities to eliminate as far as 
possible these unknown structure constants of the group. 
From 

(Q, (Y, P)) + (P, (Q, Y)) + (Y, (P, Q)) = 0, 

(Q, (X, P)) + (P, (Q, X)) + (X, (P, Q)) = 0, 



269] OF THE PLANE 349 

and from (1) we now have 

(F,P) = F-62P + 2c2P, 

(X,P) = X+ajP-2CjQ; 
and from 

(R, (Y, P)) + (P, (R, F)) + (7, (P, R)) = 0, 
we deduce 

(R,X) + (P, b2R-2c2P- Y) + 2 (Y,P) = 0 ; 

that is, 2 cxQ — axR + 2 b2P = 0, 

which, since the operators are independent, 

gives cx — a2 = b2 = 0. 

Similarly we see that c2 = ax = bx = 0 ; 

and we have now proved that 

(F,Q) = o, (X,P) = 0, (Y,R) = Y, (X,R) = X. 

In order to complete the structure of the group, we have 
now only to express the alternant (X, F) in terms of X, F, P, 
Q, R; suppose that 

(X, F) = aX + bY+cP + dQ + eR; 

from (P, (X, Y)) + (Y, (P, X)) + (X, (F, P)) = 0 

we deduce that b X + d R — 2 eP = 0, 

and therefore b = d = e = 0. 

Similarly we see that a and c are both zero, and the group 
has therefore the same structure as the group 

, , 3 3 3 3 3 3 
(2) ^—. t-. V^—> x^> ®^ V̂ r--

dx dy dx dy dx dy 
The group (2) and the required group are then simply 

isomorphic, and the sub-groups of the origin correspond, so 
that (§ 133) the groups are similar. The only primitive group 
of the plane of the first class is therefore of the type (2); that 
is, the type is that of the special linear group whose finite 
equations are 

x'= ax + by + e, y'= cx + dy+f, 
where ad—be is equal to unity. 

§ 269. We now have to consider the possible primitive 
groups of the- second class, when the group of the origin 
contains 

3 3 3 3 3 3 
4/—+..., X^-+..., X^- +4/^— +..., aSr 4/— + .... 
a dx dy dx dy dx dy 
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W e have seen that the only operators of the second degree 
are of the form 

t(Xdlc+yTy)+-> 

where £ is a linear function; forming the alternant of this 

with 4/ - — h . . . , w e get 
3as 

y^xTx+yiy)+-> 
where £j is a constant. 

Similarly w e see that the group must contain 

^20i+^)+-" 

Unless then both £x and £2 are zero, that is, unless the 
group contains no operator of the second degree it will contain 

Similarly 

4/1 X --
dK> dx 

it will contain 

( ° 
as I a s ; — 
v 3a; 

+ 2/ 

+ 2/ 3^) + --

If the group contains no operator of the second degree 
it may be proved as before that it is of the type of the general 
linear group 

3 3 3 3 3 3 3 3 
r—» ^-J aS:r—> 4/;—) 3!^ h4/—J air 4/ r— • 
3a; dy dy a dx dx a dy dx dy 

If it does contain an operator of the second degree the group 
contains the eight operators 
3 3 3 
; + •••> 5 y + - - y^c 
3 3 / 3 3, , 3 3 

• + ..., ^;—1-..., 4/-—h..., as-—h..., a;̂  y—-+..., 
3a; dy a dx ' dy ' dx a dy 

Xrx+ydy+-> <XTx+ydy)+-> y(XVx+ydy)+--

§ 270. Let us denote these operators respectively by 

(1) X, Y, P, Q, R, U, V, W. 

We have at once (U, V) = V, 
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since the alternant (U, Y) being of the second degree cannot 
involve X, Y, P, Q, or R. 

So also (U,W) = W, and (U,P) = aY + bW, 

where a and b are unknown constants; and if we take instead 
of P the operator P — a V — b W , we shall have 

(U,P-aY-bW) = 0. 

Since the lowest terms in P — aV—bW axe the same as in 
P, we may suppose that the operators (1) are such that (U, P) 
is zero; similarly we may suppose that (U, Q) and (U, R) 
are zero. 
W e have 

(U, X) = - X + aP + bQ + cR + dU+eY+fW, 

which, by taking a new X with the same initial terms as the 
original X, is reduced to 

(U,X)=-X; 

and similarly (U, Y) = — Y. 

Now by a change of coordinates we can transform any 
linear operator into any other; and in particular we can 
transform 

3 3 , 3 , 3 
as— +4/—+... into x'r—•, + yf ̂ —, 
dx dy dx dy 

by the transformation formulae 

oif=x + i, y'=y + v, 

where £ and 77 are functions of x and y, which, when expanded 
in power series, begin with terms of the second degree at least. 
If then we apply this transformation formula the lowest 

terms in X, F, P, Q, R, V, W will not be altered in form, U 

will become as^—bv^-, and the structure constants will of 
3as a dy 

course be unaltered. 
It will now be proved that 

X = ±, Y=^-, P = 4/2_, Q = x*, 
dx dy ° dx oy 

3 3 „. 3 3 
B = Xdx~ydy> U = X d x + yTy> 

V=X(XTx+yiy)> W=y(XVx+yTy)-
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Take for instance 

V= as2 2- + as4/2- + p)2- + r,^)2.,+ £(4)2, + VW~+..., 
dx * 34/ 3aj dy ^ dx dy 

where £(*> denotes a homogeneous function of degree k. 
W e have 

(?7jF) = , 2 ^ + , 2 / ^ + 2(£(3)^ + 77C3)̂ ) 

+ K^ + ^)+'"> 

and, as (IT, Y) is equal to Y, we must have 

identically zero; that is, £(3), tjC3', £W, 77W,... are all zero, and 

V is merely x*ir—|- as4/ — • 

Similarly for any other operator; so that this primitive 
group is of the type 

3 3 3 3 3 3 3 3 
:r—» V s V^—> %^-, X^ 4/ — ) aS^ h4/r— i 
3as dy ° dx dy 3as 34/ 3as dy 

2 * , 3 a , 2 3 
as \ — r - a;4/ --. as4/ ̂ — H T t~ ' 

3as ^34/ y dx u dy 
that is, of the type of the projective group of the plane. 

There are therefore only three types of primitive groups in 
the plane, viz. (1) the special linear group; (2) the general 
linear group; (3) the general projective group. 
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THE IMPRIMITIVE GROUPS OF THE PLANE 

§ 271. We shall now sketch the methods by which the 
imprimitive groups of the plane m a y be obtained. 

The group being imprimitive, the plane can have an infinity 
of curves drawn upon it, such that by any operation of the 
group these curves are only transformed inter se. 
W e therefore choose our coordinates so that these curves 

will be given by as = constant, and then the linear operators 
of the imprimitive groups must be of the form 

r 3 o 
^Ix^dy' 

where £ is a function of as alone. 
If the operators of the group are now X1;..., Xr where 

Xk = ^Tx+^Yy' (* = 1» •">»•>. 

then it is clear that £j ^—,..., £,. y-

must generate a group; and, this being a group in a single 
variable only, w e can, by a change of coordinates (which 
merely consists in taking as the new variable as' a certain 
function of the old variable as) reduce £fe to be of the form 
aj. + b]tx + Cya;2 where ah, bh, ck axe mere constants. B y 
a change of coordinates the operators of an imprimitive group 
can therefore be reduced to the form 

Xk = (<^k + hx + Ckx2^+rikJZ' (k= h---,r). 

It then follows that imprimitive groups of the plane can be 
divided into four classes: the first class will only contain 
operators in which ak, b^, and ch are zero, that is, they will 

all be of the form 777, ^—: the second class will contain one 
3 3 *V 3 

operator -—f- t/j — , while all others will be of the form 7jk — ; 
CAMPBELL A a 
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the third will contain the two operators 
3 3 3 3 

3as ndy dx *dy 

with others of the form tj7, —; the fourth class will have 

3 3 3 3.3 3 

dx ndy dx 2dy dx ddy 

with others of the form 777, -— • 
"'dy 

When we have found all possible forms of groups of one 
class, in order to find the forms of groups in the class next in 
order, we take one of these groups, and add to it the operator 
which differentiates the higher from the lower class. Applying 
the conditions for a group, we thus find the form of the operator 
we have added, and the additional conditions necessary (if any), 
in order that the group of lower class may thus generate one 
of higher class; this principle will be sufficiently illustrated 
in what follows. 

§ 272. We have first to find the groups of the form 

3 3 
^dy'-.'^dy' 

Since as now occurs merely as a parameter we can, by a trans
formation of the form 

x'=x, y' = f(x,y), 

reduce each of these operators to the form 

(ak+hy+Yicy2)-^' 

where alc, 8^, y% are functions of the parameter as only; this 
theorem follows from what we proved as to groups in a single 
variable. 

It may be at once verified that by a transformation of the 
form . „ 

J y+82/ 

where a, B, y, 8 are functions of x only, any operator 

(ai*+Pky+Yky2)^ 
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is unaltered in form, the functions alt, Bh, yk being trans
formed into other functions of x. The operators of the group 
are therefore unaltered in form by any transformation of the 
given type. 
Suppose that for every set of constants Xx, ...,Xr the quad

ratic function of y 
Xxrjx + ...+Xrrir 

is a perfect square; we may then assume that 

Vh = o-k ("2/ + £)2. (k = l,...,r), 

and therefore, if we take 

* °2/ + /3 

we may reduce the operators of the group to such a form that 
y does not occur explicitly in the group at all. 
The first type of group that we find in this class is there

fore of the form 

(1) [Pl(as)^,...,Pr(as)^]. 

Since all the operators are permutable, this group is an 
Abelian one. 

§ 273. We next consider the case where the operators are 
all of the form 

(ak + PkV)^' (k=l,...,r), 

that is, the case where all the functions yx,..., yr are zero; 
we cannot at the same time have all the functions Bx,..., 8r 
zero, for then this type of group would reduce to the form 
just considered. 

Suppose therefore that Bx is not zero, and apply the trans
formation 4/'= ax + 8xy, which will enable us to take one of 
the operators of the required group to be 

Forming the alternant of this with (a2 + B2y)^— we find 

that a2 /3j;-— is an operator of the group. Now if all the 

functions a2,..., ar are zero we can by the transformation 
y'—logy reduce the group to the type (1); we therefore 
assume that a,2 is not zero, and forming the alternant of 

A a a 
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a2 Bx =-- and 8xy y- we find that a2 Bx2 y is an operator of the 

group. Similarly we should see that a2Bx3Y~' a2/3i*j_'"' 

are all operators of the group ; and therefore, if the group 
is to be finite, we must assume Bx to be a mere constant, and 
we may take this constant to be unity. 
W e may similarly show that all the functions B2,..., 8r are 

mere constants ; and we thus get the second type of groups 
in the first class to be 

(2) Fx(x)^,..., K-xfa^y y^-

§ 274. We now pass to the case where there is at least one 
function ax + Bxy + yxy2 which is not a perfect square and in 
which yx is not zero. 

Let <*i + /3i?/ + yi2/2=yi(2/-a)(2/-/3). 

and apply the transformation y'= -—-, which gives 

«i+ft2/+yi2/2=yi2/'^-

We therefore again assume that the group contains an 

operator Bx y —; and, if we are not to obtain the type (2) 

over again, there must be at least one other operator 

(a2 + /324/ + y24/2) — 

in which y2 is not zero. 
By a transformation 4/'= y2y we may simplify the discus

sion by having only to consider the case where y2 is unity. 

Forming the alternant of (a2 + 82y + 4/2)—' and /3j4/—. 

we find that (Bxy2-a2Bx) ^- is an operator of the required 
y j 

group. Forming the alternant of this again with Pxy — , 

and so proceeding, we get 

(W + ftS)^, Wtf-tfaJ^,..., 
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so that the group would be infinite were not Bx a mere con
stant, which we may take to be unity. 

The group now contains 

W-^dy- and (y2 + a^dlj' 

and therefore 2/2r— and a2^— ; forming the alternant of these 

two we see that it contains a9 v x— i so that a„ is a constant. 
°y •>. 

The group contains (a2 + 82y + y2) — , and therefore also 
3 , . n s2/ 

B2y z— s so that B2 is also a mere constant. 
o O 

If (a3 + /334/ + y34/2)— is any other operator w e find, by 
34/ 3 

taking its alternant with y — , that the group will contain 
(«3 + 732/2)^ and (y34/2-ag) —, 

and therefore Og —, y3y2^-> and therefore also B3y^—; and 

we see as before that a3, 83, ys must be mere constants. 
If a2,..., ar are all zero the group will therefore be of the 

*ype ' 3 _3_ 

dy' ydy' 

which is but a particular case of (2); but if they are not all 
zero the group will contain the three independent operators 

r«\ 3 3 „ 3 
^ dy~' yTy> y d y ' 

and no others. 
W e have now found that all groups in the first class must 

be of the types (1), (2), or (3). 

§ 275. Passing to groups of the second class, and first 
taking (1) of § 272, we have to find the conditions necessary 
in order that 

Fx(x)±, ..., Fr(x)ly, ^+7,2 

may generate a group of order (r + 1). 
If all the functions Fx,...,Fr vanish identically w e can 
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reduce —- + 77 — to the form — by a change of coordinates, 
dx dy dx 

and thus obtain the type j 
(4) 3^* ^ 

If they are not all zero w e form the alternant of r— + n r-
3 dx 'dy 

and Pj (as) ̂ —, and thus see that the group contains 

^dx ^dyJdy' 

^~ — P, -^ must now be dependent on Fx,..., Fr, and there-
da; • dy 
fore r-Ms a function of x alone. 

dy 
W e then take tj to be of the form ay + 8, where a and 8 are 

functions of x; and it m a y easily be verified that by a trans
formation of the form 

as'=as, y'=ycp(x)+f(x), 

we may reduce -—h 77 — to the form —-. without essentially 
dx dy dx J 

altering the form of the group 

(1) Fx(x)ly,...,Fr(x)ly-

We have therefore first of all to see what forms these 

functions F,,.... Fr must have in order that (1) and— 
oX 

m a y generate a group of order r + 1 . 
§ 276. We now make a short digression in order to consider 
a principle of which m u c h use m a y be m a d e in the investiga
tion of possible types of finite groups. 

If X is any linear operator of the group which w e seek, 
w e can by a change of coordinates reduce it to the form 
—; if then any other operator of the group is 
o CG 

.3 3 .3 
tdx + T>dy + Cdz- + - > 

we see, by taking its alternant with =-—, that 

3£ 3 377 3 d( 3 
3a; 3a; dxdy dxdz 
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is an operator of the group; so also must every linear 
operator of the form 

3*£ 3 3*7? 3 3*f 3 

3as* 3as dxh dy dxk dz 

belong to the group. 
N o w the group being finite only a certain number of these 

operators can be independent; and therefore there must be 
some operator of the form 

/• 3 n»»i , 3 \ m 

ydx-ai) -(dx:~ak) 

(where aj, ..., aj. are constants, depending on the structure 
constants of the group, and mx,..., m^ are positive integers) 
which will have the property of annihilating each of the 
functions £, tj, (,.... 

It follows that 

£ = e^x (an as™*-1 + a12 xm<-~2 +...) 

+ ea*x (a^x™*-1 +a22xmi-* +...) + ..., 

where cfa,... denotes a function of the variables not con
taining x; and that we shall have similar expressions for 

•n, C, •••• 

Since (r ax) £ — + (- afi) 77— + (- ax) C^—+... 
V3as ' dx ^dx v dy V3as v dz 

is an operator within the group, which will not contain x in 
a higher power than (mx — 2) in the coefficient of e°^x, and 

, 3 y* . 3 , 3 x2 3 , 3 x2 . 3 

^dx L' dx ^dx J dy v3as v dz 

is an operator in which x only enters in the power (mx — 3) in 

the coefficient of e°lX, and so on, it is not difficult to see that 
the group must contain the following sets of operators. 

Operators in which 

£ = e°T-xax, 77 = ea*x bx, £ = e°^xcx, 

£ = eaix (axx + axx), t) = e"ix (bxx + bxx), £ = e"1* (<>xx + cii). 

£ = <?& (0^ as2 + 2 axx x + a-^), y = e°^x (bx x2 + 2 bxx x + b^), 

C=eaix(cxx2 + 2cxxx + cX2), 

and so on, where the letters Oj, bx, cx,... all denote functions 
not containing as. 
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In addition to these there will be the similar sets of 
operators corresponding to the roots a2, ..., a^; and every 
possible linear operator of the group will be dependent on 
the operators here enumerated. 

§ 277. Applying this principle to the problem before us, 
viz. the determination of the forms of Pj,..., Fr in order that 

Fx(x)^,...,Fr(x)^, 2. 

may be the operators of a finite group, we see that the functions 
denoted hj ax,bx, cx,... are now mere constants; and that the 
group must therefore be of the form 

(5) [^2., xe<*x±...,x™>-ie«*x±, 2_], (4=1,2,8,...). 

§ 278. We have now to find what groups in the second 
class may be generated from 

Fx(x)±...,Fr(x)ly, y±, 

by adding the operator -—h n — • 
J ° dx dy 

Forming the alternant of P, (x) =— and ^—h 77 —, we see that 
° 1V ' dy dx dy 

( F x ( x ) p - " J M ) " 
^ dv dx / dll dy dx ' dy 

is an operator of the group; and therefore 

(A) Fx(x)^y-^ = cy+^chFh(x)! 

where cx,...,cT, and c are absolute constants. 

Similarly, by forming the alternant of 4/ -— and — + ij ^-. 
dy dx dy 

we see that b,bx,..,,br being a set of constants 
^ k — r 

(B) ^-» = ty+2M*(4 

From (A) we see that 77 is of the form a + By + yy2, where 
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a, B, y are functions of x only; and from (B) we see, on 
substituting this value for 77, that y is zero, and 

k = r 

Now without loss of generality we can add to ^—I- tj — 
any operator dependent on 2/ 

Pj(as)^,...,Pr(as)A; 

and we may therefore suppose that the form of 77 is so chosen 
that both a and y are zero. 
By a transformation of the form 

af= x, y'=ycp(x) 

we may, without essentially altering the form of the other 
operators of the group, so choose the unknown function cp (as) 

3 3 , 3 
that ^ — + B y ~ may become r—-,; 

ox dy J dx 
and we may thus reduce the group to one of the type 
r 3 3 3 3 3i 
(6) \ea*x^~, xea*x^-,..., af1*-1^**^-, y^-, r- , 
w L <>y' dy' ' dy' a dy' dx] 

(k= 1,2,3,...). 

§ 279. The only type of group in this class remaining to be 
examined is 

3 3 2 3 _3_ 3 
ly' Vdfij' V Sy' dx+11d~y' 

Forming the alternant (V-, -—h'7^->) we see that, there 
° \dy dx oy' 

being only four operators in the group, 

y- = a + 2by+3cy2, 

where a, b, c are mere constants; and therefore 

77 = cp(x) + ay + by2 + cy3. 

Forming the alternants of r h 77 — with y -— and y2 —-
s dx dy a dy 34/ 
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respectively, we see that cp(x) must be a mere constant, and 
c must be zero; so that the group reduces to the type 

/,* a 3 2 3 3 
^ dy' ydy' y d y ' Vx' 

§ 280. In the third class the groups must contain two 

operators of the forms -—(-Tjj— and as-—(-?j2t— ; and clearly 

in any group of this class there must be a sub-group con-
3 3 

taining all the operators of the group except a s — + ?j2 — • 

W e therefore begin by trying whether from the group 

\ea*xr-, xea"x~, ...,xm"-1 ea"x^, ; — 1 , (k = 1,2,3,,..), 
L <>y dy dy 3asJ ' 
w e can generate a new group of order one higher, by adding 

an operator of the form x -—1-47 ̂ — -
dx 'dy a 

Forming the alternant of the new operator with — we see 
d o S C 

that — is a function of x only; and forming its alternant with 
any other operator of the group w e see that — is a function 
of as only; and therefore w e take 

77 = cy + cp(x) 

where c is a mere constant. 

If w e substitute this value of 77 in as -—f-?i-— a and form the 
3 3a; dy 

alternant with as"1*-1 e"**—, w e shall find that the group 

3 j 
must contain c^as^e"** — ; and, as asm -1 is given to be the 

highest power of a; in the coefficient of ea*x, w e conclude that 
afc must be zero. 

The group must therefore be of the form 

3 3 3 3 3 , 3 
r-. as—+7j — . ^-5 x —,...,a?-1 — 5 
3as 3as dy dy dy dy 

k = r 
where 77 = cy + 2 ckxJc + constant; 
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and without loss of generality we may say that 

tj = cy + crxr 

If c is not equal to r, apply the transformation 

/ / c„x 
x = x, y = y+ -j—r* 

when the group takes the simple form 

, x 3 3 3 3 3 , , 3 
(8) — , as—+C4/ — , — , a s — , ...,xr-1~ • 
v ' dx dx dy dy dy dy 

If c is equal to r it is easily seen that by a transformation 
of coordinates we may take cr to be unity, and thus obtain 
the type 
/ ^ 3 3, r,d 3 3 „,3 

(9) — , x — +(ry + xr)^-, — , as—,...,asr-1 — • 
v ' dx dx w dy dy dy dy 

§ 281. We should next have to try what groups of the form 
r 3 3 3333 3n 
e"**—, ase"**—,..., xm*-*(?*x—, ?/ — , — , a s ^ + T j — , 
L oy dy dy " dy dx dx oyj 
(k= 1,2,3,...) 
can exist; and in much the same way we should see that we 
may take 77 to be cxy when c is a constant. If we then apply 
the transformation 
as'=as, y'=e~cxy, 
r— becomes ^—> — cv' r—,. 4/ — is unaltered in form, and 
3as 3a;' a dy' y dy ' 
as -— +71—- becomes x'——,i whilst the other operators are not 

3a; dy dx 
essentially altered in form. If we now apply the same 
reasoning to this type as we applied to the last, we shall see 
that a& must be zero, and that the group takes the form 

where r > 0. 

3 
dy 

The other types of 
found; they are 

<"> fr 

3 

y w 

as'-12-
dy 

group in 

2 3 

> y 

this 

3 

3as 

3 3 
dy dx 

class can 

x\-\'> 
3 asj 

x — \, 
3 asj 

similarly be 
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rs 3 3"| 
(12) \t—, as—+ ̂ - ; 
v ' L3as 3a; 34/J 

3 3 (13) H — . as—1. 
v ' |_3as 3asJ 

§ 282. Passing to types of groups in the fourth class we 
must take each group from the third class, and see whether 
we can generate a group of the fourth class by adding to 

it some operator of the form x2~—\-vx-. 
r dx dy 

Thus it may easily be shown that from 

l~3 3 „.,3 3 3. r* 3 1 , 
r-5 a; — , ...,aj'_1r—j ̂  > x — + (ry + xr)^— \, where r>0, 

\_dy dy dy dx dx K * 34/J 
a group of the required class cannot be generated. On the 
other hand, the group 

3 3 „. , 3 3 3 3 
r-5 a: — ,..., as'-1 — , — , x — + c y — 
dy dy dy dx dx dy 

will lead to two types of group of the fourth class; viz. 

, , r3 3 ,.33 3, ,3 „ 3 . . Ji 
(14) h—5 as--, ...,asr_1^5 q—a 2as^—V(r— 1)4/ — » x * — +(r—l)xy— 
K ' \dy dy' ' dy dx dx v oy dx v ' "ly. 
where r is greater than zero ; and 
. , r 3 3 3 „ 3 31 
(15) 2/t-5 :r~' x^~> x ^r +xy^\-

L 34/ 3as 3as 3a; ° dy\ 
The other types of groups in this class are 

sl~3 3 „ , 3 3 3 3 ,3, , 31 . n, 
(16) — . as—, ...,xr~1^, 4/r-3 — , asr-» x 2 — + ( r — l ) x y — , r>0 

L34/ 3,4/ dy a dy dx dx dx V ' 34/J 

(17) —, 4/ — , y2 — i ^j as — , x2— ; 
L34/ 34/ 34/ 3a; 3a; 3asJ 

,^T3 3 3 „ 3 , „, 3 1 
(18) — 5 as^-+4/--, as2 — +(2as4/ + 4/2) — ; 
v ' \dx dx ady dx v tf J/34/J' 

/ v T3 3 3 ,3 31 
<19> Li5' 2B55+^ xVx+xyVy\' 

file:///-vx
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[~3 3 
(20) r-j Xx— > 
V ' \dx dX 

. 3 
3as 

The methods by which these groups of the fourth class 
are found does not differ essentially from the methods by 
which the groups of lower class were found. 

§ 283. Every imprimitive group of the plane must belong 
to one of the types enumerated, but these types are not all 
mutually exclusive; thus the group 

3 3 3 

dy' ydy' yVy 

in the first class is similar to the group of the fourth class 

3 3 3 
— , as — , os2 — -
dx dx dx 

In order to divide the imprimitive groups into mutually 
exclusive types we examine each of the groups we have found 
as regards their invariant curve systems. For all the groups 
the system x = constant is an invariant system, but some of the 
groups have other invariant curve systems. 
W e first consider the type (1) and suppose that r is greater 

than unity; we may then by a transformation of coordinates 
of the form 

as'= as, y ' = y c p ( x ) 

simplify the type so as to be able to assume that two operators 

of the group are — and as -— 
8 V 34/ dy 

Suppose that for this group / fa y) = constant is an in
variant curve system; we must then have 

^—f(x,y) = some function off fay). 
ij 

If this function vanishes identically / (as, y) is a m e r e function 
of as, a n d therefore only gives the k n o w n invariant system, 
x = constant. If, however, the function does not vanish iden
tically the curve system/(as, y) = constant can b e t h r o w n into 

such a form that r-^- is unity, and therefore 

y +f fa) = constant 

is an invariant curve system for the group. Applying the 
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operator as — of the group we must then have 

as — (y+ffa) = some function of (y+f (as)); 
3?/ 

and as this is impossible w e conclude that, if r is greater than 
unity, (1) cannot have any other invariant curve system than 
as = constant. 

If, however, r is equal to unity, the group is of the type 

—; and admits the oo00 curves y = / (as) as invariant systems, 
dy 
where / is an arbitrary functional symbol. 

W e next can prove that if the type (2) is of order two, 
it may be thrown into the form 

and for this group there are two invariant systems, viz. 
as = constant, and y = constant. If the group is of order 
greater than two the only invariant system is as = constant. 

It will be found that for type (3) there are the invariant" 
systems x = constant, and y = constant. 

The type (4) is similar to type (1), when the latter is of 
order unity. 

If the type (5) is of order greater than two, the only 
invariant system is as = constant. If the group is of order 
two it can be reduced to one or other of the forms 

3 3 3 3 3 
r-3 ;-—. or — , a s — + 4 / — - ; 
dy dx dy dx dy 

and for either of these groups there is an infinity of invariant 
curve systems, viz. 

ax + by = constant, 

where a and b are arbitrary constants. 
The type (6), if the order is three, can be thrown into 

the form 
3 3 3 

3as' dy' ^ dy 

with the invariant systems x = constant, y = constant; if the 
order is above the third the only invariant system is x = con
stant. 
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The type (7) has the invariant systems x = constant, 
y = constant. 
The type (8), if r > 1, has only the invariant system 

x = constant. If, however, r — l, the type is 

3 3 3 3 
r-j r-j as— +C?/ — ; 
3a; dy dx dy 

and, since the group contains ^— and —, the invariant curve 
dx dy 

system must be of the form 

ax + by — constant; 

if c is equal to unity this system is admitted ; but if it is not, 
the only systems admitted are x = constant and y = constant. 
The group (9) has only the invariant system x = constant. 
The group (10) has only the invariant system as = constant, 

if r > 1; but, if r = 1, it has x = constant, y = constant. 
The group (11) has the invariant systems x = constant, 

4/ = constant. 
The group (12) is similar to one of the cases of (5), viz. 

the case when (5) can be thrown into the form 

3 3 3 
r-̂  as^+y — • 
dy dx dy 

The group (13) is similar to (2), when (2) is of the second 
order. 
The group (14), when r > 1, has only the invariant system 

as = constant; when r — 1, it is 

3 3 3 ,3 
^ , ^-j a;.—, x2^-i 
dy dx dx dx 

and is similar to (7). 
The group (15) has only the invariant system as = constant. 
The group (16), when r > 1, has only the invariant system 

as = constant; when r = 1 it is similar to (11). 
The group (17) has the invariant systems as = constant, 

y = constant. 
The group (18) is similar to 

3 3 3 3 .3,3 

3a; dy dx oy dx dy 

and has the invariant systems x = constant, y = constant. 
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The group (19) has only the invariant system x = constant. 
The group (20) is similar to (3). 

§ 284. We now rearrange the imprimitive groups of the 
plane into mutually exclusive types and into four new classes, 
corresponding to the different systems of curves, which are 
invariant under the operations of the groups. W e shall denote 

the operator £~—\-1\ ̂ — by £p+i\q. 

In Class I we have the group q for which an invariant 
system is y+f(x) — constant, where/(as) is any function of % 
whatever. 

In Class II 

[q,p]; [q, xp + yq]; [q, p, xp + yq]; 

with the invariant curve systems 

ax + by = constant, 

where a and b are any constants. 
In Class III 

[q,y<i]; [q,yq,y2<i]; [p,q,yq]; 

[#> yqi y2 q, P] ; [q, P, asp + cyq], c being a constant not unity; 

[q, yq, p, xp] ; [q, yq, y2q, p, xp] ; 

[i, wi, y2(i, p, xp, x2p]; [p+q,xp+yq, ®2p+y\]; 

with the invariant curve systems x = constant, y = constant. 
In Class IV 

[Fx(x)q, ...,Fr(x)q], where r > 1; 

[Fx(x)q, ...,Fr(x), yq], where r > 1; 

[f^q,..., as™''-1 e^g, p], where the order > 2, and k = 1,2,3,...; 

\f^q, ..., x^'^e^q^q, p], where the order > 3, and k= 1,2,3,...; 

[q, xq,..., x^^q, p, xp + cyq], where r > 1 and c is a constant; 

[q, xq,..., xr~1q, p, xp + (ry + xr) q], where r > 0; 

[q, xq,..., xr~1q, yq, p, xp], where r > 1; 

[q, xq, ...,xr-1q, p, 2xp + (r-l)yq, x2p + (r-l)xyq], 

where r > 1; 
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[q, xq, ...,xr-1q, yq, p, xp, aPp + ^—^xyq], where r > 1; 

[yq,p,xp,x2p + xyq]; 

[p, 2xp + yq,x2p + xyq]; 

with the invariant curve system x = constant. 
It is clear that a group in one class cannot be similar to 

a group in any other class ; and it may easily be seen that in 
the same class no two similar groups have been enumerated. 
Every imprimitive group of the plane must therefore belong 

to one of these twenty-four mutually exclusive types. 

b b 



C H A P T E R XXIII 

THE IRREDUCIBLE CONTACT TRANSFORMATION 

GROUPS OF THE PLANE 

§ 285. We have now found all point groups of the plane, 
and if we extend these we shall have all the extended point 
groups ; if the groups are only extended to the first order and 
we apply to them contact transformations we shall have the 
reducible contact groups of the plane. In this chapter we 
shall show how the irreducible contact groups of the plane 
are to be obtained. 
It must first be proved that the necessary and sufficient 

condition that a system of contact operators of the plane 
may be reducible to mere extended point opeisators by a con
tact transformation of the plane is that the operators should 
leave unaltered an equation system of the form 

dx _ dp _ dy 

a 8 ap 

where a and 8 are functions of as, y, p. 

Let /(as, y, p) = constant, cp (x, y, p) = constant 

be integrals of this equation system; then, since 

3 / 3 / df 8 „ , 3d> 3d. 3d> B n 
=r- + t~P + =r- = ° andr- + ̂ rP + v^ - =°> 
3a; dy dp a dx 34/ dp a 

we see, by eliminating -, that the functions / and cp are in 

involution; we can therefore find a contact transformation 

(1) as'= /(as, y, p), y'= cp (as, y, p), p'= f (as, y, p) 

which will transform the given equation system into 

dx'= 0, dy'= 0. 

TVT -j. .333 
Now if C r + l r + i'r 

3as dy dp 
he a contact operator which leaves unaltered the equation 
system dx = 0, dy = 0, we see that £ and tj must be functions 
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not containing p; and therefore the operators, as transformed 
by (1), will be mere extended point operators. The converse 
is easily proved; for extended point operators do not alter the 
equation system dx — 0, dy = 0; that is, they transform a 
point Mx into a point Mx. It follows that if we apply to 
them a contact transformation the reducible operators will 
leave unaltered the equation system into which dx = 0, dy = 0 
is transformed; that is, an equation system of the form 

dx _ d p _ dy 
a B ap 

§ 286. We now take x and z as the coordinates of any point 
in the plane, and we write y instead of p, when the contact 
operators of the plane become simply those operators in space 
x, y, z which do not alter the equation 
dz—ydx — 0. 

An irreducible group of contact operators of the plane, 
when regarded as operators in space, must be transitive. For, 
suppose the group is intransitive, and/(as, y, z) is an invariant; 
then the operators of the group do not alter the equations 

4-dx + ^dy+^dz=0, dz—ydx = 0. 
3a; dy " dz a 

They therefore leave unaltered a system of equations of the form 

dx _ dy _ dz 
a " 8 ay 

and therefore may be so reduced as to be mere extended 
point group operators. 

Let £(as, y, z) — +v(x, y, z)—+£fa y, z) — , 

or, as we shall write it 
£p + -r\q + £r, 

he a contact operator of the plane regarded as an operator in 
space x, y, z ; and let IF be its characteristic function, so that 

, *W dW dW , „ 3TF 
£ = -̂ —.> 7 7 = — r y-̂ -> £ = — w+y^—-
b 34/ ' 3a; a dz * dy 

Taking a point of general position as the origin of co
ordinates, we can arrange the operators of the group into sets 

b b a 



372 T H E O P E R A T O R S O F [286 

as in § 259. To do this we expand the characteristic function 

in powers of as, y, z; let IF be the operator which corresponds 
to the characteristic function IF, that is, let 

= IW ,*W 3TFx fvj. 3TFs 

W=^P-(dx^ + y-dz-)q-(W-yly-)r-

We must, therefore, in order to obtain an operator of degree 
k, consider the terms in IF which are of degrees (k+1) and k. 

Thus corresponding to W = — 1 we have W = r, and corre
sponding to IF = — x we have W = q + xr; more generally we 
may express these, and similar results, in the tabular form 

F=f-1, C -x (y, ( -z f -as2 f xy 

W = \ r \q + xr, \p, \yq + zr, (2xq + x2r, \xp—yq, 

W— ( y2 ( —xz ( yz ( —z2 

W = { 2 y p + y2r, \(z + xy)q + xzr, \zp—y2q, l2yzq + z2r. 

This table gives us the operators corresponding to terms in 
W of the second or lower degrees, and, if required, could 
easily be extended so as to give the corresponding operators 
for terms of higher degree. Thus, if W — a + bx + cxy, where 
a, b, c are constants, then 

W= —ar—b(q + xr) + c (xp—yq). 

It will be noticed that the only terms in W which contribute 

operators to IF whose lowest terms are of zero degree are 
1, as, 4/; and the only terms which contribute operators of the 
first degree are 

z, x2, xy, y2, xz, yz. 

The most general contact operator of the first degree is 
therefore 

(*) ax(yq+zr)+a2x2+a3(xP-yg)+aiyp+aszq+aBzP+-> 

where ax, ...,as are constants, and the terms indicated by 
+... are of degree higher in as, y, z than those written down. 

§ 287. If we have a contact group, and consider the operators 
of the first degree in the group, we have, by neglecting the 
terms in such operators indicated by +..., a group which is 
linear and homogeneous in x, y, z. From the form given by 
(l) of § 286 for these operators, we see that the plane z = 0 is 
invariant under the operations of this linear group; the straight 
lines through the origin in this plane are therefore transformed 
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by the operations of a linear homogeneous group in as, y. 
Unless, then, this linear group is the general or special linear 
homogeneous group, it must leave at least one straight line 
through the origin at rest; and therefore the contact group 
itself must, when we regard it as a point group in space, leave 
unaltered at least some oo2 curves which pass through oo3 points 
of space; the considerations which enabled us to determine 
the primitive groups of the plane will render this evident. 
Now a contact group with the property of leaving co2 curves 

at rest has been proved to be reducible; and therefore the 
linear group must be either the general or special linear 
group. 
The group we are investigating must therefore contain at 

least the following three operators of the first degree 

(1) yp + axzp + bxzq+..., 

(2) xq + a2zp + b2zq+..., 

(3) xp-yq+ a3zp + b3zq+.... 

Since the alternant of the first two of these operators is of 
the form xp—yq + a3zp + b3zq+..., it will only be necessary 
to assume that the group contains the first two operators. 
From the form of the general contact operator of the first 

degree ((l) § 286), we see that there cannot be more than six 
independent operators of the first degree, such that no operator 
of the second degree is dependent upon them; and since the 
group is transitive in x, y, z there must be three of zero 
degree. W e have therefore to consider four possible classes 
of groups; in each there will be the three operators 

p+..., q+..., r+...; 

in Class I there will be three operators of the first degree ; in 
Class H four such operators; in Class III five, and in Class FV 
there will be six. 

§ 288. We first examine the possible forms of irreducible 
groups in Class I; since the three operators (1), (2), (3) of 
§ 287 must occur there cannot be any operators of the forms 

zp+..., zq+..., or yq + zr+.... 

If we form the alternant of (1) and (2) we get 

(y + axz)q-(x + b3z)p + ...; 

and therefore, adding (3), we see that by the limitation im-
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posed on this class we must have (a3 — b2) zero, and also 
(b3 + ax) zero. Similarly, by forming the alternants of (1) and 
(3), and of (2) and (3) respectively, w e see that a2 and bx are 
both zero. 

The operators of the first degree in this class are therefore 

(x + az)q + ..., (x + az)p — (y + bz)q+..., (y + bz)p+..., 

where a, b, c are constants; and it will now be shown that 
there are no operators of the second degree in any group of 
this class, and therefore no operators of any higher degree. 

By the point transformation in space 

(A) as'=as + a2;, y'=y + bz, z'=z 

the operators of zero degree, and of the first degree, can be 
thrown into the forms 

p+... q+... r+... 
xq+.„, xp—yq+..., yp+.... 

It will be noticed that this transformation is not a contact 
transformation of the plane. 

Suppose now that the group could contain an operator of 
the second degree . 

s £p + vq+£r+..., 
where £, 77, £ are homogeneous functions of the second degree 
in as, y, z. 

If w e form alternants of this operator with p + ..., </ + ..., 
r+..., respectively, the resulting operators, being of the first 
degree, must be dependent on xq+..., xp—yq+..., yp + ..., 
and operators of higher degree; and therefore the first deriva
tives of £, 77, £ cannot contain z; it follows that the functions 
£, 77, £ themselves cannot contain z. 

Also, since there is no operator of the first degree in which 

the coefficient of r is not zero, the derivatives r-^ and ^ are 
3a; dy 

both zero; and therefore £ vanishes identically. 
If, then, any operator of the second degree is to be found in 

the group at all it must be 

(B) & + n+-, 

where £ and 77 are homogeneous functions of the second degree 
in as and y. 

There can, however, be no such operator; for we proved in 
§ 267 that the operators 

p+..„ q+..., xq + ..„ xp-yq + ..„ yp+... 
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could not coexist in any finite group with an operator of the 
form (B), unless the group also contained the operator of the 

first degree " xp + yq+...; 

and, as the group we are now considering does not contain 
this operator, we draw the conclusion that in Class I there can 
be no operator of the second degree, and therefore none of 
higher degree. 

§ 289. The group has therefore only six operators; for 
brevity we denote 

p+... by P, q+... by Q, r+... by R, 

xq + ... by Xj, xp-yq + ... by X2, yp + ... by X3. 

Clearly in this group Xj, X2, X3 is a sub-group—the group 
of the origin; its structure is 

(Xj, X2) = — 2Xj, (Xj, X3) = X2, (X2, Xs) = — 2X3. 

We also have 

(Xj!P) = -Q + a1Xj + 61X2+CjX3, 

(X2,P) = - P + a2Xj + o2X2 + c2X3, 

(X3, P) = a3Xj+o3X2 + c3X3, 

where ax, bx, cx,... denote constants. 
By adding to P and Q properly chosen multiples of Xx, X2, 

X3, we may throw these structure constants into the simple 
form 

(XX,P) = -Q, (X2,P) = - P , (X3,P) = a3Xx. 

If X, F, Z are any three linear operators we know that 

(X, (Y, Z)) + (Y, (Z, X)) + (Z, (X, Y)) = 0 ; 

this Jacobian identity may be written in the abbreviated form 

(X, F, Z) = 0. 

From (Xj, X2, P) = 0, we now deduce that (X2, Q) = Q; 
from (X3, Xj, P) = 0, we similarly obtain (X3, Q) = — P; 
while from (X2, X3, P) = 0, we shall find that a3 is zero. 
The alternant (Q, Xx) is dependent on X15 X2, X3; if then 

(Q, Xx) = aXx + bX2 + cX3, 

we deduce from (Xj, X3, Q) = 0 that a and b are zero; while 
from (X2, Q, Xj) = 0 we shall see that c is zero, and therefore 
(Q, Xj) is zero. 
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If we now apply the transformation inverse to (A) of § 288, 

V1Z- as = x' + gz', y ^ y ' + bz1, z = z', 

we shall bring the operators of the group back again to such 
a form that they are contact operators of the plane as', z1; and 
we may therefore say that the group in Class I has the six 
operators p + ̂  ? + _ r + _ 

(x + az)q+..., (x + az)p — (y + bz)q, (y + bz)p+.... 

If we denote these respectively by P, Q, R, Xx, X2, X3, we 
now know so much of the structure of the group as that 

(Xx, X2) = — 2Xj, (Xj, X3) = X2, (X2, X3)= — 2Z3, 

(1) (Xj,P) = - Q , (X2,P) = - P , (X3,P) = 0 , 

(Xj, Q) = 0, (X2, Q) = 0, (X3, Q) = 0. 

§ 290. If we now form the alternant of P and Q it will be 
of the form , „ 

r + ap + 8q+..., 
where a and B are constants. For, if u and v axe the character
istic functions of the operators u and v, the characteristic 
function of the alternant (u, v) is 

du/dv OV-. Sv/Stt dUs dv du 
dy-(dx^ + ydz-)~dy^+ydz'-Udz-+Vdz-' 

and, as the lowest terms in the characteristics of p +... and 
q+... are respectively y and —as, the lowest term in the 
characteristic function of their alternant must be — 1, and 
therefore the lowest terms in the alternant must be of the 
form r + ap + Bq. 

W e may then say that 
(P,Q) = P + aP + /3Q + yXj + 8X2 + 6X3, 

where a, 8, y, 8, e are constants; and we may therefore so 
choose an operator R as to have (P, Q) = R without altering 
the structure of the group in so far as it is given by (1) 
of §289. 
From the identity (X1; P, Q) = 0 we then see that (Xj, R) 

is zero ; and we similarly obtain (X2, P)= 0 and (X3, P)= 0. 
W e now take 

(P, R) = a1P + 6jQ + CjP + a1Xj + /31X2 + yjX3, 

where ax, bx, cx, aj, Bx, yx axe constants. 
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From (X3, P, R) = 0, we see that ax, bx, Bx are all zero; 
from (X2, P, R) — 0, we see that cx and yx are zero; while 
from (Xj, P, R) = 0, we see that 

(Xj(P,P)) + (Q,P) = 0. 

We therefore have 

(P, R) = aP, (Q, R) = aQ, (P, Q) = R; 

and from (P, Q, R) = 0, we now deduce that a is zero. 
The structure of the group is now given by 

(P,Q) =R, (R,P) =0, (Q,R) =0, 

(Xj, P) = -Q, (X2, P) = -P, (X3, P) = 0, 

(1) (Xj, Q) = 0, (X2, Q) = Q, (X3, Q) = -P, 

(Xj, R) = 0, (X2, R) = 0, (X3, R) = 0, 

(X2, X3) = — 2X3, (Xg, Xj) = — X 2 , (Xj, X2) = — 2Xj. 

§ 291. In this group the operators P,' Q, R form a simply 
transitive sub-group of the same structure as the simply 
transitive group whose operators are 

p, q + xr, r; 

it is therefore possible to find a point transformation which 
will transform P, Q, R to these respective forms. 
If we take X1; X2, X3 to be (in the new coordinates thus 

introduced) respectively 

£iP + 77jO; + £jr, i2p + t\2q + £2r, £3P + V3<l + £ari 

then, from the structure constants of the group, we derive 
a number of equations which these functions £1; tjx, £x,... 
must satisfy. 
It will be at once seen, on forming these equations, that 

they will be satisfied by taking 

£j = 0, 77j = as, £x = i x2, £2 -x, t;2 = y, £2 = 0, 

£s = 2/. Vs= °= & = ^2/2; 

and therefore a possible form of group is 

(1) p, q + xr, r, xq + \x?r, xp-yq, yp + \y2r. 

Now any group in Class I can be reduced to such a form 
as to have the structure given by (1) § 290; and for such 
a group Xj, X2, X3 will be the sub-group of the origin. The 
most general group of the class we seek is therefore simply 
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isomorphic with (l); and in this isomorphism the groups of 
the origin correspond, so that (§ 133) we conclude that the 
most general group is similar to (1); that is, it is reducible 
to the form (1) by a point transformation in space as, y, z. 

§ 292. It must finally be proved that this point transforma
tion is a contact transformation in the plane x, z. 
First it may be seen that (1) of § 291 is a contact group, 

and that it satisfies the condition of irreducibility; we see 
that all the operators are contact operators, since the cor
responding infinitesimal transformations do not alter the 
equation dz—y dx = 0 ; and we conclude that the group is 
irreducible because the lowest terms in the operators of the 
first degree form the special linear homogeneous group (§ 287), 
N ow suppose that the point transformation, which trans

forms the general contact group of Class I into (1) of § 291 
has transformed the Pfaffian equation dz—ydx = 0 into some 
equation of the form 

£dx + rjdy + £dz = 0. 

The group (1) of § 291 must therefore leave unaltered this 
equation, and also, since the group is a contact one, it must 
leave unaltered the equation dz — ydx = 0; but this would 
necessitate that (1) of § 291 should leave unaltered a system 
oftheform d x _ d y = dz 

a 8 ay 

where a and 8 are functions of as, y, z; and therefore it would 
be reducible, which we know it is not. 
W e conclude, therefore, that the only group in ClaBS I is 

that one which is reducible to 

p, q + xr, xq + \x2r, xp — yq, yp + \y2r, 

by a contact transformation of the plane. 

§ 293. We shall now briefly consider the groups of irre
ducible contact transformations of the other classes. 
Every such group contains the three operators 

(1) yp + axzp + bxzq+..„ 

(2) xq + a2zp + b2zq+..., 

(3) Xp-.yq + a3sp + b3zq+...; 

and must contain at least one operator of the form 

(4) a(xp + yq + 2zr) + bzp + czq+.... 
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If we form the alternants of (1), (2), (3), (4) we see that the 
group must contain the six operators 

(1,2) (y + axz)q-(x + b2z)p+...; 

(1, 3) (y + axz)p-bxzq + (y-b3z)p+...; 

(1,4) —az(axp + bxq)—czp+...; 

(2,3) -2xq-(b2 + a3)zq + a2zp+...; 

(2,4) -az(a2p + b2q)-bzq+...; 

(3,4) — az(a3p + b3q) — bzp + czq+.... 

Now if the group is of Class III or Class IV it contains at 
least one operator for which a is zero; and therefore we see 
from (1, 4), (2, 4), (3, 4) that it must contain zp+..., and 
also zq + 
If then the group is of Class III, as it can have only five 

operators of the first degree, its operators must be 

yp+..., xq+..., xp-yq+..., zp+..., zq+.... 

If the group is of Class IV it has six operators of the first 
degree, which must then be 

yp+..., xq+..., xp—yq+.„, xp + yq + 2zr..., 

zp+..., zq+.... 

It only remains then to find the operators of the first 
degree for a group in Class H which can only have four 
operators of the first degree. 
For a group of this class a cannot be zero; for then there 

would be at least five operators of the first degree, viz. in 
addition to (l), (2), (3), the operators zp +..., and zq+ 
From (2, 3), (3, 1), and (l, 2) we see that, since the group 

contains (1), (2), (3), it must contain 

(ax + b3)zq + (a3-b2)zp+..., 3bxzq + (ax + b3)zp+..., 

3a2zp + (b2-a3)zq+...; 

and therefore, since the group, being in Class II, can contain 
none of these operators, we must have 

ax + b3 = 0, a3—b2 = 0, bx= 0, a2 

bhe equations (1, 2), (l, 3), (2, 3), (1, 4 
leduce that 

aax + c = 0, ab2 + b = 0, aa3 + b = 0, ab3—c = 0; 

From the equations (1, 2), (l, 3), (2, 3), (1, 4), (2, 4), (3, 4) 
we then deduce that 
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and, since a is not zero, it follows that the operators of the 
first degree in Class II must be of the form 

(x + az)q+..., (x + az)p-(y + bz)q+..., (y + bz)p + ..„ 

xp + yq + 2zr — azp — bzq, 

where a and b are some undetermined constants. 

§ 294. Having found the initial terms in the operators of 
the first degree, the methods by which we find the groups in 
the Classes II, HI, and IV are not essentially different from the 
methods employed in finding the group in Class I, and in 
finding the primitive groups of the plane ; we shall therefore 
merely state the results which one will arrive at by such 
an investigation. 
Every group of Class H is reducible by a contact trans

formation to the type 

p, q + xr, r, xq+\x2r, xp—yq, yp + \y2r, xp + yq + 2zr. 

In the third class no irreducible group can exist. 
In Class IV every group is reducible by a contact trans

formation to the type 

p, q + xr, r, xq + \x2r, xp — yq, yp + \y2r, 

xp + yq + 2zr, (z—xy)p—\y2q — \xy2r, \x2p + zq + xzr, 

(xz—^a?y) p + (yz—\xy2) q + (z2—\x2y2)r. 

There are, therefore, only three types of irreducible contact 
groups in the plane. 



C H A P T E E X X I V 

THE PRIMITIVE GROUPS OF SPACE 

§ 295. It would occupy too much time to attempt to 
describe all the types of group which may exist in three-
dimensional space, and we shall therefore confine our 
attention to the primitive groups which are the most in
teresting. It will be shown that there are only eight types 
of such groups. 
The .first theorem which it is necessary to establish is that 

every sub-group of the projective group of the plane must 
have either an invariant point, an invariant straight line, or 
an invariant conic. 

Suppose that u = 0 is a curve which admits two independent 
projective operators X and Y, where 

X=(Pj + asPj)2-+(Qj + 4/Pj)^, 

Y=(P2 + xR2)± + (Q2+yR2)±i 

Pj, Qx, Pj, P2, Q2, R2 denoting linear functions of as and y. 
Then, since all points on the curve u = 0, must satisfy the 
equations Xi* = 0, Y u = 0 these points must also satisfy the 
equation 

Pj + asPj, Qx + yRx 

P2+xR2, Q2+yR2 

which, it is easily seen, is not a mere identity. 
N o w this is the equation of a curve of the third degree at 

most, and, as it contains the curve u = 0, that curve is an 
algebraic curve of degree three at the most. 

§ 296. We shall now prove that this curve if a cubic must 
be a degenerate one. 
It is easily seen that if A, B, C, D axe four points, no three 

of which are collinear, there is no infinitesimal projective 

= 0, 
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transformation which can leave all of these points at rest. 
To prove this, we take any other point P on the plane, then 
the pencil of four straight fines A (B, G, D, P) must be trans
formed into a pencil of four other straight lines; and if A, B, 
G, B were to remain at rest, and P become transformed to P', 
we should have 

A(B,G,B,P) = A(B,G,D,P'), 

so that P' would lie on AP. Similarly it would lie on BP, 
and therefore P' would coincide with P; that is, every 
point in the plane would remain at rest, which is of course 
impossible. 
Let A he one of the points of inflexion which every cubic 

must have: if the cubic admits any projective group the 
group must leave A at rest; for an inflexion can only be 
transformed to an inflexion, and therefore if A did not remain 
at rest there would be an infinity of inflexions. 
If the cubic has no double point it must have nine points 

of inflexion; and at least four of these points are such that 
no three of them are collinear. A non-singular cubic cannot 
therefore admit a projective group ; for the group would then 
leave four non-collinear points at rest, which is impossible. 
W e conclude, therefore, that the cubic has a double point. 

Suppose that it contains one double point and no cusp; it 
has then three points of inflexion, and these points, together 
with the double point, must remain at rest under the opera
tions of the group. But if a point A and three points B, G, D 
on a straight line not passing through A remain at rest, the 
only projective transformation which the figure could admit 
would be a perspective one with A as centre and BCB as 
axis of perspective. 
An infinitesimal projective transformation cannot therefore 

transform the cubic into itself; for, if P is any point on the 
curve and A the double point, P would have to be trans
formed to a near point P' on the line A P ; and P' could not 
be on the curve, since A P only intersects the cubic on 
A and P. 
Suppose now that the cubic has one cusp only; since by 

hypothesis the cubic admits at least two infinitesimal trans
formations, there must be at least one infinitesimal transforma
tion which will not alter the position of some arbitrarily 
assigned point P on the cubic. From P draw the tangent 
PQ which touches the cubic at a point Q distinct from P: 
there will now be four points, viz. P, Q, the point of inflexion, 
and the cusp which will not be altered fcy the projective 
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infinitesimal transformations admitted both by the point P 
and the cubic itself. As we can so choose P that no three 
of these points are collinear, we must conclude that the cubic 
cannot be a proper one. 
Since the cubic must be degenerate we conclude that the 

only curves, which could admit a projective group with at 
least two operators, are straight lines or conies. 

§ 297. Any sub-group of the general projective group of 
the plane must be either primitive or imprimitive; we first 
take the case where it is primitive, and therefore of one of 
the two following types: 

p, q; xq, xp-yq, yp, xp + yq; 

p, q, xq, xp-yq, yp. 

The first of these is the general linear group 

x' = axx + bxy + cx, y'=a2x + b2y + c2; 

and it is clear that by any operation of this group a point 
at infinity will be transformed to a point at infinity; and 
therefore the group leaves the line at infinity at rest. The 
second group, being a sub-group of the first, must therefore 
also leave the line at infinity at rest. 
It now remains to prove that every imprimitive projective 

group of the plane will leave either a point, a line, or a conic 
at rest. 
First we take the case where the group is at least of the 

third order. From the imprimitive property of the group 
we know there is an infinity of curves forming an invariant 
system. If we take any one of these curves there must be at 
least two infinitesimal transformations of the group which it 
will admit; for there are at least two such transformations 
which will not transform any chosen point on the curve from 
off the curve. Each of these curves must therefore, since 
the group is projective, be either a conic or a straight line. 
If the invariant system of oo1 curves are conies, the five 

coordinates of the conic must be connected by four equations, 
and therefore the system of conies must have an envelope. 
This envelope may consist of mere isolated points; thus the 
envelope of conies of the system u + kv = 0, where k is a 
parameter, consists of the four points of intersection of the 
two conies u = 0 and v = 0. 
Similarly, if the invariant system of co1 curves are straight 

fines, they must have an envelope. 
Now the envelope is invariant under all the transformations 
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of the group; and, if it does not consist of a mere set of 
isolated points, it must therefore, by what we have proved, 
be either a straight line or a conic. 
A sub-group of the general projective group, if of at least 

the third order, will therefore leave at rest either a point, 
a line, or a conic. 
W e now suppose the sub-group to be of order two; and 

take Xj and X2 to be its operators; we have 

(Xj,X2)=aX1 + &X2 

where a and b are constants ; and therefore if we take as the 
operators of the group X j and aXx + bX2, w e see that the group 
m ust have the structure 

(-^1.-^2) = hX2-
If b is not zero, by taking the fundamental operators of 

the group (i.e. those in terms of which the others are to be 

expressed) to be t Xx and X2, we have the structure 

(Xj,X2) = X2; 

if, however, b is zero the structure is given by 

(Xj,X2) = 0. 

If the group is intransitive there will be an infinity of 
invariant curves; and, by what w e have proved, these must 
be straight lines or curves. If on the other hand the group is 

transitive we throw X„ into the form—; and then we may 
3 3 3a; 

take X , in the form x — + — , if the structure is given by 
L dx dy 

(Xj, X ^ = X 2 ; if the operators are permutable, we take X j in 
the form — • 

34/ 
In either case the line at infinity is invariant under the 

operations of the group; and therefore returning to. the 
original variables some curve admits two infinitesimal pro
jective transformations, and therefore must be either a straight 
line or conic. 

Finally if the projective group contains only one operator, 
let it be 
(ex + e2x + e3y + x(eix + e5y))p + (e6 + e1x + e8y+y(eix + eBy))q. 

The condition that the straight line 
A. as + py + v = 0 
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may be invariant requires it to coincide with 

X (ex + e2x + e3y + x(eix + eBy)) 

+ p(e6 + e7x + e3y + y(eix + e5y)) = 0. 

The equations therefore to determine X, p., v are 

Xe2 + pe7 — vei = kX, Xe3 + pes — veB = kp, Xex + pee = kv, 

where k is to be determined by 

e2—k, en , l 
e3 es As, eB 

ex ee k 

= 0: 

and there is therefore at least one straight fine which the 
group leaves at rest. 

In every case, therefore, a sub-group of the general projective 
group of the plane must leave at rest either a point, a straight 
line, or a conic. 

§ 298. We now proceed to show how the primitive groups 
of space are to be obtained. W e take as origin a point of 
general position, and arrange the operators of the group 
according to degree, as in § 259. 
There will be three operators of zero degree 

p + ..., q+..., r+..., 

where we write p for r—. q for ^-. r for —; and a number of 
r dx * dy dz 

operators of the first degree which cannot exceed nine. Let 
the operators of the first degree be X j , X2,... where 

Xk=(akxx + ak2y + ak3z)p + (bklx + bk2y + bk3z)q 

+ (Ckxx + ck2y + cksz)r + ---> 

and ahx, ..., bkx,..., ckx,... denote constants. 
If we put as = uz", y = vz', z = z1, then in the new variables 

the terms of lowest degree in X k are transformed into 

(a^u + a^v + a^-^u + c^v + c^u) — 

+ (bklu + bk2v + bk3 -(cklu + ck2v + ch3)v) — 

. , 3 
+ (ckxu + ck2v + ck3)z ̂ ,-

CAMPBELL C C 
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If we now regard u, v as the line coordinates of straight 
lines through the origin, we see that the co2 linear elements 
through the origin are transformed by the group of the origin, 
in exactly the same way as the straight lines u, v are trans
formed by Fj, F2, where 

Yk = (Hi^ + a^v + a^-^u + c^v + c^u)^ 

+ (bkxu + bk2v + bk3-(ckxu + ck2v + ck3)v)~. 

The linear operators Fj, F2, ... are now the operators of 
a projective group in the variables u, v, and there cannot be 
more than eight independent operators in such a group. 
If there are eight independent operators Yx,..., F8 the group 

is the general projective one 

3 3 3 3 3 
4i— . U^— , V — , V r— . ^—. 
344 dv dU dV 34* 

^—. U2 |-4/yy—. uv^ l-w c—; 
34; du dv dU dv 

and the terms of lowest degree in Xj, ...,X8 are the terms of 
the special linear homogeneous group 

zp, zq, xq, xp — zr, yq—zr, yp, xr, yr. 

It may be proved by the method of Chapter XXI that in 
this case the primitive group we seek must be one of the 
following three:— 
The general projective group of space 

/j\ [p, q> r> xp> yp, zp, xq> yq> n, xr, yr,zr, 
x2p + xyq + xzr, xyp + y2q + yzr, xzp + yzq + z2r]; 

the general linear group 

(2) [p, q, r, xp, yp, zp, xq, yq, zq, xr, yr, zr]; 

the special linear group 

(3) [p, q, r, xq, xp-yq, yp, zp, zq, xp-zr, xr, yr]. 

§ 299. If Fj, F2, ... are not the operators of the general 
projective group they must form a sub-group of it; and must 
therefore have the property of leaving at rest either a point, 
a straight line, or a conic. 
They cannot leave any point at rest; for, if they did, the 

group of the origin, viz. Xj, X2, ... and the operators of higher 
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degree, would leave at rest a linear element through the origin, 
and therefore the group would not be a primitive one. 
Suppose that YX,Y2,... have as invariant a straight line, 

then the primitive group we are seeking must have an 
invariant equation of the form 

adx + 8dy + ydz — 0 

where a, 8, y are functions of as, y, z. 
By a change of variables we can reduce this equation to the 

dz—ydx= 0*, 

and the group we seek must therefore in the new variables 
be a contact group in the plane xz. 
If this contact group were reducible, it would have an 

invariant equation system of the form 

dx _ dy _ dz _ 

a 8 ay' 

and therefore, regarded as a point group in space, could not 
be primitive. 
Since then it must be irreducible, it can by a contact trans

formation of the plane be reduced to one of the three forms : 

(1) p, q + xr, r, xq + \x2r, xp — yq, yp + \y2r; 

(2) p, q + xr, r, xy + \x2r, xp — yq, yp + \y2r, xp + yq + 2zr; 

p, q + xr, r, xq+\x2r, xp — yq, yp + \y2r, xp + yq + 2zr, 

(3) (z—xy)p — \y2q — \xy2r, \x2p + zq + xzr, 

(xz-\x2y) p + (yz-\ xy2) q + (z2-\ x2y2) r. 

If a group is imprimitive, it must be admitted by some 
equation of the form 

(4) £p + yq + £r = 0. 

Now if for a transformation of the form 

(5) x'=f(x,y), y'=<p(x,y), z'=^(x,y,z) 

the equation (4) is invariant, then for the same transformation 
the equation ? , „ n 

^ £p + v q = 0 
must be an invariant one. 

The group (1) can only be admitted by (4), if £, 77, £ do not 

* It could not reduce to the form dz = 0, for then the group would he 
imprimitive. 

C C 7, 
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contain x or z; for only equations of this form could admit 
the operators p and r. Again it is clear that every trans
formation of (1) is of the form (5), and therefore 

i-p + nq^ o 
must admit the group 

p, q, xq, xp-yq, yp, 

formed by omitting the parts of the operators involving r. 
This group, however, in x, y is primitive, and cannot be 

admitted by an equation of the form ip + yq = 0 ; and there
fore we conclude that the only equation which could admit 
(1) is the equation r = 0. 
It can be at once verified that this equation admits both 

the group (1) and the group (2), so that these groups are 
imprimitive. 
If the group (3) is admitted by an equation of the form 

(4) gp + vq + £r; 

then, since (1) is a sub-group of (3), the group (l) must also 
have the equation (4) as an invariant one ; from what we 
have proved therefore, £ and tj must both vanish identically, 
and we have only to try whether r = 0 admits the group (3). 
N ow it can be at once verified that it does not do so; so 

that (3) is the only primitive group of space obtained from 
the supposition that Fj, F2,... have as invariant a straight fine. 

§ 300. If we transform to the variables 

/Q X f 
y = y2, x = -?> z = z, 

then in the new variables the Pfaffian equation 

dz—ydx = 0 becomes dz'—y'dx' + x'dy'= 0 ; 

and we have the primitive group of space x, y, z, 

/.\ P~yr> q + ^r, r, xq, xp—yq, yp, xp + yq+2zr, 
*• ' zp —y(xp + yq+ zr), zq + x(xp + yq + zr), z(xp + yq + zr), 

characterized by the property of leaving unaltered the equa-

dz—ydx + xdy = 0, 

and transforming the straight lines of this linear complex 
inter se. 
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§ 301. We have now only to consider the case where 
Fj, F2,... has an invariant conic which does not break up 
into straight lines. 
By a projective transformation any conic can be reduced 

to the form , 
x2 + y2+l — 0; 

and we need therefore only consider the projective group 
which such a conic can admit. 
If the conic admits 

(ex+e2x + e3y + x(e4x + eBy))p + (ee + e^x + eay + y(eix + eBy))q, 

we must have 

e3 + ei, = 0, e2=0, es = 0, ex—ei = 0, eB-ee = 0; 

and therefore the operator must be of the form 

exX + e2Y+e3Z, 

where X = yp—xq, Y= (1 +x2)p + xyq, Z = xyp + (l+y2)q. 

The operators Fj, F2,... must therefore be the operators of 
the group X, F, Z with the structure 

(F, Z) = X, (Z, X) = Y, (X, Y) = Z, 

or of one of its sub-groups. 
If the sub-group is of order one we have proved that it 

leaves a straight line at rest, and therefore comes under the 
case already considered. 
Next we take the case where the sub-group is of order two, 

and we take its operators to be 

exX + e2Y+e3Z and exX + z2Y+(3Z. 

Since the alternant of these two operators must be dependent 
on them we must have 

(exX + e2Y+e3Z, exX + e2Y+e3Z) 

= p(exX + e2Y+e3Z) + q(exX + e2Y+e3Z); 

and therefore, since the alternant is easily proved equivalent 

(e2e3-e3e2) X + (e3fj-eje3) F+ (exa2-e2ex) Z, 
we have 

e2e3-e3e2, e3ex-exe3, exe2-e2ex 

= 0; ex e2 

e-, e, 
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that is, (e2e3-e3e2)2 + (e3ex-exe3)2 + (exe2-e2ex)2 = 0. 

If we choose X, p., v to satisfy the equations 

Xex + pe2 + ve3 = 0, Xex + p,e2 + vea, 

it can be at once verified that the straight line 

X = py — vx 

admits this sub-group, so that this also falls under the case 
already considered. 

W e have therefore only to consider the case where the 
group Fj, F2, ... is of the third order. 

§ 302. We must now find the form of a group in x, y, z 
which is of at least the sixth order, with three operators 
of zero degree, and at least three of the first degree, and with 
the property of having an invariant equation of the form 

(1) adx2 + bdy2 + cdz2 + 2fdydz + 2gdzdx + 2 hdxdy = 0, 

where a, b, c, fi g, h are functions of x, y, z such that the 

discriminant abc + 2fgh-af2-bg2-ch2 
is not zero. 

The equation (1) is not altered in form by any point trans
formation, and it m a y easily be proved that by a suitably 
chosen transformation we may reduce it to the form 

(2) adx2 + bdy2 + cdz2 = 0. 

The origin being a point of general position, and the dis
criminant not being zero, we know that if we expand the 
functions a, b, c in powers of the variables the lowest terms 
will be of degree zero; and by a linear transformation we 
may take these lowest terms each to be unity. W e must now 
find all possible forms of primitive groups of order not less 
than six which the Mongian equation (2) can admit. 

Arranging the operators according to degree, as in § 259, 
we shall first prove that the group cannot contain an operator 
of degree three, and therefore none of higher degree. 

If the equation admits the operator 

„ .3 3 . 3 
3as dy dz 

we must have; for all values of x, y, z, dx, dy, dz, satisfying (2), 

2 a (£jdas + £2dy + £3cfe) dx + 2b (r}xdx + -r\2dy + -n3dz) dy 

+ 2c (£xdx +£2dy+ £3dz) dz + X a . dx2 + X b . dy2 + Xc. dz2 = 0, 

where suffixes are used to denote partial derivatives. 



303] O F S P A C E 391 

It therefore follows that we must have 

l>V3 + c£2=0, c£j + a£3 = 0, a£2 + Z>?jj = 0, 

and, if p denotes some undetermined factor, 

2a£j + Xa = pa, 2brlz + Xb = pb, 2c£3 + Xc = pc. 

We now suppose X to be an operator of the third degree 
of which the terms of lowest degree are 

.3 3 „ 3 
3as 34/ 32: 

so that X = £— +77 — + £— + .... 
dx dy dz 

The equations satisfied by £, 77, £ are now 

%+C2 =0. Ci + £3 = 0, £2 + 77j = 0, 
2a£j = pa, 2brj2 = pb, 2c£3 = pc, 

since we may neglect Xa, Xb, Xc, as containing no terms 
of degree less than three, while the derivatives of £, 77, £ only 
contain terms of the second degree. 
These equations can be written 

v3+C2 = °. &+£s = o. i2+vx = °, £x = v2 = £3; 

and we have proved in Chapter II, § 35, that no values of 
£, 77, £ of the third degree can be found to satisfy these equa
tions ; we therefore conclude that the group cannot contain 
any operator of the third degree. 

§ 303. Still making use of the results of Chapter II, we 
shall see that the only possible operators of the second degree 
are dependent upon 

(1) (X2_y2_z2}}_ + 2xy}_+2zx]L+_} 

(2) 2as4/^+(4y2-z2-as2)^ + 24/*^+..., 

(3) 2zx± + 2yz±+(z2-x2-y2)^+.... 

Similarly we see that the only possible operators of the first 
degree are dependent upon 

W ydz-ZTy+~-> 
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(s) 

(6) 

(?) 

3 

3as 

3 
as— • 
34/ 
3 

as — 
3a; 

3 
-as — + .. 

32 
3 

~ ^ + " 

3 

+ W 

• 3 

' 3 

3 
3̂  + " 

and therefore the group is of the tenth order at highest. 
W e next see, as in § 264, by aid of the isomorphic group 

Fj, F2,... in the variables u, v, that there must be three 
operators of the first degree at least, viz. 
3 3 ,3 3,3s 

•y- z •^ + e(x— + y^— + z~)+..., 
J dz dy v 3a; dy dz' 

3 3 / 3 3 3 s 
z- a s — +e(as —- + y — + z — ) + ..., 
dx dz V 3as dy dz' 
3 3 / 3 3 3 % 

x ^ — y ^ r + e(x-^- + y^- + z^)+---, 
dy u dx v 3a; dy dz' 

where e is a constant. 
If we form the alternants of these three we see that, unless 

e is zero, the group must also contain 
3 3 3 

«^— + 4/ — + z — + ..., 
3as dy dz 

and therefore the group must contain (4), (5), (6), and may 
also contain (7). 

If we denote by 1 the operator (1) and so on, we see that 
1, 2, and 3 are commutative; and that 
(1,4) = 0, (1,5) =-3, (1,6) = 2, (2,5)= 0, (2, 4) =3, 
(2,6)=-T, (3,6)= 0, (3,5) = I, (3, 4) = -2. 
From these identities we see that if the group admits any 
operator of the second degree, viz. (1), (2) or (3), it must admit 
all three. 

W e first consider the case where the group admits no 
operator of the second degree, and not (7), but only (4), (5), 
(6) in addition to the three of zero degree. 

If we denote 4 by X, 5 by F, 6 by Z, and the three opera
tors of zero degree, 

p+..., q + ..., r + ..., 
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by P, Q, R respectively, we have 

(F, Z) = - X , (Z, X) = -Y, (X, Y) = -Z. 

We also have, since X, Y, Z, P, Q, R generate a group, 

(P, X) = axX + bxY+cxZ, (P, F) = - R + a2X + b2Y+c2Z, 

(P,Z) = Q + a3X + b3Y+c3Z, 

where ax, bx, ... denote structure constants; if we add to 
P, Q, R operators dependent on X, F, Z, we may throw these 
identities into the simpler forms 

(P,X)=,aX, (P,Y) = -R, (P,Z) = Q, 

where a is some constant. 
From the Jacobian identity 

(P, (X, F)) + (F, (P, X)) + (X, (F, P)) = 0, 

which we now write in the form (P, X, F) — 0, as we shall 
have occasion to employ it often, we deduce 

(R, X ) = - Q + aZ; 

while, from (P, X, Z) = 0, we have 

(Q,X) = P + aF; 

and, from (P, F, £) = 0, we have 

(R,Z) + (Q, F) = aX. 

We now have (Q, Z) = - P + axX + bx Y+cxZ, 

and deduce, from (Q, X, Z) = 0, that 

(Q, Y)-(R,Z) = cxY-bxZ; and therefore 

2(Q, Y) = aX + cxY-\Z, 2(P, Z) = aX-cxY+bxZ. 

From (Q, Y, Z) = 0, we then conclude that a, ax, and cx are 
zero; and have so far determined the structure of the group 
that we may say that 

(P, X) = 0, (P, F) = -R, (P, Z) = Q, (Q, X) = R, 

(Q, Y) = -bZ, (Q,Z) = - P + 26F, (R, X) = -Q, (R, Z) = bZ. 

From (Q, X, Y) = 0, we now see that 

(R,Y) = P-bY; 

and, from (R, X, Y) = 0, we see that b is also zero. 
Suppose that 

(P,Q)=axP+bxQ + cxR + XX + pY+vZ; 



394 THE PRIMITIVE GROUPS [303 

we then see from (P, Q, X) = 0, and from (P, Q, 7) = 0, that 

(R, P) = cxQ-bxP-pZ+vY, 

(Q, R) = cxP-axR-XZ+vX; 

and, from (P, Q, Z) = 0, we conclude that ax, bx, X, p are all 
zero, and therefore 

(P, Q) = cxR + vZ, (Q, R) = CjP + z,X, (R, P) = CjQ + ̂ F. 

If we now take as the operators of the group instead of P 
the operator P + eX, instead of Q the operator Q + eY, and 
instead of R the operator R + eZ, it is seen that the only 
structure constants which are changed are cx and v which 
become respectively cx-^2e and v — cxe + e2. By properly 
choosing e we can therefore throw the structure of the group 
into the form 

(F, Z)= -X, (Z,X)= - Y, (X,Y)= - Z, (P,X) = 0, (Q,Y)= 0, 

(R,Z)= 0,(P,F)=-P,(P,^)= Q,(Q,X)=R, (Q,Z)=-P, 

(R,X)=- Q, (R,F)= P, (Q,P)= cP, (R,P)=cQ, (P,Q)= cR. 

§ 304. Two cases now present themselves according as c is, 
or is not, equal to zero. 
First we take the case where c is zero. 
P, Q, R now form a simply transitive Abelian sub-group. 

By a point transformation we can therefore reduce P, Q, R 

to the forms —. ^—. ^— respectively; suppose that 

v ,- 3 3.3 
X = £.- + 77s- + £V> 

3a; dy dz 
where in £, 77, £ the lowest terms, when expanded in powers of 
x, y, z, are of the first degree. From 

(P,X) = 0, (Q,X) = R, (R,X) = -Q, 

we see that (denoting partial differentiation with respect to 
x, y, z by the suffixes 1, 2, 3, respectively) 

£1 ='h = & = °. £2 = v2 = °i (2 = 1, 4=C3=°. v3 = ~1; 

and therefore X = 4/ ^ z — • 
3;3 34/ 

Similarly we see that F= 2r as :r— and Z = *^ 4/ —; 
J dx dz dy a dx 

and therefore the group is simply the group of movements in 
ordinary space; and the invariant Mongian equation is 

dx2 + dy2 + dz2 = 0. 
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Next we take the case where c is not zero; and we choose, 
as the fundamental operators of the group, 

P, Q, R, X-cP, Y-cQ, Z-cR, 

which we may denote by 

P, Q, R, P\ Q', R'. 

The structure is now given by 

(P, Q) =-R, (Q, R) =-P, (P, P) =_Q, 

(P', Q') = -R', (Q', R') = -P', (R'y P-) = _Q', 

while each of the operators P, Q, R axe commutative with 
each of the operators P', Q', R'. 
W e may also rearrange these operators, taking 

U = -P+iR, V=iQ, W = -P-iR, 

U'=-P' + iR', Y'=iQ', W'=-F-iR', 

where i is the symbol for V — 1 ; the group is now the direct 
product of two simply transitive reciprocal groups. 
Since U, Y, W is simply transitive, and has the same 

structure as 

q + xr, yq + zr, (xy—z)p + y2q + yzr, 

it may be transformed into the latter when U', Y', W will 
be transformed into 

p + yr, xp + zr, x2p + (xy—z)q + zxr. 

It will be noticed that in this form the origin is no longer 
a point of general position ; and it may at once be verified that 
in this form the group has the invariant Mongian equation 

dz2 + y2dx2 + x2dy2 + (4:Z — 2xy)dxdy — 2xdydz— 2ydzdx = 0. 

This group, which is admitted by the quadric z—xy = 0, is 
the group of movements in non-Euclidean space. 

§ 305. If we were to consider the case of a group containing 
no operators of the second, but four of the first degree, and 
three of zero degree, we should similarly obtain the group of 
order seven consisting of movements in Euclidean space and 
uniform expansion, viz. 

Pi ?> r, yr—zq, zp — xr, xq — yp, xp + yq + zr. 

Finally, if we were to consider the group containing three 
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operators of the second degree, we should find that there 
must be four operators of the first degree in the group, as 
well as three of" zero degree; and should arrive at the con-
formal group in three-dimensional space, consisting of move
ments in Euclidean space, uniform expansion and inversions, 
viz. the group 

(1) \j), q, r, xq—yp, yr — zq, zp — xr, IT, 2xU—Sp, 

2yU-Sq, 2zU-Sr], 

where U = xp + yq + zr and 8 — x2 + y2 + z2. 

This group has the property of being the most general 
group for which the equation 

dx2 + dy2 + dz2 = 0 
is an invariant. 

B y the operations of this group any sphere is transformed 
into a sphere, and in particular any point sphere 

(x-a)2 + (y-b)2 + (z-c)2 = 0 

is transformed into some other point sphere. If, therefore, we 
apply the contact transformation with the generating equations 

x' + iz' + xy'—z = 0, x(x'—iz') + y — y'= 0*, 

by which spheres in space as', y', z? are transformed to straight 
lines in space as, y, z, and point spheres to straight lines of 
the linear complex 

(2) dz + ydx—xdy = 0, 

we should expect to obtain the projective group (1) of § 300, 
for which the linear complex (2) is an invariant. 

It m a y be verified that this is the case, and therefore the 
groups (1) of § 300 and (1) of this article have the same 
structure. 

§ 306. We have now found all possible types of primitive 
groups of space; that all these eight groups are primitive is 
easily proved ; the groups (1), (2), and (3) are primitive because 
they have no invariant linear element for the group of the 
origin, a point of general position; the group (1) has been 
proved primitive; and the groups (5), (6), (7), and (8) are 

* These are obtained from the equations of Chapter XVII by the 

x = - x-,, y = 

substitution ,y= ju S'=_,yij x/ = 
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primitive because the three operators of the first degree do 
not leave any linear element through the origin at rest. 
Collecting the results of this chapter we conclude that every 

primitive group of space is of one of the following types : 

(1) [p, q, r, xp, yp, zp, xq, yq, zq, xr, yr, zr, 

x2p + xyq + xzr, xyp + y2q + yzr, xzp + yzq + z2r]; 

(2) [p, q, r, xp, yp, zp, xq, yq, zq, xr, yr, zr] ; 

(3) \j>, q, r, xq, xp-yq, yp, zp, zq, xp-zr, xr, yr] ; 

(4) [p — yr, q + xr, r, xq, xp—yq, yp, xp + yq + 2zr, 

zp—y(xp + yq + zr), zq + x(xp + yq + zr), z(xp + yq + zr)]; 

(5) [p, q, r, yr-zq, zp-xr, xq—yp]; 

(6) [q + xr, yq + zr, (xy—z)p + y2q + yzr, p + yr, xp + zr, 

x2p + (xy—z)q + zxr] ; 

(7) [p, q, r, yr—zq, zp—xr, xq—yp, xp +yq + zr]; 

(8) [p, q, r, xq — yp, yr—zq, zp — xr, U, 2xU—S.p, 

2yU-8.q, 2zU-S.r], 

where U = asp + yq + zr and 8 = a;2 + y2 + z2. 



CHAPTER XXV* 

SOME LINEAR GROUPS CONNECTED WITH HIGHER 
COMPLEX NUMBERS 

§ 307. In this chapter we shall explain briefly an interesting 
connexion between the theory of higher complex numbers 
and that of a particular class of linear homogeneous groups. 

k — i = ra 

(1) L e t a/g = 2 «,ifc aSiVhi ( s = l,...,n) 

be the finite equations of a simply transitive linear group, 
characterized b y the property of involving the parameters 
2/i> •••> 2/« linearly in the finite equations of the group. 

W e m a y suppose that the coordinates have been so chosen 
that (1, 0, 0, ...) is a point of general position, and therefore, 
the group being transitive, w e m a y transform this point to 
any arbitrarily selected point b y a transformation of the 
group; it is therefore necessary that the n linear functions 

k — n 

2a««2/7i. (e = l,..., n ) 

should be independent. 
If w e n o w introduce a n e w set of parameters zx,...,zn 

k — 'n. 
defined b y ~ _ "K „ „, 

the equations of the group will take the form 

k — i = n 

(2) x's=^LPeikxizk; 

and, since the coefficient of asj must be zs, we shall have 

(3) Pslk = €sk> 

where esk is equal to unity if s = k, and to zero otherwise. 

* In this chapter I have made much use of 5 § 3, 4 in Chapter XXI of 
Lie-Scheffers' Vorlesungen Uber conlinuierliche Gruppen. 
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The equations (2) define a group which will, we assume, 
contain the identical transformation. It must, therefore, be 
possible to find zx,..., zn to satisfy the equations 

k = n 

2* Psikzk = edi 

and in particular, taking i to be unity, to satisfy the equations 
k — n 

2* esk zk = eex, 

so that 0j = 1, z2 = 0,..., zn = 0, and Bsix = eai. 
Expressing the fact that the operation, resulting from first 

carrying out the operation with the parameters zx,..., zn, and 
then that with the parameters z'x, ..., z!n, must be the same as 
the operation with some parameters z[',..., z'̂ , w e have 

i=j — k = l = n k—i = ti 
(4) 2 >38ikPijixjziz'k =2 &»** xi> (s = l> --,n)-

Equating the coefficient of asj on each side w e see b y (3) that 
i=k—l—n i=k—n 

(5) «*'=2 Pm Psxi zi 4 = 2 Phh zi «* • 

These equations give the parameters z'l,..., z1̂  ; and if we 
substitute their values on the right of the equation (4), and 
then equate the coefficients of the variables on each side we 
obtain, as the necessary and sufficient conditions (in addition 
t° Psxk = Pskx — eek) m order that (2) m a y be the equations 
of a group 

i = 7i i = n 
(6) 2 Psik Pijz = 2 Peji Pilk 
for all values of s, k, j, I from 1 to n inclusive. 

A linear group of the form (1) w h e n thrown into the form 
(2) is said to be in standard form; from (5) w e see that the 
group in standard form is its o w n parameter group. 

B y interchanging k and j in (2) w e see that the equations 
k — i = n 

C) <=!Lp8kixizki (s=l,...,n) 
also define a linear group in standard form, and with the 
parameters only involved linearly. 

The condition that the linear transformations 
j = n 3 = 11 

x'i = 2 aij xj and X'i = 2 hij Xi 
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may be permutable is 
j = n j = n 

(8) ^aijhjk=^bijajk; 

we therefore see from (6) that every operation of (2) is per
mutable with every operation of (7); the two groups are 
then reciprocal. 

§ 308. Conversely, any simply transitive linear group, whose 
reciprocal group is also linear, must be of the form (2) of 
§ 307. W e prove this as follows : 

If Sx,..., 8r are a number of linear transformations (which 
need not form a group), we say that the linear transformation 

XXSX+... + XrSr, 

where Xx, ..., Xr are constants, is dependent on 8X,..., 8r. 
It is clear that in n variables there cannot be more than 

n2 independent linear transformations. 
If we are given r linear transformations Sx, ..., $r we cannot 

in general find a linear transformation T permutable with 
each of them; the forms of the given transformations, however, 
may be such that there are a number of linear transformations 
permutable with them. 

Let Tx,..., Ts be the totality of all independent linear 
transformations permutable with 8X, ..., 8r. The condition 
that two linear transformations should be permutable shows 
us that every linear transformation dependent on Tx,..., Ts is 
permutable with every linear transformation dependent on 
Sx,..., Sr. N o w Tt Tj is linear and permutable with 8x,...,Sr; 

it must therefore be dependent upon TX,...,TS, and therefore, 
from first principles, Tx, ..., T8 form a finite continuous group 
into which the parameters enter linearly. 

The operations Sx, ..., Sr must now be operations of a linear 
group of the class w e are now considering. For 8^8j is a 
linear transformation, permutable with Tx,..., Ts; and there
fore from Sx,..., Sr we can generate a group which will be 
linear, permutable with Tx,..., Ts, and will include amongst 
its operations Sx,..., 8r. 

The two groups Sx,82,... and Tx, T2,... will be permutable 
and each will involve the parameters linearly. 

Let 8X,..., Sn he a simply transitive linear group (?, with 
the special property that its reciprocal group Y (which is of 
course simply transitive) is also linear in the variables. By 
what we have proved V must involve the parameters linearly; 
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and therefore G being the reciprocal group of T must do 
likewise; and therefore be of the form (7) of § 307. 

§ 309. The linear operators of (2) § 307 are given by 

Xk=^Psikxij^> (k=l,...,n), 

and in particular the group contains 
s=n 

Xj=2*ss—' 
1 -** s3asg 

which is permutable with every other linear operator. 
A linear group therefore in which the parameters enter 

linearly m u s t always contain the Abelian operator 
s — n 

2**3V 

If we are given the infinitesimal operators of a simply 
transitive linear group w e m a y at once determine whether or 
not it belongs to the class of groups w e are here considering. 
Let these operators be 

8 =:% — % 

Xk=^La8ikxi^T' (k=l,...,n); 

then, if the group is of the required class, we know that the 
finite transformations m u s t be given b y 

i = k = n 

<=2 adkxiyk, 

and therefore if, and only if, these equations generate a group, 
will the given group be of the required class. 

§ 310. We shall now determine all possible groups of this 
class in three variables. 

First w e shall prove that the alternant of t w o linear opera
tors can never be equal to the linear operator 

8 = » 

•** edxs 

T h e operators of the general linear homogeneous group are 
3 

3aV 
x — , ,,,, where i and k are any integers from 1 to w 

d d 
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and the operators of the special linear group are xt-—, ..., 
3 3 dxk 

where % and k are unequal, and also x$ ̂  aŝ  ̂ — • 
"xi "xk 

This operator U cannot then belong to the special linear 
group; the alternant therefore of two operators of the special 
linear group can never be equal to U. 
N o w if X is any linear operator whatever, we can find 

a constant X making X + XU an operator of the special linear 
group. W e then take (X and F being any two linear opera
tors) X + X U and Y + p U to be two operators of this special 
group. W e have to prove that (X, F) cannot be equal to U; if 
it were equal to U then (X + XlT, Y+pV), being identically 
equal to (X, F), would be equal to U; and we have just 
proved that this is impossible. 
Let now X, F, JJ be the operators of a group of the re

quired class, viz. one in which the parameters enter the finite 
equations linearly. The operator U being permutable with 
every linear operator, we have 
(U,X) = 0, (U,Y) = 0, (X,Y) = aX + bY+cU, 

where a, b, c are some constants. We have just proved that 
a and b cannot both be zero unless c is zero ; if a, b, c are all 
zero the group has the structure 

(1) (U,X) = 0, (U,Y) = Q, (X, F) = 0. 

Now this group is Abelian, and therefore, if linear, must 
be of the required class; for its reciprocal group coincides 
with it, and is therefore linear, and by § 308 must therefore 
involve the parameters linearly in its finite equations. 
If a and b are not both zero, and we take operators of 

the form X + XU, Y+pU, and U as fundamental operators 
of the group, we can cause c to disappear from the structure 
constants; and we then see that fundamental operators may 
be so chosen that the group will have the structure 

(2) (U,X) = 0, (U,Y) = 0, (X,F) = X 

From what we have proved in § 263, we see that any linear 
operator in the variables x, y, z must be of one of the 
following types: 

xp + byq +cU, where 6 and c are constants and 6^1; 

(3) xp + ezq +cU, where e is zero or unity; 

exxp + e2zq + cU, where ex and e2 are unity or zero. 
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We therefore can take X to be of one of the following types 
(since the group has U as one of its operators): 

(4) xp + byq, where b is neither zero nor unity; 

(5) xp; (6) xp + zq; (7) yp + zq; (8) zq. 

We must then find F from the identity (X, F) = 0, or 
from (X, F) = X. 
Let the third operator of the group be 

xr r ° 3 ^3 
3as dy dz 

where £, 77, £ are linear and homogeneous functions which can 
be found from the structure constants when we know X ; in 
finding F we may omit any part which is dependent on 
X and Z7. 
Take X in the form (4) and form its alternant with F; 

we have 

x£x + ty£2-£=*<;, xr,x + byri2-bv = Xby, x£x + by£2 = 0, 

where X is zero if the group is in Class (l) and unity if in 
Class (2); we then find that the only possible group is in the 
first class and is 

(A) xp, yq, zr. 

Taking X in the form (5), we see that the group must 
contain yq + zr; and, if it is in Class (l), F must be of the form 

(axy + a2z) q + (a3y + aAz) r. 

Omitting the part yq + zr we can reduce this, by § 263, 
to one of the two forms yq — zr or zq; the group is therefore 
either of the form 

(B) xp, zq, xp +yq + zr, 

or it is of the form (A). 
It may be shown that there is no group in Class (2) with X 

in the form (5). 
It may also be verified that (6) does not lead to" a new 

group. 
Passing to (7), we see that in Class (l) Fmust be of the 

form zp; if Fis in Class (2) it may be reduced to the form 
xp—zr by a linear transformation. 

D d % 
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We therefore have the two groups 

(C) yp + zq, zp, xp + yq + zr; 

(D) yp + zq, xp—zr, xp + yq + zr. 

W e next take X to be zq; if the group is in Class (1), we 
have sr i . \ 

y = (axx + a2z)p + a3xq. 
W e cannot have ax = a2 — 0, for this would make the group 
intransitive. 
If ax — 0 but neither a2 nor a3 is equal to zero, we have 

the type (C) again. 
If ax = a3 — 0 we get the type 

(E) zp, zq, xp + yq + zr. 

If ax is not zero, we may reduce (by linear transformation) 
F to the form axxp; we thus obtain the type (B) again. 
If the group is in Class (2) and X = zq, we have 

F = (axx + a2z) p + (y + a3x) q. 

If ax = 0, then, the group being transitive, a2 cannot be 
zero; by a transformation of the form 

x'=x + vz, y'—y + Xx, z'=z, 

we may then reduce F to the form yq + zp. 

This gives the group 

(F) zq, yq + zp, xp+yq + zr. 

If ax= 1, we may so transform that 

F = a3xq—zr; 

if a3 is not zero, this gives the group 

(G) zq, xq + zr, xp + yq + zr; 

if a3 is zero, we have the group 

(H) zq, xp + yq, zr. 

If ax is neither zero nor unity, we may reduce F to the form 

axp + yq; 

and we then have the group 

(I) zq, axp + yq, xp + yq + zr, 

where a is neither zero nor unity-
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§ 311. We must now examine all these groups to see 
whether the parameters occur linearly in the finite equations 
of the groups. 
The finite equations corresponding to (A) are 

as'= ejas, 4/= e2y, z'= e3z. 

The point (1, 0, 0) is not, however, a point of general 
position, since the coefficients of as in the three equations are 
not independent linear functions of the parameters. 

These equations clearly form a group with the property of 
being its own parameter group. The group is not, however, 
in what w e have defined, as standard form, though it can be 
brought to that form. To bring it to standard form it is 
necessary to transform it so that in the new coordinates the 
point (1, 0, 0) m a y be one of general position. W e therefore 
take 

asj = as, x2 = x + y , x3 — x+z, 

and thus obtain the group 

(A) asi = 4/jasj, as2 = 4/2aSj + (4/j-4/2)as2, x'3 = y3xx + (yx-y3)x3. 

This group is one of the class required and is in standard form. 
The finite equations which correspond to (B) are 

as'= (ex + e3) as, 4/'= e3y + e2z, z'= e3z. 

If we take xx = z, x2 = y, x3 = x+z, 

yx = ~e3> 2/2 = e2. 2/a = ei> 

we have a group of the required class 

(B) x'x = yxxx, as2 = 4/2aSj+4/jas2, x'3 = y3xx+(yx-y3)x3. 

The operators (C) lead to the group 

(C) asj=4/jasj, x'2= y2xx + yxx2, x'3=y3xx + y2x2 + yxx3, 

which is of the required class and in standard form. 
If the operators (D) lead to a group whose finite equations 

involve the parameters linearly, the equations in finite form 

must be 

a;' = (e2 + e3)x + exy, y'=e3y + exz, z' = (e3 - e2) z. 

N o w these are not the equations of a group at all, so that 
the equations (D) do not lead to a group of the type w e want. 

Similarly w e see that (F), (G), and (I) do not lead to the 
required type of group. 
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The operators (E) lead to 

(E) x'x=yxxx, x'2 = y2xx + yxx2, af3= ysxx + yxx3. 

Finally the operators (H) lead to 

(H) asj=4/jasi, x'2=y2xx + yxx2 + y2x3, x'3=y3xx + (yx + y3)x3. 

There are, therefore, only five types of groups in three 
variables which are linear in both variables and parameters; 
and of these groups only (H) is non-Abelian. 

A n example of a non-Abelian group linear in four variables 
and four parameters is 

asj = yxxx-y2x2-^y3x3-yixi, 

4= 2/2a;i + 2/ia'2-2/4a!3-2/3a:!4. 

4= y3xi~yix2+yix3+y2xi, 

x'i= yixi+y3x2-y2xs+yixi-

A n example of an Abelian linear group in five variables is 

xx=yxxx, 

x2= y2xi+2/ia;2> 

asg = 4/3 asj + y2x2 + yxx3, 

x\= y^ + y^ + y^ + y^, 

x'b = 2/5% + 24^2 + 2/3^3 + 2/2*4 + yxxs*-

§ 312. W e n o w proceed to explain the connexion of these 
results with the theory of higher complex numbers. 

Let ex, ..., en he a system of n independent complex num
bers ; any number x of the system can be expressed in the 
form _ 

as — a?j 6j +... -r xn e^, 
where xx, ...,xn are ordinary numbers; x can therefore only 
be equal to zero when xx,...,xn are each zero. 

W e call ex,..., en the fundamental complex numbers of the 
system; but if Bx,...,Bn are any n independent complex 
numbers of the system w e could equally take them to be 
the fundamental complex numbers, and express all other 
numbers in terms of them. 

From the fact that the number resulting from the multi
plication of two complex numbers must be expressible in 
terms of the fundamental complex numbers w e have 

* Burnside, Proceedings of the London Mathematical Society, XXIX, p. 339. 
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j = n 

ekei=Hvjkiej, 

where yjki,... are a system of ordinary numbers, fixed w h e n 
w e have chosen our fundamental complex numbers. If, 
therefore, u is the complex number yx, 

i — k — n 

U8=^78k%ykxi-

Similarly, if v is the complex number xy, 
is=k — n 

%'s=2>'Sikykxi-

F r o m the fact that division is to be an operation possible 
in the system—that is, w h e n w e are given x and u, or x and 
v, w e must be able in general to determine y — w e see that 
the determinant M ~ whose sth r o w and kth column is 

2 * yskixi' 

cannot vanish identically; nor can the determinant M'x, whose 
i = n 

sth row an(1 &th column is 2 Ysikxi> vanish identically. 

It follows, therefore, that the equation system 
i =k = n 

(1) x ' s = 2 yBuykxi, (s = 1, • •., n ) , 

where w e look on asj,..., asra as the original variables, and 
asj,..., as^ as the transformed, is such that the determinant 
of the transformation does not vanish. 

For a similar reason the determinant of 
i = k — n 

(2) ^^S/iftM 
does not vanish. 

Since in the system of complex numbers the law of multi
plication is to be associative, if u = yx and v = zy, w e must 
have z u = vx. Therefore 

t=i—n t=k=n 

2 zi ut 7sit es = 2 vt xk 7stk e8; and therefore 

t=i=j=k=n t=i=j=k=n 

2 zi es 7sit 7tjk Vj x k = l L xk 7stk es Ytij zi Vj -

Equating the coefficients of z{ es xk y^ on each side w e have 
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t= n t = n 

(3) 2 7sit 7tjk = 2 7stk 7tij • 

Now these are just the conditions that (1) should generate 
a group which is its own parameter group, and they are equally 
the conditions that (2) should do so. 

§ 313. We must now prove that these groups contain the 
identical transformation. 
Let as = asjej + ... + xnen be a general complex number, that 

is, a number such that neither Mx nor Mx is zero; we can, 
whatever u may be, find a complex number y such that u 
is equal to yx. Now let u be taken equal to x, and let the 
corresponding number y he denoted by e, so that as is equal 
to ex; we shall prove that e does not depend on a; at all, and 
shall investigate its position in the system. 
Let v be any other general complex number, and z a com

plex such that v is equal to xz; we have 

ev = exz = xz = v ; 

that is, e has the same relation to v as to as, and therefore does 
not depend on either v or as. 
Next we see that if yx is zero, where a; is a general complex 

number, we must have, since Mx is not zero, 

4/j = 0, ..., 4/„= 0. 

So, since M'x is not zero, if xy is zero, we must have 

2/i=°. -,yn= °-

Let as' be equal to as e, then 

as'a; = as ea; = xx, 

and therefore (a;'—as)as is zero, so that as' is equal to as; that 
is, we also have x — xe. 
This unique number e is therefore a complex unity. 
Let e = exex + ... + €nen, where ex, ..., en are ordinary num

bers, then, since as = as e = ex, we have 

i=k=n i=k=n 

x8 = 2 7sikxiek=^ 7ski «&xi• 

We now see that yk = ek, (k = 1, ...,n) 

will give the identical transformation in (1) and (2) of § 312. 
The two equation systems, therefore, define groups each 

containing the identical transformation; and, since neither 
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Mx nor M'x is zero, there are n effective parameters; that is, 
the groups are simply transitive, and involve the parameters 
linearly, and each group has the property of being its own 
parameter group. 
If we were to take e as one of our fundamental complex 

numbers, say ex, we should have each group in its standard 
form. 

§ 314. The infinitesimal operators of (1), §312, are Xj,..., Xn, 

i = s — n 
where 

and 

Now 

Xk=^78ikXi^ 

(Xi,Xk) =2c*7yX;'-
s=t=j=n 

(Xi, Xk) = 2 (7sji7tsk-7sjk7tsi)xj^ > 

e=t=j=n 

= 2 (7sik - 7ski) 7tjs xj ̂ T > by (3) of § 312, 

= 2^(7sik—7aki)Xs', 

and therefore ciks-=ysik-7ski. 
Similarly we may write down the operators of the group 

(2) of § 312; and it may be at once verified (by aid of (3) 
§ 312) that the two sets of operators are permutable, so that 
the groups are reciprocal. 
W e thus see that to every system of complex numbers there 

will correspond two simply transitive reciprocal linear groups; 
and conversely, to every pair of such groups a system of com
plex numbers. 
The complex number e whose existence we have proved may 

be taken to be an ordinary unit number since ex = xe = as. 
The fundamental complex numbers may therefore be taken 
to be the ordinary unity and e2, ..., en as in the Hamiltonian 
Quaternion system. 

§ 315. When we are given a simply transitive linear group 
in standard form, and wish to write down the coiTesponding 
system of complex numbers, we multiply as2 by ex, x'2 by e2, ... 
and, adding, equate the coefficient of xiyk, on the right of the 
transformation scheme, to eiek. 
The laws of combination of the symbols ex, ..., en are most 

conveniently expressed in the form of a Bquare of n2 com-
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partments, the expression equal to eiek being found in the 
compartment corresponding to the ith row and kth column. 
Thus the system corresponding to (H) is denoted by 

el 

«2 

e3 

e2 

0 

0 

«B 

0 

e3 

this means that 

ex = ex, e2 = 0 , e3 = e3, exe2 = e2, e2ex = e2, 

%^3 = ^3> ^3% = *%. ^2^3 = ^) ^3% == ^2. 
where we understand that the operation on the right in ê  ek is 
to be taken first. 
The other systems in three complex numbers are all com

mutative, since the groups are Abelian. 
The non-Abelian group of order four gives the system 

ex 

e2 

e3 

h 

ex 

ex 

% 

e3 

ei 

H 

e2 

~ H 

~ei 

*a 

«3 

«3 

ei 

~ex 

-ez 

e* 

«4 

~e3 

e2 

- H 

i. e. the Hamiltonian Quaternion system, when we take ex = 1. 
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The numbers refer to the pages. 

Abelian group, definition of, 17; 
simplest form of, when all its 
operators are unconnected, 85. 

Abelian operations of a group, 
definition of, 16; condition that 
a group may have, 71; if a group 
has none, it has the structure of 
the linear group (the adjoint 
group) given, 73. 

Abelian sub-system of functions, 
definition of, 218. 

Admit, when an operation is said 
to be admitted by a group, 16 ; 
an infinitesimal transformation, 
by a function, 82; by a complete 
system of operators or of differen
tial equations, 93; a contact 
transformation by a function 
or equation, 278. 

Alternant, of two linear operators, 
definition of, 8 ; of two functions, 
196. 

Ampere's equation, when it can 
be transformed to s=0, 243; 
the group then admitted, 307. 

Bilinear equations, defining a 
contact transformation, 257; 
simplified by projective trans
formation, 257, 268. 

Burnside, quoted, 2, 165, 406. 
Canonical equations of a group, 

45; relation between canonical 
parameters of an operation and 
its inverse, 46; canonical form 
varies with choice of fundamen
tal operators, 162. 

Characteristic function of an 
infinitesimal contact transforma
tion, 277 ; of the alternant of 
W1 and W2, 285 ; of the contact 
operator of the plane x, z re

garded as an operator in space 
x,y,z,311. 

Characteristic manifold of an 
equation or function, defini
tion of, 279; properties of, 279, 
280; one passes through every 
element of space, 279. 

Co-gredient transformation 
schemes, definition of, 15. 

Complete system of homoge
neous functions, definition of, 
213, 215; if of degree zero, in 
involution, 215 ; reduced to sim
plest form, 222, 223; is a sub
system within a system not con
taining Abelian functions, 224 ; 
can be transformed by a homo
geneous contact transformation 
to any other system of the same 
structure, 235. 

Complete system of linear par
tial differential equations, con
dition that they should admit an 
infinitesimal transformation, 93. 

Complete system of operators, 
definition of, 82; in normal form, 
83; when permutable, 84. 

Complex numbers, connexion of, 
with a class of linear groups, 
406-410. 

Complexes, linear, of lines, ele
mentary properties of, 255-257; 
tetrahedral, 269. 

Conformal group, 32; isomorphic 
with the projective group of a 
linear complex, 305, 396. 

Conjugate elements, definition of, 
260. 

Conjugate operations, definition 
of, 16. 

Conjugate sub-group, definition 
of, 17; method of finding all, 
183-185. 
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Contact groups, fundamental 
theorems on, 287-290; when 
similar, 290; when reducible, 
292; connexion with Pfaff's 
Problem, 293; in the plane re
garded as point groups in space, 
302. 

Contact transformations, homo
geneous, definition of, 228; given 
when Xlt..., Xn given, 229 ; 
when one set of functions can be 
transformed to another by aid 
of, 236; infinitesimal, 276. See 
also under Extended. 

Contact transformations, non-
homogeneous, definition of, 240; 
generate a group, 241; infini
tesimal, 276; geometrical inter
pretation, 280; how the infini
tesimal operator is transformed, 
286. 

Contact transformation which 
transforms straight lines into 
spheres, 262 ; points into mini
m u m lines, 261 ; positive and 
negative correspondents to a 
sphere, 263; spheres in contact, 
264. 

Contact transformation with 
symmetrical generating equa
tions, 268 ; transforms points to 
lines of tetrahedral complex, 
269 ; planes, to twisted cubics, 
269 ; straight lines, to quadrics, 
271; examples on this method 
of transformation, 274. 

Continuous group, definition of, 3. 
Contracted operators of a group 
with respect to equations admit
ting the group, 128; generate 
a group, 129 ; number of uncon
nected operators in thisgroup,130. 

Coordinates of a surface, defini
tion of, 135. 

Correspondence established be
tween the points of two spaces, 
151, 152; of isomorphic groups, 
162, 163; between manifolds in 
two spaces, 262, 268, 304. 

Correspondents, positive and 
negative, of a sphere, definition 
of, 263. 

Dependent, when an operator is 
said to be, on others, 7. 

Differential equation 

<£>"•••-* . 
transformations admitted by, 28. 

Differential equation, of the 
conic given by the general Car
tesian equation, 324; of the 
cuspidal cubic, 326. 

Differential equations, partial of 
first order, theory of the solution 
of linear, admitting known in
finitesimal transformations, 90-
112; method of finding the 
complete integral of non-linear, 
204. 

Differential invariants of a group 
defined, 320 ; how obtained, 320 ; 
. ,, , , ay + b 

of the group x = x , y = ——-;> 
321; of the projective group of 

the plane, 324; absolute, 324; 
of the group of movements in 
non-Euclidean space, 330. 

Distinct, when infinitesimal trans
formations are said to be, 95. 

Dupin's oyelide, transformed into 
a quadric, 265. 

Effective parameters, definition 
of, 7. 

Element, of space, and united 
elements, definitions of, 194; 
linear element, definition of, 280. 

Elliott, quoted, 55. 
Engel's theorem, 36. 
Equations admitting a given 

group, how to obtain, 130; 
examples on method, 132. 

Equivalent, when two function or 
equation systems are said to be, 
197. 

Euler's transformation for
mulae, 20. 

Extended contact transforma
tions, operators of, 295; in 
explicit form for the plane, 296 ; 
transforming straight lines to 
straight lines, 297 ; circles into 
circles, 300; transformation of 
this group, 302-304; explicit 
form of operators in space, 305. 

Extended operators of, the group 
* X'V cy + d' 

321, 322 ; the 
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projective group of the plane, 
322, 323; the group of move
ments in non-Euclidean space, 
327. 

Extendedpoint transformations, 
explained, 24 ; formulae for, 24; 
illustrative example, 25; ex
tended point group, 288 ; struc
ture of, 290; transforming 
straight lines to straight lines, 
297 ; circles to circles, 298. 

Finite continuous transforma
tion groups, definition of, 5 ; 
origin of theory of, 100 ; contact 
groups, 287. 

Finite operations of a group 
generated from infinitesimal 
ones, 45 ; method of obtaining, 
47 ; example on method, 48. 

Forsyth, quoted, 36, 77, 88, 211, 
217. 

Fundamental functions used in 
invariant theory of groups, 119 ; 
how found, 121. 

Fundamental theorems on 
groups, first, 38, and its con
verse, 66 ; second, 51, and con
verse, 57-59 ; third, 68, converse, 
75; resume, 80; similar theo
rems hold for contact groups, 
287-290. 

Generating equations of a Pfaf
fian system, definition of, 196 ; 
of a contact transformation, defi
nition of, 245; property of, 246; 
limitations on, 246; interpreta
tion of limitation, 247 ; applica
tions of, 252, 259, 268. 

Generators of a quadric are 
divided in a constant anharmonic 
ratio bv any inscribed tetrahe
dron, 272. 

Goursat, quoted, 244. 
Group of a point, definition of, 

140; group locus, definition of, 
141 ; stationary and non-sta
tionary groups, 141; when the 
point is the origin, 332. 

Group of movements in non-
Euclidean space, 327, 395. 

Group of movements of a rigid 
body in a plane, 18 ; of a net on 
a surface, 317. 

Group of transformations, gene
ral definition of, 2 ; continuous, 
3, example, 4; infinite, 3, ex
ample, 4; discontinuous, 3, ex
ample, 4 ; mixed group, 3 ; finite 
and continuous, 5, example, 6. 

Groups, in cogredient sets of 
variables, 115. 

Groups of the linear complex, 
304, 388. 

Groups, possible types of, in a 
single variable, 335. 

Hamiltonian Quaternion system, 
410. 

Homogeneous function systems, 
defined, 198 ; equation systems, 
198; condition that a system 
should be homogeneous, 214. 
See also under Complete. 

Identical transformation, defini
tion of, 3; parameters defining, 
34. 

Imprimitive groups, definition 
of, 137 ; admitted by a complete 
system, 139; of the plane, di
vided into four classes, 353; all 
types of these groups found, 
354-364; arranged into mutually 
exclusive types, 368. 

Independent, infinitesimal trans
formations, 7; linear operators, 
7 ; functions, 81. 

Index of sub-group, definition of, 
183. 

Infinitesimal transformation, 
definition of, 6; operator, defini
tion of, 6; operators of first 
parameter group, 41; are un
connected, 45. 

Integral cones, elementary, defini
tion of, 281; associated differen
tial equation, 282. 

Integral of a differential equation, 
Lie's extension of definition, 
202, 231, 232. 

Integration operations, definition 
of, 88. 

Invariant curve systems of the 
imprimitive groups of the plane, 
366, 367. 

Invariants, of a complete system 
of operators, 87 ; transformed to 
other invariants by any trans-
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formation which the system 
admits, 94; of an intransitive 
group, 114; geometrical inter
pretation, 114. 

Invariant. See under Differential. 
Invariant, theory of binary quan
tics, 118; equations with respect 
to a group, 128; how obtained, 
130; decomposition of space, 137. 

Inverse transformation scheme, 
1. 

Involution, functions in, defini
tion of, 197 ; equations in, 197 ; 
if any equation system is in 
involution, so is any equivalent 
system, 197; contact transforma
tion admitted by equation system 
in, 278. 

Irreducible contact groups of 
the plane obtained, 371-378; 
types of, enumerated, 378, 380. 

Isomorphic, two groups are simply 
isomorphic when they have the 
same parameter group, 162. 

Isomorphism of two groups, 
simple, definition of, 10; ex
ample of, 10 ; multiple, defini
tion of, 163; when a group is 
multiply isomorphic with an
other, a self-conjugate sub-group 
in the first corresponds to the 
identical transformation in the 
second, 164. 

Jaeobian identity, definition of, 
67; identity deduced from, 216. 

Linear complex, definition of, 
255 ; form to which it can be 
reduced, 256; lines conjugate 
with respect to, 256; complexes 
in involution, 257; projective 
group of, 304. 

Linear groups whose finite equa
tions involve the parameters 
linearly, 398-401; standard form 
of such a group, 399; must 
contain an Abelian operator, 
401; enumeration of such groups 
in three variables, 405,406 ; con
nexion with the theory of higher 
complex numbers, 406-410. 

Linear homogeneous group, 
general, 14, special, 17 ; simpli
fication of the form of an operator 

of, 336-338; possible types of, 
in two variables, 339, 341. 

Linear operators, any one is 
of type —' 84 ; transformation 

J" dx 
formula for any operator, 91; 
formal laws of combination of, 
54-57. 

Lines of curvature transformed 
to lines of inflection, 266. 

Manifolds of united elements, 
definition of, 201; the symbol 
Jf«-i 201; different classes of, 
201; in ordinary 3-way space, 
250. 

M a x i m u m sub-group, definition 
of, 101. 

Measure of curvature unaltered 
by transformations which do not 
alter length of arc, 310 ; expres
sion for, 315; constant along 
lines of motion of points of a net, 
312. 

M i n i m u m curves, definition of, 
28. 

Mongian equations, defined, 29; 
associated with an equation of 
first order, 28, 282; of tetra
hedral complex, 282. 

Non-homogeneous contact trans
formation, 240. 

Non-stationary group, defined, 
141. 

Normal form of complete system 
of operators, 83; operators are 
permutable, 84. 

Normal structure constants, 
defined, 72. 

Null plane, definition of, 256. 

Operators of a group, definition 
of, 37 ; fundamental theorem on 
38 ; number of independent, 38 
examples on finding, 40, 41 
condition that one may be self-
conjugate, Abelian, 93; arranged 
in classes according to. their 
degrees in the variables, 332. 

Order of a group, definition of, 
18 ; of an integration operation, 
88 ; of a Pfaffian system of equa
tions, 196. 
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Parameter group, first and second, 
definitions of, 13; any operation 
of the first permutable with any 
operation of the second, 13; 
parameter groups of general 
linear homogeneous group, 15 ; 
structure constants of, 65, 159; 
operators of, 160, 161; of two 
simply isomorphic groups iden
tical, 162. 

Permutable operations, definition 
of, 2 ; condition that two linear 
transformations may be, 400. 

Pfaffian system, definition of, 
196; condition that given system 
of equations should form, 201; 
transformation of, 231. 

Pfaff's equation, definition of, 
194; solution, 195; in non-
homogeneous form, 238. 

Pfaff's problem, in relation to 
contact transformation, 293. 

Poincare, quoted, 36. 
Polar system of functions to a 

given complete system, 217 ; if 
given system is homogeneous, 
polar is also, 217. 

Primitive groups, definition of, 
137; possible types of, in the 
plane, 352 ;' in space, 397. 

Projective groups and sub-groups, 
18, 20; examples of non-projec-
tive groups, 19, 22 ; of the linear 
complex, 304, 388; of the plane, 
property of sub-group of, 385. 

Reciprocal groups, definition of, 
62 ; structure constants of, 158. 

Reciprocation, a case of contact 
transformation, 252. 

Reduced operators, definition of, 
97. 

Reducible contact groups, 292 ; 
of the plane, condition for, 370. 

Salmon, quoted, 265, 266, 315. 
Scheffers, quoted, 272, 398. 
Self-conjugate operator, condi
tion for, 93. 

Self-conjugate sub-group, defi
nition of, 17 ; condition that a 
given sub-group may be, 92. 

Similar groups, definition of, 16; 
are simply isomorphic, 16; 

necessary and sufficient con
ditions that two groups may 
be similar, 149-154; that two 
contact groups may be, 290,291. 

Similar operations, definition of, 2. 
Simple group, definition of, 165. 
Special elements, definition of, 
249 ; equations satisfied by, 249, 
254. 

Special envelope, definition of, 
249. 

Special equations, definition of, 
247. 

Special linear homogeneous 
group, definition of, 17. 

Special position, points of, with 
respect to a complete system of 
operators, 110; transformed to 
points of the same special order 
by transformations admitted by 
system, 127. 

Standard form of a group, defini
tion of, 147; of a homogeneous 
function system, 198. 

Stationary functions, definition 
of, 144 ; construction of, 187. 

Stationary group, definition of, 
141; all such groups imprimitive, 
142 ; operators permutable with, 
156, 157. 

Structure, when two groups are 
said to be of the same, 70. 

Structure constants, definition of 
a set of, 68; vary with choice 
of fundamental operators, 70; 
normal structure constants, 72; 
a set resulting from a change 
of fundamental operators, 177 ; 
construction of group, when 
structure constants given, 187; 
examples on, 189-192 ; structure 
constants of contact group, 292. 

Structure functions of a complete 
system of operators, definition 
of, 144 ; of a complete system of 
functions, 215. 

Sub-group, definition of, 17 ; 
maximum, 101 ; equations de
fining a, 181; index of, 183; 
method of finding all types of, 
186; examples on method, 189-
192. 

Surface coordinates, 313, 314. 
Surfaces on which a net can move, 

311-318 ; group of movements of 
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the net, 317; when the surface 
is a developable, 318. 

Tetrahedral complex, definition 
of, 269 ; Mongian equation satis
fied by linear elements of, 282. 

Transformation group, general 
definition of, 2. 

Transformations which transform 
surfaces but leave unaltered 
length of arcs, 308-311. 

Transitive group, simply transi
tive group, definitions of, 45,113; 
when two transitive groups are 
similar, 167; construction of, 
when the structure constants and 
. stationary functions are given, 

170-173; extension to the case 
of intransitive groups,-174. 

Translation group, 18. 
Trivial, when infinitesimal trans

formations admitted by an equa
tion are said to be, 95. 

Type, when groups are said to be 
of the same, 16; when sub
groups, 17 ; number of types of 
groups, 22. 

Unconnected, operators, defined, 
7 ; functions, 81; infinitesimal 
transformations, 82; invariants 
of a complete system,' 83-. 

United elements, definition of, 
194. 
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