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PREFACE 

T H I S book is an attempt to supply a systematic discussion of gyrostatic 

action and rotational motion which m a y be of use both to students of 

dynamics and to practical men. To many engineers the gyrostatic action of 

machinery is more or less a mystery, while to the student gyrostatics is an 

affair of certain formal equations by means of which, as by a kind of " hocus 

pocus/' certain well-known elementary results can be obtained. These results 

seem to have been erected into a code of dogmata to be quoted and applied 

in all manner of circumstances. This has been especially notable in the 

history of invention during the war. In attempts to construct devices which 

should operate by gyrostatic action, inventors have often tried to combine 

mutually exclusive conditions, a fact which shows that the criteria of fulfil

ment of any specified conditions have not been clearly understood. And if 

inventors have been deficient in clear perception of the conditions of success 

in the construction of gyrostatic devices, it cannot be said that judges and 

critics of such appliances have been conspicuously more successful. 

All this is no doubt to a considerable extent the result of the fact, that 

as a rule the discussion of dynamical and especially of gyrostatic problems 

in the lecture-room and in text-books has either been restricted to one or 

two simple special cases, or, when more comprehensive, been far too much an 

affair of Euler's or Lagrange's equations, which, by providing a walled in path 

along which the mind can travel, withdraw its attention from the incidents, 

often exceedingly instructive, which attend its progress. This process may 

" pay " as a preparation for the academic puzzles of the examination room, 

but, as a training for dealing at once and from first principles with the 

practical scientific questions which arise in the course of a great European 

war, it is sadly deficient. W h a t is required is a training in the analytical 

and numerical discussion of problems of actual apparatus, accompanied 

by the practical study of gyrostatic devices. This training can be best 

obtained in the lecture-room, laboratory, and workshop of a physical 

institute where real dynamics is made an important subject. 

In the present work m y aim has been to refer, as far as possible, each 

gyrostatic problem directly to first principles, and to derive the solutions 

by steps which could be interpreted at every stage of progress. In this 

w a y light is thrown on the formal processes, which, when their results 
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are seen to be the outcome of a few simple primary considerations, acquire 

a freshness and life which as mere rules they do not possess. A large 

number of problems of all kinds have been thus dealt with, and in a final 

chapter of the present volume a considerable number of others have been 

collected, and solved either fully in detail or in a summary of steps with 

their results. Some of these problems were rather famous in the early 

history of the subject and were solved sixty or seventy years ago by Bour, 

Lottner, and others, using the formal equations; the remainder are those, 

many of them of great physical interest, which have presented themselves 

in the later history of the subject. 
As a rule the method employed has been one of calculating rates of 

growth of angular momentum for different axes, which amounts to a 

reduction to practice of vector ideas, and which I devised nearly twenty 

years ago for use in my own teaching and dynamical work. At the 

foundation it is really only the simple notion that the velocity (in its fullest 

sense) of the outer extremity of the vector of resultant angular momentum 

represents in direction and magnitude the moment of the resultant applied 

couple, as given by the couple-axis. This notion, mutatis mutandis, can 

of course be applied to any vector quantity and its rate of change. 

It has been stated that all such methods merely amount in substance to 

the formal equations given in all the usual treatises, and no doubt that is 

true in a certain sense. Nevertheless the criticism is pointless. There is a 

very important sense in which every process of a vector nature (whether 

it follow the notation of a vector analysis or not) differs from the usual 

equations: the former declares interpretations at every step to those 

who can read them, the latter does not. Thus, insight into mechanical 

action is fostered; a continual appeal to first principles accustoms the 

mind of the user to the application of fundamental ideas to all kinds of 

contrivances and in all circumstances. The perception of the action of more 

or less complicated gyrostatic or other dynamical devices becomes, in time 

and with the continual exercise of thought, intuitive when the processes 

are fundamental and interpretative; on the other hand, the traditional and 

scholastic method fosters the habit of reliance on the operation of a kind of 

machine of which the solver of the problem merely turns the handle. How 

to arrange the machine, what to feed into it and what to leave out, puzzles 

him. at every change of application and environment. 

Free use has been made of mathematical analysis, though only as a means 

of obtaining and explaining results of physical interest, and of preparing 

these for numerical computation, and, further, of placing students in a 

position to make progress in the discussion of new problems or of carrying-

old problems to a further stage of development. 

It is impossible to enumerate here all the cases in which I am indebted 

to original researches or to dynamical literature, but in the proper place I 
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have always tried to make due acknowledgment. As was to be expected, 

I am under special obligation to the writings of Sir George Greenhill. His 

Report on Gyrostatic Theory will long form the chief digest of learning and 

research on the applications of Elliptic Functions to Dynamics, but besides 

my indebtedness to that important work I owe much stimulation and help 

to our correspondence from time to time on matters gyrostatic. 

As regards the reading of proofs, I have been helped in the earlier part of 

the book by m y colleagues Professor G. A. Gibson, who read the first 250 

pages with much care and gave me much valuable advice, and Dr. R. A. 

Houstoun. But the exigencies of teaching and work in great University 

departments, with their staff's depleted by the demands of the war, rendered 

the continuance of such help impossible, and latterly I have had mainly 

to depend on my own unaided scrutiny of the proofs. Hence many slips 

may have escaped observation. A few sheets were, however, very kindly 

looked over by Sir George Greenhill, while my old colleague Dr. G. B. 

Mathews has come also to m y assistance from time to time. 

I must also acknowledge the great care which the compositors and readers 

of the Glasgow University Press have bestowed on every detail of type

setting and printing, and their patience in meeting all the troubles which 

arose in carrying through a very difficult piece of work. 

It was originally intended to include in the volume an account of a 

variety of gyrostatic devices which are of use in naval and military affairs 

and in engineering. Any such account, written on lines permissible at 

present, would however be more or less fragmentary, and therefore unsatis

factory : and it is proposed to issue, if that is possible and convenient, a 

supplementary Second Part after the war has come to an end. That will 

also include, besides a series of diagrams of the motion of tops, various 

numerical results illustrative of some interesting parts of the elliptic 

function theory. 

In the discussion of practical applications I hope to have the assistance of 

my son Dr. J. G. Gray, who for several years at Glasgow, where the subject 

is traditional, has made gyrostatics his main scientific work. 

ANDREW GRAY. 



" For as whipped tops or bandied balls, 

The learned hold are animals ; 

So horses they affirm to be 
Mere engines made by geometry." 

Hudibras. 

" stupet inscia supra 

Impubesque nanus, mirata volubile buxum." 
VERG., JEH. VII, 381-2. 



CONTENTS 

CHAPTER I 

INTRODUCTORY 
SECTION' p A G E 

1. Gyroscopes and gyrostats 1 

2. Experiment showing the permanence of direction of the axis of a gyrostat 2 
2. Gyrostatic control of a torpedo - 3 
3. Motor driven gyrostats 3 

3. Details of an electrical drive 3 

4. Effect of a couple applied to a freely mounted gyrostat 4 
5. Experiment of a gyrostat hung by a cord 5 
6. Behaviour of a gyroscope deemed unnatural 5 

7. Elementary gyrostatic phenomena and their explanation . . . . 6 
7. Precessional motion - - - - . . . . . . . 7 

8. T w o possible precessions in the general case - - - - - - - 8 

8. Explanation of the rising and falling of a peg-top 9 
9. Bessemer's gyrostatically controlled saloon on board ship - 9 

10. A gyroscope or gyrostat is merely a spinning top - - - - - 10 

10. Precession kinematically explained by the rolling of a body-cone on a space-
cone 11 

11. Precessional motion of the earth 11 

12. Motion of body-cone on space-cone illustrated by precession of the equinoxes 12 
13. The " diameter of the earth's axis " - - - - - - - - 13 

14. Free vibrational motion of a top 13 
14. Free and forced vibrations - - - - - - - - - - 14 

15. Periodic changes of terrestrial latitude 16 
16. Stability of an egg-shaped body spinning with its long axis vertical - - 16 
16. Liquid gyrostats - - - - - - - - - - - - 16 

17. Stability of the rotational motion of a liquid in a spheroidal shell - - - 17 
18. Gyrostatic experiments : a gyrostat on a universal joint: a gyrostat on a 

bifilar sling 19 
19. Gyrostatic experiments : a gyrostat on a tray carried round in azimuth - 21 

20. Gyrostatic structure of a rigid solid 23 

21. A gyrostatic spring-balance 24 
22. Gyrostatic pendulum . . . - - . 25 

23. Gyrostatic experiments : gyrostat weighted on one side : motor gyrostat on 
a chain suspension - - - - - - - - - - - 27 

24. Gyrostat supported on a skate 28 
25. Gyrostatic bicycle rider - - - - - - - - - - - 29 

26. A " walking gyrostat" - - - 30 



X CONTENTS 

PAGE 

31 
32 

S1CUTION 

27. A top on a top -
27. Gyrostatic balancing of a monorail carriage 
28. Gyrostatic action in rotating machinery : paddles of a steamer 33 

29. Gyrostatic action of the flywheel in a motor-car 34 
30. Gyrostatic action of turbines, aeroplane propellers, etc. 35 

31. Gyrostatic control of the rolling of a ship 35 

CHAPTER II 

DYNAMICAL PRINCIPLES 

39 
40 

1. Kinematics of a body turning about a fixed point 

2. Angular momentum [A.M.] 
3. Relations of components of A.M. to the momental ellipsoid - 41 
4. Kinetic energy of a rigid body turning about a fixed point . . . - 43 

5. A.M. and kinetic energy - - - - - 44 
6. Motion of rotation combined with motion of translation . . . - 45 

7. Time-rate of change of A.M. Equations of motion 46 
8. Equations for moving axes. Euler's equations 46 
9. Example: A symmetrical top turning about a fixed point - 48 

10. A body turning about a fixed point: more general equations for moving axes 49 
11. Relations between fixed and moving axes 49 

12. Simple rules for forming equation of motions for moving axes . . . 5] 

13. A n illustration of these rules 54 
14. Passage from one set of axes to another set 54 
15. Example: A top spinning under gravity forces 55 

16. Euler's equations for a rigid body under gravity forces 56 

17. Steady motion of a symmetrical top o' 
18. Different cases of steady motion. Direct and retrograde precession. Stability 59 

C H A P T E R III 

ELEMENTARY DISCUSSION OF GYROSTATIC ACTION 

1. Elementary explanation of the motion of a top 62 
2. A top made with a hollow rim containing balls 63 
3. Mode of production of precessional motion. Calculation of forces. Gyrostatic 

couple and " gyrostatic resistance " 64 
4. Deduction of the principal equation of motion - - - - - - 67 

5. Elementary quantitative analysis of the motion of a top - 68 

CHAPTER 1Y 

SYSTEMS OF COORDINATES AND THEIR RELATIONS. SPACE-CONE 

A N D BODY-CONE 

1. Relations of systems of coordinates . . . . . . . . . 71 
2. The Eulerian angles and their rates of variation - - - - - - 73 

3. Instantaneous axis, axis of figure and axis of resultant A.M. - 75 

4. Kinematics of precession. Space-cone and body-cone 76 
5. Space-cone and body-cone in different cases - - - - - - - 77 



CONTENTS XI 

CHAPTER V 

THE SIMPLER THEORY OF TOPS AND GYROSTATS 
SECTION PAGE 

1. Gyrostats. Equations of motion . 80 
2. Examples: A gyrostat under a constant couple. Gyrostatic action of a body 

of any form: e.g. an aeroplane propeller 82 
3. Symmetrical equations of motion - 85 

4. Motion of a top reduced to motion of a particle 86 

5. Effect on the precession of increasing or diminishing the applied couple. Hurry

ing and retarding precession. The experiment of Sire - 87 

6. Greenhill's graphical construction for tracing the effect of change of couple - 89 
7. Reaction of a ring-guide or space-cone on a top 91 

8. Explanation of the clinging of the axle of a top to a curved guide - - - 92 
9. Stability of the motion of a top or gyrostat - - - - - - - 94 

10. Rise and fall of a top - - 96 

11. Path of a point on the axis of a top. Cusps on the path - 96 
12. Occurrence of loops on the path 98 

13. Motion of the axis between two close limiting circles 99 

14. Tops rising and falling through a small range. " Strong " and " weak " tops - 100 
15. Routh's graphical construction for rise and fall of a top 102 
16. Rise and fall of a top started with initial precession 105 

17. Motion under various starting conditions 106 

CHAPTER VI 

FURTHER DISCUSSION OF THE RISE AND FALL OF A TOP WHEN 
THE INITIAL PRECESSION IS NOT ZERO 

1. More exact discussion of rise and fall through a small range ... - ].08 

2. Determination of period of rise and fall 109 

3. Error involved in approximations to the motion of a top - - - - 110 
4. Theory of the upright or sleeping top 112 
5. Stability of an upright top. Graphical representation 113 
6. Analytical discussion of the stability of an upright top 114 

7. Time of passage of axis of weak top from limiting circle to any possible position 116 
8. Calculation of azimuthal motion for a weak top - - - - - - 116 

9. Periodic motion of a weak top - - - - - - - - - 117 
10. Determination of azimuthal displacement for a weak top - - - - 117 
1L Path of a point on the axis of a weak top 118 
12. Equations of motion of an upright top derived from first principles - - 119 

13. Discussion of the motion of an upright top 119 
14. Estimate of error in approximation to the motion - - - - - - 120 

15. Explanation of an apparent anomaly 121 

16. Stable cases of the motion of an upright top 121 

17. Azimuthal turning of a nearly upright top 122 
18. Stable motion of a nearly upright top between two close limiting circles - - 123 

19. Limiting case of stable motion of a nearly upright top - - - - - 124 
20. Interpretation of the discontinuity in ip at the pole - - - - - 125 



XII CONTENTS 

CHAPTER VII 
GYROSTATS AND VARIOUS PHYSICAL APPLICATIONS OF GYROSTATS 
SECTION PAGE 

1. Gyrostats 127 
2. Reaction of a top or gyrostat on its support - - 129 
3. The Serson-Fleuriais top for giving an artificial horizon 129 

4. Gyrostatic observation of the rotation of the earth. Foucault's methods - 132 

5. Gyrostatic balance and gyrostatic dipping needle of Lord Kelvin . . . 133 

6. Gilbert's barogyroscope 135 
7. Gvrostat, with axis vertical, stable or unstable according to direction of azi

muthal turning 137 

8. Top supported by a string 139 
9. Gyrostatic action of the wheels of vehicles, etc. Monorail cars - - - 141 

10. Gyrostatic action of the paddles and screws of steamers - - - - - 144 

11. Gyrostatic action of turbines 145 
12. Steering of a bicycle or of a child's hoop 146 
13. One spinning top supported by another. Steady motion . . . . 147 

14. Drift of a projectile 148 
15. Turning action on a body moving in a fluid - - - . . . . 149 

16. Turning action of the water on a ship. W h y a ship carries a weather helm - 151 
17. Centre of effort of resistance of a fluid 152 

18. Stability of a projectile in a fluid 153 

19. Motion of a rigid body with altazimuth suspension and containing a gyrostat: 
(1) flywheel clamped 156 

20. Gyrostat with altazimuth suspension : (2) flywheel undamped - - - 157 

21. Gyrostatic pendulum hung by an untwistable wire or a universal joint - - 158 

CHAPTER VIII 

VIBRATING SYSTEMS OF GYROSTATS. SUGGESTIONS OF GYROSTATIC 
EXPLANATION OF PROPERTIES OF MATTER 

1. Gyrostatic spring - - - - - - - - - - - - jgj 
2. A gyrostat hung by a steel wire - - - - - - - . . 164 

3. A gyrostat with two freedoms doubly unstable without spin . . . . 167 

4. A gyrostatic system with two freedoms doubly stable without spin - - - 170 
5. Illustrations of the effect of spin on stability 171 

6. A gyrostatic system illustrating doubly stable and doubly unstable arrangements 173 
7. Gyrostatic control of the rolling of a ship. Gyrostat frame clamped - - 175 

8. Gyrostatic controller of the rolling of a ship. Gyrostat frame undamped - 178 
9. Gyrostatic controller and ship under forced vibration 178 

10. Theory of two interlinked systems which are separately unstable. Stability 
in presence of dissipative forces - - - - - - - - 180 

CHAPTER IX 

THE MOTION OF CHAINS OF GYROSTATIC LINKS. 
MAGNETO-OPTIC ROTATION 

1. Problem of a stretched chain of gyrostats 182 

2. Steady vibrational motion of a gyrostatic chain under tension or under thrust 186 



CONTENTS xiii 

SECTION p A Q E 

3. Helical gyrostatic chain 187 

4. Gyrostatic chain: more general discussion 189 
5. A vertical gyrostatic chain under gravity 191 

6. Gyrostat hung by a thread 192 

7. Elastic medium loaded with small gyrostats 192 

8. Magneto-optic rotation: dynamical explanation - - - - . - - 196 

9. A n electron moving in a magnetic field : gyrostatic analogy 197 

CHAPTER X 

THE EARTH AS A TOP. PRECESSION AND NUTATION. GYROSTATIC 
THEORY OF THE MOTION OF THE NODES OF THE MOON'S ORBIT 

1 Potential of gravitation 199 

2. Calculation of attractive forces - - 201 

3. Couples applied to the earth by the attraction of the sun and moon - - 202 
4. Solar couple on the earth - - 204 
5. Mean angular speed of precession - 206 
6. Precession due to lunar attraction 207 
7. Precession of the equinoxes : body-cone and space-cone . . . - 209 
8. The free Eulerian precession : results of theory and observation - - - 212 

9. Precession and nutation from instant to instant 214 
10. Graphical representation of the variable parts of 8 and \p 216 
11. Mean couple tending to bring the equator and the moon's orbit into coincidence 217 
12. Gyrostatic theory of the regression of the nodes of the moon's orbit - - 219 

13. Estimation of periodic term 221 
14. Effect of the equatorial belt of the earth on the motion of the moon's nodes - 222 
15. Remarks on the gyrostatic calculation of the motion of the moon's nodes - 223 

CHAPTER XI 

THE FREE PRECESSION OF THE EARTH. FURTHER DISCUSSION 

1. EUipticities of the terrestrial spheroid 226 
2. Period of the free precession - " - - - - 227 
3. Positions of the axis of figure, instantaneous axis, and axis of resultant A.M. - 227 

4. Influence of the internal constitution of the earth 228 

5. Results of elastic solid theory - - - 228 
6. Period of free precession for an earth as rigid as steel 229 
7. Rise or fall of the earth's surface in Eulerian precession 230 
8. Positions of the earth's principal axes as affected by annual transfer of matter 230 

9. Effect of annual transfers on accentuating free precession . . . . 231 

10. Comparison of terms 233 
11. Numerical illustrations - - ' - - - 234 
12. Systematic observations of variation of latitude at different observatories - 235 

13. Diagrams and tables of results 237 



XIV CONTENTS 

CHAPTER XII 

CALCULATION OF THE PATH OF THE AXIS OF A TOP BY 
ELLIPTIC INTEGRALS 

SECTION 

1. Euler's parameters 
2. Quaternion property of Euler's parameters - - - -

3. Klein's parameters - -
4 Expression of Klein's parameters by elliptic integrals 
5. Relations of elliptic integrals. Expression of time of motion by an elliptic 

integral 
6. Relations of elliptic integrals - -
7. Formulae for the numerical calculation of elliptic integrals of the first anc 

second kinds 
8. Landen's transformation 
9. Convergent series for elliptic integrals 
10 Jacobi's 6-functions. Expression in ̂ -series - -
11. Calculation of complete elliptic integrals by g-series. Numerical example 

12. Numerical calculation for an actual top 

13. Actual top : different speeds of rotation 
14' Numerical determination of the axes of an actual top to the vertical 

15. Numerical examples of the motion of a top 
iel Calculation of complete and incomplete elliptic integrals of the second kind -

17. Numerical examples 
18. Formulae for the azimuthal angle \p 
19. Elliptic integral expressions for the angles \p and <f> 
20. Numerical calculation of time in terms of the angle 8, for an actual top -
21. Numerical calculation of elliptic integrals of the third kind - - - -

22. Numerical calculation of \p for any step in time 

CHAPTER XIII 

LIQUID GYROSTAT. MISCELLANEOUS INVESTIGATIONS 

1. Liquid gyrostats. Rotation of an ellipsoidal case filled with liquid 

2. Liquid gyrostats : theoretical discussion 
3. Limits of instability of a prolate liquid ellipsoid of revolution - - - -
4. A cylinder moving in an infinite perfect fluid which circulates round it : (1) case 

of no forces 
5. A cylinder moving in an infinite perfect fluid with circulation: (2) case of ex

traneous forces 
6. Drift of a rotating projectile : case of a golf ball 
7. Drift of an elongated fast spinning projectile 

8. Action of friction 
9. Graphical representation of the motion 

10. Position of centre of effort for an air ship 
11. Motion of a perforated solid in a perfect fluid. Use of Lagrange's equations -

12. Motion of a ring in a perfect fluid. Equation of energy -

13. Impulse of the motion of a solid in a fluid 

14. Equations of motion of a solid in a perfect fluid : proof (a) by first principles, 
(6) by the method of Lagrange 

15. Vibrations of a ring moving in a fluid. Quadrantal pendulum 



CONTENTS XV 

16. Elliptic integral discussion of finite oscillations . . . . . . 283 

17. Graphical representation of the motion of a ring in a fluid - 284 
18. Stability of a body rotating in a fluid 285 

CHAPTER XIV 

EFFECTS OF AIR FRICTION AND PRESSURE. BOOMERANGS 

1. Air friction on a rotating body: (1) no other applied forces 287 
2. Discussion of results of theory 288 

3. Air friction on a rotating body : (2) an ordinary top under gravity - - 288 
4. Discussion of cases : (1) t small, (2) t great 289 

5. Calculation of the small terms in the equations. Discussion of cases - - 290 
6. Motion of a flat disk. The boomerang 291 
7. General explanation of the motion of a boomerang. Specification of forces - 292 

8. Trajectory of a light disk in its own plane 293 

9. Returning boomerangs. Propeller action of twist of the arms - - - 293 
10. Difficulties of a complete theory. Approximate constants of the motion - 294 

11. Motion with change of direction of the plane of motion 295 
12. Effect of twist and " rounding " of the boomerang. Multiple loops in the path 295 

CHAPTER XV 

THE SPHERICAL PENDULUM. MOTION OF A PARTICLE ON A SURFACE 
OF REVOLUTION 

1. A top turning about a fixed point and destitute of A.M. about its axis of figure 297 

2. Calculation of the azimuthal motion - - 299 
3. Azimuthal angle described by pendulum from one limiting circle to the other 

exceeds \ir and is less than -n . . . . . . . . . 300 

4. Azimuthal speed very great: the limiting circles are nearly coincident with the 

equatorial circle 302 
5. Pendulum nearly vertical. Theorem of Bravais 302 
6. Pendulum nearly vertical. Theorem of Lagrange - - - - - - 303 
7. The azimuthal angle from one limiting circle to the other proved less than -K - 304 

8. Possibility of motion of rise and fall on a surface of revolution with axis vertical 305 

9. Motion on a developable surface is replaceable by motion in piano - - 305 
10. Motion of a particle between two close circles on a surface of revolution - 307 
11. Spherical pendulum : initial motion in the plane of the equatorial circle - - 308 

12. A simple pendulum oscillating through a finite range - - - - 309 

13. Discussion of the force along the supporting cord or rod of a simple pendulum 311 

14. Graphic representation of finite pendulum motion 312 
15. A simple pendulum making complete revolutions - - - - - - 313 

16. Spherical pendulum : reaction of the surface on a particle moving on it, or 

force applied at the point of support 314 
17. Motion of the bob of a spherical pendulum referred to rectangular axes. 

Discussion of the motion by Weierstrassian elliptic functions - - - 316 

18. Calculation of 6 in terms of t - - 317 
19. Calculation of the azimuthal angle by means of Lame's equation - - - 318 

20. Calculation of azimuthal motion continued - - 320 

21. Direct determination of azimuthal motion - 320 



XVI CONTENTS 

SECTION 

22. Proof of Bravais's theorem by elliptic functions 

23. Special cases of the spherical pendulum 
24. Motion of a particle on a concave surface of revolution 

25. Motion of a particle on a paraboloid with axis vertical 

26. Cases integrable by elliptic functions 
27. A ball rolling on a concave spherical surface 

28. Reaction of the surface on the rolling ball 

APPENDIX TO CHAPTER XV 

Comparison of photographs of the paths of an actual pendulum with the 
theoretical paths - - - - - - - - - - -

CHAPTER XVI 

DYNAMICS OF A MOVING FRAME CONTAINING A FLYWHEEL 

1. General equations for moving origin and axes - - - - - - -

2. Expanding or contracting bodies. Mean axes 
3. Expanding or contracting body unacted on by force -

4. Rigid body containing a flywheel and turning about an axle -

5. Gilbert's barogyroscope 
6. Relative equilibrium of a rigid body : oscillations about steady motion -
7. Watt's steam engine governor - - - - - - - - -

8. Watt's governor : elliptic function discussion 

9. Watt's governor : case in which the arms reach the upward vertical 

10. Example : a liquid filament in a revolving vertical circular tube 

11. Example : a ball containing a gyrostat and rolling without slipping on a 
horizontal table . . . . . . . . . . . 

12. A rolling ball containing a gyrostat. Track on the table . . . . 
13. A rolling ball containing a gyrostat 
14. A rolling ball containing a gyrostat 

15. A rolling ball containing a gyrostat. Small oscillations about straight line 
motion 

16. A rolling ball containing a gyrostat. Method of solution by direct reference 
to first principles 

17. Example : A cylinder containing a gyrostat and rolling on a horizontal plane 

CHAPTER XVII 

MOTION OF AN UNSYMMETRICAL TOP 

1. General equations of motion 

2. Stability of a body spinning about a nearly vertical axis . . . . 

3. General case: lines of curvature of the surface at contact not parallel to the 
principal axes through the centroid 

4. Motion of stone celts. A body spins steadily in one direction on a horizontal 
table, unsteadily in the other direction 

5. Experiments with a top supported on an adjustable curved surface 
6. Effect of oscillations in producing azimuthal turning of the body -
7. Summary of results ' 



CONTENTS xvn 

SECTION PAGE 

8. Hess's particular solution of the problem of an unsymmetrical top - - - 366 
9. Other particular solutions 368 

10. Tshapliguine's integral 369 

11. The principal invariants of an unsymmetrical top 369 

12. The Hess-Schiff equations of motion of a top 370 

13. The Hess-Schiff equations are inapplicable to a symmetrical top under gravity 372 
14. The instantaneous axis is fixed in the body and the resultant angular speed is 

constant. Staude's cone 372 
15. Case of resultant A.M. of constant amount 373 
16. Case in which S = 0 373 

17. Motions when S = 0 374 

18. Motion when S=0. Pendulum motions 375 
19. Motion when S = 0. Distinction between cases - - - - - - 376 
20. Steady motion of an unsymmetrical top. Vibrations about steady motion - 376 

21. A homogeneous ellipsoid spinning on a horizontal plane 377 
22. Stability of any solid with a principal axis normal to the horizontal surface - 379 

CHAPTER XVIII 

THE RISING OF A SYMMETRICAL TOP SUPPORTED ON A 
HORIZONTAL SURFACE 

1. A top supported on a rounded peg 382 
2. Varying motion of a top on a rounded peg 384 
3. A top supported on a circular edge round the axis of figure - - - - 385 

4. A top on a rounded peg and containing a flywheel 386 
5. Problem of a disk or hoop on a horizontal plane 388 

6. A coin spinning on a table 389 
7. A disk rolling on a table : calculation from first principles . . . - 391 

8. Rising of a top when spinning on a rounded peg : elementary discussion - 391 

9. Centre of gravity of a top raised by friction 394 
10. Condition of minimum kinetic energy - - - - - - - - 395 
11. Minimum kinetic energy is a necessary but not a sufficient condition for the 

erection of a top - - - - - - - - - - - 396 
12. Summary of conditions for the rising of a top 398 

13. Numerical examples 399 
14. Example : A top in form of a sphere loaded symmetrically about a diameter 400 

15. A uniform sphere loaded symmetrically 401 
16. A heterogeneous sphere with centre of gravity at the centre of figure - - 401 

17. Further examples - 402 
18. Energy relations for a top spinning about a fixed point, and taking up steady 

motion 402 

CHAPTER XIX 

GENERAL DYNAMICS OF GYROSTATIC AND CYCLIC SYSTEMS 

1. General equations of dynamics. Holonomous and not holonomous systems - 404 

2. Generalised coordinates • " 405 
3. Lagrange's equations of motion 40*6 

4. Conditions fulfilled by generalised coordinates 407 

5. Proof of Euler's equations by vectors 408 



xvm CONTENTS 

6. Generalised momenta. Hamilton's dynamical equations. Canonical equations 409 

7. Systems which are not holonomous - - - • 411 

8. Conditions necessary for the usual form of Lagrange's equations - - - 413 
9. Equations of motion for systems which are not holonomous - - - . 413 

10. Ignoration of coordinates for group of constant momenta - - - - 414 

11. Ignoration of coordinates. Formation of equations of motion - - - - 415 

12. Routh's rule for ignoration of coordinates. Gyrostatic terms - - - - 416 

13. Cyclic systems. Kinetic potential 417 

14. Reversibility of the motion of a system 418 
15. Stability of the motion of a cyclic system - - - - - - - 419 
16. Visible and concealed coordinates. Nature of potential energy . . . 420 

17. Case of a group of constant velocities 420 
18. Relative potential energy. Stability of relative equilibrium - - - - 421 

19. Illustrations of the general equations of motion. Motion of a particle in a 

plane curve - - 422 
20. Illustrations of the general equations of motion. Gyrostatic pendulum - 423 
21. Discussion of the gyrostatic pendulum - - - - - - - - 424 

22. A gyrostatic pendulum oscillating through a small range - - - - 426 

23. Motion of a hoop or disk treated by modified Lagrangian equations - - 427 
24. Hamilton's principal function. Integration of the canonical equations - - 428 

25. Jacobi's theorem of the complete integral of the canonical equations - - 4.30 
26. Case in which H does not contain t 430 

27. A top on a horizontal plane without friction. Jacobi's solution by the 

Hamilton-Jacobi method 431 

CHAPTER XX 

THEORY OF GYROSTATIC DOMINATION 

1. Cycloidal motion 433 

2. Cycloidal systems containing flywheels 434 
3. Effect of repeated roots of the determinantal equation on stability - - - 435 
4. Motional forces. Dissipation function 437 

5. Motional forces zero. Gyrostatic systems 438 

6. Example : Gyrostatic pendulum, two freedoms 439 

7. Gyrostatic systems with three freedoms. Electric and magnetic analogue - 440 
8. Gyrostatic domination. Large and small roots of the determinantal equation - 441 
9. Gyrostatic systems with four freedoms - - - 442 

CHAPTER XXI 

GEOMETRICAL REPRESENTATION OF THE MOTION OF A TOP 

1. Motion of a rigid body under no forces - - - -' - - - - 444 

2. Poinsot's representation of the motion of a body under no forces. Invariable 
plane (i.r.) and invariable line (I.L.) 445 

3. Measurement of the time of motion. Sylvester's theorem . . . 447 

4. Polhode and herpolhode. Body-cone and space-cone - - - - - 448 
5. Case of axial symmetry . . . . . . . . . . . 449 

6. Cone described on the body by the projection of the instantaneous axis (I.A.) 
on the i.r. 450 



CONTENTS XIX 

S K C T K , N PACE 

7. Herpolhodes - - • - - . , . • 451 
8. Variation of the radius vector of the herpolhode with time . . . . 452 

9. Differential equation of the herpolhode 453 
10. Radius of curvature of the herpolhode 454 

11. Special case of the herpolhode - - 455 
12. Stability of the motion of a symmetrical body under no force - 455 

13. Space-cone and body-cone according as C is the greatest or the least moment 
of inertia 456 

14. Illustration of the stability of a body under no forces - - - - ' - 457 

15. Stability of a top under no forces. Diabolo 458 

16. Stability when the body under no forces is unsymmetrical - 459 
17. Extension of Poinsot's theory to the motion of a top 460 

18. The outer extremity of the I.A. for a top lies on a fixed spherical surface - - 461 

19. Reduction of the locus of the extremity of the I.A. to a plane - - - - 462 

20. The locus of the extremities-of the I.A. for the top is a polhode - - - 463 
21. Case of an unspherical top 464 

22. Passage from one Poinsot movement to another - - - - - - 465 
23. Passage back from the second movement to the first 466 

24. Body-cone and space-cone for associated movements 467 

25. The polhode for a top as the intersection of two surfaces of the second degree 468 
26. Relation of the curve of intersection of the two surfaces to a family of confocals 469 
27. Determination of the parameters of the confocals 470 

28. Motion of the axis of a top represented by a deformable hyperboloid - - 472 
29. Forces acting on the body carried by the body-cone 473 
30. Determination of the constants of the surfaces 474 

31. Determination of constants for the associated motion 475 

32. Deformation of the hyperboloid of one sheet as the top moves - - - 476 
33. Summary of results 477 

34. Calculation of the motion of the axis. Different forms of the energy equation 478 

35. Calculation of t in terms of cos 8 - - - - - - - - • 480 
36. Path of the extremity of the vector representing the. resultant A.M. - - - 480 

37. Hodograph for the motion of a top - - - 482 

CHAPTER XXII 

ANALOGY BETWEEN A BENT ROD AND THE MOTION OF A TOP. 
WHIRLING OF SHAFTS, CHAINS, ETC. 

1. Flexure of a thin bar: analogy to the motion of a. top 483 
2. Equations of equilibrium 484 

3. Case of bending in one plane - 487 
4. Bending in one plane represented by pendulum motion - - - - - 486 
5. A thin bar bent into a helix is analogous to a top in steady motion - - 489 

6. A helix held in equilibrium by a couple or by axial force - 492 
7. A gyrostat on an overhanging flexible shaft. Equilibrium of the shaft - - 493 

8. Determination of the gyrostatic couple 494 
9. A rotor carried midway between the two bearings of a flexible shaft - - 495 

10. The free period of an oscillatory disturbance of a rotating shaft - - - 497 

11, Quasi-rigidity of a moving chain. Equations of motion 498 
12. A bend in a moving chain is not carried along the chain by the moving links - 499 



XX CONTENTS 

SECTION 

13. Theory of a stationary bend on a moving chain 

14. A revolving chain under no forces. General case 
15. A revolving chain in a plane containing the axis of rotation - - - -

16. Revolving chain with independent tangential motion 

17. Calculation of the vectorial angle for the case of 15 

18. Integration by elliptic functions - ' -

CHAPTER XXIII 

EXAMPLES OF GYROSTATIC ACTION AND ROTATIONAL MOTION 

1. A gyroscope mounted on the earth 
2. A gyroscope with its axis of spin a generator of a cone fixed on the earth 

3. A gyroscope on gimbal rings. Equation of energy 

4. Differential, equations of motion for Example 3 

5. A gyroscope in a spherical case hung by a string - - • -
6. A gyrostat suspended by a string - - - - - - - - -
7. Constraining couple required for the rolling of a body-cone on a space-cone 

8. Pseudo-elliptic case of the motion of a top 
9. A symmetrical shell containing a gyrostat and rolling on a horizontal plane -

10. A cylinder rolling on the circular edge of one end 
11. A hollow cone revolving about a vertical generator : motion of a sphere on the 

surface 
12. A horizontal circular disk turning about its axis of figure : motion of a sphere 

on the surface 
13. A sphere rolling on a vertical plane which turns about a vertical axis 

14. The vertical plane and sphere of 13 when the plane turns also about a normal 
axis - - - - - - - - - - - - -

15. A rigid body turning about a principal axis while another principal axis lies 
in a plane through the former and a fixed line - - - - -

16. A heavy flywheel with an added eccentric weight carried round in uniform 
precession . . . . . . . . . . . . . 

17. A top constrained by two vertical planes parallel to the axis - - - -
18. Stability of a ring of wire spinning on the top of a sphere . . . . 

19. A gyrostat spinning freely between two rods the (vertical) plane of which 
revolves - - - - - . . . . - . . . 

20. A sphere started spinning about an axis parallel to the earth's axis, and con
strained to keep the axis of spin in the meridian 

21. A body supported at its centroid and under the action of a constant couple 

22. A spherical gyrostat contained within a rolling sphere 
23. The ordinary problem of a rapidly spinning top, started by unwinding a string 
24. The arc described by a point on the axis of a rapidly spinning top -
25. A top supported on a horizontal plane without friction 
26. Motion relative to the earth -

27. Theory of Foucault's pendulum experiment 

28. Analogy of Foucault's pendulum to a gyrostatic pendulum -

29. Revolving balance showing the earth's rotation. Experiment of Eiitvos 

I N D E X • 



CORRIGENDA. 

p. 426, line 16, for -*0siu 6 read -KQ sin 8 

and for -f-K'd(cos8)/d6 read - %pK2 (cos 6)12)6 

p. 428, line 2, for (A + ma2)6 read_ (A + ma2)8 

(The dots have failed to print.) 

p. 520, line 9 from foot,/<«- united read initial 

p. 524, line 38, after and insert , except for the couple mentioned i 
the next paragraph, 





CHAPTER I 

INTRODUCTORY* 

1. Gyroscopes and gyrostats. A gyroscope is generally regarded as a 

toy, the behaviour of which is mysterious and unnatural. It consists of a 

flywheel, generally in the form of a disk with a massive rim, mounted in 

an open frame, which may be supported in various ways, for example as 

shown in the adjoining diagram. But the flywheel may be enclosed in a 

(«) (6) 

case which completely conceals it, as when, in the music-hall entertainment, 

a cheese-shaped body is set up on edge and successfully resists the efforts 

of a strong man to turn it down flat. The concealment of the rapidly 

rotating flywheel in this case gives an additional element of mystery. 

When the flywheel is thus concealed we have what Lord Kelvin called 

a gyrostat, because, in virtue of the rotation of the flywheel, the arrangement 

stands with any of the edges of the case resting on a hard smooth table. 

The arrangements of the apparatus shown in the diagram above allow 

In this chapter a general account of gyrostatic phenomena and of a number of experiments 

is given; full explanations of all these will be found in later chapters of the book. 
G.G. A 
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some remarkable facts to be verified. In diagram (a) of the figure the 

flywheel is shown with its axis C D held by a ring, which can turn about 

bearings E, F at right angles to CD. These bearings are at the extremities 

of a vertical fork carried by an upright stem, which we shall suppose is. 

free to turn in a vertical socket carried by a massive base-piece resting on 

the table. The bearings E, F are so arranged that the ring and flywheel 

can be readily removed from the fork and securely replaced when desired.. 

For the present we suppose that there is no weight applied at D, and that 

the axis E F passes through the centre of gravity of the wheel and frame,, 

which coincides with the centre of the wheel. 

2. Experiment showing permanence of direction of axis of rotation. 

Action of torpedo. N o w let the following experiment be tried. The 

flywheel being at rest and the arrangement in equilibrium, the base-piece is 

turned round on the table. The upright stem with its fork is carried 

round by friction in the socket, and so the flywheel is also carried round, 

and its axis changes direction in space. The ring with the flywheel is now 

removed from the fork EF, and placed so that the axle of the wheel rests 

on the rubber edge of a disk, carried on the overhanging end of the spindle 

of an electric motor [see figure]. B y means of a starting resistance the 

motor is run slowly at first, and its speed gradually increased to its utmost 

value. The operator presses the spindle on the disk, the flywheel gets 

into motion, and runs faster and faster, as the speed of rotation of the 

spinner increases. Slip between the spindle and disk is avoided. The ring-

is now replaced on the bearings E F with the axle C D in any convenient 

inclined position. It is found now that the behaviour of the apparatus is 
entirely changed. 

First it is seen that when the base-piece is turned round on the table the 

vertical stem is no longer carried round, but remains apparently fixed, so 

that the axis C D points in a constant direction. XTo matter how the 

base-piece is turned round or shifted on the table, the direction of the axis 

of the wheel remains practically unchanged. The wheel has now acquired 



I INTRODUCTORY 3 

the property of resisting any action tending to produce alteration of the 
direction of its axis of rotation. 

The reader will now be able to divine the explanation of the music-hall 

experiment. A massive flywheel revolves within the cheese-shaped body, 

with its axis along the axis of symmetry of the outward shape of the body. 

W h e n an attempt to throw the body down flat is made, the flywheel 

powerfully resists any change in the direction of its spin axis, and the 

attempt is unavailing. For the frontal attack on the body must be 

substituted what is'literally a "flank movement,'' which may perhaps be 
inferred from what follows. 

This permanence of direction of axis of spin explains the stability and 

precision of a rifle bullet. It is also utilised in the torpedo to maintain the 

projectile in the direction'in which it started. The hollow body of the 

torpedo contains a gyrostat placed, with its axis of spin along the axis of 

the " cigar,'' and this gyrostat is started by the release of a powerful 

spring at the moment of firing. If the "cigar" swerves a little from the 

initial direction the two axes diverge at a small angle, since the axis of 

spin preserves its direction. In consequence of this angle a motor is 

called into play to actuate a rudder in such a way as to annul the deflec

tion. Thus the gyrostat acts as if it had both a nervous and a muscular 

system. It detects the swerve and calls into play the forces required to 

correct it. 

3. Motor-driven gyrostats. For various purposes a motor-driven gyrostat 

is very convenient, for example a' combination of gyrostats can be much 

more readily adjusted and controlled if the gyrostatic elements are motor 

driven. Dr. J. G. Gray and Mr. George Burnside have constructed a very 

compact arrangement in which the flywheel of the gyrostat is the rotor of 

a continuous-current electric motor. The parts are shown in the diagram. 

The armature of the rotor is a Gramme ring wound on a ring of malleable 

cast-iron, with radial iron projections between the segments of the winding. 

The field is supplied by a small electro-magnet, of which the cone and 

pole pieces are shown on the right at the bottom of the diagram. This 

magnet forms the stator : it carries two windings, one on each side of 

the shaft. 
The armature ring is supported centrally from the shaft, which is 

stationary, by means of two magnalium disks perforated to allow the 
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armature and field magnet to be cooled by circulation of air. The disks 

are recessed near their outer edges to fit tightly into the inner periphery of 

the armature ring, and have gun-metal bushes. The magnalium is very 
light, and so practically the whole 

mass of the rotating system is con

tained in the ring. The commutator 

is mounted on one of the disks: the 

brushes make contact with phosphor-

bronze studs projecting inward from 

the magnalium disk which carries the 

armature ring. 

The case is made in halves, pro

vided with flanges to enable them 

to be screwed together after they are 

placed over the motor. 

The form of gyrostat with open 

frame, shown in the preceding diagram 

as being spun on the motor-driven 

disk apparatus, has however been 

improved so much by Dr. Gray and 

Messrs. Griffin as regards balance, 

management of bearings, and lubri

cation that it can be used for all 

kinds of purposes without danger of 

derangement, spun many times with one oiling, and will continue to 

spin for from 10 to 40 minutes according to circumstances. Thus for 

a large number of ordinary experiments this type is perfectly convenient, 

and its cost is necessarily considerably less than that of the motor 

instrument. 

Parts of the gyrostat. 

4. Effect of couple applied by weight hung on one side. Let the 
weight be hung on at D, as shown in the diagram (a), in 1. If the flywheel 

were not turning on its axis the effect would be simply to turn the ring 

and wheel about EF, and the weight would descend until it came into 

contact with the supporting stem. But with the wheel rotating rapidly 

the result is widely different. A very slight downward motion of the 

point D can be detected as the immediate effect, but as soon as the least 

such deflection has taken place the whole, system begins to turn round, 

so that the point D moves sideways, or, with reference to the diagram («), 

p. 1, at right angles to the paper. This motion goes on, and presently, 

as far as the eye can detect, a steady motion of the stem, fork rino- and 

flywheel (all as if they composed a rigid body) about the vertical has been 

set up. The point D of the axis does not appear to descend further and 
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the axis C D remains at a constant inclination to the horizontal while its 

azimuth changes, that is the vertical plane containing C D turns steadily 

round the vertical. If there were no friction between the moving parts 

what would be seen would be that the axis C D alternately rose and fell 

through a small range, so that on the average the apparatus turned steadily 
round as just described. 

5. Experiment of gyrostat supported by cord attached at point in lint 
of axis. As shown in diagram (6), in 1, let the ring and flywheel be removed 

from the fork and hung by a string attached to a knob projecting from 

the ring. The wheel is steadied until the axis of rotation is horizontal and 

the arrangement is left to itself. It is supposed that the wheel is rotating 

rapidly about its axis. Again a downward deflection, so slight as to be 

hardly observable, takes place, and a sideways motion is set up, so that the 

axis of spin of the flywheel turns round in a horizontal plane. Strictly 

speaking, the gyroscope does not turn about the string as a vertical 

axis, for the string is not exactly vertical. If the point at which it is 

gripped by the hand remains fixed, the string is inclined so that its lower 

end is a little displaced from the vertical towards the supported gyroscope. 

for upon the gyroscope moving as a whole round the vertical through the 

point of support—the upper end of the string—the string must exert an 

inward component of pull. But this displacement is slight, and we may 

say, with a considerable approach to accuracy, that the axle of the flywheel 

turns steadily round in a horizontal plane while the string remains vertical. 

In reality the string describes a narrow Cone about a, vertical axis. 

6. Behaviour of gyroscope dynamical but apparently unnatural. The 

ordinary undynamical observer who knows a little of the facts, but prac

tically nothing of the reasons, of the behaviour of ordinary non-rotating 

bodies, immediately asks the question, " W h y does the gyroscope not fall 

down ?" The question is a natural one, for the behaviour of the gyroscope 

appears to him to be most unnatural. H e does not pause to consider that if 

it did fall down the planes of rotation of the matter of a massive wheel 

would have to be quickly changed, and that such a change may possibly be 

difficult or impossible to effect by a direct overturning action applied to the 

wheel. His attitude is just that of the ordinary music-hall spectator of the 

unoverturnable " cheese." 

The idea that suggests itself to those who, without any dynamical 

knowledge, try to think out causes, is the erroneous one that gravity 

is neutralised in some way by the rotation. O n this supposed neutralisa

tion of gravity has been based a proposal (perhaps several proposals) for 

the construction of a flying machine. Such observers fail to note the 

significant fact that the gyroscope, when its axis remains horizontal 

in this apparently paradoxical manner, is turning round in azimuth, 
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and that if this turning is checked by a resistance applied to the 

turning axle, the wheel at once begins to descend in the " natural way. 

But here another puzzling result is obtained. If, instead of trying to 

impede the motion of the axle in azimuth (the precessional motion, as it is 

called), the observer tries to assist it, the outer end of the axle rises, that is 

to say the centre of gravity of the gyroscope is raised. 

7. Elementary phenomena and their dynamical explanation. The 

dynamical theory of rotational motion and of gyrostatic action is fully 

discussed in the chapters which follow; but at the risk of some repetition 

an indication of the principles of gyro-

statics is given here for the sake of 

general readers. 

W e consider the case of steady pre

cessional motion. It is supposed to be 

mysterious, but it is really very simple. 

It is illustrated by the pedestal gyrostat 

shown in the first figure, or by7 the 

motor-driven pedestal gyrostat shown in 

the adjoining figure. The curved arrow

head shows the direction of rotation, the 

projecting arrow the axis of spin, the 

arrow pointing down can be turned so as 

to show the direction of the axis of any-

applied couple, that is moment about YY' 

of any applied forces. It is maintained 

by a spring washer in any position in 

which it may be placed. At the other end 

of the axis a weight balancing all these 

rods is hung, so that the centre of gravity 

may remain at the centre of the wheel. 

Let then the arrow last specified be turned so that it points horizontally 

to the right. It represents now a couple which would turn the spin axis 

down, if the flywheel were not rotating. It is at right angles to the parallel 

planes in which, in obedience to the couple, particles of the body would 

move, if there were no rotation ; and it is drawn towards the observer if the 

turning due to the couple, looked at from a point beyond the arrow-head, is in 

the counter-clock direction. The length is made equal to the moment, and 

thus the line (which is called the axis of the couple) represents the couple in 

all respects. [The phrase " spin axis' means the axis of the flywheel.] 

A couple may be applied by pushing down the front of the case by 

hand or otherwise: it is found that the spin axis turns, as far as can 

well be observed, in a horizontal plane, in the direction in which it follows 
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the couple axis. The two axes turn together since they are rigidly con

nected, but the spin axis is at each instant turning towards the position 

which the couple axis has at that instant, that is, towards the right. 

If the back of the case is pushed down, the horizontal turning of the 

;spin axis is towards the left. But as the couple is reversed in sign from its 

former value, the pointer, to represent it, should be turned towards the left, 

so that the general rule that the spin axis follows the couple axis again holds. 

This turning is due to the fact that as the spin axis, with the angular 

momentum Gn about it, turns towards the couple axis with angular speed w, 

there is a rate of production of angular momentum measured by Gnw about 

the latter axis. Thus, when there is steady turning, the rate of production of 

angular momentum about the couple axis, equal numerically to the moment 

of the couple, is supplied by the motion of the body. 

If it should happen that there is turning of the spin axis (OX in the 

diagram) towards a direction, O Y say, at right angles, about which no 

•couple acts, then the body will begin turning about the second axis O Y in 

the direction to neutralise the rate of production Gnw of angular momentum 

due to the motion of the spin axis. [This in general will cause turning about 

OZ, which we do not now discuss.] If the consequent displacement brings 

into play a couple about O Y sufficient to account for this Gnw, we may have 

steady motion set up. The configuration then remains unchanged, the spin 

axis chases, so to speak, the couple axis round, and we have a state of relative 

equilibrium with constant precession (as it is called) of angular speed w. 

If however the neutralising motion about O Y referred to above is, as it 

may be, in the direction to call into play a moment of forces, or couple, in 

the opposite direction about O Y to that required to account for Gnw, there 

will be instability, the deflection will go on indefinitely increasing. W e 

have an example in the gyrostat with axis vertical and carried round on a 

tray in azimuth in a direction opposed to that of the rotation of the flywheel, 

the experiment described in 20, below. 

Next we observe that when it is attempted to retard the precessional 

motion, by applying force in the " natural'' way to effect this result, the 

axis descends, if it is in like manner attempted to accelerate the precession 

the axis rises. This experiment shows that the horizontality of the axis 

depends on the freedom of the gyrostat to precess at a certain definite rate. 

This rate, as we shall see presently, depends, in the case of the hanging 

gyrostat described above, on the couple applied by the weight of the gyro

stat acting downward in one vertical line, and the string pulling upward in 

another line nearly vertical, and on the angular momentum of the flywheel. 

W e look at the thing now in this way. The axis of rotation round 

which the flywheel has angular momentum is turning towards the axis A 

of the couple, with angular speed, w say. Now, and this is the point 

not ̂recognised as a rule, this motion itself creates a rate of production of 
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angular momentum about the axis A of the couple. For when an axis 01 

with which is associated a directed quantity, L say, is turning towards a 

fixed direction O m at right angles to it with angular speed w, there is a 

time-rate of production of the quantity of 

the same kind associated with the latter 

direction measured by the product La>. 
N o w the flywheel is revolving with angular 

speed n, so that if its moment of inertia is C, 

it has angular momentum Cn about the axis 

of rotation 01; but with angular speed w the 

jLde axis 01 is turning towards the instantaneous 

position of the axis O m , a fixed direction to 

which 01 is at the moment perpendicular, 

and, in consequence of this turning, a rate of production of angular 

momentum Gnw exists about O m . [See 12, II below.] 

N o w for the steady motion of the gyrostat, that is steady turning in 

azimuth without rising or falling of the axis, it is only necessary that this 

rate should be equal to the moment of the couple about Om, G let us say. 

Thus we get Gnw = G, which gives w = G/Cn. 

If the precession is hurried by a little impulse applied to the wheel, and 

the gyrostat is then left to itself, the hurried motion, if it continued after

wards in the horizontal plane, would result in a more rapid generation of 

angular momentum about Om than there is moment of couple to account for, 

and the gyrostat would begin to turn about Om, in the direction to cause the 

angular momentum to be produced at the proper rate, that is the axis 

would begin to rise. In the same way an impulse towards delaydng the 

precession would cause the axis to begin to descend. In each case the 

result would be a succession of alternate rises and descents; but the subject 

of vibrations about steady7 motion is too difficult to discuss here, and will 

be found treated later in the book. 

8. Two possible precessions in general case. In any case of steady 

motion there are two possible precessional motions for the same spin and 

the same inclination of the axis of spin to the vertical, which are given 

in the theory as the roots of a certain quadratic equation [see 18, II]. One 

is great, the other small. The former to the first approximation does not 

* For example, a particle of mass m is moving at any point P along a curve, that is alono- the 

tangent to the curve at P, and therefore the direction of motion is changing at P with angular 

speed vjr, where r is the radius of curvature at P. W e may regard the tanyent as an axis 

with which is associated the momentum mv, and which turns round with angular speed r/r as 

the point of contact advances along the curve. Thus along the direction towards the centre 

of curvature at P, which direction is fixed for P, and towards which the tanoent at P is 

.turning, there is a rate of growtli of momentum measured by mva) = mv. r/r = im~/r % verv 

well-known result. The same process holds for any directed quantity (momentum ancniliV 
vclocity, angular momentum, etc., associated with an axis). 
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depend on applied forces, the other does. Lord Kelvin called the former 

" adynamic,'' the other " precessional." But in strictness both involve the 

forces, and they appear as the roots of a certain equation. One of these is 

at once approximately realised when the wheel is spun fast, the gyrostat 

set on the plate at rest, and left to itself. The motion is one of small 

oscillation about the steady motion, which is characterised by slow preces

sion, given very nearly, but not quite exactly, by the same formula as 

before. The other motion of the axis in the same cone is one of, much 

greater precessional angular speed, which is given by a slightly more 

complicated formula [see 18, II]. 

In strictness we must regard this second precessional motion as character

istic also of the gyrostat when its axis is horizontal, but in that case the 

precessional angular speed is infinite, and only the slow motion is realisable. 

The rule often stated that hurrying a gyrostat in its precession causes 

tilting up of the axis, and delaying the precession causes tilting downward, 

is true only of the slower more usual precession. For the faster precession 

exactly the reverse rule holds good. This fact does not seem to be generally 

known, as the rule is often stated absolutely. 

It is important to notice that if the centre of gravity of the gyrostat is 

above the point of support, supposed on the line of the axis, the two pre

cessional motions are in the same direction; if on the other hand the centre 

of gravity be below the point of support, the precessional motions are in 

opposite directions. The faster motion changes sign in passing through an 

infinite value, when the axis is horizontal. 

By the effect of hurrying or retarding the precession is explained the 

rising and falling of a top spinning on a rounded peg in contact with a 

rough floor along which the top can move. At first the spin is fast and the 

slipping is such as to produce a hurrying friction couple which causes 

the erection of the top. After the spin has fallen off the slipping is the 

other way and a couple which produces the reverse effect results, and the 

top falls. But the action is complex, and requires mathematical discussion : 

it will be dealt with in a later chapter. 

9. Bessemer s gyrostatically controlled saloon. The idea occurred to 

Bessemer of taking advantage of the resistance which a rapidly spinning-

flywheel offers to change of its plane of motion for the construction of a 

ship's saloon, the floor of which should be kept, by gyrostatic control, 

fixed in direction as the ship rolled or pitched. The idea was quite 

reasonable, and justified an attempt to realise the saloon. So a cabin 

weighing ISO tons was suspended from a fore and aft axis [see The 

Engineer, 1875], and a gyroscope with axis of spin vertical, for the ship at 

rest on even keel, was provided to control it. But in doing so the designers 

and constructors ignored the fact that, as in the experiment described above, 
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gyrostatic resistance to change of direction of the axis of rotation is bound 
up with freedom of the gyroscope to turn as a whole with precessional 

motion. This freedom of precession (about an axis athwart the ship) was 

not provided for in the construction of the saloon, and so the experiment 

was unsuccessful so far as mitigation of rolling was concerned, lhe 

arrangement however was such as to modify the pitching motion, though 

that fact does not seem to have been perceived by the designers or their 

critics. The same idea has been revived in recent years and realised with 

fair success in the Schlick apparatus, described in Chapter VIII below, for 

controlling- the rolling of a ship. 

10. Gyroscope or gyrostat is merely a spinning top. The earth is 

a spinning top. Spinning of an ordinary top. The gyroscope is how

ever merely a glorified spinning top, and the person who asks w h y the 

gyroscope hung by a cord, and pre-

cessing with the axis of rotation of 

the flywheel horizontal, does not fall 

down, seldom seems to notice anything 

remarkable in the fact that a top 

spinning upright on its peg stands up 

stably7, and when its spin has died 

away lies down on its side on the 

ground, and will not stand up without 

spin. Top spinning is practised by all 

small boys, and the behaviour of a 

top is taken as a matter of course. 

r^ /' " Familiarity breeds contempt,'' says 

pV"\ the proverb; that familiarity with 

scientific devices which consists merely 

in their daily use, or in seeing them frequently, produces indifference. 

W h e n however the top is elaborated a little into a gyroscope, and new 

experiments are made with it, such as that described above of making it 

hang on one side of a nearly vertical string, many people, who accept 

without question the ordinary top, and its quite as wonderful properties, 

ask at once the question discussed in 6. Only7 a very few ordinary ob

servers grasp all the essential facts of what they see. And comparatively 
few realise that the earth is merely an ordinary top, which spins about 

its axis of figure at the rate of one turn in about four minutes less than a 

solar day. If an ordinary top is spun by7 the usual process of throwing 

it from the hand, so that it alights on its peg just after a strino- has 

been quickly unwound from the body of the top, its axis is usually at 

first inclined at a somewhat large angle to the vertical, and sways round 

with a conical motion. Gradually, by the action of frictional Li.ri.-es which 

http://Li.ri.-es
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has been referred to in 8, the angle of inclination of the axis to the vertical 

becomes smaller and smaller, and the centre of gravity rises until the axis 

is vertical and the top " sleeps." 

This conical motion is indicated in the last diagram. The circles, round 

the vertical and the axis of the top, there shown, indicate the conical 

motion as produced by the rolling of a cone, axis OC, fixed in the body, 

round a cone, axis OZ, fixed in space, in the manner further described below 

in connection with astronomical precession. 

After a little as the spin falls off', mainly7 in consequence of air friction, 

the rotation becomes too slow for maintenance of the vertical position, and 

the axis of figure becomes again inclined to the vertical: the conical motion 

is resumed and goes on with increasing inclination until the top has fallen. 

As will be shown later, a certain limiting angular speed of spin is neces

sary that the top m a y be in stable equilibrium with its axis in the upright 

position. Also it will be proved that, when the axis has fallen away from 

the vertical, the conical motion of the axis—the precession of the top—is 

due to the action of gravity on the inclined over body, that same action 

which in the case of the gyroscope makes the instrument turn round in 

azimuth, and which, according to the undynamical observer, ought to bring 

the centre of gravity down at once to the lowest possible position. But if 

the falling off of rapidity of spin could be stopped by withdrawing all 

resistance to the spinning motion, while the axis is left inclined over and 

moving properly sideways, the conical motion would continue indefinitely 

and the inclination of the axis to the vertical would remain unchanged. 

11. The earth's precessional motion. The earth has, besides the rotation 

about its axis of figure, a precisely analogous conical motion of its axis, or, 

to be more exact, its axis would move in a cone if its translational motion 

in space were annulled. This conical motion is due to the gravitational 

action of the sun and of the moon on that belt of matter round the earth's 

equator, which m a y be regarded as constituting the deviation of the earth's 

mass from a spherical distribution. The earth's centre moves, with very slight 

deviations, in a certain plane round the sun, the plane of the ecliptic, as it is 

called, to which the plane of the. earth's equator is inclined at an angle of 

23° 27' 8" (the so-called " obliquity of the ecliptic " ) , so that the axis of spin 

of the earth, that is the line joining the poles, is inclined to the ecliptic at 

the complementary angle 66° 32' 52". The " falling down " of the earth 

which this gravitational action would by analogy " naturally " produce, is a 

turning of the plane of the equator into coincidence with the ecliptic, 

so that the earth's axis should set itself at right angles to the ecliptic. If 

this were to happen there would be a disappearance of the succession of 

seasons; only the slight variation caused by the eccentricity of the earth's 

orbit would be left, and a practically unvarying climate would prevail in 
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IN 6500 
YEARS 

each zone of the earth's surface. Instead of undergoing any such catastrophic 

change in position, the earth's axis moves round slowly in the conical path 

referred to above, and the angles of inclination of the equator and of the axis 

of spin to the ecliptic remain unaltered. Thus the direction of the earth's 

axis in space undergoes a great, though slowly proceeding, periodic change. 

__~_r̂ -_
 rJ'ne position of the north or south pole on the 

r^" \ ~~~v celestial sphere moves slowly round in a circle, 

the angular diameter of which subtended at 

the earth's centre is twice the obliquity, or 

46° 54' 16", and completes a circuit in 25,800 

years. The fixed stars are so distant—the 

nearest is about 275,000 times as far from the 

earth as the sun is—that the translational 

motion of the earth in its nearly circular orbit 

of about 186,000,000 miles in diameter has 

hardly an observable effect on the apparent 

path of the pole among the fixed stars. About 12,000 years hence the 

pole will point nearly to the star a Lyrae; about 4,000 years ago, when 

the Pyramids of Egypt were built, the pole star was the star a Draconis. 

The sloping passages in the Pyramids seem to have been constructed so 

as to be used for the observation of that star. 

IN 13000 
Y^ARS 

vo 

12. Conical motion of axis produced by rolling of body cone on space 

cone. This conical motion m a y be regarded as due to the rolling of a 

narrow cone fixed in the earth (and there

fore moving with the earth), having its 

axis coincident with the earth's axis, upon 

a cone fixed in space, the axis of which is 

at right angles to the ecliptic, and the semi-

angle of which is 23° 27' 8" This is illus

trated by the diagram, which shows a model 

of the earth mounted so as to show the 

precessional motion. The former is called 

the body cone, the latter the space cone. 

The upper surface of the flat ring round 

the stand is the plane of the ecliptic, the 

dark line N E is part of the equator, P N is 

a meridian drawn from the pole P to the intersection N of the equator 

with the ecliptic. The point N represents one of the equinoxes or " nodal 

points" at which the sun in its apparent motion among the stars passes 

from one side of the plane of the equator to the other. Lines drawn from 

the centre (not shown) of the globe to points on the ring shown as situated 

parallel to the ecliptic at the top of the model, give the space cone. The 
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body cone is represented by its upper end P, which is a rod of brass resting 

on the inner surface of the ring. This rod is a very narrow cone with its 

apex also at the centre of the globe, and its axis of figure is that of the 

globe. With the rod resting on the ring the globe is set spinning about P 

in the counter-clock direction as seen from above. It will be seen that, 

while for the ordinary top as shown in the diagram in 10, the body cone 

rolls on the outside of the space cone, the body cone here rolls on the inside 
of the space cone. 

The cone P then rolls round the ring, of which it makes one circuit in the 

time T.D/d, where T is the time of one turn of the globe on its axis and ~D/d 

the ratio of the diameter of the ring to the diameter of the cone at P. 

[Strictly speaking, the ratio should be (D — d)/d, but d is very small in com

parison with D.] As the cone rolls round the meridian N P travels with it, 

and the equinoctial point N moves round along the ecliptic. Thus we have 

the precession of the equinoxes. 

13. " Diameter of earth's axis." We can now solve an interesting problem 

which was sometimes proposed to the students of the Natural Philosophy 

Class of the University of Glasgow. Supposing the polar radius of the 

earth to be 4000 miles and the precessional period to be 25,800 years, find 

the diameter of the earth's axis! This problem puzzled most students at 

first sight, as its statement seemed to imply the possession by the earth of 

an actual material axle, but an inspection of the model globe, of which the 

diagram above is a picture, made the question into an interesting exercise, 

both on the geometry of motion and on an important question of physical 

astronomy. The time T is one sidereal day, and the time TD/d [strictly, 

T(D — d)/d~\ is 25,800 equinoctial years of 366\ sidereal days each. Thus 

we have approximately 25800 x 366J = D/d. But 

D = 2 x 4000 X sin (23° 27' 8"). 

Hence we get, in feet, 

,_2x 4000x 5280x sin 23° 27'8" 7 

25800 X366J 

The answer to the question is therefore 21 inches. 

14. Free vibrational motion of a top. Free and forced vibrations. The 

motion of the terrestrial top in the gravitational field of force, due mainly 

to the sun and moon acting on the equatorial belt of matter, is so far as 

we have gone analogous to that of a child's top spinning- in the field of 

force due to the earth's attraction on bodies at its surface. But the analogy 

can be traced into further details of the motion. The child's top, in the 

early part of its spin, rises till its axis is vertical and then sleeps. If there 

were no frictional forces acting to raise the axis to the vertical, in the 

manner referred to in 8, it would continue spinning steadily about its 
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axis while the conical motion, due to the deviation of the axis from the 

vertical and the consequent couple about a horizontal axis, would con

tinue without alteration of rate or of the inclination of the axis to the 

vertical. But as it is any little inequality of the pavement, encountered 

by the peg, produces a little disturbance, and the top " wobbles." This 

wobble is soon extinguished by the frictional forces acting, but if these 

did not exist there would be a periodically repeated disturbance of the 

motion. This would be seen by a small vibrational motion of the axis of 

the top about the motion which it had before the disturbance arose. 

The vibration has a period which depends on the system of forces under 

which the ordinary undisturbed motion takes place, on the distribution of 

matter in the top, and on the inclination of the axis to the vertical in that 

motion. This period is called a "natural" or free period of vibration of 

the top. 

The period arising from a single small disturbance must not be confused 

with the periodic motion which would be produced by a periodically 

occurring disturbance. In this case what is called a " forced vibration" 

would be produced in the period of the disturbance, not in any natural 

period of the body, unless a natural period and the forced period happened 

to agree, in which case a large disturbance might quickly grow up. 

A good illustration of this is found in the rolling of a ship. If the ship 

is inclined over, in otherwise still water, and left to herself, she will then 

roll in a period which depends on the ship alone, and is a natural or free 

period. If, however, she steams in a seaway, in such a direction that waves 

pass under her transversely, she rolls in the period in which she encounters 

the successive waves, that is she performs transverse oscillations in a forced 

period. 

In the same way the earth-top is subject to periodic alterations of the 

forces applied by the sun and moon, as the system of bodies periodically 

change their relative position, and so we have forced vibrational variations 

of precession, and those changes of inclination of the axis to the ecliptic 

which are called nutation. But, comparatively recently7, the question has 

been asked, Is the motion of the earth-top affected by any free period 

oscillation ? W e can calculate the period of a free oscillation of the axis 

about the mean position, and the calculation is given in X below. It 

comes out 306 days approximately. 

15. Periodic changes of latitude. The next question is how such a free 

oscillation of the earth-top would disclose itself. It is clear from wdiat has 

been stated above that the axis of figure, remaining fixed in the body, 

would vibrate about its mean direction in space. This mean direction 

would be, as we shall see later, that of the axis O K , say, of resultant 

angular momentum of the earth, due to its spin and the precessional motion 
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combined. This axis, nearly coinciding with the axis of figure, we may, 

for the consideration of the motion of the axis of figure, take as at rest, 

though as a matter of fact it is displaced in consequence of the forced 

precession and nutation. Hence, as the earth turns, O K , thus fixed 

directionally in space, describes a cone in the earth, and the pole of the 

earth moves round among the stars in a circular path about the intersection 

of O K with the celestial sphere, in the period • of free vibration. But the 

usual way of determining the latitude of a place is by observing the 

f-O.20 +O/O 

+0:30 +o~2o +o:to o"oo ~o"/o -cy.'zo -0:30 

Albreeht, Astr. Nadir. Xo. S4S9 ; Nature, M a y 12, 1S9S. 

apparent altitude of a star at an interval of 12 hours, and therefore, 

since the pole moves round a fixed point on the celestial sphere, a periodic 

alteration of latitude will be noticed if the observational apparatus is 
sufficiently delicate. 

It is found (see loc. cit. below) that if the moment of inertia of the 

earth about the axis of figure be C, and the mean value of that about an 

equatorial diameter be A, the period of a free oscillational variation is 

A/(C — A ) times the period of rotation. N o w A/(C — A ) is about 304, so 

that the natural period for a rigid earth is about 304 sidereal days. 

A careful scrutiny of observations of latitude, which was made by 

Mr. S. C. Chandler of Cambridge (U.S.), has disclosed two periodic dis

turbances, one in a yearly period and another in a period of about 428 
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days. The former, a motion of the invariable line O K with reference to 

the earth, is a narrow ellipse, about 30 feet long at the North Pole, and 

is no doubt due to the periodic deposit and melting of snow and ice in the 

polar regions, which must alter the action producing precession. Accordingly 

this is a forced oscillation. 

The latter however is a motion in a circle at the pole of about 26 feet in 

diameter in the fourteen months' period stated. In the chart on p. 15, the 

path of the north pole of the earth for five years from 1890 to 1895 is 

pictured. It will be seen that the curve is apparently very7 irregular: 

this is due to the variation in position of the ellipse giving the yearly 

motion. This is confirmed by the results of later observations, notably by 

the chart for the seven years 1906-1912, which is given in Chap. X I below. 

The discrepancy between 428 days and 304 days was at first puzzling, 

but it was pointed out by the American astronomer Simon Newcomb that 

any elastic yielding of the earth, or change of distribution of matter due to 

mobility of surface water, that might accompany the vibrational motion, 

would increase the period. For, clearly, such yielding would diminish the 

forces called into play by the vibrational displacements, and the period 

would be increased. The exact amount of the increase of period due to this 

cause cannot well be estimated [see however Chap. XI]. 

16. Egg-shaped solid body stable with long axis vertical when spinning 
" Liquid gyrostats." The question of the behaviour of a spheroidal shell 

filled with a liquid and made to spin is an interesting one. W e take a 

spheroidal piece of w7ood, a nearly egg-shaped piece, as shown in the 

diagram, and laying it with its long axis horizontal, apply7 two horizontal 

forces in opposite directions at its ends with the fingers so as to make it 

spin rapidly, say7 in the direction of the circular arrow on the left. The 

wood does not continue to spin with the long axis horizontal, but raises its 

centre of gravity until the long axis is vertical, as shown on the rio-ht and 
spins in stable equilibrium in this position, like an ordinary top. 

If now the same experiment be tried with a metal shell filled with a 
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liquid, or with a fresh egg, it will not succeed. The arrangement will 

spin in a feeble way, but it will not behave as an ordinary top and stand 
up on end. 

The rotational motion set up is not stable, and dies away fairly quickly. 

But the shell can be stopped by placing the finger on the egg for a moment. 

When the finger is removed the shell moves on again, being dragged round 

by the still rotating liquid. But if the egg is boiled hard it will behave 

like the wooden spheroid. This is one way of solving the problem of 

Columbus—to make an egg stand on end ! 

17. Stability of rotational motion in a spheroidal shell. The 

stability of the rotation of the liquid contents of a spheroidal shell depends 

on the form of the shell. If the spheroid is oblate, that is if the axis of 

figure is, like the axis of the earth, the shortest diameter, the rotation is 

stable, and will endure so that the shell filled with liquid may be used as 

the flywheel of a gyrostat. If however the shell is prolate, that is if the 

axis of figure is the long axis, as in the case of the piece of wood, the 

motion is unstable, unless indeed the shell be sufficiently prolate. W e may 

place the gyrostat, with prolate liquid spheroid as wheel, on the spinner 

and get up a great speed; as soon however as the gyrostat is removed from 

the machine it is found that the spin has disappeared. 

On p. 18 is a diagram showing an oblate shell and a prolate one filled 

with water, both mounted in frames like a gyrostat flywheel, as shown in 

the third diagram. The deviation from sphericity is 5 per cent, in each 

case, but in opposite directions. The oblate one admits of stable motion of 

the liquid, the other does not. 

Oblateness however is not absolutely essential for steady rotational 

motion of a liquid round the axis of figure in a spheroidal case turning 

with the liquid. It was shown by Sir George Greenhill in 1880 that 

steady motion is possible in a prolate spheroid, if it be sufficiently prolate. 

The axial diameter, in fact, must either be shorter than the equatorial 

diameter, or be more than three times as long.* As Sir George Greenhill 

points out, a modern elongated projectile if filled with a liquid would not 

rotate steadily about its axis of figure, and therefore would not have a 

definite trajectory as a rifle bullet has; it would (unless abnormally long) 

turn broadside on to the direction of motion. 

The possibility of spinning an oblate ellipsoidal mass of liquid was 

discovered mathematically by Colin MacLaurin, Professor of Mathematics 

at Edinburgh in the first half of the eighteenth century. He showed that, 

provided the angular speed was kept under a certain limit depending on 

the density of the fluid, there were two revolution ellipsoids of different 

* Proceedings of the Cambridge Philosophical Society, 1880; Encyclopaedia Britannica, article, 

"Hydromechanics." 

(J.G. B 
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eccentricities, which were figures of equilibrium for a mass of liquid 

spinning about the axis of figure, with its surface free. With one or other 

of the eccentricities proper for the speed, the case m a y be supposed removed 

without affecting the equilibrium. Of course it is understood that there is 

no terrestrial gravity to produce disturbance; the spinning ellipsoid of 

liquid, without enclosing case, could not be realised except in a laboratory 

at the centre of the earth, and perhaps for various reasons not even there. 

All this is connected with a subject of very great interest, the equilibrium 

of spinning masses of liquid. It is of much importance in its bearing on 

the genesis of the earth and moon; but for further information the reader 

is referred to Thomson and Tait's Natural Philosophy, and to memoirs by 

Poincare and Sir George Darwin. 

18. Gyrostatic experiments: gyrostat supported above uuircisal flexure 

joint. Double instability stabilised. Some of the usual gyrostatic experi

ments have already been described in 4 .. 7 above. W e shall now describe 

a few others of a somewhat more complicated kind, and indicate some 

speculations which have been put forward, principally by Lord Kelvin, as 
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Motor-gyro.stn.fc on gimbals 

to the explanation of certain physical properties of matter by gyrostatic 
structure. 

A very instructive gyrostatic experiment is that with a gyrostat sup

ported on a universal gimbal joint as shown in the diagram. This drawing-
show's one gimbal axis clearly : the 

other axis is at right angles to this and 

is partly hidden by7 the upper ring-

to which the knife-edges are seen 

attached. The gyrostat thus mounted 

forms an inverted pendulum, which 

has two freedoms of motion, and 

when the wheel is without spin is 

unstable in both. With sufficient 

spin the gyrostat is stable in both 

freedoms. 

This is an example of a doubly 

unstable arrangement rendered stable 

by spin.* In Thomson and Tait's 

Natural Philosophy the interesting-

theorem is proved (at least it is 

implied in the discussion in § 345vm 

et seq.) that in a gyrostatic system 

an even number, but not an odd number, of freedoms can be stabilised 

by rotation of flywheels [see also X X below]. Of this we have here a 

particular case. 

A n arrangement of double instability, of which the idea is said to be due 

to the late Professor Blackburn, is shown on p. 20. A trapeze is attached 

at its ends to two vertical chains by two rings attached to swivels, so that 

the trape'ze can turn about its own longitudinal axis. The trapeze is made 

of two slips of metal between which the rim of the gyrostat can be slipped 

and secured by a pin. One of the chains has inserted in it a large ring, so 

placed that by unhooking one of the chains, passing it through the ring, 

and then rehooking it, and turning the trapeze end for end, we have it 

suspended by7 crossed chains. Such a bifilar suspension is of course 

unstable, as the trapeze tends to turn round towards assuming the arrange

ment of two parallel or uncrossed chains, in which of course the centre of 

gravity is lower than in the other case, and which so far as the bifilar is 

concerned is the arrangement of stable equilibrium without spin. 

The gyrostat when without spin and hanging below the trapeze, with 

the chains .uncrossed, has two freedoms for both of which it is stable: (1) 

* It is understood here and elsewhere that there is no Motional resistance involved. The 

existence of such resistance must be reckoned with in contrivances for practical purposes. 

The exact meaning also of stability cannot be discussed here. 

http://Motor-gyro.stn.fc
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the system can swing as a pendulum about the swivels at the end 01 the 

trapeze; (2) the trapeze can turn in azimuth about a vertical axis through 

its middle point, in vibrations in which the chains are carried in opposite 

Motor-gyrostat on crossed bifilar support. 

directions out of the vertical. These two modes of motion are thus both 

stable modes without spin of the flywheel. 

N o w when the chains are crossed, and the trapeze is turned so that the 

gyrostat is above it, the gyrostat possesses two instabilities without rotation 

of its flywheel; and if the flywheel is spinning and the arrangement is set 

up so that the chains are in one plane with the casing of the gyrostat 
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vertical, the contrivance exhibits remarkable balancing power. The effect 

of friction at the supports however causes the arrangement to leave the 

vertical. Gyrostatic oscillations come into existence. The gyrostat oscil

lates about the horizontal swivels, and the 

chains oscillate about their mean positions. 

The amplitudes of these oscillations con

tinually increase, until finally the gyrostat 

falls over. The balancing in any oscillation 

can be traced out in detail as an effect of 

" hurrying " precession. 

A gyrostat may also be supported on two 

stilts as shown. One of these is rigidly 

attached to the case, parallel to the plane 

of the flywheel; the other is merely a stiff wire with rounded points, the 

upper of which rests loosely in an inverted cup on the case. The lower 

ends of the stilts rest in cups on the table, or they m a y be merely set 

on a roughened metal plate. There is, with the freedom to turn about 

the line of the lower points and at the same time to swing about the 

vertical centre line, which the arrangement possesses, considerable stability 

Motor-gyrostat mounted to demonstrate the principle or the gyrostatic compass. 

(quickly undermined however by increasing amplitude of vibration) with 

rapid rotation of the flywheel. There is of course no stability without 

rotation. 

19. Gyrostatic experiments: ejyrostat on tray carried round in azimuth. 

The gyrostat of the pedestal instrument carries two trunnions in line with 

the centre of the wheel. The gyrostat is now mounted by placing these 

trunnions on bearings attached to the square wooden frame shown in the 

figure, so that when the tray is held in a horizontal position, the gyrostat 

rests w7ith its axis vertical or nearly so. The direction in which the wheel 

is spinning is shown by the arrow on the upper side. The frame is carried 

round in azimuth in the direction of spin: nothing happens; the gyrostat 

spins on placidly. If however the frame be carried slowly round the other 
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way, the gyrostat immediately turns upside down on the trunnions; and 

now, as the motion round in that direction is continued, the gyrostat is 

quiescent as at first; but the spin, by the inversion of the gyrostat, has 

been brought into the same direction as the azimuthal motion. 

The gyrostat behaves as if it possessed volition—a very decided will of 

its own. It cannot bear to be carried round in the direction opposed to the 

rotation, and, as it cannot help the carrying round, it accommodates itself 

to circumstances by turning upside down so that the two turning motions 

are made to agree in direction. Again the azimuthal motion is reversed, 

and once more the gyrostat inverts itself, so that the wheel turns in the 

same direction in space as at first. 

It will be noticed that when this curious one-sided stability and instability 

is displayed, the gyrostat is affected by a precession impressed upon it from 

without. The system was not left to itself, it was carried round. The 

gyrostat has little or no gravitational stability—the centre of gravity is 

nearly on a level with the trunnions; but even if it were gravitationally 

unstable, sufficiently rapid azimuthal motion would keep it upright if that 

motion agreed with the spin, while the least motion the other way round 

would cause it to capsize. 

If the gyrostat be placed on the trunnions so that the axis of the wheel 

is in the plane of the frame, azimuthal turning causes one end or the other 

of the axis to rise, according to the direction of turning. 

Better than anything else, this experiment affords an example of the two 

forms of solution of a certain differential equation, which, when the inclina

tion 6 of the spin axis to the vertical is small, may be written 

A|| + »N0 = O, 

where N is the angular momentum of the wheel, and w the angular speed 

with which the frame was carried round. When the turnings were in the 

same direction, w and N had the same sign, but when the turnings were in 

opposite directions the product coN had a negative value. When the 

product is positive we have a solution giving oscillations about the vertical, 

in the period 27r(A/toN)5: the equilibrium is stable. When however w is 

reversed the product'must be given the opposite sign, and we get a solution 

in real exponentials, giving the beginning of continued falling away from 

the upright position until the opposite position, which is stable, is attained. 

N has now also been reversed in space, and the product C(>N in the 
differential equation is again positive. 

A turning moment about the vertical is required by the gyrostat from 

the frame constraining it to move round in azimuth. The averao-e amount 

of this moment, multiplied by the time occupied in the inversion is 2N. 

There is thus at each instant of the turning in azimuth, before the inversion 
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has been completed, a couple required from the frame, and this couple is 

greater the greater the angular speed n of spin. The operator must apply 

an equal couple to the frame. 

The couple arises thus. Let the gyrostat axis have been displaced from 

the vertical through an angle 9 about the trunnion axis. In consequence 

of the azimuthal turning, at rate w say, the outer extremity of the axis of 

angular momentum is being moved parallel to the instantaneous position 

of the line of trunnions, and thus there is rate of production R of angular 

momentum about that line; but there being no applied couple about the 

trunnions, the gyrostat must begin to turn about them in order to neu

tralise R. This turning tends to erect or to capsize the gyrostat according 

as the spin and azimuthal motions agree or are opposed in direction. The 

consequent motion involves production of angular momentum about the 

vertical for which a couple must be applied by the frame, and of course to 

the frame by the operator. This couple is greater the greater N, and 

therefore if the operator cannot apply so great a couple an azimuthal 

turning at rate w cannot take place. With sufficiently great angular 

momentum the resistance to azimuthal turning could be made for any 

stated values of 9 and w greater than any specified amount. 

The magnitude of this couple, which measures the resistance to turning 

at a given rate, is greatest when the angle 9 is 90°, that is when the axis of 

the flywheel is in the. plane of the frame. 

20. Gyrostatic structure of a rigid solid. We come now to an 

interesting- application of these ideas. Lord Kelvin endeavoured to frame 

something like a kinetic theory of elasticity, 

that is he conceived the idea that, for example, 

the rigidity of bodies, their elasticity of shape, 

depends on motions of the parts of the bodies, 

hidden from our ordinary senses as the fly

wheel of a gyrostat is hidden from our sight 

and touch by the case* Consider this diagram 

of a w7eb. It represents two sets of squares, 

one shown by full the other by fine lines; 

the former are supposed to be rigid squares, 

the latter flexible. Unlike ordinary fabrics, 

wrhich are almost unstretchable except in a 

direction at 45° to the warp and woof, this web is equally stretchable in 

all directions. If the web is strained slightly by a small change of each 

flexible square into a rhombus, or into a not rectangular parallelogram, 

the areas are to the first order of small quantities unaltered. 

*" Ether, Electricity, and Ponderable Matter." Presidential Address to Inst. Elect. 

Engineers, Jan. 10, 1889. Collected Papers, III, p. 484. 
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N o w imagine that a gyrostat is mounted in each of the rigid squares, 

so that the axis of the trunnions and the axis of rotation are in the 

plane of the square shown in the figure. If the angular speeds of the 

flywheels are sufficiently great, it is impossible to turn the squares m 
azimuth at any given small angular speed, for the 

gyrostat would very strongly resist the change of 

direction of its axis. Thus any strain involving turning 

of the small squares is resisted, and we have azimuthal 

rigidity conferred on the web by the gyrostats. There 

is however no resistance to non-rotational displacement 

of the squares as wholes. 

To get a model in three dimensions Lord Kelvin imagined an analogous 

structure made up of cubes, each composed of a rigid framework to play 

the part of the squares, and connected by flexible cords joining adjacent 

corners of the cubes. In each cube he supposed mounted three gyrostats 

with their trunnions at right angles to the three pairs of sides. This 

arrangement would, like the web of squares, resist rotation, but now about 

any axis whatever; and there would be no resistance to mere translation 

of the cubes as wholes. Thus the body so constituted would be undis-

tinguishable from an ordinary elastic solid as regards translatory motion, 

but would resist turning. 

21. Gyrostatic spring balance. In this connection we may refer to 

another arrangement suggested by Lord Kelvin—a gy7rostatic imitation 

of a spiral spring—in which a constant dis

placement is produced and maintained by the 

action of a constant force in a fixed direction, 

involving the application of a couple of constant 

moment, though not of constant direction of 

axis. This gyrostatic spring balance is indicated 

in a paper entitled " O n a Gyrostatic Adynamic 

Constitution for Ether," published partly in the 

Gomptes rendus* and partly7 in the Proceedings 

of the Royal Society of Edinburgh.] It is 

described in some detail in his Popular Lectures 

and Addresses.% The arrangement of gyrostats 

is shown in the diagram, and is fairly simple in 

conception. It does not however, except under 

certain conditions not easily realisable even approximately7, possess the 

peculiar property of a spiral spring of being drawn out a distance propor

tional to the weight hung on the lower hook. The gyrostatic arrano'ement 

* Gomptes rendus, vol. 109, p. 453, 1889 ; Math, and Phys. Papers, vol. 3, p. 466. 

t Proceedings of the Royal Society of Edinburgh, vol. 11, 1890. J Vol. 1, p. 2"~, et sen 
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is very difficult to realise with ordinary gyrostats, but presents no diffi

culty with properly constructed motor driven instruments. It consists 

of a frame of four equal bars, constructed by jointing the bars freely 

together at their extremities in the manner shown by the diagram, and 

hung from a vertical swivelling pin at one corner, so that one diagonal of 

the frame is vertical, and another vertical swivelling pin at the lowest 

corner carries a hook. Four equal gyrostats are inserted, one in each bar 

as shown, with its axis along the bar, and are given equal rotations in the 

directions shown by the circular arrows. Under the couples tending to 

change the directions of the axes of the flywheels, and applied by the 

weights of the gyrostats and bars, the system precesses round the two 

swivels, and so preserves a constant configuration. If now a weight is 

hung on the hook at the lower end, the frame is elongated a little, and a 

new precessional motion gives again a constant configuration of the frame, 

different of course from the former one. T w o gyrostats, the upper or 

lower pair, would serve quite well to give the effect. 

Lord Kelvin suggested that if the frame were surrounded by a case, 

leaving only the swivel-pins at top and bottom protruding, it would be 

impossible, apart from special knowledge of the construction of the interior, 

to discern the difference between the system and an enclosed spiral or 

coach spring, surrounded by a case and fitted with hooks for suspension 

and attachment of weights. It is found however when the steady motion 

of the system under gravity is worked out, that, in strictness, the distance 

throuo-h which the frame is lengthened can be regarded as simply pro

portional to the load applied only in special circumstances. The ratio of 

the extension of the vertical diagonal to the addition of load on the 

hook is a function of the inclination of the arms of the frame to the 

vertical, and therefore the spiral spring law only holds for very small 

deviations from a steady motion position. The system acts certainly as 

a spring, but, constructed with actual practical gyrostats, it has not the 

properties possessed, though only approximately even in their case, by 

ordinary springs. 
The theory of the combination, and an account of an easily constructed 

substitute, will be given later [see 1, VIII]. 
The idea however underlying the contrivance is very suggestive, and 

o-oes a long way towards enabling us to obtain a definite idea of how the 

elastic properties of bodies m a y be explained by motion. 

22. Gyrostatic pendulum. Next we consider a pendulum consisting 

of a rigid suspension rod, and a bob rigidly attached to it, which contains a 

gyrostat with axis of rotation directed along the suspension rod as shown 

in the figure. Without rotation, the two freedoms of this system are 

stable, and if the bob be made to describe a circle about the vertical 
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through the point of support, the period of revolution is the same for 

both directions of the circular motion. W h e n the gyrostat is spun the 
behaviour is very different. 

Circular motion m a y take 

place in either direction, but 

the periods are different, that 
of the circular motion in 

the same direction as the 

rotation being the smaller. 

The ratio of the periods de

pends on the arrangement; 

the theory is set forth 

below. [See 4, VIII.] 

A combination of the twTo 

circular motions in different 

periods and in opposite direc

tions gives a star figure, 

which in the diagram the 

pen attached below7 the bob 

is shown describing. The 

peculiar appearance of the 

graphs here pictured is due 

to a very rapid falling off 

of amplitude, and therefore 

shortening of the rays, due 

to friction. 

There is a remarkable ana

logy between the motion of a pendulum with a gyrostat in its bob and 

the motion of an electron in a magnetic field, which is dealt with later. 

This parallel was pointed out first by the author of this book, and after

wards by Professor Fitzgerald, after Zeeman's discovery was announced. 
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The gyrostatic explanation of the Zeeman effect is attended with diffi

culties on account of the complex of spectral lines observed in the Zeeman 
phenomenon. 

23. Experiments: Gyrostat weighted on one side. Motor gyrostat on 

chain-suspension. W e shall now describe a number of gyrostatic experi

ments, most of them new and made with novel apparatus. For the most 

part the experiments and apparatus are due to Dr. J. G. Gray. The descrip

tions given below are to a great extent 

taken from discussions written by7 Dr. Gray 

and the author. 

The direction of rotation of the rotor of 

the gyrostat is shown by the circular 

arrow head, and the axis OX, drawn 

from the centre (all on the remote side of the 

instrument in the diagram), represents the 

angular momentum N, or Gn (C = moment 

of inertia of rotor, n = angular speed of 

rotor). 

One of the weights supplied with the 

instrument is hung from the counterpoise 

of the rods and arrows; or, if counter

poise and rods are removed, it is hung 

from the loop shown at X'. If the fly

wheel is without rotation, the gyrostat 

simply turns about YY', The weight is 

now removed, the flywheel is spun, and 

the weight is replaced. It is seen now 

that the wheel and case with the support

ing fork turn as a whole about ZZ', and 

do so more quickly the larger the weight 

attached. Again, with a given attached weight it is found that the greater 

the angular speed of the rotor, the slower is the speed of turning about ZZ'. 

W e have here illustrations of the gyrostatic equation which holds in all 

these cases, Gnw = L, where w is the angular speed about the axis Z'Z, and L 

the moment of the couple about Y'Y. By the turning about Z'Z with speed 

co angular momentum is being produced about Y'Y at rate Gnw, and this 

must be equal to L, the moment of the couple produced about Y'Y by the 

attached weight. 

Again, when the weight is attached let a couple be applied by hand in 

the direction which seems the natural one to hurry the turning motion 

about Z'Z. It is found that the gyrostat now turns about Y'Y, so as to 

raise the weight. On the other hand, if the couple is applied so as 

Motor-gyrostat in pedestal, with weight 
attached. 
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of the couple and the angular velocity 

A n attempt to hurry or retard 

precession has an exactly7 similar 

result to that already described. 

W h e n the chain is hooked into 

the middle notch, the couple is 

zero, and there is no azimuthal 

turning. 

24. Experiment: Gyrostat on 

skate. The adjoining diagram 

shows a motor-gyrostat resting on 

a rounded convex skate screwed to 

the flanges which unite the tw7o 

halves of the case. If the gyrostat 

leans over at an angle 9 from the 

vertical through the skate edge, 

to endeavour to delay the preces

sion, the gyrostat will turn about 

Y'Y so as to allow the weight to 

descend. 
The gyrostat m a y be hung by 

the chain suspension from one 

of the notches in the side piece 

shown in the adjoining diagram, 

and made to give the couple by 

its own weight. If it is hung in 

the right-hand notch, as shown, 

and the spin axis, indicated by 

the arrow index, be drawn to 

the right, the axis of the couple 

due to the inclined position of 

the gyrostat would be at right 

angles to the paper and drawn 

towards the reader. The gyrostat 

would thus turn in azimuth so 

that the extremity of the spin 

axis would follow the couple 

axis, that is would turn w7ith 

angular speed w towards the 

observer. 

If the chain were attached at 

the left-hand notch, the moment 

to would be reversed in direction. 

Motor-gyrostat balancing on a skate. 
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a couple of moment equal to the force of gravity on the gyrostat 

multiplied into hsmd, where h is the distance of the edge of the skate 

from the centre of gravity7, is applied, and the gyrostat without altera

tion of its inclination moves round in azimuth with an angular speed 

w = moment of couple I angular momentum of wheel, at least this will be 

the angular speed if the gyrostat is simply set down on the skate 

(preferably on a supporting horizontal tray of thick glass). But there 

is another and faster angular speed of azimuthal motion which can be 

realised by properly starting the motion on the glass plate. 

An explanation of how7 these two possible speeds of steady motion arise 
will be given in a later chapter. 

All the experiments on hurrying and retarding precession can also be 
made with this arrangement. 

25. Experiment: Gyrostatic bicycle rider. The rider of a bicycle is 

here replaced by a gyrostat. The apparatus may be so contrived that 
the balancing is entirely7 due to gyrostatic 

action, or so that it is effected as a human 

rider does it. In the former case the bicycle 

is stable both when at rest and when in 

motion, in the latter it is stable when driven 

in the forward direction. W e give here the 

second case, in which an old type of bicycle is 
used. 

The gyrostat is spun in the direction of 

rotation of the wheels in the forward motion 

of the cycle. Then tilting of the machine to 

the left, say, and the consequent alteration of 

direction of the axis of spin of the fly-wheel, 

causes, as can easily be seen, precession of the 

gyrostat, which turns the wheel to the left. 

For the tilting gives a rate of production of 

angular momentum about a downward axis, and there being initially no 

couple about that axis, the gyrostat and wheel begin to turn round in 

azimuth in the direction to neutralise the angular momentum produced. 

The forward motion of the rider and machine then gives the upright 

making action in the usual way. 

When perfectly balanced the bicycle has a straight path. When a weight 

is hung on one side the path becomes curved. 

There are two or three other ways in which a gyrostatic rider can keep 

upright, but that just described and the following must suffice for the 

present. 
The next figure shows a gyrostatic rider on a modern form of bicycle. 

Gyrostatic bicycle rider. 
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The saddle is replaced by a sleeve-joint on which the rider is supported, 

and two arms are applied as shown to the handle bar. W h e n the wheels 

of the bicycle are in one vertical plane the 

sleeve-joint is inclined backward from the 

vertical, and so, if the gyrostat turns on 

the sleeve, the brass ball carried by the 

gyrostat moves in a circle, the highest point 

of which is in the plane of the back wheel. 

Thus, when the wheels are in one plane the 

rider is unstably mounted. But the whole 

machine is unstable on the wheels. Thus 

there are two instabilities without rotation 

of the gyrostat flywheel, and these, in accord

ance with gyrostatic theory7 [to be given 

later], are both stabilised by spin of the 

gyrostat. 

With rapid spin in the direction of forward 

motion of the wheels, the gyrostat, as already 

described, imitates the human rider, and tilting 

action causes the machine to turn to the right or left as the case may be. 

In all these bicycle tops the 

gyrostat not only detects but 

sets about correcting any ten

dency of the bicycle to capsize. '.J|., ̂  3S|L tsd 5 c 

26. Experiment: " Walking 

gyrostat." Another entirely-

novel experiment is shown in 

the figure. A box is suspended 

by two arms of equal length 

from two horizontally stretched 

wires. The wires are carried 

by a frame mounted on two 

trunnions mounted on wooden 

uprights as shown in the dia

gram, which however display7 

only one end of the arrange

ment of wires and supports. 

The wires are conveniently7 

made about 12 or 14 feet long, 

and strung upon them are two 

rings, to which the arms attached to the box are hooked. Fitted w 

box is a gyrostat with its axis horizontal and in the plane of the ar 

Walking gyrostat. 

ithin the 

ms. 



1 I N T R O D U C T O R Y 31 

For the experiment the gyrostat is taken out and spun rapidly, and 

replaced in the box. WTien the frame is oscillated to and fro on the 

trunnions, the box proceeds hand over hand along the wires, as if it were 

endowed with life. 

It will be seen that the tilting of the frame to and fro throws the weight 

of the gyrostat and box alternately on each of the arms. The illustration 

shows the weight of the box thrown on the arm B; since Y is lower 

than X. The resulting precessional motion of the gyrostat (which is 

supposed to be spinning counter-clockwise as viewed by7 the reader) causes 

the arm A to move forward to A'. At this instant the wire frame is tilted 

so that the weight is thrown on the arm A', when the arm B swings 

forward, and so on. At the start of the motion the spin is great and 

the precession small, and the box has a slow and stately motion. As 

the spin falls off the precession, and consequently the rate of walking, 

increases; until finally the box literally runs along the wires. 

When the box has walked from one end of the frame to the other it 

must be brought back to the starting end to repeat the experiment. The 

direction of walking depends on the direction of the spin; if it is desired 

to cause the box to walk in the reverse direction 

it must be reversed on the wires. 

27. Experiment A tap on a top. This figure 

illustrates a form of acrobatic top. Fitted 

to the frame of the large gyrostat, in a position 

in line with the axis of the flywheel, is a 

tube, into which is fitted a peg as shown. If 

the gyrostat is spun rapidly and placed verti

cally with the peg resting on a table, it will 

balance. In consequence of the fact that the 

centre of gravity of the gyrostat lies above 

the point of support it possesses two instabilities 

without rotation of the flywheel, and the result, 

as in 18, is complete stability with rotation. 

The action is in fact identical with that in

volved in the "gyrostat on gimbals" experiment 

there described. The friction between the table 

and peg being small, the friction at the pivots 

is sufficient to cause the gyrostat frame to 

rotate in the direction in which the flywheel is 

rotating. 
Into a tube fitted to the top of the frame and in line with the axis of the 

flywheel can be fitted a second tube attached to a horizontal bar, and to 

this is hinged the frame of a smaller gyrostat. 

Acrobatic top. 
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To perform the experiment the small gyrostat is spun rapidly and fitted 

above the large one as above described. The system should now be held in 

the vertical position (this m ay be accomplished by holding the frame of the 

small gyrostat in the hand) and given an impulse 

in the direction in which the flywheel of the 

large gyrostat is rotating. Providing that the 

flywheels of the two gyrostats are rotating in 

the same direction as viewed from above, the 

small gyrostat will balance on the horizontal 

bar. 

A variation of the " gyrostat on gimbals " ex

periment m ay be performed by means of the 

large gyrostat of the last experiment. The 

arrangement of the apparatus is shown in the 

figure. The tube carrying the peg is removed 

from its socket and replaced by a tube termin

ating in a grooved wheel. The gyrostat is spun 

rapidly and placed in the vertical position with 

the wheel engaging on a tight or slack wira 

If the wire is stretched horizontally the gy7rostat 

may be pushed to and fro by hand. The forces should be applied to the 

tube in the neighbourhood of the grooved wheel, and not to the frame of 

the gyrostat. A preferable method of carrying.out the experiment consists 

in starting the gyrostat from one end of 

a slack wire, when it will run to and fro, 

and finally come to rest. 

This gives an idea of gyrostatic bal

ancing of a monorail carriage. This is 

however better shown in this monorail 

top which runs along a wire on tw7o small 

wheels. With the weight above there is 

double instability: (1) for turning about 

the wire, (2) for turning about an axis 

transverse to and above the wire. These 

tw-o instabilities are stabilised by rotation 

of the flywheel. 

If a weight is suspended from one side 

of the top it will lean over to the other 

side of the wire, thus imitating the action 

of a man who, holding a heavy weight in one hand, leans over so as to 

bri the centre of gravity of the system, composed of the weio-ht and 

himself, vertically above the centre of the base formed by his feet. 

The balancing action of this top is best shown by attaching the two ends 
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of a long wire to two fixed points, one at each side of a lecture theatre. 

The top is placed on the wire at one end, when it runs to and fro on the 

wire, coming to rest in the middle position. As an alternative the wire 

m a y be tightly stretched between two points not on the same level. If the 

slope of the wire is small and the top is started from the highest point of 

the wire, it will run slowly down the incline. The balancing action in this 

case is striking. The top may be pushed to and fro on the wire without 
any danger of capsizing. 

28. Gyrostatic action of rotating machinery. Examples: Paddles of 

a steamer, wheels of a carriage. The gyrostatic action of the rotating 

parts of machinery is, if the speed of rotation is great or the dimensions 

large, of importance in connection with the running of ships or vehicles 

propelled by such machinery. W e take a paddle-steamer as the first 

example, though in consequence of the slow speed of rotation the gyrostatic 

action of the wheels is not of large amount. The spin axis for the wheels 

must be drawn out to port if the steamer is going ahead. N o w let the 

steamer roll to starboard: angular momentum about a vertically upward 

axis is produced by the motion, and in the direction about this axis round 

to port. Hence the bow of the steamer must begin to turn to starboard to 

neutralise this. As she turns a couple begins to act, resisting her turning, 

and produces the angular momentum due to the change of position of the 

spin axis. The precessional motion carries as usual the spin axis towards 

the instantaneous position of the couple axis. Of course the reverse action 

takes place if the ship rolls to port. The gyrostatic action of the wheels 

thus results to a certain extent in changes in the direction of the ship's 

head taking the place of rolling, and the ship is so far steadied. It will be 

noticed that when the ship rolls to starboard the starboard wheel becomes 

more deeply immersed in the water than the port wheel, and so tends to 

turn the bow to the port side. If it were not for this fact it would be a 

matter of more difficulty to steer a straight course with a paddle-steamer 

in a cross-sea. 

Similar considerations show that if the helm is put over to starboard 

the steamer will, in consequence of the gyrostatic action of the paddle-

wheels, heel over to starboard. This causes the starboard paddle-wheel 

to dip further into the water than the port wheel, and turning of the 

steamer to port is assisted. Similarly if the helm is put over to port the 

steamer tilts over to port, and again a couple turning the steamer in 

the desired direction is brought to bear on her. 

The gyrostatic action of the paddle-wheels m a y be readily demonstrated 

by means of the motor gyrostat. For this purpose it is fitted with the 

curved rod to show the direction of rotation and of the armature, the rods 

to represent the spin and couple axes, and a fourth rod which serves to 
G.O. c 
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show the direction in which the steamer is supposed to be proceeding. 

The gyrostat, so fitted, is placed in the " fork and pedestal" mounting as 

described in 7. The direction of rotation of the armature being counter

clockwise as viewed by an observer looking at the gyrostat from the side 
to which the rods are attached, the arrow showing the direction of motion 

of the steamer must be put over to the left. The effect of seas striking the 

port side of the steamer is imitated by the experimenter pushing the top 

of the gyrostat from him (the experimenter is supposed to be in the 

position of the observer referred to above). In consequence of gyrostatic 

action the fork will turn about the axle ZZ', and the arrow representing 

the bow of the steamer will turn to starboard. To imitate the effect of a 

sea on the starboard side the lower side of the gyrostat is pushed from the 

experimenter; here the arrow turns to port. 

If the fork is grasped by the hands and turned about the axis ZZ' the 

gyrostat will turn about the axis Y Y ' If the turning about ZZ' turns the 

bow arrow to port the gyrostat will heel to starboard, and vice versa. 

The gyrostatic action of the wheels of a carriage is similar to that of the 

paddles of a steamer. It produces when the carriage is passing round a 

curve a gyrostatic couple turning the carriage over towards the outside 

of the curve. The gyrostatic couple is NCi>2/rR, where C is the moment of 

inertia and r the radius of a wheel, N the number of wheels, v the speed 

of the carriage and R the radius of the curve. 

29. Gyrostatic action of flywheel of motor-car. In the motor-car a 

massive flywheel, placed with its plane across the car, revolves with consider

able angular velocity in the clockwise direction as viewed from behind the 

car. The gyrostatic action of this flywheel has important effects upon the 

running of the car. If the car turns a corner it is easy7 to see that it will 

be subjected to a gyrostatic couple in a fore and aft vertical plane. Here 

the spin axis is represented by a straight line drawn from the car in the 

direction of the front of the car. If a corner is turned to the left a couple 

is brought to bear on the gyrostat, represented by a line drawn vertically 

upwards. The spin axis turns to the left, and hence for this direction of 

turning a corner the effect of the gyrostatic couple is to diminish the forces 

applied by the ground to the front wheels and to increase those applied by 

the ground to the back wheels. The magnitude of the gyrostatic couple is 

proportional, at any instant, to the rate of turning of the car in azimuth, 

and if this is very great, that is if the corner is turned very quickly, the 

diminution in the forces between the front wheels and the ground may be 

sufficiently great to endanger the steering power of the car. Turning a 

corner to the right, it will be seen, results in the forces between the front 

wheels and the ground being increased, and those between the back wheels 
and the ground being diminished. 
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Again, in the case of a motor-car, it will be seen that if the car encounters 

a dip or brow in the road the effect of the flywheel will be to apply a 

couple in a horizontal plane to the car. This couple tends to produce 
skidding of the wheels on the ground. 

30. Gyrostatic action of turbines, aeroplane propellers, etc. The 
gyrostatic action in steamers in which the main engines are of the 

steam turbine type is similar to that of the flywheel of the motor-car. 

The turbines are placed fore and aft, and rolling of the ship brings no 

gyrostatic action into play. If the ship be propelled by two main turbines, 

and if the rotors be equal in all respects and run at the same speed, but in 

opposite directions, the total couple exerted on the ship will be zero, since 

equal and opposite couples will be exerted by the two rotors. Internal 

stresses will be exerted in consequence of the opposite couples, and the 

stresses will form a self-balanced system within the ship. 

W h e n the ship's head turns the gyrostatic action of each rotor results in 

a couple lying in a vertical plane being applied to the ship. Here, as 

before, if the ship is propelled by two turbines as described, the resultant 
couple is zero. 

A very interesting, and at the same time very important, example of 

gyrostatic action is afforded by the aeroplane. The rotor of the high-speed 

engine and the propeller form a powerful gyrostat. The gyrostatic action 

of a tw7o-blade propeller is partly of an alternating character. In consequence 

of gyrostatic action the effect of turning the aeroplane in azimuth in one 

direction is to cause the aeroplane to dive; turning it in azimuth in the 

opposite direction causes the front of the aeroplane to rear and the tail 

to be depressed. The aeroplane m a y be maintained more or less nearly 

level by means of the tilting planes; but it is to be remembered that if it 

is so maintained large couples are brought to bear on the machine, 

and great stresses fall to be borne by the framework. Dangers from the 

gyrostatic action of the propeller and rotor of the engine would be avoided 

by balancing the gyrostatic action of the rotor and propeller by means of a 

second flywheel rotating in the opposite direction, or, if that were possible, 

by doubling the propelling system, and running the rotors in opposite ways. 

The gyrostatic action of the flywheel of a motor-car, of the turbines on 

board ship, and of the rotor and propeller of an aeroplane m a y be readily 

demonstrated by means of the motor-gyrostat when fitted up in the " fork 

and pedestal." The mode of doing so will easily occur to the reader. 

31. Schlick controller of rolling of a shift. In the Schlick device for 

steadying a ship at sea a gyrostat is carried on bearings placed athwart 

the ship, and in line with the centre of gravity of the flywheel. A weight 

is attached to the frame of the gyrostat in a position in line with the axis 

of the flywheel. It will thus be seen that when the ship is on an even 
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keel the gyrostat rests with its axis vertical and with the weight directly 

below the centre of gravity of the flywheel. Heeling of the ship in one 
direction causes the gyrostat to precess in one direction on the bearings in 

which it is mounted; heeling in the other direction causes precession 

opposite to the former, and couples resisting the rolling motion are brought 

to bear on the ship. The device m ay be employed in two ways. In the 

first place, if the bearings on which the frame of the gyrostat is carried 

within the ship are smooth, the effect of the gyrostat is to resist the rolling 

force of the waves and to bring about a lengthening of the free period of 

rolling of the ship; for the introduction of the gyrostat results in a large 

virtual increase of moment of inertia, giving a long period. Excessive rolling 

of a ship is due to the cumulative action of the waves, and such cumulative 

action is only possible where the period of the ship and that of the waves are 

nearly the same. A ship m a y have a long period, with the result that the 

motion of the ship does not synchronise with that of the waves. The free 

period of an ordinary ship, however, is often of the same order as that of 

the waves usually encountered, and in consequence the ship rolls badly. 

One effect of introducing a gyrostatic control, operated in the manner 

above described, is to endow the small ship with the period of a very 

large one. With this long period however coexists, as will be shown in G, 

VIII, below, a short period. But the short period motion is damped out by 

the friction brake described below. 

As the ship rolls the gyrostat and its frame oscillate to and fro on the 

bearings. There is a phase difference of 90° between the motions. When 

the ship is passing through the upright position the axis of the gyrostat is 

at one extremity of its swing, and when the ship is at one extremity of the 

roll the gyrostat is passing through its mean position; and so on. Now, if 

C is the moment of inertia of the flywheel, n its angular velocity7, and a 

the instantaneous value of the rate of turning of the frame on its bearings, 

the instantaneous value of the gyrostatic couple resisting the waves is 

Gnw. Hence, when the ship is in the upright position the gyrostatic 

couple is zero, since at that instant the frame of the gyrostat is at rest, so 

that w is zero. At the instant at which the ship is at one extremity of its 

swing the gyrostatic couple has its greatest value, since at that instant the 

rate of turning of the gyrostat on its bearings is a maximum. 

Again, consider the condition of affairs which holds for an instant at 

which the axis of the gyrostat makes an angle 9 with the vertical. The 

gyrostatic couple at the instant is Cnw, where w is the instantaneous rate of 

turning of the frame on the bearings which connect it with the ship. This 

couple acts in a plane perpendicular to the axis of the gy7rostat, and hence 

resolves into the two component couples, Cnw sin 6 in a vertical plane 

athwart the ship, and Cnw cos 9 in a horizontal plane. The former couple 
alone affects the period of the vessel. 
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Friction is applied to resist the motion of the frame of the gyrostat in its 

bearings, 6 never becomes greater than 45°, and, further, the phase difference 

is made less than 90° The oscillations of the ship, and especially any 

rapid vibrations that may grow up, are now damped; the energy of the 
rolling motion is converted into heat at the bearings. 

In applying this second mode of using a gyrostat to steady a ship in a 

cross-sea, Schlick arranges a brake pulley in the line of the bearings on 

which the frame of the gyrostat turns, and friction of a graded amount is 

applied by means of a special device. With this second mode of operating 

the gyrostat the ship is forcibly prevented from rolling. In the trials of 

the device it was found that, with the control in operation, the angle of roll 

of the ship did not exceed 1° in a cross-sea which produced a total swing 

of 35° when the control was out of action. It is interesting to notice that, 

Motor-gyrostat fitted up to demonstrate Schlick s method of steadying a ship in a cross-sea. 

contrary to the opinions which were expressed when the device was first 

suggested, the preventing of the rolling of a ship does not result in the 

waves breaking over her; a ship thus controlled is a dry ship. 

In the figure is shown a motor-gyrostat fitted up in a skeleton frame 

representing a ship. The frame is mounted on two bearings arranged in 

two wooden uprights, and may be oscillated on these bearings so as to 

imitate the rolling of a ship in a cross-sea. The frame of the gyrostat 

is mounted on two bearings placed athwart the ship frame, and a weight 

is attached to the outside of the case in a position in line with the axis of 

the flywheel. The centre of gravity of the gyrostat is in line with the 

bearings. A clip device is provided which allows the gyrostat to be rapidly 

clamped to the skeleton frame, and provision is made whereby a graded 

amount of friction may be applied at one of the bearings. 

The model so arranged serves to demonstrate both of Schlick's devices. 

In using it the ship should be set oscillating with the flywheel of the 

gyrostat at rest. The current should then be turned on and the frame 

oscillated. If the gyrostat is clamped to the frame no effect is produced by 
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it upon the rolling, and thus the necessity for allowing the gyrostat freedom 

to precess is demonstrated. If, however, the gyrostat is free, and there is 

no friction at the bearings, the frame oscillates with a vastly increased 

period. Finally, the friction collar provided at one of the bearings m a y be 

screwed up, when it will be seen that if the frame is made to roll the 

rolling motion is quickly damped out. Impulses m a y be applied to the 

frame so as to imitate the action of the waves of a cross-sea, and the resisting 

power of the gyrostat demonstrated. [A more detailed account of the action 

of this controller will be given later.] 



CHAPTEE II 

DYNAMICAL PRINCIPLES 

1. Kinematics of a body turning about a fixed point. We shall not 
discuss in detail the elementary kinematics of a rigid body, and shall 

assume the usual theorems regarding moments and products of inertia of 

-a system of particles. A rigid body here means a configuration of particles 

such that if any plane whatever be drawn in it, the particles found in that 

plane remain in a plane, and do not change their distances apart, as the 
body moves. 

If such a body turn round a point of itself, 
•or a point rigidly connected with it, which is 

fixed, any displacement of the body is equiva

lent to a turning about a line drawn through 

the fixed point in a determinate direction. 

For let a sphere be described from the fixed 

point as centre with any convenient radius. 

The particles on that spherical surface remain 

on it as the body moves. Take any two which 

are at the points A, B (Fig. 1) at a given 

instant, and at the points A', B' at a subsequent 

instant. This change of position is, we can 

suppose, produced by a displacement of the rigid body. For join A to A' 

along an arc AA' of a great circle, and B to B' along another great circle 

of the sphere. Bisecting AA', BB' in C, D, draw through these points 

great circles on the sphere at right angles to A A', BB' respectively. These 

in general will not be coincident, and will meet in two diametrically 

opposite points K, K' on the sphere. Clearly the displacement may be 

produced by turning the body about the line KK', or O K as axis; and the 

same thing is true for the displacements of any other two points on the 
spherical surface. 

The most general displacement of a rigid body in space can be produced 

by turning the body through a definite angle about a determinate axis, 

and displacing it without rotation through a certain distance parallel to 

•that axis. For let the body be moved without rotation until a point in it 
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is displaced from its initial position A to its final position A' along the 

straight line AA'. Then, by the proposition just established, the body can 

be turned about an axis through A' until the final configuration is reached. 

The points of the body7 which lie in planes perpendicular to that axis 

turn in these planes. But in the translation parallel to AA' the successive 

positions of these planes were parallel to one another, and the direction 

of the translatory motion of each point was inclined to these planes at 

the same angle. W e might therefore have first displaced the body in the 

direction perpendicular to these planes, and then (still without rotation) 

have displaced it parallel to these planes so as to bring the point A to A'. 

But the latter displacement, with the subsequent turning about A', could 

be compounded into a turning about a parallel axis. Thus the whole 

displacement can, as stated above, be produced by a translation parallel 

to a certain axis and a rotation about that axis. 

These displacements—the translation and the rotation—may be regarded 

as taking place simultaneously; and the body will then have the motion 

of a nut along a screw. The motion of a rigid body has been very fully 

dealt with from this point of view by Sir Robert .Ball in his Treatise on the 

Theory of Screws. 

2. Angidar momentum [A.M.]. The angular momentum (A.M.) of a 

body, or of a system of particles, about any axis O A is found in the 

following manner. Let I, m, n be the direction cosines of O A with refer

ence to rectangular axes OX, OY, O Z and x, y, z the speeds with 

reference to these axes of a small element P of the body (a particle) of 

mass y situated at the point x, y, z. Then, if v be the total speed of P, 

the cosines of the direction of motion of P at the instant are (x, y, z)jv* 

W e resolve v into two components, v\ in the direction I, m, n and v, at 

right angles to the plane AOP. The cosines of a normal to this plane are 

(mz — ny, nx — Iz, ly — mx)jr sin 9, 

where 9 is the angle A O P , andr = (tc2 + 2/2 + 32)'2. [The choice of cyclical order 

here made between I, m, n, x, y, z is explained below.] The component of 

momentum of P at right angles to the plane A O P is therefore 

_ x(mz — ny)Ji-y(nx — lz)+z(ly — mx) ,,\ 

The A.M. of P about the axis O A is the product of this by the length of 

the perpendicular from P on the line OA, that is by r sin 9. Hence this 
A-M- 1S fx{x(mz — ny) + y(nx — lz) + z(ly — mx)}, 

or, arranged according to the cosines I, m, n, 

lfj.(sy — yz) + mp.(xz — zx) + n/j.(yx — xy). 

* This expression is an abbreviation for x/v, yjv, ijv. Similar contractions, which will 
usually explain themselves, are frecpuently used in what follows. 
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The usual system of rectangular axes is one in which any axis (e.g. OX) 

is changed into the next in cyclical order, OY, by a turning about the third 

axis OZ, in the counter-clock direction to an observer looking towards O 

from a point on OZ. An ordinary right-handed screw7 (the usual cork

screw) placed so as to point along OZ, and with half of the handle along OX, 

would, if that part of the handle were turned in the direction from O X to 

OY, advance along OZ. 

To agree with this specification of axes the angular momentum should, 

for positive values of x, y, z, x, y, z, correspond to motion of the particle 

round the axis OA, in the counter-clock direction as seen by an observer 

looking towards 0 from a point beyond the plane through P at right 

angles to OA. If, for example, the axis O A coincide with O X so that 

1 = 1, m = n = 0, while y is also zero, so that the motion is parallel to the 

plane ZOX, we get /mzy for the A.M. about OA, that is the counter-clock 

turning is taken as positive. The direction cosines of the normal to the 

plane A O P have been taken above so as to fulfil this condition. 

Denoting the A.M. of the whole system about O A by H0A, we get 
E.0A = l2{luL(zy-yz)}+mI,{fi(xz-zx)}+ni:{fJ.(i/x-xy)}; (2) 

or, if we write 
Ilx = X{/ui(zy-yz)}, Hy = 'E{/u(xz-zx)}, U2 = I,{/j.(yx-xy)}, ...(3) 

H 0 A = tfL3+mH,/ + ™H z (4) 

He, H,, H z are the components of A.M. about the axes OX, OY, OZ. 

Thus H0A, regarded as a vector associated with the axis OA, is compounded 

of the three vectors ~H.X, Hy, H2 associated with the axes of coordinates. 

When it is desired to insist on the vector quality of a quantity, it is usual 

to employ, a special symbol for the quantity. W e shall use the same letter 

as, that ordinarily employed, but taken from the Clarendon fount. Thus, 

what we have referred to as the vector H 0 A would be denoted by H0A. 

Thus H means the scalar, or numerical, value of the vector. The component 

vectors are B.x, Hy, H0. 
These components give a vector of which the scalar value is 

H = (H,!
TH/+H/)i, (5) 

the direction cosines of which are (H^, H,, Uz)/H. Thus H is not to be 
confounded with H0A. Denoting the angle between the two vectors by 
(H, H0A), we have 

cos(H, H0A) = g ( ^ + m H y + wHz) = ̂ -A (6) 

3. Relations of components of AM. to momental ellipsoid. Now let 

the system revolve as a rigid body about an axis 01. 01 is called the 

instantaneous axis, or axis of resultant angular velocity, and every particle 

of the system has at the same instant the same angular speed, w say, about 

that axis. In some of the cases of motion which are considered below, the 

system is a rigid body, and turns about a point fixed both in space and in 
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the body, and this point may then be conveniently taken as the origin of 

coordinates. In the more general case, however, of the motion of a rigid 

body, the instantaneous axis changes in position both in space and in the 

body, and is not subject to the condition of always passing through a 

definite point either in the body or in space. 

W e shall denote the direction cosines of the instantaneous axis by a, f$, y, 

reserving I, on, n for any axis OA. The angular speeds wx, wy, oiz axe the 

components of angular velocity about the axes of coordinates. It is easy 

to see that they give 

d; = wyz — wzy, y = wzx — wxz, z = wxy — wyx (1) 

By (3), 2, we obtain 

Rx = 'E[fi{(wxy-wyx)y-(wzx-wxz)z}] 

= wx'L{lj.{y
9- + z2)}-wy1(fj.xy)-wz'L(^zx) (2) 

In the same way similar expressions are obtained for Hy, Hz. 

But for a rigid body we have the three moments of inertia, 

A = 2M(i/
2 + 02), B = 2M(s

2 + x2), C = S/u(rc
2 + 2/

2) (3) 

and the three products of inertia, 

D = 2(M2/Z), E = 2(/X0X), F = 2(fixy) (4) 

Hence for the components of A.M. we have 

Hx= Awx — Fwy — Fwz, \ 

H„ = -Fwx + Bwy-Dwz, - (5) 

H ? = — Fwx — T)wy + C«)z. J 

It may be noticed that these component angular momenta give, since 

now wx = aw, etc., for the A.M. about 01 the value 

a (Afflj — Fcô  — Fwz) + /3( — F&tj+Bwy — Dwz) + y (— Fwx — T>wy -f- C<oz) 

= ft)(Aa
z + B/8

2 + Cy2-2D/3y-2Eya-2Fa/3) (6) 

The moment of inertia I about 01 is therefore given by 

I = Aa2 + B/32 + Cy2-2D/3y-2Eya-2Fa/3, (7) 

the well-known expression on which Poinsot's theory of the momental 

ellipsoid is founded. For by the definition of A.M. stated in 2 the A.M. of the 

system about 01 is w*2(/j.p2) where p is the length of the perpendicular on 

01 from the particle considered. 

The direction cosines of 01 are (wx, w,r wfl'w, those of the axis of 

resultant A.M. (OH say) are (H^, H,/; Hz)/H. Hence we get for the angle 
(H, I) between O H and 01, 

cos (H, I) = ̂ g (wxlix + wyH,, + wzF[z) (8) 

The A.M., LI0A, about an axis OA, of which the direction cosines are 

I, m, n, is given by 

H 0 A = l( Awx - Fa.,, - Fwz) + m( — Fwa. + B«iv - Dwz) + n{- Ew,, - Bwy + Cwz) 

= wx{M,-Fm-Fn) + wy(-Fl + Bm-Bn) + wz(-El~Dm + Cn)....(9) 
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4. Equations (1), 3, give for the kinetic energy of a rigid body turning 
about a fixed point, the expression 

T = h1,iu{(wyz-wzy)
2 + (wzx — wxzf+(wxy — wyxf), (1) 

that is, with the values of A, B, C, D, E, F inserted, 

T = i(A<o/ + Bto/ + C»z
2-2Dte,/t«z-2Ecozfti:c-2Fft.:cwv) (2) 

W e can write this in the form 

T = |(i)i(A<o, — Fwy — FJWZ) + §&>;,( — Fwx-{-Bwy — Dwz) 
+ ^wz(-Fwx-Bwy + Cwz), (3) 

.that is, T = ̂ (wxHx + wyiiy + wziiz) (4) 

Thus the kinetic energy is half the sum of the products obtained by multi
plying each component of A.M. by the corresponding component of angular 
velocity. 

It is to be observed that if the motion be impulsively generated from rest by 
impulsive couples about the axes, TLX, Hy, H z are the time-integrals of these 
couples for the infinitely short interval in which the motion is generated. 

Equation (4) expresses in ordinary notation the theorem that 

T=-£S.QH, (5) 

in quaternion notation, or, in words, that the kinetic energy7 is minus half 
the scalar product of the two vectors, Q, representing the angular velocity, 
and H representing the vector of angular momentum. 
In (3) T is expressed as a homogeneous quadratic function of wx, wy, wz, 

and we see that we have then 

3T 
2>wx 

= H , 
3T 
5— = tly> 
OWy 

3T 
dwz 

= H 2 .(6) 

W e infer from the form of (4) that if by solution of the equations (5), 3, 
for H E , HJ,, H Z in terms of wx, wy, wz w e found wx, wy, wz in terms of Hx, 
TLV, H2, and substituted in (4), we should obtain T expressed as a homo
geneous quadratic function of the latter variables, and should then have 

3T 3T 3T ..... 
" = «». ^ t j ^ = ft)!/' ̂ F T —«>« (7) 3H* 3H„ 2BZ 

This transformation is easily carried out. Writing A for the determinant 

A, -F, -E 

= ABC - AD2 - B E2 - CF2 - 2DEF, 

we get 

-F, 
- E , 

1 

B, 

-D 
-D 
C 

(8) 

a ) a :=±{H : c(BC-D
2) + H!/(DE + C F ) + H z ( B E + F D ) } , 

o,!/=i{H;c(DE + CF)+H!/(CA-E
2)-l-Hz(AD + EF)}, 

ft,z = i{H,(BE + FD) + H!/(AD + EF) + Hz(AB-F
2)}. 

.(9) 
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The kinetic energy is.now given by 

T = ^{H*2(BC ~ D2) + H*S(CA - E2) + HZ
2(AB - F2) 

+ 2HaHz(AD + EF) + 2HzH*(BE + FD) + 2 H ^ ( D E + CF)}. ...(10) 

It will be observed that if the axes of reference be the principal axes of 

moment of inertia, this reduces to 

T=l(iH!"a+BH»2+oH^); (11) 
and it may be noticed that 

zl-^l^ 3T__1IL/ 3T__1H Z
2 .„ 

3A~~ 2 A2' 3B~ 2B 2' dC 2 C2 l ; 

B y (2) above we have, for the same choice of the axes of reference, 

T = i(Atoa;
2 + Bav2 + C W z

2), (13) 

and this of course is the same as (11). But we have now 
3 T/_i >^1EI 3T_lrL/ 3T_1IL/. , 
gjl- 2%i- 2 A2> c)B~2B2' 3 C _ 2 C 2 ' ^ ; 

so that here the partial differential coefficients of T with reference to A, B, C 

have the same absolute values, but positive or negative signs according as 

T is expressed in terms of the component angular velocities, or in terms of 

the components of angular momentum. 

5. A.M. and kinetic energy. As we have seen, if the body turns about 

an axis 01, drawn in the direction a, /3, y, with angular speed w, (wx, wy, wz), 

2 T = Awx
2 + Boa/ + Cooz

2 — 2T)wywz — 2Eooz6% — 2Fft):cft),/. 

Consider now the expression 

Af2 + B„2 + Cf2 - 2D,;£ - 2 E & - 2F&, 

where f, rj, £ are the coordinates of a point on the line 01. If p be the 

distance of the point from 0, we have 

p ft) p w p ft) 

so that if we take p = w, we have (£, >?, £) = (wx, wy, wz). If now
7 we suppose 

the value of T to be the same for different directions of the axis of resultant 

angular velocity, the surface given by (£ ij, £) = (wx, wy, wz) is an ellipsoid 

(centre 0) and or is numerically equal to £2 + if + £2, the square of the 

length of the radius vector in the direction chosen. Thus we have the 

theorem that if the body rotate about any axis through the fixed point 

with an angular speed proportional to the length of the radius vector of 

this ellipsoid which coincides with the axis, the kinetic energy of rotation 

is the same for every axis. The ellipsoid is similar and similarly situated 

to any Poinsot's momental ellipsoid for the given body7 and the fixed point 

as centre. This result is of course obvious from the fact that the moment 
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of inertia about any radius vector of the momental ellipsoid is inversely 
proportional to the square of the length of that radius vector. 

The direction cosines of the perpendicular to the plane which touches 

this ellipsoid at the outer extremity of the radius vector in the direction 

a, f3, y are proportional to dT/c.wx, 2Tj2wy, 2T/2>wz, that is to Rx, H,/; H z 

Hence these direction cosines are (Hx, Hy, Hz)/H. Since (£ ,,, f) = (Wx, Wy, wz) 
the length rs of the perpendicular is given by 

CT = (wxFLx + wyFiy + ft,zHz)/H = ~. 

The direction of the resultant AM. is therefore perpendicular to the 

diametral plane which is conjugate to the axis of rotation. This result 

is useful as telling at once how the axis of rotation (the radius vector) and 

the axis of A.M. (the perpendicular to the tangent plane), which are lines 
passing through the origin, are relatively situated. 

FIG. 2. PlG. 3. 

For example, consider a body of which two principal moments of inertia, 

A and B, are equal. According as A > or < C the momental ellipsoid 

is prolate or oblate, and in each case the moment of inertia about the axis 

of figure is C. In the case of the oblate ellipsoid the axis O H of A.M. is 

nearer to the axis of figure OC than is the axis of rotation 01: the reverse 
is true in the other case (see Figs. 2 and 3). 

6. Motion of rotation combined with motion of translation. If 

the body is not in motion about a fixed point, we consider separately the 

motion of the centroid of the body, and the turning about an axis, or about 

coordinate axes, passing through the centroid. Thus, if u, v, w be the com

ponent velocities of the centroid, and Hx, Hy, H z the angular momenta and 

u>x> wy, wz the angular speeds about axes drawn from the centroid as origin, 

and M denote the whole mass of the body, the kinetic energy is given by 
the equation 

T = i{ M (u2 + v» 4- u;2) + wxJIx + wyFLy + WzHz}. 

Examples will be found below in connection with the motion of a top on 

a horizontal plane. 
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7. Time-rate of change of A.M. Equations of motion. The time-ra e 

of change of A.M. about O X is 
FLx^A.wx-Fwy-Fwz+kwx-Fwy-Fwz, (r) 

for as the body is in motion relatively to the axes, the quantities A, B, C, 

D, E, F are subject to variation. . 
If at the instant considered the principal axes of the body coincide with 

the axes of coordinates, A, B, C are the principal moments of inertia, and 

D = E = F = 0. Equation (1) becomes then 

FLx = Awx +Awx-F wv-twz (2) 

Similar equations hold for Hy, Hz. . 
If the material system be a rigid body turning about 0 as a fixed point, 

the values of A, E, F are to be calculated subject to the conditions ex

pressed in (1), 3. Since 
A = 2p.(y2 + z2), E = 2 MOT, F = lp.xy, (3) 

we have A = 2^(yy + zz), E = EM(ix + ^ ) , F = ̂ (xy + yx); (4) 

and (1), 3, give 
yy + zz = wzxy - wyxz, Ay + yx = wz(z

2 + x2) - wz(y
2 + z2) + wyyz - wxxz. 

Multiplying the last-found expressions by p. and summing for all the 

particles, we find (since at the instant D = E = F = 0, A = 0) F = toz(B - A). 

Similarly we obtain E = «,„(A-C). The equation of motion, obtained by 

equating H* to the moment L of the applied forces about OX, is thereforê  

Aft>a:-(B-C)ft)!/ft.z = L (5) 

Similar equations of motion hold for the other two axes. 

8. Equations of motion for moving axes. Euler's ecpiations. In 

these equations of motion the angular speeds wx, wy, wz are those about the 

fixed axes of coordinates with which the principal axes of moment of 

inertia of the body coincide at the instant considered, that is at time t. 

But since, obviously, there is no difference between the angular speed about 

a fixed axis and that about a moving axis coincident with it, we identify 

wx, wy, wz with the angular speeds wx, w,, ws, say, about the principal axes of 

the momental ellipsoid, which, of course, moves with the body. It requires 

examination, however, to decide whether wx, say, the time-rate of variation 

of the angular speed wx about the fixed axis OX, may be identified with the 

time-rate of variation ̂  of the angular speed about the moving axis: for 

after the lapse of an interval dt the moving axis has separated from the 

fixed axis. 
To decide this point, and at the same time obtain some useful results, we 

consider the general case in which the trihedral system of axes OA, OB, OC 

(not necessarily principal axes of the body) turns about tlte axes OA, OB, 
O C themselves with the angular speed * 9lt 02, 63. Let these axes coincide 
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at time t with the fixed axes OX, OY, OZ: then wl = wx, w2 = wy, w3 = wz, 
that is the angular speeds of the body about OA, OB, OC and about OX, 
OY, OZ are the same at the instant. At time t+dt, however, wx, wy, wz 
have become wx + wxdt, wy + wudt, wz + wzdt, while wlt «2, <o3 have become 

w1 + w1dt, o)2 + w2dt, wz + w3dt. But, in the interval dt, OA, OB, OC have 

moved away from coincidence with the fixed axes. O A has moved through 

the angle 82dt about OB (or OY), and through the angle 9sdt about O C (or 

OZ). This, of course, is not exactly7 true; but it can easily be shown that 

the amount of inexactitude becomes vanishingly small in comparison with 

6.2dt and 9sdt, as dt is diminished towards zero. Thus in the time interval 

dt, taken very small, O A has turned round 0 in such a way that a point a 

on it, at unit distance from O, has at time t + dt coordinates the values of 

which, measured along OX, OY, OZ, are 1, 93dt, —92dt. Since the length 

Oa is unity, these coordinates may be taken as the direction cosines of the 

new position of Oa. 

The instantaneous axis 01 still passes at time t + dt through 0, but it 

may have changed its direction in space. Let its direction cosines with 

respect to OX, OY, OZ be a + da, f3 + d/3, y + dy at time t + dt, and the 

angular speed about it be w + dw. The angle between the new7 positions of 

01 and O A is 
cos -1 {a + da + (/3 + cZ/3) 63dt - (y + dy) 92dt}, 

or, to small quantities of the first order, 

cos-1{a + da + ((3ds-y8i)dt}. 

The angular speed w1 + wldt about O A in the new position is therefore 

given by w1 + w1dt = (w + dw){a + da + (/383-y82)dt}, 

which, since wx = wa, w2 = w/3, ws = toy, can be written 

°\ = ~dt. +Ct,203-wS^2 (X) 

Thus, although wa = w1, d(wa)/dt is not .dwjdt, but dwjdt, for it is the time-

rate of change of the component of' w with reference to the fixed axis OX, 

while dwjdt (or wf) is the time-rate of change of the component of w with 

reference to the moving axis OA, and following that axis. Similar results 

can be obtained in the same way for the other axes. Thus we have the 

important equations wr = wx + w98s - w39.2, \ 

&)2 = wy + w?9^ — WT93, r (2) 

ui>3 = Wz + Wx9^ — ft>2"l • J 

It is convenient to write equations (2) in the form 

wx = Wj — o>203 + w39.2, etc., etc (2) 

Then cbx can be built up, in the manner indicated in 12 and 13 below, of wx 
arising from the time-rate of variation, of a>1, w&9 arising from the turning 

about OB, and — &>2#3 arising from the turning about OC. 
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If the axes O A , O B , O C are fixed in the body, we have 

(9j, 62, 9s) = (w1, oo2, <o3), 

and therefore w, = ft (3) ft)„ = Wy , W j 

Thus, whether O A , O B , O C are principal axes or not, provided only they 

are fixed in the body, the two angular accelerations are the same. 

Returning n o w to (5), 7, w e see that w e can write that equation, and 

the two similar equations which hold for the other axes, 

Aft^ — (B — C)ft)2ft)3 = L, i 

M, ' B«>2 — (C — A)ft)3ft)t (4) 

I. 

Cft>3 — (A —B)&)1ft)2 = ̂ N,. 

for O A , O B , O C are here principal axes of moment of inertia, and therefore 

fulfil the condition of being fixed in the body if that be rigid. L, M, N are 

the moments of the applied forces about the instantaneous positions of OA, 

O B , O C . These are Euler's equations for a rigid body turning about a 

fixed point. 

9. Example. A symmetrical top turning about a fixed point 0. 
To make the discussion of moving axes clear, we take a case in which three axes OC, 

OD, OE, fixed neither in the body nor in 

space, are chosen instead of OA, OB, OC, 

which we reserve for the representation of 

the principal axes. The body (Fig. 4) is 

supposed to be symmetrical about the axis 

OC. Let O C at the instant considered be 

inclined at an angle 8 to the vertical OZ, 

and further let the plane Z O C be turning 

about the vertical with angular speed \j/, 

while a plane fixed in the body, and con

taining the axis of figure, is turning rela

tively to the plane Z O C with angular speed 

a/, in the directions shown by the circular 

,•'' arrows in the figure. W e refer the motion 

r, _,-'' to OC, and to other axes O D , O E at right 

rjv"\ angles to one another and to OC. O D is 

Fi,-,_ 4. at right angles to the plane ZOC, O E lies 

in that plane, so that, while O C is fixed in 

the body, O D , O E are not, but move with the plane ZOC. The angular speeds 

of the body about OC, O D , O E at time t are respectively o/ + \p cos 8, 8, tp sin 8-

According to the notation used above, these represent OJ:, W 2, w3. The angular 

speeds of this frame of moving axes about OC, O D , O E respectively are then \p cos 8, 8, 

ipsind, and these represent the 81, 8.2, 8S of 8. By (2), 8, we get for the angular 

accelerations with respect to fixed axes O X , O Y , OZ, with which OC. O D , O E coincide 

at the instant t, 

cbI = u»1 — 0)2̂ 3 + 013̂ 2 = <i>i — dip sin 8 + ̂  sin 6. 8 

cbj, = OJ2 — o>3 8X + 0J[ #3 = il)2 

(i)z = U ) 3 — <i)1#2 + °)201
:=li,3 

= <"!> "I 
-i/̂ sin 0cos6l-!-(o/' + t/'COs#)i/'sin 0 = uj2 + <o'^sm0,1 (1) 

- (to'+ ip cos 8) 8+8>p cos 6 =o)3-o/ft j 
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10. Body turning about a fixed point 0. More general equations of 
motion for moving axes. Exactly the same process can be applied to the 
comparison of the rates of change of the components of any vector 
whatever, with reference to fixed axes, with the rates of change of the 
same vector with reference to a system of axes turning with angular 
speeds 9t, (92, 93 about the individual axes of the same system, and coin
ciding with the fixed axes at time t. Denoting the components in the 
two cases by Hx, H,,, Hz, H 1 ; H2, H 3, we have only to use H instead 
of to in (2), 8, to obtain 

flw = fi2-H>1 + H108, (1) 

Hz = H3-H102+H201. J 
Since the axes coincide at time t, we have of course 

(He, H y, HZ) = (H1, H2, H3). 

If Ux, Hj,, H 2 be the components of angular momentum about the fixed 
axes with which the moving axes coincide at the instant, we obtain the 
equations of motion 

H 1 - H 2 0 3 + H3(92 = L, \ 
H2-H3f31 + H 10 3 = M, [ (2) 

Hg-H^+H^N. J 
These are more general than (4), 8, inasmuch as they hold for any system 
of moving axes about which the moments of applied forces are L, M, N at 
the instant considered. 

As has been noticed, the values of H 1 ; H 2, H 3 are identical with H^, H y, 
Hz, and this being the case, the non-identity of the two sets of time-rates of 
variation is sometimes regarded as mysterious. But while Hx, H2, H3, like 
Hj, FLy, Hz, refer to a set of axes in a definite position, H 1 ( H2, fl3 refer to 
the change from the values for one definite position of the axes to those for 
another (but near) definite position, while fl^, H,,, H z refer always to the 
same position of the axes as that with which Hx, Hy, H Z( = H1, H 2, Hg) are 

associated. 

11. Body turning about a fixed point 0. Relations between moving 
and fixed axes. If the moving axes OA, OB, O C are not coincident with 
the fixed axes at the moment under consideration, we may define their 
positions by the three sets of direction cosines which specify their directions 
with respect to OX, OY, OZ. W e denote these by lvmx,nv l2,m2,nz, 

lB,ms,n3. Thus we have 

H2/ = H1m1 + H2m2 + H3m3, V (1) 

Hz = H ^ + H2w2 + B3n3. J 
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•(2) 
These give H ^ H A + H ^ + H ^ + H ^ + H ^ + H ^ , \ 

H,/ = H 1m 1 + H 2 m 2 + H3??i3 + H 1m 1 + H 2 m 2 + H3w.3, r •••• 

H z = H ^ + H 2 w 2 + H 3 » 3 + H ^ j + H 2w 2 + H3w3. j 

Equations (2) are quite general, and may be specialised in various ways. 
For example, we may obtain from them the results already established, but 
before making any applications it is convenient to notice the vector signifi
cance of the expressions. This may be exhibited as follows. W e are con
sidering a vector H which is changing both in direction and in magnitude, 
and the components of which, with reference to OA, OB, OC, are H 1 ; H2, 
H . The component H , say, of the vector in a direction 01 making with 
these axes angles a, /3, y at time t (and moving in any way that may be 

specified) is given by 
H = H x cos Q + H 2 cos /3 + H 3 cosy (3) 

The time-rate of variation of this for the fixed direction with which 01 

coincides at the instant, is 

%A = EL, cosa + H9cos/3 + H„cosy-Hdsina-H,/3sin/3-H3ysiny. ...(4) 
at l ' 

Here H x, H2, H 3 are the rates of variation of Hx, H,, H 3 on the supposition 
that a, f3, y are constant, and are therefore rates of variation following a 
system of axes OA, OB, OC, moving with 01. But for the moving Of we 
denote the rate of growth of the vector (a, /3, y constant) by dH/dt, and have 

—_ = Hx cos a + H2 cos /3 + H3 cos y. 

Thus -^-=—— H,dsina —H2/8sin/3 —H3ysiny (5) 

Now it is easy to prove that 

cZcosoA2 , /dcos/3\2 , fdcos y\2 ., . , A, . _ . , 
+ (- jf- } +( 7t)> or « sin2a-r-p2sm2/3 + y2sm2y, dt ' \ dt I V dt 

is the square of the angular speed with which the direction 01 is turning 
round. If we take a vector 0, of length equal to this angular speed, in 
the direction Ok, say, about which this turning takes place, this vector 
will represent the angular velocity with which the axes OA, OB, O C are 
turning. If then, dropping the suffix I, we take H as the vector considered, 
we see that dTL/dt exceeds dH/dt by the vector product V(HO), that is, the 

equation rfH 3H ,,,„,„, 

W = ̂  + V ^ <6> 
holds. This merely states the obvious fact that the rate of growth of any 
vector drawn from a fixed point is represented in magnitude and direc
tion by the velocity of the outer extremity of the vector. 

If i, j, k denote unit vectors along the instantaneous positions of the axes 
OA, OB, OC, with respect to which H 1 ; H2, H 3 are taken, and Q1, 9.,, 83 be 
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the numerical values of the components of 9 with reference to the same 
axes, we can write the last equation in the form 

-^-^- = (iH1+jH2 + kH3)(i01+jr?2 + ktJ3) + H101 + H202 + H303 

= i(H203-H302)+j(H301-H103) + k(H1ft2-H201) (7) 

Thus we infer that the components of dH/dt — dH/cit are 

H203-H302, H^-HJ&J, H ^ - H ^ . 
The vector product on the right of (6) is a vector at right angles to the 

plane of the two vectors H, 0. The equation is indeed obvious, when it is 
considered that the turning about O/c moves the outer extremity of the 
vector H at right angles to this plane, so that the total time-rate of change 
of H, dK/dt, exceeds 2iH/2f by the. vector representing the rate of growth 
thus produced. Thus, from the vector equation, which really requires no 
demonstration, equations (1) and (2), 10, might be inferred. As a matter 
of fact, the simple theorem stated at the beginning of next article, and then 
proved and illustrated in various ways, is clearly true from the most simple 
commonsense considerations, and is a practical application of the vector 
theorem (6), in the simple but exceedingly important case in which the 
vectors 0, H are represented by their components wv H 2 along the axes with 
which O A and O B coincide at the instant. The turning about O A with 
angular speed w1 gives a rate of production of the vector along O C equal 
to ft^Hj, and similarly for other components of the two vectors. 

The equations of motion, (2) of § 12, are now summed up by the single 
vector-equation r7H 3H 

where H is the resultant angular momentum and L the resultant moment 
of applied forces, both taken as vectors. 

W e may also in this equation interpret H as the vector A.M. about any 
specified axis, 0 as the vector angular velocity with which that axis is 
changing in direction, and L as the vector applied couple, which of course 
has the direction of dH/dt. 

In the case in which H, the value of the A.M. for the moving axis!, is 
constant in numerical amount, the variation dRjdt is wholly due to the 
turning; and we have then the direction of H constantly changing so as to 
produce exactly the time-rate of change of the vector clue to the action 
applied to the body. Thus, as we shall see, in the case of a gyrostat in 
steady motion, the axis of A.M. always " follows," that is, turns towards, the 
position of the 90° distant axis of the resultant couple. 

12. Simple rules for forming equations of motion. The following 
simple theorem, which admits of direct and elementary proof, gives a con
venient working rule for the use of the foregoing analysis in practical 
cases. Though formally derived for a particular case, it gives an intuitive, 
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and therefore easily remembered, method of dealing with even the most 

complicated problems of the motion of tops and gyrostats. 
Consider (Fig. 5) two axes, Op, Oq, at right angles to one another, which 

are turning in their own plane with angular speed w about the point 0, and 

let Op', Oq be two fixed axes with which at the instant Op, Oq coincide. 

Let P, Q associated with Op, Oq be components of a given vector A in that 

plane. Along the direction of A measure a length to represent the magni

tude of the vector, and on the same scale measure distances along Op, Oq 

respectively to represent P, Q. W e shall suppose Op, Oq themselves to be 

these lengths. The motion of the extremity of the line representing the 

vector A will have components along Op', Oq' representing the component 

rates of change of the vector in these directions. But since P, Q, taken 

along the moving axes, continue to represent the vector, the sum of the 

displacements of the two points p, q (in any interval of time), parallel to 

Op' and Oq' respectively, must represent the components of the total changes 

which the vector has undergone in those directions in the interval. 

In an interval of time dt we have the displacements 

P dt. cos (« dt) — Q sin (w dt), parallel to Op', 

Q dt. cos (co dt) + P sin (w dt), parallel to Oq'. 

Since dt is supposed to be very small, these become 

(P-coQJcfe, (Q + wF)dt, 

and the component rates of change along Op', Oq' are 

P-«Q, Q + coP 

p P 
Pic. 

These results m a y also be obtained in the following manner. Let P', Q' be components 
of a vector with reference to the fixed rectangular axes Op', Oq', and P, Q those of the 
same vector with reference to axes Op, Oq turning in the plane p'Qq'. Let, however, 
at the instant the axis Op make with Op' the angle i/r as in the diagram (Fie. 6). 
Then we have P' = Pcos-f -Qsini/r, Q' = Psin-f + Qcos li- (1) 

These equations can be united in one as 
P' + /Q' = (P + iQ)e'> (2) 

Hence we obtain by differentiation 

P' + iQ' = { P - Q ^ + l-(Q + Pvi}e'> (3) 

Equating real and imaginary parts on the two sides of the last equation we find 

P' = (P - Q<A) cos f - (Q + P^) sin -f, \ 
Q' = (P-Qi/-)sinV

7 + (Q + P^)cosV7. J (4) 



II DYNAMICAL PRINCIPLES 53 

Thus, if at the instant considered ~^ = 0, and we write OJ for if/, we get 

P' = P-orQ, Q' = Q + wP (5) 

Equations (4) [as well as equations (5)] show that P - w Q , Q + w P are the component 
rates of change of the vector for fixed axes with which the revolving axes at the instant 
coincide. The reader may give a vectorial interpretation to the steps of this process. 

The theorem stated in the earlier part of this article is extended for 

practical working as follows: Let there be three moving axes, Op, Oq, Or 

(Fig. 7), which remain at right angles to one another as they move, and at 

time t are coincident with three fixed axes, 

Op', Oq', Or'. The motion of the axes may 

be specified in the following manner: Oq, 

Or turn together with angular speed wx 
about Op; Or, Op turn with angular speed 

to, about Oq; Op, Oq turn with angular 

speed co3 about Or. These rates of turning, 

existing simultaneously, maintain the axes 

at right angles to one another, whatever 

their (finite) time-rates of change may be. *" 

For, by considering angular displacements 

about the axes, effected separately in successive intervals of time, we 

could show that, to small quantities of the first order of magnitude 

inclusive, the same result is obtained when the displacements take place 

in any order or combination of orders. 

That the axes remain at right angles in the simultaneous turnings may 

be seen by noticing, for example, that while, by the turning about Op, Oq 

and Or are moving in their own plane, the turning about Oq is moving Or, 

and the turning about Or is moving Oq, in each case at right angles to that 

plane, and that each of these motions is followed by Op. These displace

ments of Op no doubt change in dt in a slight degree the plane of motion 

of Oq, Or, but the effects of this are infinitesimals of a higher order than 
the first. 

Let now the components P, Q, R of a vector A for the axes Op, Og, Or 

be represented by the segments Op, Oq, Or themselves, which are therefore of 

lengths numerically equal to P, Q, R. Then the sum of the displacements 

of the extremities p, q, r of these lines, taken parallel to any direction that 

may be specified, gives the magnitude of the vectorial change in that 

direction, and corresponding to these displacements. 

In a short interval of time dt we have the displacements: 

P dt. cos a — Q sin (w3dt) + R sin (w2dt), parallel to Op', 

Q dt. cos j3 — R sin (w^dt) + P sin (w3dt), parallel to Oq', 

R dt. cos y — P sin (o^dt) + Q sin {wflt), parallel to Or', 

where a, fS, y are the angles which the vector A in its new position makes 

with the fixed axes 0(p', q, r). 
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These angles are evanescent in the limit when dt is taken indefinitely 

small. These displacements therefore give, for the time-rates of change of 

the components along Op', Oq'. Or', 

P —Qft)3 + Rft)2, Q — Rft̂  + Pft̂ , R — Pft)2 + Qft)1, 

which, when H1: H2, H 3 are used instead of P, Q, R, and 9V 02, 93 for wv 
ft>2, co3, are the values of the component time-rates of change exhibited 

in (1), 10. 

13. Illustration. We may illustrate the foregoing article by using its method 

to establish Euler's equations, which have been obtained otherwise in 7 and 8. 

As we have seen in 7, the moving axes chosen are the axes of principal moments 

of inertia of the rigid body. These move with the body : the moments of inertia 

are denoted by A, B, C, and the angular speeds at the instant are OJ,, o>2, o>3, so that 

the angular momenta about the axes are Aojj, BOJ2, Co;3. These latter quantities we 

identify with P, Q, P. Hence the three component rates of change exhibited at the 

end of 12 are 

Aoj!-(B-C)oj2(o3, Bu)2-(C- A)OJ3OJ1, Ciu3- (A -B)ia1wi, 

which, equated to the moments of the applied forces about the axes in the positions 

Op', Oq', Or', give the equations 

Atb1-(B-C)oj2io3 = L, -| 

B W 3 - ( C - A ) O J 3 O J 1 = M , I (1) 

Cw3-(A-B)a),o)2 = N. J 

The reader will find the following way of building up such expressions easy to 

remember and apply. Take the rate of change of A.M. about Op'. W e have first the 

time-rate of change of Aiox, the component of A.M. about Op. That gives Ajco. Then 

we notice that the turning with angular speed oi2 about Oq is causing the axis Or to 

approach Op', and as the A.M. about Or is COJ3, this gives for Op' a rate of change of 

A.M. Ca)3co2. Again, the turning of the axes with angular speed OJ3 is causing the axis 

Oq to recede from Op', and as the A.M. about Oq is Bw2, this brings about a rate of 

change of A.M. of amount - BOJ2OJ3 for the axis Op'. Hence the total rate of change is 

AC6I-(B-C)CO 2OJ 3. The same process may of course be followed for the axes Oq', Or'. 

14. Simple rules for passage from one set of axes to another set. 

The method of 12 enables the equations for passage from the principal axes 

of moment of inertia OA, OB, OC to any other system of axes Ore, Oy, Oz, 

to be written down at once. The body turns about an instantaneous axis 

01 with angular speed w = {w2 + w2 + w3J
s, where the positive value of the 

square root is taken. The direction cosines of 01 are (ft)1; to,, w-f)jw. Take 

now, for example, the axis Ox, which has direction cosines A-pAo, X3 with 

reference to the axes OA, OB, OC, and let Sr denote the angle a;0I. The 

angular momenta give a component E about Ox, a component F about an 

axis 0/ at right angles to Oa; and in the plane xOI, and a component G 

about an axis Og at right angles to the plane ccOI. The angular speed &> 

resolves into two components, w cos & about Ox, and w sin S- about 0/. 

Hence, if Ore, Og be of lengths numerically equal to E and G, the total rate 
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(3) 

of change of A.M. for the axis Oa; is E —wGsinS-, where in E the cosines 
are supposed to be constant. Now we have 

d 
E —--j-XX^Aw^ + X2Bo)2 + A3Cft)3) = A, Atoj + A2Bft>2 + A3C<i)3 (1) 

and G = ~]^;{ Aft)f(As
ft)2_ A2ws) + Ba>2(Ai«>s ~ \

wi) + Cm^A^ - \w.2)}. (2) 

Similarly we can deal with the axes Oy, Oz, the cosines of which are 
p.lt /A2, p3, i/a, i/.,, vs. Taking the total rate of change for each axis, and 
equating to the m o m e n t of forces about that axis, w e get the equations 

AA 1w 1 + B A2ft>2 + CX3ft>3 + Aft)x (A2to3 — A3ft>2) 

+ Bft)„ (A3w1 — AjWg) + Cft>3 (Ajftjg — X2wJ) — L', 

Â lĵ COj + B^i2ci)2 + CpL3w3 + Awx (/t2a>3 — p3w2) 

+ Bw.2(/m.3w1 — Mi
w3) d~ Oft>3 (/x1ft)2 — ̂ gftij) = M', 

Al'-jft̂  + Bv2w.2 + Ci/3ft>3 + AxtJ1 {v.2w3 — v3wj) 

+ Bft)2(i'3ft)1 — i
7
1ft)3) + Cft)3(̂ 1ft)2 — v2wj) = N ' 

Here L', M', N ' are the moments of forces about Ox, Oy, Oz. They m a y be 
derived from the moments L, M , N about O A , O B , O C by the equations 

L' = A XL + A 2M + A3N, M' = M l L + M , M + M s N , N' = VlL+i/2M + ̂ 3N, ... (4) 

but it is usually more convenient to calculate them directly. 
Equations (3) m a y be derived from Euler's equations by multiplying the 

first by Aj, the second by7 A2, the third by A3, and adding. The result is the 
first of (3). The others are derived by means of p.1, p..2, pi3, vlt v2, v3 in 
the same way. 

The axes Oa;, Oy, Oz m a y be the instantaneous positions of a set of 
moving axes, but it is to be remembered that equations (3) apply to a set 
of fixed axes in these positions. 

15. Example: A top spinning under gravity forces. As another 
example of 12 w e take the top spinning about a fixed point on its axis 
under gravity forces, and choose the system of axes O D , O E , O C specified 
in 9, and shown in Fig. 4. These have directions exactly corresponding 
to those of an ordinary system of axes Oa;, Oy, Oz. The angular speeds 
about these axes are, according to the notation explained (loc. cit. supra), 
9, -v/rsinS, w +\\r cos 9. If A be the m o m e n t of inertia of the top about the 
axis O D , A is also the m o m e n t of inertia about O E . W e denote the 
moment of inertia about O C by C. 

The components of A.M. associated with the three axes are therefore A9, 
A\jssm9, G(w' + Jscos9), or Gn. Taking distances along the chosen axes 
from 0 equal numerically to these quantities, and considering the motions 
•of the extremities due to time-rates of change of the lengths of the 



56 GYROSTATICS CHAP. 

axes, and to the turnings, we get for the rates of growth of A.M. about tne 

fixed axes 0DX, OE 1 ; 0GV with which OD, OE, O C coincide, 

A9 + (Cn-AV>cos 0>/>sin 9, for OD 1 ; 

A<fr sin 9 + 2A-f fj cos 9 - Cn9, for OE 1 ; 

Gn + A^sm8.9-A9x^sm9, for OC r 

The only moment of forces of gravity is that about ODx, which amounts to 

Mgh sin 9. In strictness there is a couple about OCj due partly to the 

action of the air, and partly in some tops, to friction at the pivots of a 

rotating flywheel, the axis of which is coincident with the axis of symmetry. 

W e denote the moment of this couple by V̂". There may also, in some 

arrangements, be a couple about OEj and an additional couple about OD x: 

if these couples exist we denote their moments by L and M- In most cases 

L, M, JV are taken as zero. Hence we have 

A0 + (Cm - Ai/> cos 6) V> sin 9 = Mgh sin 9 +LA 

A<(rsiii9+(2AJscos8-Cn)8 = M, r (!) 

Cn = JV. ) 

If JV' may be taken as zero, we see that n, and also Gn, remain unaltered 

as the top moves. In some gyrostatic tops, made recently by Dr. J. G. 

Gray, the spin has been found to be still rapid after the top has been left 

to itself for nearly an hour, showing that the retarding couple in these 

instruments, which have a carefully designed form of ball bearings, has 

been brought down to a very small value. 

The A.M. about the vertical OZ is Cn cos 9 + Ai/> sin20, and this, if M is 

zero, is constant, that is, we have 

Cncos9 + Ajssm29 = G, (2) 

where G is a constant. The reader may verify by differentiation that (2) is 

equivalent to the second of (1) with J\£ put equal to zero. 

16. Euler's equations for rigid body under gravity forces. Returning 

to Euler's equations, take the case of any7 rigid body whatever, under the 

action of gravity. Let the mass of the body be M, the coordinates of the 

centroid G be f, r\, £ and the direction cosines of the upward vertical be 

a, /3, y, in both cases with reference to the principal axes of moment of 
inertia OA, OB, OC, drawn through the fixed point O. The components of 

gravity forces parallel to OA, OB, OC, respectively, are — Mg(a, /3, y). 

The second and third of these have moments about OA, the third and first 

about OB, and the first and second about OC. The total moments are 

easily found to be M#(/3£-y»/), M(7(yf-a£), Mg(a>]-(3g). Hence Euler's 

equations (1), 14, become 

Aft)l_(B-C)ft,2ft,3 = M(7(/3t;-y)7), ] 

Bw2-(G-A)w3w1 = Mg(yi-aO, \ (1) 

Cft,3-(A-B)ft,1ft,2 = M^(a)7-/3f).J 
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But since the vertical is fixed, a, j3, y fulfil a certain set of relations. 

For a, (3, y are the coordinates of a point on O Z at unit distance from 0, 

and the component velocities of that point referred to fixed axes, with which 

OA, O B , O C coincide at the instant, are therefore zero. But by (1), 10, 

identifying the H ^ H,, H 3 of these equations with a, /3, y, and 0V 92, 93 with 

to,, ft>2, ft>3, w e obtain 

a — /3ft>s + yco.2 = 0, /3 — yw1 + aw3 = 0, y — aw2 + (3w1 = Q (2) 

It will be observed that this set of relations gives, as it ought, 

ad + (3$ + yy = 0. 

The kinetic energy of the motion of the rigid body is ̂ (Awr2 + Bw2 +Cw3
2), 

and the potential energy is M<7(a£+/3>? + y£). Hence w e have the energy 

equation i(Aa,12 + Bft,2
2 + Cft)3

2) + M/?(a^+/8); + yf) = E, (3) 

where E is the total energy. 

Again, the angular momentum about the vertical O Z does not vary, and 

therefore Aaw1 + Bf3wi + Gyw3 = G, (4) 
where G is a constant. 

These equations are easily obtained from (1) and (2). If w e multiply 

equations (1) respectively by w1, &J2, w3, add and integrate, taking account 

of (2), w e obtain (3); if w e multiply (1) by a, 13, y, respectively, add and 

integrate, we obtain (4). 

17. Steady motion of symmetrical top under gravity. It is possible 

to have a motion of unvarying- value of 9, and unvarying precession. It 

will be seen that if M. is zero in (1), 15, and 9 be zero, then Js is zero, at 

least if 9 is not equal to 0. If then 0 = 0, and also 9 = 0, we get from the 

first of these equations, if 9 is not zero, 

{Cn-Ajscos9)is = ~M.gh (1) 

The value of \js is now constant, and the motion is said to be steady. 

Denoting for distinction the steady value of i/̂  by p., we have the quadratic 

equation A cos 9. [i? - Cnp. + Mgh = 0, (2) 

which gives two values of p, which are possible when the inequality 

C%2>4AMc//tcosc) 

is fulfilled. Thus, provided Cn exceeds a limit here indicated, there are, 

for any given inclination 9 of the axis to the vertical, two values of p., and 

if Cn is very great, that is if the angular speed of spin is high enough, one 

of these values of /x is very great in comparison with the other. A first 

approximation to the small root is given by the equation 

-Cnp + Mgh = 0, (3) 

which is obtained by neglecting the term in p.2 in (2). Thus 

" = W (4) 
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A first approximation to the large root is obtained by neglecting the 
constant term in (2). Thus w e find 

Cn /c.-. 
» = Acos8 (5) 

It is remarkable that, if these first approximations are taken, the large 
root does not depend on the applied forces at all, while the small root is 
directly proportional to' the product of M g by h, that is to what has been 
called the " preponderance" of the top. Thus Lord Kelvin proposed 
(Thomson and Tait's Natural Philosophy, § 345xxiv) that the azimuthal 
motion specified by (5) should be called " adynamic.'' T h e precessional 
motion of the earth is that given by the small root of the corresponding 
equation to (2), and therefore he proposed also that the azimuthal motion 
specified by (4) should be called precessional. 

But either azimuthal motion can be realised, except in some particular 
cases, by starting the top properly. W h e n , however, the top is spun by the 
rapid unwinding of a string, while the axis is held at rest at some inclina
tion 9 to the vertical, the subsequent motion, w h e n the top is left to itself 
spinning rapidly, will be one of alternate falling slightly below, and return
ing to, the initial value of 9, accompanied by a varying value of Js, 
oscillatory like that of 9, and in the same period, but of m e a n value given 
by (4), to a first approximation. 

The roots can be calculated to any degree of approximation by writing the quad

ratic equation in the form 
/j,2 - 6/i + a = 0, (6) 

that is by putting Cm/A cos 8 = b, and M^/t/Acos 8 = a. Then if we write the quadratic as 

, a 
u = o — , 

I1 

we get for p the continued fraction 

7 a a a ,„, 
/*- 6-?_S_6_-> ('> 

which gives the large root. On the other hand, if we write the quadratic as 

a 
b — p. 

we obtain the continued fraction M = T T T •••> (8) 
o — b — o — 

which gives the small root. 
A closer approximation to the large root than that expressed by (5) is given by (7), 

namely, Qn 
P'~ Aeos0 On V •Ml+^AMj) (9) 

C?t \ C2!l2 / 
while the corresponding approximation to the small root is 

-¥(»g—) <>«> 
Thus both roots involve Mgti, and neither is, strictly speaking, adynamic. They 

are conjugate roots of the quadratic equation, and it seems desirable to designate them 
in some way that takes account of their common origin. One may be called the fast 
precession, the other the slow precession. 
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It will be observed that the fast precession becomes infinite when 8 = \ir, 

that is when the axis of the top is horizontal. Adopting an understood 

notation, we see that when 9= IT — 0, ̂ = + 0 0 , and when Q = \ir + 0, 

,u= — 00 . The value of p. changes sign in passing- through hir, but it does 

so in passing from positive infinity to negative infinity7. 

It is important to notice that a steady motion is possible when h = 0, and 

therefore no couple acts. The roots of (2) are then p = 0, p = Cn/Acos9. 

Thus, if the top is supported at its centroid, the axis may either preserve a 

constant direction in space, or, if the top is properly started, revolve about 

the vertical with angular speed Cn/A cos 9. Here the motion is truly 

adynamic. 

18. Different cases of steady motion. Direct and retrograde pre

cession. Stability of steady motion. From the discussion given above it 

will be seen that if 8 — ̂ ir, the larger root of the steady motion equation (2) 

is infinite, so that there is only one realisable value of 

p., that is p. = Mgh/Cn. If 9 be greater than \-K, the 

value of the larger root Gn/A cos 9 is negative. Thus 

take the three positions shown in the diagram (Fig. 8), 

and suppose that the couple about an axis through 

0 is due to the gravity of the gyrostat situated as 

shown, and that we are not concerned with resultant 

couples in the contrary direction due to the presence 

of non-rotating back-weights. If the direction of 

rotation of the flywheel be the same in all three 

(that is counter-clockwise as viewed by an eye looking 

towards 0 along the axis of rotation from the side 

of the gyrostat remote from 0), the direction of the 

precession measured by the root which is approxi

mately Mgh/Gn is counter-clockwise, to an eye looking 

towards 0 from Z, for all three cases. The precession is said to be direct. 

The turning motion given by the other approximate root is, when looked 

at in the same way, in the counter-clock direction in case (a), and is 

reckoned positive; in case (b) it is +00 when the angle ZOC is infinitely 

little less than \ir, and is — GO when that angle is infinitely little greater 

than \TT, and in case (c), for which the angle ZOC is between \ir and IT, it 

is negative, that is clockwise, and of numerical value GnjAcos9.2. The 

precession is said to be retrograde. A more detailed discussion of direct 

and retrograde precession is given in 16 and 17, V, below. 

It is the smaller root of an equation corresponding to (2) that gives the 

precession of the equinoxes in the case of the terrestrial top. But both roots 

are derived from the quadratic equation in the same way: they are con

jugate values of the conical motion of the axis. When expressed exactly 
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both involve the applied forces, though one depends on these much more 

than does the other. Also both are possible motions, if the top is properly 

started. If the top is simply spun rapidly, and left with the axis at rest in

clined at an angle 9 to the vertical, the axis will oscillate between the value 

of 9 and a slightly larger value (for which of course the axis is lower). 

The mean precessional angular speed will be approximately that given by 

the smaller root of the steady motion equation (Mgh/Gn). The actual pre

cessional speed will vary from zero at the smaller value of 9 to 2~Mgh/Cn at 

the larger value, where 9 is again zero. If a sphere of unit radius be 

described about the point of support as centre, the axis will move between 

two close horizontal circles corresponding to the turning values of 9. The 

path of the intersection of the axis with this sphere will be a succession of 

curves, each terminating in two cusps at the upper circle, and at its middle 

point tangential to the lower circle. That there are cusps at the upper 

circle follows from the fact that the axis is instantaneously at rest at the 

upper circle, with 9 a maximum, and \(r zero, while only 9 is zero at the 

lower, so that the excess of kinetic energy at the lower circle above that at 

the upper is represented by the kinetic energy of the azimuthal motion. 

W h e n the spin is very fast, the oscillations from limiting circle to 

limiting circle are very small, and the mean angular speed is as stated 

above. W h e n the speed of spin is not very great the limiting circles 

are wider apart, and then the motion can be worked out completely by the 

theory of elliptic functions. The results here indicated for a fast spinning 

top will be found worked out in 14, V, below. 

The general theory shows, as we shall see later, that an even number 2m 

of freedoms of a gyrostatic system, can, if unstable before spin, be com

pletely stabilised by gyrostatic domination, and if stable before spin remain 

so after spin. If the total number of freedoms of the system be In, there are 

n small roots approximately given by an equation of the 7ith degree, and 

n large roots approximately given by another equation of the nth degree. 

The latter, if the spins are great enough, are practically " adynamic." 

A. so-called proof is sometimes given, by what appears to be a simple process of 

composition of vectors, that the angular speed of the azimuthal motion is Mc/k/Cn 

for any finite value of 8. The other value of p. is ignored, and the process is quite 

fallacious. W h e n 6 is constant, equation (2) is obtained as follows by the process set 

forth in §15. The rate of production of A.M. about O D is then (Cn- A/xcos 60/J.sin 6. 

The term 0?i/xsin6) is due to the motion of the extremity of the vector Cm produced 

by the turning with angular speed p sin 8 about OE. This turning is towards ODj, 

the instantaneous position of OD. The other term, of amount A/x2cos 8 sin 8, is due 

to the motion which the extremity of the vector of length Aft sin 8 has parallel to DjO, in 

consequence of the turning at rate /xcos 6 about O C caused by the turning of the plane 

zOC about Oz with angular speed p.. O E is being made to recede from ODj to a greater 

angle than -gir, and hence the term is subtractive. 

W h e n the azimuthal motion is so fast that the rate of increase of A.M. Cnp sin 8 

is nearly balanced by the rate of diminution A/A2COS 6 sin 8, we have the larger root. 
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W e shall return to the steady motion of a top or gyrostat in 9, V, 
and shall there show that the steady motion is stable, that is, that a slight 
disturbance of the motion will result in a periodic rising and falling of the 
axis about a steady motion inclination to the vertical, with a corresponding 
variation of the azimuthal turning; but. without continually increasing 
departure from the steady motion. There is thus variation of 9, with, in 
a different phase, an accompanying variation of precession. This periodic 
change of 9 is called nutation. 

Like precession, the term nutation is derived from the motion of the 
earth, which is exactly that of a spinning top. [See Chap. X, in which 
the earth's precession and nutation are discussed.] 



CHAPTER III 

ELEMENTARY DISCUSSION OF GYROSTATIC ACTION 

1. Elementary explanation of motion of a top. Although the behaviour 

of a top can be deduced from the equations of motion of a rigid body, which 

themselves are but the expression of fundamental dynamical principles, it 

is paradoxical and perplexing to many people. The stability of the upright 

position when the speed of rotation is considerable, and still more the pre

cessional (or sideways) motion of the axis of the top, produced by7 the 

action of gravity when the axis is inclined to the vertical, appears to be 

inexplicable. Hence, before carrying the general theoretical discussion 

further, w7e shall endeavour to give in the present 

chapter an elementary explanation of these 

phenomena. 

Let the top (supposed of the construction 

shown in Fig. 4) be set in rotation about its 

axis, by the rapid withdrawal of a string wound 

on the top, or in any other way, and be then left 

to itself supported on a fixed point 0 of the axis 

OC. If the axis be at rest when the top is freed 

from constraint, the course of events will be as 

follows; but if the initial condition be not as here 

stated, the present description will require modifi

cation. It will be noticed that the axis at first has an accelerated motion 

downward, that the top begins to fall. This is a beginning of the effect 

that the gravity force on the top, together with the reaction of the support

ing point, is " naturally" expected to produce. But no sooner has the 

descent of the axis begun than the top also begins to move sideways, as 

shown in the diagram (Fig. 9) by the curve AP. This curve is the path 

of the intersection of the axis with a spherical surface described round the 

point, 0, of support of the top as centre. The difficulty, to a person un

trained in higher dynamics, is to understand this sideways motion, or 

precession. 

It will be seen, moreover, that the axis gradually ceases to tilt further 
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downward, so that at a certain instant, when it has the. position Q, it has 

a sideways motion only, and thereafter begins to have an upward tilting 

motion, and continues to ascend, still with the same direction of sideways 

progressive displacement, until it has attained the same inclination to the 

vertical as it had at starting, when it will be observed that precession has 

for the moment ceased. The axis then begins again a tilting motion down

ward, and the former behaviour is repeated, and so on, until the exact 

repetition has been seriously interfered with by diminution of the spin by 

the action of friction. But until the spin has fallen off perceptibly the 

axis moves backward and forward between two limiting circles on the 

sphere, and each to and fro passage carries it a certain way round 

the vertical OZ. Thus the curve showing the path of intersection of the 

axis with the sphere is a series of repeated parts, each concave upward, 

touching the lower circle tangentially, and meeting the upper circle at 

right angles. 

W e shall explain this motion at first by reference to a special arrange

ment, and then go oh to a quantitative discussion of an elementary kind. 

[The difference of behaviour owing to difference in starting conditions is 

explained in 17, V, below.J 

2. Top made with hollow rim containing balls. Analysis of action 

of balls. Let the top be made in the form shown in Fig. 10, that is, con

sist of a spindle OC, carrying rigidly fixed to it a 

disk provided with a massive rim. Let the rim be, as 

Figure 11 indicates, a hollow tube containing a number 

of equal balls in contact, fitting the tube and arranged 

so as to form a ring of particles, which is carried round 

with the disk when that rotates about its axis of figure 

OC. Suppose the top, after being set in rotation with 

the axis O C inclined to the vertical OZ, to be left to 

itself under the action of gravity. As we have seen, —- —--

it begins to turn about a horizontal axis O D at right 

angles to the plane COZ. This turning may. be regarded as consisting of 

a motion of the centre of the disk at right angles to O C and in the plane 

COZ, and a turning of the whole about an axis A B through the centre of 

the disk and parallel to OD. It is this latter motion that causes precession, 

as we shall now show. 

Consider then a disk or flywheel (Fig. 11), loaded with balls in the 

manner just described, to have its centre at rest, and to be rotating, or 

" spinning," in the plane of the paper about an axle through its centre 0', 

while it is turning about a horizontal axis AO'B at a definite speed. In 

consequence of the spin the ball a in the quadrant BE' of the ring is, at any 

instant while it is there, being carried further away from the axis AB. 
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In virtue of its inertia the ball tends to go on without alteration of its 

speed and direction of motion at the instant. But as it increases its distance 

from A B in the tube, the ball is caused by the 

action of the tube to move faster in the turning 

motion about AB. The turning about A B has the 

direction, say, which brings E' nearer the reader, 

and therefore the ball presses against the back of 

the tube. 

Now consider a ball b in the quadrant F'B; it 

is approaching the axis AB, and therefore its speed 

at right angles to the plane of the ring must 

diminish towards zero. This diminution is brought 

about by the action of the tube on the ball, and 

the ball therefore reacts on the tube. It will be seen that this reaction 

is in the same direction as that exerted by the ball a at the same instant, 

and that these two reactions conspire in tending to turn the ring about 

the axis E'F', in the plane of the instantaneous position of the ring and 

at right angles to AB. 
Consideration of the balls, as c, d, which are at the same moment in the 

quadrants E'A and AF', shows that, while the actions of c and d on the 

tube are in the same direction,̂ that direction is opposite to the direction 

of the actions of a and b. Hence the assemblages of balls occupying at a 

given instant the halves of the ring separated by the diameter E'F', exert 

then equal and opposite actions on the tube, forming a couple tending to 

produce turning of the ring about E'F'; and unless a couple about this axis 

is applied from without to balance that which we have seen to be due to 

the inertia of the balls, the horizontal axis A B will turn round in azimuth: 

in other words, the vertical plane COZ (Fig. 10) will turn round OZ, and 

we have the sideways motion of the top. If at any instant the angular 

speed of turning about OZ be Js, and 9 be the angle COZ, the turning 

about OZ is equivalent to two turnings with angular speed, Js cos 9, yp- sin 6, 

respectively, about O C and OE, where O E is at right angles to OC in the 

plane COE. 

3. Mode of production of precessional motion. Calculation of forces. 

Gyrostatic couple and "gyrostatic resistance. It will now7 be seen how 

the precessional motion of the top about OZ, or the component of that 

turning- about OE, to which we have been giving more special attention in 

what precedes, arises. The loaded disk which forms the main part of the 

mass is made up of particles having O C (Fig. 10) as common axis, and each 

ring of particles plays the part of the balls in the ring-groove. The turning 

about AB, required in the turning of the system about O D (see Fig. 4), 

involves a turning motion of the whole about E'F' (Fig. 11), which is parallel 
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to the axis OE; and the amount of this at any instant depends on the 

angle through which the axis O C has descended from its elevation at the 
beginning of the motion. 

Following out these ideas, w e can find the force-systems concerned. For 

this purpose w e consider, in the first place, a flywheel symmetrical about 

an axis of figure O C , and revolving about that axis with angular speed n. 

Let A B be horizontal and pass through a point 0' (e.g. O of Fig. 10, so that 

A B is in that case coincident with O D in the plane BO'E') anywhere on 

the axis of the flywheel. Consider a particle P of mass m in the plane 

BO'E', let 0'P = r, and z.PO'B = 9!>. If the turning about A B have 

angular speed w, the particle P has a speed wr sin <f> at right angles to the 

plane in which it is at the instant being carried round by the spin at speed n, 

and it has also the speed r cos <-/>. <p in the direction O E . A section of the 

wheel through P at right angles to O C is in general a ring bounded by circles 

which have O C as co m m o n axis, and the speeds which have just been 

specified are in addition to the motion which P has in virtue of that of the 

com m o n centre of these circles. They are components of the motion of P; 

the latter is due to the turning about the instantaneous position of O C , the 

former to the turning of the circle about its horizontal diameter. 

N o w , after time dt the plane of the section in which P is situated has 

turned through the angle w dt about the horizontal diameter, and the two 

speeds specified above have become for the new orientation of the plane, 

cor sin <j> + d(wr sin<£), r cos <-/>. <j> + d(r cos <p. <p), 

respectively. These give components perpendicular to the former position 

•of the plane, which are, respectively, 

{wr sin (f> + d(wr sin $)} cos (wdt), 

or in the limit, wr sin <p + d(wr sin (p), 

and [r cos <p . <f> + d(r cos <p. <p)}sin(wdt), 

•or in the limit, wr cos <p . <pdt = wnr cos <j>. dt, 

since the angular speed <p = n. The total growth in dt of speed of P 

perpendicular to the position of the plane at the initial instant of dt is 

therefore d(wr sin <p) + cor cos <p.ndt, or 

2wnrcos cp.dt + wr sin<pdt. 

To produce this acceleration a force 

miflwnr cos <p + wr sin <p) 

is required, and is applied to the particle through its connections with the 

other particles of the flywheel. A n equal and opposite force is applied to 

the wheel by the particle as reaction. If there is no system of forces 

applied from outside the wheel to balance these reactions, the motion about 

E'F' will take place, so as on the whole to render the effect of these 

accelerations zero. 
G.G. E 
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If the wheel be supposed placed so that its mean plane coincides with 

the paper, and its top move towards the reader, then while P is on the 

right of the diameter E'F'(Fig. 11), the part of the force represented by 

the first term, 2mwnrcos<p, is towards an observer looking at the paperr 
and the corresponding reaction is in the opposite direction. For a particle 

on the left of E'F' these directions are reversed. The second part of the 

force has one sign for matter on one side of the horizontal diameter, and 

the opposite sign for matter on the other side. In taking moments, there

fore, about E'F' of the forces on the particles of a thin uniform slice of the 

flywheel, taken at right angles to OC, we m a y disregard the force m<br sin <p 

on each particle, as these forces contribute nothing to the result. 

Summing the moments for a ring of matter of linear density a, every 

particle of which is at a distance r from the centre of the disk, we get, 

taking m = err d<p, 

S u m of moments) „ „f" , 7 , „ , 
i , T̂/T-./ f = 2wna-r6\ cos-(hd<b = l-Ktrrwn = pom, 
about E l J J0

 r r 

if p denote the moment of inertia about OC of a complete ring of particles. 

This is also the moment of the forces about any line parallel to E'F' through 

a point of the axis. 

The same thing holds for every ring of which the disk is composed, and 

for every disk comprised in the fly7wheel; and therefore if C be the moment 

of inertia of the flywheel about OC, we have the following result: 

The couple about the axis E'F' (Fig. 11) [or about any axis (e.g. OE) 

intersecting OG and parallel to E'F'], which, must be applied to balance 

the reactions which arise ivlten the body rotating about OG with angular 

speed n, is made to turn about a fixed axis OD (parallel to AB) with 

angular speed w, is Cnw. The reaction couple thus balanced is often called 

the gyrostatic couple. Also it is sometimes called the gyrostatic resistance, 

since to change the direction of the axis of the rotation n at rate w requires 

the application of a couple of moment Cnw. 

In other words, there is a rate of production C?ift> of A.M. about the axis 

O E in the direction opposite to that of the gyrostatic reaction couple. 

This, in the absence of an applied couple, is nullified by acceleration of the 

whole body about O E in the direction of action of that couple. The direc

tions are as follows: The reacting couple is in the counter-clock direction 

as seen by an observer looking from beyond E (or E') towards 0 (or 0 )• 

The direction of the rate of production of A.M. about O E (or the parallel 

axis E'F'), which gives rise to the reacting couple—to be balanced by one 

externally applied if O D is to remain fixed, that is, if the rate of growth 

of A.M. about O E is not to be counteracted—is clockwise. 

W e may put the matter in symbolical form as follows: Let A and do be 

the moment of inertia and angular acceleration about OE. The total rate 
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of production of A.M. about OE is Ado + Gnw. But if there be no applied 
couple about OE, we have 

Aft>' + Gnw = 0, or Aw' = — Cnw. 

Thus — Cnw may be regarded as a couple producing A.M. Aw about the 
moving axis OE, in the opposite direction to Cnw. 
We obtain, of course, a similar result for the case of turning about the 

axis OE with angular speed w, say, in the counter-clockwise direction. If 
there is to be no turning about OD, the reacting couple of amount Cnw' must 
be balanced by a couple applied from without about the axis OD, and is 
clockwise as seen by an observer looking from beyond D towards 0. 
It follows from this that a couple of magnitude Cnw' applied about OD 

from without in the counter-clock direction, will be consistent with turning 
at angular speed w in the counter-clock direction about OE, without any 
turning about OD. The axis OD will, however, move with angular speed 
o>' in a plane perpendicular to OE, while OE remains fixed. 

4. Deduction of principal equation of motion. We now obtain an 
important result, already established in another way. Consider a top 
spinning about its axis of figure with angular speed n, while that axis 
(OC) turns round the vertical OZ (or line answering to the vertical 
if the top is not in a gravitational field) in consequence of the angular 
speed yjs of the plane ZOC about OZ. The inclination of OC to OZ 
is 9, and the axes OD, OE (specified in 9, II) turn with the plane ZOC. 
Apply, as explained in 3, a couple Cnw' about OD in the counter-

clock direction. This, as we have seen, is consistent with a turning at 
speed &)', counter-clockwise about the axis OE, while that axis remains 
at.rest. Thus the axis OD turns about OE, counter-clockwise. 
Again, let the axis O'E' be identified with OE, and the angular speed 

there denoted by w with \js sin 9, and imagine turning at speed Js cos 9 
about OC in the counter-clock direction. The turning with this speed 
about OC as a fixed axis involves a reacting couple which must be balanced 
by the application of a couple of moment Ai/r2sin 9 cos 9, clockwise about 
OD* Thus we see that the total couple Cn^jssin 9 — At/r2sin 8cos 9, in the 
counter-clock direction about OD, is consistent with a motion of the top 
compounded of a turning (counter-clockwise) about OE with angular speed 
i/fsin0, and a turning (counter-clockwise) about OC with angular speed 
^p- cos 9. But these turnings about OC and OE are clearly together equiva
lent to turning with angular speed \js about OZ. Thus the combination of 
couples just found, equated to the total applied couple about OD, gives an 
equation of motion which holds either for steady motion about the line OZ, 

* W e here take OE, and presently OD, as an axis of spin. This may be justified by an 

extension of the reasoning in 3. 
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or for an instant at which the acceleration r) of turning about the axis O D 

is zero. This equation is 

(C%-Ay>cos0)V>sin0 = L, (1) 

if L be the moment of the couple. If there is angular acceleration 8, the 

couple L must furnish the rate of production of A.M., Ad, in addition to the 

combination of couples specified. Thus, if the field of force is gravitational, 

we have F — Mgh sin 8, and the complete equation of motion is 

A8 + (Cn-Aijs cos f?)V> sin 6 = Mgh sin8 (2) 

This is the equation found in 15, II, in an entirely different manner. 

In the same way we can find the equation of motion for the axis OE. 

Referring back to the general result of 3, consider the couple Gnw about 

O E there referred to, and identify w, about O D , with 8. The turning about 

O D is counter-clockwise, the couple of moment Cn9 about O E which 

would balance the reacting couple is clockwise. 
N o w take for w the angular speed \/> cos 9 about OC, referred to above, 

and consider a couple about O E (instead of about O D ) which would 

balance the reaction couple due to the turning 9 about A B (or OD). This 

is a couple Ayp-cos9.8 in the counter-clock direction about OE. Thus we 

get a total couple (Ajr cos 9 — Cn) 9. But if there is no time-rate of variation 

of the angular speed i/> sin 9 about OE, and there be no applied couple about 

OE, this total couple is zero. The complete equation in the absence of 

externally applied couple about O E is therefore 

Aj(yissind) + (Ajscos8-Cn)8 = 0, v..(3) 

or AV;sin0 + (2A^cos0-Cn.)0 = O (3') 

To put the matter most simply, the total reaction couple is — (At/̂ cosr? — Gn)8, 

and this must be equal to Ad (\js sin 9)/dt. 

These results have been obtained in the most elementary manner from 

first principles. Any question that m a y arise as to the legitimacy of 

supposing that the motions giving the different reacting couples, taking 

place as they do simultaneously, can be taken account of by adding the 

separate couples of reaction together, may be answered in a general manner 

as follows: If we were to suppose the different changes to be effected in 

successive intervals of time dt, the effect of the existence of the first change 

on the amount of the second would, as regards direction, be accounted for 

by multiplication by the cosine of an indefinitely small angle; and as 

regards magnitude, introduce quantities involving dt as a factor in addition 

to the finite quantities specified above. 

5. Elementary quantitative analysis of motion of top. We now 
endeavour to predict, from the elementary considerations adduced above, 

the behaviour of a top which is set into rapid rotation about the axis OC, 
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when in the position OA, say, shown in Fig. 9, and is then left to itself. The 

axis begins at once to acquire a descending motion of turning about 0, and 

each of the disks at right angles to OC, of which the top is composed, begins 

to turn about a horizontal diameter, while the whole top turns about the 

parallel horizontal axis OD. If the turnings about OC and O D have 

the directions in Fig. 4, the top is, as we have seen, acted on by a couple 

(Cn — A\js cos 8)8 about O E in the direction of the circular arrow. Thus 

the axis of the top begins to have a component of turning in the direction 

at right angles to the first motion, and towards the instantaneous position 
of OD. 
The intersection of the axis with a sphere described round 0 as a centre 

is therefore a curve like A P (Fig. 9). Here O D is to be drawn horizon

tally back from 0, and O E in the angle ZOP, both at right angles to OP 

When the axis is at P the top is turning about OD, now of course in a new 

position, counter-clockwise, and in consequence is still gaining counter-clock 

rotation about OE, which is also in a new position, corresponding to that of 

OD. This will be clear from consideration of (3), 4, which shows that the 

rate of increase of A\L-sin8 is (Cn —A Js cos 8)8, which (if Cn "> A\p- cos 8) 

is positive, since of course we suppose that 9 is still positive. The accelera

tion about O E is increasing in amount because the couple about O D applied 

by gravity is increasing 8. By the formula just quoted, this acceleration 

about O E is proportional to the accumulated rate of turning about OD, 

except for the factor Gn — Ajs cos 8, and so OC turns faster and faster 

towards the instantaneous position of OD. 

But the counter-clock turning about O E produces A.M. about the 

instantaneous position of OD, represented by the term Cn\js sin 9 of (2), 4, 

giving clockwise acceleration about that axis, though at the same time, in 

consequence of the turning with angular speed \js cos 9, this (if 8 < |TT) is 

counteracted to some extent by the term Ai/r2cos 0sin 8. For we can write 

(2), 4, in the form 
A9 = Mghsin8-(Cn-Aj,cos 9)^sin 8 (1) 

An instant arrives at which the right-hand side of this equation is zero, and 

so 9 becomes for the instant unvarying. Thereafter counter-clock turning 

about O D diminishes, while, the spin being great and (Cn — A\js cos 8) 9 

being positive, the turning about O E continues to increase, until the turning 

speed 9 about O D is reduced to zero. The axis OC has now ceased to 

descend. At that instant the counter-clock turning about O E is at its 

greatest, and the clockwise acceleration about O D a maximum, so that 

angular speed in that direction begins to grow up; the axis begins to rise. 

It continues to rise with increasing speed, for so long time as the counter-

clock rotation about O E (which is now diminishing on account of the 

reversal of the turning about OD) is sufficient to produce (see the equa

tion (1) last written) a couple, (Cn — A\js cos 9)\js sin 9, greater than that due to 
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gravity. After a certain elevation has been attained, equal to that at which 

the acceleration about O D ceased in the downward progress, the increase of 

the speed of rise ceases, and the upward motion slows off' to zero at an 

elevation equal to that of the starting position. 

It is easy to see (since, if at any point all the motions were exactly 

reversed, the path would be traversed in the reverse direction) that as the 

axis mounts higher it continues to swing round the vertical, and does so in 

such a manner that the path from the turning point to the highest eleva

tion is exactly the image of the descending path in a mirror coinciding 

with the meridian of the sphere which passes through the lowest' point 

reached by7 the axis. Once the original elevation has been regained the 

axis begins once more to descend, and a path on the sphere is described, 

which is exactly that described before, only shifted round the vertical 

through an angle equal to that swung round through by the axis in 

descending and ascending. 

It will be observed that, since 

~(Axjs sin 9) = (Cn-Ajs cos 9)9 (2) 

is zero at the upper circle limiting the motion on the sphere, the value 

of \fr is zero as well as that of Js, while At) has the value given by the 

gravitation couple without any diminution. There is thus neither azimuthal 

turning nor azimuthal acceleration at that circle, while the inclinational 

acceleration has its maximum value. The curve of intersection of the axis 

with the spherical surface therefore meets the upper circle at right angles, 

that is the points of contact are a series of cusps on the path, when the 

mode of starting is as specified above. 

At the lower turning points i/y is zero, while \\r has its maximum value, 

and as 9 is zero the path of the axis on the sphere is tangential to the 

lower circle at each turning point. 



CHAPTER IV 

SYSTEMS OF COORDINATES AND THEIR RELATIONS. 
SPACE-CONE AND BODY-CONE 

1. Relations of systems of coordinates. It is convenient to give here 

ior reference most of the relations between different sets of coordinates 

that are likely to be required. In Fig. 12 are shown three sets of axes 

drawn from a common origin 0, namely, 0(x, y, z), 0(A, B, C), 0(D, E, C). 
Of these Oz may be identified, when con

venient, with the upward vertical, and OC 

with the axis of a top; 0(A, B, C) may be 

a set moving in any manner about them

selves, for example, they may7 move with 

the body7, while O D and O E are respectively 

perpendicular and parallel to the plane zOC. 

It will be convenient also to refer to OE' 

•drawn from O in the opposite direction 
to OE. 

The point 0 may be taken as the. centre 

of a sphere of unit radius, on the surface 

of which quadrantal arcs xy, yz, zx, AB, BC, CA, DE, EC, CD, and DC, 

CE', E'D may be drawn. The arc zG produced gives the quadrant CE',and 

intersects the quadrant xy in F, so that zF is also a quadrant. The 

angle zOC is denoted by 9, that between the planes OCA and OCE' by ij>, 

•and that between the planes OCE' and Ozx by t/,. (Thus, for a top, -̂  is 

the angle through which the plane zOC has turned about the vertical from 

its position at a chosen instant, that is, the integral precessional displace

ment.)' Since O D is at right angles to Oz and to OC, and all the lines are, 

as we suppose, of unit length, the point D lies at the intersection of the 

quadrant A B with the quadrant xy produced, and the angle D of the 

spherical triangle FDE' is 9. Clearly also arc D B = 0, arc yF) = \Js. The 
-angles 9, <f>, \]s are called the Eulerian angles. 

The direction cosines of 0(A, B, C) with reference to the fixed axes 

FIG. 12. 
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0(x, y, z), or vice versa, can be expressed in terms of the three angles 

8, <p, \p- by the formulae of spherical trigonometry or otherwise. For 

example, the cosine of the angle A O « is the cosine of the side Ax of the 

spherical triangle A C * ; the side Cx and the angle F C x can be found 

from the spherical triangle Czx, and hence the angle ACce, so that Ax can be 

found. 
But the simplest method is that of projection. W e shall find the direction 

cosines of O A , O B , O C with reference to Ore by this process, and leave the 

reader to verify the values of the others as given in the scheme which 

follows. W e resolve O A into two components, one, O G , along OE', and the 

other at right angles to OE'. These are (since O A = 1) cos <p, sin <p. The 

former projected on O F is cos 8 cos <p, and this projected on Ox gives 

cos 9 cos <p cos •<//•. The other component (sin <p) is perpendicular to the plane 

OCE', and therefore to OF. Its projection on Oa; is therefore —sin <p sin i/y. 

Hence the total projection of O A on Ox is cos 8 cos 0 cos \]s — sin <p sin \h. 

The direction cosine of O A with respect to Ox is therefore 

cos 8 cos <-/> cos \y- — sin <p sin \fr. 

Again, resolving O B into two components, along and at right angles to 

O D , w e see that these components are cos <-/>, sin <p. Along Ox the former 

has the component — cos <p sin \h; and the latter — cos 8 sin <p cos t/r. Thus 

the direction cosine of O B with respect to Ox is 

— cos 8 sin <p cos \js — cos <p sin \js. 

Finally, O C resolves into two components, sin 8 along O F , and cos 9 at 

right angles to O F and to the plane xOy. The latter has no component 

along Ox, the former has the component sin 9 cos \js. 
The following scheme gives in a convenient manner the direction cosines 

of the axes of either system with reference to the axes of the other system, 

and also the coordinates of any point taken with reference to one set of 

axes, in terms of the coordinates of the same point with reference to the 

other set. Thus, for example, the Ox direction cosine of O B , or the O B 

direction cosine of Ox, is — cos 9 sin <p cos i//- — cos <p sin \[s; and if xx, yx, z1 be 

the coordinates of a point with respect to the axes 0(A, B, C), and x, y, z 

those of the same point with respect to 0(x, y, z), w e have 

xx = (cos 9cos <p cos\p--sincp sin\]s)x + (cos 9cos <psin t/^+sin <j>cos\p)y 

— sin 9 cos f>. z, 

x = (cos 8 cos cp cos \js — sin <p sin \[r)x1 — (cos 8 sin <p cos \p- + cos <j> sin \[r) yx 
-f-sin 8cosy\r. zv 

The lines in the following scheme give the direction cosines and co

ordinates for the axes 0(A, B, C) in terms of those for the axes 0(x, y, z); 

the columns give the cosines and coordinates for the axes 0(x, y, z) in terms 

of those for the axes 0(A, B, C). 

file:///p--sincp
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OA, x\ 

OB,y, 

OC, h 

0.r, .)• 

cos 8 cos <p cos T/<- — sin <j> sin yjr 

— cos 8 sin <p cos i^ — cos <£ sin i/<" 

sin 0 cos i//-

Oy, y 

cos # cos </> sin i/̂  + sin cjf> cos î -

— cos 8 sin c/> sin i/7 + cos <p cos i//-

sin 8 sin i/r 

0,, * 

— sin 6cos<p 

sin #sin <f> 

cos # 

The angles 9, <j>, \p were first used by Euler for the specification of the 

positions of the axes of one set with reference to the other set, and are 

usually referred to as the Eulerian angles. 

A similar scheme for the axes 0(E', D, C), 0(x, y, z) can be deduced from 

the above scheme by simply putting <p = 0. If we denote coordinates of a 

point with reference to the first set of axes by £ r\, f, and with respect to 

0(x, y, z) by7 x, y, z as before, we get 

OE'.g 

OD,,, 

oc, c 

O.v, x 

cos 8 cos \jr 

- sin \jr 

sin 6 cosi/r 

°y. y 

cos 8 sin \jr 

COSl/r 

Oz,, 

-sin 8 

0 

sin 8 sin \[r 1 cos 8 

It will be observed that if we take any two columns in either one of these 

schemes, and multiply7 the direction cosines in the same line together and 

add, we obtain a zero sum, and that the same result is obtained if we take 

any two lines and multiply the direction cosines in the same column 

together and add. This is a condition imposed by the fact that any pair of 

axes belonging to either system are at right angles to one another. 

2. The Eulerian angles and their rates of variation. Certain special 

systems of coordinates are useful in the detailed treatment of the motion of 

the axes of a top by the methods of elliptic functions, and these will be set 

forth where this subject is dealt with. The following illustration of the 

Eulerian angles bears directly on the elliptic function theory. 

The axes 0(A, B, C) in their positions at time t may be regarded as 

turned from coincidence with 0(x, y, z) through an angle S-, say, about 

a determinate axis OK, where K is a point on the sphere of unit 

radius whose centre is 0. Beginning with the axes coincident as stated, 

let the system 0(A, B, C) be first turned through the angle t//- about Oz; 

the plane 0OK [supposing O K rigidly connected with 0(A, B, C)] is turned 

through the same angle. Hence, if before the turning the angle FLzx 

was vs, it is changed by the turning to Z3 + \]r. The angle K2A is now GT, 

and C is itill coincident with z. The arc zF is a quadrant. 

Now let the axes 0(A, B, C) be turned through an angle 9 about an axis 

through O perpendicular to COF; the angle F C K becomes ST. Finally, 
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when the axes are turned about O C through the angle cp, the angle F C K 

becomes ts + <p. The angle KGz is therefore w — (xs+<p). 

But the result of all the turnings is to leave O K in its original position, 

since O K is the fixed axis about which the change of position is produced, 

and so we have, as at first, the angle K.zx = ~. Hence, angle K Z C = CJ — yfs, 

and since the spherical triangle CKz is isosceles, this is also the value of the 

angle KC0. Thus we have 

ir — (7Z+(p) = zj — t/y, or v> — \(ir — </> + t/y). 

W e n o w tabulate, by means of the schemes in 1, the angular speeds 

and angular momenta for the different axes, in terms of 8, <j>, \[s. A s before, 

w e denote by wlt w2, w3 quantities taken with reference to the moving axes 

0(A, B, C) , and by wx, wy, wz, the same quantities taken with reference to 

the fixed axes 0(x, y, z). Thus, since the angular speeds about 0(E', D, C) 

are — t/r shift, 9, </> + t/y cos ft and the angular momenta about the same axes 

are — At/y sin 9, Aft C(<-/> + i/y cos 0)( = C?i), w e get 

wx = — J s sin 9 cos 9 cos \fs — 9 sin Jr + n sin 9 cos \lr ' 

= — 9 sin t/y + <p sin 9 cos \[s, 

wy = — i/y sin 8 cos 9 sin t/y + 9 cos t/y + n sin 9 sin \js 

= 9 cos t/y + </> sin 9 sin Js, 

ft>z = t/y sin20 + (</> + t/y cos 9) cos 9 

= js + (/> cos 9-

From Fig. 12, or otherwise, we get for the angular speeds about the 

axesO(A,B,C), 
&), = — t/y sin 0 cos 0 + 0 sin 0, l 

ft>2 = t/y sin 9 sin 0 + 9 cos </>, 

ft>3 =<p + jr cos 8; 

= ft), sin <p + to, cos </>, 

1 / • 
; j,(ft),,Sill (h — ft), cos d>), 
sm9 I T / ' 

•(1) 

•(2) 

and so 0--

t/> = -

I 
(/> = w3 — ,-—^(w, sin 0 — ft), cos 0). 

The angular momenta about the axes 0(C, D, E) are C(</j-f-t/y cos 9), 

At/> sin 9; and therefore, denoting those about 0(x, y, z) by H^, H,y, H 
obtain 

H ^ = - A(t/> sin 0 cos 9 cos \/y + 0 sin \p-) + C(cp + t/y cos r3)sin 0 cos Js, 

H,y = - A (t/r sin 9 CQS 9 sin t/y - 9 cos i/r) + C (<p +1/> cos 63) sin 8 sin t/y, 

H 2 = At/> sin
2e + C(</> + t/y cos 8)cos 8. 

Again, for the axes 0(A, B, C), w e have 

H j = A ( — t/y sin 8 cos <p + 9 sin 0), ~j 

H 2 = A(i/>sin0sin0 + tJcos0), [• 

.(3) 

Aft 

, we 

...(4) 

.(5) 

H i=C(0-r-t/^
c o s e)-
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For the three axes 0(D, z, F) (Fig. 12), which are at right angles to one 
-another (Oz vertical and OD, OF horizontal), we have 

H 0 D = Aft H3==Ai/rsin
26) + CTOcosft ] 

Holr = C9isin0 + (C-A)t//'sin0cos0 = C
7/Jsin0-At/>sin0cosft J '"^ 

3. Instantaneous axis, axis of figure and axis of resultant A.M. The 
reader m a y verify that any of the sets, of equations (2), (3) gives for the 
resultant angular speed, to, the equation 

w2 = & + ̂ 2 + <r
2 + 2<pJ,cos9 (1) 

The instantaneous axis 0 1 makes with 0(D, E, C) angles of which the 
•cosines are (̂  J, sin 9, <p + yp- cos 9)/w. 

The component angular speeds about 0(D, z, F) are ft t/y + <̂> cos ft <p sin ft 
Hence 0 1 makes with the axis of figure, OC, the angle cos~1{(<p + Jrcosd)/w}, 
and with Oz the angle cos_1{(t^+ <p cos 8)jw). To the fixed axes, 0(x, y, z), 
01 is inclined at the angles of which the respective cosines are 

( — 63 sin yp- + <p sin 8 cos \y-, 63 cos 1^+0 sin 63 sin t/̂ , \js+ cf> cos 9)/w. 

The resultant A.M., H say, is given by 

W = A2(92 + yp2sin29) + G2n2, (2) 

where n = <p + Jr cos 63, and its axis (the vectorial direction) is inclined to 
0(D, E, C), at the angles of which the cosines are 

{Aft At/, sin ft C(0 + t/rcos0)}/H,. 

-and to 0(x, y, z), at the angles of which the cosines multiplied by H are 

C?isin 9 cos \fs — A(\js sin 9 cos 8 cos \js + 63 sin t/r), 

Cn sin 63 sin \p-•— A (t/y sin 63 cos 63 sin Js — 8 cos t/y), 

Ajr sin263 + Cn cos 63. 

W e m a y compare here the inclinations of 0 1 and O H to the axis of 
-figure. The cosines of the two angles are 

•n n 

(n2 + 92+^2sin29f { %2 +A^ 2 + ̂ 2gin20)li 

It follows that, according as C >• or <T A, the former cosine is less or greater 
than the latter, that is the former angle is greater or less Lhan the latter 
[see Figs. 2 and 3]. This is the result already7 deduced from the considera
tion of the momental ellipsoid in 5, II. The two axes coincide when A = C, 
that is when the top is "spherical." W h e n 63 is zero, that is, as w e shall 
see when the body is in steady motion, or when the axis is at either of the 
circles between which it moves on the unit sphere (centre 0), the two axes 
lie in the plane zOC. 

For the most part in what follows, w e shall consider tops which are 
symmetrical about an axis OC, so that the momental ellipsoid is of revolu
tion about OC. W h e n the ellipsoid is a sphere the top is usually called 
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" spherical"; we shall call it oblate or prolate, according as the momental 

ellipsoid is oblate or prolate, that is according as C > or < A. 

The inclinations of O C and 01 to the vertical [see Fig. 4] are of great 

importance in the theory of the motion of a top under gravity. In other 

cases of the motion of what m a y be regarded as a top (for example, that of 

the earth under the moments, about the principal axes of the terrestrial 

momental ellipsoid, of the differential forces due to the action of the sun 

and moon on the matter of the earth) another line takes the place of the 

vertical, and it is easy to translate the terms and results used and obtained 

for a gravity top into corresponding expressions for the other. In the case 

of the earth the moments acting tend to bring the earth's axis of figure, 

OC, into perpendicularity to the plane of the ecliptic, and OZ, a line at 

right angles to this plane, drawn towards its northern side from the earth's 

centre, is the " vertical." But in consequence of the spinning motion of the 

earth a precessional motion results from the moments of the forces, and 

the axis O C moves round OZ, at what, apart from periodic disturbances, is 

approximately a constant angle C O Z ( = 9), and a constant angular speed Jr. 

4. Kinematics of precession. Space-cone and body-cone. As has been 

already stated, it is from the analogy of the terrestrial top that the angular 

speed t/y is called the " precession " of the gravity top. It has been shown 

that in the absence of friction the angular speed n of the gravity top about 

the axis of figure is constant, and that t/y is also without variation when 

63 = 0. 
The inclinations of O C , 01 to the vertical are ft cos~1{(js + 0cos 9)jw}> 

while that of 01 to O C is c o s ^ K ^ + t/rcos 63)/ft>},where 

w = (92+<P
2 + js2 + 2<pjscos9)is. 

In the important case of " steady motion,'' in which 63 is continually7 zero 

and jr is constant, we get, putting a for L C O I and /3 for ^IOZ, 

a = cos-
1{(r + -r-cos63)/ft>}, /3 = cos-1{(t/' + 0cos63)/ft.}, (1) 

with w = (<p2 + Js2 + 2ci>Js cos 63)4 = (n2 + t//2sin263)i 

W e easily obtain sin a = t/y sin 9jw, sin /3 = <p sin 9/w, 

so that <p sin a = js sin (3 (2) 

and tana = -=, tan,6j = r- (3) 
cos 63 + +- cos 63 + ^ 

t/y <p 
W e see then that when 63 is constant, and therefore t/y is also without 

variation, the successive positions of the rotation axis 01 form the generators 

of a right circular cone, the axis of which is O Z [Fig. 4] and the semi-

vertical angle (3. This cone is fixed in space, and is called the space-cone. 

But the three axes OZ, OC, 01 remain in one plane (since 63 = 0), and so, as 

the body turns about successive positions of 01 in space, successive lines in 



IV SPACE-CONE A N D B O D Y - C O N E 77 

the body, each inclined at the angle a to OC, become the instantaneous axis 

01. Thus the locus of 01 in the body is a cone of which O C is the axis 

and a is the semi-vertical angle. This is called the body-cone. 

That the motion of the body-cone is one of pure rolling on the space-cone 

is verified by the fact that <f> sin a = jr sin /3; for the angular speed of the 

plane C O I in the body-cone relative to the plane Z O C , which is turning 

with angular speed jr about OZ, is <p, and the radii of the touching circles 

are, for O C = O Z = 1, respectively sin a, sin (3. 

W e shall n o w indicate the positions of the cones in the different possible 

cases, taking for all <p as positive. But we have here to remember the 

result of 18, II, that the precession m a y be either direct or retrograde. It is 

direct when the component jr cos 63 of t/> about the axis of figure is in the 

same direction as the angular velocity j> about that axis, and retrograde 

when jr cos 63 is in the opposite direction to j>. In the case of an ordinary 

top spinning about the lowest point of the axis, so that 63 is an acute angle, 

both precessions are direct: if the top be suspended from the extremity of 

its axis, so that the angle which the axis makes with the upward vertical 

is obtuse, the fast precession is retrograde. 

If the top be supported at a point 0 in its axis, in such a way that the 

precession is produced by the action of gravity on a non-spinning back-

weight, carried on the opposite side of the vertical from the part spinning 

with angular speed <j> (which we call the top proper), the slow precession 

is retrograde when 63 is acute, and both precessions are retrograde when 63 
is obtuse. 

The precessional motion, the turning of the line of nodes of the earth's 

orbit in the ecliptic, in the direction of the sun's apparent motion, is 

retrograde [see X below]. 

5. Space-cone and body-cone in different cases. Equations (2) enable 

the positions of the space-cone and body-cone to be traced. The path 

described on a sphere of unit radius' with O as centre, 

by a point on the axis of the top, will be discussed later. 

(l)0<63<|x; •*/<•/<-/> positive. Precession direct. It is 

clear that in this case both a and f3 are less than 63. For 

by (1), 4, the cosines of these angles are both greater than 

cos 63. The cones are therefore situated as in Fig. 13: 

the body-cone is external to the space-cone and rolls 

round the convex surface of the latter. 

W h e n jr is great in comparison with </>, sin f3 is 

approximately zero while sin a is approximately equal to sin ft The 

space-cone is then very slender in comparison with the body-cone, and 

the rotation-axis nearly coincides with the vertical. The reverse is the 

case when <p is great in comparison with t/y. Then the body-cone is very 
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slender, and the rotation-axis nearly coincides with OC. For the ordinary 

top the case of t/y = 0 arises when the couple about O D is zero; but the 

ratio j>jjr may be very great, so that the top spins rapidly, while the axis 

turns very slowly round in azimuth. 

(2) 0-<63-<j'rr; j>'/'j negative. Precession retrograde. In the former case, 

when t/y is made smaller and smaller in comparison with </>, we have seen 

Z that the body-cone becomes more and more slender, so 

that the rotation-axis approaches without limit of closeness 

to O C as jr/(/> approaches zero. When, however, jr/<p has 

a small negative value the body-cone is still very slender, 

but is now inside the space-cone [(2), 4], and rolls on the 

concave surface of the latter [Fig. 14]. The figure in 12, I, 

in which the space and body-cones are indicated by a ring 

and a slender cone rolling on it, illustrates this case for 

terrestrial precession. 

As | jr/j> j increases towards the value cos 63, the body-cone wddens out, so 

that its semi-vertical angle approaches — ( ^ — 63), which is only reached 

when (3 acquires the value \-K. The space-cone has then opened out to a 

plane, on which the body-cone rolls round O in the direction of retrograde 

precession. 

As | jr\(p j increases beyond the value cos ft the space-cone acquires a 

semi-vertical angle (3 greater tban \ir, while a takes the value — (j3 — 63). 

As [ js/j> | approaches the value 1/cos 63, f3 approaches the value |-7r + ft The 

value of a then approaches — \ir [see (3), 4]. The interpretation of the 

sign of a will be clear from Fig. 13, where a and (3 are both positive. 

In this case, as indeed in any other, we can replace the cones referred to 

(which are only composed of single sheets of the complete cones) by the 

opposite sheets of the complete cones as 

geometrically defined by their generators. 

The complete cone fixed in the body m ay 

be regarded as rolling on the complete 

space-cone; and therefore we m a y take, 
instead of the space-cone of angle |-7r + 63, 

the sheet of semi-angle hir— ft with in

ternal axis directed upward, and as the 

body-cone the sheet of semi-angle (3—9, 

with axis directed oppositely to OC. The 

latter rolls round the upward directed 

sheet of the other cone, with convex 

surface bearing on the latter. [Fig. 15 

taken as drawn, and again, when turned 

right hand for left hand, and at the same time upside down, represents this 
equivalence.] 
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As \jr/j>\ increases beyond the value 1/cos 63 the value of j3 increases 

from iir + 9 towards ir, the value for jr/<p= — co . At the same time a 
increases from W towards the limiting value 9. 

W h e n 63>|TT the fixed and the moving cone can be determined by 

proceeding as before, except that the inclination of the axis to the down

ward vertical is taken as 63. W h e n that direction and left-handed rotation 

j> round it are taken as positive, and direct precession is as before that for 

which t/y cos 63 is in the same direction as j>, exactly the same results, in the 

same sequence as above, will be obtained for the different cases. 



CHAPTER V 

THE SIMPLER THEORY OF THE MOTION OF TOPS AND GYROSTATS 

1. Gyrostats. Equations of motion. We now proceed to the con

sideration of the motion of a top in more detail and with application 

to a number of particular cases, such for example as gyrostats and 

combinations of gyrostats. A gyrostat is a flywheel enclosed in a 

case which is usually'made symmetrical, or nearly so, about an axis of 

figure coincident with that of rotation of the flywheel. 

G i Hence the inertia of the case apart from that of the 

\ j flywheel must be taken account of. W e therefore 

specify quantities and establish equations of motion 

as follows. It will be observed that we do not specify 

--' the mode of support of the gyrostat, but begin by 

taking axes G(D, E, C) through the centroid G of the 

whole system of wheel and case. 

Let n be the angular speed of the flywheel, wx that 

of the case (represented in Fig. 16 by a ring), in each 

instance about the axis of figure; 0 is a point, not 

necessarily fixed, on the axis of figure, and GZ a 

vertical drawn upward. If the plane ZOC turn, as we 

here suppose, about the vertical, with angular speed jr, and 63 denote the 

angle CGZ, Fig. 16, the axes GD, G E are turning about the axis of figure 

with angular speed jr cos 63, while the whole is turning about G E with 

angular speed t/y sin 63, and about G D with angular speed 63. The angular 

speed n is made up of \jr cos 63, due to the motion of the plane GOZ, and 

the angular speed n' with which the flywheel turns relatively to that plane. 

In the same way wx may be put equal to jr cos 63 + wx, where w{ is the 

angular speed of the case relative to the same plane. W e put w., for the 

angular speed of the case about GE. Hence, if the case simply turn with 

the plane GOZ, w{ is zero, and &>2 = jr sin 63. 

The components of angular momentum of the gyrostat are Cn + G'w1 
about GC, A63 about GD, and Aft)2 about GE, where C, C are the moments 

of inertia of the flywheel and case respectively about the axis of fio-ure, and 
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A is taken for wheel and case together. The axes turn with angular speeds Jo 
jr cos 63 about GC, 63 about @D, and jr sin 63 about GE. 

Now for the rate of growth of angular momentum about the fixed axis 

GDj, with which, at time t, G D coincides, we have first the term Aft Next, 

as explained in 5, III, there are two contributions arising from the motions 

of the axes GC, GE. These are respectively (C?i + C'wJ) js sin ft — Aw2\'[r cos ft 

Hence the whole rate of growth is 

A63 + (Cn + G'wJ) jr sin 63 - Aw.2jr cos ft. 

This is equal to the moment of the couple, K say, applied about GD,, and 

we get A63 + (Cn + C'w1)jrsin9-Aw.2jrcos63=K (1) 

If, as is sometimes the case, w.2 = jr sin 63, this equation becomes 

A63+{C?i + C'ft)1-At/>cos63}t/,sin63 = K (2) 

W^e have additional equations arising from the motion of G, which we 

shall write down in each case as it arises. In the important case in which 

the point O on the axis is fixed, these reduce to 

j(Mjrh2sin29) = XA, sin 63, 

(3) 
M/i (0 cos 9 - 633sin 63 - Jr2 sin 63) = - Y, 

M/t(63 sin 63 + 632cos 9) = Mg- Z, 

where h is the distance OG, M is the whole mass of the gyrostat, and the 

axes to which X and Y are referred are parallel respectively to O D and the 

projection of O E on the horizontal. X is the force along OD, Y the force 

along the projection of OE, and Z the force in the direction OZ, applied by 

the constraints at O. The reaction of the table against side slip is — Y. [In 

this case of the gyrostat under gravity or the top we can avoid the intro

duction of Y and Z by taking moments round the point of support 0. 

Equation (2) requires no change, if it is understood that A now means 

the moment of inertia about an axis transverse to G C through the point 

of support, supposed now to lie on the axis, and the moment K is that of 

the forces about O D (Fig. 4).] 
In the same way we obtain the equation of motion for the fixed axis GE-p 

with which G E coincides at the instant, and about which we suppose the 

moment of the applied couple to be L. The equation is, as the reader may 

verify, Aw2-(Gn + C'w1- A jr-cos 9)9 = L (4) 

If w2 = jr sin 9, this becomes 

Ajrsin9-(Gn + C'w1-2Ajrcos9)9 = L (5) 

For the top C = 0; if then the top spin about a fixed point, and A now 

denote the total moment of inertia about the transverse axis through O, 

parallel to GE, (5) becomes 

At/ysin63-(C«.-2At/,cos63)0 = O, (6) 
G.G. r 
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Finally, for the axis of figure we have two equations: first, 

Cn = constant, (7) 

since we suppose the friction couple on the bearings of the flywheel to be 

negligible, and second, Q'w =~R, (8) 

if R be the moment of the couple acting on the case about the axis of the 

figure. It is supposed that the forces concerned in this couple do not affect 

the motion of G, which is given by (3) above. 

It may be remarked here that the energy equation is 

i(Mi)2 + Cn2 + C'ft)1
2 + A632 + Aft,2

2) + V = constant, (9) 

where M is the total mass, v the resultant speed of G, and A the moment of 

inertia of flywheel and case about any axis through G transverse to OC. 

For the top spinning about a fixed point on the axis of figure there is an 

equation of constancy of angular momentum, namely 

At/,sin263 + C%cos0 = G, (10) 

where G is the angular momentum about the vertical, and A is now taken 

as the moment of inertia about an axis transverse to OC, through 0, the 

fixed point. 

For this case O is zero and K = Mgh sin 63, where M is the whole mass, 

and h is the distance of the centre of gravity from the point of support. 

Hence (2) becomes 

A6 + (Cn - Ajr cos 9)jr sin 9 = Mgh sin 9 (11) 

The steady motion obtained when 63 is and continues zero [for by (6) jr is 

then zero, and therefore t/y is constant] has been dealt with already7 to some 

extent in (17) and (18), II. W e shall return to it again immediately. 

Instead of 0(D, E, C) axes 0(K, L, C) are taken, such that OK, OL are in the plane 

D O E , and O L is the axis of the resultant, CD, of 6 and i/<sin 8 about O D and O E respec

tively. The reader may prove at once by inspection that if P, Q be the moments of 

applied forces about O K , OL, the equations of motion are 

Oiiia — A (n — <f>) ti> = P, Aci = 0, 

where /<. is constant and has the. meaning already assigned to it. These equations have 

been called the intrinsic equations of the motion of a top.* For general use they are less 

convenient than those for the axes 0(D, E, C). 

W e now take one or two illustrations of the theory given above. 

2. Example 1. Gyrostat supported at a point 0 in the axis of spin, 
and acted on only by a couple of constant moment K about the axis OD. 
Let the gyrostat spin rapidly so that the A.M. C M about the axis of the flywheel is very 

great, and suppose that the moments of inertia and angular speeds are A, B, and 8, IO, 

respectively, for the axes OD, OE, which may be regarded as principal axes and moving 

with the top. Also we suppose that the A.M. B W is small in comparison with Cn. The 

angle 8 is that which an axis OZj in the plane C O D makes with OC. As we need not 

here measure 8 from the vertical, since we suppose gravity zero, we may take OZ, where 

*Lamb, Proc. P.S.E. 35, Pt. II, 1915. 
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we please in the plane specified. We shall take it as inclined at an angle a to the 

vertical through 0. By (2) and (4), 1, we have, neglecting the motion of the case about OC, 

A8+Cno> = K, Bco-C?i0 = O (1) 

Eliminating 8, we get ABw + Cvf <o -~)=0 (2) 

The complete solution of this equation is, if w = 0 when t = 0, 

K „ Cn 
<l) = ;s—+Kcos rf, 

Cn ( A B ) i 
where E is a constant = - K C?̂ . Hence 

w Kfl-cos-A^ t) (3) 
Ln\ (AB)4 I 

The angle (/>=fo)rf! turned through in time t is given by 

, K f\ (AB)i . CM ,) ,., 
4> = r^--l t- „ sin r£ I (4) 

c?4 C» (AB)1 j
 v ; 

Initially also we suppose 8 = 0, and so get 
,, ,. BK/, CM. A , /B\*K . C» , ,.. 
0<W = 7=5-5 (1-cos t\ 0=l — \ s m t (5) 

V'A (AB)i / W Ca (AB)* 
Thus if the motion start from rest the first effect of the couple is to produce a rate of 

growth of angular velocity 8; but the sidelong motion a begins, though by the second 
equation of motion there is no co until an angular velocity 8 exists. It will be observed 
that <£ is made up of two parts, a part that grows uniformly at time-rate K / C M , and an 
oscillatory part of period 27r(AB)i/C?i, and amplitude K(AB)4/C2?i2. The rate K/C?t is 
the value of the steady slow precession obtained for the value of the couple in (1) above. 

The value oi6 — a returns periodically to the value zero. The expression for 8 and the 

oscillatory part of <u give to a point P on the axis of spin (say at unit distance from O), 
motion in an ellipse in the moving plane normal to the plane of the couple K. The axis 
.of spin however swings round, carrying the axes O D , O E with it, and a succession of open 

loops is described by P on the unit sphere of centre O. This result may be compared 
with that of 13 below. 

The angular range of one of these loops is 2KB/C% 2, and the work done by the couple 

K in this range is 2K2B/Czm2. The kinetic energy is then J(C»2 + Ba)2), and there is no 
potential energy. But at the middle of the loop io2 is, by (3), 2K/Cra and 8 — 0. Hence 
at that point the value iBa)2 of the kinetic energy is 2K2B/C2/i2. Thus the work done by 

the couple accounts for the term depending on (o. 

Example 2. Gyrostatic action of a body of any form: e.g. gyrostatic 
action of an aeroplane propeller. Consider first a thin disk rotating with 
angular speed n about an axis O C at right angles to its plane, and passing through the 
centroid O. Eefer to two other axes, OA, OB, the other principal axes, in the plane of 

the disk. Let C, A, B be the moments of inertia for these axes respectively. Further, 
let the disk be turning with angular speeds a)1; a>2 about space axes, coinciding at the 

instant with axes O D , O E in the plane of the disk, and fixed, we may suppose, with 
reference to some framework, such as that of an aeroplane, itself in motion, on which the 

disk is carried. For example, O D may be transverse to the aeroplane so as to be hori
zontal when the aeroplane is unbanked, and O E will then be vertical if the aeroplane is 

horizontal fore and aft. 
If at the instant considered O A have turned through the angle </> from coincidence 

with O D , the angular speeds about O A and O B are respectively wj.cosc/>-|-w2sin<j!> and 
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-Wjsin cf> + u>2 cos <f>. Denoting these by <oA, wB we have, by Euler's equations or directly 

by first principles, for the equations of motion with respect to 0(A, B, C), 

A O ) A - ( B - C ) M B M = L, B W „ - ( C - A ) M W A = M , C M - ( A - B ) ( O A W B = N , (a) 

where L, M , N are applied couples. 

Multiplying the first by cos</>, the second by -sin <£, and adding, we get the equation 

of motion for O D , and similarly multiplying the first by sin <p, the second by cos <f>, and 

adding, we get the equation for OE. These are 

Aw,, cos </> — BOJ„ sin </> - (B - C)o>un cos <p + (C — A)MCO A sin <p = L cos <p — M sin <£, ) ,, * 

Aii)Asin <p + Boi], cos <£-(B- C)co„'/isin c/) — (C — A)-MW ACOS </> = Lsin ĉ  + Mcos <f>. J 

W e may take different cases. A n important one for the present illustration is that in 

which (t)! = 0, w2 = 0, w2 = 0, and the axis O D is fixed at right angles to OC, so that <j>=n. 

W e have now OJA = o>1 cos <p, wB = — oi1 sin <f>, so that the equations of motion just written 

become 

- (A - B) iîra sin Z<p = L cos <£ - M sin <£, (A - B) ô ra cos 2</> - C K M 1 = L sin <p + M cos <p. ...(c) 

On the left in (c) we have the gyrostatic couples called into play, which, if the motion 

is to be steady, as supposed, must be balanced by applied couples. In the first the 

gyrostatic couple is wholly periodic and passes through all its phases twice as <p varies 

from 0 to 2-7T ; in the second the gyrostatic couple consists of a similarly periodic part, 

(A — H)?ioi1 cos cp, and the constant term — CJZCOJ. The periodic parts vanish if A = B. 

If there are not applied couples L, M of proper amount, there will be acceleration about 

OD, OE. If L = M = 0, the equations are 

(Acos2<)!> + Bsin2</j)w1 — ( A —B)-Mco1sin2<^> = 0, ) , ,, 

!(A-B)(-J1sin2<£-t-(A-B)mcoiCos2<£-C'/ia)1 = 0. J 

A n aeroplane propeller usually consists of two blades, and though these blades are not 

plane, but have a peculiar helical shape, the propeller may be treated as a disk so as to 

give, in the manner indicated above, an idea of the varying gyrostatic action set up by its 

rotation. 

The body may not be a disk, but-be of any form. O will then be the centroid of the 

body, and 0(A, B, C) the principal axes of moment of inertia. The couples applied by 

gyrostatic action are as found above, and, as in all cases, are unaffected by translational 

motion of the body as a whole. 

Some analogies of gyrostatic action to phenomena of electricity have 

been discussed by Bogaert in his treatise L'ejfet gyrostatiquc et see applica

tions, pp. 55 et seq. For example, an angular speed w about an axis 

O E produces an A.M. at rate Cnw about O D , and this corresponds to an 

external couple of moment Cnw applied about O D . If no couple about 

O D is applied from without, the body turns about that axis in the direction 

to keep the AM. about O D unchanged. The reaction of the body is thus 

opposed to the effect for the axis O D produced by the turning about 

OE. This may be compared with the law of Lenz, that the displacement 

of a circuit in a magnetic field produces in the circuit an induced current, 

the electromagnetic action between which and the field opposes the 
displacement. 

The reader should consult the work referred to, for various illustrations 

set forth in a clear and attractive manner. [See also 18, Chap. XVIIL] 
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3. Symmetrical equations of motion. The following form of the 
equations of motion is sometimes convenient. [The reader may however 
pass on to 5.] For a top spinning about a fixed point, equations (2) and (4) 
of the preceding section become, if we write wx for the angular speed 63 about 
OD, and wy for that, jr sin 63, [if we take the old axes 0(D, E, C)] about OE, 

Au>x + (Cn — Aw,j cot 63) wy = K 

Awy — (Cn — Awycot 9)wx = ~L. / ' '""̂  ' 

Let us suppose that these component couples are produced by the appli
cation of a force F at right angles to OC, at a point P on O C distant h from 
0. Let the components of this force along O D and O E be X and Y. W e 
have K = - A Y , L = 7iX. 

The axes O D and O E are moving axes, turning about O C with angular 
speed jr cos 63 ( = <oz, say). If u, v be the linear speeds of P (the coordinates 
of which it is to be noticed are and remain x = 0, y = 0) with reference to 
fixed axes with which O D and O E coincide at the instant under considera
tion, we have 

u — hwv, v=—hwx, u = hw„, i)=—hwx. 

Substituting in (1), and changing the order of the equations, we get 

(2) 

Cn> h\ 
~WzV X V = A ' 

u-wzv = -r-X0, v + wzu = -KY0, (3) 

Cn K* 
v+wzu — T - u=-j- y. 

A A 
The first pair of terms on the left in each of these equations give the 

x and y accelerations of a particle of unit mass at the point P on the axis 
of the top ; for, since x and y are zero, no terms w2x, w2y, wzx, w,y exist for 
the component accelerations of P. If C = 0, or n = 0, these equations reduce to 

T1!)' V + WZU = -^ 

and X0, Y0 are the components of force required to produce the accelera
tions on the left when the A.M. about the axis O C is zero. If the accelera
tions are specified, equations (3) solve, for the case of zero A.M. about OC, 
the problem of determining the component forces required to give the 
specified accelerations to the system, for the given (finite) values of u, v. 
As pointed out in 4 below, the quasi-particle considered has different virtual 
inertias along O D and OE, the axes transverse to the spin axis. 

The more general problem of finding the force F,(X, Y), when C is not 
zero and the values of ii, i, u, v are specified, is solved by (2). If we 
suppose that ii, v, u, v do not exceed finite limits, and that Gn is compara
tively very great, these equations are approximately represented by 

^ = X-X0, ^=-(Y-Y0). (4) 
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Thus the direction of the resultant force F is approximately at right angles 

to that of the motion represented by the component velocities u, v. To 

specify F exactly, suppose drawn from P the vector Y, the components of 

which are u, v; then think of the outer extremity J of that vector as being 
carried round by the angular speed n, 

at right angles to PJ, at speed nV in 

the direction shown in Fig. 17. Draw 

a vector in this direction, and make it 

of length GnY/h2. The force-vector F 

is equal and opposite to this latter 
Fie. 1". , x x 

vector. 
From the above investigation it is clear that if the forces X, Y are given, 

and are of the order of magnitude of Cn, then the motion consistent with 

these forces, if comparatively very small, will be directed nearly at right 

angles to the line of action of F. 

4. Motion of a top reduced to motion of a particle. We have just 
seen what the equations of motion are if the spinning body may be regarded as a mass 

concentrated at the point P, while retaining a finite angular momentum Cn about the axis 

of symmetry. Eor this purpose we have to write a third equation, of which the full form is 

(1) w — <0,M+(»XV-
* • 

If, as has been suggested, the body can be regarded, so far as A is concerned, as a 

particle at P, rigidly connected of course with the fixed point O and turning, with its 

connection, as a rigid body about that point, we have A2/A = l/m, where m is the mass. 

Thus we get for the three equations of motion, since w = 0, 

m(ii -
Cn 

iz!)) + -T2-f = 

/ • i N CM 
m(v + mztL)—yirU = 

X, 

•(2) 

A 2^ Y>j 
Wl( — <OsU + axv) = Z. } 

The spin about the axis O C gives rates of generation of momentum Cnvjh-, —Cnujh- in 

the directions of x and y respectively, a remarkable result. If we write 

a = X/(X - Cnvjh2), (3 = Y/(Y + Cnujh"-), 

we can write the first two equations of (2) in the form 

am(u - axv) = X, (3m(v + inxu) = Y, (2') 

so that the virtual inertia of the quasi-particle is different in the two directions, and 

depends on the forces in these directions and on the A.M. C M about the spin axis. 

If the motion is one of steady turning about the fixed axis OZ, the vertical, or what 

corresponds to the vertical, we have v = 0 and u = r = 0. Resolving the directed quantities 

radially inward toward the vertical, that is multiplying the second of (2) by cos 8, and 

the third by sin 8, and subtracting the latter product from the former, we obtain 

( m(oz-~)u cos 8 + mo>eusm 8 = Y cos 8- Z sin 8 (3) 

But <oz = f cos 6, u = hiov = hipsm 8, and therefore the last equation becomes 

m\p-h sin 0—-y-^sin 8 cos 0 = Y cos 0-Zsin 8. •W 
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bince 0 is constant, we may put E for Y cos 0 - Z sin 0, and write the equation in the form 

<p2 ri.cosd. p = —r—.—g (5) 
T mhl T mil sin 0 

Thus there are two values of 4> consistent with the steady motion. 

5. Effect of increasing or diminishing the applied couple. Hurrying 

or retarding precession. W e now inquire as to the effect of increasing or 

diminishing the applied couple Mgh sin 63 on the inclination of the axis in 

steady motion. Going back to (11), 2, let Mgh be increased to Mgh + ~N 

(N positive), so that an additional couple N sin 63 about the axis O D is 

applied, and let, as is possible, steady motion exist under this couple with 

the same value of ft Then, if px, p2 be the roots of the equation, 

A cos 63. M 2 - Cnp. + Mgh = 0, 

the value p. of the precession under the enhanced couple is given by 

A cos 63 .(p1 — v)(p — /x2) = N ; (1) 

so that (since cos 63 is supposed to be positive) p must lie between the two 

values, the large value p1 and the small value p2, which correspond to the 

couple Mgh sin 63. 

The increase of couple thus diminishes the large root and increases the 

small root. Either of the new values requires for its production the couple 

N sin 63 tending to depress the axis. Thus, if the angular speed of precession 

be increased from the small value or diminished from the large value, and 

the corresponding increase of couple be removed, the axis will begin to rise. 

Similarly, if N be negative the new values of p lie one above px, the 

other below p2, and the removal of N would result in depression of the 

axis. 

If 9^>i7r, cos 9 is negative, but now (p1 — p)(p — p2) is negative or 

positive according as N is positive or negative. But ̂  is negative: and 

the values of p lie, in the first case, one on the negative side of p^ and the 

other on the positive side of p2, and, in the second case, one on the positive 

side of y1, the other on the negative side of p2. The effect of the removal 

of N is to be described as before. 

Thus w e have the rule stated above as to the effect of hurrying and 

delaying precession, namely, that if an increase of t/y from p. is impressed 

without additional couple about O D , the axis will rise if p is the smaller, 

and sink if p. is the larger, of the two roots of the steady motion equation, 

and the reverse is the case if jr isr diminished. 

It will be clear from (11), 1, that if an additional couple N is applied to the 

top in steady motion, the axis will begin to sink if N be positive, and rise 

if N be negative. For (11), 1, gives A63' = N. 

W e m a y consider this subject otherwise as follows. Let a couple be 

applied in the plane of motion of the axis of spin, as it is in almost all cases 

in. which the precession is to be accelerated or retarded. Since we suppose 
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that 9 is zero, the couple applied is about the axis OE. If JVL be the 

moment of the couple we have by (5), 1, since 63 = 0, 

At/; sin 9= M (2) 

But after a short interval of time dt has elapsed we have [see the process 

in 9 below], instead of (6) and (11), 1, the two equations 

Adjr sin 9 = Mdt, Ad9 + (Cn-2Ap cos 9)djrsin 63 = 0; (3) 

for in the limit 63 and t/y change by cl9 and djr while d9 is zero. 

First let us suppose that 0<^9<i^ir. The precession is direct (see 18, II), 

and so p has the same sign as n, which we always take as positive. Hence 

by (3) we see that according as Gn — 2Ap.cos9 is negative or positive, ti63 

and djs have the same or opposite signs. Thus the top begins to rise or to 

fall according as the couple, J\f, about O E increases t/y or diminishes it. 

But if 2A,ucos 63>Cii so that Cn. — 2Ap cos 63 is negative the value of /j, 

is the larger root of the quadratic in p, which (11) becomes when 63 is 

constant, and p is put for t/y (see also 17, II, above). If 2Ap cos 63 •< Cn the 

value of p is the smaller root of the quadratic. Thus, if the steady 

precession have the larger possible value, the couple here considered causes 

the axis of the top to rise or fall according as the couple gives a negative 

or a positive djr. 

Next let 7r>-63>-l7r, then as we have seen (18, II) the high value of the 

precession has the retrograde direction, the low value is direct. In the 

former case p is negative, in the latter positive. Hence 2Ap cos 63 is positive 

for the fast precession, negative for the slow. Thus, if Cn — 2Ay cos 63 is 

negative, a positive value of djjr, that is a retardation of the fast precession. 

means a negative value of d9, or the top begins to rise, while a negative 

value of djr, that is a hurrying of the fast precession, causes the axis of 

the top to descend. 

W h e n the precession is direct, Gn — 2Ap cos 63 is always positive (since here 

7r>63>»l7r), and so d9 is negative or positive according as djr is positive or 

negative. Thus, when Trf>9f>\-rr we have exactly the same result as before. 

The effect of resisting or aiding precession by a couple is beautifully 

illustrated by a piece of apparatus devised long ago by M. Sire of Paris, and 

given to the author of this book by M. lTntendant Sire, of Sidi-bel-Abbes, 

Algiers, the son of the inventor. The axis of a gyrostat wheel coincides 

with a diameter of a ring, which is grooved round the edge, so that the 

gyrostat can be hung like a loose pulley by the free end of a cord wound 

round the groove, as shown in Fig. 18. W h e n the wheel is spinning, and 

the gyrostat supported by the cord is left to itself, precession in azimuth 

takes place in the direction to balance the constant couple Mgh applied by 

gravity. But as precession proceeds, the string, which is held fast at the 

upper end, is twisted and applies a couple resisting the precession, which 

becomes slower and slower with turning of the pulley and sinking of the 
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gyrostat as a whole, and turning of the axis of the wheel towards the 
vertical. 

Cessation of precession is accompanied by a 

sudden fall of the gyrostat, which makes half a 

turn and so reverses its axis. The couple in 

the twisted string now aids the precession (in 

the opposite direction) proper to the new position 

of the wheel, and the further turning of the axis 

is checked, fall ceases, and this opposite precession 

begins and quickly increases. The string, how

ever, untwists and then twists up the other way, 

opposing the new precession. The result is that 

the gyrostat again falls, precession in the original 

direction begins as before, and so on, until the 

successive falls possible with the length of string 

chosen have all taken place. Another illustration 

is found in the solution of the music-hall problem 

of how to throw down a cheese-shaped body set 

up on edge. The body contains a rapidly rotating 

gyroscope of considerable A.M., and resists the 

attempts of those who attempt the feat, and who FlG' 1S' 

of course try to overturn it directly. It can be laid down flat by merely 

applying a couple about a vertical axis by pressing on one side gently with 

the little finger. 

6. GreenhilTs graphical construction. 
the 
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The steady motion of a top and 
results of hurrying or retarding 

precession are well illustrated by an 
elegant graphical construction due to 
Sir George Greenhill. In Fig. 19 OV 
is the vertical, OC the axis of the top 
OV and OC are taken of lengths to 
represent respectively the A.M. 

G( = C«cos 0 + Ai/'sin30) 

about the vertical, and the A.M. On about 
the axis of the top. Lines C K and V K 
are drawn at right angles to OC and OV, 
and meet in K. Now 

OV = OCcos0 + CKsin0 
= On cos 0 + CK sin 0, 

so that 

CK = A^sin0. 

Hence we obtain 

V K = OCsin0-CKcos0 

=(Cra-A^cos0)sin0 (1) 
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Also if K M be drawn parallel to V O to meet OC in M, and K N be drawn parallel 

to CO, M K = O N = CK/sin 0 = Af, (2) 

and N V = CMCos0 + A^sin20-A^ = (CM-A>/'cos0)cos0 (3) 

Thus, if 0 be zero, C K and OC are rectangular components of the A.M., and O K repre

sents the resultant A.M. 
In the general case we draw, as shown in the plan (supposed laid in a horizontal plane 

through V), a horizonal line K H to represent A0. The resultant A.M. is now completely 

represented by OH. 
If the motion is steady 0 = 0, and H coincides with K. W e take p. as the steady value 

of f. The point K moves in a horizontal circle about O V as axis, with angular speed p., 
and A.M. in the direction of the motion of K grows up at rate V K . p., that is at rate 

(CM — A/xcos 0) it sin 0. Thus, since Mgh sin 0 is the moment of the gravity forces about 
a horizontal axis through 0 parallel to K H , we have 

(CM — Ap cos 0) /J, = High, 

which is the quadratic equation for p. already found. 

By the diagram of Pig. 19, 

Mgh . a Ugh , O N M K ... 

^VK^^M' and ^\x = ̂ r (4) 

Thus we get M K . N K = A .Mgh, (5) 

and so for the given length of OC and inclination of OC to the vertical, K lies on a 
hyperbola of which OV and OC are the asymptotes. The directions of these lines and 

the value of Mgh determine the hyperbola, so that it is given when 0 and A. Mgh are 

given. 
If CK be produced to meet OV in P, and E be the middle point of CF, we get 

CE 2 - K E 2 = C K . K F = KM.NKsin0tan0 = A.M<?Msin0tan0 (6) 

Two roots of the quadratic thus exist, one for each of the points KK', in which CF 
intersects the hyperbola. The smaller root is CK/Asin 0, the larger is CK'/Asin 0. 
When the roots are equal CK touches the hyperbola. Then K M = |OP, K N = |OC, 

and therefore A. Myh = KM. N K = |OF . OC = iC2M2sec 0 (7) 

Hence, for equality of roots, we get, remembering that M K = A/x, 

OM = 2(A.Mi/Acos0)i, M = Mg = 2MjZ* (8) 

If OC be too short CK will fall below the vertex of the branch of the hyperbola shown 
dotted in the diagram, and the roots of the quadratic are then imaginary, and steady 

motion is impossible. 

" W e can trace what happens when the top is started with the given A.M. C M at a given 
inclination, with 0 and ip zero. First, since the term \Cnr of the kinetic energy remains 

unchanged, and terms iA0 2 and \A\p'1s\x\l8 are called into existence at the expense of the 
potential energy, a sinking of the axis below the initial inclination 0 takes place. This 
sinking continues while 0 increases, and 0, at first a maximum, diminishes until, when 0 
is zero, 0 is a maximum. At that instant ip has the steady motion value p, corresponding 
to the point K on the hyperbola. At the starting of the top K lies within the hyperbola, 
and when 0 = 0 the value of \p is the smaller root of the steady motion equation. [If, 
however, an initial value of \p sufficient to make (CM - A ^ cos 8)ip > Mgh is given to the 
top, A 0 will be negative, and the top when started and left to itself will beoin to rise 
towards the point K'.] 

After 0 has thus become a maximum, and K has reached the hyperbola, the axis 
continues to sink, and 0 becomes negative. W e have then (Ch-Aip cos 8)\p > Mgh, and 
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\p increases until it attains a maximum value just wdien the absolute value of 0 is greatest, 
as we see from (6) and (11) of 1, for then 0 = 0, and therefore i/' = 0. Then the absolute 
value of 0 diminishes, a negative value of 0 grows up and the axis rises. 

Unless the initial position is such that the line C K intersects the hyperbola, there does 
not exist a value of \p, w7ith which if the top were started it would continue in steady 
motion. 

The diagram shows at once the effect of applying an additional couple N about OD. 
W h e n this is clone we obtain a new hyperbola, for which the equation 

KM.NK = A(M,/i + s|L) 

holds. (Of course on the left the letter N refers to the diagram.) If N be positive the 
new hyperbola lies within the old, and so the two new intersections of C F with the curve 

are obviously one above K and the other below K'. If N be negative the new hyperbola 
lies outside the old. The new position of K is below the new position of K above the old. 

If then the steady precession be that due to the couple Mgh sin 0 + N we see at once 
that the effect of the withdrawal of N in setting the axis in motion is as stated in 5 
above. Initially, we have then A 0 = — N. 

7. Reaction of ring-guide or space-cone on top. If, as in the model 
illustrating the precession of the equinoxes pictured on p. 12, I, and in 

the well-known toy shown in Fig. 20, 

the top be furnished with a material 

cone or axle, fixed round the axis of 

figure, which rolls on a cone fixed in 

space, represented by the ring or 

curved wire of the diagrams, and the 

point of support be at the centroid, 

the couple on the top must be 

applied by the pressure of the fixed 

against the moving cone. The circle 

of the points of contact on the 

moving cone is the polhode on the 

top, and the fixed ring or curved wire is the herpolhode. [See Chapter 

X X I below.] 

The thrust of the axle against the ring-guide, that is the force exerted 

by one polhode on the other, is to be found from the calculation of the rate 

of growth of A.M. given in 5, III, above. This is the rate of displacement of 

the extremity H of the vector O H , representing the A.M.; and clearly, when 

the motion is steady, H moves about an axis at right angles at once to 

the axis of figure and to the vertical, an axis therefore which may be 

represented by O D of Fig. 4. For O H is always in the plane Z O C of 

Fig. 4, which is perpendicular to the path of the point I of the instan

taneous axis along the guide. 

But the A.M. grows for the direction O D at rate 

A9 + (Cn - Ajr cos 9)jr sin 63, 
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and therefore, if N be the couple, 

A6/ + (Gre-At/ycos63)t/ysin63 = N ; (1) 

or, if the motion is steady, 

(Cn-Apcos9)psin9 = X (2) 

In this connection this equation is sometimes written as 

{Cw-(A-C)pcos9}p.sin9 = ~K, (3) 

where w is the rate of turning of the top with respect to the plane ZOC. 

If A = C we have the steady precessional motion, under couple N, of a 

spherical top [3, IV, above]; that is, the equation is 

C(n — p cos 9)p sin 63 = N (4) 

W e shall see below that the term introduced by the inertia of the case 

of a gyrostat enables a similar equation to be obtained for that form 

of top. 
The pressure on the ring is N/£, if I denote the distance of the point of 

contact of the axle with the ring from the point of support. 

If a slight push or blow be given to the axis of the top, an impulsive 

couple is applied which produces an increase of the component Ajr sin 63 of 

A.M. about the axis OE, that is changes t/y to jr + djr, if 63 is kept 

unchanged by the guide. This increase in t/y makes the rate of growth of 

A.M. about O D more rapid than is accounted for by the couple X, and so 

the top endeavours to turn about O D in the direction to keep the rate of 

change of A.M. the same as before, that is so as to press with so much 

greater force against the guide, that the value of N is enhanced to the 

extent required for the greater procession. 

8. Explanation of clinging of axle of top to curved guide. The action 

of the top shown in Fig. 20 is very curious, but its explanation may be 

made out easily from the discussion above, which is to be read along with 

what follows. The axle rolls round the curved guide, following all the 

convolutions, however sharply curved, and on coming to the end of the 

guide in one direction turns rapidly round the end of the wire and rolls 

back on the other side. The axle has been described as clinging to the 

wire like a piece of iron to a magnet. 

For simplicity we have supposed that there is no gravitation couple on 

the top. The action of the guide may be analysed as follows: Consider a 

right circular cone, with the vertical through O as axis, and the line 01 as a 

generator: a short element of the guide at the point of contact is at the 

intersection of the guide and a circular section of the cone. Such a 

cone may be made to pass through any element of the guide, and 63 is 

now the semi-vertical angle of that cone. The element will in general 

give a component of action on the axis of the top in the plane throuoh the 

axis of the cone. 
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We have for the couple applied to the axle, in the vertical plane through 

01, the equation A63 + (Cn - Ajr cos 63) jr sin 9 = N. 

Besides this couple N, a couple in the tangent plane to the cone through 01 

is applied to the top. For clearly a component F of reaction of the guide 

acts on it at I with or against the direction of motion along the circular 

section, according to the angle between the edge of the section and the guide, 

and F and — F inserted at the point of support give a couple of moment N', 

the axis of which is at right angles to 01, in the plane C O L This can be 

resolved into two components N'sin a, N'cos a (a= ̂ IOC) about O C and O E 

(at right angles to O C ) in the plane C O L The former couple of compara

tively small moment alters the speed of rotation, the latter gives change of 

jr at numerical rate Aj> sin 9 = N'cos a, 

since 9 is negligible. The axle therefore presses more or less on the guide 

from this cause. 

There is also a frictional couple which in general splits into two com

ponents, one with or against N, and the other helping or retarding jr, 

according to the direction of the guide. 

Now, let the axle come to a discontinuity in the guide, for example one 

of the ends. The couple N may be regarded as there suddenly annulled, 

a/nd therefore (since anything like steady motion ceases) A63 as taking at 

the same time a value 
— (Cn — Ajr cos 9)jr sin ft 

the value of A63 — N just before the discontinuity is arrived at. In other 

words, the motion may be regarded as disturbed by a force N/£ applied at 

I to the axle annulling the moment N. Thus 63 grows up very rapidly, 

and the axle moves across the end of the guide. 

But as the axle moves thus owing to 63, a rate R of growth of A.M. 

about O E would be produced were it not for another motion of the top. 

There is now no couple about OE, and therefore, in order to keep R zero, 

the top must turn about OE, and in the direction, as will be seen from 

the figure, to bring the axle against the end of the wire, across which the 

axle will roll, until the next sharp corner is reached. In this way the axle 

rolls round the end of the guide, while the space-cone of angle 63 changes 

position rapidly. 
When the end has been rounded the precession becomes again nearly 

steady, but the axle now presses against the other side of the wire. The 

precession is now in the opposite direction, and the axle therefore again 

presses against the wire, but in the opposite direction to that in which it 

formerly pressed at the same place. 
A similar explanation accounts for the hard pressing of the axle 

against the guide where 63 increases rapidly, as it does in a guide like that 

of Fig. 20. 
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9. Stability of motion of a gyrostat or top. The word " stability" 

has no quite exactly defined sense in dynamics. For example, it is not 

sufficient to say that the steady motion of a gyrostat is stable if, when it is 

deviated from, the motion oscillates about the steady motion. Even with 

friction present the oscillation may continually increase in amplitude until 

the range of departure from the steady motion is enormous. In such cases 

there is not true stability. O n the other hand, the existence of friction 

may cause vibrations about the steady motion to subside continuously, until 

the deviations from a state of steady motion are imperceptible. Friction 

cannot be neglected in any really practical discussion of stability. 

W e now inquire whether the steady motion of a gyrostat or top, which 

is obviously a possible motion, is stable, and answer this question for the 

present in the following manner: W e first suppose that if the steady motion 

is slightly deviated from, the motion of the gyrostat or top oscillates about 

the steady motion, and that the vibratory deviation from steady motion 

approaches the steady motion as a limiting state, when the initial dis

turbance approaches zero. The logic of this process, and the conditions 

of what may be described as true stability, will be examined in a later 

chapter. 

W e write then, for the disturbed motion, 63 = 630 + a, where 630 is the steady 

motion value and a is small, and jr = p + r], where, p is the steady motion 

value of the angular speed of precession, and p + >] the disturbed value 

corresponding to 630 + a. Since in the steady motion 630 = 0, equation (11) 

of 1 becomes A a + U = 0, (1) 

where U is what the expression 

(Cn — Ajr cos 8)jr sin 63 - Mgh sin 9 

becomes when 630 + a is put for ft and p + >j for jr. This expression vanishes 

for 63 = 630 and jr = p., and therefore, since the changes are small, (1) becomes 

cl 
Aci +^{(Cn-Ajr cos 9) jr sin 9-Mgh sin 9}a = 0, (2) 

where, after the differentiation has been carried out, 9 is to be put equal to 

90 and jr to p. This assumes that the changes are so small that the value 

of the rate of variation with 9 of the expression in brackets, calculated 

for 63 = 630 and multiplied by a, will give the value of U. Performing the 

differentiation, remembering of course that jr varies with 63, and that 
(6) of 1 gives d ! 

A sin 630 f^ = Cn — 2Ap cos 630, (3) 

we obtain easily 

A y « + ( A ' y - 2AMt//tM
2cos 6)0 + M

2i72/t2)a = 0 (4) 

The quantity within the brackets can be written as the sum of two squares, 
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and is therefore positive. Hence the deviation from steady motion is 
oscillatory in the real period, 

T = 2-wAp (-g-j 

( A V - 2AMc//i,u2cos 630 + M2g2h2f 

The disturbance has been supposed such as to leave the A.M. about the 
vertical unchanged: for example, a vertical impulse would fulfil the con
dition. But a similar result would be obtained for any small disturbance, 
as can easily be verified [see below]. 

It m a y be noticed that if the top is spun very fast, so that the smaller 
value of the angular speed (approximately Mgh/Cn) is very small, the 
period of oscillation about the steady motion, with this value of p, is approxi
mately 2TTA/C71. This m a y be verified from (5), or by neglecting all the 
terms in the brackets in (2) except Cn, and using A sin 90djr/dd = Cn instead 
of (3), when the result follows at once. This approximation to the period 
is independent of 63. 

Again, if the top is spun very fast, the period of oscillation about the 
steady motion is, for the large value of p, 2-KJp, that is the period of revolu
tion of the axis in the precessional cone. This follows from (5), because 
then the denominator on the right becomes Ap2 very nearly, so that 
T = 27r/,u.. Thus, in one half of the revolution the axis is above the steady 
motion position, in the other half below it. This period is 27rA COS 8\Cn. 
For 63 = 0, the upright position, it agrees with the other period, and varies 
from that to zero for different values of 63 from 0 to \TT. 

If we suppose that the small disturbance given to the top is quite genera], 
then after the disturbance we have the equations 

Ajr sin263 + Cn cos 63 = G', \ /g\ 
A63 + (Cu-Ai/^cos63)t/rsin63 = M(;//isinftJ ••••••••••• 

The disturbance has changed the value of G to G', and also changed the 
value of the energy. Instead of the first of these equations we m a y write 
of course, for any instant before or after the disturbance, 

At£sin63-(C7i-2At^cos63)63 = 0 (7) 

If we now suppose, as before, that this motion deviates slightly from a 
steady motion according to the equations 

63=630 + a, jr = p + r], 

we may proceed by the process already employed, and arrive at the same 
equation, (5) above, for the period. 

This is not now, however, quite exactly the steady motion from which 
' the top has been disturbed, but a steady motion differing slightly from the 
former so as to be consistent with the values of the energy and the A.M. 
about the vertical as modified by the disturbance. For example, if the 
disturbance be purely one of jr the steady motion circle will become a 
limiting circle of the disturbed motion [see below, 14], 
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10. Rise and fall of top). It is very instructive to consider the rise 

and fall of a top from the point of view of the constancy of A.M. about the 

vertical, and the constancy of the total energy, combined with the in

variability of the angular speed of rotation about the axis of figure-

Putting, for brevity, 

a = (2E-Cn2)/A, /3 = G/A, z = cos63, a = 2Mgh(A, 6 = C/A, 

where E is the total energy, we obtain the equations of energy and 

momentum in the forms, 
62 + jr2(l-z2) = a-az, ) 

jr(l-z2) = /3-bnz. J l ' 

Eliminating jr between these equations, we get 

z2=(a-az)(l-z2)-(f3-brtz)2=f(z) (2) 

The cubic expression f(z) is negative when z= —x , z= + 1 , and positive 

when z = + o o . It is also positive when z has its initial value z0, say, 

which must be between — 1 and +1. T w o roots of the equation f(z) = 0 

lie therefore, one, zx, between — 1 and z0, another, z2, between z0 and +1, 

and the third, z3, between + 1 and oo. The last is not relevant to the 

question, since — 1 < X + 1. W e have therefore 

z2 = a(z-z1)(z2-z)(z3-z) (3) 

The product of the three factors is positive, since z2 is positive; the third 

factor is obviously positive, and therefore z must lie between zx and z2. 

W e have taken z2 as the greater of the two roots zx, zq. Hence, as z alters 

the angle 63 varies also, but is always such that cos 63 lies between the 

limits zt, 2,. 

From (3) z can be found as an elliptic function of the time t, and thus 

the top rises and falls periodically. 

11. Path of point on axis of top?. Cusps on path. By elimination 

between z= \f(z)}* and jr = (J3—bnz)/(l—z2), we get 

d\jr_ (3 — bnz . . 

d^'d-^imf 
from which jr can be obtained in terms of z by quadrature. In 15, below, 
the path of a point on the axis of figure under different possible conditions 

is considered, and illustrated by diagrams showing the path, as seen by an 

eye- situated above the top. W e discuss here the occurrence of cusps or 
loops on the path. 

Let a sphere of radius 1 be drawn round O as centre, and denote by Zx 

the point in which the vertical through 0 intersects the sphere [see 

Fig. 21 (a), (b), (c)]. The radius through the point Zx is vertical, and if P be 

a point in which the axis of the top meets the surface, the projection of OP 

on the radius OZ x is the value of zx, and the distance of P from the latter 

radius is (1— z2)^. 
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The tangent of the inclination i of the line traced by P on the unit 
sphere to the meridian ZXF at any position is —(/3 — bnz)/{f(z)}$, in which 

the value of {f(z)}i is taken + or — according to the sign of z. This 

expression shows that the path of P is at right angles to the meridian 

whenever z has one or other of the values 'zx, %2, unless it should happen 

that at either limit z = /3/bn. Thus the path lies between the two parallel 

circles on the unit sphere corresponding to z1; z2. W h e n z = f3/bn at one of 

these circles the path of P has cusps, as shown in Fig. 21 (b) [see also 13 

below]. As we shall show presently, this can only be the case at the upper 

circle. The form of the projection on a hori

zontal plane is shown on a larger scale in 

Fig. 22 for the second case. 

If the value of (3/bn lie outside the limits 

zl, z,, /3 — bnz must always preserve the same 

sign as P moves, as in Fig. 21 (a). But if 

(3/bn lie between zx and z2 the path will have 

the form shown in Fig. 21 (c), from which the 

changes of sign and value in tan* can be traced. To settle whether 

when z( = /3/bn) lies between — 1 and +1, it also lies between z1 and 

z2, we have only to consider the value which this gives to f(z), that is i
2, 

which of course must be positive. B y (2), 10, we have, if z = (3/bn, 

f(z)Ja-aP)(l-i-\ • (2 
bnJ \ b2n2 (2) 

in which the second factor is positive. Hence, if the first factor is positive, 

(3/bn lies between z1 and z2. The condition therefore is (3/bn < a/a. 

There is however the case in which this factor vanishes: (3/bn is then 

equal to one of the limits zv z2. To find which, we substitute in f(z), 

a = aJ/3/bn, and get 

f(3) = J-(/3-bnz){a(l-z
2)-bn(/3-bnz)} (3) 

If we equate the right-hand side to zero, we see that one root of the 

equation is given by the first factor. The second factor is zero if 

/3 — bnz = <x(l — z2)/bn. 
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But a(l— z2)/bn is positive, and therefore (3 — bnz must also be positive if 

this equality holds, that is z < /3/bn, with n positive. W e see then that if 

one of the roots zlt z2 of f(z) = 0 be /3/bn, it must be the greater root. Thus 

the cusps are at the upper circle, as stated above. 

The conclusion thus analytically obtained for the position of the cusps is 

obvious from considerations of energy. For at either limiting circle the 

term in the kinetic energy depending on 63 is zero. The potential energy, 

however, has its maximum value at the upper limiting circle, and its 

minimum value at the lower. At the lower circle therefore it is im

possible for jr to be zero, otherwise the kinetic energy would, for the 

minimum of potential energy, be reduced to the constant part iCn2, 

depending on the spin about the axis of figure. But, since the total energy 

does not vary, the kinetic energy must have its greatest value at the lower 

limiting circle. Hence the cusps, if they occur, are connected with the 

reduction of the kinetic energy to the constant part in consequence of the 

adjustment of the maximum of potential energy to the value E — JC'/i2. 

12. Occurrence of loops on path. The dynamical reason for the form 

of the path in Fig. 21 (c) is clear from (1) above, or from the second of 

(1), 10. If the two roots of f(z) = 0 be such that before reaching the upper 

limit of value, cos 63 becomes so great that Cn cos 8 exceeds I or bnz >• /3, 

then t/y(l— z2) must become negative. In other words, the turning about 

the vertical must be reversed from the direction which it had at the lower 

limit of cos 8, where Cn cos 63 < I. 

It can be proved, but not so easily as might be expected, that the positive advance in 

the value of t//- in each oscillation is, as shown in the diagram, greater than the 

regression. The fact will be made manifest when 

an exact discussion of the path is given. But it 

may be demonstrated b)' the theory of complex 

integration as follows. Let a horizontal line 

(Fig. 23) be the axis of real quantity and 0 the 

origin. Let the dotted line through O be the 

axis of imaginary quantity. Let the positions of 

the roots *,, z.,, zs of f(z) — 0, and the points z= -1, 

2 = + l be as indicated. Draw a closed contour as 

shown, consisting of straight lines above and below 

the axis of real quantity and loops surrounding the 

critical points of dfjdz, situated on that axis (the 

branch points zu 22 and the poles - 1, +1), and a second 

closed contour consisting of a loop round the point 

s = 2,, a straight line above the axis to + cc, a circle 

of infinite radius from 0 as centre, and finally a straight line below the axis of real 

quantity from +co to the point zs. The integrand in J(/5-&MS)/(1 - z2){f(z)}i. ctz is 

holomorphic throughout the space between the two contours, and hence the integrals 

taken round these, in the left-hand direction, say, for the outer, and the right-hand 

direction for the inner are equal. N o w we have at 2 = 1 and 2 = - l , f(z)= -(/3-bnf, 
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and /S-bnz changes sign between s, and H. But the sign of the radical changes also as 
cne integration m the inner contour passes from the point d to the point.;, and as it 
passes from the point k to the point o, and also in the outer contour, as the integration 
passes from r to q. The residues for the points z= - 1 and 2= + 1 are equal in vafue and 

opposite in sign. The integral from e to d is equal to the integral from./ to k, and all 
other parts of the integral along the axis of real quantity (Im, ab, and ef, gh) for the 
inner contour, taken in pairs, above and below the axis, cut one another out. The 
integral along the large circle is zero, and so the integral from r to s is equal to the 
integral from p to q. Thus we obtain 

/"' (fi-bnz)dz __ r (/3~bnz)dz 

•*'(l-^){/«} 4 ^ (1 -«*){/(*)}*" 

Every element of the integral on the right is positive, and therefore the integral on the 
left is also positive. The proposition assumed above is therefore established. [This mode 
of proof is due to M. Hadamard (Bull. d. Sci. Math. t. X I X , 1895, 1™ Partie).] 

As the analysis here following will show, the repeated curves on the unit 
sphere in Fig. 21, may, when the limiting- circles are close, and 63 is not zero 
at either, be regarded as cycloidal. 

^ 13. Motion of the axis of a top between two close horizontal limiting 
circles. Axis initially at rest. Let it be supposed that initially 63 = 0, 
63 = 630 (and therefore cos 90 = z0), jr = 0, and n very great. Then 

E = iCn2 + Mt7/icos630 (1) 

Thus, initially, a = az0, (3 = bnz0. After the top is started it is left to itself, 
and the inclination of the axis to the vertical alters. Since E and ̂ Cn2 

remain constant the axis must sink, so that the terms of the kinetic energy 
depending on 63 and jr may come into existence at the expense of the 
potential energy. Thus, when the inclination of the axis to the vertical 
is 63, we have 

iA(632 + t/>sin26)) = M^(cos630-cos63), ] 
or 92 + jr-2(l-z2) = a(z0-z). j (2) 

Also we have jr(\-z2) = (3-bnz = bn(zQ-z) (3) 
W e have seen that 

z2 = (a-az)(l-z2)-(/3-bnz)2, (4) 

and this equation, since a = az0, (3 = bnz0, can be written 

z2 = a(z0-z)[l-z
2--~(z0-z)} (5) 

Hence z = z0 is one root of the equation /(z) = 0; it is the root z2. The 
second relevant root zx will cause the factor l-z

2-b2n2(z0-z)/a to vanish. 
Hence we must have 

a(l-z^)-b
2n2(z0-z1) = 0 (6) 

Solving this equation, we get 

J>2n2\ ( \a , 4«2\i) 
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that is, with p = b2n2/2a, z=2J + (p2 — 2pz0 + l)i (7) 

The smaller of these roots defines the second limiting circle. 

The value of z± lies between — 1 and + 1 , and it is clear therefore that, if 

n be great, z0 — zx must be small. Hence the axis of the top, if the spin be 

rapid, moves between two close right circular cones with common axis O Z r 

N o w consider the value of jr. W e have by (3) and (6), 

^z^i^ <8> 
The quantities zQ — z, z0 — zx are both small; their ratio depends on the 

value of z. The ratio ( 1 — z^)j(\ —z2) is positive, and very nearly equal to 

unity, and we know from (2) that z0 > z, that is zn is the value of z for the 

upper limiting circle on the unit sphere, and z1 is that for the lower. 

W e notice that when z = z0, that is at the upper circle, jr = 0, or the 

curve of intersection of the axis with the spherical surface is that shown in 

Fig. 21 (b), for it is clear from (2), (3) and (8) that jr2(l-z2) is small in 

comparison with 632 [for l + 92/jr2(l-z2) = (a/b2n2)(l-z2)/(z0-z)] when z 

approximates to z0, though both 63 and jr approach zero. The path there

fore meets the upper circle in a series of cusps. W e have already seen [11] 

w h y these cusps m a y exist at the upper circle but not at the lower. 

Again, when z = zl, w e have jr = a/bn = 2Mgh/Cn. W e shall see that the 
average value of jr is Mgh/Gn in this case. 

14. Top rising and falling through small range. "Strong" and 

" weak" tops. W e can now complete the solution for a rapidly rotating 

top. Here 8X — 90 is small, and 63 lies between 630 and 6?r Let 63 = 630 +»;, where 

rj is a small quantity. W e get cos 63 = cos 630 — rj sin 630, that is z = z0 —)? sin 630. 

This substituted in the value of z2 gives the approximate expression 

f2 = a>) sin 630 — b
2n2,f (1) 

Differentiating this we obtain 

>i + b2n2v-^a sin 90 = 0 (2) 

This gives the complete solution 

'? = VhAnli
sin6o(1-cosbnt)> (3) •17-

in which the constants have been so chosen as to make ;; = 0 when t = 0, 
and i] = 0 when t = -w/bn. 

Hence 63 = 630 + ==--2 sin (30(1 -cos but), (4) 

and 01 = 90 + J^-2sin90 (5) b2n2 

sin2 8' 
Finally, we have jr = bn(cos 90 — cos 63) —=7,- > (6) 

a 
or approximately, from (4), jr = ̂ i— (1 —cosbnt) (7) 
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This gives t/> = () for £ = 0, and jr = a/bn when t=Tr/bn( = irA/Cn). The 

average value is thus a/2bn = Mgh/Cn. 

The motion is compounded of a steady motion with constant values 

80 +a sin 80/2b
2n2 and a/2bn of 63 and t/y, and oscillatory variations 

— (a.sin630cosoi'ni)/2&
27i.2, — (a cos bnt)/2bn of the same two quantities. It 

is to be noted that the period of oscillation, about the steady motion is' 

2-ir/bn = 2TTA/C?I, and is therefore shortM 't'bA faster the rotation of the top. 

It is twice the time of passage of the axis from one circle to the other. 

The circle for which 63 = 630 + «sin 80/2b
2n2 is midway between the two 

limiting circles. 

From the example just considered it follows that, if the top be started 

spinning at high speed, with the axis exactly vertical and 63 = 0, the axis 

must remain vertical. For, as we have seen, z2 is negative except for 

values of z which lie between the roots zx, z2. But if the top be started as 

stated above, equation (5), 13, becomes 

z2 = a(l-zf(l+z-h^), (8) 

and two roots of the equation z = 0 are equal to 1. The third root is. 

b2n2/a — l, and is greater than 1 if % be sufficiently great. Hence the two-

roots zx, z2 coincide in value, and the two limiting circles have shrunk into-

the point Z r 

Equation (8) shows that for any value of z less than 1 the value of z2 is-

negative, provided b2n2 > 2a. [Here and in what" follows a is supposed to-

be positive.] Hence, if this condition is fulfilled, the top cannot leave the-

vertical in the course of its own undisturbed motion, as otherwise z2 would! 

become negative. The stability of the upright top will be further considered! 

in 15, below, and in 4... 19, VI. 

If the top fulfils the condition of " sleeping " upright, namely b2n2 > 2a, 

that is C2Ti,2 > 4<AMgh, it is called a " strong top." If b2n2 < 2a, it is called 

a "weak top'' (Klein u. Sommerfeld, Theorie des Kreisels, p. 249). It will 

be observed that the condition C2n2 ̂ > 4<AMgh can be written 

z-Cn2 > 2^Mgh. 

But 2Mgh is the potential energy which would be exhausted if the top 

were to fall so that the axis turned from the upward to the downward 

vertical. Thus the kinetic energy of rotation about the axis of figure must 

exceed A/C times this amount of potential energy, otherwise the top cannot 

sleep upright. The top sleeps more easily the greater C and the smaller A. 

Thus a top, tapering to the peg, will spin upright at a lower angular speed 

on its head than upon its peg; a bolt, with rounded end and massive head, 

will spin upright head down at a lower speed than when supported on. 

the end. 
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A S we have seen already, 17, II, the roots of the steady motion equation 

(Cn — Apcos8)p = Mgh are imaginary if C2n2 — 4>AMgh cos 9 is negative. 

Hence a weak top cannot spin with its axis inclined to the upward vertical 

at a smaller angle than cos'1(G2n2/4<AMgh). [Of course if the couple is 

not supplied by gravity the equivalent for Mgh must be used on these 

conditions.] 

15. Routh's graphical representation of rise and fall of top. 
The rise and fall of a top may be illustrated graphically as follows (Eouth, Adv. 

Dynamics, § 202). Recalling that we have a = (2E-Cra2)/A, /3 = G/A, a = 2Mgh/A. 

b = C/A, we consider the two quantities A(3jbnMh, Aa/aMh. First we notice that if the 

(b) 

U 

V 

(c) 

KL UV 

O 

FIG. 24.—It is to be observed that the horizontal speed of P is zero when P is on the level of U, 
and changes sign when P passes above that level. When P is under that level the azimuthal 
motion, viewed from above, is in the same direction as that of the spin as viewed from 
beyond P. 

V may be called the level of no motion, and it may be either above or below U, or on the 
same level. These three cases, cr>0, c-=C0, c = 0, are shown in the diagrams (a), (b), (c). A hori
zontal projection of the path of P is shown for three different subcases of each of these in 
Figs. 25(1), (2), (3). 

top be regarded as a compound pendulum, supported at 0, A /MA is the length, £say, of the 

equivalent simple rjendulum. Hence the quantities just specified may be written filjbn 

and al/a. N o w (Fig. 24), let distances O U , OV, equal to these quantities respectively, be 

laid off along the upward vertical, and through the points U, V lay two horizontal planes. 

Along the axis of the top lay off a distance O P = £, and through P draw a vertical line, 

intersecting in K and L the horizontal planes through U and V. W e have seen that 

fal-#) = P-bnz (1) 

Hence the speed of P perpendicular to the plane Z O P is 

_(3- bnz bn 

"<'l-s2)i ~(l-z-)i ¥0- (OU - Iz) = bnl tan PUIv. (2) 
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Thus we get the horizontal speed of P. The resultant speed is l{\p\l -z2) + #'2}2, and we 
have <p2(1 -z?) + ff2 = a-az = 2g(OV-h)/P, by the value assigned to OV. Thus we get 

l2(4,2sm28+81) = 2g(OV-lcosd) (3) 

The resultant speed of P is therefore that which would be acquired by a body falling 
freely under gravity through a height equal to the distance of P below the plane 
through V. 

The equations here given may be regarded as determining the whole motion. It is 
obvious that P cannot rise above the horizontal plane through V ; for if this were to 
happen the right-hand side of (3) would become negative. 

By (3) we can write P82 = 2g(OV-Icos 8)- Pip2sin28, 

that is P- 82 = 2,9 (PL - l2f- sin2 8fig), 
/ P2„2 TTP2\ 

°r> ̂  ̂  p*=2KPL-2sfe» vw) (4) 

N o w let a parabola be described through I) as vertex, with C2n2l2M2gh2 as latus rectum. 
Then, if E be the point on the curve in which it is met by K P , we have 

UK2 = 2^KR (5> 

Thus we obtain, if E is above P, 

W-2,.KL = 2,(KP-||2)=-25rgf||! (6) 

7% -=J--J-, (7) 
Z26>2-2#.KL P E K P 

where all the distances, each indicated here by two capital letters, e.g. PE, are taken 
positive. 

Thus, when 8 is zero, we have 

.JL=J_+_L, W 
YK KP^KL' 

or P E is half the harmonic mean of K P and K L . There are two positions of P 
consistent with this relation, one above the parabola, the other below it. Between these 
two positions the axis of the top oscillates. 

Let K P = ̂  and U K = y , U V = c, and Chi2/2M2gh2 = 2pl; then (8) becomes, by (5), 
y2(x + c) = 2plx2 (9) 

The inclinations of the axis to the vertical are therefore given by two positions of P on 
the cubic curve (9). [Case (a) of Fig. 24.] 

It is easy to see that if c be positive, that is if V be above U, the curve has, as shown 
by the dotted lines, a double point at IT, and that there are at U two tangents equally 
inclined to the vertical, which include the vertical angle 2 tan-1 (2pl/c)i. 

If c is negative the origin is an isolated point on the curve, and there are two branches 
one on each side of the vertical. [Case (b) of Fig. 24.] If we find two points P on either 
of these, for which P E is half of the harmonic mean of K P , K L , the two lines O P give 
the limiting inclinations of the axis to the vertical. 

If c = 0, that is if U and V coincide, (9) represents the straight line x = 0, and the 
parabola y2 = %plx. [Case (c) of Fig. 24.] The limiting inclinations of the axis to the 
vertical are then determined by a point on the straight line and a corresponding point 
on the parabola, and between the two horizontal circles defined by these inclinations 

the axis moves. 
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W e give in Chapter V I a, full discussion of the upright top, including Klein and 
Sommerfeld's method, in which a cubic curve is also used. W e give here Routh's diagrams 
for the cases c> 0, c < 0, c = 0. The full theory is contained in the present chapter and 

in 5...10, YI, below. 

[u'-OU] 

FIG. 25(1).—This diagram shows three cases in which c [ = (a/a - p/bn)I] is positive. The path of 
P on the sphere described from O with radius I is shown, as seen by an eye placed above the top. 
The small circle is the upper boundary of the motion of P ; in the third case, in which I = a, it has 
shrunk to a point. The axis is vertical at 17, and so the path passes continually from the lower 
circle through U to the lower boundary again. If the maximum deviation from thê  vertical is 
itself small in this last case, the equation of the spiral path is 8 = 0Osin?m//, where m-=(p- l)/p. 
This is the equation obtained from (5) and (7), 16, VI, by substituting in (5), t-l^jbn, from (7). 

Z:>OQ :OQ 
[See Fig. 24(6).] 

FIG. 25 (2).—In Fig. 24 (6) the coordinates of Q at which the tangent to the curve is vertical are 
given by x~ -2c, y$= -Spic. U is an isolated point on the curve. The path of P on the same 
sphere as before is shown. Both limiting circles are below the level of U, and the axis of the 
top cannot reach the vertical. 

K-OU] I -<L a' 

F I G . 25 (3).—In the first of these cases [I ~~*a'] one of the limiting circles lies in the plane of 
U V , and the other on the paraboloid formed by the revolution of the parabola about its axis. 
The path meets the plane of U V in a series of cusps. 

In the second ease \l -<; a'] both the limiting circles are on the paraboloid, and the path touches 
both circles. For either limiting circle w e have, as the reader m a y prove, cos29- 2pcos0 = 1 - Ipa'jl. 
The greatest and least values of 9 [di and 62] fulfil the relation cos 6] +cos 9<* = 2p, and j x l . 

In the third case [l=a'] the axis can approach the vertical from a lower position, arriving there 
after an infinite time by describing a spiral gradually closing on U. The value of \p approaches 
the constant value (gp/l) . The position of the limiting circle for which 6 is a m a x i m u m is given 
by cos8i = 2p-l. At that circle \j/=(g^pri and 0 = 0. But 9 is not zero, as P, if it descends, comes 
d o w n tangentially to the circle, leaves it tangentially, and begins to ascend. 



v THEORY OF THE MOTION OF TOPS AND GYROSTATS 105 

16. Rtse and fall of top started with initial precession. So far w e 
have considered the top as started with jr = 0; we now suppose that it is 

started at inclination 80 of the axis to the vertical, 9=0, and jr = jr0. 
B y (3) of 10 we have 

(a-az0)(l-z*)-(fi-1mz0)* = 0, (1> 

and by (1) of the same section, 

jr0(l-z-
2) = ̂ -bnz0 (2) 

But we have likewise 

z2 = (a-az)(l-z2)-((3-bnz)2 (3> 

From these, eliminating a and /3, we get /_ 

i^(^-z)[a(l-z2)-b2n2(z0-z) + jr0(l-z0
2){jr0(z0 + z)-2bn}]. ...(4> 

Thus one root of z2 = 0 is z = z0. The second relevant root, z' say, since it 

makes the quantity in square brackets in (4) vanish, gives 

0o-^'=7ir2[«(i-^)+^o(i-^2){^o+^)-2M]; (5> 
' & • • nr 

and so z0 — z' can be made as small as may be desired by making n 

sufficiently great. The root z' will be the smaller or the greater root,. 

that is z0 will define the upper or the lower circle, according to the initial 

value of jr0 chosen. 

To find the conditions that determine whether z0 defines the upper or the lower circle,, 
we differentiate (4) with respect to z, and put z=z0 in the result. W e obtain 

-^ = (1 -%2){2<Ao(&» ~ "Mi) - «}• 

If z' is the smaller root, that is if zQ defines the upper limiting circle, we obtain, since 
dz2/dz must be negative, a + ̂ \ > 2f 0bn, 

if ip0 be positive. [Of course bn is taken positive here, as always, unless otherwise stated.], 
If / is the larger root, that is if z0 defines the lower circle, we get, since d^jdz'jnustjDer. 

positive, _ a + 2^ 0%<2f 06n, 
again for ip0 positive. 

W e obtain the following results in different cases : 
(1)1/0 positive : 0 < 80 < &r. 

20 defines upper or lower circle according as 

. a-h2f„\ 
26-/i < or > ~^' 

2f0 
_, Mgh + Af„2z0 

that is according as On < or > —;
 :— • 

n 
(2) ipa positive : it > 80 > \ir. 

za defines upper or lower circle according as 
26a < or > Ya. ' 0I, 

Mgh-A^\z0\ 
that is according as Cn < or > -• 
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(3) YO negative : 0 < 80<^ir. 

za defines upper or lower circle according as 

a + 2i/'0%0 > or < 2\f/0bn. 

But since z0 is positive and tp0 negative the second relation is not fulfilled, and the 

motion must be started at the upper circle. 

(4) y,, negative : ir> 8Q>hir. 

20 defines upper or lower circle according as 

a + 2i/-0
21 s0 | > or < 2bn | ip01 ; 

that is according as Mgh > or < - Aip0
21 z01 + Cn \y0\, 

for n is here positive. 

These results are very . easily obtainable from (11), 2, V, the equation of motion 

for the axis OD. At the upper circle 6 is positive, at the lower circle negative. It 

is instructive to work out the different cases from this equation ; but this is left to the 

reader. 

17. Motion under various conditions of starting. Some further points 

regarding these different cases are worthy of notice : 

(a) Take Case (1): Let the top be started at the upper circle, and zx, \p1 be the values 

of cos 8 and d> for the lower circle. W e have 

a + 2i/'1
2z1 < 2\p1b?i. 

N o w |^'il>^'o since the potential energy has been diminished in the passage to the 

lower circle, and therefore the kinetic energy must have been augmented by an increase 

in the numerical value of ipl since # = 0. If Z1<\TT, the quantity on the left is positive, 

and therefore so also is the quantity on the right. Thus \p1 is positive. 

If however, with the same conditions of starting, the lower circle is in the lower 

hemisphere, so that 6\>i7r, we have z= — \z\, and therefore, from the equation of A.H, 

about the vertical, ^(i -zl
2) = fi-bnzl = (Z + bn\ z,\. 

The right-hand side is positive, since (3 and bn are both positive by the supposition as to 

starting at the upper circle (in the upper hemisphere of the unit sphere), and therefore 

also the left-hand side is positive, that is \p1 is positive. Thus \p is increased in absolute 

value by the passage from one circle to the other, and, if positive at the upper circle, is 

also positive at the lower circle when that is in the lower hemisphere. 

It can be seen in the same way that if the top be started at the lower circle with 

positive \p, the value of ip, (ip2), that is, is also positive at the upper circle, but is 

diminished in value. 

(6) N o w in Case (2), when the start is made with positive \p0 at the upper circle, it is 

immediately clear from similar considerations to those advanced above that xp is positive 

and of greater numerical value at the lower. 

If the start is made at the lower circle, we have at the upper 

a + %4<2z>2ybn, 

and also \p(l-z2) = (3-bnz. 

At the start, since z0 is negative and y0 positive, we have 

iA>(1-2o2)-''Mk>i=/3, 

and /3 is constant. At the upper circle i/* is of smaller numerical value, and it is clear 

that if at the upper circle z is still negative, we have then at that circle 

f(l-z2)-bii\z\=(3. 

Thus, if (3 be positive, y(\ -z2) must be positive at both circles, and exceed bn\z\ by the 

same amount at both. If /3 be negative it is not impossible, according to these equations, 

for y to be negative at the upper circle. It must however be of smaller numerical 
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value, since the energy term depending on \p must be smaller there than at the 
lower circle. 

If however (still for the same case of start at the lower circle with 6 > |x) 8 at the 
upper circle be less than |ir, then z has become positive, and we have 

0! + 2i/2Z>2l/6H, 

with y(\-z2) = (3-bnz. 

It is possible for \p to be negative at the upper circle in this case. Taking this case 
with the former, we see that at least the lower circle must lie in the lower hemisphere of 
the unit sphere if the value of y, positive at the lower circle, is negative at the upper. 

(c) In Case (3) the top is started with y0=-\y0\. Let the start be made at the 
upper circle : the condition is 

a + 2i/'0
2z0>2i/'06?j 

(which of course is fulfilled, since xp0 is negative and z0 is positive). Also we have 

<A,(1 -z2) = /3-bnz. 
N o w at the lower circle we are to have 

a + 2y2z<2\pbn. 

If z is still positive, that is if the lower circle is in the upper hemisphere, the left-hand 
side is positive, and therefore so is the right, and so \p is positive. 

If however z has become negative, we have 

y(l-z2) = (3 + bn\z\, 

and \p is positive if (3 is positive. If (3 be negative we get no decision. 

Thus, absolutely in the former case and for positive (3 in the latter, the negative 
precession of the top is changed in the passage from the upper to the lower circle of 
positive precession. 

(d) A s regards starting at the lower circle [in Case (3)], the condition is 

a + 2i 0̂
2z0<2i/'06ji. 

Since z0 is positive, the left-hand side of this inequality is positive, and so therefore must 
also be the right-hand side. Thus n must be negative, that is, if <j> be positive, | rpgZ \ > j. 

The condition at the upper circle is 
a + 2\p2z>2ybn. 

W e have seen that n is negative, and it is clear that so far \p may be either positive or 

negative. 
W e have also ij/(l-z2) = (3-bnz, 

where n and [3 are both negative. Thus the equation can be written 

d<(l^z2)=-\/3\+b\n\z, 

so that again no decision is given as to the sign of ip. 
(e) Finally, we consider Case (4). Here n~</>0+ \ \pQ\ |z0j, so that n is positive. 

Hence, for starting at the upper circle, we have 

« + 2f0
2|z0j>25n|^0|. 

At the lower circle a + 2i/<21 z | < 2bn\p, 

and so \j/ must be positive since a is positive. 
If the start is made at the lower circle we have there 

« + 2/0
2|z|<26»|^0|, 

and at the upper a + 9.\p2 \z j> 2bn \ f\, 

a condition which may be fulfilled whether f be positive or negative. 
The above are various simple observations suggested by the different cases. The 

associated modes of motion may be worked out by the reader in a more complete and 

systematic manner. 



CHAPTEK VI 

FURTHER DISCUSSION OF RISE AND FALL OF A TOP WHEN 
INITIAL PRECESSION IS NOT ZERO 

1. More exact discussion of rise and fall of top through small range. 
In this chapter w e consider the rise and fall of a top through a limited 
range of values of 9 in the more general case in which the initial 
precessional m o m e n t jr0 is not zero. Putting, as before, 9 = 90 + >] so that 
z = z0 —rj sin 90, w e obtain from (4), 13, V, neglecting the term in rf, 

rf = r) sin 8a(a + 2jr
2z0-2bnjr,)-n

2b2n2(l+"tl^T^^
a^) (D 

If w e neglect {\/r0
2(l—z2) — 2azQ}/b

2n2 in comparison with 1, and write a' 
for a + 2jr(j

2z() — 2bnjr0, w e can write this equation in the form 

r)2 = a'r, sin 80-b
2n2q2 (2) 

Proceeding precisely as before, w e obtain 

a' sin 8n 
r\ = - 2b' n 

2^(1— cos bnt), 

•(3) 
and 8 = 9n+ ',„ 0

8 ( 1 — cosbnt). 
" 2b-n2 ' 

This value of 9 satisfies the conditions that w h e n t = 0, 9=90 and 9 = 0. 
The other limiting value of 9, 9X say, is given by 

^o + ^A W 
It remains to determine jr at any time t. W e have 

bnz0 + jr0(l-z0
2) = /3, (5) 

and therefore bnz + jr(l—z2) = /3 = jr0(1 — z0
2) + bnz0, 

so that ^ = Ms,-*) + ̂ ,0-V) (6) 

But z = z0 — >isind0, and therefore 

V> = ^sinVo + V>o(
1-2';cot0o), (7) 
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approximately. By the first of (3) this becomes 

Or * 

jr = (bn-2jr0cos 80) ̂ ^-2(l-cosbnt) + jr0 (8) 

This givesljr = jr0 when t = 0, and jr = jrlt where 

^u^-^S^) <"> 
when t = -/bn and 9 = 9X. 
It will be observed that, when 9 = \(9x + 90), 9 has its maximum value 

a'sin802bn, and that then jr = ̂ (jrQ + jr1). 

2. Determination of period of rise and fall. The method used 

above is instructive. But we can also proceed as follows, and arrive more 

quickly [at some of the results already obtained, and at the same time 

estimate the error involved in the approximation. As in (3), 10, V, we 

have z2 = a(z-z1)(z2-z)(z.i-z); 

and now zx, z2 are the nearly equal roots of this equation which define the 

limiting circles of nutation of the top, and zx is the smaller, that defining 

the lower circle. The root z3 is greater than 1. Differentiating we obtain 

z = a(zm-z)(z3-z)-l1a(z-z1)(z2-z), (1) 

where zm=\(zx + z2). From this, putting f=z — zm, we get 

^+a(zs-zm)^ = ia^-ia(z2-z1f (2) 

With r = z2 — zl, and m
2 = a(z3 — zm), (2) becomes 

't+^{t-^)=¥^ (2') 
Neglecting the term on the right, which is small, we get the solution 

f — s—„r
2 = A sinmt + Bcosmt. 

s 8m2 

If A, B are determined so that z = z2 when t = 0, and i = 0 when z = z2 and 

when z — z1, this solution becomes 

Z-8m2r2 = ^--&r)COSmt (3; 

The period is 2-!r/m= 2-w/{u(z3 — zmf\* 

By substituting the value of £ from (3) in the term on the right of (2) we 

might proceed to a second approximation, but for our present purpose this 

is not'worth while. The motion of the axis can be worked out by means 

of elliptic functions, or by various practical processes of quadrature, as 

exactly as may be required in any particular case. 

To compare this result with those already obtained, we .have to find a 

value for z3 — zm. Now from the value of i
2 in (4), 16, V, we obtain, by 

putting z2 for z0 and jr2 for jr0, 

a(z-z1)(zs-z) = a(l-z
2)-b2n2(z2-z) + jr2(l-z2

2){jr2(z2 + z)-2bn}....(4) 
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On the left the coefficient of z is a(z3 + z1), and on the right it is 

b2n2 + jr2(l-z2). 

Hence we get a(z3 + zx) = b
2n2 + jr2(\ — z2), 

or a(z3 — zm) = b
2n2 + jr2(l -z2

2)-a(zm + z1) (o) 

This can be written in the alternative form 

b2n2 + /32-2/3bnz2 . , ( 

a(z3 - zm) = [ -f 2 - a(zm + z1) (6) 
-i zi 

Thus, since m2 = a(z3 — zm), we get for the period T of oscillation the 
equation ^ 2TT(1-S 2

2) 4
 ( 7 ) 

{h2n2 + /32_2f3bnz2-a(z1 + zm)(l-z2
2)}i 

If we suppose that z1 = z0 = zm, and take the value of jr proper to 

we can put this equation in the form -in» 

T = ^ , (8) 
(G2n2 + A2jr2sin2 9m - 2a A

2 cos 9mf 

Here we suppose the motion to deviate infinitely little from being steady, 

that is from fulfilment of the conditions 9 = 0 and jr = /u., a constant. W e 

have by the equation of steady motion Cn = (Mglt + Ap2cos9)/p. Substi

tuting this value of Cn in the expression for the period, we obtain finally 

T _ 2-n-Ap ^ ĝ\ 

(M2g2h2 + A V - 2M#/iA,u2cos 9)h' 

which is the result arrived at in 9, V, above. 

Thus, if we lay off two vectors, one of length Mgh along the vertical 

downwards from the fixed point 0, the other of length Ap2 from 0 along 

the axis of the top, the period is the product of 2-7T into the ratio of the 

length of the latter vector to that of the resultant of the two. The length 

of the equivalent simple pendulum is g/a(z3 — zm) for the first approximation 

made, and A2,f2gf(M2g2h2 + A2pi-2MghAp2cos 9) for the last. 

3. Error involved in approximations to motion. By the following 
process, which was used by Puiseux in his discussion of the similar problem of the motion 

of a spherical pendulum (see Chap. X V ) , we can find limits for the error of the result 

obtained in (3). W e have i = ai{(s-z1)(z2-z)(z3-z)}3, (1) 

and as in what follows motion from the lower to the upper circle is alone considered, 

the radical must be supposed taken with the positive sign. Thus, if t be the time from 

the hiwer circle to any position z between the two limiting circles, we have 

dz_ 

where z lies between the roots zx and z2. Now, clearly, according as we substitute z1 or z., 

for z in the third factor z3 - z of the quantity under the square root sign in the denominator 

of the integrand, the integral is diminished or increased ; and so we get 

«=r d- i; m 

(* -H? J.,{(*-*i)(*-*)}4 fe-%)4 J„{(z-zI)(z2-z)}4 



VI RISE AND FALL OF A TOP 111 

The integral can be evaluated. Putting Z - Z , = M' + M, z2-z=u'-u, that is take a new 
variable u reckoned from the mean circle zm, we obtain 

i= i = i7r + sin-
1" (4) 

W e have therefore 
1 /•,_, _.•__,«\ .. 1 

'{a(z3-z2)}iV
5" 

Writing z„t for z: and z-2 we get approximately 

{«fe-^)}4< = iir + sin-i^ (6) 

Writing now t0 for iir/{a(z3-zm)}t and putting j for t~t0, we obtain 

(?) 

- !-—^(win-.«)<,<_ ^^-bsin^/) ....(5) 

in an 

w = w'sin[{a(z3-zm)}% "j 
or 2 - ^ = *(%-%)sm[{a(z3-zro)}% f 

But z-z m is what we have called f in 2, VI, above ; and thus we have found 
entirely different way an equation practically equivalent to (3) of that section. All the 
necessary conclusions as to period have already been drawn. 
If now |T| be the numerical value of the error involved in the approximation, made 

above, to the time of passage from the lower circle to any value of z arrived at before the 
upper circle is reached, the ratio of the error to the whole time is \rjt\, and we obviously 
have j 1 

|_|< ___ , 

(%-%)4 

that is \l\<(
zXZ3\i-i (8) 

tI «3~-V 
Thus, if/denote a proper fraction, so far undetermined, we have 

^/{(K)*-^ w 
and therefore in the equations above we must replace t by 

'[-/{(«)'-.}]• 
In the discussion which will be given in a later chapter, of the motion of the axis of a 

top, the quantity {(z3 - z1)j(z3 - z2)p will again appear, and we shall then, by means of 
elliptic functions, give equations for the determination of the motion to any required 
degree of exactness. Disregard of the error here exhibited enables the inversion of the 
function {a(zs-zm)\% in order to give z, to be carried out as an affair of circular functions. 
W e can now find \j/. Let, as before, ym be the value of \p for z = zm. Then 

bnzm + ym(l-zj) = buz + p(l-z
2) = (3, (10) 

and we get by subtraction : = ym(l -zj) - bnu 
1-z2 v ' 

Now, since z — zm + u, we obtain 
_ J _ = _1 1 1 = 1 2zmu + u

2 1 
1 - z 2 l - z „ , 2 l - z r a

2 + l-z2 l - z m
2 + I-z,„2 1-z2 

_ 1 2zmu + u
a( 1 2zmm + M

2 1 
l—z 2 1—z 2 \l — ?• 2 i _ » 2 i ;a 
1 6m J. zm \ 1 z m 1 — Zm 1 — z , 

_ _ ! _ 2zmu + u
2 (2zmu + u

2)2 1 
"\-zj+ (i-zjf+ (\-Zm'f r=72 (12> 
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The process of expansion still further is obvious and easy. For the present we neglect 
terms in \p which involve the second and higher powers of u. Thus we get approxi
mately, by substituting from (7) above for u, 

f, = fm + ^^%'sm[{a(z3~z,a)}k] (13) 

This equation may also be written in the form, easily derived from (10), 

,- (3-hvz„. %(3zm-bn(\+zJ) , . r , ..i, , . 

Both (13) and (14) may be corrected by inserting the corrected value of u, both in the 
terms here included and in any further terms which have to be added from (12) to give a 
more exact value of \p. 
Integrating (13) and (14) we get an approximation to the value of the angle turned 

through by the top about the vertical in time t, measured from the instant at which the 
axis is in the mean circle. Thus 

, ,• • 2i/,„z™ — bn , \ 

t = Ymt - J n 2̂  U COS pt, 
p^ z>») i (15) 

^§^t^m-bn(l^) 
i-zj p(i-zm-y

 r 'j 
where p = {a(z3 — z„,)}

2. 
For the passage from the lower to the upper circle the angle ifr is given by 

f=y^^A^M\p>3A (16) 
r pi \-zm- (i-z„,-y ) 

4. Theory of the upright or "sleeping" top. When the axis of the top 
is at rest in coincidence with the upward vertical there is no distinction 
between the angular speed of rotation n and the angular speed jr about 
the vertical. The kinetic energy is then ^Cn2, and the potential energy 
Mgh. The total energy E is thus hCn2 + Mgh. This is the case in which 

the upper and lower limiting circles for a point P on the axis of the top 

have shrunk to a single point, the zenith of the sphere on which P is 

always situated, the case in fact of steady motion in the circle z=\, of 

zero radius. 

Let now, when the axis is thus at rest in the vertical position, a 

horizontal impulse be given to the top so that the axis is set suddenly in 

motion with angular speed 90: the kinetic energy is increased by the term 

\A92. Then the energy equation becomes 

F = l(A92 + Cn2) + Mgh (1) 

Also the A.M. about the vertical is Cn, so that when the axis ceases to be 

coincident with the vertical we have /3 = Gn/A = bn. 

When the axis of the top has moved away from the vertical, the term 

\Ajr2(l—z2) appears in the kinetic energy, and as the kinetic energy of 

spin remains unaltered we must have 

}IAjr
2(l-z2)+\A92 = hA82 + Mgh(\-z) (2) 

But in the present case /3 = bn, and so 

jr(\-z2) = (3-bnz = bn(l-z). 
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Thus (2) becomes b2n2~* + 82 = 80
2 + a(l -z), (3) 

since a = 2Mgh/A. Hence, if z define the limiting circle to which the axis 

of the top passes when disturbed from the vertical, we have f32 = 0, and 

so from (3) {()o2 + a ( 1_ 0 ) } ( 1 + 0)_fe2w2(1 _ 0) = Oj (4) 

or, writing y for 80, 

y\l+z) + {a(l+z)-b2n2}(l-z) = () (4') 

5. Stability of upright top. Graphical representation. We can lay 

down a graph of this equation with coordinates y, z. The graph (Fig. 26) 

\ § 

V* 
—\ 

II 

<« 

. 
0 

A 

+ 
n 
d 

a >- o 
FIG. 26 (1). 

is a cubic curve, of which we can trace the chief properties as follows. 

Putting 0=1 we get y2(l + z) = 0, 

so that for this value of z there is a vertical tangent which touches the 

curve at the point z = l, y = 0. If in (4') we put y = 0 and reject the factor 
1-s we get a(l + 2)_/j2̂ 2 = 0; 

so that there is a vertical tangent which crosses the line y = 0 at the point 

z = — 1 + b2n2/a. 

Besides these there is a vertical asymptote, the equation of which is 

z=-l. 

W e can now draw the graphs for different cases. First for a negative, 

that is the case in which the action of the gravity couple is to bring the 

axis of the top back towards the vertical, when caused to deviate from it, 

the right-hand or determining branch of the curve extends from the 

tangent z=\ to z= — 1 [Fig. 26(1)]. If we draw a line parallel to the 

axis of z, at distance 80 from that axis, it meets the curve in a point, the 
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z of which is very nearly unity, unless 80 is great. Thus, if 80 is small, the 

limiting circle is very near the zenith of the unit sphere, and w e see that 

the axis of figure does not deviate far from the vertical. The dependence 

of the deviation on the value of 90 or y is very clearly shown by the graph. 

Next we take the case of a positive. Here the result will depend on whether 

the spin is so great or so small as to make — 1 + b2n2/a > 1 or < 1 . In the 

first case the vertical tangent corresponding to the value — 1 + b2n2/a of z lies 

beyond the line z=\, and as shown in Fig. 26(2) the determining branch 

of the curve extends from the line z= 1 to the line z= — 1. The line y = 8\, 

for 80 small, therefore cuts the branch at a 

point the z of which is very nearly unity. 

This is the case of what has been called in 

14, V, above a " strong top." 

In the other case [of —l + b2n2/a<^ 1, with 

6t>0] the determining branch of the graph 

lies between z= —I and z = b2n2/a—l, and so 

the line y = 90 cuts the determining branch 

at a point the z of which, for a small value 

of 80, is only very slightly different from 

b2n2/a — 1; and there is no possibility of 

intersection between this value of z and z = \. 

Thus, on the slightest disturbance, the axis 

of figure passes from the position z = 1 to a 

limiting circle at the finite distance 2 — b2n?/a from the point z•— 1. This 

is the case of the so-called " weak top.'' [The relative diagram is Fig. 26 (3).] 

a > o 
FIG. 26 (3). 

6. Analytical discussion of stability of upright top. The results stated 

above as to the stability of the upright top may be established very 

easily in the following way. Let 1 — z = x; then z = l — a; and l + z = 2 — x. 
Hence (4'), 4, becomes 

ax2 + (b2n2-2a + y2)x-2y2 = 0, (1) 

a quadratic in x. The roots are real if (b2n2 — 2a + ?/2)2> — Say2- This 

condition is manifestly fulfilled if a > 0, and also when a < 0 if b2n2—2a 

be not zero, for we can make y2 as small as we please. Solving the 
equation (1) we get 

ljlfn2 

'•A a 2 + r)±s(--hhl--2 + X 

a a 
a J 

s.y2 

^11-2 + 1 
a a 

Now, since z cannot exceed 1, a: is essentially positive, and so (when the 

roots have opposite signs) we have only to consider the positive root. It 

will be shown later that, in all the cases considered here, the axis comes 

back periodically to the vertical, in each case in a finite time, even in the 
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case described below as unstable, provided that in that case the disturbance 

90 is not zero. W e now take the different cases seriatim. 

(1) a ts negative. Here both roots of the quadratic are positive, 

since the sum and product of the roots are both positive. Denoting 
b2n2/a - 2 by - m? we get 

^ aim2 — —) 

for we must take the smaller root, inasmuch as the larger far exceeds the 

diameter of the unit sphere. It is clear from this that x can be made as 

small as we please by taking y sufficiently small. The motion is therefore 

stable for the upright position of the top. 

(2) a is positive. W e have here two sub-cases: (a) b2n2/a— 1 > 1 , or 

b2n2/a- 2 > 0, and (j3) b2n2/a-l < 1, or b2n2/a-2 < 0. In the former we 

put b2n2/a—2 = m2. Then the equation has a positive and a negative 

root. The former is 

X= -4r2+a)+^+a-){l+ f ' y^i 
a( m2 + ^) 

and so, by taking y sufficiently small, we can make x as small as we please. 

The stability however is not so decided as in the former case, for in that 

m2 — y2/a, wThieh enters into the denominator of the term 8y2/a(m2 — y2/a)2, 

is greater in value, since | m2 j = | b2n2/a \ + 2 as against | m2 j = | b2n2/a— 2 |, for 

a positive. 

In the sub-case (f3) we make b2n2/a — 2=— m2. Here the roots have 

opposite signs (since a is positive). Hence we have 

"(ma) 
For y2 however small this gives x = m2. Thus the smallest disturbance of 

the top from the vertical gives a limiting circle at the approximate distance 

2 — b2n2/a from the upper pole (z=l) of the unit sphere. 

This last case is of great importance as affording a criterion of distinction, 

for the motion of a top at least, between stability and instability. The 

value of x may be small in the unstable case, but its smallness does not 

depend on the smallness of the disturbance, but on the excess of zero over 

b2n2-2a. 

In the transition case, of b2n2 = 2a, we have 

x=-^/8a+y^' 

and, clearly, in this case we must regard the motion as stable, since x can be 

made as small as we please by making the disturbance sufficiently small. 
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The transition from stability is gradual, since, as b2n2/a is diminished from 
equality with 2, the distance 2 — b2n2/a of the limiting circle gradually 
increases. 

7. Time of passage of weah top from limiting circle to any value of z. 
In the case of Vnlja- 1 < 1 [a positive], the weak top, w e can calculate the time of passage 
of the axis of the top from the limiting circle for the value zero of #0. This will be 
sufficient, as the top being unstable in the upright position the slightest disturbance will 

be enough to set it in motion towards a lower position of the axis. W e get easily from 
(3) (4) for the value of i2 the equation 

z2 = {a.(l+z)-6%i2l(l-z)2 (1) 

N o w one root of the equation {a(l + z) — b2n2}(l - z ) 2 = 0 

6 V , 
is z = 1, 

a 
and the other two roots are both equal to 1. W e call these roots z1: z2, z3. The large 
root of the cubic coalesces with z2, which is 1. Thus w e can write the equation for z'2 as 

z2 = a(z-z1)(\-zf; 

A d~ 
and therefore atdt = {- (2) 

(z-z,)*(l-z) 
To integrate this w e put (z-z1)* = u, and obtain, after reduction, 

a ldt = -; s (3) 
1 - z1 - u

l 

Thus w e find by performance of the integration 

^-L^ogO-^+C'-' t (4) 
(1-z,)* V - , , ) * - ^ ) ! 

N o constant of integration is required if t be reckoned from the instant at which the axis 
is at the limiting circle s1 = b

2nija — 1. 
Thus we have the result that the time taken by the top to pass from the position given 

by the limiting circle to the upright position is infinite. Similarly, if the top start from 

the upright position on account of a vanishingly small disturbance 80, the time of passage 
to the limiting circle is exceedingly great. 

8. Calculation of azimuthal motion for tveak top. We can also calculate 
the angle \jr turned through in the present case in any time t reckoned from the same 
zero of time. W e have ip = bn/(l +z). Hence, by the value of i obtained above, 

<£(z-z,)\\-z2) 

By the same transformation as before w e get 

., bn 2du 
df = ~j , 

a? I-i'tt + z,)2 

7, bn / du du \ , , 

^ji^^ + T^^) (2) 
Integrating, we find 

, 1 bn , (1-z,)i + (z-z,)i ./j-.-xi 

^ = 2,9 ,. aYv
log 7 - ^ x 4 — V t a n (iT- ) (3) 

- (2a - b2n-)-± (1 - z{f - (z- z,)* VL + H) 
As time passes and the axis approaches the upright position (without ever reaching it) 

the value of \js increases indefinitely, that is the axis describes on the unit sphere an ever 
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narrowing spiral, in consequence of the first term on the right in the value of yjr. The 

term tan-1 {(z — z ^ H - z ^ p remains finite. If the motion starts from the limiting circle 

m the opposite direction, an exactly similar' spiral (turned however the opposite way) is 

described. The two branches form a curve symmetrical about the meridian through the 
starting point. 

9. Periodic motion of tceak top. If 80 is not zero, there is in this (unstable) 

case of a positive and bV/a — 1 < 1, periodic return of the axis of the top to the vertical 

position. In fact the path described by the axis on the unit sphere does not differ very 

much from that described in the case of stability. W e can find the motion to a high 

degree of approximation by the process already employed. W e have now 

ff2(l-z2) = z2^[8\2(l+z) + {a(l+z)-b2n2}(l-z)](l-z) (1) 

One root of the equation z2 = 0 is z2=l, and another is z1 = b
2n2ja— 1 + e, and a third is z3. 

Hence, of course, i2 = a(2-Zj)(l -z)(z3-z), 

and dt = -x j (2) 

Clearly, if we integrate from z—zx to any value of z between 1 and zlt we obtain 

1 |" dz 1 P dz ,3-. 

«4(«s-«i)*J^i(*-*i)(i-*)}4< '<«ife-i)4J.,{(«-*i)(i-*)}4 

W e take a new variable u, such that z — z1=v,' + u, 1— z = u'— u, that is take a new-

variable u reckoned from the circle midway between the pole z = l and the circle z=zx. 

N o w we have, as in 3, 

= -»7r + sin-1 -, (4) 
u 

j-2 dz __ f" du _, 

)1,{(z-z1)(l-z)\^)^,(u'
2-u2f^7r 

Thus the inequality written above becomes 

1 -(ivr + sin-1 -) < t < r ( V + sin-l™) (5) 
{a(z3-Zl)}^ W {«(%-l)}iV

2 « ' 

The approximate value of t reckoned from the instant at which the axis intersects the 

mean circle [where z = \(\+z1) = zm, say,] 

t = rsin-1-, (6) 
{a(z3-zm)}i

 u 

The time from u= —u' to u — u' (the half period) is thus «-/{«(z3 — zm)}*. 

If we write now m={a(z3-zra)}
5 we get u = u'smmt, or 

z = zm + u' sin mt, (7) 

so that z differs from the mean value zm by a time-periodic term which passes through all 

its values in the period 27r/{a(z3-z,„)}", the time of passage from the pole to the limiting 

circle and back. 

10. Determination of azimuthal displacement for periodic motion of 

iveak top. To find \p we have, since (3 = bn, 

t=bnT^=TTz (1) 

1 1 1 1 _ = _ 1 u U2 1 
l+z~l+z,„l+z l+z m \ + zm (1 + zJ2 (l+z„)2l+z' But =-7-1=—TT" + TTT.~T~rTr=r~r7r~/i ,.. \2+n ._. \2 r_,r„ (J> 
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This expression may be carried as far as may be desired by substitution for 1/(1+z) on 

the right of the expression on the right, and so on. It is sufficient at present to use the 

first two terms on the right of (2). Thus we get 

Y l+zmV \+zJ l+z„A l+zm / 

and therefore 1//=- t-\ = TU'cos mt \ + Ya (4) 

l + z„,|_ m(l+z,„) J 
The time t is here reckoned from the instant at which the axis is at the mean 

circle zm. Hence, at t = 0, we have 
, bnu , /,N 

^=MT-^ +^ (5) 

After half a period, that is wjm, the axis is again at the mean circle, and 

fJfl _L.U*)^ (6) 
m l+z„\ l+z m/ 

In this interval the axis has risen to the vertical and fallen again to the circle zm. 
After another half period, during which the axis falls to the limiting circle and rises 

again to the circle zm, the value of \fr is given by 

* = £f^(* + i£H*' <7) 
The orthographic projection of the path on a horizontal plane is therefore a "rosette," 

like that indicated in Fig. 27. 

FIG. 27. 

11. Path of tvecdt top xvith reference to horizontal axes of x and y. 
The equation of the path with reference to horizontal axes of .r and y through the pole as 

origin can be found as follows. Equation (7), 9, can be written 

cos 6 - cos 8„, = i(l — cos 6\) sin mt, 

or 2sm^(8 + d,n)sin%(dm- 8) = sm
2}281sinmt. 

Since the angles 8, 8m, 61 are all small, we write angles for sines, and obtain 

or, since 82 = 26J, 

From this we deduce 

--8m
2(\-smmt) (1) 

= 6,„(cos hnt — sin hnt), (2) 
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by choosing the sign of the square root so as to make 8 diminish at the instant t = 0, as it 
does in (7), 9. Writing now x=dcos^r, y=8sinyfr, we obtain 

.v—8m(coshnt — sin hmt)cos\(r, \ /,, 

y— 8m(cos\mt — sinimi)sin^. I 

At Z = 0, we have, if we suppose that then \jr = 0, 

x=8m, x=-im8m, »/ = 0, V = (9„l-^
i- (4) 

12. Equations of motion of upright top derived from first principles. 
The general equations for the turning of the top about the axes O.r, Oy may be established 
as follows from first principles. The angular momenta about the vertical OZ, and the 

two horizontal axes, given by the horizontal projection of O E and OD, are respectively, 

Oracos 8JrA\psm28, - Cn sin 8 + A\p sin 8 cos 8, Ad. 

These become, with sin 8=8, cos 8 — 1, 

Cn, -Cnd + Axpd, Ad. 

Thus, since O D is to be regarded as having turned forward from Ox through the angle \jr, 

the angular momenta about Ox, Oy are, 

(Cnd- Aipd)sinf + A8 cos\/r, -(Cn8-Axpd) cos f +Ad sin ir, 

which can be written Ax + Cny, Ay-Cnx, of which the time rates of change are 
Aic + Cny, Ay-Cnx. The moments of the forces are Mghx, Mghy about Ox and Oy, and 

so the equations of motion are 

Ax + Cny-Mghx = 0, Ay-Cnx-Mghy = 0, (1) 
as already obtained. 
Clearly these equations can be united in one if we put z = x + iy. W e get 

Az-iCnz-Mghz = 0 (2) 

If we write z=ke'xt, this gives 
AA2-C>iA + M ^ = 0 (3) 

The roots of this equation are real if C% 2 > iMghA. Putting A,, k2 for the two roots 

(real if this condition is fulfilled) we have 

z=kie
i^t + k/xzt. 

The constants h, k2 in their more general form are complex, and may be written 

h1 = al — i(3l, k.2 = a.2 — i(32. Thus 

z=(a 1-ftO«
i M + (%-Aj)ea2' (4) 

Supposing Aj, A, to be real, we get by equating real and imaginary parts on the two 

sidesof (4), ^ = aicos V + ftsin A.1* + a2cos X2t + I32 sin \2t, \ ^ 

y = a1 sin k^t- fti cos kxt + a2 sin k2t - (32 cos k2t. J 

For the values of k we have 

thUH^Wfh <6» 
from which it will be clear, from the condition of reality of the roots, that both roots 
have the same sign. 

13. Discussion of the motion. It may appear from (4) and (5) that we have 
here four arbitrary constants for the complete integral of a linear differential equation of 
the second order, but it is to be observed that the elimination of x or y from (1) would 
give a linear differential equation of the fourth order, the complete integral of which 
would involve four constants. Equations (5) are those which we should obtain by finding 
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this integral : we should obtain no new roots, as the four roots of the determinantal 

equation would be simply AI; — Aj, A2, — A2. 
As the terms are arranged in (5), those in cq give a circular motion of period 2irjki and 

radius a-,, those in (3i a circular motion of the same period and in the same direction, but 
of radius [3X and of phase hr behind the former, if o.t, (3X be positive. Similarly the terms 

in a2, (32 give circular motions of periods 2-7r/A2 in the same direction and differing in 
phase as before, but of radii a2, (32 respectively. The values of the radii and the relations 

of phase depend on the initial conditions. 
If the condition for the reality of A,, A2 is not fulfilled, that is if kAMgh > C2®2, we have 

A.) On J .(iAMgh \i\ 

kj-2A\{l±i[-cw—1) r 

Thus $} = i%^(UM&S 
«A2J 2A 2A\ C % 2 / 

W e thus get an oscillation in the period iirAjC/n, affected by an exponential factor. 
Hence in the case of instability the axis of the top does not necessarily deviate far from 
the vertical. This deviation will be slight for a moderate time if (4:AMgh - C%2)/C%2 

is very small. Obviously however the disturbed motion does not, for an indefinitely 
small disturbance, coincide with the undisturbed motion, which is the condition fulfilled 
by the so-called stable motion. 

W h e n the axis is nearly coincident with the downward vertical the equations of 
motion (1) apply with change of the — sign before Mgh in each to +. W e have then 

the gyrostatic pendulum, in which both motions are stable without rotation. Thus the 
roots in (6) are now real in all cases. This case of motion is discussed in 20, 21, VII, below. 

It will be observed that in the discussion of the upright top given above the two 

unstable freedoms which we have without rotation are stabilised by the rotation. 

14. Estimate of error in approximation. As before, we can form an 
estimate of the amount of error involved in the approximate equations found above. 

If T be the difference between the approximate value of t found in 9 and the true value, 

1 1 

I I 1 ^ (%~1)5 (Z3-Q* 
\t\~~ 1 

fe^l)4 

T 

t<[zpi)-h 

Hence, if/denote a proper fraction, 

^^/{(jll)2-1)'' (1) 
where t is the true value of the time. 

It will be observed that this result shows that the equations are entirely inapplicable 
when 6\, = 0, for then z3 = l. 

If we go back to (1), 9, we see that the coefficient of z, when that of z3 is a, is 
2b2n2 — a. Now, since z2 = l, the sum of the products of the roots taken two and two is 
z.,(l +ZJ) + ZJ. Thus we obtain 

z., = 2-= r-1 ro) 

file:///t/~~
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.(3> 

_bV — a(l — u') 
h= a(\-u') ' 

, , b2n2-2a{\-u')2 , b2n2-2a(l-u') 
and also z-,-z,= ,, ,.—-, z,-1 = =—^-=—'-. 

J l a(l-u) ' 6 a(l-u) 
Tn. f JWn2~2a(l-u'y\% -i 

15. Explanation of an apparent anomaly. In the determination of ^ and 
\jr given in 10 above there is, apart from the fact that the value of u employed is not 
exact, neglect of the term !t2/(l+zm)

2(l+z) in 1/(1 +z). If \bn had been taken instead of 
bnl(\+z) for \p, we should have neglected Jt&)i(l — z)/(l + z) ; that is the error would have 
been greater than zero and less than \bnv!j(\ — u'). As it is, a closer approximation has. 
been employed. 

It will have been noticed that the difference between the stable and unstable cases 
consists in the fact that the difference 1— z,, for the former, diminishes to zero with 
80, while for the latter, however small 80 may be, 1 -z1 never falls below a lower limit. 
greater than zero. Thus the rosette which pictures the motion of the axis has non-
evanescent loops in the case of b2n2/a — 2 < 0, however slight the disturbance 80 may be. 
The rosette does however depend on the value of b2n2/a — 2, and if this is numerically^ 

very small, the rosette will be very small, and so the rosette (arising in a somewhat 
different way), which we shall find characterises the stable case, may be actually larger 
than that for the unstable case. 
Now, as has been pointed out by Klein [Bull. Amer. Math. Society, 3, 1897], the method 

of small oscillations, illustrated in 12, does not give this apparent contradiction of" 
instability afforded by the small rosette. H e shows however that the complete integral 
for t includes terms which it is legitimate to neglect when b2n2 — 2a is great, but which 
are comparable with bhi2 — 2a when this is small. 

16. Stable cases of motion of upright top.—We now consider the 

" stable " cases of the upright top under the condition that the disturbance 

from the vertical is negligibly small. As already remarked, these differ 

from the unstable case, notably in this, that the deviation of the axis from 

the vertical is always exceedingly small when the disturbing angular speed 

is so; while in the unstable case the deviation has the value 2 — b2n2/a for-

the least disturbance, and a still greater value when 80 is sensibly greater 

than zero. The magnitude of 2 — b2n2/a depends only on the ratio of 

b2n2 to a. 

Taking then t)0 as small, we obtain from (3), 4, 

82(\+z) + b2n2(l-z)-a(l-z2) = 90
2(l+z), (1). 

or, as we may write it, 

92 + b2n2ta.n2±9-2asin229 = 9
2 (2) 

Since 8 is very small we can deduce from the last equation the relation 

8 + l(b2n2-2a)8 = 0; (3> 

and we have seen in 6 that in the stable cases b2n2 = 2a. Thus, if 

b2n2 — 2a > 0, we have 

8 = l,iSinh(b2n?-2aft + Ij2eos][(b
2n2-2aft, . (4> 



122 GYROSTATICS CHAP. 

If we suppose that 8 = 0 when t = 0, this becomes 

8 = Llsinh(b
2n2-2a)h (5) 

The period of variation of 8 is thus real, and of value 4>Trj(b2ri2+ \ 2a\ )*, or 

4>Tr/(b2n2 — 2a) , according as a is negative or positive. The value of Lx is 

given by L1 = 29j(b
2n2-2a)h 

In the present case we have also (since the axis passes through the vertical) 

j^bn^2 = bnA lUl + \-/\ (6) 
' 1 — z2 1 + z \ \ + zl 

Thus, subject to an error of amount 

(l-z 
2hn)T+-zdt' 

the angle \Jr, turned through in time t from the instant t = 0, is given by 

•y/r=\bnt (7) 

The orthogonal projection of the path on a horizontal plane has the 

equations x = 9cosjr, y = 9sinjr, (8) 

or x = L1sin ̂ (b
2n2 — 2aft cos \bnt,) /C). 

y = LjSin |(b2n2 — 2a)H sin \bnt, f 

where the origin of coordinates is the projection of the upper pole of the 

sphere. 

17. Azimuthal turning. The angle jr turned through in half a period is 

bn 

(b2n2+\2a\f 

where the upper or the lower sign is to be taken according as a is negative 

or positive. It is thus less than ir in the former case, and greater than 

-n- in the latter. But it will be seen [from (5) or (9)] that the half-period is 

the interval of time between two successive passages of the axis through 

the vertical position. At an instant of vertical passage the axis is moving 

along an arc of a meridian, and the angle between the meridian of one 

passage and that of the next (the difference of " longitude ") is 

Trbn/(b2n2± \ 2a-1)4 (that is < TT or > TT) 

according as a is negative or positive. It is most carefully to be observed 

that this is the angle at the pole between the line along which the axis 

leaves the pole and the line along which it returns ; in other words, this 

angle is the supplement of that between the directions in which the axis 

leaves the pole at the beginning and end of the interval of time specified. 

It is the angle through which the plane through the vertical and the axis 

of the top swings round in the interval. This plane is to be regarded also 

as swinging round through the angle TT at the instant of the passage of the 
axis through the vertical [see 19 below]. 
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The intermediate case is that in which 2a is zero, that is when the top is 

acted on by no forces, or has a value of b2n2 infinitely great in comparison 

with 2a. The axis in that case describes and redescribes a cone about a 

mean position. 

A n extreme case of stability which may be noticed is that in which a is 

negative and bn zero, and the axis of the top is in the downward vertical 

direction. W e have then jr = 0, and — 2a = 4>Mgh/M(h2 + k2) = 4>g/l, where 

I is the length of the equivalent simple pendulum. If the axis is slightly 

disturbed from the vertical the equation of motion is 

8+^8 = 0, 

the equation of the ordinary pendulum vibrating in period 2ir(l/g)^. 

18. Stable motion between two close limiting circles near pole. Finally 
we consider the case of motion between two close limiting circles very near the vertical. 

W e shall suppose the top to have been started with A.M. about an axis nearly coinci
dent with the axis of figure, so that the precessional motion is. slow. In this case, 
as we have seen, bhi2 must be very great in comparison with 2a. Let u be the distance of 
the circle in which the axis is at any instant from the circle midway between the 
two limiting circles. For the mean circle we shall suppose the value of z to be zm, and 
take the distance between the two limiting circles as 2M'. The root z3 is here very great, 
and as the limiting circles are near the pole z3-zm, z3-zu z3-z.2 are all very nearly equal 
to z3- 1. W e have, by (2), 10, V, 

i2 = (a-az)(l-z2)-((3-bnz)2, (1) 

and the limiting circles are determined by the equation 

(a-az)(l-z2)-(/3-6nz)2 = 0 (2) 

The coefficient of z in this equation is 2/3bn — a. Hence, if z3, z2, z: be the roots, we have 

. , . , 2(3bn-a 

or approximately a(z3 — \) = (3bn-2a = b
2n2-2a (3) 

The period of oscillation between the circles is therefore [see 2 above] 

2ir/{a(z3-l)}i = 2Tr/(b
2n2-2a)i, 

nearly, and w e have z = zm + u'sin (bV-2a)h, (4) 

or, to a less close approximation, z = zm + M'sin hit (5) 

It will be observed that the period here obtained is half of the period for the case of 
stable motion through the pole. This is as it should be, for in the present case the 
period is the interval between the two successive intersections of either circle by the axis 
while in the case of motion through the pole the half-period is the time of passage from 

the limiting circle, through the pole, to the circle again. The second circle has coalesced 
with the pole, and this half-period therefore corresponds to the whole period in the 
other case. 

W e have now to consider the precessional motion. W e have 

,• (3 - bnz 



124 GYROSTATICS CHAP. 

A s the axis, though always near the vertical, does not actually pass through it, w e cannot 

put (3=bn with exactness, and so w e write the equation in the form 

(6) 
; 1/3-6/J, 1 (3 + bn : , ; 
Y = T2 i T ^ + 2 Y+-^ = Yi + Y2, say. 

Since 

we get 

1 

l+z = 
1 

»+7 
1 

Y-f 

"J+Zra (l+z,„)2 (l+z„,)2 I + z 

l(3 + bn_l J3 + bn u (7) 

'2 l+z,„ 2(l+zTO)
2 ' 

1 [3 + bn 1 (3 + bn 
u sm mi, (8) 

2 l+z„ 2(l+z m)
2 

nearly, where now m = (bV-2a)K The angle i/r turned through in time t by the vertical 

plane through the axis of the top is made up of two parts ipi, T^2, of which the second is 

given by _y l(3 + bnj} 1 (3 + bn 

For yjr1 w e have 

f2-
1 (3 + bn 1 
"2 1 +z„ 2m (l+z m)

2 

1-T* = 2^"^ 

u'cosmt. 

dt 

Since the axis does not pass through the pole 1 — z„ > a' 

*H 
1 (3-bn dt 1(3 

— u'&mmt 

, and so w e can write 

bn f dt 

...(9) 

.(10) 

1- -sm mt 
2 1- 1 — k sin «ii' 

•(H) 

where k < 1. By using the substitution w = tan|mi, we get easily 

(3-bn , , w-k 
+!-

Thus w e get finally 

Y=-

m{(l-zmf-

%o —k 

tan" 
<!-*»)» 

-(12) . 

tan" 
/3 + 6» .l^+^^ + A^^iycos^. 

2 1+z™ 2m(l + zJ2 
.(13) 

m{(l-zm)
2-»'2}5 (l-/t2p 

19. Extension of case of 18 to that in which axis passes infinitely 
near pole. It is interesting to consider h o w this investigation can be extended to the 

case in which the axis passes through (or, 

as w e shall say, infinitely near) the pole. 

Here 1 - z,„ = ?</ + e, where e is small com

pared with it', which in its turn w e shall 

regard as small compared with 1. The 

analytical discussion requires very great 

care ; but what happens is easily made 

out by a consideration of the geometry of 

the motion. Let the large circle in the 

.diagram (drawn for the case of u < 0) be 

the lower limiting circle (z = z^, and let the 

upper be shrunk d o w n to an exceedingly 

small circle c, corresponding to : = 1 - e, and 

therefore of radius (2e)3. It will be seen 

that if 6n be the rate at which 6 is increas

ing at a point A at a distance from c large 

compared with e, but still comparatively far 
FlG- 2S- from the lower circle, the value of \p at the 

small circle, where it is touched by the axis in passing, is approximately (90/(2e)-. It is 

obvious that d0 must, since d changes very slowly near the pole, be very approximately 

the value of d when the axis is passing the pole. 
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N o w when the axis actually passes through the pole \p loses its meaning, but we are 
led by the foregoing to regard it as becoming infinite just at the pole by the vanishing 

of 2e. By this mode of considering the matter we take d as ̂ (2e)s, and so regard the 

pole as an infinitely small limiting circle at which there is no d, since that is replaced 
by the term in \jr. In the element of time bisected by the instant at which the axis 
passes the pole, the value of \p changes abruptly by IT. 

It will be observed that the introduction of this value of i/r does not conflict with the 

condition ^,r\-Z
2) = (3- bnz. 

For \p=60l(2e)^ = 80l8, and therefore î (l -z
2)=d\d, which is vanishingly small when d is. 

Thus \p(l-z2) still vanishes as the upper circle is shrunk infinitely near to zero, and 
so is consistent with the vanishing of (3-bnz, when z becomes 1. 

W e have now to inquire whether this discontinuity in the value of ip, as the axis 
passes the vertical, is given by the expression found above for ̂ ri + Y2. It is clear that 
no discontinuity is given by i/r2. It remains to examine \jr1. W e have 

, 1 (3-bn , w-k 
y-j = j tan-' -m{(l-zm)

2-u'2}* (l-Fys 

where k2=u"2j(l—zm)
2. N o w k = u'j{l—zm)=u'l(u' + e), and so as the upper limiting circle 

is shrunk down more and more to zero, radius 1 - k"- approaches more nearly to zero, and 
(w-k)j(l — k2) to oo . But t is reckoned from the circle zm, and when the vertical is reached 
we have by (4), 18, t = \ir(m, and w—ta,ii\m.t — ta.Xi^Tr = l. W h e n i increases beyond 

this value w — k changes sign from negative to positive. Thus (w — k)j(l — k2)* springs 

at once from — oo to +oo. But when w is infinitely near to 1, (w — k)/(l — k2)* is 

{(1— k)l(l+k)} *, or zero. Hence the sudden change of (w-k)j(\-k2Y from -co to +oc 

is through the value zero, that is tan-1{(?o — k)/(l — k2)2} changes suddenly by the angle ir. 

20. Interpretation of discontinuity in \p at pole. To complete the identifi
cation of this sudden change of tjr with that reckoned above from elementary considera

tions, we have to show that the coefficient 

(3-bn 

m{(]-z,„)2-V2}4 

has the value 1. First we consider the numerator. W e have 

^ - 5 » J = ^ ( 1 - Z 2 ) - 6 M ( 1 - Z ) 

= {v(l+z)-bn)z, 

where e = l-z, which in the limit is very small. N o w we have seen that if d0 be the 

rate of variation of d near the pole we have \p = d0/d. Thus 

(3-bn=\^(l+z)-bn)e. 

But for the lower limiting circle defined by Zj (and corresponding to df we have by (1), 16, 

6V6Y=<?0
2(l+2i)2, 

since bn is great in comparison with a. Thus 

6»611 = 6\,(l+z1), 

and therefore #o = ^M#iT~T— 
H-z'i 

Thus we find 

veiy nearly. 
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Next, consider the denominator, remembering that m = bn, approximately. W e have 

bn{(l-zm)
2-u'2\i==bii{l-zm-zm(l-zm)-u'

2\i = bn{u' + €-zm(u' + i)-u'
2]^. 

Since 1 — z„ = u' + e, the last expression can be written 

bn\(u' + e)2 - w'2}* = bn(2u'e)i, 

which is the value obtained above for the numerator. In the limit therefore the 

coefficient is unity. 
The angle y turned through by the vertical plane through the axis of the top, in 

a passage from the lower circle past the vertical to the lower circle, and back again past 
the vertical, is from the point of view just presented (that of just grazing an infinitely 
small circle surrounding the pole) made up of 27r given by two discontinuities in ipi and 

the angle 
1 (3 + bn in 

^2~2 l+z,„ m ' 

with approximately 1 +z,n = 2, (3-=bn, m = ib
2n2-2afi. Thus we may write 

*,-*r(l + s£p> 

The whole angle turned through is therefore 4TT + 2ivajb2n2. The change of azimuth 
of the vertical plane through the centre of the infinitely small circle, corresponding to 
the passage of the axis from the small circle to the lower circle, and back again to the 
small circle, is therefore 2?r + -najbhi2, which, whether a > or < 0, agrees with the diagram 
for the stable cases given in Fig. 28. The angle between the directions of two successive 

lines of leaving the small circle is itajbhi2. 

Note.—In addition to the diagrams of path given from time to time in the foregoing 

chapters, other possible curves will be included in the chapter on Methods of Calculation 

and Quadrature. 



CHAPTER VII 

GYROSTATS A N D VARIOUS PHYSICAL APPLICATIONS OF 

GYROSTATS 

1. Gyrostats. Before proceeding further with the more abstract theory 

of a top, it will be useful perhaps to give an account of gyrostats and of 

some of their applications. The theory of a gyrostat differs from that of 

an ordinary symmetrical top, inasmuch as the motion of the case or frame 

which encloses the flywheel of the gyrostat must be taken into account. 

FIG. 29(a). Fin. 29(d). 

Some different forms of gyrostat are here pictured [Fig. 29]. The nearly 

enclosing case of the Kelvin gyrostat [Fig. 29 (a)] was designed rather to 

suggest the idea of a body which, though identical in outward form with 

other bodies, has yet peculiar properties which are only to be explained by 

motions of internal parts, the existence of which is inferred from a study 

of the body's dynamical behaviour. 

Fig. 29 (b) shows one of Dr. J. G. Gray's motor gyrostats, supported on a 

skate. The flywheel is the rotor of a continuous current electric motor, 

which can be driven from an ordinary electric light circuit. 
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Fig. 30, (a) and (b), shows an effective form of gyrostat, easily constructed 
by utilising a bicycle wheel on its ball bearings, as recommended by 
Sir George Greenhill. In diagram (a) the wheel is shown supported at 
one end of the axle, which rests in a cup. In experiments with such a 
wheel it is advisable, for safety, always to employ some form of universal 
joint, e.g. the altazimuth suspension shown in (b). 

It has been shown in 2, V, above, how the inertia of the case is taken 
account of when the axis of the flywheel may be taken as also the axis of 
symmetry of the whole instrument. Thus equations (1) to (9) of 1, V, 
contain the elements of the mathematical theory of the subject.. 

W e shall now consider various examples, in the main such as fulfil, or 
nearly fulfil, the condition that the instrument is supported at a point 
situated on the axis of symmetry. W e repeat here, as the equation mainly 
to be employed (when a point 0 of the axis is fixed), 

A9 + (Cn + C'a>1-Ajrcos9)jrsmd = K, (1) 

where O is the moment of inertia and w1 the angular speed of the case 
about the axis of symmetry, while K is the couple applied about the axis 
through the point of support, round which the rate of turning is 8. This 
axis is at right angles at once to the axis of symmetry and to the vertical 
(or what corresponds to the vertical if the couple G is not supplied by 
gravity). A is the moment of inertia of the whole instrument about this 
axis, or about any other transverse axis through the point of support. 

Along with (1) goes the equation 

Ajr sin 8 - (Cn + C'to1 - 2Ajr cos 9) 8 = L, (2) 

for the axis O E at right angles to O C and OD. 
If we do not suppose the top or gyrostat supported on a fixed point, A is 

the moment of inertia about a transverse axis through the centroid, G, while 
the turnings and couples in (1) and (2) now refer to axes through G parallel 
to those already specified. But in this case we have to introduce equations 
for the motion of the centroid. These have the form, 

M* = X, My = Y, Mi = Z, (s. 
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where x, y, z are the Cartesian coordinates of the centroid, and X, Y, Z are 

the total applied forces (friction included if there is any) along the axes. 

In the important case in which the point O on the axis is fixed, the values 

of X, Y, Z are given in (3), 1, V, for axes there specified. The present Z is 

however equal to the former Z —Mr/. 

2. Reaction of a top or gyrostat on its support. W e now consider the 

reaction of a top or gyrostat on its support. First we shall suppose the top 

to be supported at a fixed point on its axis of -figure. 

W e refer the motion to a vertical axis Oz, and two horizontal axes, one, 

Ox, coincident with OD, the other, Oy, coincident with the horizontal pro

jection of OE. The components of momentum in the directions of the axes 

of x and y are respectively Mhjr sin 8 and — Mhd cos 8, while that along 

the upward vertical is — M h8 sin 8. 

The rate of production of momentum in the direction of the axis of x is 

Mhjr sin 8+ Mhjr9 cos 9, from differentiation of Mhjr sin 9, together with 

Mhjr9 cos 9 arising from the motion of the axes. The rates of production 

of momentum for the directions Oy, Oz are 

- Mhd cos 9 + Mh92sin 9 + Mhjr2sin 9, - Mh'8 sin 8 - Mh92cos 8 

respectively. The latter comes entirely from differentiation of — Mh9 sin 9, 

since the axes Ox, Oy remain horizontal; the first two terms of the former 

are derived from — Mh9 cos 8, the third arises from motion of the axis Ox. 

If —(X, Y, Z) be the components of the reaction on the support for 

axes 0(x, y, z), as specified above, we have, as in (3), 1, V, 

X = M/t(^sin (9 + 2^0cos 0), Y = -M/i(f9cos0-fXsin0--y>2sinr3), 

Z = M (g -h8 sin 8- h82cos 8). 

W e next take a gyrostat resting on the rim which surrounds its case, as 

in Fig. 29 (a), while the axis of figure is inclined at the angle 8 to the 

vertical. If a be the distance of the point of support from the centroid, 

the centre we suppose of the flywheel, the equations just found apply, pro

vided a and \ir — 8 be substituted for h and 8, and the sign of Y be reversed. 

M includes the mass of the case as well as that of the flywheel. 

About Ox, drawn from the centroid G parallel to OD, the total moment of forces for 
steady motion (tp = p) is - Ma(g + prasin d)gcos d. If A be the total moment of inertia 
about a transverse through G to the flywheel axis, the A.M. about Ox grows at rate 

(On- A/xcos d)psin d. Hence we get the quadratic for p., 

(A - M a2) sin d cos d.p2- Cn sin Q.p- Mga cos 0 = 0. 

3. The Serson-Fleuriais top for giving an artificial horizon at sea. 
The following is a quotation from an article in the Gentleman's Magazine 

for 1754 : " Eleven or twelve years ago Mr. Serson, an ingenious mechanick, 

took a hint from the property of a top set a spinning, that the axis of its 

rotation affects a vertical position, and got a kind of top made, whose upper 

surface perpendicular to the axe was a circular plate of polished metal; and 
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found, as he had expected, that when this top was briskly set in motion, its 

plain surface would soon become horizontal; that all objects at rest, and 

reflected by that surface to an eye also at rest, did appear entirely without 

motion; and that if the whirling plane were disturbed from its horizontal 

position, it would soon recover it again, and preserve it unless disturbed 

anew, or that its velocity was too far diminished." 

Obviously this device contained a solution of the problem of finding a 

satisfactory horizon for use in sextant observations at sea, when there was 

fog round the sea horizon, and with the aid of George Graham, F.R.S., the 

celebrated instrument maker, it was realised as a kind of top spun in the 

ordinary, way by quickly unwinding a band from an axle surrounding 

the axis of figure. At first the Admiralty declined to try the instrument, 

but ultimately it was tried on board an Admiralty yacht at the Nore in 

1743, and favourably reported upon. Mr. Serson was sent by the Admiralty 

to sea in the Victory a little later to test a new instrument, but the ship 

was lost with all on board. Mr. Graham then had one made, and " used 

frequently to express great indignation at the unaccountable disregard of 

so promising a discovery, having himself made many tryals of its pro

perties.'' [Loc. cit. supra. See also Short, Phil. Trans. 47, 1751-2.] 

It may be stated here that a common level, or a pendulum, is of no use 

for giving a horizontal or vertical'direction on a body, like a quickly moving 

boat or aeroplane, which is constantly undergoing varying acceleration. 

Serson's device has been revived (or independently invented) in France 

within the last twenty or thirty years, and is more or less in use in the 

French navy in the improved 

form given to it by Admiral 

Fleuriais [Fig. 31]. As will be 

seen from the figure, it is simply 

_I1V a small top with, as shown in 

the diagram, a certain amount 

of gravitational stability. M is 

about 175 grammes, and Mgh 

is made at least 17'5 grammes. 

[The value of C for a trial 

instrument tested in 1887 was 

490 gramme-centimetre units.] 
The drive is an air-blast acting on "bucket' depressions round the edo-e of 

the wheel: the speed is run up to about 80 turns per second before an 

observation, and the blast is then shut off and the air pump reversed so as 

to exhaust the chamber in which the top spins. The speed falls to about 
60 turns per second during an observation. 

The upper circular plane face forms a table which carries at the extremities 

of a diameter two equal plano-convex lenses, L, L' as shown, with their 

- —--M If 
TW 

r Flo. 31. 
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plane faces turned towards one another, and at right angles to the diameter. 

The distance between these faces is the focal length of either lens, and a 

datum-line is drawn on each parallel to the table and through the axis of 

the lens arrangement. 

The diagram sufficiently explains the use of the instrument for sextant 

observations. As will be seen from the diagram, it is carried by the 

sextant behind the small mirror into which the telescope looks. Rays from 

the mark on one of the lenses are rendered parallel by the other lens, and 

are then received by the telescope of the sextant, together with rays from 

the distant object brought into parallelism with the beam from the lenses 

by two reflections from the mirrors in the usual way. A distinct image 

is obtained notwithstanding the spin in consequence of the persistence 

of impressions on the retina. To get good results requires considerable 

practice. 

The spin and moment of inertia of the top about its axis are both so 

great that any precessional motion caused by disturbances is of very long 

period. The precession, in fact, is so slow that successive disturbances due 

to rolling or pitching of the ship have time to annul one another for all 

practical purposes. 

In most descriptions of the action of this instrument which have been 

given it is said to be subject to an inclinational error, T cos 6786160 (where T 

is the precessional period of the top and I the latitude), due to the earth's 

rotation. This holds for a gyrostatic pendulum hung from a universal joint 

or for (the impossible) case of a top supported by a frictionless peg. In such 

a case let the ship be in latitude I, the angular speed w of the earth may be 

resolved into two components, w sin I about the vertical and w cos I about 

the northward horizontal at the place. As the axis of spin. of the top is 

very nearly vertical the former component is of little consequence, pro

vided Mgh is large in comparison with Cnw sin 1. [See 6 below.] The 

latter, however, if the spin n of the top is counter-clockwise, is producing 

A.M. about an eastward horizontal line at rate Cnw cos I. As there is no 

externally applied couple about this eastward line, the top turns in the 

direction to neutralise this rate of growth of A.M., that is the upper end of 

the axis turns towards the north, and, after a little oscillation, relative 

equilibrium ensues when the gravitational stability gives the couple 

requisite for the steady production of A.M. at rate Cnw cos 1. The apparent 

upward vertical is then north of the true vertical, by an angle 8 given by 

Gnw cos I = Mgh sin 8, (1) 

where h, the distance of the centroid below the point of support, is taken 

positive. The true latitude is thus south of the apparent latitude as given 

by observations made with this artificial horizon. Since T = 27rC7i/M(7/i 

approximately the inclinational error is as stated above. 
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But in the case of the Serson-Fleuriais level the vertical is defined by the 
interaction of the peg and its supporting cup. If the top becomes slightly 

inclined to the vertical an erecting couple of moment L, depending on the 

design of the peg and cup, the spin and the weight of the top, comes into 

play, and the top erects itself in accordance with the equation 

-6 = Cn> 

where 8 is the tilt from the upward vertical. If 

L Zcos 8 
CnT 86160 

there is no error due to the earth's rotation. 

A n exact theory of the inclinational effect of the earth's rotation is given 

in 16 below for a case in which it has full play, that of Gilbert's bary-

gyroscope, which is supported on two knife-edges in a line through the 

centre of the flywheel. The theory of erection will be given later. 

4. Iffyrostatic observation of the rotation of the earth. Foucaulfz 

methods. The famous French experi

mentalist, Leon Foucault,* suggested two 

ways of determining the rotation of 

the earth. One was observation of the 

apparent turning of the plane of vibration 

of a long pendulum, suspended so as to be 

as nearly as possible free from any con

straint due to the attachment of the pen

dulum wire to its fixed support. This 

classical experiment was carried out with 

fair success at the Pantheon at Paris, and 

was repeated under the domes of the 

cathedrals of Amiens and Rheims. 

Foucault's other method was based on 

the fact that a gyrostat, if mounted 

properly, retains unaltered the direction 

of the spin-axis when the supports are 

turned round. Take, for example, the 

pedestal gyrostat of Fig. 32. The flywheel 

is within the frame there shown as carried 

by a vertical rod, which swivels in a 

vertical socket projecting upward from 
the supporting stand. Rods with arrow-points are attached, to be set to 

represent the spin axis, the couple axis, and the direction of rotation If 

* Comptes rendus, 35 (1852). 
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the spinning gyrostat has its spin axis in any chosen direction, and the 

supporting stand is turned round, a friction couple of some little magni

tude is applied to the vertical rod; nevertheless, the direction of the 

spin-axis is not altered perceptibly. Yet the friction couple is sufficient 

to carry the gyrostat round with the stand when there is no spin. The 

spin results in a great increase of virtual inertia for turning displacements,, 

as we shall see quantitatively in one of the arrangements described below 

in the present chapter. 

It is to be understood that when there is no weight hung on the gyrostat 

case, the axes XX', YY', ZZ' intersect at the common centre of gravity of 

the flywheel and case, and that there is no friction couple- about any of 

these axes. 

When the axis of spin of the pedestal gyrostat is adjusted to be accurately 

horizontal, and to point north, the horizontal component of the earth's 

angular velocity will have no gyrostatic effect, and the vertical component 

will merely turn the base piece round, and enable the earth's rotation to be-

seen from the changed azimuth of a mark on the base. Such a mark will,. 

since the angular speed about the vertical in latitude I, is w sin I, make a 

complete revolution about the vertical in (1 sidereal day)/sin I. 

Under the conditions stated the axis of spin of the gyrostat, whatever 

its original direction, would preserve its direction in space as long as the 

flywheel was kept in rotation. In 5 the effect of non-fulfilment of thesa 

conditions in certain respects will be considered. 

5. Gyrostatic balance and gyrostatic dipping needle. Lord Keloids' 
methods. At the British Association meetings at Southport and Montreal, 

in 1883 and 1884, Lord Kelvin suggested methods of demonstrating the earth's 

rotation, and of constructing a gyrostatic compass. One of these had refer

ence to the component of rotation about the vertical, the component in fact 

demonstrated by the Foucault pendulum experiment. If w be the resultant 

angular speed, the component about the vertical at any place in latitude I is 

w sin I, while the companion component about the horizontal there is w cos I. 

Thus at London the component about the vertical is 0p78 of w, and the 

period of rotation about the vertical is about 30'77 hours of sidereal time. 

(One sidereal day = 86,160 seconds, nearly.) 

Lord Kelvin's method of measuring w sin I consists in supporting a gyro

stat on knife-edges attached to the projecting edge of the case, so that the 

gyrostat without spin rests with the axis horizontal or nearly so. For this 

purpose the line of knife-edges is laid through the centre of the flywheel at 

right angles to the axis, and the plane of the knife-edges is therefore the 

plane of symmetry of the flywheel perpendicular to the axis. The knife-

edges are a little above the centre of gravity of the instrument, which we 

suppose in or nearly in that plane, so that there is a little gravitational-
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stability. The azimuth of the axis is a matter of indifference, as any couple 

due to the component of rotation about the horizontal is balanced by an 

equal couple furnished by the knife-edge bearings. The apparatus described 

in 6 would serve if the axis of the flywheel were turned through 90" with 

reference to the knife-edges, and scale-pans were added. 

At points in a line at right angles to the line of knife-edges, and passing 

through it, two scale-pans are attached to the framework, and by weights 

in these the axis of the gyrostat (without spin) is adjusted, as nearly as 

may be, in a horizontal position which is marked. The gyrostat is now 

removed to have its flywheel spun rapidly, and is then replaced. It is 

found that the weights in the scale-pans have to be altered now to bring 

the gyrostat back to the marked position. From the alteration in the 

weights the angular speed about the vertical can be calculated. 

To fix the ideas let the gyrostat axis be north and south, and let the spin 

to an observer, looking at it from beyond the north end, be in the counter-

clock, or positive direction. The rotation of the earth about the vertical 

carries the north end of the axis,round towards the west, and therefore 

angular momentum is being produced about a horizontal axis drawn west

ward, at a rate equal to Cnw sin I, where Cn is the angular momentum of 

the flywheel. If the sum of the increase of weight on one scale-pan and 

the diminution (if any) in the other be w, and a be the horizontal distance 

between the points of attachment of the scale-pans, we have 

Cnw sin I = ivga. 

Thus if C and n are known, w sin I, or w, can be calculated. 

N o figures were given as to the forces to be measured in a practical 

experiment; but these may be supplied as follows. W e may take the mass 

of a small flywheel as 400 grammes, its radius of gyration as 4 cm., and its 

speed of revolution if high as 200 revolutions per second. If we take a as 

10 cm. we obtain for London the equation 

400 x 43 x 400TT x ^T—K-8 = 10 X 981 x -u: 

86160 
This gives ii> = 0'047, and therefore the weight is 47 millio-rammes. It 

would require careful arrangements to carry out the experiment accurately, 

but the idea is clearly not unpractical. With some of the new gyrostats 

that we now have, the mass of the wheel is as much as 2,000 grammes, and 

the radius of gyration is about 7'5 cm. These numbers bring the weight 

up to 0'82 gramme, at the same speed. 

If the gravitational stability of this gyrostatic balance be removed, that 

is, if the line of knife-edges be made to pass accurately through the centre 

of gravity of the system of wheel and framework, and the axis of rotation 

be placed in a truly north and south vertical plane, so that the knit'e-edo-es are 

horizontally east and west, the gyrostat will be in stable equilibrium when 
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the axis is parallel to the earth's axis, and is turned so that the direction of 

rotation agrees with the rotation of the earth.* For we have then simply 

the experiment, described in Chapter I and discussed in 7 below, of the 

gyrostat resting by trunnions on bearings attached to a tray which is 

carried round by the experimenter. The axis of the gyrostat was at 

right angles to the tray, and when tlie tray, held horizontally, was carried 

round in azimuth the equilibrium of the gyrostat was stable or unstable, 

according as the two turnings agreed or disagreed in direction. In the 

present case the tray is the earth, the position of the axis of rotation 

parallel to the earth's axis replaces the vertical position, and the earth's 

turning the azimuthal motion. If displaced from the stable position the 

gyrostat will oscillate about it in the period 27r(A/CTOft>)̂ , where A is the 

moment of inertia about the knife-edges, and the other quantities have 

the meanings already assigned to them [see (1), 7, below]. 

If the line of knife-edges be north and south, the vertical will be the 

stable, or unstable, direction of the axis of rotation, and there will be 

oscillation about the stable position in the period 2Tr(A/Cna>smVp. 

The gyrostat thus imitates exactly the behaviour of a dipping needle in 

the earth's magnetic field, and thus we have a gyrostatic model of the 

dipping needle. 

6. Gilbert's barogyroscope. It is right to point out that these arrange

ments were anticipated by Gilbert's barogyroscope, which rests on precisely 

the same idea, and applies it in a similar manner. 

In this a gyrostat [Fig. 33] is supported on bearings, fixed horizontally 

east and west, and has a certain adjustable amount of gravitational 

stability supplied by placing the centroid below the line of bearings. 

*This idea forms the basis of a paper by Sire, published in 1858 (Arch, des Sci. Pliys. el Nat., 

Geneve, 1, 1858). Sire proposed to use this principle for the determination of the earth's rotation. 



FIG. 34. 

136 G Y R O S T A T I C S 

Let I [Fig. 34] be the (north) latitude of the place, and the a:a^°g 
rotation of the flywheel be inclined at an angle 8 (lower end, say, L0VS" 
the south) to the vertical at the place P. The angular speed, w say, o 

earth's rotation can be resolved into two cox 
ponents: one, w sin (1 + 8), about the axis of the 
flywheel, the other, w cos (6 + 0), about a line at 
right angles to this axis, and drawn towards the 
north. If n and w be similarly directed, the 
component w cos (I+ 8) gives a precessional motion, 
which for a proper value of 9 will equal M#/ism0, 
the couple about the line of bearings. 

If the line of bearings is horizontally east and west, 
and the flywheel is spun to an angular speed <j>, rela
tive to the earth, the speed n when the gyrostat is 

set up in position will be j±wsin(l + 9). At this inclination there will be 
equilibrium, and then Cnwcos(l + 9) = Mghsin9. With the understanding 

stated as to the meaning of n this equation is exact. Hence 

Gnw cos I (1) 
Und = Gnwsinl + Myh 

If the spin be reversed the inclination is to the other side of the 

vertical, and of amount 8', given by 

Cnw cos I _ (2) 
tan 9 = Q^Tsin 6 - Mc/fc 

This in point of fact, is an exact solution of the problem of the action 
of the gyroscopic horizon instrument [3 above], giving the error 9 or 8 to be 
taken tccount of when a gyrostat is used as a clinometer or to give an 

artificial horizon. 
If the line of bearings be horizontal, but inclined at an angle <p to tne 

east and west horizontal line, and the inclination of the axis of rotation of 
the gyrostat to the vertical be 8, then, instead of (2), we have 

__ Cnw cos I cos <p_ (3) 
tand=Cnwsinl + Mgh 

The components of w about the vertical and the horizontal in the 
meridian are a, sin 6 and w cos I. The latter has a component w cos I cos 0 
about a horizontal axis at azimuth 0 to the east of north, for the angle </> 
is here taken towards the north at the west bearing. This, m its 
turn gives an angular speed, about an axis perpendicular at once to the 
line'of bearings and to the axis of rotation, of amount o> cos 6 cos <p cos 8. 
The component losinf, about the vertical, gives a component, -co sin I sin 0, 
about the axis last mentioned. The precessional angular speed about that 
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axis is therefore w(cos6cos ̂6 cos 0 — sin J sin 0). Hence, since as before the 

couple about the line of bearings is Mgh sin 8, we get 

Gnw(cos I cos cf> cos 0 — sin I sin 0) = Mgh sin 0, 

-, ,i » , . Gnw cos 6 cos </> /iN 
and therefore tan 0 = ̂  = - , — — ^ (*) 

Cnw sin 1 +Mgh 
Here it is supposed that n and w are the same way round. If they are 

not, the denominator (taking the numerical value of 0) must have the value 
C?icosin6 — Mc77i, and the upper end of the axis is turned towards the south, 

instead of to the north as in the former case. 

Taking equation (2), and supposing the flywheel to make N turns per second, we 
get wo)= 2TTN x 27r/86160 = 47T2N/86160, and 

a c o s I lr 
tan ° = . : 86160Mgh ('' 

31111~ 4^CN 

If A be the moment of inertia of the instrument about the line of bearings 
and T its period as a compound pendulum oscillating about that line, we have 

T = 2TT(A/M^)4. Hence, if C = M , (5) becomes 

^^-f&eo <6> 
Thus the wheel would turn over in latitude I if we could make N as great as 
86160/£T2sin 1. As Sir George Greenhill remarks (R.G. T. p. 259), if T were 15 (as in the 

400-day clock), I were 30°, and k were 2, we should get N = 383. Indeed, apart from the 
fact that the ring, in which the top is held, adds to A, the value of k is certainly sensibly 

less than 2 in instruments actually made ; nevertheless the speed of inversion is not 
unattainable. For example, the barogyroscope made by M. Koenigs* may (if there is 
no question of safety) be run up to 55,000 revolutions per minute, or over 900 per second. 
Such a speed would however be as much as, if not more than, a brass flywheel, even of 
small size, would bear. These results are important for various appliances. 

7. Gyrostat ivith axis vertical, stable or unstable according to direc

tion of azimuthal turning. W e consider here a gyrostat supported (as 

shown in Fig. 35) by two trunnions screwed to the projecting edge, in the 

plane of the flywheel, on a wooden frame or tray. The axis of the wheel 

is very nearly vertical, and the wheel is spinning rapidly in the direction of 

an arrow (not shown) drawn on the upper side of the case. The centre of 

gravity of the whole instrument is nearly on the level of the trunnions, so 

that there is little or no gravity preponderance. The following experiment 

has already been described in I. 

If the tray be carried round horizontally with constant angular speed 

p in the direction of spin, the gyrostat remains quite stable. If how

ever it be carried round in the opposite direction, the gyrostat imme

diately turns on its trunnions and capsizes, so that the other end of the 

* Revue Generate des Sciences, Paris, 1891. 
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axis becomes uppermost, and if the azimuthal motion is continued in the 
same direction, the gyrostat is now stable. It will be observed that the 
flywheel is now spinning in the direction of the azimuthal motion. Hence 
the gyrostat is in stable equilibrium when the azimuthal motion is m 
the same direction as the rotational motion. 

This result follows from the 0-equation of motion, which is approxi
mately, for the present case, 

A8 + Cnp8 = 0 (1) 

The solution of this equation, if n and p have the same direction so that 

np is positive, is oscillatory motion of period 2ir(A/Cnp)'i about the 
vertical position, so that this position is stable according to the definition 
of stability provisionally adopted in 9, V, above. 

O n the other hand, if n and p have opposite signs the solution of the 
differential equation is of another form, curiously connected with the 
former, but representing a different state of things. It shows that if 
the gyrostat is disturbed from the vertical position of its axis it tends to 
pass further away from it; the instrument capsizes. The solution in this 
case, to suit the initial condition of 0 = 0 when / = 0, is 

8 = B(e'Pt-e-Pt), 

where p = (Cny/Ay and B are constants. This indicates a continuous 
increase of 0 as 6 increases. 

The two results are indeed indicated by (1). The moment Cnp.8, regarded 
as a couple producing rate of change A 0 of A.M., is in the first case in 
the direction to check motion away from the vertical position, and to 
bring the gyrostat back to that position, while, in the other case, Cnp8, 
having the opposite sign, produces A.M. in the direction away from the 
vertical [see also below]. 

It will be seen that in this arrangement of the gyrostat it has one 
freedom of motion as regards inclination of the axis to the vertical; it can 
turn about the trunnions, but not about a horizontal axis at right ano-les to 
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the line of the trunnions. Hence, as we shall show later, the gyrostat 

cannot have complete dynamical stability. 

Even with gravitational stability of the spinning gyrostat, slow azimuthal 

turning will be consistent with a position of stable equilibrium if in one 

direction, but not when in the opposite direction. 

The inversion of the flywheel brings into play a wrench on the hands of 

the experimenter. A varying couple, lasting during the time of the inver

sion, is required to reverse the angular momentum of the wheel in space, 

and this is applied to the gyrostat by the frame at the trunnions, and to 

the frame, because that is kept steady, by the hands of the operator. The 

total change of angular momentum is 2Cn, and this is the time-integral of 

the couple. 

The couple arises thus. Let the gyrostat axis have been displaced from 

the vertical through an angle 0 about the trunnion axis. In consequence 

of the azimuthal motion, at rate p, the outer extremity of the axis of 

angular momentum is being moved parallel to the instantaneous position of 

the line of trunnions, and thus there is rate of production R of angular 

momentum about that line; but, since there is no applied couple about the 

trunnions, the gyrostat must begin to turn about the trunnions to neutralise 

R. This turning tends to erect or to capsize the gyrostat according as the 

spin and azimuthal motions agree or are opposed in direction. In its turn 

however this involves production of angular momentum about the vertical 

for which a couple must be applied by the frame, and of course to the frame 

by the operator. This couple is greater the greater Cn, and therefore if 

the operator cannot apply so great a couple an azimuthal turning at rate 

p cannot take place. With sufficiently great angular momentum the 

resistance to azimuthal turning could be made for any stated values of 

0 and p. greater than any specified amount. 

The magnitude of this couple, which measures the resistance to turning 

at a given rate, is greatest when the angle 0 is 90°, that is when the axis of 

the flywheel is in the plane of the frame. 

It is important to notice that if the gyrostat be placed on the trunnions, 

so that the axis of the wheel is in the plane of the frame, azimuthal turning 

in one direction causes one end of the axis to rise, and turning in the other 

direction causes the other end to rise. As the reader will see, this also 

means a reaction couple in the plane of the frame which must be balanced 

by a couple applied by the experimenter. 

8. Top supported by a string attached at a point E of the axis. The 

string is supposed attached at a fixed point D [Fig. 36]. D O is a downward 

vertical intersecting EG, the axle, in 0. G is the centroid of the top, and 

is supposed to be coincident with the centre of the wheel or spinning part. 

W e denote the distances DE, E G respectively by I, h, and the angles 0, <p 
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are indicated in the diagram. First, w e suppose that G is turnup, about 

the vertical O D with angular speed p, and that as the motion is steady the 
lines D E , E G remain in the 

vertical plane through O D . Let 
A x denote the moment of inertia 

about a transverse axis through 

G, and A = A 1 + M/t
2, that is let 

A be the moment of inertia 

about a transverse axis through 

E. The equations of motion are, 

(1) for the centroid, 

M//2(6sin0 + /isin0) = Tsin^,) ,,, 

Mg = T cos <p,r ' 

where T is the pull exerted by 

the cord, and (2) for turning 

FI«- 3(i- round a vertical through G, 

(Cn— Alpcos9)psin 0 = T/t(sin tp cos 0 + cos <p sin 0) (2) 

Substituting in (2) the values of T sin <p, T cos <p> from (1), w e find 

(Cn — Ap cos 8)pi sin 0 = Mp2hl sin cf, cos 0 + Mgh sin 0 (3) 

We consider some particular cases. First, if the string were attached at G the 

moment of forces about any axis through that point would be zero, and there would be 

no couple changing the direct ion of the axis of the wheel. The identification of the 

angular turning of the axis about the vertical O D with that of the centroid about the 

same line fails, and we see that the centroid goes round the vertical in steady motion 

with angular speed [J., while the axis of rotation maintains a fixed direction in space. 

The value of p. in this case is given by (1). Putting A = 0, we get 

v' Zcos<£' 

that is the motion of the centroid is that of a conical pendulum of height Icoscji. 

If E is above G, equations (1) and (3) become 

Mp2(l sin </> - h sin 8) = T sin c/>, "l ,, * 

Mr/ = Tcosc/>,j 

(Cm- A/A cos 6)psin 6= —Mpr/dam c/>cos 8 - Mgh sin 8 (5) 

The precession (the small root of the quadratic) is now changed in sign. 

If £ is below 0 the radial force available for the circular motion of the centroid about 

the vertical O D acts outwards, and so the motion is not possible without reversal of this 

horizontal force. The substitution for the string support of a strut acting between a 

point D' on the vertical below O and the point E (now to the right of the vertical) will 

make the motion possible. 

A diagram, Fig. 36, similar to that of Fig. 19, can be constructed for a top held up by a 

string as described above (see also Greenhill, R.G.T. p. 12). Along the axle lav off Gc'to 

represent Cn, and along an upward vertical through G lay off Gc to represent 

kiiLs\i\26 + Cncos6. Then, if c'k, ek be at right angles to Gc', Gc respectively, km 
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Z'epresents A^ and c'k Aip sin 8, while ck represents Cn sin 8 - Atp cos d sin 8. Moreover 
the moment of T round G is Mg. Gp (see Fig. 36). Hence 

p.ck = Mg .Gp, p.kn = Mg .Go, (6) 

if n be the point in which a parallel drawn through k to Gc' intersects Gc, and o the 
intersection of a vertical through p with O G produced backward. Of course kn = mG. 
Let A denote g/p2, the length of the equivalent conical pendulum, and draw downward 

from G •- vertical line Gl' = k. Through I' draw a horizontal line in the plane of the 
diagram to meet Gr drawn at light angles to Gk in r, and draw rqs perpendicular to 
Gc', intersecting pG produced in q. Also along O C make. O N = (A1 + MA1

2)/t, and 
OI = hi + AfMh1, where hi is the distance OG. Then ckjkc' =knjkm = Gl' jGs=gj(p2 .Gs), 
and from these relations we get by (6) 

Go = ^kn=^ ^'km = A1-^
<^- (7) 

Mg Mg Gs '!% Gs 
From these it follows that Go. Gs = Gp . Gq = OG. GI = A,/M, so that 

Gs/GI = OG/oG=GA/Gp, (8) 

and As is parallel to Jp, and (p, q), (o, s), (O, I) are pairs of convertible centres of 
suspension and oscillation for the top regarded as a compound pendulum with centroid 
G, and each centre of suspension and corresponding centre of oscillation on the axis of 
symmetry. 
Thus, if we draw the axis O G at the given angle 8 to the vertical, and make the 

constructions as described above, then draw As parallel to p\ and sqr perpendicular to 
OG, cutting in r the horizontal through V, we find that Gk is perpendicular to Gr. 
In the figure OL' is also made equal to Gl'( = k) and 

OC' = Om, O C = (A1 + M/i1
2)tisin26l + Cmeos 8, 

the A.M. about the vertical through O, and perpendiculars are drawn to O C from C and 
to O C from C, meeting in K. Oil is drawn perpendicular to O K to meet the horizontal 
through L' in B, and E L is drawn at right angles to the axis. Thus we get a diagram 
for the point O, which is fixed in the steady motion. The reader may prove that 

0N = 
KG' p JIA.CK _p..KO O L ^ A ^ M y „OL'_A1 + M/ti

!!
 (Q) 

'sind' Mgsmd~Mgsind O L " Mg F O L ^ ' M . O h ' {' ' 

GE.OL = -i±M-L = OG.OI (10) 
M 

[The reader may refer to Greenhill (R.G.T. p. 12) for constructions for particular 
cases, including that for which the thread must be replaced by a strut, as explained 
above.] 
It may be remarked that though the point O is fixed the motion is not simply that 

which would exist if O were really the point of support. The moment causing the 
.steady turning would then be M^/jjsin 6, which it is not in the present case, unless E is 
at O, when h = h1. But then we should have in (1) sin <p = 0, and 6 = 0. 

9. Gyrostatic action of the wheels of vehicles and of the rotating parts 

of machinery. Monorail cars. The wheels of a carriage have gyrostatic 

action when the vehicle turns about an axis perpendicular to the road, 

this is when changing its direction of motion by turning in azimuth. 

When the carriage passes over concavities or convexities in an otherwise 

straight, road, no change of direction of the axes of the wheels takes place 

and there is no gyrostatic action. 
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Let the carriage have N equal wheels of moment of inertia rnl;s each, 

about parallel axes, and let the speed of the carriage be v, in feet per second, 

so that if the radius of the wheels be r feet, their angular speed is v/r. 

Finally, let the direction of motion be changing at angular speed p-
The A.M. of the wheels, that is Cn, is Nmk2v/r, and to an observer, standing 

behind the carriage and looking forward, this m a y be represented by a 

single vector drawn out from a point 0 in the carriage to the left, as shown 

in Fig. 37, for a single wheel. There is stability enough of course to prevent 

turning of the carriage round either rail, but a 

capsizing couple which we can estimate, is exerted 

in consequence of the gyrostatic action of the wheels. 

According as the turning with angular.speed p is 

towards the observer's right or his left the outer 

extremity of the vector Cn turns towards the 

forward part OA, or the after part O B , of the 

instantaneous position of a fore and aft line, drawn 

parallel to the floor and sides of the carriage, through 

the point 0. W e suppose here that there are no 

forces, due to position of the carriage or other cause, 

balancing the gyrostatic action [3, III]. Everything 

may be supposed in equilibrium with the carriage moving on the curve with 

the wheels locked, and then the wheels to be set rotating. Hence, as there 

is no applied couple about the line OA, we have initially for turning about 

it the equation Ad + Cn/uL = 0; so that the carriage in the first case tilts over 

to the left on its springs, and equilibrium is finally produced, for steady 

turning at rate p, by a reaction of moment Mgli8 = Gnp tending to turn 

the carriage over to the right, that is towards the inside of the curve in 

which the carriage is travelling. The carriage is now inclined over through 

a small angle 0 on its springs, and the equation is Cnp = Mgii9. 

In the other case the reacting couple Gnp tends to turn the carriage over 

to the left, that is again towards the inside of the curve. 

The moment is Cnp = Cpv/r. If R be the mean radius of the curves in 

which the inside and outside wheels are moving, we have p = nB, approxi

mately, and so the capsizing couple due to gyrostatic action is Cnp = Cv2/Rr. 

If P be the force applied to the outside wheels, Q that applied to the inside 

wheels, at right angles to the road, we get, in gravitation units, and taking 

0 small, the wheel-gauge as 26, and h as the height of the centre of gravity, 

P-Q = gLilV +GgWr= gmV+m7j' (1) 

which shows that the gyrostatic moment is the fraction CjMrh of the 

centrifugal couple. As a rule C/Mrit is very small, and then the gyrostatic 

couple due to the rotation of the wheels of a vehicle is of little importance. 

Super-elevation of the outside rail of a railway curve is nut here 
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considered. On high-speed electric railways a carriage on entering or 

leaving such a curve experiences considerable gyrostatic action. [See a 

later chapter on Gyrostatics in Engineering.] 

A monorail car going round a curve of radius R at speed v will, if it 

be heeled over through an angle a towards the inside of the curve, and 

contain a gyrostat of A.M. Cn, with axis of rotation at right angles to the 

sides of the carriage, have the equation of equilibrium, 

tana = p(1 + M^+pLRl (2) 

In this case the gyrostatic action is all-important for equilibrium. A 

special arrangement is necessary to enable the carriage to get into this 

equilibrium position, and this will be described when we come to deal with 

the more technical applications of gyrostatics. If the gyrostat were fixed 

in the carriage with its spin axis at right angles to the sides, the carriage 

when rounding a curve would heel over to the outside of the curve, as in 

the case of a two-rail carriage, and would be unstable. It would be a system 

with a single unstable freedom, which could not be stabilised by rotation. 

In a motor-car, besides the action of the wheels, there is that of a flywheel 

placed across the motor. Both actions will come into play when the motor

car is changing the direction of motion, as in turning a corner, while only 

that of the flywheel has any influence when the car is passing over con

vexities or concavities of the road. A fast motor-car may by passing over 

a highly convex part of the road—an old bridge, for example—have the 

grip of the wheels on the ground dangerously reduced, and the steering 

action impaired ; but this has nothing to do with gyrostatic action. 

When the car is rounding a corner, the difference of weights borne by the 

wheels on the two sides is given as before by equation (1). But now the 

fore-and-aft axis of the flywheel is turning towards a transverse, and there

fore the growth of A.M. about that axis causes the car to tilt the other way, 

until a couple is developed to balance the gyrostatic couple Gpv/r. Hence 

more or less weight is thrown on the front wheels than on the back, as 

compared with the distribution of the weight on these wheels when the car 

was running straight forward. If the flywheel as seen by an observer, 

looking from behind, be spinning counter-clockwise, and the car be turning 

to his left, the gyrostatic couple will bring more weight to bear on the front 

wheels than on the back, by the amount C'n'v/gBb, where G'n' is the A.M. of 

the flywheel, and b is the length of the wheel-base. 

If we take account of the action of the differential gear, we see that 

(26 being the gauge) the angular speeds of the wheels on the two sides are 

^^ ^ J ' ^} = (R+0l (3) 
w2)

 v — / R 
where R is the mean radius of the curve, and w the mean angular speed of 
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the wheels. The gyrostatic couple for the mean speed v is C«2/'Rr, all(* SOj 

for the weights borne on the two sides, we get 

Ml\-IM/l+fl+ C Y'^ (4) 

10. Gyrostatic action of paddle-wheels find of screw in- steamers. In 
a paddle-steamer the action of the wheels when the course is being changed 

is just that of the wheels of a vehicle. But the direction of the axis of 

rotation of the paddles is also changed by the rolling of the ship, and this 

gives gyrostatic action about an axis at right angles to the deck. If the 

angular speed of rolling at any instant is w, and the A.M. of the wheels be 

Cn, the gyrostatic action is Cnw, and thus, if at the instant the ship is on 

an even keel, a rate of growth Cnw of A.M. about a vertical axis is produced. 

If the ship is then rolling to starboard the direction of this Cnw is round 

from starboard to port, that is against the motion of the hands of a watch 

lying face up on the deck. Hence, if we denote by 0 an angle of turning about 

the normal to the deck, by A the proper value of the moment of inertia of the 

ship for the turning, and by L the couple on the ship due to the now oblique 

motion and to the turning—initially this couple is zero—we have, as in 9, 

A9 + Cnw = L. 

Thus, initially at least, 0 is in the direction to neutralise Cnw, and 

the ship's head turns to starboard. The rolling from port to starboard and 

again from starboard to port makes the ship's head turn alternately to 

starboard and to port—the ship " yaws " in consequence of gyrostatic action. 

The greater immersion of the paddle-wheel, caused by the rolling, tends to 

correct this. 

In a paddle-steamer pitching has no effect. Changing the course, at 

angular speed w gives a rate of growth of A.M. Cnw about a fore-and-aft 

axis, and as a result, since there is no externally applied couple, the ship 

has an angular acceleration of amount Cnw/A in the opposite direction. 

Thus, if the vessel be turned by the rudder, say to port, the vessel will by 

gyrostatic action be slightly heeled over to starboard, and the starboard 

wheel being more deeply immersed will assist the turning action of the 

rudder. Though the gyrostatic action of the wheels is, owing to their com

paratively slow speed of revolution, not very great, calculation shows that 

it produces an appreciable variation in the immersion of the wheels. 

The resistance normal to the course gives the radial acceleration in the 
curvilinear motion. 

In a screw-steamer the action of the engines and propeller is to o-ive a 

gyrostatic couple about a horizontal transverse axis when the ship is 

changing its course, and about a vertical transverse axis when the ship 

is pitching. The magnitude is in each case Cnw, and the direction is o-iven 
as in the examples already considered. 
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11. Gyrostatic action of turbines. The use of turbines in screw-

steamers has considerably augmented the gyrostatic action of the engines. 

This is best illustrated by taking a numerical example. Since the axes of 

the rotors are fore and aft, gyrostatic action only occurs when the ship 

pitches or when she changes her course. In the Cunard ship Garmania 

the total weight of the rotors of the turbines, two on "wing-shafts'' 

and one in the middle, may be taken as 200 tons (-§• to the wings and -J 

to the centre), and the radius of gyration as 4 feet, so that in ton-foot 

units the moment of inertia of the rotor on each wing-shaft is 1280, 

and the moment of inertia of the central rotor is 640. The number 

of revolutions is 200 per minute, and consequently n is 207r/3 in radians 

per second. The ship's head can be turned about f of a degree, or say -JT of 

a radian, in a second. Hence the moment of the couple which must be applied 

by the ship to each wing-rotor to give it the precession which the turning of 

the ship involves, and therefore also the moment of the equal and opposite 

couple exerted on the ship, is 1280 x 20-7T X^ XT
1
TX-5

1
I=11

,2, in Ton-foot 

units; that is the moment is that which would be produced by a force of 

11"2 Tons, acting at an arm of 1 foot, or a couple of '28 Ton acting at an 

arm of 40 feet, the approximate distance between the end-bearings of the 

turbines. Such a couple cannot have any perceptible effect in producing 

pitching or in straining the ship. [The word " Ton " is here printed with 

an initial capital to indicate its use as a unit of force.] 

If we take 12° as the range of pitching, and the period as 6 seconds, the 

maximum angular speed is 27r X 6/(6 X 57'3) = 1/9, in radians per second, and 

this is to be substituted for 1/75 in the above calculation. The couple is 

thus 8'3 times the former couple, or 2'3 Tons at an arm of 40 feet; still 

quite a small couple from the point of view of breaking the ship. The 

torpedo-boat destroyer Cobra was lost in the North Sea in 1901, and as it 

was one of the first vessels to be fitted with turbine engines it was thought 

by several people to have been broken in two by the gyrostatic action of 

the turbines, a view which the figures given above for the much larger 

Carmania show to be quite untenable. Pitching, the more serious of 

the two causes of gyrostatic action with turbines, was supposed to have 

caused the disaster, but pitching would produce with turbines a couple 

about a vertical axis, and of course it is absurd to suppose that the vessel 

was destroyed in that way. It was very remarkable that some practical 

engineers seemed to imagine that pitching might give gyrostatic action 

about a horizontal axis. 

W e have referred above to the couple applied to the ship by each of the 

rotors. If there were only two shafts, one right-handed the other left-

handed, the total moment applied to the ship would be zero; but internal 

stresses of a kind easily understood would be set up in the structure. 

These would tend to produce alternate extension and compression at the 



146 GYROSTATICS CHAP. 

stern, and alternate compression and extension at the bow, athwart-ship m 

each case, but these strains would be quite negligible. 

12. Steering of a bicycle, of a child's hoop, or of a wheel in a wheel-
race. Another example which deserves mention is that of a bicycle 

(which, if space can be spared, will be more fully treated later in this 

work). If the rider feels himself beginning to fall over to one side or the 

other he instinctively turns the bicycle towards that -side, and the inertia 

in the forward movement, assisted by the gyrostatic action of the driving 

wheel, over which the rider sits, causes the bicycle frame to set itself erect 

again. The gyrostatic action will be made out very easily—as in Fig. 37, 

the vector Cn is towards the rider's left, and the frame, if turned to the 

right or left when inclined over to that side, experiences a gyrostatic couple 

Ci>2/rR (where v is the forward speed, r the radius of the wheel, and R that 

of the curve of turning) tending to turn the frame to the upright position. 

A child's hoop, or the wheel in the wheel-race of military sports, affords 

another example. Each competitor runs forward alongside his wheel and 

guides it more or less adroitly. By careful experimenting or by reasoning 

from gyrostatic theory he can compile a set of rules for use in the game. 

If he runs with the wheel on his right the vector representing 

Cn (= Cv/r) will be drawn out towards him from the centre of the hub 

[Fig. 37]. If he exerts with his hand a downward push on the hub the 

front of the wheel will turn towards him, if he applies an upward force to 

the hub the front of the wheel will turn from him. In the first case the 

couple-axis is drawn backwards, in the second it is drawn forwards, in the 

plane of the wheel, and in such cases the rule that the A.M. vector turns 

towards the couple-vector is easily remembered and applied. 

Again, as the man pushes from him the front or the back end of a 

horizontal diameter of the hub, the top of the wheel inclines towards or 

from him. The same effects are produced by pushing forward or pulling 

back the hub of the wheel. 

Let the wheel be running steadily in a circle of radius R, under the 

influence of a couple, which we may suppose applied by a weight hung on 

the inner end of the hub, so that the whole moving mass is M and the 

centroid is at a distance h nearer the vertical through the centre of the 

path than is the plane of the edge of the wheel, which we suppose to be 

vertical. Let X be the radially inward horizontal force applied to the 

rim of the wheel at its point of contact with the ground, and Z the upward 

vertical force applied at the same point. Then we have 

X = M M
2(R-/0, Z = Mg, (1) 

where p is the angular speed with which the pilane of the wheel is turnino-

about the vertical, that is also the angular speed with which the centroid is 

turning in its circular path. 
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Taking moments about the centroid w e get 

Gnp = Zh- Xr = Mgh - Mp2(R - h)r. 

But also w e have p = V/R, n = Y/r, so that (2) becomes 

C £ V = Mgh - MprY + Mp°-rh. 

..(2) 

Rearranged this equation is 

c 
V{£+r) = h(rp + ̂ = 2h(gry + h -(rpf]

2- .(3) 

Thus V has the smallest possible value for (gjpy = (rpf, that is for 

fj.2r = g, or when the angular speed of the wheel round the centre of the 

curved path is equal to that of a conical pendulum of length (height) equal 

to the radius of the wheel. Then, since p = (g/r)2, 

V 2h 
R = 
V _c_+1 

Mr*-

(4) 

For a graphical representation of this solution the reader m a y refer to 

Greenhill, loo. cit. 

13. One spinning top> supported by another. Steady motion. The 

axis or stalk of a top which is spinning about a fixed point is prolonged as 

shown in Fig. 38, and carries at its 

upper extremity a small cup, in which a 

second top is supported. It is required 

to determine the conditions of steady 

motion, with angular speed p, and the 

two axes in the same vertical plane. 

Denoting the masses by M, M 1 ; inclina

tions of the axes to the vertical by 0, 

6lt moments of inertia about transverse 

axes by A, A 1 ; and A.M. about the axes 

of figure by Cn, C^ij, all for the lower 

and upper tops respectively, and putting 

I for the length of the stalk of the lower 

top, h, hx for the distances of the centroids from the points of support, and 

X, Z for the horizontal and vertical components of the forces applied at 

the cup to the upper top, as shown in Fig. 38, w e get for the equation of 

motion of the upper top 

M
2M1(6sin0 + /i1sin01) = X, Mxg = Z, (1) 

( C ^ — Atp cos 8i)p sin 01 = Xhx cos 8X + Zhx sin 8X (2) 

Equation (2) is by (1), 

{ClTOl-(Ax + My\
2)pcos9x}psin0X = p.2M1lh1 sin0cos8X + M$\sin8V (3) 

^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ g ^ ^ ^ ^ 
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Similarly we get for the lower top, 

{Gn-(A + Mh2 + M1l
2)pcosd}p.sine 

= M2M1ZA.1sin01cos0 + (M16 + M7%sin0 (4) 

If 0:, 02 be both small these equations become 

{ C A - (A, + MJi
 2)p}p81 - M^h^ - Mxp.nhi9 = 0, \ (5) 

{Cn-(A+Mh2 + M1l
2)p}p9-(Mll + Mh)g9-M1p

2lh191 = oJ 

Eliminating 0, 8X between these we get the equation of condition 

{C1nlp-(A1 + M1h
2)p2-M1gh1} 

x{Cnp-(A+Mh2+M1l
2)p2-(M1l+Mh)g)-p

iM2l2h2 = 0, (6) 

which is a biquadratic for p. 
A third top might be placed on the upper top of the pair just considered, 

and supported as before on a small cup carried by a prolongation of the stalk 

of the top below. This chain of three tops may move in steady motion 

with the axes in the same vertical plane, under conditions expressed by a 

sextic equation in p, which the reader may investigate. 

For a double compound pendulum composed of two rigid compound 

pendulums hinged together, and turning so as to present always the same 

face to the vertical through the point of support, we have only to reverse g, 

and write (since the 0-angles are both small) 

Cn = C/x cos 0 = Gp, G1n1 = Gxp cos 9X = Grp. 

Equation (6) becomes 

{(C 1-A 1-M aVK+M l f lrA 1} 

x { ( C - A - M / ( .
2 - M 1 6

2 ) M
2 + ( M 1 6 + M % } - M * M 1

2 6 2 V = 0 (7) 

From (4) above we get by putting Mj = 0, and reversing g, the exact 

equation of motion of a compound conical pendulum. 

Supposing this compound pendulum to have plane motion, the reader may prove that 

if Mj/M be small, and I be not very great, as in the case of a bell and its clapper, and the 

centres of oscillation of the twro pendulums be coincident when the centroids are in line, 

the two pendulums, started together with d=di and 8=8U will vibrate together, so that 
6 remains equal to dt. Thus the bell, will not ring. 

One way of curing a bell which behaved in this way would be to lengthen the clapper 

considerably. This is said to have been done for a bell in Cologne Cathedral. 

14. Drift of a projectile. The turbine of a ship moving forward while 

rotating may be compared to a projectile fired from a rifled gun. As looked 

at by an observer at the firing point the rotation is right handed, and the 

shot drifts in its trajectory, which is convex upward, towards the right. 

But the spin vector is for the rotation specified to be drawn forward, and 

therefore the bow of the ship, in consequence of a similar turning of the 

axis due to pitching, would turn towards the left: so that the idea of the 

projectile as a gyrostat moving forward on a convex track with its axis in 

the forward direction throws no light on the drift of the projectile. 
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The cause of this drift is not yet fully understood, but it is connected 
with the rotation, as reversal of the rotation reverses its direction. It 

amounts to -25,11, 4"4, 11-5 metres in ranges of 500, 1000, 2000, 3000 metres 

respectively. Since the rapidly rotating projectile tends to keep the direc

tion of its axis unchanged, it is presently moving forward on the convex 

trajectory with its axis in the plane of the trajectory, but pointing a little 

upward relatively to the path. Thus it has a motion in the direction of the 

axis together with a lateral component. Hence, as we shall see presently, 

there is applied by the air a couple, which in the absence of spin would tend 

to increase this obliquity of the axis of spin to the direction of motion; but 

as the projectile spins rapidly about its axis, it precesses about the instan

taneous position of the axis of the resultant momentum, as explained in 17 

below, with of course modification of the resistance in consequence. As a 

result the projectile moves forward in air, and, relatively to the path, its 

point is directed slightly upward and to the right, and the shot is con

tinually deflected towards the right by a side thrust applied by the air. 

15. Turning action on a body moving in a fluid. Before proceeding 

further with the discussion of the motion of a projectile spinning in air, 

it will be convenient to discuss some 

fundamental principles of the dynamics 

of a body moving in a fluid medium. 

Consider first a rigid body of mass M 

moving without rotation parallel to a 

fixed plane (Fig. 39). Take axes Ox, 

Oy from any origin in that plane, and 

let x, y be the speeds of the body parallel 

to these axes. The momenta of the 

body in these directions are Mx, My, and the body has angular momentum 

M(y£—xri) about an axis of z through the origin, since we may regard the 

body as replaced by a particle of mass M situated at the centroid (co

ordinates f, rj) and moving with the velocity (*•, y). The time-rate of 

change of this A.M. is M(y£—xrj), which for the present we shall suppose 

to be zero through the vanishing of x, if. 
Now let there be matter set in motion by the body, so that the total 

momentum in the direction of Ox is Mxx, and that in the direction of Oy is 

M2y. Then if we associate these components of momentum with the body, 

we regard it as having inertia M1 in the direction of Ox, and inertia M 2 in the 

direction of Oy. The A.M. about the origin is now M ^ ^ - M ^ , where 

£, tit are the coordinates of a point, moving with the body, the position of 

which it is not necessary here to specify. The rate of change of this A.M. 

(since x=y = 0) is M2y^1-Mlxr,l = (M2-M1)xy, since £ = *, hi = y, and there

fore does not depend on £, r\. 
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Or, to put the matter in another way, consider a point A of space with 

which a point B of the body, or moving with the body, coincides at time t. 

By the displacement x dt of the body in an interval of time dt, B is carried 

this distance parallel to Ox from A, and A.M. Myx dt is produced. Similarly 

A.M. —Mxyclt about A is produced by the displacement y dt of the body. 

Thus zero A.M. is produced on the whole. But if the momentum associated 

with the body be M r* parallel to Ox, and M„y parallel to Oy, the former 

gain of A.M. is M2yxdt and the latter is —M^dnjdt, that is A.M. about A is 

being gained at rate (M2-MAxy. This is independent of the position of 

A, that is it is the same for all points. 

This rate of gain of A.M. about every point is wholly due to the matter set 

in motion by the body, and is effected by the action of a couple exerted by 

the body on that matter (the action 

of a ship, for example, on the water), 

which therefore exerts an equal and 

opposite couple on the body. 

The same result may be obtained in 

another way which is also instructive. 

Let (Fig. 40) the axis of figure of the 

body be in the direction Ox at a 

given instant and remain parallel to this direction as the body moves. 

Then after an interval of time t the point 0 has been moved to O', and the 

direction of the axis of figure is now OV. Let the direction of the resultant 

virtual momentum of the body be O G for the first position, and O'G' for the 

second; these resultants (at t and t') are equal and parallel. Now we may 

suppose the first resultant to have been annulled in time t by a force F 

acting from the point G to 0, and the other resultant to have been brought 

into existence in the same time by an equal force F acting from 0' towards 

G'. Thus we have acting a couple of moment F. 00'sin(0 — 0), and the 

whole generation of A.M. is ~Ft. 00' sin (<p — 9), where 0 is the angle 

GO*, and 0 the angle O'Ox. But F is the resultant momentum, which 

may be regarded as represented by OG. Thus the A.M. generated is 

OG. 00'sin(0-0). 

The identification of this with the result already obtained is easy. Taking 

.-/; and i) in the directions of Ox and a perpendicular to Ox in the plane 

of motion, we have 

OGcos0 = M1*) OG sin 0 = M2y, 00'cos 0 = ,//, 00'sin 9 =i/t. 

Thus we get 

OG. 00' sin (0 - 0) = O G sin 0. 00' cos 0 - O G cos 0. 00' sin 0 

= M2y . xt - Mvi;. yt = (M, - Mx)xyt (1) 

As usually we put v for the speed of a body in the direction of its axis, 

we shall in what follows put v for ,b and w for the transverse speed y. W e 
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see then that the couple (M2 —M1)ww applied for the time t will generate 

the change of A.M. which grows up in that time, 

16. Turning action of the water on a ship. Why a ship carries a 

weather helm. This is the couple that tends to turn a ship at right angles 

to its course, and that actually sets a ship or plank athwart a stream in 

which it is allowed to drift. It must be counteracted in the case of the ship 

by the rudder. A ship set on a course and left with helm lashed would 

be unstable; the helmsman has continually to prevent the ship from falling 

off her course, and good steering (steering that is economical of coal) consists 

in correcting each infinitesimal deviation as it arises. For, considering an 

elongated symmetrical body immersed in a medium indefinitely extended 

in each of the directions of motion (so that we are not concerned with 

reactions from the boundaries), let the speed x be that of the body in the 

direction of its length, and y that in the direction at right angles to the 

length. Let M 2 — M x be positive. If either x or y be zero the couple 

(M2 — Mx)xy is zero. Let, for example, y be zero. Then if the length be 

allowed to swerve through the angle 0 from the direction G B (Fig. 39) in 

which the body is moving, there will now exist a speed x in the direction of 

the length, and a speed y in the perpendicular direction, as shown by the 

arrows, and a couple (M 2 — Mf)xy in the direction of the curved arrow will 

be exerted on the matter outside the body but in motion with it. A n equal 

and opposite couple acts on the body and tends to turn it so as to increase 

the angle 0, that is so as to set its length perpendicular to the course. 

W h e n the length is athwart the course the couple is again zero, but that 

called into play by a deviation of the body from that position is now such 

as to send the body back to it. The body's position relative to the direction 

of motion is therefore one of instability in the first case, and of stability in 

the second. 

A flat dish or plate, if let fall in water, or a card let fall in still air, with 

its plane horizontal, moves down in stable equilibrium; if it is let fall with 

its plane vertical, the equilibrium of position in falling is unstable. In this 

case we must associate M x with the axial direction, and M 2 with a perpen

dicular direction, and we see that M 2 — Mx is negative, and there is stability 

therefore in the first case. 

The origin of the couple may be seen in a general way as follows. 

Consider a ship (Fig. 41) advancing with speed x in the direction of its 

length, and making leeway y, say, to starboard. The bow is continually 

advancing with speed x into undisturbed water, which, on the starboard 

side of the ship, is given speed y to starboard. There is thus a reaction 

thrust on the bow of the vessel in the direction to port. 

W e have here the explanation of the fact that a sailing ship generally 

carries a "weather helm," that is that the rudder must be held turned to 
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leeward to keep the vessel on her course when a wind blows across it- ^ or> 
as stated above, she makes leeway, that is has a speed y to leeward, along 

with the speed * in the direction of her length. Hence, by what has been 
stated above, the couple (M2-Mx)xy, on 

the tvater, is in the direction of the cir

cular arrow A in Fig. 41, and therefore 

the reaction-couple, which is of equal 

moment, tends to turn the ship's head 

in the direction of the arrow A', that 

is to windward, and this tendency (to 

" gripe," as it is called) must be counter-
A acted by a couple applied to the ship by 

means of the rudder. The tendency of 

a ship to "fall off" her course (and thereby convert her forward motion 

into a component x along her length, and another y at right angles to her 

length), which, as explained above, always exists, is therefore augmented 

by the action of the wind, and the difficulty of steering is increased. This 

effect of the wind is considerable when the ship is driven by sails, and a, 

steamer using sails as an auxiliary sometimes gripes so badly, especially 

with canvas on the after masts, as to make it almost impossible to steer. 

Thus sails on steamers used to be almost entirely confined to the foremast, 

and are now in large vessels completely discarded. 

A ship sailing slowly shorewards (for example a yacht leaving moorings), 

when a wind is blowing parallel to the shore, is in danger of running up on 

the wind, and creeping ashore. The proper remedy, if there is room, is to 

set more sail so as to give more steerage way, to enable the ship to be 

steered away from the danger by means of the rudder. 

17. Centre of effort of resistance of a fluid. We shall now consider 

the turning action of the fluid and the stability of a projectile a little 

in detail. The subject of the drift of a projectile will be resumed in 
Chapter XIII. 

It may be noticed here that the existence of this turning action renders 

it necessary to suppose the resistance to a body moving in a fluid (when 

regarded as a localised single force) to act at a point E on the axis of figure 

in front of the centroid O of the external figure of the body. Let F now 

denote the amount of resistance and IT — 0 the angle between its direction and 

the axis of figure. W e may apply through 0 two equal and opposite forces 

equal and parallel to F. The force-system reduces to a force through 0 

and a couple, and the moment of the couple is (c^ — c^vw. Thus we have 

F. O E sin 0 = (a, - cf)v%v, (1) 

which determines O E when F and 0 are known. E is called sometimes the 
" centre of effort." 
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Supposing F to act in the direction opposite to the resultant momentum 
we have, since now tan 0 = c2w/cxv, 

F. OEsin0 = (c2 — cx)-
kv2ta,n<p, 

c2 

or F.OE = (c2-c1)%
2sec0 (2) 

c2 
Sometimes, as in the investigation of the stability of a spinning projectile 

which follows, it is convenient to write the virtual inertias along and at 

right angles to the axis of figure as M + M'a, M + M'/3, which take the place 

of Cj and c2. W e then have (c2 — c1)c1/c2 = M'(/3 — a)(l+Ka)/(l +K/3), where 
K = M'/M. Thus (2) becomes 

F O E = M'(/3-a)}±^2sec0 (3) 

A good example is a submarine or an air-ship. If the craft have no 

buoyancy, then M' = M, and so K = 1. For a submarine moving at a certain 

depth there will be a definite horizontal direction of the resultant momentum. 

Let the axis of the boat be turned in a vertical plane from this direction 

through an angle 0. If 6 be the height of the longitudinal metacentre of 

the boat, we have, taking account of the couple due to the change of 

direction of the axis, 

Mg I' tan 0 = Mgl tan 0 - M'(/3 - a) -~ v2 tan 0. 

Hence, since M' = M, we get 

6_6' = ( / 3 - a ) i ± ^ (4) 
v^ Jl + (3 g 

which gives the loss of metacentric height. 

18. Stability of projectile in fluid. We now apply the ideas of the 

foregoing sections to the discussion of the stability of a symmetrical 

rotating projectile in an unlimited frictionless liquid. Let the projectile 

rotate about its axis of figure with angular speed n, so that its A.M. about 

that axis is Cn. But by the preceding section the projectile will experience 

a couple depending on its motion with speed v in the axial direction, and in 

a direction perpendicular to the axis with speed w. The moment of the 

couple is (c2-cx)vw, 

where we put, for compactness, cv c2 for the effective inertias in the direc

tions of v and w respectively, that is what are denoted above by Mx, M2. 

Let now the shot have precessional angular speed about an axis parallel 

to the resultant momentum, that is the resultant of cxv and c2tv. This is 

the direction of the impulse which would be required to produce these 

components of momentum. If 0 be the angle (the 0 of 17) which this makes 

with the axis of figure, cw 

tan0 = ̂ — \L) 
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W e suppose the motion to be steady. The shot n o w " precesses " as ̂  ll 

were an ordinary top (Fig. 4) spinning about a fixed point 0 wii.n one line 
of resultant momentum vertical, and endowed with A.M. Cn about the 
axis of figure, and an effective A.M., Ap sin 0, about an axis O E at right 
angles to the axis of figure OC, and in the vertical plane containing OC. 
The couple N acts about an axis represented in the case of the top by OD. 

For steady motion we have the equation 

(On-AMcos0)/usin0 = N (2) 

N o w N =(c2 — cx)viu, and tan 0 = c2w/cxv, so that we have 

and therefore (2) becomes 

N = C/(c2-c>
2tan0, .....(3) 

c0 

( C n - A p cos 0)p = C^(c2-cx)v
2sec 8: (4) 

e2 
for w e suppose that 0 is not zero. If 0 were zero, it would m e a n that w = 0. 

The roots of (4) are real if 

^ > 4 A £ i ( C _ C ) 
v2> C2c,}2 lh 

which gives the least value of n compatible with the steady motion, that is 

n = 2^{A^(c2-ex)f (
5) 

Now we can put c1 = M + M'a, c2 = M + M'/3, where M' is the mass of the 
displaced fluid and a, /3 are coefficients depending on the shape of the body. 
T h u a c2-cx = M'((3-a) (6) 

If y be the angle of rifling, w e have 

Un2y=]^d2 = -^(c2-ex)d
2, (7) 

where d denotes the diameter of the gun at the muzzle, and the minimum 
value of n/v, given by (5), is taken. 

If kx, k2 be the radii of gyration of the body about the axis of figure, and 
the other axis about which the body revolves with angular speed p sin 0, we 
have, since it is supposed that the rotation about the axis of figure does not 
set the medium in motion, 

C = Mkx
2, A = Mk.2 + M'k'.2, 

where M7<;'2
2 is the increase of m o m e n t of inertia due to the motion of the 

medium caused by the turning round the axis referred to above as corre
sponding to the axis O E used for the top. Thus w e obtain, putting M'/M = K, 

fcan2y = (/,2
2 + J,;'

2)^^gK(/3-a) (S) 
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N o w w e m a y apply this theory to a shot in air, and in that case KIC'2 may 

be neglected, so that we get approximately 

.(9) 
k2 

tan2y = TTJ(/3 — a)Kd
2, 

lcx 
which, if a and /3 are known, gives a lower limit to the angle of rifling 
required for stability. 

So far the quantities a, (3 have only been determined in the case of an ellipsoid 
(see Greenhill, Encyc. Brit., Art. Hydromechanics, §§ 44, 51). Eor a prolate ellipsoid of 
revolution (an egg-shaped shot) of length of major axis 2a, and of each transverse 
axis 26, we have the integral ._ C" ab2dk i~r— 

Jo 2(a2 %2 + kf-(b2 + k) 
from which we obtain a, (3 by the equations 

I ,, 1-1 1 
d- .(11) 

1 - T M l + I l+2a 
If we write x for the number of calibres contained in the length I of the shot, we have 

x = 2a/2b, and x \ 

(x2-lf-
, cosh-1,27-

• 1' 
.(12) 

and 1-1 = r COsh-1 X + -5-
(x2-lf x*-

.(13) 

Let cr be the density of the metal of the shot, and in the case of a shell let the cavity 
be homothetic with the external ellipsoidal surface, so that each dimension is the fraction 
f of the corresponding external dimensions. Then 

M=\T!o-xd\l-f), M k 2 = ̂ Tro-xd\l-p), M k 2 = x\TXiro-xd
,i(f2 + d2)(l-f), ...(14) 

and if p denotes the density of the air or medium, 
1 Pi W = \irpxd%, M' = i'M, 

1 l-f> 
i — in - •'" ' ' 10 1 -f 

k2
2 = \(x2 + l)k2, (15) 

1-Po-
tan2y = f>£(fi- a) t=^(x2 + l) (16) 

The ratio crjp may be replaced by 800 times the specific gravity of the metal, since 
water has about 800 times the density of air. 
By means of (16) the following results, which are taken from a larger table given by 

Greenhill (loc. cit. supra), were calculated by A. G. Hadcock. 

TABLE OF RIFLING FOR STABILITY OF AN ELONGATED PROJECTILE X CALIBRES LONG, 

GIVING y T H E A N G L E OF RIFLING, A N D p T H E PITCH IN CALIBRES (tany = 7r/p). 

... 
1 
2 
2-5 
3 
3-5 
4 
4-5 
5 
6 
10 
X 

PALLISER SHELL, 

f=h, Sp 

Y 
0° 0' 
2 32 
3 23 
4 13 
5 02 
5 51 
6 40 
7 28 
9 04 
15 19 
90 00 

Gl'.=8. 

p (cals.) 

Infinity 
71-08 
53'32 
42-79 
35-75 
30-72 
26-93 
23-98 
19-67 
11-47 
o-oo 

SOLID ST 
/=0, Sp 

7 
0° 0' 
2 29 
3 19 
4 09 
4 58 
5 45 
6 32 
7 21 
8 56 
15 05 
90 00 

:EL SHOT, 
Gr. =8. 

p (cals.) 

Infinity 
72-21 
54-17 
43-47 
3633 
31-21 
27-36 
24-36 
19-98 
11-65 
o-oo 



156 GYROSTATICS CHAP-

Mr. Hadcock also gave the following table : 

c 

00 
0-5 
1-0 
2-0 
2-5 
3-0 
3-5 
4-0 

0-<x 

-cc 

-2-215 

o-ooo 
0-494 
0-606 
0-682 
0-737 
0-778 

X 

4-5 
5 
6 
7 
8 
9 
10 
cc 

/3-a 

0-810 
835 
872 
897 
915 
929 
939 

1-000 

[From Greenhill's R.G.T., 1914.] 

In the steady motion the centre of the shot moves in a helix with speed parallel to the 

axis vcosd + wsmO, and circumferential speed vsin 8- wcos 8. Thus, as the period of 
turning is 2ir/g., the distance travelled by the shot in each turn can be calculated. 

19. Motion of a rigid body with altazimuth suspension and containing 

a gyrostat—gyrostatic pendulum. (1) With flywheel clamped. W e take 

first the case of a symmetrical gyrostat suspended as a compound 

pendulum by a combined vertical swivel and horizontal axis, O say, as 

shown in Fig. 30 (b). The " altitude" (inclination 0 to the downward 

vertical) of the axis of figure can thus be changed without changing 

the azimuth, or the azimuth without changing the altitude, or both may 

be changed together. 

First we suppose the wheel clamped, so that it does not rotate on its 

axle. Let the total moment of inertia about any transverse axis through 

O be A, and that for the wheel about its axis be C, while that of the case 

and axle together about the axis of figure is O. Let the turning about the 

downward vertical be at rate p, in the counter-clock direction as seen from 

below. This gives angular speed p cos 0 about the axis of figure, OC say, 

and angular speed p sin 0 about an axis O E at right angles to OC in the 

same vertical plane. Now consider a horizontal axis O D drawn outward 

toward the observer. The rate of growth of A.M. about O D due to the 

motion is — (C + C')̂ i2cos 0sin0, arising from the rotation ,usm0 about OE, 

which turns O C with its arm (C + C')/xcos0 away from the instantaneous 

position of OD, together with A/x2sin0cos0 produced, in like manner, by 

the turning of O E towards the same instantaneous position in consequence 

of the rotation about OC. 

To these we must add the rate of growth — A0 due to acceleration of 0. 

The applied couple is Mgh sin 0. Thus we obtain the equation of motion 

A0 + (C + C'-A)M
2sin0cos0 + Mc7/i.sin0 = O (1) 

The condition for steady motion is therefore 

(C-|-C'-A),u2cos0 + M(/7(, = O, (2) 

where now p and 0 are constants. 
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To find the equation of small vibrations about steady motion we combine 

with (1) the equation 

M{Asin
20 + (C-l-C')cos20}=G, (3) 

which expresses the constancy of A.M. about the vertical through 0. 

Writing U for the terms in (1) which are independent of 0, and putting 

r] for the excess of the current value of 0 above the steady motion value, 
we obtain ci\j 

A"/+W?=0' W 

where in dJJ/d9 the values of 0 and p for steady motion are to be used 

after the differentiation has been performed. It is clearly only necessary 

to differentiate with respect to 0 the expression on the left of (2), substitute 

the value of dp/d9 obtained by differentiating (3), and multiply by sin 0. 

Thus we obtain, after a little reduction, 

... 2C + C'-A3(C + C'-A)cos
20-A . ,. . ,_, 

r>+^ -^T~ A+(C + C'-A)cos29'lSm'9 = 0 (o) 

The period T of a small oscillation is therefore given by 

2TT[ A{A + (C + C'-A)cos20} 1* (6) 

p l(U + C'-A){3(C + C'-A)cos20-A}sina0[ 

If C + C' = 0, A = Mh2, we have the case of a simple conical pendulum 

oscillating about steady motion, and get the period 2TT/P(3 cos20 +1)5, which 

may be verified directly. If 0 is very small this period becomes it/p, that is 

half the period of revolution of the conical pendulum. But then the motion 

of the bob is that of a particle round a centre towards which it is attracted 

by a force which varies directly as the distance. The result of a small 

disturbance is to cause the particle to describe an ellipse about the centre 

of force, that is to extend one diameter equally at both ends, and to 

shorten in the same way the diameter at right angles to that, and the 

period of deviation from the circle is then clearly half the time of describing 

the latter. 

If the body be a straight thin rod, ihe. steady motion equation (2) gives 

p = (Mgh/A cos 0)5, so that the period of revolution is 2-7r(A COS 9/Mghy. In 

this case the period of a small vibration about the steady motion is 

2T/ 1 
,3 cos2 0 + 1 

as before. 

20. Gyrostatic pendulum with altazimuth suspension. (2) With fly

wheel ' undamped. W e now unclamp the wheel of the gyrostat, and set it 

turning relatively to the vertical plane of the axis OC with vertical speed w. 

The total angular speed of the flywheel is w + jr cos 0, and this can only be 

changed by a frictional or other couple about its axis. W e shall suppose 

that no such couple exists. The only change to be made in the preceding 
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analysis is the substitution of C(w-|-^cos 0), or, as we write it, Cn, f°r the 
A.M. about the axis of the flywheel. The rates of production of A.M. for the 
axis O D are now (Cn + G'p cos 9)p cos 0, arising from the rotation about OE, 
and -A/x2sin0cos0, arising from the motion of OC. The equation of 
motion for O D is now 

A8 + {Cn + (G'-A)pcos8}psin8 + Mghsin8 = 0 (1) 

Along with this we have for the A.M. about the vertical through 0, 

C-ftcos0-r-(Asin20-f-C'cos20)M = G (2) 

The equation of steady motion is 

{Cn - (A- C')p cos 6}p + Mgh = 0 (3) 

This equation gives two speeds of turning. If A > C", as it will be, the 
product of the roots is — Mglt/(A — C ) cos 0, and is negative, for we measure 
0 from the downward vertical, and it is less than 7r/2. The directions of 
turning about the vertical are therefore opposed. If n be very great the 
roots differ greatly in numerical value, and the greater is that which agrees 
in direction with the rotation n when both are looked at from above or 
from below. 

The approximate values of the roots are 

_ Mgh _Cn Mgh 
-~- and (X-C')cos0+~C% ' 

W e can now find the equation of small oscillations about steady motion. 
W e write as before 

M + ja[{Cn-(A-C')pcos8}psin8 + Mghsin8]r1 = 0, (4) 

where rj has the same meaning as before, and 0 and p are to have the 
steady motion values in the result of the differentiation. Calculating- dp/d9 
from (2) and substituting in (4), we get 

.. , {C%-2M(A-C')cos0}
2sin20 + (A-C')(Asin20 + C'cos20)M

2sin20 n ._, 
" + A{A-(A-O')cos20} " = °- (0) 

Thus the period of vibration is 

.,i A{A-(A-O')cos20} ~f 
>T merator of fraction in (5) "LNu-

21. Gyrostatic pendulum hung by untwistable flexible wire or 
universal joint. W e have supposed the pendulum hung by an altazimuth 
suspension. Sometimes however the suspension adopted is a short piece of 
nearly untwistable steel wire, the upper end of which is rigidly secured in 
a vertical position to a fixed point, while the lower end is rigidly fixed in 
line with the axis of the pendulum rod, as in Fig. 42. Such a suspension is 
kinematically equivalent to a Hooke's universal joint. 
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The wire is capable of flexure, but resists torsion very much; hence, on 

the supposition that there is only bending, we can find in the following 

manner the motion to which it subjects the pendulum rod. On a circle 

round the case of the gyrostat, coaxial with the pendulum rod, mark two 

points A, B, and let the arc A B subtend an angle <p at the centre of the 

circle. N o w let (as shown in Fig. 42) the pendulum rod move clockwise 

round the vertical in a cone of semi-angle 0, 

through the point of support, with angular-

speed p. If the point A always lay in the 

vertical plane defined by the axis of the rod 

at each instant, the rod would turn at angular 

speed p. cos 0 round its axis, and in the counter-

clock direction to an eye looking towards 0 

from beyond the gyrostat. But, clearly, in the 

interval in which the vertical plane through 

the rod has turned through the angle (/>, that 

plane, if it contained A initially, contains B at 

the end, and so, to bring A to the position 

occupied by B, we should have to turn back the 

pendulum about the axis of figure through an 

angle <fr, equal to that which the vertical plane 

has turned through. 

The angular speed of the pendulum about the 

axis of figure is thus —j> + pcos 9= — p(l — cos0), 

in the counter-clockwise direction as viewed 

from below. W e suppose the flywheel to turn 

in that direction, relatively to the moving 

vertical plane, at speed w. Hence the total 

angular speed n of the flywheel about its axis 

is w — p(l — cos 0). [Here 0 is the acute angle 

measured from the vertical drawn downward 

from the fixed point O : if we measure 0 from 

the upward vertical point we should have 

n = w-p(l+cos8).] 

Further, the angular speed about OE, drawn to the left at right angles 

to OB, in the vertical plane containing the latter axis, is p sin 0, counter

clockwise to an eye looking along EO. W e can now find the equation of 

motion for an axis O D drawn out from the paper towards the observer. 

The turning about O E is carrying O B (here the axis of spin) towards 

the instantaneous position of OD, and so the rate of production of 

A.M. is Cnp.sin9 from the flywheel, and — G'p2(l — cos 0)sin 9 from the 

symmetrical case. Again, as the axis O E moves with the vertical plane 

of OC, the component turning of that plane about O B gives a rate of 

FIG. 42. 
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production of A.M. — A^sin 0 cos 0. The applied couple in the connler- clock 

direction about O D is — Mgh sin 0. The equation of motion is therefore 

A0+{C%-C>-(A-C') Mcos0} Msin0 + M#/tsin0 = O (1) 

Along with this equation we have for the flywheel 

n = w — p(l — cos 0) = const., (2) 

and about the vertical through 0 the equation of A.M. is 

(Asin20-rC'cos20)M-CVcos0 + C«cos0 = G (3) 

The condition of steady motion is 

{Cn-G'p-(A-C')pcos9}p + Mgh = 0 (4) 

As before we can obtain the equation of small vibrations about steady 

motion by differentiating the expression on the left of (4) and inserting the 

value of clp/d9 from (3); so that we obtain 

Arj+~[{Cn-C'p-(A-C')p cos 9}p\. sin 0.^ = 0, 

or A,7-r-[{C7i-2C'/x-2(A-CVcos0}^ + (A-C')M
2sin0]sin0.^ = O. ...(5) 

But from (3) we get 

dp _ — 2(A — C)p sin 0 cos 0 + Cn sin 0 — G'p sin 0 /g\ 
d9 Asin20 + C'cos20-C'cos0 

Substituting in (5) we obtain 

... , [K 2-CVK + (A-C')M
2{A-(A-C')cos20-C'cos0}]sin20 _ * 

' + A-(A-C')cos20-C'cos0 ~ " -i~v,-(i) 

where K = Cn - G'p - 2(A - C')p cos 0. 

W e shall refer back to the equations now obtained when we deal in the 

sequel with the small oscillations of a gyrostatic pendulum. 



CHAPTER VIII 

VIBRATING SYSTEMS OF GYROSTATS. 

SUGGESTIONS OF GYROSTATIC EXPLANATION OF 

PROPERTIES OF MATTER 

1. Gyrostatic Spring. Lord Kelvin suggested in a Royal Institution 

Lecture, delivered March 4, 1881 (Popular Lectures and Addresses, Vol. I. 

p. 142) that some of the elastic properties of bodies might be capable of 
explanation by the rotation of their particles. 

He returned to the subject in his Address as 

President of Section A of the British Association 

Montreal Meeting, 1884. As an illustration of 

the production of elastic quality by motion, he 

proposed a gyrostatic arrangement which should 

have the properties of a spiral spring. As 

shown in Fig. 43, four equal bars freely jointed 

at their ends form a frame, to the ends of a 

diagonal of which are attached hooks about 

which the frame can swivel, so that it can 

revolve about that diagonal without any turning 

of the hooks. At the middle of each bar of the 

frame is placed a flywheel running in its case 

with its axis in the line of the bar. The case 

is rigidly connected with the bar. The direction of spin of each wheel 

is such that if the frame were drawn out into a double line of bars along 

the diagonal, the directions of turning would coincide for all the wheels. 

The gyrostats have all the same mass M, moment of inertia of flywheel 

C, speed of rotation n, and moment of inertia A of the whole gyrostat 

about a transverse axis through its centroid. 

When the frame is hung by one hook, so that the line of hooks is 

vertical and a mass Mx is hung on the lower hook, and the frame is there

after precessing freely about the swivels, the effect of increasing the weight 

Mx is to cause elongation of the distance from hook to hook, and vertical 

vibration of the arrangement about a new equilibrium value of this distance 
G.G. I' 
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In-

takes place. Similarly if Mx is diminished the diagonal is shortened. W e 

shall see how the elongation or shortening depends on the increase or 

diminution of Mx. 

Attempts made to realise this " gyrostatic spring balance," with gyrostats 

first spun and then placed in position, have failed because of the difficulty 

of equalising the rotational speeds; but success can be attained by using 

gyrostats, all precisely alike, in which the flywheels are rotors of electricity 

driven motors, and driving all with the same current. 

W e suppose the length of each rod to be 2a, and that the inclination of 

each upper rod to the downward vertical is 0. W e find first the energy of the 

arrangement. The distances of the centres of the upper and lower pairs of 

gyrostats from the level of the upper end of the diagonal are a cos 0 and 

3a cos 0, respectively. Thus the corresponding vertical speeds, taken posi

tive downwards, are — a sin 0. 0 and — 3c6 sin 8 . 9. Also the distance of 

each of these centres from that diagonal is a sin 0, so that the horizontal 

speed in each case is numerically a cos 0. 0, Lastly, the vertical speed of 

the lower hook, and therefore also of the attached mass, is — ia sin 0.0. 

Hence we get for the kinetic energy 

2{A + Ma 2 + 4(M + M1)a
2sin20}02 + 2(A + Ma2),u2sin20 + R, 

where p is the precessional angular speed and R (a constant) is the kinetic 

energy due to the spin of the flywheels. 

The potential energy, measured from the level of the upper end of the 

vertical diagonal, is — 4r/(2M-|-M1)acos 0. Thus we have the energy 

equation 
2{A + Ma 2 + 4(M + M1)a

2sin20}02 

+ 2(A + M«2)M
2sin20-4c7(2M + M1)acos0 = K, (1) 

where K is a constant. 

Also there is the equation of constancy of A.M. about the vertical 

diagonal, which, since we measure 0 from the downward vertical from 

the fixed point, may be written 

(A+Ma2)jUsin
20-C«cos0 = G, (2) 

where G is a constant. 

Differentiating (1), putting, for brevity, a for A + M«2, (3 for 4(M + M,)a2, 
we get 

7 
(a + /3sin20)0 + /3sin0cos0.02 + a^^sin20 + aM2sin0cos0 

+g(2M + Mx)asin8 = 0 , (3) 

But, by (2), up -£sin20 = — (Cnp + 2ap2cos 8) sin 0, 

so that (3) becomes 

(a + (3 sin28)8+ (3 sin 0 cos 0. 82-(Cn+ap cos 8)p sin 0 

+ c7(2M + M1)asin0 = O (4) 
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The steady motion equation is obtained by deleting in (4) the terms in 
0 and in 02. 

For small vibrations about steady motion we take d2 as negligible, and obtain by the 
method of 19, VII, 

(a + /3sin2#);;--=j(Cre+a/i,cos d). prjsin d = 0, (5) 

in which p and 6 are to be understood, after the differentiation is performed, as the values 
for the steady motion, and 17 is the excess of the actual value of 8 above the steady 

motion value. W e have, as before, dpjd8= - (On + 20,^ cos d)ja sin 8, and (5) becomes 

.. , (On. + 2ccu, cos #) 2 + a2/u,2sin2# 
r'+ *(o. + (3s^2d) *> = ° (6) 

The period of oscillation of the arrangement is therefore 

o_T (A + Ma 2){A + M a 2 - K ( M + M,)a2sin26>} ~|* 
J" L{C?2 + 2(A + Ma2)/tcos 8}2 + (A + Ma2)2p:2sm28J 

W e now investigate.the change of equilibrium length of the diagonal produced by 
altering M j . For this we take the steady motion form of (4), and differentiate with 
respect to M,. W e get 

ir\ , .-, a\dti- d8 , ,, . „ d6 
-(Cn + 2apcos8)/sm- + a,,2sm8mi+ga = 0, 

which, by the value of dpjdd given above, becomes, after reduction, 

dd ga(A + Md2)smd 
dMi~ {Cn + 2(A + Ma2)p.cos 6)2 + (A + Ma 2)Vsin 28 { ' 

Thus the angle 8 diminishes as the load M [ increases, that is the vertical diagonal increases 
in length. The length I of the diagonal is 4a cos 8, so that dl= — 4a sin 8 • dd. Hence (7) 
gives 

dl _ 4ffa2(A + Ma2)sin2fl , . 
rfM1~{Cji + 2(A + Ma

2)/xcose}2 + (A + Ma2)Vsin2e { ' 

This result shows that the action can hardly be described as that of a 

spiral spring. For very fast spin the predominating term in the deno

minator on the right of (8) is C2n2, and the elongation produced by a given 

increment dMx of load is nearly proportional to sin20. If, however, the 

frame be shut up so that each side is very nearly horizontal, and the spin 

be very great, the spiral spring action will, as noticed below, be obtained. 

But (6) and (8) show that even w h e n Cn is zero, the arrangement acts 

as a spring. It is of course very easy to investigate this simple • case 

independently. 

A fair idea of the action, and indeed an approximate realisation of the 

property aimed at, is obtained by means of the arrangement shown in 

Fig. 44. A gyrostat is hung with its axis horizontal by a cord in the same 

vertical as the centroid. The flywheel spins, but as there is no couple there 

is no precession. A weight mg is applied in a vertical line at distance I 

from the centroid, as indicated by the diagram; a slight, very slight, tilting 

of the gyrostat is produced, and the gyrostat moves off with not quite 

steady precession, of average angular speed p. Neglecting the slight devia

tion, n o w set up, of the suspension cord from the vertical, and putting A for 
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the moment of inertia of the gyrostat about a vertical axis throug 
centre, w e get for the kinetic energy of the azimuthal motion the value 

lAp2 + hnl2p2. The work done by the weight mg in its descent through 

the small distance h involved in the tilting is mgh. Hence 

we Set \(A + ml2)p2 = mgh (9) 

As we have already seen, w e have in this case p = mgl/C7i. 

Substituting in the equation just found this value for p, and 

supposing that A is great in comparison with ml2, so that 

the term \ml2p2 m a y be neglected, w e find after a little 

reduction the equation 

.(10) h Alhj 
rn~2G2n2 

It will be seen that this (to a constant factor) agrees with 

(8) if we suppose Cn very great and 8 = \ir. For this 

value of 0, sin20=l, and the rate of variation of sin20 with 

0 is zero, so that proportionality of h to m is for small 

increments of m fairly accurately obtained. But in strictness the terms 

in A and M in the denominator of the expression on the right of (8), intro-

ducino- ctcos0 and psin 8, affect the result. The rate of variation of cos20, 

or of sin20, with 8 is numerically greatest when 8 = \ir. 

The action, though it cannot be described as an exact imitation of that of 

an ordinary spring, is very interesting, and is helpful as furnishing a notion 

as to how the elastic properties of bodies m a y possibly be explained by 

means of a kinetic theory of the constitution of the bodies. 

2. Gyrostat hung by steel -wire. Axis horizontal without spin. The 
suspension wire in actual experiments made was long, its upper end was 

fixed and its lower end was attached to the gyrostat rim so that the gyrostat 

turned with the wire when that turned about its axis, and the gyrostat was 

free to tilt as shown in the diagram. Let the gyrostat be turning in azimuth 

so that the wire is twisting or untwisting. Let the wire have torsional 

rigidity T, that is the couple required to maintain the lower end in position, 

when turned round the axis of the wire through an angle <p from the position 

of equilibrium, be T(fi. 

As we shall see, the plane of the flywheel will not remain vertical, and 

we suppose that, at the instant, the inclination of the axis to the horizontal 

is 0, as shown in the diagram, reckoned positive when the turning is in the 

counter-clock direction about the horizontal axis O A, as seen from beyond 

A. If cp be, as we assume, always small, 0 will always be small also. 

N o w suppose the angular momentum C n of the (vertical) wheel to be re

presented by O B drawn from the centre O of the gyrostat, and that the 

lower end of the wire is turning in the azimuthal direction indicated by the 
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<£P 

curved arrow at the top of the diagram. Hence angular momentum is 

being produced about the horizontal axis O A at rate — Cntp. The gyrostat 

must be tilted with the end B of'the axis up, through the angle 0 (ex

aggerated in the diagram), to give a couple for this 

growth of angular momentum. The moment of the 

couple is Mgad if M be the whole mass of the gyrostat 

and a the distance of the point of attachment of the 

wire from the centre of gravity 0. The total rate 

of production of angular momentum about OA is 

A'9 — Cnj>, where A' is the moment of inertia of the 

gyrostat about the point of attachment E of the wire. 

Putting this rate equal to the moment of the couple in 

the positive direction, we get the equation of motion 

A'9-Cnj> = -Mga9 (1) 

But in consequence of the turning at rate 0 angular 

momentum is being produced about the upward 

vertical at rate Gn9, and the total rate about that 

axis is A<p + Cn9. Hence we get the equation 

A<p + Gn9=-Tab (2) 

It is to be noted that the azimuthal motion of the 

tilted gyrostat will cause slight deviations of the long 

suspension wire from the vertical: these are here 

neglected. 

If now we suppose 0 so small, and the period also 

so great, that 0 may be neglected, we have Cnj> = Mgad, and therefore 

horizontal 
axes 

Cnj> = Mcja9, or Gn9 = j>G2n2/Mgo 

.(3) 

Substituting in the equation (2) w e find 

A+M1D^=O 
This is the equation of torsional oscillations, and shows that the virtual 

moment of inertia of the gyrostat as a torsional vibrator is A + G2n2/Mga. 

This fact was pointed out by Lord Kelvin [B.A. Meeting, 1884]. 

A strict solution of the equations (1) and (2) leads to the same result, and 

to another interesting conclusion. Assuming 

0 = 0 / " , <p = <p0e
m, 

and substituting in (1) and (2), w e obtain the equations 

(A'k2-Mga)90+iCnk<p0 = 0, } 

iCnk90-(Ak
2-T)j>0 = 0.\ 

Eliminating 0O, <pQ, w e find 

AA7c*- (C2n2 + MgaA + TA')k
2 + Mcjar = 0, 

.(4) 

.(5) 
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a quadratic equation for the determination of k2. The roots are certainly 

real if the angular momentum Gn of the flywheel is made great enough. 

They are also positive because, since A, A', M, g, a, T are all positive, the 

product of the roots Mgar/AA' is positive, and the sum of the roots 

(C%2-t-M#oA-f-TA')/AA' is also positive. 
If now T be made very small, that is if the suspension wire be made very 

long, the product of the roots Mgar/AA' becomes very small. But the 

coefficient of k2 is still numerically great. Thus the equation has then a 

small root and a comparatively large one. The small root is obtained 

approximately from 
-(C2n2 + M(/aA + -rA')/c2 + Mc7aT = 0, (6) 

and the large root from 

AA'F-(C2w2 + M(7aA + TA') = 0 (7) 

Neglecting the term TA' in the expression in brackets, we obtain for the 

small root Mgar /g\ 

C^r^+M^oA ^ ' 

The period of vibration is for this 
2- = WA + ^-t (9) 

Thus, regarding the matter from the point of view of torsional oscillations 

of a wire of torsional rigidity r, we see that the moment of inertia of the 

gyrostat as a torsional vibrator on the wire is virtually A + G2n2/Mga. 

Now take the large root given by the equation 

C%2 + % o A m ) 
,c ~~ A A V ; 

The period of oscillation is 

£ = 2*/ —-—f (ID 

Thus regarded from the point of view of an oscillation in 0, that is of the 

gyrostat about a horizontal axis through the point of attachment of the 

wire, and in the plane of the flywheel, the motion takes place in the period 

which would exist without rotation either under a couple (per unit of 0) 

Mj7a(l + C%2/MA(/a) with moment of inertia A', or under a couple Mga 

with moment of inertia A'/( 1 + C2n2/MAga). 

The motion of long period and that of short period can exist separately. 

The general motion, however, when the suspension wire is very long, consists 

of vibrations of short period, arising from the virtual diminution of moment 

of inertia just noticed, superimposed on the vibrations of long period due to 

enhancement of moment of inertia of the torsional vibrator. [These rapid 

vibrations are naturally more quickly damped out by the action of friction, 

which is not here considered.] That a virtual enhancement of one moment 

î . 
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•of inertia A must be accompanied by a virtual diminution, in the same 

ratio, of the other moment of inertia A', follows from the fact that the 

coefficient of /c4 in the determinantal equation (5) is AA'. W e have thus a 

general theorem of the effective inertias of systems which have two modes 

of vibration. Very probably it has been explicitly stated before. 

3. Gyrostat with two freedoms doubly unstable without spin. We now 
consider the arrangement of a gyrostat- mounted so as to turn about two 

axes which are at right angles to one another, and m a y be regarded, in the 

first place, as both horizontal. W e suppose, therefore, that the system has 

gravitational stability or instability in one or both freedoms. Such an 

arrangement is shown in Fig. 46, which represents a motor gyrostat mounted 
on gimbals. In this case the gyro

stat, if without spin, is unstable in 

both freedoms. But it is possible to 

have one gimbal ring pivoted above 

the gyrostat, and the other below it, 

and neither of these m a y be the ring 

on which the gyrostat is immediately 

supported; or the axis carrying the 

gyrostat m a y be one about which 

the frame or case of the gyrostat is 

free to turn, and the frame or case 

m a y be attached to a cross-bar on 

two vertical legs or stilts. Such an 

-arrangement has one stability and 

one instability without spin. Both 

the stability and the instability are 

gravitational. Thus if M be the 

mass of the gyrostat and its attach

ments, and h the distance of the 

considered, what has been called the ' 

positive or negative. 

Let, then, the masses which turn about the respective knife-edges or axes 

be M, M', the heights of the centres of gravity above (or distances from) 

the axes be h, h', the moments of inertia about the axes be A, A', the 

respective angular deflections (supposed small) from the vertical be <j>, \p-, 

and, as usual, the moment of inertia and angular speed of the flywheel be 

C, n. W e get then by the process so often employed above, for the rates 

•of growth o'l angular momentum about the axes, fixed in the present case, 

A$ + Cnjr = Mgh<p, A'jr-Cnj> = M'gh\lr* (1) 

* It may be remarked here that if we multiply the first of these equations by cp, the second 
by Y, add anc integrate with respect to the time, we get the equation of energy. But the 

FIG. 46. 

centre of gravity from the axis 

' preponderance,'' Mgh, m a y be either 
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[If the axes be horizontal and at right angles to one another, we might 

take them as parallel to axes of x and y drawn from an origin on the 

vertical through the centre of gravity for the upright position. Each 
turning is to be taken as positive when it is counter-clockwise to an eye 

looking at the apparatus towards the origin from a point on the axis of 

rotation at a positive distance from the origin. The axis of z may be taken 

downwards.] 

If, taking the case of double instability without spin, we write B = Mgh, 

B' = M'gh', Equations (1) become 

A$ + Cnjr-Bcp = 0, A'jr-Gnj-B\/r = 0 (2) 

[The reader will observe that the meaning of jr is here different from 

that assigned to the same symbol in the theory of a single gyrostat set 

forth above.] 

Now let <p = aeiU, jr = beikt, (3) 

where a and 6 are constants, which are in general complex numbers, that is 

are of the form a + i/3, {i = ( — 1)*} where a and /3 are real quantities. Thus 

by substitution in (2) we get 

- (h2A + B)a + ikCnb = 0,] ,4 

~ikCna-(k2A' + B')b = 0,j 

and therefore by elimination of a and b 

AA'ki-(G2n2-AB'-A'B)k2 + BB' = 0 (5) 

According to the supposition made above, A, A', B, B' are all positive, and 

the roots of the quadratic in k2 which we have obtained are real and positive 
if (C2w2-AB'-A'B)2>4AA'BB' and C2n2 > AB' + A'B. 

These are the conditions of dynamical stability, for if they be fulfilled </> 

and \p- represent simple harmonic deviations from the equilibrium configura

tion (unstable in the present case without spin). Each deflection may have 

either of the two periods given by the two real roots k2, k.,2 of (5). The 

motion is oscillatory and therefore stable, and there are two modes of 

vibration, which may be taken, either separately or in combination, by the 

gyrostat. Moreover there are numerically equal positive and negative 

values of k given by each value of k2. 

Now it is clear that the four roots provide for the case in which the sign 

of n is reversed, that is for both +n and —n. To settle what roots go 

with +n and what with —n, we may proceed as follows. Suppose that 

gyrostatic terms have disappeared, and they contribute nothing in an explicit form to the 

energy expression. The same remark is true of all systems of equations contai ling gyrostatic 

terms. Hence from the principle of energy alone it is impossible to foresee the existence of 

such terms. It is sometimes asserted that the principle of energy contains all thii.gs dynamical. 

Certain special cases excepted, the principle of energy, by itself, is insufficient fir the solution 
of dynamical problems. 
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A = A' and B = B', then equations (2) can be united in one by writing 
((=<p+i\Jr. Thus multiplying the second of (2) by i and adding, we get 

A£-C«i£-Bf=0 (6) 

If now we put £=Keikt, 

where K is a constant, we obtain from (6) the condition 

l^k + l = 0, (7) 

which yields fc lG»{l±(l-4^B)4} (8) :2~AX1±V~"G^2J 
Thus for n positive k has two positive values, and for n negative has two 

negative values. The reversal of the direction of rotation reverses the signs 
of the roots. This will hold also when A and A', and B and B', are unequal, 
as there cannot be any change in the nature of the solution brought about 
by the equalisation of these quantities. 
It will be observed that if the spin be rapid the roots are Gn/A and B/Cn 

nearly. These are the angular speeds of possible circular motions, and 
agree with the results obtained above for the steady motion of a top. 

The roots of the quadratic (5) are given by 

£2 = i/{l±(l-^)'}, (9) 

where/=(C%i2-AB'-A'B)/AA', <jr = BB'/AA'. This gives two positive values of k and 

two negative values, provided g is positive. It will be observed that if B and B' have not 

the same sign g is negative, and (9) gives two real roots (equal with opposite signs) and 

two imaginary roots. W e have just seen that the two positive values of k apply to the 

case of n positive. N o w recurring to the case of A = A', B = B', we should then have been 

able to realise the solution very simply by writing 

tt = 4> + if = (ai + i(3i)e
ik< + (a2 + if32)e

ik*t, (10) 

where ax, (3X, o.2, (32 are supposed all real. W e should have had 

C—a-i cos kxt - (3i sin kxt + a2 cos k2t — (32 sin k2t 

+ i(o.i sin kxt + (3X cos kxt + a2 sin k2t + yS2 cos k2t), (11) 

and therefore should have obtained the real values of </> and i/rby equating </> to the first 

line on the right of this equation, and bjr to the second line. But if we compare (4) with 

the equations we should have if A = A' and B = B', we see that we must have for positive n, 

<p = cq cos kjt — (3i sin kxt + a2 cos k2t - (32 sin k2t, "\ ,-,„, 

^ — Pi(°qsinkxt + (3i coskf) + p2(a2sm k2t + (32cos k2t), J 

where p = {(k-2A + B)/(k2A' + ~B')}2 = ib/a, and pu p2 are the positive values of p for kx and k2. 

If we put — i in the place of +i in the exjwnents in (10), (12) becomes 

<p = o-i cos kxt + (3X sin kxt + a2 cos k2t + (32 sin k2t, ~\ /,„^ 

^r= — Pi(ax sin k^ — (3iCoskxt) — p2(a.is\nk2t — (32cosk2t). j 

Thus we have simply changed the signs of the arguments. In (12) and (13) kx andX-2 are 

to be taken positive, as the effect of changing from the positive to the negative roots has 

been taken account of in the signs of the coefficients in (13). These changes correspond 

to a reversal of the spin n, as may be seen from the values of the roots of the biquadratic 
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(5) as given in (8). It will be seen that each pair of terms of (12), made up of the first 

term in <p and the first term of f, or of the second, third, or fourth term in each 

expression, would if p were unity give a. circular motion in the positive direction, an 

that similarly the corresponding pairs of terms in (13) would represent circular motions in 

the opposite direction. But opposite circular motions are not superimposed [see 4, below]. 

It is now obvious that there are two modes of motion for each direction of spin provided 

the product BB' is positive. By the spin the two instabilities which existed without 

spin have been replaced by stabilities. If BB' be negative there is only one possible 

mode of motion for each direction of spin, and complete stability has not been attained. 

The reader will observe that this analysis of any system with two 

freedoms, gyrostatically dominated, is applicable, mutatis mutandis, to any 

arrangement, e.g. that of the gyrostat on a trapeze, or Lord Kelvin's proposed 

gyrostatic compass [see 5, VII]. 

4. Gyrostatic system -with two freedoms doubly stable without spin. 

Gyrostatic pendidum. Bet us now suppose that the two freedoms are both 

stable without spin. Then in equation (2) we have to change the signs of B 

and B', and then suppose both quantities positive. The equations are now 

A$ + Gnjr + Bcp = 0, A'jr-Cnj + B'jr = 0 (1) 

If we had A = A', B = B', we should write the single equation 

A£-Cmf+Bf=0, (2) 

where £=<p + ijr. The value £=(a + i(3)eiu would give the equation 

k2-^k-^ = 0, 
A A 

/ ldif, A , 4ABV) ,™ 

Reversal of the sign of n would give simply these roots reversed in sign. 

Thus for a given direction of spin there are two roots kx, —k2 of which the 

positive numerical values are kx, k2, and for the reversed spin there are the 

two roots —kx, k2. 

We find in the same manner as before 

(/> = «! coskxt -(31 sin k1t + a2cosk2t + (32sin k.,t, ) /n 

ir = Pi(cq sin kxt + (3i cos kxt) — p2(a2 sin kd — (32 cos k.,t). J 

Here p,, p2 are taken as the positive values of 

{(k2A-B)j(k2A'-B')}i 

for the respective values of k2. 

If we change the direction of spin we get 

c/) = cq cos k^ + (3i sin kxt + a2 cos k2t — (32 sin k2t, "i ,., 

\jr = pi(- cq sin kxt + (3X cos kf) + p.,(a2 sin k2t + (3.2 cos k,,t). J 

If p were unity the first pair of terms, or the second pair of terms, one from <p and one 

from i/q in (4), would give a. circular motion in the positive direction, and either pair of 

terms in k.L u, circular motion in the negative direction. These circular motions are 

reversed in (5). There is thus the remarkable difference between this doubly stable case 
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and the former, that now circular motions in opposite directions can be superimposed. 
The periods of these two motions are 2ir/ki, 2-rr/k2. The greater angular speed kx, which 
for A = A', B = B' is On/A nearly, is round in the direction of rotation, the smaller angular 
speed k2, which for A = A', B = B' is B/Cra or (MghjCn) nearly, in the case of gravity is in 
the opposite direction to the rotation n. That is as seen from below in both cases. 

5. Illustrations of effect of spin on stability. The arrangements shown 

in Fig. 47 illustrate this affair of stabilities very well. It is taken from 

Thomson and Tait's Natural Philosophy, § 345x A gyrostat is hung on a 

FIG. 47. 

bifilar sling, the horizontal bar of which can turn about swivels at its ends. 

There are four arrangements: (1), (2), (3), (4). In (3) and (4) the cords are 

crossed by means of a ring placed in one of them. In each case there are 

three gyrostatic modes of motion, two inclinational and one azimuthal. [The 

inclinational mode in which the cords move in the vertical plane is supposed 

annulled by a proper constraint.] 

Without spin of the gyrostcd, these are all three stable in(l); the inclina

tional mode of shorter period is unstable in (2); the azimuthal mode only is 

unstable in (3);. while the azimuthal mode and one inclinational mode are 

unstable in (4). 

As the following discussion shows, with sufficiently rapid spin of the 

gyrostat, in (1) the motion is wholly stable; (2) has two interlinked modes, 

the azimuthal and the shorter period inclinational, unstable, and the other 

inclinational modes stable; for (3) the same result holds; in (4) the motion 

is again wholly stable. 

The theory of the arrangement is shortly as follows. It is supposed that when the 
cords are in the same vertical plane the arrangement is symmetrical about the line joining 
the mid-point E of the trapeze, on which the gyrostat is carried, and the mid-point IT of 

the line AB. 
Let ( denote the azimuthal angle turned through by the trapeze from coplanarity of the 

cords, rj the inclination of the axis of the gyrostat to the horizontal, and 6 the angular 
turning about the line joining the upper ends A, B of the cords. The angle 8 may be 
taken as the inclination of E F to the vertical in the displaced position. 

The turnings rj, 8 we suppose are counter-clockwise when viewed from beyond the right-
hand end of the trapeze, and we take the position of stability without spin as the normal 
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position. If M be the total mass suspended and I the length of EF, the total moment 
about A B will not differ much from Mgl6, if d be small, and I (as in Fig. 47) be great in 
comparison with the distance h of the line of swivels from the centroid of the gyrostat. 
Practically the whole mass M is made up of the gyrostat and trapeze. The moment of 
the forces about the line of swivels is approximately Mghrj. W e denote the moment 
about the vertical due to the bifilar, when the azimuthal angle is (, by Lf The equations 
of motion are approximately 

Af-C»»7±Lf=0, ] 

Bij-Mhld + On(±Mghv = 0, • (1) 

B'8-Mhli)±Mgld = 0, J 

for the suspended mass, apart from that attached to the swivels, is practically zero. Here 
terms in 82, if are neglected, all the angles £ i), 8 are taken small, and A, B, B' denote 

the moments of inertia respectively about a vertical through the centroid of the gyrostat 
and trapeze, about the line of swivels, and about the line A B , and the upper or lower sign 
before L, Mgh, or Mgl is to be taken according as the mode of motion is stable or unstable 

in the absence of spin of the flywheel. 

If we suppose that (=00*^ 7i = bei^t d = ceiiJ-t , (2) 

and substitute in (4), we get, taking for the present the upper signs in the ambiguities, 
the determinantal equation 

A (BB' - M2/t2Z2) p° - (BB'L + AB'Mgh + ABMgl - L M W + B'C2m2) p.* 

+ (BBl + B'Ijh + AMhlg + Chi2l)Mgg2 -lM2hlg2 = 0 (3) 

When L, Mgh, or Mgl is to be taken with sign minus prefixed, the requisite correction in 
this equation can be made at once. Since B > MA 2 and B'> Ml2, the coefficient of g6 in 

(3) is positive. W e can now consider the different cases specified above. 
In case (1) the determinantal equation written as 

age + /3gi + yp2 + 8 = 0 

has its coefficients a., (3, y, 8 all real and alternately positive and negative. Hence the 
roots of the cubic in g? are all real and positive. The motion is therefore oscillatory in a 
real period. Each value of g? gives two values of p numerically equal and opposite in 
sign. The motion is thus stable. It is easy to show that when there is very rapid rotation 
of the flywheel, so that the terms C2n? dominate the coefficients of g* and g2, the positive 
values of p correspond to rotation of the flywheel in one direction, the negative values to 
rotation in the opposite direction. 

In case (2) we suppose the inclinational mode, ii, to be unstable without spin. W e 
shall suppose also that there is complete gyrostatic domination, that is, that Cn is so great 
that C2n2 in the coefficients (3, y dwarfs all the other terms into relative- insignificance. 
Since h is now to be taken with the negative sign the determinantal equation (3) is now 

A (BB' - M2h2P) gs - B'0 2K V + C2n2Mglg2 + L M 2 % 2 = 0 (4) 

Here the sum of the roots of the cubic in g2 has a very large positive value 

B'CV/A(BB'-M 2A 20, 

and their product a moderately small negative value - LM2,t72/i('/A(BB'-M2A;!("2). The 
equation has therefore a large positive root and a numerically small negative root. These 
roots are given approximately by the first two terms and the last two terms of (4). They 
are respectively ^ 02»2B' „_ BMghl 

^~A(BB'-M2hH2)' ''"-""CV (5) 

The intermediate root is approximately 
„ Mgl 

'x" = ̂  (6) 



VIII VIBRATING SYSTEMS OF GYROSTATS 173 

The small negative value of g2 is characteristic of the azimuthal motion in £ and the 
inclinational in 11, now linked by the gyrostatic action. H,ence this combination is unstable. 

In case (3) the azimuthal mode only is unstable without spin. W e get exactly the same 
roots, and therefore the same result as to stability as before. 

In case (4) L and Mgh are to be taken with the negative sign prefixed. W e see at 
once that in this case all three values of g2 are positive. The motion is therefore wholly 
stable. 

In the above discussion the words stable and unstable have been used in the restricted 
sense, that the theorems are only true for a system unaffected by frictional resistance to 
motion. The subject of gyrostatic domination is resumed again in Chapter X X . 

6. Gyrostatic arrangement doubly stable or doubly unstable without 

spin. Fig. 48 shows a device (due to Professor H. A. Wilson) which may 

be modified in different ways to illustrate the theory given in 3 and 4, and 

which is easily constructed. The axis of the flywheel 

of a gyrostat is carried by a ring movable about 

a diametral axis at right angles to the flywheel 

axis, and is shown as standing at right angles to 

the plane of the diagram. The axis of the ring, 

BB, is carried by a frame which can turn about the 

line of the bar CC, in one arrangement, which we 

shall refer to as case (a), or about the line G'C in 

another, which we shall call case (b). The frame is 

shown in a vertical position in the diagram. The 

upper end of the axis BB passes through a bearing in 

the upper bar of the frame and carries a crank c. 

One end of a spiral spring is attached to this crank, 

the other end is moored in case (b) to a pillar on the 

upper bar CC as shown in the diagram, and in case (a) to a similar pillar 

on a considerable prolongation of the bar CC to the right. 

It will be seen that there are two freedoms, one of turning of the gyrostat 

about the axis BB, the other of the whole system, either about the axis in 

line with CC or about C C With the freedoms about BB and CC we take 

the spiral spring placed as in case (a); its action on the crank, when that is 

turned out of the plane of the frame by the turning about BB, is then to 

exert a moment tending to bring the crank, and therefore the plane of the 

gyrostat flywheel, towards coincidence with the frame. Thus the two 

freedoms are both stable without spin of the flywheel, the former by the 

action of the spring and crank, the latter because of gravitation. 

In case (b) the arrangement is doubly unstable, for the action of the crank 

is then towards increasing the angle between the planes of the wheel and 

the frame, and the frame is unstable without spin since the centroid of the 

system is above the axis C C 

Let <p denote an angle turned through about the axis CC, and let at the 

instant considered the crank be inclined to the frame at the angle 0, both 
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angles being small. Then the directions of spin and of the angles of turning 

</> and 0 when positive, being as indicated, the ̂ -equation of motion is 

Aj> + Cn9 + Mgh<p = Q, (1) 

where the quantities A, Cn, Mgh have the usual significations, that is M is 

the whole swinging mass, and A is the moment of inertia for the axis CC. 

The distance h is the height of the axis CC above the centroid of the 

system, and in Fig. 48 is positive. 

If 0 be the small angle turned through by the crank, and the length of 

the spring be great in comparison with that of the crank, and the spring be 

considerably stretched when the system is in equilibrium, the force F applied 

by it will be practically constant, and the moment applied by it will, for 

length I of the crank, be ¥19. The 0-equation of motion is therefore 

B8-Cnj + Fl8 = 0, (2) 

where B is the moment of inertia of the gyrostat about the axis BB. 

Equations (1) and (2) correspond precisely to equations (1) or (2) of 2 

above. 

Let now the arrangement be made doubly unstable by pivoting it on the 

axis CC', and carrying the crank to which the spring is attached to the left 

of B before attachment to the spring, as shown in Fig. 48. The equations 

of motion are now, if h be the numerical value of the now negative height 

of CC' above the centroid, 

Ac/; + Gn9 - Mghcp = 0,1 

B9-Gn<p-m9 = 0. J 

All the conclusions derived above hold for these arrangements. W e get 

for equations (1) and (2), the determinantal equation 

AB¥-(G2n2 + MghB + FlA)k2 + Mgh¥l = 0, (4) 

a quadratic in k2, the roots of which are real and positive. For equations 
(3), on the other hand, we obtain the quadratic 

ABki-(C2n2-MghB-mA)k2 + MghM = 0, (5) 

the roots of which are real and positive if 

C2w2 > MgltB + F/A + 2 (MghBFlAf, 

in which F, /t are both positive and the positive, square root is taken. 

In each case, if Cn be very great, there are two roots which are 
approximately 

2_C
2n2 + MghB + AM MghYl 

' ' AB ' " C2n2 + MghB + Am (b) 

in one case, and 

G2n2-MghB-AVl 7„_ MghFl 
AB ~~ ' K" C2n2-MghB-AFl {i) 

in the other. The first root given in each case is the laro-er. The first 
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gives a vibration of shorter, the second of longer period, since of course the 
period is 2-jr/k. 

If now we suppose that F is zero, that is that there is no spring, the 

longer period is infinite, and the shorter is 27r{AB/(C2«2 + i%/iB)}* in one 

case, and 27r{AB/(C%2-M(//iB)}4 in the other. This is also obvious from 

equations (1) and (2) or (3). For (2) and the second of (3) become 

B9-Cnj = 0, 

and it is clear that if <p is kept zero 0 will be zero, so that we haVe 

B9 = Cn<j>. Equations (1) and the first of (3) therefore become respectively 

C2n2 + MghB 

and 

A$ + -

Aj> + 

B 
Ch •MghB 

B 

. = 0, 

, = 0. 

(8) 

(9) 

Controller with 

In the former case the length of the equivalent simple pendulum has 

been diminished from A/M/t to A/(Mh + C2n2/gB), that is by the amount 

AC27i2/M/i(C2w2 + BM(/A,), which if C2n2 is very great is approximately A/M/t. 

The effect of increased angular speed of spin is therefore towards reducing 
the period to zero. 

On the other hand there is not in the other case any real period until 

G2n2 is greater than MghB, and after that continued increase of spin is 

towards giving a length of equivalent simple pendulum equal to ABg/G2n2, 

which again is zero when Cn is infinite. 

7. Gyrostatic control of the rolling of 

gyrostat frame clamped. The Schlick con

trivance for diminishing the rolling of a 

ship is an example of the first case. If it is 

left free to precess in the fore and aft 

directiomas the ship rolls from side to side, 

and there is no couple on the gyrostat 

in the (fore and aft) plane of precession, 

the metacentric height is increased by the 

amount C2n2/BMg, where B refers to the 

gyrostat in its precessional motion, about 

an axis parallel to the deck and athwart 

ship. As M is the whole mass of the ship 

this is not a very large increase. 

W e may put G2n2/BMg in the form 

iGn2. 2C/BMt7, and C/B is about 2 for a 

wheel like a disk. 
JITU. ay. 

In the stilt top (Fig. 49) we have an 
example of the other case. W e must have G2n2 >• MgliB, that is 
2 Crt2 >• JB/C. Mgh, or the kinetic energy of the flywheel greater than 
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the exhaustion of potential energy involved in the descent of the top hom 

the vertical to the horizontal position. 
The theory of the stilt top with frictional resistance to both freedoms is 

practically identical with that of Schlick's gyrostatic controller of the 

rolling of o ship. W e shall consider this contrivance here, and point out 

afterwards the bearing of the results of the discussion of its theory on the 
behaviour of other contrivances. The 

controller is shown diagrammatically in 

Fig. 50. A gyrostat G is fixed so that, 

when the ship is upright and the gyrostat 

is in equilibrium, the axis of the flywheel 

is vertical. The wheel is pivoted in a 

frame F, as shown, which turns on the 

bearings bb, and a weight W gives to the 

whole arrangement a certain amount of 

gravitational stability. A brake pulley 
FIG. 50. ° J L 

B surrounds the axis bb, about which the 
frame turns, and friction of a graded amount is applied by a special device. 
The brake damps out the free oscillations of the system, and also serves to 
reduce the forced oscillations, or rolling, clue to the periodic passage of 

waves under the ship. But the action of the brake must not be so violent 

as to prevent the swinging of the gyrostat about the axis bb, as that would 

annul the controlling effect of the arrangement [see 6 above]. 

W e consider first the free oscillations of the ship alone, and then of the 

ship and gyrostat together when the flywheel is spinning and the gyrostat 

is free to precess about the axis bb. In the former case w e shall suppose 

that there is a resisting force proportional to the angular speed of 

rolling, and that the gyrostat is on board but clamped so as to be out 

of action. 

The equation of motion of the rolling ship is 

Ac/; + N?i + Mc/) = 0; •(1) 

where A is the moment of inertia of the ship for the longitudinal axis about 

which she rolls, and M is the righting moment per unit of the angle <j> of 

heel. N is a coefficient essentially positive which makes N</> the couple 

resisting the rolling. The solution of this equation is 

_ix 

c/> = K e 2A cos 
iA ( . M J ( 4 A M - N ! ) ^ _ ) 

X 2A •(2.) 

which represents an oscillation the amplitude of which diminishes according 

to the exponential factor. Of course if disturbances are introduced from 

time to time the values of K and e will require modification after each. 
For oscillation it is necessary that 4 A M ̂ > N2. 
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If the ship, still with the gyrostat clamped, is rolling in a seaway, the 

equation of motion becomes 

A$ + ~N<p + M.<p=C cospt, (3) 

where p is 2-7T times the frequency of the periodic disturbance due to the 

waves passing the ship. W e must find a particular solution of this equation, 

and this, together with the solution (2), will be the complete solution. 

Writing D for d/dt in (3), we get 

(AI> 2 + N D + M ) G > = C ' C O S ^ ; (4) 

hence <j> is that function which, when the operator A D 2 + N D + M is applied to it, 
generates C cos pt. N o w it is easy to verify that if we apply this operator to C'cos (pt + a), 
we obtain i / -vr„ 

C{(- Ap2 + M)2 + W-p2f cos (pt + a + tim-i - £ --Ap2 + Mf 
that is, the function is multiplied by {(-Ap 2 + M ) 3 + N 2p 2} 2 and advanced in phase by the 
angle tan-1 {Np/( - Ap2 + M)\. It is therefore clear that if we Write 

4> = rcos ( pt — tan-1—r—,, ,,Y ..(5) 
{(-Ap2 + M)2 + X2p2}i V -Ap2 + M) 

we have obtained a function which the operator specified will convert into C cos pt, that 
is we have obtained a solution of the differential equation (4). 
The performance of the inverse operation (AD 2 + N D + M ) _ 1 on the function 

C'cos(pi; + a) divides the function operated on by {(-Ajt)2 + M ) 2 + N2j02}2, and turns the 
phase back through the angle tan-1-| N/o/( - Ap2 + M)\. This gives an easily remembered 
rule for applying the symbolical method of treatment, which is the best adapted for the 
present discussion. 
W e may note here that since D 2 = - p 2 , the operator has the form E + FD, where 

E = — A p 2 + M and F — N. This remark is of practical importance, since operators which 
are integral functions of D can all be converted into operators of the form E + F D by 
substitution of —p2 for T>2, when we are dealing with functions of the form cos(pi! + a). 
The performance of the direct operation multiplies by (E2 + F2p2)2, and advances the 
phase of the function operated on by the angle tan~J(F£>/E) ; performance of the inverse 
operation (E + F D ) - 1 divides by (E2+F2p2)a, and turns the phase back by the angle 
tan-](Fp/E). 
The complete solution of (4) is thus 

</, = VcoS(pt--Un^) + Ke^'cost^^t-A (6) 
(E2 + F2p2)i V E / \ 2A / 

The second part of this solution is continually being extinguished by friction, but starts 
anew into existence after each disturbance or irregularity of the forced vibration ; for 
example, in consequence of the inequalities of passing waves, or by change of their 
effective period due to change of the ship's course, or by other disturbances. 
N o w let the wave-slope be given by Cq cos pt so that the relative slope </>' is </> + Cj cospt. 

But (qcospi bears a fixed relation to O cospt ; the couple changing the relative slope is 
M(<£ + Cq cospt). Hence the couple arising from the slope itself is Mtq cos pt; that is 
M C j cospt = - C cospt, or Cq = - C'/M. Thus we have by (5) 

*'= * ~ 5cos pt = c'{ (E2 +1>2" m)cos pt + E2 +\ysin pt] = L cos {pt ~ a)' (7) 

where ^fM^W+^lf, ^ ^ (8) 
M(E2 + F2p2)l M E - E ^ - F ^ 

The values of E and F are stated above. 
fi.G. M 
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If a is positive the relative slope is against that of the wave, and if a is negative tne 

relative slope is the other way. But tana is positive or negative according as Af is less 

or greater than M - F2, A. 

8. Gyrostatic controller of rolling: (gyrostat frame undamped. We 

now consider the free oscillations of the ship with the gyrostat undamped, in water un

disturbed by waves. This is essentially the problem discussed in (6) above. The equations 

of moti/an are now Ac/i + Crei9 + Mc/> = 0, B6-Cn<p + Wga6 = 0, (1) 

if wy take no account of frictional or other resistances. Here On is as usual the A.M. of 

the flywheel about its axis, B is the moment of inertia of the gyrostat about the bearings 

bb, and Wga is the couple per unit of the precessional deflection 8 of the gyrostat from its 

equilibrium position, applied by the weight W . [See 10 below for a discussion of the 

effect of frictional terms.] 

If we write </> = K«*ri, 6 = keiKt, and substitute in (1), we obtain 

I V K A + W K B + K M = 0, €-K2kB-iKKCn + Wgak = 0, (2) 

,, , k ii<Cn ?'2K2A + M /.,\ 

so that -- = . = — \S) 
K i2i<2B + Wga IKCII 

Thus we obtain (AK
2-M)(BK

2-Wga)-C2n2K
2 = 0, (4) 

a quadratic in K2, from which the periods 27T/K are to be obtained. There are four values 

of K, namely, KX, K«, —KX, — K2, and the complete solution of (1) for the initial conditions 

</> = </>„, 8 = 0, <p=8 — 0, is given by 

</> = K1cos K1i + K2cos K2t, 8 = kisin KXt + k2sm K2t, (5) 

where Kq£q + K 2& 2 = 0, K 1 + K 2 = c/>0 (6) 

Now, by (3), we have 

k^_ infin _ i2/q2A + M k2 _ ii<2Cn _ I-'K/A + M . ,-, 

K x i2Kx
2B+ Wga infim, ' K 2 i'2K2

2B + 'Wga ixfin 

so that in any case whatever, 

Kj = _ (A«s¥ + M)(BKq
2i2 + Wga) k\ ,$. 

K 2 irt<iK.2C
2n2 k2 

In the present case &pq= - k2K2 by (6), and so putting -1 for i
2, we get 

K, _ _ (Ax2
2-M)(BK-1

2-W67a) (g) 

K, " C%2,q2 V 

If now for M/A, Wga/B we write 4-TT2F2, 47r2/2, where F, / are the frequencies of the free 

oscillations of the ship and gyrostat, the first oscillating with the gyrostat rigidly fixed 

within it, the second when the ship is at rest, in both cases without rotation of the fly

wheel, we can write instead of (4), 

(K2-47r2F2)(K2-4ff2/'2)-(?'g-K
2 = 0, (10) 

and for (8) and (9), 

K 1 = 0<2
2-47r2F2)(Kl

2-47r2/-2) ̂ __ („-2
2-47r

2F2)(/c1
2-4TT¥2) . . 

K 2 '" ,<iK2CV ' k2 KfChi2 ' ( } 

9. Gyrostatic controller and ship under forced vibrations. When the 
ship rolls in a seaway the main oscillations of the ship are forced oscillations of the period 

of the waves, and the natural period of the ship is so increased by the gyrostat that any 

resonance effect, due to near agreement of the period of the waves with that of the ship, 

which might exist without rotation of the flywheel, is rendered impossible. For it will 

be noticed that the square of the frequency is now given by (10), being K2/4—2. If we 

consider only the comparatively slow vibrations, we get the approximate value of 
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the square of the frequency from the small root of (10) as F2/(l + F2//2 + C2m2/47r2/2AB), 
where F is the natural frequency of the ship when rolling freely, and / is the (much 
greater) natural frequency of the gyrostat as a compound pendulum (without spin of the 
flywheel) under the unital couple Wga. 
The differential equations of small oscillations are now 

Aj> + i{<p-Cnd + M<p = C'cospt, \ 
B6 + W8 + Cn<p + Wga8 = 0, I { ' 

where N<£ is the frictional couple applied by the water to the ship as she rolls, and W8 is 
the frictional couple applied to the gyrostat frame by the brake B, or otherwise. 
To determine the forced oscillations we put 

</> = K cos (pt- a), (2) 

and find K and a from (1). The value of 8 is then found from that of </> by the second 
of (1). The simplest process is perhaps that which makes use of the result of 7 for the 
case of forced vibrations there considered. Putting D for djdt, we write (1) in the form 

(AD 2 + M + N D ) <p - C»D 8 = C cos pt, \ 

(BV2 + Wga + WD)8 + CnD<p = 0. j ( ' 

If we operate on the first of these with B D 2 + Wga + WD and on the second with CnD, and 
add, we get B D 2 + Wffa + N'D 

* ~ ( A D 2 + N D + M)(BD 2 + N'D + W#a) + Ca«2D2 S-^ (4) 

But by (1) and (2) we have D 2 = -p2, and therefore D 4 = p4. Thus we can write (4) in the 

form E + FD,..,, 
^=W+WDL cospt> (5> 

where E = - Bp2 + Wga, F = N', E' = ABp4 - (AWga + M B + NN' + C2n2)p2 + MWga, 

F = - {(AN' + BN)p2 - NWga - MN'|. 

(E + FD)cos;rf = (E2 + F2p2)4cos('p< + tan-1^Y (6) 

1 / . . -iEK\ 

W e have now 

and (E' + F'D)"1cospi; = r cos ( s^-tan"
1^ ) (7) 

v F (E'2 + Y'2p2)i V E / 
Thus we obtain finally 

(E2 + F W 0>cos L+ta-,g.^g\, 
(K'2 + F'2p2)i V E E / 

^(W±jylCcos (^Un-S) (8) 
(E'2 + F,2p2)-

It remains to find 8- By the second of (3) we have 

CnD , CnD 
BD2+Wga + WD^ E + FDr' 

— :C'sin (pt-Un~
lPX] (9) 

(E'2+p2F'2)^ \ E 

In the complete values of </> and 8 we have to add in (8) and (9) the solutions for free 
oscillations. These equations however give all that we are concerned with when the ship 
is rolling under the influence of a regular succession of waves. 

For a clear account of the theory of ship control, and numerical ex
amples, the reader should consult a very instructive paper on "The Use of 
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Gyrostats," by Professor Perry, in Nature, March 12,1908. The biquadratic 

equation is solved, and numerical results given for the alteration of period 

and the damping of the rolling of vessels of different sizes, when controlled 

by gyrostatic gear. As a particular case a vessel of 6000 tons, metacentric 

height 18 inches, with a natural rolling period of 14 seconds, controlled by 

a gyrostatic wheel of 10 tons of 6 feet radius, and running at 16 revolutions 

per second, is considered. W e shall give later, in Chapter XXIII, on Gyro

statics in Engineering, some of the available practical examples. 

10. Theory of two interlinked systems which are separately unstable. 
Stability in 'presence of dissipative forces. For the interlinked motion of ship 
and gyrostat the complete differential equations, in the case of resistances proportional to 
the angular speeds, are 

A$ + ̂ $ + Cn8 + M$ = 0, B8 + W6-On<p + Wga6 = 0 (1) 

If we suppose that </> = Kex(, d = kext, where, as we suppose the motion to be oscillatory, k 
is complex, we get, by substitution in (1), the determinantal equation 

ABA 4 + (AN' + B N ) A3 + (C2»2 + AWga + B M + NN') k2 

+ (MW + Wga'N)k + MWga = 0 (2) 

The stability of the interlinked motions is ensured if the real part of A is negative, and 
this will be the case if the coefficients of A3, A2, k and the final term MWga are all positive, 
for A B is positive. This condition is satisfied if the differential equations are as stated 
in (1), and the coefficients A, B, N, N', M, Wga, C?J are all positive. 
But if the motions are individually unstable when not linked together by gyrostatic 

action equations (1) must be modified by changing M<p, Wgad to —M<p, —Wgad, leaving 
M and Wga still positive. The determinantal equation becomes now 

ABA 4 + (AN' + BN)A3 + (C2K2 + N N ' - A W ^ a - B M ) A 2 

-(MN' + WgaN)k + MWga = 0 (3) 

The last term is still positive, and that of A2 can be made positive by making C2«2 

sufficiently great : but the coefficient of A has become negative. For stability of the 
interlinked motion all the coefficients must be positive. Hence the only way in which 
this condition can be fulfilled is by changing the sign of either N or N , that is by causing 
angular acceleration either of the controlled body, or of the frame of the controlling 
gyrostat. 

In the present case the controlled body cannot be a ship, as that has gravitational 
stability, which explains why the controlling gyrostat arrangement is also given gravita
tional stability, as in Schlick's device—the term MWga must be positive. W e ma}7 suppose 
the controlled body to be a monorail carriage, or the frame of a properly mounted stilt 
top. W e shall refer to the body as " the carriage.'' 

Let us then suppose that the angular speed of the gyrostat frame is accelerated. W e 
therefore change the signs of the term AN', M N ' in (3), leaving N and N' both still 
positive. The coefficients of A3 and A are both to be rendered positive. This requires 

BN - AN' > 0, Wi/aN - MN' < 0, ) 
or BN = AN' + c, W?aN = MN'-/; / ^' 

where e and /are positive. Thus we are to have 

B _AN' + e 
Wga~MW-f 
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The conditions will therefore both be satisfied if 

„^>A (5) 
W$ra M v ' 

In words, this condition asserts that, if the frame of the gyrostat be clamped, the numerical 
ratio | 69/6? I of angular acceleration to angular displacement (friction zero) must be smaller 
than the corresponding ratio | </>/</> | for the carriage. 

It is not a practical solution of the problem to accelerate the carriage and retard the 
gyrostat. If this were done we should have as a condition 

MN'-W#aN<0, 

that is an acceleration coefficient N would be required, sufficient to raise WgdN to a value 
above M N ' , where M is, comparatively, very great. 

The acceleration of the gyrostat frame is a means of supplying energy from without to 
the system, the energy necessary to preserve in operation the functions of the apparatus. 
The carriage in its oscillatory motion is retarded by friction, the potential energy ex
hausted is constantly greater than the kinetic energy generated by the displacement of 
the carriage itself, and so energy must be fed in at the gyrostat frame to maintain the 
action. 

This stabilising action by acceleration of one side of the compound motion is very 
important; and it is probable that, by analogy, it may be a guide to the explanation of 
the preservation of the stability of more complicated systems, in the presence of energy 
dissipating influences, and the breaking down of stability, or death of the system, when 
energy can no longer be supplied in the manner prescribed for the system by its 
constitution. 

We shall deal with monorail systems in Chapter XXIII, on Gyrostatics 
in Engineering. 



CHAPTEE IX 

THE MOTION OF CHAINS OF GYROSTATIC LINKS. 
MAGNETO-OPTIC ROTATION 

1. Problem of stretched chain of gyrostats. W e now consider some 
more general vibrational problems, and take first Lord Kelvin's problem of 

the stretched chain of gyrostats. This problem, as stated and as worked 

out by Lord Kelvin, was sufficient for the purpose he had in view, the 

illustration of his theory of magneto-optic rotation as caused by the 

presence of rapidly rotating particles in the transparent medium. But it 

is only a particular case of a more general problem which 

we shall consider, and give some examples of, immediately 

after the optical problem has been discussed. 

The chain consists of equal gyrostatic links alternating 

with ordinary rigid connecting links all of the same length 

and supposed to be of negligible mass. In Lord Kelvin's 

scheme the connection at each junction is made by a 

universal flexure (Hooke's) joint, and the chain forms an 

open plane polygon, held at its extremities A, B, in the 

line ZZ' (Fig. 51), by joints of the same kind, and the 

whole turns with uniform angular speed p, without 

change of configuration about the line AB. It is required 

to find the form of the chain, when the inclination of each 

link to the line A B is very small. 

A gyrostatic link, the kth in order, which we shall refer 

to as Lj., is indicated in the diagram (Fig. 51) with the connecting links at 

its ends, which we shall denote by I,,, lk+x. [It is to be remembered in what 

follows that the line A B and the line ZZ' of the diagram are the same.] The 

length of each L is a, and of each I is b. W e put 8,, for the inclination of 

the axis of L;. to AB, (pk, 0t+1 for the inclinations of lk, lk+1 to the same line, 

yk for the distance of the centroid (the centre) of LA. from the line AB, and 

m for the mass of L„. W e proceed at once to the case in which the angles 
here specified are all very small. 
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We get first the geometrical equation 

&+i-2/*=l«(0n-i + 0*)+ty*ri <A) 
Next, if P be the component parallel to A B of the pull along a link, we 
easily see that for equilibrium this must be the same for every link. The 
component of pull at right angles to A B is Ptan <pk=B<pk. W e obtain the 
equation for the acceleration of the centroid of Lk as it moves in its circular 
path about A B with angular speed p, 

myk-mp
2yk=-B(cpk-cpk+i) ,--(2) 

Finally we obtain the gyrostatic equation [see (2), 1, V, above] 

A8k + (Cn + C'wx-Ap)p8k=\Ba(4>k+i + (pk~28k) (3) 

The quantity on the right is the approximate value of the moment of the 
forces on L t taken about an axis through the centroid of Lj. at right angles 
to the plane of the polygon, an axis corresponding to G D j of (1), 1, V, above. 
[The exact value of the moment is 

JPa{(tan <pk+i + tan <pk) cos 8k— 2 sin 0,.}.] 

W e have now to consider the value of the angular speed wx in (3). This is 
given by the geometry of the Hooke's joint, which is equivalent in its action 
to a short piece of quite flexible but untwistable wire connecting the 
adjacent links. Each L when thus joined behaves as if the gyrostatic axis 
were prolonged to intersect the line A B , and were there held by such a 
piece of wire in line at one end with B A and at the other with L. The 
instantaneous axis about which L;. turns bisects the angle supplementary to 
8k. If w be the angular speed of hk about this axis, we have 

w sin I (7r — 6k) = p sin 8,,, 

or w = 2psin^8k (4) 

This resolves into a component 2psin2^8k [ = p(l — cos 0,£)] about the axis of 
Bk, and a component psin 8k about the axis G E drawn in the plane of the 
polygon at right angles to the axis of Bk. Hence w1 = 2̂ .sin2if9,., which is 
negligible when 9k is very small. Even if this angular speed were not 
negligible the smallness of C would render the term Oaq inappreciable. 
The precise mode of connection is thus of no consequence. It is, however, 
to be remembered that the angular speed p about A B gives a component 
pcos9k about the axis of L,;, by which the turning of the axis G E is to be 
reckoned, and a component p sin 9k about G E which gives the turning of the 
axis of the flywheel towards G D r Equation (3) thus becomes 

A9k + (Cn-Ap)p9k = hBa((pk+i + (pk-29k) (5) 

Equations (1), (2), and (5) solved by the method of finite differences give 
the complete solution of the problem proposed, indeed of a more general 
problem, if it is not supposed that p is constant, and the term A8t in (5) is 
retained. For all three equations are then applicable and changes in 8 will 
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be given according to the imposed conditions. Supposing, however, that 

8k = 0, and p a constant, the three equations are 

'<//;+i - yk ~ M Q m + &> - b^+1 = 0,1 
m M ^ , + P(r/,;c+1-</>,c) = 0, W 

(Cm - AM)/x0, - ,
IPa(r/»,i+1 + & - 20/.O = °-J 

From these, as we shall see below, we obtain a simple solution if we 

suppose yk+l = yk = 0, that is, that the centres of the gyrostats are all on the 

line Oz. W e pass over this solution for the present. 

In the usual notation of the calculus of finite differences the operator by 

which a quantity uk+1 is derived from uk is denoted by E, so that uk+i = Euk. 

Applying this to the equations in (6) we obtain, if c be written for 

(Gn-Ap)p + Fa, 
2(E-l)yk-a(E + l)8k-2bE<pk=0,) 

mp2yk + P(E-l)<pk = 0,\ CO 
2c9k-Ba(E + l)<pk = 0.j 

Thus we get, eliminating yk, 9k, and <pk, the determinantal equation 

E 2-2(l-e)E+l=0, (8) 

where e = 2nip2(Pa2 + bc)/B (4c + mp2a?). 

If now we suppose that 1— e<l, a condition fulfilled by making P 

sufficiently great, and supposing that p is the smaller of the two roots of 

the quadratic in p which (3) becomes when 9k = 0, we get from (8), by 

writing l-e = cos a, E = cos a + i sin a, (9) 
and therefore 

yk =fW + gE~k =/(cos ka + i sin ka) + g (cos ka — i sin ka) (10) 

To obtain from this a real solution we put 2/= A — iB, 2g = A + iB, and 

obtain from (10) yk = A cos ka+ B sin ka (11) 

If xk denote the coordinate parallel to A B measured from the centre of 

the link L0, we have x,. = k(a + b), 

so that (11) becomes yk = A cos —-*- + B sin q (12) 
v ' Jl a + b a + b 

Thus the centroids of the gyrostatic links lie on a harmonic curve of 
wave-length 2-7r(a + b)/a, which may be regarded as the projection, on a. 

plane through AB, of the helical configuration of the particles in a circularly 

polarised wave. The period is 2ir/p, and therefore a circularly polarised 

wave is propagated along the chain at speed p(a+b)/a, =V, say. But 

1 — e = cosa, so that e = 2sinHa, or, to terms of the second order inclusive, 

a = (2ef- Thus, Y = p(a + b) . 

(2e)4 •••••-•••• ' 

The exact value of l/2e is [see (8) above] 

B(4>c + mp2a2) 

4<mp2(Pa2+bc)' 
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But since a is very small we neglect mp2a2 in comparison -with 4c, and 
obtain, by the value of c, 

1_. P (. • (Pn-yp)pa ) 
2e mp2(a + b)X aB+b(/3n-yp)pj' 

where (3 = C/(a + b), y = A/(a + b), the moments of inertia, axial and trans
verse, per unit of length of the chain. Hence, by (13), 

Y.2_B(a + b)( ((3n-yp)pa ] 
m \1+aB + b(/3n-yp)pj ^ 

But if the links be very small and P be very great, the value of l/2e 
gives approximately 

g _/ P ~\;\ll(Cn-Ap)p) 
{2ef Xm(a + b)j (1 + 2 F(a + b) /' {iq,) 

or, if Ap be neglected, 

Y_jB(a + b)Xi 1 Cnp } 

Thus, but for the gyrostatic influence, the speed of propagation would be 
(B(a + b)/m}'z N o w P is the pull in the chain, and mj(a + b) is the mass 
per unit of length, so that if the links be very small (making l/(2e)2 very 
great, and therefore a very small, and the wave-length 2ir(a + b)ja very 
great) and there be consequently a large number in the wave-length, the 
velocity of propagation is that of a wave of transverse displacement along 
a stretched cord, multiplied by the factor l + Cnp/2B(a + b). 

If X be the wave-length, then, since 27r/,u is the period, we have approxi
mately Ap/2ir={B(a + b)/m}i, or P(a + b) = m\2p2/4nr2 Using this in the 
factor \ + Cnp/2B (a + b) we get 

YJBja^Yf Cny 
I m J V pmX2/ 

.(16) 

or, substituting 2TTV/\ for pi, 

\B(a + b)X(x Ctt\_fP(a + 6)1» Cn 
Y = \—m—j V + 7rmm)~\—nT~f +%nA (17) 

nearly. 
Thus we see that the velocity of propagation of the circularly polarised 

wave is increased by an amount proportional to the angular momentum Cn 
of a flywheel, and inversely proportional to the wave-length. 

It will be seen from (14) that the gyrostatic term in the value of V 
changes sign if the direction of the rotation about the line A B is reversed, 
while that of the rotation of the flywheel remains unaltered, or vice versa. 
For either of these cases we have a new velocity V of propagation and a 



186 GYROSTATICS CHAP. 

corresponding wave-length given by 2ir/p = \'/\T' The difference of the 
velocities is 

V-V' = 2-, 
Gn 
m\ 

• (18) 

The more exact value of the velocity of propagation in this case (n and p 
in opposite directions) is obtained from (14), which becomes 

V'2 = IxXt^j i ((3n + yp)pa \ _ 
m (̂  rtP — b ((3n + yp)p] 

.(19) 

i/ 

2. W h e n ribrationcd motion of gyrostatic chain is possible under thrust 
or under tension. Also from (14), 1, w e see that, for n and p. in the same 
direction, Y2 is still positive w h e n for P is substituted — P, provided the 
numerical value of P lies between certain limits, that is the motion is then 
still possible under thrust. This point is not dealt with in Lord Kelvin's 
paper. If w e examine (14) w e see that if w e take P as the value of the 
thrust, reckoned positive, it must lie between the limits (/3n — yp)p(l + b/a) 
and ((3n — yp)pb/a. It is assumed of course that /3n >• yu-

In the case (19) above, in which n and p are in opposite directions (n and 
p being the positive numerical values), V'2 is positive when 
P is greater than (j3n + yp)p(\ + b/a), and also w h e n P is less 
than ((3n + yp)pb/a. W h e n P has a value between these 
limits V'2 is negative, and the motion is impossible. The 
motion in this case is not possible at all under thrust. The 
limits of tension just given are, it will be seen, in a sense 
complementary to those of thrust in the other case. These 
limits of tension and of thrust and their connection do not 
seem to have been worked out before. 

It is important to notice that the gyrostatic chain has 
been supposed to lie at each instant in a plane harmonic 
curve having the line A B (or ZZ', Fig. 52) as axis. [The 
flywheels appear tangential to the curve, but the arrange
ment m a y be different.] It therefore does not directly 
represent by its motion a circularly polarised wave. For 
that w e should have to suppose the gyrostats to lie at each 
instant on a helix having A B as axis, and all the gyrostats 
to turn at the same speed in equal circles round the axis. 
B y a simpler analysis than that given above, the wave 
velocity m a y be found for this more general case, instead 
of that chosen by Lord Kelvin [see 3 below]. W e should, 

Z' however, obtain exactly equations (14) and (19) above: 
Fl°- 62, indeed it is not very difficult to see without further analysis 

that this must be the result. Hence the investigation given above illus
trates circularly polarised waves precisely. 
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Z 

Now, returning to equation (18), imagine two chains of gyrostats, in all 

respects the same as to lengths of links, masses, and angular momenta of 

flywheels, to exist side by side, each turning in stead}' motion with 

angular speed numerically p, one about a line. AB, the other about a 

parallel line A'B', but in opposite directions, and having each the con
figuration shown above to be necessary for steady motion. The wave
lengths are X, X' and the wave-velocities V, V [see (17) and (19), 1]. 

Equations (6) give the special solution above referred to, which 
is obvious otherwise. It is that which we obtain by putting yk, 
yk+i, etc., all zero; in other words it is the solution for which all 
the gyrostats have their centres on the s-axis, and their axles 
and connecting links form a zigzag wave along the z-axis, as 
shown in Fig. 53. 

Equations (6) regard the values of 8 and </> as small. But 
the exact equations m a y be written down and used, and the first 
thing to be observed is. that <pk = (pk+i, 9k = 9k+i, or the angles 9, 
(p are the same for each gyrostat. 

It is shorter to work out the solution from first principles. 
The couple on any gyrostat is about an axis at right angles to 
the paper (see Fig. 53), and has moment oP sin (9 + <p). The rate of FlG 6S 

growth of A.Ji. about the same axis is (Gn — Ap cos 9)p sin 9. But 
Fig. 53 shows that if 9, <p be the (acute) angles of inclination of an axis and 
a link to ZZ', and I = A- (a cos 9 + b cos <p), l/b = sin(8 + <p)/sin8. Hence we 
obtain a, 

(Gn-Apcos9)p = BU (20) 

For 9 = iir, that is when the gyrostat axles stand across the z-axis, we have 

Cnp = haB cos 96 (21) 

3. Helical gyrostatic chain. The investigation for a gyrostatic chain 
like that just described, but laid with the centres of the gyrostatic links 
uniformly distributed along a helix, and revolving all with the same uniform 
angular speed p, in circles round the axis of a helix, is comparatively simple. 
The following discussion follows Greenhill (E.G.T., p. 262), with some differ
ences of notation and arrangement. It involves only the elementary prin
ciples and results as to gyrostatic action set forth in Chapter V. 

Let each gyrostat axis make an angle 8, and each connecting link an 
angle f>, with the axis ZZ' of the helix. Also we suppose that each gyrostat 
axis, and each link, is at right angles to the perpendicular let fall from the 
centre of the gyrostat or link on the axis of the helix. 

N o w consider the projection of the arrangement at any instant on a plane 
at right angles to the axis of the helix. The alternate gyrostat axes and 
links show as alternate sides of a polygon, of lengths 2a sin 8 and 26 sin <p, 
if we take here 2a and 2b (instead of as before a and b) as the lengths of a 
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gyrostat axis and a link respectively. These subtend, we suppose, angles 
2a and 2/3 at the axis. W e can now find the geometrical equations and the 
equations of motion. 

The advance along the axis from the centre of one gyrostat to the centre 
of the next is 2(acos 9 + b cos <p). The polygonal angle for this is 2(a + 8), 
and in the time of turning through this angle, that is, in 2(a + /3)//x, the 
projection of the helical arrangement on a plane containing the axis seems 
to make the axial advance just stated. The wave-velocity V is therefore 

given by TT , p 
b J Y = (acos8 + bcos(p)—~ (1) 

If as before P be the pull along the chain, the force on a gyrostat towards 
the axis is 2Psin <psin (a+(3). The distance of the centre from the axis is 
a sin 8 cot a, and therefore if m be the mass of a gyrostatic link, 

mp2a sin 8 cot a = 2P sin <p sin (a + (3) (2) 

But the geometry gives a sin 9 cot a = b sin <p cos a/sin (3, and so the last 
equation can be written 
m^£i=2Psin(a+/3) (3> 
This may be written m ^ = sin £sin(a + /3) 

J 2P cos a 
, . , . • i . . r mp2b cos (3 cos (a + 8) ,.-. 

which is equivalent to 1 -£— = — — L — (4) 
2F cos a 

N o w the A.M. about a horizontal axis, at right angles to the perpendicular 
from the centre of the gyrostatic link considered to ZZ (the perpendicular 
which is the axis of the couple), is (Cn — Ap cos 9) sin 9, and as this axis and 
perpendicular revolve at rate p round ZZ', the rate of growth of A.M. about the 
perpendicular is (Cn — Ap cos 9)p sin 9. The moment of the couple producing 
this is easily seen to be 2«P{ sin <p cos 9 cos (a+ (3) — cos <p sin 9), and so we get 

(Cn — Apcos9)psin8 = 2aiB{sin(f)Cos 8 cos (a+ (3) —cos <psin 8} (5) 
But from (2) we obtain 

0 -r, , 9 sin 8 cot a 
2aP = mp-a- —. -.—-, ^ . 

sin (psm(a + (3) 
Hence (5) becOnjes 

(Cn — Ap cos 8)pi. + 2ctP cos tp = nip2a2cos 9 cot a cot (a + 8) (6) 
From this it follows, since 

1 + tan a tan (a+ 8) = , , ». , 
' cos a cos (a + (3) 

,i , cos (3 _ (Cn — Ap cos 8)p + 2«P cos </> + mp2a2cos 8 {fJ, 
cosacos(a-f^) (Cn —Ap cos 8)p +2aB cos cp 

Also, by (4), the last equation gives 
{(Cn — Apcose), 

cos-(a + 8) = ( C w _ A ^ cog =-j-- 2 a p cQg - - ,m^,;2flos ft; (8) 

{(Cn-Apcos9)p + 2aBcos(p}(l-
)^~ 
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and therefore _. , „ n _ a , 
Gnp — Ayu-cos 9 + 2Pr(a cos 8 + b cos <h) 07 

sin2(a + ̂ ) = — mp2b /gs 
C%x-Ayu

2cos0 + 2aPcos0 + m /«Vcos0 2P 
But by (1), 

sin2(a + 8) = sin2 j («. cos 8 + b cos </>) ̂  k 

and as the line density p is m/(2acos 8 + 2b cos 0), we get from (9) and (1) 

(a cos 8 + b cos (p)2p2 

v̂.2 J / sin2 j (a cos 0 + b cos 0) ̂  

_Cnp — A,u2cos0 + 2aPcos <p + m.p2a2cos9 fa . \ P 
, , COS0 + COS0J- (10) 

C?i/x — A/x2cos 9 + 2P y (a cos 0 + 6 cos 0) ^ 

If now we suppose that a + b is infinitesimal in comparison with the 
length "V/fi, take cos 9, cos <j> each unity, and neglect mp2a2, we obtain 

yz-L3,-/, i M CiM-AM
2 + 2aP 

or 
V2 = P/i r (Gnp — Ap2)a \ ,,„, 

p i i"2Pa(a-r-6) + 6(C7i/x-AAc
2)j v ; 

Dividing both numerator and denominator of the fraction within the brackets 
by 2(a+ 6) [since (3, y are now (C, A)/2(a + b)~\, we obtain the equation 

V 2 _ F h i ,(fin-yp)pa \ n ss 

- P\
l + aB + b(/3n-yp)pX l ; 

which is exactly (14) of 1. 
All the other conclusions of that article'—the approximations and the 

conditions under which thrust can be substituted for pull in the chain— 
hold also in the present case. 

4. More general discussion of gyrostatic chain. So far only particular 
cases of the vibrations of a chain of gyrostatic links have been considered. 
Under the condition that the angles 9, <p are small, general equations can be 
developed as follows. Let the direction cosines of the axle of the /cth gyrostat 
be pk, qk, 1, and those of the /cth link be r, s, 1. Here the cosines taken as 
unity are cos 9, cos 0. The reference is to a set of axes 0(x, y, z), drawn 
from the gyrostat centre O, and such that Oz very nearly coincides with the 
axes of the gyrostatic links. The values of p, q, r, s are small since the 
angles they refer to are all nearly \-w. 

Let 9X, 92, 9S be the angular speeds about 0(x, y, z). Then, since p, q, 1 
are the coordinates of a point on the gyrostat axis at unit distance from 0, 
— q = 8xz — 83x=dx,p = 82z—dsy = 82, nearly. Thus hx = A8x= -Aq, h2 = Ap. 
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The geometrical relations fulfilled by the body are 

xk+i-xk = a(pk+pk+i) + 2brk+i, yk+i-yk = a(qk + qk+i) + 2bsk,rl (1) 

The equations of motion of the centroid are, if P;. be the stretching force 

in the /nth link, 
mx = Bk+{rk+i - Bkrk, my = Pj.+rs,;41 - Bksk (2) 

If hx, h2, h:i be the components of A.M. about the axes the rate of growth 

of A.M. about a fixed axis with which Ox coincides at the instant is 

/q-/t.2t)3 + A3t)2. W e neglect h28a and get, by the value of 82 obtained 

above, and since hx= -Aq, iix + hs82= —Aq + Gnp. Similarly for the axis 

Oy the rate of growth of A.M. is Ap + Cnq. 

The couple about Ox due to the pull of the /cth link is 

(Bky - P„s„z) = aPk (qk - sk). 

The couple about the same axis due to the pull of the (k+\)th link is 
a?k+i(qk — Sk+i), so that the total couple is aBk+x(qk — sk+i) + aBk(qk — sk). 

Similarly we see that the total couple about Oy is 

- aBk+l(pk - rw) - aPk(pk - rk). 

Thus we have the equations of A.M. 

- Aq + Gnp = aPk+1(qk - sk+l) + aPk(qk - sk),} _ ^ ,g. 

Ap + Cnq = - aPk+fpk - rk+x) - aPk(pk -rk).j 

W e can replace these pairs of equations (1), (2), (3) by three single 

equations by writing u=p + iq, v = r + is, w = x + iy. Thus we obtain 

wk+i - wk - a(uk + uw) - 2bvk+i = 0^ 

mid - Bk+xvk+i + Pkvk = 0, (4) 

Auk - iCn u k + a(Bk+i + P,) uk - a(Pk+1vk+x + Pkvk) = 0. J 

Thus we have obtained three general equations which we can apply in different cases 
of nearly straight gyrostatic chains. As a first example we take the helical chain, illus
trating a circularly polarised wave, which has been dealt with in the preceding article. 
For this we assume the solution 

u„, vh, wk = (M, N, R)e"^
 + w, (5) 

where c is the constant step of polygonal angle 2(a + (3), as explained in 3. If we 
consider the value of the right-hand side of (5) for the (k + l)th gyrostat wre see that g 
is the angular speed of the steadily moving helical arrangement about the axis. W e 
thus get by substitution in (4), remembering that Pj.+1 = Pt, 

R(e" -I)- «M( e" + 1) - 26Nec'' = 0, I 
1 V + NP(«"-1) = 0 A (6) 

M ( - A/i- + Cng + 2«P) - sNPfe" +1) = 0.-J 
N o w cosc = (eic + e~'c')/2, and we find by eliminating M , N, R from (6) that 

//-i i •> , -, -n\//i ntg2b\ ., 

(Cng - A/x- + 3aP)( 1 L- ) -mp-a2 

cos c = — j—r,—T—TT =7; ; 
Vng - Ag- + iar + mg-a-

Onu.-Au2 + Qla.-(a + b)B 
and therefore *m<a +& = Cng-Ag^ + ZaP + mgia2 " 2 F ' (,) 

which agrees with (9), 3. Hence the present process gives the same result as the former 
one. W e might easily have retained cos d, cos c/>, and obtained exactly (9), 3. 
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5. Vertical gyrostatic chain under gravity. As another example, take a 
nearly vertical chain of gyrostats stretched by the gravity of the gyrostats themselves. 
The individual gyrostatic links are not exactly vertical, but they are nearly so. Consider 
any connecting link. If there are k gyrostats below it the link, according to the reckoning 

adopted above, is the (£ + l)th from the bottom. If we measure z from a point 2(a + b) 
below the lowest gyrostat centre the height of the centre of the kth gyrostat above this 
origin is 2k(a + b), and this we call z*. Hence k = zk(2(a + b). The "tension" in the 

(£ + l)th connecting link, or Pt+1, is kmg or mgzk/2(a + b), and that in the link next below 
is mgz^ij2(a + b). The chain is supposed to be revolving about the vertical in steady 
motion. 

Equations (4) of 4 therefore become, if / = b/a, 

•(1) 

wk+i - wk- a(uk+i + uk) - 2bvk+i = 0, 

.. a ZkVk+i-zk-iVk 

* g 2(1+/) -°' 
7)1(7 

A M * - iCnuk + 9- .--•£ y.{(zk + zk-i)uk - (zkvk+i + zkvk)\ = 0. 

It is fairly clear that as the tension increases, that is at points higher and higher in 
the chain, the inclination of the links to the vertical becomes smaller, but this will be 
made more obvious by supposing the chain to consist of infinitesimal gyrostatic links. 

Putting dz = 2a(l + / ) , we get, instead of the preceding equations, 

dw i', + fv_ d'ho d(zv) \ 

dz~~Ttf~ ' lu?~g~dT = Vl'\ , 2v 
d2u .„ du gp , „ I 

yw-^di+T+j^-^0'] 
where f=b/a, and y, (3 are moments of inertia (transverse and axial for a gyrostat) per 
unit of length of the chain, and p is the linear density of the chain, or m/2a(l+f). 
N o w (see 1 above) the connecting links and the gyrostat centres are helically arranged 

round the vertical, and adjacent links must be nearly in the same vertical plane. Conse
quently w, u, and ft; must have the same sign for their real parts, and likewise for their 
imaginary parts, and the second equation shows that v increases as * diminishes. Thus 
points lower and lower down on the chain deviate more and more from the vertical, and 

the second equation shows that this deviation grows with z at a constantly accelerating 
rate, for by the solution in (4) we have gd(zv)jdz = -R/x2. The last of (2) shows that if n 
is great d2u(di2 is also great, that is for the value of pM, and also R must be great. 

If now we reverse g we get a chain standing on its lower end under thrust in rigid 
links. A s this thrust is due to gravity, it diminishes with increase of distance from the 
point of support, and so, measuring z upwards as before, we get 

dw w + fv_n ,„, 

dz + T+7 ( } 

Thus the instability towards the free end in the former case is replaced by stability at 
the free end in the latter. A fuller investigation would discuss this instability as an 
affair of disturbance of the steady motion. 

A train of carriages passing round a curve m a y be regarded as a gyrostatic chain, in 
which the precession of each carriage is prevented by a couple applied by the rails. If 
the speed were great enough there would be gyrostatic oscillations of serious amount at 
the rear end of the train, and it would be necessary to avoid these by pushing the train 
from behind. This fact is illustrated by a model invented by Dr. J. G. Gray (see 

Chap. X X I I I below). 
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For steady motion at angular speed g about the vertical we have for a continuous 
chain, from the solution in (5), 4, or from (2) above, 

cffi M + / N n ^ „ d(zN) n i 

-dz—TTT=°> *v+*-V=0> (4) 

M((3gn - yg2) + (M - N) f^-fz = O.J 

If we eliminate R and M from these equations we get 

1_<P(N*) g? f (yg2-/3gn)f-gpz _ n f5) 

N dz> ̂ ~ g l+f ( , R , ,W* ) f 

When /? and y are zero, or when yg2= (3gn, this equation reduces to 

J_ d2(Nz)_g2 

N dz2 -g' 

that is to g^ + 2_* *-N = 0, (6) 
dz- dz g 

an equation which gives N as a Bessel function of zero order. 

6. Gyrostat hung by a thread. We may apply equations- (4) of 3 to give 
the motion of a gyrostat hung by a thread, the problem already discussed in 8, VII 
above. W e make in (4), 3, Pt = 0, B1+k = mg (since d and <j> are supposed to be very small), 
and, measuring w from the vertical through the point of suspension, taking the length of 
the thread as 26, and the distance of the point of attachment to the gyrostat axis from 
the gyrostat centre a, we obtain 

w = au + 2bv, niw = m.gv, Ail—iCnu + mga(u — v) = 0 (1) 

If we assume the motion to be steady, and write 

u, v, w = (M, N, R)e''(̂ +=), (2) 

we find R = M a + N26, -mp2B, = mgN, (-Ag2 + Cng.)M + mga(M-ls) = 0 (3) 

From the first two equations we get N = aMj(g(g? - 2b), so that the third becomes 

(Cng - AgA + mga) (",r-2f\- mga = 0 (4) 

If we go back to (2), 8, VII, we find that for a single gyrostat supported by a thread 

(Cn- Agcos 6)gsm 8 - mga (sin </> cos 8 + cos c/>sin 8) = 0, (5) 
or, when 6 and <b are both small, 

(Cng- Ap2)d- mga(<f>+ 8) = 0 (6) 
But (1), 8, VII, gives g2(2b + adj'</>)=g; or 8($=g(ap2-2f, so that 

(Cng- A g2 - mga) i ~ 2/ j -mga=0 (7) 

This result has -mga in the bracket instead of mga, as in (5), 8, VII above, but this 
difference arises from the fact that, owing to difference of arrangement of the links, the 
term Ta cos </>sin 8 in (2), 8, VII, has the opposite sign to that which it has by the 
equations now being exemplified. 

7. Continuous elastic medium loaded- with small gyrostats. Consider 

now a medium endowed with rigidity and containing a uniform distribution 

of quasi-molecular gyrostats, the axes of which are similarly directed. A 

plane wave travels along this direction, which we take as that of the axis 

Oz. The displacements in the wave are transverse to this direction, and at 
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any point O are supposed to be resolved along two axes Oa;, Oy at right 
angles to one another and to Oz. 
Consider an element of length dz, at the centre of which is the point 0, 

and let its cross-section have dimensions dx, cly. Let the distributed angular 
momentum (A.M.) be N per unit of volume, so: that the A.M. of the element is 
N dx dy dz (about Oz), and the displacements at the centre 0 be £ rj in the x and 
y directions respectively. The element is turning with the angular speeds 

= -7^ about axis of y, —~ — ~ about axis of x. 
2 dt dz J 2dt dz 

In consequence of this turning there are rates of growth of A.M. 

T- N — T-£ dx dy dz about axis of x, 
'Z dt oz 

-7,N- T-^dxdi/dz about axis of y. 
2 dt dz K J 

Hence there must act on the element couples about these axes given by 

(1) 

P dx dy dz = - N — ~ dx dy dz, 
J 2 dt dz J ' 

Qdxdy dz= — - N —•— dx dy dz. 

These are due to tangential stresses, and these stresses it is easy to see must 
be equally distributed, for the axis of x, over the two sets of planes parallel 
to that axis, that is the tangential stresses must be equally of the types 
(YZ), (ZY); and similarly for the axis of y the tangential stresses must be 
equally of the two types (XZ), (ZX). 

The tangential stress at the point 0 is thus JP in the direction of z, and 
— JP in the direction of y for the planes parallel to the axis of x. Similarly 
we get stresses JQ and — |Q for the planes parallel to the axis of y. W e 
denote the forces in the directions of Ox and Oy by X, Y respectively. 

These shearing forces vary from point to point, and clearly the body-force 
in the direction of Ox is for the element 

•x—dzcly dx= -rN — ^-4,dxdydz (2) 
dz % dt dz2 ° 

Similarly the body-force in the direction of Oy is 

^—dzdxdy= —-. N — ~ dx dy dz (3) 
dz 4 dtdz" 

The resultant forces applied in the directions Ox and Oy by the shearing 
stresses due to the ordinary rigidity are, if p now denote the rigidity modulus, 

p^dxdy dz, p—^dxdydz. 
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.(4) 

Hence w e obtain the equations of motion 

pdt2 4 ctdz^^dz2' 

pdt2~ 4 dt dz2^^ dz2' 

[Equations precisely similar to (4) can be obtained for the propagation of 
a plane electromagnetic wave in an insulating medium of specific electric 
and magnetic inductivities K, p, magnetised by quasi-molecular magnets 
parallel to Oz, to magnetic moment C per unit volume. If F, G be x and y 
components of vector potential, and K a constant, the equations of propaga

tion are * 
32F 1 o2F , K n 3

3G 

.(5) 
dt2 Kp dz2 4TT dt dz2 

dt2 ~~Kp dz2 4TT dtdz2' . 

Thus C is to a constant the analogue of N, the A.M. per unit volume in the 
gyrostatically loaded medium.] 

If w e write £=£+*>/, (6) 

we replace the two equations of (4) by the single equation 

32f i .v d 3
2f , d2£ m 

Pdi=-il^dtdi+^ - (7) 

It will be observed that geometrically f denotes the vector of which the 
components are £, rj, and that if t, be proportional to ei{nt~"'3\ and, as we 
assume for the present, n be positive, the argument nt in £ is positive. 
[Here n is used as the so-called " speed " of the simple harmonic motion, 
and is not to be confused with the angular speed of a flywheel.] Of course 
mz m a y have either sign in each case. It is important to observe that 

if w e suppose f =(a + i(3)e^-™> (8) 

we obtain a definite quadratic equation for m2 (n is supposed given by an 
impressed vibration). Thus we get two values, equal with opposite signs, 
for the ratio n/m, which is the speed of propagation. One of these is the 
speed in the positive direction, the other is the speed in the negative 
direction. 

From (8) we obtain, by substitution in (7), 

pm2 — pn2 = — JNDI2'??., 

n2 p ( 1 Nm\ nN 

or = - 1 + ) (9) 
m- p \ 4 p I y ' 

' A. Gray, Note on the electromagnetic theory of the rotation of the plane of polarised 
light.—British Association Report, 1891, p. 558. 
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But n/m = Y, the speed of propagation of the wave. Hence, if Nn, be small 
in comparison with p we get 

*-<f)X*4*) • c») 
The value of V given by the upper sign on the right corresponds to the 

value of f given by (6) and also by (8): the other value of V corresponds to 
f as given by (6) and also by 

i=(a + i(3)ei(nt+mz\ 

which also satisfies the differential equations. 
If the sign of N (or that of n) be reversed, we get the quadratic 

SiHv) <9'> 
Either quadratic gives two roots, one positive, the other negative. The 
negative value of n for either is numerically equal to the positive value 
for the other. Thus, if we fix the value of m, the positive value of n gives 
the frequency for one direction of rotation, the other positive value of n 
gives the frequency for the other direction of rotation. 

To realise fne solution for two waves existing together, one travelling in the positive 
direction, the other in the negative, but both having n positive, w e take 

£= (a+ i'/3)ei ("'-""> + (a' + i'/8')e
i <»<+""> (11) 

This gives 

{•= a cos (nt — mz) + a' cos (nt + mz) — (3 sin (nt - mz) — (3' sin (nt + mz) 

+ i{(3cos(nt-mz) +(3'cos(nt + mz) +asin(nt-mz) +a sin(nt + mz)} (12) 

Thus w e obtain 

£ = a cos (nt - mz) + a cos (nt + mz) - (3 sin (nt - mz) - (3' sin (nt + mz), \ 

t] = (3cos(nt-mz) + /3'cos(nt + mz) + asin(nt-mz) + a'sm(nt + mz). J 

In the compound wave the corresponding displacements in which the time argument 

is reversed are obtained by substituting -n for n in the foregoing expressions, and m2 
for m, on the understanding that 

•{fr-m <"» n 
I m21 Ip \ 8 g. 

where on the right n is supposed to be positive, and the quantity on the left is the 
numerical value of the ratio. 

These results can be superimposed in different ways. For example, the displacements 
in two circularly polarised waves of amplitudes a,, a2 m a y be written (n positive) 

£ = ax cos (id — mz) + a2 cos (nt — m2z), 

r] = ax sin (nt — mz) — a2 sin (nt — m2z I)} ^ 
The first terms on the right of (15) taken together constitute a circularly 

polarised wave in which the circular motion is in the same direction as the 
rotation of the flywheels; the two second terms give a circularly polarised 
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wave in which the circular motion is in the opposite direction. Both waves 

travel in the same direction, the first with speed 

n ^ V i + i ^ a6) 
m \pJ \ 8 p 

the second with speed ~ = (-) (l ) (!') 
m2 \pJ \ 8pr 

For a plane polarised beam we take ax = u2. The two oppositely circularly 

polarised waves would travel unit distance in the respective times 

8. Dynamical explanation of magneto-optic rotation. Hence we see 

that in a maintained train of plane polarised waves of definite frequency 

n/2-w one circular motion will gain in phase on the other, per unit distance 

travelled, the angle j Yin2 /oV 

4 p \p) 

and the plane of polarisation will turn through half this angle. 

It is interesting to compare this with the turning of the plane of polarisa

tion suggested by the two chains of gyrostats described at the end of 2. 

As in that discussion p and n were used as the angular speed of -the chain 

about -the line A B and the angular speed of the flywheels respectively; 

while here p denotes the rigidity of the continuous medium and n the so-

called " speed " of the impressed harmonic motion, we express the two rates 

of turning'in terms of wave-velocity and wave-length, and write L for the 

angular momentum of a flywheel, so that Cn = L. 

The relative turning for the gyrostatic chains is, by (15) or (17), 1, 

2irGnp/P(a + b)\, 

which, if V 2m be put for P(a + b), becomes 27rLp/mY2\. But /XX/2TT = V, so 

that p = 2irY/\. Thus the relative turning for the chains is 

4TT2 — --

^ mYX2 

The relative turning of the two circularly polarised waves in the gyro
static medium is I'N^/pY, where the letters n and p have the different 

meanings referred to above. But p = pY2 and nX = 2TTY, SO that V2 = ?i2X2/47r2, 

and p = pn2\2/4nr2. Hence the relative turning in this case is 

„ N 
^PY\

2' 

The two expressions are thus quite analogous, with the correspondence 

N, p to L, m. They differ only by a numerical factor which arises from the 

fact that in one case we have a chain revolving in free space, and in the 
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other gyrostatic elements of a rigid medium moving under the control of 
the rigidity. 

It will be seen that, in either of the gyrostatic illustrations, if the plane 

polarised system of vibrations be reflected back after passage in one direction, 

the turning in the second passage will be in the same direction as in the 

first, so that the total turning will be twice that for a single passage. This 

is the characteristic of- magneto-optic rotation as distinguished from the 

rotation produced by a plate of quartz or a solution of sugar, where the 

turning in the forward passage is annulled in the backward passage. This 

points to the fact, already referred to above, that the rotation of the plane 

of polarisation in the latter case is an affair of structure of the medium. 

9. Analogy between motion of the bob of a gyrostatic pendulum and 

that of an electron in a magnetic field. It was pointed out by the author, 

in a Royal Institution Lecture, delivered in 1898, that the motion explicitly 

stated in equations (2), (3), (4), (5) of 3, VIII above is the gyrostatic analogue 

of the Zeeman effect. An electron moving in a circular Orbit, in a'plane at 

right angles to an impressed magnetic field, would have one period of revolu

tion or another according to the direction of its motion, corresponding pre

cisely to 2-w/kx and 2ir/k2. In fact the motion is exactly analogous to that 

of a rigid pendulum in the bob of which is a flywheel, the axis of which is 

in line with the suspension rod of the pendulum. The pendulum was shown 

in the lecture, and reference may be made to the description given there of 

the apparatus and to the curves illustrating the motion. For simplicity, and 

to bring out the electron analogy more clearly, we suppose the mass to be 

almost entirely in the bob and flywheel, and that, except for the moment of 

inertia, C, and angular momentum, Cn, of the flywheel, the bob may be 

considered as a particle of mass on, the whole mass of wheel and framework 

combined. If h be the distance of the centre of the bob from the point of 

support (where we suppose the two axes to be situated so that A = A', B = B') 

we have A = mh2 and B = mgh. Thus, taking axes of x and y coincident 

with the axes about which the turnings <p, \{r take place, we have from the 

second and first of (1), 3, VIII, since h<p= -y, h\fr = x (and the flywheel is 

supposed to be rotating counter-clockwise as seen by an eye looking upwards 

from the origin), 

Cn . x . .. Cn . y „ 
mx+-=-2/ + mgr= = 0, my--^x + mgj = 0, 

or x + yy + KX = 0, y — yx + Ky = 0, (1) 

where y = Cn/mh, K = g/h. 
These are exactly the equations of motion of an electron E supposed 

moving in the direction of the arrow in a magnetic field directed upward 

through the paper (Fig. 54). 
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e 

The electron is charged negatively with a charge of e units and has an 

ffective mass m. The intensity of the magnetic field is H, and the magnetic 
inductivity of the medium is p. W e suppose the 

mass of the electron to be acted on by a force /or, 

where r is the distance of the electron from 0. The 

convection currents are here ex, — ey in the direction 

of x and y respectively. Hence the electromagnetic 

forces in the direction of y and x are - pellx and 

petly respectively. The value of y is thus peU/m. 

FIG M
 x The other outward component forces are then — KX, 

-K\J, and the equations of motion are (1), which, 

by putting z = x + iy, we can unite in the single equation 

ii, — iyz + KZ = 0. 

Assuming that z = Keiu, (K = a constant), we obtain 

k2-K-yk = 0. 

Again, by reversing the sign of k, we obtain 

k2-K + yk = 0, 

so that we have k2 = K± yk, 

and if y is small the numerical value of k is given by 

k = Ki±iy. 

The frequency of the original vibration was K /2TT : the imposition of the 

magnetic field has produced two new frequencies (^ + \y)/2-7r, (K5 —fy)/27r, 

one higher, the other lower than the original frequency. The former fre

quency is that of electrons describing orbits in the direction shown in 

Fig. 54; the latter frequency is that of electrons moving in the opposite 

direction. Electrons moving along the line of the force H are not affected; 

hence the spectrum is modified by the production of two satellitic lines, one 

above the ordinary line, the other below it, in the spectrum. 

A gyrostatic theory of the structure of the electron has been suggested; 

but we do not discuss that here. 



CHAPTER X 

T H E E A R T H AS A TOP. PRECESSION A N D NUTATION. GYROSTATIC 

T H E O R Y OF MOTION OF T H E N O D E S OF T H E MOON'S ORBIT 

1. Potential of gravitation. As has been stated above, the earth's axis 
has a conical motion analogous to that of the axis of a top, and arising 
from a similar cause. In the case of the terrestrial top the motion of the 
axis is produced by the action of a couple due to differential attraction 
exerted by the sun or moon, so that there is a periodically varying rate of 
production of A.M. about an axis through the centroid of the earth and at 
right angles to the axis of rotation. 

The first step in a detailed discussion is the estimation of the couple just 
referred to. The gravitational potential of any distribution of matter at a 
point P distant A P from a point A at which an element dm of mass is 
situated is given by (dm n x 

VHAP' (1) 

where K is the gravitation constant, and the integral is supposed taken 
throughout the whole of the attracting matter. W e shall take the centroid 
G of the attracting mass as origin, and refer to axes of which Gx is along 
GP, put r for (x2 + y2 + z2'f, R for GP, and suppose that A, the position of 
dm, has coordinates x, y, z. Moreover we shall suppose that G P is great in 
comparison with any distance GA, of an element of the mass from G. 
Noticing that A P 2 = R 2 + r2 — 2Bx, we obtain 

,T (dm (dm/^ 21ix —r 2\" 3 /9N 

VHATHTTV.-T^; ' w 

Expanding the expression on the right and arranging according to 
descending powers of R, we get 

„ [dmf^ , x 2x2-r2 , 5x*-3xr2 , 35x4-30a;V + 3r* \ ,„. 
v=K)Trl1+R+^R^+"2RT"+ m +-)• - ( 3 ) 

Or, if we write Zx=-, \ = -^-2-\, Zs = ^^~^-,..., 

^n V = Kf^(l+Jzi + gz2+gz3+...) (4) 
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The quantities Zx, Z2,... are the successive zonal harmonics taken with 

respect to the axis OP. 
But now it will be noticed that since G, the centroid, is the origin, 

\xdm = 0, and so the term containing Zx vanishes in the integration. If 

the distribution of matter is symmetrical about any set of rectangular axes, 

drawn from G as origin, the term jZ3r
3<im/R* vanishes also, as the reader 

may prove. 
As an approximation, which is especially close when the attracting system 

has three axes of symmetry, we obtain the equation 

MTVS2*) (5> 
Here we have 

2\dmr2Z2= idm(Sx
2-x2-y2-z2)= \dm(2x2-y"--z2). 

But 2a;2-y--z2 = x2 + y2 + y2 + z2 + z2 + x2-3(y2 + z2). Hence, if A, B, C be 

the principal moments of inertia with reference to axes passing through G, 

and I be the moment of inertia about the axis GP, we have 

2[o?mr2Z2 = A + B + C-3I (6) 

Thus, if M denote the whole mass of the distribution, 

V = g
M
 + /c

A + B + C-31 (7) 
KB+K 2W 

If the material system is not symmetrical with respect to a system of 

axes, the error involved in taking the potential as given by (7) is of the 

order (£/R)3V, where J is a linear dimension of the distribution: if there 

is a system of axes of symmetry the error is of the order (l/BYY. 

There is one case however in which this criterion of error is not applicable, 

in which, in point of fact, the approximation is as close for a distribution 

whose dimensions are comparable with R as for a distribution of very small 

dimensions. If the distribution is a homogeneous sphere, or a sphere made 

up of concentric shells, each of uniform density, its potential at an external 

point is the same as if the whole mass were collected at the centre. Thus, 

if P be external to the distribution, the potential given for a distribution of 

large dimensions, by a chosen process of approximation, is as nearly correct 

as that obtained by the same process for a point charge of matter at the 
centroid. 

The same remark is true for a distribution which may be regarded as 

made up of successive confocal ellipsoidal shells of small ellipticity, each of 

uniform density. The body is thus an ellipsoid and P is an external point. 

This follows from the theorem of Maclaurin that the attractions of different 

confocal shells on an external particle are proportional to their masses. 
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Since the ellipticity is small, we may consider the potential at P due to a 

small central ellipsoid confocal with the series of shells of which the actual 
distribution may be regarded as made up. Thus, if m be the mass of this 
ellipsoid, and A', B', C be the principal moments of inertia for it, and I' its 
moment of inertia about OP, its potential V at P is given by 

„, m , A' + B' + C-3I' /ox 
V =K^ + K __ (8) 

The potential of the actual distribution is V'M/m, or 

V^^-MJ^, (9) 
R m 2R*5 

and, as the reader may verify, by considering the relations of the semi-axes 
of the central small ellipsoid and of the whole distribution, and the conse
quent relations of A, B, C to A', B', C, this reduces to 

M A + B + C-3I (1Q) 

2. Calculation of attractive forces. The force on a particle at P in the 
direction G P is 3V/3R. Hence the attraction is — 3V/3R, and we have 

_dY_ M 3 A + B + C-3I 

From this it follows that if GP be in such a direction that A + B +C = 3I, 
the attraction is more nearly the same as if the whole mass were collected 
at the centroid than for any other direction of GP. The earth approximately 
fulfils the condition A = B, and in this case we can determine the directions 
of G P for which A + B + C = 3I. For we have 2A + C = 3I, and if y be the 
angle which such a direction of G P makes with the axis of symmetry, we 
have also 

I = Ccos2y + A(l-cos2y) = (C-A)cos2y + A, or 3I = 3(C-A)cos2y + 3A. 

But the left-hand side of this equality is 2A + C. Thus we obtain 

C - A = 3(C-A)cos2y, or cos2y=l/3, 

that is y = cos~1(l/3)2. G P thus makes an angle with the axis of figure of 
54° 44'. Any radius drawn from the centre to a point in latitude 35° 16' 
fulfils this condition. 

To find the attraction between one body and another, we have first to calcu
late the integral \Ydm' for the system, that is calculate V for the first body and 
a point at which an element of mass dm' of the second is situated, and then 
integrate the result throughout the second body. This may be interpreted 
as the potential energy of one body in presence of the other: it is the work 
which must be done in withdrawing one body to an infinite distance, from 
the first. If Bxi denote the distance between the centroid of the first 
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distribution and that of the second, and W the mutual energy, we have 

approximately 

w fv, , fMM' A' + B' + C-31' M,A + B + C-3I1 (2) 

W=\Ydm =/c|1=- + M -=-=- - + M - -2E--S f> W 

where the accented letters refer to the second distribution and the unaccented 

letters to the first. 
Returning to (7), 1, we may notice that if the body have an axis of sym

metry, and GP be inclined at an angle 8 to that axis, we have 

fit (C-A)(l-3cos20) ,3-
Y = K-^ + K 2173 {6) 

for now 3I=3{Ccos20 + A(l-cos2e)}. 
Let now the body be a uniform ring of matter of radius a. The approxi

mate potential at a distant point on GP, inclined at an angle 8 to the axis of 

the ring, is M (a2-ja2)(l - 3 cos2e) (/X] 

Thus, if we make the ring of radius {2(C —A)/M}3, it will have the same 

potential as that given in (3) for the body there considered. The earth 

may therefore be considered as replaced by a ring of equal mass and of 

radius {2(C —A)/M}5, without alteration of the potential at a distant point. 

This radius for the earth is about TJV of the actual radius. 

3. Couples applied to the earth by the attractions of the sun and moon. 
W e can now find the moment of the attraction of the sun or moon about 

one of the principal axes of moment of inertia of the earth. W e shall sup

pose that the principal axes are taken as coordinate axes, and that of approxi

mate symmetry and moment of inertia C as axis of z. W e shall calculate 

the couple about the axis of y. Let a line drawn from the sun to the earth's 

centre make angles a, 8, y with the earth's principal axes, and the plane 

containing this line and the axis of y be inclined at an angle 8 to the plane 

of xy. Consider a point on this line at unit distance from the earth's centre. 

By projecting this point on the axes of x and z in succession, we obtain 

cos a = sin 6 cos 8, cos y = sin (3 sin 8 (1) 

But we have 1 = Acos2a + B cos2/3 + C cos2y, and so by the values of cosa 

and cos y just obtained, 

I = Asin'2/3cos20 + Bcos2/3+Csin2/3sin30 (2) 

Now 8 is the sun's longitude measured from V (the first point of Aries), 

and therefore I varies with 8. Going back to (1), 2, and puttino- W ' for 

the third term of the mutual energy in (2), 2, on which alone any turning-

couple exerted by the second distribution on the first depends, we have 

w=»M-A+B4<r31 (» 
12 
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Using the value of I given in (2), multiplying by d(3, and integrating from 
0 to 2-7T, neglecting variation of R12, we get for the /3-average of W ' the 
equation f! — A 

Wm = KW^j (±-l sin2e) (4) 

This is not exactly the time-average of W', but it may be taken as that 
average, if besides the variation of R12 the want of uniformity in the varia
tion of /3 is neglected. Of course in (4) R12 is a mean distance. 

It is clear that the mutual energy W', given in (4), may be regarded as 
produced by a uniform ring of matter placed in the plane of the motion of 
M', of total mass M', and of radius R12, with G as centre. The same thing is 
true when the terms not involving I, which are given in (2), 2, are included. 

N o w going back to (2), 2, making the accented letters refer to the sun 
and the unaccented to the earth, we obtain for the moment of the couple 
on the earth, tending to increase 8, 

T 3f,, 7 , 3 M'3l ,,, 

L = _jVrZm = _-*==-,, (5) 
where we write R instead of R12. But by (2) and (1) 

3 M'31 „ M' . . 
— = K =73 7-= = — o/c =77, (C — A) sin2/} sin 8 cos 8 

M' 
= — 3/c==(C — A) cos a cosy (6) 

If the line joining the earth's centre with the sun's centre is, at the 
instant considered, perpendicular to the axis of y, sin/3 = l, and 9 is (as 
now always) &>, the so-called obliquity of the ecliptic. The axis of y is the 
intersection of the plane of the ecliptic with the plane of the equator, and 

the couple is M' „ 
L = — 3K =77, (C — A ) sin w cos w (7) 

This clearly is the maximum value of the couple. It tends to increase w. 
But (3 is the sun's longitude reckoned from 'V. and the mean value of 

sin2/? in a complete period of /3 is |-. Hence the average couple for a year is 
3 M' 

L m= — ̂  K =-3(C — A)sinwcosco, (8) 

on the inexact supposition that (3 varies uniformly, and taking R as a proper 
mean distance. The same result is obtained by differentiating (4) above. 

N o w let the length of the major axis of the earth's orbit be 2R0; then 
,K(M-(-M')/R0

3 = %'2, where n' is the mean angular speed of the sun round 
the earth. If we write p = M/M', K W = n'2B,0

s/(l+ p), we obtain for the 

couple given by (6), 

L = - 3 ~ (5?Y (C - A) sin2 8 sin 9 cos 9 
1 + p \ xx/ 

= _3 J^(BpY(C-A)cosacosy (9) 
1 + p \ xx/ 
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The maximum couple, which (if we put R = R0) is double the mean couple, is 

L=-3 ~~(AjgJ(C- A) sin tocos to (10) 

For the sun and the earth p is exceedingly small and may be neglected. 
It must be taken account of in dealing in a similar way with the effect of 
the moon's attraction. 

For the moments similarly produced about the axes of x and z, we obtain 
likewise T Q n'2 /Ro\3/p nx. a I 

Bx = - 3 y-r— ( T T ) (
B - C ) cos 8cos y, .(11) 1+pVR/ 

n'2 /R \3 

L, = - 3 -̂ —- (^5). (A - B)cos a cos /3. 
1 + p \ XX J 

4. Solar couple on earth regarded as due to sun, and anti-sun, or to 
sun's mass distribided round the orbit. It may be noticed that, since 
the maximum and mean couples are proportional to sin 9 cos 9, we may 
replace 9 by its complement. Hence either of these couples m a y be 
obtained by an arrangement which substitutes the complement of to for co 
itself. Thus, if we suppose the sun cut into two halves, and the parts 
placed, as " sun and anti-sun," on a line through the centre of the earth per
pendicular to the ecliptic, at opposite sides of the centre, and at distance 
equal to the sun's mean distance, a couple equal to the maxi m u m couple 
will be produced, but in the opposite direction. Thus, with repulsion equal 
to the attraction, this arrangement would reproduce the couple. 

Suppose now that a uniform circular ring of matter of radius R surrounds 
the body of mass M, and has its centre at the centroid G of the latter. Let 
the plane of the ring be inclined at an angle 9 to the axis Gs of the body, 
and intersect the plane of xy in a line inclined at an angle a to the principal 
axis Gx, and let a plane containing the axis Gs and perpendicular to the plane 
of the ring meet it in a line Gs'. If </> be the angle which a radius G F of 
the ring makes with Gs', the projections of G F upon the axes Gx, Gy, Gs are, 

R (sin 0 cos a, + cos <p sin 9 sin a, sin <p sin a — cos <f> sin 9 cos a, cos cp cos 9); 

and therefore the expressions in the brackets are the three direction cosines 
of GF, (cos a, cos (3, cos y). If now I be the moment of inertia of the body 
about the radius GF, that is Acos2a + Bcos2/3 + Ccos2y, and m be the mass 
of the ring per unit of its circumference, the whole mutual potential energy, 
W , of the body and the ring (total mass M'), is 

„7 C 7 7 , MM' , p A + B + C-3I ^ 7 
W = JVcZm' = ;c -£[- + *] ^ mRr/c/. (1) 

But I is a function of <p given by the values just found for cos a, cos 8, cos y, 
and so performing the integration we obtain 

w MM' A + B + C-3J M, 
W = , - I r - K -W3 M , (2) 

where J = A cos20 sin2a + B cos2 9 cos2 a + G sin28 (3) 
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But the direction cosines of a normal to the plane of the ring are easily 
seen to be cos 9 sin a, — cos 9 cos a, — sin 9, for if these are multiplied respec
tively by cos a, cos (3, cos y, and the products added, the sum is zero. Hence 
J is the moment x>f inertia of the body about a normal to the ring through 
its centre G. 

The couple applied by the ring to the body and tending to increase 9 is 
3W/30, and we easily find this to be 

-7 K pTj T—; = - K =rg- (C — A sin2a — B cos2a) sin 9 cos 9 (4) 

Thus, if A = B, the couple is 

3W 3 M' .. '. . . ... 
W = 77 /c =77,(0 — A)sin0cos0 (5) 

If M' be the sun's mass and R the sun's mean distance, the couple tending 
to increase the angle between the earth's axis and the plane of the ring is 
given by (5). In 3 above we found the couple tending to increase the angle 
between the plane of the equator and the plane of the ecliptic, which, as it 
ought to be, is equal to the couple just found with sign reversed. 

If we suppose the mass of the sun distributed in a circular ring in the 
ecliptic with centre at the earth's centre, and radius equal to the sun's mean 
distance, we obtain a couple exactly equal to the mean couple calculated 
above on the supposition that the sun moves uniformly in longitude. It is 
obvious without calculation that this distribution should give the mean 
couple. For each equal element of the ring gives a couple proportional to 
that exerted by the sun when its centre is in that position, and so, if the 
sun moved round with uniform angular speed, the mean couple would be 
equal to the couple due to the ring. 

If the plane of the ring contain the axis of y, then a = \ir, and (4) becomes 

3W 3 M' .. . . „ ,a. 
3g =2/c==(C-A)sin0cos0 (6) 

If I, m, n denote the direction cosines of the normal to the plane of the 
ring, we have 

l=—cos9sina, m = cos0cosa, n = sine '••••Or 
These give 

sina= ;, cosa = j, cos 0 = (I2 + m 2 ) 2 (8) 
(l2 + m2f (l2 + m2f 

If the direction cosines I, m, n of the normal to the ring are given, and it 
is required to find the couples turning the body about the principal axe's, we 
may proceed as follows. Considering first the axis of x, let a plane be 
drawn so as to contain that axis and also the normal drawn to the ring from 
the origin, and find the angle which this plane makes with the plane of xy. 
The ai-direction cosine of the normal to the plane just specified is zero; let 



206 GYROSTATICS CHAP. 

the others be p, v. Then w e have pm + vn = 0, and therefore p/v= -n/m. 

Thus w e get p2/(p2 + v2) = n2/(m2 + n2), or p=-n/(\-l?f Similarly w e 
get v = m/(l-l2f. The angle which the plane containing the axis o f ^ and 

the normal to the ring makes with the axis of y is sin_1{( —n/(l — I2)2}, and 

that which it makes with the axis of s is sin'^on/a-Pf}- H we call the 

latter angle 9X, we have 
J = Ar2 + B m 2 + Cn 2 = Ai2 + (Bsin201 + Ccos

201)(l-Z
2) (9) 

Thus, for the turning of the body about the axis of x, we get 

3J 

30x" 
= 2(B - C)(l -12) sin 8xcos 9X = 2(C - B)mn. .(10) 

Similarly, with corresponding angles 02, 03, for turning about the axes of y 

and s, -7,T 

^- = 2(C-A)(l-m 2)sin0 2cos0 2 = 2 ( A - C ) ^ , 

3J 
= 2 ( A - B ) ( 1 - «2)sin03cos03 = 2(B-A)Z?7i. 

..(11) 

The moments about the axes are therefore 

3 M'. M', 
mn, BX = *,K~(B-C)(1-1

2) sin9xcos9x = ^K^(C-B) 

By = \\ /c=77(C-A)(l-m
2)sin02cos02=g K Wi(A-C)nl, 

2 W 
W, 

.(12) 

.(13) 

3 M' 
L, = ̂ ^i(A-B)(l-™2)sin03cos03 = 2/c-K3(B-A)^7i. 

If the plane of the ring contain the axis of y, m = 0, and 

3 M' 
By = - K =T=T (C — A ) sin 0 cos 0, 

where 0 is n o w the angle which the plane of the ring makes with the plane 
of yz. This result agrees with that already obtained above. 

5. Mean angular speed of precession. Returning n o w to the motion of 
the earth, and supposing that the axis of y is the axis, in the ecliptic, about 
which the couple clue to the sun's attraction acts, the mean precessional 
angular speed, p, of the earth's axis of figure, about a perpendicular to the 
ecliptic, is given by 

3 /cS, Cnp sin to — A/x2cos to sin w = 
2R3 3 (C — A ) sin to cos a-, (1) 

q Q 

or Cnp —Ap2cos OJ = '^ ̂(C —A) cos at (2) 

Here S is put for the mass of the sun, as presently we shall denote by M 
the mass of the moon. 

The term A/x2cosco is very small, and so we have approximately for the 
mean precession 3 S 

C « M = 2 * j=-3(C-A)cosft) (3) 
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By Kepler's third law we have, if, as before, we put n' for the mean 
angular speed of the sun round the earth, 

?l'
2R3 = nS + E) = Ks(l+|), (4) 

where E is the mass of the earth. Neglecting E/S, which is about 
1/324000, we obtain from (3) and (4) 

2>n'2C-A ... 
P = 77 y<. COS CO (5) 

2 n C 
Taking a year as the unit of time we calculate the yearly precession, that 

is21rp/n. W e have M Zn'C-A 

n'=2n-C~C°Sw' (6) 

and n/n'-is the number of sidereal days in a year, or 366'25. From observa
tions of precession and nutation made by Leverrier and Serret (see Thomson 
and Tait's.-Natural Philosophy, §828). it is estimated that (C —A)/C = 306. 
Also, if to be taken as 230,5, cosft> = '0l7. Thus 

M = 3 "917 ,~. 
n 2 36625x306 V ' 

The angle turned through in a year in consequence of the angular speed n' 
is 2-7T, or 360 x 3600, seconds. If then M be the number of seconds of angle 
in the mean annual precession, we have 

,T 3-917x360x3600 ,.„ ,0, 
A = 2 " 366-25x306 = 1 ° ' 9 (b) 

6. Precession due to lunar attraction. We now consider the mean pre
cession due to the moon, reserving a more complete discussion for a later 
article of this chapter. Taking a sphere of 
radius equal to the moon's distance, with centre 
at the earth's centre G, let it be intersected at 
Z, Z' by lines drawn from G at right angles to 
the ecliptic and the plane of the moon's orbit z' ̂ ^ \ F 

respectively [Fig. 55]. These are the poles of 
the ecliptic and the lunar orbit. W e consider the 
lunar orbit as it exists at a given instant; the .. "C 

o •' FIG. OD. 

variation of its position will be taken account 
of later. Let C be the point in which the earth's axis meets the sphere. 
Join ZZ', ZC, Z'C by arcs of great circles, and let ZF be a fixed arc of a 
great circle on the sphere. The angle Z'ZC is the longitude Q, of the 
descending node of the moon's orbit, ZZ' is i the inclination of that orbit to 
the ecliptic, and ZC is the obliquity co of the ecliptic. The angle F Z C may 
be taken as the angle turned through in time t in consequence of precession. 
W e have, by spherical trigonometry, 

cos Z'C = cos i cos co + sin i sin o> sin Q, (1) 
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But Z'C is equal to the inclination of the plane of the equator to the plane 

of the moon's orbit: it corresponds in the present case to the angle denoted 

in 2 above by 0. The part of the mutual energy of the earth and moon on 

which the couple producing precession of the earth depends, is therefore [(4), 3] 

W' = /cMC-^A(!-fsin20), (2) 

where M is the moon's mass, and R her proper mean distance from the earth. 

This gives the mean couple for the different positions of the moon in the 

orbit as it exists at a given instant, and may be regarded as produced by a 

uniform circular ring of total mass M, and of radius R, laid in the plane of 

the orbit about G as a centre. Or it may be regarded as produced according 

to 4 by two masses, each 4-M, one situated at Z', the other at the diametrically 

opposite point on the sphere. 

W e have to calculate the mean value of W for a complete revolution of 

the line of nodes. It is only necessary to find the mean value of sin20. The 

mean value of cos20 is easily found from (1) to be (f cos2* —i)cos2co + -l-sin2?. 

Hence the mean value of sin20 is 1 — {(4cos2i — +)cos2co + -g-sin2i}. Thus 

we obtain, by (2), 

W' = /cM (^ !^{-i + f[(fcos
2^-+)cos2co-(-tVsin

2i]} (3) 

Hence —^ = |KM-^=-(f cos
2-i-*) sin to cos co (4) 

This is the couple tending to diminish co. It will be observed that if we 

put i = 0, that is, suppose that the moon's orbit coincides with the ecliptic, 

the couple agrees exactly with that given by (8), 3 above, when M is substi
tuted for M'. 

Just as the solar precession was found in 5, so we now find the lunar 

precessional angular speed p to be given by 

M 
Cnp = f K ̂  (C — A)(f cos2* — +) cos co (5) 

If we introduce the mean angular speed n'' of the moon's radius vector 

we obtain, since W" 2R 3 = K ( E + M ) = K M ( 1 + E / M ) , 

, ,n"2 1 C-A..3 ,. 
M = t ~ n E ~G~ <•- cos"'l-i)cos w (5) 

1 + M 

Thus we obtain for the ratio X of the lunar to the solar precession, 

i-
~E 

, p n - 4cos-%— J-
X = 77 = ̂ ^ IT* ' 0) 

1+M 

This gives, if we take n"/n' = 3664-/27+ =13-4, i = 5° 9', and so 4cos2i- + 
= 0-988, and E/M = 81-5, 

p 13-42 x 0-988 _, n r 
p= 8 ^ = 2-15 W 
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The solar precession is 16 seconds of angle in a year, and therefore, according 
to the numerical data here assumed, the lunar precession is 34'4 seconds of 
angle in a year, giving a total of slightly over 50" The Nautical Almanack 
gives 50"'4, which, as it happens, is exactly the amount here obtained. 

The observed precession, with E/M = 8P5, leads to the value 1/306 for 
(C —A)/C, given by Thomson and Tait [5, above]. 

It will be seen that a total annual precession of 50"-4 gives a complete 
revolution of the equinoxes along the ecliptic in 25,714 years. N o w the 
above discussion gives as the total average couple tending to bring the 
equator and ecliptic into coincidence, 

|(X + l)^(C-A)sincocosco (9) 

If the earth's rotation were to cease, a couple f (X + 1)KS(C — A)sin 0 cos 0/R3, 
where 0 is the mutual inclination of the two planes, would cause the earth 
to swing about the intersection of the two planes, in a period, when the 
amplitude has been brought down to a small value, given by 

0 + |(X + l ) ^ 3
( ^ 0 = O, (10) 

where R is the sun's distance. If, as in 5, we put n"2W for KS, and 
Gpn/ii'2cosoo for f(X + l)(C — A ) , this equation becomes 

8 + ̂ - 8 = 0, (11) 
A cos co v ' 

where p is the total precessional angular speed just calculated. Taking as 
before cosco = -9l7, putting C = A, and using the year as unit of time, we 
obtain as the period of a small oscillation 

/Acos0\* /-9l7x 26000V 
, -, , ..,,.. , =8, nearly (12) 

Cnp I V 366-25 I J y ' 
The earth would therefore make one small oscillation in a period of about 
8 years. 
It is to be understood that this would not be the actual period of a small 

oscillation if the rotation were annulled. The couple assigned is not, for 
0 = co, the couple which really exists, except at particular instants; it is the 
average couple obtained by considering a much longer interval than the 
derived period of 8 years. 

7. Precession of the equinoxes, body-cone and space-cone. We have 
seen that the couple exerted by the sun or the moon on the earth, and 
tending to turn it about the axis of x, y, or s, depends on the difference, 
B — C , C — A , or A — B of the principal moments of inertia, and vanishes 
when this difference vanishes. And taking the axis of y (which of course, 
as one of the axes perpendicular to the axis of approximate symmetry, is in 
the plane of the equator) also in the plane of the ecliptic, we have found the 
average couple which, as it is usually put, tends to bring the earth's equator 
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into coincidence with the ecliptic. The translational motion of the earth m 

its orbit is ignored, as in itself it has no effect; the change in relative 

position of the earth and sun, which alone matters, is conveniently obtained 

by supposing the centroid of the earth to be at rest while the sun revolves 

round it. 
The couple found plays the part of the couple about the axis O D (Fig. 4) 

applied by gravity to the top spinning about a fixed point. The result is 

the same; just as the top does not fall down, but has an azimuthal motion 

in virtue of the couple, so that the axis of rotation, if the motion is steady, 

moves in a right cone, so the earth's axis does not approach perpendicularity 

to the ecliptic, but relative to the earth's centre regarded as a fixed point. 

has a conical motion in space about a line drawn from the earth's centre to 

the pole of the ecliptic, which answers to the vertical in the case of the top 

(Fig. 4). The mean angular speed of a point on the earth's axis about 

the axis of the cone is M/C/i sin co, where M is a certain mean value of the 

moment of the couple producing precession, and co is the inclination of the 

earth's axis to a perpendicular to the ecliptic; and this is exactly analogous 

to the approximate value Mgh sin 8/Gn sin 0, which the theory of the top 

gives for the precessional motion about the vertical. This conical motion of 

the earth's axis has, as we have seen, a period of nearly 26,000 years, and 

causes the astronomical phenomenon of precession of the equinoxes, that 

is, the continual revolution of the line of ecpiinoxes (or line of nodes) in the 

plane of the ecliptic. 

H o w this phenomenon occurs is illustrated by Fig. 56, which shows one of 

the illustrative models of the Natural Philosophy Department of the Univer

sity of Glasgow, a terrestrial globe with the 

lower half cut away, and the upper part 

loaded so that it can turn about a point of 

support at the centre, with the pin P in 

contact with the inside of the horizontal 

ring R P at the top. The pin P is the upper 

end of a cone fixed in the body having its 

vertex at the centre 0 of the globe; this 

cone rolls on a cone fixed in space, as indi

cated in Fig. 4. Here the rolling cone (the 

body-cone, 4, IV above) rolls round on the 

inside surface of the fixed- or space-cone 

(Fig. 14). [In the example of the top 

spinning about a fixed point the body-cone 

rolls round the outside of the space-cone as in Fig. 13.] The space-cone in 

the model is represented by the ring RP, which is enough to o-uide the 

moving cone; all the rest is cut away, but it is understood that the vertex 

in this case is also at the centre. 
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As the globe of the model (Fig. 56) turns about the axis of figure, the 
cone P rolls on the space-cone, and its axis, travelling round the axis of 

figure, describes a cone in space, in the model a cone of 23° 27' semi-vertical 

angle. The equator of the globe is shown by the dark line intersecting a 

meridian through P in N. The upper surface of the rim, to which the 

supports of the ring R are attached, represents the plane of the ecliptic, and 

the point N represents the intersection of the equator with that plane. 

N therefore represents an equinox. As, imitating the earth, the globe 

revolves in the counter-clock direction (as seen from beyond P, which may 

be taken as representing the north pole of the earth), the pin P rolls round 

the ring in the clock direction, and so the point N moves from right to left 

along the ecliptic, in the direction to meet the rotation, that is to make the 

equinoxes occur earlier in time. This is the precession of the equinoxes, 

the direction and mode of production of which are completely illustrated 

from a kinematical point of view by the model. 

If the model were enlarged to the size of the earth and rotated with the 

same speed as the earth, the diameter at the north pole of the cone, fixed in 

the earth with vertex at the centre, which rolling on the internal surface of 

a cone of semi-vertical angle 23° 27', with its vertex also at the centre of 

the earth, would give precessional motion of 25,800 years' period, would he 

8000 x sin 23° 27' 
366i X 25,800 

miles = 21 inches. 

This is the solution of the old Glasgow Natural Philosophy question, some

times phrased as "Find the diameter of the north pole of the earth" [see 13,1]. 

In 4, IV, the rolling of the body-cone on the space-cone has been ex

plained. In Fig. 57 the two cones are shown for the case of precession of 

the earth's axis. O Z is the perpendicular to the 

plane of the ecliptic, O C the earth's axis of figure, 

OI the instantaneous axis of turning, and O H the 

axis of resultant A.M. The vertical angle of the 

body-cone is 2a, that of the space-cone 2(0 +a). 

The angular speeds are \/r about OZ, n about OC, 

and \fr sin 0 about OE, which is at right angles to 

OC. If at the same time the body is turning 

about an axis O D at right angles to the plane 

COZ, there is also a component 0 to be taken 

into account. In the case of steady motion the ,.-'' 

instantaneous axis is OI, and the angular speed E 

1 n i FK, 5T_ 
about it is (n2+ \lr2 sin2 9)2 

By the turning about OI, with angular speed (TC2-f-i/>sin20)5', the axial 
point C, which lies in a plane at right angles to. O C and containing the 

point I, has speed OIcos a sin a (n2 + ̂ r2sin29f, that is Oln sin a, at right 
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angles to the paper. This must be the same as the speed OI\/r cos a sin 0 

in the circle of radius 01 cos a sin 0. Hence we have 

n tan a = \jr sin 0. 

In the case of steady motion the axes 01, O C, O H , and O Z are in 

one plane, the resultant A.M. is (C2n2 + AV 2sin 20) 4, and according as C is 

> or < A, the axis O H is nearer to or farther from O C than 01. WTe 

have tanIOC = V>sin0/w, tan H O C = Ay>sin 8/Cn. If there is turning 

about an axis O D at right angles to Z O C , the resultant angular speed is 

(02 + 7j.2 + y>2ain-20)^ a n d its direction makes with O D , O C , O E angles whose 

cosines are (9, n, ̂ rsin9)/(92 + n2 + xjr2sin29)i- The resultant A.M. on the 

other hand is (A202 + C2n2 + A2i/>2sin20)4, and, if we call this H, its direction 

makes angles with OD, OC, OE, the cosines of which are 

(A0, Cn, A\/r sin 0)/H. 

8. The free Eulerian precession. Results of theory and of observation. 

If the body be under the action of no external forces the direction of O H 

remains invariable, and the motion of the body after any transient disturb

ance must be consistent with this fact. The equations of motion are (see 8, II) 

A^-(B-C)0203 = O, B^
2-(C-A)0301=O, c||-(A-B)0102 = O,...(l) 

where 9X, 02, 03 are the angular speeds about the principal axes for which 

the moments of inertia are A, B, C. If A = B, which is approximately true 

for the earth, the third equation gives C03 = constant. The other equations 

become, if we write n for the constant 03, 

A^± + (C-A)n92 = 0, A^f-(G-A)n9x = 0 (2) 

Eliminating 09, we obtain 

IM^yVo <3, 
[Equation (3) may also be obtained from the ordinary equations of the top (e.g. the 
first two of (1), 16, II, or (1) of 9 below) with the right hand sides put equal to zero. The 

angular speeds $x, d2 are to be identified with the »„ a>2 of (2), 2, IV, and <p is to be 

equated to zero, observing however that, though 6^= — lAsin 8, 8,,= 8, 

^j =-if sin d-fy cos 8+8<p, -^ = Usm8 + d. 

Hence, since n = c(> + \p cos 8, 

-if sin 8 = ̂ -118 + 28^cos 8, d = ̂ f-4>f sin d. 

These values, substituted in (1), 15, II, give exactly equations (2) obtained above.] 

From (3), if p = n(G- A)/A, w e find 

01 = E cos (pt + a), ..., (-t) 

where E and a are constants. This gives also 

92 = B sin (pt +a) (5) 
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If C — A is small the differential equations show that 9X, 92 alter only slowly ; 

their actual values are determined by observation. The values found in

dicate, since A = B very nearly, a resultant of A9X and B02, of magnitude 

AE, inclined nearly at 45° to either component in the plane of the equator, 

and revolving in the body in that plane with angular speed n(C — A)/A. 

The invariable line O H lies in the plane of this constant resultant and OC, 

about which the A.M. Cn is also constant. After any disturbance O H remains, 

inclined at a constant angle to OC, and, as the plane H O C revolves in space, 

describes a cone in the body about O C as axis, and makes one revolution 

in the period 2-7rA/7i-(C-A). But 2-w/n is one day and A/(C-A) = 306 

nearly. Hence the invariable line, which is fixed in space, describes the cone 
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just specified in 306 days; in other words, the axis of figure revolves round 

the invariable line in a cone of semi-vertical angle C O H in that period. 

This angle tan"1(AE/C%) is small, and is not to be confounded with the 

very much smaller mean angle [about 0'00867"], between O C and the instan

taneous axis, OI, of rotation, which causes the slow continuous precession. 

If the magnitude of E is sensible this revolution of O C should show a 

variation of latitude of places on the earth's surface, the more considerable 

the greater the value of E, since tanCOI = E/%. But determinations of 

latitude by observations of the altitude of stars show only a very slight 

variation, and therefore we must conclude that E is small. Observations 

made at Berlin, Potsdam, and Prague in 1889-90 to detect this effect showed 

changes of only about half a second of angle. Though small, this variation 

was no doubt real, as the latitude of a place can be determined to 1/10 of a 

second, which corresponds to three yards on the earth's surface. In 1891 a. 
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G e r m a n expedition w a s sent to Honolulu in order that observations might 
I 1 7 "I ° 

be m a d e simultaneously there and at Berlin. Since the two places are xix 
apart in longitude, the latitude of Berlin should increase w h e n that of 
Honolulu diminishes, and vice versa. T h e diagram (Fig. 58) shows h o w 
exactly the two variations were found to correspond. 

A s to the period however, it was found b y Mr. S. C. Chandler at C a m 

bridge, Mass., by a discussion of observations of latitude ranging from 1840 

to 1891, that the variation ran through its course in 14 instead of 10 

months. The course of this variation of latitude, combined with another of 

yearly period, is shown in the diagram on p. 15. T h e subject is further 

dealt with in Chapter X I below. 
T h e free Eulerian precession discussed above is started by some transient 

external disturbance, and is given by the complementary solution obtained 

as above w h e n the applied couples are put equal to zero, and the differential 

equations then solved. W e shall see however that the expressions for 

the couples m a y contribute terms which require consideration to the 

oscillatory solutions. 

9. Precession and nutation from instant to instant. T h e average 

precession has been determined above. W e now try to trace the progress 

of events from instant to instant. Taking axes as before, Gy along the 

intersection of the plane of the equator of the earth with the plane of the 

ecliptic, Gz in the direction of the axis of figure, and Gx at right angles 

to the other two, we observe that the axes Gx, Gy, Gz correspond to the 

moving axes OE', OD, O C of the. gyrostatic equations, and shown in 

Fig. 12 (p. 71). In that diagram the sun is supposed to be at S, a point to 

the left of x on the arc D F produced beyond x, and such that the line perpen

dicular to OS in the plane D O F lies between O D and OE'. O F D is the 

plane of the ecliptic, D O E that of the equator. If then L be the couple 

at the instant about the axis of x, M that about the axis of y, we have 

by (2) and (5), 1, V, or by applying at once the method of 5, III, 

Ay; sin 0 - (Cn - 2Ax/r cos 0) 0 = - L, ) (1) 

A8 + (Gn-Axjr cos 8)x/r sin 8= M . J 

The minus sign is placed before L on the right of the first equation because 

it will be seen from Fig. 12 that the rate of growth of A.M. lor the axis OE' is 

the quantity on the left with the sign reversed. The values of the couples 

are given in 3 above for the sun's attraction. W e have by (10) and (11) of 3, 

n "2 /R \3 

A<fr sin 0 - (Cn - 2Ax(r cos 0) 0 = 3 j~- (qf J (C - A) cos /3 cos y, 

A0 + (Cn - Axjr cos 0) V> sin 0 = - 3 ̂  ~- (q^KC - A) cos a cos y. 
•(2) 

N o w w e k n o w from observation that n is very great in comparison with 

\\r, and \jr, itself small, has a long period of variation, and so w e neglect all 
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the terms on the left of (2) which do not contain n 
also p we obtain 

.n 
)=-3 R0yc-

sin 8.\jr= — 3 

R 

Rg 

n\B 
n -

G 
3C-A 

cos /3 cos y> 

C 
- COS a COS 7-

Thus neglecting 

.(3) 

But by (1), 3, cos /3 cos y = sin 8 cos (3 sin 0, cos acosy = sin2/3cos 0sin0, so 
that (3) become 

3 7i' 2/R 0yC-A 

C 2 n\R 
sin 2(3 sin 0, 

•(4) 

^ =-r4 2(R) 3°i A( i- c o s 2^ c o s a 

Let now I be the longitude of the sun measured from a fixed plane per

pendicular to the ecliptic, the plane xOz of Fig. 12. Then xF = \Jr, xS = Z 

(since w e measure I in the direction of the apparent motion from the 

fixed plane xOz, where z is the fixed pole of the ecliptic). W e put now 

9. for the longitude of the ascending node, D, of the sun's orbit. Then 
ci = - ( 1 1 + ^ ) . B ut by definition (3, above), 8=-I-SI =-l + ̂  + ir, 

and therefore sin 2/3 = sin(7r - 2(l-xfr)) = sin 2(I - xfr), cos 2/3 = - cos 2(Z - xfr). 

Substituting in (4) w e obtain 

y,= -

3 
2 
3 
2 

%\R7 

TO'
2/R0y 

n\xxJ 

c 

G 

-A 
G 
-A 
G 

sin 2 (I-x/r) sin 8, 

{1 + COS 2(1 -xlr)) COS 0. 

.(5) 

To obtain more exact equations w e should have to express 1/R3 and I in 

terms of the time by means of the theory of motion in a central orbit. J W e 

should obtain l = n't + e' + 2e'sin(n't + e' —f')+..., and a similar expression 

for 1/R, where e is the eccentricity. For such developments however w e 

must refer to special works on Celestial Mechanics, such as Tisserand, 

Mecanique Celeste, t. ii. 

W e m a y however substitute for I the approximate value n't + e, and inte

grate equations (5) with respect to t, assigning to sin 0, cos 0, which are nearly 

constant, values sin a, cos a, which remain unaltered during the period of 

integration. W e get, taking R as constant, 

-A 
cos 2(1 — xjr) sin a, 

,3^7R0\
3C-

6- a+4n\R)-C 

i' = i'o-l~(^G^{n't+^n2a-
R C 

•x/r)} COS a, 

.((]) 

where xfr0 is a constant. The term n't in the second equation obviously 

arises from the nearly uniform precession, the approximate average preces

sion obtained in (5) of 5. 
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The results we have obtained are only approximate. It is easy to form 
some idea of the closeness of the approximations. From (1) we ootam, 
putting wx for — \/>sin0, and co2 for 0, the angular speeds about the axes 
OE', O D of Fig. 12, p. 71 [to be" distinguished from the wx, w2 referred to in 
8 above], 

Awx + (Cn — Ax/r cos 0)co2 = B,'\ ^\ 
Aib2 — (Cn — Ax/r cos 6)wx = M, J 

a symmetrical form which, by the opposite signs of the second terms on the 
left, well displays the peculiar property of gyrostatic terms. As a first 
approximation we get, since both xjr and 0 are small, 

M L ,s. 

Using these results in the first terms on the left of (7) we obtain 

M A clh __L_ A dM ((X) 
tl>1~ C ^ + C2i? H' u'2~Cn~ +Chi2 ~dl ^ ' 

A repetition of this process gives 

_ _M_ A dh A-_dm __L_ J^<m_J^c¥B (m 
Wl~ Gn + C2n2 dt+Gsn^~dt2' (°2^Cn+C2n2 dt GW dt2' { ' 

Thus, as elimination of co2 from (7), and substitution in L and M of the 
values of I and 1/R indicated above, give wx of the form S K cos (n't +/)> 
the adoption of the approximations in (8) means the neglect of terms 
of the order Mn'2/n2 or Bn'2/n2. [See Routh, Advanced Dyncmnics, §§525—550, 
where the motion of the ecliptic is also considered.] 

10. Graphiccd representation of effects of variable parts of 9 and xh. 
The results embodied in (5) and (6) are capable of simple graphical repre
sentation. Thus the uniform precession, of angular speed 

3 w ' 2 C - A . 
2 n G 

may be represented by the motion of a point Px, in a circle of radius equal 
to the mean value of 0. Taking the parts of 0 and xy-, depending on the 
varying parts of 8 and xjr, we get the equations 

Q= l^C^rA^s2(l-x/r)sin8, (1) 

If W i: 

sin0.i/,= -|^C--A
sin2(Z-1/,)sin0cos0 (2) 

denote the quantities on the left by y and x respectively, we obtain 

x- V 
K2sin20cos20"rK2s + Tfra7.= 1' (-) sm 

where K denotes the common multiplier of the circular functions on the 
right of (1) and (2). 
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Clearly then, if we describe round P1 as centre an ellipse of semi-axes 
K sin 0 cos 0, K sin 0, the latter in the direction of GPX, the former at right 

angles to this direction, then a second particle P2 describes this ellipse 

(which changes in position as Px moves) in a period, given by the terms. 

sin2(l + \jr), cos2(f-f x/r), equal to half the periodic time of the disturbing-

body. 

Successive further approximations would be given by successive ellipses,. 

the first round P,, the second round the point describing this, and so on. 

This kind of graphical representation is characteristic of successive approxi

mations by periodic terms. 

11. Mean couple tending to bring equator and moons orbit into coinci

dence. It is proved in (8), 3, that, if R be the mean distance of the sun 

from the earth, the mean couple exerted on the earth by the sun in 

a year is given by o cj 
L = — TT =^(0 — A) sin to cos co (1)-

Here S is the sun's mass. Substituting for co the inclination I of the 

moon's orbit to the plane of the equator, and in place of S and R for the 

sun putting M' and R for the moon, retaining M for the earth, we get 

for the mean couple, tending to produce turning of the plane of the 

equator into coincidence with the plane of the moon's orbit, 

^ M' 
L=-|/cg3(C-A)sinIcosI, (2> 

or, since K(WL + W) = KW(1+P) = n"
2R3, 

L =-.?-.— (C-A)sinlcosl (3> 
2 x+ p 

This couple acts about the line of intersection of the two planes, and so the 
earth's axis turns towards the descending node of the moon's orbit on the 

equator, with angular speed xjr sin I given by 

• T ,-/ 3 n"2 C — A . T T 
smI-^ = -27iT^^r s m I c o s ] [ ; (4> 

This is an average and uniform precessional motion; the inequalities of 
fortnightly period are neglected. The turning indicated is about an axis at 

right angles to the earth's axis in the plane of that axis and the perpen

dicular to the moon's orbit. W e resolve it into two components, one about 

an axis through G (Fig. 55) at right angles to the earth's axis and in the-

plane of that axis and the perpendicular to the ecliptic, the other about 

an axis through G at right angles to the plane just specified. The first 

component is what we have already denoted by xjr sin 8, except that it is 

now produced by the moon, and so we have 

^sin0= -TT-A,—r =—sin I cos I cos ZCZ' (5> 
r 2(l + p) n G 



218 GYROSTATICS CHAP. 

The second component is 0, and is given by 

A 3 n"2G-A 
8 = 

sin I cos I sin ZCZ'. (6) 
2(1 + p) n G 

Now, from Fig. 55, putting 0 for the inclination of the earth's instantaneous 
axis of rotation to the perpendicular to the ecliptic, and denoting the inclina
tion of the moon's orbit to the plane of the ecliptic, that is the arc ZZ', by 
i, we obtain by spherical trigonometry 

cos I = cos i cos 0 + sin i sin 0 cos Z'ZC 

• T rrnrr, cos i — cos I cos 0 

sm 1 cos LCL = - sin 8 
sin I sin ZCZ' = sin i sin Z'ZC. 

Equations (7)give instead of (5) and (6) the results 
3 n"2G 

-0) 

xfr sin 0 --
-A. 

{(cos2i— \ sin2i) sin 0 cos 0 

9=-

2(1 + /)) n G 
— sin i cos i cos 20 cos Z'ZC — \ sin2i sin 0 cos 0 cos 2Z'ZC}, 

3 " "' •''" A (sin i cos i cos 0 sin Z'ZC + \ sin2 i sin 2 Z'ZC). 

(8) 

2(1 +P) n C 

The first line of the first equation of (8) gives exactly the result already 
obtained in (3), 6, above, for the mean lunar precession, except that the 
signs of the two results are opposed. This was to be expected however, as 
the result of 6 was obtained from a consideration of a couple opposed in 
sign to that considered above, which is equivalent to taking xjr sin 0 about 
an axis opposed in direction to that used here. The results therefore agree. 

The LCLTI diminishes at rate m because of the motion of 71, that is, the 
revolution of the line of nodes, and increases at rate p because of the motion 
of C. The value of p is 

3 n"2 C — A ,. . 
2 nfJ+p) ~C~ ( C ° S ^ ~ 2 S m^ } C°S °' 

The motion of the line of nodes is a regression at rate m, which can be 
calculated from the fact that the line of nodes turns through an angle 2ir 
in 18 years 7 months, or about -02817 radian per month. W e can write 

LZ'ZC = (-m+p)t + e-xfr0 (9) 
where e is a constant. 

Integrating (8) we obtain 
V ^ = ^Q-~P't-

0 = 8n 

sin i cos i cos 20 
sin Z'ZC 

m —p (cos2* — i sin2i) sin 0 cos 0 
P sin2i . 

Mm-p) crJs^i^TsJnH W U ̂  -
n"2C-A sini , . 

(cos 9 cos % cos Z Z C - 2(\ + p) n G on-p 
+1 sin i sin 9 cos 2Z'ZC), 

where n is the angular speed of rotation of the earth. 

.(10) 
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The coefficient of cos 2Z'ZC in the second of (10) is only about 1/100 of 
that of cos Z'ZC, so that the former term is comparatively unimportant. 
Measured in seconds of angle the amplitudes of sin Z'ZC and cosZ'ZO, in 
the first and second of (10), are respectively 17'4 and 9'3. The ratio of m 
p is great, and so instead of m—p we may write simply m in (10). 

To the lunar precession and nutation falls to be added the solar preces
sion and nutation found above. W e have seen that the lunar precession is 
about 34" and the solar about 16". The ratio of the amplitude of solar 
nutation to that of lunar nutation is about 2/15. 

12. Gyrostatic theory of the regression of the line of nodes of the 
moon's orbit. W e now give an application of gyrostatic theory to the 
calculation of the rate of regression of the line of nodes of the moon's orbit 
on the ecliptic produced by the attraction of the sun. For this, the attracted 
body, the moon, which moves comparatively quickly in its orbit, is sup
posed distributed round its orbit, in a ring revolving about its axis of 
figure with the moon's mean angular speed about the earth, and to react, 
as if it were a flywheel, against the couple applied to it by the attraction 
of the sun. The process here adopted is a modification of the device, 
first used by Newton, of disposing the attracted body in a ring round its 
orbit. It is found, as was indeed found by Newton in his calculation of 
the same quantity, that unless the relative motion of the nodes and the sun 
is taken account of, the period of regression comes out too short by about 
7 months. Thus it is not possible to suppose the matter of the sun disposed 
in a ring. 

Hence we keep in the following discussion the sun undisturbed, and 
imagine the mass of the moon equally distributed in a circular ring of 
radius equal to the moon's mean distance from the earth. It is assumed 
that the eccentricity of the moon's orbit does not seriously affect the 
revolution of the line of nodes. This eccentricity is considerable, as the 
ratio of the greatest to the least distance of the moon from the earth is 
about 40 to 35. W e shall afterwards add some remarks in justification of 
what seems a remarkable process. 

In the ring moon we have C = 2A and so C - A = A. Thus we get by 
(10), 4, for the couple acting, 

L = - 3%'2A sin2/3 sin 0 cos 0 (1) 

Here n' is the angular speed of the sun in the ecliptic round the centre of 
the ring moon, 0 is the inclination of the moon's orbit to the plane of the 
ecliptic, and j3 is the inclination to the line of nodes of a line drawn from 
the sun to the centre of the lunar orbit. It is in fact 1—9, if I be the sun's 
longitude and 9 the longitude of the ascending node of the moon's orbit in 
the ecliptic. 
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N o w the regression of the line of nodes which we are dealing with is the 
precessional motion of the ring gyroscope formed by the ring moon under 
the influence of the couple given in (1), and 0 is the inclination of the axis 
of the ring to the perpendicular to the ecliptic. Then if nx be the angular 
speed of the ring, 

C«1sin0^=-3%'
2Asin0cos0sin2(7-ft), (2) 

1 cit 

or, since C = 2A, -J-= -5 — cos 0{1 -cos 2(1- 9)! (3) 
dt 4 nx 

The first term on the right gives the mean rate of variation of 9-
Denoting it by —p, we obtain 

d^r=-p+pcos2(l-9k (*) 

or, since dl/dt = n', 

jt(l- 9) = n'+p-pcos2(l- 9) (5) 

We can write this in the form 

d(l-9) ^df; 
n'+p— p cos 2 (I— 9) ' 

which is integrable at once by the substitution u = ta.n(l — 9). Thus we 
obtain /„/ _|_9T)\i i 

\--ff- ) tan^- 9) = ts,n{(n'2+ 2n'j>ft) (6) 

Therefore, as 1—9 increases from 0 to 2-K, (n'2+2n'p)2t increases from 
0 to 27r. Hence the time taken by the line of nodes to make one revolution 
relative to the sun is g_ 

t = j- (t) 

(n'2 + 2n'pys 

But if a year be taken as the unit of time we have 2-tr/n' = 1, and we can write 

t=^—vi (8) 
71 (n'2 + 2n'p)'1 

This, as we shall see, is about 18/19 of a year. 
The real rate of regression of the line of nodes is therefore the angular 

speed (n'2+2n'pf-7i, and the time of the revolution is 

27T 2TT llf 

—- :_-_ = -rA n. i (9) 
(n'1 + 2n'p)2 — n' n (n'2 + 2n.'p)- — n 

that is the number of years is n'/{(n'2 + 2n'2'))2—n'\. But 

. -o -{(i+^Y+i\=-+--^' .1 iiD 
2n(\ n I ̂  I p^-2 4,n'

 v ' 

q± =
 1 =n-l(i+?Ey + i\ =

 lJl^l_ l> 
(n'2 + 2npf-n / 9 - p \

i _ ]
 2P ̂  n!' ' P 

n 

file:///--ff
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,»J «' 4 x 365i 
^ p = 3 x 27-3 x 996 = 1 8' n e a r ly <"> 

Thus the period of revolution of the line of nodes is, in years, 

p+2~4& = 18'5'nearly (12) 

According to Neison, the period of regression is 18-5997 years. [Young, 
General Astronomy, § 455.] 

13. Estimation of periodic term. The magnitude of the periodic term 
may be estimated in the following manner (see Greenhill, R.Q.T. p. 177), 
Taking as the mean angular speed of the line of nodes relative to the sun 
(n'2 + 2'ri'p)'2, and putting n'+p' for this, w e write 

l-9=(n'+p')t-A9-

Hence tan AQ = t,n{(n'+p')t-(l- 9)} = n> + $Tp^J(l- 9)> <*> 

by (6), 12. Multiplying numerator and denominator by cos2(l — 9), we obtain 
after reduction 

A S = P'^2(l-9) sm2(l-Sl) 
a " 2n'+p'-23'cos2(l-9)~ 2^ 1 ' nearly {2> 

p' + 

But, by (12), 12, 2n'/p'+l = 38, and so the amplitude of tan A Q is 1/38, 
or in angle about 1-5° 

The couple producing change of the inclination i of the orbit to the ecliptic 

is [see (5), 9], L = _ g ^ 2 A s i n i sin (£ - Q) Cos (1-9), 

or B=-%n'2Csinisin2(l-9) (3) 

But this is approximately —Cnxdi/dt, and so we obtain 

di Sn'2 . . . n 

r i - 8 m t a m 2 ( J - f l ) (4) 

Integrating with respect to the time, using the approximation 

l-9=(n'+p')t, 

"3 rYb 
we find IAi=- , —7-sin-icos 2(1- 9) (5) 

8 nx(n +p )
 v ' 

The amplitude of this variation of i is about 9'. The addition to i is thus 
9' when the sun is in the line of nodes, and — 9' when 1—9= 90° Thus the 
inclination is 5° 18' in the former case and 5° in the latter. W h e n the sun 
is halfway between these positions the inclination has the mean value. 
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14. Effect of equatorial belt of earth on motion of moons nodes. The 
equatorial excess of matter in the earth exerts also an influence on the 
motion of the moon's nodes on the ecliptic. If the earth were a sphere, 
either homogeneous or made up of concentric spherical shells each of 
uniform density, it would have no effect on the position of the line of 
nodes. The, earth m a y be regarded as made up of a homogeneous sphere 
surrounded by an equatorial ring, and we have only to consider the effect 
of the latter. The inclination I of the moon's orbit to the plane of the 
equator varies with the revolution of the nodes of the moon's orbit on the 
ecliptic from co + 'i to w-i, through a range in fact of 2i, or about 10° 18'. 
In order however to obtain an approximate estimate we suppose I to have 

its mean value co-
The mass m of the equatorial ring can, be expressed by means of the 

moments of inertia of the earth. Let the radius of the ring be r; then we 
have, if I be the moment of inertia of the spherical part about a diameter, 

mr 2 + I = C, §«ir2+I = A, 

and therefore on = 2—T—. I = 2A —C (1) 
r 

From (8), 3, we may take as the couple exerted by one ring on the 

other, tending to bring them into coincidence, 

L= — 9/c ^3 (C — A) sin co cos co, (2) 

, ... T 3 ivlmr
2 . /ON, 

or by (1), L = - T K —-RJJ- smcocosco, (.-i) 

where M is the mass of the moon. 
W e eliminate « as before by the relation w"2R3 = /c(E + M ) , and obtain 

L = — 77 (C — A) sin co cos co (4) 
2 x+p 

where p = E/M. This acts on the ring moon, and produces the turning 
round of the line of nodes exactly as that due to the action of the sun 
was caused. 

The couple producing the turning due to the sun was found to be 

L s= — 5n'
2Axsin

2/3cos 0sin 0, (5) 

where Ax is the moment of inertia of the ring moon about a diameter. 
The mean couple is therefore 

L, = — ill^"Ajsin i cosi (6) 

where i is the inclination of the moon's orbit to the ecliptic, n the sun's 
angular speed round the earth. The mean couple L„ produces precession of 
the nodes of amount L.,/2 Ax nx sin i, and the couple L precession of the nodes 
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of amount L/2Ax nx sin co, where nx is as before the angular speed of spin of 
the ring moon. If then T be the period in years of revolution of the 
nodes due to the action of the earth alone, we have 

3 ,., . 
m rll-COS'l ., . , 

T 4 o%'2 Ax(\+P)cos% 
18-6 3 n"2 C - A ~.n,"2 C - A cosco ( ' 

2 1 + pTA7COSft' 
For AX/(C-A), we may write C/(C- A). Ax/C = 306 . MR

2/4Er2 (that is 
putting C = |Er2, a value which is no doubt too great), so that we obtain 

T _o 0 f i5^'
2E + MR 2cosi 

18-6 4%"2 E r2cosco {) 

5 97--T2 -qna 

Hence T = 306^^y7 602 ̂  18-6 = 156000, nearly (9) 
4 3652 '91/ J ' 

This number is rather too small owing to the value assigned to C. Thus 
the effect of the earth's equatorial belt in producing motion of the moon's 
nodes is exceedingly slight. 

15. Remarks on gyrostatic method of calculating motion of moon's 
nodes. The gyrostatic determination of the regression of the nodes of the 
moon's orbit on the ecliptic requires perhaps some justification from first 
principles. It is stated by Klein and Sommerfeld (Theorie des Kreisels, 
Bd. Ill, S. 644) that the gyroscopic process only gives a mode of calculating 
the rate of regression of the nodes on the presupposition of the existence of 
the regression, that in fact an " Existenzbeweis " is wanting, and that we 
neglect the effect of the eccentricity of the lunar orbit. It is no doubt 
assumed in this process that the eccentricity of the moon's orbit has no 
great effect on the motion of the nodes; but this assumption will be seen to 
be justified when we examine, as we shall now do, how the motion of the 
nodes arises, and consider the result which the process gives. 
With regard to the question of proof of existence, it seems sufficient to 

urge that, if a legitimate process of computation of the action of forces, 
which undoubtedly exist, gives as a result such a motion as that of the 
moon's nodes, no such proof is needed; the effect is a consequence of the 
configuration of matter and the forces between the different parts. That 
there must be such a motion follows at once from the forces acting on the 
moon. The general nature of these has been sufficiently discussed above. 
W e consider then the moon moving in a circular orbit, the plane of which 

is inclined at an angle i to the plane of the ecliptic. Through the centre O 
of the orbit draw two normals OZ, OZ' at right angles to the plane of the 
ecliptic and the plane of the orbit respectively. Along OZ' we may lay off 
a length equal to McoR2, the A.M. of the moon, taken of mass M moving in 
a circle of radius R with angular speed co about 0. W e take this length 
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as 
9 

OZ'. Whatever the position of th*e sun may be, there is during the 

27-3 days of a lunation a certain average couple exerted on the moon 

producing A.M. about the line of nodes. Thus, taking the effect produced 

in a short interval of time, the result is that the line which at the end of 

that time represents the A.M. in the orbit is now in a slightly different 

position, having moved from OZ'1; say, to OZ'2 in the plane containing 

OZ', and the line of nodes, that is it has moved towards the axis of the 

couple. The A.M. generated is very small in comparison with McoR2, and 

is about an axis at right angles to OZ' and in the plane just referred to. 

The length of OZ' is not changed, its direction only has been altered through 

the small angle Z'2OZ'1: in a plane at right angles to that of the angle ZOZ'r 

The angle ZOZ'2 is therefore very nearly equal to Z'OZ, that is the inclina

tion of the plane of the orbit to the plane of the ecliptic has not been 

perceptibly altered. The line of nodes however is now at right angles to 

the plane of ZOZ'2, that is, it has turned through the angle between the 

planes Z'xOZ and Z'2OZ. 
In the same way, in the next lunation the line OZ'2 is displaced to the 

position OZ'3, and it will be observed that this displacement is in a plane at 

right angles to the plane Z'2OZ. The displacement is not quite the same as 

in the former case, as the position of the sun with reference to the moon's 

orbit has altered, but the effect is the same; the inclination of the plane of 

the orbit to the ecliptic is not altered, the line of nodes has turned through 

a further angle in the same direction as before. 
This process, which we have regarded as consisting of short finite steps, 

really goes on continuously, and so the A.M. about OZ' in its continuously 

changing position is never altered in amount. The step of change vanishes 

with the interval of time, and when graphically represented is at right 

angles to the A.M. previously existing. 

W h e n the method set forth is examined it appears that each element of 

the ring is an infinitesimal representative of the real moon, with some 

limitations imposed by the assumed rigidity. As in the case of the real 

moon the couple about the line of nodes varies with the position of the 

element, but the rigidity condition compels the element to remain in the 

plane of the ring. In the actual case of the moon, or in that of a free 

element of a ring of particles (e.g. one of Saturn's rings), the production of 

A.M. about the line of nodes causes small periodic deviations from motion in 

a plane; but for each element these deviations are nearly the same as those for 

the moon as a whole. Thus, to the degree of exactness with which the moon's 

actual orbit is a plane curve, we may suppose the ring of free elements to be 

rigid. The rapidity of the moon's motion in fact justifies this supposition. 

The sun in a revolution round the earth puts the couple on the moon 

through a cycle of changes, and hence the distribution of the mass of the 

moon in a ring and that of the sun in another about the same centre, but 
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laid in the ecliptic and of radius equal to that of the sun's apparent orbit, 

gives an average, though not a quite accurate one, for the changes of 

position of the moon in a lunation and of the sun in a year. The slow 

motion of the sun however makes it necessary to take account of the 

relative motion of the sun and the line of nodes in order that a satisfactory 

approximation may be obtained, as we have seen above. 

Now it seems fairly clear that the eccentricity of the moon's orbit could 

in no way alter the general result at wfiic,h, we have, arrived, and the motion 

of the line of nodes can legitimately be calculated by regarding the moon as 

a circular ring revolving like a flywheel in its orbit. It is possible to 

assign limits between which the error due to the neglect of the eccentricity 

must lie. The solidity or rigidity of the ring however has no sensible 

influence on the result: a set of discrete particles having the A.M. McoR2 is 

practically as effective as a flywheel. Currents of liquid flowing round 

closed channels within a solid body can be, and no doubt are, effective in 

producing gyrostatic action. 

K.O. r 



CHAPTER XI 

FREE PRECESSION OF THE EARTH. FURTHER DISCUSSION 

1. Ellipticities of terrestrial spheroid. In the last chapter we have seen that 

the period of the free precession is equal to that of rotation multiplied by the reciprocal 

of the " ellipticity" of the terrestrial spheroid, that is by A/(C-A). This eilipticity, 

which we denote by e, is related to the eccentricity e of a principal elliptic section of the 

spheroid, supposed of uniform density, by a plane containing the axis of symmetry, by 

the equation 2e /-,\ 
e3=TTl' (1) 

which it is easy to prove. For we have A = lM(a2 + c2), C = §M«2, and the result follows. 

x2+f ~2 
The equation of the spheroid is - — ~ + ^ = 1, (2) 

w 

or, as we may write it, if we suppose e to be small, 

\=\(l -e2cos2;>), (3) 

where a is the vectorial angle measured from the equator in the plane of section. 

Since e is also small, we can write (3) in the form 

»- = c(l + ecos27>) (4) 

This is the original spheroid. N o w consider a sphere of the same volume. The radius 

,-1 = (a
2c)3. But we have, as the reader may verify, 

c = rxa-%e). 

Hence (4) becomes ?,=?-1{l + e(cos
23- —|-)} (5) 

Thus a sphere of the same volume, that is of radius r1, will, when converted into the 

ellipsoid (4), have the equation (5). 

Now, if (4) had another small ellipticity e', the equation corresponding to (5) would be 

i- = r1{l + e'(cos
23--§)}; (6) 

and if the ellipsoid (4) had ellipticity e + e' the equation would be 

r = ri{l + (e + <L')(cos2^-^)} (7) 

But now, after the ellipticity e has been imposed with an axis of symmetry OC, let 

ellipticity <;' be imposed about an axis O C inclined to the former at an angle a. Any 

chosen radius vector r, inclined at an angle 3- to the equator for the axis of symmetry 

OC, will be inclined at the angle 3- + a to the equator for the axis O C Hence, by super

position, we have for the resulting surface 

r = /-1il + eeos"3- + e'cos
2(3- + a)-)j(e + e')j (8) 
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This can also be put in the form (5), so that it is also an ellipsoid of revolution. 
its principal axes w e have 

To find 

dr 
- ^ = »'i{2ecos^sina- + 2e'cos(;>+a)sin(3-+a)}=0. 

If a be small this reduces to tan 2 3 = -
2£_a 

c + e'' .(9) 

Equator 

N o w a- is the angle which a principal axis makes with the equatorial plane of the 
original spheroid, and by the result just obtained is either -6'a/(e + e') or ix-e'a/^ + e'). 
Thus w e get two principal axes, one O C 

as shown in Fig. 59, and another at 9 C' 
right angles to O C in the plane of the 
diagram. The axis of symmetry, O C , 

for the ellipsoid compounded as explained 
above is, as shown in the diagram, on 

the right of the axis of symmetry of the 
first ellipsoid (that of ellipticity e) and 
inclined to it at the angle e'a/(e + e'). 

2. Period of free precession 
in terms of ellipticity. W e now 
suppose that the second ellipticity e' is 

produced by rotation about an axis OI, 
inclined at the angle a to the first axis 
of symmetry O C . Such ellipticity can 
only arise through yielding of the body. 

On the other hand, if there were com
plete yielding, as in the case of a fluid 
body, the axis of symmetry of the 

revolving body would be OI. A s it is the angle of deflection of the axis of symmetry 
is less than a and greater than zero. 

Let us n o w assume for a m o m e n t that the body is perfectly unyielding. T he period 
of free precession can be found in two ways : 

(1) The axes O H (of resultant A.M.) and O I revolve in the body about the axis of 

symmetry O C , in the period T. The three axes are and remain in one plane, that of the 
diagram. T he component of angular speed about the axis of symmetry is co cos a, if to be 
the resultant angular speed about OI. Hence 

2ir A __2ir A 
cocosa C — A co C — A ' 

since a is small. 
(2) The radius of the circle described by the extremity H of the vector of A.M. is 

Hsin/3 (see Fig. 59), and the circumference is 27rHsin/3, if H be used also to denote the 
length of the vector. But the point H moves tangentially to this circle at rate 

FIG. 59. 

T = 

Hco sin (a - (3). Thus 

Thus w e get 

T = 
2TT sin (3 _2ir (3 
to sin (a — (3) 13 

nearly. 

-(3 C-A" 

3. Positions of axis of figure, instantaneous axis, and aids of resultant 
A.M. A s the earth turns the position of the axis O I turns in it. Let n o w the earth 

yield to the forces called into play by the rotation, and assume that the distribution about 
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'OI is at each instant that which.gives the ellipticity e'. The axis of resultant A.M. . 

not quite the same position in space as it would have if the earth were perfectly 

unyielding, and w e have n o w angles a', £'instead of a, (3, and. e + e instead ot e [see 

Fig. 59]. Let a = a'- + r/: writing 7i=Ya/(e + e') w e have 

e'a e' , , . e' , 
71= — —,= -,—,(a+«) = -a. 

The axis of symmetry -OC now also changes its" position in the body, always being 

found in the plane defined by O I and the former axis of symmetry. T h e period of the 

free precession is the time of revolution of the n e w O H in the body about the former axis 

of symmetry. Thus w e get, by Fig. 59 and the same process as before, 

T = =i=-— =(- a' I & ')--• 
a'-(3' b) \e of - (3' a' — 0'J co 

But, since 0! - (3' is very small in comparison with a or (3', w e obtain approximately 

1 1 \2TT 1 2TT 

V e e + e' ' e + e' 

The period of the free precession is thus equal to that of rotation multiplied by the 

reciprocal of the ellipticity of the non-rotating terrestrial spheroid, that is, the elastic 

yielding of the body to the rotation has no influence on the period of the free precession. 

4. Influence of internal constitution of the earth. The ordinary obvious 

tidal phenomena disprove the old notion that the earth consists of a liquid interior 

surrounded by a solid crust. If this were the earth's structure, the ebb and flow of the 

water on the surface would be practically non-existent ; the tides would be in the main 

distortions of the enclosing shell. But as regards precession and nutation, such an earth, 

if an oblate spheroid covered by a crust possessed of a high degree of elastic rigidity, 

would behave like a- solid spheroid. A perfectly unyielding shell enclosing a fluid 

interior would, as regards the fortnightly and semi-annual nutations, show a difference 

of behaviour ; but the slow continuous precession, and (less accurately) the nutation 

depending on the 19 year period of revolution of the nodes of the moon's orbit, would be 

unaltered. [See Lord Kelvin's paper loo. cit. below, also Popular Lectures, II, p. 246.] 

The fluid theory is however given up by all students of geophysics, and an 

approximation to the facts of the case is obtained by postulating perfect incompressi-

bility and high elastic rigidity for the whole mass. The earth is not of uniform density, 

but consists of a dense central part, perhaps to a considerable extent, as has been 

thought, composed of iron, and an outer shell of relatively smaller density. But it is no 

doubt at each point practically homogeneous, and therefore possesses the two principal 

moduli of a homogeneous solid, k the bulk-modulus, and n the shape-modulus or modulus 

of rigidity. The approximation, stated above, consists then in taking k as infinite and 11 

as comparable with the value of the shape-modulus for steel. This makes Poisson's ratio 

— t h e ratio of lateral contraction to longitudinal extension in a laterally free bar under 

longitudinal pull, which is expressed by (3k — 2n)/(6k + 2m)—have the value i. 

5. Results of elastic solid theory. By a theory given by Lord Kelvin* the 

yielding of the elastic solid earth to the forces applied to it in consequence of its rotation 

has been calculated, with the result that for a value of the modulus n equal to that for 

steel the free Eulerian nutation should have a 15 months' period. A s the period is 

14 months, in spite of the lengthening due to the tide of 14 months' period which the 

precession must produce, the elasticity of the material of which the earth is composed 

must, on the whole, be decidedly greater than that of steel. 

•' Math, and Phys, Papers, Vol. Ill, Art. 45. Love, Elasticity, second edition, Chap. X. 
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W e give a brief account, mainly of results, of Lord Kelvin's discussion, referring the-
reader to the sources mentioned above for further information. H e may also refer to a 
version of this investigation given in Klein and Sommerfeld's Theorie des Kreisels, in 
which several simplifications are made, which considerably shorten the analysis and dc* 
not seriously affect the conclusions. 

There are two main physical actions which resist the distortion of a rotating body, 
caused by the forces arising from the inertia of the matter, the so-called centrifugal 
forces. These are the mutual gravitation of the parts and the elasticity of shape. Com
pressibility has but little effect. The first can be dealt with by supposing the earth to be 
fluid. If it is also taken as of uniform density, then we have, by the theory of the equi
librium of an oblate ellipsoid of revolution rotating slowly about its axis of symmetry, 
for the small ellipticity, e, produced from the spherical form by rotation, the equation 

5 co2B , , 
e=i~T' (1) 

where co is the angular speed of rotation, B, the radius of the sphere, and g the accelera
tion due to gravity at the surface of the sphere. This result was given by Clairaut, in his 
treatise, La Figure de la Terre, 1743. See also Thomson and Tait, Nat. Phil. §§ 794, 800. 

The proof is not difficult. It can be simplified somewhat by taking the potential at an 
external point, as that due to a homogeneous sphere encircled by an equatorial ling, of 
such mass m a s to make the ellipticity, (C —A)/A, calculated from the moments of inertia,, 
what it is in the actual case. W e have m = 2 (C - A)/B2 = 2Ae/BA 

Next the ellipticity due to elastic yielding is to be found. The theoretical discussion" 
leads to an ellipticity _ 1 5 pco2R2 ,„,, 

i~3^,^x^~' { ' 

where E denotes the Young's modulus and p the density, which is supposed to be the: 

same throughout the sphere, and equal to the mean density, 5-5, of the earth. In then 
present case E is three times the rigidity modulus. 

W e denote these two ellipticities by elt e2. It is important to notice that, if experi--
nients are made by placing a sphere on a whirling table, the ellipticity Cj is, in conse
quence of the smallness of the sphere, in comparison with the earth for example, the 
only one which discloses itself. For we have 

19 E . . . 
£ l = ¥ / 3 % t 2 ' (3) 

and as g is now the gravitational acceleration at the surface due to the matter of the 
experimental sphere, and E in c.G.s. units is about 2'2 x 1012 for structural steel, it is clear 
that £j is the only ellipticity of sensible amount. It is otherwise in the case of the earth, 
where B = 2 x 109/ir(cms.), and g has B/r (that is 2 x Vfi(-rrr) times the value it has for a 
sphere r cms. in radius and of the same mean density. Thus, calculating for the earth, 

Z?^ , <! = *, * = !** W 
Thus e, = 2e2, nearly. 

6. Period of free precession for earth as rigid as steel. Now however the 
question arises whether both of these ellipticities are to be attributed to the earth. The 
earth was no doubt originally at such a high temperature that it could have no rigidity-
It would therefore take an oblate figure of revolution, such that the centrifugal forces 
were balanced by gravitation. In that state it solidified, and the balance was not 
disturbed. O n this supposition there are no elastic forces in play in the rotating earth 
so long as the angular speed remains that corresponding to the ellipticity. 
There is a discrepance between the actual ellipticity, about 1/300, and that, 1/231, cal

culated above. But the latter was found on the supposition of uniform density, and it is. 
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fairly clear that the surface ellipticity of the earth, if the density is much higher toward 

the centre than at the surface, must be less than the value for uniform density. 

This theory of the earth with centrifugal forces balanced by gravitation,̂  and free 

from elastic strain, is no doubt very imperfect. But assuming it we have now, in order to 

calculate the free precession, to inquire what ellipticity the earth would assume if the 

rotation were stopped. [See 5 above.] The rotation acting against elastic forces alone 

would produce ellipticity e2. Let e3 be the ellipticity arrived at. The elastic forces 

called into play are those which correspond to the difference tx-es, and balance the 

gravitational forces which remain for e3. The mathematical theory referred to above 

gives for this difference the equation 

«l-«3 = el£2/(«l + e2), 0 r c3 = £l2/(£l + e2)-

Therefore the free period of precession, calculated for the elasticity of steel, is 

306(1 + 231/465) ( = 458) days, nearly, taking 306 days for an unyielding earth. This is over 

15 months. The elasticity of the earth appears therefore to be greater than that of steel. 

It will be observed that the supposition that the earth, in its state of rotation, is 

not under elastic strain, does not mean that the period of free precession is independent 

of elastic yielding. For that period has the value calculated from the figure taken 

when the rotation is zero, and here the elastic yielding is of importance. The factor 

1 + 231/465 expresses the effect of such yielding. 

7. Rise or fall of earth's surface for Eulerian precession. As we have 
seen in 15, I, the mean displacement of the axis OI in the Eulerian precession is about 

4 metres (13 feet) on the surface of the earth. In order to calculate what rise or fall of 

the earth's surface takes place in consequence, we shall consider the change of position of 

the principal axis O C through the institution of rotation co about an axis OI such 

that the distance CI, on the earth's surface, is 4 metres. By 1 above we have here 

<x = 7r4/(2xl07), since the earth's radius in metres is 2 X107/TT. Hence [Fig. 59] a = 2-/107. 

The initial ellipticity is e, say. The new ellipticity is ex, that is the ellipticity £[-£ has 

been added. W e call this e'. Now, by (9), 1, we see that the principal axis has been shifted 

through the angular distance ae'/(e + e') = 2ire'/(e + e') X 107 by the value just obtained for a. 

Thus we can find a'; for by 2 we have, in days, 1/e for the actual period of variation of 

latitude and l/ex for the Eulerian period. Hence e/e, = e/(e + e') = 5/7, and e' = f e. 

If now we take a radius vector in latitude 3-, we get by (5), 1, for the change of radius 

^'{cos^ - cos2(3- + a)} = rxe'a sin 23-. 

This is a maximum if 3 = 45°. Hence, for this latitude the rise or fall is, in milli

metres, since e= 1/428, 2 1 2TT 4 
5-1 5 4MW = Txfj' 

8. Positions of earth's principal axes as affected by annual transfers 
of matter. The annual melting and re-formation of polar ice and snow no doubt 

produce a sensible, if small, displacement of the earth's principal axes of moment of 

inertia. Other efficient causes of such changes are to be found in ocean currents, and 

in the periodic changes in the atmosphere surrounding the earth. The atmosphere is 

carried round by the earth's rotation, and large changes of this outside rotating mass 

will react on the central body. Atmospheric pressure is higher in winter than in 

summer, and so there is an excess of mass of air over the northern hemisphere in winter, 

and a defect over the southern hemisphere. This excess and defect are very consider

able, amounting on the average, according to Spitaler, to the equivalent of about 300 

cubic kilometres of mercury [Betermann's Mitteilungen, 137 (1901)], See also H. Jeffrey's 

papers Month. Not. June 1915 and April 1916, where the annual term is explained by 

systematic high barometric pressure in winter over Asia. 
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To estimate such changes we must notice that as the result of the transfer of a mass g 
from coordinates X 0, Z 0 to coordinates X, Z, giving rise as it does to changes a, b, c of 
moments of inertia, and producing products of inertia d, e,f, the equation of the momental 
ellipsoid, supposed originally symmetrical about the axis of z, becomes 

(A + a)xs + (A + b)y2 + (C + c)z2-2dyz-2ezx-2fxy = l (1) 

Of this surface the principal axes are given by the equations 

(A + a-K)x-fy-ez=Q, -fx + (A + b- K)y - dz = 0, -ex-dy + (C + c- K)Z = 0. ...(2) 

The elimination of x, y, z gives the usual cubic for K. 

Supposing that K has a value which satisfies the cubic equation, we may find values of 
.r, y, z which, if we choose the scale of magnitude so that x2+y2 + z2 = l, may be taken as 
the direction cosines of the principal axes. If the axes are only slightly shifted by the 
transfer of matter, we may, in considering presently the axis OC, put x=y = 0, z = \ in 
the small terms of the formulae. Thus, in (2), ex, dy, f.v, fy are small terms. The third 
and first of (2) give K = C + C, and 

(A-C).-c = e, (A-C)y = d (3) 

Of course a = g(Y2 + Z2- Y0
2-Z0

2),..., d = g(YZ-Y0Z0)..., (4) 

so that a, b, c, d, e,/can easily be calculated in any given case. 
Let now the transference be along the meridian in the plane AOC, then, denoting the 

latitude by A, we have X = B cos A, Y = B sin A, d=0, 

e = /x(XZ-X0Z0) = i^(sin2A-sin2A0) (5) 

Let A0=^ir and A = JTT, so that the matter is transferred from the poles to latitude 45°; 
we have 

e lii (5') 
2 R 2 *• > 

By (3), x=\gA((A - C). 1/AB3. But A/(A - C) is for the earth about - 305, and A about 

JM/B2, where M is the earth's mass. Thus 

* = - 4 5 7 & (6) 

This is the angle through which the axis OC has been turned by the transfer, and 
the turning is, as it should be, towards the equator. For a turning of a single second of 

angle, that is for ̂  = 7r/180 x 3600, we have (irrespective of sign) 

^1W^K457 = 10"M (7) 

This is about the quantity of matter contained within a sphere of 17 miles in diameter, 
and of the same average density as the earth, or, if the density is that of water, a sphere 
of 30 miles diameter. This quantity of matter would suffice for an ice cap of radius 5°, 

or about 350 miles, about 65 yards in thickness. 

9. Effect of annual transfers of matter in accentuating free pre

cession. It will now be evident that the positions of the principal axes of the earth 

may be regarded as affected to a determinate, if not large, extent by transference of 
matter brought about by annual meteorological changes. W e can now establish equa
tions for any case in which a portion of matter, say of mass g, undergoes progressive 
change of position, and shall find that of the two parts into which the changes of A.M. 
fall, the part due to change of position of the principal axes, and the part due to the 
motion of the shifting mass, the former is the more important. W e shall suppose that 
the axes chosen are the principal axes of an invariable part, together with the mass g 
supposed situated, at rest relative to the earth, at a point of coordinates X 0, Y0, Z0, and 
denote the moments of inertia for that distribution by A, B, C. The products of inertia 
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for that distribution are zero. W e denote by u, v, to the components pf A.M. due 

motion of the mass'p. relative to the earth. If the coordinates of g be X, 

have by (4), 2, II, 
u=p(YZ-ZY), v = g(Z±-XZ), w = /x(XY-YX)„ 

But in consequence of its motion with the earth the mass g has components of A . M 

C'P -ft ~ er' -fP + l"i ~ dr, -ep- dq + cr, 

where a = g(Y2 + Z2-Y0
2-Z0

2), ..., d = g.(YZ- Y 0Z 0),.... 

The total components, -it', v', w', say, of the A.M. of the travelling mass are thus 

u' = u+.ap-fq-er, v= v-fp + bq-dr, w' = w-ep-dq + er, 

or, if w e neglect the terms in jo a n d q in comparison w i t h those in r, 

u' = u — er, v'—v-dr, w'=w + cr 

The equations of motion are, if L = Ap, M = Bg-, N = CV, 

to the 

Z we 

.(1) 

• ( ! ' ) 

> ^ -q(N + to')-r(M + v')=0, 

%(M + v') + r(L + it') -p(N + w') = 0, 

'~(N + w') + p(M+v')-q(L + u') =0, 

since there are no external forces. 

d( 
dti-
d 
dt" 

..(2) 

Ap-

Aq-

C? 

(A- C)qr = 

(C-A)rp = 

These become, if A 

d 

B and terms in w' are neglected, 

dt 

dt 

d , 

(u — er) + r(v -dr), 

(v-dr)-r(u-er), 

= -Jt(w + cr). 

-(3) 

Here it is to be noticed that by simply omitting the terms in r, we obtain the equations 

for the case in which u, v, w are the total components of A.M. of g. 

If we put z=p + iq, -^ = u' + iv', we can write the first two equations of (3) in the 

single equation Az + i(A-C)rz-£-ir% = 0 (4) 

where of course z is not to be confounded with the z used in 8 above. 

N o w if, as we suppose, the changes are unaccompanied by the action of external forces, 

the direction of the axis O H of resultant A.M. is not changed in space, nor is the value 

H of this A.M. affected. Also both p and q are small, and so the instantaneous axis is, 

and remains, nearly coincident with the axis O C and with O H . Thus r is nearly equal to 

a = (p2 + q2 + r2p, and since in the circumstances co can only change slightly the variation 

of r is small. Neglecting this in small quantities of the second order we have, putting co 

f o " , Az + i(A-C)coz-£-uo£ = 0, , (5) 

where co is to be treated as a constant. A forced periodic change in z will accompany the 

periodic variation in £, and z will also be subject to periodic change in the free period of 

variation of position of the earth's instantaneous axis. The transport of matter will give 

the necessary disturbance for the production of oscillations, which will then proceed 

until they are damped out by friction. If 2ir(c be the forced period and 2ir/n the free 

period, we have the solutions 
^ = ae'c', z=ae'ct, z = beh" (6) 

B y substitution in the differential equation w e obtain 

C + bi c + CO t*j\ 
a = a-. 777 7-7—= a . , . , \'l 

Ac-(C-A) co A(c-n) 
since n = (C - A) co/A. 
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Likewise £ = a!e~ict, z = a'e~lct (8) 

is a forced solution which gives 

, c-co , c-co .„. 
" = a A C + (0-A)io

 = a A ( ^ ) (9> 

The complete solution is the sum of the two forced vibrations and the free vibration. 

The coefficients a, a' are complex ; putting a — (3 + iy, a' = (3' + if, so that (3, (3', y y' are 
real, w e find finally for the most general forced vibrational solution 

Az = ((3 + iy)-_^—(cosct+ isin ct) + ((3'+ iy')°:l-^(eosct-isinct) (10) 

rm. • • A (c +a n , c —w m \ fc + a 0 — CO A . "\ 
This gives Ap = R H (3 cos ct y y sin ct, 

r \c-n^ c + n' / \c-n ' c + n ' I 'I Q ^ 

. /c + co n c — co „A . fc + oi c— co A I 
Ac7= fi •—fl smc(+ y-\ y' )eos ct. 

\c-n' c + n' I \c — n ' c + n' I J 
To complete the solution we have to take account of the free vibration given by 

((3 + iy) (cos nt + i sin nt). 
Thus we have to add to the expression for Ap the terms 

(3 cos?it — y sin nt, 

and to the expression for Aq the terms 

(3 sin nt + y cos nt. 

From (10) we can trace the effect of near coincidence of the forced and free periods on 
the amplitude of Ap and Aq. Take the solution z = ae'ict, so that only the first terms in 
the brackets on the right of (11) come into the account. Let the period 2-7r/co be that 

of the earth's rotation, and 27r/c be 12 while 27T/M is 14, when a month is the unit of time. 
W e find that (c+co)/(c — n) is about 7 times (c + co)/c, that is 7 times the value it would 

have if n were very small. For the solution a'e-fce the amplitude is about 7/13 of 
what it would be if n were very small. The amplitudes of the former solution are thus 
greatly magnified by the approximation of n to c. 

10. Comparison of terms. The values of u, v, due to the annual displacement 

relative to the earth, are small in comparison with the terms corf, we; for the frequency of 
the earth's rotation, co/27r, is about 366 times that of the annual change. This can be 
easily proved by (1), 9, assuming that the coordinates X, Y of the mass g are 

X = X 0 + Asinci;, Y = Y 0 + £sinci;, Z = Z 0 (1), 

Then again ts?d, a2e are great in comparison with corf, coe, and so the equations of motion 

become Ap-(A-C)qr= - co2rf, Aq-(C- A)rp = o>2e, (2) 

orby(;3)'8- i+»(j^)=°> !-«(£-*) =°> <2'> 
where n = (C — A ) co/A. N o w by (3), S,x,y are, with reference to the original axes O A , OB, 
the direction cosines of the principal axis which has superseded O C in consequence of 
the transference of matter, and pju>, q/oj, 1, are the direction cosines of the instantaneous 

axis. Denoting the two last by A, g, w e get 

X+n(g-y) = 0, g-n(X-x) = 0 (3) 

This equation is due to Sir George Darwin [Phil. Trans. U.S. 167 (1877)]. 
Obviously by the theory of revolving axes the interpretation of these equations is that 

the axis of rotation is turning at each instant with angular speed n, in the clockwise-
direction, round the instantaneous position of the changing principal axis of moment of 

inertia. 
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Instead of the two equations (3) w e m a y write (as w e no longer require z in either of 

its former significations) . /4\ 

£-in(+inz = Q, v ' 
where '(=\ + ig, z=x + iy. Butting 

£=ae">, z = ae">,^ (5) 

we get a = n^ca- ! 

Nowleta = /3 + iy, and we get ,g, 
z = (/3 + i-y)(cosc* + ?sincO, W 

that is ,T; = /3 cos cC-y sine/!, ?/ = /3sinci! + y cosci (6) 

Hence {=-^(£ + i7)(coB<*+tsiiiC0> (<) 

and we have values of A, g corresponding to x, y, which are simply x, y multiplied by 

n\(n - c). 

Another solution is £=ae" i d, z = ae~lc', (8) 

with the condition, given by the differential equation, 

n 
a= — — a . 

n + c 

•(9) 

F r o m this w e get 

z = (/3' + i'y')(cosc!!-isinc0, £=-^((3'+ iy')(cos ct-i sin ct). 

Thus, combining the solutions, we obtain 

x = ((3 + (3')cosct-(y-y')sinct, y = ((3 - (3') sin ct +(y + y) cos ct, 

\ = ̂ ^2[{(c + n)y + (c-n)y"ismct-{(c + n)(3-(c-n)f3'}cosct], n 
c2 — n 

-n g = -2--2[{(c + n)y - (c - n)y'} cos ct + {(c + n)(3+ (c-n)(3'} sin ct]. 

.(10) 

C' — Ti

ll. Numerical illustrations. As an example, Klein and Sommerfeld take the 

case of a simple harmonic variation of position of the third axis of movement of inertia. 

For this we may suppose y = y' = 0, (3= -(3'. W e get x = 0, y = 2(3sinct. Hence 

A=—3 ,2/3 cos ct, u =—= -. 2(3 sin ct (1) 
c2-n2 ' ' c2-n2 ^ 

W e m a y take c(n —14/12, roughly. Hence, on the supposition that the transport of 

matter takes place in the yearly period, w e have 

A = -3-2 . 2/3 cos ct, g=-2-8. 2(3 sin ct (2) 

The period 2ir/e of the driving " p e n d u l u m " is here shorter than the free period of the 
driven and so w e have opposition of phase. If the reverse were the case, that is if n > c, we 

should have agreement of phase. 
The result in (2) is shown graphically in Fig. 60 (a). T h e numerals show corresponding 

points in the displacements of the matter and of the axis. These displacements are in 

opposite phases. 
For a perfectly unyielding earth the period would be about 10 months. W i t h this (1) 

would give A = 2'7 . 2/Jcos ct, g = 3S .2(3 sin ct, (3) 

a result which is illustrated in Fig. 60 (b). T h e displacements of matter and of the axis 

are n o w in the same phase. 
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It will be noticed that if c were very small, that is if the period of the transfer of 
matter were very great, we should have, instead of (1), 

A = - 2(3 cos ct, g = 2(3 sin ct. •(4) 

On the other hand, if c were very great in comparison with n, that is if the forced period 
were very small in comparison with the free period, we should have 

A= — 2(3cosct, g=—22(3sinct (5) 

Thus in the former case A would be very small, while p would be identical with y that is 
the curve for the rotation axis would agree with the curve of transfer of the inertia axis. 

In the latter case neither A nor g would be appreciable, though g would be of a hio-her 

degree of smallness than A. Hence a very short forced period would have practically no 
effect in disturbing the axis of rotation. The magnification of amplitude due to the 
approximation of the periods, 12 to 14 in one case and 12 to 10 in the other, is very 
obvious by comparison of (2) and (3) with (4) and (5). 

In the case of a displacement of the inertia axis represented by an elliptic curve, we 
can resolve this into two linear components, and find for each an elliptic curve for the 

corresponding progressive displacement of the rotation axis. Thus w e get two elliptic 
curves which compounded give the path of the rotation axis. This would give, according 
to (10), a curve for the general case, depending on the different components and their 
phases. 

12. Systematic observations of variation of latitudes at different-
observatories. Since the publication of the chart given in 15, I above, for the five 

years from 1890 to 1895, many observations of latitude have been made, with the result 
that all the previous conclusions as to period, etc., have been confirmed and made more 

precise. 
In the first place, observations have been made at a number of stations on the parallel 

39°-8 of north latitude. These stations and their longitudes are 

Mizusawa, Japan, A = — 141° 8' 
Tschardgui, Turkestan, - 61 

Carloforte, Sardinia, — 8 
Gaithersburg, U.S.A., - + 77 

Cincinnati, „ + 84 

Ukiah, „ +123 

29 
19 
12 

13 

The sign - indicates east longitude, the sign + west longitude. 
This arrangement for systematic observations at stations differing considerably in 

longitude enables simultaneous control observations to be made at a number of different 
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stations. Take, for example, the station Ukiah in the United States and Tsehardgui in 

Turkestan. These differ in longitude by 184° 42', that is they lie nearly in the same plane 

through the earth's axis. Hence, if a diminution of latitude is observed at one station, 

an equal increase of latitude ought to be observed at the other. 

Again, the two stations Carloforte in Sardinia and Cincinnati are 92° 44' distant in 

longitude. Hence, when there is a maximum or minimum of latitude at one of these 

stations, there ought to be zero change at the other. 

The importance of such simultaneous observations was made clear in 1891, when a 

German expedition was sent to Honolulu to make simultaneous observations of apparent 

roT2o +a:to o:oo -o~/o -o'.'zo 

Albrecht, Astr. Nadir. No. S4SH ; Nature, May 12, 1S9S. 

FIG. 61. 

latitude in conjunction with observers in Berlin. Honolulu lies about 171° west 

of Berlin, so that the two places are about 4i° on the two sides of a mean meridian. 

Thus a maximum at Berlin should coincide with a minimum at Honolulu, and vice versa-. 

Fig. 58 (p. 213). which shows some of the results obtained at the two places, proves in a very 

striking manner that this is the case. The changes of latitude observed, it will be seen, 

vary in magnitude from zero to -3 of a second of angle, and there can be no doubt, from 

the striking agreement of the maxima and minima, that the variation of latitude does 

take place, and is measured with great accuracy. 

For each station in the list given above very systematic series of observations have 

been carried out for several years. The difference from the mean latitude for each station 

is equated to the form x cos A+ysin \ + z for each x\ year, where x denotes the move

ment of the pole on the Greenwich meridian, and y the movement in the perpen

dicular direction. It will be clear that for two stations differing by 180° in A, cos A and 
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s m A will have opposite signs, while if A differs by JTT at the stations, the value 
xcos A +y sin A at one will correspond to -a-sin X+y cos A at the other..1 The term i; has 
caused a good deal of discussion : it is believed to be due partly to meteorological causes.* 

The results are given in the Resultate des LnternationalenBreitefidienstes published by 
the Zentralbureau der lnternationalen Erdmessung, Berlin.+ 

13. Diagrams and tables of later residts. Albrecht's diagram of the motion 

of the pole for the five years 1890-1895 is given on p. 15.- It is repeated here for com
parison with his diagram for the six years 1906-1912, which we also give. 

FIG. 62. 

The f ollowing*table jkindly supplied by the Astronomer Boyal, Sir Frank Dyson, gives 
the dates of maximum variation of latitude for Greenwich during the last twenty years : 

1897-2 

8-3 

9-5 

1900-6 

2-1 

3-1 

4-3 

5-4 

6-4 

1-1 

1-2 

M 

1-5 

1-0 

1-2 

1-1 

1-0 

1-2 

1907-8 

9-0 

10-2 

11-3 

12-4 

13-8 

15-1 

16-15 

1-2 

1-2 

1-1 

1-1 

1-4 

1-3 

1-0 

The differences in the second columns give the intervals between the successive maxima. 
The mean interval, it will be seen, is 1'172 year, or 428 days. 

* The z term is discussed by H. S. Jones in The Observatory, Meb. 1916. 
fSee also Astronomische Nachrichtung, 192 (1912). 
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The curve of Fig. 63 shows the variation of latitude at Greenwich for the interval from 
1911-7 to 1916-0. It will be seen that the interval of 4 years and 3£ months includes 

rather over 3J periods. The observations made at Greenwich are systematic and com

plete, and the co-operation of another observatory 90° distant in longitude would suffice 

to enable a complete and accurate record of the variation to be obtained. 



CHAPTER XII 

CALCULATION OF THE PATH OF THE AXIS OF A TOP BY 

ELLIPTIC INTEGRALS 

1. Eider's parameters. It has been proved in 2, IV that if the system of 

axes 0(A, B, C) be regarded as turned to its position from coincidence with 

0(x, y, z) by rotation about an axis OK, the angle Kzy is ̂ (<j> — xjr). Now 

consider the triangle Kzx on the unit sphere, centre O. If the direction 

angles of O K with reference to 0(x, y, z) be a, b, c, the sides Kx, xz, zK of 

the triangle are ct, \-K, c, and we get at once, by the fundamental formula of 

spherical trigonometry, 

cosa = sincsin|(c/> — V/")> cosb = sinccos^(<p — x[r) (1) 

But from the spherical triangle KsC, which has its two sides Kz, K C each 

equal to c, the base Z C equal to 6, and the angle, S-, between the two equal 

sides, we get also Sln IQ = si n c s i u i^. 

Eliminating sine from each of (1) by this relation, w e find 

cos a sin |S-= sin |(9sin |(c/> — xfr), ) /Q\ 

cos b sin |A = sin ̂ 9 cos §(q> — xfr). j 

The isosceles triangle K z C gives, since L W Z C = \(TV — </> — xjr), the two relations, 

cos e sin |S- = cos |6) sin J-(<p + x/s),) /o\ 

cos JS- = cos J0cos i(<p + '\k)- J 

It is usual to denote the left-hand sides of equations (2) and (3) by £ g, f, x. 

They are in fact parameters used by Euler for the specification of the co

ordinates xx, yx, zx of a point with reference to the axes 0(A, B, C) fixed in 

the moving body, in terms of the coordinates x, y, z of the point with 

reference to axes fixed in space. But in 1, IV we have used £, tj, f for the 

coordinates there specified. As TS is no longer required for the temporary 

signification given to it in 2, IV, we take for these four parameters the 

symbols ts, p, <r, r, and write 

rs = sin ̂ 6 sin i2(<p-xfr), p = sin^6cos^((p-\/r), ) ,^ 

a-= cos ̂ 6sin 1((j> +xjr), T = cos|0cos|(c/)-|-\/r). J 

It will be observed that VJ
2 + P

2 + <T2 + T2 = 1 (5) 
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N o w let us express the coordinates x, y, z with respect to the fixed space 

axes 0(x, y, z) in terms of the coordinates xx, yx, zx with respect to the body 

axes 0(A, B, C). W e have, as stated in 1, IV, 

x = (cos 6 cos <p cos xjr - sin <p sin xjr)xx — (cos 8 sin <p cos xjr + cos </> sin xjr)yx 
+ sin 6 cos \jr .zx, 

with similar expressions for y, z. Also w e have 

COS (j) COS xjr = \ COS (f/> + xjr) + \ COS (<p — ^r), 

sin obsinxjr — \ COS(<p —xjr)—12 COS (<p + xjr), 

and similar equations. From these w e obtain for the part of x which 

depends on xx, 
xx{2(T

2-P
2)-cose}. 

But cos 6 = <T2 + T2 — TZ2 — p2, by (4); hence the terms just written are 

Xx(7D
2-p2-a2 + T2). 

Similarly, we get for the terms in y, 

2yx(tSp-cTT), 

and for the terms in zx, 2zx(zscr+ pr). 

Proceeding in the same w ay for the values of y, z w e get the following 

scheme of relations, which is equivalent to that given for the same co

ordinates in 1, IV: 

O H j jj^ 

OB, yx 

OC, ,: 

Ox, x 

To2 — g2 — cr2 + T-

2(T3g-o~r) 

2(Toro- + gT) 

Oy,y 

2(Tog + crr) 

-cr 2+p 2-o- 2+T 2 

2(go--VjT) 

Oz,z 

2(7ocr-gr) 

2 (go~ + TOT) 

-To2-g2 + o-2 + T2 

2. Quaternion property of Eider's parameters. B y equations (2) and 
(3) we have also the values 

To = cos a sin JS-, p = cos b sin |S-, <j = cos c sin-J3-, T = cos-i&-, (1) 

which are very important. For another turning S-' about the same axis we 

should have of course the same formulae with the letters trj, p, cr, T, and a 

accented. The resultant S--+S-' of these two turnings has the parameters 

~" = cos a sin I (^+ %•'), p" = cos b sin \ (S- + &-'), •> (C?. 

o-"=coscsini(A + S-'), T" = cos J (S- + ^ ' ) . J 

W e easily find the relations 

~j'=T3r+pcr'— a-p' + TTn', p" = — ZJO-' + PT' + O-TO-' + TP, ) ,„-. 

cr" = Top— pVj'' + (TT' + Tcr'', T " = T T ' — TJTj' — pp — crcr'. J , 
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Now, if we multiply together the two quaternions, 

T + irS+jp + ka; r' + iro'+jp' + ko-', 

where i,j, k ar-e.unit vectors along the axes 0(x, y, z); w e get for values of 
T", CT", p", cr', in the product 

" i t, . ' II , 1 II 

T +%TS +Jp +/CO- , 
just the expressions on the right of (3), as the reader m a y verify by multi
plying out and taking account of the relations 

i2 = j2 = k2 = — 1, jk= — kj = i, ki = — ik = j, ij = —ji = k.. 

Of course for each set of parameters the condition (5), 1 holds, which amounts 
to saying that the tensor of the quaternion is unity. 

3. Kleins parameters. Four other parameters, a, (3, y, S, were introduced 
by Klein, and have been extensively used in elliptic function analysis. As 
this is not a treatise on elliptic functions, it would be out of place to devote 
much space to the discussion of these parameters, though they have been 
used by Klein, and Sommerf eld in numerical calculations regarding the 
motion of the axis of a top. W e may however give here a short explanation 
of their meaning. They are defined by the equations 

*=h(P-v), p = ^(fS+y), o-=l(a-«5), T = |(«+<5) (i) 

With these the relation scheme found above for TS, p, cr, T becomes 

OA, xi 

OB,yi 

OC,zx 

Ox, x 

i("-2+(32 + y2+82) 

l-(a2-(32 + y2-82) 

-i(a/3+yS) 

Oy,y 

i(-a2-/32 + y2 + S2) 

i(o.2-(32-y2 + S2) 

-o.(3 + yS 

Oz,z 

i(ay + (3S) 

-ay + (3S 

aS + (3y 

To express these parameters in terms of the Eulerian angles, 6, <p, xjr, w e 
have the equations (4), 1, which by the defining equations, (1) and (3), 1, give 

a = T + iv= cos J0ei»(*+W = cos |S-+i sin JS- cos c, 

/3= To+ip = isinl6e-^-^ = sin ̂ (cos a + i cos b), ,^\ 

y= — To+ip — isin^Qe^1^-^ = sin|3-( — cos a + i cosb), 

3= T — icr— cos J0e-^W'+'M== cos|3- —isin JS-cose. 

Clearly these give aS-(3y = ®2 +P
2 + CT2 + T 2 = 1 (3) 

It will be seen that if a, /3, y, § can be calculated, we can obtain for any 
instant the position of the axis of a top. Hence Klein and Sommerf eld 
(Theorie des Kreisels, Heft II) have devoted much space to this calculation. 
As we shall obtain all the requisite numerical results for the path of a point 
on the axis of figure, by a simple process which does not involve these para
meters, w e do not pursue the discussion of their properties here. W e shall 
give only one more set of relations. 

O.G. Q 
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4. Expression of Klein's parameters by elliptic integrals. Reierrmg 

back to 10, V, we recall that in the general case of a symmetrical top 

z2 = (a-az)(l-z2)-((3-bnz)2=f(z) (1) 

If zx, z2, z?> be the roots of f(z) = 0, in ascending order of magnitude, we 

know that z,, z9 lie between z = - 1 and z = 1, and that z 3 > 1. Thus writing 
" 1 > *. 

/(0) = a(2;-z1)(0z-z)(z3-z-),we see that {/(.-)}" is real for z between zx and 

z2, and for 0 between zs and co . It is imaginary for z between — cc and zx 
and between z2 and z3. By (3), 10 and (1), 11 of V we have 

i = f ^ _ V f = f l _ r l - ) ^ ) (2) 
J{/(*)}4 J(l-z2){/(z)}2 

where we take the positive value of the square root for the passage from 

z — zx to z = z2, and the negative value for passage from z2 to zx. 

Likewise we have ct> = n — zxjr, so that, by the value of xjr, 

Ubn-Pz)_dz+(1_b)nt (3) 

)(l-z
2){f(z)f 

Now, by (2), 3, above, 

loga = ilog(l+z) + ii(0 + v//)-ilog2, (4) 

which we can write in the form of an integral by using the values of T, \jr, cb 

just written down. Disregarding the constant — J log 2, we have 

i [\{f(z)y + i($ + bn) j . ,. j.) dz 

log/3= [{^m^±MzM-in{1.h)\ _____, 

iogy=j{^iMtiiVA^)+w(1_6)l__^ 

i . ff{/(z)}a-A/3 + M . , "j cfe 

log a=] |u/ • 1+g - ™Q- -»)}~ - -
from which also additive constants have been omitted. 

2{/(*)P 
dz 

5. Relations of elliptic integrals. Expression of time of motion by an 
elliptic integral. By these equations the parameters could be calculated 

numerically, but this involves the evaluation of elliptic integrals of 

Legendre's third normal type. The numerical determination of the azimuthal 

angle xjr involves just such integrals, and so far as the numerical tracing of 

the path is alone concerned, there does not seem to be aiyr advantage in 

calculating the parameters. A good deal of elliptic function analysis must 

be employed below, but only so that formulae may be found for the complete 

determination of the motion. In the present chapter we propose to discuss, 

as far as is necessary for practical purposes, the numerical determination of 
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the quantities which determine the position of a point on the axis of figure 

of a top. W e begin with a short statement regarding the Jacobian elliptic 

integrals which will be employed in the calculations. 

There are three normal integrals, which are usually written in the forms, 

P — r, \\(l-x
2)(l-k2x2)Ydx, 
3o{(l-x2)(l-k2x2)Y Jo 

fx dx 

Jo(l -px2){(l -x2)(l -Px 2)} 4' 

where 0 < /c2< 1 and 0 < x < 1. These are called elliptic integrals of the 

first, second and third kinds. 

If we put y = x2, so that dx = dy/2x, the integrals take the forms 

\\V ^ ,, iV^d-kHj^dy, 
2)0{y{1_y)(1_k2y)}i' 2j0l y v J>\ J' 

1 j. 
_Jo(T l(l-py){y(l-y)(l-k2y)y* 

where 0 < y < 1 and — co < p -< +1 • 

If we write x2 = sin2c/> where <j> is an auxiliary angle, not the <f> of 4, we 

obtain for the three integrals the forms given to them by Legendre, 

f*—^-—_, fa-**^ ***. r ** , 
Jo(l-/c2sin2^)° J Jo(i_:pSm2(/>)(l_/i;2sin

2c/.)i 

The first is generally denoted by F(/<;, <j>), the second by E(/c, <f>) and the 

third by LT(/b, <p, p). Sometimes the parameter p appears with the opposite 

sign. 

If the upper limit of the integrals is \-K, they are said to be complete. 

Then the symbol K is usually employed for the first integral. 

Similar integrals are constructed with the complementary modulus k' de

fined by the relation k2 + k'2 = l. These are conveniently denoted by 

B(k',<j>), B(k',<p), H(k',<p,p), and K'. 

The intergal \ ~ \z = (z-zx)(z2-_)(_,-z) =<^T 

can be reduced to the forms just given for the first elliptic integral by means 

of the substitution 
" ̂ '_ y 

" dy .... p dz k_ r-
which gives —r = = 

•Uz 4 (z2-zxrJo {y(l-y)(l-k2y)r 
where k2 = (z2 — zx)((zz — zx), and therefore /.=(z g — z2)/(zs- zx). 

.(1) 
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Hence the time /; of passage of the axis of the top from the circle z, to the 

circle z on the unit sphere is given by 

t=—
h—t r—&—^—^F^), (2) 

{a(z2-zx)}\}0 \y(l-y)(l-k
2y)r2 {a(z2-zx)}

2 

where cj> = sin-1 (i/2), a has the value 2Mr///./A, and the positive value of the 

square root is taken in each case. 

6. Relations of elliptic integrals. Double periodicity of elliptic func

tions. W e are also concerned with the integral 

fa dz 

where the upper limit lies between zx and — co . This may be expressed as an 

integral between the limits +1 and a, value of y between 0 and +1. Writing 

1, 
Z = Z3-y(Z-i-Zl) 

and substituting, we obtain, with the understanding stated as to the upper 

limit, [zdz_ i fv dy 
r__- _ _ _ _ P A 
J*iZi~ (Zj-z/Ji { 

y(l-y)(l-k'2y)Y 

If z, the upper limit of the integral on the left, be — co , we get at once 

{-"dz dy_ __ i 2K, 

(Z3-ZA*J0 {y(l-y)(l-k'-2y)p (zs-Zxf 

We shall in what follows usually denote K/(z3 — zfp, K'i/(zs — z,)
2 by co, co', 

so that pcfe r-»dz 
2 c o = — j - , lie = —T-. 

J-'iZs hi Z 5 

Writing y = (l-k2u)/(l-k2), we find that 

dy _ . p/4"2 du 
- =% 

o {y(L-y)(i-Vy)Y A {u(i-n)(i-k2u)Y 

-.__ Cl'ki du 
Hence 2iK = r. 

Ji \u(l-u)(I-k2u)}2 

If w2 be substituted for n this becomes 

.„, p/* dw 
^K = ji |(l-io2)(l-/Ay'2)}4' 

By taking the complete integral of the first kind in its normal form, 

Jo {(l-X2)(l-k2X2)Y 

we can show that we have also 

.. i dx 

Vk{(l-X
2)(l-li2X2)}2 
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It is only necessary to make the substitution x—\(ky and so obtain 
dx= —dy/ky2, and therefore 

dx . _ dy 

{(i-x2)(i-k2x2)}i~ ~ {(i-T^i " r ^ ^ i " 

But when x = 0, y = co , and when x= 1, y = \(k, and therefore 

__ p dx _ f" ^ 
Jo {(l-x2)(l-/c2x2)}4_Ji/i{(l-x2)(l-/c2x2)}4' 

This last result shows that 

fcdz _ r°dz 

since the root zg of the cubic Z = 0 corresponds to the point x — \jk, as zx, z2 
correspond to the points x = 0, x = 1 respectively. This can be proved in 

another way by means of the theory of functions of a complex variable, 

indeed it is only as a part of the subject matter of this theory that elliptic 

functions and elliptic integrals can be satisfactorily discussed. The reader 

should consult the modern treatises for full information regarding the purely 

mathematical matters touched on here. 

The numerical calculation of 2K gives the time of passage of the axis of. 

the top from one limiting circle on the unit sphere to the other as 

2K 

{a(zs-zx)}
i 

The integrals K, iW axe elements of the periods of the Jacobian elliptic 

functions sn u, cn u, dn u, where u, sn u, cn u, dn u stand for F(k, q>), sin <j>, 

cos<p, (l — k2sin2qf)2 respectively. The pairs of periods for snu, cnu, dnu 

are respectively 4K, 2-iK'; 4K, 2K + 2iK'; 2K, 4iK'. The appearance of the 

imaginary element, and the double periodicity of the functions here indicated, 

are easily explained dynamically. [See Greenhill's Elliptic Functions, or 

Fonctions Elliptiques by Appell and Lacour, for full explanations.] 

7. Formulae for numerical calculation of elliptic integrals of first and 
second hinds. The values of K and E, the complete elliptic integrals of the first and 
second kinds, can be obtained for any given modulus by expanding, in ascending powers' 

of Jcsin<j>, ll(l — kzsin2<j>y in the former case, and (\ — k2sin2<ff in the latter, and inte
grating term by term. This method, though direct and obvious, is far from being so 
expeditious as some others, when assisted by various subsidiary tables which have been 
compiled. Also tables of xT(k, </>), E(£, </>) were constructed by Legendre* for ranges of 
moduli and amplitudes proceeding by small differences, and from these it is possible by 
interpolation to find the integrals for other moduli and amplitudes than those given in 

the tables. But unfortunately these tables in their complete form are only available 
to those who have access to a large reference library. The actual numerical values of 
these integrals are essential in many modern practical physical applications, besides 

* TraitS des Fonctions Elliptiques, Tome II. 
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those to rotational motion, for example to the determination of the constants of " i s m 

electrical work. 
W e have 

(l-£2sm2</>r4 = l+|FsmV-> + 7 ^ ^ ^ 

i 13/-* 1 3 5 (2r -1) <- • 2r i 

(1 - „ W *)'~1 ~|Fsin2c/,_ LJ | sin<c/> L Y;4;67V_2^2r^T s m" * — " 

Multiplying these by &/> and integrating from 0 to <j>, w e get F(k, <f>), E(£, </>). Integrating 

from 0 to -57T, w e obtain 

^[l+(^+g^v+...+{Hfefl£S}'-+...} ) (i) 

Thus for the quarter period of the pendulum vibrating over a finite arc, w e have [12, 

XT,,"Iowl *--G)V-+Gr. ••••}• • e> 
with /i;2 = sin2|t90 = CB/2', where C B is the diameter of the smaller circle in Eig. 64. 

8. Landen's transformation. An elliptic integral expressed as a con

tinued product. A n elliptic integral of the first kind can be transformed into another 

of a larger modulus and a smaller amplitude, or of a smaller modulus and a larger ampli
tude. The transformation is that given by Landen [Phil. Trans. 1775]. Taking the 

formercase' E(*, </>)=(* # , '...(1) 
-,0(l-/_in2c/>)3 

w e replace <j> by a ne w amplitude (j>t, given by 

tanc/> = ^-2%- (2) 
r k + cos2(pi 

F r o m this w e get - _ _ _ _ r2 

where kl 

(1 - k2sin24>)i l +k (1 - k2sin2^ 

4k 
.(3) 

(l + kf 

The modulus kx is less than 1 and greater than k, as the reader m a y prove. Also <A, < <j>. 
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The transformation m a y be applied any required number of times so as to give from (1) 

^^ih-T+^ki ih, T+hV^^ (4> 
But 2/(l+k)=ki/k-, 2/(l + k1) = k2(k1^, ..., and therefore the equation just obtained may 
be written n. ,. i. \i 

F(i, # » ( * _ - £ - _ _ ) knF(kn, </>„) (5) 

A continued product is thus obtained for F(k; tj>) which converges to a limiting value, 
for which kn=\, and the upper limit of integration is <!>, the value of <£„ for m = oo. 

Thus the final integral is F(l, <3>), that is 

ro^ogtMi,+m 

and we have F(k, </>) = { Lt (^ji' ^"Y}logtan(4-7r + |<l>) (6) 

This transformation reversed gives a smaller modulus and an increased amplitude. In 
this case if kx be the new modulus and k the old, we have 

, 2k i , l-(l-F)4 l-k' .„. 
*=77—V) or kx = -,=7-=;, (/) 

1 + _ i+(i_p)i 1+-' 
and for the amplitude, tan(c/>1 — </>) = (l — k

2)'2 tan c/> (8) 
It is to be noticed that if the amplitude §=\ir, the new amplitude <pi = ir. The amplitude 
<p2 will then be 2ir, and so on to <j>n = 2'

l(\ir). 
N o w we obtain by repetition of the transformation, 

F(k,^) = l-±^F(ki,cj>i)=1±^ ^F(k2,42) (9) 

Hence F(k, </>) = (l + k1)(l + kj ... (1 + knf ^^, 

or, by the derivation of the ks, 

F(h,<p) = L _ _ |F(k„, </,„), 
kfc2... kn

z 

2 i 
where \+kr= r, tan (d>r-<A) = (l -k

2
 : ) 2 tan </>,.-

l + Q-K-if 
Here the limit k„ (n=x>) is zero, and therefore 

Lt_x*w,<k)=f*_<H* (") 
n=ra J 0 

If the complete elliptic integral is required, w e have <l>/2" = 571-, and therefore 

K(k)=U(l+ki)(l+k2)...(l + kn)% (12) 
n=to z. 

By means of the last result the complete elliptic integral of the first kind for a given 

modulus k can be quickly determined. For example, if /c = 0-5 ( = sin 30°), we obtain 

/c^O-0718, £2 = 0-00129. 

Using only these we obtain K(|) = r07309^ = T686-e, (13) 

where 0-0005 > e > 0-0001. 

Again let k = ̂ 3/2 ( = sin 60°). "We find at once 

h = h h = 17-12^2 = 0-029438, X-3 = 0'000216, 

which give K(^5) = 2-157-£, (14) 

where 0-0005 > e > 0-0001. 

..(10) 
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9. Convergent series for elliptic integrals of first and second /••/•nds. 
Other formulae of calculation for K and E have been developed. W e give hero a useful 

process for K . A similar process is also applicable to E. 

Let P, P D P 2, ... be defined by the equations 

= 1+(«'*' +(-O /<» + ! 

>V (*)»*.+ 

where K = /C'2. Then 

K = Plog-

1.3 

2.4 

1.3 

2.4 

1 

q.3.5\2 

_.4.6/* 

1.3. 

2+-

K8+U~-

4.6 

1.3.5 

2~ 4~ 6 

1.3. 5 

2.4.6 

„ + • • 

K : « + . 

-(1) 

P + ^ P + ^ P,- -(2) 

The values of P, P n P 2, ... are first calculated, and the value of K is then obtained by the 

equation just written. It will be observed that w h e n the terms necessary for P have 

been evaluated, the proper procedure is as follows. Let us suppose that the term 

{ ( 1 . 3 . 5 ) / ( 2 . 4 . 6 ) } 2 K 3 2 

is the smallest which it has been thought, necessary to include : then that is set d o w n as 

P3. T o that is added the next term in order of magnitude to give P2. T o P, is added 

the next term in magnitude, to form Ft ; the addition of 1 to P x gives P. The series in 

brackets in (2) is then formed, doubled, and subtracted from Plog(4/*2), and the result 

isK. 

When k is small the value of k' is nearly unity. By using k instead of k' in calculating 

P, P1; P2, ..., and log (4,/k) instead of log 4jk', we obtain by (2) the value of K'. That of 

K is then |P/TT. 

The formula for E is 

4 1 \ 12.3 
2. V ° K2 1.2/ 23.4 V s K2 

12.32.5" XJ i__? 2 1_ 
+ 2274lr_6K A g/<2~_72 3.4 5.6 

1. "3.4/ 

•(3) 

10. Jacobi's Q-functions. Expression by q-series. W h e n the value of k 

is not in the vicinity of zero or unity so that neither k nor k' is small, the integrals 

m a y be calculated by other methods which w e shall n o w shortly explain. 

If q denote e-^'/K and 

0 (u)\ •mt , _ . 2-TTII - „ ZTTV, 

-l+2q cos -= + 2j4cos-==- + 2q9cos-==- + • -(1) 

it is proved in treatises on elliptic functions that 

dnu{ = (l-k2sn2^l)^=k'i^t^ (2) 

If u=0, dnjt = l, aiid We have' 

i = 1 - 2 g + 2^-2g» + - ( 3 ) 

l+2c7 + 2 ?
4 + 2c;il + -.. 

We shall now show how K can be calculated when q has been expressed in terms of k'. 

-a, /ON. --i-t, •• l-^'
4 2f7 + 2c/!' + 2c/25+... ,,s 

F r o m (3) W e obtain - = / - '—- >— n — (4) 
v ' l+k'i l + 2qi + 2qlb+---
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Thus, if powers of q higher than the fourth can be neglected, 

2?=1^ (5) 

1+/. 
In the numerical calculations below we shall make the supposition here stated. It is 
usual to express k as sin a where a is an auxiliary angle. W e have then & _cosa, and 
hence by (5) we get the approximate equation 

2 (l + tan
2|a)4-(l-tan2I,a)4 . 

(1 + tan2ia)
4 + (1 - tan2|a)4 

Equation (3) however gives by expansion the exact equation 

(7 = Jtan27ia + T
1
g-tan

6la + J1%-tan
10ia + 2A|5tan

14ia+---, (7). 

and logy=2(logtan^a-log2) + log(l+^tan41ja+Ti2
T8tan8ia+---) (8) 

The second part on the right may be regarded as log (1 + x), where 

x = Jtan4Ja + jJ2
Tgtan8Ja+ .... 

But log(l +x)=x-^x2 + ̂ x3- ..., 

and therefore we may write (8) in the form 

logc7 = 2(logtania-log2) + itan4ia + T«fftan
8ra + T;"^rtan

12Ja+..- • (9) 

When a<j7r, a result correct to five decimal places is obtained by means of (9). The 
series in the second part is very convergent, and a sufficiently accurate result for most 
purposes is obtained by including only the terms exhibited. 

11. Calculation of complete elliptic integrals by q-series. Numerical 

example. It is one of the properties of the O-function that Q(u + FL) = Qx(u), SO that 

6(K) = ei(0). Thus, by (2), 10, 6(O) = £'40(K) (1) 

But by the theory of these functions we have 

9(0) = (2^)i (2) 

Hence 0(K) = (—Y, 

that is K = ^TT(1+2C2' + 2<74 + 2C79 + -")2 (3) 

Again, e(0)=(_O_)
2 = l-2q + 2q*-2q*+- • (4) 

By (3) and (4) we get K = -£ir (-^\ (1 + 2cr4 + 22
16 + 2cr36+...)2 (5> 

\l+k'2/ 
The series on the right is highly convergent. 

With observance of the degree of approximation of (5), 10, these become 

K = |7r(l + 2 ? + 2g
4)2, (6) 

e(0) = (
2^-) _l-2? + 2?

4, (7) 

K=*,r(r2„;4)2(1+4?4) (8) 

It is interesting to notice that when q is small, as it always is if, say, a<}iir, a good 
approximation to K is given by the equation 

K=Ki^)2-" (6,) 
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The following example of the calculation of q is given in Bertrand's t-alcitl Integral, 

p. 682, which may be consulted by the reader for a clear statement of the \.i .perties of 

the Jacobian elliptic functions.* W e shall find the common logarithm of q, or Log q. For 

this we have to multiply the right-hand side of (9), 10, by M ( = 0-4342944810). the modulus 

of the common logarithms. W e get, indicating common logarithms by Log instead of log, 

Logc/ = 2Logtan^a + T-3979400 + atan44a + 6tan8|a + ctan12Ja+"-, (9) 

where a, b, c are coefficients which have the logarithms, 

Loga = l-0357243, Log 6 = 2-64452, Logc = 2'41518 (10) 

So far this is independent of a and may be used for any determination of q (see for 

example the calculation in 12 below of the period of a top). Bertrand takes a = 10° 23' 40"-

Then 
2 Log tan \a = 3'9176842 Terms of second part : 

Colog 4 =1-3979400 4 Log tan |a = 5-835 

From small terms 74 Log a=1-036 

Log q = 3-3156316 6-871 
Thus q = 0-002068. " a tan4Jci = 0-0000074 

The first only of the small terms is taken, as with seven-place logarithms the second 

small term would contribute nothing to the value of Logc/. 

N o w let u be the complement of a small angle. W e have q = e-""K'/K. Let p = e~'rKIK'; 

then p is the value of q for the small angle \ir - a. W e have 

LogiLogi = M27r2=l-861522835, 
8 p ° q ' 

a result which we reserve also for use in the calculations which follow regarding tops. 

From it, if p has been found, q can be deduced, and vice versa. 

N o w we have found for the angle 10° 23' 40" that (if the q for that case be denoted byp) 

log - = 3 - 0-3156316 = 2-6843684. 
p 

But Log Log - + Log Log - = Log 1 -861522835. 

Hence for the large complementary angle 

Log Log- = 1-841026, 
q 

and Log c? =1-3065321, 

that is q = 0'2024. 

We now find the value of K for a = 10° 23' 40". We have seen that q = 0-002068, and 

that K is given by 9 2 

Now k'i = 1-0-008255, so that {2/(1 +£'4)}2 = {1/(1 -0-004127)|-2 = 11)08238. If we limit 

the result to six places of decimals we have to neglect 4q'K Thus 

K = 1 -570796 x 1 "008238 = 1 -583736. 

* The value of a is stated by Bertrand as 10° 23' 46", but the logarithms lie uses are for the 

value in the text. If the degree of accuracy for which equation (6), 10, is valid is sufficient 
the series should not include higher powers of tan |a than the eighth. 
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12. Numerical calculation for an actual top. W e now consider a top con
sisting of a disk with massive rim, mounted rigidly on an axle or peg through its centre 
at right angles to the mean plane. The following data correspond nearly to an actual case : 

M = 200, in grammes. h — 4, in centimetres. k = 4, in centimetres. 

Then C = M F = 3 2 0 0 , Mgh = 200 x 981 x 4 = 784800, A = |C + 200x4 2 = 4800. 

W e shall suppose first that the angular speed n is 100 revolutions per second, that is 
628-32 radians per second, and that the top on being spun is left to itself with its axis 
at rest inclined at 30° to the upward vertical, and spins then about a fixed point of the 
axis. One root of (5), 13, V, is z0 = 3*/2. The other two roots are those of 

„ V-n2 b2n2 , n 

z2 2 + z0-l=0. 
a a 

These are given by z=p± (p2 - 2pzQ +1)
3, 

where p = b'2n2(2a. 
32002 x 628-322 1600 628'322 

T h u s P = 4 x 4800 x 784800 = ~ 3 ~ 784800 = 268'3-
1 1 

This gives (p2-2-p,„ + l) 4 =268-3(l - ^ + ^ 

34 

= 268-3- — + 0001864. 
The two roots of the quadratic are thus 

535-736 and 0-8642. 

The latter of these is the smallest root Zjjin the notation of 10, V, the former is the large 
root %. The root zx gives approximately 6\ = 30° 12', so that the range of oscillation in 
6 is about 12'. The limiting circles are thus only 12' apart, and the oscillation must be 
very nearly simple harmonic, as described in 14, V. 

To find the period we have by (1), 7, above, since k2 is very small, K—^ir. Also by 
(2), 5, the time of passage from one limiting circle to the other and back is 

____-=-^_=0-01502. 
{a-(z3-z^ «8-4 

The period is thus about 3/200 of a second. The eye will hardly be able to detect the 
deviation from steady motion, though as a matter of fact in this period the azimuthal 
angular speed will change from zero to twice its average value. 

The average value g of the angular speed in azimuth may in this case be taken as 
Mgh-jCn, since the motion is only a slight vibratory deviation from that of steady slow 
precession. Hence 784800 - „„„„ 

'X = 3200x628^32 = 0'3903 

in radians per second. Thus, in the period 0'01502 second, the angle traversed in azimuth 
is 0-000586 radian. 

If the speed of rotation be 20 revolutions per second, p will be 268-3/25 = 10'73. 
Then, as the reader may verify, 

(p2- 2 ^ 0 + l)
4 = (10-732- 2 x 10-73 x 0-866 + 1 ) 4 = 9_77, 

so that z, = 20-607, ^ = 0-53, k2 = ®0}j*. =0-000626. 
3 ' 1 ' 19-754 

The value of 6X is about 31° 30', so that the range from highest to lowest is 1° 30'. The 
oscillation is still very nearly simple harmonic in a. period of 2TT/80-37 ( = 0-078) second. 
The azimuthal angular speed is five times what it was before, and the angle traversed in 
the period is 0-156 radian. 
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13. Actual top : different speeds of rotation. A rotational speed of 10 turns 

per second, with other data as before, gives JD = 2-683, and (p2- 2pz0+ 1) —1-HS46, and so 
% = 4-5675, /;1 = 0-7985. Thus 6I1 = 37°, nearly. The range from highest to lowest is now 
much greater, showing how it increases as the speed of rotation is diminished. Here 

Z:2 = 0-0675/3-769 = 0-Ol791, so that k"2 = 0-9821. Thus /. =0995, about. W e shall take 
this as unity. It is clear also that if we do not go beyond four places of decimals we may 

put 1 + 2cr*+... = 1. Hence, in the present case, as in those that precede, 

K=i-. 
The period of oscillation of the axis of the top is, in seconds, 

—^-L = ^—T=0-18. 
{a(z3-z1)}

2 (327x3-769)2 
If we suppose that here again we may use the average angular speed Mc//</C/<. as the 

mean rate of turning in azimuth, w e shall obtain a result not far from the truth. The 
azimuthal angle turned through in the period is thus 

, 784800x0-18 n „„ 
^=3W3c__832 = 0 v 0 6 

in radian measure. Thus the axis moves once round the sphere in about 9 periods. 

Finally, w e suppose the speed of rotation to be only 5 turns per second. This will 
give a good example of the calculation of K. 

W e have p — 0-67075. Hence 

(p2-2yz0 + l) 4 = (0-670752-2x 0-67075 x 0-8660 + 1 ) 4 = 0-5369. 

Thus z1 = 0-67075-0-5368 = 0-1338, 

and 01 = 82°18'. 

The range of motion from one limiting circle to the other is now 52° 18'. 

Also we have z3 = 0_7075 + 0_369 = l_076. 

%-z1_0-8660-0-1339 
= z3 - Zi ~ 1

:20 7 6 ~ 0T339 = 

Also £'2 = l-0-6819 = 0-3181, £' = 0-5639, £'4 = 0-7509, 

and a = cos-a0-5641 = 55°42'. 

Hence k2-- = 0-6819. 

W e can now calculate q from the value, 27° 51', of \a 
as follows : 

2 Log tan 27° 51' = P4458 
CoLog 4 = 1-3979 

From small") 85 
terms J 3 

Hence 

Log c/ = 2-8525 

q = 0-0712, 

4 Log q = 

2c/4 = 

= 5-4100; 
= 0-0000257, 
= 0-0000514. 

The work may be set forth 

Calculation of small terms : 

4LogtanJa = 2-8916 
Log a = T0357 

3-9273 
= 0-0085 

Hog tan £a.= 3-7832 
Log 6 = 2-6445 

Thus we obtain K = 

4-4277 
6 tanslra = 0-00027 

^p^)"(l+0-0000514) = 2-0497. 

From the value of K thus found we obtain the period of oscillation between the limitiiif 

circles as 4 K _ 8-1988 8-1988 
- =7, „.̂ -7- = 0'4376, in seconds. 

{«(h-h)'i2 ('784800 
"2400" 

x 1-0737 
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The azimuthal angle turned through in the period cannot in this case be estimated 
accurately by means of the angular speed Mgh/Cn, but it is of the order of 3'4 radians. 
Thus the axis swings about half-round, or rather more, in the period. 

It will be observed that in all the cases here considered, except the last, steady motion 
is possible, that is the condition C2n2>4A~Mghcos 0 is fulfilled, in fact in each of these 
cases the top is a " strong " top. 

14. Numerical determination of inclination of axis to vertical for 
actual top. W e have now to consider how the numerical calculation of the inclination 8 
of the axis to the vertical at any time t, and of the corresponding azimuthal angle xg, is to 
be carried out. This will involve the computation of the incomplete elliptic integral of 
the first kind, F(k, <f>), and of the corresponding value of the sum of two elliptic integrals 
of the third kind. The second part of the discussion is attended with difficulties, but a 

scheme of calculation by means of the parameters a, (3, y, 8 has been given by Klein and 
Sommerfeld (Theorie des Kreisels), which it is claimed renders the whole matter syste
matic and comparatively easy. W e find it however much more convenient to compute 
a sufficient number of ordinates to enable the area of the curve which represents the 
integral to be obtained by adding the areas of a succession of narrow strips. 

The calculation of the incomplete integrals F(k, <f), F(k, </>) is important for the deter
mination of a point on the axis of a top, spinning about a fixed point 0. Denoting 

F(k, </>) by u and k'^ by K, we have 

, ,, ,„ 2 a 0j(u) m 

c\nu = (\ - Wsn^iiy- = K-tf+f, (x) 
' 0 ( M ) 

,-, , • -c ,nTr . 1+2c/cos2j,' + 2c/4cos4a;+... /ON 
that IS if X=TTU2K, dnu = i<-^f „ , J, , (2) 

1 -2c/cos2i- + 2j4eos4.r-... 
The value of q is found by the process explained in 10. The calculation can now be 
carried out as follows by a process of successive approximation. Writing cot A. for 
(dn U)/K, we get cot A - 1 .„„„ ,, d n _ - « ,.,, 

. . , , =tan(45 - A ) = , — , W 
COtA+1 dllM + K 

, . . . . . „ .. cos2=r + c/scos6.i' + c/24cosl0^+... ,.-, 
that is by (2), tan(45 - A ) = 2c/ — — = — r ; 77+7 = , (4) 

J v " v ' 2 l + 2c/4cos4^' + 2c?1(icos8^+... 
/.-o ^̂  „ cos 2x + c/8 (4 cos3 2x -3 cos 2x)+ ... /KN 

or tan(4o -k) = 2q ' a ' 7- -7 '- (5) 
v ' * l+c/4(4cos22^-2)+... 

Thus, to a first approximation, cos2.r = -^ (6) 
With the value of cos 2x thus obtained we can calculate the terms involving qi and qs, 
and substituting these in (5), then solve the new equation for COS2.K, neglecting all terms 
involving higher, powers of q than qs in the numerator and §4 in the denominator of the 

function on the right of (5). 
W e shall see later that the first and second elliptic integrals, as well as the third, can 

be readily evaluated by the simple process of calculation of ordinates. 

15. Numerical examples of motion of a top. We shall carry out the calcula

tion for the case of motion specified in 13 above. There 

X-3 = 0-6819, K( = £'4) = 0'7509, a = cos"10-5641 = 55° 41'. 

It was found that y = 0-0712, so that qi = 0-0000257. 

N o w 0(K) = l + 2 ? + 2?
4+... = 1-1425, 

and so by the value of q, 2 Log0(K) = O'1157. 
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We shall suppose that the upper limit of </> is 50°. 

Then Log dnw = | Log(l-0-6819 x sin250°) = T-8890 

Log K = Log 0-7509 = T-8756. 

Hence A = ectt"ld — = 4 4 ° 7', and 45°-A = 53'. 
K 

Equation (3) therefore becomes 

cotA-1 = , „ _ A) = -.0154 
cotA + 1 ' 

Thus, by (5), we obtain as a first approximation, 

tan (45° - X) „, 
cos 2x— 7̂7 ' = 0 1083, 

2q 
and 2a; = 83° 47'. 

It is unnecessary to go to the further approximation, as the correction applied would 
lie beyond the degree of accuracy here aimed at. In radian measure 

•̂ = 0-7310, 
so that Log x = 1 -8640. But 

37 = 5 =i and K = 7r02(K), 
'A i\_ 

and therefore u = xQ2(K). 

W e have seen that 2 Log (0)K = O-1157. Hence 

Log ?6 = T'9795 

and u = 0-954. 

A reference to Legendre's tables shows that this result is nearly correct. 
The value of 8 corresponding to the upper limit of </> is given by the equation 

sin2c/> = (z-z1)/(z2-z1), where z = cos#. In the present case, </> = 50°, and we get # = 55° 42', 
which, as it happens, is the value of a ( = sin~lk). 

As another example the reader may verify that if £ = sinl0°, and the upper limit of <j> 
be 25°, we have, carrying the calculation to a higher degree of accuracy, 

c/ = 0-0019136, 0(K) = l+2</ + 2?
4+.-- = Log-:lO-OO165925, 

Log dn u = Log {(1 - sin310°. sin2 25°)4} = 1-9988274, 

L o g _ r _ = LogcotA = 0-0021516. 

Hence, to the first degree of approximation, since 45° — X = 8'30", 

Log cos 2,r=Log tan (45°- A) —Log 2^ = 1-81027 

and x = 24° 52' 40". 

With the small value of q here found the effect of the second approximation is very 
slight. 

16. Calculation of complete and incomplete elliptic integrals of the 
second kind. N o w consider the evaluation of E(£, </>), which is required in some 
calculations of the azimuthal angle i//. W e have 

E(k, c/>)=jj''(l-Fsin2</.)ia!</., (1) 

which, if n = F(k, <j>), can be written 

E(/-, <ji) = n — k2 J sn2u dv, [•}) 
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N o w in treatises on elliptic,functions it is proved that if 0(it) have the value stated in 
(1), and Q'(it), &"(u) be its first and second derivatives with respect to u, 

k'\sn*wdu=u\w)~w§) (3) 
But 0>)=^(4 ?sinf -8c/sin^+12^sin

3^-...), | 

0» = ~ (a? cos ~ - 32c/4 cos^ + 72c/S cos ~ - ... V j 

Thus 0"(O)_ 2^17-4^ + 9^-16^ + - ,, 
0(U) K2 l-2c/ + 2c/4-2c/9+--. ' " w 

. 1TJC „ , . 27T?/ 

„,, . 4osin7-F-8g
4sin-r==—I— 

and 6 M _ ~ g _ K C6N 
6(«) 2K_ „ TTM o i 2TTU W 

1 - 2q cos -= + 2j4cos-7= 
Again, if A = (l-q2)(l-qi)(l-cf)..., 
it can be proved that 

0( M) = A(l-2c/cos^ + c/
2^l-2c/3cos^ + ?'

i) (7) 

f A • 7ru j 1 • Till \ 

d'/ \ 4 ? s m = 4c/3sin=j= 
Hence 0 («)_ TT J K + l _ _ g h...[ (8) M) 2 K | 7TM , , , „ , 7TK 

I 1 - 2q cos =- + c/2 1-2C/3COST== + C/6 

N o w — c/ sin ̂  = „>.sin2# + g
2"sin4.£ + c/2"sin6#-l (9) 

1 -2qncos2x + q2n 2 -1 w 

Hence, putting n = 1, 3, 5,... in succession and adding the results, we obtain, with 2x = Tru(K, 

&(u)_ TT /4c/sin2=r 4g
2sin4^ \ 

e(«) _ K V I--/2 + i-9
4 +-)~^^y GO) 

Th^ E(i, 0) = «(l-|I
(|) + S (11) 

If the complete integral is taken, that is if w = K and c/> = ̂ 7r, S is zero, and 

E(^,|7r)=_:(l-|g
)) (12) 

27r
2
g-4</

4 + 9 g°-16?
I C+- /13) 

But K = i7r02(K), and since 0(O) = /c0(K), we have 

E(^,i7r) = K - = ^ ( l - 4 ^ + 9?/
8-16c/«+-) (14) 

17. Numerical examples. The numerical calculation can now be carried out. 
First q is found, as explained in 13 above, for the value of a. ( = sin~1/:) given. Let it be 
for example 19°. Then the process gives, as may be verified, 

3 Log c/ +Log 4 = 7-5357147+ 0-6020600 = 6-1377747. 

Thus 4c/3=0-000001373 and log(l -4?
3) = - 4c/3, so that 

Log (1 - 4g
3) = - 4c/3 x M = - 0-000000596. 

The value of logO(K) is obtained from the value of q ( = 0-00700226) as 0-0060399 
(see below). Also that of K is calculated as before and found to be 1-61510. 
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The table of logarithms required to complete the calculation of F(k, \ir) is now 

L o g 4 - = 1-0992099 3 Log0(K) = O-O181197 
Logc/= 3-8452383 i Log cos 19° = 1-9878350 

Log (1 - 4cf) = - 0̂ 0-000006 0-0059547 

2-9444476 
0-0059547 
2-9384929 = Log 0-0867946. 

Thus -7^L(1-423) = 0'0867946' 

and E = l-61510-0-086795 = l-52831, 
LogE = 0-1842114. 

N o w let the integral be incomplete, and the terminal value of <$> be 27° Then, by (11) 

aild(12)'16' EftfW = |E + S = |E + S, 

, , „ 27r/c/sin2.?= g
2sin4,i; 

where, (10), 16, S = K V T ^ f + l-qT+' 
with x = iru(2K.. 

N o w putting, as in 14, cot A = (dn V)(K, we first determine x by the approximate equation 
2q cos 2x = tan (45° - A), 

which gives 2„ = 52° 42' 40". 

This, by the process explained in 14, is corrected to 
.i: = 26°21'32" = 94892", 

so that the radian measure of x is 94892/206264-8. Hence 
Log „ = --6628042 
Log E = 0-1842104 

CoLog=|7r=1-8038801 

2rE -
L o g — = 1-508947 

7T 

Thus — - = 0-447605. 
vr 

N o w to find S we have first Log(l -c/2) = -M</2= -0'0000213. The logarithms of 
1 _£4 l - ?6, ... may all be taken as zero. Hence, as the reader may verify, we have for 
the Logs of the terms in SK/27T, that is S02(K)/4, since K = i7r02(K), 

Log c/ = 3-8452383 
Log sin 2x = 1-9007282 

CoLog(l - c/2) = 0-0000213 
Log 0-0055717 = 3-7459878 

Log q2 = 5-69048 
Log sin 4x = 1-98405 

Log 0-044726 = 5-67453 

Log c/3 = 7'53571 
Log sin 6,r = l~-57069 

Log 0-061278 = 7-10640 

Thus __ 2 ( _ _ )
 = 0-O05717 + O-O00O473 + O-O0O0O01 = 0-005619. 

4 
But 0(K) = l + 2 ? + 2c/

4 + 22
9 + .„, 

and Log 0-0056191 =3-7496668 
Log 4 = 0-6020600 

CoLog 02(1_) = 1-9879202 
2-3396470 

S = 0"0218598. 

Hence if /; = sin 19°, and </> = 27°, 
E(/fc,(/>) = 0-447605+ 0-0218598 = 0-469465. 
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18. Formulae for azimidhal angle \}r. In order to calculate the angle turned 
through in azimuth in any given time t we have to evaluate an elliptic integral of the 
third kind, and it is desirable to express it in Jacobian functions. The normal form of 
this integral may be written 

dx i; Jo(l+px2){(l-x2)(l-k2x2)}i 
W e denote it by I. If we put sn u for x and sn2?; for - \(p, we have dx ==ciia dnw du, and 

I=-sn2u ["______- (1) 
Jo sn-u — sn2v 

N o w it is proved in treatises on Elliptic Functions that if H be the function defined by 

H(u) = 2crfsingg-Sc/*sin 77=7= +2? * sm- , 

and if we define Z(u) by Z(u) = ~{\ogH.(u)\, 

th^sif zw = iw' (2) 
any elliptic function can be expanded in a series of elements consisting of Z-functions, of 
which the coefficients are the residues of the functions for the respective poles. [This 
Z(u) is not Jacobi's zeta-f unction, which is 0'(?<)/0 (a).] 
The following simple case will illustrate the meaning of this statement. A function 

f(u) is said to have two isolated simple poles at the points a, b, if it can be written as 
<j>i(u)((u — a), or cp2(u)l(u — b), where 4>i(u), </>2(M) are finite and continuous in the vicinity 
of u = a and u=b, respectively. Then <f>j(a), </>2(5) are the residues of the function for the 
points in question, according to the theory of complex integration given by Cauchy. 
They are in fact the values for 11 = a, u = b, of 

TT^j/(-)_, 

when the integral is taken round a circle of infinitesimal radius surrounding in one case 
the point a, in the other the point b. W e shall call these residues A, B. 
The expression of this function in elements is then given by 

f(u) = AZ(u-a) + BZ(u-b) + C (3) 

Now for /(?0 = r_r—zz*7.> (4) 

the poles are the points u= • 

T, u — v _ T . u+v 
A = ' 

-v,u-

Lt 

sn-K-sn2=3 

== +v, and 

:i~v., B - Lt 
„_„ sn^ u — sn- 0 u=_„sn

iu — STX*® 

The limiting values are obtained in the usual way by differentiating the numerator and 
denominator in each case, so that 

A=- 1—z—, B=-= —7— (5) 
2sn!)CD»un» 2snv cnv dni; 

™ . , 2sn=D cn?) dnu _. . „, , . , „ /aN 

Thus we get at once r>- —Z(u-v)-Z(u + v) + C (6) 
sn2M-sn2-i> 

To determine the constant C, we put u=0, and thereby obtain, since Z(-v)= -Z(v), 
jH'(-ij) cn-pdn?;) 
llL/>) snV -J 
1 H(«) But snv = —r 757T, 
ki 6(v) 
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and therefore logarithmic differentiation gives 
cn-y dn=«_H'(«) B'(v) (7) 
sn« _ H(v) 0(»)' 

so that C —= 2 -777-, N ) 
0(V) 

W e have therefore 
2sinu cnw dn<> „, . „, , > , o 0 W cm 
sn^ic-sn^ji 'ew 

and 2an.cnfldn.| , — 2T. =
 l og^c!^!N + 2 M 5 7 v \ + c o n s t (10) 'sn%-sn2?> " H f t + J ) 0(«) 

If we integrate (9) with respect to v we get 

„ fsnv cnv dnv dv , , , ., N 
- 2 „ 7, =log(sn2?i - sir.) 

J sn2w-sn2ii 
= log{H(?c-?')H(?c + i-)}-2log0(y) + logc, (11) 

where c is a function of «. But if v = 0, the last result gives 

H 2 ( M ) , 02(O) 
sn*w = C 0 5 ^ , or C = sn

2?c===-y 

But mu = _B__. 

and therefore, finally, C = T 027 ) ' 
W e obtain from (10) the result 

u0SB^+2um+c\- (13) sn v I= - 2m?rdi 1a
l o g_r(= ;7T^

+ 2"0w + / 
If we suppose the integral to start from u = 0, we have for the determination of C. 

, H(--B) - . 
^ - ^ + 0 = 0, 

and therefore C= -log]H(- J))/H(«)f. Hence (13) becomes, since H(-i>)= -H(»), 

T snu f H ( - - M ) , _ 0'(?')\ m i 

I = - 7 . j—i log ==-)—r^+ 2 M_rrrf ( ̂  
2 cn v dn v I D H (u + v) 0 (i-) J 

The calculation of the two integrals lx, I2 required for xjr, by these functions is, as has 
been stated, troublesome. The reader will realise this if he attempts to develope for
mulae for the purpose. Numerical values for complete and incomplete integrals of the 

first and second kinds are given by many writers, but not one, so far as we know, 

gives calculations of integrals of the third kind. For such integrals there are no tables 

available, and the process of computation by means of Jacobian 3-functions, or by 

Weierstrassian cr-functions, is troublesome, inasmuch as on the one hand snw has in one 

or other integral an imaginary argument, and on the other the calculation of the 

cr-functions by means of (/-series cannot be carried out with brevity. 

The same remark applies to the formulae in terms of Weierstrassian cr-functions and 

{•-functions, which are derived for a top by the process exemplified in 17...20, X Y , below* 

19. Elliptic integral expressions for angles xjr and <p. We shall now 
however show how the integrals can be obtained, by the prosaic, but direct and practical, 

process of calculating ordinates. First we set out the integrals to be found. By 4 above 

we have 1 r r .-iz ? d- \ 

V " = 5 T 1 ( G + O » ) ,+(G--O».) a* ,] (i) 
2Al- J(l+z)7A J(1-*)_*J 

* Angles are here measured from the upward vertical, and the order of the roots z <~,<2. is 
the opposite of the Weierstrassian order, e-1>c.2>e3, which is used later. 



xn CALCULATION OF PATH OF AXIS OF A TOP 259 

B y the substitution explained above this is transformed into 

,4r , / 1 \*r_. + Gr d 

l-AMc/Afe-zOJ L 1+«iJ(i + _ _ l l i 8 i n ^ (l-Fsin2</>)* 

Cn-Qr oty •up ap 
Zl)(l-Z~^sin2<p)(l-k2sm2(p)i 

•(2) 

Denoting the integrals by I n I2, w e have 

Vr = C1I1 + C2I2, (3) 

where C-
C" + Gf 1 !* C -Cra~G/ 1 )4 (4) 

wliere C i ~ i + % \2AM^(z3-z1)J ' ^ 1 - ^ ISAJM^A (*,-*,) J (4) 

In the general case of an ordinary top w e have [see 4 above] 

.- Gr-Cnz dz .• C;i-Gz dz ' (\ 1\ ... 

^=_^W)^i' ̂  = A(r^)ii + CHc-Aj; (5) 

so that for a spherical top there is a perfectly symmetrical relation between ip and <f>. 
It will be clear that in the latter case, if an integral has been calculated for T//, the 
corresponding value for <j> will be obtained by interchanging Cm and G. In the general 
case the term Cn{(A — C)jAC}t must be added to the integral obtained as indicated. 

20. Numerical calculation of time in terms of angle 8 for actual top. 
Thus by (2), 19, the calculation of the azimuthal angle turned through in any given time 
requires the evaluation of two elliptic integrals of the third kind. W e compute a sufficient. 
number of ordinates of the curve which represents by its ordinates the successive values 
of the integrand, and thence deduce the area. This process has the great advantage of 
giving at once, in each case, all the incomplete integrals. To illustrate it w e take the 
case of a top for which calculations have been made by Klein and Sommerfeld [Theorie des 
Kreisels, Kap. IV, § 9, and VI, § 6], using their o w n method of determining the parameters 
a, (3, y, S by (/-series. W e shall thus be able to test the direct method here recommended, 
by comparing the results with those of the more recondite process employed by these 
writers. 

The top employed had the following constants : 

C7i = 4800p7r2, G = 4200p7r2, A = 750p7r, Mc7/i = 10000p7ra, 

where p denotes the density of the material of which the top was composed. For the 
lower limiting circle 8 was 60°, so that zx = 0'5. B y (4), 16, V we obtain for the deter
mination of the other two roots of the cubic Z = 0 an equation which, after a little reduction, 

takes the form z2-l-8242z+0-776 = 0, (1) 

of which the roots are 0'6759 and 1-1481. Thus the upper limiting circle is given by 
z2 = 0-6759, and for that 6 = 47° 31'. The large root, 1-1481, is z3. 

For the modulus k of the Legendre integral of the first kind, by which w e express the 
time for any value of 8, we have 

£-2 = ____ = 0-271441 = 0-5210
2 (2) 

z3 Zj 

The time t of passage from the lower limiting circle to the value of 8 which corresponds 
to </>, the upper limit of the integral, is given by 

2 A ) 4 f * d± _ (3) 

Mgh(z3-zi)\ J0 (]._0-271441 sin
2</i)4 
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The connection between 8 and <f> is given as we have seen by 

^=- = sin2</,, (4) 
H - H 

where z = cos 8. 
W e calculate first the integral exhibited above, and the process adopted will give 

it at once for values of <f> rising by successive steps of 5° from </> = 0 to <£ = 90°. It is 
obvious that no ordinate can differ very much from 1. The common logarithms of sin25°, 
sin210°, ..., are got from the tables and written down in column with a space between 
each and the next in order. The logarithm of 0-27441 is then taken on a slip of paper and 

added to each of the former logarithms so as to give those of the values of 0-27441 sin2c/>. 
The corresponding numbers are then taken out and subtracted from unity, and the 

reciprocals of the results obtained either by logarithmic tables, or directly from a, table 

of reciprocals. 
Thus we get the table of ordinates : 

0° 

5 
10 
15 
20 
25 

30 
35 
40 
45 

1 
1-0010 
1-0041 
1-0092 

1-0163 
1-0252 

1-0358 
1-0479 
1-0613 
1-0756 

50° 
55 

60 
65 

70 
75 

80 
85 
90 

1-0906 
1-1057 
1-1205 
1-1344 

1-1468 
1-1572 

1-1650 
1-1699 
1-1715 

Let us suppose that we wish to find the complete integral. W e add the first and last 
ordinates, and take half the sum, which gives 1-0858. Then we add to this the other 
17 ordinates, and get as the sum 19'4527, which on a certain preliminary scale is 

approximately the area. 
This process is equivalent to supposing that the heads of two successive ordinates may, 

without sensible error, be taken as joined by a straight line, and then taking as the mean 
ordinate of each 5° strip of the integral the middle ordinate of the strip. It does not add 
very seriously to the work to take steps of 2i° each, so as to obtain greater accuracy. 

But, as will be seen below, we can obtain with 5° steps a result which is right to three 
decimal places. 
W e obtain the proper numerical value of the integral by reducing from degrees to 

radians. Thus we multiply by the factor 5/57\3, and obtain 

-/n..7, TT\ 19-4527X5 
Fv°°21' 2h~57_—= 169'' 

which agrees exactly with the result of the calculation by (/-series, referred to above. 
By exactly the same process w e can obtain any incomplete integral. For example, we 

take'that from c/> = 0 to </> = 50°, with the same modulus. The half sum of the ordinate 
for 0° and that for 50° is 1-0453 ; the sum of the nine intermediate ordinates is 9'2767. 
Hence, on the jireliminary scale, the incomplete integral required is 

l-0453 + 9-2767 = 10-3219. 

The proper numerical value is therefore 

F(0-521, 50°) = ^2"X5 = 0-9007 
o / ;i 
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Summed in the same way the remaining strips of the complete integral give 

F(0-521, |)-F(0_21, 50°) = 9'-p|^ = 0'7967. 

The two areas make up 1-6974, the value already obtained above. 

The factor by which the complete or incomplete integral must be multiplied to give 
the time of motion is stated above in symbols, and in the present case is 

/ 2x750xp?r Y? / 15 V l 
\10000p7r3x 0-6481/ \100xO-648l7 IT 

= 0-1531. 

Thus the time, in seconds, of passage from one circle to the others is L697 x 0T531 =0'26. 
Similarly the time for passage from c/> = 0 to </> = 50° is 0-9007x0-1531=0-1379, in seconds. 
The angle cf> corresponds to 8 = cos-10-60322, or # = 52° 54', and the range </> = 0 to cf> ~ 50° 

is the range c9=60° to 8 = 52° 54'. 

21. Numerical calculation of azimuthal angle xjr. We now consider the 
determination of the angle xjr. Going back to (2), 19, we have first to find the integrals 
which are there represented in symbols. The values zx and z2 inserted show that these 
integrals are d^ 

J (1 + 0-11727 sin2 </>)(!- 0_71441 sin2 <£)*' 

r <-l± . 
J (1 - 0-3518 sin2 <p)(l - 0-271441 sin2 </>)* 

W e first evaluate for values of <f> separated by steps, again of 5°, the factors 

l + 0T1727sin2c/>, 1 -0-3518 sin2 </>, 

and then multiply each of the values so obtained by the corresponding value of 

(1 -0-271441 sm2<p)i, 

and take the reciprocals of the products. The calculations are best carried out by a 
table of seven-place logarithms, so as to avoid expenditure of time and possible error in 
reckoning differences. 

Here follow the values of the ordinates for the first integral, each multiplied by 100000 : 

0° 100000 
5 
10 
15 
20 
25 

30 
35 

40 
45 

100014 

100058 
100135 
100251 
100413 

100626 
100895 
101223 

101611 

50° 
55 
60 
65 

70 

75 
80 
85 
90 

102041 
102510 
102993 
103476 
103923 

104309 
104614 

104796 
104850 

Taking half the sum of the first and last, and adding it to the sum of the other 

17 values, we get 18-36314. Reducing the abscissae to radians by multiplying by 5/57-3, 
we get for the integral qi -»i 5 — T 

I t „ _ L ^ £ | = 1-020171. 

The factor Ci, by which the integral must be multiplied to give the corresponding part, 
X^i, of the angle xjr, is found from the values of A, Mgh, Cn, G, z3, zx above to be T9243. 

Hence we have fx= 1-9243 ^^
 V = 1-96311. 

file:///100xO-648l7
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In the same way we deal with the other integral, and apply the necessary factors. 

The successive elements of the integral, each multiplied by 10000, are 

0° 
5 
10 
15 
20 
25 
30 
35 
40 
45 

10000 
10037 
10149 

10336 
10599 
10939 
11356 
11850 

12418 
13052 

50° 
55 
60 
65 

70 
75 

80 
85 

90 

13744 
14474 
15222 
15955 

16637 
17225 

17685 

17975 
18074 

Again we add half the sum of the first and last ordinates to the sum of the other 

17 values, and get 24385. The factor C 2 is easily found to be -ICj, and so we get for 

the part xjr2 of the azimuthal angle the equation 

-V, = 0-3849-^| = 0-52|. 

Hence we have -f = fx + -f2 = (1-9632 - 0'52) | = 1 '4431. 

This is exactly the value obtained by Klein and Sommerfeld for the azimuthal angle 

traversed in the half period of the motion. 

22. Numerical calculation of xjr for any step in time. The reader may, if 
he please, calculate in a short time the angles traversed in azimuth for each 5° step of 
<j>, and from the elements of the integral in 20 above the corresponding times and the 
values of 8. 

For example, the range from <j> = 0 to </>=50° gives for the first integral 10'0630 on the 
preliminary scale. Hence the value of the azimuthal angle is 

I , orMo50'3150"" -.0--,-"" 

fi= 1 -9243 - g 0 — 2 = 1-0/1'a-

The second integral for the same range is 1T1066 on the preliminary scale, and we have 

-f2 = 0-3849^| = 0-2373|. 

Thus the whole angle turned through from the time of contact with the lower circle is 

xgi + ir2 = 0-8344 |. 

The time from the lower circle where <j>=0 to </>=50°, that is from (9 = 60° to 6 = 52° 56', 

as may be verified from cos #=(o-6759-0-5)sin
250° + 0-5, 

is, by the calculation in 20 above, given, in seconds, by 

^ = 0-1531 x0-9007 = 0-1379, 

about half the interval (0'26) from the lower to the higher circle. 

Figure 65, taken from Klein and Sommerfeld's treatise, shows our calculated results 
very well. The path of an axial point is shown in stereographic projection from the 
lowest point of the sphere, and the successive points marked 0, 1, 2, 3, ..., 9, which start 
from the contact with the lower circle, show the positions after successive intervals of 
time, each equal to J of the half period of 0_6 second. The rest of the path for any time 
whatever is given by proper repetitions of the portion here shown. 



XII CALCULATION OF PATH OF AXIS OF A TOP 263 

The reader will have no difficulty in making out these repetitions. The path, after 
the part numbered 1, 2, ..., 9 has been described, passes on to touch the outer circle a little 
below the extreme left, then passes inward again, touches the inner circle on the right 
of the highest point 0 of the diagram, then passes down to touch the outer circle near 
the lowest point. Thence it passes upward and inwards to touch the inner circle above 
the centre on the left, thence to touch the outer circle above the extreme right, and 
so on. 

FIG. 65. 

The formulae given in 19 for the calculation of the azimuthal motion show the effects 
of varying the spin and the sidelong motion at the upper limiting circle, in altering the 
amount of swinging round of the path. The effect, for example, of continual increase of 

spin from a small value to a large, with the sidelong motion at the upper circle kept zero, 
will be to give at first extreme cases of Fig. 22, p. 97, with the cusped indentations 
wide, then smaller and smaller cusped elements, until a regular sequence of microscopic 
elements is obtained, which simulates but is not really steady motion. It is Klein and 

Sommerfekl's "pseudo-regular precession." The reader may notice that to the path for 
infinitely rapid spin no tangent can be drawn except the lower circle, which touches all 

the undulations. 
It is impossible to illustrate the different cases here. A conspectus of diagrams will be 

given at the end of the book, with descriptive notes on the different cases. 



CHAPTEE XIII 

LIQUID GYROSTAT. MISCELLANEOUS INVESTIGATIONS 

1. Rotation of an ellipsoidal case filed with liquid. "Liquid gyro

stats." Lord Kelvin illustrated by what he called a "liquid gyrostat" the 

fact that an oblate spheroidal shell of rigid material filled with water 

behaves as regards precession as if its contents were solid.* The gyrostat 

FIG. 66. 

with which the experiment was made is shown in Fig. 66. It resembled 

the ordinary Kelvin gyrostat in being composed of a flywheel mounted in a 

rigid case surrounded by an equatorial ring with polygonal edge, as shown 

in the diagram; but the case was an open frame, and the spheroidal globe 

containing water took the place of the flywheel. W h e n the globe was spun 

in the ordinary way the liquid gyrostat imitated the behaviour of the solid 
one in all respects. 

The spheroid had an oblateness of about 5 per cent., that is the difference 

in length of the polar and equatorial diameters was about 5 per cent, of the 

length of either. But sometime later another liquid gyrostat was made, 

similar in all respects to the former, except that it was prolate instead of 

*Brit. Assoc. 1876; Arature, Feb. 1, 1877. 
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oblate to about the same percentage (Fig. 67). The dynamical behaviour 

of this was quite different. When an attempt was made to spin it, it was 

found, as soon as the instrument was removed from the spinning table, that 

all rotation had disappeared. In consequence of instability of the fluid 

motion, the energy of rotation had been entirely transformed into heat by 

turbulent motion of the water, into which in such a case the rotational 

motion breaks down. Permanent steady rotation of the liquid spheroid is 

impossible when the axis of figure (the axis of rotation) is prolate. 

Oblateness however is not absolutely essential for steady rotational 

motion of a liquid round the axis of figure in a spheroidal case turning with 

FIG. CT. 

the liquid. It was shown by Sir George Greenhill* in 1880 that steady 

motion is possible for a prolate spheroid of a liquid, if it be sufficiently prolate. 

The axial diameter must, in fact, either be shorter than the equatorial 

diameter or be more than three times as long. [See 3, below.] A modern 

elongated projectile, if filled with a liquid, would not rotate steadily about 

its axis of -figure, and therefore would not have a definite trajectory as a 

rifle bullet has; it would turn broadside on to the direction of motion. 

An experiment with a hard-boiled egg and a raw egg, spun together 

on a table, illustrates very well the stability of the solid prolate spheroid, 

and the instability of the motion of the liquid prolate spheroid. The egg is 

placed on its side on a table, and a rapid twist with the fingers sets it 

spinning about one of the shorter diameters. The solid egg however rises 

to the position in which its centroid is as high as possible, and then spins 

stably with the long axis vertical. The experiment does not succeed with 

the unboiled egg, which remains on its side. By placing the finger on the 

shell one can bring the egg apparently to rest, but, when the finger is raised 

immediately after, the shell begins turning again owing to the continued 

motion of .the liquid contents; soon the whole spin has disappeared. 

*Proc. Garnb. Phil. Soc. 1880 ; Encycl. Brit. 10th Edn., Art. "Hydromechanics " ; or Report 

on Gyroscopic Theory, 1914. 
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2. Theoretical discussion of liquid gyrostat. The following discussion 
follows Sir George Greenhill's investigation of the stability of the spinning motion of a 

mass of liquid contained in a, spheroidal case. W e suppose to begin with that the 

case is,ellipsoidal, fulfilling the equation 

,,2 „2 ,2 

''-+^ + - = 1 (1) 
a- b c-

First let the contents of the shell be solid, and in one piece with the shell, and the com
ponents of angular velocity about the axes 0(x, y, z) be £, r\, £. The velocity components 
u, o, ID at any point x, y, z of the containing shell, or its interior, are given by 

u = zV~yC v=x{-zl;, tv=^-xv , (2) 

Let now the contents be liquefied, and additional components ilx, Q,2, J23 impressed on 

the case. Additional components uu v\, u\ of the velocity of the contents will be found 

from the velocity potential 
T o o o n 9 7 9 

n b2-c2 „ ci-a2 - cc2-6- , /QN 
<#>=- - p ^ 2 . - Q » ^ + _ i - e - f l » ^ + 6 - ^ ' (3) 

by the usual relations ul= — d^/dx, etc. It will be found on trial that these components 
give, at any point of contact of the liquid with the shell, the same speed as the shell, 
too-ether with an additional motion tangential to the shell, of components 

„/ o3y a,z \ ( iijz a3x \ / a2x ahy \ 
\a2 + b2 c2 + a2J' V62 + c2 a2 + b2)> \c2 + a2 b2 + c2)' 

The motion of the case is now derived from the components of angular velocity 

p=fl,+£, Q=a,+v,, »_=„,+£ (4) 

so that if n, o, w be the components of the velocity which the fluid now possesses, the 
components relative to the case u', v', w' are given by 

»'= u+y-R- zQ = 2a2(^j-2-4^, 
^ Xa' + b' c +a' 

,.'= v+ zV-zR=2b
2(j^-.i—^p,), - (5) 

V cr + c2 «2 + b* ' 
, r, -r. r, f Q~TX &I?/ 

\c'+ a*~ b'+ cl 

It will be noticed that at any internal point 

/% ,V i z 

which expresses the fact that the motion of a particle is always on an ellipsoid similar to 

the containing shell. 
Taking account of the gravitation of the fluid, putting p for the pressure and p for the 

density, we get for the equations of motion with respect to axes moving with the shell, 
with angular speeds P, Q, E, 

1 'dp , . du T, • „ , ,3M ,3a ,3M „ 
- =+ + 4iTKpAx + -^r-vxi + -wQ + u ~- + v~- + w —==0, (6) 
p ox at ox Oy Oz v ' 

with two similar equations. Here ^ is the gravitation constant, and the quantities 
A, B, C for the three equations take account of the attraction of the liquid on a particle 
of itself at the point x, y, z, and are obtained from the equations * 

A B c = r ^e dX 
' ' *'o X + < X + b2> X + c* 2{(X + a2)(X + b2)(X + c2)}l' """ 

*See a paper "On the Attraction of Ellipsoids," by A. Gray, Phil. Mag. May, 1907. 

(7) 
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There are also the equations of A.M. 

§-/i2R+^Q==0,
 d/l2 

with 
dt -/i3P + /t1R==0, 

3A3 
dt' 

A 1Q+/i 2P=0, ..(8) 

and similar values for h2, hs. Here M denotes the mass of the liquid. 
It m a y be verified that the equations of motion (6), reduce to 

1 3 » , -\ 
- ^- + 4-n-KpAx+ax=0, 

1 dp 
p 3- +

 4 ™ P B . ft . 

- -J^ + 47TKgCz +yz =0, 

.(9) 

where 
4o2(c2-cc2) 

i\o i_2 " 
\d2 + b2' _, + , ..(10) 

. -cc2 V 4 6 > 2 - 5 2 ) 
(c2 + a2)2 " 2 Vc2 + cc2"2 VJ (a2 + b2)2 "3 

and (3 and y have corresponding values. It might appear that there should be terms in 
each equation in x, y and z, but surfaces of equal pressure must be similar quadric 
surfaces coaxial with the ease, and thus by integration w e ought to get from (9) 

- 2TTKP(AX
2 + By2 + Oz2) + £ (ax2 + (3y2 + yz2) ===== const. (H) 

(12) 

The surfaces of equal pressure will be similar to the case if 

(4-KpA + a)a2==(47rKpB + ^)62==(47rKpC + -y)c!2, 

and the case can then be removed without affecting the motion of the liquid. 

The components of angular velocity of the vortex motion of the liquid are £, rj, £, and 
from a k n o w n hydrodynamical theorem w e infer from (5) the equations of motion, 

These give, by integration, 

|£ _ 2 [-^—, as - -TTATAT?)=o. 
at \c2+a2 2g b2+c2 "J ] 

?+t2+ 2 = C0DSt 

a2 b2 cA 

.(13) 

.(14) 

3. Limits of instability of prolate ellipsoid. Enclosing shell an 
ellipsoid of revolution. N o w let a ==&, and therefore _ 3==0, since no value of fi3 
will affect the motion of the liquid. "We get 

__-
dt~ 

•2 - 2" 2£, 2 
dt a2 + c 

__-
dt' 5fli£ £- . -.(fl^-o^x (i) 

~«2 + c 2~"' dt ai' + c* '" Ot ^a- + c2 

and the equations of A.M. (8), 2, become, w h e n the values of d£(dt, dr\(dt, d£/dt are 

substituted from the equations just found, 

3flj - . « 2 + c2 . 3fl2 o / _ L
a 2 + c 2 ^ (2) 

3=i ~"2i a2-c2''5" 3< 

'' Multiplying the first of (1) by £, the second by -=7, adding and using the third equation of 

the set, "we obtain by integration 

£. + -«_,;_»£.. .(3) 
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Similarly, multiplying the first of (2) by 0X, the second by _2, adding and using again 

the third equation of (15), we obtain as before 

iv+^M+T^-jg^ (4) 
By an obvious process we get also 

fi^ + fl^N + ̂ f 2 (5) 
From these results we find 

-<*&_-» ••{'i&Sr «.-'_-'}<* 
(ffl

2 + C
2)2(9«2-C

2)Ml ((j) 

16c4(«2-c2) ^ J 

L M , N are constants of integration, and M. is not to be confounded with the mass of the 

liquid. 
Thus if L M - N 2 is not zero, {is an elliptic function of t unless the term in tf vanishes 

or is infinite, that is unless c = a, or c==3a. 
Let us put J]1==iQcos^, £22== -flsin<£, so that tan<£ = -03/_i. W e obtain 

v^-^+n^-W-^M+w 00 

-dby(4)and(5) ^°--g±g ^jf^C (8) 

2c2(ci2-e2) 

Similarly, if g = ta cos xjr, rj ===== - _ sin xjr, we obtain by (1) and (5) 

, N + ^+AV2 

d± = 2d2 a^ + n2g._ _2a2_ 4e2 » , ^ 
dt ~ a2 + c2 o>2 ^ a2 + c2 T a2 „ 

Now for a state of steady motion d£/dt = 0, and therefore, by (6), „.,£==„!-»;. Thus 

<=i = -f, fi^+fi^ = _w, and so ^ | a
2 + c2 

..(10) 4e2 6 

0
 M («2 + e2)2 

m + 2c2(d2-c2f 

Thus the values of d^/dt, df/dt (now equal) are 

d<j>_ <. a2 + c2 oi o 3T^;_ __2CCT_ £2. .-^ 

Equating these, we obtain by reduction 

/co 1 «2-c2\2_ (a2-c2)(9a2-e2) ,..-> 

ln"2^2+_2/' " 4(a2 + 6-2)2_ l "' 
Steady motion is therefore impossible unless either e2<«2, or c2>9a2, that is the shell 

must be either oblate or so prolate that its axial length is more than three times its 

equatorial diameter. 

It may be noticed that if we represent the quantity given finally on the right of (6) 

by Z, we have r> r ofi + c2 \ 

+= i-f4±f!
 +,^/ Cff (i3) 

1 °"~6"M+ °'t%P \Z" 
J I 2c2(n2-c2)i> J 
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4c2 ___ (H) 

These are non-elliptic integrals, since Z is a quadratic function of £2. 

4. Cylinder moving in infinite perfect fluid which circulates round it: 

(1) Case of no forces. W e have not space in which to discuss the gyrostatic 

aspects of fluid motion, but must content ourselves with one or two com

paratively simple cases of rotational motion of solids in a fluid, or in which 

circulation of a fluid in a cyclical channel in a solid simulates gyrostatic 
action of a rotating flywheel. 

First of all w e consider the steady motion of a right circular cylinder of 

unlimited length, immersed in a combined steady stream and vortex in an 

unlimited perfect liquid. 

If there be no vortex, the motion is irrotational. Let then the cylinder 

be at rest in a stream which, at all points at a distance from the axis of the 

cylinder great in comparison with the radius a, is in parallel straight lines 

with speed — U in the direction of the axis of x. W e suppose the axis of 

the cylinder to be along the axis of z. 

Since the motion is irrotational, the velocity components are given by the 

derivatives of a function <-/>(_, y, z, t). Thus 

_=-l* .=-!* _=-|£ a) 
ox dy dz 

The velocity potential <p fulfils the equation 

ft + p,+fl = 0 (2) 
dx2 dy1 3sj 

at every point of the fluid. 
The function 0 = 5 T j ( - + -) cost? (3) 

fulfils the condition of uniplanar motion that there shall be no flow normal 

to the surface of the immersed cylinder, and satisfies the differential equa

tion (2). It also gives velocity — U for r= x>. The normal and tangential 

components of velocity at the point r, 6, (x = rcos 9, y = r sin t) are 

-£--(*-!)_.* -*.g+l)__ <*) 
The former vanishes, the latter becomes 2U sin 6, for r = a. The tangential 

velocity is therefore 2 U sin 6 in the direction of increasing 6, that is the 

liquid slips along the surface with this velocity. 
N o w consider another possible motion of the liquid. Let the velocity at 

a point on a cylindrical surface of radius r coaxial with the immersed 

cylinder be tangential to the surface, and of amount a2w(r. The liquid 

thus moves in a sort of whirlpool round the solid cylinder with speed c_ at 
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the surface. N o element of the fluid however has any rotation: it has 

only circulation round the cylinder. 
If the immersed cylinder spin about its axis with angular speed _ in the 

proper direction, there will be no slipping of the fluid. W e suppose the 

circulation to be counter-clockwise, that of 9, increasing, already considered 

in the irrotational motion. 
Each element of the fluid, besides its motion in a circle round the axis of 

the cylinder, has obviously spin {wa2((r + dr)-wa2jr}(dr or -wa2/r2,^ about 

an axis parallel to that of z, which annuls the spin _<x2/. clue to the circular 

motion. The circulatory motion has thus no elemental rotation, and has a 

velocity potential — wa?9. 
For the two motions now considered superimposed, the complete velocity 

P ° t e n t i a l i s <j> = Tj(^ + r)cos9-coa29, (5) 
r 

which enables us to find the pressure p at any point by the well-known 

relation p 

p dt 
-\q2, (6) 

where q is the resultant velocity and p the density of the fluid. W e shall 

suppose o- to be the density of the solid cylinder, so that the mass between 

two normal planes at unit distance apart is 7ra2cr. It can be shown that 

the kinetic energy of the fluid, when set in motion by a cylinder moving 

steadily through it with speed U, is equal to that of the fluid displaced by 

the cylinder and supposed to be moving with the speed U. W e have there

fore to add to ire. a- the value Tra2p as the virtual increase of mass of the 

slice of the cylinder, due to the fluid motion. 
Whether the cylinder be at rest and the fluid flowing past it with speed 

U, or be in motion with speed U through the fluid otherwise at rest, the 

pressures on the surface of the cylinder will be the same. B y (6) and the 

value of q2 [ = (d<p/rd6)2, since 3c/>/3r = 0] to be found from (5), w e get for 

the excess of the pressure at a point of coordinates a, — (TT — 9) over that at 

the diametrically opposite point a, 9 the value 4<Uapw sin 9. Thus the total 

thrust from the side of smaller velocity of the fluid towards that of greater 

velocity is, per unit length of the cylinder, 

4<a2\Jwp[\in29d9 = 2ira2p\Jw (7) 
Jo 

N o w suppose the flow at speed U of the fluid annulled, and the solid 
made to move with that speed in the opposite direction, the forces will not 
be altered. W e shall have, apart from gravity, which for the present w e 

neglect, a transverse force 2ira2\lwp on each unit of length, and a total mass, 

virtual and real, of 7ra2(o- + p), per unit of length. Hence the cylinder 

receives an acceleration at right angles to the direction of its motion of 

amount 2ira2\Jwplira2(o- + p), that is TJ2j{(o~ +p)\J/'2pw}, and this is constant. 

Hence the axis of the cylinder moves in a circle of radius (a + p)XJ/2pw. 
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As to the direction of motion: let the circular motion of the fluid be in 

the counter-clock direction to an observer looking towards the origin, sup

posed in the plane of the paper, and the cylinder be moving with speed U 

towards his right. Then the smaller pressure is on the upper half of the 

surface, and the centre of the circular orbit is above the cylinder. The 

observer will see the cylinder go round in the counter-clock direction, the 

direction of the circulation round the cylinder. 

5. Cylinder moving in infinite perfect fluid with circulation: (2) .Case 

of extraneous forces. Let now extraneous forces act on the cylinder, 

say P in the direction of motion and Q transversely (both taken per unit 

length of the cylinder), in the same direction as the pressure force 2-wa?oip\]. 

The equations of motion are then 

rf(p + cr)^=P, | 
dt i; V (1) 

ira2(p + cr)US- = 27ra2„pU+ Q,J 

where S- is the angular speed with which a normal to the path is turning 

round. Clearly US- is the acceleration of the cylinder. 

N o w take fixed axes in the plane of motion of any chosen point on the 

axis of the cylinder, and resolve the accelerations and forces along these 

axes. W e get as the equations of motion 

•7ra2(cr + p)£+kfi = X, Tra2(<T + p)n-k£=Y, (2) 

where k=2-7ra2wp. 

If we put Y = 0, and X = 7nx2(cr — p)g, K = h/(rr + p), and write g for 
(cr — p)g((u+ p), the equations of motion become 

£+»}=_ *.—*:#=0 (2') 
These have the integrals 

£=K2--+ccos(Kt-f), r,=2-t + (3 + csin(Kt-f), (3) 

(where a and /3 are constants) which show that under the fluid pressure 

and the force of gravity each point on the axis of the cylinder describes a 

trochoid. The motion of each point of the axis is therefore periodic in 

a vertical plane. It is to be observed that no continuously progressive 

vertical displacement of the cylinder is produced by the action of gravity. 

W e have assumed the value given above for the total virtual inertia of 

the cylinder. There is no difficulty in verifying that this value is the 

correct one to use in the general motion here considered. This can be done 

by calculating from the value of <j> for the cylinder moving through the 

fluid (not for the case of the fluid flowing past the cylinder reduced to 

rest) the pressure by the equation 

*-_-*•+«<> <*> 
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W e take the case of rectilinear motion. It must be borne in mind, that 

(4) applies to a point of the fluid fixed in space, and that if r and 6 be 

taken constant in the velocity potential, <j>, for the moving cylinder, they 

and <p refer to a point which changes position as the cylinder moves. 

Apart from circulation the value of <j> is now JJ(a2/r)cos9; the com

ponent of the velocity in the direction of r is Ucos 9, and in the direction 

of \9 increasing (counter clockwise) is -Usinfr The angle 9 is supposed 

to be measured from the direction of motion. As therefore the origin 

moves the r for a point, r, 9, fixed in space is changing at rate -Ucos9, 

and 9 at rate U sin 9(r. Thus if, with reference to fixed axes, dcp/dt denote 

the time-rate of variation of the potential, so far as it depends on the 

motion of the cylinder, 30/3;! for the point fixed in space is 

'^-Ucost^ + ^sin^. 
at dr r oa 

But r^ = U^cosr9; 
dt r 

and the value of d<p/dt to be used in (4) is therefore (with r = a) 

U^cos 0-U cos 6*4 + - sm _|£ 
r dr r 3d 

The whole potential cp is Ua2cos 9jr — wa29. From this can be found, 
by multiplying p, from (4), respectively by add cos 9 and ad9 sin 6, and 

integrating from 0 = 0 to 9 = 2TT, the forces against and at right angles 

to the motion. They are 7rpa2TJ and 2ira2p\]w [see (7), 4]. 

This problem was treated as an illustration of the flight of a tennis ball 

by Lord Rayleigh [Messenger of Mathematics, VII, 1877 ; Collected Papers, I, 

p. 344], and in a more general manner by Greenhill [Mess. Math. IX, 1880]. 

6. Drift of a- rotating projectile: Case of a- golf ball It has been sup

posed that the deviation of an elongated projectile fired from a rifled gun 

might be accounted for on a theory like that sketched above. The projectile, 

dragging air round with it as it spins about its longitudinal axis, would 

produce differences of velocity round it, especially in that part of the 

trajectory in which it begins to have serious sidelong motion, and thus 

differences of pressure would arise. But the observed deviation is in the 

opposite direction to that given by the theory, and it is necessary to find 

another explanation. 

As Lord Rayleigh remarks (loc. cit. supra) it is not clear that in such a 

case as that of the tennis ball, the pressure is greatest on the side on which 

the velocity of the fluid is least. Bernoulli's equation is proved on the 

assumption that the fluid is frictionloss, and in the present case the air is 

dragged round by small roughnesses which may be likened to blades pro

jecting from the surface. " On that side of the ball where the motion of 

the blades is up stream, their anterior faces are in part exposed to the 
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pressure due to the augmented relative velocity, which pressure necessarily 

operates also on the. contiguous spherical surface of the ball. On the other 

side the relative motion, and therefore also the lateral pressure, is less, and 

thus an uncompensated lateral force remains over.'' 

But according to the results of the experiments and observations of the 

late Professor Tait * on the deflection of a golf ball, the effect of spin is to 

produce deflection of the ball, as a whole, in the direction in which the front 

of the ball is moved by the spin. Thus a ball, which spins about a hori

zontal axis across the path, reaches the ground much sooner if the spin 

carries the front of the ball downward than when the reverse is the case. 

If the spin is about a vertical axis, or one in the plane of and nearly normal 

to the trajectory, the deviation is to the left or the right according as the 

front of the ball is moving towards the left or the right. 

This is so far in accordance with the theory of pressures in a frictionless 

fluid, supposing that circulation round the ball is produced by the spin. For 

if we imagine imposed on the ball and fluid, a translatory motion equal 

and opposite to that of the ball, we see that the relative motions of the 

ball and fluid are as the theory requires. When the ball, as described above. 

deviates to the right, the translatory and circulatory motions of the fluid 

conspire on the right, and are opposed on the left side of the ball, and so in 

the other cases. For example, if the club strikes the ball on the whole 

below the centre, so called underspin is given, and the ball soars, so that 

a much longer drive is obtained than in the case of overspin, which is 

produced when the ball is " topped." The soaring gives concavity upward 

in the ascending part of the path, which may even culminate in a cusp. 

In a complete theory the effect of friction will have to be taken account 

of, and the nature of the surface of the ball will no doubt be an important 

factor. The behaviour of the fluid in the rear of the moving body is very 

different from that which would occur if the fluid were perfect. There is a 

wake of eddies of fluid acted on by friction and then left behind by the 

body. The opinion among golfers appears to be that the " brambling " of 

the surface increases the "carry'' of the ball; probably it is required to make 

the circulation effective. Careful comparative observations, carried out by 

an expert player, might give valuable information. 

* Tait's conclusions are confirmed by experiments recently made by M. Carriere \Journ. de 

Physique, V, 1916] on light spheres moving much more slowly than golf halls. The balls were 

cut from the pith of the Jerusalem artichoke (moelle de topinambour). They were given rotations 

varying within a wide range by running them along before projection between two horizontal 

ribbons moving at different speeds, and were projected horizontally. Observations were 

made with different rotations and different speeds of projection, and the trajectories were 

shown by the white balls falling in front of a black background. Appell remarks (Cr. 

Jan. 1918) that these experiments show that the resultant action, of the air on the ball, 

is inwards along „ radius specified by supposing the direction of motion turned through 

an acute angle, in the direction against the circulation. This is exactly Tait's result, stated 

in 1893. 

(i.G. s 

file:///Journ
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7. Drift of an elongated fast-spinning projectile. It is however the 

case that this theory of a frictionless fluid, when applied to elongated 

projectiles, moving at the speed of rifle bullets or of shells fired from rifled 

artillery, in no way accounts for the deviations observed. W h e n these 

projectiles have pointed ends, and are fired from guns rifled with a right-

handed screw, they deviate to the right of the vertical plane of fire, as seen 

from behind. W h e n the rifling is in the opposite direction the drift is 

reversed. This is the direct opposite of the effect to be expected, according 

to the theory explained above. But here no doubt the forces applied to the 

body, in consequence of the combination of sidelong with translatory 

motion, as explained in 14 and 15, VII, are effective. The translatory 

motion is of the order of 2500 feet per second in the early part of the flight: 

the spin about the axis of figure ranges from 100 turns per second, for a 

large projectile, to over 3000 turns per second for a rifle bullet. 
It was proved first by Professor G. Magnus, of Berlin [Taylors Scientific 

Memoirs, 1853], by carefully arranged experiments, that the action of the 

air is equivalent to a resultant force which cuts the axis of the shot at a 

P 

point in front of the centre of gravity. Thus when the axis of the pro

jectile coincided nearly with the tangent to the path G O (Fig. 68) of the 

centre of gravity, deviating a little from that line by a deflection of the point 

upward and to the right, the action of the air was a force F meeting the 

axis in E, the so-called centre of effort, and directed as shown. 

The theory of the subject requires elucidation in many particulars; but 

the main cause of drift and the general behaviour of the projectile are 

tolerably clear [see a paper by Mallock, Proc. R.S. June 6, 1907]. 

The axis of spin follows very closely the direction ot motion. As the 

projectile passes along the path the rate of change of direction of its axis, 

if that direction adhered to the tangent to the path, would be w = vjW, 

where R is the radius of curvature of the path. If </' be the acceleration 

normal to the path, the value of R is v2/g', and therefore w=g'jv. Hence 

the couple required for this turning of the axis of the shot is Cnw = Cng'jv,-

where Cn is the A.M. of the shot about the axis of figure. The couple-axis 

is along the principal normal to the path. 

W h e n the axis of the shot is slightly inclined to the tangent to the 

trajectory, for example as in Fig. 68, the action of the air is like that of an 
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air jet, in the direction of the -arrow, playing obliquely on the face of the 

shot which, in consequence of the component of sidelong motion, meets 

the air as the motion proceeds. Thus there is a resultant force F, the line 

of which O E is inclined at a very small angle (3 to the trajectory O G and 

intersects the axis of figure at E, which is at a distance c in front of the 

centre of gravity G. This gives a couple in the plane PEO of moment 

Fc sin 9, where 6 is the angle OEP. It also gives a force F cos (3 retarding 

the motion of the centroid along the trajectory and a force F sin /3 at right 

angles to the trajectory, the effect of which is to contribute a curvature 

Fsin/3/. in the plane determined by F and the axis of figure EP. [This 

of course is not the whole curvature.] The horizontal component of the 

force transverse to the trajectory is effective in producing drift. 

As seen by an observer behind the gun, the axis of the couple Fc sin 9 is 

towards the right of the plane GOE. The axis of spin is drawn forward 

through the point of the bullet, if the spin is right-handed, and precesses 

round towards the axis of the couple and tends to move in a cone round 

the direction of F as an axis, or, which is practically the same, about the 

direction of motion. As the axis precesses the force F changes its direction, 

and if the axis of the shot went round in a right circular cone about the 

trajectory tangent there would be, on the average, no action at right angles 

to the tangent, neither in the vertical plane nor horizontally, but only an 

alternating action giving helical quality to the trajectory. But this, as we 

shall see, is not the real nature of the resultant precessional motion. 

8. Action of friction. A second couple is exerted on the shot by friction. 

The shot is rotating, clockwise, as we have supposed, to an observer behind 

the gun, and so, according to Fig. 68, there is friction between the shot 

and the air impinging on the forward part of the under side of the body. 

This gives a couple which we may take as in a plane containing F, and at 

right angles to GOE. The axis of this couple is nearly at right angles to 

the trajectory, and points downwards. Hence precession carries the point 

of the shot downwards, that is the axis if tilted upwards tends to move 

down towards coincidence with the trajectory. 

The projectile is continually engaging air hitherto comparatively undis

turbed at the front of its under surface, and losing grip of air underneath it 

at the near end. But as the air is carried round by friction it leaves the 

shot in the direction in which the surface, on the side sheltered from the 

impact of the air by the shot itself, is moving. In this sheltered part eddies 

are formed, and there is an absence of the closing-in stream lines which 

would exist if the fluid were " perfect." On the whole, if the forward end 

is pointed, the tilting action tends to lift the point above the trajectory; 

for, if not at the outset at some point forward on the path, the point will 

rise slip-htly above the tangent, where the path is convex upward, and the 
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axis of spin preserves its direction. The friction couple however, as past 

explained, prevents this rising from becoming large, and indeed is etiective 

in making the axis of spin follow the trajectory very closely _ 
As Mr. Mallock suggests [loo. dt. supra] this friction couple rs no doubt 

proportional to n2, to the small angle O AP, X, say Flg. 69], and to some 

function /(.) of the speed, and so we have Gnw^Cng (v = n-xf(v), so that 

=-C___ 
x nvf(v) 

This angle x increases as v and n decrease; it is only while x is small that 

the projectile follows the trajectory closely and the motion is steady. 

9. Graphical representation of the motion. The following representa

tion of the behaviour of a spinning shot is taken, with some slight 

alteration from Mr. Mallock's paper. Let X O Y be a plane at right angles 

pI0. 69.—AO is direction of motion, O'A is direction of motion, after time dt. 

to the direction of motion, AZO, set up in front of the firing point, and 

carried forward so as always to be at the same distance in front of the 

bullet. Let A P be the direction of the axis and P the point in which that 

line meets the plane X O Y , and let O P be drawn in that plane. Then, in 

consequence of the first couple discussed above, the point P has a motion at 

right angles to O P in the plane X O Y . In fact O P turns about 0 in that 

plane with angular speed Fc sin 9/Cn, approximately, and the speed of P is 

therefore O P . Fc sin 6/Cn or 0 A . Fc sin 0 sin x(Gn. [Note that 9 - (3 = x-1 

But in consequence of the second couple P has a motion towards 0, which 

is also proportional to the length of OP. Hence the path of P is an 

equiangular spiral, as indicated in the diagram. 

If P be so situated that the tangent to the spiral is there parallel to O Y 

_ P O Y is the constant angle of the spiral, and for a well-shaped projectile 
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giving small drift this angle is small. If the precessional period be T the 

element of the spiral described in dt is 2-TrOA. sin x clt/T sin <j>, where 0 is 
the angle of the spiral. 

It is to be observed that in each element of time the direction of motion 

changes through an angle w dt from A O to AO', in the vertical plane con

taining A O , and that then A P takes the new direction AP'. P' is now 

moving in a spiral about a pole in a new position. The sequence of new 

configurations of A O and AP' gives the actual motion of the axis with 
reference to the trajectory. W e have 

sin x _ a>T 

sin 0 2-ir' 

If w is fairly constant the angle of the spiral must change with x so that 

sin x/sin 0 is constant. Hence if 0 be small x/0 must remain constant. 

If x remains constant so also will 0. 

If the angle 0 is small the couple due to friction is large compared with 

that due to the tilting action of the air pressure. 

W e see then that in general an upward vertical force diminishing the 

effective action of gravity on the curvature, and a sideways force producing 

drift of the projectile as a whole,, are applied. For a right-handed rotation 

(as seen from behind) the drift is to the right, for left-handed rotation to 

the left of the observer. But in consequence of the spiral motion of the 

axis the drift oscillates in amount. If the successive positions of P were 

recorded, as in Fig. 69, for a great distance along the path, the locus would 

be a kind of cycloidal curve drawn along a descending line.-

The action of the sideways force due to friction is described by some 

writers on ballistics (e.g. Cranz * ) , by saying that a cushion of compressed 

air is formed by the partly sideways advancing projectile, which rolls side

ways on this cushion as it spins. 

If the centre of effort is behind the centre of gravity, which is the case 

for shot of certain shapes, the action described above is reversed. It 

may happen also that the point of the shot is tilted down either by the 

recoil acting on the gun so as to throw up the breech, or the streaming of 

powder gases past the shot, or in some other way, so that left-handed 

drift is produced in the first part of the trajectory, and right-handed drift 
later. 

Besides Mr. Mallock's paper the reader m a y consult one by Professor 

J. B. Henderson [Proc. R.S. 1909 (A), 82] which contains a detailed 

graphical representation of successive positions of the axis of the shot, 

and shows how, as the axis changes its position in the spiral and the 

tangent turns down relative to its initial direction, the drift oscillates 

slightly in value. 

* Komp. d. dussern Ballislik, or Encycl. d. Math. Wiss. IV, 3. 
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10. Position of centre of effort for airship- The diagram given m 
Fig. 70 shows the position 'obtained in experiments with a model of an 
airship in a wind. It is taken from a communication from the Gottmgen 

C -) ' ' ' ZrS->i"'-
•*? 

FIG. 70. 

Model Testing Institute [Engineering, II, 1911]. By means of balances the 

components of the force due to air pressure, and the moment of the couple 

on the model were measured, and so the directions of the resultant forces 

were laid down in the diagram, for different amounts of obliquity of the 

axis of the ship to the air current. The direction of motion is from left to 
right. E is at the intersection 
of the direction of the resultant 

force and the axis of the ship, 

and is farther out the smaller the 

obliquity. 

By means of vanes in the rear 

part of the model stabilising 

forces could be applied. When 

these were in action the position 

of E was behind the centre of 

gravity, and the couple, which 

without them tended to turn the 

ship broadside on to the stream, 

gave, when compounded with 

the forces on the vanes, a couple bringing the ship back to the direction of 

the wind. The diagram in such a case is shown in Fig. 71. It will be seen 

that in this case the greater the inclination of the air current to the axis the 

farther is E from G. 

11. Motion of a perforated solid in a perfect fluid. Use of Lagrange's 
equations. W e do not discuss tire general motion of a solid in an infinite 

liquid; for this the reader may refer to Lamb's treatise on Hydrodynamics, 

to Halphen, Fonctions Elliptiques, t. II, chap. IV, or to Greenhill, R.G.T., 

chap. VIII, §27. But the problem of the motion of a perforated solid with 

circulation through it is of importance from the point of view of gyrostatic 

action, and therefore we give here an account of its solution, under certain 
restrictions as to the form of the solid. 
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We shall suppose that the solid is a circular ring, and refer the motion to 

axes of coordinates, 0(x, y, z), taken along and at right angles to the axis 

of figure. The choice of the position of the origin on the axis of figure is 

of importance as regards the form of the terms included in the expression 
for the kinetic energy, as we shall presently see. 

According to a principle first formulated in Thomson and Tait's Natural 

Philosophy, and now generally accepted by mathematicians, the kinetic 

energy of the motion of an infinite liquid, which contains moving solids, can, 

in the absence of cyclical motion of the liquid, be expressed in terms of the 

coordinates and the velocities, which specify the configuration and motion 

of the solids. W h e n there is cyclosis, and cyclical motion of the liquid, 

that is when there is circulation of the liquid round re-entrant channels in 

the solids, the kinetic energy needs only to be modified by addition of a 

homogeneous quadratic function of the quantities KX, K2, ... , which are the 

line-integrals r 
I (u dx + v dy + w dz) 

of fluid velocity taken round the different channels. 

In the absence of cyclosis the motion is that which would be produced 

throughout the fluid by starting every part of the bounding surface of the 

fluid, that is every element of the surface of the solids (and if the fluid is of 

finite extent every element of the bounding surface of the fluid), with the 

velocity which it has in the actual motion at the instant considered. 

When there is cyclosis we have to suppose impulsive pressures properly 

applied, over diaphragms closing the various channels, by means of mechan

ism connected with the solids; and corresponding to this of course a 

system of reactions would be exerted on the solids. These impulsive 

pressures are required to generate the momenta of the cyclical motions. 

The reactions would have to be taken account of in the forces applied to 

the solids. 

12. Motion of a ring in a perfect fluid. Equation of energy. W e 

consider then a solid symmetrical about an axis of figure, along which also 

it is perforated, moving through a liquid while spinning about its axis of 

figure and also about axes at right angles to the axis of figure and drawn 

through the origin. If u, v, w be the velocities along the axes, which are 

fixed in the body, and therefore move with it, p, q, r the angular speeds of 

the spin, and K the cyclical constant of the circulatory motion, and if the 

origin is suitably chosen, the total kinetic energy for both fluid and solid is 

given by 2 T = Au
2 + B(v2 + w2) + Yp>2 + Qt(q2 + r2) + ^K2 (1) 

where A, B, P, Q and K are constants. 

The origin is here chosen so that no products of the form uq,..., exist in 

the expression for T. If the body has three orthogonal planes of symmetry 

the origin is the centroid. The solid might however have an axis of figure 
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without symmetry otherwise. For example, in the case of p = 0, /-: = 0, w< 

have, on the supposition that the solid moves so that its axis of figure 

remains always in the same plane, and that it turns about an axis perpen

dicular to the plane of u, v, with angular velocity co, the equation of kinetic 

energy 2T = Aw
2 + B-y2 + Q_ +2S<«>- (2) 

The transverse velocity of a point E on the axis at a distance h in front of 

the origin is v' = v + ho,, so that v = v - IM. From this we find, by substituting 

v'-hw for v (dropping the accent) and Q' for Q + B/c2-2S/c, with 7c. = S/B 

(that is put Q' for Q-S2/B), that 

2 T = A M 2 + B,;2 + Q'CO2 (3) 

This amounts to shifting the origin forward to E through the distance 

S/B. The point at this distance in front of the centroid has been called by 

Thomson and Tait the " centre of reaction." 

13. Impulse of motion of a solid in a fluid. No matter how the body 

and fluid may be moving we may suppose the motion (apart from the axial 

spin) to be generated by an impulse I on the body in some line E X through 

the centre of reaction E, and an impulsive couple of amount Qw about an 

axis at right angles to EX. Through E imagine a plane at right angles to 

the axis of turning, and in that plane take a line Ox parallel to EX, at 

distance y, such that, I being the total momentum of body and fluid, that 

is (A'%2 + W-v2)2 [or (see 14), in the case of circulation through an orifice 

along the axis of figure of the solid, {(A„ + ^ ) 2 + BV2}3], L/ = Qco. 

The massiess framework required to connect the line of impulse with the 

body may be imagined, or ignored. Ox is called the line of resultant impulse 

or resultant momentum. 

In the case of a completely symmetrical body the centre of effort E is of 

course the centroid. 

14. Equations of motion of a, solid in a perfect fluid: proof (a) by first 

principles, (b) by the method of Lagrange. Returning to the more general 

problem, we consider the case in which the solid moves in a plane contain

ing the axis of symmetry. W e put therefore v2 for i,2+u", w2 for q2 + r2, and 

suppose that this turning is about an axis at right angles to the plane of 

motion, that of u, v. We have thus, with, where needful, new values of the 

constants, 2T = Av2+Bv2 + Fp2 + Qor + IiK2 (1) 

W e shall suppose for the present that p = 0, that is that the solid has no 
spin about the axis of figure, so that 

2T = Au 2 + Bc/2 + Qco2 + _. (2) 

It will be seen that we have here a case in which, in order to obtain the 

equation of motion, we must allow for the motion of the axes. There are 

various ways of proceeding ; we take first one which appeals directly to first 
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principles. We suppose, as at 15, VII above, that the virtual inertia of the 

fluid in the direction of the axis of figure is aW, and in any transverse 

direction /3M'. The momentum of the fluid in the former direction is 

aM'u + <f, and in any transverse direction is /3M'_, where £ is the momentum 

due to the circulation, which is supposed to have been produced by pressure 

over a diaphragm closing the orifice. 

In consequence of the turning of the transverse axis in the plane of motion 

with angular speed co, momentum along the axis of figure is being produced 

at rate — (3Wvoo. For in time dt the axis of y has turned through the ano-le 

w dt, and a component of momentum in the negative direction of the instan

taneous position of the axis of x, and of amount (3Wvw dt, has been produced. 

The whole rate of production of momentum of the fluid about the axis of x 

is therefore aM„-/3M' _. 

Similarly the total rate of production of momentum about the axis of y is 

(3Wv + aWuoo + £u>. 

Finally, the rate of production of A.M. about the axis of rotation may be 

found as follows. Take first the part due to the action of the revolving-

solid on the fluid. Let h, k be the coordinates of a fixed point in the plane 

of motion. The A.M. about an axis through that point at right angles to the 

plane of motion is (aWu + g)k — (3Wvh. The rate of change of this (terms 

in ib, i) omitted, since we are to put presently h = k = Q) is 

(aWu + £)k-(3Wvh=-{(a-(3)Wu + £}v, 

since h = — it, k = — v. Thus we get for the rate of growth of A.M. about 

the axis of turning, which passes through the point h = 0, k = 0, the value 

— {(a — (3)Wu + £}v. The total rate of growth of A.M. of the fluid is therefore 

C'cb-{(a-fi)Wu + £}v. 

If no impressed forces act on the solid, the only forces applied to it are 

the reactions of the fluid, due to the rates of production of momentum and 

A.M. just estimated, since these are due to the action of the solid. Hence, if" 

M and C be the inertia and proper moment of inertia of the solid, we obtain 

M (ii - wv) = - aWu + (3Wvoo, \ 

M(v + wu)= -(3Wv-(aWn + i)w, I (3> 

C_ = -C'w +{(a-(3)Wu + £}v) 

These equations of motion may be written. 

Aic-Bwv = 0, Bv + (Au + £)w = 0,} ,,. 

Q„-{(A-B)w + £)i) = 0,J 

where A = M + oM', B = M+/3M', Q = C + C (5) 

The equations thus arrived at from elementary considerations may be 

deduced by the Lagrangian process from (5), if we make allowance for the 

motion of the axes. For the expression given for T does not contain the 
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•(7) 

coordinates on which the configuration at time t depends. The generalised 

components of momentum are 

3T _T _, _T -, /a\ 
- +i = A.u+i, %r = Bv, — = Q„ W 
OU fc - dv _ 

From these, making the allowances referred to for the motion of the axes, 
we get, since there are no impressed forces, 

d-dT 3T n ddT /3T \ 

dtdu-^r0' didv+w(du+s)-°> 

dtdw \du V 3v 
or, by (1), 

A w - B _ . = 0 , B?) + (Aw + ̂ )co = 0, Q_-{(A-B)t- + £}.=0, (8) 

as before given in (7). W e suppose that A > B . 

15. Vibrations of a ring moving in a fluid. Quadrantal pendulum. 

Let us now refer to fixed axes 0'(x', y') in the plane of the motion, and take 

the axis Ox in the line of the resultant momentum I. This direction is 

constant, and so if 9 be the angle which the axis of figure makes with OV, 

we have Au + £=Icos9, -Bi> = IsinO. 

The third equation gives 

Qe + -7i
1g{(A-B)Icost9 + Bf}Isin0 = O (1) 

This result, (1), was first given by Lord Kelvin in a paper on "Hydro-

kinetic Solutions and Observations."* He remarked that the ring performs 

finite oscillations as would a horizontal magnetic needle to which was rigidly 

attached, parallel to its magnetic axis, a bar of soft iron. Clearly if the 

needle had a magnetic moment of amount £, the return couple on the needle 

suspended in a field of intensity I would be proportional to £Isin0, and 

the induced magnetic moment in the soft iron bar would be proportional to 

I cos 9, so that, to a constant multiplier, the quantity (A —B)I2sin 29 would 
represent the return couple on the soft iron bar. 

If |=0, we get, with % = 29, 

Q^ + ̂ r^I'2sm3- = 0 (2) 

This is an example of a " quadrantal pendulum," in which the law of varia

tion of couple with deflection „ is the same as that of an ordinary pendulum 
with respect to 9. 

By (1) we have for T the period of a small oscillation, 

T _ 9 / ABQ \2 
L~2v {{(A-W+BiTU (3) 

" Phil. May. XLII, 1871, or Mathematical and Physical Paper*, IV, p. 09, 
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It will be seen that the momentum £ due to the circulation through the ring 
increases the return couple, that is increases the stability, an effect similar 
to that of gyrostatic action. This case of small vibrations can only occur if 
9 is always small, and therefore v always small and u nearly constant. 

The investigation shows that if B > A and £ be zero or insufficiently large 
the motion of the solid is unstable. A sufficiently large circulation thus 
ensures stability. 

16. Elliptic integral discussion of finite oscillations. With respect to the 
new fixed axes of x and y we have, if x and y be the coordinates of the origin before 
considered, which moves with the body, 

-- -7-7J7 (A sm 2 9 + B cos2 9) - ̂ - T — , x—ucos t/— vsm ( 
..(1) 

• n /i A — B _ . „ „ £ sin 9 
y = usma + vcos6— 7=5-1 sm 6cos 9 -=—7—• J 

Also it is clear from (1), 15, that Q^' — T ^ (2) 

so that, multiplying by 9 and integrating, we get 

_===-l/-I2^^sin2t9 + -~£cost9 + Cy, (3) 

where C is a constant. Of course we have 

c. =ty, (4) 
without any added constant, since the fixed axis of x is coincident with the line of the 

resultant momentum I. 
If we write a for I 2(A-B)/ABQ, b for 2I£/AQ, and c for C/Q, we get 

92 = — asin28+bcos 0 + c. 

Transforming this by putting z = tanit9, we obtain 

4z2 = (c-b)zi + (2c-4a)z2 + b + c = 4m2Z (5) 

Thus _ = f* (6) 

The reduction to the normal Legendrian form of the elliptic integral is obvious. Thus 
cos 0, and therefore 9, and, by (5), also y, are elliptic functions of the time. 
The elliptic function treatment is very simple in any case, but is particularly so if 

£=0. W e get then, by (3), 
S (32 = co1

2(l-X-2sin2t9) (7) 

Here &2 = (A — B ) I 2 / C D 1
2 Q A B and of2, from the constant of integration, is the square of the 

angular speed when (9 = 0 and when 9 = ir, if the solid makes complete revolutions. Since 
the pendulum is quadrantal, this equality of angular speeds was to be expected. W e 

have thus for the time t, from 9 = 0 to any value 9, 

0)lt=[
e ^ 1=W; 9)- [9 = amoht.] (8) 

}o(l-k2sm28)i 

If the solid does not make complete revolutions, but only revolves up to amplitude a, we 

have> ^ 3' ^ = -^P(sin
2a-sin2(9) (9) 

ABQ 
Writing now sin2t9 = sin2asin2c/-., we obtain 

i2 = __lll2sin2a(l-sin3asm20), (10) 
" ABQ 
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so that mt= \ ^ r = F(sin a, 0), /n-> 
Jo (l-sm2asin-0)a " > 

where m = {(A-B)I2 sin2a/QAB. J 

The values of the coordinates x, y, measured along the fixed axes, can now be found for 

the two cases. When £ = 0, we have, from (1) and (2), 

x = - / si n2 9 dt + -. cos2 9 dt, 

y^e. J 
Now, integrating from the instant at which 0 = 0, we get, when the solid makes complete 

revolutions, 

fsin28dt=T^-{F(k, 9)-V(k, -)}, \cos
29dt=-,ir}'xr(k, 9)+~-&(k, 9). 

From these we get by the first of (12) 

-{(AV^H^^W (13) 

y = -^-(l-*a8i_»0)4, 

where it is understood that ,-r = 0 when 8 = 0. 
When complete revolutions are not performed, we get for the values of x and y, 

p— F(sin a, 0) -Y=K- E(sin a, 0),) 
am v '' Ism 2 a v r"\ 

' B« 

Q-m 
y = -T-cos0. 

..(14) 

17. Graphiced representation of motion. Figure 72, which is reduced from 
Lamb's Hydrodynamics [3rd edition, p. 166], illustrates the motions of a disk for which 

A = 5 B , projected with different amounts of turning, combined with the same impulse 
in the direction Ox. There are consequently, by (13) and (14), 16, different initial 
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values of y, etc. Diagram I shows the path of the centre of the disk and the turning 
when complete successive revolutions in the same direction are made. In diagram n is 
shown the motion when complete revolutions are just made ; the path is asymptotic to 
the line of impulse. In diagrams in and iv the path crosses the line Ox at intervals of 
time equal to half the period of the motion. 

The last diagram gives an idea, of course with great exaggeration of amplitude, of the 
case of small vibrations when the path approximates to a curve of sines. 

The following results regarding the separating case II may be verified by the reader 
either as limiting values of the results already given, or independently. W e have 
8 = iOjCOSt9 since k = l, and therefore 

(OjZ = log tan (-J9 + JTT). 

Also ,;,•_,-T-(l+ p sin29), y = -1 -- sin 9 cos 9, 

so that ~=Q. + ^)*__£_tan__,i!, y ===== =*= sech uxt. 

It will be seen that there is a remarkable analogy between this periodic motion of a 
disk or ring in a liquid and the finite oscillations of the axis of a top. It follows from 
(1), 16, that if the inertia of the disk itself were negligible, and the disk were very thin, 
so that A/B = co, the curves in Fig. 72 would meet the line Oy in cusps. Loops are 
impossible unless [see (1), 16] the value of £ is sufficiently great to make x change 
sign. 
The motion of an infinitely long cylinder, of elliptic cross-section, moving at right angles 

to its length in a frictionless fluid while turning about its axis of figure, has been worked out 
by Greenhill [Mess, of Math. IX, 1880]. If M be the mass of the cylinder between two 
cross-sections at unit distance apart, a, b the lengths of the semi-axes of the elliptic 
section, cr the density of the cylinder, and p that of the fluid, the values of A, B, C are 

A=M(I+£|), B-M(I .-££), 

18. Stability of a body rotating in a fluid. Although the subject has been 
dealt with above [18, VII], we may notice in this connection the gyrostatic stability con
ferred on the solid by giving it rapid rotation about its axis of figure. Let the angular 
speed of this rotation be p, and the body be in steady motion with this and axial velocity 
u, and all other velocities zero. W e now suppose the motion slightly disturbed, and 
remember in what follows that u0 andp a are constant steady motion values. The kinetic 
energy is now given by 

2T ===== Ait2 + B (v2 + w2) + Pp2 + Q (q2 + r2), 
from which, noticing that „==0, p = 0, we obtain, by the methods already exemplified, 
equations of motion 

7>(v-p0w) = -AuQr, B(o>+p0v) = Ati0q, 

Q? + (P - Q ) W = " . - B ) V > <- - (P " Q). of? = . " B) < . 

If now we assume that v, w, q, r = (o., (3, To, p)e?w, 

we obtain a determinantal equation which is a quadratic in A2, and which splits into the 

two quadratics 
BQA.2±B(P-2Q)iDoA-{B(P-Q)iD0

2 + A(A-B)V} = 0. 

The condition that the roots should be real is easily found to be that 

BP V + 4 A (A - B) Qu0
2 > 0. 
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If A > B this condition is always satisfied, but in the absence of spin about the axis it 

is not satisfied when A < B . Thus, in the latter case, with p„ = 0, the solid is unstable, 

and tends to set itself broadside on to the direction of motion. If however p0 i
s made 

sufficiently great, the end-on position of the body is stable, even if A < B . The mean 

motion is now one of precession of the axis of figure round its direction in the steady 

motion, with very slight deflection. 

This contains the theory of the stability of a rifle bullet and of a torpedo, or other 

air or water craft in which is mounted a sufficiently powerful gyroscope or flywheel, the 

bearings of which are rigidly attached to the casing or hull of the vessel. It is to be 

remembered however that in such cases couples may be applied to the body which cause 

it to be seriously, and permanently, deflected. The body is supposed in the investigation 

above to be subject to no forces except those called into play by an infinitesimal deflection 

from the steady straight line motion in the direction of the axis of figure. 



CHAPTER XIV 

EFFECTS OF AIR FRICTION AND PRESSURE. BOOMERANGS 

1. Air friction on rotating body: (1) no other applied forces. It is not 
possible- to give a complete account of the effect of air friction and pressure on the motion 
of a top or gyrostat, and we have to be content with an approximation based on the 
assumption, usually made for the motion of a pendulum, of resisting forces simply pro
portional to the speed of motion. Hence we assume that the action of the air on the 
revolving body is a couple about the instantaneous axis of rotation, of moment propor
tional to the angular speed, retarding the rotation and therefore having its axis directed 

oppositely to the vector representing the angular velocity. Thus, if there is no applied 
couple except that due to the resistance of the air, the equations of motion may be written 

Ap-(A-C)qr= - Xp, Aq - (C - A)rp = - Xq, Cr=-Xr, (1) 

where X is a constant. 
- _ t 

The third equation gives r = r0e
 c , (2) 

where ?-0 is the value of r when t = 0. If we put p + iq=z, the first and second equations 
combine into A 

Az-{i(C-A)r0e e'-A}z=0, (3) 

which is integrable at once. W e have 
; A. 

A~=i(C-A)r0e c'-A, 
z 

-Fil 
,C I * 

and therefore A log z = i -r (C - A) r0 \ 1 - e ~ C ) - Xt + A log z0, 

if z0 be the value, p0 + iq0, of z when t = 0. Thus we find 

-nC-ArJ -~t)_A 
p + iq = (p0 + iq0)e'

C^r A V1"' ° . _' (4) 

i --t 
It follows that (p2 + q2y=(Po2 + qd2)e A (5) 
Thus the modulus of the vector p + iq, the vector of angular velocity, drawn in the equa
torial plane of the momental ellipsoid, shrinks in magnitude in geometrical progression as 

t increases in arithmetical progression. 
If now 0 be the amplitude of the vector (p + iq)/(p0 + iqo), that is the inclination of 

? + i ?to f t+{ ? 0,wehave _ C - A r „ / \ _ A tas 

^ = G-AxV-e ° ) (6> 

Thus, as the-axes OA, O B revolve with the varying angular speed r about the axis of 
figure, the angle 0, starting from zero, continually approaches the value C(C-A)r0/AA 

[or an angle of C(C-A)r0l2irXA revolutions] while the modulus (p
2 + q2)'-i continually 
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diminishes exponentially towards zero. 

after an infinite time. 

These limiting values are arrived at toge ather 

2. Discussion of results of theory. Let now a denote the inclination of the 

instantaneous axis OI to the axis of figure OU. W e have 

/i I \ c 

tan a •• 
(. +<73)* (PO2 + <7„2)VAC( = tan a0e 

--A-t 
A Cl (1) 

Thus a increases or diminishes from the value a„ according as C < or > A, that is accord

ing as the momenta] ellipsoid is prolate or oblate. After an infinite time tan a has become 

infinite in the former case and zero in the latter, that is the instantaneous axis has, under 

the influence of air friction, become coincident with the axis of symmetry in the case of a 

disk top or teetotum, or a spinning oblate ellipsoid of revolution, and perpendicular to 

the axis of figure in the case of an elongated top, for which the axis of symmetry is the 

axis of minimum moment of inertia. 

It is important to notice that, while the rate of diminution of spin is given by the 

exponential factor e-w/c, the rate of diminution of tana, is given by the factor e-«(i/A-i/C), 

The latter rate is much smaller than the former. Take the case of the earth, for which 

(C - A )/A= 1/304 nearly. W e have kt x 

(2) tan a == tan a0e
 c 30i 

For example, let tan a. = fo tan a0. Then XtjC = 304 log 10. 

r = r„e-^ilogio 

Thus 

(3) 

that is r has been diminished practically to zero. 

The direction of the axis of resultant A.M., O H , being always at right angles to the 

tangent to the meridional section of the momental ellipsoid, drawn at the point of inter

section of the surface by the instantaneous axis, changes direction in the 

body as the instantaneous axis does so. Finally the axes OI and O H coincide, 

in one case with the axis of symmetry, in the other with an equatorial axis. 

The successive positions of OI will trace out on the momental ellipsoid a curve, 

not generally plane, which the reader may investigate. 

The action of the air-friction couple necessitates an alteration of position of 

the axis O H in space as well as in the body. According to the supposition 

made above the axis of the friction couple is directed oppositely to OI, that is 

the friction couple axis is OJ, so drawn that the extremity J lies on OI pro

duced backward through O. Thus, as the body turns about OI, which in each 

of the instantaneous positions of the body-cone (axis OC) is the line of contact 

with the space-cone (axis Oil), the point II moves continually in the direction 

parallel to 10, that is OJ ; and so, as the axes OI and O H approach coincidence, 

the motion of H approximates more and more to a simple approach of H to O. 

If r is initially relatively great, it will remain so, and O H will not diverge much from 

its original position in space. It will however turn round a mean position, and so H will 

describe a helical curve (see Pig. 73) about this mean line, continually closing in upon it 

so that ultimately OI and O H there coincide. 

3. Air-friction on rotating body: (2) ordinary top under gravity. 
So far we have obtained results for the effects of air-friction which hold for anv sym

metrical body while it is not acted on by other external forces. W e now consider a 

rapidly spinning top under the action of gravity. The method is practically that used 

by Klein and Sommerfeld [Theorie des Kreisels, Bd. Ill, S. 593] in the discussion of a 
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spherical top, but is here extended to the general case. Referred to the usual axes 
0(L>, E, C), the equations of motion are 

At9+(C«-Ai/-cost9)iAsint9-M£_inl9=-A!9, \ 

A^sin 9 + (2A>p cos 9-Cn)9= -Xifsin 9,Y W 

Cn= — Am. J 
The third equation gives, as before, for r ( = n), 

__ __, 
n=n0e ° , O» = C»0e ° (2) 

The angular speed about the vertical through the point of support is n cos 9 + ip sin2 9 
while the A.M. about the same line is Cre cos 8 + A\p sin2 9. The latter we denote as usual 

byG. Thus dG 
-==-X(ncos9 + fsin29), (3) 

which, of course, could be deduced from the second and third of (1). 
For a spherical top C = A, and in that case we get, by (3), 

i 

In the general case we have 

dG 

G==G0e"o
i (4) 

— X(ncos9 + ipsin29) 

= -^(Cncos8 + Ai£sin29)-(^:XiPsin28 (5) 
_• o 

Thus, integrating, we obtain 

G = Gie"°'' 1 (6) 
C-Aft j/sinSfl 

where G^Goe A C Jo G °'\ J 

W e now suppose that 8 and 8 are both small, so that by the first of (1) we have 

approximately (Cra-Ai/cos (9)̂ sin 9-Mghsin 8=0 (7) 

Now, by the value of G, Cn cos 8 + Aip sin2 8, we find easily that (7), multiplied by 

Asi_3t9, can be written in the form 

(Cu-Q:cos8)(G:-Cncos8)-MghAsnA8 = 0, (8) 

C-Af'y/sin-C) 

and we have seen that, if G1 = G0e C Jo G ; 

_*< 
we have G = Gxe

 c 

Hence (8) becomes (^-cos (jV^-cos d) = ^f^sini8. e2-' (9) 
V Gj / \Cn0 j C'nfn 

4. Discussion of cases: (1) t small, (2) t great. We have two cases to 

consider, (1) t small, (2) t large. If the top is initially set into rapid rotation, G1O?i0 is 
great, and the quantity on the right is small if t is not great. Taking case (1), we see 

that the quantity on the left of (9), 3, is small, and that therefore one of the factors 
at least is small—the factor C41(Cn0-cos9. Writing cos 9X for GJ/CMU, and putting 

cos 8=cos 8i + e, we get, neglecting higher powers of e than the first, 

/ 1 - \ Mgh . . - 2̂ 1 
==. 7r - cos fc>, =r, r, sm 8. e o 
Vcost*! / G]C»0 By the value of cos Qx we find 

^JM^&x*e.BH\ d) 
C2nf 

and cos 8 = cos 8X - -pf—=j- sin
2 8. e c (2) 

G.G. T 
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n n Mali A . fl 2*( 1 
Therefore, approximately, 8 ===== ft + -jk^Tsm ft • J > | (3) 

. . . . M O / J A . - - 2^c 

and sm (9 = smft + rg „ sin ft cos ft . _ c 
This result shows that 0 increases with the time, in other words, that the axis begins to 
descend in consequence of friction, provided h is positive, that is if the centroid is above the 
point of support. The contrary is the case for the upward vertical if the centroid is below 
the point of support, as, for example, when a backweight is attached to a gyroscope, or the 
top is carried by a cap resting on an upturned point, and has gravitational stability from 
its own weight. This is the arrangement of the small top used in the Fleuriais apparatus 
described in 3, VII, above, where the question of air-friction is important. The top 
is driven by a blast of air, which is shut off when the necessary high speed has 
been attained. The arrangement with centroid above the point of support would be 

undesirable. 
W h e n t is great we have first to consider the effect on the value of G. W e have seen 

that -( C-A[U<,Rin=) i 

G=G0."ev
+--:l^f-dts (4) 

The value of G in the exponent on the right is the current value, that on the left the 
final value. Suppose G and f both positive, A > C , and Ht denote the integral ; then G 
will be greater than G 0 if (A-C)B/A>1. But in any case Gx and G must be finite. 
Considering again (9), with t great, we see that the left-hand side must be finite, and 
therefore, since _ </c is very great, sin*, must be very small. Hence cos 9 is approxi
mately ±1. If cos 0 = 1, 2^j 

-(Cnii-Gif = MghAsin
i8.e 0 , (5) 

so that h is negative, and, if cos 9= - 1 , A 

(CnQ + Gi)
2 = MghAsini8.e'c\ (5') 

Thus, in both eases, whatever the initial position, the centroid is finally under the point 
of support, that is, of course, if the top is such as to admit of this position ; if it is simply 
supported on a peg on a glass plate or a flagstone, it will simply be brought down to the 
supporting plane with cessation of spin. 

5. Calculation of small term A_ + \9 and deduction of more exact 
values of sin 9, cos 9. Discussion of cases. When cos 9= 1, we have by (5), 4, 

. „ . (-(Cn0-Gi)
2\i -At 

-T-I ,_ A =L /i *- MghA I ' 

and by (5), 4, when cos 9= - 1, x A 
sin9 = *-9=\^+1

G/)e^t (10 
I MghA I 

Now the value of 9 in (3), 4, gives by differentiation 
A8 + X8 = rA\ 1 + TT- h,—sin ft. e

 b (2) 

The condition that A9+X9 should be very small compared with Mgh sin 9 is fulfilled 
if A2 is small compared with C2«0

2. That this should be so is reasonable, for then 2?rA 
would be the amount of diminution of _ produced in one revolution, which must be 
only a small fraction of Cn under any ordinary circumstances. 

Supposing t to be small, we write, by the result just obtained, the first of (1), 3, and (8), 3, 

2 / 2k\MqhA . a£t (Cnu-C<iCosd)(Gi-Caacos 8) -2^c 
C A {1+-c)AAiilsm9^e ° = — ' AsAAl) e +Ughsm8. ...(3) 

Now, by (2), 4, C^-Gjcos 0 = Ono-G1 ( cos ft -^f^ sin
2t9. e° j (4) 
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Substituting in (3) this value of CMO-GJCOS 0, and the value of cos 0 and siu 0 from (2) 
and (3), 4, we obtain a value of cos 0 in terms of Cm0, G1; cos ft. sin ft, which carries the 
value of cos 0 given by (2), 4, to a higher degree of accuracy, and which the reader may 
work out in detail. 
When t is great we calculate A8+X8 from (1) or (1'), 5, according as cos 0== ± 1, nearly. 

W e obtain A2/A \ 
A.+A_ = ±-J^-2jsi_. (5) 

From this result and (9), 3, we get 

{Ms-A±^(^-2)}Asin*0=7t(Cj!o±G1)
2; (6) 

_,«,,_, -..-{J^}'^^-.)^,} CO 
where all the upper signs are to be taken for cos= -1, and all the lower signs for 
cos 0= + l. 
Thus again we have A04-A0, a small quantity, as we should, and a nearer approxima

tion to sin 0. The calculation could be pushed to a higher approximation, but it is 
needless to do so. 

6. Motion of a flat disk. Tlie boomerang. The peculiar motions of a 

light flat disk depend entirely on the action of the air. If a card is held by-

one corner in a suitable inclined position to the vertical and is set in trans-

lational motion in its o w n plane, with rotation about a normal to the plane, 

it will, if thrown adroitly, seem to describe a parabolic path, but on an 

inclined plane. It is interesting to drop cards under different initial 

conditions down a wide sheltered shaft, and note motion and paths [see 

Maxwell, Sci. Papers, I, p. 115]. 

In what follows the reference will be mainly to the Australian aboriginal 

weapon called the boomerang, but most of the statements made can be 

illustrated by the flight of cards or of thin disks of wood thrown into the 

air, with rotation in the plane of the disk in eaeh case. N o doubt the 

shape of the edge of the boomerang, which is very different in different 

specimens, has some influence on the path, but much would appear to 

depend on the dexterity of the thrower. 

The boomerang is made of hard wood, and is generally of shape similar 

to that shown in Fig. 74. The angle between the arms varies greatly in 

different specimens. In section it is slightly convex on one side, and more 

decidedly convex on the other, as shown also in the figure. It is held by one 
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Elevation upon a vertical plane 
through A C 

end, and delivered in the air by the (right-handed) thrower with the nearly 

flat side vertical and the more convex side turned towards him. The missile 

is set into rotational motion about a normal to the mean plane, as shown by 

the short transverse lines in Fig. 75, which 

gives a plan and elevation of an observed path. 

The transverse line in each case is the normal, 

and is drawn to the side of the plane from 

which the rotation is observed to be in the 

counter-clock direction. 

One side of the boomerang has been spoken 

of in what precedes as nearly plane. But in 

some forms the two arms are not in one plane; 

they form, in consequence of a slight twist, the 

two blade's of a propeller, which, as it revolves 

about a normal to what m a y be called the mean 

plane, screws itself forward in the direction 

in which that normal points as a spin axis. 

According to experiments on the flight of 

boomerangs, which are confirmed by the mathe

matical theory referred to below, the return of 

the path to the starting point depends on the 

existence either of this propeller action or of 

the greater convexity of one side of the weapon; or of a combination of the 

two. Either peculiarity existing by itself m a y be made to give the effect. 

ff 

7. General explanation of motion. Specification of forces. W e shall 

now try to account for the motion, taking as an example for reference the 

trajectory shown in Fig. 76. Suppose first, what is not often the case, that the 

path lies nearly in a vertical 

plane, so that it is practically ,."" \ 

represented by an elevation 

only. W e have two cases to 

consider, the front of the plane 

of the disk (a) tilted down, 

(b) tilted up with regard to the 

trajectory. The spin keeps the . 

plane of the disk at a constant 
slope, and in this case at right 

angles to a vertical plane with 

which the path nearly coincides. 

In case (a) the forward 

motion and the sideways motion combined give a resultant force due to air 

pressure, which, in the upward branch is directed towards the under side of 
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the plane. Fig. 76 shows the two branches of the path and the direction 

of the air pressure force F and of gravity. 

A similar diagram for case (b) would be like that obtained by interchang

ing the branches of the curve, and tilting the disk the other way with 

reference to the path. It will be noticed that in each case the radius of 

curvature is in the direction of the total force at right angles to the 
trajectory. 

To specify the forces in the general case take as axes of coordinates, at 

any point O of the path, the downward vertical there, a horizontal line at 

right angles to the path, and a second horizontal line in a vertical plane 

containing the tangent to the path at 0, choosing these lines so that they 

form an ordinary system of axes 0(x, y, z). Let then I, m, n be the direction 

cosines of the normal to the disk drawn in the direction of the force F, and 

a, /3, y the direction cosines of a forward element of the path. The hori

zontal force producing drift sideways is mF, the vertically downward force 

Z is Mg + IF (in the case illustrated by Fig. 76), the force along the path 

is M.ga + F(la + rn(3 + ny). The latter force taken with the reversed sign, 

and added to the frictional resistance R, is the retarding force along the 

path, that is 

tangential retarding force = R — [Mga + F(la + m/3 + ny)}. 

In the case (b) the vertically downward force is Mr/ — IF, and the force 

normal to the disk and towards the upper side is F — IMg. 

8. Trajectory of light dish in its oivn plane. We shall now try to 

explain more fully the form of the trajectory in the general case. First let 

us suppose that the branches give no trace of return to the starting point. 

If the disk be very light and be projected so as to move very nearly in its 

own plane, F — IMg may be so nearly zero that, though the effective mass of 

the disk is also small, there is little or no acceleration along the normal. 

As before, the aspect of the plane is kept constant by the spin. 

The force however in the plane of the disk is Mg(l — l2Y, that is the disk 

is a projectile in the gravitational field (a plane inclined to the vertical at 

the angle cos_1J) of intensity g(Y — l'2),, and the trajectory is a parabola. 

This can be illustrated very easily by projecting oblong post-cards or 

playing-cards so that each moves accurately in its own plane. 

9. Returning boomerang. Propeller action of twist of arms. The 

class of cases in which the outward and return branches lie nearly in the 

same vertical plane is sufficiently dealt with above. W e have now to con

sider how the side-drift may arise and the projectile be made to return to 

the starting point. Let the boomerang have a certain amount of twist of its 

arms, and be projected as indicated in Fig. 75, with its mean plane vertical, 

so that its centroid sets off along the tangent at A to the branch AB. If 
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the screw-propeller action is such as to give propulsion towards the left, thai 

is along the normal as drawn in the diagram, the trajectory will bend round 

in the manner shown. The spin is such as to give a force to the left, and 

the trajectory swings round as in the diagram. The translatory speed 

and also the spin diminish, and the plane tilts over as the normals indicate. 

The propeller action also falls off, but, as both speed and propeller action are 

less, the curvature in the plane is sensibly the same on both sides at corre

sponding points. The propeller action on the now slightly tilted-over disk 

contributes to, if it does not wholly produce, the upward concavity of the 

ascending branch and the straight and gentle downward slope of the last bit 

of the descending branch, in which the axis of spin has no lateral projection. 

10. Difficulties of complete theory. Approximate constants of motion. 
The theory of the motion of a boomerang cannot be worked out with any 

close approach to accuracy. The action of the air on an element of the 

surface of a body moving through it is not known exactly, and therefore 

the forces and couples on a body of any given form can only be roughly 

estimated; and the figure of a boomerang is so complicated that, even if the 

action on an element of surface were given, the calculation of the resultant 

forces and couples would be difficult. Nevertheless the motion has been 

submitted to calculation by Mr. G. T. Walker, who has arrived at a number 

of interesting conclusions. W e state here the most important of these, and 

refer the reader for Mr. Walker's analysis to his paper " O n Boomerangs" 

[Phil. Trans. R.S. 190, 1897]. 

If q be the resultant speed of an element of surface, and a the angle 

between the normal to the element and the direction of q, the pressure on 

the element is taken as Ag^cos u, and the couple per unit area as having 

moment «j"cos a, about an axis at right angles at once to the normal and to 

the direction of q. Here A, K, p., v are constants, which are estimated from 

experiments on bodies of different forms moving in air. Mr. Walker takes 
fj. = S and v — 2. 

Taking the plane of the arms of the boomerang, or the mean plane if 

there is twist, as that of X Y , the centroid as origin, the projection of the 

direction of q on this plane as O X , a line drawn towards the more convex 

side as OZ, and O Y to suit these axes, rectangular components of linear and 

angular velocity of the body are specified. These are U, Y, W , and Q , fi-

<_3, where W is small compared with U, and ilx, !_, are small compared with 

03. Qx is positive, il2 negative, fi3 positive. The time of flight is about 
9 seconds, the greatest distance 50 yards; Qx is about f, Q0 about A 

and £_3 about 30, in radians per second, U is perhaps 2000 cm./sec. These 

quantities give the motion of the boomerang with reference to axes tra

velling with it but not fixed in it. Increase of twist and diminution of 
round increase the positive value of £lx, and the negative value of f> 
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With regard to axes fixed in the body the linear and angular speeds are 
to, v, u\ co1, _2, cos. These axes, 0(A, B, C), are chosen as in Fig. 77, with 

the centroid as origin, and OA, O B as the mean plane; and Euler's equations 

of motion are available when the couples and moments of inertia are known. 

It will be seen that to an observer in front of the boomerang, looking 

from X, say, towards O, the turning of the plane about O X is counter

clockwise, that is the normal, which is towards 

the observer's right at the instant of projection 

with plane of the boomerang vertical, begins to 

tilt upwards. The progress of the tilt can be 

traced from the diagrams. The normal being 

drawn towards the more convex side the reader 

can see how that side is situated in the 
trajectory. 

11. Motion with change of direction of c 

plane. The effects of twist and " rounding " (as 

Mr. Walker calls the greater convexity) are so 

important, and the latter is so difficult to 

focus into a single idea, that it is practically 

impossible to give anything like a complete explanation of the motions 

without analysis. But an ordinary unreturning boomerang (such as is 

commonly used by the Australian aborigines), the arms of which are in one 

plane, and the faces of which are slightly and equally curved, may be con

sidered. The forward and sideways motions determine the pressure forces, 

and these of course go through a cycle of values as the missile revolves. 

But upward tilt of the front above the trajectory gives lifting force, and 

tilt round to either side gives side thrust, so that lateral drift from the 

direction of the initial plane of motion can be accounted for. Alteration of 

the aspect of the plane of the disk is due to the couples that act on the 

surfaces. There are two component couples, one due to the position of the 

centre of effort for the advancing body, a position that changes as the body 

revolves in its own plane, so that we have an average couple to reckon, and 

a couple due to the different speeds of different surface elements through the 

air. These couples will produce precession of the disk by the turning of the 

axis of spin towards the couple axis in each case. 

12. Twist or''rounding" essential for return. Multiple loops. Mr. Walker 
finds that, as stated above, unless either twist or "rounding,'' or a combination 

of them exists, the boomerang does not return to the point of projection, but 

describes an open loop, roughly in a plane inclined to the vertical, or in a 

vertical plane itself according to the throw. But by properly shaping the 

boomerang, making, for example, the ends of the arms be nearly at right 

angles, and properly adjusting twist and "rounding," it may be made to remain 
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in a nearly circular path for a considerable part of the time it is -• -'•' 
Fig. 78 shows the trajectory in such a case. The last figure. ,yii"V\Ts e 

trajectory of a boomerang thrown by Mr. O. Eckenstein. The angle between 

the arms was greater than a right angle, and there appears to have been 

"rounding" but no twist. It 

will be seen that the boomerang 

rises, passes round a consider

able distance with but little 

change of level, and finally 

returns, passing over the head 

of the thrower, and comes to 

rest after describing a series 

of diminishing loops. A pro-

Elevation on vertical plane 
through A C 

E 

fessional boomerang thrower has been known to throw the missile from the 

middle of the stage of a theatre, then turn his back till it passed round the 

front of the upper circle, returned over his head and gently sank in a final 

small loop to his hand held out to receive it. This apparently could be 

done as often as required, with perfect safety to the audience and exact 

repetition of the motion. 

The best non-returning boomerangs of the Australian blacks are made with 

considerable rounding and a little negative twist. They are thrown with 

the more curved surface uppermost, and the mean plane nearly horizontal. 

The upward action of the air on the lower surface prolongs the flight, so 

that the missile may be thrown twice as far as a sphere of the same mass. 



CHAPTER XV 

THE SPHERICAL PENDULUM. MOTION OF A PARTICLE ON 
A SURFACE OF REVOLUTION 

1. Top turning about a fixed point and destitute of A.M. about axis of 

figure. The spherical pendulum in its simplest form may be regarded as a 

symmetrical top without A.M. about its axis of figure. This A.M. may be 

zero, either because the moment of inertia about the axis of figure is 

negligible or because there is no angular speed about that axis. For the 

present we shall suppose that the centroid, whether the pendulum is a rigid. 

body or a massive particle, is at a distance I from the point of suspension. 

The question of rigidity or flexibility of the pendulum will arise when we 

consider the forces on the supporting stem or thread. 

Let A denote the moment of inertia about an axis transverse to the 

length of the pendulum, and <p, xjr have the same meanings as for a top. 

The A.M. about the vertical reduces to Axjrsin29. Thus 

^8in_=| = |, (1) 

where h is a constant. If the pendulum consist of a particle, of mass m, 

hung by a massless thread, we have A = ml2 and G = m/i. Here and in 

what follows 9 is measured from a vertical drawn upward from the point 

of support. 

If C be the centroid of the pendulum, so that OG = l, the horizontal pro

jection of O C is I sin 9, which we denote by p. The rate of turning of this 

projection round the vertical through 0 is xjr. The horizontal speed of C 

is pxfr, and the moment of this motion about the vertical is p2xjr. Hence 

we have p2xjr = h, (2) 

which asserts the uniform description of areas by the radius vector p. If 

x, y be the coordinates of P referred to horizontal axes through 0, w e have 

yx-xy = p2xjr = h (3> 

If there be no turning of the top about the axis of figure, — xjr cos 9 = <-/>, 

and therefore . . Gc.2 

l2<ps\n29 = —-7-cost9 (4> 
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The energy equation is 

A(t92 + V>2sin2(9) = 2(-m,c/Zcos0-f-E), (5) 

where E is the total energy. But we have seen that xjr sin2 9 = h/l2. Hence 

A92 = 2(-mglcos9 + E)-l^re (6) 

If we write a for 2mgljA, b for 2E/A, c2 for li2jlf and z for cos 9, we get 

z2 = (-az + b)(l-z2)-c2 (7) 

From (7) we obtain t as an elliptic integral in terms of z, and z as an 

elliptic function in terms of t. For we have 

_.= ^ 4 = A (8) 
{(-az + b)(l-z2)-c2t- (aZf 

In this equation and those which follow as derived from it, the radical 
may have either sign according to circumstances. Examples are given 

below. Equating Z to zero, we get a cubic equation of roots zx, z2, z3, 

fulfilling the condition zxf>lf>z2f>z2A The roots z2, z3 define limitations 

of the range of motion of the pendulum. The centroid cannot rise higher 

than the height lz2 above the fixed point or fall below lzs, for the reason 

that z2 cannot be negative, and Z must therefore be positive. Of course 

both of these heights may be negative, that is both limiting levels may be 

under the centre of the sphere of radius I on which the centroid moves; we 

shall see that the second is always negative. 

Writing Z in the form (zx — z)(z2 — z)(z — zg), and supposing t — 0 when 

z = z.,, we obtain , rs ,l7 
aH~\ j (9) 

l{(zx-z)(z.2-z)(z-zs)}-
Thus t is given as an elliptic integral. As we have seen above, the 
integral can be written 

m* = P ^ =r = F(„, 0), (10) 
J0 (1-AW0)

4 

where m [not the mass of the pendulum] 

= {\a(zx-z.i)}^, t&n
2<j> = (z-z.f)j(z2-z), and k2 = (-%-:s)j(zx-zs). 

The period of oscillation T is 2F(/c, $Tr)/m [see also (2). 5, XII]. 

W e thus get z in terms of t by the elliptic function equations 

z-z.i = (z2 — z.i)sn
2mt, z2-:; = (z2-z.f)cn

2mt, y 

z1 — z = (z1-zs)dn
2m-t, r: = z2sn

imt+zscn
2ont. J 

Returning now to the equation Z = 0, we observe that the sum of its roots 

zx + z2 + z.3 is bja, and that the sum of the products of pairs of these 

roots, z3z2 +z3zx +zxz2, is — 1. But we can write this sum of products as 

* The order of the roots taken here is the opposite, of that used in 4, xil and elsewhere 

that is z1 and z3 are interchanged. This was not observed until the matter was in tv 1 
it did not appear to be worth while to change the formulae. 
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3) = — 1 — z2zz. T h e quantity — 1 — z2zs 
0 3 m a y be, since each is less than 1. 

Zi(3.2 + zs) + z.2zs, so that w e h a v e zx(z2 + 

is negative w h a t e v e r the signs of z2 
H e n c e , as zx is positive, z2 + ss is negative, a n d the m e a n of the values of 

a n d zs is negative, that is the horizontal circle o n the sphere m i d w a y 

b e t w e e n the circles w h i c h limit the motion is below the centre. 

,i., 

dxjr=j\ 

2. Calculation of aziinutlud motion. W e can now find the time in the 
azimuthal motion. W e have by (1) and (8), 1, 

___ (1) 
p(l-z2)(aZf 

The numerical value of xjr for any value of z, and therefore of the time, 

is best found by the process of 21 and 22, XII, above. 

When z is negative, that is when the pendulum is descending, we must 

give the negative sign to the square root in (8) and in (9), 1. Let us suppose 

that the pendulum is started at the level z = z0 [z2f>zff>a3], with some 

value of i; then of course Z is positive. Take z negative at starting, xjr as 

the simultaneous angular speed in azimuth. At starting the pendulum has 

A.M. about a vertical axis, and since this must remain unchanged we have 

phjr — h. This equation gives 2ppxjr + p2xjr = 0, or, since p = lsin 9 = 1(1 — z2)2, 

- 2 = xj, 
P 
£_ = -2. .xjr. (2) 1-z' 

Thus xjr vanishes when i = 0, that is at each limiting circle. It also 

vanishes when z = 0, that is when the bob is passing the horizontal plane 

FIG. 81. 

through 0 (if it does pass that plane), and the value of p is there 

stationary as z varies. The path of the bob at a limiting circle, where i = 0, 

is a tangent to that circle on the sphere, and changes at the point (Ax or 

Bj, Figs. 80 and 81) of touching, from a downward or upward course to an 

upward or downward, according as the limiting circle is the lower or upper. 

There are two cases, first, that in which the upper circle is above the 
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centre of the sphere, second, that in which both circles are below the cc-i'tre. 

The projection of the path on a horizontal plane is shown in Fig. 80. It 
touches three circles in the first case, the projections respectively of the 

upper limiting circle at Ax, the hori

zontal great circle of the sphere at E, 

and the lower limiting circle at B r It 

is easy to see that in this case the 

projection of the path touches the 

projections of the limiting circles 

externally, for clearly the path must 

trend outward from touching either of 

these to touch the great circle, and 

thence trend inward again to touch 

the projection of the lower circle. 

The case in which both limiting-

circles are below the centre is shown 

in Fig. 81. The projection of the 

lower limiting circle is shown touched 

externally by the path, the other is touched internally. It is clear that 

the path must trend outward from touching the lower circle to touch the 

upper, and has not begun to turn inward when the latter circle is reached. 

Fig. 82 shows a photograph of an actual path. (See the appendix to this 

chapter for curves obtained by experiment.) 

3. Azimidhal angle described from one limiting circle to the other^>\ir. 

If P, P' be two successive points of intersection of an intermediate circle by 

the path, and A the intermediate point of touching a limiting circle, say the 

upper, the azimuthal angles xjrj,A, xjsAr are equal. To prove this we go 

back to equation (1), 2, and obtain easily 

2 _ _d-z _ _It- p dz 

(1 ̂ 2)(c_?~ ~^J. (1 -z2)(aZf 
Therefore the vertical plane through the centre, of the sphere and through 

any turning point of the axis on a limiting circle is a plane of symmetry as 

regards the portions into which it divides the path on the sphere. 

W e shall now prove that the angle i/xnc, traversed by the projection of 

the radius vector from a point of contact B with the projection of the circle 

z = zz to the next point of contact, C, with the circle o = ~,, is o-veater than 

\-w and less than TT. The first of these theorems is due to Puiseux (Journ, 
des Math. 7, 1842), the. second is due to Halphen (Fond. EUipt. t. II). 

Wehave ^c=^(iTJ^' W 
where c_ = (b - az)(l - z2) - c2 = a(zx- z)(z2 -z)(z- ss), /g\ 

/ -h 

V-A ~ 72 =v_- a) 
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But we have seen that zx= — (l + z.2za)/(z2 + zs), which is positive, since both 
numerator and denominator are negative. Thus 

r, _ r = _ _+___>_ - = l+22g3 + 2:(s2-r-Z3) 

"1 '~ Z 2 + _ " _ 22 + Z3 

which also is positive, even if z = 1. Also 

,-(4) 

(X 
rtZ=-7r-ri^1+02Z3+2(z2+z3)}(_-2)(3-z3) (5) 

Zi T z3 

But if z== 1, aZ becomes — c2, so that we have, by the value of Zj, 

- C 2=;-47( 1+ Z- 2)(
1+ Z3)(I-^)(I-^)=74T( 1-^ 2)(I-^ 2).---(6) 

"_ T" ̂3 -*2 "r Z3 

which is negative, inasmuch as z2 + z.i is negative. Thus 

c=M-^(i-^-^ (7) 
and we obtain from (5) 

^ = ( ( 1 - ^ 2 ) ( l - ^ r r * , (8) 
l -(za + «s) / J,, (l-2*){(z1-2)(«--a)(z-Zg)}*" 

where z 1 = — (1 +0223)/(z2 + z3). Now, since |(z2 + z3) is negative, zs, which 
is always negative, is numerically greater than z2. Hence the value of the 
expression on the right, which is positive, is diminished by giving to z, in 
the factor zx — z under the square root sign in the integrand, the value 
of zB. Similarly, the expression is increased by writing zx — z2iov zx — z. 
Hence, if I denote the integral, 

dz 

2s {(l-z
2)(z2~z)(z-z,)f 

J (l-z2
2)(l-z8

2) )i j (l-Z2
2)(l-z

2) -|i 
\l + z2zs+z2(z2 + z&)j ^^B0^{l+z2z&+z,(z2 + zs)j

 1' 

It will be observed that both l+(z2 + z3)z2 + z2zg and l + (z.2 + zs)zs + z2z3 are 
positive, since l+z2zi + zx(z.2 + zs) = 0, by the value of zx. 

Now, as the reader may verify, 

1_xJ(l-z2)(l-za)}i+{(l+z2)(l+zs)}
i_x^ A + B (9) 

{(l-z2
2)(l-z2)}i 2 {(1-^)(1-V)}4 

The preceding inequality therefore becomes 

1 A+B A+B 
(l + 2z2z3 + z2

2)4 (l + 2z2zs + z
2f 

It is easy to see from this result that xjrBC lies between two limits, both 
of which are greater than =J?r. For, if we square A + B, we diminish the 
result if we substitute z3

2 for z2
2 where the latter occurs. The numerator 

of the fraction (A + B)2/(l + 2z2z3 + z3
2) still exceeds the denominator by 



302 GYROSTATICS CHAP. 

2(l-z3
2) + l-z,2, which is positive. Similarly we can show that (A + B) 2 

exceeds l+z2z3 + z3(z2 + z3). Thus we have the result stated. [See also 7 

below.] 

4. Azimuthal speed very great. Limiting circles nearly coincident 
with the horizontal great circle, one above, the other below. If the azimuthal 
speed be very great the values of b and c2 in Z are also very great, and the cubic _ = 0 
reduces, approximately, to z2 = l-c2/b, which gives for z2, z, values equal but of opposite 
sign. The third root zx(>l) as b is increased without limit tends towards infinity. The 
inequality found above shows that then I/OJC reaches the value -IT, while the azimuthal 
motion very closely coincides with the horizontal great circle of the sphere. W h e n the 
angular speed in azimuth is very great but finite z2 and z3 are opposite in sign, and very 
nearly equal to 1 in numerical value, and we have, to a first approximation, 

To a closer approximation we have no need to go at present; it may be worked out by 

the reader. 

5. Pendulum nearly vertical. Theorem of Bravais. When the pendulum 

is only slightly deflected from the vertical and is projected with a correspondingly small 
azimuthal angular speed, the values of z2 and z3 will have the same sign and be nearly 
equal. The limits between which i/rEc lies become approximately equal, and we find 

V03C = ivr 2 r=_ - 1 = * T ( 1 + f sin
28.2) (1) 

(l + 3z2
2)2 (l-fsiii-fe)2 

The angle 93 might equally well have been used in this approximation instead of 82. 
Hence a somewhat closer approximation would be obtained by writing sin 82 sin 83 instead 

of sin282 or sin
2t93. Thus we get 

^Bc = M l + _sin02sin03) C) 
If a, (3 be the apsidal distances of the projection on a horizontal plane of the path of a 

point at distance I from O, we have 

.<==- (i+i5!)' (3) 
which is Bravais' result [Jo-am. de Mathe'm., 19 (1854)]. The fraction, %o.(3jP of ivr, by 
which -jrvc exceeds \-K, is § of the ratio of the area ira(3 of the ellipse to the area 2irl2 of 
the hemisphere below the point 0. 
The result may also be obtained as follows. By (8) of 3, we have 

f(i-*,')(!-s»')l*p* dz () 

I - & + *,) J ),3(l-z
2){(zi -z)(z2-z)(z-z3)}i 

N o w since z2, z, z3 are all only slightly greater than — 1, and zx is therefore approximately 
+ 1 (for .e,z, + z3z1 + zxz2 = —1), we write 

z„=-l + c2, 23=-l~T-e3, 2= -1+1', 

where e2, e3, e are small positive quantities. In the approximations which follow we 
neglect products and higher powers of ex, e2, e3 than the first, but retain square roots of 

products, such as (e,,e-f*. W e get first 

Mm^-^ »> 
N o w considering the integral, we notice first that 1 —z2 = e(2- e) and . _ : = o _ e _ Thus 
we can write the integral in the form 

f . de 1 
)e3e<ie2-e)(e-e3)'r

i(2-ef 
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and this, to the degree of approximation adopted, can be written 
1 fc2 de ., „ , 
- l(l+|e), 
2 . *-{(«,-«)(«-«„}* 

so that we have two integrals to evaluate. By the substitution e = \(u we get for the first 
integral the value ir((e2e3y, while the second is clearly J7r. Hence we have 

^ = ^ 4 i +A ; (6) 

But if a, (3 be the radii of the limiting circles (on the unit sphere) corresponding to z2, z3, 

we have approximately _ = (&»,)* (3 = (2e3)i, 1(7) 

and therefore Voic = ,7r(l+f a/3), (8) 
which is the result already obtained above. 
Lagrange obtained (loc. eit. infra) fBo = Tra(3/(a

2 +(32), and it is very curious that he 
should not have suspected that his calculation was in error. For, as he remarks, his 
result gives motion in a curve, consisting of repetitions of a certain number of spirals 
when a(3/(a2 + (32) is rational, or a kind of continuous spiral if this is not the case. But 
it is clear that the motion is simply that of a conical pendulum slightly disturbed from 
steady motion in the neighbourhood of the downward vertical, which is well known to 
have as period of disturbance half the period of the steady revolution, plus an interval 
which tends to zero with the inclination of the pendulum to the vertical. This interval 
causes the motion in an ellipse to be accompanied by revolution of the axes of the ellipse 
and alteration of the eccentricity as commonly seen with an ordinary pendulum. Bravais 
remarks, "Tant il est vrai que l'erreur est tellement humaine, qu'elle Jpeut se glisser 
sous la plume du plus illustre geometre." 

6. Period between the limiting circles when the pendulum is nearly 
vertical. Theory of Lagrange. As to the period of passage from one limiting 
circle to the other and back, we see from (10), 1, above that the period of disturbance of 
the pendulum from a steady motion at an inclination cos-1H(z2 + z3)} to the upward 
vertical is 2TT 

[a[zx-i(z2 + z3)\f 

But as z2 and z3 approach more and more nearly to — 1 it is clear that zx approaches 
more and more closely to 1. For the roots of the cubic, Z = 0, give z2z3 + z3zx + zxz^ +1 = 0, 
a D d S 0 \+z2z3 -2 + e2 + es-e2e3 

Zl" z2 + zs~ -2 + e2 + es ~1 + ̂ -e^ 0) 
if, as before, we write z2= — l + e2, zs= — l+es, where e2, e3 are small in comparison 
with 1. Thus we obtain for the period 

2TC 2TT 

[a{zi-l(z2 + z3)}f^[a[\ + kAl-^
292f + ii(l-sin

29,jsAf 

__ , (2) 
(2a)*{l-i(sm2t92 + sin

2t93)}i 

or, if a, (3 have the meanings assigned above for the unit sphere, 

Perio&=2ir{^) {1+^(0.* +(32)} (3) 

If the pendulum be simple, a=2g/l, otherwise it is 2mlg/A. In the former case, 

Period = ^[Q)2{l + IV(a
3 + /32)}] (4) 

This result was given by Lagrange [Me'c. Anal., Sec. Partie, Section VIII, §§ 21, 22]. 
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from the upper limiting sma 

7. Azimuthal angle from one limiting circle to the other always > _. 
W h e n 2, and z3 are nearly - 1 the value of i/oic is nearly h.rr, and the pendulum passes 

rail circle to the lower or vice versa in slightly more than a 
quarter of the period of revolution. The path has 
two diameters at right angles to one another at 
slightly different levels ; it is a kind of ellipse 

traced on the spherical surface. 
The proof that T/O 5C<TT is more difficult. The 

following process by complex integration is due 
to M . de Saint Germain (Bull, des Sci. Math. 1896, 
p. 114), and is based on the substitution of an 
integral between limits zt and cc for the integral 
taken from z3 to z2. The same idea is used in the 
demonstration in 12, V above, due to M . Hadamard, 

of a property of the top. 
From the centre O (Fig. 83) describe a circle of 

pIG. 83. very great radius B in the plane of the paper, and 

through the centre lay the line X ' O X as axis of 
real quantity. O n that line lay down the points A , B, C at distances zx, z2, z3 from 
0 (B, C within the small circles). These represent the roots of the equation Z = 0. The 

two points P, P' at „ = 1 and .?•== — 1 are the poles of the integral 

c^dz 

*)] 

(1--0(_Z)« 
Considering n o w 2 as a complex variable, take the integral 

f 1, [F = a(zx-
)(l-^{z2-z)(z-z3)W^ 

round the two circuits shown in the figure, that is round the circle from X on the upper 
side of the loop shown drawn round A to the lower side of the loop, and then round the 
loop to X . Then take the integral in the opposite direction round the double loop 
enclosing the points B, C. The sum of these integrals is equal to the sum of the residues 
for the poles P, P'. 

N o w , if B, be very great, the integral round the circle is zero, and w e have only to 
consider the. single loop X A and the double loop BC. The integral round the single 
loop is (_ dz 

L(T-2 2){fe-2)(2-2 3)F}i' 
taken along the axis of real quantity. The integral round the double loop is 

dz 

J%( )z3(l-z
2){(z2-z)(z 

taken also along the axis of real quantity. 
B y (7), 3, the residue with respect to P (the point 

_M^fe±f.!)!__ _ _ _ 

H) FP 

= 1) multiplied by 

-M,+^)i- 4 

2{a(z2-l)(l-z3)(zi + l)(z3 + l)}- M l - z / ) ( l - ; / ) ! - e 
and the residue for P' has the same value. Collecting results, we find by 

c f'-s dz 
(8), 3, 

z) (z 

A 
"•-hi 

d-
-z)l* 

,(l-.-){(22-2) (z-Z3)(Zi 

Since, within the range of integration, 1-z2 is negative, 
negative, a nd therefore 1/03; is less than IT. 

-*)}2 

the integral m the right is 
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By substitutions which increase the value of 

_c_ r dz 

ai):i(f>-m2-z)(z-z3)(zi-zyi' 

and transform it so that the final result can be evaluated, it can be shown that this 
integral is less than lir, so that ̂ BC>i-7r, as was shown before by the method of Puiseux. 

8. Possibility of motion of rise and fall on a surface of revolution, 

with axis vertical. With respect to the motion of a particle under gravity 

on any surface of revolution S, the axis of which is vertical, it is pointed 

out by Routh (Dynamics of a Particle, § 550) that with given initial 

conditions a motion of rise and fall can only take place on certain regions 

of the surface. Let v be the speed of the particle at any instant when the 

axial coordinate of the particle is z. W e can write 

v2 = 2g(lA-z). 

Here H — z is the " head " which gives the speed v, that is the speed is that 

which would be produced by fall from the plane z = H. N o w if h denote 

y2xjr, the A.M. of the particle about the axis, the horizontal speed of the 

particle is yxjr, and yxjr cannot exceed v, but is in general less than v. 

Hence if we have y2xjr2 = 2g(H — z), that is if y2(H — z) = h2j2g, the motion 

of the particle is horizontal. In general however y2(H — z)^>h2/2g. Hence 

if the cubic surface of revolution, y2(H — z) = li2(2g, be described, the particle 

must in general be at a greater distance from the axis than the points of the 

cubic surface corresponding to the same z. The cubic surface divides the 

surface S into zones, and thus rise and fall takes place between the two 

limiting circles of intersection, on a zone of S which lies further from the 

axis than the corresponding zone of the cubic. 

If the particle is started horizontally, the cubic surface for the initial 

speed is obtained; then the circle on which the particle starts is the 

boundary of two zones, and the motion lies in that zone of S which is 

more remote from the axis than the corresponding zone of the cubic 

surface. 

If the cubic surface touch S it will do so in a horizontal circle, 

which is a circle of possible steady motion. N o motion deviating from 

that circle will be possible on S if the neighbouring parts of the cubic 

on the two sides of the circle be outside S, but will be possible if the 

reverse is the case. The motion in the circle is therefore unstable in 

the former, stable in the latter case. 

9. Motion on a developable surface replaceable by motion in piano. 

With regard to a particle moving on a surface, it is important to remark 

that, if the surface is developable, the motion on the surface m a y be 

replaced by motion in piano. 
By a developable surface is meant one generated by a succession of 

straight lines, each one of which intersects the line which precedes it in the 
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series. For example take any curve in space, and mark a close succession 

of points on the curve by the letters a, b, c, ... in order, and joining 

ah, be, cd, ..., extend each line both ways beyond the points which define 

it. The lines thus drawn mark out, or generate, a surface which, by 

turning about the defining lines in succession, can be brought into a plane 

which initially contained a consecutive pair of generators. A n y curve 

on the surface becomes a curve in the plane of development, and the curve 

on the surface, which gave the succession of points a,b, c, ... , is called the 

cuspidal edge, or edge of regression, of the surface. 
A cone and a cylinder are examples of developable surfaces. In the former 

the edge of regression is a single point, the vertex of the cone; the cylinder 

may be regarded as a cone, the vertex of which is infinitely distant. 

If a particle move on a developable surface along any path its acceleration 

will consist of two components, one, $ or v dvjds, along the path, the other, 

v2(p, along the principal normal to the path towards the centre of curvature. 

Project this normal on the surface in a plane containing the normal and at 

right angles to the curve; a component of acceleration along the surface 

and at right angles to the path is obtained, of amount v? sin/3/p, where /3 

is the angle between the principal normal and the normal to the surface at 

the element of the path. The other component is along the normal to the 

surface. If now the surface is developed into a plane, the latter component 

becomes unnecessary for any motion of the particle along the path, while, if 

the motion along successive elements of the path be the same as before, 

the accelerations vdv/ds, v2sin(3/p, are just those which characterise the 

motion. The curvature of the plane path is obviously sin (3/p, and p/sin (3 

is its radius of curvature at the point considered. 

It is only necessary therefore that the forces acting on the particle 

moving in the plane path should be the same as those in the tangent plane 

of the surface, corresponding to the element considered, to ensure that the 

motion at each element m a y be the same as before. 

If the surface be a right circular cone with axis vertical and the motion 

take place on the inside of the upper sheet, the particle will, in the absence 

of friction, be under applied force towards the vertex of amount mg cos a, 

if a be the semi-vertical angle of the cone. The component of gravity 

normal to the surface is balanced by the reaction of the surface. Thus the 

motion can be discussed as a case of the motion of a particle in a plane, 

under a constant force directed to that point in the plane which represents 

the vertex of the cone. A particular case of motion on the cone is in a 

horizontal circle with constant speed. This circle, of radius a, say, 

develops into a circle of radius a/sin a, on the plane, and the acceleration in 

it, v2/a, has component -cAsin aja along the generating line, at each point. 
The force giving the former acceleration was R cos a, and R was mql'sin a. 

Hence the force required in the plane is R cos a sin a, that is mg cos a. 
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10. Motion of a particle between two close circles on a surface of revolu
tion. The motion of a particle between two near limiting circles on a surface of 
revolution under force axially directed can be discussed in the following manner. Let 
the equation of the surface be 2az+mz2=y2 . (1) 

where z is the axial distance of the particle from the point, the vertex of the surface, at 
which y=0. Consider first the particle as in steady motion in the circle at axial 
distance z from the vertex. If \p be the angular speed of the particle about the axis, and 
the mass be taken as unity, we have for the components of the reaction of the surface, 
directed respectively outwards from the axis and axially from the 
vertex, mf-y=-Y, mg=-Z, 

where g is the force per unit mass (gravity) applied to the particle. 
W e shall take the field of force as due to gravity, and the axis as 
vertical. 
If the particle is disturbed very slightly from the steady motion 

without alteration of the A.M. about the axis, we have 

_/ = *, (2) 
where h is a constant. Let the deviation of the particle from the 
steady motion circle be s, measured along a meridian in the direction 
from the vertex. The acceleration along the meridian is s. If 9 be 
the inclination, as shown in Fig. 84, to the axis of the normal drawn 
to the surface at the position P of the particle, the force along the 
meridian produced by gravity is g sin 9. The acceleration towards 
the axis is yip2, which gives » component yip2cos 9 along the 
meridian. But since y2\p = h, we have y\jr2cos 9 = h2cos 9/y3. Thus 
the equation of motion is 

h2 

s'=-gCos 9-g sin 9 (3) 

Now let b be the radius of the steady motion circle, and u. the inclination of the 
normal to the axis at that circle. Then y = b + s cos a, 8 = a + s(p, where p is the radius of 
curvature of the meridian at the point. Thus we get 

/i2cos ( o.+ 
- g sin I a + --

bHl + Kcosa^ " P 
.(3') 

Since s is small and /.cosa/&3=#sina, this becomes 

s'+{p( psina+grcosa,J + 3^cos3a|s = 0 (3") 

The period of a small oscillation about the steady motion is therefore given by 

T = 2x {p(^ s i n a + s , o o s a) + 3P c o s 2 aj ' C) 
If r be the length of a normal from the steady motion circle, w e easily find, since 

dy/dz=cota and ta,na.dr=(p — r)da, that (1), the equation of the surface, is 
i,2(eos9a — m sin2a) = a2, ~\ 

- . , a I (5) 
and that p = =;• v ' 

(cos2a-TOsin2a)^ J 
Thus the period equation becomes,after a little reduction 

T = 27r( •— J {(4cos2a-wjsin2a)(cos3a-msin2a)5/ 5 (6) 
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If the steady motion circle be very near the vertex, that is if z be very small we have 
approximately cos3a = l - b2/a2, sin*o. = b2/a2, cos a = l -Irfla2, where b2 is small in com

parison with a2. Thus we get for the period the approximate value 

_4 + 3 m & 2 \ (7) 
, 1 + 

.. \ 
or if bu b0 be the radii of the upper and lower limiting circles, 

*-•€)'('+„"•_. -;-tT) 

The azimuthal angle turned through in the period is the product of the expression on 

the right of (6) by the angular speed in the steady motion, that is by (gjr cos o.f, that is 

by {g(cos2o. - m sin2a^ja cos a p. Hence the angle specified, i/r0, T say, is given by 

T>0,T = 27r(4cos
2a-msin2a.)~5 (8) 

In the special case in which the steady motion circle is very near the vertex we get 

_—(>+4-1. S. W 
(i 4 + m IhbA fan. 

or more exactly yo,T = -_l H „ f I ^ ' 

If ra=-l, the surface is a sphere, and we fall back in (T) and (9') on the results 
already obtained for a particle moving within two close circles near the lowest point. 

If 5ii = 0, the surface is a paraboloid of revolution. A general discussion of the motion 
on the sphere and on the paraboloid will be given later by means of elliptic functions. 

If the surface is a right circular cone with axis vertical, the semi-vertical angle of the 

cone is ^TT-CX. Since p = co, and now by (1), b=y=zm'2 =z cot a, (4) above gives 

3^00^ = 2^)*-^ (10) 
IA 1 \3g1 sm a 

11. Initial motion in the plane of the horizontal great circle. The particu

lar case of the spherical pendulum in which the initial motion is in the plane of the horizontal 

great circle (the " equator") is interesting. It will be instructive to deal with it from 
first principles and then refer it to the general theory. W e take the pendulum as 
''simple" and of length I, with bob of mass unity, and put y for the distance of the bob 
below the plane of the equatorial circle at time t, xjr for the azimuthal angle described in 
the same time, and v0 for the initial speed of the bob. The vertical speed at time t is y, 

the radial speed is d{(P-y2)2}jdt = -yy((l2-y2)"-. The azimuthal speed is then (P-y2)^. 
The energy equation is therefore 

0s+Z=J_ya+. --*>- -V=% (l) 
W e have also the equation of A.M., 

vf-=(l2-'lM (2) 
Substituting from (2) in (1) and reducing, we find 

fl2 = 2gy(l2 -y2) -v0
2y2, 

, I chi 
or dt= --L 7 (3) 

{as..-y)-v. .* 
But from !'2) we have also dt= —-;- dxjr, (±\ 

V V ' 
so that d\ir = vf? — , . ., tr\ 

{(p-f)2gy(f-y
2)-r2y2Y2 ^ ' 
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{-

If we split the expression on the right into two parts, as shown in 

_* = *,-„ & l + iv0 ^±-2_ , (5) 
{2gy(l2 -y2) - v0

2y2\i (I2 - y2){2gy (I2 -y2) - „oy}_ 
[of which the first is v0dt/2l, by (3)], it will be found that, if u

2 = v0
2y2/2gy(l2-y2), 

df = lv°dt + ^---1. 

Hence f = l ^ + sm-i M!_ (6) 
2 l {Mi'-y^ 

Thus the combination xjr-^v0tjl of elliptic integrals is capable of being expressed in 
terms of ordinary functions. This result is due to Greenhill. 
Referring back to (9) of 1, we find that 

*= _» (7) 
{-az(z-z3)(zi-z)}* 

since here z2 = 0. But in the present case also a = 2g/l, and so, remembering that 9 is 
here measured from the upward vertical, so that —az(z-z2)(z1—z) is positive, we get 

dt = -^ = (8) 
{-2gz(z-z3)(zi-z)\* 

lidz 
By (3) above we have dt = — _ (9) 

-2gz(l-z2)-^fz2\ 

andby(4') df= -~- r (10) 
(l-z2){-2gzl(l-z*)-v0

2z2\t 

The quantity - 2gz(l - z2) - v0
2z2(l is aZjl. Thus to obtain the roots of Z = 0 we have, 

after division by z, so as to get rid of the zero root, 

+ 2glz2 — Vg2z — 2gl = 0, 

and therefore z = ^-{v0
2±(l6g2l2 + vjf) (11) 

Thus if v0 is very small, the large positive root of Z = 0 is only slightly greater than 
1, while the remaining root is very nearly — 1 . The range of motion is thus from the 
level of the centre of the sphere very nearly to the lowest point. From the inequality 
given in 3 it will be found that the range of azimuthal motion between the highest 
and lowest positions lies between \TT and TT/2^. 
When v0 is very great the large root given by (11) is very great, the other root is 

slightly less than zero, so that the limiting circles are very close together. The value 
of xjrBC is then, as the inequality in 3 shows, very approximately IT. 

12. Simple pendulum oscillating through finite range. We shall now 

consider the special case of a simple pendulum oscillating through a finite 

range in a vertical plane. The problem is essentially that of a particle 

moving without friction on a concave circular ring in a vertical plane, 

or along the interior of a guide tube bent into a vertical circle. If I denote 

the radius of the circular path, and 0 the angular deflection of the radius 

from the lowest position, the equation in both cases is 

.+|sin0 = O (1) 
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Multiplying this equation by 9 and integrating, we get 

02= - f|sin<9_t9 = |cos(9 + C, (2) 

where C is a constant. When 9 = 90, 9 = 0, so that C = - g cos 9JI, and we 

have Z202=-2=2c/i(cos(9-coseo), (3) 

where v is the speed of the particle in its path when the deflection is 9. 

Equation (3) gives -_=(_) -7 (4) 
H w s d9 \gJ [2(cos 9-cos 90)Y 

If then T denote the time taken by the particle to pass from deflection 0 to 

deflection 90, we have n\l re0 ,f9 /§\ 
T ~ V Jo (2(cos9-cos9<x)}

1 

Since the pendulum is at rest at the instant 9 = 90, T is one quarter of the 

period of the motion. 
Writing now sin \9 = sin -i$0sin <j>, (6) 

where <j> is an auxiliary angle, we obtain 

c i t ^ s i n ^ - - ^ ^ , 0) 
" (l-k2sin2<j>)2 

where k = sin J90. But, by (6), 

cos|0.t)=2sinit}ocosc/).96, (8) 

and the same relation gives 

{2(cos0-cos=f/o)}
4 = 2sin|-0ocosc/., (9) 

so that, if n2 stands for gjl, we obtain from (4) 

t9 = 2wsini-0ocosc/>, (10) 

and by (8) c/S = 7icos|0 (11) 

Thus we have by (6) 
dt _ 1 

Wc^_{1_/i.2si_29,)i.' 

and _-= (^ ^ r = K (12) 

J0 (l-k2sin2<pf 
Also, of course, we have 

nt=[* __. T (13) 
J 0(l-/ C

2sin 2^ 
The integral K is the complete elliptic integral of the first kind, of which k-
is the modulus and <j> is the amplitude. 

The time i2 — tx for any arc from <j> — <px to <f> = <j>.2 described by the 
pendulum is given by 

n(t2-tx) = F(k,fp,2)-F(k,(px) (14) 
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It is clear from (12) that, if k (that is sini_0) is very small, we have 

T = W(^), and T = 2x(-^)2, (15) 

the result that we obtain at once if we suppose 9 so small that we can write 

9 instead of sin 6 in the fundamental equation (1). 

Since _ <C1, the factor (1— k2sin2<p)~2 can be expanded in a converging 

series and the integration performed term by term. W e obtain 

T.f(!)
s{1+(^+(-)V+(2_|-)',+...} <ifl 

For a good many purposes the first two terms of this series form a 

sufficiently close approximation. By taking a sufficient number of terms 

of the series we can calculate K to any desired degree of exactness. Tables 

of the values of K for values of the modulus proceeding by small steps 

have been constructed by various methods (more expeditious than that here 

indicated), and the results are available for practical calculation.* [Refer 

to 20, 21, XII.] 

13. Discussion of force cdong the supporting cord or rod of pendidum. 
If the pendulum start from rest in a position making an angle 90 with the 

downward vertical, the force toward the centre applied by the cord when 

the deflection 90, from the downward vertical, has been changed to 9, is 

ml92 + mg cos 9, or by the value of 92 given by (3), 12, mg(S cos 9 — 2 cos 90). 

This gives mg cos 90 for the central force when the pendulum is in a limit

ing position, and cos00 is negative when 0o>§7r. But if, instead of a bob 

suspended by a string, we have a particle moving on a guiding curve, or in 

a tube, in the form of a circle of radius I in a vertical plane, the amplitudes 

may have any value from 0 to TT. Or if the bob be attached to a rod, or a 

wire capable of bearing thrust along its length, the tube may be dispensed 

with. In this latter case however the centroid will be at distance I from 

the point 0 of support, and if A be the moment of inertia of the whole 

about the axis through 0 at right angles to the plane of motion, the length 

of the, equivalent simple pendulum is A/ml. The outward force applied to 

0 is still mg(3 cos 9 — 2 cos 90). The pull in the pendulum rod varies from 

point to point and depends on the distribution of the mass. 

Considering however the simple pendulum, we have seen that the out

ward force applied through the bob to the cord is negative at a turning 

position when for that 9^f>h-K. It is clear that 3 cos 9 — 2 cos 90 is positive 

when 90<C%TT, and also when 0o>i7r for all values of 0<|-7r. Hence the 

reversal of the force takes place when 9 has the value cos_1(f cos 90) O y.7r). 

It is impossible therefore for a particle unless constrained by a tube or 

* See the tables of Legendre, Exerc. de Cal. Int. t. Ill, also the Smithsonian Physical Tables 

and the Funhtionentafeln of Jahnke and Emde [Teubner]. 
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a rigid stem, to vibrate if |7r<(90<7r. The motion is nevertheless possible 

if the pendulum makes complete revolutions in a sufficiently short period. 

In this latter case let the particle have speed _0 when at distance 190 along 

the circle from the lowest point; then at deflection 9 the speed is given by 

. — v2 = 2gl(cos 9 — cos 90), 

and the pull P in the thread is then mg cos9 + mv2/l, that is 

mg(3 cos 9 — 2 cos 90) + mv
2jl. 

Hence, if the particle goes completely round the circle, we have, when 

9 = ir, P = mc/(-3 - 2 cos 90) + mvl)
2jl, and therefore, if the value of P is not 

to change sign, we must have v0
2^>gl(3 + 2 cos Qg), and so if 90 = 7r, v

2^>gl. 

If this condition be fulfilled the particle may be suspended by a string. 

[See also 16 below.] 

14. Graphic representation of finite pendulum motion. The motion of 
the pendulum is illustrated by the diagram of Fig. 85. The horizontal line CP 0 repre

sents the level to which the bob rises, the circle A P 0 B is that of the motion, and is 

A 

B 

Fio. S5. 

therefore of radius I, the circle CPB is described on CB as diameter. As we shall show, 

the angle D C Q is the amplitude <j> for the position P of the particle on the horizontal 

line DQ. W e join A P , OP. Then 

_ B O P = <9, _BAP=i6», _OAP 0=it9 0. 

By the diagram C B = 2c'sin2it9n, and therefore C_> = 2i'sinHt90eos
2BCQ. Thus, we 

have lc2 = G?>\2l, the ratio to 21 of the height C B of the turning poiuts. But also if 

» = F(/c-, </>), 

C'D = l-AC + OT> = l(l-2cos2l9a + cos9) = 2l(cos
2W-cos2W^ = 2lF-cn2^i, (1) 

by (9), 12. Equating these values of C D and reducing we obtain 

sinBCQ = siiM (2) 
Hence B C Q = c/>. 

Also X- = sin-|t90 = CP0/Al
:>
ll. If we write k2 + k'2 = l, k' is the co-modulus, and is there

fore represented by AC/AP 0. 

The construction in Fig. 85 replaces the turning of OP, with angular speed 8 by the 
turning of C Q with angular speed <j>, and the motion of P by that of Q. Q starts from 
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(3) 

C when P starts from P 0 and coincides with P at B. If the particle just goes completely 
round in the guiding tube, that is if P 0 is infinitely near to A, the larger and smaller 
circles coincide, and <£ = i#, 90 = TT, SO that k=l. 

W h e n c90 = 7r and the particle just completes the circle in the guide tube, the time 
required is infinite, for h being 1, we have 

i CiTC dd> fi"' cosed 7J .r, l + sin<£ ' 
7 I T = I ; = = r+-7«0=i log , '. T 

^lJ )0(l-h
2sin2<j>f- J o 1 " 8 1 1 1 " ^ 1 i - 8 1 ^ . 

For a range however from a deflection of 89° on one side of the vertical to a deflec
tion of 89° on the other, the time required is 3'4 times that required for a very small 
swing from one side of the vertical to the other. 

The equation (g(l)3 cosh9 = <f>, or (gjl)2 dnu = <j>, shows that the period always lies 
between the limits 2ir/n and 2TT sec h80/n. For -JTT > ij-0- =jj-, and so cos|t9>cos|t90. Thus 

2n>2<j>> 2ncos\80, 

and the same inequality holds for the mean angular speed of Q. Hence 

2TT _ . - 2TT . -
— < Period < — sec -J 8a. 
n n -

15. Pendulum making complete revolutions. Now let the oscillating particle 

in the circular guiding tube make complete revolutions under gravity. The time of 
revolution and the time of describing any part of the circle required may be given, or 
we may be given the speed at top or bottom of the given circle and be required to find 

the period of revolution, the speed at any point, and the time of its describing any part 
of the circle. If the speed at top of the circle is known that at the bottom is also known, 

and vice versa. For we have vv=—gsin9, .19 ; (IV 

and therefore, at any point, 

v2 = 2glcos9 + C = vx
2-2gl(\-cos9), (2)> 

if vx be the speed at the lowest point. Thus at the highest point where v=v„, we have 

i)2 = vx
2-4gl, (3). 

so that for the motion to be possible we must have vf->4gl. 
In order that a bob suspended by a thread may go completely round it must have at 

the top of the circle such a, speed that the thread is kept taut, that is we must have 

v.f > gl, or Vi2>ogl, as we have already shown in 13 above. 

Returning to equation (2), we write it in the form 

v2=v-i2 - 4gl sin2 <f>, (4) 

if <j> stand for \9. Hence v = 2l<j>, and so we have 

dt = ______=_.[ ______ (5) 
(v2 -4glsm24>)h- -J(l — F sin2 <£)* 

where Tc2=4gl(vf-, which we know is less than unity. Thus, for the time from the lowest 

point to the inclination 9, we have 

«p dA 2lu_ r/c_(i¥)
4i (6) 

-J0(l-ifc
2sin2<£i vi L K v i J J 

The time for any arc from (f> = 4>i to "£ = "S- is ^^ 
97 

_-<! = =-{«(&)-«(_} (7) 
vl 

This, by (14), 12, above, stands in the constant ratio 2l(i\ . (gjl)^ = 2(gl)-1(vi to the time of 
describing the corresponding arc in the oscillatory motion in a vertical circle of the 

same radius. 



314 GYROSTATICS CHAP. 

From the lowest point to the highest the time T is given by 

T = J " K . [/. 2(gl)i/»i.] (8) 

The value of T can be calculated by the series (16), 12 with the value {2glf-(oi of k. 

W e can now solve various problems, making use of the tables of complete elliptic 

integrals which have been calculated for a succession of moduli [see 13 above]. Let us 

suppose for example that the period of revolution 2r and the length I are given, and it is 

required to find vx. [By a curious inadvertence this has sometimes been set as a problem 

in elementary dynamics !] W e have from (8), (gjl)^r = lcK. [k = 2(glfE/vi.] 

Let the circle be 2 feet in radius and lie traversed once in half a second by the particle. 

This gives r = 0'25, and therefore r(g/l)2 = 1. N o w if /fc = sin 35°, /__ = 0-993, about 0'7 per 

cent, short of 1. But this makes v-i = 2(gl)2/k = 16/0-5736 = 28, nearly. Thus at the lowest 

point the speed is 28 ft./sec, at the top it is 23 ft./sec. 

The circumference of the circle is 12'57 feet nearly, and this space is described in half 

a second. Hence the average value of the speed required is 25'14 ft./sec, so that the 

result obtained is not very far from the truth. 

The reader may verify that a more exact result is obtained by interpolation between 

the values of K for /c = sin35° and /c = sin36°. For /i., = sin35° 12' we have, to less than 

-Aj percent, of error, £ K = 1 . This makes /" = (r57643, and therefore i\ = 2 (glf2 (0'blQ4, that 

is the speed at the bottom of the circle is 27'76 ft./sec. At the highest point the equation 

v.2 = Vi2 — 2gh gives t>2 = 22'66, in ft./sec. In this case the particle might be supported by 

a thread, as the condition v1
2>5gl is obviously fulfilled. In these calculations g has been 

taken as 32 in ft./sec.2 units. 

This may be regarded as the limit of the case of the spherical pendulum in which the 

terminal circles are very small circles at the zenith and nadir of the sphere, and the bob 

passes from the left of one to the right of the other, thus giving an azimuthal turning 

of amount TT. 

16. Reaction of surface on a particle moving on it, or force applied at 

the point of support to a- spherical pendulum. W e now consider the stress 

in the suspension cord, or the force applied at the point of support. W h e n the particle is 

unsuspended, but moves on a spherical surface, the force found measures the reaction of 

the surface. In this latter case we suppose that no friction exists. By (5), 1, we have the 

equation A(t92 + f'sin2 9) = 2 ( - mgl cos 9 + E), 

which we may write also in the form 

ml(ff2 + f2sin29) = ̂ (-mglcos 9+ H) (1) 

The expression on the left is the mass acceleration of the pendulum towards the point of 

support, clue to the motion. The equivalent expression on the right can be written in the 

form 2l2m2g(cos 6,,-cos 9) if we put H = mglcos 8(r 

But the gravity force -mgcos 8 must also be balanced by the action of the point of 

support on the pendulum, and therefore if the force along the axis applied bv the support 

be R, we have 2P-m2,], , a. -
K = — - 7 - — (cos #0 - cos tV) - mg cos 9 (2) 

For a simple pendulum A = mP, and so we obtain 

R = MC7(2 cos 9a~ 3 cos 8) (3) 

[It is to be remembered that 8 is here measured from the upward vertical.] For a particle 

moving on the interior of a surface, this is the normal force which must be exerted on the 

particle by the surface, and 9 is the angle which the normal at the point of contact makes 

with the upward vertical. 
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N o w , with the values of a, b, o stated in 1, we have 
z2 = (-az+b)(l-z2)-c2, (4) 

and the roots of Z = 0 are z,, z2, zs, as explained above. The two latter roots define the 
circles which limit the motion, while zx= -(x+z.2z3)((z2+z3), so that since z2 + z3 is negative, 
zx is > 0. 

In the general case A~R = 2m2Pg(z0-z)- Amgz, (5) 
so that in order that R should vanish w e must have 

2ml2(z0-z) = Az (6) 

But by (1) the quantity on the left is A(t92 + i/-2sin2 9)l/g, and so z must be positive. Thus 
the force cannot vanish and change sign unless the pendulum be above the level of the 
point of support. This holds whether the pendulum be simple or not. 

If R is to be zero in the course of the motion we must have by (5) and the value i)Ab of E 

H > (2m/2 + A)g' % *~ (2ml2 + A )g' 

and these also show that the force cannot change sign if the motion is wholly below the 
point of support, for then both z2 and z3 are negative. 

To carry this discussion further we suppose the pendulum to be simple, and get as the 
conditions required z2>lbl/g, z3 < \bljg, or 

2 6 2 6 
3 cc' * 3 a 

But b/a is zx + z2 + z3, and so we are to have 

z2 > § (zx + z, + z3), z3 < f (Zi + z2 + z3). 

The value of zx given above converts these inequalities into 
_ ̂ 2 z 2

2 + z 3
2 + z2z3_l ^ 2 z 2 + z 2 + z^3-\ 

- ̂  Q «• __~ ' ^3 ̂  o ~, • 
£> Z2-V 63 C> 62 + Z3 

The second inequality is satisfied, for we can write it 
1 2 z 2 - \ 
3H<Zz2 + z3' 

The numerator on the right is negative and so also is the denominator, so that 

f(%2-l)/(s2 + z3) 
is positive. But z3 is negative, and thus the inequality is satisfied. 

The first inequality can be written 

%" "I" z _ ~ 2y + 2 _ 
z2 + z3 

The denominator is negative, and for the fulfilment of the inequality we have so to choose 
z2 that the numerator is also negative. This will be the case if z2 lie between the roots of 
the quadratic in z2, zi + z - _ 2%2 + 2 = o, 

for only for values of z2 in that region is the expression on the left negative. Solving the 
equation we find the roots (, (' given by 

^}=-_±_(9%2-8)* (7) 

The roots must be real, and therefore 9z,2 — 8. This gives for the limiting case of equal 
roots' z3=O-942809, and therefore the pendulum when on the lower limiting circle cannot 
make a greater angle with the downward vertical than 19° 28' 16". 

If this condition is fulfilled z2 must lie between — \z3 ± ==j(9z3
2 - 8)2. At the limits when 

z2 coincides with the roots we have 6/a = f (, or b(a = %tf, and between these values b/a has 
intermediate values. A s z3 diminishes from -(8)*/3 to - 1 , ( increases from 2

a/3 to + 1 , 
while £' diminishes from 22/3 to zero. 

file:///bljg
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When z3 reaches the value -1 we have the case of an ordinary pendulum vibrating in 

a vertical plane, and then the values of c° and (' are 1 and zero. Thus the value of b/a 

must lie between zero and :}. 

By (1) the velocity at the height corresponding to z2 is given by 

* = *<_-4 ^ 
so that we may regard the kinetic energy as generated by a fall through the difference of 

levels l(b(a-z2), that is through l(zx + z3). Thus we have 

.t 2 6_*
2 gl (9) 

~"! 3 a 3 

The required condition of inequality is thus fulfilled if 

v2 

Z^W 
The foregoing discussion is based on a paper by M. de Saint Germain (Bull, des Sci. 

Math. 1901). 

17. Motion of bob referred to rectangular axes. Discussion of the 
motion by elliptic functions. If we take now x, y, ( as rectangular coordinates of 

the pendulum bob, x, y being drawn horizontally from 0, and £ downward from O, we have as 

the equations of motion .. * 
m.i;--fij, my= — Ry, m£= — R| +mg (1) 

Now, as we have seen, xy-y;c = h (2) 

is the equation of A.M. about the vertical. Also we obtain by (1) 

R R 
m(yx-xy)=-j(xy-yx)= - jh (3) 

If then R vanishes at any point P on the trajectory, x = 0, y = 0, and there is zero curva

ture of the horizontal projection of the path at P, which is thus a point of inflexion, and 

the osculating plane is there vertical. 

N o w z denoting cos 9 as before, we have seen, (11), 1, that 

z - s3 = (z2 - z3)sn
2mt, z2 - z = (z2 - z3)cn

2mt, zx -z = (zx - z3)dn
2mt. 

Also we have (P-(2)x( = h, or P(\-z2)/r = h (4) 

The angle, turned through by the radius vector of the horizontal projection in any time 

is thus f h dt 
^^JpJT-A) (o) 

W h e n for z2 is substituted its value in terms of elliptic functions, the integral can be 

found and xjr determined. Thus determined xjr can be used to give x and •>/ by the relation 

w = x+iy=pe'"iJ (6) 

The integral xjr given by (5) has two critical points z=l, z= - 1 , but .c and y are uniform 

functions of the time. 

N o w x2+y2 + tf = P, and therefore 

i?+y2 + i2+^f+yy + U=°-
Hence (1) gives m(x2 + y2 + C2)= -m(x:>':+yij + £l)= -R,l + mi/£. (7) 

But we have seen [(8) and (3), 16] that 

^ + f + t- = 2gl{^-z), R ^ ^ - S z ) (8) 
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N o w by (1) we get also ___ _ » _£(_^-3_) (9) 
io I I \ a ) 

Putting, to avoid confusion with the mass m of the bob, p instead of m for {^a(zx - z3)p, and 
M = (c7/c.)* we find, since ,, x , . , , x , ,._.. 
, z=z3 + (z2-z3)sn

2/x=;=Z3 + (z2-z3)sn
2jc, (10) 

where u = pt, 
^A = (Qk2sn2u + h)w, (11) 

where /. = (z2-z3)((zx-z3) as before, and /i=2(3z3-26/a)/(z1-z3), a constant. 
Equation (11) of course splits into two equations of the same form, one in which w is 

replaced by x, and the other in which w is replaced by y. The equation is a particular 
case of that known as Lame's equation, which is of the form 

V^ = {n(n+ l)k2sn2u + h}io (12) 

If n = 2, this reduces to (11). 
Equation.(12) may be put in the Weierstrassian form by means of a new variable 

given by .. ~ ,,->„' c 

a J 9 z — ̂3 uu — e3 /, 0\ 
sn2u = - = - ; (13) 

z2-z3 e2-e3 
and with a view to the discussion in 18 and 19 below, we write z = M@u' + ~N, where M , N 
are constants which are determined in 18. W e get 

dz = IIJJ'M' du', 

and Zi-z = M(ei-pu'), z2-z = M(e2-<pu'), z - z3 = M(pu'- e3), 
so that, since Z = (zx — z)(z2 — z)(z-z3), 
r ^=2M-4 r ==- ^ 

J- Z* Je„ {4(fii-ex)(<jpu'-e2)(pn'-e3)f
s 

that is r2^ = 2M_*cO], 
J „ z 4 

where <i>x is the half-period of u', corresponding to the variation of <@it! from e3 to e2. But 
p dz _ 2K 
)z3?>2 (zi~h)'2 

and therefore Wl=_
 M 2 K _ = —

K (14) 
fe--.,)* (ei-^s)4 

Thus, as may be seen otherwise, the variation du has the value du'. (c==j - e3p. Hence, since 

79 9 e2_es Z~H Pu'-e„ ,... 
k2sn2u= - = - -, (15) 

ei ̂  «3 % ~ % ej - e3 

we have instead of (11) -^f2 = {d<pu' -de3 + h(ex-e3)}io, (16) 

and, instead of (12), the general Lame equation 

^ = {»(« + l)p«' + A}_, (17) 

where A is a constant. In what follows we use the new variable u', writing it however 
without the accent. 

18. Calculation of 9 in terms of t. For the calculation of 9 in terms of t, or 
vice versa, we have the relation 

z^(b-az)(\-z
2)-c2, (1) 

where a, 6, c2 are positive real quantities, and 1 > z > — 1. This equation has, as we have 
seen, three real roots ; one zx between +00 and 1, one between 1 and z0 (the initial value 

r 
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of z, for which of course z2 is positive if it is not zero), and a third between z0 and — 1. 
Now, transforming as above from. (1) to the Weierstrassian form, we get (from the 
substitution z = Ms + N ) fds\2 A , (2\ 

dt] -2*--3> 

*4 N4> *=A. +3^ ^(S-O+Tf- -(3) 
The roots of the Weierstrassian cubic obtained by equating the expression on the right 
of (2) to zero are given by 

„ _ . - N 2,-N _ z 3 - N (4) 

and fulfil the condition ex + e2 + e3 = 0, since Zj + z2 + z3 = 6/a = 3N. 
If we construct the Weierstrassian function ftti with g2, g3 as invariants, we have 

p'hi = 4phi-g.jpii-g3 (5) 

/ du\2 

With s = fu, (2) becomes (- ''TTW = - 3'te~- 2- M~- 3 (6) 

Identification of this equation with (5) shows that 

du\2 , _ , ,_. 
di)=l> °r * = ± 1 (V) 

W e shall suppose that du and dt have the same sign, as it is always possible to change 
the sign of u without altering the value of <pu. Thus z and <pu increase and diminish 
together. As z increases from z3 to z2, fu increases from e3 to e2 in the real semi-period 
uij, and for any instant we may write 

u = t + i»3, 
where co3 is the imaginary semi-period and t is real. 
In 1 above we have seen how t may be expressed in terms of <j> [ = tan_1{(z - zsy

1/(z, - z)2}] 
as an elliptic integral of the first Legendrian type to modulus k = {(z2 - % ) / ( % - -»s)}--

N o w let pa, p(3 be so chosen that 

Mjpa + N = l, Mj5/3 + N = - l (8) 

Then we have M = -—^—-,, N=-^a-^|, (9) 

and of course a, (3 are imaginary. By (1) and (2) above we have M2p"2a = ~M2p'2/3= -c2, 

V'a=±p'(3 = iA. (10) 

With these values of M and N we calculate the term h(ex -es) in (16) of 17. The 
value assigned to h in (11), 17, gives 

6z3-4^ 
% - S ) ~ = 6 ^ + 6 j - 4 ^ = 6fs-6|. 

Hence, by (9), h (ex - e..) = Gc. + 3 (<pa + <p(3), 

and (16), 17, becomes -A-2={§pu + 3(fa + f(3)]u- (11) 

The values of M and N in (9) give, it may be noted, 

8i-j_0_!__*__^___!: oosai0_I±___j____ ) 

z = 2fu-pa-p(3 
Pa-p(3 

and therefore . . . e 

.(12) 

19. Calculation of the azimuthal motion by means of L ami's equation. 
W e can now consider the solution of the Lame equation, that is the deternmi • • f / 



XV THE SPHERICAL PENDULUM 319 

in terms of the time. The theory of the subject has been fully discussed by Hermite 
and by Halphen. The process we give here, though restricted to the dynamical problem, 
is complete in essentials, and differs in some respects from the usual form. First we 
suppose that the functions pa, p(3 fulfil the condition [see (10) of 18] 

f'a + p'(3 = 0 (1) 

Next we assume that w = C <T(u + a)°~{u +(3) g_ w(fa+f/3) _ ,.2) 
era crp o—u ' 

Taking logarithms and differentiating, we get 
1 dw n , \ , H , o\ of /-• fo 1 P'u-P'a , 1 p'u-p'B /QN 
- -r- = C(ii + a) + t(u+(3)-2tu-ta-t(3 = ̂  =K Mf (3) 

by the addition theorem for the ̂ -functions. 
Differentiating again, we obtain 

1 d2w /l dio\2 . , . -, „ 
u __*-(„ ch,J = -9(^ + a)-p(u + (3) + 2pu. 

By the addition theorem, p(u + v) = l^2^)-pu-fv, (4) 

this last result becomes 
1 g i _ 4 0 M , g-, Pfl L/f__t____Y, f_ ___j.yi, (j *?Y (5) 

But the value of (dw(du)(w given by (3) converts (5) into 

1 ^A^4pu + Pa + pR +
 l-^--^A g-_-_g_- (5') 

«-rfB2
 4-w + -a + -P + 2 p M _ p a ^c-F/3 

In the differential equation (11) of 18 the left-hand side of (5') has the value 
6fu + 3fa + 3p(3. 

Hence, in order that the right-hand side of (5) may reduce to this value, we must have 

4(pu+pa+p(3)^^AfAPAA^ (6) 
\b . -r-5 HJ fu-fa pu-f(3 

W e have therefore to find the condition which, with (1), must be satisfied by pa, p(3 in 
order that (6) may hold. 
By (1) the product on the right may be written 

P'2u-P'2a 
(Pu-pa)(pu-p(3)' 

and therefore (6) becomes 
4 (fit. - fa) (pit - f/3) (fu + pa + p(3) = p'

2u -f'2a 
= 4p3u-g2pu-gs-(4p'a-g2fa-g3), (7) 

by the well-known property of the p-funetions. 
The coefficient of pu on the left and on the right must be the same, and so also must 

be the absolute terms. Each of these conditions gives the relation 
P'A + p2(3 + pap/3-ig2 = 0, (8) 

the fulfilment of which renders (7) an identity. 
N o w consider the quadratic equation 

p - l ^ + k2-ig.2 = 0 (9) 
Let £lt £2 be its roots. Then 

$i + g-i = h £i&=£ 2-2bv 
H e n c e ^ = (Si + $2f-iff2, 
*at is <51

2 + cJ2
2 + ̂ 2 - i , ? 2 = 0, (10) 

which is exactly the relation (8) fulfilled by fa, f(3. The conditions fulfilled by pa, f/3 
are, therefore, that they should be the roots of an equation of the form (9), and that 
P'a, f'(3 should have the opposite signs. 
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20, Calculation of azimuthal motion continued. Let us now s"pPose 

that w = x + iy [ = p. , see (6), 17], so that by (2), 19, 

.,- + j-y = C °~(M ± <A\"AA±M e - "(.-+#) ^) 
era cr/3 cr% 

cr(?c + a) , , , iro.cru 
W e know that -̂  ' e- «("• = (fa - pu) —r-i =-=, 

(TO.O-11 a(u — o.)e"ia 

, <r(u + (3) ,„ ,„,-, , . trBo-u 
and --7V

J-Le-v$V = (fR-fv>)-, !—,^-un-
cr(3o-u- -' 4 'cr(u- (3)euiP 

so that we obtain 
\ / /, „ \ era cr/̂  er'-w /-Q\ 

,r + iy = C(Fa-p?c)(p/i-F«) -_-_---_-/__IT5^) (2) 
Hence, if we can take x2+y2 = K(fu.- fu)(f(3- fu), (3) 
where K is a constant, we get 

x2+y2_K cr(u - a)o-(u - (3)e<S«+(P) ,^ 
x-lU = frffi;]-Ji (TO.O-(3<T2U 

N o w , by the equation of the sphere, 
x2+y2 = P-C2 = l20-z2) = P(l-z)(l+z), 

and so by (12), 18, we. get 

' r" +^ 2 =^(pa^8) 2 (P a^^ ) (P / 3"P M )' (5) 

or x2 +y2=-M2l2(fa-fu)(p(3-pu), (5') 

where M = 2/(pa-p/3) as found in (9), 18. Thus K = - M 2 l 2 = -4l2j(fa-p(3)2. 
For the sake of symmetry w e might choose a n e w constant E , such that C = E 1 _ 

W e should have then for (2) and (4), 

x + iV = VMl-^
 + aW

a
{U, + f3)e-«_+flO, | 

era crp o~-u | 
Mlo-(u-o)o-(u-(3) ,, , ,„ 
E era crp o—u 

Multiplying the two equations together, w e verify that they give, as they ought, 

x"- + y"- = - M2P(fu - pa)(pu - f/3). 

Also, by the addition theorem, 
o-(u + v)o-(v. -v) 

pit - p v = - -A A—), ', 
cr-M cr- v 

n o-(a + /3)<r(a-B) 
w e get <?a.-f(3=- 4 ^ >>, 
and therefore the value of M in (9), 18 gives 

m=-2i^A^(i (7) 
o-(a + (3)o-(a-[3) V 

Dividing- the first of (6) by the second, and supposing that x = p cos \lr, y — p sin \jr, w e get 

^__ E a?.(!_^)_^_gL- 3«(f. +f ( J) ) (8) 
<r(u-a)cr(u-(3) ' w 

by which xjr can be calculated. The value of E 2 falls to be determined from the initial 
circumstances of the case. 
21. Direct determination of azimuthal motion. We have thus found the 
azimuthal motion of the spherical pendulum as a solution of LamcVa equation. The 
following direct process leads to the same result, and w e give it here for the sake of the 

.(6) 
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conclusions to which it leads as to the angles turned through in successive half-periods of 
the motion. In 2 above we obtained 

H ihMi+z+ih-z)- f-w <*> 
Writing M p M + N = z , M p a + N = l, Mp/3 + N = - 1 , and remembering that du = dt, we get 

*_ = _£_('___ L \ (2) 
du 2A\Afu-p/3 fu-pa) v ; 

N o w z2=(^J = M2p'hi = (-az + b)(l-z2)-c2, (3) 

and u = a or [3 according asz = l or — 1 . Hence 

. «=P"j3 = - 5 p . • (4) 

and p'a, p'(3 may have the same or contrary signs. In accordance with the choice 
already made above we take c 

fa=-f>f3 = i- (5) 

Equation (2) becomes -2i^= $=- ,.+ f'a (6) 
v ' du fu-f(3 fu-fa 

By the addition theorem of the {--functions, we have from this, 

-2i^=-((u + f3) + i(n-(3) + 2'(3 

-C(u + a) + ((u-a) + 2(a (7) 

Integrating we obtain e_>= -W^f--^.-+U^.e-2»« .fffl (8) 
° o-(u — a)o-(u- (3) 

From this and the equation of the sphere we can deduce x + iy, x — iy; but the values of 
these quantities are given above. 

22. Proof of Bravais' theorem by elliptic functions. In this connection 
the determination of what are called the complete integrals, 

,-2&, /•2a)/i 

£(u + v)du, / ((iu + v)du, 
Jo Jo 

is important. For the present we take only the first. W e have 
,, , u , o-(2co + ?>) , . 
C(u + v)du = log — (1) 

But cr (_+»)= -e^O'+t^io-v, 

and thus log{cr(2_ + i>)} = 2(_ + ii)?7 + (2ra + I)7r£+log(cn;) (2) 

No w let the step of azimuthal angle described by the spherical pendulum when u is 
altered by 2ir,x be 2i/e0. Applying (2) to (8), 21, we get 

4f0i=2vi(a + oji)-2Vi(-a + o>1) + 2Vi(/3 + oh)-2Vl(-/3 + o>1)-4o>1({;a + {;(3), 

that is ^o=- wi(t a + C/3) + %(« + /3) (3) 
Following a process due to Greenhill [Elliptic Functions, App.], we find an approxima

tion to the value of the expression on the right of (3). W e divide the expression into 
two parts xjrx and xjr2, so that we have 

ixjr1 = a-rh- _!<>, if2 = (3rfi-^((3 (4) 
Now cuj corresponds to the largest root zx of the cubic equation in z, and eo3 to the smallest 
root z3. Let the two roots z3, z2 (corresponding to co3 and wx + w3, between which the 
variation of u takes place in the half-period) be both approximately equal to — 1. The 
variation of u in the integration considered is through the whole period 2wx, so we now 
suppose coj written for m in (4), and % written for rj to correspond. 

G.G. x 
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The value of u for z= +1 is .., and for z=-\ is (3 [see (8), 18]. If then q and s be 
small quantities, we get by a period-rectangle, reckoning arguments from the upper circ e, 

a = oj3(l — s), /3=co1 + c/w3 *• ' 

Developing fa, ([3 by Taylor's theorem and using the values 

^-(M=-F». P"j3 = e3, foh = eu 

we find £(3 = -rh~cP>3$<»i = Vi~eill<'>?., Ca=i]3 + su>3f(,>3 = V3 +
 e3s<»:i' (6) 

and therefore, by (4), 

ixjr2 = qo>3(yx + exoii), ix/rl = o>3qx - cojT/.. + sw3(Vi + cyj,) = Uir - SO>3(T)X + esmx) (7) 

It can be proved that dn2{u(ei-e2)i} = _ l £ i ^ ± _ 2 . 

Multiplying by du and integrating from 0 to mx, we get 

rdn2{u(ei-e3)i}du = o>i + A±AA3, (8) 
Jo el e3 

so that ( q - % ) s B = e1co1 + ?;1, (9) 

where E is the complete Legendrian integral of the second kind to modulus 

{(e-2-e3)((ei-e3f. 

But we know also that K ( e 1 - e 3 )
3 = (e1-e3)coj, (10) 

where K is the complete elliptic integral of the first kind corresponding to E. From (9) 

and (10), by subtraction, w e find 

(« 1-e 3)i(E-K)=7 ? I + e3co1 (11) 

Equation (9) used in the first of (7), and (11) used in the second, give 

i'-̂ 2 = c7w3(e1-e3)
2E, ) (12) 

ixjri = Ji7r + =3fti3(e1 - e3)
5(K - E). J 

Now,in 17 above, we have seen that M p a + N = l, Mp/3 + N = - 1, M p w + N = z. Hence 
if y2, y3 be the angles which the axis of the pendulum makes with the downward vertical 
when in the positions z2, z3 respectively, we have by (12), 18, 

cot'̂ iv = 6° - ®a = H - &i ~ ̂  f_L__ + """ (13) 
2/2 p(3-e3 e1-e3 + ifw3

2p"iOi + ---
But p"(o3 = 2 (ex — e3) (e2 — e3), k

2 = (e2 — e3)l(e1 — e3), k'
2 = (e1 — e2)/(ei — e3). Hence approxi-

mately, by (13), cot2iy2 = -(e2-e3)sW= -k2s2ol3
2(ei-e3) (14) 

Similarly, ^i^^S ^ 
Thus w e find by multiplication, 

(ei -3)s3(i)3'-
i= -T7-eot2iy2cot-iy3, (16) 

and by substitution.in (12), 

fi = |^ + g(K-E)coUy 2eot- 2-y 3 (!") 

Again, by (1) of 19 above, which relates a to (3, 

I = _ f/P = _ F A ^ L ± _ _ = If "Ah = 2 "i ~
 e-2 = £ I-

2 

fa p'(o)3-sw3) sf"o)3 s e.2-es s ~k
2' 

and therefore by (12) i\jr2 = sa3(el-e3)ijj2E ng\ 

xr k2 
Hence v=sp" (is) 
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we obtain 

But [(16), above] w e have seen that 

(ex — e3)*stx>3 = i TTJ cot -gy2 cot \y3, 

and thus we get xfr = xjri + xlr2 = ^ + j^fk'
2(K-$,) + k2E}coti2-y2cot\y3 (20) 

Substituting now from the expansions of K and E in ascending powers of k2, putting 
kP-\-k2, l/k' = l + %k% we get easily 

f = xlri + xjr2 = lK{\+(% + -$5k
2+-.-)cotly2cot}j.y3} (21) 

A rougher approximation is 

i/_A7r(l + § eo H y 2 cot Ay3), (22) 

which m a y also be obtained by noticing that as k approaches zero, k' approaches 1, without 
limit of closeness, and that the limiting value, for k = 0, of (K-E)/k2 is JTT, while that of 
E i s - • T h u s ^ = *7r(l+f cot ly, cot iy3) = i-=r(l+f sin y2 sin y3) (23) 

This is Bravais' result, which was found above by another process, not involving the use 
of elliptic functions. 

If we replace the factor 1 in the value of xjr2, found from (19) and (16), by 

-(G-Cn)j(G + Cn), 

. fG-Cn\27r ,x ,. 

which with (17) gives the approximate azimuthal turning for the corresponding case of 
the motion of a top. G is the A.M. about the upward vertical. 

23. Consideration of special cases of the spherical pendulum. Going 
back to the exact equation, (3), 22, we may now reckon arguments from the lower 
limiting circle so that a == or, + e/co3, (3 = <D3(1-s), da = ida. Thus differentiating with 
respect to a, we get dxL do 

-^o = fi)ipa+Vi + {(0iPfi + Vi)_B (1) 

But we have here to take f'a + f'(3 = 0, and therefore have 

f"ada + f"j3dj3 = 0, or ^ = - ^ (2) 

Thus we find 9"(3^ = (<->iPa + 7]l)f"(3-(ollp(3 + Vi)P"a (3) 

But direct differentiation of the fundamental equation of the p-functions, that is of 

pfi = 4pH-g2fu-g3, 

gives f"u = lof2n-\g2, 

and so we have p"a = %p2a-\g2, f"(3 = 6f2/3-i2g2. 

In virtue of these values of p"a, f"(3, equation (3) takes the form 

''^^=^faf(3+lg^ + QVi(po.+f(3) (4) 
fa-p(3 do! 

N o w w e have seen in 19 that fa, p(3 are the roots of a certain quadratic equation 
which, if — K be the sum of the roots, may be written 

$2+K^ + K
2-ig2 = 0. 

Substituting, therefore, in (4), - K for fa + p/3, and K3-J,C;2 for faf(3, we get 

-SS-6^^2-^-^!- W 
Also we have fa + p/3 + K = 0. 
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B y the addition theorem of the ^-functions w e have, since f'o.= - f'(3, 

fa. + f(3 + f(a-(3) = 0,\ (6) 

so that f(a-/3) = K.) 

It is important to notice that, by ((>), a + (3 + a-/3, that is 2a, is a period of the 

argument u. 

W e know that p"(3, fa-f/3 are positive, and it can be proved [see Halphen, Fonctions 

Elliptiques, t. i. p. 315] that the expression (K2-\g,i)o\ -ViK> which appears in (5), is 

negative. Thus dxjrjda' is positive, that is xjr0 increases with increase of a. The 

imaginary part of «, is ia, and o! may have any value from 0 to the full half-period 

value co3/i, so that a lies between ai; and <MX + co3 ; also (3 lies between 0 and o>3. The values 

of a and (3 are situated as indicated in the inequalities 

ex>fa>e2, e 3>p/3>-=x, 

and f(3 reaches the value - oo when (3 = 0. Thus we can write 

a = b>i + e/co3, (3 = (l- s)oi3, 

w h e r e q a n d s are proper fractions. In each of the extreme cases specified in the table 

below s is zero, a nd it will be seen that f'a + f'[3 = 0, a n d that 2a is a period. 

Again, if T be the time value of the half-period, a n d t ( < T ) the current value of the 

time reckoned from the lower limiting circle, the equation for u is 

t , 
U = oy1—rCD3. 

As an example, let the pendulum very nearly reach the lowest point of the sphere. 

T h e n w e have, also very nearly, q = 0, that is p<i. = ex a n d e/. = co1. B u t n o w to the same 

degree of approximation z3= — 1, and so also zx = \. H e n c e P[3 = e3 a n d (3 = o>3, that is 

the purely imaginary part of (3 is zero. 

T h e following table shows the values of a, a, (3, w h e n the azimuthal angle turned 

through in half a period has the extreme values |-7r a n d IT. This angle has been 

calculated, from (3) of 22, that is from 

ifg= - co1(£/2 + f»+->;1(a + /E0 

I. 

11. 

a' 

| 
0 

(03 

i 

1 

CO 

a 

eoj 

.+ (U3 

/3 

co3 

">3 

fo 

i _ 

77 

In the first case w e get, b y the values of (3 a n d «, 

ift] = ihta3 ->/:,«),, 

and in the second ease ixjr0 = 2(i]i<a3 — )fei<Ji). 

T h e quantity T^CO,-ij3to1 is z\-A2iir, according as co3/«Oi is positive or negative. T h u s in the 

present case, w e have the values stated in the table 

T h e m e a n i n g of these, results m a y be shortly stated. W h e n ci = (Uj and fi = co» that is 

w h e n one limiting position of the p e n d u l u m b ob is at the lowest point of the sphere and 

the other infinitesimal]}' higher, the azimuthal angle turned through in the passage from 

one limiting level to the next is -i iir. 
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In the other extreme case we have, by (6), 

f(a-(3)=-(pa + p/3) = ~, 

by (8) of 18. But a - /3=co1, and so we have 

2N 
^ = M -

This is the ease in which [see 15, above] the limiting circles are shrunk into the extremi
ties of the vertical diameter, when i//0 = 2ir. 

In the case of motion described in 4 above, the value of zl is infinite, and so we have 
CL>!=0, as the defining integral for <a1 shows at once. Here by (10), 18, f'a = az. 

24. Motion of a particle on a concave surface of revolidion. Now let us 
suppose that a particle moves on a concave surface of revolution, the axis 

of which is vertical. W e suppose that the origin of coordinates (f, p) is 

taken on the axis, and that £ is measured upwards, p horizontally, and that 

£ =/(/)) is the equation of the surface. The energy equation is 

hm{p2(l+f'2) + p2xjr2)=-mgf(p) + h (1) 

For clearly the expression on the left is the value of the kinetic energy, 

+ mgf(p) is the potential energy, and h is the constant sum of these two. 

Since the action of the surface on the particle is always directed towards 

the axis of figure and the gravity force upon it is parallel to the axis the 
A.M. ?7ip'2i/r is constant. W e have 

mP
2xjr2 = 2 {- mgf(p) + h) - mP

2(l +f2) = m _! (2) 

Thusweget t -10 = ± f p dp j -(
 1+-' V, (3) 

Jp" W{-9f(p) + ~\-o2i 

and ^-^„_±pc_?J ? ___— J* (4) 
- PW{ -gf(p) + A} -*}' 

where t —1 0 is the time of passage from the distance p0 from the axis to the 

distance p, and \jr — xjrQ is the angle turned through by the horizontal 

projection of the radius vector in the same time. 

It will be noticed that c2 has not here the meaning assigned to it, in 1. 

There it denoted x/fisini9, here it denotes x/r2pi. 

It is clear that the value of c is vp sin a, where v is the resultant speed of 

the particle at any instant and a the inclination of the direction of motion 

to the meridian (a section of the surface by a plane containing the axis) 

on which the particle is situated at the instant. Thus we have 

c = vp sin a = v0p0 sina0 (5) 

If the particle describe a parallel (a section of the surface made by a 

horizontal plane), the vertex of the cone the generators of which are the 

normals to the surface drawn from points of the parallel must be above the 

level of the parallel. This is necessary in order that the reaction may 
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balance mg. If the semi-vertical angle of the cone be (3, the condition 

necessary for equilibrium is clearly 

tan/3 = '^. 
' v2 

But cot (3 = dt;/dp =f'(p). Thus 

v = {gPf'(P)}
1 (6) 

Thus i> is a possible equilibrium speed only iif'(p) is positive. 

If the particle be under no force, except the reaction of the surface, we 

have, putting c'2 for c2m/2h, 

f> - / l + f s C 

•(7-) 
, , ,r» dp(\+p-

tn=±-\j>dPK?_c 

odpfl+f2 

In this case, since the force on the particle is always at right angles to the 

direction of motion, the value of the resultant speed remains constant, and 

therefore w e have by (5), as a condition fulfilled by the path on the surface, 

the equation p s i n a = COnst. 

This condition is characteristic of a geodesic on a surface of revolution, that 

is of a line so drawn on the surface that its osculating plane contains the 

normal at each point. W e have thus obtained a dynamical proof of this 

characteristic property of geodesies. 

As a particular case, consider the motion of a particle on the interior concave surface of 
a hollow right circular cylinder. Here p is constant, and the inclination of the path to 
the successive generating lines of the cylinder is everywhere the same, so that the path is 
a helix on the surface. This is also obvious from the facts that whatever axial speed the 
particle may be given initially will be preserved unaltered, and that the A.M. of the 
particle about the axis also remains constant. Of course if the axial speed is zero, or if 
the angular speed about the axis is zero, we have the limiting cases of the helix, a circle 
about the axis, or a generating line of the cylinder. 

25. Motion on ct paraboloid with axis vertical. Now let the surface of revolu
tion be a paraboloid with axis vertical. The equation of the surface, if the vertex—the 
lowest point—be taken as origin, and £be measured upwards, is 

P2 = M- (1) 

In this case, if m be taken as unity, the equation for t becomes 

t t-[
e («+ £.*£ (2) 

i(A^iC-2gt2-c2/4a)^ 
This may be written in the form 

t-t^ ___________ .. (2') 
i(P,((+a)(2h(-2gC2-c2l4a)}h-

Let f2, £3 be the roots, in ascending order of magnitude, of the quadratic 
2^~2 _+£ = °' (3) 
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A 
that is if £KM*-£)> (4) 

we have *-«,-(-?)*? ^^ * (5) 
V flr;J&{4(f+a)(f-f!)(f-&)}' 

N o w let <;=Ms + N (6) 
W e get for the cubic expression in the denominator of (5) the forjn 

4M.s(s-ei)(s-e2)(s-e3), 

^e «i=-^- <- ^+A % = ^T^-

Hence, if e,+ e,2 + e3 = 0, N= ~
a + & + &, (7) 

and ,-__±__3 "+-.-& "-C2 + 2& (8) 
a a ril 3M ' 2 3M ' 3 3M. W 

W e suppose that £ lies between £2 and f3, so that s lies between e2 and e3. W e have now 

,_,o=(_?M)
4r —^^—, (9) 

V 9 ' iesWs-ei)(s-e2)(s-e3)^ 

Let s = fu. We get it-<„=(--MY ((pu-efd-u (10) 

To determine the limits of integration we observe that as £ lies between £3 and (2 so also 
fu must lie between e2 and e3, and that when fu = e3 we may take M = co3. Thus 

t-t0=(-^MY (
U(fu-ei) du=(-lMY{-iu + (w3-ei(ti-o>3)} (11) 

\ g 1 Ji„3 \ g / 

The value of M may be chosen at convenience. If, for example, we take M = - 1 , we 
have ex>e2>e3, and get 

1 

t-t0 = (^y{-Cu+Coh-ei(u-o>3)\ (12) 

If we choose M = - (a + (3), we have ex - e2 ===== (a + (2)((a + £3), et - e3 = 1. 

In (11) and (12) £ is the Weierstrassian function usually denoted by that letter. 
Elsewhere, unless the contrary is stated, it denotes axial distance as defined above. 

For the azimuthal motion we have p2d\jr = cdt, that is 

d^=ikdt (13) 
/ 2M\4 

But we have just seen that dt = ( — -— 1 (fu - ex) du ; 

and, by (6) and (7), £= MpM - _^-i
3 = M (p„__:fc_ 

Thus (13) becomes df = ±(-^f ^~^du (14) 

V 3M 

which may be written as 

*r-ia\ gMj [du + [ 3M V «-&-&/ 
fU 3M 
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Integrating, we find 

c 
^-^=Scl^i)2{,^^+M 

pu-

dn \ (16) 

3M 

W e now define an argument o. by the equation 

pa^-fi.-^!^, (17> 
S 3M 3M 

and calculate f'o. by the relation 
p'2a = 4 (pa -ex)(fa- e,2) (pa - e3). 

W e g e t p'a = —;, (18) 
(2c/M3)^ 

and therefore by (16), 

«+-"--«">«ii&-l&$ "9> 
Now fjfadu = - + i0g ,,- (M _ a) _ log o- (M + a) 

where {-now denotes the Weierstrassian ^-function. 
Hence, taking as limits of the argument u and co3, we find 

W.I, ,1,1 2(tt-m3)i ?-?« f o-(u + 0,)o-(u>3-0.) 
«2H. w = e ' (l(8./M)==

 ; —) ( ) (. 
cr('(! —a)cr(oi, + a) 

26. Cases integrable by elliptic functions. It is stated in a paper by Gustaf 
K o b b [Acta Math., 10, 1887] that the integration of the motion of a particle on a surface 
of revolution, under the action of a constant external force parallel to the axis (e.g. 
gravity), can be effected in terms of elliptic functions if the equation has one of the five 

forms, in which ( denotes axial distance and p radial distance from the axis, 

p = m{, p2 + C2 = a2, p2 = 4a{, 

Sap2 ===== f (f - 3a)2, 2p* + 3«2p2 = 2a% 

To these a sixth, (p2 - a(- \d2)2 = a3{, 

was added by Stackel [Math. Annalen, 41, 1893], and this was supposed to complete the 
list of algebraic surfaces for which the integration by elliptic functions is possible. Yet 
another integrable case has been reported by Salkowski [Piss. Jena, 1904]. The equation is 

p 6-8a 3fp 2 + 2a6 = 0. 

27. Bcdl rolling on a concave spherical surface. We now suppose that the 
particle moving on the spherical surface is replaced by » ball which rolls on the surface 

without slipping. Let r be the radius of the 

surface (denoted by I above) and a the radius 
of the ball. Take axes drawn from the point 
of contact 0, (1) O D drawn towards the 
observer at right angles to the vertical plane 
containing the centre of the sphere and the 
point O, (2) O E tangential to the sphere and in 
the vertical plane just specified, and (3) the line 
0 0 joining O with the centre G of the sphere. 
These axes are drawn so that, as shown in 

Fig. 86, they constitute an ordinary right-handed system of axes. The inclination of G O 
to the downward vertical is 9, and so the positive (counter-clock) turning; of O G about 

O D is 9. W e suppose that the vertical plane containing the centres of the sphere and 
ball is turning in azimuth with angular speed \p. 
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Let the azimuthal motion be zero, and the centre of the ball have turned through an 

angle 8 about an axis parallel to O D , d r a w n through the centre of the sphere, and <j> be 
the angle (measured of course the opposite w a y round) between the radii, the extremities 
of which were in contact at the beginning and end of this turning. T h e ball has turned 

through the angle <j>-8, and its counter-clock angular speed is —(<(>—9). B u t clearly 
ad>=r9, and therefore . . ,•-,,• 

<p-9 = ~--9. 
1 a 

T h e rate of production of angular m o m e n t u m about O D due to this turning is 

- m ( k 2 + a2)(r-a)9(a. 

This is the part due to acceleration. 

Again, the components of angular velocity about O G and O E are i/-eos 9, —f sin 8(r - a)/a, 
due to the azimuthal motion, while if the angular speed of the spin about O G be n, the 
corresponding components of A.M. are mk2n, — m(k2 + a2){(r — a)/a}i/sin 8. The rates of 
growth of A.M. about O D due to the motion are thus 

mtPmp sin 8, rii(k2 + a2)-\(r- a)(a}f2sin 8 cos 8-

T h e m o m e n t of forces about O D is m g a sin 8. H e n c e w e get for the equation of motion 

(k2 + a2)(r-a)9- \psin 8{(k2 + ci2)(r-a)f cos 9+ k2na)+gci2sin 9 = 0 (1) 

The same process yields for the axis O E the equation 

- (k2 + d2)(r - a) j((f sin
2 8)-a IPn sin 8. 8 = 0 (2) 

The constant A.M., G, say, about the downward vertical through O, is given by 

0 
(k2 + a2)(r — a) sin28ip — ak2n cos 8 = a —, (3) 

„ ri , ; aG, + ak
2ncos 9 ... 

or, writing G 1 = G/?n, Y = no , -->\/ \ • •> a (4) 
° 1 ' ' (k2 + a2)(r - a) sm2 8 

Substituting for tp in (1), w e find 
,,,, ,N/ , x (aG-,+a.k2ncos 8)(aG.cos 8 + ak'hi) , » • , - , „ .„. 
(k2 + a2)(r-a)9-- ! — , , „ , .,. . ' • ,a

 J- +ga-sm 9 = 0, (5) 
(kA+ a2)(r-a) s\n69 y ' 

which we call the ̂ -equation of motion. It will be seen that it is of precisely the same 
form as that used frequently above for the motion of a top.* 

Multiplying (1) by 9, (2) by f, adding and integrating, we obtain 

(k2 + a2)(r-a)02+ 4>2sin29)-2ga2cos9 ={^®-lAii2)a, (6> 

where E denotes the total energy when the potential energy is taken as zero for 9 = \TT, 

and therefore as —mga when 9 = 0. 

* The 0-equation of motion is (if 8 is measured, as here, from the downward vertical) 

- AS + (Cm + A\j oos S) 4> sin S = Mjl sin 6. 

But if G be the A.M. about the downward vertical, we have 

G = - Cn cos 8 + A\i mix18. 

m, • ; . „ Gr + Cn oos 8 . ; „ _, G cos 8 + Cm. 
This gives i i s i n S = — ; — = - = — , AiicosS + Cm = T-TJT; 

r A s m S ' sin-S 
Hence the equation of motion becomes 

. •• (G + CmcosS)(GcosS-t-Cm) ,T = . . , 
AS - ̂  , '.' + Mnhsm8 = 0, 

which is exactly of the same form as (5). 

file:///psin
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If we write z = cos 8 and 

_ a(2E-mk2n2) aG] , ak2 (7\ 
a m(lc2 + a2)(r-ay

 /i_(k2 + d2)(r-ay- '" ( F + ^ X ^ ) ' 

and give a the n e w meaning 2ga2/(k2 + a'2)(r-a), the equations of energy and m o m e n t u m 

m a y be written z2+f*(l-z2)2 = (a + az)(l-z2);\ (8) 

i/(l-z2) = /3 + bnz. I '" 

Eliminating i/, we get from these equations 

z2 = (a + az)(l-z2)-(f3 + bnz)2=f(z) (9) 

In accordance with the notation of Darboux, followed by Greenhill, we can write (4) 

in the form ; _a G1 + G'1cosg_ h-h' . h + h' . , 

^~r-a (k2 +a2)sixi29~l+cos 8+x-cos 8' ( ' 

where G\ = k2n, h = ~ AA-,—n, ti' = -? \7rJr~A (H) 
2 (r - a)(k2 + a2) 2 (r - a)(k2 + a2) 

Thus we have (since 8 is measured from the downward vertical) 

I , /' a J\ a^3 I , cc(G', + G,cos 9) ,,„. 
<p = io = n.+ \/cos 9=\ 1 - ? - wv, - .„ »! + 7—-\779~T vr^-'"fl' ^V 

I (;• — a X # 2 + <r)J (r-a)(r+a;!)sin-9 
,, , . ; 0f(r-a)(k

2 + a2) ) h'-h h + h' . . 
that is <P = 2( ^TT; '-1 A' + =— s + = 7, (13) 

t ak- j 1 + cos 9 1 — cos y 
From (10) and (12) w e obtain i (^^ ) ={^^:)_ 1^ + r^^ COS I ..(14) 

,.- ,- (('/•- a) (k2 + a2) ] A'-/c 

The motion of the point of contact is thus exactly similar to that of the motion of a 
point on the axis of a top. In comparing the equations here found with those given in 
4, XII, above for the top, it is to be remembered that here w e have supposed 8 measured 
from the downward vertical, which accounts for the appearance of a + ezz and (3 + bnz 
in (8), instead of a — az, (3-bnz [loc. cit.~\. The calculation of t and of xjr in terms of 9 (or 

in terms of z) can be carried through by the same elliptic function analysis as for the top 

[see 18 and 19, XII]. 

28. Reaction of the surface on the rolling ball. The spherical surface reacts 

on the ball with a thrust R which balances the normal component mg cos 8 of gravity, 
and supplies the force in(u2 + A)j(r — a) required to give the acceleration (v? + r2);(r—a) 
towards the centre of the surface. But u = (r - a)8, v = f(r — a)sin 8, and thus w e get 

'R = mgcLsd + m(r-a)(92 + f2sin28) (1) 

But, by (6) of 27, this becomes 

R = m\g cos 9 + j ( ~ k2n2) a + 2ga?cos 8 \ ,2
 ]- .A, 

R 9cos6>tt
2 + 3«2) + 2Ha 

m k- + cP ' 

where H is the total energy per unit mass of the ball apart from rotation about the 
radius O G . 

W e infer that the reaction along the axis of a top, or gyroscopic flywheel, which is 
constrained to move about a fixed point in its axis of figure, is given by (2) adapted to 
suit this case, by the supposition that, while k is the radius of gyration about any axis 
through the centroid of the top, at right angles to the axis, a is n o w the distance of the 

file:///7rJr~A
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tixed point from the centroid. If we write I- for the length of the simple pendulum 
equivalent to the compound pendulum formed by the top or gyroscope turning about a 
horizontal axle at the fixed point, .we have l=(k2 + a2)/a, and therefore 

R = 9Cos 8 + 2jA——vgcos # + 2 H 
fC" H - Cb" k2 + a2 

-gcos 8-
+ 2a H 

I +l V ••(3) 

The problem of the spherical pendulum and of the motion of a particle on a surface of 
revolution is of much interest, and more space has been given to it here than is perhaps 
consistent with the plan of this work. The reader will find the elliptic function aspect 
of the subject studied very fully, with «, wealth of results, in Greenhill's Report on 
Gyroscopic Theory. 

APFENDIX TO CHAPTER XV 

In Figures 87, 89 are shown reproductions of photographs of curves actually described 
by the bob of a spherical pendulum, in experiments made by Professor A. G. Webster, of 
Worcester, Mass. A small glow lamp was attached to a brass ball which formed the bob 

PIG. SS. 

of the pendulum, and cameras were placed directly under and to one side of the swinging 
lamp. The experiments were made in a dark room, so that the cameras were without 

shutters, and the light was kept on only for a sufficient number of swings to give a 
complete curve. 

In this way the plan (already shown in Fig. 82) and the elevation (Fig. 88) were obtained. 
Figure 87 shows for comparison a plan calculated from Fig. 82 by measuring the maximum 

and minimum radii, finding the roots of the cubic equation, and calculating values of ty. 
It will be seen how closely the curves agree. 

A comparison elevation was also calculated which agreed very closely with Fig. 88. 



CHAPTEE XVI 

DYNAMICS OF A MOVING FRAME CONTAINING A FLYWHEEL 

1. General equations for moving origin and axes. W e have dealt with 

a considerable variety of problems, using in each case the system of axes 

which seemed most convenient for the 

particular purpose, and establishing the 

equations of motion by a direct appeal 

to elementary first principles. It is how

ever desirable to set up formal equations 

of motion applicable to most of the gyro

static combinations that occur in practice. 

Let a frame of rectangular axes, 
o = 

0 (x, y, z) [see Fig. 89], be drawn from 
an origin 0 which is in motion with 
speeds vx, v2, vs along the instantaneous 
positions of these axes, and let the frame 

have angular speeds wx, eo2, cos about these 

positions. A straight line O P is at the 

instant inclined to the axes at angles 

the cosines of which are I, m, n. These 

cosines are clearly the coordinates of a 

point A on O P at unit distance from 0. 

Then, apart from the motion of 0, the 

components of the velocity of A in space. 

with respect to the fixed axes with which 
0(x, y, z) coincide, are 

I — mco, + -n co.,, m — na\ + lwQ, 
J - I ' d 3 

n — lw„ + mwx. 
If these are zero the point A has only the 

motion of O, and so O A remains unchanged in direction. For this the con
ditions are l = qyiw. 

N o w take a fixed 

-1lwa m = na>. <"., it = la g — ILVJ2, no— it,wx — t-ujg, ib^uCO., — VlCO. (1) 

origin 0', and let axes 0'(x', y', z) be drawn from it 
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which move so as always to be parallel to 0(x, y, z). Let n^, m2, m 3 denote 

components of m o m e n t u m of a body taken parallel to the axes 0'(x, y, z') 

in their instantaneous position. The m o m e n t u m resolved in the direction 

O P is ffl = lmx + mm2 + nm.i (2) 

If O P is fixed in direction, w e have 

?.- = l(mx — ft>31lt2 + fc>2
ms) + m0«2 — <°im3 + ^^l) +ll(™3 ~ C02ntl + Wim<i)> • • -0*) 

since the total time rates of variation of I, m, n are zero, according to (1). 

Thus if X, Y, Z be the components of applied force along the axes, the 

equations of linear m o m e n t u m are 

iiix — ft)3m2+&i2m3 = X, tii2 —co1m3+ft)3m1 = Y, iiv3 — c o ^ + <Ojm2 = Z. ...(4) 

•Alt remains to form the equations of A.M. Then w e shall be able to calcu

late in any tractable case the motion of the system, and the reactions on the 

supporting framework, aeroplane or airship, or whatever it m a y be. Let 

hx, h2, it3 be the components of A.M. due to the turning about the moving 

axes 0(x, y, z). The components of rate of change of these are 

hx — wsh2 +w2hs, h2 —wxhz +ooJix, hs —eo.1hx +eoxh2. 

To these w e have to add the rates of change of A.M. arising from the motion of 

0. Denoting by g, rj, f the coordinates of 0 with respect to the axes 0'(f, n, 0> 

and by vx, v2, vs the components of velocity of O with reference to fixed 

axes with which 0'(x', y', z) at the instant coincide, that is 

vi = i-a)sl + 0]-2^ V ^ T J - W ^ + W ^ , % = £-u2£+<»yh (5) 

and the whole mass of the body by M , the components of mom e n t u m due 

to the motion of 0 are 

Mvx = M(i-vsV + u2&, M.v2 = M(r,-wx^+wS, Mvs=M(i-w2g+o>xri). ...(5') 

If the origins coincide at the instant, M u 1 = Mf, M w 2 = M^, M v 3 = M f 

N o w taking components of A.M. about parallel axes through the centroid G' 

and then those of the A.M. arising from the motion of G, putting x + £, y + n, 

0 + f for the component distances of G from O', w e find that the A.M. about 

OVis Hx = hx + M{yn-^+vs(y + n)-v2(z + 0}, 

where a, (3, y = zto2 — y<e2, XwR — zu>x, yeox — xw2. H2, H 3 can be written down 

by symmetry. 
W e n ow calculate B.x — oi^i2 + co2H3, which is the rate of growth of A.M. 

about O V . To find that for Ox, w e have only to put, in the result, g, ih f 

equal to zero after the differentiation has been carried out, and equate to the 

applied couple P; and similarly for Oy, Oz. The equation for Ox is, 

hj - w.Ah2 + c«2/c.3 — \ -y (Mv2z) - lhsw;! + Mvxyw2 Y 

+ j4(Mv3#)-MvxzwB + llv.2xw2} + M(-(3vs + yv2) = P, (6) 
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If the body be rigid, x, y, i do not change as the body moves, and therefore 

the momentum terms affected by differentiation simplify to —M-i>2z+Mvay, 

with similar terms for the other equations. 
If A, B, C be the moments, and D, E, F the products of inertia for the 

moving axes at the instant, we have 

hx = Aeoj — Fc«2 — Ew3, h2 = Box2 — Deo, - ¥wx, hs = Cois - Ecoj — Dco2. .. .(T) 

W e shall find below some applications of these formal equations to 

practical cases. 

2. Expanding or contracting body. Mean axes. W h e n the body is 

invariable the rate of change of A.M. arises only from angular acceleration 

combined with variation of the motion of the centroid. There are however 

cases in which the mass of the body or system undergoes change, or in 

which the configuration is altered in consequence, it may be, of heating or 

cooling. W e have then, in forming the equations of motion, to equate the 

total time-rate of variation of A.M., from all causes, to the sum of the moments 

of external forces, together with any rate of change of A.M. directly due to 

such action between the system and external matter as the interchange of 

matter bringing or carrying with it A.M. 

In the case of a body changing by expansion or contraction, or in any 

other way, the equations of the form (6), 1, hold, provided the terms in

volving differentiation with respect to the time are properly estimated. As 

an example, consider a body rotating about a fixed axis, and receiving matter 

from external space in such a way that the impacts of the particles have, 

either individually or in the aggregate, no moment about the axis at any 

instant. Then, if 9 be the angular speed about the fixed axis, and ^.(mr2) 

the corresponding moment of inertia, we have 

~m(vir2)} = 92(mr2) + 9jtX(mr
2): (1) 

and, if no external forces which have moments about the axis act upon the 

body, this is zero. Of course if we consider the body as it exists at any 

instant, and the infinitesimal layer of matter deposited upon it in time t, we 

see that, to the first order of small quantities, the additional layer of matter 

has been given the angular speed about the axis that the body has at time t, 

while the small impulse moment required to do that, and applied by the 

body, involves a reaction moment on the body which produces diminution of 

the A.M. about the, axis. The loss of A.M. by the body is thus equal to the 

gain of A.M. by the mass added. W e have then to reckon 6dCZmr2)dt as a 
retarding moment acting on the original body. 

In the case of a body changing in configuration, in a known manner, we 

can choose axes of reference, 0(£, ip £), in such a way that, if the body were 

to become, rigid at any instant, the axes would during the subsequent element 

of time be fixed in the body. Thus if we imagine a rigid body coinciding 
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with the changing body at the time t, and having the same moments, A, B, C, 

and products, D, E, F, of inertia as the body has at the instant for any 

system of axes, the A.M. about each axis is then the same for the imaginary 

rigid body as for the changing body. 

Let wx, a>2, <o3 be the angular speeds of the axes, and £ rj, g the coordinates 

of a point; the velocity components of the point are 

g-u>3ri + <02t;, il-(0x£+coB£, i-w.2£ fay;. 

The components of A.M. are given by 

A1 = 2[m{.,(£-a>sff<Bli7)-f(ij-a>1f+»s£)}] 

= 2{m(,f-fr) + A*, 1-E W g-F« B a} (2) 
and two similar equations. For axes fulfilling the condition stated above 
the quantities f, >j, f are zero, and so for these we have 

hx = Acwj — Eco3 — Fo)2, /i2 = Bco2 — Fcoĵ  — D&)3, /i3 = Cco3—Dco2 — Ecox. .-.(S) 
Such axes have been called mean axes [see Tisserand, Mecanique Celeste, 
t. 2, chap. 30]. They are not uniquely determinate, as may be seen from an 
instance suggested by Routh [Advanced Rigid Dynamics, 6th edition, § 22]. 
Let a body be initially at rest, and its parts be set in relative motion by 
internal changes. The A.M. about any axis fixed in space is zero, and so any 
set of rectangular axes given in position are mean axes. If then the body 
and axes be given both the same motion, the axes will remain mean axes for 
the resultant of the superimposed movements. 

In connection with the subject of internal changes certain special cases are 
of importance, and we give here the equations adapted to the more important 
of these. Denoting by ijx, t)2, f)3 the components, about any other axes 
0(x, y, z), due to the terms 

^2m(%
d- ft), Z m ( & - &, 2m(# - n£), 

we have with reference to that set of axes, 
'ti = f)14-Aco1 — Ec«3 — Fw2, /c2 = i)2 •+BM2 — ¥wx — D«3,) ,.-. 

^ = ̂ +Cw g-D« 2-Ew 1.J '} 

Here tox, w2, ws are now the angular speeds of the body, as it exists at the 

instant, about the axes 0(x, y, z): in the general case the angular speeds 

of the axes are distinct from these, and may be denoted by 9X,92, 6S. A, B, 

C, D, E, F also refer to the axes 0(x, y, z). The equations of motion are 

j (i)x + Awx - Ew3 - Fco,) - (I), + Ba>2 - Fwx - Dco3) 9S 
" +(l)3 + C W 3-Dco 2-Ec« 1)0 2 = P, (5) 

with two similar equations. If then we suppose that (9X, 92, 9B) = (o)x, w2, c«3) 

and that the axes are mean axes, w e get 

ifAfyl + Awx — Eftlg — Fft>2) — (B — C)ci)2C03 — D(c«2
2 — Cl)3

3) — EftljCOg + FcO]to3 = P, (6) 

with two similar equations. If the axes are not mean axes the term 

— ̂ 2co3 + f)3co2 must be added on the left of (6), and corresponding- terms added 

in the two equations not here written down. 
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If at the instant considered the axes of reference and the principal axes 

of the body coincide, D = E = F = 0, and the equations of motion (5) become 

^(r)1 + Aft,1)-Ect,3-FW2-(^ + BW2)03+(()3 + CW3)02 = P, (7) 

with two similar equations. The terms — Eco3 — Fw2 are sometimes omitted, 

but it seems necessary to include them, for though D, E, F are zero at the 

instant, the axes of reference are separating from the principal axes, and so 

D, E, F are not necessarily zero. 

The component angular speeds cq, a2, a3 of separation of the axes 0(x, y, z) 

from coincidence with the principal axes, give 9x = u>x + ax, 92 = o)2 + a2, 

(93 = co3 + a;i. Then (7) becomes. 

-77, (l)x + Aa>x) — Eco.j — Fw2 — (B — C)w2co3 — Bco2a3 + Co.)3a., 

-f)3(a,3 + a3) + ()3(«2 + a2) = P (8) 

A n important case is that in which the axis of rotation is nearly coincident 

with a principal axis, say that of g, for which the equation of motion is 

d 
-j, (f)3 + Cco.j) — Deo., — Eo^ — ( A — B)MXU)., — AcOjO.-, + BCOJCCJ 
' -l)1(«2 + a2) + l)2(co1 + a]) = R '. (9) 

Then <nx, w2 are both small. If the internal changes are small and take place 

slowly, ODX, w2 remain small, and D, E, F are also small. For a set of axes 

nearly coincident with the principal axes, which w e suppose are only slightly 

displaced in the body by internal changes, ax, a2, a3 are also small. If then 

fjj, 1)2, I)3 are also small and R = 0, (9) becomes 

^-«. <«» 

to quantities of the second order of smallness, and Cco3 is approximately a 

constant. Calling this constant it, w e get for the other two equations of 
motion, cj ,g _ Q 

i + tL,)Kw., + lia.-,= F, | 
.(11) 

jt(Aoh)-(-^-pyh+iuJBoo2 + ha2=?, 

^(Bc«2) - y-pr^- It - asjAiax - hax = Q. 

Equations similar to (8) were used by Sir George Darwin in his paper 

" O n the Influence of Geological Changes on the Earth's Axis of Rotation " 

[Phil. Trans., 1876]; equations similar to (11) were given by Lord Kelvin 
in an appendix to that paper. 

Let the motion be referred to the axes 0(x, y, z) drawn from the fixed 

origin 0, and the coordinates of a point at unit distance from O on the axis 

Oz be g, rj, 1 (which w e m a y call the angular coordinates of 0;), so that Or 

nearly coincides with Og, and £ ;; are small. The axes 0(x, y, ;') are movine 

with respect to the axes 0(f, ;;, g), but slowly, so that ax, a.„ «.. are small 

Clearly w e have a,= -»;, a2 = $ .̂... ( 1 2j 
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Let now the body be symmetrical about Oz, and A, B, C change so slowly 
that terms in A, B may be neglected. Putting /tc = /c(C — A)/CA, and 
v= —h/A, we get (11) in the form 

• P Q 
wx + pioo2 + i'g=-r, a)2 — ywx + i>ri = -T-, (13) 

which, it will be observed, are equations with gyrostatic terms puo2, — p.wx. 
W e come now to an important gyrostatic application of these results—-

the investigation of the motion of the resultant axis of rotation of a body 
like the earth, the axis of figure (practically coincident with the axis of 
rotation) of which is changing its position in the body in consequence of slow 
internal changes, the effects we may suppose of the yearly cycle of meteoro
logical phenomena. Let us suppose that the angular coordinates of O C are 
given by g=pcosmt, rj = q sin mt, so that the point in question moves in a 
small ellipse about the axis Og, the mean position of the axis of figure. 
Putting P = Q = 0 in (13), we get 

ibx + ptw2 — vpm sin mt = 0, co2 — p.wx + vqm cos mt = 0 (14) 

If we differentiate the first of these with respect to t, and substitute for w2 
from the second, we get 

wx + p.
2oox — vm(mp + piq) cos mt = 0, (15) 

of which the complete solution is, with K and e as arbitrary constants, 

,m(my+r?)co R 
1 p. —m 

Thus we have co, = A=^-—f=-sinmt — p.Ksin(pt + e), (17) 
1 p.2 — m2 

which, by the first of (14), gives 

! ^ p + m 2 ) g . n m . } 
2 p.2 —on2 v 

Now the angular coordinates of the instantaneous axis are £+a>x/n, 
tj + co.Jn, where n ( = w3) is the angular speed of the earth about OC. W e 
get, since n = v — p., 

f+^i = — Ap2p + mptq-i—(p.2q+ mp.p)\cosmt + —cos(p.t + e), ...(19) 
55 n p.2 — m2{ L n x ) n 

where K and e are the constants of integration. 
Similarly we obtain 

'7 + ^ = (^3^{M
2g + ^MP + ^(M2i5 + ™^)}sinmi + -sin(^ + e). ...(20) 

These results are due to Helmert [Astron. Nachr., Bd. 126]. It is to be 
observed that p. is small compared with v, and that m/(v — p.) is small. 
Hence the second term of the multipliers of cos?ni and sin mi in (19) and 
(20) may be omitted. For the earth (supposed unyielding) 27r/yu is about 
306 days, or 10 months, and 2-Tr/p. is a'year, while 2-rrjv is about a day. 
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The effect of the terms (K/TO)COS (nt + e), (K/n) sin (pit + e) has been dis-
i cussed in Chapters X and X L They form what is called the free precession, 
which, if there were no yielding of the earth, would be accomplished in a 

period of 306 days. 

3. Expanding or contracting body unacted on by force. If an expand
ing or contracting body is not acted on by any force the Eulerian equations 
of the motion are of the form 

|(Aco1)-(B-C)co2co3 = 0, |(Bco2)-(C-A)c^1 = 0, 

|(Cco3)-(A-B)Wlco2 = 0, (1) 

since A, B, C vary with the time. Let us suppose that A, B, C fulfil the 

condition A, B, C = (A0, B0, O0)f(t) (2) 

The equations of motion become 

\pf(t)-(B0-C0)qr = 0, etc., (3) 

where p, q, r = (oox, co2, co3)/(i). If then we take a new independent variable T, 
such that clr= cltjf(t), we obtain for the equations of motion 

AoC£-(B„-C0)2r = 0, etc., (4) 

which are of the usual form. 
W e observe that the A.M. of the body remains unaltered while the body 

changes, but that the kinetic energy increases or diminishes according &sf(t) 
diminishes or increases with t. The first result follows from the fact that 

A V + B V + C V = V ^ 2 + B0V
2 + C0V

2, (5) 

the second from the relation 

| (Aco^ + Bco2
2+Cco3

2) = h A°P"+^"f+C°r2 (6) 

since from (4) it follows that 

KPP + ̂ oaS + C0qq = 0, 

so that the numerator on the right of (6) is constant. 
The remark made above as to regarding terms arising from changes of 

configuration as moments of forces is illustrated here. W e can write the 
equations of motion in the form 

Aco1-(B-C)w2co3= -Aco1= -Aco^y, etc (7) 

They are therefore the equations of motion of a body acted on by couples 
(about the principal axes) which are equal and opposite in si<m to the corre
sponding components of A.M., each multiplied by f(t)/f(t). The couples are 
actually equal to the components of A.M. if f(t) — e~\ and to these components 
with the sign changed if f(t) = e\ 
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If we suppose that f(t) — e~u and that T> and t start from zero together, 
we get 1 

T = i(e»-1) , ....(8) 

The equations of motion are then 

Au^ — (B — C)co2co3 = XAco1, etc (9) 

^ f(f) = l — at, so that f(t) = 1 when t = 0, w e have, supposing r = 0 when 
t = 0, 1 

aT=log7j 7, and at—1 — e~aT (10) 

Finally we may take f(t) = 1 — a2t2, so that, if T = 0 when t = 0, 

2a sl — ut y ' 

In this latter case at = ta,nh(ar) (12) 

4. Rigid body containing a flywheel and turning aboid an axle. We 
now consider some applications of the system of equations set forth in 1 
above. The most important practical case is that of a rigid body turning 
like a pendulum about, an axle in any position while the axle is turning 
about a fixed vertical. Let 9 be the inclination of the axle to the downward 
vertical, and <p the angle which a plane containing the axle and fixed in 
the body makes with the vertical plane containing the axle. Denote the 
length of the common perpendicular to the fixed vertical and the axle of the 
pendulum by a, and the distance of 0 along the axle from that perpendicular 
by r. Figure 89 (or Fig. 12 and (2), 3, III, with co increased by ̂ TT) gives 

UJX=9 cos <p + xjr sin 9 sin <p, co2 = — 9sin <p + xjr sin 9 cos cj>, 

co3 = n = xfr COS 9 + (p (1) 

Also, by the figure, the coordinates of 0 with respect to 0'(x', y', z') are 

given by £=acos<p, rj=-asincp, £=r (2) 

Thus w e obtain for the component velocities of the moving origin O 

vx = £— cosJ? + co2g= — r9 sin <fr+xfr(r sin 9 cos <p + a cos 9 sin <p), \ 

v^ — rj — co1g+co3^= —r9cos <f> + xjr(—r sin 9sin <j> + a cos 9cos (p), \ W 

w3 = g—w 2f +inxrj= —ap. sin 9. I 

Since, besides the motion due to the turning about the axes 0(x,y, z), 
the whole body has the component velocities vx, v2, vB, w e get, writing 
x, y, z as before for the coordinates of the centroid with reference to these 
axes, the equations of motion [see (6), 1] 

with two similar equations. If A, B, C be the moments and D, E, F the 
products of inertia with respect to 0(x, y, z), 

hx = Awx — Fco2 — Eco8, 7c2 = Bco2 —Dcog —Fcox, A3 = C<irjJ-*̂ _Eco1 — Dco2. •••(5) 

W e consider the third of the equations typified by (4) in its application to 
the case in which the system is turning with, uniform angular speed xfr = p. 
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about the fixed vertical, while a and r remain unaltered in length. Thus 

we get 
Ci/^2-(A-B)p.

28in29sin2<p + Fp2sin29cos2ip 

-/xzsin 9 cos 9{(D + Myr) sin <p - (E + Mxxr) cos <p} + M M
2a(x sin <p + y cos 0) 

= — Mc7sin#(xcos (p — ysin<f>) (6) 

If the body contains flywheels in rotation, unretarded by frictional couples 

at the bearings or elsewhere, terms must be added on the left in (4) arising 

from the components Kx, K2, K 3 of A.M., about the axes 0(x, y, z), contributed 

-by the flywheels. The groups of terms to be inserted in the respective 
equations are „ „ 

— JH2CO3 + -H3CO2, —Ksa>x + x\xajs, — x\.xw2 +XS.2OJX, 

for the terms K1, K2, K 3 are zero. Thus on the left of (6) we must add the 

expression _ K1/U sin 9 cos <p + K2p sin 9 sin 0. 

Of course the fulfilment of the condition that p. and 9 should be constant 

requires the application of constraint to the pendulum, and this constraint 

will give a reaction on the supporting system, to be calculated with the 

other reactions due to the motion. 

W h e n the two axles intersect, and the origin 0 is at the intersection, the 

values of a and r are zero, and (6) reduces to 

C96 — |(A - B)p2sin29 sin 2<p — p. sin ̂ (K^cos </> — K2sin <f) 

+ xTp?sin29 cos 2<p — /x2sin 9 cos 9(D sin <p — E cos <j>) 

= — Mc/sin 9(xcoS(p — ysin <p) (7) 

If the axis Oz is a principal axis, F = 0, and by turning the other two axes 

round Oz we can cause D and E also to vanish, so that (7) becomes 

Ĉ > — -2-(A —B)^.
2sin20sin 2<f> — //sin ̂ (KjCOS </> — K2sin0) 

= —Mg sin 9(x cos <p — y sin cp) (8) 
If p.2 be very small, this becomes 

C<£ — p. sin 0(1^cos <p — K2sin (p)= — Mgs sin 9 (8') 

where s = x cos <p — y sin qb. 

As an example we take a flywheel pivoted within a ring or case (which is 

symmetrical about the axis Os), with its rotation 

axis inclined to Oz (not in general the vertical) 

at an angle a. The centroid is a point G, below 

0, on the axis of rotation, and the distance of G 

from O the common centre of the wheel and case 

taken as origin is h. W e measure </> from the 

position of the system when Os and O Z (the 

vertical) are in plane with the axis of the flywheel. 
W e have then, by Fig. 90, x = 0,y= —hsina. 

If the moment of inertia about an axis through 

the centre of the wheel, at right angles to the 

rotation axis, be A, that about the rotation axis be 

FIO. DO. C, while C and A' are moments of inertia of the 
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case about Oz, and about an axis through 0 at right angles to Oz, the moment 

of inertia about Oz of the whole system, with the flywheel clamped so as to 

be in one rigid piece with the ring or case, is Ccos2a + Asin2a + C The 

moment of inertia about Ox in the same circumstances is C sin2a + A cos2a + A', 

and that about O Y is A + A'. [Thus the meanings of A and C are altered.] 

But if the flywheel be undamped and free to rotate about its axis, the 

moment of inertia about Oz is Asin2a + C, while that about 0* is 

A cos2 a + A. 

As to the products of inertia, these are zero for the case and axes 0(x,y, z) 

Hence only products of inertia arising from the wheel have to be considered. 

From what has been stated above as to the reckoning of <p, we see that E 

and F are zero. The product D arises from the flywheel alone, and is given 

at once by the theorem, that for any given origin the expression 

AB + BC + CA-D2-E2-F2 

does not depend on the axes chosen, taken along with the fact that E 2 = F2 = 0. 

Thus we have for the flywheel free to rotate 

D 2 = A2 sin2 a cos2 a (9) 

[If the flywheel is clamped, D 2 = (A —C)2sin2acos2a.] 

If K denote the A.M. of the flywheel about its axis, the equation of motion, 

(7) above, becomes 

(A sin2a + C')<£-|- ̂ Ap?sin2a sin29 sin 20 — A/^sin a cos a sin 9 cos 9 sin cp 

+ (Mgh-Kpi)sinasin9sin<p = 0, (10) 

or, if we neglect C, 

A sin a. c(> + i2Ap.
2sinasin29sin2(p — A^cosasin (9 cos 9 sin <f> 

+ (Mgh-Kp.) sing sin 0 = 0 (11) 

For small values of p., for example that of the earth's rotation about a 

given vertical, (10) gives small oscillations of the period 

Asin2a + C \4 

' \(Mgh — Kp.) sin a cos 9J 

or, if C be neglected, in the period 

f A sin a ] * 

{(Mgh-Kp.) sin 91 

If Kp. > Mgh, this period is imaginary. But then if the flywheel were 

turned through 180°, oscillations in the shorter period given by these 

expressions with the sign of Kp reversed would be performed. With the 

flywheel thus directed it would then be possible to invert the pendulum, 

and the period would be 

/ Asin2« + C' \h 

{.(Kp. — Mgh) sin a cos a) 

where Kpt is taken with the positive sign. 
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For the relative equilibrium of steady turning about the vertical we have, 
by (11), either sin (j> = 0, so that <j> = 0, or <p = tr, or 

A ̂ cos a cos 9 + Mgh —Kp. 
Ajuzsin a sin 9 cos <p =' ..(12) 

5. Gilbert's barogyroscope. As an example of steady motion and relative 

equilibrium we apply (11) or (12) to give the theory of Gilbert's barogyroscope, which 

we have already discussed from first principles in 6, VII. At a place P in latitude A the 

apparatus (see Fig. 33 above) is supported on trunnions, or, better, on knife-edges, the 

line of which is horizontal and inclined at an angle (3 to the east and west horizontal line 

through P. The axis of the gyroscope is in plane with, and at right angles to the line of 

knife-edges, and contains the centroid. It is inclined at an angle <j> to the vertical at P. 

W e have by (11), since g? is small, 

Mgh sin tj> - Kp sin <j> = 0 (1) 

Here, by the theory given above, p.sin<p is the rate of turning about a line A B 

at right angles at once to the axis of the flywheel and to the line of knife-edges. 

Also Mghsin(j> is the couple about the line of knife-edges and is the rate of production 

of A.M. about that line, while K/xsin tp is 

the same rate of generation of A.M. due 

to the rotation of the earth about the 

polar vertical with angular speed co and 

the consequent angular speed about AB. 

W e have thus 

cu cos y = p sin <j>, (2) 

where y is the inclination of the line A B 

to the downward polar vertical. 

To find cos y we proceed as follows. 

A unit distance along A B (see Fig. 91), 

taken in the direction from A to B, has 

projection cos <j> on the horizontal and 

sin <p on the vertical. The projection of the first component along the meridian is 

cos cf> cos (3, and the projection of this on the polar vertical is cos <p cos f3 cos A. The 

projection of the other component of this line on the polar vertical is sin <p sin A; and 

thus the total projection is 

sin tp sin X. + cos <p cos (3 cosA = cos y. 

The angular speed a> cos y is therefore 

co (sin cf> sin A + cos <p cos (3 cos A). 

If now K = — Cn, the rate of production of A.M. about the common perpendicular 

at P to A B and to the axis of the flywheel is 

-Cn co (sin ipsin A + cos c/>cos (3 cos A)= — K/isin 0, 

Cnoi cos ,6 cos A that is tan <i 
Mgh — Cn co sin A 

The directions of turning shown in Fig. 91 fit this equation. 

the opposite way the equation will be 

C M co cos (3 cos A 

Mgh + Cti co sin A' 

with the gyroscopic axis on the opposite side of the vertical at P. 

t a n <j> -• 

(3) 

If the gyroscope rotate 

(3') 
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6. Relative equilibrium of rigid body; oscillations about steady 
motion. Returning to 4 above, we see that if the relative equilibrium is stable in the 
steady motion we can find the period of the oscillatory deviations. W e have, writing 

d<p~~qq~ 

Hence, from (10), 4, by differentiating with respect to <j>, treating 8 and p. as maintained 
constant, we get 

(Asin2a + C')y 
+ {(Mgh — K.p)cos<p + Ap2(sin a sin 8 cos 2<p — cos a cos 8 cos <£)} sin a sin 8 .q = 0. 

Thus, if we write 

2_{(Mgh —TS-p) cos <p + Ap2(sin a sin # cos 2 0 - cos a cos (9 cos </>)} sin a sin 8 
P ~ Asin2a + C ' 

we have for the period of a small oscillation 2ir(p. 
For a position of relative equilibrium in which 0 = 0 or 0 = 2ir, that is when the axis 

of the pendulum and the vertical are in one plane, and 9 is positive, as shown in Fig. 89, 
we have, if Mgh - "Kp, be positive, 9 Mqh — K a 

-p2 = Asm 2a + C" 

and the equilibrium is to be regarded as stable. When however 0 = 7r and Mgh-Kp is 
positive, 9_ ̂  Mgh-Kut 

P"~ Asin2a + C" 

and the relative equilibrium is unstable. This configuration is stable and the other 
unstable when Mgh — Kp is negative. The stability therefore depends on the magnitude 
and sign of Kp. 

-„, , i i 9 Au,2sin2a sin2 # 
When <p=^?r we have p-= L.—7—= T=-I 

r - r Asm'a + C 
and when <p = hr, p2 has the same value. Hence the relative equilibrium is unstable in 
these cases. 
7. Example : Watt's steam-engine governor. In his Report on Gyroscopic 
Theory, p. 204, Greenhill considers a Watt's steam-engine governor as a case of this 
arrangement of a rotating pendulum. It is shown in 
Fig. 92, and consists of two equal arms, a, a, carrying 
two equal massive balls, and connected near their lower 
ends by two rods, b, b, attached to a short sleeve free to 
move up or down on the vertical spindle, which supports 
the joint 0. The arms are equally inclined to the 
spindle on opposite sides of it, and, when the spindle is 
driven round, the arms with their balls are made to 
revolve about the vertical through the joint, and the 
rise and fall of the latter is made to regulate the 
admission of steam to the engine. 

Putting aside this use of the arrangement, which 
depends on variations of speed about the vertical, we 
may suppose the relative equilibrium when the apparatus 
is running in steady motion to be slightly disturbed, subject to the condition that the 
angular speed p. about the vertical is kept unaltered. 

Take three axes, one Oz towards the observer through the joint O (Fig. 92), the 
second Ox along the arm on the left in the diagram, and a third Oy in the plane of the 
paper, and (neglecting the moments of inertia of the rods 6, 6) let A, B be the moments 
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of inertia about Ox, Oy, mk2 that about Oz, where m is the mass of an arm and attach ec 
ball. Let 0 be the inclination of the arm on the left, in Fig. 92, to the downward 
vertical. Calculating the rate of production of A.M. about Oz for the left-hand arm, we have 
first the term -m£ 20, which is affected with the negative sign, since the positive direction 
of rotation about Oz diminishes 0. The angular speed about Oy is /x sin 0, and about Ox is 
p cos 0. The A.M. about Oy is B/x sin 0 and about Ox is Ap cos 0. By the turning about 
Oy and the consequent motion of OA-, A.M. about Oz is produced at rate -A/x2cos0sm 0, 
and by the turning about Ox and the consequent motion Oy, it is produced at rate 
Hp2 sin 0 cos 0. The total rate of production of A.M. is thus - mk2if> - (A - B)//2 sm 0 cos 0, 

and the couple acting is mgh sin 0. Thus we get the equation of motion 

m F 0 + (A-B)/Jr.
2siu0cos0 + fflg'/tsin0 = O, (1) 

or, since in the case of symmetry about Ox; B = TOP, 

0 + A_ll/x2siu0cos0+gsin0 = O (2) 

If we differentiate (2) with respect to 0, on the supposition that p does not vary 

with 0, we get, putting q for 0, 

ld+^ip2(cos2(b-sin
2cp)+!?p)cos<p = 0 (3) 

q b K* 
N o w let this value of <p be that for which 0 = 0, the value, in fact, for relative 

equilibrium ; then from (2) we get 
B - A „ , gh mgh /A\ 

-^^00*$ = ̂  = ==-, W 

and so (3) reduces to q-i p—/x2sin30 . q = 0 (5) 

Thus, if B> A, the motion is stable, and small oscillations are performed about steady 

motion in the period 

_B y 2TT Qr 2-rr if A be ne ]igible. 
B - A / jxsin8' jxsind 

If the ball revolve about the arm, or contain within it a flywheel with its axis along 
the arm, the equations can easily be modified to take account of the additional A.M., K, 
say, involved. W e have only to alter the expression A/x2sin 0 cos 0 in (1) and in (2) to 

(A,u,cos0-K)/u,sin0, so that (2) becomes 

... A-B „ . , , , mgh-Kg. . . ,„. 
0-1 p—jirsin 0COS0 + -2—p—'- sin 0 = 0 (b) 

The alteration here specified determines the sign attributed to the A.M., K. Thus the 
period of oscillation about the configuration of steady motion is not altered by the rota
tion of the ball or flywheel. The moments of inertia are of course those for the whole 
mass moving about the axes. 

A flywheel placed with its axis at right angles to the arm, and in the plane of the two 
arms, produces A.M. about a horizontal axis at right angles to the plane of the arms, 
at rate K/xcos 0, but has no other effect except that of contributing to the inertia of the 
moving system. 

Returning to the question of stability, it is not difficult to show that, if the condition 
that g. should be constant is removed, the system is really unstable when in steady 

motion. W e shall suppose that a flywheel, of moment of inertia I, is fixed on the vertical 
spindle, and turns with it. Associating tt with one of the arms, we have for the A.M. 
about the vertical for one half of the arrangement (iI + Bsin'-0 + Acos2<p)p. W e assume 
that when 0 is changed from the value for steady motion [that is the motion for which p 
and (iI + Bsin20 + Acos'i0)/x are constant, and therefore 0 is zero] by a small amount 
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a, a force —fa is called into play, altering the A.M., and that /is positive. Putting y for 
the steady motion value of 0, we get the equations 

^{(H + Bsin20 + Acos20)/x} = -fa, 

B0 - (B - A)/x2sin 0 cos <p + (mgh — Kp) sin 0 = 0, 

with the steady motion condition (B - A ) p0
2 cos y=mgh - Kp (8) 

If this condition be slightly deviated from, so that p = p0+v, <p = y + a, where v and a 
are small, equations (7) become, with p written for djdt, 

(|I + Bsin2y + Acos2y)^i/ + {(B-A)/x0sin2y.p+/}a = 0,-( .„ 

{(B-A)/x0sin2y + Ksiny}y-{(B-A)/x0
2sin2y + Bjo2}a = O.J' 

Eliminating a and v from (9), we get 

(|I + Bsin2y + Acos2y)Bp3 + (B-A)/x0siny[2{(B-A)/x0sin2y + Ksiny}cosy 

+ (iI + Bsin2y + Acos2y)/x0siny]p+/{(B-A)/x0sin2y + Ksiny} = 0. ...(10) 

Unless K is negative and |K| so great that |K|siny is greater than (B-A)/x0sin2y, 
the last term on the left of (10) is positive, and the product of the roots of the cubic in p 
is negative. Hence the real root is negative. The coefficient of p, by a similar con
dition as to K, is also positive, and so the other two roots are imaginary ; and because 
the sum of the roots is zero the real parts of the roots are positive. The motion is 
therefore essentially unstable : it is oscillatory, but with increasing amplitude. 
As Sir George Airy seems to have first pointed out (Routh, Advanced Rigid 

Dynamics, 6th edition, p. 73), stability may be obtained by connecting the opening 
or closing arms of the governor with a dash-pot arrangement, which brings into play a 

retarding force proportional to the angular speed 0. If this force be k<p we get 

an additional term in (10), (iI + Bsin2y + Acos2y)/fcjo2, 

which is positive. Thus, if the roots are all real they are all negative, since all the 
coefficients in (10) are positive. If there are two imaginary roots the real root is 
negative, and it is easy to see that if k be sufficiently great the real parts of the 
imaginary roots will be negative. The motion is then stable. 

Regulation for a given load may be obtained in this way, but if the load is 

considerably altered a new setting of the governor, if of the simple form, i,s required. 
For clearly, if the load is diminished, the supply of steam will be too great, and the arms 

of the governor will diverge to a new angle for steady motion. The steady speed of 
revolution must then be greater for a smaller rate of supply of steam. For most kinds of 
work a certain speed is required and must be adhered to within limits. Thus, from an 
important point of view the unmodified form of Watt's governor is seriously defective 
[see Routh, loc. cit., for further particulars]. 

8. Watt's governor. Elliptic function discussion. Referring now to (6) 

of 7, multiplying by 0 and integrating we get, with p constant as before, 

0 2=-y 2COS 20 + 2?l2COS0 + /i, (1) 

where now p2=(~B — A)p2/"B, n2=(mgh — Kp)/B, and h is constant. 
If we can put cosacos/3= —h(p2, and cos a + cos (3=2v?(p2=2cosy, so that [(6), 7] y is 

the value of 0 for relative equilibrium, we can determine two angles a and (3 ((3 < 0 < a) 

between which the inclination of the arms to the vertical lies. For we have 

02=p2(cos0-cosa)(cos/3-cos0), (2) 

and 0 is zero for <b=a, and for <j> = (3. Thus a point at unit distance from O on the axle 
of the pendulum vibrates from a height cos y — cos a above, to an equal vertical distance 

below the position of relative equilibrium. 

..(7) 
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From equation (2) w e can determine the time t in terms of the corresponding angle 0. 
For assuming an angle x given by the equation, 

tan2^acos2x + ,tan2^/3sin2x = tan2!0, •' w 

we are able to reduce (2) to the form 
, . „ ,,, ,,/, tan" a - ta,n2h(3 • •> \ (A.) 

r=p
2s,n2io.cos2i/3{l -^-^Lsm-x) (4) 

,o tan2ta-tan2i/3 . , 10 CM 
Thus, if we write k2= +—n —> m=psmt2a cos hj3 W 
(where of course m no longer denotes the mass of an arm of the governor), we obtain 
dA T, (6) n dt = 

( 1 - F s i n 2
x )

5 

and so, starting the integration from 0 = cc, find 

mt=\' & 7 (') 
Jo(l-/c-2sir 

value /3 is iT, and w e get l m T _ f̂ "/
 d X _ r (8) 

2sin 2
x)

5 

If T be the period of the motion, the time of passage of 0 from the value a to the 

|roT = " 
Jo (l-* 2sin 2x) a 

where K is the complete elliptic integral to modulus k. 
The frequency N of this finite oscillation is given by 

N = i=— (9) 
T 2K v ' 

W h e n the range a — /3 is very small, this reduces to 

\SSJAJPAAAL=AL
 siny (io) 

T 2w 27r ( c 0 S 7)i' 
since, with a and [3 very nearly equal,m = itpsin^(a+ (3)=x\p sin y by (5),and p2 = n2(cosy. 

9. Watt's governor. Case in which the arms reach the vertical. If 
(3 = 0 the arms reach the vertical. But then k2=\ and K = oc . Thus the time of passing 
from inclination a to the lowest position is infinite, and the position is asymptotically 
approached. W e have in fact 

mdt = A
dAL, (1) 

cos x 
which, if we substitute x for tan x, reduces to 

m dt = —j (2) 
(1+x2)* 

Thus, by integration, we obtain coshmt = ——j2- (3) 
cot ̂ cc 

Here of course also m = psini;a. 
In the case in which (1), 8, thrown into the form (2) of that article, gives | cos (3 \ > 1, we 

may write cosh (3, instead of cos (3. W e get then 
i o o" ! ,. i.io n2-p'-cos2ija .,, 

cosh 3 = 2 -7 - cos a, tanh-ics = - 7,—'— . -„--- (4 
' p2 -' ir+p-SH^ha v ' 

Using now the transformation tan2|acos2x = tan27K/), (5) 
dv 

we find mdt = ^ p (6) 
(l-k2sin2x)

2 

2 2— tan2ia ,_ „ tanHa + tanhH/i? 
where * " u S ^ + t a h F p ' "l" ~P~ (1 _ tanhH£)(l + tanHa) (7) 
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0 2 = 2-|(cos< 

The equation for m1 reduces to TO2 = n2-jo2cosa, (7') 
by (4), as the reader m ay verify. 

W h e n COS1I2
IS = QO and p

2 = 0, so that p2cosh2(3 is finite, the equation for 0 reduces to 

- cos a), 

where Zg/l has been written for p2cosh2/3. Thus we have 

mdt= ^X 
(l-k2sin2x)i 

where £2 = sin2|<x, and m =p cosh (3j2^ = (g/lp. The motion thus reduces to the plane 
vibration of a pendulum of length I, through a finite angle a on each side of the vertical. 
So also in the general case in which p is not zero, w e see, putting 

g -, ,o tan2' 

l m- = n- —p-cosa- and k2 = -
ts.n2\a + ts.n2\(3^ ^°' 

that the motion corresponds exactly to that of a pendulum of length l=gj(n2—p2cos a), 

vibrating through a finite angle 80 on each side of the vertical. 
There remains the case in which both the angles a and (3 are unreal. This corresponds 

to the motion of a pendulum performing complete revolutions in a vertical circle. 
Here w e write —cosh a' for the quantity which takes the place of cos a, and note that the 
motion just discussed and that about to be considered will agree if cosa= — cosh a'= — 1. 

W e have 02=jp2(cosh/3-eos0)(cos0 + cosha') (8) 

If we assume that tan-|0 = tanh Jr/3tanx> (9) 

we find mdt = 

where £ 2=1 — tanh2-ja'tanh2|/S, 

(l-£2sin2x)2 

PL 
(1 - tanh2|a')(l - tan h 2 ^ ) ' 

W h e n a = Tr, and therefore a' = 0, we get from (4), 

k2 = \, p. 
-tanh2i/3" 

--n2+p\ 

..(10) 

,.(11) 

.(12) 

in agreement with (7'). 
Equations (7), above, give the same values of k2 and m2 for a= ±ir. Hence the 

two results agree, as they ought, when <x' = 0, <x= ±ir. In this case of the motion 

complete revolutions are just achieved. The 

angular speed at the lowest point is then given 
b^ 0 2 = 4m2tanh2i/S. 

10. Example: Liquid filament in a 
revolving vertical circular tube. We now 
consider an example which forms an interesting 
variant of the problem of the Watt governor. 
A filament of mercury is enclosed in a uniform 
circular glass tube, the plane of which is vertical 

and revolves with uniform angular speed about 
the vertical, OZ, through the centre of the circle. 
It is required to find the motion of the mercury 
in the tube. Let (Fig. 93) a line drawn from the 
centre of the circle to the centre C of the filament 
make an angle 0 with the vertical, and the line 

drawn to an element of the filament make an angle <b + 8 with the vertical. Let m be 
the mass of the filament per unit of length, and I its radius. Take three axes of 
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coordinates OC, OD, drawn from the paper upwards, and O E in the plane of the diagram 

perpendicular to OC. 
If p be the angular speed about the vertical, we have pcostb, psincp for the 

components about O C and OE. Calling the angle subtended by the filament at the 

centre 2a, we have the following 

Components 
of A.M. 

'1. About OD=-2?raZ3a0. 

2. About O C = mPpcos41sin
29d8 = mI/'pcoscp(a-hsin2o.). 

3. About OE = mPpsin<jjCos28d8 = ml3psin4>(a + }fSm2a). 

•(1) 

Hence the rate of growth of A.M. about O D is -2ml3aij>, due to the time-rate of 
increase of the first component, - mPp2sin 0 cos 0(a-£sin2a), due to the turning of the 
vector O C about OE, and finally mV/^sin 0cos 0(a + isin2<x), due to the turning of O E 

about OC. The total rate of growth of A.M. about O D is therefore 

- mls(2aip' - p2sin 0 cos 0 sin 2a). 

The moment of forces about O D is easily found by integration to be 2aml2gsin asincp/a. 

Thus the equation of motion is 

l(2aif>- /x2sin 0 cos 0 sin 2a.) + 2g sin a sin 0 = 0 (2) 

The filament will be in relative equilibrium if 0 = 0 and 0 = 0. W h e n this is the case 

we have 

g2 = j g——A (3) 
1 I cos a cos <p 

As a particular case of this result we see that if a filament of angular length 4a be 
symmetrically situated with respect to the vertical, it will (if there be no capillary forces 
to be taken account of) just break in two when /x2 is slightly increased beyond the value 
g(l cos2a. Or, since the fluidity of the filament does not influence the dynamical result, 
except through capillary action which is here neglected, if two curved rods of the same 
material, fitting the tube and each subtending an angle 2a at the centre, have their 
adjacent ends in contact at the vertical through the centre of the circle, they will, unless 
prevented by friction, separate when p? exceeds the value given in (2). 

Moreover, if /x2 = 0, the equation of motion becomes 

v , q sin a . , 
0 + f — s i n 0 = O (4) 

The motion is therefore one of oscillation in the period of a pendulum of length lalsina. 
Supposing g2 kept constant while the motion is slightly disturbed from one of relative 

equilibrium, we get from (2), since 
rf0 1 tfq 
d<b~q dt2' 

2o.l d-2q 
— -A + p2l sin 2a(sin2 0 - cos2 0) + 2g sin a cos 0 = 0 (5) 

But in this we must use p2=g/l cos a cos 0, the value for steady motion. Thus we find 

d2q g sin a sin2 0 
~dT2+''l" acoscjTq~ (6) 

Small oscillations about steady motion are therefore performed alono- the tube bv the 
filament (or circular rod) in the period of a pendulum of length lacos 0'sin asin'24>. 
Hence no steady motion can exist if the centre of the filament is above the horizontal 
line through the centre of the circle. 
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W e may take a vertical circular tube erected on the surface of the earth, and turning 
with it, as an example. If co be the angular speed of the earth and A the latitude of the 
place, the component of angular speed about the vertical is co sin A. Then in order that a 
particle may not be in stable equilibrium at the lowest point of the tube, we must have 
(since now a = 0) co2sin2A > g(l, or I >g(u?sin2\. Thus the lower limit of the radius of the 
tube, set up at either pole, would be, in feet, about 32-2x861602/47r2, or 1,120,000 in 
miles. In latitude A the radius would be this divided by sin2A. 

11. Example: Ball containing a gyrostat and rolling witJwut slipping 

on a horizontal table. An example which may be taken here of the motion 

of a body containing a revolving piece, is the problem, proposed and treated 

by Bobylev [Moscow Math. Rec, 1892], of a hollow sphere containing a fly

wheel mounted on an axis along a diameter. The centre of the flywheel 

is at the centre of the spherical case, which is also the centroid of the 

whole. The sphere rolls without slipping on a horizontal plane. 

Let a be the radius of the sphere, A the moment of inertia of the sphere 

and flywheel together, about any diameter of the sphere at right angles to 

the axis of the wheel, C the moment of inertia of the sphere, not including 

the flywheel, about the flywheel axis OC (the axis of symmetry), M the 

total mass, and K the A.M. of the wheel, supposed constant. W e take 

two sets of axes, (1) a set 0(x,y, z), of which Oz is vertical, and Ox, Oy 

horizontal, the former in the vertical plane con

taining the axis of symmetry, and the latter at 

right angles to that plane; (2) a set OD, OE, 

OC, of which O D is at right angles to, and O E 

is in the plane COz. The angle GOz we denote 

as usual by 9. 

W e suppose the angular speeds about Ox, Oy, 

Oz to be wx, wy, wz, and those about OD, OE, O C 

to be 9, xjrsin9, (p + xjrcos9 ( = «)• Thus xjr is 
the angular speed about Oz, and 0 the angular 

speed with which a plane fixed in the body is 

turning with reference to the plane GOz. 

The arrangement of axes are as shown in the diagram [Fig. 94], and 

from that we obtain 

wx = nsin9 — xjrsin9cos9, wy = 9, u>z = xfr (1) 

The horizontal components u, v and the vertical component w, of the velocity 

of the centroid with reference to the axes 0(xyz), are given by 

u = aoo!/, v = — awx = — a<p sin 9, tu = 0 (2) 

The angular momenta about 0(D, E, C) are 

A9, Axjrsin9, Gn + K, 

so that the components about 0 (xyz) are 

hx = (Gn + K-AxAcos 9)sin 9, hv = A9, h2=Axjr.sin
29 + (Cn + K)cos9. (3) 

Clearly hz is a constant: in what follows we shall denote it by G. 



350 GYROSTATICS 
CHAP. 

The equations of motion are 
M(A-xjrv) = X, M(v + xjrU) = Y, | (4) 

hx - xjrhy = cxY, hy + xjrh% = - «X. J 

Eliminating X, Y we obtain 
jlx^fy = aM(v + x\ru), hy + xjrhx = -aM(il-xjrV), (5) 

which may be written 

^ l x + a
2Mep\sin9)-xjr(hy + a

2M9)^,\ (g) 

jXliy + a2M9) + xjr (hx + a
2M0 sin 9) = 0. J 

Equations (6) are obviously true. The angular momenta about horizontal 

axes parallel to Ox, Oy and drawn through the point of contact with the 

table are hx + Ma
2</> sin 9, hy + Ma

29 respectively, and the total rates of growth 

of A.M. about them are the expressions on the left of (0), which are zero, since 

no couples act about these axes. 
The second equation of (6) is important, and can be established at once as 

follows. Written in full it is 

(A+Ma2)9 + (Gn + K + Ma2n)xjrsin9-(A + Ma2)xjr2sin9cos9 = 0. ...(7) 

If we write the second and third terms as 

(Cn + K + Ma 20 sin29)xjr sin 9 - (Axjr sin 9 - Ma 20 sin 9 cos 9) xjr cos 9, 

we see at once, by taking axes 0'(D', E', O ) through the point of contact 0' 

parallel to 0(D, E, C), that they constitute the rate at which A.M. is being 

produced about the axis O'D' by the motion; for the speed of the centroid at 

right angles to the plane EOC is -aep sin 9, and the angular momenta 

about O'C and O'E', arising from this motion, are 

Ma20sin20 and - Ma 20 sin 9 cos 9 

respectively. Besides this there is for O D ' rate of growth of A.M. (A + M«2)0; 

and the sum of these two rates must be zero since there is no moment of 

forces about OD'. 

Equations (6) give by integration 

(hx + Ma
2tpsin9f + (h!l + Ma

29)2 = ll2, (s) 

where H is a constant. Expanded, this equation is 

(A + Ma2)62 + {Cn + K + Ma2n-(A + Ma2)4'Cos8}2sin28 = Ii2 •••($') 

By (6) and (7) we can write, making 0 = 0, that is Oy coincident with OD, when 9 = 0, 

h!/ + Md
29=-'Hsinxlr, /irt + Ma

20sin (9 = Hcos0, (9) 

and so obtain 

— [{Cn + K + Ma2n - (A + Ma 2) ip cos 9} sin 8] = (A + Ma2) 8xj, (10) 
dt 

or Asin6l^{(C?i + K + Ma%)sin6l}-(A + Ma2)cose(;i,-(A</.sin
20) = 0 (11) 

But, since A^sin26l = G-(C7i + Iv)cos 9, performance of the differentiations gives 

{AC + Mcc2(Asin26' + Ccos2e)}?i-(CB + K-Aci)Ma2esin6'cos^ = 0 (12) 
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Multiplying by Cn + K-An and integrating, we find, putting A(C + Ma2)E2 for the 
Constant of integration, z for cos 8, and k-tor (A-C)Ma2/A(C + Ma 2), 

Cn + K-An= ^—r, w = -^-—!L L_ (13) 
(l-kz2f- A " c A-^(l-kz2)^ 

Also by (9) C A 4- M7»2 

H sin 8 cos 0 = |(C + Ma 2) (1 - z2) + ^ Cz2 

z- = sm 

and so by (15) 

z2 = 

+ K(l-,
2) + ̂ i 2 K , 2 - ^ l 2 & (14) 

By the value of n given in (13) this becomes 

„ . a . A+Mcc2 A+M« 2 C + Ma2 , 7 „.i 
Hsinflcos0= A _ Q K - ^ — G z — A ^ Q E(l-fay (15) 

Again, by (8) and (9), we have 

:„,-./H.sin6>sin0\2 / H \2/ „,,,„, 

2=f H Va_^_,CK_ G C + Ma2 E i\2 (17) 
VA + M W ^ 1 Z> U.-C~A* _A + Ma*A-C(1 fo)C ' l J 

or [in the notation defined by a comparison of the two forms] 

z2=H'2(l-02)-{K'-G'z-E'(l-/fe2)*}2 = Z (17') 

Thus t=[— (18) 

The centroid moves with the component velocities 

u = a6=-aK'smf=-a(j—-A, I (19) 

v— -aox= -(-ai/cos 8 + a?i)sin 9.) 
By.(8,),-(9).and(13) we get 

TT, , , A - C E'sin6> ) 
v= -all CO80 + CC77—-—— -, 

C + Ma\l-kz2f I (20) 
where g-^-Q^W0,t+K-Aw)(1-tf)* I 
12. Rolling bcdl containing a gyrostat. Track on table referred to 

fixed axes. If we refer the motion to fixed axes, the velocities x, ij with respect to 

these are x = ucosxjr-vsinxjr, y — u sin xjr+v cos xjr, (1) 

where xjr is the angle which the plane E O C makes with a fixed vertical plane in which is 
laid the fixed horizontal axis Ox, here referred to, which is not the moving axis Ox of 
Fig. 94 [see Fig. 12. The angle is that between the planes OCE' and Ozx as stated 
in 4, TV]: W e have ' 

._ A - C E'sin#sin0_ A - C E' z ,^\ 
.. . *-ac+m* (1_fc2)i - ac+M?H (7T^i 

by the first of (9), 11. Again, by (19), 11, 
TT, A — C E'sin^cosiir /.,\ 

y=-a\zV + a x=~; (3) 
C + Ma- (\-kz2f -

or if we solve (15) for sin 9cosxjr, and substitute in (3), 
•_ f H' A-C E'2 A-C E' K'-GV) ,.. 
y~a\ ^ - C + Mc*2 H' + C + M a 2 H 7

 (1_fe
2)4j W 
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The integration of (2) and (4) is direct. It is carried out by Greenhill (R.G.T. p. ̂ 216) 
as follows: First, let A - C and k be positive, then 1 - k = C(A + Ma2)/A(C + Ma 2), is 
positive. Put then k = sin2a. W e get, writing 1 -kz2 = (l -C(2)2/(l + q2)2, 

zsina=,-,q-„ dzsin a = 27——%=dq (
5) 

l+q2 (l+q2)' 
The equation for x is at once integrable ; we get 

X. = 2a-A^ *L .tan->? (6) 
C + Ma2 il'sma 

N o w by (17'), 11, we have 
(l + J

2)2Z = Q = H'2{(l + 02)2-4^y-{K'(l+?
2)-2X//-E'(l-<?

2)}2, (7) 

and therefore, since c&sin a = 2(l - q2)dq((l + q2)2, 

sin o.dt = sin o.-Ar = z——0 2 —-f (8) 

z* l+r Q! 
Finally, from (4) above, since sin o, dt = sin a dzjrT1, we obtain 
, = a cfesinar A - C E' ( K'-G'zy 
V sin a Zi I a C + M ^ H ' ^ ( 1_ f e 2 )i)_ 

= AA- 2 d=—1 f - H'(l - q
2) - f£~i ~ |E'(1 - q2) - K'(l + q2) + 2G' -^- 11 • (9) 

sma c1 + (?2\QiL
 v s / C + Ma2H'l v ^' v i y smaJJ 

Thus we see that x is given directly by (6) and that t and y are given by elliptic 
integrals of the third kind. 
This conclusion is true also in the following case. Let C - A be positive and k negative. 

Then we write -£=sinh2a, 1 -£ = cosh2a, 

and obtain, with c= -a(A-C)E'/(C + Ma2)H'sinha, 

x 
sinh - = sinh a cos 9, (10) 

c a 

(l-2
2)2Z = Q = H'

2{(l-?
2
)
2-4i^a}-{K'(l-2

2)-2-g--E'(l + ?
2)}2 ...(H) 

sinW,=E£h^=2i±£!df (12) 

^s^2(7^[-
H'(1+^~CT 

We take some special cases. If the spherical shell have little mass, we may suppose 
that C = 0, and that A depends almost entirely on the enclosed gyrostat. Then k = l, 
and (7) becomes 

Q = H'2(l-?
2)2-{K'(l + ?

2)-2G'2-E'(l-<2
2)}2 (14) 

Also by (9) 

^=2a(r^^it"
H'(1"?2')^^^{E'(1_?2)~K'(1+22)+2G'9}] (15) 

If C is not zero but K is, we have a spherical case with a rod along a diameter round 
which therefore there is symmetry. If both K.' and C are zero, we have merely a 
diametrical rod supported on a massless spherical shell. The equations can be easily 
written down from those given above. 
When K and G vanish but not necessarily also C, y is constant and x is zero 

if A - C = 0, and the ball rolls along a straight line. 
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13. Rolling ball containing a gyrostat. Case of A - C = 0. If A =C, k is 

zero and (12), 11 gives A(A + Ma2)n = KMa28sin8cos8 (1) 

Integrating, we obtain, since 2=cos 9, 

A ( A + Ma2)ra + |Ma 2K^ 2 = AF, (2) 

a constant. In this case we have also 

M=-aH'sin0, v= - aW cos xlr + gKsm(L, (3) 
Y y A + Ma2' v ; 

which give, by the values of i, y in (1), 12, 

K 
1+8772 = const (4) 

y=-aR' + A +
a
M([2Ksin 9cos0 (5) 

Now by 11, (14), since C = A, 

. „ , 1 f(A+M«!)»i + K „ ,. _, An + K ,) 

or, by (2), 
. „ , 1 f F + K , 1 Ma2Kz2 _,, 1 ,„•, 
sm 9 COS xjr = ̂ jr,i T=-O + ^ -r-n ,r ,. - Gzr (6) 

r H'lA + Ma2 2A(A + Ma2) J w 

Substituting in (5), we obtain 
rr, , a-K f(A + Ma2)?i + K. n „. r„ A B + K ,1 ,,,-, 

We have also H'sin 9 sin 0 = z (8) 

With (6) this gives 

. -Z-H A-<)~ XXAMd
2 + 2A(A + Ma2)-G*j ' (9) 

E, F, and K are constants, and we can write the equation in the form 

z2 = Z = x^ + xTz-(a + /3z + yz2)2, (10) 

where a, (3, y are constants. 

By a proper choice of origin (the " centre of the elastic forces " in the analogue of a bent 
spring) we can express the rate of variation of the square )-2 of the radius vector of the 
elastic curve * from point to point along the curve by an equation of the form 

\Ak) =^A''J-(Ar* + 2'Br2 + C)2}, 

A , 1 d9 Ar* + 2Br2 + C 
and so find - + = •— •—. 

as rl 

The integration of the differential equations of the curve is based on these relations [see 
Halphen, Fond. Ellipt. t. II, chap. V, and Greenhill, Math. Ann. 52], and the analysis is 
available for the present problem. W e shall give it with some other elliptic function 
calculations in a later chapter if there is space. 
It will be found that the path of the point of contact lies between two parallel straight 

lines on the table, and consists of periodic repetitions of a certain figure, the nature 
of which is discussed in 15 below. By covering the table with a sheet of coloured transfer 
paper over a sheet of white paper, and rolling the ball on the former, the curve can 
be traced out. The weight of the ball is enough to produce an imprint of the path. 

* The form of a uniform elastic wire or spring under terminal couples, and uniform normal 
pressure over its whole length. 

G.G. Z 
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14. Rolling ball containing a gyrostat. Small oscillations about 
steady motion. From the equation (7), 11, 

(A + Ma2)0 + (C?i + K + M«V)0sin 0-(A + Ma2)^2sin (9 cos 8 = 0, (1) 

we can find the period of a small oscillation about steady motion, that is the motion for 
which 8 and 9 are zero, and therefore H and 

Cii + K + Ma2n-(A + Ma2)fcos9( = $) (2) 
are zero. W e denote the steady motion value of \p by p. For a slight deviation u. of 8 
from the steady motion value we have 

(A + Ma2)a + /isin^^.a = 0 (3) 

a = 0. 

Carrying out the calculation of the second term on the left, using (12), 11, and the 
constant value (Cra + K)cos 8 + Ai/sin28 of G, to determine dn/dO and dxj/jdO, we see at 
once that the group of quantities obtained vanishes if we put A = —Ma 2 , and that in fact 
the terms amount to (A + Ma2)g2a. Thus we obtain the vibrational equation 

a + p2a = 0 (4) 

The period of oscillation is thus 2tr(p. 
In steady motion the sphere rolls so that its centre moves in a circle with angular 

speed p. If c be the radius, we have, by Fig. 94, v positive for p. negative, and so, since 
u=a-9=0, -cp = v. By (2), 11, 

- v=a(n sin 9 — p sin 9 cos 9), (5) 

so that c = a(-sin 9 - sin 9 cos 9) =-<j> sin 9 (6) 

The first term in (5), an sin 9, is the speed with which the centre L of the small circle 
of contact on the sphere is moving at right angles to the vertical plane, and an sin 9/p, the 
first term in (6), is the radius of the horizontal circle described by that centre. 
Now n/p = (A + Ma2)ncos 8((Cn + K + Ma2n), and therefore 

An-(Cn + K) -no /ns 
c = aF A—^-^7-sln # c o s " (7) 

Thus the ball will roll steadily in a straight line if K= -(Cn + Ma2n). The radius is 
zero if K = (A-C)m. 

15. Rolling ball containing a gyrostat. Small oscillations about 
straight line motion. Stability of straight line motion. Now let the ball 
roll along a straight line with the axis of the gyrostat horizontal, and let the motion be 
slightly disturbed without change of the (zero) value of the A.M. about the vertical through 
the point of contact. The result just obtained is inapplicable, for p now vanishes, and 
there evidently must be a. finite period of oscillation about the steady straight line 
motion of the centre. 
Putting then the A.M. about the vertical equal to zero, we get 

(Cra + IC)eos6> + A/xsin2<9 = 0, m 

where 8 is very slightly different from ijr. W e have approximately p = - (Cn + K)cos 8/A. 
Hence substituting in (1), 14, which now is 

(A + Ma2) 8 + (Cn + K + Ma2n)p = 0, _(2) 

we find A(A + Ma2)8-(Cn + K + Ma2n)(Cn + K)cos 8 = 0 (3) 
Thus, according to the notation adopted above, we may put $ = cos 8, since the terms in 

dn/dd which occur in d<x^/d9 are all affected by the factor cos 9. Hence 

d$/d9= -sin9 = - ] , 
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since 8 = iir + a, where a is very small. Equation (3) becomes 
. (Cn+K + Ma

2n)(Cn. + K ) a = 0 

A(A + Ma2) v ' 
Thus the period of disturbance of the motion is 

T=27r{ A(A + M a
2) I* (5) 

\(Cm + K + MaV)(CH + K)J K ' 
The ball is rolling forward with the linear speed na. Hence the wave length A of the 

disturbance as traced out on the table is 
, „ ( A(A + Ma2) \i ... 
K = 2irna\ j^. == v ,_ „ .,' =^7 Y (6) 

{.(Cn + K + MahiXGn+K)) v ; 

These expressions for the period and wave length will not be real if the angular 
speed n and the A.M. K are oppositely directed, and also 

|(C + Ma2))j|>|K|>|C?i| or |K/(C + Ma2)|<|)i | <|K/C|. 
The ball cannot in this case roll stably in a straight line. 
If 9 is neither zero nor \TT, we obtain, from (1), 14, neglecting the term in 02, for a 

slight deviation from steady rolling along a straight line (at right angles to the plane of 
the diagram in Fig. 94), the equation 

(A + Ma2)0 + (Oci + K + Ma27i)/xsin 0 = 0 (7) 

Hence, since the steady value of p is zero, we put $=/x, and get 

(A+Ma2)a + (Cra + K + Ma2K)sin 0.^|a = 0. (8) 

,7rh .i.l H'/< + .ig sm y - (..: cos fc'" " 
Here 

d& df (Q» +K)Bill g - C COB (,gfl 

d8 d8~ Asixx28 
\jl = IL 

., .,_,. ,, dn (Cn + K — A?i)Ma2sin 0cos 9 , m 

and by (12), 11, rfg = A C + M a 2 ( A s i n ^ + Ccos20) (9) 

The reader may verify that from these values we obtain 

.. (Cm + K + Ma2K){(C + Ma 2)C« + (C + Mffl2sin20)K} = Q ( m 
a + (A + Ma2){AC + Ma2(Asin20 + Ccos20)} " ^ ' 

Denoting the second term on the left by p2a, we have for the period of oscillation 2ir/p. 

This agrees with the former result, if 8=\rr. 
In the present case, since in the steady motion p is zero, we have for the speed of 

advance of the centroid v= —amsin 0, so that we may write m= — v/asin 9. 

Thus we find 

-fK-(C + Ma2)_?i-^U(C + Ma2sin20)K-(C + Ma2)C—^—,\ 
, l asm 9) I a sin 9) 

r " (A + Ma2){AC + Ma2(Asin20 + Ocos20)} 
Hence the ball cannot roll along a straight line unless both factors of the numerator have 
the same sign, or, to put the result in another way, it will not roll stably along a straight 

line if Kg sin 0 C + Ma2sin20 Ka sin 8 
C + Ma2<V< ' C C + Ma2' 

In using this inequality it must be remembered that if K and n have opposite signs, we 
may take K positive, and then for n negative we have v positive. When K and n 

have both the same sign p2 is essentially positive. 
The value of a wave length of the small deviation from the straight course is 

27raw sin 8 (p. 
The reaction against side slip is easily found, in any of these cases of motion, from the 

couple producing rate of change of A.M. about the 8 axis (OD) through the centroid. 
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16. RoUing ball containing a gyrostat. Method of solution by direct 
reference to first principles. So far the foregoing discussion follows the 
mode of solution adopted by the proposer of the problem, and by Greenhill 
(R.G.T.) with some differences in the analysis. But the reference to first 
principles, suggested in 11, may be extended so as to give all the essential 
equations of motion, in fact practically to solve the whole problem. 

W e note, in the first place, that if the motion of the sphere be referred to 
axes 0'(D', E', O ) parallel to 0(D, E, C), the angular momenta about these 

are as follows : about 0' D', (A + Ma
2) 9, 

about 0' E', Ax/r sin 9 - Ma?<j> sin 9 cos 9, 

about 0' C, Cn + K + M a2<p sin2 9, 

since a little consideration shows that the speed at right angles to the plane 
EOC, of the point L (see 14) is nasind, and of 0 is (n - xjr cos 9) a sin 9, 
that is 0a. sin 9. There is no couple about any axis through O', and the 
rates of turning of the axes are respectively 9, xjr sin 9, xjr cos 9. Hence the 
rates of growth of A.M. about the axes as enumerated above are 

(Gn + K + Ma 20 sin29)xjr sin 6 - [Axjr sin 9 - Ma2<i> sin 9 cos 9}xjr cos 9, 

[or (Gn + K + Mu?n)xjr sin 9-(A + Ma2)xjr2sin 9 cos 0,] 

A9xjr cos 9 - (Cn + K + Ma 20 sin2 9) 9, 

(A + Ma2)9xjrsin9-(A + Ma2)9xjrsm9, or zero. 

N o w the first of these equated to zero gives the O'D' equation for steady 
motion, and thus we have 

(Gn + K + Ma2n)xjrsin9-(A + Ma2)xjr2sin9cos9 = 0, (1) 

as that equation. 
If we consider the A.M. about O'D' when the motion is not steady, we see 

at once that the complete equation of motion is 

(A + Ma2)9 + (Gn + K + Ma2n)xjrsin9-(A + Ma2)xir2sin9cos9 = 0. ...(2) 

This is (7) of 11 above. 
The magnitude of the couple about O D is clearly 

A9 + (Cn + K)xjrsin9-Axjr2sin 9 cos 9. 

Hence the horizontal force applied by the table in the plane E O C is 

-[A9 + (Cn + K)xjr sin9-Axjr2sin 9 cos 9}. 

This gives the reaction against side slip. 
Again, the A.M. about a horizontal line drawn to the left throuo-h 0' in the 

plane EOC, [Fig. 94] the line of the force just calculated, is, by the angular 
momenta given above, 

(Cn + K+Ma2n)sin9-(A + Ma2)xjrsin9eos 9. 

Also the rate of growth of A.M. about the positive direction of this horizontal 
line [the direction to the right from 0' in Fig. 94] due to the turnino- of 
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the axis O'D' [with which is associated A.M. (A + Ma2)9] at rate xfr about 

the vertical, is (A + Ma2)9xfr. Since there is no other rate of production 

of A.M. for this line and there is no couple, the total rate of growth of 
A.M. .must be zero. Hence we get 

d 
jt {(Gn + K + Ma

2n)sin9-(A + Ma2)xjrsin9cos9}-(A + Ma2)9xjr-=0, ...(3) 

which is precisely (10) of 11. From this we find 

. _(Cn + K-An)Ma?sin9cos 9 * 
n^AG + Ma2(Asin29+Ccos29) 

With this and the value of xjr as found from 

G = (Cn + K)cos9 + Axfr sin2 9 

we have all the equations required for the discussion of the motion. The 

discussion of the different cases of oscillation about steady motion proceeds 
as in 14 above. 

17. Example: A cylinder containing a gyrostat and rolling on a 
horizontal plane. 

Example. [Problem restated from Math. Tripos paper, 1908.] The ship in Fig. 50 
is replaced by a hollow right circular cylinder which rests on a horizontal table, and the 
gyrostat axis b, b is at right angles to and intersects the axis of the cylinder. There is no 
gravitational stability of the gyrostat ring or wheel, and the cylinder, supposed in 
position with b, b horizontal and the spin axis of the wheel vertical, has an attached mass 
m at the centre of its highest generating line. A is the moment of inertia of the flywheel 
and ring about the axle b, b, B that of the flywheel and ring about the axis through the 
common centre parallel to the planes of rotation of the wheel, I the moment of inertia 
of the cylinder and attached mass about the line of contact with the table, and Cm the 
A.M. of the flywheel, counter clockwise as seen from above. [As we suppose all angular 
deflections produced in the motion to be very small, B remains nearly enough constant.] 
Prove that the time of a small oscillation of the cylinder is 

*r{,»A.(B + I)A}* 
lC2n2 — mga A) 

Let the cylinder be rolling at rate 0 towards the left [Fig. 50]. This produces A.M. at 
rate Cm0 about an axis across the wheel to the left. Hence the top of the spin axis turns 
towards the reader with acceleration 0, and we have A 0 = C»0, and therefore A 0 = CJI0. 
This motion of the spin axis produces A.M. about the cylinder's line of contact at rate 
Cn9, and the total rate of generation of such A.M. is (I + B)0 + C?i0, that is, since A 0 = CCJ0, 
(I + B)0 + C2m20/A. The applied couple is mgacp. Hence we have 

A (I + B) 0 + (C2 n2 - mga A) 0 = 0. 
Thus if C2?i2 > mgaA there is stability and the system oscillates in the period stated 
above. 



CHAPTER XVII 

MOTION OF AN UNSYMMETRICAL TOP 

1. General equations of motion. A straightforward process of analysis 

enables the equations for the discussion of the stability of a body of 

any form resting on a horizontal plane to be investigated. W e start from 

the equations of motion for moving axes established in 1, XVI. Referring 

to principal axes GA, GB, GC drawn from the centroid G we suppose that 

the coordinates of the point of contact 0 are x, y, z and that the equation of 

the surface of the body is f(x, y, z) = 0. The components of linear velocity 

of G will be denoted by u, v, w, those of angular velocity about the axes 

by w1, w2, co3, the direction-cosines of the outward normal at O from the 

surface of the body by p, q, r, and the force components (arising from normal 

reaction and friction), applied to the body at 0 by the supporting surface, 

by X, Y, Z. The equations of rotational motion are 

Acbx-{B-C)oho^ = yZ-zY = 'R(yy-/3z), j 

BOJ2-{G-A)ohwx = zX-xZ = U(az-yx), j- W 

Cobs-(A-B)a>xu]2 = xY-yX = ~R{/3x-ay), J 

where R is the reaction at 0, and a, (3, y the direction-cosines of its line of 
action taken outward from the surface. 

For the motion of G we have, taking the mass of the body as unity, 

u— vwi + ivw2 = gp + X/\ 

v — ivwx+uws = gq + Y, I (2) 

w — wco2 + Vwx = gr +Z. J 

The direction p, q, r is fixed, and so we have 

p-qo]3 + roy2 = 0, g-rwx+poh = 0, r-pw2 + qiox = 0 (3) 

Equations might be established for 0 as origin. The moments of forces 

would then be those of the forces applied at the centroid. Further the 
motion of O would have to be brought into the account. 

There are three cases to be considered: (1) no slidino- at the point of 

contact, (2) no friction, (3) sliding with friction. The conditions for 
case (1) are clearly 

u — yujs + zu>2 = §, v — zwx + xws = 0, tv — xoD2 + yo)x = 0 (4) 
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In case (2) the action of the plane on the body is a normal force R, so 
that, since here a, (3, y =p, q, r, 

X=-pR, Y=-c?R, Z=-rR (5) 

The minus sign is required since R acts towards the body and p, q, r are 
defined for the outward normal. In this case the point G moves parallel to 
the plane at uniform speed. If P G =' f, we can write the single equation 

l=+-&-g or R = g + l (6) 

Equation (3) holds also in case (2), since the direction of the vertical 
does not change. 

In case (3) the resultant of the forces X, Y, Z makes an angle with 
the normal equal to tan-1^ where p. is the coefficient of friction. Thus 

(pX + qY + rZ)2 1 1 m 

X2 + Y2 + Z2 = c o s ( t a n V) = ̂ y O) 

Also the slipping (of components u', v', w') must take place in the opposite 
direction to the horizontal component of X, Y, Z. The direction-cosines 
of a line, perpendicular to the normal and to the resultant of X, Y, Z, are 
proportional to qZ — rY, rX—pZ, pY — qX. Hence we have 

u'(rY-qZ) + v'(pZ-rX) + w'(qX-pY) = 0 (8) 

2. Stability of a body spinning about a nearly vertical principal axis. 
N o w taking case 1, that of no slipping, let the body, supposed of any form, 
be set up with the principal axis G C vertical and its extremity C in contact 
with the horizontal plane, and be made to spin with angular speed n about 
GC. The body is then slightly disturbed : it is required to find the motion. 

Here initially p, q are small and r=l, nearly. Also w3 = n, and u>x, w2, 
u, v, w are all small. A will be taken as less than B. W e shall suppose 
that the body does not deviate far from its original position, so that these 
small quantities remain small. The following discussion will indicate under 
what conditions the supposition is justified. 

In the first place we see from equations (2) that X, Y are small, and 
that Z = — g, nearly. Hence to the degree of approximation involved in 
neglecting the squares and products of small quantities we see that 
(1), (2), (3), (4) become 

Aco1-(B — C)nu>2=— gy — hY, Bft>2-(C-A)?ico1 = /iX-|-#a:, Cn, = 0," 
u-nv=gp + X, ii + nu = gq + Y, _ ^ 

p + wz — nq = 0, q—dix + np = 0, j 
u — ny + hoo.2 = 0, v + nx — hwx = 0. J 

The equation of the surface may be written in the form 

*-"-!(?+?+?) <2> 
where a, b, c depend on the curvatures of the principal sections of the 
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surface through the point P. W e have from (2), neglecting squares and 

products of x, y, which are small, 

_ _ < f e _ a ; ?/ dz_x y r—\ 
dx ah' dy b c' 

Eliminating wx, w2, u, v, X, Y from these equations, w e get 

(3) 

(A + h2)q + (A + B + 2h2-C)np-{(B-C)n2 + hg + h2n2\q 

+ (g + hn2) y - hnx = 0, ,^x 
(B + h2)p-(A + B + 2h2-C)nrI-({A-C)n

2 + hg + }Ali
2}pr 

+ (g + hn2)x + hny = 0. 

[To take account of the mass M it is only necessary to multiply the 

last pair of terms in each equation, and every h or h2 in the others, by M. 

It is a good exercise, of no very great difficulty, to account for all the terms 

in (4) by first principles in the manner often exemplified above, and in that 

w a y establish the equations. The evaluation of the couples requires a 

little care.] 

If w e substitute for x and y in (4) from (3), the terms affected are 

(g + Jt.n2)y — hnx 
._ cb(g + hn2) 

ac-•b
2 

(g + hn2)x + hny = „t_i$ (bp 
-b2 

(bq — ap) + 

cq)-

abhn 

ac — b 

bchn 

• b 

-,(bp-

(M-•ap). 
..(5) 

If the equation of the surface be 

z = h-\(t + t 
2\a c 

a and c are the radii at P of the lines of curvature, and the tangents 
to these at P are parallel to the principal axes at G. The terms written 
d o w n become in this case 

c(g + hn2) q — nhap, a(g + hn2 )p + hncq. 

In the general case the equations are intractable ; but when the terms ft', y, 

x, y in (4) have the simple form just found the equation of motion (4) 

can be made to take the usual form for a gyrostatic vibrator possessing two 
freedoms. For w e have then 

(A + /i2)c] + (A + B-C+-2/i 2-«/j>p 

-{(B-C)n2+gh+h2n2-c{g + hn2)}q^0, 

[B + h2)p-(A + B-C + 2h2-ch)nq 

-{(A-C)n2+gh + h2n2-a{g + hn2)}p = 0.j 

If w e assume the solutions 

p = acAt, q = /3eiu, 

and substitute in (6), w e get from each of these equations a relation between 

aj(3 and A. Eliminating the ratio a//3, w e find the quadratic in A2 

(LA2 + N)(L'\2 + N') = A% 2(M-/ia)(M-/cc), (7) 

.(6) 
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where L = A + h\ L' = B + /t2, 1$ = (B-C)n2 + (h-c)(hn2+g), 

W = (A-C)n2 + (h-a)(hn2+g), M = A + B-f 2/i2-C. 

[If it is desired to introduce the mass of the body (here supposed unity) into 
these formulae, it is only necessary to consider A, B, C as the ratios of the 
corresponding moments of inertia to the mass.] 

The roots of the quadratic (7) in A2 are real if the inequality 

{LN' + L'N-7i2(M-a/i)(M-c/0]2>4LL'NN 
is satisfied. 

Let the solid be of revolution, and the radius of gyration about the axis 
of figure be k, and that about an axis through the point of support at right 
angles to the axis of figure be k'. Then since the mass is taken as unity, 

k2 = C, k'2 = A + h2 = B + h2, L = L' = /e'2, M = 2k'2 - k2, 

N = N' = (k'2 - k2 - ch)n2 + (h - c)g. 

Thus we obtain, after a little reduction, for the expression in this case of the 
inequality stated above, (k2 + ch)2n2^> 4<k'2(h — c)g, or 

. Ak'Ch — c)qY ,as 
n>21 \„ • 'JS (8) 

k- + hc 
The values of A2 which satisfy (7) are real when (8) is satisfied, and the 

condition (S) also shows that they are positive. If \x
2, A2

2 be the values of 
A2, each gives two values of A numerically equal and of opposite sign. 

3. General case: lines of curvature of surface at contact not parallel 
to the principal axes through the centroid. In the more general case in 
which irxi Xy y2s 

we have, using n to denote the angular speed about the principal axis which 
joins the centroid with the point of support, and is vertical or nearly so, 

A'q— ctchknq + (D +abhk)np + ackgp— {(B' —C')n2 + {h + bck)g'}q = 0,\ ,„, 
B'p + achknp-(D + bchk)nq + ackg'q-{{A'-C')n2 + {h + abk)g'}p = 0,j '" 

where (using k now in a different sense) 

A' = A + /c2, B' = B + /c2, C' = C + /i2, D = A + B'-C' + /t2, 

g' = g + hn2, k = b/(ac — b2). 

Let us suppose that 
p = KeiM, q = Leixt, (3) 

we obtain, by substitution in (2), 

{AA 2 + (B' - C')n2 + (h + bck)g' + iachnkX} 

x {B'A2 + (A - C')n2 + (h + abk)g - iachnkA} 

+ [i(D + abkh)nA + ackg'}[i(D + bekh)nA^ackg'}=0 (4) 
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If b = oo -, we fall back on the simpler case in which the terms affected by the 

multiplier acknh are zero, that is (4) becomes, when b is large, approximately 

{A'A2 + (B' -C')n2 + (h + bck)g'} {B'X2 + (A' -C')n2 + (h + abk)g'} 

-(D + abkh)(V + bckh)n2A2 = Q, (5) 

where bck and able are approximately — c and — a, respectively. This is of 

the form A'B'A4-?A2 + Q = 0, (5') 

where P and Q are independent of A. 

Equation (5) corresponds to the case in which a principal plane of 

moment of inertia for the centroid coincides with a principal plane of normal 

section at the point of contact 0. For let 9 denote the (acute) angle between 

the plane G O A , and the plane of normal section for which the radius of 

curvature at 0 is px, taken positive from the former plane to the latter 

(that is clockwise in Fig. 95), we have, assuming that pxf> p2, 

\ = (---)sin9cos9 (6) 
b \p2 PxJ 

The multiplier ack is abc/(ac — W), and, as can easily be proved, is negative 

if b be positive, as b is on the supposition that p-A> p2. For, since we 

suppose the two curvatures turned the same way, the indicatrix at the 

point of contact of a tangent plane with the surface is an ellipse, a,nd ac — b2 

is negative. The multiplier ack is zero when b is infinite, that is when 0 = 0. 

If however 9 be not zero, we have, omitting terms in k2, 

A'B'Xi-I'X2 + Q + iachnk(B'-A')(X2-n2)A = 0 (7) 

The roots of (5') are real if P2^> 4A'B'Q, and are positive if P and Q are both 

positive. W e shall suppose that these conditions are satisfied. The roots 

are given by ,„ l i 
* X'2 = ̂ A B-,{P±(P

2_4AB'Q) 2} (8) 

Let a root of (7) be A'2 + K, where j K J is small; then we have from (7) 

(2A'B'A'2-P)K + iachnk(B'-A')(A
2-n2)A^0 (9) 

Hence K is imaginary; let it be in'\. Then 

(2A'B'A'2-P)K' = ac/m/c:(B'-A)(w
2-A2), (10) 

and by (8), if A/2, X2'
2 be the two values of A'2, and KX, K- the corresponding-

values of K , we obtain 

(c1'(P
2-4A'B'Q)i = ac/m/1;(B'-A)(«

2-A1
2), \ _ ni) 

«:2'(P
2-4A'B'Q)4 = ac/iu/i;(B'-A)(A2

2-ii2)J 

But since IK I is small >,, ,>,9 • ,.. a >. , • , 
1 ' A = (A2 — %K A)- = A — jjiK , 

and hence p = Keixt = Ke^K'+!^t; (12) 

so that the motion would increase exponentially if K' were positive. Thus 

K must be negative for stability. Hence in (11), KX, K2 are both neo-ative. 
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Now we suppose that B'>> A', and, in (6), pxf> p2. This involves taking 

b positive and therefore k negative for positive 9, since b is large and 

nc-6 2<0. Let then A 1
2>% 2>A 2

2, if that be 

possible without affecting the reality of the roots. 

W e see that nk must be positive, that is that n 

must be negative in order that (11) may be 

satisfied. This means that the turning must be 

in the direction shown in the diagram by the 

arrow. [See experimental results in 5 below.] 
L r J O Plane of 

minimum curuature 

4. A body spinning steadily in one direction 95 

on a horizontal plane, unsteadily in the opposite 
direction. If n2<C_A2, turning in either direction will be consistent with 

one of equations (11) and inconsistent with the other. The turning indi

cated in the diagram will be accompanied by diminution of the amplitude 

of the vibrations of period 2ir/Ax, and increase of the amplitude of those of 

period 2-7r/A2. The reverse will happen if the turning is in the opposite 

direction. But since Ax
2 — n2, A2

2 — n2 are of very different magnitudes, it is 

manifest that there will be much less increase of vibration and consequent 

unsteadiness when the turning is in the direction indicated in the diagram, 

than in the other case. The effect thus of a small value of It might be 

hardly perceptible for spin in the direction taken as positive in the diagram, 

that is from O A to OB, and so great for the opposite spin as to render 

continuance of the motion impossible. 

5. Experiments with a top supported on an adjustable curved surface. 

The results found in 3 were first given by Mr. G. T. Walker in a paper 

published in the Quarterly Journal of Mathematics, 28 (1896). They were 

confirmed experimentally by him by means of a simple form of top, which 

admitted of the axes of least moment and least curvature being placed in 

any desired relative positions. This top is in general shape a flat ellipsoid. 

In it a circular disk is embedded, so that the plane upper face of the 

disk rests against the face of a cavity cut in the body and the lower 

face continues (but not exactly except in one position) the curved contour 

of the lower surface of the top. The disk turns about a central axle 

which is normally vertical, and can be clamped in any position. In one 

clamped and marked position the disk was shaped with the lower surface, 

so that at any time the line of least curvature can be made to coincide 

with the longer axis of symmetry, or be placed at any required angle to 

that axis. 

A massive nut which can be screwed up or down on the axle enables the 

position of the centroid to be altered. When the nut is removed or is screwed 

low down, the frequency of a transverse oscillation is greater than that of a 

longitudinal one; but when the nut is placed high enough, the transverse 
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period is made greater, and the dynamical behaviour of the top otherwise 

altered. 
The following are some of the results obtained with this apparatus. 

W h e n the periods were adjusted to be considerably different, the disk was 

turned so as to make the angle 9 about 2°, and the top was then gently spun 

about a vertical axis. It was found that when the direction of spin was 

opposite to the angular displacement given to the disk, the rotation lasted 

about four times as long as it did when the spin was in the other direction. 

The rotation was stopped in the former case by the growing up of oscillations 

of the slower type, in the latter case by the production of the quicker 

vibrations, as explained above. With only a very small angle the spin 

either way was little interfered with; when it stopped however, the 

top was found to be oscillating in the period appropriate to the direction 

of spin. 

With an angle 9 of 4°, a spin in the direction of 9 set up violent 

oscillations which stopped and then reversed the spin. It will be observed 

how this took place. The spin energy disappeared, being replaced by energy 

of the vibrational motion. But in the oscillations, forces of reaction were 

brought into play which had moments round the line G O , which joined the 

centroid with the point of contact, and these reversed the rotation. 

W h e n the spin was thus reversed the motion was stopped, though more 

slowly, by the growing up of the vibrations of longer period; then these 

vibrations reversed the spin, and another cycle similar to the first was started, 

and so on, with proper arrangements, to a considerable number of reversals. 

W h e n purely longitudinal or transverse vibrations were started by tapping 

the edge of the top on an axis of symmetry, the top began to rotate in the 

direction for which such disturbing oscillations would die out. The difference 

between the times of oscillation with and without spin could be marked as 

the top settled clown into oscillation about static equilibrium. Except when 

the angle 9 was very small, one reversal or more occurred before this 
equilibrium was finally reached. 

W h e n the periods—transverse and longitudinal—were nearly equal, a tap 

given at a point near the edge, from 25° to 30° in azimuthal distance from 

the longer axis of symmetry, produced a spin the direction of which depended 

on the azimuth of the point struck, but not on the value of 9 or the difference 

of periods. The direction was always that from the diameter struck to the 

longer axis. 

Mr. Walker found that similar results were obtained by spinning the 

" celts,'' or stone axes, which are to be found in museums and private 

collections. W h e n these bodies are laid in equilibrium on a table it is found 

in many cases that the principal axes of moment of inertia, which are 

parallel or nearly so to the table, do not coincide with the lines of curvature 

of the surface of the body at the point of support. In such cases the 
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celt can be made to spin smoothly one way, but if it is made to turn the 

other way it begins to '' chatter " as it turns and the spin Ceases. 

6. Effect of oscillations of the body on the curved surface in producing 
azimuthal turning. W e shall now investigate by Mr. Walker's method the oscilla
tions of the solid on the supposition that these are small, and endeavour to trace their 
effect in producing rotation of the solid in azimuth. Taking <nx, co2, co3, u, v, w, p, q, X, Y, 
all so small that their squares and products may be neglected, we have by I, 

Aq=-gy-hY, -Bp=gx + hX, Cc-»3 = 0 or Cu3 = Cn (1) 
The motion of the centroid is given by 

ii=gp + X, v=gq+Y, w=g + Z = 0 (2) 

But it= —hi>2 = hp, v = ho>i = hq, 

and so-we obtain X = hp-gp, Y = hq-gq (3) 

The equation of the surface, z = h--(— + ̂ = + -), 
2\a b cj 

gives r_a&(&p-cg) bc(bq-ap)_ 
b2-ac ' y b2-ac 

Thus the first two of the equations of motion above become 

A'q+g(aq-(3p) = 0, B'p+g(yp-(3q) = 0, (4) 

where a = — h 13- ab° -.— — h (51 
p-ac 'h P~b2-ac' y~b2-ac " W 

Let p = Ke{M, q = ~Le^> (6) 
Substituting in (4) and eliminating K, L we get 

(A'X2-ag)(B'X2-yg)-f32g2 = 0 (1) 
Consider the roots of the equation in A2 

(A'A2-a^)(B'A2-y^) = 0 (8) 

These are X/2 = A.,g, A2'
2 

B>y, -2 - A 
•St- •(9) 

But if A'2 be a root of (8) and A'2 + K, where K is small, be the corresponding root of {1)^ 
w e h a v e \2A'B'X'2-g(A'y + B'a)}-K-j32g2 = 0 (10) 

There are two values of K, one corresponding to the root A/2, the other to the root A2'
2, 

given in (9). Call these KX, K2. W e get by (9) 

K & &9 ) 
1 2A'B'A1'

2-.<7(A'y + B'a) A'y-B'a' I (u) 

§Y _ Pg | 
2 2 A'B'A2'

2 -g(A'y + B'a) B'a-A'y' ) 
Thus the roots of (7) are 

V = V + A T ^ g . A2
2=A2'

2-A/
/3\, (12) 

1 A'y-BV 2 2 Ay-Bo 
Considering now the third equation of (1) and including quantities of the second order 

of smallness, we have to find the reduced form of 
Cn-(A-B)o)iO>2=xY-yX (13) 

Wehavefirst wx — q + np, _a>2 = nq-p, (14) 

and xY-yX=^c(bq-cp)Y-J^c(bq-ap)X,\ (u) 

with Y = v — gq, X_ = ii-gp. 
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Substituting in (13) from (14) and (15), having regard to (5) and (4), we find to the 
degree of approximation adopted 

Cn = (A-B)(-pq + hpq/g) + Bpq-Aqp (16) 

If we assume p = aiCos\lt + a2cosX.2t + bxsin Axi! + &2sin X2l, (17) 

we obtain by (4), 

g((3q-yp)= -B'\Ai2(aiCOS Xf + bisin kxt) + X2
2(a2cos X2t + b2sin X2t)}, (18) 

which gives q. 
Let the initial values of p, q, q be zero, so that the body is oscillating about an axis parallel 

to Oy. W e get then by (17) and (18), and the values of Xx
2, X2

2 in (9), 

A'B'fi2 

ax= — a2 = 0, X2b2 = — A — A0i, (19) 

where A (= -B'a + A'y) is supposed great in comparison with (32g. The exact denomina
tor in the second of (19) is A2 + (32g. Hence, with the initial conditions stated above, we 
get from (18) and (19) 

p = bA sin Xxt-\ ~— -J sin X2t), §• = -'-.--(-A2 sin A^+A(sin A2Z) (20) 

7. Summary of results. When these values of p and q are substituted in (16), it 
is found that the mean value of cj3 is proportional to x((Xx

2 — X2
2), so that a longitudinal 

oscillation will give rise to rotation in the direction of steady turning or in the contrary 
direction according as A/2 — A2'

2 is positive or negative, that is according as the period of 
longitudinal oscillations is shorter or longer than the period of transverse oscillations. 
Exactly in the same way a transverse oscillation will set up azimuthal turning propor

tional in mean value to 1/(X2
2 — Xx

2). The turning is thus opposite to that produced in 
the former case. Here of course p, q, p are supposed to be initially zero, and the initial 
angular speed is q. 

In all cases the rule stated above holds, that the azimuthal turning is in the direction 
which is stable for oscillations of corresponding frequency, provided corresponding 
oscillations about rest and about steady motion are each of greater or each of less 
frequency. 
For the general case, in which either (3 or A may be numerically small and initial 

angular speeds exist about the axes Ox and Oy, the reader is referred to Mr. Walker's 
paper [loc. cit., 5, supra]. It is found that if (3 be small compared with A, the direction 
of the spin set up changes sign with (3 and with A, but not with either of the initial 
speeds Qx, Q2 about the axes Ox, Oy. If O^/iy - cc/y be small, the direction of the 
rotation changes sign with Q,x or Q,2 but not with (3 or A. 

8. JSess's particular solution of the problem of an unsymmetrical top. 
An interesting particular solution of the equations of motion for the solid of three unequal 
principal moments of inertia may be given here. If cq, (3U 7l be the direction-cosines of 
the line joining the centroid G and the point of contact O, these cosines are proportional 
to x, y, z, the coordinates of the point of contact O, and we have by (1), 1, 

a1Ac;i1 + /?1Bai3 + yiCw3-{a1(B-C)c1i2C03 + ^1(C-A)co3w1 + -y1(A-B)co1co2]=0 (1) 

This equation expresses the fact that the rate of growth of A.M. about the line fixed in 
space, with which G O coincides at the instant, is zero. 

It is clear without analysis that this quantity must be zero, for the resultant of o-ravity 
at G' (the projection of G on the horizontal plane) and the reaction at O both intersect 
the line OG. 
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If further the part of (1) in brackets {} is zero, we have 

a1Awi + /S1Bco2 + y1Cci)3 = 0 (2) 

This, taken by itself, means that the rate of growth of A.M. about any line through G and 
fixed in the body, and directed by cosines a„ /3X, yx with respect to the principal axes, is 

zero. [The rate of growth of A.M. for an instantaneously coincident line, the direction-
cosines of which vary, and which therefore is moving in the body, is 

Ac^coi + B(3iio2 + C y ^ + Aoqoij + B/3xa>2 + Cy xio3. 

If this is zero, then for that line 

ajAcoj + ySjBaij + yjCw-j = c, (3) 
where c is a constant.] 

Equation (3) is true for OG, since ax. f3u yi are invariable. Let c be zero ; then 

cqA«i + /3iBio2 + yiCois = 0 (4) 

states that the A.M. about G O , as that line moves, remains zero. If then the second part 
of (1), with the minus sign prefixed, is equivalent to 

Ariqcoj + B/3i<n2 + Cy,w3, 

equation (3) will hold, and also the particular case (4). 

The expressions (B —C)co2co3, (C — A)o)swx, (A -B^joij 

are clearly proportional to the direction-cosines of a normal to the plane in which lie 
both the vectors (Aoij, Bco2, Cci>3), (coj, co2, co3), that is the plane of the axis of resultant 
A.M. and the instantaneous axis of rotation. The equation 

a1(B-C)co2co3 + /31(C-A)a)3a)1 + y1(A-B)co16i2 = 0 (5) 

thus states that the line O G lies in this plane, and, if the equation always held, O G would 
always lie in the plane specified, and be at the same time perpendicular to the resultant 
of A.M. 

Equation (5) is thus the condition that (3) or (4) may be a particular solution of the 
equations of motion. 

Let us now suppose that /3X is continually zero, that is that the line O G lies permanently 
in the plane of the principal axes G A , GC, then the particular solution (4) becomes 

cq Aoij + y [Coig = 0 (6) 
The condition (5) is in this case 

ai(B-C)w3 + y 1(A-B)w l = 0, (7) 

which, if (6) is to hold, may be written 

Aa 1
2(B-C) = Cy 1

2(A-B) , (8) 

In order that (8) may be possible we must have either A > B > C or A < B < C . But 
since a.1

2 + y1
2 = l, we get from (8) 

, C A - B „ A B - C ,QN 
a>' =BAlC' * = B A = C ' (9) 

so that the line O G is fixed with reference to the axes G A , GC, and moves with the body. 
Then ax = yx = 0, and (3) holds with (3 and c both zero. 

If x, z be, as indicated above, the coordinates of O, (8) becomes 

x2A(B-C) = z2C(A-B), 

AhAMiA) <"» 
N o w consider the ellipsoid of which the equation is 

A ' B ' C 
which is the reciprocal of the momental ellipsoid, 

A£.2+Bri2 + CC2 = l 

P v2 (2 

A+A+h=h (H) 
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The equation of the surface may be written in the form 

B(F+v+c*>+GrB)?+(e-i)<,-L 

Henceif,l>̂ >C, Hl-^)-f(U)=0 (12) vA B / >> V B 0 ) 
represents a pair of planes which give the circular sections of the surface. Comparing 
this equation with (10), w e see at once that the line O G is perpendicular to one of the 
planes of circular section of the reciprocal ellipsoid. 

It follows that in this case of motion the axis of resultant A.M., which is always perpen
dicular to the line O G , lies, as the body changes position and Awx, Bw 2, C w 3 change in 
amount, always in a plane of circular section. 

The particular solution (7) of the equations (1) of motion which has just been discussed 
appears to have been first given by Hess in Math. Ann., Bd. 27, 1890; it was also given 
by G. Kolosov of Petrograd in 1898 [Gott. Nadir. 1898]. A geometrical account of the 
solution by Sommerfeld follows Kolosov's paper [l-oc. cit.]. The reader interested in the 
theory of the unsymmetrical top may also refer to papers by Hess [Acta Math., 37]. 

9. Other particular solutions for an iinsymmetrical top. Another parti

cular solution of the equations [(1), 1] can be obtained when the top is symmetrical in a 
certain special way about an axis and spins about a fixed point O, which lies in the plane 
through the centroid G perpendicular to the axis of symmetry. The motion is referred 
to axes O.vyz drawn from O and fixed in the body ; of these Oz is the axis of symmetry, 
and the symmetry is such that A = B = 2C. 

The equations are applicable with the meanings of A , B, C proper for the new axes 
[which are drawn from O instead of from G ] , provided x, y, z are now the coordinates of 
the centroid, p, q, r the direction-cosines of the downward vertical. F r o m the position 
assigned to the fixed point O, we see that z = 0. W e can also so choose the axes that y = 0. 
The equations of motion are then, if we write B,xjC = c, 

2c!jj — o>2b>3 = 0, 2ci)2 + <i>3u>i = — cr, io3 = cq (1) 

Multiplying the first of these by u>x, the second by co2, and the third by co3, and adding, 
w e g e t o/ • , • \ , i \ 

z(w1a), + cj2a)2) + co3co3= — c(ra)2 — qa3) = cp. 
This gives by integration 2(co1

2 + w2
2) + c>>3

2 = 2ep+/, (2) 
where/is a constant. 

Again multiplying the first equation of (1) by p, the second by q, and the third by r 
adding and taking account of the values of p, cj, r as given by (3), 1, w e easily find 

2 It ^ "h + q W2-) + dt <-"V'-) = °' 
80 that 2(pui + qio,/) + o>3r = 2l, (3) 
where I is another constant. 

Finally we obtain by multiplying the second of (1) by i and adding to the first 
2(6xi + uo2) + i(i>3(ti>i + ib).2)= — icr ; (4) 

also we obtain similarly from the first two equations of (3), 1, 

p + iq + ib)3(p + i-q) - ir(u>i + io>2) = 0 (5) 

Eliminating r between (4) and (5) w e get 

^[log{(co1 + £w2)
2-e p + iq)\]=-uo3 (6) 
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In the same way we find 

-j-t[log{(a>x-iw2)
2-c('p-iq)}]z=iios (7) 

By addition and integration (6) and (7) give 

{(«! + iw2)
2 - c(p + iq)\ {(oij - iu>2)

2 - c(;p - iq)} = const , , (8) 

In (2), (3), (8) w e have three integrals of the equations of motion for this special case 
of symmetry. The third integral was discovered by M a d a m e Kowalevski [Acta Math., 14]. 
Its complete discussion is not of sufficient interest for the theory of a top to find a place 

here, but the reader may refer to the paper just,cited, and.to papers by Kotter [Acta 
Math., 17] and Kolosov [Math. Ann., 56]. 

10. Tshapliguine's integral. For a symmetrical top turning about a fixed 

point O under gravity, and having moments of inertia A = B = 4C, about principal axes 
through O, and its centroid G continually at the point of coordinates h, 0, 0 with refer
ence to these axes, with the line O G directed by the cosines p, q,r, a .particular integral, 
subject to the condition that the A.M., N say, about the vertical is zero, is 

^("I2 + w22)~~ (T wi''= const (1) 

This can be verified as follows. The equations of motion are 

iC&i — 3Cct>2co3=0, 4:Cw2+3Cwxa3=ghr, Cci>3= —ghq, (2) 

if the mass is taken as unity, and p, q, r be the direction-cosines of OG. From these, if 

N = 4Cjoft)1 + 4C2w2 + Crco3 = 0, (3) 

we have •-p-(co1)- + oJif)=-^-(|co2o)3r + co1co3yi — CO]
2!?) 

qh ,T qh,, , „ 0. , 
= 4Q2 W 2 N + %" «a,2a,3?" ~ (wi + "2 )? ( 

= 2co3(a>2<i>2 + "i
wi) + w3(a>1

2 + co2
2) (4) 

Thus we have found that 

2ci)3(w1ci)1 + co2co2) + ̂ (coj2 + co2
2) — ̂ -(cl1r + cojr) = 0, (5) 

and hence by integration obtain equation (1). 
This particular solution is due to M . Tshapliguine [Moscoio Collections, 1901. See also a 

paper by Eolosov (Mess. Math., 1902)]. 

11. The principal invariants of an unsymmetrical top. The equations 
of motion of an unsymmetrical top spinning about a fixed point 0, under 
the action of the gravity Mg of the top, are [see 16, II, where the notation 
is explained and the equations established] 

Ap-(B-C)qr=/3c-yb,) 

Bq' — (C — A)rp = ya — ac, \ O) 

Cr-(A-B)pq=ab-(3a.) 

For brevity p, q, r are used instead of the a>v «2, co3 of 16, II, and a, b, c 
denote Mg(£, rj, f). Besides (1) w e have also 

a — [3r+yq = 0, 0 — yp + ar = O, y — aq + fip = 0 ...(2) 

By the table of relations at the top of p. 73 w e have 

a = — sin 9 cos <j>, /3 = sin#sin0, y = cos$, .- .(3) 

' •, , ,„v ~ T-TT ; qs\n<t> — pcosd> ,,v 
aiid by (3), 2, IV V' = ~ 5 ^ | ^ (4) 

G.G. 2 A 
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The potential energy V of the top m a y be taken as given by 
Y = aa + bb3 + cy (5) 

The equation V = E - T , -..(6) 

where T is the kinetic energy, that is 
T = i(Ap2 + Bq2 + Cr2), .........(7) 

expresses the conservation of energy if w e take E as a constant. 
There is constancy of A.M. about the vertical through 0, that is 

G = aAp + /3Bq + yCr, '.....(») 
where G is a constant. 

T w o other quantities, S and U, m a y be here introduced. They are 
defined by 

S^aAp + bBq + cCr, \J = t2-(A
2p2 + B2q2 + C2r2) : (9) 

Clearly S is the product of the A.M. about the line joining the fixed point 0 
with the centroid G by Mgh, where h is the length of that line, and U is 
half the square of the resultant A.M. S, T, U have been called the prin
cipal invariants of the top. 

From (7) and (9) and the fundamental equation (1) w e can find a, f3, y. 
Thus w e obtain, writing I2 for a2 + b2+ c2, 

(2l2JJ-S2)a = Y(2aU-ApS) + G(l2Ap-aS) + tJ(bCr-cBq),.....(10) 
with two similar equations which can be written down by symmetry. 
Further, w e find 

S = (B-C)aqr + (C-A)brp + (A-B)cpq, j 
(2J2U-S2)T = (SV-G^)S + {2i2T-(a^ + 6g + cr)S}U,[-"--;---:---(n> 

U 2 = J2(2U-G2)-S(S-2GV)-2UV2. j 
Equations (1) give also 

ti = a(bCr-cBq) + (3(cAp-aQr) + y(aBq-bAp). ..(11') 

12. The Hess-Schiff equations of motion of a top. Equations (10) and-(ll) 
are equivalent to the relations derived by Hess in 1882* and by Schiff in 1903,t and may 

be called the Hess-Schiff equations.} By the first of (9) and the first and second of (11) 

we can determine p, q, r, and from the.three equations of which (10) is the type find 

a, (3, y. The question then arises whether-the values of p, q, r, a, (3, y thus obtained 

satisfy (1) and (2) in all cases, that is-whether (10) and (II) may be regarded as always 

an exact substitute for (1) and (2). This question was discussed by Sta'ckel in an 

important paper in the Mathematische Annalen, 67, (1909). W e state here his chief 

results, with indications of the manner in which they are" obtained. It will be seen that 

the equivalence of the two sets of equations is by no means unconditional. 

* " Uber das Problem der Rotation,' Math. Ann., 20 (1882). 

•f " Uber die Differentialgleichungen der Bewegung eines sohweren starren Korpers," Moscow 

Math. Coll., 24 (1903). 

- J Also equations (1) and (2).may be called the.Euler-Poisson equations. Thev seem to have 

been first published by Poisson in his Traite de Micanique, t II (1811). They were criven 

by Lagrange in his Micanique Analytiqne, 1815 edition, hut they do not appear fa the 1811 

edition. 
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In the first place,-it is clear, from (10) that 2d2U + S2 must not vanish. N o w we easily 

find from (9) 2l2XJ-82 = (bCr-cBqf+{cAp-aCry + (aBq-bAp)2, (1) 

so that the right-hand side -will vanish when p = q = r = 0, or when p : q : r = a(A : b/B : c/O. 
The fgriner ease need not be considered, the latter is that of motion about an instan
taneous ax-is fixed in the body, a casein fact of the motion called by von Staude a 
permanent turning [see 16 below]. 

Let us now write L = A p - ( B - C)qr-(3c + yb,\ 
M = B j - (C-A)rp-ya + ac, ^ ....(2) 
N = Or - (A - B)pq - ab + (3a, J 

so that L,.M, N vanish when equations (1) are satisfied. The first of (11), 12, becomes 

aL + 6M + cN = 0 (3) 

If. we multiply the three equations of the form (10) of 11 by 

bCr — cBq, cAp — aCr, aBq — bAp 

respectively and take account of (1), we get 

ApL + BqM + Cr^ = 0. (4) 

But if (10)) H, be multiplied by br — eq, cp — ar, aq-bp respectively, we get 

_pL + jM+rN = 0 .'....' .....(5) 

Equations (3), (4), (5) can .only hold if 
b, c 

Ap, Bq, Cr L = M = N = 0, or (6) 

Pi ?. r • 

The first alternative is that equations (1) are fulfilled, the second is S = 0. Hence, ifS is 
not constant equations.(10) and (11) of 11 are equivalent to (1). 
. N o w to find when equations (2), 11, are satisfied we write A, p, v. for the "expressions 
a — f3r + yq, etc. -We easily find, since ad + (30 + yy = 0, 

aX + /3p + yv = 0 ••••(7) 

Multiplying the three equations of (10), 11, by a, b, c respectively, we obtain aa +/3b +yc = V, 
and therefore aa + b0 + cy + T = 0, that, is, by (1), 11, 

aX + bp + cv = 0 (8) 
Again we have 

ApX + Bqp+Crv=Apd. + Bq$ + Cry + a(B-C)qr + (3(C-A)rp + y(A-B)pq. 

Also by (2) 

aL + (3M + yN = Apa + Bq(3 + Ciy-a(B-C)qr-(3(C-A)rp-y(A-B)pq. 

Hence by addition we obtain 

ApX + Bqp + Crv + aL + (3M + y~8 = -T-(Apa+Bq(3 + Cry) = G. 

But G = 0, and so A^A + B ^ + C n ^ - (aL +/3M + yN). 

Now we have seen that if S is not zero, L = M = N = 0. Hence, on this supposition 

ApX + Bqp + Crv = 0 (9) 

From (7), (8), (9) we see that either X = p = v = 0 or the variables satisfy the deter

minantal equation 

.(10) 

a, 
a, 
Ap, 

(3, 
b, 
• Bq, 

y 
c 
Cr 
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N o w XJ = A2pp+B2qq + C2rr=Ap .Ap+Bf.-Bq + Cr Cr 

-- •=Ap{h + (B-C)qr+(3c-yb} + ..., (11) 

that, is if (10) holds U ^ A ^ L + B j M + O N ". (12) 

If, as we suppose,'L = M = N = 0 , the satisfaction of the determinantal equation (10) 

leads to U = 0. Hence we have the result: If neither S nor U" is constant equations (1) and 

(2) follow from (10) and (11). 

13. The Hess-Schiff equations are not applicable to a symmetrical top 
under gravity. Under the conditions found above, which are convenient for the in

vestigation of special cases of motion, the quantities S, T, U are the parameters employed 
in the Hess-Schiff equations. If no forces act on the top we have S = 0, not because there 

is zero A.M. about the line OG, but because Mg = 0. If the top is symmetrical and under 
the action of gravity, with O on the axis of figure, so that a = 6 = 0, we have S = CCT-, and 
r is constant. Thus S = 0, and the top is excluded from the cases for which the equations 

in terms of S, T, U are equivalent to the Eulerian equations. 

14. fnstantaneous axis fixed in the body and resultant angular speed 

Constant. Staude's cone. Bet now S, T, U be all constant, and the top be unsym

metrical and under gravity, then p, q, r are also constant. The instantaneous axis is 
fixed in the bo.dy, and the resultant angular speed is constant. The motion is then 
what O. Staude has called a permanent turning. From the constancy of S we have 

(B-C)aqr + (C- A)brp + (A-B)cpq=0 (1) 

Thus the instantaneous axis may be any generator of the cone of which the equation is 

(B-C)ayz + (C - A)bzx+(A-B)cxy = 0 (2) 

Since for constant values of S, T, U, p, q, r are also constants, we may write 

p = ea, q=fio, r=gw, (3) 

where co is the resultant angular speed (and g is no longer the gravity acceleration, but a 
coefficient). Thus e2+f2+g2 = \. Going back to the Euler-Poisson equations we find, 
since p = q=r=0, 

(C-B)fgiA=/3c-yb, (A-C)ge<A = ya-ao, (B-A)efo>2 = ab-0a, (4) 

where a, (3, y are now constants. But since now by (10), 11, a = 0 = y = O, we have 

a:/3 :y = e:f:g, 

or, since a2 + /32 + y2 = e2+/2+,92 = ], 

a, A y = « i fi9 (5) 
Thus the axis of rotation is vertical, and there are for each instantaneous axis in the 
body two speeds, o> and — co, of rotation. 
As regards the values of co we have the third of (11), 11, 

Z2(2U-G2)-S2 + 2GS(E-T)-2U(E-T) 2 = 0 (6) 

Substituting in this the constants 

S = (aAe + 6B/+cC£f)co, \ 

T = *(Ae2 + B / 2 +C5»2)co2, I (7) 

U = i(A2e2 + B2/-2 + C2,92)co2, J 

we obtain an equation of the sixth degree for co. But since E and G are arbitrarv con
stants the values of co are only given by the roots of the sextic when E and G are known. 
The Eulerian angles 8 and <j> are now also constant, and w e have by (4), 11 

fsin <i> — e cos <h 
^ = ̂ o + y sing Mt (8) 

if t be reckoned from the instant when xjr=xjra. 
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The hitherto excluded cases are p = q=r = 0, and p:q: r — ctjA : 6/B : c/C. N o doubt 
the case of rest may be considered as a permanent turning ; -but in the other case co is 
not constrained to be constant, though if it varies its components must all vary in tlie 
same ratio, that is'the t-e'latiohs (3), with e,f, g constants, must hold. W e shall see that 

this varying -motion is excluded by the Euler-Poisson equations. 
The only motions possible with S, T, U all constant are the so-called permanent 

turnings. 

15. Case of resultant A.M. of constant amount. For the case in which U 

only is constant we must refer to Stackers paper [Math. Ann., 67 (1909)]. The conclusions 

arrived at are however as follows :.. The. Eulerian equations (1) are a consequence of (10) and 
(11) of 11 above. Poisson's equations, (2), 11,- however are not satisfied unless, besides (10) 
and (11) of 11, the supplementary condition 

{2U(E-T)-GS}{(ap + 5 ? + cr)S-2Z
2T}-{S(E-T)-GZ 2} 2=0 (1) 

is fulfilled. This equation of course exists along with that obtained by putting U = 0 in 
the third of (11), 11. It forms a substitute for the second of (11), 11, which becomes an 
identity when U = 0 . 

But it is to be observed that the equation obtained from the third of (11), 11, by putting 

U = 0, that is Z 2(2U-G 2)-S 2 + 2 G S ( E - T ) - 2 U ( E - T ) 2 = 0 •,••••(2) 

and (1) are independent equations. If for all values of A, B, C, a, b, c one equation were 
a consequence of the other, then this should be true for the special values a = l, 5 = o = 0. 
We-should then have S = Ap, and (1) and (2) would become 

{2U(E-T)-GSKS2-2AZ2T)-A{S(E-T)-GP}2=0,-| (g) 

Z 2 ( 2 U - G 2 ) - S 2 + 2 G S ( E - T ) - 2 U ( E - T ) 2 = 0. J 

These are two quadratics in E - T, and if we form their resultant we obtain an integral 
rational function of S of the eighth degree, of which the first term is A2S8. This is 
inconsistent with the value S = Ap. Thus the equations are independent, and we see that 

if the values of A, B, C, a, b, c are left quite general, the condition TT=0 involves also 
S = 0, T = 0 . Thus if U = const., the only motions are the permanent turnings. 
Next considering the effect of supposing S=0, Stackel comes to the conclusion that there 

are two possibilities, according as the plane S = const, cuts Staude's cone in a curve, or is 

one of two planes represented by the equation of the cone. In the first case the second 
of (11), 11, is rendered an identity by the first: in the other case the second equation 

remains independent, and the motion is that discovered by Hess and described in 
9, above. 

In point of fact, in the general case the Eulerian equations are, when S = 0, not a 

consequence of the equations (10) and (11) of 11, given by Hess and Schiff, and a supple
mentary equation is required. The conclusion reached is that here p, q, r are to be found 

from the equations 

App + Bqq + Crr = f, aAp + bBq + cCr = 0,. Bp.+ Qq + Br = 0, (4) 

where 

B = (C-A)br+(A-B)cp, Q = (A-B)cp + (B-C)ar, BL = (B-C)aq + (C-A)bp. 

16. Case in which S = 0. As an example take the case in which Staude's cone 

breaks down into two planes of which the plane; S = 0 is one. Then two of the principal 
moments of inertia are equal, and the axes may be so chosen that a principal planepa'sses 
through G, the centroid. The equation-S=0 may now be'written, as-

aAx + bBy = 0.-...\ (1) 
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The equation of the cone is (B-C)ay + (C-A)bx = 0, (2) 

so that we have (B-C)a(Bb = (C- A)b/Aa, that is 

A(B-C)a 2 = B(C-A)5 2 , ••• (3) 

Equation (1) shows that the vector of A.M. is at right angles in this case to the line OG, 
joining the fixed point to the centroid. 

It will be seen that this is the case of motion discovered by Hess and discussed in 8, 
above. 
It is interesting to notice that the second of (11), 11, is in the present case no consequence 

of the first, and takes the form U T = T U , which gives 

T = AU, (4) 

where A is some constant. Using this relation in the third equation, we get 

U 2 = Z 2(2U-G 2)-2U(E-AU) 2 (5) 

Thus ,_f - dU. ^ 

J{P< {l2(2U - G2) - 2U(E - AU) 2P 

that is t is an elliptic integral of the first kind in U, and U is an elliptic function of the 
time. 
If in the equations aAp + bBq = 0, T - A U = 0 : (7) 

we put A = l/C, we obtain the distribution of matter required in the motion discovered 
by Hess, and the first equation shows that the axis of rotation has the direction which 
that motion requires. The equation C T = U (8) 

is the supplementary equation required in the present case, to render the Hess-Schiff 
equations equivalent to the Euler-Poisson equations. 

17. Motions when S=0. When S = 0 the only possible motions are the motion 
discovered by Hess, permanent turnings, and permanent or continued pendulum motions. 
W e proceed to consider the pendulum motions. 
Let us find first the conditions under which the resultant vector of A.M. remains in a 

plane fixed in the body. Going back to 14, and supposing the instantaneous axis OI 
fixed in the body, we havep, q, r=(e,f, g)o>, with e2+f2+g'* = l. These values of p, q, r 
used in (1), 11, multiplied respectively by a, b, c, give 

(aAe + bBf+cCg)6> = {(B-C)afg + (C-A)bge + (A-B)cef}w2 (1) 

In the same way, when the equations (1), 11, are multiplied by a, 0, y, they give 

(aAe + (3Bf+yCg)6i = {(B-C)afg + (C-A)(3ge + (A-B)yef}A
2 (2) 

In order that (1) and (2) may hold simultaneously we must have either co = 0 and co = 0, or 

(B - C) afg + (C - A) bge + (A - B) cef, aAe +bBf + cCgj\ 

(B-C)afg + (C-A)(3ge + (A-B)yef,aAe + (3Bf+yCg,\ = ° """(3) 

The second alternative must of course be taken. 
But also we have ea+f0+g-v = O, and so 

ea+f(3+gy = K, (4) 

where K is » constant. The direction cosines a, (3, y satisfy the three equations (3) (4), 
and a2 + (32 + y2 = l, and are therefore constants. Hence by (2) of 11 we have 

0S/-y.f=°, ye-ag = 0, af-(3e = 0, 

and therefore a = e, (3=f, y = g, that is OI is vertical. W e have thus a permanent turn
ing about the vertical of kinetic energy given by 

T = l(Ae2 + Bf2 + Cg2)o>2. 
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But if we insert the .values of e,f, g in (2) w"e get 

(Ae2 + B/2+C/)u = 0 (5) 

This result is obviously true, for since the body turns about a vertical axis through O, 
fixed in the body, the level of the centroid G does not change, and so the potential energy 
is constant.-

Again from (3) and the vanishing of (B - C) afg + (C - A) 0ge + (A - B) ye/, as an identity, 
by the values of az-j3, y, we get, since fg = qr/a2, ..., ..., 

(B-C)aqr+(C-A)brp + (A-B)cpq = 0, 

that the axis is a, generator of Staude's cone. 

These results are independent of any assumption regarding the distribution of mass. 

18. Motion when S = 0. Pendulum motions. Now writing p for 

(B-C)afg+>C-A)bge + (A-B)cef and n- for aAe + bBf+cCg we have for (3), 17, the 

form • - {o-(B-C)fg-pAe}a + {o-(C-A)ge-pBf}f3 + {o-(A-B)ef-pCg}y = 0 (1) 

If we put K in (4), 17, equal to zero, we have also 

ea+f0+gy = O. (2) 

The expression on the left of the last equation does not vanish term by term. 

Equation (I) must either be a consequence of (2), or the left-hand side must vanish 
term by term. . Let us assume the former. Then, if M be a multiplier, we get the equa
tions 

eM-(B-C)/?cr+Aep = 0, ̂  

fM-(C- A)geo- + Bfp = 0, I (3) 

gM-(A-B)efo- + Cgp = 0. J 

Thus we have the determinantal equation 

(B-C)yy + (C-A)^V + (A-B)%2/2 = 0, i (4) 

which gives (B-C)fg=0, (C-A)ge = 0, (A-B)ef=0. J """ '"""" 

Hence either B = C and e = 0, or e=f=0 and g = l. The former gives a symmetrical top, 

which we need not consider ; the latter by (1), 17, gives c = 0, and therefore o- = 0. It 
follows by (3) that M = 0. Thus (1) is not a consequence of (2); it must therefore, by (3), 
vanish term by term. Hence we get 

o-(B-C)fg=PAe, o-(C-A)ge=pBf, <x(A-B)ef=pCg. 

Multiplying these in order by e, f, g and adding we get 

p(Ae2 + Bf2 + Cg2) = 0, 

and therefore p = 0. It follows that cr is also zero. Hence we get the equations 

aAe + bBf+cCg = 0,'\ ,^ 

(B-C)afg + (C- A)bge + (A-B)cef=0.\ 

The first of these shows that the vector of A.M. is perpendicular to the line OG, the second 
that the instantaneous axis OI lies in the plane containing the vector of A.M. and the line 

OG. 
Now take the case of e=f=0 and e = 0. Then r=o> and the A.M. is Ceo. The axis OI 

and that of A.M. coincide. The third equation of (1), 11, becomes [since by (2) yCg = 0, so 

that.y= cos 8=0] Cu=-(asin <p + b cos <f>) (6) 

The top swings as a pendulum about the horizontal line through O, which is at right angles 
to the principal plane containing the centroid. By this motion equations (1) and (2) are 

satisfied. 
W e have thus obtained the theorem : If the centroid of a top under gravity lies in a 

principal plane through 0, the equations of motion (1) and (2) of 11 are satisfied by ordinary 
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pendulum motion about the horizontal normal- to this plane. This theorem expresses the 
results arrived at by Mlodzjejowskij, who investigated these motions [Moscow, Phys. Sect. 
of the Imp. Russian Assoc, of Friends of Nat. Sci., 7 (1894)]. The method of proof here 
followed is due to Stackel '[Math. Ann., 67, 1909]. Stackel completes the discussion by 
proving that the pendulum motion specified in the theorem just stated is the only 
permanent motion of this sort. Moreover for this motion it is shown that the Hess-Schifi 
equations are not equivalent to the Euler-Poisson equations. The reader must consult the 

original paper for these and other interesting results. 

19. Motion when S = 0. Distinctions between cases. As has been stated, 
the three motions possible when S is and remains zero are the permanent turnings, 
the continued pendulum motions, and the case of motion discovered by Hess. To 
distinguish between the different cases, Stackel calls a top, the centroid of which lies in a 
principal plane, uplanar top, if Hess's distribution of mass is not fulfilled, and a Hessian 
top if the condition is satisfied. In all other cases of unsymmetry he called the top 

a general top. 
For a general fop Staude's cone is a veritable surface of the second degree, and theplane 

S = 0 either passes througli the vertex, or touches it along a generator, or cuts it m two 
generators. In the first of these cases the top is at rest, in the two others the motions are 
permanent turnings. 

In the case of a planar top the cone splits into two planes, one of which contains the 
centroid, while the second is perpendicular to the first. W e may call these the Staude 
planes. The plane S = 0 is distinct from these and intersects each in a straight line, 
The intersection with the first plane is an axis of permanent turning, the other line of 
intersection is an axis of pendulum motion. About this a permanent turning of infinite 
angular speed is possible. 

In the case of the Hessian top, the intersection of the plane S = 0 with the first of the 
two planes into which the cone has degenerated, is again an axis of permanent turning. 
The second of these is however identical with the plane S = 0, and gives therefore an infinite 
number of axes of permanent turning all passing through O. Further the plane S=,0 is 
perpendicular to the principal plane which Contains the centroid, and therefore contains 
the third principal axis. For this axis the angular speed of the permanent turning is 
infinite, hence there exists an infinite number of continued pendulum motions about it. 
Moreover there is a family of Hessian motions, for which the instantaneous axis turns in 
the second Staude plane about O. 

Finally the equation of the Staude cone is identically satisfied by the line 

p : q : r = a(A : 6/B : e/C-

Hence every unsymmetrical top may have a motion of permanent turning about this line as 
axis. For a planar top c = 0, and therefore also r = 0 ; hence the line just referred to is 
not an axis of pendulum' motion. 

20. Steady motion of an unsymmetrical top. Vibrations about steady 
motion. The conditions of steady motion of an unsymmetrical top have also been con
sidered by Routh (Adv. Dynamics, p. 164, sixth- edition). H e finds that if no two of the 
principal moments of inertia are equal, steady motion is not possible unless the axis of 
rotation be vertical and the centroid (coordinates h, i; I) lie in the vertical straight line 
of which the equations are 

g~Au2=gjj-Bu2=g^-CiA 

where-co is the angular speed about the vertical, and the mass is taken as unitv. This 
is the result given in (4), 14, To construct the straight line, measure along the vertical a 
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length OV=5'/co2 [g=acceleration due to gravity], and draw a horizontal plane.through V 
to touch an ellipsoid confocal with the ellipsoid of gyration. The centroid must lie on 
the normal at the point of contact. 
The investigation of the oscillations about steady motion involves an equation of the 

form <x= cos a'+P0sin pt+ Bxcospt for a, and similar equations for 0, y. Substitution in 
the equations (1), (2), 11, gives twelve linear equations for eleven ratios, elimination of 
which gives an equation for p. For stability this must have real roots. 
The reader may refer to Routh (loc. cit.) for a discussion of a variety of other problems 

connected with the motion of unsymmetrical tops. 

21. Homogeneous ellipsoid spinning on a horizontal plane. A homo

geneous ellipsoid spins without friction on a horizontal plane, with a 

principal axis inclined at a small angle 9 to the vertical. It is. required to 

discuss the stability of the motion. 

Let the coordinates of the point of contact with the horizontal plane 

be x, y, z, and the axis of z be the downward nearly vertical axis. W e 

refer to (1) 1, as the equations of motion. The equation of the ellipsoid 

^J-^-L!2-"! 

a2+b2 + c2~ 

gives for the direction cosines of the normal at the point x, y, z 

a = AJ' P^W'-^1^' (1) 

where ex is the. length of the perpendicular f rofia.-ihe centre on the tangent 

plane at x, y, z. But here rs = c, so that 

aa2 (3b2 . • 
05 = — . y = —^, z = c (2) 

C ' C . I v ' 

Thus yy — /3z= (3, az — yx — a, (3x — ay = a/3 (3) 

Nov. when 9 is small we see from (1), 1, that ci>2co8 is small. Hence we 

get, approximately, from the third of the equations of motion, (1), 1, 

o>2 = 0 (4) 

But, adopting here the arrangement of axes and angular velocities wx, u>2, co8 
explained in 4, X V I , w e obtain, also approximately, 

(*>s = <P + i'> •• (5) 
and-so oix — 9(w3 — <f>)sin<p + 0cos<£= (3+aw3,y ,„. 

oi2 = 9((tis—(p)cos (j> — 9sin ip— —O. + L3U>S 

Moreover, since z is approximately constant, the vertical acceleration of 

the centroid m a y be taken as zero, and so 

'.. R=-Mgr. ._..;...........,(7) 
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By using (6) and (3) in the equations of motion we find, after reduction, 

A/3+(A+B-C)co3d + ((C-B)co3
2+M£^^}/3=<),] 

Ba-(A + B-C)a,3^+|(C-A)co3
z + M^^^-2Ja = 0; 

or A/3 + Dd + E/3==0, B#-D/3 + Fa = 0, (9) 

where D, E, F have the values indicated in (8). 

If we assume, for an oscillatory solution of period 2ir/n, 

a = Keint, ./3 = Leir", ..(10) 

and substitute in (9), w e get, by eliminating K and L from the resulting 

equations, the quadratic for n2, 

ABTO 4-(AF + B E + D2)%2 + E F = 0 (11) 

The roots of this equation are real if 

(AF+BE + D2)2 > 4ABEF, 

and are positive if EF>0 and AF + BE + D2>0. 

They must, for stability, be both real and positive. 

W e consider two cases, (1) co3 very small, and (2) oos as great as m a y be 

required for stability. 

It is easy to verify that in case(l) the first inequality is satisfied, and 

that the two others become 

(o,2-c2)(62-c2)>0, A(a 2-c 2) + B(6 2-c 2)>0. 

These will both be satisfied by taking af>c and b^>c. Thus, if the shortest 

axis of the ellipsoid be vertical, the body will be in stable equilibrium, with 

no spin at all or only a slight spin about the vertical axis. 

In case (2) a little analysis shows that the inequalities are 

(a2 + b2)2(^J + 2(ai+¥-2cif-^ + (ci2-b2)2>0, 

(a2-c2)(&2-c2)>0, 

ceo2 c*-a2fr2 

5g e4 + a262' 

These are clearly all satisfied if the shortest axis of the ellipsoid is vertical. 

If the intermediate axis is vertical the second inequality is not satisfied, and 

the ellipsoid cannot spin in equilibrium with that axis vertical. Finally, if 

the longest axis be vertical the spin must be great enough to satisfy the 

last inequality, and must also be such as to satisfy the first inequality. A 

value of cw3
2/5c/ which is greater than the larger root, or smaller than the 

smaller root, of the equation 

(a2 + b2)2u2 + 2(ai+¥-2ci)u + (a2-b2y-==o (13) 

will satisfy this inequality. Hence a value of cw^/og which satisfies the 

third inequality and does not lie between the roots of the quadratic 

.(12) 
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equation just written will enable the ellipsoid to be stable with the longest 

axis vertical. 

T h e roots of the quadratic (13) are 

f ( c 4 - a 4 ) i ± ( c 4 - & 4 ) 4 \ 2 
f(ci-aiy±(ci-¥)tY 
I a2+b2 J 

If w e substitute (c4 — «2i>2)/(c4+a2&2) for u in the quadratic w e obtain an 

expression which vanishes when c4 = 0, when e4 = a 4 and when c4 = 64, and 
as w e easily see can be written 

. <*{&>-ai)(<*-V) 
(ct+aW)2 ' 

This expression. is essentially negative, a n d hence w e conclude that the 

limiting value of cco2/5g lies between the roots of the quadratic. T o satisfy 

all the conditions necessary for real a n d positive roots w e m u s t therefore 

have for stability with the longest axis vertical 

ew2 ((ci-grf + ^ - b * ) 1 [2 

5g>{ a2 + b2 J 

»,>(^*-'lt++%-
¥)> a*) 

It is interesting to observe the dependence of the minimum value thus 

obtained for the angular speed upon the dimensions of the body. If all the 

dimensions be increased or diminished in the same ratio, no change will be 

produced except in the factor l/(c)2 of the expression on the right of (14). 

Thus, if c be changed to kc in this way, w3 will become eo3/P. The limiting 

speed of rotation thus depends on the actual, not the relative, lengths of the 

axes of the body. 

22. Stability of any solid with a principal axis normal to the hori
zontal surface. The foregoing discussion of the stability of a spinning ellipsoid 
follows, with some modifications of notation and analysis, an important memoir by 
Puiseux in Liouville's Journal de Mathe'ma.tiques, 17 (1852). In the same memoir Puiseux 
considered also the problem of the stability of a solid of any form and distribution of 
matter, consistent with having one at least of the principal axes of moment of inertia 
normal to the bounding surface. The body is placed with that axis vertical. 

The discussion of this case proceeds on the same lines. W e have as before 

i = 8 cos <j> + \p sin 8 sin <f>, co2 = — dsin<j> + ipsin #cos<£,"l ,.., 

., y = cos#. / o. = sin8sin<b, 0 = sin 8 cos <p. 

Instead of the equation of the ellipsoid we have, taking the origin, at the centroid, 

z=c — \(lx2+2mxy + ny2), (2) 

and the direction cosines of the.normal with reference to the principal axes are given by 

Ix+my mx + ny 1 . . 
— a ' ~0~~y ( ' 
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If w e give to y its approximate value 1 w e get 

_ m(3 — no. _ ma —10 ...(4) 
ln-m2' •'~- ln-m2' "-" 

For the point of contact w e have approximately z = c, and since the deflection of the 
axis of z from verticality is supposed to be very small and the curvature is continuous, 
with the axis of z normal to the surface, w e have 2 = 0, and so, since z is downward, 

~R=-Mgi '.....(5) 

Going back to the Eulerian equations of motion, w e note that now 

„ 0 ma-10 TO/3-mo. (a\ 
yy-0z = c0 + w-^, az-yx=-ca-1L-^2, (6) 

and since co1; co2 are both of the first order of small quantites cojCo2 is negligible, and we 
h a v e cb3 = 0 (7) 

Thus the equations of motion become, by the same process as that used in 21, 

A/3 + Dd + E/3-Ga = 0,) /gs 

Bb\-B0 + Ya-G0 = Oj 

where D = (A + B-C)co3, G = M ^ ^ - 3 , 

E = (C-B)co3
2 + M # 

F = (0-A)co3
2 + M<7^ 

In — m2 

n 

.(9) 

In — m 

If Pi, p2 be the principal radii of curvature at the point of support, and 3- be the angle 
which the plane Gzx makes with the principal section of curvature \jpx, we get 

l = — cos23--|—sin23-, n = — sin23-+-cos23-, 
Pi Pi Pi Pi L (10) 

(A 1 \ . 
m=\ sinS-coŝ . 

\pi p2l 
Thus (9) become 

E = (C-B)co3
2 + Mfir{(p1-c)sin

2a + (p2-c)cos
23-},y 

F = (C-A)co3
2 + M#{( P l- C)cos

2& + (p2-c)sin
23-},l (11) 

G=Mc?(p2-p1)sina-cosa-. j 
For (8) we assume the oscillatory solution a = h cos nt + h' sin nt, (3 = I: cos nt + k'sin nt, 

and substituting we get by equating to zero the coefficients of cosnt and sinnt in the 
two resulting equations'5 • (Ara2_E)/5. _ D M A ' + G/C = 0 

(A?c2 - E) V + Dnh + GA' = 0,, , 1 „ ) 

{Bn2-B)h+T»A' + Gk=0,' l "' 
(Bn2-~F)h' - B n k +Gk' = 0.. 

Solving for It and V from the first and third of (-12), and substituting in either of the 
other'equations, we obtain the relation 

( A H 2 - E ) ( B I I 2 - F ) - D 2 K 2 - G 2 = 0 (13) 

The roots of this quadratic in n2 must be real and positive if the motion is as assumed 
For this three conditions must be fulfilled, 

•(AF + BE + D2)2-4AB(EF-G2)>0,*| 

AF + BE + D2>0, [• (14) 
" EF-G2>0.J 
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These inequalities can be written in the form 

C2(A + B-C)2co3
4 + Hco3

2 + I>0,^| 
(C-A)(C-B)co3

4 + H'co3
2 + r > 0 , I (14') 

{(C-A)(C-B) + AB}co3
2 + K > 0 , J 

where the coefficients H, I, H', I', K do not depend on co3. From these it is clear that if 

the principal axis which is made vertical be that of greatest or of least moment of inertia, 
the motion can be made stable by sufficiently increasing the value of co3. 

If the spin be made very small the conditions of stability become 

I>0,-I'->-0, K>Q-

It will be found that these last inequalities can be written 

[(Aeos23-+-Bsin2S-)(p1-c)-(Asin
2a- + Bcos23-)(p2-c;)]

2 

+ 4( A - B)2sin23- cos23-(ft - c)(p2 -c)>0, 

(pi-c)(P2-c)>°> 
(A cos23 + B sin2Si)(p1 - c) + (A siri

2» + B cos23-)(p2 - c) > 0. 

The second and third conditions are satisfied if-ft and p2 are both greater than a. . Thus 
we have the result, which of course could have been established by a more direct process, 

and is indeed obvious, without any analysis at all, that a body placed on a horizontal plane 
with the centroid on the normal at the point of support will be in stable equilibrium if 

both' the-"principal" radii of curvature at the point of support are greater than the 
distance-e of thef.centroid above the plane. 



CHAPTER XVIII 

THE RISING OF A SYMMETRICAL TOP SUPPORTED ON A 

HORIZONTAL SURFACE. 

1. A top supported on a rounded peg. We now consider a top supported, 

not necessarily at a point on the axis, but at a point on a surface of revolu

tion about the axis of figure as shown in Fig. 96. This is the case of a solid 

of revolution spinning and rolling on a horizontal plane under the influence 

of gravity and frictional forces, in 

short the case of a top spinning on 

a rounded peg. At first we introduce 

no condition as to slipping at the 

point of contact. Let G be the cen

troid, G C the axis of figure. Draw 

a vertical through G meeting the 

horizontal plane in M, and a perpen

dicular from the point of contact 0 

r or to the axis of figure, meeting that line 

in N. Denote G N by z and O N by x. 
Let F, F' be the components of friction at 0, the former acting along the 

intersection of the horizontal plane and the vertical plane GOM, and the 

latter acting at right angles to the vertical plane as shown, and let R be 

the normal reaction of the plane on the solid at 0. What is called pivot 

friction (by the Germans " boring friction "), the resistance due to spinning 

of the solid on the plane, is here neglected. For a body resting on what 

may be regarded as practically a point, its moment is very small. Let 9 
be the inclination of G C to the upward vertical. 

Now take axes at G, one along GC, and the others, GD, GC, at right 

angles respectively to the plane GOC, and to the line G E in the plane GOC, 

all as shown in Fig. 96. If the solid turn about the vertical at speed xjr, 

counter-clockwise to an observer looking downward, the A.M. about the 

axes just specified are Cn, A9, Axfr sin 9. Hence for the rate of o-rowth of 
A.M. about G D we get, by the process used above, the expression 

A9 + (Cn ~ Axfr cos 9) xfr sin 9. 
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But the moment of force about GD is clearly 

R(2sin d — x Cos 6) -F(z cos 9+x sin '9). 
Hence we have •. i r 

A9 + (Cn — Axfr'cos9)xjrs'm9 = B,(zsm9-xcos9)-F(zCos9+ xsin9). (1) 

Again, as in (2), 1, VII, we see that the rate of growth of A.M. about G E 

is Axfr sin 9+ (2Axfr cos 9 —Cn)9, and the only force with moment about G E 

isF.- Hence Axpsm9 + (2Axp-cos9-Cn)9 = Vz (2) 

The motion of the axes produces no change of A.M. about GC, and there-
fore Cn + F'x = 0 (3) 

The force F' if positive thus gives a moment diminishing Cn; to this must 

be added in actual practice the couple due to air friction. F' will be positive 

or negative according to the motionof the point 0 of the top [see 8, below]. 

The total couple given by F' is F' OG; thus besides the component speci

fied in (3), there is a component couple of moment F' GN. The axis of 

this is-in the plane O G N and points upwards at right angles to GN. The 

extremity of the axis of resultant A.M. will move in the direction in which 

points the resultant of the three couples which have now been specified. 

The motion due to the first and third has a vertically upward component 

and a horizontal component, and hence, unless" there is rapid loss of spin, the 

axis will rise. The motion of the axes may now be discussed in detail. 

Let u, v be the speeds of the centroid parallel to O M and perpendicular 

to the plane G O C respectively when the rolling "is pure. Then since 0, 

taken as a point pn the top, is supposed to_be at rest, 

u = MG .9==(zcos9 + xsin9)9, v = xn — xjrzsin9, ••••(4) 

where v is taken in the direction DG. Equations (1), (2), (3) hold also when 

there.is slipping of the point of contact. 

The rates of growth of momentum in these directions and along M G are 

given according to the equations of moving axes by " 

M(u+vxj/) = F, M(v-uxfr)-F', M f = R - M # , (5) 

where f is the vertical height of the centroid above the horizontal plane. 

Equations (1),... (5) give the whole motion. A relation between x and z 

is of course given by the form of the surface. For steady motion 9 = 0; 

9 = 0, u = 0, f =0, xfr = 0. Thus ii \fr = pL, a constant, 

F' = 0, -F = Mp,{uzsin9-nx), R = M#. ' 

Hence (1) becomes 

{(G + Mx2)n-(A + Mz2)y cos 9} p. sin 9 + Mxz(np. cos.9 — u? sin2 9) 

= Mg(zsm9 — xcos9). ..-(6) 

Of course F is constant when the motion is steady, and (4) gives 

v = xh — xjrz sin 9 = F/M/x. 
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Thus v is constant. The direction of v turns round .with Uniform angular 

speed p., and therefore G moves in a circle and.M in a parallel circle in the 

horizontal plane. But pv is the acceleration of M towards the centre of the 

circle. Hence if r be the radius of the circle, ptv = v2/r and r = v/p. Thus 

r = ?^_3sin0 (7) 

u . , 
This result, (7), is obvious without calculation. For in the steady motion 

the position,.of, the point N will move parallel to the horizontal plane 
with speed nx, in consequence of the spin n about the axis of figure, and 
the fact that the rolling is pure. The angular speed about the centre of 

the circular path of N is ̂,'ahd thus the radius of that path is nx/p, and 

we obtain (7). 
But from (6), if u and a; be small we have (including the A.M. of the 

flywheel) (K + Cn)y = Mgz. (8) 

From (7), by the value found above for F, that is My(nx — pz sin 9), we get 

Mgk gk k(K + Cn)2 (Q) 
r~'Mp.2~p?~g M ¥ V ; 

The azimuthal. motion has the counter-clock direction to an observer 

looking from above on the solid, and therefore the circle in which 0 moves 

has the position shown in Fig. 98. This circle and the projection of that in 

which G moves are both indicated in Fig. 98. 

2. Varying motion of a top on a rounded peg. Now returning to the 

unsteady motion, we notice first that 

x = pcos9.9, z= — p sin9. 9, (1) 

where p is the radius of curvature at 0 of the section of the body which 

contains 0 and the axis of figure. By means of these values of x, z, and 

those of u, v, f, and noticing that £ = z cos 9 + x sin 9, and that by (1) 

z sin 9 + x cos 9 = 0, we find easily 

M(n+vx\r)^M{(z cos9 + xsin 9)9 ~(zsin9-xc,os9)92 ' 
+ (xn - z sin 9. xjr)xfr} = F, 

M (i) - uxjr) = M [p (n cos 9 +xjr sin2 9)9+xn — zsin9.<fr 

- (x sin 9 + 2z cos 9)9xfr} = F', 

M[g + P9
2-(z sin 9-x cos 9)9} = B.. 

Substituting the values of F and R from these equations in (1), 1, we get 

[A + M(x2 + z2)}9-Mp(zsin9-xcos9)9
2-M{(z2-x2)sin9cos9 

-xz(cos29 -sin29}92- {(A + Mz2) cos 9 + Mxz sin 9}xfr2 sin 9 

+ Mx(z cos 9 + x sin 9)nxjr + Cnxfr sin 9 - Mg(z sin 9 - x cos 9) = 0 (3) 

Again, by (2) and (3), 1, we get 

Czh + Ax sin 9. xjr+ (2 A cos 9. xjs — Cn)x9 = 0, (4) 

or Cz ^+Ax sin 9 =r^ +(2 A cos 9. xjr —Cn)x = 0 (5) 

•(2) 
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B y eliminating xfr and F', by means of the second of equations (2) above 
and (2) and (3) of 1, w e find 

(-AA + Ax2 + Cz2)ii-A{x-psin9)x sin 9.9xjr+APx cos 9. n9-Cnxz9 = 0, (6) 

/AC \ dn 
or (-^-+AX2 + CZ2)-JQ — A ( x —psin9)xsin9.xfr+ Apxncos9 — Cnxz = 0. (7) 

Finally from (2), 1, and the second of (2) w e get a value of n free from F', 
and (6) gives another expression for the same quantity. Equating these 
w e obtain 

\~ + Ax2 + Cz2)(sin0.^+2 cos 9. 9xfr) 

+ G(x-psin9)zsin9.9xfr-CzPcos9.n9+ ^ Cn9 = 0: (8) 

We may of course divide this by 9, and write dxjr/d9 for xfr/9. 

It will be observed that if x and p be zero, we are thrown back on the 

equations of a top supported on a point and spinning without friction. 

3. A top supported on a circular edge round the axis of figure. From 
(3), (4), and (6) we get the equation of energy, but further integration seems only possible 
in particular cases. For example, let the body be supported by a disk, on a sharp edge of 
which it rolls. A smooth-edged coin, a wine-glass rolling in an inclined position on the 

r////////r'//Z/r'/W/rz'//7>V/'z--,/Z»"rr////////'///////z/» 
FIG. 97. 

edge of its disk-shaped support, or a top, as shown in section in Fig. 97, and a child's 
hoop made of thin but rigid wire, are cases in point. In such a case as this we have 
approximately p=0, and x, z constant. Then (7), 2, becomes [Greenhill, R.G.T., p. 241] 

^ + A *
2 + C * 2 ) ^ - A . * 2 s i n < 9 . f - C ^ = 0 (1) 

Eliminating \p between this and (5), 2, we obtain 

^ + cot^-N(l + 5cot^ = 0, ....(2) 

Cx2 

where N = -r-p 
^ + Ax2 + Cz2 

G.G. 2B 
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The differential equation (2) is that of a hypergeometric series, and can be solved by the 

theory of such series. If we make the substitution w = n(sin 8$, (2) is transformed to 

1 dho 
-;/J.,-N l + -cot0 )-lco\?8-\ (3) 

w d82 \ x I 
But the most useful substitution is that which holds when the circular base on which 

the body rolls contains the centroid G. Then z = 0, and x is the radius of the circular 

base. W e take a new variable £ defined by 2£ = l-cos<9, or f=sin2i#. Equation (3) 

becomes then ,72,, //M 
£ ( W ) a£ + (l-8£>3g-N» = 0 (4) 

This is the particular case of the differential equation of the hypergeometric series 

d?y y-(a + (3 + l)£dy a0 () 

for which a + 0 = l, y = l, a/3 = N. 
It is well known [see Forsyth's Differential Equations, Chap. VII] that if (3 be 

positive and y>0, a solution of (5) is 

y = B\l v^-l(l-v)y-'1-1(l-vfi)'adv, (6) 
Jo 

where B is a constant. The definite integral in (6) is a generalised form of Euler's first 

integral f1 , , , 
vi-i(l-v)™-idv, 

Jo 
where I, m are positive constants. By expanding (1 - v£)- a, and calculating the values of 
the coefficients of different powers of £, we obtain 

SB(1v^1(l-v)y-^-1dv, 

where <4 1 I aP ;° 1 ^AMJE+JI j2 , <*(<*+1)(« + 2)/?(/? +1)(/3 + 2) 
where S = l + ̂  + 1 - 2. y ( y + 1) "t + l. 2 . 3 . y(y + l)(y + 2) £ + ' 

the hypergeometric series. By inserting the special conditions w-e get a particular solution 

of the top problem stated for these conditions. [See Greenhill, loc. citi] 

4. A top on a rounded peg and containing a flywheel. If the body 
contain a flywheel, the centroid and axis of which coincide respectively with 

the centroid and axis of figure of the remainder of the body, the equations of 

motion given above require correction by the substitution of K +Gil for Cn, 

where K is the A.M. of the flywheel about its axis. M then denotes the 

whole mass of the body, including the flywheel, and A the moment of 

inertia of the whole about an axis through the centroid transverse to the 
axis of figure. 

With this change the equation (6), 1, for steady motion becomes 

[K + (C + Mx2)n-(A + Mz2)picos9} ptsin9 + Mxz[npicos9- p2sin29) 
-Mg(zsin9-xcos,9) = 0. ...(I) 

This may be written in the form 

[2{(A+ Mz2)cos9 + Mxzsin9}psin9-{K+(C + Mx2)n) sin9 + Mxzncos9J 

= [{K + (C+Mx2)n}sin9 + Uxzncos9J 

-4Mgr{(A + M2;2)cos0 + Ma!ssin0}(2sin0-xcos0)sina (2) 
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The quantity on the right in (2) must be positive for steady motion, since 
the first line is a perfect square. The roots of the quadratic, (1), in p. are 
imaginary when the quantity on the right of (2) is negative, and steady 
motion is then impossible. 

If p denote the length of the perpendicular let fall from the centroid on 
the horizontal plane, and q the distance of the foot of this perpendicular 
from the point of contact 0, then 

p = zcos9 + xsin9, q = zsin9 — xcos9. 

The A.M. G about the vertical through G is given by 

G = (Cn + K)cos9 + Ap.sin29, ..(3) 

while that about a horizontal line drawn through G in the meridian plane is 

H = (On, + K)sin0-A,usin0cos0 (4) 

Hence the equation of steady motion can be written 

Kp + M(u2pr-gq) = 0, (5) 

where r denotes the radius of the circle described by G in the steady motion 
(see above, (7), 1). 

In this form the equation is obvious. The inward radius from O to the 
centre of the path of.O on the horizontal plane, about which the A.M. is 
H + Mp.rp, is turning with angular speed p.. The rate at which the extremity 
of the vector is moving in the horizontal plane is (H. + Mp.rp)p, which is the 
rate of growth of A.M. about a horizontal line through O perpendicular to 
the radius, the line towards which the vector is turning. The moment of 
the gravity forces about this line is Mgq. Hence equation (5). 

From the value of H it is clear that when 9 is small, that is when the 
axis of the body is nearly vertical, we have 

u2pr = gq (6) 

If the body is a flat disk, or to a great extent consists of a flat disk, the 
edge of which rolls on the table, p is small when 9 is small. But then q is 
large and therefore p. is now large. This can be well seen when a coin is 
spinning with its axis nearly vertical. 

If the body is spinning upright (like a prolate ellipsoid or egg-shaped 
body, with its longest diameter vertical) supported on a base well rounded, 
we have both 9 and x very small, and x = p sin 9. The equation of steady 
motion becomes 

{K + Cn-(A+Mz2)y}pt + Mpznp.-Mg(z-p) = 0, (7) 

where p is as before the radius of curvature of an axial section at the point 
of contact. Steady motion is therefore possible if 

{K+(C+MPz)n}
2>AMg(z- P)(A+Mz

2) (8) 

This condition is always fulfilled if z</o; hence the body is stable in the 
upright position with or without a flywheel, and even if in the latter case 
the spin is vanishingly small. 
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From equations (3), (5), 7 we might find that of small oscillations about 

steady motion. For this we shall suppose 9 to represent the inclination of 

the axis to the vertical in steady motion, and 9 + a the same angle for a small 

deviation from the motion. Thus, if $ denote the quantity on the left 

of (1), 4, we may write the general equation, (3) of 2 for the latter case, 

in the form j^, 
[A + M(x2 + z2)}a + ̂ a = 0, (9) 

where after the differentiation the values of the quantities for steady motion 

are to be used in the second term on the left in the equation just written. 

This term involves dp/d9 and dn/dB, and the values of these quantities are to 

be inserted from (5) and (7) of 4. 

5. Problem of a disk or hoop on a horizontal plane. The general equa

tion thus obtained is very cumbrous, and on the whole it is more convenient 

and instructive to deal with various special problems separately. 

The vibration equation for the case of n = 0 will be given later [(7) below], 

but we may, for the sake of illustration of what precedes, consider the 

problem of a disk or hoop rolling on a horizontal plane and performing 

oscillations about steady motion. W e have here z = 0, and x = a, the radius 

of the circular edge, and the equations of motion for the disk, with a 

coaxial flywheel included as specified above, are 

A9 + (Cn + K - Axfr cos 9) xjr sin 9 = - a (R cos 9 + F sin 9),) 

Axfrsin9 + (2Axfrcos9-Cn-K)9= 0, I (l) 

Cii=-F'a. j 

These equations can easily be established from first principles. 

With equations (1) we have also 

M(ii+vxfr) = F, M(v-uxfr) = F', Mf=R-M<7 (2) 

If the rolling is pure u = a9 sin 9, v = an, 

and, since f = asin 9, we get 

H = Mg + Ma(9cos9-92sin9), 

M a(9 sin 9+ 92cos 9+ nxjr) = F, Ma (n - 9xjr sin 9) = F' (3) 

Hence we obtain for the first of (1), rejecting of course terms in 92, 

(A + Ma2)9+[(C + Ma2)n + K-Axjrcos9}xjrsin9 + Mgacos9 = 0. ...(4) 

The other two equations of (1) are 

jt(Axjrsin
29)-(K + Cn)9sin9 = 0, (C + Ma2)h-Ma29xfrsin9 = 0. ...(5) 

Now let the motion be steady, that is xfr = 0, 9 = 0, 9 = 0, u = 0, u = 0 v = 0, 
it = 0, and we get 

{K + (C + Ma2)?i-A/occos0}/xsin0 + Mc7acos0 = O, (6) 
with v = na. 
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••(7) 

[For a uniform circular disk without flywheel C = \Ma2, A = \Ma?, and 
for a hoop C = Ma,2, A = pia2.] 

Let n', 9'. u be the steady values of n, 6, xfr, and n' + v, 9' +a, p + 0 be 
the values at any instant for a slight deviation from steady motion. Then 

equations (4) and (5) become by the process suggested in (9), 4, 

(A + M a ^ a - H K + t C + Ma^-A^cose^AaMsinO'^sine' 

+ { K + (C + Ma 2) n - Ap cos 9'} ($ sin 9' + p.a cos 9') - Mgaa sin 9 = 0, 
A/3 sin 9' + (2A,u cos 9' - K - Cn) a = 0, 

(C + Ma,2) v - Ma2ap. sin 9' = 0.. 
From the last equation w e get 

(C + Ma2)v = Ma2apsin9', (8) 

since the constant of integration is zero. Substituting in the first equation 
we obtain 

(A+Ma2)a + (Ma2ap sin 9' — A/3 cos & + Aap. sin 9') p. sin 9' 
+ [K+(G + Ma2)n-Ap.cos9'}($sin9'+pacos9')-Mgaasin9 = 0. ...(9) 

Putting now a = r sin (pt— f), (3 = s cos (pt—f), (10) 

and substituting in the last equation, w e obtain 

{K + (C + Ma 2) n - Ap. cos 9'} p. cos 9' 
s +(A+Ma2)(p.2sin29'-p2)- Mga sin 9' (n] 

r~~ {K+(C + Mai)n-2Aucos6'}psind' [ ' 

Again substituting in the second of (7), we find 

s _ 2 Ap. cos 9' — K — Cn 
r Ap sin 9' 

Equating these two expressions for s/r and writing L for 

K + On,-2A,ucos0', 
we obtain 

L (L + Ma2n) + A (L + Ma2n + Apt cos 9') p. cos 9' 
2_ +A(A+Ma, sV 2sm 2fl'-MAffq.sine / ..„, 

P ~ A(A + Ma2) ( ' 

Here 9' < \ TT, and therefore, even if there be no flywheel, p2 is positive if 
the rotation n be sufficiently rapid. The flywheel adds to the value of M 
and A, but nevertheless, if K be sufficiently great, controls the stability of 
the arrangement. 

6. Coin spinning on a table. As one example let n = 0 and 9 = \ir, so 
that the body turns in azimuth with its axis horizontal, as a coin spins with 
its plane vertical on a table. W e have 

2_K
2 + A(A+Ma2)p,2-AMga (y 

P ~ A(A + Ma2) ' ^ ; 

which is evidently positive whatever p. m a y be if K be sufficiently great. 
If there be no flywheel K = 0, and we have p2 positive only if p. be 

.(12) 
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sufficiently great. If the disk or coin be spinning very rapidly p2 = p.2, so 
that the period of an oscillation about the vertical position is approximately 
the period of the azimuthal rotation. 

As another example take n = 0 and K = 0. Then for any value of 9' we 
have by (6), 5, Ap.2sin 9' = Mga, and (13), 5, becomes, with A = Mk2, 

2_ 3Fcc^+a^sin^0' (V) 
P ~ga k2(k2 +a2)sin 9' ' l ' 

and the time of a small oscillation about the steady motion is 2-w/p. The 
reader may establish this result directly. 

For a hoop, equation (13), 5, for p2 reduces to 

2 _ 8na(n — p. cos 9') + Sap
2 — 2g sin 9' ^) 

and this, if n = 0 and 9'=\-ir, that is if the hoop is spinning about the 
vertical, is 

^-11 (3) 
In the steady motion of a hoop the radius of the circle in which the cen

troid moves is na/p., which agrees with (7), 1, since here z is zero. The 
point of contact with the horizontal plane therefore moves in a circle of 
radius na n + picos9 n, 

\-acos9 = a (•*) 
p p 

This also holds for a circular disk in motion in the same way. The result 
here obtained agrees with that of (7), 1, given for 0 in Fig. 96. 

W e can now find the condition that a disk or hoop may roll upright in a 
straight line. It is only necessary to put in (13), 5, pt = 0, 6' = x\ir. W e 
obtain for the case in which the disk carries a coaxial flywheel 

2_(K + Cn)(K + Cn + Ma
2n)-AMga . . 

P ~~ A(A + Ma 2) K) 

The condition is therefore the inequality 

(K + On,)(K + Cw + MaV)>AMc/a (6) 

Let us take K positive, and consider the values of n which satisfy the 

quadratic (K + Cn)(K + Cn + Ma2n) = AMga, 

that is C(C + Ma2)n2 + K(2G + Ma2)n + K2-AMga = 0 (7) 

If AMga > K 2 there will be a positive value of n and a numerically 
greater negative value which both satisfy the quadratic. For the satisfac
tion of the inequality the value of n must either be greater than this positive 
value or less than this negative value. 

On the other hand, if K 2 > AMga both roots of the quadratic are nega
tive, and any value of n which does not lie between these roots will enable 
the disk to roll upright in a straight line. 
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If K be zero the condition becomes n2 > AMga/C (C + Ma2), which for a 
hoop is n > (g/iap, and for a uniform disk is n > (g/Sap. 
Thus the hoop is more stable than the disk, requiring for the same 

radius less speed of rotation in the ratio of 3* to 2, in order to remain 
upright. 

7. Moiling of a disk on a table: calculation from first principles. We 
may verify (5) from first principles. For a small angular deviation a from 
the vertical d and xfr are both small. Hence the total rate of production 
of A.M. about a tangent to the trace of the point of contact on the horizontal 
plane is approximately 

(A + Ma2)9+ [K+(C + Ma2)n}xfr = Mgaa (1) 

Also when the disk is rolling upright we have n = 0, and when it is tilted 
over through the angle a, (C + Ma2) n is changing at rate Ma2axjr cos a, which 
may be neglected. 

W e have also, from the constancy of A.M. about the vertical through the 
point of support and the fact that xfr is now denoted by 0, 

A(3cos a+ (2Apia — Cn — K)d = 0,) ^ 
or A'$-(Cn + K)d = 0.f 

N o w writing as before a = r sin (pt — ' / ) , (3 = s cos (pt—f), we obtain 

-(A + Ma2)p2r-{K + (C + Mct2)n}sp = Mgar,) ,g, 
-Ap2s-(K + Cn)rp = 0. J ° 

Thus we get Z=-(*HC + W«}p=_*l> (4) 
s s (A + Ma2)p2 + Mga (K + Cn)p 

Therefore n2_(K + Cn)(K + Cn + Ma2n)-AMga (g) 

inereiore p- A(A + Ma2) ' {' 
which agrees with (13), 5. 

8. Rising of a top when spinning on a rounded peg. Elementary 
discussion. W e see by experiment that a top supported on a rounded peg 
rises under certain circumstances, and a prolate ellipsoid of revolution, or a 
hard-boiled egg, if spun as described above [16, I], rises from a lowest 
position of the centre of gravity and spins stably on one end. Initially the 
top is spun in some one of various ways. Generally it is thrown from the 
hand so that it alights on its peg. As a rule the speeds u, v, xjr are small, 
and the speed n of rotation is large. The result is that the friction F' is, for 
the counter-clockwise turning indicated in Fig. 98, in the direction there 
shown, and is as great as the reaction R can make it; for the point of 
contact of the solid owing to the rapid rotation slips back on the plane 
and the friction is not limited to that required for pure rolling. 

The centroid G of the top and the point of contact 0 in the supporting 
horizontal plane move in concentric circles which slowly change with the 
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inclination of the axis, to the vertical. Figure 99 shows the latter circle and 

the projection of the former on the supporting plane. The line OG' is the 

projection of the axis of figure on the horizontal. The spin, which is 

counter-clockwise when regarded from a point outside the top on the axis of 

Couple flH 

Axisy / 

~ - ~ „ _ 
~—+F 

, , 
--" Mg 

T^^ 
» 

o 
PIG. 98. 

figure produced, gives a velocity v of slipping of the point of the top in 

contact with the plane, represented in magnitude and direction by the line 

marked v. Besides this motion of the contact point of the top due to 

slipping, there is a component of amount v', due to precession, indicated in 

the diagram by the line marked v'. The vector v is at right angles to OG', 

and the resultant vr of v and v' is inclined to OG' at an angle exceeding (for 

the particular case dealt with in Fig. 99) a right angle. The directions vr 
and CG' are parallel. The direction of the resultant friction F (not the F 

of 1 above), due to the action between the top and the plane, is opposed to 

this resultant, and, if transferred to G without change of direction, must 

give a force towards the centre of the circle in which G moves. This is 
only strictly true in the case of steady precessional motion. 

As G moves in a circle the axis OG moves on a hyperboloid of 

one sheet coinciding with successive rectilineal generators, and if the 
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top rises or falls this surface varies in the manner described in 
Chapter XXI. 

The couple Fl sin </>, where <p is the inclination of the whole friction F to 
OG, and I is the distance OG, has its axis perpendicular to the plane of O G 
and F, and [Fig. 99], when n is great enough, acts so as (in the usual phrase) 
to hurry the precession, and the axis of A.M. moving towards it raises the 
axis of the top towards the vertical. The top rises and the points O, C, G 
approximate more and more to coincidence until when the top reaches the 
upright position (which it will do if the spin is fast enough) it turns only 
about the axis of figure and " sleeps." 

The couple F'x, specified in 1, is part of this couple, and tends to slow down 
the rotation of the top, and this action is aided, and generally exceeded, by 
the couple due to air friction. The rotation diminishes, hence the upright 

!%,> 

xis of 
Couple 

o -— 
Fl«. 102. 

position becomes unstable and is deviated from. The speed v of slipping 
is now so small that Fig. 99 has changed to Fig. 100. The couple which 
formerly hurried precession now delays it, and when the axis of figure 
becomes more inclined to the vertical, the top falls. 

If the speed of rotation is not great enough the axis will not rise to the 
vertical. The diagram will be intermediate between the rising diagram of 
Fig. 99 and the falling diagram of Fig. 100, that shown in plan and 
elevation by Figs. 101, 102, in which the centroid G is above the centre of 
the circles, and the top rolls round on a small circle of points of contact 
symmetrical about the axis of figure. 

The theory of the rising of a top, as caused by slipping of the rapidly 
rotating peg on a rough supporting plane, seems to be due to Archibald 
Smith (Gamb. Math. Journ., 1,1847). The following mathematical theory is 
in the main that given by Jellett in his Theory of Friction. Jelletf assumed 
that the top rotated so rapidly that the force of friction might be taken as 
perpendicular to the vertical plane determined by the centroid and the 
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point of support. The result given in (3) below, however, does not involve 

this condition, a fact pointed out by Routh [Adv. Rigid Dyn., 5th edition, 

p. 167]. 

9. Centre of gravity of a top raised by friction. If we suppose the 

rounded end of the axis, the " peg," to be spherical and of small radius p, 

with centre 0' on the axis, we can trace the process of rising of the axis. 

From (2) and (3), 1, we have 

Axjrsin29 + 2Axfrsin9cos9.9-Cnsin9.9=-Cn-, (1) 

which is an exact equation. Denoting O'G by h, we have z = h + p cos 9, 

and so the equation just written becomes 

A<frsin29 + 2Axfrsin9cos9.9-Cnsin9.9 + Cncos9= -Cii- (2) 

Thus we obtain by integration 

Axfr sin29 + Cn(cos0 + -) = N, (3) 

where N is a constant. This equation is also exact. It can be obtained 

directly by observing that the time-rate of increase of the A.M. about the 

vertical through G (that is of the quantity Axjr sin2 9 + C?i cos 9) is F'hsin9, 

and then substituting — Cn/x, or — Cii/p sin 9, for F' 

If, initially, n = n0 and xjr = 0, (3) becomes 

Axjrsin29 + C(ncos9-n0cos90)=--C(n-n0) (3') 

But if xjr be small we get approximately 

G(ncos9 — n0cos90)= — G ( n — n0) (4) 

The quantity on the right is positive since n <%0. Thus cos0>cos#o 
and 9 < 90. The axis has therefore risen through the angle 90 — 9. 

If z/p = 20, 90=60°. which are possible numbers, since we may have 

z = 2'5 and p = jt, in inches, we have, very nearly, 

2cos9-l = 4!0(n0-n)/n0 (5) 

Thus 9 will be zero when (n0-n)/n0 is 1/40, that is when -jL of the original 
spin has been destroyed. 

The percentage loss of angular speed of spin required to bring the axis of the 

top to the vertical is yo(l — cos 90)/l00(p + h), and is thus proportional directly 

to the radius of the peg and inversely to the distance of G from the point. 

On the supposition of negligible xfr the time-rate of variation of 9 can also 

be found approximately. From (2) we have, writing K for h/p, 

A K + cos 9 . 
9 = r—^n, (Q) 

nsnx9 ^ ' 
or, since n = — F'p sin 9/G, 

A K + COS0-™ 
6= GTT^P (7) 
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Thus for a given value of F' the rate of diminution of 9 is for any given 

value of the angle proportional to p. Hence the sharper the peg the slower 

is the rise, and if the peg be very sharp indeed the top will not rise at all. 

Also for various applications it is important to notice that if Cn be great the 
rate of rising is correspondingly slow. A fast spinning top, brought to the 
vertical by friction alone, is thus a slowly acting contrivance. 

10. Condition of minimum kinetic energy. Equation (3), 9, means that 
the A.M. about the line O G remains constant as the top moves. For we can 
write the equation in the form 

. , . Qpsin9 „ h + pcos9 ,T/o ,,. 
Axfrsm9'^—j 1-CM —, =N^, (1) 

where I represents the distance OG. The components of A.M. about the 
axes G C and G E (Fig. 96) are Cn and Axfr sin 9, and p sin 9/1, (h + p cos 9)(l 
are the cosines of the angles G O N , N G O . 

Our object is to find the condition that the kinetic energy may be a 
minimum. One condition obviously is that G should be at rest, and that 
9 = 0. For the former the kinematic condition is 

np sin 9 = xjr sin 9(h + p cos 9), 

or
 n

 = ^sin0_ 
Ji + p cos 9 psin9 

That this gives minimum kinetic energy subject to constancy of N may 
be proved as follows W e have the expressions for the kinetic energy and N, 

T = UCn2 + Axfr2sin29), \ 

p^ = Apxfr sin29+ Cn(h + p cos 9).J 

These, with the condition 0 = 0, give for T a minimum, and N a constant, 

Cndn+Axfr sin 9d(xjr sin 0) = 0, C(h + p cos 9)dn + Ap sin 0 d(xfr sin 0) = 0, 

and therefore the relation (2), which, it will be noticed, is the condition 
for pure rolling about OG. When (2) is satisfied the points on O G are 
instantaneously at rest. 

Equation (2) can be written 
Cn (h + p cos 0) _ Axfr sin2 0 
C(/c + /ocos0)

2_pAsin20' 

which gives for each ratio in (2) the value 

Cn(h + Pcos9) + pAx}rsin
29_~Np ... 

G(h+Pcos9)
2 + p2Asin29 ~ \l2 ' ( ' 

where I is the moment of inertia of the top about OG. Thus by (1), the 
common value of the ratio in (2) is the product of the ratio of the A.M. 
about O G to the moment of inertia about that line by the multiplier l/l. 

N o w consider the energy of the top. Equation (2) gives by (4) 

n2 __ xjr2sin29 __ Gn2 + Axfr2sin29 N p ,. 
n(h + pcos9) pxfrsin

29 Cn(h + pcos9) + Apxjrsin29~ U2 
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If T be the part of the kinetic energy due to the rotation about G E and the 
spin about the axis of figure, we have by (1) 

2T Cw 2 + Ay>2sin20 

p N ~ Cn (h + p cos 0) + Ap xfr sin2;0' 

Combining this with (5) we get 

T = ,P^! (6) 

so that T varies inversely as II2. 
Initially T=|Cw 0

2, for xfr = 0 at the beginning of the motion. Then also 
if cos 90 = z0, we get by (3) 

PlS = Cn0(h + pz0) (7) 

The potential energy may be taken as Mgh(z — zg) where 0 = cos 9, and so 
the least energy, ETO say, which the top can have for any value of 0, is given 
(with this value of N ) by 

n2N2 

Em = Mgh(z-z0) + h^- (8) 

The kinetic energy here taken account of is the whole kinetic energy with 
the exception of |A02, that due to the rate of change of 0. 

When the axis of the top has become vertical the minimum energy for 
that position is the whole energy. W e have then z = l, and II2 = C (p + h)2. 

Thus (8) becomes w _ M ^ n _ ^ i n „ 2(h + Pz0)
2 

(p + h)'2 

This value of E must be less than the initial value ^Cn0
2, and thus we 

have the inequality 

a(A±PgoT 
(p + h)'2 

If h/p = k we can write this inequality in the form 

M ^ J Z ^ + 1 ) ^ 
no>z C 2k + l+z0

 l ; 

W h e n p is small compared with h, as it usually is, k is great, and so n,j2 

fulfils the inequality through the preponderance of (/i;-|-l)2 over 2/o+l + 20. 
If p be extremely small the initial spin n0 is very great, and tends to infinity 
as p is diminished towards zero. Thus we have another proof that a sharp-
pointed top will not rise. 

11. Minimum kinetic energy is necessary bid is not sufficient for 
the erection of a top. W e have thus obtained an inferior limit for ?i0

2, 
when the top is started with its axis at inclination cos_1r0 to the vertical. 
Satisfaction of this inequality is necessary, but is not sufficient to ensure 
that the top will rise to the vertical. 

This question has been discussed in a very interesting manner bv Mr. E G. 
Gallop [Camb. Rh.il. Trans., XIX, 1904], from the point of view of the 

E = Mgh(1 -z0) + i.Cn
27J,^ - (9) 

iCn0
2>Mghfl-z0) + ±Cn

2^^ (i0) 

http://Rh.il
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variation of energy which takes place as the top erects itself. As we have 
seen [(8), 10], the minimum value of E for inclination 0 = cos~1;z is given by 
the equation n

2N 2 

^ = M ^ - ^ + 2C(h + pz)2 + Ap
2(l-z2) (1) 

Suppose a curve drawn with values of z as abscissae and the corresponding 
values of E,„, the minimum energy, as ordinates. The energy of the top, 
while the axis is rising, will be greater than E [(9), 10], for, in order that a 
couple "hurrying" the precession may exist, it is necessary that the top 
should have an angular speed, as explained in 8, over and above the angular 
speed required for pure rolling about OG. Also the value of the energy 
will continually diminish, for, since there is dissipation of energy, the gain 

c 

A R 

Ft' 

B 

Z=-1 O Z=1 
PIG. 103. 

of potential energy must be less than the loss of kinetic. The curve of 
variation of the real energy must start from some point above the curve of 
minimum energy, and only meet .the. latter curve at the upright position as 
shown in Fig. 103. For, if the curves met earlier, there would be cessation 
of loss of energy at the point of meeting, as the rolling would have become 
pure, and the top -could not erect itself. 
For consider the energy E for any point on the line Q R in the diagram. 

The inclination of the axis to the vertical may have any value between that 
for the point Q and zero, and the top will oscillate so that the succession of 
values of cos~1z is given by the abscissae of points in QR. As the process 
goes on more and more energy will be dissipated, and the point P will take 
position in the line Q'R'. Finally the point will have reached B, and the 
top will be at constant inclination 0 = 0. 
Thus the top cannot reach the vertical unless the energy E — E 0 is dissi

pated, where E 0 is the minimum energy for 0 = 0, and it is clear that as 
energy is being continually dissipated, owing to the fact that pure rolling 



398 GYROSTATICS CHAP. 

has not supervened, the erect position must ultimately be reached with 
reduction of the energy precisely to Ea. 

The energy curve must be above the curve of minimum energy as shown 
in the diagram. To ensure that this can always happen the minimum energy 
must also continually diminish as z increases. N o w from (1) we have 

-^-Mah-^rm2 f'{z) , (2) 

where f(z) = C(h + Pz)
2 + AP

2(l-z2) (3) 

Hence we are to have Jp2N2 JM=, > Mgh, (4) 
\j(z)l 

and the conditions will be fulfilled if, when 2=1, 

y2Wj^>y2>Mgh; (5) 

and also ^7"4vi2<0 (6) 
dz {f(z)}2 ̂  

Hence we are to have 
{/W-i/(*)/»>0 (7) 

But /(zO = (C - A ) p V + CA2 + Ap2+2C/ipz> | (8) 
/'(z) = 2(C-A)p2

Z + 2CP7i, /"(2) = 2(C-A)p
2J 

and we find easily 
{f(z)V-hf(z)f"(z) 

= 3{C-A)2piz2 + 6C(C-A)pViz + C(3C + A)P
2h2-A(C-A)pi. ...(9) 

On the right the coefficient of z2 is positive. The whole expression will 
therefore be positive if the roots of the quadratic, obtained by equating the 
expression to zero, are imaginary. The condition for this is easily found 
after a little reduction to be 

Cp 2A 2-(C-A) p4>0, 
orwith/c2 = A2/p2, C P - ( C - A ) > 0 (10) 
If C < A this inequality is fulfilled, if C > A it is fulfilled if 

F>l-A/C. 
For an ordinary top k2 > 1, so that the inequality is always fulfilled. 

12. Summary of conditions for the rise of a top. Summing up we have 
the condition (10), 11, and also 

Mgh-iP
2lS2^y2<0, (1) 

for which it is necessary that /'(l) > 0, that is, by (8), 11, 
C(fc + 1 ) > A , (2) 

and also, since f(i) = 2p
2(C(k + l)-A}, f(l) = C(p+h)2 = CP

2(l+ky\ 
C2(/̂ -i-l)4 

W>M»hC(k+t)-A' - (3) 
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If, initially, the motion consists of a spin n0 about the axis of figure, we 
ve j 

and the last condition becomes 

h a v e N = Gn0(k + z0), 

% 2 > (k + lfMgh 
n° ^[C(k + l)-A}(k + z0f

 w 

The conditions (10), 11, and (2) refer to the construction of the top, con
dition (3) must be fulfilled by the motion. W h e n all are fulfilled the top 
can and will reach the vertical, provided the energy has been reduced by 
sliding friction from the initial value to the absolute minimum Ett. The 
conditions are all fulfilled by a hard-boiled egg, or by a nearly egg-shaped 
ellipsoid of revolution, as in the experiment described in 16, I, above. 
Without a sufficient amount of sliding the top will not rise. This explains 
the failure, which the reader m a y verify, of an egg-shaped solid, made with 
a very rough surface, to rise when spun. 

The limiting value of n0 given by (4) is greater than that given by 
(11), 10. For the ratio of the former to the latter is 

C(2k + l + z0) 
2^+^) {C{k+i)-A}(k + zor 

Now, by (2), C(k + 1) — A is positive, and the ratio is diminished by substi
tuting G(k + 1). Also it is diminished by substituting z0 for 1 in the 
numerator of the fraction. These changes make the ratio (k + l)/(k + z0), 
which is greater than 1. Thus the ratio though diminished is still greater 
than 1. Hence (4) covers also the condition (11), 10. 

It is interesting to compare (4) with 

C%2>4AM^, 

the condition found in 17, II, above, as that of stability of a top in the 
upright position. The inequality (4) is equivalent to 

(k + l)2 
C2n2 > G2Mgh 

C(/c+l)-A 

The limit here indicated is greater than the former. For, neglecting the 
common factor Mgh, w e have 

C2(k+1)2 _ 4 A _ { C ( £ + 1)-2A}
2 

C(jfe+1)-A C(fc+1)-A 

which is positive since C(/<; + l) — A is positive. Thus (4) covers the 
previously found condition. 

13. Numerical examples. Mr. Gallop (loc. cit.) takes as a numerical example a, 
top for which A = C = 3M, A = 4, z0=0-866, and p = 0'2 in cms. Thus £ = 20. Hence the 
limiting value of n2 is 214 x981 x 4/60 x 20-8663, or n0 = 171, in radians, very nearly. The 
condition (11), 10, gives m0=166, in radians. 
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If we take the initial value of n as 200 the initial energy, when the potential energy is 
reckoned from the starting position, is 60000M, on the supposition of zero precessional 

motion at starting. At the vertical the rotational energy is, by (9) of 10, 

ln Ah+pzff2 
s°"'« JpAW' 

Thus the rotational angular speed has been reduced from 200 to 200x4-1732/4-2, that is 

to 198-7, or about 0'65 p.c. 
The initial energy 60000M has been diminished to 

4-17322\ 
M 981 x 4x-134 + 60000-

4-22 

that is to 59763M. The diminution is thus rather less than 0-4 p.c. of the original energy. 

W h e n this small amount of energy has been dissipated the axis has become vertical. 
Mr. Gallop gives a table by which the values of 8 on the limiting curve of minimum 

energy can be traced for increasing amounts of energy dissipated. Of this we give an 

abridgment for the sake of one or two points of interest. 

Loss of Energy. 

0 
iVfEo-E,) 
l3o(Eo-Ei) 
MEo-Ei) 
MEo-EJ 
A(Eo-E,) 

E 0 _ E 1 

Value of 3. 

0-8444 

0-8593 
0-8743 
0-9048 
0-9359 
0-9676 
1-000 

Value of 6. 

32° 23' [Initial value 30°] 

30° 46' 
29° 2' 
25° 12' 

20° 38' 
14° 37' 
0°0' 

It will be seen from the table that at starting the top first falls a little. This must 
happen, since, if there is no azimuthal motion at the starting, the large couple applied to 
the top by gravity comes into play, and it is only after the top has fallen a little that it has 
a precessional motion, compensating the production of A.M. about the vertical which 

arises in consequence of the alteration of direction of the axis of spin. Also the frictional 
couple comes into play and helps to check the fall. 

Thus if the top rise very slowly, with near approach to pure rolling, it will follow the 
curve of minimum energy very closely ; but the curve of variation of energy will begin 
with a horizontal part, in which z diminishes without perceptible loss of energy, until the 
curve,.of diminishing energy is nearly reached. 

Finally it is to be noticed that, though it is true that the axis will have reached the 
vertical when the energy has been reduced from the initial value E 0 to the absolute 

minimum, it does not follow that this energy E 0 — E „ will be dissipated and the top rise. 
For if the plane be very rough the top may be brought to a state of pure rolling, or 
nearly so, very quickly, and the axis will then move in a cone round the vertical. 

In all that has been stated above, no account has been taken of the action of the air on 
the top. This may reduce the spin below the necessary limit before the friction couple 
acting at the peg has brought the top to the vertical. 

14. A top in form of a sphere loaded symmetrically about a diameter. 
As a particular case let the top be a sphere loaded symmetrically about a diameter ; and 

let it be placed with the line of symmetry horizontal, and spun, counter-clockwise with 
speed n0 about the upward vertical diameter. The A.M. is Ang, and, if h be the distance 
of the centroid from the centre, the linear speed of the centroid is nh, and the initial 

energy E 0 is given by E„ = £(A + A 2)*, 2
 (1) 
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The final energy, by (9), 10, is, since the erection causes no change of A.M. about the vertical, 

The condition E0 > E! leads to 

A2« 2 

E 1=M f lrA+i 5J|L s (2) 

i{A + A2 <WT?K2>M^ w 
It is to be remembered that in this case h is not very great. The coefficient of n0

2 is 

positive if the condition, (2), 12, C(£ + l)> A is fulfilled, and we see that the top must be 
started so that 

2Mqh 

A + h2--, 
n2> -V"A2 (4) 

C(h + lf 
The condition that dEjdz should be negative gives [(3), 12] 

M y A C2(k+iy 
llo> A2 C(£+l)-A' (t>) 

and this includes condition (4). The condition (10), 11 must also be fulfilled. 

W e conclude that the method just discussed is applicable to this outwardly spherical 
top, if C(£+l) — A and Ck2 — (C — A) are both positive and n0

2 satisfies (5). By Fig. 103 it 
is clear that if the energy is reduced from E 0 to E, where E is such that the equation 

A2n a 

^M^+l2A(l-z2) + C(/c + zj2 

has a root f between — 1 and +1, the inclination of the axis to the vertical is less than 
cos-1£ 

15. Uniform sphere loaded by an additional sphericcd distribution. 
In an example, also given by Mr. Gallop, a uniform sphere, radius B and mass M , is 
loaded by replacing a spherical portion with denser material giving an additional mass in. 
The distance between the centres of the spherical surfaces is v. It is found that 

Ch2-(C-A)>0 is satisfied at once, and C(h + 1)- A > 0 if c/B> f (l+mr2(MR2). 
With B = 1 0 , r—2, c = 2, density of load 21 times that of the sphere, and initial angular 

speed «0>19"14 (radians per second), permanent rotation with axis vertical is attained 

with 1-3 per cent, loss of spin. For proper slope of the guiding curve n0 > 24
-8 is required. 

With n0 = 30, the initial energy is 15865M, and the final 15471M, in c.G.s. units. 
Also it is found that according as the initial spin, 30, is about the vertical through the 

centre of the spherical surface, or about the vertical through G, the maximum value of 

#=cos-i2 is given by 
0-82 z3-5r38 z2 + 131-7 2 + 10-26 = 0, 

or 0-82 2s - 51 -27 z2 +131 -3 2 + 2'641 = 0. 

Boots, relevant to the problem, are 

-0-0756 = cos 94° 20', -0'02 = cos91° 9'. 

The reader may verify these results. 

16. Example 1. Heterogeneous sphere with centre of mass at the 
centre of figure. The principal moments of inertia at G are A, B, C, and the angular 
speeds about the principal axes o>x, w2, o>3. Show that the A.M. about the vertical is 

( — Aw, cos <j> + Bw2sin <p) sin 8 + Co)3 cos 8 = N, 

a constant, where 8 is the inclination of the C axis to the vertical, and <j> the inclination 

of the plane through the A and C axes to the vertical plane containing the C axis. 
Q.G. 2c 
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Show also that the minimum value of the energy E is 

N 2 

2(Acos2</> + Bsin2</>)sin26> + Ocos20' 

corresponding to a motion of pure rotation about the axis of figure, and that when • 

allowed to vary. JJ2 

E = £-- A sin2 8 + G cos2 8 
Writing to for cos2 8 and denoting the quantity on the right of this equation for. E 

by y, |N2/{A + (C-A)^} by Y(x), show that the curve y = x?(x) is a hyperbola, and, if 

C > A , slopes towards the axis of .?;, like the limiting curve in Fig. 103. 
Hence show that the C axis will be brought into the vertical when the energy is 

reduced to N2/2C, so that sliding friction causes the axis of greatest moment to approach 

the vertical. 
W h e n the energy in the motion considered in the preceding examples has a given 

value E, show that 

a ,fN2-2AE\* 
* < c o a \IE(C-Ajj ' 

and verify the conclusion in the last example. 

17. Further examples. (1) Writing £=A+pcos 8,r) = psin8, ix>1 = xjrsin 8, show 

that the equation of energy is, if there is no slipping, 

{A + -K($2 + v
2)}d2 + Ao)-

2 + Cn2 + M(^l + v,i)
2 = 2(B0-V), 

where E is the initial energy. 
(2) Also using the equation of A.M. 

-A?;o)1 + C^m = pN, 

show that if v be the resultant speed of G, 

„2_2 Cf+A^ 2 (E y x P2N2 \ A(C-A) ^ 
AC+.Cf + A^2V ° 2 C f + A7fJ^AC + C£2 + Av 

Show that if 8 = 0 and z = cos 

"'"AC 
p2{C(£ + 2)2 + A(l-22)} _ 
') + p2{C(k+z2) + A(l - z2)}{ ° W " 

N2 

where F W = M^.(2-20) + ̂  + 2)2 + A ( 1 _^. 

(3) Also show that if (4), 12, is fulfilled E0-F(.r) increases as the top rises. Prove 
also that, if C(/c + l ) - A > 0 , C(i + 2)2 + A(l -22) increases as x increases. Finally show 

that therefore v2 is greater when G is in the highest position than when it is in the 
lowest. 

(4) Deduce conclusions as to the possibility of the top's attaining a state of steady 
motion with the axis vertical. 

[See Gallop, loc. cit. supra, from whose paper the results stated in the preceding 
examples are taken.) 

18. Energy relations for a top spinning about a fixed point, and 
taking up steady motion. As we have seen, a top spinning rapidly about a fixed 
point will, if left to itself with its axis of figure at rest inclined at some ano-le 8, to the 
vertical, fall away from the vertical, acquiring at the same time azimuthal speed ii. This 
azimuthal turning grows up to a maximum and the speed 8 diminishes to zero and the 
axis then begins to return to its former value, which it reaches only to beo-in the same 

variation of motion again at, of course, a new azimuth. W e may consider here the 
energy relations involved. 
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If Cn is great this falling away is small, the maximum azimuthal speed is twice the 
average speed with which the axis turns round the vertical [see 1, VI, above]. This 
oscillatory motion will be damped out by the resistance of the air, and the top will settle 
down to an approximately steady motion about the vertical. ,We shall suppose that the 
average motion about the vertical is not changed (which amounts to supposing that 

the A.M. of spin remains constant) but that the oscillation is damped out. Let 288 be the 
maximum angle of dip of the axis from the initial inclination 8a. By this sinking of the 
axis potential energy 2M.gh sin ̂ S ^ is lost. If 24> be the azimuthal angular speed taken, 
the kinetic energy gained is 2Ai/'3sin2 8. The energy of spin is not altered, and so we have 

2 A ^ 2 sin2 6>0=2Mgh sin 80. 88 

or Ax/2 sin2 80 = Mgh sin 80. 88. 

After the oscillation has been damped out and the average azimuthal speed i/> has -been 
taken up the energy E of the top will be given by 

B = B0 + \Ax/
2sin28-Mghsin 8^.88, 

where E 0 is the initial energy.
J By the preceding result we get 

E = E 0-P%AsiniV.Sft. 

Thus energy equal to half the work done by gravity in the change 88 of inclination, that 
is equal to the kinetic energy added in the azimuthal motion, has been dissipated. 

This recalls a theorem in electrodynamics. Let, for example, two mutually influencing 
circuits on which are impressed electromotive forces, say those due to batteries in the 
circuits, be left to themselves. They will be relatively displaced by their mutual action, 
and the currents in the circuits will in general be changed. The electrokinetic energy 
will be increased by an amount of dT, and work dW will be done in overcoming the 
ordinary inertia of the circuits, and therefore in producing molar kinetic energy, or in 
otherwise doing external work, or in both ways. The batteries thus are called upon to 
supply energy dT + dW, in addition to that consumed in heat in the circuits during the 
displacement: 

If the circuits move from rest to rest again, so that the changes in the currents are zero, 
and the molar kinetic energy is zero, and if the change in configuration of the system be 
one which excludes change of form of the individual circuits, the whole energy furnished 
by the batteries is 2yxy2dM, where yi,y2 denote the currents in the circuits, and <iM the 
change in their mutual inductance. But the change dT in the electrokinetic energy is 

now yxy2dM, so that dT = dW=yxy2dM. 

The energy furnished by the batteries is thus equally divided between the increment of 
electrokinetic energy and the external work done in the displacement. 

If the work dW is done against external, frictional forces the equivalent energy 
yxy2dM will be expended in producing heat, while an equal amount goes to augment the 

electrokinetic energy, and we shall have an exact analogue of the gyrostatic example 
discussed above. The circuits pass from a configuration in which a certain coordinate, 

x say, has a value x0 to another in which it has a value xu and initially and finally x is 
zero; In the gyrostatic example 8 is initially and finally zero. 

The descent of this top through falling off of spin is discussed in Chapter X1"V. 



CHAPTER XIX 

GENERAL DYNAMICS OF GYROSTATIC AND CYCLIC SYSTEMS 

1. General equations of dynamics. Holonomous and not holonomous 

systems. If we suppose the equations of motion for each of a system of 

particles to be written down, we easily obtain, by combining them, the 

so-called variational equation, which forms the foundation of Lagrange's 

treatment of the dynamics of a connected system of particles. Three 

typical equations of motion are 

mx = X, mi/ = Y, mz = Z, (1) 

where X, Y,- Z are the total forces from all causes acting in the three 

coordinate directions on the representative particle. Multiplying the first 

of these by Sx, the second by Sy, the third by Sz, and treating similarly the 

triad of equations for each of the other particles of the system, we get 

2[m(xSx+ySy+zSz)} = Il(XSx+Y8y + ZSz) (2) 

This is the variational equation. One or two remarks regarding it may be 

made. 

(1) Only active or working forces appear in the equation, The X, Y, Z 

on the right are not the total forces acting on the particles. Groups of forces 

which do no work on the whole have disappeared. 

(2) The system is in general subject to kinematical conditions or 

" constraints," and Sx, Sy, Sz are typical of displacements which are possible 

without violation of these conditions, as they exist at the instant t considered. 

These conditions are expressed, we shall suppose, by m equations connecting 

the coordinates, and it is clear that m < 3%, otherwise there would be no 

freedom of motion for the system. 

The kinematic equations enable the coordinates to be determined in terms 

of the 3n — m others, so that there are 3n — m independent coordinates. 

(3) The kinematic equations may or may not involve the time t explicitly; 

that is they may be either relations between explicit functions of the 

coordinates alone, or of the coordinates and t. Thus in the o-eneral case 
they are of the form 

f(xi> Vi> zl> x2> v2> zv •••> xn, yn,zn, 0 = 0. (2') 
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and give the integrable differential relations 

z(£*+g*+lM+I*-* <») 
If t thus appears the kinematical condition is said to be variable: if the 

coordinates alone appear, so that Af/'dt — 0, the condition is said to be invariable. 
Such a system of equations of condition, with or without the explicit 

appearance of t, is characteristic of what is called a holonomous system. If 
the conditions are, however, in whole or in part non-integrable relations 
of the coordinates, the system is not holonomous. As we shall see the 
Lagrangian equations of motion do not hold without modification for a 
system which is not holonomous. 

2. Generalised coordinates. We shall now suppose that the Sn — m (= k) 
independent coordinates have been chosen by means of the equations of 
condition. Let these coordinates, or k distinct functions of them, be taken 
to expressthe motion of the system. W e denote them by qx, q2, ..., qk. 
N o w let the variations Sx, Sy, Sz, at time t, of the Cartesian coordinates of a 
specimen particle be given by the equations 

•w 

&=H>+H>+'"+§>-

where <p, x> ^ are three functions ol qx, q2, ..., qk,bj which x, y, z are given 
for the representative particle. W e write these equations more concisely in 

the form Sx = a-xSqx + a2Sq2+...+akSqkA 
Sy=b1Sqx+b2Sq2+... + bkSqk\ W 
Sz = cxSqx+ c2Sq2+... + ckSqk.) 

There are n such triads of functions, and 3% such equations for the expres
sion of all the coordinates of the system. If Sx, Sy, Sz, ... are all zero, the 
quantities Sqx, Sq2, ..., Sqk must all be zero, for if it were otherwise the 
functional determinant of any k of the equations would be zero. 

W e now denote actual displacements of the system in the element of time 
dt by dx, dy, dz, so that we have 

dx = axdqx + a2dq2+... +akdqk+ adt,\ 
dy = bxdqx+b2dq2+... + bkdq,c + (3dt,l (°) 
dz = cxdqx + c2dq2+...+ ckdqk+ydt,j 

or, as we may also write the equations, 

x = a1qx + a2q2+...+akqk+a,\ 
y=bxqx+b2q2+... + bkqk + (3,\ (5') 
i = Cxqx + c2q2 + ...+ ckqk +,y. J 
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If a, (3, y are zero for each triad of equations, the actual displacement is one consistent 
with the conditions fulfilled by the system at time t. If however a, (3, y be not zero, then, 
if we suppose Sx, Sy, Sz, ... in (4') to coincide in value with dx, dy, dz, ..., we get 

ai(dqx - 8q-,) + a2(dq« - 8q,) -I hak(dqk - 8qk) + a dt = 0,~\ 

bl(dql-8cp) + b-fdq.i-8q2) + - + bk(dqk-Sqk) + 0dt = oX (6) 
c1(dq1-8q1)+ c-fdq.i-Sq-i)-1! r ck(dqk-8qk)+ydt = 0.J 

These equations cannot be satisfied by dqx = 8qx, dq.2=8q2, ..., unless either dt = 0, or the 

functional determinant, formed from any k variables vanishes. 

Whether or not the kinematical conditions are invariable, we have 

2[m(xSx + y Sy + zSz)}=2(XSx + Y Sy+ZSz) = Sq1I,(a1X + bxY + cxZ) 

+ Sq22(a2X + b2Y + c2Z)+...+Sqk2(akX + bkY + ckZ) = 2(G;Sq),...(<) 

which for an actual motion becomes 

y,{m(xx + yy + zz)} = 1,(Xx + Yy+Zz) 
= q12(axX + b1Y + cxZ) + q22(a2X + b2Y + c2Z) 

+ ...+qk2(akX + bkY + c]cZ) = 2(Qq) (8) 

3. Lagrange's equations of motion. We can now prove Lagrange's 

equations. W e have for any parameter q 

2(a1X+b1Y + c1Z) = 2{m(chx + b1y + c1z)} = Q1 (1) 

W e have as many equations of this form as there are parameters q. 

It will be observed that, since any Q is the coefficient of Sq in the 

expression for the work done in a possible arbitrary variation of the 

parameter q, Q does not include any of the forces such as those due to guides 

and constraints which are invariable. W e have now to consider the equation 

I,{m(ax + by + cz)}=Q (2) 

Here it is to be understood for the present that a, b, c are the partial 

differential coefficients dx/dq, dy/dq, dz/dq, that is, we suppose that the system 

is holonomous. W e can prove that 

.."dx d (,dx\ ,dx , _,, 
aX = X^dt\X^)-XcAq <°) 

„ , dx d { . dx\ . d dx 
l0V W 6 h a T C X^dt\Xdq)-Xdt cAq' 

and by (5'), 2, | = |, 

which gives the first part of (3). Again we have 

cl Ax 3 dx . 3 ~dx . , 3 3.r . 3 "Qx 

dt^=c^xdij
gl+oq72dq

q2^ ^o\fkAq
Ch + At dij 

3 fox . dx dx . dx\ dx 
= ¥q\dJx^

 + djfi+---+dqi^ + ZAt)-dq' W 
which proves the second part of the transformation in (3). Similar results 
can be obtained for by, cz. 
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Considering n o w the kinetic energy equation, 

T = ^-£[m(x2 + y2 + z2)}, 

we see that if the values of x, y,.z be inserted from (5'), 1, we get 

ddT 3T 
dtdq~dq~-^' (5) 

which is a typical Lagrangian equation of motion. 

There is nothing in the proof here given affected by the presence or absence of t as a 
variable in the kinematical equations. The equations therefore hold in either case. 
When the time does not appear explicitly in the equations of constraint, the kinetic energy 
is a homogeneous quadratic function of the velocities qx, 52, ..., qk, with coefficients which 
are functions of the coordinates. In the other case the kinetic energy expression consists 
of three parts, T ^ T i + T,,, a homogeneous quadratic function of the velocities, a linear 
function, and a function of the coordinates alone. The reader may write down these three 
parts at once from the values of A, y, z. 
The distinction between the two cases may be made to vanish formally by regarding t 

as a coordinate like qx, q2, ..., and taking a new independent variable, \ say. If a new 
variable is thus introduced there is of course a corresponding momentum component 
3T/3j(. [See 6, below.] 

4. Condition to be fulfilled by generalised coordinates. It is generally 

stated that the coordinates chosen must be such as to define the configuration 

of the body or system with respect to some fixed axes of reference. This is 

true but not quite in the sense in which the statement is usually understood. 

It is enough to assume a set of axes, the geometrical relations of which to 

the axes, which have been adopted can be expressed. If this condition is 

fulfilled, any system of axes will serve, even a system which coincides at the 

instant considered with moving axes, say the principal axes in the case of a 

rigid body, to which the motion is referred. W h a t must be done is to correct 

the result of specialising the axes, by which some coordinates are rendered 

zero and others appear as constants in quantities, which, in consequence of 

the motion of the axes of reference with respect to coincident fixed axes, are 

subject to differentiation. 

An example will make this clear. A rigid body turns, with centroid O fixed, about its 
principal axes 0(A, B, C) with the angular speeds p, q, r. The axes of reference are the 
principal axes, which move the body, and there is nothing to fix the position of the body 
in space at any instant. If A, B, C be the principal moments of inertia, the kinetic energy 

is given by T=i(Ap2 + Bq2 + Cr2) (1) 

The application of the Lagrangian rule for the formation of the equations of motion, 
without precautions to take account of the motion of the axes, would give the erroneous 

equations Ap = B, Bq=M, » = N , (2) 

where L, M, N are the applied couples. 
Consider now a second system of axes 0(D, E, C), of which the first two are in the plane 

of O A and OB, with O A between O D and OE, and O D on the side of O A remote 
from O B as shown in Fig. 104, while OC coincides with the third principal axis. 
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Let o>u o>2 be the angular speeds about O D and O E ; the angular speed about O C is r in 
both systems. If c/> = z_EOB we have 

p = o)xcos (/> + a>2sin <j>, q= - o^sin c£ + G)3eos cp (3) 

Also if w e regard O D and O E as fixed, for the moment, we see that the rate at which O B 

is increasing its angular distance from O E is r, and so obtain the equation r = (j>. 
The kinetic energy is now given by putting (1) in the 

form 

T = ̂ {A(co1cos</) + (02sin tp)
2 

+ B(-o>1sin<p + <1>2cos<t>)
2 + C<iAs (1') 

Hence w e obtain 

3T 3T 
3</> 

= (A-B)pq. ..(4) 

Thus since <j> = r, the equation of motion for the axis 

O C is given by the Lagrangian process as 

Cr-(A-B)pq=B, (5) 

and by symmetry we have similar equations for the 
axes O A and OB. 

It is now easy to correct the procedure which led to the erroneous equations of motion 
(2). The axes 0(A, B, C) coincide with the fixed axes 0(D, E, C) at the instant. The 
former axes are in motion and the coincidence does not continue : O B separates from O E 
at rate »- = </>. Consider 3 

(A^2 + B2
2)} = A ^ - K <3<£ 

.(6) 

The ordinary process assumes that there is no variation of i;Ap2 + l)B<l2 with variation of <p, 
since cp does not appear explicitly. The correct view is that <f> is only apparently absent, 

owing to its having been given the special value 0. The values of dp/dd>, dq/d<p are not 
zero. W e have in fact 

Thus 

and therefore 

P~-

dp _ 

WiCOs </> + oi2sin </>= p c o s O + gsin 0, \ ,-, 
- o)x sin <j> + u 2 cos <p = — p sin 0 + q cos 0. J 

•• q cos 0 = 

3T 

fq 
5</i 

p cos 0 = 

(A-B)pq. ... 

.(8) 

.(9) 

5. Proof of Euler's equations by vectors. In matters of this sort vector 

considerations conduce to clearness of conception, and the method of 

forming equations of motion, so often employed in this work, is really only 

a simple process of applying vector ideas to give at once the ordinary scalar 

equations. But it may be desirable to give here a brief vector treatment of 

the points just discussed. 

If i, j, k be unit vectors along the axes OA, OB, O C the resultant angular 

momentum, considered as a vector H, is given by 

H = Api + Bgj + Ork (1) 

Since the axes are principal axes and move with the body A = B = C = 0, 

and we have . _. „.. , di . „ clj , „ dk 
H = Â >i + Bqj + Crk + Ap-=+Bq 

dt ' Jdt^ clt •(2) 

But i, j, k being unit vectors do not vary in length as they are changed in 

direction. The direction of di/dt is perpendicular to i, and obviously its 
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scalar components in the directions of j and k are r and — q. Similarly we 
obtain components for dj/dt, dkjdt. Thus we have 

di . . dj . . dk . . 

dt=ir-*q> dt = *P~ir> -Jt^-}P' ^ 
and therefore (1) becomes 

H. = i{Ap-(B-G)qr}+){Bq-(C-A)rp} + k[Cr-(A-B)1Jq}. ...(4) 

Thus, since H = iL+jM + kN, 

the resultant couple, we get 

Ap-(B-C)qr = L, Bq-(C-A)rp = M, Cr-(A-B)^ = N. ...(5) 

The vector method thus accepts the components of A.M. as they are given 
without any explicit appearance of <p, and by taking account of the motion 
of the axes virtually takes account of the variation of the angular momenta 
with <p. 
An example of the necessity for introducing additional terms to take 

account of the motion of the axes in forming the equations of motion is 
found in the discussion of the motion of a solid through a liquid, when 
referred to axes moving with the body. If u, v, w be the components of 
linear velocity of the solid, p, q, r its angular speeds about the axes, and 
A, B, C, P, Q, R constants, the kinetic energy, under certain conditions as to 
symmetry, is of the form l(Au2 + Bv2 + Cw2 + Bp2+Q,q2 + Br2) + K, where K 
depends on the circulation, if any, through the solid. The equations are 
formed by Lagrange's method with suitable connections [see XIII]. 

6. Generalised momenta. Hamilton's dynamical equations. Canonical 
equations. The equations of the type 

3 T nx 

d~q=P C1) 
give linear equations by which qx, q2,... can be calculated in terms of 
px,p2,..., which are called the generalised components of momentum. The 
values of qx, q2,..., thus obtained, can be substituted in the expression for 
T, which then becomes a quadratic function of the momenta. The equations 
of motion become transformed into what are known as the Hamiltonian 
equations of motion, given originally by Sir William Rowan Hamilton. 
Consider the function K defined by the equation 

K = 2(p2)-T, (2) 

where T is supposed to be expressed in terms of the qs. When T, or K, is 
expressed in terms of the momenta we shall indicate the fact by the suffix m 
as in Tm or Km. It will be observed that ~2(pq) is not 2T, unless T is a 
homogeneous quadratic function of the qs. 

We find first ^. ?5» 
op dq. 
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where the notation Km indicates that, both in 2,(pq) and in T, the qs have 
been replaced by functions of the ps and qs. W e get at once 

dp ~ q+2j\pdp) z\dqdPJ
 q' 

3 K - = 2 (p ?2) - ?A\ _ 2 (^ ̂  - - 3T-
.(3) 

3g V dqJ dq \dq dqJ dq 

The results in (3) are of great importance. W e get from the second of 
(3), by substitution in the typical Lagrangian equation (5), 3, the form 

dp+^ = q (4) 

dV dq ^' v ' 
and from the first of (3) the companion equation 

-df"1 () 

If w e suppose that Q is derivable from a potential V, a function of the gs, 
so that — 3V/3g = Q, and write H for K m + V, w e obtain the equations 

*+f-* «-f-° <6> 
and a similar pair of equations holds for each coordinate q. These are 
the so-called canonical equations of dynamics. They were given by 
Hamilton for the case of H = T + Y, and are the fundamental differential 
equations of motion in modern physical astronomy. 

W e may notice further that, if H be an explicit function of t, we have 

dR „/3H .\ /3H . \ 3 H 3 H „ 

AU^ATqV + AdJp)+AAt=AAi (7) 

by (6). Thus H is constant if t does not appear in it explicitly. 
But since H = K + V, and K = ~L(pq) — T, (7) m a y be written 

clt~dt + dt~ dt + dt ^' 

Thus, if H is not an explicit function of t, it is a constant, h say, that is 
h = K + V, or there is conservation of K + V (= T + V ) in the system. This is 
also the case if 3T 3 V 

dt = dt (9) 

Now, if the time appears explicitly in the kinematical relations of the 
system, T is no longer a homogeneous quadratic function of the qs, but 
consists of the sum of such a function T2, a linear function Tx of the ̂ s, and 
a function T0 of the coordinates, and, it may be, of t, that is we have 

K = 2T2 + T 1 - T = T 2 - T 0 (10) 

Hence, when K+Y = h, we have 

T 2 - T 0 + V = /i, 

or T-Tx-2T0+V = h (11) 
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If t does not appear in the kinematical equations the a, (3, y of (5), 2, are 
zero, and Tx and T 0 disappear from (11). The system is then conservative. 

It follows from (10) that w e may, in forming the Lagrangian equations 
of motion, regard the homogeneous quadratic function T 2 as the kinetic 
energy, and V — T 0 as the potential energy. There will be conservation of 
K + V if (9) is fulfilled, and conservation of energy if Tx and T 0 are zero. 

When Q is in whole or in part derivable from a function V, we may write L for T - V, 
and put (5), 3, in the form $ gj, gjj 

di3^"_3Q=Q'' ••". (]2) 
where Q' is the part of Q, if any, not derivable from V. L is called the kinetic potential. 

7. Systems which are not holonomous. If the system is not holo
nomous,* a, b, c are not partial differential coefficients of finite functions, 
which express x, y, z for each particle in terms of qx, q2,...,qk. The process 
of derivation just used for Lagrangian equations is no longer applicable and 
another must be sought. In the discussion of this question we shall no 
longer refer to the Cartesian equations of motion, though we shall suppose 
that as a rule the kinetic and potential energies have been expressed, in 
some primary system of reference, in terms of coordinates and velocities, 
from which it has been necessary to transform to the generalised coordinates 
and the corresponding velocities. 

Let the kinetic energy be primarily expressed by the time-rates of change 
u, i),w,... of quantities.«, V, w,..., which fulfil the equations 

Su = axSqx + a2Sq2 +... + atSqi+exSsx + e2Ss2 +...+ e^Ssj, "j 
Sv=bxSq1+b2Sq2+... + biSqi+f1Ssx+f2Ss2+...+fJSsl.\ (x) 

For a rigid body it, v,... m a y be taken as the product of the square roots 

M 2, N,... of inertia coefficients M, N,... by velocity components of the 
centroid, or the products of angular velocities of the body about given axes 
by the square roots of the proper inertia coefficients for this case; and so 
for other systems. Thus, if T be the kinetic energy, w e shall have 

T = ±(u2 + v2 + w2+...) (2) 

W e thus simplify the equations by avoiding the introduction of mass 
coefficients, which are easily supplied for any illustrative example. 

The parameters are divided in (1) into two sets, the gs and the ss, for a 
purpose which will appear later in connection with ignoration of coordinates. 

By (1) u = aiqljra2qi_).... + a.̂ ._|_̂  + e2s2 +...+e3s}, 

v= \ir+hq.2+ • • -+h4i+fA+fA+ •••+fA, 

*The following discussion of the dynamics of systems which are not holonomous and of 

the general dynamics of gyrostatic systems is taken in the main from a paper by the author 

in Proc. R.S.E., 1909. 

•(3) 
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if w e suppose, as w e do for the present, that t does not appear in the 
kinematical equations. W e suppose these values of u, i),... substituted 
in (2). 

Also by the signification of u, v,... w e have primary equations of 
motion, which m a y be written 

# = U, 'v = Y,..., (4) 

and therefore obtain a series of equations of the form 

axil + bxv+...=axU + b1Y+... = Ql \ 
a2u + b2v+... =a2V + b2Y +... =Q2, r (5) 

where Q1? Q,,... are generalised "forces" according to the meanings of 
u, v, There are i+j such equations, since there are now supposed to 
be i+j independent parameters qx, q2,... , sx, s2 

By (2), (3), and (5) w e obtain at once 

-(axu + bxv+...) = Qx, 

.(6) 
dt dqx 

^-(d2u+b2v+...)=q2, 

These equations are applicable to all cases, whether the system is 
holonomous or not. W h e n the system is not holonomous the terms in 
brackets on the left cannot be replaced by 3T/3gx, 3T/3g2,..., for the 
coefficients a, b, c are not partial differential coefficients, as they are in 
holonomous systems. 

It is to be noticed with reference to (2) that different modes of breaking up the kinetic 
energy into a sum of squares are not always equivalent, but may involve different sets of 
forces, For example, the expression hA(ff2 + sin28 . </2) which occurs in the expression for 
the kinetic energy of a symmetrical top, and which is already a sum of two squares, may 
also be written .in the form -JA(#cos cf> + \psin 8sin <f)2 + \A( - 8sin <p + i//sin 8cos cf>)2. 

The former is the kinetic energy of the top (apart from kinetic energy of rotation) when 
the axis of figure is inclined to the vertical at the angle 8, and the axes chosen are axes 
O D and O E as shown in Fig. 104, while the latter is the same kinetic energy when the 
axes chosen are O A and OB. The couples are different in the two cases, as ma}- be seen 

by supposing that the A.M. about the axes of figure is Cn, and writing down the equa
tions. But we have here two perfectly reconcilable solutions of the same problem, which 
was to be expected since the system is holonomous. 

It is otherwise for systems which are not holonomous. It is possible in fact to specify 
two distinct cases of motion, which have exactly the same expressions,for the kinetic and 
potential energies, but which have entirely unreconcilable equations of motion. A disk 
or hoop which is symmetrical about an axis perpendicular to its plane, rolls, without 
sliding, on a horizontal plane, on an edge (radius a) which is the terminating circle of the 
plane drawn through the centroid perpendicular to the axis. In the other case, the disk 
or hoop rests with the edge on a horizontal plane without friction, while its centroid is 
constrained to move along a fixed vertical circle of radius « and centre in the horizontal 
plane. By supposing the mass of the same in amount in the two cases, but differently 
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distributed, the moments of inertia in the second case can be made such that the potential 
and kinetic energies in the two case's are identical. In their ordinary form Lagrange's 
equations are applicable to the second case ; they are not applicable to the former case. 

In general Lagrange's method is useless for finding certain of the equations of a rolling 
disk or hoop. It may however be applied to find the ̂ -equation, where 6 is the inclination 
of the axis of figure of the hoop or disk to the vertical. 
Correct results may always be obtained if the equations of motion are found by first 

principles. Lagrange's equations do not " fail" any more than Taylor's theorem does ; 
they are inapplicable in cases which are excluded by the conditions involved, tacitly 
or explicitly, in the proof of the equations. 

8. Conditions necessary for usual form of Lagrange's equations. 
It is not difficult to show * that if the conditions 

3a 1_3a 3 dax_da3 \ 
dq,~dqx' dq3~dqx''"'[ (-Q 
db-, _ db2 dbx _ db3 
dq.,~dqx dq3~dqx''"' 

are fulfilled. Lagrange's equations are of the usual form typified by 

IP-f^Qi « 
dt oqx oqx 

Equations (1) form one set of the conditions which make equations (3), 7, the derivatives 
of a set of finite equations ; and if all these conditions are fulfilled, every equation of 
motion takes the usual form (2). The fulfilment of each set involves the validity of a 
corresponding equation of motion in the usual form. 

If one set, say (1), of these conditions holds, we can write (using our present notation) 
§K = SF+ a28q2 + o.38q2+ ... A 

Sv = SG + 02Sq, + (3sSq3+...,\ (3) 
'.:::;/ 

where SF, SG, are perfect differentials and 8qx does not appear. 
If, then, we notice when the fundamental equations are written down that the terms 

corresponding to any coordinate are expressed in a form corresponding to that shown here 
for qu we know that the equation of motion corresponding to that coordinate can be 
found by the ordinary Lagrangian process. 

9. Equations of motion for systems which are not holonomous. In 
what follows we-shall, for brevity, adopt the notation 

<pxT = axii + bxv +... A 

<p2'T = d2u + b2v + ..., [ (0 

If the form of T be modified in any way, for example by the substitution of the values of 
«i, s2,... in terms of the momenta dT/dsx, 3T/3s2, ... , and the other velocities qx, q2,... 
then if T' be the modified form of T, <f>xT', <p{£',... will be understood to denote the 
operations indicated in (1), but performed with the new values which are then given to 
the coefficients of qx, q2, ... , qk. 
It follows from what has been stated that, as has already been pointed out in 8, the opera

tions indicated in (1) cannot be performed without reference to the fundamental equations 

* See the paper cited in 8 above. 
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from which that expression has been derived. For example, two terms in T might be 

\A82 + \B\p2. These might be derived either from u=Ay8, v=B^tp, or from 

M = A*sin 0.-0 + Blcos0.-v£, v=Aicos8. 8 - B* sin 8 . ̂ . 

The former mode of derivation would satisfy the conditions of integrability so far as 
these terms are concerned, the second would not. It is possible, in fact, to specify two 
distinct cases of motion which have precisely the same expressions for the kinetic and 
potential energies, but which have not the same equations of motion. A n example is 

given towards the end of 7 above. 

10. Ignoration of coordinates. Let now the form of T be modified by the 

substitutions indicated above. Our object is to inquire what modification is required in 
the process of "ignoration of coordinates" by the non-integrability of the relations 
between the generalised coordinates and the functions of these coordinates and their 
velocities from which the kinetic energy is derived. W e shall suppose therefore that the 
coordinates sx, s2, ..., are absent from the kinetic energy, and from the function V of the 

coordinates from which the forces are derived, if that function exists. Writing them for 
a moment r1=3T/3i'1, r2=3T/3s2, ..., we see that if the fundamental relations were 
integrable rx, r2,... , would be constants, since then we should have 

§T = 0 ^-o 
dsx ' 3s2 '"•' 

on the supposition that besides dV(dsx, 3V/3s2, ... , which are all zero, no generalised 
forces corresponding to slt s2, ..., exist. The equations of motion are n o w however 

ddT ) 
dtdfrXiT=0' 
ddT t (0 
d t d l . f ^ = 0'-

•(2) where X i T = '̂{ + A*+--->1 

• A 
so that Xi, X2' •-• > are Aio operators for the s coordinates that <px, cp,,..., are for the q 
coordinates. 

The conditions for constancy of the momenta 3T/3ij, 3T/3s2,..., are therefore now 

X l T = 0, X 2 T = 0 (2') 

These conditions are fulfilled by (2) when ex, f[,..., are zero, which is the ease in 
various problems of the motions of tops and gyrostats, where none of the coefficients 
ei, /i> •••> e2i fit •••, contains the time or any of the coordinates qx, q,, .... W e shall not 
assume, unless it is so stated, that ex, f\,..., e2, f2,..., are absolute constants. 

dT r)T 
W e shall assume however that ^ A = c , _ = c (3) 

OA-J ds2 -' v ' 
where cx, c2, ..., are constants. These conditions are fulfilled in a large number of problems 
regarding rotating flywheels in which the coordinates quq2,..., determining the positions 
of the axes of rotation have no influence on the momenta dT/ds\,.... W h e n the system 
is holonomous the constancy of these momenta is secured by the fact that the differential 
equations (2') become 3T/3s1 = 0,.... Equations (3) extended are 
(ei«i+/A + -..)?i + (ei«2+/i&2+...)j2+...+(^ 
ie«-ai + f A + •••)qi + (e%'M+f2b2+ ...)q2+ . . ^ ( e ^ + f f ^ ...)sl + (e

2+ff+. ..>{+... =c 2, [ (
4) 
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T h e coefficients of qx, q2,..., s\, s2,..., are those of the products qxsx, J2A
:I, ..., s\s\, s\s2,..., 

in the first line, and of qxs2, q2s2,..., sxs2, s^,..., in the second, and so on. Denoting these 

coefficients as in the scheme 

(2i. si)> (?a > h), • • • > (*i. *i). (si. '2). • • • > 

fall *a), (?3l *>)> ••• , (*ll *2). (s2> «2)> ••• I 

w e can write equations (4) as follows : 

(slt s1)sx + (s2, sx)s2+ ... = e1-(qx, s1)qx-(q2, sx)q2- ... A 

:J (sx, s-i)sx + (s2, s2)s.2 + ...=c.2-(qx, s2)qx-(q2, s2)q2-. (5) 

F r o m these s\, s'2,..., can be determined in terms of cx, c2,..., and qx, q2, These 
values then substituted in the expression for T convert it into a function T' of qx, q2, ..., 
cl> e2l • so that all trace of the variables sx, .., is n o w removed. W e have to inquire 
what form the equations of motion take w h e n this substitution is made, or, as it is usually 
put, when the coordinates sx, s2,..., are ignored. First w e form expressions for sx, s2,.... 

Let (cx, <Sj), (cj, c2),..., denote the ratios of the consecutive first minors of the determinant 
of equations (5) to that determinant, and put 

K=|{(c 1,c I)c 1
2 + 2(c1, c2)cxc2+...} (6) 

• _3K 

' Sl~dcx 
. 3K 

Then r - ( ? A + q2Bx +...), 

'dc2 
-(qxA2 + q2B2+...), 

where 

•OY 

Ai = (ci, ex)(qx, sx) + (cx, c2)(qx, s.2)+..., A 2 = (c2, cx)(qu sx) + (c2, c2)(qx, s2) + ... 
Bi=(fli, «i)(?2> *I) + ( CD c^(q%, s2) + ..., B 2 = (c2, cx)(q2, s/) + (c2, c2)(q2, s2) + ... 

...(8) 

11. Ignoration of coordinates. Formation of equations of motion. 
In the paper referred to in 7 it is shown that if T' be defined as above, 

d 3T' . ̂ AdA\ d 3T d 3T' 
dt' _ 

dA\ 
and that 

T' „( dA\ 
A \ dt )'~dtdqf dt 

<kT'«&T-2(< 

„fdB\d 3T 
, V dt J dt dq2 

dt 
It follows therefore that w h e n the coordinates sx, s2,..., are ignored in the case of a 
system which is not holonomous the equations of motion have the form 

•(1) 

d 3T' 
J * 3 ^ - ^ T = Q l 

dt dq, ^2l 42 

Hence we have the very simple rule : modify the expression for T by substituting for 
sx, s2, ..., their values from (7), 11, and then proceed as if no velocities of coordinates 

*i, s2,..., had ever entered into the expression for the kinetic energy. T h e equations of 
motion obtained are of course applicable also to holonomous systems. 

To verify the results obtained, w e write the first of (1) in the form 

d 3T' 3T' / , m, 3T^ 
dt dqx dqx VT- dqx 

,.(2) 

and consider what it becomes w h e n the system is m a d e holonomous. W e have 

- & r = - & T + : 
dA 
dt -(d1M+61i+...)+2 

dA 
dt 

.(3) 
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and since we have also now 

it, = {ax-2(«A)}qx + {a2-2 (eB)}q2.+ .... 
v = {bx-S(fA)}q1 + {b2-^(fB)}q2 + ..., 

*[{i-^s(/A>}*«+{i-^B}*+-3 
•(4) 

+ 
+ 

If now da2/dq1 = da1/dq2, ...db2\dqx = dbfdq2,..., (4) becomes 

g- = a1« + 61»+...-M|^1^-2(eA) + y2^2(eB) + ...| 

-^|-2(/A) + ?2|-2(/B) + ...} 

- » (5) 
by (2'), 11. Hence finally 

ddT' 3T' .„//3A 3B\1, n ,fi* 

and similarly for the other equations. The terms in qx, q2,... are called gyrostatic terms. 
The coefficient of qx in the first equation, of q2 in the second, and so on, is zero. 

Equation (6) is thus of the form 
d 3T' 3T' T - ,_, 

dtwrWi i=Qu (/) 

and we have as many such equations as there are coordinates ql, q2, If we multiply 
the first equation by q1} the second by q2, ..., and add, we get as the sum of the quantities 
on the right Q ^ + q^ + .,.. 

All the terms L 1 ; L2, ..., the gyrostatic terms, have disappeared. These terms disclose 
themselves by certain dynamical phenomena, due to motions and connections, which an 
ordinary inspection of the body and even some dynamical experiments may fail to 
detect. 

12. Mouth's rule for ignoration of coordinates in a holonomous 
system. Gyrostatic terms. This simple modification of the expression for the 
kinetic energy by which the equations of motion are obtained when certain coordinates 
are ignored, may be compared with the modification given by Routh for the case of holo
nomous systems (Stability of Motion, p. 60). If T and T' have the meanings assigned 
above, we have now ~gi' 3 T _,/ 3s ̂  

and obtain 

dqx dqx ^Adq, 
d 3T' 3T' v/ (f̂. J^_ 3£\1 _^3T_3T_ \ 
dtdqx 33l "Y\dtdqx dqj]~dtdq1 dq~ iil'l (1) 

But, by the result stated at the beginning of 11, 

<4%>-<-%)- <'%)-M'%)M'%)-~] m 
>' 

so that (1) becomes 
ddT 3T' . f /3A 3A\\ , . vf /3A 3B\) 3K 1 

^^"^ + , /^H3^^3^j) + ?22lcl3^-3^j} + -+3^=Qij ••(3) 
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Equations (1) show that if we modify the expression T to T' by substituting in it the 
values of s\, s'2,... given by (7), 11, and then write 

T'^T'-c^-c^-..., (4) 

we can use T" to obtain the equations of motion for the coordinates qx, q2,..., qk for a 

holonomous system by the ordinary process. Equations (3) show that the so-called 
gyrostatic terms flow from the added expression —cxsx — c.-p2 — In equations (1), 11, 
these added terms are dispensed with, and the equations are applicable to all kinds of 
systems. 

Now in (4) regard T' for a moment as still a function of qx, q.2, ..., qt, sx, s.2,..., s), that 

is in fact T, while T" on the left represents the right-hand side of (4) as modified by the 
substitution specified. W e get by direct differentiation, 

3T;_V3T3£ . v/ ds\_ . 
dc.-^dsdc, Sl ^VdcJ- h {0) 

Moreover T', as modified, and T" involve qx, q2, ... in the same way. Therefore 

3T" 3T' ,„, 
AAl^dq (6) 

The modified T" consists of three groups of terms, (1) a homogeneous quadratic function 

of jj, q2,..., which we shall denote by T, (2) a function bilinear in qx, q2,..., cx, c2, ..., 

and (3) a homogeneous quadratic function, K, of cx, c2, .... But from (4) we get 

T' = T " - 0 l ^ - C 2 ^ - . . . (7) 

On the right the bilinear terms appear twice over, once in T" with one sign, and again in 

the products c3T"/3c, with the opposite sign. Thus the kinetic energy T' is the sum of the 

two homogeneous quadratic functions T and K. 

13. Cyclic systems. Kinetic potential. Gyrostatic terms are charac

teristic of what have been called cyclic systems. These have the peculiarity 

that certain coordinates, of the type s, do not appear in the expression of the 

kinetic energy, which depends only on quantities of the type g, the q, and 

the s. Hence coordinates of the type s are sometimes referred to as " speed 

coordinates.'' Also, as stated in 10, no forces of the type S exist. Thus the 

equations of motion for the s coordinates are of the type d(dT/ds)/dt = 0, that 

is we have rlc dr 
aAl = 0, ~ 2 = 0 (1) 
dt dt 

The g-equations of motion are at once obtained from Routh's modified 
value, T", of the kinetic energy given by 

T" = T'-cxsx-c2s2-..., (2) 

in which, on the right, sx, s2,... are supposed to have been replaced by their 

values in terms of quantities of the type q, q, and c. These equations contain 

gyrostatic terms. When the Qs are derivable, in whole or in part, from a 

potential Y we may include these forces in the forms on the left of the equa

tions by using, instead of T' and T", T' — V and T" — Y , or as-they are 

usually symbolised, L' and L", the so-called kinetic potentials [see 6 above]. 

Then the complete equations are of the form 

d_dJA_dIA_ 
dt dq dq ~Hl' {6) 

a.a. 2 D 
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where Qx is the part of Q, if any, not derivable from a potential function. 
Here also, of course, the terms derived from the chain of products 

-cxsx — c9s2— ... are gyrostatic. 
In the equations of motion thus obtained no s (and of course no s) 

appears. Thus, by the process of modifying the kinetic energy adopted, it 
is possible, in the case of holonomous systems, to " ignore " the s coordinates 
and their velocities. But this " ignoration of coordinates," as it is called, is 
only possible when, as explained, arrangements are made to enable the s 
motions to have their proper influence on the system. 

It ought to be mentioned that M. Appell has invented a dynamical method 
in generalised coordinates which is applicable to all systems whether holono
mous or not. H e constructs a function S, which has been called the " kinetic 
energy of the accelerations," since it is obtained from the expression 

^[m(i?+y2 + z2)}, 

by substituting for x\, x\, ..., their values from the equations [see (5'), 2] 

of the form d] = a^ + a^ + ...,.... 

The partial derivatives of S,3S/3gx, 3S/g2, ..., equated to the values of the 
generalised forces Q 1 ; Q.2, ..., then give the equations of motion (see Appell, 
Micanique Eationelle, t. 2, p. 374). 

14. Reversibility of the motion of a system. The motions of systems 
which are not gyrostatic are in a certain sense reversible. If w e suppose 
that, starting from a certain instant, the time element is reversed, no change 
takes place in the equations of motion. For there are no linear terms in 
the kinetic energy, and so no term in an equation of motion is altered in 
value. If then the forces for each configuration be the same as before, 
we may suppose time to flow on, and the velocities to be reversed at the 
instant in question. The system will pass through the configurations of 
the direct motions in the reverse order, and where there was positive 
acceleration for any coordinate there will now be retardation for the back
ward passage, and vice versa. 

If there be gyrostatic terms, this total reversal will not be possible for 
reversal of the qs only; the ss must all be reversed as well. Reversal as 
regards the g-motions is however possible. The motion of a top is a good 
example. The axis moves between two limiting inclinations 6 to the vertical. 
As the top moves from the smaller limiting value of 9 to the larger, it passes 
through a succession of values of 6, and the backward passage is, in a 
sense, an image of the forward passage, in which the values of 6 are assumed 
in the reverse order, and the (9s are the same for the same 0s but reversed. 
The azimuthal motions however are not reversed; the axis swings round 
in the same direction in rising as in falling. For the same forces the 
azimuthal motion cannot be reversed except by reversal of the spin. 
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The kinetic energy of the cyclic motions, which are left when ever}7 q is 
made zero, may be expressed either as a homogeneous quadratic function T' of 
the velocities typified by s, or as a homogeneous quadratic function K of 
the cs. As we have seen, we have for any g-coordinate 

_3T = 3K 
3g dq' 

As before, we have relative equilibrium of the system when for variation of 
each coordinate g, Y — T ' or Y + K is stationary, that is all the partial 
differential coefficients g g 

3 g(V-T') or ^ V + K) 

are zero. 

15. Stability of the motion of a cyclic system. In the second case K is 
equivalent to an addition to the potential energy Y. It can be proved, just 
as it is proved that static equilibrium is stable when V has a minimum 
value, that the relative equilibrium—the state of motion for which the qs 
are all zero—is stable when Y —T', or V + K, has a minimum value, that is 
the variation £(Y+K) caused by any small disturbance from steady motion 
must be positive. 

The best example is that of a top spinning with its axis inclined at an angle 8 to the 
upward vertical, and supported at a point on the axis. The kinetic energy is 

T = ±Aff2 + ±Asin28.>/2 + lCn2, (1) 

where ?i=<p + tj/cosd, the constant angular speed of the spin. The potential energy is 
Mgh cos 8. Here Cn, the A.M. about the spin-axis, has a.constant value c, and the A.M., G, 

about the vertical through the point of support, given by 

G = Cncos8 + Asin28.4>, (2) 

is also constant. Thus we have 

Y + K = Mghcosd + h
{a:C?0"d)\ift (3) 

a - A sm' 8 0 
Now for relative equilibrium with. 8 constant the expression on the right must be a 

minimum. Differentiating with respect to 8, and equating the derivative to zero, we get 

A^cos8-Cnf + Mgh = 0, , (4) 

the condition for steady motion when 8 is not zero. 
Differentiating again, we find for .the condition that V + K should be a minimum, the 

inequality c(c-Gcos 8) + G(Q-ccos 8) „,, , n ... 
/ . An -'>4MoAcos 8 : (5) 
Asm2 8 tf 

If we suppose the top upright, so that 8=0, we must take c = G, since we have then 
each of these quantities equal to Cn. Supposing then 9 very small, we have for the 
inequalit}7, very approximately, 

2c2l-^~>4AMgh<ios8, : (6) 

or in the limit when 8 is evanescent 
c2>4AMgh, (7) 

a result obtained otherwise in 12, V", above. 
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16. Visible and concealed coordinates. Nature of potential energy. 
The association of K with V in the criterion for the stability of the steady 

motion of a cyclic system, and its treatment as equivalent to so much 

potential energy, suggest that all energy m a y be kinetic, that in fact energy 

of configuration, or potential energy, of ordinary bodies, is kinetic energy of 

motions of the system depending on coordinates which are concealed from 

us, and which we cannot control. In the dynamics of the motion of solids 

through a fluid the configuration of the solids is specified by the g-coordinates, 

and by means of these and their velocities the energy of the system is 

expressed, and the equations of motion of the solids obtained by the 

Lagrangian method. In this process the coordinates, infinite in number, 

which determine the positions of the particles of the fluid, are ignored, 

and the corresponding components of momentum are taken as zero, 

except in the case of circulation in cyclic regions, such as channels formed 

by perforations in the solids, when momenta must be introduced which 

are exactly analogous to those of the flywheels of a gyrostatic system 

(see 14, XIII). 

Thus, the total energy of a gravitational system is capable of expression 

by the visible coordinates and velocities of molar matter, but the potential 

energy is no doubt really the kinetic energy of unseen and individually 

uncontrollable particles, among which the bodies observed move just as solids 
move in a fluid. 

17. Case of a group of constant velocities. If, instead of the momenta 
of the s-coordinates, the velocities of that group are constrained to remain 

constant, the dualism of such systems, as illustrated by the. Lagrangian 

and Hamiltonian equations of motion, shows that there arise here again 

terms of gyrostatic form. Let us suppose that the kinetic energy is of 
the form 

T1 = T + T' + (a11y1 + a21y2+...)s1 + (a12g1 + a22^+...)s2+..., (1) 

where T and T' are homogeneous quadratic functions of the qs and the ss 

respectively. Also let the kinetic energy be independent of the s coordi

nates ; then the coefficients, axx, a21,... , a12, ...a22, ..., ... are functions of the 

gs only. The ordinary Lagrangian equations are of the form 

d 3T_3T_3T 
dtdqf dqf dqf 

fdaIX . dan \ (da„ . , 3a,, . \ 
+ ̂ ^ + 3g7^ 2 +"0^ + (^?1 + 3g2-^

2+--->2+---
(dan . 3a21 \ fda,„ . 3a,., . \ 

-W/1+^^+-"h-(3^^+3g;?2+---)^--'-=Q,- (2) 
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We can write this as 

d 3T 3T dT 
dt dqf dqf dqf 

+{(t-t)'-+(t-i>'+-^ 
+ = Q/ (2') 

The reader will see that if, for example, we put first /=1, then f=2, the 
coefficients of q\ in the first case and of qx in the second have the same 
numerical value but are opposite in sign. 

An equation of motion can be written down for each coordinate. These 
equations contain no terms in sx, s2,... , and d

TT/dsx, 3T'/3s„,... are all zero. 
Thus dT dT . , 3T' . , ... 

-di=WxSl+W^+ () 

Hence, if we multiply the first g-equation of motion by qx, the second by q2, 
and so on, and add the products, we get 

d(T^r)=Qigi+Q2g2+--+Qigi (4) 

If the forces are derivable from a potential V we get 

djT-T+Y) 
dt u :,-w 

If for any configuration all the qs are zero T is zero, and we have from 
the equations of motion, the conditions, i in number, 

_3T' 
dqf 

or in the case when Q/=3V/3g/, that is for a conservative system, 

^AAD=O, (6') 

that is V — T' does not vary with any coordinates, or in other words V — T' 
is "stationary. 

W e might express the kinetic energy of the s motions as a homogeneous 
quadratic function K of the s momenta. W e have then dT/dqf= —dK/dqf, 
and (6') becomes 3(Y + K) 

wf 
18. Relative potential energy. Stability of relative equilibrium. The 
expression V — T ' may be interpreted as relative potential energy. A simple example is 
that of a conical pendulum, inclined at an angle 8 to the vertical, and in steady motion. 
The velocity 8 is zero, but the azimuthal angular speed <f> is not. The coordinate <f> does 

!/; (6) 
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not appear in the expression for T', which is ̂ ml2sin28. <j>2, where I is the length of the 
supporting thread. The potential energy is —mglcos 8, so that we have 

V - T ' = - m % c o s 8 + ilsin29.<p2). 

This is to be stationary, and so we must have 

. J^(Y-T') = mlsin 9(g-Icosti. <j>2) = 0. 

Thus the azimuthal angular speed is given by 

Is 9 
I COS I 

the well-known condition for steady motion. 
It will be seen that we have obtained the condition of relative equilibrium, that is for 

steady motion, by treating V - T ' a s potential energy. Here T' is the kinetic energy 

corresponding to the so-called centrifugal force. 
It is not difficult to show that this relative equilibrium is stable, and it will be found 

by a second differentiation, that for the steady motion with angular speed (g/l cos 9)*, the 

value of V — T ' is a minimum. 

But now consider the A.M. C of the bob. It is mZ2sin2 9. </>• Then in terms of c the 
kinetic "energy, which we have denoted by T', has the value Jre2/W2sin2 9. W e now 
denote this by K, and find the result of considering V + K as stationary. Differentiat
ing, and equating to zero, we obtain exactly the same result as before, that is cj>2= g/l cos 9. 

W h e n we differentiate again with respect to 8 we find that V + K is a minimum. 

19. Illustrations of the.general equations of motion. (1) As a first and very 
simple example, we take the motion of a particle of mass m in a plane curve. If at time I 

the radius-vector drawn from a fixed point be of length r, and make an angle 8 with an 
axis of x drawn from the same origin, the coordinates of the particle are 

x = r cos 8, y = r sin 8. 

Hence for the kinetic energy T we have 

2T=-m{(-rcos9-r9sin9)2 + (ismd + r8cos8)2}, (1) 

or 2T = m(r2 + r282) (2) 

In applying (6), 8, to the problem of finding the r, 8, equations of motion of the particle, 
we have to take the first expression for the kinetic energy. W e obtain 

d 3T .. 
dtdi=mr' 

By (6), 8, we have to subtract from this 

d rf 
m(rcos 8-r8sin 9)j((cos 9) + m(rsin 8 + r8cos 8)--(sin 9) ; 

that is nirff2. The same result would, of course, be obtained by calculating 3T/3;-. 

Hence the r-equation of motion is m(r-r8'2) = B, - ....(3) 

where R. is the applied force in the outward direction along )-. 

For the ^-equation we have =- —^ = m(r29 + 2rrd). 
at o9 

W e have to subtract from this 
d r7 

-m(rcos 9-rdsin 6>)^(rsin 8) + m(rsin 9 + r8cos 8 ) ~ (r cos 8) 
or zero. Thus the ̂ -equation of motion is 

m(r28 + 2rrd) = Q, (4) 

where 0 is the applied force perpendicular to the radius-vector. 



xix DYNAMICS OF GYROSTATIC AND CYCLIC SYSTEMS 423 

' This method, if it had been applied to the value of T in (2), would have failed. T is 

here a sum of squares referred to a set of axes so specialised that in the formation of T 

the quantities cos 9, sin 9 have taken the special values 1 and 0 ; and unless we go back 

to the fundamental expressions, for the velocities along the unspecialised axes Ox, Oy, it 

is not apparent how the process is to be carried out. > 

It will be observed that in (1) we have 

dd 
(cos ( -cv(''"sin0)> 

rA 'r) 

^(siri9) = =jfrcos8), 

so that the integrability conditions are fulfilled. Thus it is possible to proceed in the 

ordinary way by calculating dT/dr and subtracting it from Mr. The function of 1 

involved in (1) and (2) is the same, and so in the latter case the ordinary process 

remains applicable, though then, apparently, the integrability conditions seem unfulfilled. 

This explains why in many cases, e.g. in the next example, when specialised axes are 

taken, the ordinary method is applicable, while the other, set forth in § 9 above, is not. 

The latter can only be applied when the values of it, v, ... are perfectly general. 

20. Illustrations of the general equations of motion. (2) Gyrostatic 
pendulum. As a second example we take the gyrostatic pendulum problem already 

discussed above [21, VII]. The pendulum as ordinarily made is a rigid body symmetrical 

about a longitudinal axis, and containing a fly-wheel with its axis of rotation along the 

axis of symmetry. The suspension is by a Hooke's joint, or by 

means of » piece of steel wire so short that it may be taken as 

untwistable, while yielding equally freely to bending forces in 

all vertical planes containing the wire (see Fig. 105). 

Suppose the axis of the flywheel to contain O, and denote this 

axis by OC. Let 8 be the inclination of O C to the vertical, xjr the 

angle which the vertical plane through O C makes with a fixed 

plane through the vertical containing the point of support, <j> the 

angle which « plane containing OC, and fixed in the wheel, makes 

with a vertical plane also containing OC. W e shall not suppose 

in the first instance that the pendulum, apart from the flywheel, is 

symmetrical, but take C as its moment of inertia about the axis of 

the wheel, which we shall suppose to be a principal axis of moment 

of inertia, and A and B as the other two principal axes for the 

point of support. W e shall also denote the moment of inertia of 

the flywheel about its axis by C, and its moment of inertia about 

any axis at right angles to this through the point of support by 

A'.* It is easy to show from Fig. 105 that the angular velocity of the pendulum (apart 

from the fly wheel) about the axis of symmetry is — i/(l — cos 8). That of the flywheel 

about the same axis is <f> + ip cos 8. W e refer in what follows to Fig. 106, below. 

W e suppose now that the principal axis about which the moment of inertia is B is 

inclined at the instant under consideration at the angle <p to the vertical plane containing 

the axis of the flywheel, so that, if without other change of position of that plane the 

axis of rotation of the wheel were brought to the vertical, this principal axis would lie 

* There is here a deviation from the notation of 20, VII above ; but it can hardly be avoided 

unless the ease containing the gyrostat is symmetrical. When there is symmetry the deviation 

consists simply in the interchange of C and C. In comparing the solution here given in 20, 21 

'with that of 21, VII, the reader will also observe that the w of the latter is the angular speed 

of an axial plane of the flywheel relative to an axial plane fixed in the turning ease, so that 

<p = u - ij/. For the turning ease, or body, <p = - ip. 
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in the plane from which xjr is measured. The pendulum is turning with angular velocity 
8 about OD, taken perpendicular to the vertical plane through the axis of the flywheel, 
and with angular velocity \/i sin 8 about an axis in that plane and at right angles to the 
flywheel axis. The angular velocities about the axes of A and B (taken as related to the 
third axis as the usual axes Ox, Oy are to Oz) are therefore 9 cos <p + xjr sin 9sin<p and 
- 9 sin <p + ip sin 8 cos c/> respectively. 
The equation for the kinetic energy can now be written down, and is 

T = i\A(8Aos(p + fsin8sin4>)2 + B(-8sinip + <psin8cos<p)2 + C(l-cos8)2if'2} 

+ l[A'(02 + x/2sin28) + C'{<p + 4'COs8}2] (1) 

From this, by the ordinary process, since the coordinates of any particle of the body are 
connected with the angles here specified by finite relations, we can obtain the equations 
of motion ; and this, of course, is the simplest mode of proceeding. All the data for 
forming the equations in this manner will be found worked out in Thomson and Tait, 
§ 330. The following is another discussion of the problem. 

21. Discussion of gyrostatic pendulum. We refer the motion of any particle 
of mass m in the body to fixed axes coinciding for the instant under consideration 
with the principal axes A, B, C, and denote the angular velocities about these axes by 
p, q, r. The corresponding angular velocities for the flywheel are p, q, r'. If cc, y, z be the 
coordinates with reference to these axes of a particle of mass m in the pendulum apart 
from the flywheel, and x', y', z', those of a particle of mass m' in the flywheel, we have 

x =qz — ry, y = rx - pz, z =py -qx, 

x'=qz'-r'y', f = r'x'-pz', z=py'-qx'. 

Hence 2T = 2[-m {(qz - ry)2 + (rx -pz)2 + (py — qx)2}] 

+ 2[m'{(qz'-r'y')
2 + (r'x'-pz')2 + (py'-qxTsl (1) 

where the second line refers to the flywheel and the first to the rest of the pendulum. 
From this we obtain 

3T 
g- = 2[m {- (rx -pz)z + (py - qx)y}] + 2[m'{ - (r'x' -pz')z' + (py' - qx')y'}]. 

Calculating the total time-rate of variation of this, and taking account of the fact that the 
axes of reference coincide with the principal axes of the body, we get 

+ ~Z[m{y(py - qx) +y(py+py - qx)}] 

+ similar expressions for the flywheel (2) 

From this we are to subtract, according to (6), 7, above, 

2[m{-z(rx-pz) + y(py-qx)\] + ?;[ni'{-z'(r'x'-pz') + y'(py'-qx'y(], 

which vanish identically, and we have '2{m(xz + xz)}=(A-C)q, 2{«;(% +,ri/)j =(B-A)r. 
With these identities, and the substitutions y=rx-pz, z=py-qx, y' = r'x'-p:', z =py' - qx, 
Bq = *2{m(xz-zx)}, A'q = ~S{m'(i'zt -zx)}, (2) becomes, with equation to the moment of 
external forces round the axis of A, 

(A + A')p -(B-C)qr-(A'-C')qr' = B (3) 

Similarly we obtain another equation 

(B + A')q-(C-A)rp-(C'-A')r'p = M (3') 

These are really Euler's equations of motion for the pendulum, and might of course 
have been written down at once. W e may now pass to the special axes 0(D E, C), 
which have been so often used above, and which with 0(A, B, C), and the vertical OZ, 
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are indicated in Fig. 106. The axis OE moves with the plane ZOC, and we may take 

E O B as the angle through which the body in its turning about O C has outstripped the 

plane ZOC. Denoting this angle by <j(>,'we have <j> for the angular speed relative to this 

plane. From the diagram we have the following values 

of p, q (which have already been given in 20), 

p=8cos<j> + \psin 8sin<f>, q= — 8sin<j> + \/sin 8cos<p, 

and we have seen above that 

r— —>/>(x — cos 8), r'=<p + \y cos 9. 

Substituting in (3) and (3'), multiplying the first trans

formed equation by cos <j>, and the second by sin <j>, and 

subtracting the second product from the first, we get the 

equation of motion, relative to the axis OD. Multiplying 

the first transformed equation by sin <j> the second by cos <f>, 

and subtracting the second product from the first, we get 

the equation of motion for OE. 

The reader may work all this out and compare with 

the results of the Lagrangian process. H e may then pass 

at once to the case of symmetry about an axis coincident 

with that of the flywheel. W e may however pass to the 

case of symmetry by supposing the angle <j> of Fig. 105 equal to zero, and inserting * 

-8+ \f/<j>2 sin 8 for p, i//sin9 for q, -i/^l-cos (5) for r, <f> + ipcos9 for r', we get the 

6-equation of motion. Similarly the other equations can be obtained. 

If the pendulum be symmetrical about the axis of the flywheel, (3) becomes, with the 

substitutions specified above, 

A9 - {C(l - cos 8) sin 8 +Asm 8 cos 8}i2 + C sin 8. n^ = B, (4) 

where n denotes the speed, <j> + fcos 9, of the flywheel about its axis, and A is put for 

A + A'. 
The other equations of motion will be found to be 

{Asin29-C(l-cos8)cos8}4' + 2{(A-C)cos8 + C}sin9.9i/-C'nsin9.9 = OX 

Jt(<p + </cos 9) = 0.j'" 

In the first of the last-written equations, account of the second has been taken, in putting 

n for <j> + \/cos 8, and treating n as a constant. W h e n the difference of notation, referred 

to in the footnote on p. 423, is taken account of, it will be found that the equations of 

motion here found agree with those obtained from first principles in 21, VII, above. 

The angular speed of the flywheel is simply that, fy + ipcos 8, of a top or gyrostat, about 

the axis of figure. The expression co — (1 — cos 8)>/ has the same meaning, but involves 

explicitly the turning of the body of the pendulum due to the mode of suspension. 

* Referring to Fig. 105, we may introduce the Eulerian angles by supposing axes drawn 

from the point of suspension 0, as there indicated. These axes 0(D, E, C) are to be taken 

as coincident with the axes 0(A, B, C) of the text. If 6 be the inclination of O C to the down

ward vertical, the angular speeds about the axes are, for the body, 9, i/'sinS, -^(l-cos0), 

and for the axes themselves 6, \j/ sin 0, \j cos 6. The rate of growth of angular speed about OD, 

regarded for the moment as a fixed. axis, is what we have denoted by p, and this is made 

up of 6 due to acceleration, together with, by our rule, the two parts —t)/sind.<f/cos9, 

- f[l- cos 8)f sin 8, due to the turning of O E about OC, and the turning of OC about OE 

respectively. Thus, or by differentiating the value of p given in 20, and remembering that, in 

the rotation of the pendulum body {but not in that of the flywheel), 0 = -f, we have 

p = 9 - 4/2sin 0 cos S - f 2( 1 - cos 6 sin 6) = 6- ̂ 2
8in B. 
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Putting now dT/d<p or C'(<£ + i/<cos 8) = K, we have 

<p = A-cos8.<P, (6) 

and therefore, since <f> is the velocity for the ignored coordinate c/>, we have from (8), 10, 
B = cos 6 — 1, A = 0, where B and A are the functions from which the gyrostatic terms are 

derived. 
Now we can write 

•3T -3T • 
2T=6^= + >P-^ + 4>K 

= At2 + At/2sin29 + Cx/2(l-cos9)2 + C'nipcos6 + <j>K 

= A& + Af2sin28 + Ci2(l-cos8)2+*\l = 2rTx + T5_), (7) 

where K = ix2/C'. 

Thus the kinetic energy is reduced to the sum of two quadratic functions, one, Tx, of 

the velocities <j>, 9, the other, K, of the momentum K corresponding to <f>. 
The equations of motion are reduced to two, which have the form 

A8-{C(l -cos 0)sin # + Asin 9cos 9}\p2 + K\ysin 8 + mghsin 8 = 0,'\ ,„.. 

{Asin2<9-C(l-cos#)cos6>}^ + 2{(A-C)cos6l + C}sin<9.#-K#sin6< = 0./ 

The terms Kt/sm8, —1<8 sin 8 are the gyrostatic terms. One is -\pKd(cos8)/dd, the 
other is #K3(COS ( 

22. Gyrostatic pendulum vibrating throxigh small range. These equa

tions can be reduced, when 8 is small throughout the motion, to x, y coordinates, and 
take then a symmetrical form which exhibits better the gyrostatic teAis. They are best 

obtained by transforming the kinetic energy to the new coordinates x, y, taken in a 
horizontal plane through the centre of inertia of the pendulum, with the projection of 0 
upon this plane as origin. 

W e have, approximately, 1 - cos 8 = r2/2h2, where r{ = (x2+y2)*} is the distance of the 
centre of inertia from the new origin, 8 = (xx+yy)/hr, ip = (xy—yx)/r2, so that, neglecting 
terms of higher order than r2/h2, we get 

2T = ~(x2 + f) + g, = T1 + K (1) 

For the calculation of the gyrostatic terms we have 

"C •*-H^(i-£.) 
= ̂  + Ax+By, : (2) 

where A=^-i)> B=-*(J-SP) ® 
Since dTxfdx, dT^dy, 3K/3.r, dWW/dy are all zero, the equations of motion are 

d 3Ti /3B 3A 
dt dx \dx dy 
d 3T, /3B BAN 3V „ 
- -•Adx-dy)y

+dx-=°> 
d 3T, /3B 3AN. 3V f ^ 
^-3s + KV3^-"-%r +% = 0') 

ddT, ....,,, ddTx ...,,, 3V x 3V y 3A 3B 1 
or>smce A ¥ = A * dt^fr yl ' dx=m9v dAy=m3v dy-dAT-TA 

Ax — KJJ + mghx = 0, \ ,,. 
Ay + KX + mghy = 0.) 

The analogy of these equations to those for the simplest vibrations of an electron in a 
magnetic field has already been pointed out (see 9, IX, also 6, X X , below). 
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23. Motion of a hoop or disk treated by modified Lagrangian equations. 
W e now sketch as a final example the modified Lagrangian solution of the problem of a 
hoop or disk, which is interesting as a case in which the conditions of integrability (1), 8, 
are in part fulfilled. The reader m a y compare the solution here given with that obtained 
by first principles in 7, XVIII. 

W e refer the motion of the centroid to rectangular axes Ox, Oy, Oz.'m and perpendicular 
to the plane in which the hoop rolls, with origin O at the point of contact, and denote the 
coordinates of the centroid by x, y, z. Let xjr be the angle which the vertical plane through 
the axis of the hoop makes with the fixed vertical plane containing Ox, and. <j> be the 
angular velocity of the hoop relatively to the former plane. The angular velocity-of the 
hoop about its axis of figure is thus cj> + )pcos 8. 

A consideration of the geometry of the problem shows that the following equations 
hold : (1) If the inclination, 8 say, of the axis of the hoop to the vertical remain 
unaltered, and the hoop roll through an angle S^, 

8xx=-ySx, 8yx=y cot*/. SX-
(2) Due to the alteration of 8 we have 

8x2= — a sin 8 cos \ji. 88, Sy2= — a s m 9 sin xjr . 89, 8z = acos988. 
Combining these, w e get 

x = —a(<j> + r/cos 9) sin i/1 —asin 8 cos xjr . 8A 
if = u(<(> + ip cos 8) cos x/r-a sin 8 sin xjr . 8, V Q-) 
J = acos 8.8, J 

which are the kinematical conditions. 
The kinetic energy of the motion of the centroid is 
Tc = im(x

2 + y2 + z2) 
= \ma? [(sin 9 cos xfr . 9 + cos 9 sin xjr . ip + sin xjr . rj>)2 

+ ( —sin 9sinxfr . 8 +cos 8 cos xjr . f +cos xjr . <j>)2 + cos29 . 82]. ...(2) 

This reduces to Tr = \ma
2(82 +cos2 8 . i/-2 + <£2 + 2 cos #. <pif), (2') 

but for our present purpose it is necessary to leave it in the expanded form. 
Along with this w e have the kinetic energy of rotation 

Tr = l{A(8
2 + </>2sin28) + C(<j> + i/cos9)2}, (3) 

where C'is the mo m e n t of inertia of the body about its axis of symmetry, and A that 
about any other axis at right angles to the axis of Symmetry and passing through the 
centroid. Then T = T C + T r (4) 

It will be seen from an examination of the expression for T above that the integrability 
conditions are fulfilled as between 8 and </>, and 8 and xjr. A s regards T,. the relative 
coordinates are integral functions of 8, <j>, xjr, and the ordinary methods apply. Hence 
the ^-equation for the hoop or disk can be found in the ordinary way by the equation 

d3T_3T___3V " ' ' ,. 

dtdd 30" 30' U 

where Y( = mgasin 8) is the potential energy. 
The xjr and <j> equations are however 

c/3T 3T. f.d, , . .. .d. , .A n ] 
Jt^-dJ

+maVATt{cosesmf}-nt{cosecos^j=°>\ 
d 3T / .d . . .. .d , ,A „ 

53i+"T^(sin^+!'.s(C0S*r0' 

(6) 

since 3Tr/3<£ = 0. The last two equation's m a y be written out in full by the reader." The 
^-equation reduces to d 3 X 

— -+-, -mo?sin 8 . 8\p = 0. 
dt dip 
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The (9-equation (5) worked out has the form 

(A + ma2) 6 + (C + ma2 - A) ̂ 2sin 8 cos 8+ (C +ma2) <pjp sin 8 = -mgacos 8 (7) 

This equation agrees with that obtained by an appeal to first principles in 6, XVIII, 
above. 

24. Hamilton's principal function. Integration of the, canonical equa
tions. W e now give a short account of the general method in dynamics 
invented by Sir William Rowan Hamilton and completed by Jacobi, and 
apply the method to the discussion of the motion of a top. The reader 
must refer back to the canonical equations proved in 6. The solution of 
these equations was reduced by Hamilton to the integration of a certain 
partial differential equation, (7) below, or of a conjugate differential 
equation. The method here given of deriving the differential equations 
is taken from a paper by the author in Proc. R.S.E., Feb. 19, 1912. 

Hamilton and Jacobi reduced the solution of dynamical problems to the 
determination of a function (Hamilton's " Principal Function ") S of the gs, 
t, and k constants ax,a2, ..., alc, which depend on the initial configuration 
or motion of the system. W h e n this function is known, the finite equations 
of motion are, as we shall prove, the partial derivatives of S with respect 
to these constants, each equated to another constant, that is 

oS 7 3S , 3S 7 

-da-x
=hv -durl2'-'~o-a'rh (1) 

Any problem is solved when the gs for time t are found in terms of t, the 
initial coordinates, and the initial speeds, or a set of 2/<; distinct constants by 
which the initial configuration and motion can be expressed. 

The solution consists therefore in a set of k equations of the form 

qi=fi(av a2, ..., ak, bx, b2, ..., bk, t), (2) 

which we shall write in the abbreviated form 

qi=fi(a,b,t) (3) 

From (2) or (3) we obtain q^df/dt, so that the speeds can also be 
expressed in terms of (a, b, t). N o w from (2) we can find the values of 
the 6s in terms of the gs, the as, and t. These substituted in (3) give 
equations of the form ^=^(g, a, t). These values of the speeds, used in 
(1) of 6, give k equations of the form p^Ffq, a, t). By differentiation 
of this, and use of the canonical equations, we get for any p, 

3 H , 3 H 3 p , 3 H 3 p , , 3 H 3 p _ dp 
dq~rdp1dqjdp2dqj-'

i-d1jkdqk- dt' W 

where H is a function of the gs, the ps, and t, as explained in 6. But 
differentiation of H as thus expressed gives 

51 + 2S3& 3H3£2, ,3H3p, _/3HN 
3g ̂ dpx dq ~

Tdp2 dq
 + ' " ^ 3 p , 3g ~ A 3 g > W 
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where (3H/3g) on the right is the partial derivative of H, when H is made 
a function of (q, a, t) by substitution from (4) in the value of K as given in 
(2), 6. Hence (4) and (5) give k equations of the form 

(3H/3/7, 3p\)/3HN dp 

HdpXdq-dqJj-KdqJ+dt W 

The left-hand side of (6) suggests that each p may be the partial derivative 

dS/dq of a function S of the gs and t, so that all the terms on the left 

vanish identically. 

If, moreover, the value of S cause the right-hand side of (6) to vanish, 

we have, since p = dS/dq, 3(3S/3i + H)/3g = 0. Hence, if we insert dS/dq for 

the corresponding p in H expressed in terms of the gs, the ps, and t, and 

use the abridged notation, we get 

!+<«• !•')-» <J> 

for the determination of the function S, which, with p = dS/dq, as suggested 

above, will fulfil all the conditions involved in the equations of motion. 

This is Hamilton's partial differential equation. 

W e have dS/dt = dS/dt + X(qdSjdq), so that by (7), 

f = 2(*f)-H = ^>-H ^ 
If the right-hand side of this be denoted by L, it will, when T + V = 7t, 
coincide with L as defined in 3. Thus to a constant we have 

S=JL^, (9) 

which may be used for the calculation of S. 

Equation (8) gives to an additive constant 

S = 2(pq)-\[(pq) + tI}clt = 2(Pq)-S', (10) 

which defines, a. second function S'. We have dS'/dt = 2(pg) + H, and if we 

suppose S' to be a function of the ps and t, we get 

dS'/d,t = dS'/dt + l,(p dS'/dp). 

Further, if we put 3S'/3i5 = H, and q = dS'/dp, we shall have 

f-H(?-f •')-» (U) 

which is Hamilton's second differential equation. If, instead of the 

equations pi = xfi(q, a, t), we obtain, as we may, equations of the form 

qi = Gi(p a, t), and proceed [as we did for p and (3H/3g)] to express 

q and (3H/3g), on the supposition now that H -is a function of (p, ct, t), we 

are led to (11), so that S' is a function of the ps and t, by which S may be 

replaced. 
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It may be proved that 3S/3a = — dS'/da, except when a is the value of a 
constant p, taken as one of the constants in S. Obviously dS/dt= —dS'/dt. 

The second partial differential equation (11) may be obtained by a process 
in which the ps and gs play a part precisely similar to that played by the 
gs and ps in the process by which the first, (7), was arrived at. This fact 
illustrates the reciprocity of the two equations, which corresponds to the 
duality of the canonical equations. It will be seen that (7) or (11) is the 
proper partial differential equation according as H is expressed as a function 
of the gs and t, or as a function of the ps and t. 

25. Jacobi's theorem. Jacobi showed that if a complete integral of (7) 
is known, that is an integral which contains k constants, ax, «2, ... , ak, 
besides the additive constant, the integrals of the canonical equations are 
(1) of 24, with the k equations 

3S ,,, 
Vi = ̂ — C) 
1 oq-i 

This can be proved directly by showing that d(dS/da)/dt is constant, so 
that (1), 24, are consistent -vyith the equations of motion. W e have 

ddS = /^jdS / .dS\\_ fdSdl\_dA_ fASdf\ n 

dtda da{dt+^VdqJ) 2j\dqda)~da Z\dq da) W 

But L = ~E(pq) — H, and therefore 

da ~ Z \da q +I? da dp da) ~L\Pda'. 

This, since dS/dq =p, makes the expression on the right of (2) zero, and the 
theorem is proved. 

The k equations (1) of 24 enable the coordinates (the gs) to be found 
in terms of t and the 2k arbitrary constants, which express the initial 
configuration and motion; and these equations [(2) above] are therefore the 
complete solution of the dynamical problem proposed. 

26. Case in which H does not contain t, If the function does not 
depend on t as an explicit variable, (7) of 25 becomes 

°f + 7l = °' (D 
where h is put for the constant value which, as we have seen, H now 
possesses. Integrating, from t0( = 0) to t, we obtain 

S=-ht+W(qx, q2, ..., clk, ax, a2, ..., ak_x,h) (2) 

The function W is the value of Hamilton's Characteristic Fttnction 

s+m-ti0t0 
when H does not contain t. It is a complete integral of (1) for each value 
of h; that is, it is possible to choose the constants au ... , ak_x so as to give 
for any chosen value of h arbitrary values of 3W/3g„ ..., dW/dq'k_x; "and, 
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conversely, if these constants can be so assigned, W is a complete integral 

of (1). For if we desire that dW/dqx, ... , dW/dqk_x shall have certain 

arbitrary values (px)0, ..., (p2)0, ... , (pk\, for t0, (qx)0, (q2)0, ..., (qk)0, we put 

h = h0, the corresponding value of h, and then the value of 3W/3gft is that 

given by the value h0 of H. 

T, ,. 3W , 3W . 3W , M 
The equations ~ = bx, ... ,^- = K_lt ^ = t-t0 (3) 

give the "path" by the first 7c—1, and the time of passage is given by 
the last. 

The reader may prove that, if coordinates qx, q2, ..., qt do not appear in H, 

8 = cxqx + c2q2 +...+0^ + 11(1, gi+1, ..., qk), 

where cx, c2, ..., ci are the (constant) components of momentum correspond

ing to the absent coordinates. 

27. A top on a horizontal plane icithout friction. Jacobi's solution by 
the Hamilton-Jacobi method. As an example we take the motion of a top on 
a horizontal plane without friction. W e take x, y as the horizontal coordinates of the 
centroid, C and A as the moments of inertia about the axis of figure and about an axis 
transverse to the axis of figure and through the centroid, respectively, and the rest of the 
notation as usual. The horizontal components of velocity are x, y, and the vertical velocity 
(downwards, since 9 is taken with reference to the upward vertical) is h sin 9. 9. The 
kinetic and potential energies are 

T = i{M(x2+f + h2sm2d.d2) + Aff2 + Asm28.i/2 + C(4> + </cos8)2}, Y = Mghcos8, ...(1) 

where of course h is not the energy constant, but the distance of the point of support 
from the centroid. 

The coordinates are thus 

qx=x, q2=y, q3 = 9, qx = <j>, qb=xjr (2) 

The last two and the first two do not appear in T or V. The momenta corresponding to 
these are 

px = Mx, p2 = My, p3 = (Mh
2 + A)sm28.8, px = C(<p + i/cos9), 

p6 = Asin
29 . ip + Ccos 8(<f> + f cos 8). ...(3) 

Solving these last equations for the velocities, and substituting in the value of T + V 

ti-2M{Pl+P2) + 2\(Mh2 + A)sm29 + ~C+ Asin2^ t + Mg/icosV W 

W e can now form the canonical equations 

. _ 3H . _ 3H . _ 3H . _ 3H . _ 3H 
Pl~~dqf P2~ dq,? P^ dqf Pi~ dqf P>~ dqf 

With these of course are the companion equations. 

. _3H . _3H 
CIl~dpf q2~dp~2'-" 

The first two and the last two of the canonical equations are 

Pi = 0, p2 = 0, Pi = 0, pr = Q, (5) 

since qlt q2, qit g5 do not appear in H. 

Thus we have Pi = ci> Pi = c.z-, Pi = ct, Pb = c^ (6) 
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where cx, c2, cx, c5 are constants. These are first integrals, and they state results we are 
already familiar with, namely 

M x = cl, My = c2, C(c(> + f cos 9) = cx, A sin
28f + Cn cos 8 = c6 (7) 

The last two state the constancy of angular speed ip + fcos 8 = n, and of angular m o m e n t u m 
Cn, about the axis of figure, and the constancy of A.M. about the vertical through the 
centroid, while the first two assert that the centroid moves with uniform velocity. 

The Hamiltonian differential equation in the present case is 

S+H-°' <8> 
where in H has been substituted for px, p2, p3, p4, p- their values as partial differential 
coefficients 3S/3.r, dS/dy, ... of the "principal function" S. Thus, by (4), 

TT i/(3sy, fdsy, i fdsy, 1 /3s 3s „\2 1/3s\2i 
\dx) +V3y/ + A+M/i2sin2#l3#/ +Asin 2#V3f 3 0 cos °) + G\d<b) / 

+ Mgh cos 8'. .: (9) 

W e notice in the first place that T + V = //, a constant, and that 9 is the only coordinate 
which appears in (9). Hence, by 26, we assume 

S = -h't + c1x + c-2y + cicp + ciif + Y(8)=-h't + W, (10) 

where F is a function of 8 to be found. [Here and in what follows h' is put for the 
energy constant, to prevent confusion.] N o w we have 3S/3#=F'(#), and so get, by (9), 

A^rAAVfdn^(wy = U'^ 

Thus w e have F(#)= ({(A + Mh2sin2 6) f(df? d6, (12) 

where f(8) is given by (11). Hencep 3 = dS/d9 = F'(9), and 

p3 = {(A + Mh
2sin28)f(8yA (12') 

Thus finally w e obtain 

S=-/i't + clx + c2y + ci<p + c.xlr+f{(A + Mh
2sm28)f(d)}id8, (13) 

which containing, as it does, five distinct constants, is the complete integral of (8). 
B y (3), 26, the integral equations corresponding to the canonical equations are 

3S_3W 3S_3W_, 3S_ 3 W 
dc\ dcx~^ dc^dc2-

t>2'--'m'-~t+dhr^~tt" (14) 

where bx, b.2, bx, b-a, t0 are all constants. 

If now w e write R = {(A + M / J 2 sin2 #)//'( 6>)rS w e get, from (14) and (11), 

x-c1JBd8 = b1, y-c.2jnd8 = b2, t-JBd9 = t0, ) 

^^{C-A^^^^^K, f-/B^^^ = &,| 

The first two and the last two of these equations, (15), give the "path" of the top, the 
remaining equation, the third, the time of passage from an initial to a final configuration. 
From the third equation we get /"„ 

/ Jb. d 9 = t — t0, 
so that the first two become 

x-bx = cx(t-t0), y-b, = <-,{t-t0), (16) 
which again shows that the centroid moves along a straight line with uniform speed. 



CHAPTEE XX 

THEORY OF GYROSTATIC DOMINATION 

1. Cycloidal Motion. An important feature of the second edition 

of Thomson and Tait's Natural Philosophy, published in 1879, is the 

discussion there given of what the' authors called cycloidal systems, which 

in their most general form contain rotating flywheels. The simplest 

example of cycloidal. motion (apart from the motion of a particle under 

gravity in a cycloidal path) is that of a particle hung by a vertical spiral 

spring of negligible mass. The equation of motion is 

where I is the distance through which the spring is drawn out. when the 

particle hangs in statical equilibrium. In this case the displacement z 

from the equilibrium position is a simple harmonic function of the time, 

which is also the law fulfilled by the bob of a cycloidal pendulum as 

regards the displacement of the bob along the cycloidal path from the 

lowest position. For if s be that displacement the differential equation for 

motion along the arc, situated with the vertex as the lowest point, is 

where a is the radius of the generating circle of the cycloid. 

Here the solution of the differential equation is given by the roots of 

the quadratic „ 

£2+i=0' 
which are pure imaginaries, so that the motion is simple harmonic in the 
real period 27r(4a/gr)5, that is the period is that of a simple pendulum of 

length equal to the length of the cycloid from the middle point to either 

cusp. 

On the other hand, if a particle were constrained to move under gravity 

in a cycloid with • its cusps turned downward, the equation of motion 

would be „ 
s-f-s = 0, 

G.G. 2B 



434 GYROSTATICS CHAP. 

for the force per unit mass along the path, which is numerically gs/ia in 
both cases, is, contrary to the former case, n o w directed away from the 
middle point. The roots of the quadratic are real, and the finite equation is 

s = Ce°-t + C'e-«t, 

where a = (,g/4<z) . This might perhaps be regarded as simple harmonic 

motion in an imaginary period 2iri(^a/'gY 
Both these examples are typical of what Thomson and Tait called 

cycloidal motion. In such motion each component of displacement is in 
the general case of the form 

Ae" + Bew+..., 
where A, A', ... are real or complex quantities. With real values of the 
coefficients of the equation of motion the complex roots occur in pairs 
(a + (3i, a — (3i), and every such pair furnishes a term of the form 

Ge^cos((3t-f), 

where C and / are constants of integration. 

2. Cycloidal systems containing flywheels. We can only give a very 
short discussion of cycloidal systems which contain gyrostatic flywheels. 
A general cycloidal system is one acted on by forces of two kinds, 
" positional forces " which are proportional to displacements, and " motional 
forces" which are proportional to velocities, and is such that its kinetic 
energy, T, is a homogeneous quadratic function of the velocities with 
constant coefficients. Thus if qx, q2, ..., q,. be the coordinates defining the 
configuration of such a system, the equations of motion of the system are 

cl 3T 
- + axq1 + ct2q2+... + axq1 + a2q2 + ...=0, dt dqx 

^^ + Mi + k222 + ...+/31g1+/32g2 + ... = 0, 
•C) 

• ; 

If a2 = (3x, as = yx, ... the positional forces are said to be conservative; if 
a2= —bx, as= —cx,... w e have gyrostatic terms, which also involve no dissi
pation of energy. Non-gyrostatic motional forces are not here considered. 

If a particular solution of the equations of motion be 

qx = hxe
u, q2 = h2e

u, 

then, if T 0 be the same quadratic function of hx, h2, ... , that T is of qx, q2, ..., 
w e obtain by substitution in the differential equations 

X2 3/T + X^hi + aJli +•••)+ « A + a2h2 +... = 0, 

Kd^ + \(bxhx + b2h2+...) + /3xhx + p.2h2+...=0, •(2) 
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If now 2T = axxq
2 + 2a12qxq2 +...+ a22q

2 + 2a23g2g3 -f. 

these equations become 

(axxA
2+axA + ax)hx + (o^A

2 + a2A + a2)h2 +... = OA 

(ci2XA
2+bxA+l3x)hx + (a22A

2+b2A+l32)h2 + ... = 0,[ (3) 

with aX2 = a2X, axs = asx, a2B = a32,..., so that we get the determinantal equation 

axlA
2 + axA+ ax, aX2\

2 + a2A+a2,... 

a2XA
2+bxA + Px, a22A

2+b.2A + (32,... = 0, (4) 

which is of degree 2k in A, and has 27c roots on which the possible 

particular solutions depend. If we use any one of the roots in (3) we 

shall obtain the ratios of the values of h2,h3, ... to hx (or of any k — lof 

the hs to the remaining h), that is we obtain a solution with one arbitrary 

constant hx. Each root thus gives a particular solution with one arbitrary 

constant, and the general solution is the sum of these particular solutions. 

By proper choice of the arbitrary constants, the general solution may be 

made to satisfy any given initial conditions. 

3. Effect of repeated roots of the determinantal equation on stability. 

But these conditions presuppose that the roots A are all different. The 

determinantal equation may however have multiple roots, and in either or 

both of two ways: (1) For a particular value of A not only the determinant 

D of (4) may vanish, but all the minor determinants, up to and including 

those obtained by striking out m—1 rows and m — 1 columns from the 

main determinant, may vanish. If this is the case, the determinantal 

equation has in identical roots; but no terms containing powers of t appear 

in the solution. The only effect of the root of multiplicity m is that m of 

the coefficients hx, h2, ... are left undetermined. These may be chosen 

arbitrarily, and the necessary m independent particular solutions obtained. 

(2) It is possible for the determinantal equation to have a multiple root 

without evanescence of the minor determinants in the manner specified. 

The necessary particular solutions can then only be obtained by supposing 

that hx, h2, hs, ... are not constants, but rational integral functions of the 

time. 

To prove shortly these statements, we go back to (1), 2, and regarding 

A as d/dt, to which for the solution assumed it is equivalent, we write 

(3) as 
(anA

2 + axA + ax)qx + (aX2A
2 + a2A +a2)q2+... = 0A 

(a2xA
2+bxA + (3x)qx + (a22\

2+b2A + (32)q2+...=o\ ' -• W 
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These equations m a y be solved by assuming one of the gs to be k n o w n by 
its coefficient h, then by omitting one of the equations, 7c-1 equations 
are made available to give the remaining 7c-1 gs in terms of the assumed 
value. In this way, if Mx, M 2, ... be first minors of the determinant D, 
being of course functions of X, and V be the function defined in (3) below, 

w e get qx = MxY, g.2 = M 2 Y , g3 = M 3 V , (2) 

and it is clear that D V = 0. 

It is of no consequence what set of first minors is chosen. 
Y is a function of t, and is called by Routh [Adv. Rigid Dynamics, 

Ch. VI] the type of the solution. It is that function which operated on by 
the functions M x, M 2, ... yields the values of the coordinates. If the roots 
of the equation D = 0 be A', A", ..., each of the expressions eyt, e^, ..., satisfies 
the equation, and so the general form of Y is given by 

V = LV'+LV"'+..., (3) 

where L', L", ... are the arbitrary constants. Should however m roots, X, 
be equal, w e shall have, by the usual theory of equality of roots, for Y the 

equation Y^(L0 + Lxt+... +Lm_xt
m~1)e" + etc„ (4) 

that is V = |L0 + L1gX+... + Lm_1^J |e« + etc (5) 

..(6) 

Thus, by (2), we have 

q, = JLoM, + L^L- + ••• + Lm-iM,( JJ" 'je" + etc., 

g2= |L0M2 + L1M2^-+ ... + Lm_1M2(|v)
m 'j^ + etc, 

where the etc. denotes terms depending on other roots. 
Now we know that if M be a rational integral function of the operator 

djclt ( = A) and n be any integer, 

•>n.fi\t / •> \n 

4 £ = ( I ) <**">• 
and so obtain 
g1 = {L0Mie" + L1|v(M^)+•••+ L„„-1(|v)""

1(Mie»)}+etc.,| 

CA = 

From this it follows that the necessary and sufficient condition that there 
shall be no terms involving powers of t in the solution, is that all the 
minors of D up to and including the ( m —l)th should vanish. For the 
investigation shows that the root X of multiplicity m must, if such 
terms are to be excluded, be repeated m — 1 times in every first minor of D. 
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But if the root is thus repeated it is repeated also m —2 times in every 

second minor, m — 3 times in every third minor, and so on. These minors 

appear in consequence of the differentiations in (7) and all vanish in con

sequence of the repetition of the root. 

The general rule as to the stability of a moving system is that the real 

roots, and the real parts of the complex roots, should be either all negative 

or all zero. These are the general necessary and sufficient conditions, 

subject to the following reservations as to equal roots, which we give 

substantially as stated by Routh (loc. cit.). As a rule there are, in the 

case of equality of roots, terms containing powers of t as factors. If X 

be positive a term xftseKt renders the system unstable. If X be negative 

the highest possible numerical value of this, term is [L(s/eX)s|, and, if X 

be small, an initial disturbance may be such as to make the oscillatory 

disturbance of the gs a serious departure from the stable state. But if the 

initial disturbance does not have this effect, the term ultimately disappears 

and the motion is stable. 

Of course if X is a pure imaginary, ni, the term is of the form ts sin nt 

and the motion is unstable. 

If there are more than 7c equal roots, there will be powers of t in the 

solutions as factors. 

4. Motional forces. Dissipation function. With regard to motional 

forces it may be noted that (1), 2, give (with dV/dqx, 3V/3g2, ... for the 

positional forces, supposing these conservative) by multiplication of the first 

by qx, of the second by q2,... and addition, 

-L+-J.= -[axq
2 + (a2 + bx)qxq2 + (as + cx)qxqi+...+b2q

2+...}: ....(I) 

The quadratic function of the velocities shown in brackets on the right 

of (1) is essentially positive for all natural motional forces, and is the 

rate of diminution of the energy of the system. It has been called by 

Lord Rayleigh the " dissipation function " and by Thomson and Tait the 

" dissipativity." Denoting the dissipation function by F, we get by (1) 

T + V = E0-f Fdt, (2) 
Jo 

where E 0 is the total energy when t = 0. When the system is at rest in an 

equilibrium position T and F are zero, otherwise they are both positive. 

Hence, as time advances, while the system moves, the time integral of F 

must continually increase towards infinity unless the system comes asym-

totically to rest, or V diminishes towards — oc . If V is positive the system 

will come more and more nearly to rest in the configuration for V = 0, and 

unless V is positive in the zero configuration, the equilibrium is unstable 

[see Thomson and Tait, § 345" et seq.]. 
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It is to be observed that gyrostatic motional forces contribute nothing 

to dissipation, and do not appear in the dissipation function, though they 

have a very real existence in the equations of motion. If for example 

a2q2, bxqx are wholly gyrostatic, a2 + bx = 0, and the term (a2 + bx) qxq2 
disappears from the dissipation function on the right of (1). 

5. Motioned forces zero. Gyrostatic systems. The algebraic conditions 

are simplified if the motional forces are zero, for then the determinant 

has 7c roots, each a value of X2. The 2/c values of X may be denoted by 

±A', ±X", ..., and the complete solution of the equations of motion is 

qx= A V< + B'e-« + A V"< + B"e-A"f +..., 

g2 = ̂ ( A ' e « + B V « ) + p ( A " « w + B"e-w) + - •" (1; 

'i '"i 

But now equations (3), 2, become 

(anX
2+ ax)hx + (aX2A

2 + a2)h2 + ... = 0,1 

(a2XA
2 + px)hx + (a22A

2 + j32)h2+...=0,j
 (2) 

To see the effect of equality of roots let X'2 = X"2, and assume that the 

first minors of D vanish. Then twice over in (2) we can take an arbitrary 

value of h2/hx, and in terms of this obtain the other ratios. If these values 

of the ratios h2jhx be denoted by r. r" we have for the arbitrary constants 

A' + A", B' + B", rA' + r'A", r'B' + r"B", A", B"', ..., A'*', W\ 

in all 2k. W e have therefore the general solution. In a similar way a 

triple root, a quadruple root, etc., may be shown to leave the number of 

particular solutions unaltered. 

For the discussion of gyrostatic systems it is desirable to suppose the 

kinetic energy reduced to a sum of squares of velocities with positive 

coefficients each equal to unity [as in (2), 7, XIX], and V to a sum of 

squares of coordinates with positive or negative coefficients as the case may 

be.* This amounts to supposing that the coordinates are those which 

would be " normal coordinates " if there were no motional forces. It will 

conduce to clearness also to adopt Thomson and Tait's notation of 12 for a„, 

13 for a3, ..., 21 for bx, 23 for b3, .... As we shall suppose (unless it is 

otherwise stated) that no motional forces appear that are not gyrostatic; 

we have ax = 0, b2 = 0, oa = 0, .... Hence, since the motional forces are 
gyrostatic, we have 

12=-21, 13=-31, 23=-32, (3) 

T = K?t2 + 22
2 + ft2+-)> V = i(^1g1

2 + trr2g2
2+...), (4) 

* For the general theory of vibrations about equilibrium, and the conditions of transformation, 

see Whittaker, Analytical Dynamics, Chapter VII. See also Routh, Advanced Rigid Dynamics, 
Chapter VII. 
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and the equations of motion become 

qx+12q2+13q3+...+^qx = 0,) 

q2 + 21qx + 23q3+...+v2q2 = 0, 

g3 + 31g1 + 32?2+...+cr3g3 = 0, 
.(5) 

The determinantal equation n o w becomes 

\2 + VJX, 12X, 13X, 

21X, X 2 + w2, 23X, 

SIX, 32X, X 2 + CT8, 
= 0. ..(6) 

Since 1 2 = — 2 1 , 1 3 = — 3 1 , ..., this is a skew determinant. 

It will be of use in examples of gyrostatic systems to have the expanded 

determinantal equation for two, three, and four equations of motion. These 

are X*+(ro1 + CT2 + 12
2)X2 + cr1CT2 = 0 (7) 

X8 + (p, + cr2 + a?3 + ] 2
2 + 232 + 312)X* + {V~X(TS2 + 31

2) 

+ ro2(cT3 + 12
2) + CT3(Tu1 + 23

z)}X2 + CT1CT2ra'3 = 0 (8) 

X 8 + ( W 1 + CT.2 + CTS+CT4+12
2+232 + 3 4 2 + 1 3 2 + 3 4 2 + 4 1 2 ) X 8 

+ ["oxW2 + VS2VS% + To3uT4 + Zoito1 + Z3fS2 + (tSx + T32) 34
2 

+(To2 + ros)U
2 + (To3 + ̂ Al22 + (zji+zox)23

2 + (ux + iiys)A2
2 

+ (ro2 + GT4)13
2+12. 34 + 13. 42 + 14. 23}A* 

+ (ZJX1X72VJS + CT.2Zo3CJ4 + TSs1SitJl + 1~SfZ.fi'± + tD'1CT234
2 

+ sr2w341
2 + VS3TSXA22 + CTXCT4232 + CT4CT21 3

2 + SJ4CT31 2
2)X2 

+ VSxZo2ZosZji = 0 (9) 

6. Example: Gyrostatic pendulum, two freedoms. We take as an example 
the equations of the gyrostatic pendulum (5), 22, X I X, above. These, as already stated, 
are precisely similar to the equations for the simplest case of motion of an electrified 
particle, an electron, in a plane at right angles to the lines of force of a magnetic field. 
The equations may be written 

x-ky + 7Sx = 0, y + M + ZSy = 0, (1) 
where £=/c/A, Vx=mghjA. 
Here 12 = £, and Zo=nigh/A, and the determinantal equation is 

(A2 + ST)2+122A2 = 0. 

If the given equations had been of the more general form, 

Ax-Ky + Bx = 0, B'y + KX + x?y = 0, 

we could, by writing £ = x(A)^, rj=y(B)3, have transformed them to 

^-k-q + Zjx^ = 0, ij + /fcf + C72i} = 0, 

where> = /<(AB)i, © 1 = E/A, G J 2 = F / B : 

. W e shall consider this case a little in detail. The determinantal equation is 

(A2 + W1)(A
2 + W2) + .4

2A2 = 0. . 

http://1~SfZ.fi'
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This equation involves only even powers of A., and so the roots will occur in pairs 

±(p + iv). For stability it is necessary that every p, should be zero, otherwise terms 

e cos1'*' w ould appear in the solutions. 

There are two possibilities of stability, VJ1 and ~i2 may be both positive or both 

negative. If they are both positive we see at once that both roots of the quadratic 

A.'2, A"2 are negative, so that all four roots ± A', ± A." are pure imaginaries, and the 

solution is oscillatory and stable in the usual sense. 

If however ZSX and Zo2 are both negative, another condition must be fulfilled. The 

product of the roots, A'2A"2, is positive, and so they have the same sign. Their sum will 

be negative, and they will be real if 

k2 > - ( © ! + TS.2) + 2 (ra-jSTa)
4, 

or as we may write it, taking h positive, 

k>(-To1)i + (-oi2)i. 

These are the conditions of stability. N o w the rotational coefficient is in gyrostatic 

systems usually very large. Taking it so, we see that the sum of the roots is numerically 

very large in comparison with their product, so that one root must be large and the 

other small numerically. The approximate numerical value of the greater of the two 

roots is thus k2, and that of the smaller is therefore ZSxTS2/k
2. More exactly the roots are 

A'2=-(£2 + S71 + ~2)(l~^), 

\."2=-(k2 + VJl + T3.f
r 

If no rotational terms existed, and Tox, TS2 were positive, the system would have two 

fundamental periods of oscillation, of periods 2TT/ZO^-, 2irloS^, having 2ir/(~1CT2)i as their 

geometric mean. It will be seen that the geometric mean of the periods when rotation 

exists is the same as that for zero rotation. 

W h e n TSX, oT2 are negative the irrotational motions are not oscillatory, and there is 

instability in both freedoms. Sufficiently rapid rotation converts these two instabilities 

into stability. But if without rotation the motion according to one freedom is stable, and 

that according to the other is unstable, that is if TSX and Zo, have opposite signs, the 

establishment of rotation still leaves one freedom stable, the other unstable. It is clear 

that the general theory shows that only an even number of instabilities can be stabilised 
by rotation. 

The different mountings of a gyrostat shown in Figs. 46, 47, above illustrate the different 

ways in which the freedoms are arranged. These are described with sufficient fulness in 
3, 4, 5, VIII. 

7. Gyrostatic system with three freedoms. Electric and magnetic 
analogue. The case of three, freedoms differs only slightly from that just treated. The 
equations are .. , 

ql+k.iq2-k2q3 + ra^=o,^j 

?3 + Ml -~hks + ^3% =o. J 
The similarity of these to the equations of motion of a body with respect to axes rotating 

about themselves with angular speeds -ku -k.2, -/.-.„ as described in (2), 10, II, will 

strike the reader at once. But it is clear that the equations should have this form, for, if 

we impose equal but opposite rotations on both axes and body, we get exactly the equa

tions just written as those for the now rotating body referred'to fixed axes. 
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It is clear from the remark just made that the turning would be about an axis the 
direction cosines of which are proportional to kx, h2, k3. This suggests changing to this 
line through the origin as one coordinate, say that of z, and two other axes, of x and y, at 
right angles to themselves and to this direction. Multiplying then the first equation by 
\, the second by h2, and the third by Jc3, and adding, we get 

l\qx + h,q2 + lfq3 + tcxZSxqx + k2ZZS2q2 + k3Z~>3q3 = 0, 

or, if we suppose the left-hand side divided by (kx
2 + k2

2 + k3
2)^( = 2w), z+Z = 0. 

N o w let I, m, n be the direction cosines of the axis of x; those of the axis of y are then 
(h3m — h2n, h^i-lcf, k2l-kxm)/2a. Multiplying the first equation by I, the second by m, 
and the third by n, and adding, we get x-2<ny + ~&. = 0. 

Similarly, multiplying the equations respectively by the cosines of the axis of y, and 
noting that l2+m2 + n2 = l, kf+k2ni + k3n = 0, we find y + 2iox + Y = 0. 
Thus the equations of motion are 

.«-2o«/ + X = 0, y + 2b)X + Y = 0, ii + Z = 0 (2) 

These may be regarded as the equations of motion of a particle attached by massless 
springs to a body revolving uniformly about the axis of z. This is Thomson and Tait's 
interpretation of the case, but other interpretations are possible. For example, the}' are 
exactly the equations of motion of an electron in a combined electric and magnetic field 
in which the magnetic force acts along the axis of z. The first two equations give the 
effect of the magnetic field on the electron in its motion iq the electric field, the final 

terms in all three equations take account of the forces acting against the inertia of the 
electron, and of the electric forces in the three component directions. 

The Zeeman effect in its most elementary form is due to the action of a maD-netic field 
in changing the period of vibrational motion of an electron in a plane (the plane of x •>/) 
at right angles to the magnetic field intensity. If there were no magnetic field the 
equations of motion would be, we shall suppose, 

,« + u7.?=0, y + Zoy = 0, z + ZSz = 0, (3) 

where Zo is positive. The imposition of the magnetic field in the z-direetion gives the 

equations x-2mj + Zox = 0, y + 2iax + Zoy = 0, z + Zoz = Q (4) 

Thus we have 12 = 2o>, 23 = 31=0, and the determinantal equation is, by (4), 

A6 + (3W + 4w2)A4 + (3to2 + 4w2ar)A2 + ?o3 = 0 (5) 

The first two equations of (4) are quite independent of the third, and so we have from 

them A4 + (2to+4u3)A2 + C72 = 0 (6) 

Multiplying the last result by To, and subtracting the product from (5), we obtain 

A6 + (2CT + 4oi2) A4 + Zo°A2 = 0. 

This gives A2 = 0, and A 4 + (2£7 + 4CO2)A2 + CJ2 = 0 (7) 

In this case of three freedoms the motion at right angles to the axis of z, taken by itself 
is stable whether to be negative or positive, provided the condition stated in 6 is fulfilled. 
If Zo be positive, the whole motion is stable ; if To is negative, the z motion is not stable. 

8. Gyrostatic domination. Large and small roots of the determinantal 
equation. W h e n the gyrostatic terms are due to very rapidly rotating 
flywheels they " dominate'' the motion; for example, in (6) the term 4wz is 
very great. Hence there is a large root of (7) and a small one. Approxi
mately these are given respectively by 
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The large root is practically independent of the applied forces which enter 

through zz>; the small root depends very directly on these forces, but is 

rendered small by the gyrostatic coefficient. Thus we have an example of 

what has been called " gyrostatic domination.'' 
To a first approximation the large root is — 4w2, and to this approximation 

does not depend on the applied forces at all. Hence Thomson and Tait have 

called the motion corresponding to this root " adynamic." W e shall not use 

this term : one motion is as dynamical as the other, and it m a y be preferable 

to refer to one as the rapid motion and to the other as the slow motion. In 

ordinary applications 27r/iA is the period of precession. W h e n A is the large 

root the precession is fast, when X is the small root the precession is slow. 

W h e n however or must be taken as small in comparison with ~, as for 

the electron in the magnetic field, the determinantal equations give again 

(6); but we have now approximately 

X2=-Zo(l±2^i). 

The period of "precession," being 2ir(i\, is in this case 2-r/(zoi±oo). 

If, for example, the electron goes round in a circle, it does so in one or 

other of these two periods, according to the direction of motion. 

W e have thus treated again, with rather more detail, the problem of the 

gyrostatic pendulum when restricted to motion of small amplitude. U p to 

a certain point the analogy between this pendulum and the electron moving 

in an electric and magnetic field is complete. 

9. System with four freedoms. The reader can now write down at once 

the equations for a system of four freedoms with six gyrostatic links con

necting each freedom with the three others. Such a system is fully discussed 

in Thomson and Tait's Natural Philosopliy, §§345xii... 345xxi, and we shall 

here only state the main results, leaving the verification, which is not 

difficult, to the reader. 

(1) If no forces act, that is if 0^ = 002 = 0X3 = 0^ = 0, the determinantal 

equation (8), 5, has two zero roots, and, except as a special case, two others 

(values of — X2). which are real and positive. The modes of motion corre

sponding to the zero roots are neutral as regards stability, the other two 

modes are stable. 

(2) If the forces be not zero but very small, the determinantal equation 

has the two roots just referred to, and two other roots, which replace the 

zero roots of the case of no forces. These are given (nearly) by the quadratic 

equation obtained by leaving out from (9), 5, powers of X greater than the 

fourth, and retaining only the terms involving the six gyrostatic coefficients 
12, 13, ...,34, in the coefficients of X4 and X2. 

(3) All four modes of motion are stable, but for this it is not necessary 

that Zox, Zo2, Zoz, Zox should be all of one sign. The product must be positive, 
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so that two must be negative, two positive. If zzx, zz>2 be positive, zz>&, sr4 
negative, the following two inequalities are the necessary and sufficient 
conditions of stability, 

12 34 )2 t 13 42 )2 f 14 23 

.(^CT 2)
3 (cr3G74)

4J U-^tar,)* (-^ 2)
4J \ ( - ^ 4 ) 4 (-cr2£X3) 

where the pZi<s signs give one inequality, the minus signs the other. All 
the conditions are fulfilled when the rotation is sufficiently rapid and the 
coefficients have suitable values. 

lor further particulars and for conclusions as to general systems the 
reader should consult the Natural Philosophy, §§ 345xi to 345xxviii. 



CHAPTER XXI 

GEOMETRICAL REPRESENTATION OF THE MOTION OF A TOP 

1. Motion of ct rigid body under no forces. A new mode of presenting 
the theory of the motion of a top was worked out by Darboux in his notes 
on Despeyrous' Cours de Me'canique, on the basis of a theorem due to Jacobi 
connecting the motion with that of a body under the action of no external 
forces. W e consider therefore first Poinsot's theory of the latter motion. 

A rigid body turns about a fixed point, 0, under no applied forces; its 
angular speeds are p, q, r about the principal axes O (A, B, C) drawn through 
0. The moments of inertia are of course A, B, C. First we suppose that 
the applied couples are not zero, but have values L, M, N. The equations 
of motion are three, of the form 

Ap-(B-C)qr = L, (1) 

and are applicable even if there is translational motion of the point 0. 
If now we multiply the first equation by p, the second by q, and the third 

by r, and add, we obtain 

App + Bqq + Grr = xAp + M g + Nr. 

But if T be the kinetic energy of the rotational motion this equation is 

r/T 
^- = Lp + M? + Nr, (2) 

that is the time-rate of increase of this kinetic energy is the rate at which 
the couples do work. Hence, if L, M, N are zero, the value of T is constant. 

Again, multiply the equations of motion by Ap, Bq, Cr, respectively; we 
get, if H 2 = A2^2 + B2g2 + C V , 

~ = ~(LAp + x\lBq + iSCr) (3) 

H is the resultant A.M., and (Ap, Bq, Cr)/H its direction cosines. Thus the 
equation states that the rate of growth of H at any instant is equal to the 
total moment of the couples about the localised vector direction of H. If 
L, M, N are all zero the resultant H remains unchanged both in magnitude 
and in direction. This direction will be indicated by O H (or by OL) in 
the diagrams which follow. 
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That O L remains thus stationary may be seen as follows. Denote the positions of the 
principal axes at the beginning and end of dt by 0 ^ , Bx, Cx) and 0(A2, B2, C2). These 
are fixed positions, and the corresponding angular momenta are Ap, Bq, Cr and A(p+pdt), 
B(q + qdt), C(r+rdt), while at the final instant of dt the angular momenta about 
0(Aj, Bx, Cx) have become 

Ap + {Ap-(B-C)qr}dt, Bq + {Bq-(C- A)rp\dt, Cr + {Ci-(A-B)pq}dt. 

But if L = M = N = 0, these reduce to Ap, Bq, Cr, that is the position of O L with respect 
to 0(Aj, Bj, C]) has not altered. 

2. Poinsot's representation of the motion of a body under no forces. 

If 01 be the instantaneous axis (I.A. for brevity) its direction cosines with 

respect to 0(A,B; C) at time t are (p, q, r)/a>, if w2 = p2 + q2 + r2- W e have 

then i 
cos LOI = ̂  (Ayi2 + Bg2 + Or2). 

But if T be the kinetic energy this can be written 

9T 
cocosLOI = ̂ i (1) 

11 
The product on the left of (1) is the component of angular velocity about 
OL, which we have seen is invariable in direction if L = M = N = 0. Hence 
when this is the case the body turns with uniform angular speed about OL. 

In the general case the directions of OL and OI are both changing, and 

the body is turning about OI as instantaneous axis. Hence the component, 

H sin L LOI, of H at right angles to OI is being turned towards the position 

of the normal to the plane LOI at rate w, so that the rate of production of 

A.M. about the normal is H<o sin LOI. 

It is clear that the motion can give rise to no other rate of change of A.M. 

Now (B —C)gr, (C — A)rp, (A — B)pq are the components of rate of growth 

of A.M. due to the motion, and their resultant must be perpendicular to the 

plane HOI and be equal to Hco sin LOI. Hence 

HcosinHOI={(B-C)2g2r2 + (C-A)Vp 2 + (A-B)2p2g2}4 (2) 

We may prove this otherwise. The cosines of OL and OI are 

(Ap, Bq, Cr)/H, (p, q, r)/«o. 

Hence the cosines of a normal to the plane LOI are 

{(B-C)qr, (C-A)rp, (A - B)pq}( oiH sin LOI. 

Squaring these cosines and equating the sum of squares to 1, we get again (2). 

The quantity on the right of (2) has been called the centrifugal couple, 

a n a m e which tends to obscure the true meaning of the expression. 

W e n o w introduce the method, due to Poinsot* of discussing the motion of 

the body by means of the corresponding motion of the momental ellipsoid 

(M.B.). The conclusions obtained w h e n the motion is restricted to be about 

a fixed point 0 will be applicable in other cases, for example to the oscilla-

* Thiorie nouvelle de la rotation des corps, 1851. 
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tions and rotations with respect to the centroid, of a quoit or stick thrown 
into the air, since these motions are not affected by the action of gravity 
when the body is free in the air. 

W e prove first that w varies as OP, the length of the coincident radius 
vector of the M.E. If x, y, z be the coordinates of P with respect to the 
principal axes, we have 

P — i — Z— 0} 

x~ y~ z~ OT' 
from which we obtain at once 

Af + Bq2+Cr2_ A2p2 + B2q2 + G2r2 _ or ,„, 
Ax2 + By2 + Cz2~ A2x2 + B2y2 + C2z2~ OF2 { } 

The numerator of the first fraction is 2T, the denominator by the equation 
of the M.E. [Ax2 + By2 + Gz2 = 1-tf, where, taking the mass of the body as 
unity, we must suppose k a length to keep the dimensions right in formulae 
which follow] is /«*. Hence we have 

jJf__2A 
OB2~ ¥' K ' 

a constant. Thus <o varies as OP. 
W e have seen that co cos LOI = 2T/H. Hence (4) gives 

cos LOI = ^52 JJ (5) 

If we take the second relation in (3), 

A2p2 + B2q2 + G2r2 w2 (n 

A2x2 + B2y2 + C2z2~OB2' ' 

we notice that the perpendicular from the centre 0 to the tangent plane, 
which touches the M.E. at the point P in which it is intersected by the I.A., 

has cosines proportional to Ax, By, Gz, that is to A??, Bg, Cr. The perpen
dicular therefore coincides with the fixed line O H . Its leno-fh CT is 
7;7(A

2*2 + B V + C V ) 4 , that is by (6) k^/(B.. OP), =7c2(2T)4/H, "which is 
constant. Thus the M.E. always touches a plane perpendicular to the axis 
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of resultant A.M. at the constant distance 7c2(2T)*/H from the centre of the 
ellipsoid. A plane through 0 parallel to the plane just determined is called 
the invariable plane (I.P.). In this plane an impulsive couple, of moment 
H, would have to be laid to produce the motion from rest. The fixed line 
OL is called the invariable line (I.L.). [See Fig. 107, in which O H coincides 
with O L and O P is the radius vector of the momental ellipsoid which 
coincides with OL] 

3. Measurement of the time of motion. Sylvester's theorem. The M.E. 
is turning about OI, which is coincident with OP. At P the M.E. touches 
a plane parallel to the I.p., and so rolls on that plane. The angular 
speed a; resolves into two components, w cos H O I = 2T/H about OL, and 

ft.sinLOI = (w2H2-4T2)7H about OG, the intersection of the plane LOI 
with the LP. If, then, we suppose the I.P. to turn with the M.E. about O L 
with speed 2T/H, the motion of the ellipsoid relative to that plane will 
be simply one of rolling about O G with speed w sin LOI. The line O G 
describes a cone in the body, and in space it sweeps over a part of the LP. 
about 0. The angle, x say> turned through by the LP. about O H is pro
portional to the time t, in fact £ = xH/2T. 
A method of determining the time by the motion of an ellipsoid, confocal 

with the M.B., and rolling on a plane parallel to the LP. was given by 
Sylvester. Such an ellipsoid has the equation 

r^2+i^2+i^=*'4 w 
It touches a plane parallel to the LP. in a point Q of coordinates 

x,y,z = R{(l + hA)p, (l + hB)q, (l+hC)r}, (2) 

where R is the common value of the ratios 

x y z 
(l+hA)p==(l+hB)q = (l+hG)r' 

Substituting for x, y, z in (1) we get 

W(Ap2(l+hA) + Bq2(l+hB) + Cr2(l+hG)}=k'\ 

thatis R2=2r|iiP (3) 

The perpendicular distance of this plane from 0 is 7c'2(2T-|-H2)2/H But 

OOy = x2 + y2 + z2='R2[p2(\+hA)2+...}, 

ov-»v+f+F*> (4> 
The point Qiies in. the plane IOL, if L be the point in which the invariable 
line meets the tangent plane. For the direction cosines of a normal to the 
plane IOL fulfil the two conditions lp+'mq + nr = 0, lAp + mBq + nCr = 0, 
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and so l(l+hA)p + m(l+hB)q + n{l + hG)r = 0,or lx A my A nz - 0, that is 

the normal is perpendicular to the line OQ. 
Now the body turns about OI as I.A., and the M.E. and its confocals move 

with it. Hence, if v be the speed of the point Q, we have 

« = w.OQsinQOI (5) 

The angular speed A of Q about the invariable, line OL is therefore given by 

sinQOI (6) 
sm QOL 

It is easy to prove that 

OQ.cosQOI = -(ft)2 + 27.T), O Q .cosQOL = §(2T + m 2 ) (7) 
ft) rL 

From these we find 

sin2QOI _ B2 or(of + 47iT + 7^H2) - (or + 2hTf = IAB
2 

sin2QOL" ft,2 H2(ft,2 + 476T + A2H2)-(2T + /iH2)2 of 

and therefore w —•—^AT = 7iH V
8J 

sin Q U L 
Thus the point Q turns with constant angular speed liAf round the IX., 

and the time of motion from any epoch is 6/hR, where 8 is the angle 

turned through in the interval considered. 
Sylvester gave a generalisation of Poinsot's theory, which may be stated 

as follows: Let a polhode E be given, traced on a surface S (the surface of 

an ellipsoid or any surface of the second degree), that is let the locus of 

points traced out on the surface, as it rolls on a fixed plane, be given. 

Then, if from each point on E we set off, outwards say, along the normal 

at the point, a given constant distance, the extremities of the lines so 

drawn is a polhode E, traced on a surface S, confocal with a surface 

similar and similarly situated to S. W e do not enter here into the mathe

matical discussion, but refer to Sylvester's original paper (Phil. Trans., 

156, 1866), or to Darboux's Note XVII, appended to Despeyrous' Cours cle 

Mecanique. 

Following on the discussion of Poinsot's theory just referred to, Darboux 

gives in his Note XVIII a representation of the motion of the axis of a top 

by means of a deformable hyperboloid of one sheet, of which we shall give 

an account later in this chapter. 

4. Polhode and herpolhode. Body-cone and space-cone. As the M.E. 
rolls on the fixed plane, the successive points of contact trace out two loci, 

one on the ellipsoid, the other on the plane. The former is called the 

polhode, the latter the herpolhode. For all points on the polhode the 

tangent planes to the ellipsoid are at a constant distance CT from 0, and we 
have seen above that 

/2T\i 
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But we have from the equation of the M.E. 

Ax2 + By2 + Gz2 = k\ A2x2 + B2y2 + C2z2 = ¥ ~. 

Hence we may write 

A(2AT - H2)a;2 + B(2BT - H % 2 + C(2CT - H2)s2 = 0, 

or A(7;i-CT2A)x2 + B(7l;*-CT
2B)i/2 + C(7i;*-CT

2C).s2 = 0 (2) 

This is the equation of a cone, fixed relatively to the body, and called the 
body-cone, which contains the successive lines in the body with which the 
instantaneous axis coincides as the ellipsoid rolls. Its intersection with 
the M.E. is the polhode. 

It is clear that the body-cone rolls on a cone fixed in space the intersection 
of which with the plane of contact is the herpolhode. This is called the 
space-cone. The body-cone does not exist unless H2/2T, that is Itr/zA2, lies 
between the greatest and the least of A, B, C, since otherwise the sum of 
three quantities of the same sign would be zero. If C be the greatest and 
A the least moment of inertia, we have 

2 A T - H 2 = B(A-B)g 2 + C(A-C)r2/| (3) 

2CT-H 2 = A(C-A)2J2+B(C-B)g2J 

so that 2AT — H2 is negative and 2CT — H 2 positive. Hence 
H 2 

C > ^ > A 
If A = B the body has an axis of symmetry, the M.E. is of revolution, and 

the equation of the body-cone is 
9 , G 2GL —kx." p A ... 
X+y+A2ATAWZ-° <4> 

The axis of z is the axis of symmetry of the body, and the polhode is a 
circle described round Oz. Euler's equations give, since there are no forces, 

. A - C . C-A . 
p=—£-g.r> i=—j^rP> r = 0 (5) 

Thus r is constant, and pp + qq + rr = 0, so that p2 + <f+r2, that is or2, is 
constant. But ox cos H O I = 2T/H, and therefore ^ H O I remains constant 
as the body moves. 

Thus the instantaneous axis OI remains at a constant inclination to the 
axis of symmetry, and OI is always inclined at the same angle, eos_1(2T/ft)H), 
to the invariable line. 

Where in what follows we consider only the motion of the M.E. we shall 

generally suppose that 7c = 1, so that then CT = (2T) 2/H. 

5. Case of axicd symmetry: M.E. is of revohdion. With an axis of 
symmetry the M.E. may be oblate or prolate. In the first case C is the 
maximum, in the latter the minimum, moment of inertia. W e have 

rrx r Trx Cr 
cos iGz = -, cos xljz = -T+- • 

ft) 1 1 
o.G. 2r 
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FIG. 108. 

If the M.E. is oblate Cr/C&)<Cr/H, and therefore ^ I O ; s > ^ L O z . In this 

case the space-cone lies within the body-cone, and the concave surface of 

the latter rolls round the convex surface of the former. 

If the M.E. is prolate Cr/Cft>>Cr/H, and therefore I _ \ G Z < L B O Z . The 

body-cone is n o w external to the 

space-cone, and the two convex sur

faces are in contact. 

The diagram (a), (b) of Fig. 108 

shows the two cases. O A (Oz in the 

text) indicates the axis of the body-

cone, O L that of the space-cone. 

The rolling of the ellipsoid (sup

posed of revolution and prolate) on a 

fixed plane, parallel to the invariable 

plane through 0, is illustrated in Fig. 107, which gives an idea of the 

polhode, shown on the ellipsoid, and of the herpolhode as described on 

the plane. 

6. Cone described in the body by the projection of the instantaneous 

axis on IP Separating polhodes. N o w consider the motion of the line 

O G , joining O with the projection of P on the invariable plane. Thus G P is 

parallel to the invariable line O L , and equal in length to CT, that is (2T)*/H 

(if k = 1). A s stated in 3 above, O G describes a cone in the body. Let G 

have coordinates £ r\, £ while those of P are x, y, z; the projections of G P 

on the axes are then £—x, q — y, £—%• These are proportional to the 

direction cosines of the normal at P to the M.E., and therefore 

€-%_v-y. = u, say. Ax ~ By ~ Gz 

But also O G is perpendicular to the invariable line, so that 

Ax£+Byr,+ GzZ;=0 

•(1) 

•(2) 
Equations (1) give 

£=(Ap + l)x, n = (Bp. + l)y, £=(Cp. + l)z (3) 

Multiplying these by Ax, By, Gz, respectively, and adding, we obtain 

Ax2 + By2 + Cz2 + p.(A2x2 + B2y2 + G2z2) = 0, (4) 

or (since now k = 1) 1+/X/CT2 = 0, that is p.= -CT2- Thus we obtain from (3) 

Ax = t A£ B» 
1-CT2A 

and therefore, instead of (2), 

Ag 2 

CT2B' 

+ •: 
Br 

1-CT 2A ' 1-CT2B +, 
Cf2 
-CT2C 

= 0. .(5) 

the equation of a cone. 
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Going back now to the equation of the body-cone we see that if C be 
the greatest moment of inertia and A the least, the equation becomes 

B(B-A)2/ 2+C(C-A)^ = 0,| 

or A(A-C)x 2 + B(B-C)i/2 = 0,J 

according as A = 1 / C T 2 or C = 1/CT2- Each of these represents a pair of 
imaginary planes; the former pair meets in the axis of x, the latter in the 
axis of z. 

The cone degenerates into two real planes if B = 1/CT3, where B is the 
intermediate moment of inertia. For then 

A(A-B)x 2-C(B-C)2 2 = 0 (7) 

These planes intersect in the axis of y and separate the polhodes, which are 
closed curves surrounding the axes of greatest and least moment of inertia, 
as shown in Fig. 109. Their intersections with the M.E. are called the 
separating polhodes. 

FIG. 109. 

7. Herpnlhodes. The herpolhode is a curve consisting of different parts, 
corresponding to successive repetitions of the polhode. From the manner 
of its description by the rolling of the M.E. it must always have its concavity 
turned towards the point L (Fig. 107), and therefore cannot have a point 
of inflexion. The distance of P from L at any instant is (OP2 — CT2)* ; and 
it is evident from the form of the polhode, as displayed by its-projections 
just indicated, that, in each fourth part of a description, O P varies between 
a maximum and a minimum value. Thus the distance (OP2 — C T 2 ) * simi
larly varies, and so the herpolhode is a curve lying between two circles 
which have the projection of the centre of the M.E. as their common centre, 
and touching the outer circle infernally and the inner externally as shown 
in Fig. 107. The herpolhode is not however in general a closed or re-entering 
curve: unless the angle turned through by LP, from contact with one 
circle to contact with the other, be commensurable with 2x, the curve will 
not be repeated. 
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When CT2 = 1/B the polhode passes through the extremity B of̂  the 
principal axis of intermediate moment, and is therefore one of the ellipses 
which form the separating polhodes. W h e n the point B is in contact with 

the fixed plane L P = (OP2 - CT2)1 = 0, and so the radius of the inner limiting 
circle is zero. 
Let the motion of the M.E. begin at any point of the polhode distant 

from the extremity of the axis O B at, say, the maximum value of OP; 
then the motion consists, as we have seen in 2 and 3, of a spin about the 
invariable line at angular speed 2T/H, and a turning about the line O G 
with angular speed w sin IOL. If we suppose now the invariable plane 
to turn about O L with the M.E., the whole motion of the latter is summed 
up by saying that it is at each instant one of rolling of the M.E. about OG, 
supposed to be at the same time turning, with the invariable plane, about 
the invariable line, with angular speed 2T/H, so that OG, fixed in the 
invariable plane, is at each instant in the plane LOP. 

As then the ellipsoid moves and its point of contact with the fixed plane 
approaches B, the motion becomes more and more nearly that due to the 
spin alone, and so the herpolhode consists of constantly diminishing arcs 
of a spiral closing down on a pole P. The spiral is given double by its 
geometrical definition, but only one half of it is described by the point of 
contact. 

. 8. Variation of the radius vector of the herpolhode with time. Denoting 
by p the distance LP, the radius vector of the herpolhode from L taken as 
origin, and putting as before x, y, z for the coordinates of P, with reference 
to the principal axes of the moving ellipsoid, we have 

x2 + y2 + z2 = P
2 + zo-2, Ax2 + By2 + Cz2=l, m2(A2x2 + B2y2 + C2z2) = l. ...(1) 

Hence, solving these equations, we get 

x2, y2, z2={BC(G-B)(p2-a), GA(A-G)(P
2-/3), 

AB(B-A)(P
2-y)}(A_iJHB^)(C_A), (2) 

«=-(~«^ />-•. r-.. (3) 

Connecting x, y, z with p, q, r we have by (4), 2 (with k = 1), 

p/x = q/y = r/z = w/OP = (2T)*. 

Hence also p/x = q/y = r/z = (2T)'2, and we can write Euler's equations in the 

form Ax-(2Af(B-G)yz = 0, By-(2T)i(C-A)zx = 0,\ (i) 

Gi-(2T)i(A-B)xi/ = 0j 

These give x, + yy + zz= - ( 2 T / » « 
A B C - ~xyz (5) 
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But since CT2 is constant and x2 + y2 + z2 = p2 + zzr2, the quantity on the left of 
(5) is pp. From this and the values of x, y, z given by (2), we get 

pp = (2T)H-(p2-a)(p2-/3)(p2-y)}i, (6) 

from which p2 can be found in terms of t. It is to be remembered that 
here k has been taken as unity, which explains the apparent difference in 
the " dimensions " of the expressions on the two sides of (6). To restore k 
we have to multiply the right-hand side by k2. 
N o w it is proved in (4), 2, that (if k = l) ft)2 = 2T.OP2, so that wd, = 2Tpp. 

Hence (6) becomes 

wlh = (2Tf{-(p
2-a)(p2-t3)(p2-y)}12 (7) 

W e may write this also in the form 

w<h=[-(a
2-a,c

2)(a>2-a,fi)(u2-wy
2)}* (8) 

For we have p2 = r2 — CT2 = &)2/2T — CT2, SO that the equation has the form 

stated if ftv2 = 2T(CT2 + a), «„*=..., »/=•••• (9) 

The value assigned to k does not affect (8). 

9. The differential equation of the herpolhode. The differential equation 
of the herpolhode can be found in the following manner. The double rate of 
description of areas by the projection of the radius vector O P on the plane 

of yz, is, by (4), 8, ,„ x / A - B „ C - A A m 

From this the other components of the double rate of description of areas 
can be at once written down by symmetry. 
The components yz — yz, etc., give a component on any plane parallel to 

the invariable plane. Let then I, m, n be the direction cosines of the normal 
to the invariable plane at P. W e have I, m, n = zn(Ax, By, Gz). If 0 be 
the vectorial angle of the herpolhode corresponding to the radius vector p, 

p2(/> = l(yz — yz) + rn(zx — zx) + n(xy — xy) 

= CT(2T)i{Ax2(^,/-^,2) + B2/
2 /A-B „ C-A. 9\.^B-C„ 2 A - B ^ 

A " C 
— i 

B~ 
+ Oz2{^x2-^y2)\ (2) 

But 
/ A — B C— A \ A T 2 

Ax2[^^y2-Aj^z2)=^[A(Ax2 + By2 + Gz2)-(A2x2 + B2y
2 + C2z2)} 

= ^BC(ro2A~1); 

and corresponding values hold for the other terms on the right of (2), and 
so (2) becomes 

22 ( 2 T ) V A 2 C T
2 A - 1 , p 2 C T

2 B - 1 „ C T 2 C - 1 \ ,QN 

^ = CT \Ax -BC~ + By2 ~ C ^ + C 0 "AB"-) (3) 
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By the values of x2, y2, z2 in (2), 8, this reduces to 

p2c/> = zo-(2Tf(p2 + E), (4) 

where E = (CT2A-1)(CT2B-1)(CT2C-1)^BQ= -(-«W £•
 (5) 

by (3), 8. 
By the value of pp, given in (6), 8, 

±^<H= ra(pM-E) (6) 
P dP p[-(pz-a)(p

2-j3)(p2-y)r 

10. Radius of curvature of the herpolhode. From (4), 9, we might calculate 

the radius of curvature of the herpolhode for any point, and verify that it can nowhere 
be infinite, so that the curve cannot have a point of inflexion. The result which is, as 
suggested above, almost obvious, may also be established by a process due to M. de 
Saint Germain (Gomptes rendus, 100, 1885), which is less laborious than a direct calculation 
of curvature. At a given instant two generators of the space and body cones are in 
contact. Along these, from the common vertex of the cones, take a length OP=co, and 
through P draw a plane cutting both cones at right angles to the coincident generators, 
and let R, B' be the radii of curvature of the body-cone and the space-cone, respectively, 
in this normal plane of section. If the distance travelled in dt by P, taken as fixed on 
the body-cone, be ds, we have 

a dt = ds ( p + =-, J (1) 

If E'be infinite at P we have oidt=^, or io = p (2) 

This relation is impossible. To prove this statement take an adjacent generator OQ, 
so that P Q = cfo. Then the area of the triangle O P Q is jw ds, if O P represents co. But the 
same area may be expressed in terms of the coordinates 

0, 0, 0, pa, qa, r0, po+pdt, q0 + qdt, r0 + rdt 

of O, P, Q, and the equation bi^z =
 aJftA^^+Alt, (3) 

where a, b, c = A(2AT — H2), ..., ..., is obtained. 
Changing the origin to P, and taking two other points, M , N, on the normal section, 

through P, of the body-cone, and distant ds and ds + d2s from P, we find the distance 
of the point N from the tangent plane to the cone at P, and hence that the angle between 
the tangent to the section at M , and the tangent at N is 

2 (ap0 d'
2p + bq0 drq + cra d

2r) rn~\ ' 

where N = (a2p0
2 + b2q2 + c2rQ

2p. 
But from the fact that P M is perpendicular at once to O P and to the normal to the 

surface at P, so that the relations 

p0dp + q0dq + r„dr = 0, ap0dp + bq0dq + crndr = 0 

hold, and by the equation of the body-cone, which is now 

ap2 + bq2 + cr- = 0, 

it can be shown that the value of the angle just found can also be written ds. abcA2'l\3. 
But the angle is also ds/R, and so we have 

B = -T—i, (4) 
abcia2 \ ' 
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But if B.' were infinite we should have by this result s = Nijaqbc, and by (3) also 
»!=N/oABC. 
Thus the necessary condition is- N 2 = %JL-

A B C 
The equation of the surface and the values of 2T and H 2 give three equations which 

enable N 2 to be expressed in terms of p2, or in terms of r2. It will then be seen that N 2 

cannot have the value here stated, and a point of inflexion on the herpolhode is 
impossible. [This is necessarily true only for the ordinary herpolhode here considered.] 
It is impossible also that B can be zero : this follows from the equations for 2T and H2. 

A point of sudden change of direction on the herpolhode would be characterised by B' = 0, 
and this would involve also R = 0. 
11. A special case of the herpolhode. In the case referred to above, in which 
CT2 = 1/B, the differential equation (6), 9, reduces to 

d<p_ 1 
dP~pBi(/3-p2fi 

Substituting p = l/y, we get 
dip I 1 . d2y _ „ 

- A——T r and =A, = B(3y, 
dV Bfl(/iy2-\f d4>-

,., . I J$p)h+P-<.mh 
which gives i =- Zz 

P 2fii 
As <j> is supposed to start from an apse of the curve, where d<p/dp = co, and there 
p = P^, both terms on the right have the same coefficient 1/2/35. 
12. Stability of the motion of a symmetrical body under no forces. A 
result of interest in gyrostatics can now be deduced from Euler's equations 
of motion for a rigid body turning about a fixed point under the action of no 
forces. The motion is, in a certain sense, stable when the axis of greatest 
or least moment of inertia is the instantaneous axis. This is of importance 
in the case of a body thrown into the air, such as a quoit or an elongated 
projectile, and left to move under the action of gravity. If gravity alone 
acts there is no couple on the body, and the translational motion and accele
ration may be ignored. 
W e suppose then that the body is symmetrical about an axis of figure, 

and that the moment of inertia about that axis is either greater or less than 

the moment of inertia about any other axis through the centroid. A quoit 

is an example of the former case, a rifle bullet or a spear spinning about its 

longitudinal axis is an example of the latter. Spears do not seem to be so 

thrown, but a juggler, when he throws knives from hand to hand, some

times at least, spins them in this way. 
If the axis of rotation coincide with OC, so that p = q = 0, the equations 

of motion are 
Ap = 0, Bq=0, Cr = 0 (1) 

If however the axis of resultant angular velocity deviate slightly from 

OC, so that the angular speeds are p, q, r0 + r' where p, q, r are small, we 

can prove that under certain circumstances p, q can never become large. 
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If products of small quantities be neglected, the equations of motion are now 

Ap-(B-C)gr 0 = 0, Bq-(C-A)r0p = 0, Cr = 0 (2) 

Differentiating the second equation, and eliminating p between the result 

and the first equation, we obtain 

.. , (C-A)(C-B) 2 n (3) 

1 + - fg yr0
2g = 0 , V' 

N o w ( C - A ) ( C - B ) is positive if C is either the greatest or the least of 
the three principal moments of inertia. If this condition is fulfilled we have 

q + n2q = 0, (4) 

where n2 [ = (C-A)(C-B)r 0
2/AB] is real and positive. For initial values 

q0 and q0 of q and q we get the solution 

q = q0 cos nt + — sin nt. 
lb 

But initially q = (G — A)p0rJB, so that 

, , C-A . , ,., 
q = q0 cos nt-\—=r~r0p0smnt (o) 

Hence, if p0, q0 be small initially, q cannot acquire more than the small 
value given by (5), and a similar result can be obtained for f>- The instan
taneous axis thus remains in the vicinity of OC. 

By substituting for q from (5) in the equation Bq — (C — A)r0p = 0, we 
obtain j>n 

A, 0 

Now we have 

tan 001 = ^ + ^. tanCOL=^^B3^ (7) 
ro Cr0 

In the case we have been considering these tangents are both small. 
According as C is the greatest or the least moment of inertia, the fixed cone 
lies within or without the moving cone. 

13. Space-cone and body-cone according as G is the greatest or the least 
moment of inertia. If C be the greatest or the least moment, and A = B, 
the instantaneous axis describes in the body a right cone round OC, the 
axis of figure, and this cone rolls on a right cone fixed in space. Here 

2 (C-A)2r0
2 C-A 

nZ = - J T ^ 1 or n = __,.0j (1) 
and we have 

p =p0 cos nt — q0 sin nt, q = q0 cos nt +p0 sin nt (2) 
These may be written 

p = B,cos(nt + e), q = Bsin(nt + e), (3) 

if R = (pf- + qff and tan e = qjp0. The resultant of p and q is therefore an 
angular speed about an axis OI), which lies in the jjlai.ie 0f the axes O A 

P =Po cos r'%l + A n s ™ nt (̂) 
A — C r, 
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OB, and makes an angle nt + e with OA. That angle increases at rate n, 
and OD moves round from OA in the direction of rotation about OC if 
C > A, and in the contrary direction if C < A. 
It is clear from the Poinsot representation of the motion that as the M.E. 

(now of revolution) moves, the instantaneous axis is always inclined at the 

same angle to the invariable line OH. For, as we have seen in (1), 2, 

cos IOL = —fj, 

and Euler's equations give 
dor 

pp + qq + rr = 1-^ = 0, (4) 
so that to is constant. 

Equation (7), 12, now becomes 

tan 001 = -, tanC0L = ̂  (5) 

r0 Cr0
 v > 

The angle COL is greater or less than COI according as C < A or C > A . 

In the former case the cones are external to one another, and roll with their 

convex surfaces in contact, in the latter the fixed cone lies within the moving 

cone, and the concave surface of the latter rolls on the convex surface of 

the former. See Fig. 108 above. 

14. Illustrations of the stability of a body under no forces. As stated 
above, we have a good illustration in a well thrown quoit. A moderate 

rotation about the axis of figure is given, that rotation remains unchanged 

during the flight, except for the effect of air resistance, and the direction 

of the axis changes comparatively slowly, if at all. The action of the air 

is rendered perfectly regular, and the mark aimed at is more certainly 

reached. The cones have been already illustrated in Fig. 108. In the 

present case, if R have any sensible small value, the angles COI and COL 

are both small, but the latter is smaller than the former. 

For a quoit C is not very different from 2A, and so n is approximately 

equal to r0. Thus the axis of figure 0 0 (OA in Fig. 108) turns round the 

invariable line with nearly the angular speed r0. The angle COL is small 

and approximately |R/r0. The larger this angle is the more the quoit 

has of the usual regular wobbling motion, which is simply the precession 

of the axis of figure about the invariable line. 

With the foregoing case we contrast that in which C is the small moment 

of inertia, e.g. in the case of the knife thrown by the juggler. Here again 

there is stability for rapid rotation about the axis of figure. But when the 

body is long and slender (A —C)/A is nearly equal to unity, so that again n 

is nearly equal to r0, but has the opposite sign. Now tan COI = R/r0 and 

tanCOL = AR/Cr0, of which the latter is much the larger, and the cones 

lie as in Fig. 108 (b). In this case the wobble due to the motion of the 

axis of figure about the invariable line is very much more marked. 
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15. Illustrations of stability of a top under no forces. Diabolo. The 

top called diabolo, which was very popular some years ago, illustrates the 

principles set forth in the preceding articles. It consists of a kind of spool, 

constructed as shown in the diagram of frustums of two equal cones, put 
together with their axes in line and turned in opposite directions, the 

surface at the junction is slightly rounded out to receive the spinning 

cord. 
This spool is supported with its axis of figure horizontal, or nearly so, 

on a vertical loop of cord suspended from two handles held by the operator, 

also as shown in the diagram. The spin is produced by successive strokes 

each made by raising the right handle (say) 

quickly and then lowering it, but more 

slowly. A friction couple about the axis 

of the spool is applied in the first upward 

motion. In the succeeding downward motion 

of this handle, which of course is accom

panied by upward motion of the left handle, 

there is little or no couple applied to the 

spool; for the motion of the spool at the 

point of contact is now in the opposite 

direction to that of the cord, and the relative 

motion of the spool and cord at the point 

is a maximum. 

As the diabolo is usually constructed its 

axis of figure is an axis of minimum moment 

of inertia; in other words, the momental ellipsoid is a prolate ellipsoid 

of revolution. The spool may however be made so as to have maximum 

moment of inertia about the axis of symmetry, that is, so that the 

momental ellipsoid is oblate. 

In either of these cases the rotational motion is stable, and illustrates 

therefore the conclusions of 12 and 13. The spool when spinning fast can be 

thrown into the air from the string, and preserves its axis unchanged in 

direction, so that it can easily be caught again on the string by the per

former. Should a component of A.M. about an axis transverse to the axis 

of symmetry exist at any instant, the action of friction will, as explained 

above, tend to bring the axis of resultant A.M. into coincidence with the 

axis of figure. 

If the. spool be made so that the moment of inertia about the axis of 

figure is equal to that about any transverse axis through the centroid it 

will be found impossible to get up any spin in the ordinary way. For 

there is nothing to determine stability, and disturbing couples actino- on the 

body will cause the instantaneous axis to change its position in the body 
without any tendency to approximate to the axis of A.M. 
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Two equal cones (or rather a single right circular cone, of equal sheets) 

made of uniform sheet metal, and united at their vertices with their axes 

in line, would, if the angle of the cone were tan-12*, give a spool the 

momental ellipsoid of which would be a sphere. This ideal construction is 

difficult; for one thing w e cannot unite the two cones if their vertices are 

sharp. The required result can however be obtained by makino- the 

momental ellipsoid oblate, that is with an excess of the moment of inertia 

C, about the axis of figure, over that A about a transverse axis, and pro

viding it with a tubular hollow along this axis. A rod of wood filling this 

hollow symmetrically will leave the centroid unchanged in position, and 

will add to both the moments of inertia, but, unless it is very short, more to 

A than to C. If the rod is made of proper length the ellipsoid of inertia 

becomes a sphere. The diabolo, which could be spun without difficulty 

before, becomes incapable of stable spin after the insertion of the rod. 

The equality of the moments of inertia about the principal axes m a y be 

tested by hanging the diabolo by a torsion wire, and observing the period 

(1) with the axis of figure vertical, (2) with that axis horizontal. The 

periods should not differ so much as 2 per cent. 

This experiment is due to Mr. C. V. Boys [Proc. Phys. Soc., Nov. 22, 

1907]. 
If the stick is not inserted in the hollow symmetrically, the centroid will 

be shifted along the axis, and the moment of inertia about a former trans

verse axis will be increased by an amount ma 2, where m is the mass of the 

stick and a the distance of its centroid from that of the spool. If the 

difference is great enough there will be stable spin, together with precession 

about the vertical transverse axis, with angular speed mga/Gn. The 

vector of A.M. of the spool is to be drawn towards the operator, and turns 

of course in the precession towards the axis of the couple. 

If the operator, after spinning the balanced diabolo with his right hand 

draws that hand towards him, a couple about a downward vertical axis is 

applied, and the end of the spool near the operator turns downward. The 

contrary turning takes place if the operator draws in his left hand. Equal 

drawing in of both hands will apply a couple about a horizontal axis 

pointing towards his left, and the spool, if it has been spun with the right 

hand, will turn in azimuth in the clock direction as seen from above, that 

is the outer end of the spool will turn towards the performer's right. 

The reader will easily see how these results are modified if the spin is in 

the opposite direction, that is, has been produced by the left hand. 

16. Stability ivhen the • body tender no forces is unsymmetrical. 
Returning to the general ease of unequal moments of inertia, with C > B > A, we consider 
the motion starting from approximate coincidence of the axis OI with OB. If the initial 
values of p, q, r be pg, q0, r0, p0, r0 are very small, and therefore q varies slowly, W e 
have the equations Ap-(B-C)q()r=0, Cr-(A-B)pqli = 0, (1) 
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since we suppose that so short an interval of time has elapsed that j» and r are , 

and q0 is little different from its initial value. Eliminating p, xve find 

ACr-(A-B)(B-C)qfr = 0 (2) 

A - B and B - C are both negative, so that we can write this equation in the form 

r-n2r = 0, (3) 

where w2 = (A-B)(B-C)?„
2/AC, and is positive. Hence, if K, L are constants, 

r = Ke'" + Bc-«t (4) 

When t = 0, »-„ = K + L, and ?\, = a ( K - L ) , so that 

K = i(r0 + j)> L = i(r0-5 

Thus r = lr0(e'"
t + e-M) + ?A(e*a-e-"t) (5) 

After a short interval of time T, we have 

r = r0(l+\n
2r2) + i\,r, (6) 

to the second order of small quantities. There is no oscillation of the value of r. 

„. . A - B 
Since »'o = —Q-Pi/Jo, 

we may, by the value of n2, write (5) in the form 

r = fr0(eP + e-«) + i[^Zul)\(*
tt-°-n') (7) 

From this, by the second of (1), we obtain 

P=ipu(e''' + e-''') + i{^l^)yru(e"'-e-'A (8) 

Of course it is to be remembered that these integrals cannot be used except for small 
values of t, otherwise it will not be possible to consider q as retaining sufficiently nearly 

its initial value q0. 

17. Extension of Poinsot's theory to the motion of a top. We now con

sider an extension of Poinsot's theory to a top spinning under gravity about 

a fixed point in the line of its axis of figure OC. If, as we shall suppose, the 

angular speed n about OC be constant, and a distance 00' be laid off on OC 

to represent n, the extremity P of the instantaneous axis lies in the plane of 

OC and the resultant of p and q. As the top moves this plane moves also, 

and a curve is described in it by P, which shows how the instantaneous axis 

moves in the body. The angular speeds about the principal axes 0(A, B, C) 

are p,q,r (r = n), so that we have O'P (= p) = (p2 + q2f = {& + xjAsin2Of 

Apart from spin the kinetic energy is A A (62 + xjr2 sin2 6) = -1A (p2 + q2). The 

energy equation is thus 

02 + V>sin20 = ̂ - 2 ^ c o s 0 , (1) 

where E is the total energy, less the constant energy of rotation. Putting 
a s a t l 0> V> 2E/A = a and 2Mgh/A = a, 

we get (j2 + xjr2sin2Q=p2 + q2=a — az (2) 
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Thus we can write the energy equation in the compact form 

9 o. — o" , „, 
pA = a — az or z — =- (3) 

a 
As w e have seen (loc. cit.) the equation of A.M. about the vertical through 

0 can be written xl-(l-z2) = /3-bnz (4) 
and elimination of xjr between this equation and (2) leads to the equation 

i2=(a-az)(l-z
2)-(/3-bnz)2=f(z) (5) 

which has already been discussed to some extent. 

N o w from (3) w e have z= —2pp/a, and from (5), 

PA=-ia{f(<^)f (6, 
To find the vectorial angle (x, say) corresponding to p, w e calculate 

ttxn-1(q/p). The angular speeds 6, xjr sin 6, are those about O D , O E (Fig. 4, 
p. 48), and by (2), 2, IV 

p = 6 sin qx — xfr sin 6 cos </>, q = 8 cos ip + xjr sin 6 sin <p. 

xjr sin 6 

Hence tan ̂  = : 

cot (/> + -

n xjr sin 9 
1———-.— cot. 

N o w sin6/Q= -(l-z2)/z= -(l-z2)/[f{z))i and xjr = ((3-bnz)/(l -z2), and 

therefore r R — bn*, 
tan x = tan I \ir — </> — tan -x £ — — - \ (7) 

Thus we may write x = |7r-9!>-tan-
1'5~&TOZ (8) 

Differentiating, remembering that 

z={f(z)}1 and <p'=n-xfrcos 6 = n-(R-bnz)z/(l-z2), 

we get, after reduction, 

(a-az)x=h(hna-a/3) + %n(b-2)(a-az), 

that is, since a — az = p2, 

P
2X = in(b-2)p2+2-(bna-ab) (9) 

18. The outer extremity of the I.A. for tlie top lies on a fixed spherical 

surface. The locus of the extremity of the instantaneous axis is a sphere 

fixed in space. For, let px, qx, rx be the angular speeds of the top referred 

to fixed axes, of which the vertical O Z is one, and let rx be the angular 

speed about OZ. Then w e have p2 + qx
2 + r2=p2 + q2 + n2 = a — az + n2. 

But, clearly, r1 = xjrsin
20 + ncosd = (3 + (l-b)nz (1) 

Eliminating z between this equation &n&p2 + q2 + r2 = a — az + n2, w e obtain 

(l-l)n(p2 + q2+r2) + arx-a[3-(l-b)n(a + n
2) = 0 (2) 

Bni px, qx, rx are the coordinates of the extremity P of the instantaneous 

axis, and the equation just found shows that P describes in space a curve 
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on a spherical surface the centre of which is on the vertical at a distance 

x\a/(l — b)n below O. The radius of the sphere is 

«+w2+(T=^{/3+4(i^y»/. 
If the top be "spherical" & = C / A = 1 , and the equation of the surface 

reduces to r —Q> (3) 

the equation of a plane at distance B above the fixed point 0. 
The motion of the top is given by the rolling of a body-cone on a space-

cone the generators of which are the lines joining 0 to the successive points 
of the spherical curve just defined. The curve given by the successive 
positions of P in the body is the polhode, and the successive positions of 
O P in the body make up the body-cone. This cone rolls on the space-cone 
and the polhode on the spherical curve. 

19. Reduction of the locus of the extremity of the I.A. to a plane. 
Spherical top. If the top is " spherical" its motion is represented by a 
motion of the momental ellipsoid in which the polhode rolls on the curve in 
the plane rx = B, to which the spherical curve now reduces. To find this 
curve let Pi=px+q

2, then, when 6 = 1 and r,= R, 

pl2 = P" + u2-&2 (1) 

Also, from Fig. 12, p. 69, we get 

px= — 6 sin xjr+<p sin 6 cos xjr, qx = 6 cos xjr + ('/> sin 6 sin xjr, rx = xjr + q)Cos6 (2) 

[and when the top is spherical R = rx = <p cos 6 + xfr]. Hence 

, , Asm 6 
A , • . „ . COXiVs + =—-. 

qx_ Q cos xjr+(p sin 6 sm xjr Q 
Vi — 6 sin xjr + 6 sin 6 cos xjr ~~ n A sin 6 , , *' 

' — l+ r—: cot xjr 
6 

Thus tanx^tan^ + Jvr-tan-1^1^) (3) 

Now, returning to the spherical top, we have, by (1), pxpx = pp, and, since 

z = (a-P
2)/a, f(z)=f[(a-p2 + n2-B2)(a}. 

Hence p^ =-ha[f(
a APl±A*^Sf (4) 

7 J 
Expanding the right-hand side to the form 

f(z) = (a-az)(l-z2)-(B-bnz)2, 

and writing a for a.+ n2 — R2, we get, since 6 = 1, 

Pi V = i [(Pi2 - n2 + B2){a2 -(a- Px
2)2} - (a/3 - na + nPx

2)2] (5) 

N o w let a line O L be drawn from 0 to represent, in magnitude and axis, 
the resultant A.M. of the top: the velocity of the point L represents the 
moment of the couple Mgh sin 6 about O D . The rate of production of A.M. 
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is therefore represented by the horizontal vector O D , if taken of proper 
length. [The rate of alteration of angular velocity is given by the motion 
of the point P in the plane rx = B-] The vector representing the component 
of <o at right angles to the vertical is px, and the radial and transversal 
components of the velocity of P are thus px, pxj/'. But the rate of change 
of w, since there is no change of the angular speed about the axis of figure, 
has the value Mgh sin 6/A, or Ja sin 6. Thus 

Px+ P1*X
2 = la2sin26 = la2(l-z2) (6) 

Hence, by (4), ft^ = ia*{(l-*VW(^&!)} (
7) 

Here z = (a' — px)ja, and so we get after reduction, remembering that for a 

spherical top 6 = 1, p1
ix=Kan-a'B + j3px

i) (8) 

W e shall call the curve, of which this is the polar equation, the curve s. 

20. The locus of tJie extremities of the I.A. for the top is a polhode. 
Jacobi's theorem. Comparing (5), 19, with (6), 8, we see that s is a her
polhode, in the plane rx = (3, which would be described by a properly specified 
" ellipsoid " of inertia, constructed for an imaginary body turning about 0 
under the action of no forces. In the present case the distance OP, taken 
along the instantaneous axis, represents w, the numerical measure of the 
resultant angular speed of the top ; in the case discussed in 8 the multi

plier (2T)3 on the right-hand side of (6) is, in the notation used, eo/OP. 
Hence ox2(OB2 corresponds to the multiplier \ in (5). Thus, reducing to 
the same scale we see that the angular speed of rolling of the imaginary 
ellipsoid is half the angular speed of the top. 

It is to be observed that what we call here an ellipsoid of inertia may 
not fulfil the conditions of ordinary ellipsoids of inertia and that, for 
completeness, it is necessary to generalise the notion of matter so far as to 
consider inertia as having either sign. 

W e have now seen that the curve s is described by a body-cone Gb, fixed 
in the body, rolling on a cone C s fixed in space, and that it can also be 
described by a cone C'b, fixed in the momental ellipsoid of an imaginary 
body moving about the point O under the action of no forces, and turning 
at each instant about the instantaneous axis of the top, with half the top's 
angular speed. N o w let a fourth cone G"b roll on Gb so as to trace out by 
the relative motion the polhode in the top, which lies in the plane perpen
dicular to the axis of figure at distance n from O. Further let the cones 
all move so that at each instant each is in contact along one generator of 
the space-cone. 

It is a theorem of Jacobi,* stated however somewhat differently and 
given by him without proof, that the cones C';, and C"b are identical. 

*,Jacobi, Werke, Bd. 2, p. 480. 
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Analytical proofs of this theorem have been given by Halphen * and 

Darboux, f but the identification can be effected in the following more 

simple way suggested by M. de Saint Germain.; 
Describe a sphere, centre 0, cutting the common generator in a point P, 

and in Tx, Qx, Q,\, Qf'x, the four generators which after time dt should be in 

contact. The arcs PP 1 ; PQ 1 ; BQfx, BQf\ must all have the same length ds. 

Let then R be the radius of curvature of the space-cone, R1; R'1? k\"x the 

radii of curvature of the others, taken in a plane drawn through P at time t, 

at right angles to the coincident generators. W e get then 

B+£>- I--'(E+B;)- i"*(k+^) (1) 

The first two equations give 2w = *(=o—=nr 

so that by the last equation R\ = — B"x (2) 

Since in the kinematic equations (1) the radii of curvature are taken 

positive when they are turned in opposite directions, that is when convex 

surface rolls on convex surface, we see that the radii R'-p W'\ in contact at 

their extremities are turned in the same direction and are equal. This 

holds for every element of the cones which come into contact, and so the 

cones are identical. Thus the polhode on Of,, the body-cone for the 

momental ellipsoid of the imaginary body under no forces, rolling on the 

space-cone, gives the herpolhode which is the curve s, and the rolling 

motion of the same cone, relative to C„, gives the polhode of the top's 

motion. A horizontal plane through 0 is the invariable plane for the 

absolute motion, while a plane at right angles to the axis O C is the moving 

(invariable plane) for the relative motion. 

21. Case of an unsphericed top. When the top is not spherical the 

motion can be reduced to that of a spherical top by choosing n' = Gn/A ( = bn)> 

and using n' as. the speed of rotation, when the equations 
become those for a spherical top. Consider, then, a solid of 

revolution which has, with respect to the top, an angular 

speed (b — l)n, and its axis of figure always in the same 

direction as OC. To this body all the results just obtained 

apply, and to its motion that of the top exactly corresponds. 

The body-cone for this top is not the same as that of the 

FIG. ni. actual top; for example if A > C , we have n'<fn, and so if 
O P be the line representing the real angular speed w at 

time t, OP' will be that for the spherical top. The cone with O C as repre

senting n will roll on a corresponding space-cone [OC is not necessarily 
vertical]. 

* Journ. de Matliem., t. 2, 1886. + Comptes rendus, t. 100, p. 10(35. 

X Resume" de ta theorie die moavement d'un solide autour d'un point fxe. 
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22. Passage from one Poinsot movement ,to another. If we write 
D = H2/2T and A = 2T/H the equations of energy and A.M. become 

Ap2 + Bq2 + Cr2 = T>h2, A2p2 + B2q2 + C2r2 = T>2h2, (1) 
or, if also we write Aa = B5 = Co = D/i, 

t. . 14.A.-J, P*A<f , ''2_n ,,, 
a+b + c-h' d2+¥ + 72~l (2) 

The dynamical equations are, in this notation, which is due to Darboux, 

£-°(Hy=0' i-b(l~d)rr=0' t-c{l-lh~° (3) 
Consider now for a moment the surface 

A.r2 + B?/2 + C2 2=DS 2 (4) 

The direction cosines of the normal drawn at the point x, y, z are 

Ax, By, Cz p q r 
DS2 ~a' &' c' ( } 

where Zo is the length of the perpendicular from the centre on the tangent plane at 
x, y, z. 
Instead of the dynamical equations (3) we may use the equations 

p-aqr = 0, q-/3rp = 0, r-ypq = Q, (6) 
which agree with (3) if 

a=«fcp6) pjAAzA, y=£(^) (7) 

be ' ca ' ab 
In this case a, (3, y satisfy the condition 

a + (3+y + a(3y = 0 (8) 

If it is satisfied we say that equations (6) represent a Poinsot movement. [Of course a, (3 
are not to be confused in meaning with the letters a, (3 of 16, above.] 
From one Poinsot movement another can be derived. For writing 

p' = a'p, q' = (3'q, r' = y'r, 

we obtain'for the new coefficients ax, f3x, yx of equations (6) for the movement p', q, ?•', 

ai=\b"c)pTA" ^^Vc^aJyA" ^ = \a~b)-df' (9) 

If this is also a'Poinsot movement (8) must be satisfied by the values of cq, f3l, yx found 
in (9). The condition for this is found to be 

a2(o-6)(a'2-l) + 62(a-o)(/3'2-l) + c2(6-a)(y2-l) = 0 (10) 

Thus, for a change from one Poinsot movement to another, only a single relation 
requires to be satisfied by the multipliers a', fi', y', so that two of these multipliers may 
be arbitrarily chosen. 
The relation (10) is obviously satisfied by a' = (3' = y' = — 1. Thus we pass from one 

Poinsot movement to another by mere reversal of p, q, r. If a', V, c' be the constants 
for the new motion we have 

£+£+*=h>, ^2+g+4=i do 
a o c a' b1 c2 K 

If we multiply the first of (2) by A, the second by p, and identify the sum of the 
products with the first of (11) we get 

l A . u , l A , u l A u , , ,, , 
a' = a + d2' b'=b+W c' = -e + f2' A A + " = A (12) 

G.G. 2G 
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Similarly, multiplying by A,, pu and identifying the sum of products with the second 
of (11) we get i A i + i > ^_ ̂  (13) 

a « a-. o - 6 ft*1 c' c c 

From (12) and (13) w e have % = aX + p, <A = aXl + p.^ (14) 

and similar pairs of equations hold for 6, V and c, c'. 
Eliminating a' and a"2, we obtain for a the cubic equation 

X1a
3-(X2-p1)a

2-2Xpa-p2 = 0 (14') 

A n exactly similar equation holds when b, and also when c, replaces o. Hence a, b, c are 

roots of the cubic Xlx
z-(X2-p.x)x

2-2Xpx-p2 = 0 (15) 

Thus we have the five equations 
X2-px = Xx(a + b + c), -2Xp = Xx(ab + bc + ca), p2=Xlabc, Xh + p. = h', Xxh + px = l, ...(16) 

for the determination of A, p., Xx, px, h'. 

Solving these equations we obtain 

A= 
2Q 2R 
r > lJ- — -Q > A' 

4B 
Mi 

Q2-4PR 1 
=V/V-J 

.(17) 

where B = a + b + c, C) = bc+ca + ab, B = abc, fi2 = Q 2 - 4 R ( P - h)--
From (17) we can now find a', V, c', Ii. Adopting (since a, (3, y are again at our disposal) 

R 
a=-bc + ca + ab = Q,-2 — , 

. B 

the notation 

we obtain from (12) 

(3= bc-ca + ab = Q-2 

y = bc + ca — ab = Q — 2 

Al, b' = -;-, i2, c' 
>• p y 

b 
B 
c:; 

<vA'=^-
2E 
fi 

[fl=-8WAJ 

.(18) 

,.(19) 

The dynamical equations for the motion fulfilling the conditionsp+p = q + q' = r + r' = Q, 
are therefore 

p'~ail'-ld)ir=o> i'-v\A'-f!)rp=o' ' V - C ' 0 ? 4 ) M = O (20) 

Comparing with (3), 22, we'obtain the relations a(l/b-l/c)= —a'(l/b'-l/c'), etc., or 

(21) a a a a 
0 b c c 

b ,VJi V 
c c a a' 

23. Passage back from the secmid movement to the first. The problem 
is thus completely solved of passing from the first of these associated movements to the 
second. If 12', a\, [3\, y\ be the corresponding quantities for passage back from the second 
to the first, we have 

a', 0,9.' , V .,, 7flfi' c' , 99' 
a = — u = a — T , b=jTAt=o-7T7v-> c = — il=c r. 

a act p pp y yy ' 
so that aa'=(3(3'=yf = 99' (1) 
W e shall show presently that £2 = fi', so that 

a fi £ fl y=tt 
il~a" a (3" a f 

W e observe that by the values of P, Q, R [see (17), 22] we obtain from (18), 22, 
a + /3 + y = Q, a/j + /Sy + ya = 4PE-Q

5, a/}y = 4PQR-Q3-8R-', ) 
a- = Q=-4R(P-a), /32 = Q 2-4R(P- 6), y2 = Q 2- 4E(P-c). / (3) 

(2) 
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To prove that aa' = 99' = 92, we have, since -a = a(P-a)-~R/a, 
r j>x 

aa'=^a(P - a) - — j ( - b'c'+c'a' + a'b'). 
But, by (19), 22, 

^'-')-S^{ft(^y)-^}"-(-^ + ^ + aiy)fr. ' 
Inserting from (18), 22, the values of a, f3, y, in the terms in brackets on the extreme 
right of the last equation, we find that the expression becomes 

•b2c2-a2(b-c)2 = {bc + a-(b-c)]-{bc-a(b-c)} 

Q-2f)(q-^)=-^ + 2qbc + 4Jia. 

Thus ««' = {«(P-a)--l(-Q2 + 2Q6c + 4P,a.)-^ u) 
K- aJ apy v ' 

Multiplying out and reducing, we find that this becomes, by the values of P, Q, R 

aa' = (4PQR^Q3-8R2)^ = 02, 
a/3y 

by (3). Or, the first factor on the right of (4) is a, the second (3y. 
' Again, we have, by (1.9), 22, 

A, ̂ ^^Of-flfta a(Qh^2B,)-ct92 

tt• a " a9 
It will be found that this reduces to 

h<-a'=~@A(h-a). 
aSz 

Thus we obtain the three relations, 

h—a H h-b <• h-c 9 ^ ' 
--_ If a, b, c are in algebraical order of magnitude it is clear by (2), 22 that h lies between 
a and c. The:two quantities Q 2-4R(P-V), Of - 4R(P _ c), that is a

2, y2,.are essentially 

positive, and Q 2-4R(P-«) > Q2-4R(P-A) > Q ^ 4 R ( P - C ) . 

Thiis Q 3 - 4 R ( P - k), or 92, is essentially positive, and the expressions above in which 9 
appears are real. 
Again, the relations 92 = aa'=(3j3' = yy' show that a', (3', /"have the same signs as 

a, (3, y respectively. Thus if the surface corresponding to the first motion is an ellipsoid 
of inertia, so also is the surface corresponding to the associated motion. 
The discussion of two associated movements given above is founded on the Notes of 

Darboux in Despeyrous' Cows de Mecanique. A more general discussion was given by 
Barboux in the Journal de MatMmatiques for 1885, but the relations found all reduce to 
those given above when the top is spherical. As all tops can be reduced to this form by 
the substitution indicated in 21, the:res.triction.tQ the case of p+p' = q + q'==r+r' = 0, does 
not deprive the discussion >of any needful generality. 

24. Body-cone and space-cone for associated movements. Now consider 
the, two surfaces, S, S' [(4), 22], which, correspond to; the two motions. W e may suppose 
for the moment that the two sets of principal axes are coincident. Along the system of 
axes thus given lay off coordinates p, q, r. This will give a point on a polhode. If the 
whole sequence of points be thus constructed for the successive positions of the surfaces 
S, S' (which it must be remembered move in a manner depending on the body's motion), we 
shall have a polhode, and the lines joining the fixed point O to the points of the sequence 
will givea cone C," which can be used as the moving cone for either motion. 
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In the motion of the surface S the moving cone rolls on a cone A fixed in space, the 

base of which is a, herpolhode H ; in the motion of the other surface the moving cone 

rolls in the opposite direction, with the same speed at the same instant, on another space-

cone B, the base of which is a herpolhode H'. 

Now at a given instant tn let a generator gm of C, considered as rolling on A, be in con

tact with a generator g0 of that cone ; at time t it will be in contact with another 

generator g. If at time t0 the moving cone, considered as rolling on B, have its generator 

g,„. in contact with a generator g'0 of that cone, at time t it will be in contact with another 

generator;/. If n o w w e suppose g() a n d g'fl to be in contact at time t0, a n d B to roll on 

A , with angular speed opposite to a n d twice as great as the angular speed of C on B, the 

generators g a n d g' will be in contact at time t. This motion of B with respect to A is 

of importance in the discussion of Jacobi's theorem regarding the motion of a top. 

25. The polhode as the intersection of two surfaces of the second degree. 
T h e following proposition is also important in this connection. T h e intersection of two 

surfaces of the second degree which are concentric, a n d h a v e their principal axes along 

the s a m e straight lines, can be considered, in t w o different w a y s , as a polhode. 

Let the equations of the surface be 

Ax2 + By2 + Cz2 = T), Ai.v2 + B'y2 + C'z2 = T>' .' (1) 

T h e proposition will be proved if it can b e s h o w n that equations (1) can be combined 

linearly so as to give, first, a resultant identical with 

x' iy z* , 

-+f + -=h,. 
a b c 

•A) 

and, second, a resultant identical with 

r- if & 

A2+% + f, = l
2. 

a2 b2 c2 

,.(3) 

T a k e the first linear combination of equations (1). Multiply the first of (1) b y A, the 

second b y p, a n d add, a n d identify the coefficients of x2, y2, z2 in the s u m with those in 

(2). W e obtain 

•G) AA+/xA'-- = 0, AB+//B'-*=0, XC+pC = 0. 

That these equations may hold simultaneously, the condition is 

A, A, I 
B, B', 

C, C, 

= o. .(5) 

In the same w a y w e obtain from (1) and (3) the other condition 

1 
A, A', 

B, B', 

C, C, 

..(6) 

Equations (5) a n d (6) are evidently of the form 

« + f + 7 = 0, % + % + \-
a b e a- b- c* 

-•(-) 
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where a, (3, y [not the same quantities as in 22] are functions of A, B, C, A', B', C. If 
we write r=a/b, s=ajc, and eliminate first s then r between the two equations (7), we 
get the quadratics for r and s : 

(3(p + y)r2 + 2a(3r + a(a+y) = 0,l 
y(/3 + y)s2+ 2ays+ a(a + (3) = 0.) ' 

The roots of each of these are real if 

a/3y(a + (3 + y)<0, ..' (9) 

and the roots are equal if a(3y(a + (3 + y) = 0 (10) 

Thus in general, if it is possible at all, it is possible in two ways for the curve of inter
section of a given pair of surfaces to give a polhode, that is for a given curve there are, if 
(9) is satisfied, two real Poinsot motions. These coincide in the limiting case in which 
the roots are equal. 
Examination shows that if (10) is satisfied the surface (2) is either a plane or a sphere, 

and the curve cannot in general be a polhode. 
If two of. the quantities a, (3, y have a zero sum, for example, if a + (3 = 0 the surface 

(2)has the equation x2+y2 = ah, (11) 

that is, it is a cylinder of revolution about the axis of z. In the Poinsot motion for this 
form of the moving surface this cylinder remains in contact along a fixed plane, and the 
generator in contact revolves with constant angular speed about the perpendicular let 
fall from the fixed point to the plane. This case corresponds to r=l, s = 0; but the 
other roots for the same curve are r=((3-y)(((3 + y), s = 2(3(((3 + y), and there is a 
corresponding Poinsot motion. The surface (2) in this case has the equation 

?+? + ia + &> = A <12> 
It will be observed that in this case we have 

r+l=s or bc + ca — ab = 0 -—(13) 

26. Relation of the curve of intersection of two surfaces to a family of 
COnfoccd surfaces. W e take next the following proposition : The curve of intersection 
of two surfaces of the second degree, which have the same lines as principal axes, is normal to 
an infinite number of confocal surfaces of the second degree forming one of the three families 
of an orthogonal system. 
To prove this we observe that if a, (3, y have values which fulfil the equations (7), 25, 

and a, b, c be three new constants suitably chosen, we obtain, taking the surfaces (1) of 
22, as the given surfaces, considering a point x, y, z of the curve, and eliminating in turn 
z2 and x2, 

a /3~a b' (3 y " C' 

It is obviously possible to find a quantity p such that 

x2=a(a + p), yi=(3(b+p), z2=y(c + p) .(1) 

The value of p will vary from point to point of the curve. W e see at once that the 
surface of which the equation is 

7^ + ifT-^-^— = « + /? + y ' "-(2) 
a+p b+p c+p ' ' v' 

passes through the point x, y, z of the curve of intersection of (1). 
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Differentiating with respect to an infinitesimal step along the tangent to the curve we 

get from (1) ^ = _ « ^ ? dy=_(3dp dz=_ydp (3) 
ds x ds' ds y ds' its p ds 

But a = x2/(a + p), etc. Hence the values of dxjds, dy/ds, dzjds are proportional to 
xj(a + p), y((b + p), z/(c + p). But so fire also the cosines of the normal to the surface (2) 
at the point x, y, z. Hence the curve meets the surface (2) at right angles at that point. 
If a + (3 + y = 0 the surfaces are confocal cones, and the curve lies on a sphere. If this 

relation is not fulfilled the equation (2) may be written (by making a + (3 + y = l) in the 
form ry. ,,2 ,2 , , 

^ - + , - ^ - + — = 1 (4 
a+p b+p c+p 

Equations (1) prevent passage of any of. the quantities a(a + p), (3(b + p), y(c + p) through 
zero from a positive to a negative value : hence, when the signs of a, (3, y are fixed, 
(A) represents only one of the three families of orthogonal surfaces, a member of each 
of which passes through x, y, z. 

It is now clear that since the curve meets every member of the family (4) at right 
angles, it must be the intersection of two other real surfaces belonging to the other two 
families of the triply orthogonal system. The curve must therefore, by Dupin's theorem, 

be a line of curvature on each of these intersecting surfaces. W e have therefore the 
theorem (according - to Darboux, loc. cit., due to M . de la Gournerie) that every curve 
which lies on two concentric surfaces of the second degree, the principal axes of which 

are along the same lines, can be considered as the intersection of two real confocal surfaces 
on each of which it is a line of curvature. 

The intersecting confocal surfaces will have equations of the form 

7^r-+A~-+-^-=1, ^—+r*r-+~=i-"" "(S) 
a + px b + px c + px a + p2 b + p2 c + p2 ' 

N o w let a, (3, y be multipliers such that, for any point of the path, 

x2 = a(a + p), y* = f3(b + p), z2=y(c + p). (6) 

Substituting in (5), subtracting one equation from the other, and reducing slightly, we 
find that a, (3, y must satisfy the conditions 

xxa (3b yc - -I 
(a + Pl)(a + p2)^(b + pf(b + p2y(c + px)(c + Pi)

 v' [ (?) 

'. i5_ + I3 " ," • y A0 f '' 
(a+px)(a + p2) (b + p1)(b + p2y(c + Pl)(c + p2) 1 

Obviously these will be satisfied if 

(q+piXa + ftj) R_(b+Pl)(b+pJ (c + pd(c + fh) ,„, 
a . (a-b)(a-c) ' P-(b-a)(b-c)> ?- (c^aj(fAb) (8] 

27. Determination of the parameters of the confocal surfaces. Now 
consider the quadratic equation 

-A- + -=-+A>A=0 n, 
a + u b + u c+u ' ""•"• ^ ' 

It,is easy to verify, that this is satisfied by u=plt and, by u = Pi, so that px, p2 are the roots 
of the quadratic. Thus if u, (3, y are known px, p2 are obtained. 

If we multiply the second of (5), 26, by a constant, and add the product to the first 
equation, we obtain the general equation of the surfaces which pass throuo-h the inter
section of the two surfaces represented by (5), 25. It may be written 

(a-k)x2 {b-k)y2 (c-h)A 
(a + ft)(« + /)2)"

r(6 + p1)(6 + /32)'
+'(c + p1)(fl + p 2 ) ~

1 - •••• (2) 
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If this surface roll with successive points of the curve of intersection in contact with 
a fixed plane, the distance from the (fixed) centre to the tangent plane must be the same 
for all such points. W e have then to express the condition that this distance, ZZ!, shall 
be invariable. F r o m (2) w e get 

1 (a-hfx2 (b-Kff (c-k)2z2 , 
ZZf- (« + ft)2(a + p 2)

2 (& + ft)2(& + p 2)
2 + (c + ft)

2(c + p 2)
2 -

Substituting for x2, y2, z2 from (6), 26, w e find, by (1), 26, for the condition that the term 
involving p should vanish, which, since the aggregate of terms in p2 is zero by (8), 26, is the 
condition that Zo~ should be constant as the surface rolls, 

(«-*)* (5-*)2 , (Q-W n u) 

(5) 

(a + px)(a + p2)(a-b)(a-c) (b + px)(b + p2)(b-a)(b-c) (c + pj)(c + p2)(c-a)(c-b) 

This can be put in the simpler form 

(Pi-£) 2
 = (P,~kf 

(a + Pl)(b + Pl)(c + Pl) (a + p2)(b + p2)(c + p2) 

which is a quadratic equation for k, of which the roots can only be real if the ratio 

(a + Pi)(b + Pi)(e + Pi) 
(a + p2)(b + p2)(c + p2) 

is positive. Thus since the surfaces to which px, p2 apply are two of the three surfaces 
of the triply orthogonal system which have x, y, z as a c o m m o n point, all the three factors 
in the numerator or denominator of this fraction must be positive and two of the other 
three negative. Thus the surfaces are an ellipsoid and a hyperboloid of two sheets. 
The surfaces normal to the curve must therefore be a family of hyperboloids of one sheet. 
The surfaces (5), 26, intersecting in the curve are imaginary unless the normal surfaces be 
such hyperboloids. 

It is interesting to observe that the two rectilineal generators of the hyperboloid of 
one sheet which passes through the point/, g, h in which the generators intersect, and 
is normal to the polhode curve, are normals at that point to the surfaces (2) on which 
the curve lies. For the normals to the two surfaces have the equations 

%-f=y-g_
z~h ) 

1 m n ' I (6) 

wKere ; <"-*>/ m- ( & - % _ n== (*-*)* , f 
(a + px)(a + p2Y

 m - ( b + Pl)(b + p2Y
 n (c + Pl)(c + p2) J 

The ratios I, m, n are proportional to the direction cosines of the normals, and there are 
really two sets, since k has two values. 

That these normals should be generators of the hyperboloid 
^-+5^-+^-=a+/3+y> (7) 

a+p b+p c+p ' " v 

.(8) 

, 1 1 . . . fl qrn hn „ \ 
the conditions are — \-f- 1 = 0 , 

a+p b+p c+p \ 
a+p b+p c+p 

Since f2 = a(a + p), g2 = (3(b + p), h2 = y(c + p), where a, (3, y have the values given in 
(8), 26, the first of (8) becomes 

Azl + IzA + AlJl = 0 (9) 
(a-b)(a-cy(b-a)(b-cY(c-a)(c-b) "'•"-—. ^> 

which is identically true. 
The other condition is simply (4), the condition that ZS should not vary as the surface 

rolls on which the polhode is traced. 



472 GYROSTATICS CHAP. 

28. Motion of the axis of a top represented by a deformable hyperboloid. 
This theorem of the representation of the normals to the surfaces, on which the polhode 
is traced, by the pairs of generators of the members of the family of hyperboloids of one 
sheet, which are normal to the polhode at their points of intersection with the curve, is of 
great importance for a representation of the motion of the axis of a top. But it is 
necessary for this representation that the hyperboloid should go through a continuous 
process of deformation from the extreme case in which the generators are flattened down 
in one plane, that of the focal ellipse 

^ = a + (3 + y, (D 

to any other possible configuration which the generators can take, subject to the con
dition that the intersections of all pairs of generators of opposite systems remain always 
the same. This deformation cannot be carried out completely by a model made with 
rods in the ordinary way, as these must be of finite thickness, and cannot interpenetrate 
one another. 
Sir George Greenhill describes the march of this deformation in the following theorem: 

A hyperboloid of one sheet is capable of a deformation in which the rectilineal generators 
remain rectilinear generators, and the lengths of the sides of all quadrilaterals formed 
by these generators and their unvarying points of crossing remain unaltered. If the 
centre and the axes remain fixed the successive hyperboloids will be confocals, and the 
trajectory of every point will be orthogonal to the system of confocal hyperboloids. 
To prove this we note that the coordinates fx, gx, hx, /",, g2, h2 of the two points P:, P2 

on a generating line both fulfil the equation of the surface 
x2 v2 -A 
—— + A-— + -^— = a + (3 + y, (2) 
a+p b+p c+p in * 

and since they lie on a tangent plane to the surface, also the equation 
—: hi— ;—=<X+ 3 + y IS) 

a+p b+p c+p ' ' y ' 
Similar equations hold for the two points I"x, P'2 of coordinates f\, g\, k\, f2, g'2, h'2, 

on a generating line of the confocal 
pi •> ?•» 

Aff^+bf^+fff^^+P+y A) 
If these two points correspond to the former pair of points, that is be points which have 
been carried out from their initial positions to their final positions, along trajectories 
orthogonal to the successive surfaces, we have 

A = (^±rA)\ lx=(Jl±JL.\\ hj^ + t^r (5) 
A \a + p + o-J ' g\ VS + p + o-y ' h\ \c + p + o~J 

The ratios/2//'2, g2/g\, h.fh'2 have the same values. 
The squares of the distances PjP2, BfP^ are 

(./1 - A ) 2 + (ffi -<J'i)2 + (h-h2)
2, (f\-f'2f + (g\-g'2f + (/f _ h'„J, 

and by the preceding relations we have 

1 - ( a+p b+p c+p J v ' 
The expression on the right is zero by equations (2) and (3). 
Hence any quadrilateral made up of the portions BXB.2, P2P3, P3P,, P4px 0f crossi„o-

generating lines of the two systems remains unaltered in the lengths of its sides as the 
deformation proceeds, and each point moves along a trajectory orthogonal to the successive 
surfaces. 
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29. Farces acting on the body carried by the body-cone. Now calling 

the body-cone B and the space-cone A, and going back to the motion of the cone B on A 
described in 24, in which the relative rotation of B on A has components 2(p, q, r), we recall 

that for the two motions, from which this total motion comes, w e have the equations 

•(l) 
;rH+7-'" S + &+?-M 

a' b' c' ' a"2 b'2 c'2 ' 1 

with p+p' = q + q' = r + r' = 0. The two motions give herpolhodes in planes, the direction 
cosines of the normals to which are respectively p/a, q/b, r/c, p'/a', q'/b', rj'c'. 

W e h o w suppose that in the motion of B relative to A, B carries with it a moving body 

and find the forces acting on this body. W e shall suppose that the momental ellipsoid 
of this body is a sphere for all axes passing through O. It has been seen that if this 
ellipsoid is not a sphere, the motion may, by a substitution, be reduced to that case. If 

A be the moment of inertia about any diameter of the sphere, the components of the A.M. 
are 2Ap, 2Aq, 2Ar. W e shall suppose that the normal, the direction cosines of which 
we take as p/a', q/b', r/c', is the axis of the body (or rather w e shall call it the axis of the 
body), and that the perpendicular, the direction cosines of which are p/a, q/b, r/c, coincides 

with the vertical drawn upward. The axis of the body (the top in Jacobi's theorem) and 
the vertical are thus parallel to the two generators of the hyperboloid of one sheet, which 
passes through the point of contact/, g, h of the herpolhode s [see 19]. 

The angular speed about the axis of the body is 

2- 2p +12q + -, 2r) = - 2/i', 

while the A.M. about the vertical is 

M^2p+hq+- 2r) = 2Ah-A/3. 

Clearly these quantities will be constant if there is no couple about the axis of the body, 
and no couple about the vertical. This will be the case if the body is under the action 
of gravity, and the centroid is on the axis of figure. 

If 9 be the inclination of the axis of the body to the vertical, w e have 

z = co%e=^,+ '£r, + -, (2) 
aa bb cc 

If the momental ellipsoid of the body is really a sphere the kinetic energy is 2 A(p2 + q2 + r2). 
If the body has been made "spherical" by substitution this will not be the kinetic 
energy even if p, q, r be the components of angular velocity given by the substitution 

for the substitution consists in equating angular momenta. Calling the kinetic energy 
T we suppose that we can write 

T = D'z + E', (3) 

where D' and E' are constants. This will be possible if we suppose that D'= — Akgl, 
where M is the mass of the body and I is the distance of the centroid from 0. Thus a 

body under gravity and supported at O will satisfy the conditions referred to above and 
have the energy equation 

T+M<7fe = E' (4) 
E' is the total energy. 
If the top be truly spherical, that is if the momental ellipsoid be a sphere, so that the 

kinetic energy for the angular speeds 2(p, q, r) may be written 2A(p2 + q2 + r2), we can 
show that the equation 

p2 + q2 + A=-iBz + i,E, (5) 
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which is what (4) becomes in this case when we put - D ' = A D , E'= AE, is a linear com
bination of the first two equations in (1) above, that is of 

t+i+<!=h, t+fi+t (6) 
a b c a- b- ir 

We have z = cos6 = ^-, + £-,+-i, t6') 
aa bb cc 

and so, instead of (5), w e can write 

"('+=M'+&M»£)-** "> 
Multiplying the first of (6) by A and the second by p, and subtracting the first product 
from the second, we obtain a linear combination of the two equations which we identify 
with (7). Thus we have 

n D .h-a.B ,, D .h-b.B D Ai-c XE ., 
1 + 2af'=kAfr+h-A> l + 2bb' = XArT+iF2' 1 + 2 ^ = A ^ + V (8) 

W i t h this w e have, if, as above, A/3 be the A.M. about the vertical, and n the angular 
speed about the axis of the top, 
1 -h' = bi, h = \/3 (9) 
[It will be observed that 2D' in (3) above has the meaning assigned to - « A in 17, so 
that w h e n a is used in this sense, it is not to be confounded with a as used in (6). The 
symbol D as used in (5), (7), and (8) has the meaning \a as a is defined in 17.] 

30. Determination of the constants of the surfaces. In (19), 22, above, 
it has been shown that 

,_ a9 
Ct — rS ? GLC. 

Q - 2 ^ 
a 

where Q = bc + ca + ab, H = abc, 9 = -{Q 2-4R(P-/j)}i. Thus the first of (8), 29, becomes 
29d2 + k)(G:-2'^) = 2X(h-a)9 + B9, 

and we have exactly similar equations in b and c from the second and third. 
Hence it is clear that if we write this equation, with x instead of a, in the form 

2a*3 + 2l2A^2 + (DQ-2fiAA-I2E)a;-2DR = 0, (1) 
we have a cubic equation the roots of which are a, b, c. W e have therefore, first (by the 
last term), i] = D, and also ^ = _ p ^ E = 2PA-Q (2) 

It remains to show that the values of a, b, c, thus determined are real. By (19), 22, 
since fi2 = D 2 = Q2-4R(P-/i), and h = h(3, h'= -\n, 

Q A - 2 R Q/3-4R 1 

Further, since 9 = T>, D2 = Q2-2R(2P-/8) (4) 

Also, by (2) and (3), P/3-Q = E, Q(3-41l=-nI) (5) 

From these we obtain P, Q, R as expressed in the equations 

n _ 2D
2/3 + 2 « D E - nT>(32 \ 

h~ (33-2nD-2(3B ' 
2T>2-nD(3 + E(32-2B2 

(33-2nB>-2(3B 
B2((32-n2) 

(33-2nD-2(3E' 

.(6) 
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These values, substituted in the cubic (1), give a, b, c in terms of the known quantities 

j3, n, D, E by the process of solving that equation, which has now the form 

xz-Bx2 + QJx-B = 0 (7) 

To settle the question of the reality of the roots of this cubic we notice that we have 
already obtained the result 

z2 = (a-az)(l-z2)-(/3-bnz)2, (8) 

where a = (2E-Cm2)/A, (3 = G/A, a = 2Mgl/A, 6 = C/A. But we are here dealing with a 
spherical top, so that 6 = 1, and (8) becomes 

9F \ 
j--az)(l-z2)-(/32 + n2-2[3nz). (9) 

But we have, by (6'), 29, i = 2(SE,+ Cff-, + —X 
\aa bb cc J 

where of.course a is quite different from the-a in (9). Hence, by (3), 22, and the values 
of a', V, c' given in (19), 22, and of a, j3, y given in (18) 22, we obtain 

0. ,(a-6)(6-c)(c-a) „„. 
- ° dbc~^ pqr -(10) 

From equations (6) and (6'), 29, we find 

p2= 2ah-a-9z q2__ 2bh-(3-9z r2_ 2ch-y-9z ,-,-., 
a2 2(a-b)(a-c)' 62 2(b-a)(b-c)' c2~2{c-a)(c-b)' [ ' 

where a, (3, y have the values set forth in (18) of 22 above. Thus (8) becomes, by (10), 

\92z2 = ( + a-2ah + 9z)( + /3-2bh + 9z)( + y -2ch + 9z) (12) 

This can be shown to reduce to (9). The three roots ux, u2, u3, say of the cubic equation 
z2 = 0, are thus i -

^(-a + 2ah,. -j3 + 2bh, -y + 2ch). 

Now, identically, +a-2ah=2h2-2Bh + Q-2{h~a){/^){h~c). (13) 

If, to avoid confusion, we use here B in the sense assigned to f3 in (6) and (8), we have, 

^y (2), 2A2-2PA + Q = |B 2-E, 2(A-a)(A-6)(/i-c) = |(B3-2?iD-2BE), 

^ i '"-ui • r, ,„, -c B 3 - 2 K D - 2 B E ..... 

so that we obtain 9ux = }$B
2-B -p • (14) 

The other roots are given by exactly the same form of equation, with 6 and c respectively 
substituted for a. The roots are" obviously real. 
If we substitute for the variable z on the right-hand side of (12), equated to zero (so 

that a cubic equation equivalent to z = 0 is obtained), the value of u. given by (.14), we 
obtain a cubic in a, the three roots of which are the squares a, b, c of the lengths of the 

axes of the quadric surface. 

31. Determination of the constants for the associated motion. 
Darboux remarks that the quantities a', V, c', which can be expressed in 
terms of a, b, c, might have been determined, directly by taking as the 
basis of the discussion the equations 

^+i+^=K 4+q~+i=i a) 
a p e a2 b2 c2 v / 

If this had been done —n would have been the value of" B, and — B the 
value of n. Thus if we make the substitutions shown in the scheme 

a; b, c, B, n, a', V, c'., 
a, b', c', —n, — B, a, b, c, 
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we shall obtain the equations determining a', V, c', in terms of a, b, c. ror 

example, instead of (14), 30, we should have 

Q ^ ^ - E - ^ B D - ^ F s(2) 

2n + 4a-

It was proved in 23 that 1] is not changed by passage from a, b, c, h to 

a', b', c, h'. In fact we have 

fi2 = D 2 = (ah + be + caf - iabc(a + b + c- h) 

= (a'V + b'c' + c'a'f — 4>a'b'c'(a' + b' + c — h'). 

It has already been shown that there is no difficulty in bringing under 

the scope of this discussion the general case in which the momental ellipsoid 

of the top is spherical. It has also been shown in 18 that the locus of the 

extremities of the instantaneous axis for the different positions of the top 

is a curve lying on a fixed sphere, which when the top is spherical reduces 

to a fixed horizontal plane, ,at distance rx = (3 from the fixed point. 

32. Deformation of the hyperboloid of one sheet as the top moves. 
W e have now to examine the relation of the motion of the hyperboloid of 

one sheet to the motion of the top somewhat more particularly. Supposing 

a confocal surface to start from the focal ellipse, we can write its equation 

in the form xi yi zz 

rf + \ + p + \+\=l (1) 

W e suppose A to be positive, so that the equation represents an ellipsoid of 

which the squares of the same axes are a2 + A, R2 + A, A. W e suppose also 
in what follows that a2f> R2. 

For a hyperboloid of two sheets, passing through the same point x, y, z, 

and confocal with the ellipsoid, we have 

cr2 y2 z2 

+ «i-TT + — l (2) a2 + v ' B2 + v v 
Here v is negative and a 2 > — vf>R2. 

A hyperboloid of one sheet passing through the same point x, y, z and 
confocal with the other two surfaces is 

a + p. p + p. p. v ' 

where p. is negative and - M < / 3
2 . Thus for. the three surfaces we have 

the sequence of magnitudes 

co>A>0> M>-/3
2>„>-a 2. 

Now, as we have seen in 27, the intersection of the ellipsoid and the 
hyperboloid of two sheets is a polhode for the top to which the surfaces 

correspond in the manner explained above. These surfaces remain fixed 

relatively to one another as the top moves, and we have a new position of 

the hyperboloid of one sheet for each point on the curve of intersection. 
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The equation is (3), and the range of values is from 0 to — R2. W e take 
x, y, z as the extremity H of the radius vector representing the angular 
momentum. Through that point pass the two generators of the hyperboloid 
which are parallel to the vertical and to the axis of the top for its position 
at the instant. 

It is clear that A, p., v are the roots of the cubic equation 
,9 0 9 

iA + k + l¥+Jc + Tc = J' (4) 

for k. This fact enables us to find x2, y2, z2 from (1), (2), (3) very readily. 
W e write x, y2 j (K-kXf.-kXv-k) _ 

a2 + k~tR2+k^~k (a2 + k)(B2+k)k " w 

Multiplying by a2 + k, and then putting k= — a2, we get at once x2, and a 
similar procedure gives y2 and z2. Thus we obtain 

(A + o2)(M + a!)(H-a2) (A + R2)(n + R2)(v+ R2) ^ 2 _ A ^ (,, 
(a2-B2)a2 ' J (B2-a2)(32 ' " ~a2/32' ""V ' 

Adding and reducing, we obtain 
x2 + 2/

2 + 02 = a2 + /33 + A + M + i' = O H
2 (7) 

The only quantity that varies in the passage from point to point of the line 
of intersection is p., which is therefore the only variable parameter. 

33. Summary of results. The geometrical discussion contained in 
22 ... 32 may be summarised by saying that a polhode on a quadric 
surface rolling on the horizontal invariable plane through C (Fig. 112) 
traces out on that plane the herpolhode H (s of 19), while a second rolling 
quadric related to the former traces out, by means of the same polhode as 
before, the herpolhode H' on the invariable plane drawn through C at right 
angles to the axis of the top, and therefore carried by the top in its motion. 
The polhode is considered first as the intersection of the surfaces 

Ax2 + By2 + Cz2 = T>S2, A V + B22/2+.C%2 = D2<52, (1) 
or, as given in (2), 22, 

p2 q2 r2_ p2 q2 r2_ 
7i+J+J~h' a2+W+72~l (2) 

The passage from one form to the other, and the connection with the 
notation employed in the earlier part of the chapter on Poinsot motions, 
may be effected by the equalities 

x, y, z = m(p, q,r), Dc52 = 2m2T, D<5 = ??iH, 82 = m2h2, (3) 

where T is the kinetic energy of the motion and H the resultant A.M. about 
an axis through the fixed point. 

The length of the perpendicular from the origin on the tangent plane 
at the point x, y, z of the rolling surface is easily seen to be D<52/D<5 = S. 
The first equation in (1) and in (2) is the equation of the rolling surface, 
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I)S2 

that D ± c) = 1h(a'b' 0-
,.(4) 

the polhode in any of its positions is the line of intersection of (1) and (2) 

The squares of the semi-axes of the rolling quadric are 

A'B' o) = m2/l(a> h> c)' 
1 _1 

A'B'C, 

The same polhode exists on a quadric surface coaxial with the former, 

which rolls on the invariable plane of C and gives the herpolhode 

in that plane. The two associated quadrics in this case have equations 

which may be written down by merely accenting all the letters in (1) and 

(2) except x2,y2,z2, p2,q2,r2. The relations between the two motions, and 

the equations for passage from one to the other, have been set forth in 22. 

Again we have 

x,y,z = m(p,q,r), US'2 = 2m2T', D'o' = m H , o'2 = m2h'2, (5) 

with D'«5'2(~ 1, l)=m%V, V, c) or D'(i, ~, ^)=J(«'> &'. O (6) 

Through every point of the polhode there passes a hyperboloid of one 

sheet to which the polhode is perpendicular at the point, and this polhode 

is coaxial with each of the rolling quadrics. There is thus a family of one 

sheet hyperboloids the members of which are met orthogonally by the 

polhode, and from the theorem of triply orthogonal quadric surfaces there 

meet at any point x, y, z of the polhode three 

surfaces, the hyperboloid of one sheet already 

referred to, an ellipsoid, and a hyperboloid of 

two sheets; these are all confocal, and to the 

latter surfaces the polhode is a line of curvature, 

while to each of the family of one sheet hyper

boloids, which it meets in its course for any one 

position in space, it is normal. The ellipsoid 

and two sheet hyperboloid are definite for each 

position of the rolling quadric and give the 

whole curve for that position. 

34. Calculation of the motion of the axis. 

Different forms of the energy equation. Measur

ing 6 from the upward vertical d r a w n from 0 

w e have for the A.M., G say, about that vertical 

the equation 

Cncos6 + Axjrsin29 = G, (1) 

and its value, in the absence of any couple about 

the vertical O Z , remains invariable. Fig. 112 shows the position of the 

axis O C o f the top and the angle it makes with the vertical - OZ." The 

Llevation 

HY 
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length O C laid off along the vertical O Z represents the A.M. G, while O C 
along the axis of the top represents Cn. In the diagram C K represents 
(On — Axp- cos 6) sin 6, and K H represents AQ., Thus O H represents the 
resultant A.M. 
The single couple Mgh sin 6 about an axis through 0 parallel to K H 

acts on the body, and this must measure the rate at which H is moving at 
the instant. This motion is in the direction KH. Thus C H is increasing 
in length at rate Mgh sin 0 sin K C H = Mgh sin 0. KH/CH. W e have there
fore, since K H = A0, r7 

CH.^(CH) = MflrfcA0sin0, (2) 
or, by integration, CH2=-aA2(cos 0-E), (3) 

where a=2Mgh/A, and E is a constant. [Mgl is used for Mgh in 29.] 
Similarly, 

OH jt (OH) = MghAB sin 6, CH^ (OH) = MghAO sin 6; 

and therefore 
OH 2=-aA 2(cos0-F), C'H2=-aA2(cos0-K), (4) 

where F and K are constants. 
W e put 21, 2V for G/A, Gn(A respectively and A m 2 ( = \Act) for Mgh. 

From the relations connecting CH, OH, and C'H, we find that the constants 
E, F, K fulfil the condition 

P2 P2„,2 72 7'2 

E + -^ = F = K + ̂  or E + 2—, = F = K + 2-^ (5) 
aA2 aA ui ml 

Also we have 
• _G-OmcosQ _ 1 f.G-Cn G + Gn\ l-V l + l'_ (Q) 

^~A(l-cos20)_2A\l-cos(9+l-|-cos0/ 1-cos 0 +l +cos0' '"[ ' 
A • • a /, C\ Gn-GcosP) 
Again, <p = n-xjrcos6 = (l-^)n + - A s i n8g— 

1 IN 1 (Gn-G ( 
O-AJC7l+2All^^0+r 

Gn+G 
G A/ ' 2AVl-cos0 ' 1 + cosi 

^(A^-iW + W (7) 
VC / 1—cos0 l + cos0 

Hence 

^+^)-(c-1>'+iT^' ^ - ^ - ( c - 1 ) ^ ! ^ - -(8) 

Now by Fig. 112 we have 
K H 2 = O H 2 - OK 2 = O H 2 - C'K2-OC'2 

= 2 A2m2(F -cos 9) - (G2 - 2CnG cos 6 + C2n2)/sin2 6. 

Thus, Since i= — sin 0. 6 and K H = Ad, 
z2 = 2m2(F - z) (1 - z2) -i(l2 - 2ll'z+1'2) 
= 2m2(E-z)(l^z2)-4(l'^'lz)2 = 2m2(K-z)(l-z2)-4<(l-l'z)2. ...(9) 
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Each of these is a form of the energy equation, with account taken of the 
constancy of A.M. about the upward vertical and about the axis of the top. 

W e can write each equation in the form 

z2 = 2m2Z, (9') 

where Z = (F - z) (1 - z2) - 2 ll^ffA±E = (E - z) (1 - z
2) - 2 (--~— 1 — ii^ ~ -i {-•• - / - \ ,,,, / 

m-
m i 

= (K-z)(I-z2)-2(l^f....(10) 
m 

There is no difficulty in establishing these results analytically; the geome
trical investigation given here is due to Greenhill (RAJ.T., p. 43 et seq.). 

35. Calculation of t in terms of z. The calculation of t in terms of z 
can, as w e have already seen, be carried out by the methods of computation 
of elliptic integrals. To recapitulate, if zx, z2, z2 be the roots, in order of 
magnitude, of the equation z = 0, w e have 

Z=(z-zx)(z2-z)(z?-z), (1) 

and the roots are situated as in the sequence 

Q 0 > Z 1 > 1 > 2 2 > Z > Z 8 > - 1 . 

Each value of z concerned in the motion must lie between z2 and zs. Thus 

i = m(2Z) 2, and so, if z = z„ when t = 0, 

mi=fA (2) 
•U (2Zf 

Thus the motion is periodic in the complete period 

T = A P
2 J±A (3) 

m-U,(2Z) 4 

Also, since m dt— dz/(2Zf, the azimuthal motion is given by the equation 

xjrJ^ ^L^ + ^f d--^, (4) 
m A.s(\-z)(2ZY

 m ^o(l + s)(2Z)2 

that is xjr is the sum of two elliptic integrals of the third kind, the poles of 
which are respectively the points z = 1, z= — 1. 

36. Path of the extremity of the vector representing the resultant A.M. 
H describes a curve in the horizontal plane through C. If p be the radius 
vector from C as origin, and zz> the vectorial angle, the speed of H at right 
angles to C H is pzb. But since Mgh sin 6 is" the rate at which H is moving 
at the instant, and Mgh = A™ 2, this speed is A m 2 sin 6 cos K C H . But 
cos K C H = C K / C H = (On - G cos 6)/p sin d. Hence 

p
2c7 = A??i2(On.-Gcos0) (1) 
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But, by (3), 34, P
2 = 2A2m2(E-z), and therefore by the values of I, V, 

. I'-lz , , I'-IE 
CT=E3i^+E^s (2) 

Substituting dz/m(2Z)i for dt, and integrating, w e obtain 

CT_ft , I'-HEP dz 
m~J--,(E-z)(2Z)i (3) 

for the vectorial angle turned through in time t by the radius vector C H , 
m terms of It, and an elliptic integral of the third kind, the pole of which 
is the point z = E. 

Multiplying (2) by /0
2 = 2 A 3 m 2 ( E - z ) J w e get 
p2(zb-l) = 2A2m2(l'-lE) (4) 

Thus the curve (p, is-It) is a central orbit, for p2(zb-l) is a constant double 
rate of description of area by the radius vector. The law of force is kp* + lp. 
From Fig. 112 we have 

CT-^KCH = tan-!gfl t a n - ^ ^ 1 0 , , 
OK. Gn — Gcos0 

thatis P-^ = tan-i~^2^" (5) 

But also ^KCR = cos-\GK/CkJ) = cos-1[(2l'-2lz)/m{(l-z2)2(E-z)}i], for, 
since 6 vanishes w h e n cos 6 = zz, w e take 

z.KCH = sin-i—^ r = sin-i ~
(2Z)i ,....(6) 

Am{2(E-2)}» {(l-z2)2(E-z)}i 

Thus writing x for ̂ K C H , we get 

sin0(cosx + 'isinx)=sin0.e«=|2——--i(2Z)
ij . ... (7) 

I m J{2(E-2)}4 

In (6), 34, (3), and (5) above we have obtained the known result 
ib l-V f" dz l + V p dz V-IE p 

m J%(l-z)(2Z)* m J23(i + 0 j ( 2 Z ) i ™ J-'3(E-0)(2Zr 

= tt-sin-i =^^ -, ...(8) 
(l-s2){2(E-s)}* 

which expresses the sum of two elliptic integrals of the third kind. 
N o w from (1), 35, and (10), 34, putting z=-I, z=+l,z = Ein succession, 

taking account of (4), and defining 61 by writing z1 = cosh01, we obtain 

(4r)2 = i(1 + 0i)(1+02Kl + ^) = *cosh2|01cos
2i02cos

2i03, 

1 ~ -) = ~ i (1 -*i) (1 -*2) (1 -«8) = 4 sinh'^sin
2 A02sin

2§0s, 

|(E-Zl)(E-02)(E-Z3) (10) 

m 
V-IE\2 

(9) 

m 
2H 
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Thus by (4), 35, we obtain 
Cz dz 

xjr = sinh \QX sin J02 sin \QA 

•CsinH 
;.m'i0(2Z)

2 

dz 
+ cosh Jft,cosA09cos\QA A7ZA~^ ^ 

- J^cos2l6(2Zy2 

But also, since xjr = zo~x, w e ^ a v e by (3) and (10) 

1 x fz dz 
xjr = lt + -((E-zx)(E-z2)(E-z0)Y\ 1 

2* l*,:(E-z)(2Zy 
Z* 

-sin-1 — , (12) 
{(l_Z2)(E-0)}* 

The vector C H is /aeiu, and so the vector velocity is (P + iPis)e
i", where 

w is used for CT in the exponentials. The velocity P is the rate at which 
the vector is lengthening, pzs is the rate at which the extremity H of the 

vector is moving in the plane at right angles to Oc. 

The couple has magnitude Mgh sin 6, and direction coinciding with KH. 

But the angle which K H makes with the initial direction of C K is (see 

Fig. 112) xjr+^Tr. Hence as a vector the couple is 

Mgh sin 6. eW+M = A m 2 sin 6. ie^. 

d 
Thus A??i2 sin 6. i&* = -= (pe1*) = (P + ip&) e

1"-

37. Hodograph for the motion of 'a top. The point H moves with speed 

equal to the moment, of the couple, and the direction of its motion is at 

each instant that of the line K H at the instant. If lines equal to the 

successive values of A m 2 sin 0 are drawn from 0, each parallel to the corre

sponding position of KH, the extremities of these lines will give a curve 

the tangent to which at each point is the direction of the change of the 

couple. The speed of a particle imagined to move along the curve, so as to 

be at each instant at the extremity of the line representing the couple at 

that instant, will represent the speed of variation of the couple. The curve 

is the hodograph of the point H. The idea of this hodograph and the 

vector specification given in 36 above are due to Greenhill [R.G.T., p. 4G, and 
The Mathematical Theory of the Top, Verhancll. Intern. Math. Kongresses, 

1904. The reader is specially referred to the R.G.T. for a fuller discussion. 

He will notice that there z is given the opposite sign]. 



CHAPTER XXII 

ANALOGY BETWEEN A BENT ROD AND THE MOTION OF A TOP. 
WHIRLING OF SHAFTS, CHAINS, ETC. 

1. Flexure and torsion of a thin bar: analogy to the motion of a top. 
It was pointed out by Kirchhoff (Crelle's Journal, 56, 1858) that an 
exact parallel exists between the motion of a top and the combined 
bending and torsion of a thin elastic bar. W e suppose that the bar is 
held fast at one end, and that at the other a force and a couple, of 
determinate amount and direction, are applied. Consider a disk of the 
bar, intercepted between two near cross-sections which, in the straight 
undeformed state of the bar, were parallel. The substance of the bar 
beyond the disk on each side applies to the adjacent face of the disk a 
force and a couple. 

N o w each force and associated couple can be converted into a force, 
acting at the centroid of the cross-section, and a couple about a determinate 
axis. W e shall choose for each cross-section three 
axes, one along the line of centroids of the successive 
cross-sections, the others at right angles to one 
another, and parallel to the sides of the cross-section, 
if that is rectangular. In any case, they are taken 
so as to be the principal axes of bending moment 
for the section. As each cross-section, being only 
slightly distorted, is practically a plane at right 
angles to the line of centroids where it meets that 
line, we get thus for each section three axes at 
right angles to one another, two of which are in 
the section, and the third at right angles to it. The 
first two we call transverse axes, the third we m a y call the axis of the bar 
at the cross-section considered. 

The three axes are shown in Fig. 113 for the two sections which form 
the ends of the disk considered. P(A, B, C) are the axes of x, y, z for one 
end face, P'(A', B', O ) are those for the other end face. The directions of 
the latter would be the same as those of the former if the turnings of the 
second set relative to the first were undone. 
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2. Equations of equilibrium. In strictness the bending of ̂ the bar 
brings into existence distortions of the cross-sections, but these distortions 

are negligible if the radius of curvature of the bar is great in comparison 

with every dimension of cross-section. The same kind of result holds as 

egards the effects of torsion about the axis of the bar, provided the twist 

is very small. If the twist about the 0-axis be f, that is, if f be the angle 

turned through per unit distance along z, we shall suppose that 1/f is 

also great in comparison with the greatest dimension of cross-section, as 

when this is the case we may neglect any distortion of the sections from 

planarity. 
W e now specify the forces and couples applied to the disk by the 

substance of the bar on the two sides as follows. Along the axes, and in 

the opposite sense to the axis in each case, act forces P, Q, R, and about 

the same lines the couples F, G, H. The system is fully indicated by the 

dotted lines and arrows. At the opposite face of the disk, along and about 

the axes P'(A', B', O ) act the forces and couples P + cZP, Q+dQ, U + dH, 

F + dF,G + dG,tT+dK. 
W e now suppose that the directions of the axes P'(A', B', O ) may have 

been obtained from those of P(A, B, C) by small turnings gds, jjds, £ds 

about the directions PA, PB, PC, simultaneously, or by turning first through 

gds about P A held fixed, then through i; cZs about P B held in its new position, 

and finally through £ ds about P C held in the position to which it has been 

brought by the two preceding turnings. The superposition of the turnings 

leads to a result which is independent of the order of imposition if the 

displacements are small. 

W e now resolve along the axes P(A, B, C) the forces which act at F 

along the axes P'(A', B', C). P A ' and P'B' are now inclined to P C at the 

respective angles ^iz + ijds, ^ir — gcls. The force P + cZP along P A ' has 

therefore a component parallel to PC of amount — Q? + dP)>]ds, while in 

the same direction the component of Q + d Q is (Q, + dQ,)^cls. U + dR along 

P'O gives in the limit simply R + cZR along PC. The force account for the 

element of the bar, worked out in this way for each of the directions 

P(A, B, C), is found to give the following balances of force applied by the 
adjacent matter to the element, 

clP-q^ds + H^ds, cZQ-R£cfe + P£cfe, dH-'P,1ds + Qg ds, 

for these directions respectively. These must be reduced to zero by the 

application of the external forces Xds, Yds, Uds. Hence we have the 
equations of equilibrium, 

g-Qf+aj+x-o, <g-R£+Pf+Y=o, fs-p,+qi+z=o. ...(1) 

There are also three equations of moments which can be established in a 
similar way. The forces give moments about axes of x and y of amounts 
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— Q ds, P ds. The equations are (if there be no couples applied to the 
element from without the system) 

g-GM-H„-Q = 0, ^-H£+Ff+P = 0, 'g-F. + G^O. ...(2) 

F and G are the couples of bending moment applied about the principal 
axes, and H the torsion couple. They are equivalent to a single couple 

(F2+G2)'- about an axis in the plane of xy inclined at the angle tan_1(F/G) 
to the axis of x. If no external forces or couples are applied, except at the 
terminals, X, Y, Z are zero in (1) for an internal element; equations (2) 
stand as they are. 

The element is bent through the angles gds, r) ds in the planes yz, xz 
respectively. Hence g, r\ are the curvatures of the element in these planes, 
while f is the twist at the element. W e may write H = Cf, where C depends 
on the material and on the extent and form of the cross-section. If the 
cross-section is circular, C is the product of the rigidity modulus n and the 
" moment of inertia of the cross-section " about the axis of the bar, that is 
if r be the distance of a ring of the cross-section from the axis, the integral 

2x|?,3cZr for the cross-section. 

N o w by the theory of elasticity we have F = A £ G = Br], if A, B be the 
flexural rigidities about the principal axes, that is if 

A = Young's modulus X moment of inertia of cross-section about GA, 

B = Young's modulus X moment of inertia of cross-section about GB. 

Hence equations (2) become 

Af-(B-C)^=Q, B|-(C-A)^=-P, cg~(A-B)& = 0. (3) 

These are exactly Euler's equations of the motion of a rigid body about a 
fixed point under applied couples P, Q, R, if £ rj, f be interpreted as the 
angular velocities about principal axes through the fixed point, A, B, C as 
the moments of inertia of the body about the axes, and ds as an element of 
time. 

Thus, passing from element to element, ds, along the curve, we have an 
exact parallelism between the values of £ rj, f and those of the angular 
velocities of a rigid body, for which the corresponding quantities are as 
stated, and which is started under initial conditions which correspond to 
the terminal conditions of the bar. 

W e will now suppose P and Q to be zero. W e have then from (3) the 

equations A 2 f 2 + B y + C2f2 = I2, A f + B^2 + C f = J2, (4) 

where I and J are constants. The expression on the left in the second of 
these equations is twice the potential energy of the combined bending and 
twisting per unit length, and the fact that J is a constant shows that this, 
when P and Q are zero, is the same at each cross-section. The two equations 
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in (4) correspond to the equations of angular momentum and kinetic energy 

in the case of a rigid body turning about a fixed point under no forces. 

If we do not suppose that P and Q are zero we m a y multiply the first of 

(3) by i, the second by r,, and the third by £ and add the results to the 

third of (1), and obtain, since Q ^ — P ^ = R, 

|,{R+|(A^2 + B,2 + Cf2)} = 0, 

that is R-H-(A£ 2 + B r + Cf2) = const., (5) 

which is the analogue of the energy equation for the moving body. 

3. Case of bending in one plane. It is interesting to consider various 

particular cases of this analogy. W e take first the case in which the 

bending is in one plane, that of x, z. Then f and f are 

zero. Let U V (Fig. 114) be an element d,s of the rod, and 

a force S in the plane of bending be applied at A. W e 

have, by (2), 2, for the axial force R, the shearing force P, 

and the couple G, the equations 

R = Scos0, P=-Ssin0, ^ + P = 0 (1) 
ds 

But the elastic reaction couple is — B dO/ds = G. Thus we 
get, from the values of P and G and the third equation, 

,d2 
B V 5 + Ssin0 = O 
ds2 

(2) 

as the equation of equilibrium. 

W e m a y establish this equation from first principles. 

Clearly w e have by the diagram, if U M = I, 

Hence 

But 

B -j-^ + SZ cos i 

7/1 

B ^ + SZsin0 = O 
ds 

if + S sin 0^=0. 
ds ds 

.(3) 

dl = cls + LI<l = ds + MlSC-°SA=cls-ld6 
cos 0 

sin 0 sin 0 
Substituting w e get again (2). 

A t a point of inflexion on the curve of the bar dd/ds is zero; hence by (3) 
points of inflexion exist where the line of S intersects the curve, but 
nowhere else. 

Multiplying (2) by dd/ds, and integrating from an inflexion, where dd/d.i = 0, we get 
f rj f)\ 2 

B W . J = 2 S( 0 O s e- c os<i) = 4S(sinHa-sm2i#) (4) 

where a is the value of 6 at the inflexion. This equation can be integrated by means of 

elliptic functions. "We write M = S(S/B)*, SO that (4) becomes 

Xchi) =4(sin2ia-sin2!0) (5) 
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Now, putting sin\0 = siniasin</> = £sine/), we get after reduction 

(tJ-1-^^ (6) 
Thus for the are from </>=^TT to </> = 0, that is from the inflexion to the point where the 
curve is parallel to the force S, we have 

-**—, — K T-
hA 

r(l-k
2sin2<t>F 

Hence also, for the range from \tr to <p, we have 

•-r that is 

Thus 

i^(l-Fsin2</))4 

r* <̂/> 
Jo (i 

Jo(l-

o?</> 

&-sin2c/>)5 

r=.K + W. 

(7) 

(8) 

sin^# = £sn(K + a), 

Psin2</>)2 

^ = 2*cn(K + M) (9) 

If now we take fixed axes of x and y along and at right angles to the direction of S, we 
have, by Fig. 114, dx/ds = cos 9, dyjds = -sin 0. Hence, integrating and reducing by the 
results just obtained, we find 

!)J[cO8 0<fo=(!V 'f* l-2Fsin 

Ji^l-^sin2 
<p)2 

| ) (2E(<£,*)-2E-(K + «)}, 

y=-\sindds=-(j^ 2ksincpd4> = {rA\'2hcnCK + u). 

...(10) 

4. Bending in one plane represented by pendulum motion. Consider 
then the curve between two points of inflexion, when points of inflexion exist. 

The kinetic analogue is a pendulum of length B(//S vibrating through a 

finite arc, from rest at a position corresponding to one inflexion to rest at 

a position corresponding to the other. Of course the forces S at the two 

points of inflexion are in opposite directions. These forces alone—that is 

without couples—keep the rod in equilibrium. If the end of the rod remote 

from A, say B in Fig. 114, is fixed, then B is a place of maximum bending, 

and corresponds to the middle of the range of the corresponding pendulum. 

FIG. 115. 

FIG. 117. 

Fig. 115 shows forms which have inflexions. Fig. 116 shows a non-

inflexional form, and Fig. 117, a form intermediate between the inflexional 
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and non-inflexional forms. The non-inflexional form corresponds to a 

revolving pendulum, the intermediate form to a pendulum which starts 

from a position infinitely near the upward vertical, and oscillates through 

a complete revolution to a point infinitely near the upward vertical on 

the other side. The infinite time required for the first finite deflection 

from the upward vertical, or the final finite angle of turning before again 

reaching it, is shown by the infinite parts of the curve as asymptotic to the 

line of force. 

The discussion of the form of the curve, whether inflexional or non-inflexional, by 
means of elliptic functions, does not differ from that given in Chap. X V above for the 

pendulum oscillating through a finite arc or making complete. revolutions. A single 
open loop of the inflexional form of the rod gives the shape of an initially straight 
uniform rod, when the two ends are pulled towards one another by a cord under tension 

— a bowstring. The equation of the curve is, as we have seen in 3, 

? + ST/ = 0, (1) 

where l/p = dO/ds, the curvature at the element considered, and y = lsin6. If we put 
a2 for B/S, and measure x along the bowstring, say from one end, we get from the usual 

formula for radius of curvature 

-2S=-4i+(l)T' <2> 
where on the right we are to take the positive value of the square root. Ii p = dy/dx, the 

equation becomes „ p dp 
ydy=-a- £-j, 

(l+p2A 
and therefore y2 = C + 2a2 r, (3) 

(l+p2F 

where C is a constant. Since p = 0 when y = h, say, we have C = h2 — 2a2, and therefore 

y2-Ji2 + 2a2= 2g2 ; (4) 
A+P2)2 

„ ,-,. , , . 1 dx y2 — h2 + 2a2 ,-., 
Irom this we obtain - = -=- = 2 • ; (o) 

P d'd {4ai-(y2-h2 + 2a2)2lf 
and therefore x=[ (^-A' + Wy (6) 

){^-(y2-h2 + 2o2fA 

The determination of the length of the curve from one inflexion to the next corresponds 
to the determination of the period of oscillation of the finite pendulum. N o w 

ds = dy{\+^y = dy{(l+p2)i/p}. 

Hence, by (4) and (5), 
, 2a2dy 2a2dy _ ,-, 

I4a*-(y2-h2 + 2a2)2}i (h2 - y2)i [4a2 - (h2 - y2)]* ' ' 

or if we put y = h cos </>, and integrate from y = 0 to y = h, that is from c/> = i- to </> = 0, we 
get, for the whole length of the curve from one inflexion to the next, 

(•*"• d& 

s = 2a\ J T = 2IIK, (8) 

Jo (l-Fsin^)i 
where K is the complete elliptic integral of the first kind to modulus k = /i/2a. 
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For any arc specified by the limits 0 and <£, we have 

s = 2af* ^ 1 = 2a-F(<j>, k) (9) 
}0(\-k

2sin2^ 

If the term (dy/dx)2 be omitted from (2) the differential equation becomes that of a 
curve of sines, and it is generally assumed that when the slope of the curve is very small 
a curve of sines will give, for a fixed distance from inflexion to inflexion and a given 
value of a, a sufficiently close approximation for practical purposes to the ordinates of the 
elastica—the deflections of the bow from the straight. This assumption is quite warranted 
provided the maximum ordinate of the curve of sines is chosen equal to that of the elastica ; 
it is not so however if the lengths along the two curves from end to end are exactly to 
agree. 
The exact length of the elastica is given by (8), and the reader may easily prove that 

the exact length of the curve of sines, 

y = h' sin'-, (10) 

extending from x=0 to x=rra, and having h' as maximum ordinate, is 

s = 2(a2 + /i'2)*E [mod. h'/(a2 + h'2fy, (11) 

where E is the complete elliptic integral of the second kind. If the s in (9) and the s in 
(11) have the same value, there is no difficulty in showing by expanding the integrands in 
K and E and integrating term by term, that approximately, when the deflections are 
small, h'=\\h. This remark is made by Mr. B. "W. Burgess in a paper in the Physical 
Review, March, 1917. 
This however does not vitiate the approximation, under the condition specified above, 

of equality of maximum ordinates, and of distance from end to end along the bowstring. 
The lengths of the curves will no doubt differ slightly, the curve of sines, which has 
slightly longer ordinates, will exceed the elastica in length by about 7rh2/16a, which is 
only a small fraction of 2a. For slightly deflected elastic rods, for example flexible shafts 
rendered stable by rotation, it will be possible under proper conditions to neglect the 

factor l/{l+(dy/dx)2,A in the expression for the curvature. 

From (2) we have, neglecting the multiplier (1+jo2)* on the right, 

This gives the curve of sines, y — ti sin (- + a 

where y = 0 when x = 0 and when x = l. As we have seen, this agrees with the elastica 
closely when the deflections are small and the maximum ordinates are made the same. 
The terminal conditions are fulfilled if a = nrv and l/a + a = (n +1) ir. Thus l/a = IT. Hence 

/B\* „ 9B 
l=Tra = ir[-^j or B=fl^™. 

Thus the distance I along the chord will diminish if S be made greater than ir2B/l2, and 
increase if S be brought below this limit. Hence when the bar is straight the value of S 
required to produce any bending at all is ir2Bjl?. 

It follows that a bar, acting as a pillar supporting a load S, must not be longer than 

Jir(B/S)i, if the lower end is vertical. 

5. A thin bar bent into a helix is analogous to a top in steady motion. 
W e now consider a thin bar bent into a helix and held in equilibrium by 
a force S applied at the free end along the axis of the helix, while the other 
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end is held fixed. More generally the force system applied at the free end 

includes the couple G, the axis of which is coincident in direction with S, 

so that the system is a wrench about the axis of the helix. Let us now 

suppose that the two principal flexural rigidities of the bar are equal. 

Since there are no forces except those applied at the ends, the equations of 

equilibrium are 

A f ~(A-CH=0, A^-(G-AHi=0, f = 0 (1) 

The third of these shows that f is the same at all points, just as the axial 

spin of a top remains constant in the absence of a retarding or accelerating 

couple. 

The two first equations give 

A ( f + ,,2) = const., (2) 

that is, the curvature is the same at all points; in other words the form, 

being in three dimensions, is a helix. 

If P be the radius of curvature, we have 

-=(e+nr (2') 
p 

The bending about the a;-axis gives convexity at the element ds with 
respect to the positive direction of the j/-axis, and similarly, the bending 

about the i/-axis, convexity with respect to the x-axis. Thus the direction 

cosines of the normal at a point P are r\P, — £p, 1, while those of the 

binormal are £P, ry>, 0. These are the projections of unit length of the bi

nomial on the axes. At a distance ds along the curve, at P', the values are 

ipAd(^p), iP + d(}yx). At this latter point the axes have been turned from 

their directions at P, through the angles £ds, yds, £ds about the axes, 

P(x, y, z) [that is the axes P(A, B, C) of Fig. 113], respectively. The 

projections of the binormal at P' on the axes at P are 

ip + d(ip)-vp£ds, np + d(r,p) + £p£ds, 0. 

The direction cosines with reference to the axes at P have therefore 

changed by d(£P)-^ds, d(,lP) + ^cls. 

The angle dR through which the binormal has turned is given by 

dB2={d(£P)-np^ls}
2+[d(VP) + £rfds}2 (3) 

But the angle <j> between O D and O A in Fig. 118, p. 491, is the angle between 

the binormal and the axis PA, and so we have £p = cos <p, ijP = — sin <h. Thus 

TO" ( dd> A2 7 „ dB dd, , 

The binormal is carried round the axis of the helix at angular speed 

dxjrjd-s, with the plane containing it and the axis of the rod. Thus if 0 be 
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the inclination of the axis of the rod to the axis of the helix, w e have 

dB/ds = cos 0. dxjr/ds. Hence 

{-&+£«* <•> 
This exactly corresponds to the equation 

n = <p + xjr cos 0, 

which holds for a top, supported at 0 [see Fig. 118] with its axis O C 

inclined at an angle 0 to the vertical O Z , while a plane through the axis 

turns with angular speed <p with reference to the plane Z O C , and this latter 

plane turns at the same time round the vertical with speed xjr. A s already 

stated, the angle A C D in the diagram is </>. 

Multiplying the first of (1) by r\, the second by £ and subtracting the 

second product from the first, w e get 

Cvo U/o, 

that is 

Hence 

ds 

= (A-C)f(f2 + , 2), 

d4 ,_A 
' ds~ri~Gi' .(6) 

wdiich, as w e have seen, is the rate of turning of the binormal per unit 

distance along the curve. This rate is constant. 

The preceding discussion can be briefly s u m m e d up as follows. Take two 

axes P E , P C in the tangent plane to the curve at the element P (Fig. 113). 

Then for the helix w e have P C turning at constant rate dxjr/ds about the 

axis of the curve (the "vertical"). This gives a rate of turning dxjr/ds. cos 0 

about P C , which obviously is the rate of turning of the binormal, the 

tortuosity. Besides this there is the turning of an axial plane fixed in the 

bar, with reference to the plane C P Z , so that £ = dcp/ds + dxjr/ds. cos 0. 



492 GYROSTATICS CHAP. 

Again the rate of production of the analogue of A.M. about the axis 

0I)iS A # 0 (rx* ,dxjr Adxjr . a f, 

The first term is zero, and so we get, since 0 is not zero, 

£»»-if <7> 
W e can put the radius of curvature and the torsion of the helix into 

other simple forms as follows. Let a narrow strip of paper be wound 
round a right circular cylinder so that its middle line is a helix. The paper 
is bent at each point about a generator of the cylinder. This bending can 
be resolved into two components, one across the band about a line perpen
dicular to the middle line, and one about the middle. The angle subtended 
at the axis of the cylinder by the element ds, in consequence of the bending 
about the generating line, is ds sin 6/a, if a be the radius of the cylinder 
The components just specified are therefore els sin2 6/a and ds cos 0 sin 6/a. 
Hence the curvature and tortuosity are respectively 

sin2 0 , sin 0 cos 0 
and . 

6. A helix held in equilibrium either by a couple or by axial force. The 
helix can be held in equilibrium either by a couple alone or by an axial 
force alone, applied at the free end. In every cross-section of the bar two 
couples of elastic reaction exist, one of amount Cf about the axis of the 
bar, the other A sin2 6/a, about an axis at right angles to the osculating plane. 

These have a resultant (C2f2 + A 2 sin* 6/a2)2 = A sin 6/a, the axis of which 
lies in the tangent plane to the helix and is inclined to the axis of the 
bar at the angle 0, that is, is parallel to the cylinder axis (the vertical, 
in the analogous top motion). If in addition a force S acts along the 
axis of the cylinder we have the wrench specified above. But particular 
cases are that in which the force is zero and that in which the couple 
is zero. 

When both act, the total moment about the axis of the bar is 
G cos 0 + Sasin 0. Also the moment about the perpendicular to the osculat
ing plane is G sin 0 — So, cos 0. Thus we have the equations 

G cos 6 + Sa sin 0 = Of, G sin 0 — Sa cos 0 = A - ' 
a 

TT Q n^sin0 .sin20cos0 n „ c „ . sin30 
Hence S = U f — A —, , G = Ct,cos0 + A — - — (1) 

If the force is zero we have 

A sin 0 ci 
C ct " a P sin 0 

, A sin 0 cos 0 _, . sin 0 A 

£ = -= , G = A = —^-- R) 
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If the couple is zero we have 

.__ A sin30 1 
C cos 0 a 

S=-A sm-t (3) 
a 2 cos 0 

It follows from the first of (1), that if the step of the helix be very small 
(that is if 0 is very nearly \if) and a be not small, the axial force depends 
almost entirely on torsion. A n ordinary spring balance w o r k s b y torsion. 

7. A gyrostat on an overJuinging flexible shaft. Equilibrium of tlie shaft. 
S o far w e have been dealing with a bent and twisted bar in its analogy 
with the motion of a top. W e n o w suppose the bar, loaded in some definite 
manner, to be subjected to rotation about a specified axis. T o fix the ideas, 
w e take first the practical problem of the 
motion of a gyrostat m o u n t e d at the free 
end of a flexible shaft. In the case of 
steady motion the shaft is bent at each 
instant in one plane. W e shall suppose 
that the slope of the curve from the 
straight position is everywhere small. 

T h e diagram shows the directions of 
the axes chosen. First w e consider the 
bending. Denoting as before the flexural rigidity b y B, supposing that 
a couple of m o m e n t L and a force Y act in the directions s h o w n b y the 
arrows, w e have for the cross-section S, 

B|g = L+Yz (1) 

The couple L we shall see is due to gyrostatic action. But since the motion 
is steady and the centroid of the gyrostat m o v e s in a circle of radius a, with 
angular speed p., the shaft m u s t exert an inward pull on the gyrostat of 
m o m e n t Mp.2a, where M is the mass of the gyrostat, and therefore the 
gyrostat exerts on the shaft an outward force of the s a m e amount. 

,d?y 
Hence (1) becomes 

Integrating we obtain 

B 

,dy_ 

dz2' 
A\ + Mp?az. (2) 

xxAA = Ez + \Mp
2az2+c, (3) 

where c is a constant. But when z — l, dyjclz = 0, and so 

c= -lfl-i>Mp?af2. 

Hence when 0 = 0, that is at the attachment of the gyrostat, 

Btan0 = LZ + JM/u
2ai2 

Integrating (3) from z = 0 to z = I we get 

- Ba = \~Ll2+\Mp2aVi + el, 

that is Ba = iU2 + iMp.2cdi 

• (4) 

.(5) 
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From (4) and (5) we can eliminate L, and obtain 

, Q 2a lMpi
2al2 ,RS 

8. Determination of the gyrostatic couple. We have now to determine 
the couple L. For this we consider the rate of growth of A.M. about an 
axis perpendicular to the paper through the centre of the flywheel. If Gn 
be the A.M. of the flywheel about its axis, O the moment of inertia of the 
case about the same axis, A the moment of inertia of the flywheel, and A' 
that of the case, about a transverse axis through the centroid, we have, 
considering the turnings about the axes indicated, 

(A + A,-CV2sin0cos0-Ow,/usin0 = L (1) 

Substituting in (4) and (5) of 7, we get the two equations 

- B tan 0 + {(A + A'- O)M
2sin 0 cos 6 - Gnp. sin 0} I + ̂ MpfPa = 0, ...(2) 

H(A + A'-G')p.2sindcosd-Gnpisind}l2-(B-mp.2ls)a = 0. .,.(3) 

If 0 is very small, as indeed it must be, since we have supposed the curva
ture to be d2yjdz2, these equations are 

[-B + {(A + A'-G')n2-Gnpi}l]6 + iMpL2l2a = 0, (2') 

H(A + A'-G')p.2-Gnp.}P6-(B-iMp.W)a = 0 (3') 

From (2) and (3), or from (2') and (3'), we see that if the equations are 
independent they are satisfied only by 0 = 0, a = 0. If however they are 
not independent their determinant vanishes, that is we get, from (2') and (3') 

(B-iMp.W)[-B + {(A + A'-0')p.2-Cnp.}l] 

+ iMu2li{(A+A' -C')p.2-Cnp} = 0 (4) 

We may write this in the form 

(A + A'-C>2-C/iM = ?f4 + — ) (5) 
v ' * lV^Mp.W-12BJ { ' 

If, as is usual, p. be very great, the right-hand side reduces to 4B/Z, and we 
see that the quartic has two roots not differing much from the roots, one 
large and one small and of opposite signs, of the quadratic to which (5) 
approximates. 
These results have been obtained on the supposition that the flexible axis 

turns freely in its bearings. If however it were a piece of untwistable steel 
wire prevented from turning and held fast at one end in the direction from 
which 0 is measured, we should have for the terms in O the expression 
C>2(1 -cos 0) sin 0 [see terms in C (not C ) in (4), 21, XIX], which, since the 
angle 0 is small, would be approximately zero. Thus (5) would become 

(A + A>
2-C,^f(4 + ^^B) (6) 
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W e have therefore a quartic equation which gives values of p. consistent 
with any values of 0 and a, which have the ratio 

6 h-M/xH2 2B--|M/riZ3 

a B-{(A + A'-G')p2-Cnp.}r{(A + A'-G')p2-Gnp:}l2 () 

For a value of the speed given by a root of this quartic the position of the 
axis of the gyrostat is indeterminate; but if such speeds are avoided the 
values of 0 and a are zero. The rotating body is then self-centring. 

If A, A', C, C are so small as to be negligible, we obtain from (5), by putting 
the expression on the left equal to 0, 

M M 2 Z 3 = 3 B , 

that is a critical speed is given by 
/3B\* 

^ \m)' 
a result which will be found in accordance with results set forth in the next 
article. The purely gyrostatic action is in general of only secondary 
importance. 

These results and those which follow are of great importance for the 
running of rapidly rotating machinery, such as high-speed turbines. A 
flexible shaft is used, and critical speeds [those which satisfy conditions 
analogous to (7)] are avoided. The rotating body then revolves stably 
with perfect balance of centrifugal forces. 
9. A rotor carried midway betiveen the tivo bearings of cc flexible shaft. 
If the flexible axle is held on two bearings, with the gyrostat or wheel 
attached midway between them, we may have one or other of two arrange
ments. In the first the ends, though fixed in position, are free as regards 
direction, in the second the bearings are made to maintain the directions of 
the ends in coincidence. If we neglect the inertia of the shaft itself we 
obtain at once the deflections of the shaft in the two cases from the theory 
of the bending of a thin rod. If the deflections produced by the turning 
be y — y0, where y0 is the initial deflection from the straight at the mid
point, the deflecting force be F, and the distance from bearing to bearing 
be 21, we have for steady rotation in the two cases 

B(y-y0)=iFP, B(y-y0) = ̂ FP (1) 
But F = M&)2y, where M is the mass of the flywheel or rotor, and wx is the 
speed at which the wheel is run. Thus 

,,= Uo or oi= Ho (2) 
y M/3 or y M7.3 y > Mtf y ~ x W? 

~BW i _ ^ ~ B ~ 
These two equations give infinite values of y for w2 = GB(Mls and w2 = 24B/MZ3, 
respectively. Of course the condition for small strains is deviated from 
long before these speeds are reached, and the equations must not be taken 
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as holding except for small strains. But they indicate speeds that must 
not be approached if there is to be safety, and, which is of great 
importance, show that speeds very m u c h higher than these critical speeds 

[(6B/MF)*, (24B/MJ3)*] are consistent with small deflections, which approach 
zero as the value of w is increased beyond limit. 

In practice serious deflections of the flexible shaft are avoided by means 
of stops, and the speed is quickly and safely run up to a high value, at 
which extreme smoothness of running is obtained. D e Laval chose for his 
turbines w—Awc, where o>c denotes the critical speed. 

Take fixed axes Ox, Oy of coordinates in a plane at right angles to the 
line of bearings and containing the centre of the wheel: the equations of 
motion of the centroid are 

*+/(*-£; = o, y+f(y-i) = o, (3) 
where £, rj are the coordinates of the point of radial coordinate y0 or r0, 
which we shall assume is made to revolve about the line of bearings with 
angular speed co. For steady turning we have just found 

F = 6?(r-r0) or F = 24?(r-r0) (4) 

We may express both these results by 

F = Mw2(r-r0); (4') 

so that Mw2r = Mw0
2(r-r0) (5) 

From this result w e assume that f(x — £) =ccc
2(x — g), f(y — >]) = w2(y — n), 

so that (3) becomes x + w2x = w2£, y + w2y = wc
2>, (6) 

But the point £»?, from which the displacements x — £ y — n are measured, 
goes round in a circle with angular speed w. Hence w e write (6) as 

x + wfx = r0w
2 cos wt, y + w2y = r0w

2 sin cot (7) 

If w e put z = x + iy, w e can write (7) in one equation, 

z + wfz = r0w
2(cos wt + i sin wt) (8) 

For the forced vibration in period 2ir/co, w e assume 

z = A (cos b>t + i sin cot). 
o 

Substituting in (8), w e get A = r0—^—2. 
ft!c

J — w 
The complete solution is thus 

2 

z = Acoswct + Bsincoct + rt>—ir
s~=(coscot + isinwt) (9) 

If A = a + ia, B = (3 + iB', we have 
x = a cos wct + 8 sin inct + r0 —^

c— cos wt, 
«V — or 

2 

y = a cos wf + B' sin wf + r0 - .A
1—s sin wt. 

wc- — w 

..(10) 
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We-see thus that there is vibration in the period 2T/WC about the circular 

motion of period 27T/G>. These vibrations may die out, but they are renewed 

again with every irregularity of running. This circular motion will not 

remain of small radius r0wc
2l(wc

2 — w2) if w2 approaches wc
2 in value. But for 

large values of co2 w e have 
t o 2 

x = a cos wct + R sin wct — r0
 c cos wt, 
a) — we 

co/ 
••(11) 

y = a'cos wct + B'sin wct — ra „ A sin wt. 
w — wf 

The forced vibration becomes opposite in phase to the free vibration when 
the value w2 = ftic

2 is overpassed. 

10. Free period of an oscillatory disturbance is the period of revolution 

at the criticcd speed. It will be observed that it follows from (6) or from 

(11) that if the flywheel be displaced in any w a y from the steady revolu

tionary motion, provided there is no tilting of the wheel, the period of the 

oscillatory disturbance set up is 2ir/w0, that is-the period is that of revolution 

at the critical speed. This result was given by Greenhill for a whirling 

shaft in a paper entitled " O n the strength of shafting when exposed both 

to torsion and to end thrust,'' in the Proceedings of the Institution of 

Mechanical Engineers, 1883.* Clearly it is a general result which might 

be predicted without any calculation. For the rotation in period 27r/fti is a 

forced oscillation which, when performed in the free period 2TT/WC, will be 

continually augmented at the expense of energy derived from the driving 

motor. 

The effects of torsion and end-thrust on the behaviour of shafts are dis

cussed by Greenhill in the paper cited in 10 above. The lateral oscillations 

of the shafting itself are considered also: in the discussion above the inertia 

of the shaft has been treated as negligible. If the speed of rotation is 

continually increased, one critical speed of the shaft after another is 

passed, one for each mode of lateral vibration. Each mode gives a musical 

note, and these notes show the frequencies of the modes of lateral vibration 

of which the shaft as mounted is capable. 

With regard to actual dimensions of shafts, the choice will depend on 

the particular case. Of course shafts of sufficiently great cross-section are 

required for the transmission of power, which is done by torsion in a 

propeller shaft, and indeed in all cases in which a motor does work and 

is driven by pulleys at some distance on the shaft. For gyroscopes weigh

ing from 1 kilogramme to 4 kilogrammes, Dr. J. G. Gray uses steel wire 

2 millimetres thick, and about 10 centimetres in length. These shafts are 

cased round loosely by tubular guards to prevent damage from disturbances 

at the critical speed. 

* See also articles by Sir George Greenhill in Engineering, March and April, 1918. 

G.c. ' 21 
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11. Quasi-rigidity of a moving chain. Equations of motion. The 
quasi-rigidity conferred on a flexible chain by motion is, like gyrostatic 
action, of much interest in connection with possible kinetic explanations of 
the properties of bodies. The equations of motion of a perfectly flexible 
inextensible chain, of very small links, are easily found by the method so 
often employed above. Let mu ds, mv ds be the momenta of an element ds 
along the tangent and the normal at the element, and <p the angle which 
the forward direction of the tangent at the element makes at the instant 
with a fixed direction in the plane. The angular speed with which the 
tangent is turning round is then f>: we shall suppose this to be positive. 
The rates of production of momentum along the tangent and normal respec
tively are m(u — vcj>)ds, m(v + uc/>)ds. The forces in these directions are 
S m ds + dT/ds. ds, N m ds, where T is the traction in the chain and S, N 
are the tangential and normal applied forces, per unit of mass of the 
element. Thus we get at once the equations of motion, 

dT . T 
m{ii- — vcb) = mS> + -j-, m(v + uip) = m'N + ==, (1) 

where R is the radius of curvature. 
There are two kinematical equations. Since the chain is inextensible the 

tangential speed is the same at all points. Consider then the distribution 
of velocity as it exists at time t, and imagine a particle to pass along the 
curve supposed kept in that position, taking at successive elements the 
values of u, v at time t. The change of u between the two ends of 
the element ds is (clu/cls — v/B)ds [since ds/R is the angle between the two 
ends], and this must be zero. Hence we have for a given instant 

—--=0 (2) 

Again the rate at which the element ds is turning round is clearly 
(v + dv — v)/ds + ufR. For the angle dip turned through in an element of 
time dt by the direction of motion of a particle of the chain is dv/ds. dt + dsfR 
= (dv/ds + u/R)dt. Hence we have (again at a given instant) 

dv u • ,„. 
S + R = ̂  (3) 

This angular speed 96 is not to be confused with u/R, which is the rate of 
change of direction due to the curvature of the chain. The two ends of the 
element are moving- at different rates along the respective normals, and the 
rate of turning dv/ds is due to this. In steady motion however there is 
not at any element a component of speed along the normal and so dv/ds = 0. 

If the chain be in steady motion, that is move uniformly without change 
of figure or change of position of its curve in space (except uniform trans
lation as a whole), then u = v = 0, and v = 0. Also <p = u/R. Equations (1) 
are now dT . mu2 ^ T 

w S + * r 0 ' -R7-'mN=R (4) 
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If the chain be under gravity and the inclination of the normal to the 
upward vertical be 0, we have S = g sin 0, N = — g cos 0. Thus we have 

m0 sin 0 + -^ = O, m(^+gcos6J = ^ , (5) 

The chain moves in the equilibrium curve of the chain at rest. The only 
difference is that T exceeds its value for stationary equilibrium by mu2. 
If the speed u is very great the value of T is very great in comparison 
with the applied forces, and therefore these forces have little effect on the 
figure of the chain. 

12. A bend in a moving chain is not carried along the chain by the 
motion of the links. Thus, if a chain [Fig. 120] hanging over a rapidly 
rotating pulley in a vertical plane be struck by a 
hammer, the indentation caused by the blow will 
remain in the same position with respect to surround
ing bodies, and be very slowly obliterated by the action 
of gravity. The moving chain is stiff and bends under 
the blow like a solid inelastic bar. 
The experiment may be made with an ordinary 

curb chain weighing perhaps half a pound per foot. 
The pulley may be a foot in diameter, be deeply 
grooved, and be driven at a high speed by a suitable 
motor or by a counter-shaft arrangement. The chain 
may be 10 or 12 feet long, and should be struck by 
a hammer-head capable of rotating about an axis transverse to the chain 
when in the act of striking. 
Some experiments with lighter chains are interesting as showing rigidity 

imparted to a flexible chain by motion of its parts. A n overhanging vertical 
pulley carried by a whirling table has a shallow groove round its edge. In 
this is laid an endless chain only a little longer than the circumference of 
the pulley. Just under the pulley is arranged a plane sloping slightly 
downwards in the direction of motion of the top of the pulley. When the 
chain has been got into rapid motion it is knocked off the pulley by a sharp 
tap with a pencil delivered sideways, and drops on the inclined plane, along 
which it runs for several feet like a rigid hoop before it collapses in a flaccid 

heap. 

13. Theory of a stationary bend on a moving chain, or of a moving 
bend on an otherwise stationary chain. To understand how these effects 
take place, let us suppose that there are no tangential applied forces. The 
value of T is then mu2. For let the chain move without friction through a 
tube of any shape under no forces except those applied by the sides of the 
tube. Thus no force along the chain is applied by the tube, and the 
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stretching force is not affected by the tube. This force is equal to the pull 

applied at and in the direction of the ends of the tube where the chain 

is free. But if T = mu2 there, as it must be by (4), 11, that equation gives 

N = 0 everywhere, that is no action is exerted on the chain by the tube. 

W e have /TV 
u=(—j 

\mJ Let the diagram represent an open loop on the chain imposed by the 

shape of the tube, and let the ends of the chain be straight and in line. 

The chain enters the loop at one end A and emerges at the other B, 

with speed u in each case; and as we have seen there is no action between 

chain and tube. This fact will not be altered if the whole system of chain 

and tube be moved with speed n in the opposite direction to the motion of 

the ends of the chain. Thus we have the straight parts of the chain 

brought to rest, and the loop or bend is made to travel along the chain 

with speed u = (T/m)2. Since there is no action of the tube it may be 

removed. 

Thus the speed of propagation of a bend of any shape along a uniform 

flexible chain or cord under stretching force T is (T/mp This is the result 

given by the ordinary mathematical theory of the propagation of waves of 

transverse displacement along cords or chains, where, however, to avoid 

mathematical difficulties, the transverse displacements are supposed to be 

small—here no such limit is imposed. 

Again consider a flexible tube through which runs a stream of a fluid, 

such as water, which completely fills the tube. If at rest, the tube will 

apply, nev unit of its length, at any cross-section at which the bend 

imposed by the tube has radius of curvature R, a force mu2/R to the fluid. 

This will arise if there exist a stretching force T = mu2 in the tube 

applied by external action. The combination of stretched tube and flowing 

water therefore imitates the quasi-rigidity of the moving chain. 

14. A revolving chain tinder no forces. General case. We consider 
also in this connection the problem of a uniform chain revolvino- with 

steady angular speed n about an axis Oz while under the action of no 
forces. Let x, y, z be the coordinates of an element ds of the chain, m the 
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mass per unit length, T the tension at '(is. The equations of relative 
equilibrium are 

i(Ia)+»-~»• l(Tf )+»'™*=°. £(*£)-« a> 
These give at once, since (cfa/<is)2 + (c^/<is)2+(dz/cfe)2==l, 

dT „ / cfc, dy\ _. 

S(4"-»S+T(S*-S,).O. 
Hence we obtain the three first integrals of the equations (1), 

T + in2m(x2+y
2) = H, T ( x g - ^ ) = N , T | = Z, (2) 

where H, N, Z are constants. 
The second and third of (2) combined give 

dy dx N 
^~^=Z <3> 

the so-called equation of areas. - If the radius vector, drawn from the 
chosen origin to the projection of ds on the plane of x, y be p, and the 
vectorial angle be x< we get for (3) the polar equation 

9cZv N 

Again we have 

But ds/dz = T/Z. Hence it is found that 

(turn's <*> 
II S.V{^_2H)'.4^±f| (5) 

r L v nlmJ (n2mPy j 
Thus we obtain by integration 

z=™\% (6) 
n2mi gs v ' 

Also, eliminating z from (3') by the relation 
dz=2Z-^ 

n2m gi ' 

2N f dP
2 

we get y = ̂ — —tL- ....(7 yS4 



502 GYROSTATICS CHAP. 

15. Revolving cliain in a plane containing the axis of rotation. W e 
have thus obtained the equations for a revolving chain in the general case 
in which the chain lies in a tortuous curve. If however it lies at each 
instant in a plane containing Oz, we have an example of a revolving 
catenary. Each particle moves in a circle about Oz, and if we project on 
the plane of x, y the paths of two particles which are on levels slightly 
differing, so that points on the same radius have coordinates x, y, x + dz, 
y + dy, we see that y/x = dy/dx. Hence by (2), 14, N = 0, and 

s=v{(/_^V_4(-^Y}> d) 
' (V n2mJ \nimJ ) 

If we write ^2 = 2(H-ZV /g2 = H + Z' ^ 

we obtain from (2), after a little reduction, 

nml (B. + Z)1 ̂  cly 

2* Z C*~{(l-ys)(l-fcy)}*" 
2^/JJ z)2 

Thus, if y = sin(p, P = — T
J-snF(k, <j>) (4) 

nm'2 

The curve may lie in a plane perpendicular to the axis Oz, and in this 
case dzjds = 0, so that Z = 0. Hence, by (7), 14, 

2N f dp2 

4^-S)!--yL)T 
If we write £ for P

2, this becomes 
2N f df ,„. 

A n2m I C r OTT \ 2 / AT \ 2-1 4 

x = ̂ f d-l (5) 

^Xr-Lr-fr- 2 H V 1«^ N 

j J[ s V n2mJ \n2m. 

an expression which is capable of being dealt with at once by the Weier
strassian elliptic function analysis. 

16. Remarks on a more general problem of the motion of a chain. 
The more general problem in which' the chain is supposed to be in motion with some 
uniform tangential speed v, in a definite plane path, while at the same time the path as a 
whole is whirled with constant angular speed n about an axis Oz at right angles to the 
path, is interesting, but has little practical bearing on gyrostatics. Its solution, and the 
determination of possible paths, involve difficulties of integration which do not appear 
when the motion is wholly due to the uniform rotation about Oz. If, for example, it is 
attempted to deal with the problem, with or without special conditions, by the method 
of revolving axes, then it is to be noticed that besides the rotational speed n about the 
axis Oz, each element has a rotational speed v/R, where E is the radius of curvature at 
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the point of the trajectory at which the centre of the element is situated at the instant. 
But E varies from point to point of the trajectory, and so in the integrals for the deter
mination of p and x, this varying radius, which is introduced in the calculation of the 
accelerations along and at right angles to the moving tangent, makes the problem almost, 
if not entirely, intractable. It is however an excellent example of the theory of moving 
axes to calculate these accelerations. W e shall find first the normal acceleration. 
If p be the length of the perpendicular from O on the tangent to an element with its 

centre at a point P fixed relatively "to the trajectory, so that with axes Ox outward from 
0 and parallel to the normal at P, and Oy drawn from O forward parallel to the tangent 
at P, then x (=p) and y are the coordinates of P. The velocities U, V along fixed 
directions coinciding with the axes are given by 

V=p-[n + ^jt/, V=y + (n+Ajp. 

The acceleration towards the centre of curvature is 

•(»+!)v=-p+s(«+£)tf-.§+(»+1 
This is the acceleration of a particle of the chain ; the acceleration of a point such 

as P fixed relatively to the trajectory is a different matter, and does not involve the 
variation of E 
For the reduction of the expression thus found we note that if ds be the length of an 

element of the path, the time required by a particle to traverse it is dsjv. Thus djdt = vdjds. 
Hence y = vdy/ds, and this is easily seen to be given by 

ds 
. dy ds~PR (. p\ 

, ., dp y 
while P = vds=VR' 

since dp/y=dsjR.. Substituting, we find after reduction 

-t + (n + ^JY = V^ + n2p + 2nv. 

Hence we have the equation of motion 

ml ^ + n2p+ 2nv\ == -A) 

The same process gives for the acceleration along the tangent the value -n2y. This 
must be produced by the excess dT of the tractive force in the chain at the forward end 
of ds over that at the other end, so that 

dT=-mnhjds (2) 

But,, as a diagram will show at once, pdp=yds, and we get 

dT= -mn2pdp. 

Integrating, we obtain T = -\mn2p2 + \x, (3) 
where H is a constant. 

T 
W e have seen, (1) above, that - = 2nvR + n2pR + v2, in 

so that V - - v 2 ) = -vR +pR. 
n2\m I n 

Replacing E by-its vzluejpdp/dp, and writing h for 2(T/m-v2)/n2, we obtain, by 

integration, hnp=2vp2 + npp2 + C, • (4) 



504 GYROSTATICS CHAP. 

where C is a constant, the value of which depends on the origin chosen for the integration. 
Let us suppose that the integration is started from a point on the trajectory where the 
radius vector of length pu say, is normal to the curve, and is therefore equal to the 
length px of the perpendicular from O at that point. Hence we obtain for C the value 

- (npx
3 + 2vpf) + hnpx. 

W e have thus the cubic equation 

np3 + 2vp2 - linp — np1
!) — 2vpx

2 — hnpx = 0 (5) 

for the determination of the locus of the points at which the radius vector is normal to 
the curve. N o generality will be lost by supposing n to be positive. Equation 5 would 
appear to give three circles which must be touched by the curve. There are three cases 
of real roots, (1) all three of one sign, (2) two positive and one negative, (3) two negative 
and one positive. In (1) the direction of v is either with or against that of pxn at all 
three circles, in (2) and (3) v and pxn either agree or are opposed in sign at two circles, 
while they are opposed or agree, in sign at the third, as the case may be. For three real 
and positive roots the quantities 

, — h, npx
3 + 2vpf — nhpi 

must all be positive, that is v and n must have opposite signs (in other words the motion 
v must be opposed to that due to the rotation n), and h must be negative, that is v2>T/m. 

Also since for three positive roots npf + 2vp-f-hnpx must be positive, and p1 is 
positive, npf + 2vpx — nh must be positive ( = k

2, say). Thus, for the avoidance of complex 
values of p, for all possible values of k2, v2jn2 + h must be positive, that is 

v2 . 
-»> - h. 
n2 

Going back to (4) and differentiating with respect to p, we get, after reduction, 
1 dp 4v + 2np 1 ,„-. 
p dp n(h-p') E 

Thus the curvature is infinite if h = p2. If h is negative, as it is for three positive roots of 
the cubic, no point of infinite curvature can occur. 

From (4), with the value of the constant of integration found above, we obtain 

pn + 2v=-(p1n + 2v)(p2-h)/(p2-h), 

sothat l_d£l_2_(Pln + 2i,)(p2-h) (7) 

p dp E n (p2 - A)3 

Hence E is zero, that is the curvature is infinite if p2 = h. This cannot happen if h is 
negative. 

For three real and positive roots the curve would appear to resemble the horizontal 
projection of the horizontal projection of the curve of motion of the spherical pendulum 

as given, in Fig. 80 [2, X V , above]. For the curvature at the different circles is given by 
the insertion of the proper values of p2 in the denominator of the expression on the right 
of (7). In each case it is necessary, in order that the curve should be concave towards 
O, that v should be negative and \2v\>pxn. It is clear that the curve must be thus 
concave at the outer circle ; and if it were to become convex at a less distance from 0 
E would have to change sign, which the expression on the right of (7) shows is 
impossible. 

There remain the cases (2) and (3). In case (2) npf + 2vpl
2-nhpl is negative, in case 

(3) it is positive. 

There are different possible sub-cases, which we cannot discuss here. The following 
general fact may however be noted. In cases (2) and (3) there will be loops which touch 
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one circle. Points of inflexion must exist if the loops touch the outer circle, but not if 
they touch the inner circle. A n enumeration and description of all the cases would 
occupy much space. 

17. Calculation of the vectorial angle, in terms of the radius vector, for 
the curve of the chain. Returning for a moment to (2), 16, we consider the 
case in which T, and also H, varies as n2. Using now v in the sense of the 
tangential speed due to the rotation about Oz, we have v = np, where p is 
the length of the perpendicular on the curve from O, for the point con
sidered. But now the components of force on an element both involve n2 

in the same way, and thus the direction of the element does not depend 
on n2. . From (6), 15, it appears that in this case the vectorial angle also 
does not depend on jrC-. 

As before, we put l=P
2, and also write v2jn2 = £ Thus we have 

/i+2f' = 2H/mn2,and as we shall see presently, (h + 2£'-£1) £1
i = 4N2/(?i2m)2. 

Hence (6), 15, can be written 

x = (fc+2£ -^^J2f{f«_2(A + 2nf
B+(A+2n!f-(A + 2r-f1)%}*' ^ 

With regard to the substitution for 4N2/(%2m)2, it is to be noticed that by 

the second of (2), 1, we have Tngjv = N, or T 1 fx* = N, where Tx is the tension 
of the chain when p2 = /o1

2 = f1. But by the first of (2), 1, we have 
\mn2(h+2t,' — &)& — N, which is the substitution. 

Writing the cubic expression in the denomination of the integrand in (1) 

Z = (f-&)(f-&)(£-&), (2) 
we shall suppose that f s > f 2 > f i , where Px=tjx. The variable f must 
lie between £3 and £2, so that according to the supposition made £v £2 
are the squares of the radii of two limiting circles between which the 
path lies. 

18. Integration by elliptic functions. The integration indicated in (1), 17 
can be carried out in the following manner. Writing z + k for £in the expression for 4Z 

we obtain 

4Z = 4(z + k.y-8(k + 2£)(z + k)2 + 4(h + 2Z')2(z + k.)-4(h + 2C-Q2tl (1) 

Expanding this, and choosing k so that the coefficient of z2 is zero, we find 

4Z = 4s 3-3£%+F-4(A + 2f-C1)
2&, k = il(h + 2{') (2) 

Thus 4Z has been converted to the Weierstrassian form 4z3-g2z -gz, with 

g2 = 3k\ g3= - F + 4(A + T - f i ) % (3) 

Putting fu for z, and e3 for z3, we have in the usual notation, 

W3=r * — v «=r -—*~-- (4) 

,1m 
Thus -du = 

-9*9-93$ 
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so that we get for the integral sought, 

-if-du— if dw (5) 
vj z + k JJpu-pv 

if we write -h-fv. The limits are the values of u when z = fu and z = e3 respectively. 
N o w we have f du 1 f„ f , cr(u-v)\ 

/ = -T—i 2u(v+loe—,—;—i f, 
Jfu-fv fv( % 5o-(?J + w)J 

or taking the integral between the limits stated, 
f du 1 („. . . , . a-(o>3-v)o-(u+v)\ ,„. 

- / = -r-{2(<Do-u)tv + log—)-= (—) (1 (6) 
Jfu-pv $fv\. v 3 ;!b eo-((o3 + v)o-(tt--w)J

 w 

The value of l/p'v can be calculated by the equation 
-gv = (4^v-g2^v-g3$ (7) 

These problems are of some interest in the theory of rotation, but they are not direct 
examples of gyrostatic action. Further particulars will be found in Greenhill, R.G.T., 
pp. 78, 193. 



CHAPTER XXIII 

EXAMPLES OF GYROSTATIC ACTION AND ROTATIONAL MOTION 

1. A gyroscope mounted on the earth. A gyroscope is mounted on the 

earth so that the axis of the flywheel is constrained to remain in a plane fixed in the 
earth. It is required to find the motion. 

Eeferring to Fig. 12, we take O E C as the plane in which the axis is free to move, and 
Oz as the projection on that plane of the earth's axis of rotation. The axis O D is at right 

angles to the axes O E and OC. If the angle between the axis of rotation of the earth 
and Oz be a, and a> be the earth's angular speed, the components about Oz and O D are 
<ocosa and oisinn respectively. W e denote the angle COz by x- The angular speed 
about O C due to the rotation of the earth is thus a> cos Y COS a, and that of the wheel of 

the gyroscope is <f> + ta cos x cos a (= n, say). The angular speed about O E is u sin x cos a. 
It is supposed that the system has no gravitational stability. 

The rate of production of A.M. about O D is made up of A x due to acceleration, 
Gnia sin x cos a due to the turning of O C (with its associated A.M. Cn) about O E with 
angular speed w sin x cos a, and — A w 2 cos2 a sin x cos x due to the turning of O E (with the 
associated A.M., A W sin x cos a), with angular speed co cos x cos a about OC. Thus we get 

A x + (Cna — A co2 cos a cos x) cos a sin X = 0. 

Since <o is small this gives small oscillations of O C about Oz in the period 

27r(A/CMweosa)i, 

that is in the period of a simple pendulum of length gAjCnia cos a. 
It will be noticed that if a=0, that is if Oz be the direction of the earth's axis, the 

equilibrium position is that in which the axis O C coincides with the earth's axis. The 
apparent speed of rotation of the gyrostat is (if x is taken an acute angle) n ± co cos x cos a, 
according as the gyrostat axis points towards the south or the north end of the earth's 
axis. [Quet, Liouville's Journal, 1853.] The discussion (loc. cit.) is carried out by means 
of the general . equations, and is very long. The instability which exists when the 
gyrostat points south is noticed. It will be seen that this is another example of the 

instability described in 7, VIII. 
To find the constraining couple required to keep the axis in the plane fixed in the 

earth we notice that the rate of production of A.M. about O E due to the motion, and 
calculated by the method exemplified above, is (- Cnw + Am2 cos a cos x) sin a. This must 

be balanced by the couple of constraint. 

2. A gyroscope with its axis of spin a generator of a cone fixed in the 
earth. In papers by Quet and Bour (Liouville's Journal, 1853 and 1863) the previous 
problem, rendered more general by the condition that the axis of spin is constrained to 
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remain in contact as a generator with the surface of a right circular cone fixed in the 
earth, is discussed. The following is a brief direct solution from first principles. 

Draw a line O N , to represent the earth's axis of rotation, through the vertex of the 
cone O, and let O C be the position of the spin-axis. Take a section of the cone at right 

angles to the axis of the surface. Then co, the earth's 
angular velocity, can be resolved into two components, 
one co cos ji about the axis of the cone (where (3 is the 
inclination of the cone-axis to the axis of rotation), and 
the other co sin (3 about an axis through O parallel to C N , 
since O C and C N are mutually at right angles. 

The A.M. of- the gyrostat about O C can be resolved 
into two components, Crecose about the cone-axis O C , 
and Cn sin e about an axis parallel to CC . W e now 

resolve the angular velocity asin/3, which has been 
found for the axis parallel to C N , at right angles to 
the radius C C of the section of the cone. Denoting the 
angle C C A ' by 3- we get o> sin f3 sin 3-. The rate of 
production of A.M. about an axis parallel to C C is thus 

Cnia sin f3 sin 3. The wheel will therefore turn about 

an instantaneous axis parallel to C C with angular 
speed y, and we shall have, measuring rj round from A' 
towards C, tangential to the cone, 

Arj — Cico sin /3 sin 3- = 0. 

But if I denote the length OC, we have l-q = lsine.S-, and therefore the equation just 

FIG. 122. 

written becomes 
A3 

„ sin/3 . 
- Cnia . sm 3- = 0. 

If we measure rj and 3- round the other way, that is from A to C, we get 

A3 + Cjco^^sin3 = 0. 
sine 

The top will therefore oscillate about the generator O A as the equilibrium position. 
The period of a small oscillation is therefore 

^/AfiEAA* 
\ Onto sm p / 

It will be noticed that if (3 = 0, that is if the axis of rotation of the earth coincides with 
the axis of the cone, we have 3 = 0, and the spin-axis moves continuously round the cone. 

The period found agrees with that in Example 1. 
To find the couple constraining the spin-axis to remain on the cone, the reader may 

calculate the angular speeds and momenta about (1) OC, (2) an axis OE, at right angles 
to O C in the plane C O O , and (3) an axis O D at right angles to this plane. The time rate 
of change of the A.M. about the moving axis O D , together with the rates of production of 
A.M. about O D , due to the motion of the other axes, gives the total rate of production 
of A.M. which must be balanced by an applied couple, if the spin-axis is to remain on the 

cone. 

3- A gyroscope on gimbal rings. Equation of energy. A gyroscope is 
mounted symmetrically so that it can turn about an axis Ix fixed diametrically in a 
circular ring. That ring turns on an axis I2, at right angles to I:, pivoted similarly on 
a second ring. The second ring turns about a diametral axis I3, at right angles to I2, 

and fixed in space. 
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W e denote deviation of the plane of the first ring from planarity with the second by 9, 
and the angle through which the second ring has been turned about I3 by f. Thus 9 
and \jr correspond to the angles so designated in the theory of the top, as set forth 
above. 

W e denote the moment of inertia of the flywheel about its axis of figure by C, and 
about a transverse axis through its centre by A, and similarly the moments of inertia of 
the rings by Cj, Aj, C2, A2. 

It is easy to prove that the energy equation is 

2E=(A + A1)(9
2 + (Asin26l + A1cos

2^)^2 + (Cisin2(9-l-A2)^
2 + Ca2. 

Also the A.M. about the axis I3 is 

{(A + d ) sin2 6 + Ax cos
2 6 + A2\ i> + Cn cos 9 = G, 

where G is constant. Thus we have 

,- G - Cn cos 9 
^ ~ ( A + C1)sin

26l + A1cos
2e + A2* 

Substituting this value of if in the energy equation, we obtain the relation 

(A + A1)ff
2+..r ;

G-^7 g)' A =2E-Cra
2, 

(A + C1)sin
26l + A1cos

2e'-l-A2 ' 
from which I can be found in terms of 8 by integration. 
This result was given by Lottner in 1857 [Crelle, 54, 1857]. It was found however by 

investigating the differential equations of motion for moving axes, and from these finding 
a first integral. It is instructive to work out for two axes corresponding to OD, O E of 1, 

IV above, and then integrating. O D is at right angles to the vertical plane containing 
the spin-axis OC of the flywheel, and O E is in that plane and at right angles to OC. 
The three axes OD, OE, O C form an ordinary system of axes. 

4. Differential equations of motion for example 3. We can find the 

differential equations of the last example for the axes OC, OE, O D as follows. A little 
consideration shows that the components of A.M. about these axes are as follows : 

about OC, Cn + (Ax + A2) ̂  cos 9, 
about OE, (A + A 2 + C1)i/'sin 9, 
about OT>,(A + Ax)9. 

The angular speeds of the systems of axes are 

x/>cos9 about OC, if sin 6 about OE, 6 about OD. 

Hence we obtain by the method so often employed above the rates of growth about 
these axes ; and we equate these rates to zero, since there are no applied couples. The 
equations of motion are therefore respectively 

(Ax + A2)fcos9+(C1-2A1)9fsin8 = 0A 

(A + A 2 + Ci)fsin<9 + (2A + C])^cos6>-C?i(9 = 0, i- O 

(A + A1)9-(A-A1 + C1)f
2sin9cos9 + Oiif sin6» = 0.J 

Multiplying the first of these by cos 9, and the second by sin 9, and adding, we get 

(Asin29+Alcos
28+Cxsm

29 + A2)f + 2(A-A1 + C1)9i/sin9cos8-Cn9sin9 = 0. ...(2) 

Multiplying this equation by •&>, and the third of (1) by 9 and adding, we find 

(A + Ax)99A(Asm
29 + A1cos

29 + Cxsin
29 + A2)i/^ + [A-Ax + C1)9f

2sm9cos9=-0....(3) 

This gives the integral 

(A + A1)8
2 + {(A + C1)sin

29 + Axcos
29 + A2}f

2 = 2B-Cn2, (4) 

where E is, as before, the total energy. 
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Equation (2) can be integrated at once, and gives the constant value G of the A.M. 

about the vertical. 
Thus we obtain again the results already established for this arrangement of gyrostat 

and rings. 

5. A gyroscope in a spherical case hung by a string. A gyrostat consists 
of a heavy symmetrical flywheel mounted in a heavy spherical case, and is suspended 
from a fixed point by a string of length I fixed to a point in the case. The centres of 
gravity of the flywheel and case are coincident. The whole revolves in steady motion 
round the vertical with angular speed p. Find the steady motion equations. 
Let a, b be the coordinates of the point of attachment of the string to the case, measured 

along and at right angles to the axis of rotation, a, (3 the inclinations of the string and 
axis of the top to the vertical, M the whole suspended mass, Cn the A.M. of the flywheel 
about its axis, and A the moment of inertia of the whole about an axis through the centre 
of the flywheel at right angtes to its axis. 

W e have, referring to the motion of the centre of gravity of the whole in a circle about 
the vertical through the point of support, Mgr tan a for the inward pull towards the 

centre exerted by the cord. But the radius of the circle is I sin a + asin (3 + bcos (3. 
Hence equating the two values of the centreward acceleration which we thus have, we get 

p2(l sin a + a sin (3 + b cos (3)=g tan a. 

The pull in the cord is clearly Mg sec a. Hence the total couple about the centroid 

applied by the cord is, as a figure will show at once, 

Mg sec a{a sin (/3-a) + b cos (f3 - a)}. 

This is equal to the rate of production of A.M. about an axis through the centre of the 

flywheel at right angles to the vertical plane containing the axis of rotation. But we 
have many times seen that this is (CM - Ap cos (3) p sin (3. Thus we obtain 

(Cn- Ap. cos /3) p sin f3 = Mg sec a {a sin ((3 — a) + b cos ((3 - a)}, 

and the motion is completely determined. 

6. A gyrostat suspended by a string. A gyrostat is suspended from a fixed 
point by a string of length a fastened to a point P in the axis of rotation, and is in steady 
motion with the axis horizontal. Prove that if u, be the angle which the string makes 
with the vertical, n the angular speed of the flywheel, h the distance of the point from 
the centre of gravity of the gyrostat, M the mass of the gyrostat, and C the moment of 
inertia of the wheel about its axis, 

M 2A 2 

tan a=g n, 2 (A + asin a). 

The string applies a horizontal force Mp?(h + asinot), and the gravity couple is Mgh. 

Thus p2 = M2gsh2/C2n2, and so the horizontal force applied by the string is 

My/i3(/i-t-asina)/C2»2. 

The ratio of this to Mg is tan a. 

7. Constraining couple required for rolling of a body-cone on a 
space-cone. A uniform solid has a figure of revolution, and moves about a point so 
that its motion may be represented by the uniform rolling of a cone of semi-vertical angle 
a, and fixed in the body, upon an equal cone fixed in space, the axis of the former being 
that of revolution. Show that the couple necessary to maintain the motion has moment 

|co3 tan a {C + (C - A ) cos 2a}, 

where co is the resultant angular speed, and A and C the principal moments of inertia 



EXAMPLES OF GYROSTATIC ACTION 511 

about the axis of revolution and a transverse axis through the point, respectively, and 
that the couple lies in the plane of the axes of the cones. 
The resultant angular speed here is that of the rolling cone about the generator in 

contact with the fixed cone. Hence the angular speed about the axis of revolution of the 
body is cocosa, and we have C?J = Ccocosa. Moreover, the angular speed p about the 
axis of the fixed cone is co sin a/sin 2a. The only rate of production of A.M. is that about 
an axis through the fixed point at right angles to the pl»ne of the axes of the cones. 
And by the equations used frequently above this rate is 

(Cn-Apcos6)psind=l Ceo cos a-Aco ^AA eos 2a ) co
 Sln" sin 2a 

• \ sin 2a / sin 2a 
= Jco2tana{C + (C-A)cos2a}. 

8. Pseudo-elliptic case of the motion of a top. A top moves about a fixed 
point in its axis of symmetry. It is given a spin (AMgh3^/C about its axis, and then 
left to itself with its axis of figure at rest inclined at the angle cos_1(l/3z) to the down
ward vertical. Show that the axis will describe the cone 

i 

sin2 9 cos 2xjr=4^-(3*/2-)-cos 9$, 
3a . 3* 

where \p as usual denotes the azimuthal angle turned through about the vertical [Math. 
Tripos, I, 1894]. 
By (1), 11 and 5, 13, of V above, with j3 = bn, we have, if z refers to the upward vertical, 

dxjr _bn (z0-z)i 
dz~oA ,x 3J, 2 b2n2. A*' 

(l-z2)|l-z2--^-(z0-z)j 

But since b = C/A, a = 2Mgh(A, the data given convert this equation into 

# = 3 i (-Z-1/3J)* 
dz (l-z2){(2z + 3i)(3i-2)}i' 

It can be verified by differentiation that this gives 

2x/ = tan-1 [ 3 V 1 ( - z - l/3*)*( - z + 3*)*(2z + 3*)~i], 

which can be identified with the result stated above. 
Note.—The value of xjr is obtained here directly in terms of ordinary functions for the 

case in which bhi\ = \a. Another and simpler case is that in which b2n\ = a, so that one 
of the roots of l-z2-b2n2(z0-z)/a is zero, and the other is l/z0. For a full discussion of 
these pseudo-elliptic integrals, see Greenhill, Proc. Lond. Math. Soc, 25, 1894, and R.O.T., 
Chap. V. The case in the problem above appears in § 84 of the L.M.S. paper cited. 

9. A symmetrical shell containing a gyrostat and rolling on a hori
zontal plane. A symmetrical shell contains a gyrostat the centroid and axis of which 
coincide with those of the shell. The gyrostat has A.M. K about its axis of spin, M is the 
mass of shell and gyrostat, A the moment of inertia of the two taken together about a line 
through the centroid transverse to the axis, C the moment of inertia of the shell about its 
axis, a the distance, measured parallel to the axis, of the point of contact O of the shell 
with the supporting plane, from the centroid, b the distance of O from the axis, and 9 the 
inclination of the axis to the vertical. It is required to prove that if the motion is steady 
and the centroid moves in a circle of radius c with angular speed ii about the centre, the 
equation of motion is 

K£l + {C(asm9+c)-Abcose + Mbc(acot9 + b)}Q,2-Mgb(a-bcot9) = 0. 
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W e take axes (1) O D at right angles to the vertical plane containing the axis of 
symmetry and the point of contact O, (2) OC parallel to the axis of symmetry, (3) 

O E at right angles to O C and in the vertical plane. 
Let L be the centre of the circle (radius a) in which the point of contact O moves on 

the shell. O E intersects this circle in a diameter. If n be the angular speed of the shell 
about its axis the speed with which-L is moving in space is bn : it is also (c + asin 9)0,. 

Hence c + asin 9 „ 
n = -, \l. 

b 
The angular speeds of the axes are J2 cos 9 about O C and S2 sin 9 about OE. 
The speed of the centroid in the circular path is ofl. Hence the components of A.M. are 

as follows : r + a sin f) 
A.M. about 0 O = C + J °a + Mbctt + K, 

b 
A.M. about O E = AI2 sin 9 - Mac$2. 

The rate of production of A.M. about O D is therefore 

(Afl sin 9 - MacQ) fl cos 9 + { (c ° + a sm ° + Mbc ) 12 + K j fl sin 9. 

The couple applied by gravity has moment Mg (a sin 9 — b oos 9). Equating this to the 
rate of growth of A.M. and reducing, we obtain the relation stated above. 
The problem here discussed is a Cambridge Tripos question made more general by 

restatement. The case containing the gyrostat was supposed to be a prolate ellipsoid of 
revolution, but clearly this restriction was not necessary to simplify the solution, and in 
fact is not represented in the result. The reader will be able, with the help of the 
equation just indicated above, to write down the complete equation of motion and find 
the period of a small deviation from steady motion. It is only necessary to add the 
proper acceleration term. 

10. A cylinder rolling on the circular edge of one end. A homogeneous 
right circular cylinder, whose altitude is twice the radius of the base, rolls on a rough 
horizontal with its axis inclined at an angle of 45° to the vertical. If n be the angular 
velocity about the axis, prove that in steady motion the vertical plane through the axis 

turns round a fixed vertical line with an angular speed /a = 30(2)-«/31. Show that the 
instantaneous axis divides the axis of the cylinder in the ratio 31 : 29. Prove also that 
the period 2wjX of the small oscillations about the steady motion is given by 

12(2)ig_1800 
+ 31 b~ 312 ' ' 

where b is the radius of the base. 
W e notice that the value of p is given by the last example if we put a = b, (9 = 45°> 

•WA 
Thus we find after reduction 5 

2'1' £+i)aV=o, 

or ft = —23?i. 
o L 

The instantaneous axis passes through the point of contact. The angular speed about 
the vertical contributes to the angular speed n about the generator through that 

point. The independent angular speeds are thus 30(2)%/31 about the vertical, and 

re--[30(2)4ji/31}(2)4/2, or w/31, about the generator. Thus we have the two rectangular 

components, about the vertical and horizontal, respectively, 

(30(2)* 1 -I 1 2 * 
1——-—1 ;•>-« and — —n. 

U2)*/ 1 31 31(2)4/ 312--
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Hence, if <f> be the angle which the instantaneous axis makes with 'the horizontal, we 
have tan<£=61. If O be the origin, the equation of the instantaneous axis is ?/ = 61,r, 
and that of the axis of the cylinder is 

%+b(2)i=y. 

These lines intersect in the point 

x=~b u-—2ih 

Hence, since # = 61(2)46/60, the portion of the axis, intercepted between the point of inter

section of the axis of the cylinder produced with the horizontal plane, is #(2)4 = 616/30. 

But y(2)4-6 = 315/30. The point x, y thus divides the axial length of the cylinder into 
the two segments of lengths 316/30, 295/30 respectively. 

The last part is left as an exercise in finding the complete equation of motion. 

11. A hollow cone revolving about a vertical generator: motion of a 
sphere on the surface. A hollow cone rotates with uniform angular speed 0 about 

a vertical generator. A sphere is in contact with the diametrically opposite generator 

and spins about the common normal with angular speed <o, and is prevented by friction 
from slipping down. If a be the radius of the sphere, E the distance of the point of 

.contact from the vertex, k the radius of gyration of the sphere about a diameter, and a 
the angle of the cone, show that the point of contact will remain at rest on the sphere 

and on the cone, if A X \ n . « B n . . oa 
co = ll+plS2sina--Tj- $2 sin a tan a + p?y 

Consider axes OD, OC, OG, at right angles to the diametral plane of the cone through 
the point of contact O, along the generator through that point, and along the diameter 
of the sphere, respectively. If the angular speed co is such that the rate of production 
of A.M. about O D is equal to the moment Mga cos a about that axis, the sphere can rest 
in relative equilibrium. 

The angular speeds of the axes, about an axis through the centroid parallel to the 

generator in contact, and about OG, respectively, are 12 cos a and £2 sin a. The speed of 
the centroid is (E sin a - a cos a) 12. The A.M. about O C is therefore 

Mi2Q, cos a - M ( E sin a - a cos a)aS2, 

and that about O G is Mk2ia. The rate of production of A.M. about O D , computed by 
the usual rule, is 

- M£2122 sin a cos a + M ( E sin a - a cos a) ail2 sin a + MFcol2 cos a. 

Equating this to the gravity couple and solving for co, we get the equation stated above. 
If the spin co about the axis O G is too great to give the balance here considered, the. 

sphere will roll upwards or downwards along the generator. Consideration of the signs 
of the quantities concerned shows that if 12 be in the counter-clock direction about the 

upward vertical, and co be also in the counter-clock direction to an observer looking from 

beyond G, the sphere will roll upwards if co be too great. 

12. A horizontal circular disk turning about its axis of figure : 
motion of a sphere on the surface. A circular disk capable of motion about » 

vertical axis through its centre perpendicular to its plane is set in motion with angular 
speed 12. A uniform sphere is placed on the disk so as to touch at an eccentric point: 
prove that, if there-is no slipping, the sphere will describe a circle on the disk, and that 
the disk will revolve with angular speed 7Mk2Sl((7Mk2 + 2mr2), where Ml-2 is the moment 

of inertia of the disk about the centre, m the mass of the sphere, and r the radius of the 

circle traced on the disk by the point of contact. 
G.G, 2 K 
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It is obvious that the sphere will trace out a circle about the centre of the disk. For 
the friction between it and the disk will set it impulsively in motion in a plane at right 

angles to the radius through the point of initial contact, and will further constrain it to 
revolve in a plane at right angles to each successive radius of the disk with which it 
comes into contact. 

Let P be the impulse initially applied to the sphere by the disk. Then w e have by the 

reaction on the disk Pr=M/fc2(£2- co') (1) 

where co' is the angular speed of the disk after the impulse has acted. 
Also, transferring P to the centre of the sphere, we have 

mv = R, ....; (2) 

where v is the speed of the centre of the sphere in the direction of motion of the disk, 
H e n c e mvr=Mk2(Q-w') .(3) 

Again, we have for the angular speed co of rotation of the sphere 

aP = \rna2 co, (4) 
and clearly v = no' - am, so that by (3) 

mr2co' — mraoi = Mk2(Q, — co'). (5) 

N o w (4) gives co = P/|?raa, and by (1) this is MF(I2 - co')/f»iar. This value of co substituted 

in (5) gives m j, v _ | M ^ ( i 2 _ co').= MF($2 - co'), 

or ' 7MF n ' ,fi> 
W = 7 M F T W " ' -V (6) 

which was to be proved. 

13. A sphere rolling on a vertical plane which turns about a vertical 
axis. A sphere rolls without sliding on a vertical plane which revolves with constant 
angular speed n about a vertical line in itself : to find the motion of the sphere. 

Take an origin O on the vertical axis of rotation, an axis Ox horizontal and fixed in the 
revolving plane, an axis Oy drawn outwards from' the plane on the side on which the 
sphere is situated, and an axis Oz downward. Denote the radius of the sphere by a, and 
the angular speeds about axes through the centre of the sphere parallel to the axes 
specified by co*, iny, i»z. Since there is no sliding, we get by considering as usual the 
growth of the .components of the vector of A.M., 

(k2 + a2)ax-nk
2oxa=ga, ih!/ + noix = 0, k

2ihz + a(vn-u) = 0, (1) 

with, for the velocities in the instantaneous directions of Oa; and Oz, 

u = x-an,- awx-=w (2) 

The first equation can, by the second of (2), be written 

(k2 + a2)^-nk
2io!/=ga (3) 

Differentiating this and using the second of (1) in the result, we obtain 

ii + mho = 0, (4) 
where m2 = n2k2/(k2 + a2). 
From (3) we find by integration w = Asinmt, (5) 

if the time be reckoned from an instant at which the vertical motion of the sphere is zero. 
Integrating again with respect to the time, we have, since A is a constant, 

f A 
z= wdt=—(l^cosnit). 

J m ' ..... 
Thus the vertical motion is oscillatory, and the sphere rises and falls on the- vertical 

plane in simple harmonic motion. 
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Substitution of w [obtained from (5)}in (3) gives, since co,, = 0 initially, A=ga2/nk(k2 + a2)i. 
Thus a2 

rih=g-r2(l-cos mt) (6) 

For a uniform sphere k2='ja2, and therefore in that case 

n2z = lg{1 - cos (f n2)^t}. , (7) 

The utmost distance this sphere can descend from the position of relative rest is therefore 
bgjn2. 
It will be observed, from (3), that it is the turning about the axis parallel to.Oy, the 

spin, that is, of the sphere on the turning plane, which prevents continuous motion of the 
sphere downward. This spin, by the second of (1), grows up at rate, — nmx. The gravity 
couple is occupied, in degree varying from zero to the whole value, in turning the axis 
of spin Oy round in azimuth. 
Example 11 is another illustration of this effect of spin. 

14. The vertical plane of last example, turning also about a normal 
axis. The vertical plane of last example revolves with angular speed n as stated, and 
also spins with angular speed pi about a normal, intersecting in a point 0 the vertical 
axis about which the plane turns. Prove that the position of the centre of the sphere at 
any time t will be determined by the equations 

7 z + 2p(x + n2x) + 2-nH = 0, 

ix — 2p.z — bn2x = 0, 

where x and z have the meanings stated in the preceding example [Eouth, Adv. Rigid 
Dynamics, 6th edn., p. 208]. 
The equations of motion of the centre of the sphere are 

u = x — an, v = xn, w = z, ) /j\ 
with x = pz — iaza, i= - px + wxa ; I 

ii — vn=x — xn2 = 'F, v + nn = 2in — an2 = R,\ ,%\ 
io = — JXX + 6>xa =g + F' ; ) • 

with the rotational equations 
k2(ax-nii>y)= -F'a, <x>y + no)x = 0, /f2cb3 = Fa (3) 

From the third of (2) and the first of (3), eliminating F' and differentiating, we get 

- a ^ + ̂  + a^+^Vco^O. , (4) 

But we have ii= — jxx+mxa, so that 
W + JXX .. ib + px 

cos = , <"x = " • 
x a ' a 

Thus, since w = z and iv = ~i, we obtain, after a little reduction and putting k2=\a2, instead 
of (4), ri + 2n2z + 2jj.(x + n2x) = 0, (5) 
which is the first of the two equations stated above. 
W e have also, by the second of (2) and the third of (3), with the relation aw,_ = pz-x, 

a(x-xn2) + k2'AAJA=Q, 

that is 7x-5n2x-2pz = Q, , (6) 

the other equation. 
The sphere is set into rotation impulsively at the beginning of the motion, the 

components of rotation have initial values 

5&o ^=%^ + n (7) 
z 7 a ' 7 a 

2K2 
O.G. 
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For the surface in contact is suddenly started in one case with speed px0, and the centre 
of oscillation which is at distance la from the point of contact is instantaneously at rest' 
Similarly the other ease is dealt with. Besides the rotation due to the impulse, u>z con

tains also the angular speed n. Hence, from the equations 

z0= -px0 + wxa, x0 = jj.z0-o>,a, 

we obtain for the initial values of x, z, 

7z0 + 2px() = 0, 7x0 + 7an-2pz0 = 0 (8) 

15. A rigid body turning about a principal axis, while another 
principal axis lies in a plane through the former and a fixed line. 
OA, OB, O C are the principal axes of a rigid body which is in motion about a fixed 
point O. The axis O C has a constant inclination 9 to a line O Z fixed in space, and 
revolves with uniform angular speed JJ. round it, and the axis O A always lies in the plane 
ZOC. Prove that the constraining couple has its axis along OB, that its moment is 
(A —C)fi2siii 9 cos 9 [Eouth, Adv. Rigid Dynamics, 6th ed., p. 208]. 
A diagram for this is furnished by Fig. 4, p. 48 above, if O A is put for OE, O B for OD, 

and O C is retained as shown. The angular speeds about O A and O C are psin 9, peos 9, 
and the A.M. A,usin 9, Apoos 6, respectively. In consequence of the motion of the axes 
there is a steady rate - A/isin 9. poos 9 + C/xeos 9. psin 9= -(A — C)/x2sin 5cos 9 of 
growth of A.M. about OB. This must be balanced by a constraining couple L, since the 
A.M. about O B must remain zero. Hence we have 

L - (A-C)p2sin 9cos 9 = 0. 

16. A heavy flyioheel with added eccentric weight carried round in 
uniform precession. A heavy flywheel is pivoted at the extremities of a horizontal 

diameter A O B , and this diameter is carried round a vertical axis through its centre 0 
with uniform angular speed p. At a point P at distance a from the centre on a diameter 
at right angles to A B an additional weight VJ is attached. Find the equation of motion. 
Take as axes OA, O P and the axis O C of the wheel drawn from O on the other side of 

the vertical from OP. If 9 be the angle of inclination of O C to the upward vertical, 
the angular speeds about O P and O C are psin 9 and pcos 9, while the A.M. are A/nsin# 
and (C + ioa2)poos 9. The total rate of growth of A.M. about O A is therefore 

(A + wa2) 9 + (C + wo2 - A) p2 sin 9 cos 9, 

and the moment of applied force is wga sin 9. The equation of motion is therefore 

(A + wa2) 9 + (C + wa2 -A)p2sind cos 9 - wga sin 9 = 0. 

The equation of motion for O P is found in like manner. The A.M. about O A is (A + v:a2) 9, 
and the rate of production of A.M. about O P is 

d 
A-r(psm9)-(C + toa2)pcos9. 9 + (A + wa2)9 ..pcos 9. 

Hence, since there is no couple about OP, the equation of motion is 

Ap sin 9 - (C - 2A) 9p cos 9 = 0. 

17. A top constrained by two vertical planes parallel to the axis. 
A top is set in rapid rotation and is placed on a frictionless horizontal plane with its axis 
inclined at an angle 90 to the vertical, and is constrained by two smooth planes parallel 
to the angle 90, so that its axis must remain in that plane. Prove that the top must fall. 
N o action of the constraining planes can alter the energy of rotation, or the angular 

speed 9. If 9 = 0 when 9=9a and A be the moment of inertia of the top about a hori
zontal axis through its centroid, we have the energy equation 

i(A + Mh2sin2 9)92 = Mgh(cos 90-cos 9) (1) 
The left-hand side is positive, so 9 must be greater than 90. 
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This result will be clearer perhaps if the equation of motion for the axis OD is con
sidered. The usual equation is 

A9+(Cn- Apcos 9)psin 9 = Mghsin 9 (2) 

But by the constraining planes p is made and kept zero. The equation is therefore 

A9 = Mghsin9, (3) 

so that angular speed 9 grows up and the top falls. 

The constraining couple which added on the right of 2 gives (3) is thus 

(Cm - Ap cos 9) p sin 9, 

and acts about OD. It is equal and opposite to the gyrostatic couple. 

[It is important to remember that any constraint must affect the stability of a top or 
gyrostat. Conclusions, for instance, derived from the behaviour of a top mounted on a 
tray, as in 7, VII, where a certain diameter of the flywheel is constrained to remain 
horizontal, cannot be regarded as necessarily holding for a top perfectly free to precess.] 

18. Stability of a ring of wire spinning on the top of a sphere. A ring 

of wire of radius c rests on the top of a smooth fixed sphere of radius a, and is set rotating 
about the vertical diameter of the sphere with angular speed n. Prove that the motion 

is unstable if nW <2g(2a2-c2)(a2-c2)i [Math. Tripos, 1885]. 

Since the ring moves on the surface of the sphere it may be regarded as a top turning 
about the centre of the sphere. It is proved in 17, II, that the top is unstable unless the 

' inequality c v > 4 AM^/i cos 9 

is fulfilled. In the present case we have 

9 = 0, C = Mc2, A = |Mc 2 + M(a 2-c 2), h = (a2-c2f. 

Hence we obtain the result stated. 

19. A gyrostat sliding freely between two rods the plane of which 

revolves. Two intersecting rods are at right angles to one another. One is placed 

vertical, the other can turn in a horizontal plane about the lower end of the first. The 
ends of the axis of a gyrostat slide freely on these rods, and the axis (of length 2a) is 
initially inclined at an angle 90 to the vertical, when also the horizontal rod is turning 
with angular speed f0. If at time t the inclination of the axis to the vertical be 9, and 
the azimuthal speed f, prove that 

(Ma 2 + A)(t/'sin2#-fosm
20o) + Cm(cos6l-cos<9o) = O, 

(Ma2+A)9+{Cn-(Ma2 + A)fcos9}fsin9-Mgasin9=0, 

where M is the mass of the gyrostat and C and A are its principal moments of inertia for 
axes through the centroid. [The moment of inertia of the case about the axis of sj'mmetry 
is neglected, and the gyrostat is supposed to be midway between the ends of the axis.] 
The first equation is clearly of constancy of A.M. about the vertical through the point of 

contact, and requires no proof. 
The second equation is that which is at once obtained when the motion is referred to 

axes through the centroid as explained in Chapter V. 

20. A sphere started spinning about an axis parallel to the earth's axis, 

and constrained to keep the axis of spin in the meridian. At a point P 

on the earth's surface a sphere has its centre fixed, and is spinning, in the direction of the 
earth's rotation and relatively to the earth, about a diameter O C with angular speed </>. 
The axis O C is constrained to move only in the meridian. Show that if the sphere be 

disturbed the axis O C will oscillate in the meridian in period 27r/(<£cop, where co is the 

angular speed of the earth about its axis. 
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Let a small deviation 9 of the diameter O C from the direction of the earth's axlsJ'e 

imposed, and the sphere be then left to itself. The equation of motion for the axis OB, 

so often used above, becomes for this case 

A9 + (Cn- A/xcos 9)psin 9 = 0, 

where p=w. But here also C = A, and 9 is small, so that w e have 

9 + (n-w)o>9 = 0, 

that is 9+<po>.9 = 0. 

The period of oscillation is therefore 2ir/(<j>ij>y as stated. 

21. A body supported at its centroid and under the action of a 
constant couple. A body is supported at its centre of inertia and has an initial 

velocity of rotation 12 about an axis at right angles to that of symmetry. A constant 

couple of moment N is applied about the axis of symmetry ; show that the cone described 

in the body by the instantaneous axis has the equation 

_,y W C - A z2 

t a n a-~2N A x2+y2' 

The equations of motion, are 

A W 1 - ( A - C ) O J 2 C O 3 = 0, Ao>2-(C-A)b>3<x>1-0,'\ ^) 

Cw3 = N. j 
The third equation gives Cw 3 = N«, (2) 

and the first two combined wf + u>2
2 = ii2 (3) 

Also, multiplying the second equation by i and adding to the first, w e get 

A(ai1 + *cb2) = ( C - A)(co1 + 2co2)i 
St 
C T> 

d., , ... C - A iNt i ix 
that is ^{log(co1 + ico2)} = —^- jj W 

Hence we obtain by integration 
. , C-AiNt2 

log(co1 + tco2)=- A - -|j=r, 
C~A iN(2 

or cO] + i'co3 = e
 A 2C (5) 

m, • • ,co2 C - A Ni2 iax 
This gives tan"1 ̂ = — T — - ^ (°J 

° C0[ A 2(J 
To find the equation of the cone described by the instantaneous axis we have (since 

.xlwx=y/u>2 = zlu3=(x
2+y2f>lQ.), so that N<2/2C = CJ22z2/2N(.-i;2 + ?/2). 

TT K l*\ t -lit C - A J 2 2 C Z2 

Hence, by (6), tan ̂ = - ^ - m j^y, 

which is the equation of the cone required. 

22. A spherical gyrostat contained within a rolling sphere. A sphere 
rotates within a spherical concentric light shell of radius a, which rolls without slipping on 

a horizontal plane about an axis through the common centre : find the motion. If 9 be the 
inclination of the axis to the vertical, eo3 the velocity of rotation of the sphere about 

the axis, and f the angular speed of the vertical plane through the axis, prove that 
ipsin2 # + co3cos 9 is constant. 

Show that a state of steady motion is possible in which the centre of the sphere describes 

a circle of radius r with speed v, while spinning with angular speed co, if the axis is 

inclined to the vertical at an angle a, given by the equation 

Ic2 sin a (v cos a - »-co) = var, (1) 
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where t is the radius of gyration of the sphere about a diameter [Besant, Dynamics 
2nd edn., p. 420]. ' 

The reader will observe that this is a particular case of the problem treated in 14 X V I 
above. The inertia of the containing shell is neglected, and the internal gyrostat is a 
sphere. The first result to be established, is that the A.M. of the internal sphere about the 
vertical is constant, which obviously is expressed by the equation stated 

The result also as to the radius of the circle in which the centre of the sphere moves in 
steady motion agrees with (7), 14, X V I , when properly modified. W e give here a solution 
of this simplified problem from first principles. 

W e obtain by the process set forth in 16, X V I , the complete equation (2) of that article 
which, since we may put K = £2co, A=k2, we can write 

(k2 + a2)9 + (k2m + a2n)i/sin9-(k2 + a2)i/2sin9cos9 = 0 (2) 

For steady motion, putting p for f, and a for 9, we get from this the relation 

k2a + a2n = (k2 + a2)p cos a (3) 

But p= v/r, and we have - « = __orasina 
r r + asinacosa 

Eliminating n and p from the steady motion equation (3), we obtain equation (1). 

23, The ordinary problem of a rapidly spinning top. The angular speed 

of a top is communicated to it-by unwinding rapidly a string from the axis when the 
inclination of the axis to the vertical is 90 : prove that if the angular speed is great the 
inclination 9 at any time t, reckoned from the starting of the top, is given by 

9 = 90 + rsin 90(l -cospt), 

and the azimuthal angular deflection at time t bv 

xjr = pt — r sin-pt, 
where r=Ap2/Mgh nndp = Cn/A. 

Hence show that the axis describes very nearly a right cone round its position in the 
steady motion, in the same direction as the axis rotates. 

Find also the forces applied to the apex (the peg) of the top : also find the arc described 
in a half-period by the centroid. 

The first two paragraphs of this example are fully dealt with in 14, V above, and a more 
exact discussion is given in 1 ... 3, VI. 

The last part is dealt with in substance in (3), 1, V. The forces there denoted by Y 
and Z come out in the present case as 

Y = -MA{6»'cos 9-(ff2 + p2)sin 9} 

= - MA j rp2 sin 9 cos 9 cospt - r2p2 sin2 9 sin3pt - sin 9 r,f ,' \, 

Z = Mg - Mhrp2 sin2 9 (cospt + r cos 9 sin2pt). 

As regards the surface described by the axis of the top, we may add that the angular 
deviations from the steady motion at time t are -r sin 9 cospt and -rsinpt, the former 
in the vertical plane through the axis of the top, the latter about the vertical. Thus, if A 
be the distance of the upper extremity of the axis from the apex, the linear displacement 
are -Arsin#cos^ and - hr sin 9 sin pt respectively. Squaring these, we get for the re
sultant — Arsin 9, which is independent of t. The amplitude r is very small, and therefore 
the axis describes a cone as stated. It is easy to verify that the direction is that specifie 
The arc described in any time dt is, if a be the steady motion value of 9, 

A sin a (p2- 2ppr cos pt+p2?-2)4 dt, 



520 GYROSTATICS CHAP. 

which, since r = Ap?/Mgh, p = Cn/A, reduces to 2A sin a sin \pt. dt. Hence 

Arc described! „ , . rnlv ••,.,. . ph . 
... , Y — zuh sinai sm -kpt. at = 4,-—since. 

as specified J J0 P 
The arc described in time rc/p in the steady motion is clearly irph sin a/p. Hence the 

vibration increases the distance in the ratio 4/TT. 

24. The arc described by a point on the- axis of a rapidly spinning top. 
A symmetrical top is set in motion on a horizontal plane with an angular speed n about 
its axis of figure, which is initially inclined to the vertical at an angle a. Prove that 
between the greatest approach to and recess from the vertical the centroid describes an 

arc A/3, where (jt?-cosa)tan/3 = sina and p = CV/4AMgh. 

In the notation explained in 10, V, but with a and (3' for the a and j3 there used, we 

get from the equation of energy 
(92 + i/>2sin26> = a'-acos#. 

But if x be the rate at which the axis of the top is .changing direction, we have 

X = (92 + f- sin2 6)4 = (a' - a cos 9f. 

By the equation of constancy of A.M. about the vertical we eliminate i/-2 sin2 9, and get 

withz = cos(9, ; 1 , .. ,. .„, , .„ i 
6=sW9{(-a az)(-l-z>-(xP ~hnz) < • 

Eliminating dt between the two last equations, we find, after a little reduction based on 

the initial values 9 = a, 9 = f = 0, which lead to a = a cos a, j3' = bn cos a, 

sin 9 d9 
dx= ri 

(sin2 9 + 2p cos 9 - 2p cos a) 2 

where 2p = b2n2/a. If we write x2 = (p-cos d)2 and c2 = \-2pcos a+p 2, we get 

, dx 
dx= 1-

(c2 - x2)2 

p v—,8 = C0S-l{p-(p
2-2pC0Sa+l)?} 

Thus (3 = \ sin-1-

that is /3 = -j7r-sin p — cos a 

(l-2pcosa+p2)i 

This last result gives cos (3= — j, 
(l-2pcosa+p 2) 2 

and therefore tan (3 -
p — cos a 

or (p — cos a) tan (3 = sin a, 
the relation stated in the problem. 

25. A top supported on a horizontal plane without friction. If the 
top be supported on a plane which offers no resistance to the horizontal displacement of 
the point O, and if no horizontal force, act on it, its centroid will continue in its united 
state of rest or uniform motion. This case of motion may be discussed by means of the 
equations set forth in 1, V. [See also 27, XIX.] 

W e take axes G D , G E , G C drawn from G the centroid in the directions so many times 
specified above. If F be the vertical reaction of the plane on the point O of the top, 
w e h a v e A.9 + (Cn- Af cos 9)>psin 9 = iVisin 9 (1) 

The speed of G vertically downwards is A#sin 9, and therefore 

M~(h-9sin9) = Mg-F, 

or T? = Mg-Mh(sm9. 9 + cos9. 92) (2) 
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This, value of F substituted in (.1) gives 

{A + MhHin29)9 + Mh2sm9cos9.&2 + (Cn-Ai/cos9)4<sin9 = Mghsm9 (3) 
The equation of A.M. about the vertical has the usual form 

, „ . C»cos0+A^sin26> = G, (A\ 
where G is a constant. » ' 
The kinetic energy in the present case is 

i{MA2sin20.(92 + A((92 + ^2sin2<9) + Cre2}, 

and the potential energy is Mgh cos 9, so that we have 

(A + MA2sin2e)(92 + A^2sin26' + C?i2 + 2M^Acos6' = 2E (5) 
Cn is constant, and we can write by (4), 

i/- = (G-C7icos6>)/Asin2ft 
Thus the equation of energy can be written 

(A + Mh2sm29)92 + {G~®J.™Se
 6r' + Cn2 + 2Mghcos g = 2E (6) 

The second term on the left of (6) can be put into different forms convenient for 
calculation [see 4 and 19, XII]. Another form of (6) which is of practical importance is 

A { A + MA2(l-z2)}z2=-(G-C«z)2 + 2A(c-M9Az)(l-z
2), (7) 

where z=eos# and 2c = 2E-Cra2, so that c is the whole energy of the top, minus the 
energy of spin. 

26. Motion relative to the earth. Considering the earth as a rotating body 
with its centroid at rest in space, find the equations of motion of a particle with reference 
to axes Ox, Oy, Oz drawn from the centroid parallel to the horizontally southward, the 
eastward, and the vertically upward directions at a point P 0 on the surface. 

The coordinates of P 0 are thus 0, 0, a, where a is the vertical distance of P0 from O, 
approximately the earth's radius at the point. Let the direction of the gravitational force 
G, on unit mass at P0, make a small angle 9 with the vertical. The components of G at 
P0 are G cos (X\TT + 9) along Ox, zero along Oy, and G cos 9 along Oz. The angular speeds 
about the axes are n cos A, 0, n sin A, if n be the angular speed of rotation of the earth, and 
A. the geographical latitude. The coordinates of any other point P with reference to these 

axes are x, y, z, and the components of force there are X + Gcos(§7i-+6!), Y, Z-Gcos#, 
where X, Y, Z are due to the constraint imposed (e.g. in the case of a pendulum by the 
suspension cord). If there are any other forces besides these and the components of 
gravity, they may be denoted by X', Y', Z'. The equations of motion are 

x — 2ny sin A + «2sin A.(zcos A-«sin A ) = X + X'-Gsin 9, 

y + 2nx sin A — 2nz cos A — n2y = Y + Y', 

z — 2ny cos A - n2 cos A (z cos A - x sin A)= Z + Z' - G cos 9. 

The reader will note the terms in x, y, z. which are in form gyrostatic terms, arising from 
the motion of the earth. If the equation of relative energy is formed these terms 
disappear. 

If, as is generally convenient, the axes be taken in the directions specified, but from P0 

as origin, it is only necessary to substitute z — a for z in these equations, and to add, on 
the right, components of force equal and opposite to those required to give the acceleration 
n2a cos A of a particle at P towards the earth's axis of rotation. 

27. Theory of Eoucault's pendulum experiment. Apply the equations of 

last example to a simple pendulum suspended from P0, and executing small oscillations 

under gravity. 
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Change the origin to P0, as explained in the last example, and then neglect terms in 

n2x, n2y, n2z. • Then, if F be the pull applied by the thread to the bob, 

X = - Fx/l, Y=- Xly/l, Z = - Fz/Z = F. 

These are the only applied forces besides those due to gravity. 

Verify that the third equation gives - F = G cos 9=g, nearly, where g is the "apparent 

force of gravity on unit mass. 

Verify also that if co be written for n sin A and G sin 9 be neglected, the first two 

equations of motion are q q 
x-2a>y + jx = 0, '// + 2b)x+yy = 0. 

Show that these equations are satisfied to terms involving co2 by 

x = a cos mt cos mt, y= —a cos mt sin int, 

where m2=g/l. Hence, when t=0, x = a, y = 0, and at time t, 

r = (x2+y2yi = a cos mt, tan-1 - = — int. 

The plane of vibration therefore turns round, relatively to the axes Ox, Oy, in the 

direction opposed to the earth's rotation, with angular speed co = Ksin A, an effect which is 

due to the turning of the earth under the pendulum. 

This .is the theory of Foucault's celebrated pendulum experiment for demonstrating the 

earth's rotation experimentally. After some preliminary trials it was carried out on a 

large scale at the Panthfion in Paris in 1851. The pendulum there consisted of a ball of 

lead weighing about 28 kilos., carried by a steel wire 67 metres long. Underneath the 

pendulum, with centre vertically below the point of support, was a circle of wood 6 metres 

in diameter, divided to fourths of a degree. Bound part of this was placed a thin ridge 

of sand, which was cut through by a spike projecting below the bob, and gave a register 

of turning of the plane of vibration relative to the earth. A smaller concentric circle 

enabled the turning to be traced for a longer time, about five or six hours in all. 

The period of turning at the latitude of the Pantheon is theoretically 31 h. 47 m. 14'6 s., 

and the pendulum appears to have shown a period of about 32 hours. The experiment 

was repeated successfully immediately after in the cathedrals of Bheims and Amiens, and 

at other places. Extreme care is necessary to make the suspension perfectly symmetrical 

[see Travaux Scientifiques de Foucault, Paris, 1878]. 

28. Analogy of Foucault-s penchdum to a gyrostatic pendulum. Show 
that in a complete form the equations of motion of the pendulum (origin at P0) are 

x - 2coj/ + (J - co2 J x = 0, y + 2wx + (| - co2 \y = 0, 

and prove that they are satisfied by x = a cos mt, y = asinmt, where m is a root of 

TO2 + 2(i>m - j + co2 = 0. 

Show that the motion of the bob is in a horizontal circle, in one case in the direction of 

the earth's rotation in period 2ir/{(g/l)2 - co}, in the other in the opposite direction in 

period 2Trj{(glVf + ii>\. 

These periods, it will be seen, exactly correspond to those of the circular vibrations of a 

gyrostatic pendulum. The rotation of the earth has thus the same effect on the apparent 

motion of the pendulum as the spin in the bob has on the actual motion. Thus again we 

have an analogy to the circular motion of an electron in a magnetic field [see 3, VIII and 

9, I X above]. 

The reader may refer to Gray's Dynamics for the application of the equations of 

Example 26 to find the relative motion of a falling body and the deviations of a projectile. 
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29. Revolving balance shotoing the earth's rotation. The beam of a 
balance can turn about a horizontal axis through its centroid O, and is symmetrical about 
a longitudinal axis. The whole arrangement is made to turn at uniform angular speed n 
about the vertical OZ. It is required.to find the motion of its axis about the horizontal 
position, under the influence of the earth's rotation. 

W e suppose that the moment of inertia of the beam about the axis of symmetry is C 
and about any transverse axis through O is A. If A be the latitude of the place, and m 
the earth's angular speed, there are two components of co, one co sin A about the upward 

vertical at the place, and the other cocosA about a line drawn northward horizontally 
from O. 

W e take three axes of coordinates, one O C along the rod, inclined at an angle 9 to the 
upward vertical OZ, and two OA, O B at right angles to OC, and turning with the system. 
•Of the latter we take O B as coincident with the horizontal axis about which the beam 
turns. The reader may make a. diagram. O C may be indicated sloping upward and 
away from the observer. O B is directed somewhat towards his right, and supposed to be 
horizontal, while O A is drawn so as to suggest that it is at right angles to the plane BOC, 
and therefore nearly vertical in the plane of the an^le 9, when 9 is nearly 90°. 

Let the vertical O Z have been drawn, and a horizontal line, O D towards the reader and 
in the meridian, indicated in the diagram. This line may be taken as drawn northward, 
so that D O A is an angle nt in azimuth towards the west from north, if t be reckoned 
from the instant at which O A coincides with OD. But O D is turning about the vertical 
with angular speed co sin A, if co be the speed of rotation of the earth and A the latitude 
of the place. The earth's rotation gives also a component co cos A about OD. 

W e find the A.M. about each of the axes in the order 0(B, A, C). The angular speeds are 

respectively 9 + wcos A count, (m + cosin A)sin (9 + cocos Asin^cos 9, 

(B + cosin A)cos 9 - co cos A sin nt sin 9. 

The angular momenta about 0(A, B, C)are the angular speeds multiplied by the corre
sponding moments of inertia A, A, C. If there is no applied couple the equation of 
motion for the axis O B is 

A( 9- nw cos A sin nt) - J(C - A)[{(n + co sin A) 2 - co2cos2 A sin2nt\ sin 29 

+ 2(ii + cosin A) co cos Asin?i<eos26l] = 0 (1) 

If we suppose, as we may, that n is great in comparison with co, we may neglect the 
terms in co2, and obtain 

A(9-nin cos Asm nt) -^(C- A){(n2 + 2nix>sin A)sin29 + 2na>cos Asinntcos29\ = 0. ...(2) 

So long as the beam is nearly horizontal sin 29 is very small and cos 29 is nearly - 1 . 

Then we have A6>-(2A-C>cocos AsinM#=0 (3) 

If the beam is long and slender C is negligible in comparison with A, and this equation 

becomes 9-2nwcosAsmnt = 0 (4) 

Thus, when the beam is nearly horizontal, the angular speed with which it is turning 

aboutthe axis O A is givenby Q= _ 2(0 cos A cos nt (5) 

There is no constant of integration, since we reckon t from the instant at which 9 is zero. 
W e may now suppose that the turnings about the different axes are resisted by air-

friction couples .which are proportional to the angular speeds relative to the air. The 

angular speed about the vertical is M + cosinA, and is unvarying. The angular speed 
about O A relative to the air is 9, hence we assume that a couple of moment k9 resists the 
variation of 9. The equation of motion for a nearly horizontal position is now 

A( 9- 2?sco cos A sin nt) + k9 = 0, (6) 

on the supposition of course that k9 is great in comparison with the quantities neglected 
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in arriving at equation (4), for example in comparison with Ara2sin 29, or with Aw 2. For 
this, as a little consideration shows, the balance must be made small. 
From (6) we get by integration 

A ( ^ + 2cocosAcos«i!) + /<;#=0, (7) 

or, neglecting A9, k9 + 2AwcosAcosnt = 0 (8) 

Thus 9 is the simple harmonic function of the time given by (8). 
Assuming the approximations, the whole matter could be put in a very brief common-

sense way as follows. The axis O B is in advance of the meridian by the angle nt. Con
sider a perpendicular axis also horizontal, which is \ir - nt behind the meridian. About 

this the horizontal revolution of the earth's speed of rotation gives an angular speed 
tocos A sin mi. This turns the nearly vertical axis O A , about which the A.M. is, approxi

mately, An, so as to increase the angle between it and the instantaneous position of OB. 
Hence A.M. about O B is being produced at rate - AKC O cos A sin nt. [The reader will see 
that the other turnings produce no effect on the whole.]. But if no couple acts this must 
be balanced by the rate of change of A.M. due to acceleration. This is 

A( 9 — no) cos A cos nt), 

since the angular speed about O A is # + cocos A cos nt. Hence we get as before, on the 
hypothesis of no couple, Q A 2,;MO COS \ s;n nt=0. 

The couple —k9 can now be introduced and the solution completed as above. 
W e have thus found that under the influence of the resisting action of the air, and the 

periodic disturbing forces due to the rotation, an oscillatory variation of 9 is produced 
the period of which is 2ir/n (the period of the imposed rotation), while the amplitude is 
2Aco cos A/k, that is twice the result of dividing by k (the damping coefficient) the product 
of the earth's horizontal component of the earth's angular velocity by the moment of 
inertia A. 

This case of motion is interesting as an example of rotation, and as affording a new 
method by which it may be possible to observe the rotation of the earth. The method 
was suggested to its inventor Baron Eotvos, of Budapest, by variations found in records 
of measurements of gravity at sea, and clue undoubtedly to effects of the velocity of the 
ship, according as it was directed east or west, on the apparent value of gravity. 
The apparatus is described in a general way, without details of dimensions, and masses, 

with some particulars of the method of experimenting, in a paper by D. Korda in the 
Archives des sciences physiques et naturelles, of Geneva, for Nov. 15, 1917. The theoretical 
amplitude quoted, without proof, by M . Korda agrees with that found above. 

The question of the accuracy of this result has been raised [see an interesting paper by 

Mr. C. V. Boys in Nature for March 21, 1918, in which attention was first directed to the 
device], but there can be no doubt that, under the conditions stated, the theory given 
above is correct. The action of the device is gyrostatic, and is in no way dependent on 
the variation of apparent gravity with direction of motion.* 

It is to be noticed however that a very slight varying couple is neglected, that due to 
the difference between the apparent gravity on the end moving west and that on the end 

moving east. But the balance was small and the period of revolution was about a minute, 
so that the action of this couple is entirely negligible in comparison with the effect taken 

account of in the equations found above. To bring the centrifugal force effect into play, 
it would be desirable to make the beam of the balance long—a thin rigid rod tipped with 
massive spheres would be best—and run it at as high a speed as possible. The theory of 
such an arrangement is not difficult, and the effect might easily have been included in 
the discussion given above, if it had been worth while. 

* This has also been pointed out by Professor J. B. Dale, Nature, June 27, 1918. 
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of gyrostatic and cyclic systems, 404-432. 

Earth, as a spinning top, 10, 199. 
precessional motion of, 11. 

conical motion of axis in, 12. 
" diameter " of axis of, 13. 
nutation of axis of, 14. 
periodic changes of latitude on, 14. 
discussion of precession and nutation of, 

199-208. 
free Eulerian precession of, 212-214, 

226-238. 
axis of figure, instantaneous axis, and axis 

of resultant A.M., 227. 
precession for, as rigid as steel, 229. 
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Earth, position of principal axes as affected 
by periodic transfer of matter, 230. 

effect of transfer of matter on free preces
sion, 231. 

change of position of axis of resultant A.M., 
337. 

Effort, centre of, for airship, 278. 
Elastic solid theory, bearing of, on Eulerian 

precession, 228. 
Elastica, cases of, and analogies to motion of 

a top, 486 et seq. 
Electron, motion of, in a magnetic field, 197. 
gyrostatic analogy, 197. 

Ellipsoid, homogeneous, spinning on a hori
zontal plane, 377. 

Elliptic function (Weierstrassian), discussion 
of spherical pendulum, 316-325. 

Lame's equation, 318. 
motion on a surface of revolution, 325. 

on a paraboloid, axis vertical, 326. 
Elliptic integrals, calculation of the path of 

the axis of a top by, 242-263. 
relations of, 242. 
expression of time of motion by, 243. 
numerical calculation of first and second 

kinds, 245 et seq. 
Landen's transformation for, 246. 

integral of the first kind expressed as a 
continued product, 246. 

calculation of complete, by g-series, 249. 
numerical calculations of, 249-254. 
expression of, by Jacobi's 0-functions, 255. 
numerical examples, 255. 

expression of the azimuthal angle f, 257. 
expressions for angles f and 9, 258. 
numerical calculation of t for an actual top, 
1 259. 
numerical calculation of integrals (com
plete or incomplete) of the third kind, 261. 

numerical calculation of azimuthal angle f, 
for period, 261. 
for any step in time, 263. 

EOTVOS, revolving balance to show the earth's 
rotation, 523. 

Equinoxes, precession of, 209. 
body-cone ancl Spaee-cone for, 211. 
mean angular speed of, 296. 
periodic terms hi, 221. 

E U L E R , equations f ormotion of a rigid body, 46. 
simple rules for forming, 47. 
for a rigid body under gravity, 56, 408. 

parameters of, 239. 
quaternion property of, 240. 
connection of, with Klein's parameters, 

241. 
Eulerian angles, their rates of variation, 73. 

FLEURIAIS, artificial horizon, 129. 
Flexible shafts for fast-running machinery, 

496. 
rotor between two bearings on, 495. 

Flexure, and torsion, of a thin bar, 482. 
analogy of, to motion of a, top, 482 et seq. 
in a helix, analogous to steady motion of a 

top, 489. 
Fluid, turning action on a body in, 149. 
F O U C A U L T , gyrostatic observation of the 

earth's rotation, 132. 
pendulum experiment, 521. 

Friction, effect of, on drift of a projectile, 276. 
between a rotating body and air, 287, et seq. 
case of an ordinary top under gravity, 

288. 
discussion of cases, 289. 
calculation of small terms, 290. 

GALLOP, discussion of the rising of a top, 396-
402. 

GILBEBT, barogyroscope, 135, 342. 
Golfball, motion of, '272. 
experiments of Tait, 273. 

„ M. Carriere, 273. 
G R A Y (A.) Magneto-optic rotation, 194. 
analogy between gyrostatic pendulum and 

electron in a magnetic field, 197. 
ignoration of coordinates in a not holono

mous system, 415. 
on Hamilton's principal function, etc., 428. 

G E A Y (J. G.) motor driven gyrostats, 3, 4. 
gyrostatic experiments, 27-32. 
flexible bearings for gyrostats, 498. 

G R E E N H I L L (Sir George), effect of change of 
couple on position of axis of a top, 89. 

bicycle wheel gyroscope, 128. 
theory of a liquid gyrostat, 265. 
theorem of Bravais, 321. 
hodograph for the motion of a top, 478. 
different forms of energy equation, 480. 
R.6.T., passim. 

Gyroscope, see Gyrostat. 
Gyrostat, passim. 
permanence of direction of axis of, 2. 
motor driven, 3. 
torpedo, action of, in, 3. 
effect of couples on, 4, 5. 
behaviour of, apparently unnatural, 5. 
precessional motion of, 5, 7. 
two possible precessions of, S. 
elementary phenomena of, 6. 
liquid, 16. 

theory of, 265-269. 
experiments with a, 18-33. 
doubly unstable, stabilised, 18. 
on gimbals, 19. 
on tray carried round in azimuth, 21. 
physical applications of gyrostats, 126. 
Kelvin form of, 127. 
Greenhill's bicycle wheel, 128. 
reaction of, on its support, 129. 
with axis vertical, stable or unstable, 
according to direction of azimuthal 
motion, 137. 
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Gyrostat, supported by a string.attached at 
a point of the axis, 139. 

hung by steel wire, 164. 
with two freedoms, both unstable, without 

spin, 167. 
with two freedoms, both stable, without 

spin, 170. 
on trapeze with bifilar suspension, 171. 

effects of spin on stability, 171. 
H. A. Wilson's arrangement of, to be 

doubly stable or doubly unstable, 173. 
rolling ball containing a, 353. 
rolling cylinder containing a, 357. 
on overhanging flexible shaft, 493. 
mounted on the earth, 507. 
on gimbal rings, 508. 
hung by a string, 510. 
spinning freely between two rods at right 
angles, 517. 

spherical, within a, rolling sphere, 518. 
Gyrostatic phenomena, 6 et seq. 
experiments, 18-33, 88, 91. 
structure of a rigid solid, 23. 
couple resisting azimuthal turning, 23. 
spring balance, 24. 
pendulum, 25. 
bicycle rider, 29. 
action of rotating machinery, 33, 141. 

of paddles of a steamer, 33, 144. 
of wheels of a carriage, 34, 141. 
of flywheel of a motor car, 34. 
of turbines, aeroplane propellers, 34, 145. 

screw of a steamer, 144. 
control of the rolling of a ship, 35, 175-

180. 
couple and resistance, 64. 
reaction of ring-guide, or space-cone, on a 

top, 91. 
explanation of, 92. 

monorail car, 143. 
on drift of a projectile, 148. 
chains, discussion of, 182-192. 
theory of regression of the moon's nodes, 

219. 

HAMILTON (Sir W. R.), dynamical equations, 
410. 

canonical equations, 410. 
principal function, 420. 
partial differential equations, 428. 

Jacobi's theorem of integral of, 430. 
Helical chain of gyrostatic links, 187. 

spring, theory of, 492. 
Helix, of bent and twisted wire, 489 ct seq. 

analogy to a top in steady mqtion, 489. 
Helm, weather, why a ship carries, 151. 
H E L M E E T , change of position of axis of re
sultant A.M. of earth, 337. 

H E N D E R S O N (J. B.), drift of a projectile, 277. 
Herpolhode, for Poinsot motion, 451. 
has no point of inflexion, 456. 
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HESS, particular solution for an unsvmmetrical 
top, 366. 

Hess-Schiff equations for, 370-376. 
Hodograph for the motion of a top, 482. 
Holonomous and not holonomous systems, 

411 et seq. 
Hyperboloid (one sheet) deformable, for repre

sentation of motion of a top, 476 et seq. 

JACOBI, integration of the canonical equations, 
430. 

solution of top problem by Hamilton's prin
cipal function, 431. 

associated movements in theory of the top, 
467 et seq. 

KELVIN (Lord), gyrostats, 127. 
gyrostatic balance and dipping needle, 133.-
method of demonstration of earth's rotation, 

133. 
dynamical explanation of magneto-optic 
rotation, 197. 

gyrostatic domination, etc., 433 et seq. 
Kinematics, of a body turning about a fixed 

point, 39. 
Kinetic potential, 411, 417. 
K I R C H H O I T , analogy between bent and 

twisted bar and motion of a top, 483. 
K L E I N , and S O M M E R E E L D , graphical repre

sentation of the motion of a top, 113. 
parameters of, 241. 

connection of, with Euler's parameters, 
241. 

air-friction on rotating body, 288. 

LAGRANGE, spherical pendulum when nearly 
vertical, 303. 

dynamical equations, 404, et seq. 
L A M B (H.), " intrinsic equations " of a top, 82. 
motion of a ring in a fluid, diagrams, 284. 

L A M E , equation of, 318. 
Latitude, periodic changes of, 14. 

causes of, 16, 212-214, 226-238. 
systematic observations of, 235. 
diagrams and tables of, 237. 

Liquid gyrostat, 16. 
theory of, 265-269. 

Lunar attraction, effect of, in producing pre
cession and nutation, 207. 

MACLAURIN (Colin), rotational motion of an 
ellipsoid of liquid, 17. 

Magneto-optic rotation, 196. 
gyrostatic explanation of, 196. 

M A L L O C K , discussion of drift of a projectile, 
273. 

Medium, continuous gyrostatic, 231, 192-197. 
explanation of magneto-optic rota

tion by, 196. 
Motion, equations of, for moving axes, 46. 

simple rules for forming, 51-53. 
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Motion, steady, of a symmetrical top, 57. 
different cases of, 59. 

principal equation of, elementary discus
sion, 67. 

elementary analysis of, for a top, 68. 
equations of, for a top in different cases, 80. 
for a gyrostat supported at a point of its 

axis, 82. 
for an aeroplane propeller, 83. 
symmetrical, 85. 

of a top, under different conditions of start
ing, 106. 

of a liquid in an ellipsoidal case, 265-269. 
of a cylinder in infinite perfect fluid, 271. 
of a ring ,, „ „ 278 

et seq. 
elliptic integral discussion of vibrations 

of, 283. 
stability of, 278. 

of a spherical pendulum, 297-325. 
of particle on a surface of revolution, 325-

331. 
of a frame of axes (e.g. an aeroplane), 332. 
of a gyroscope mounted on the earth, 507. 

with axis of spin a generator of a cone 
fixed on the earth, 507. 

of a gyrostat in a spherical case hung by a 
string, 510. 

of a top, pseudo-elliptic case of, 511. 
of a symmetrical shell containing a gyro

stat and rolling on a horizontal plane, 
511. 

of a cylinder rolling on one end, 512. 
of a hollow cone round a vertical generator, 

with sphere rolling on the surface, 513. 
of a sphere on a revolving vertical plane, 

513, 514. 
of a rigid body, particular case of, 516. 
of a heavy flywheel with added eccentric 

weight, 516. 
of a top constrained by two fixed vertical 
planes, 517. 

of a ring of wire spinning on the top of a 
sphere, 517. 

of a gyrostat spinning between two rods, 
517. 

of a sphere started spinning about an axis 
parallel to the earth's axis, 517. 

of a body under a constant couple, 518. 
of a spherical gyrostat within a rolling 

sphere, 518. 
relative to the earth, 521. 

Motor-armature, for gyrostat, 3. 
Moving frame, dynamics of, 332. 

general equations for, 332-334. 
case of expanding or contracting body, 334. 

NEWCOMB, effect of elastic yielding of the 
earth on changes of latitude, 16. 

Nutation, of the earth's axis, 14. 
mean solar and lunar couple producing, 217. 

are to pages 

Oscillations, of a ship, free and forced, 175. 
of gyrostats, 167, 170, 171, 173, 175-180. 

Paddles of a steamer, gyrostatic action of, 
33. 

Path, of a point on the axis of a top, 96. 
cusps on, 97. 

Pendulum, gyrostatic. 
with altazimuth suspension ,"157. 
with flexible wire suspension, 

158, 423. 
analogy of motion of bob of, to 
that of an electron in a mag
netic field, 197. 

Perforated solid (a ring), motion of, in perfect 
fluid, 278. 

use of Lagrange's equations for theory of, 
278. 

equation of energy, 279. 
impulse of motion, 280. 

Permanence of direction of axis of gyrostat, 2. 
POINSOT, motion of a body under no forces. 

448. 
Poinsot movement in the motion of a top, 

462. 
Polhode and herpolhode, 450, 451. 
in motion of a top, 467. 
as intersection of two confocal surfaces,r468. 

Precession, two possible steady precessions of 
a gyrostat, 89. 

effect of hurrying or retarding, 7,8,21, 87,89. 
of the earth, 11. 
conical motion of earth's axis in, 12. 
fast, and slow, 58. 
direct and retrograde, 59, 77, 78. 
effect on, of increasing or diminishing the 
applied couple, 87. 

Sire's experiment on, 88. 
Projectile, drift of, 148. 
stability of, in a fluid, 158. 

P U I S E U X , problem of a spinning ellipsoid, 379. 

Quadrantal pendulum, 2S2. 

RAYLEIGH (Lord), effect of circulation on 
flight of a projectile, 271. 

dissipation function, 437. 
Reaction, gyrostatic, 66. 
of a top on its support, 129. 

Resistance, gyrostatic, 64. 
elementary analysis of, 66. 

centre of effort of, for a body in a fluid, 152. 
Rifling, table of, for projectiles, 156. 
Rigid body containing a flywheel, 156. 
motion of, 156, 157. 

Ring-guide on space-eone, reaction of, on~a 
top, 91. 

Rise and fall of a top, 96. 
Routh's graphical construction for, 102. 
when started with iritial precession, 105. 
theory of rising, 391-399. 
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Rolling ball, containing a gyrostat, 35. 
oscillations about straight line motion, 354. 
solution by first principles, 356. 

R O U T H , graphical construction for rise and fall 
of a top, 102. 

ignoration of coordinates, 416. 

SAINT-GERMAIN (M. de), proof that azimuthal 
range of spherical pendulum in half 
period <ir. 

discussion of reaction of spherical surface 
on particle under gravity, 316. 

proof that herpolhode has no point of 
inflexion, 456. 

SCHLICK, gyrostatic control of the rolling of 
a ship, 35, 175-180. 

Screw of a steamer, gyrostatic action of, 144. 
SE R S O N , gyrostatic artificial horizon, 129. 
Serson-Fleuriais, artificial horizon, 129. 
Shaft, flexible, equilibrium of, 493. 
Ship, turning action of the water on, 151. 
why a ship carries a weather helm, 151. 

SIRE, experiment of " successive falls " of a, 
top, 89. 

Solar couple on the earth, 204. 
regarded as due to " sun and anti-sun," 204. 

,, „ mass of sun distributed 
round earth's orbit, 205. 

Solid, perforated (a ring): 
moving in a perfect, fluid, 278. 

equations of motion for, 280. 
vibrations of, in a fluid, 283. 

quadrantal pendulum, 282. 
elliptic integral discussion of finite vibra
tions of, 283. 

stability of, 285. 
Space-cone and body-cone, 77. 
Spherical pendulum, theory of, 297-325. 
equations of motion, 297. 
azimuthal motion, 299. 

angle from one limiting circle to the other, 
inferior limit, 300 ; superior limit, 304. 

when nearly vertical, theorem of Bravais, 
302. 

period between limiting circles, 303. 
force along supporting cord or rod, 311. 
special case, finite motion of simple pen

dulum, 312, 314. 
reaction of surface on particle, 314. 
elliptic function discussion of motion, 316-

320. 
determination of azimuthal motion, 320. 
proof of Bravais' theorem, 321. 
discussion of special cases, 323. 

Stability, of motion, meaning of, 94. 
of a gyrostat or top, 94. 
of rotational motion of a liquid, 17,265 etseq. 
of a rotating projectile, 153. 

ST A C K E L , discussion of unsymmetrical top, 
379. 

Steam-engine governor, 343-347. 

" Strong " and " weak " tops, 100. 
stability of, 113. 
periodic motion of, when nearly upright, 

119-126. 
stable motion of, between two limiting 

circles near pole, 123. 
interpretation of apparent discontinuity for, 

125. 
Sun and " anti-sun," solar attraction re

garded as due to, 204, 
Surface of revolution, motion of particle on, 305. 

under gravity, 305-307. 
on a developable surface, 305. 
elliptic function, discussion of, 325. 
case of a paraboloid, with axis vertical, 

326. 
rolling ball on surface, 328. 

reaction of surface on, 330. 
SYLVESTER, determination of time in Poinsot 

movement, 450. 
Systems, separately unstable, interlinked 

stable, 180. 
stability in presence of dissipative forces, 

180. 

TAIT (P. G.), on the flight of golfballs, 273. 
Terrestrial spheroid, ellipticities of, 226. 
period of free precession in terms of, 227. 

Top, symmetrical, motion of, 48. 
spinning under gravity, 55 et passim. 
with hollow rim containing balls, 63. 
reaction of ring-guide or space-cone upon a, 

91. 
rise and fall of a, 96. 
cusps, and loops, on the path of a, 96, 97. 
motion of a, between two close horizontal 
circles, 99. 

" strong " and " weak," 100. 
motion of a, under various conditions of 

starting, 106. 
more exact discussion of rise and fall of a,, 

108. 
error involved in approximations to motion 

of a, 110. 
upright or sleeping, theory of, 112. 
stability of a, with graphical representa

tion, 113. 
analytical discussion of, 114. 

azimuthal motion of weak, 116. 
periodic motion of weak, 116. 
reaction of a, on its support, 129. 
supported by a string attached at a point 
of the axis, 139.' 

one supported by another, 147. 
unsymmetrical, motion of, 358-384. 

particular solutions of Hess, Kowalevski, 
etc., 367 et seq. 

Hess-Schiff equations, 370-376. 
theory of the rising of a top, 391-399. 

Gallop's energy criterion, 396. 
examples, 399-402. 
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Top, symmetrical, energy relations, 402. 
motion of, represented by Poinsot' move
ment, 473 et seq. 

analogy between steady moving, and bent 
and twisted bar, 486. 

pseudo-elliptic case of motion of, 511. 
constrained by vertical planes parallel to 

axis, 516. 
arc described by point on axis of, when 
spinning rapidly, 520. 

spinning on a horizontal plane without 
friction, 431, 520. 

Top, unsymmetricaJ, motion of, 358-384. 
equations of motion, 358. 
stability of, spinning about vertical 

axis, 359. 
lines of curvature of surface not parallel 

to central principal axes, 361. 
effect of oscillations of body, 365. 

stone celts, which turn smoothly in 
azimuth only one way, 364. 

Top, unsymmetrical, Hess's, Kowalevski's 
and other particular solutions, 367-
369. 

Tshapliguine's integral, 369. 
TSHAPLIGUINE, particular solution for an un

symmetrical top, 369. 
Turbines, gyrostatic action of, 145. 
Turning action, of » fluid on a moving body 

immersed, 150. 
of the water on a ship, 151. 

WALKER (G. TO, theory of the boomerang, 
294. 

motion of stone celts, 364. 
W A T T , steam-engine governor, 343-347. 
W E B S T E R (A. G.), photographs of path of bob 

of a spherical pendulum, 331. 
W E I E R S T R A S S , elliptic functions, 316 et seq. 
W I L S O N (H. A.), arrangement of gyrostat to 

be doubly, stable or doubly unstable, 
173. 
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