





CHAPTER 2. AN ALTERNATIVE TO TENSOR PRODUCT: COSET SUM

respectively, and H is interpolatory.
From Step (i) of the algorithm in Section §2.4.2, we know that, with ag = 2" —

2" = 1)(2 - G(0),

vel” LeZ\0
=2"y;_1( ZZG )y;i(2k + Lv)
vel” L=1
=3 > G(L)y;(2k + Lv) (2.26)
vel’ L=0,L#£0

where = is used to denote congruence in modulo 2Z. Since the masks S and U are biorthog-
onal, from (2.1) and the connection between the filter and the mask, it is easy to see that

the associated filters G and H satisfy the following condition:

0, if L=0,L#0,
> G(L+m)H(m) =
mez 2, if L=0.
Combining this with the fact that H is interpolatory leads to
0-G(L), it L=0,L+#0,
> G(L+m)H(m) =
m=1 2—-G(0), if L=0.

From this and the change of variables, we see that

Z Z G(L)y;(2k + Lv)

vel’ L=0,L#0
=> > (o - Y GL+ m)H<m)> y;(2k + Lv)
vel’ L=0,L#0 m=1

=— Z Z Z G(L+ m)H(m)y;(2k + Lv)

vel” m=1 L=0

+> > G(m)H(m)y;(2k)

vel¥ m=1

:_ZZZG m)y;(2k + (n —m)v)

vel’ m=1n=1

+(2" = 1)(2 = G(0))y;(2k)
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= 3" N GL)H(m)y;(2k + (L — m)v)

vel” L=1m=1
+(2" = 1)(2 = G(0))y; (2k)

By substituting this result to (2.26) and solving for y;(2k), we obtain

1
b (k) = yi1(k) = gy D D GRL+ Dwyjoa(k+ Lv)
vel” LeZ

as desired.
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Chapter 3

Prime Coset Sum: A Systematic
Method for Designing Multi-D

Wavelet Filter Banks with Fast

Algorithms

3.1 Preliminaries

3.1.1 Introduction

Wavelet representation has been one of the most popular data representations in
the last two decades. Wavelet filter banks, which can lead to wavelet systems in Lo(R"™)
under some well-understood constraints, has been widely used in signal processing applica-

tions. In order to obtain wavelet representation for multi-dimensional (multi-D) data, one
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needs multi-D wavelets. Tensor product is the most common method for constructing multi-
D wavelets, and the resulting wavelets are typically referred to as the separable wavelets.
However, the separable wavelets constitute only a small portion of multi-D wavelets, and
they have some unavoidable limitations. One of the limitations of tensor-based wavelets is
that the resulting multi-D filters have dense supports. It is well known that the fast algo-
rithms associated with tensor-based wavelets have a complexity constant (cf. Section §3.3.2
for the definition of complexity constant) that increases linearly with the spatial dimension
n. While this complexity may be satisfactory for many of the regular 2-D image processing,
it can pose a problem when dealing with large volume data such as medical images in [57],
Geographic Information Systems images in [58] and seismic data in [59]. Moreover, tensor-
based discrete wavelet transform is memory consuming and cannot be used to directly
obtain the target subband signals, due to its dependent subband decomposition process
[60]. Motivated by the aforementioned drawbacks, much work has been done to improve
the implementation of tensor-based wavelets [61-64]. There have been many researches on
non-tensor-based multi-D wavelet constructions too [7-20,49,53,65-72]. However, most of
these methods work only for low dimensions or have additional constraints on the lowpass
filters. Furthermore, most of them are not associated with fast algorithms, preventing them
from being widely used in practice.

Recently, the authors introduced a new method called coset sum for constructing
non-tensor-based multi-D wavelets in [4]. There it was shown that the resulting wavelets are
associated with fast algorithms whose complexity constant does not increase as the spatial

dimension increases. It was also shown there that many features of tensor product that
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makes it attractive in wavelet construction still hold true for coset sum.

However, similar to the tensor product method, coset sum also assumes the dyadic
dilation. We recall that the n x n matrix A is called a dilation matriz if it is an integer
matrix whose spectrum lies outside the closed unit disc. It determines the exact way of
how downsampling and upsampling are performed in wavelets or wavelet filter banks. The
dilation is called scalar if the dilation matrix is the scalar multiple of the identity matrix,
i.e., A = AT, with A > 2 an integer. In particular, it is called dyadic if A = 2I,, and prime
if A = pI, with p a prime number. Wavelets with dyadic dilation are referred to as dyadic
wavelets. Dyadic wavelets are the standard and traditional types of wavelets, however they
are not suitable for all applications. For non-dyadic frequency divisions [73], non-dyadic
scale ratios [74], or flexible decompositions of the data [75], non-dyadic wavelets are more
suitable.

In this paper, we show that we can generalize the coset sum in the sense that
multi-D wavelet filter banks with fast algorithms can be constructed for any prime dilation
pI,. We also show that the complexity constant for our fast algorithms with prime dilation
p1, is independent of the spatial dimension.

The organization of this paper is as follows. The rest of Section §3.1 is a brief review
of some relevant concepts including the coset sum method. In Section §3.2 we discuss a
possible generalization of the coset sum, which we call prime coset sum, together with its
properties. In Section §3.3 we present a new method to construct multi-D wavelet filter
banks based on the prime coset sum refinement masks and show that they are associated

with fast algorithms. Section §3.4 is a summary of our results. Some technical proofs and
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details in this paper are placed in Appendix §3.5.

3.1.2 Notation and basic concepts

Let A be a dilation matrix and let ¢ := | det A|. In the multiresolution analysis [1]
setting, the (compactly supported) scaling or refinable function ¢ (with dilation A) satisfies
the following refinement relation:

$() =Y he(k)p(A- k), (3.1)

kezZm

where hg : Z™ — R is the associated finitely supported filter with dilation A.
A mask associated with a finitely supported filter h : Z™ — R is a Laurent trigono-
metric polynomial defined as

Hw) = ; S h(k)e = h(w),

keznr

for any w € T™ := [—m, w|". That is, 7 = 1 is the Fourier transform of the filter h, up to a
normalization. Throughout this paper, we use @ to denote this Fourier transform of a.

By taking the Fourier transform of (3.1), the refinement relation can be recast as
S(Aw) = T(W)P(w), Vwe T,

where 7 is the mask associated with hg, and * is used to denote the conjugate transpose of
a matrix, hence A* is the same as AT, the transpose of A, in this case.

A mask 7 with 7(0) = 0 is typically referred to as a wavelet mask. In this paper,
we use the normalization of the mask so that a mask with 7(0) = 1 is referred to as a

refinement mask. This is equivalent to ), ;. h(k) = ¢, which is our normalization for a
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filter to be lowpass. A refinement mask 7 is called interpolatory if

Yo rlwHn) =1,

yel™*

for any w € T™, where I'* is a complete set of representatives of the distinct cosets of
2m(((A*)~1Z™)/Z™) containing 0. For example, for the scalar dilation with A, the set
27”{0, 1,---, A — 1} can be used for I'*. We note that 7 is interpolatory if and only if

its corresponding filter h satisfies

1, ifk=0,
h(k) = (3.2)
0, if ke AZ™M0.

The order of zeros of T at v € I'*\0 is called the accuracy number of 7. Throughout
this paper, we assume that all refinement masks have at least accuracy number one. The
order of zeros of 7 at the origin is called the number of vanishing moments of 7. Thus a
mask is a wavelet mask if and only if it has at least one vanishing moment. The order of
zeros of 1 — 7 at the origin is called the flatness number of 7. Thus a mask is a refinement
mask if and only if it has at least flatness number one. Throughout this paper, we use the
accuracy number, the number of vanishing moments, and the flatness number both for a
mask and for the filter associated with it.

Two refinement masks 7 and 79 are called biorthogonal if

S F ) w+y) = 1,

yer*

for any w € T". Here and below, the overline is used to denote the complex conjugate. For
the corresponding filters h and ¢ of 7 and 79, respectively, the biorthogonality condition

becomes
q, ifl=0,

> h(k)g(k + Al) = b =
kezn 0, iflez™\o.
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For a pair of biorthogonal refinement masks 7 and 79 and wavelet masks t; and t;i, j =
1,...,q—1, werefer to (7, (t;)j=1,..q—1) and (Td, (t;i)jzl,_._7q_1) as the combined biorthogonal

masks if they satisfy the following condition: for every w € T",

qg—1 1, if Y= 0,
7w+ )7 W) + D (W + Nt (w) =0y = (3.3)
j=1 0, if~yeT*\0.

It is well known that the combined biorthogonal masks can give rise to a biorthogonal
wavelet system in Lo(R™) (see, for example, [33]).

A filter bank is a finite set of filters. We consider only the filter banks that
are non-redundant with the perfect reconstruction property [3]. A (non-redundant) filter
bank consists of analysis bank and synthesis bank, which are collections of ¢ = |det A|
filters linked by downsampling and upsampling operators, respectively, associated with the
dilation matrix A. The analysis bank splits the input signal into ¢ signals typically called
subband signals using a parallel set of bandpass filters. The synthesis bank reconstructs
the original data from ¢ subband signals. We are interested in the wavelet filter bank for
which each of analysis and synthesis banks has exactly one lowpass filter and the rest of
them are all highpass filters. We recall that a filter h is highpass if the associated mask is a
wavelet mask, i.e. Y, ;. h(k) = 0. The filters associated with the combined biorthogonal
masks constitute a wavelet filter bank. Furthermore, it is well known that the minimum of
accuracy numbers of lowpass filters in a wavelet filter bank provides a lower bound for the

number of vanishing moments of the highpass filters in the same wavelet filter bank [36].
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3.1.3 Multi-D wavelet construction methods: tensor product and coset

sum

When ¢ = | det A| is large, in general, it is not easy to find the combined biorthog-
onal masks (7, (tj);j=1,..q—1) and (19, (t?)j:17,,.,q,1). However, if the dilation is dyadic (i.e.
A = 21, and ¢ = 2") and the spatial dimension n satisfies n > 2, then the well-known
tensor product and more recent coset sum can be used. Below we provide a brief review of
these methods.

We recall that the n-D tensor product mask from n (possibly distinct) 1-D masks

R1, Ry, ..., R, is defined as, for w = (w1,ws,...,w,) € T,
%[Rl, RQ, e ,Rn](w) = Rl(Wl)RQ(CUQ) cee Rn(wn)

Then starting from 1-D combined biorthogonal masks (Sp, S1) and (Up,U;) with dyadic
dilation, one can construct n-D combined biorthogonal masks with dyadic dilation by setting

the n-D biorthogonal refinement masks as
7= TnlS0,50, -, S0), T :=To[Uo,Uy,...,Uo),

and the n-D wavelet masks t,, t4, v = (v, vs,...,1,) € {0,1}7\0, as

It is well known that the above tensor product method has many advantages: 1)
it preserves the interpolatory property and the accuracy number of 1-D refinement masks;
2) it also preserves the biorthogonality between two refinement masks; and 3) the resulting

separable wavelets are associated with fast algorithms (cf. Section §3.3.2). However, as
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discussed in Section §3.1.1, the limitations of the separable wavelets constructed from the
tensor product are also prominent.

A new alternative method called coset sum ([4]) for constructing n-D dyadic re-
finement masks from 1-D dyadic refinement masks is recently proposed. The coset sum

refinement mask C,[R] for a 1-D dyadic refinement mask R is defined as:

1
Co[R](w) = 1-2'+ Y Rw-v)|, weT™
ve{0,1}7\0

The following results about coset sum refinement masks and coset sum wavelet systems

have been proved in [4].
Result 1 Let C, be the coset sum, and let R and R be univariate dyadic refinement masks.
(a) Cn[R] is interpolatory if and only if R is interpolatory.

(b) Suppose that one of R and R is interpolatory. Then Cy[R] and Cp[R] are biorthogonal

if and only if R and R are biorthogonal.
(c) Suppose that R is interpolatory. Then C,[R] and R have the same accuracy number. B

Result 2 Suppose that S and U are 1-D biorthogonal dyadic refinement masks, and that

U s interpolatory. Define n-D biorthogonal refinement masks as

and n-D wavelet masks t,, v € {0,1}"\0, as
t(w)=e “"U(w-v+m), weT (3.4)

Then there exist t3, v € {0,1}™\0, such that (T, (tv)vefo,13m\0) and (4, (tg),,e{071}n\0) are
n-D combined biorthogonal masks with dyadic dilation. |
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As we can see above, the coset sum and the tensor product method share many
useful properties. In addition, the coset sum wavelets can overcome some of the limitations
of the separable wavelets. For example, attributed to the smaller supports (number of
nonzero entries) of the resulting multi-D filters, as well as the special structure of the
filters, the coset sum can be associated with fast algorithms whose complexity constant
does not increase with the spatial dimension. Therefore, in higher dimension, coset sum
fast algorithms can be much faster than the tensor product fast algorithms. For more details

about the coset sum including its comparison with the tensor product, we refer to [4].

3.2 Prime coset sum

Since coset sum has many attractive properties including fast algorithms, which
can be much faster than the existing tensor product fast algorithms, in this section, we
try to extend the coset sum method to non-dyadic scalar dilations. For the usefulness of
non-dyadic dilation wavelets, we refer to the discussion in Section §3.1.1. The following

simple lemma plays an important role in our generalization of coset sum.

Lemma 1 Let p be a prime number, and let I' and I'* be the complete set of representatives
of the distinct cosets of Z™/pZ"™ and 27 ((p~1Z"™)/Z"), respectively, containing 0. Then for

every v € T'*\0, we have

#{vel: v-v=0(mod2rZ)} = p" L. [

Remark 1 A special case of Lemma 1 for p = 2 is used for the coset sum (cf. (19) in [4]).
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Remark 2 In general, Lemma 1 does not hold true if p is not a prime number. For
example, when p = 4 and n = 1, we can take T' = {0,1,2,3} and T*\0 = {%T“,%’T,%” .
Then, it is easy to see that if v = %Tﬂ ory = %’T, then the cardinality of the set Z, = {v €
I': v-v=0(mod2rZ)} is 1 (in fact, Z, = {0} in both cases), whereas if v = *T, then
Zy =1{0,2} and hence its cardinality is 2. As we will see below, a crucial step in our proof

of the lemma is the fact that Z/pZ is a finite field for a prime number p, which does not

hold true anymore if p is not a prime number. |

Proof 1 (Proof of Lemma 1) First of all, we claim that, without lose of generality, we
may assume I' = {0,1,---,p— 1}" and T = 2?”{0, 1,--+,p—1}". This is because for any
other T and T*, there is a one-to-one correspondence between the elements of I' and T, and
between the elements of T* and T*. To be more specific, for any other T' and T*, and for

any U € T and 7 € T*\0, there exist unique v € T' and v € T*\0 such that

v = v (mod pZ"), 4 (mod pZ™),

and vice versa. Therefore, 7 -0 = -v (mod 2nwZ). Hence the cardinality of the set {v € T":
v-v = 0(mod27Z)} is the same as the cardinality of the set {# € T : 4-7 = 0 (mod 27Z)}.

Now for any v € T*\0 = 2?”{0,1,---,;9—1}"\0, andv e ' ={0,1,---,p—1}", we
let p:= %7, and let pu; and v;, i = 1,...,n, be the i-th component of u and v. Then both
w; and v; lie in the set {0,1,--- . p—1}. Since v # 0, at least one of u;’s is not 0. Without
loss of generality, we may assume p, # 0. Furthermore, v - v = 0 (mod 27Z) if and only if
v + -+ pipyn = 0 (mod pZ).

For any v € T*\0, and any v; € {0,1,---;p—1}, i = 1,...,n— 1, let k €
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{0,1,---,p — 1} satisfy
11 44 Hn—1Vp—1 = k (mode).

Since Z/pZ is a finite field for a prime number p, there exists a unique multiplicative
inverse p(py) € {1,---,p — 1} with ppp(un) = 1(modpZ). Then there exists a unique

v, €{0,1,---,p— 1} satisfies

Thus
PVt + -+ - 1Vn—1 + fnn = k + pn(=k)p(pn) = 0 (mod pZ).
Since there are p"~ ' different choices for vy,va,- -+, vy_1, for any v € T*\0, we have

#{vel: v-v=0(mod2xZ)} = p" L. [

With Lemma 1 in hand, we define a particular generalization of coset sum for the
prime dilation A = pI,, where p > 2 is a prime number. Let I and I'* be defined as in
Lemma 1. For example, I' = {0,1,---,p — 1}" and I'* = 2?”{O, 1,--+,p—1}" can be used.

Motivated by the definition of the original coset sum C,, (cf. Section §3.1.3), we

consider a generalized coset sum C,, ;, of the form

Cnp|R](w) = A (B + Y Rlw- y)> ,

vel’

where TV := T'\0, and A and B are constants that will be determined soon. To pin down
the constants A and B, we impose two conditions that we consider natural on the map C,, .

Firstly, we require C, ;, to map a 1-D refinement mask with dilation p to an n-D refinement
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mask with dilation pI,. That is, we want C, p[R](0) = 1 whenever R(0) = 1. From this we
get the equation

1

(3.5)
Secondly, we require the accuracy number of C,, p[R] to be at least one whenever the accuracy
number of the 1-D refinement mask R is at least one. That is, we want, for any v € I'*\0,

0= CoplRI(7) = A<B+ 3 R(O)) - A(B+p”—1 - 1>,

{verl’ yv=0}

where the last equality is due to Lemma 1. This gives the equation
B+ (@t —1)=0. (3.6)

By solving A and B that satisfy (3.5) and (3.6) simultaneously, we reach the following

definition of a generalized coset sum for prime dilations.

Definition 2 Let p be a prime number. We define the prime coset sum C,, that maps a
1-D refinement mask R with dilation p to an n-D refinement mask Cy, ,[R] with dilation pI,,

as follows: for any w € T",

CnplR](w) == - (1 —p" 4 Z R(w - V)) ,

— n—1
(p—1)p =

where TV = T'\0. [

Remark 3 We refer to the refinement mask obtained by Cy, ,, as the prime coset sum refine-
ment mask. We notice that the prime coset sum Cy, p, with p = 2 reduces to the original coset
sum C,, for dyadic dilation, i.e. Cp o = Cy, (cf. Section §3.1.3 for the choice of I' = {0,1}"

and [4] for more general choice of T'). [
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Figure 3.1: Construction of centered 2-D Haar lowpass filter with dilation 3 using prime
coset sum (cf. Example 1)2

Let H be the 1-D lowpass filter associated with the 1-D refinement mask R. Let h
be the n-D lowpass filter associated with the n-D refinement mask C,, ,[R]. We refer to such
a filter h as the prime coset sum lowpass filter. For any nonzero k € Z", we define a set Wy,
as Wy :={l € Z\0 : k = lv for some v € I"}. Then the n-D prime coset sum lowpass filter

h can be written in terms of the 1-D lowpass filter H as follows:

]%(p —p"+ (p" —1)H(0)), ifk=0,

"= (3.7)
o1 2tew, 1 (1), if k 0.

Now we give a simple example to show the construction of multi-D prime coset

sum lowpass filters.

Example 1 (Centered 2-D Haar lowpass filter with dilation 3). Consider the cen-

tered 1-D Haar lowpass filter with dilation 3

1, fK=0o0or K=41,
H(K) =
0, otherwise.

Let us take T' = {—1,0,1}% = {(0,0), +(1,0),£(0,1),4(1,1),£(1,—1)}. Then it is easy to
check that the 2-D prime coset sum lowpass filter constructed from the 1-D centered Haar
18
1, ifk=1(0,0), k==4(1,0), k ==4(0,1), k = +(1,—-1) or k = £(-1,1),
h(k) =

0, otherwise.

2Bold-faced number indicates that it is at the origin. This figure is also given out in [76].

73



CHAPTER 3. PRIME COSET SUM METHOD

Figure 3.1 shows the 1-D filter H and the resulting 2-D filter h. |

Some of the properties of the original coset sum (cf. Section §3.1.3) still hold true

for the generalized prime coset sum.

Lemma 2 Let C, ) be the prime coset sum, and R be a univariate refinement mask with

dilation p. If R is interpolatory, then Cyp[R] is interpolatory. |

Proof 2 See Appendixz §3.5.1. |

Lemma 3 Let C, , be the prime coset sum, R be a univariate refinement mask with dilation
p, and let m1 and mo be positive integers. Suppose that R has m1 accuracy and mso flatness.

Then Cy, p[R] has at least min{m;, ma} accuracy. [ |

Proof 3 See Appendixz §3.5.2. Similar arguments to the ones given in [}] are used in our

Proof. |

Remark 4 If R is interpolatory, then my = mo. Hence, the above lemma says that, when
R is interpolatory, the accuracy number of Cpp,[R] is at least as many as the accuracy
number of R. For the case of the original coset sum with dyadic dilation, the accuracy
number of C,[R] is exactly the same as the accuracy number of R when R is interpolatory
(cf. Result 1(c)). We do not yet know whether this result would hold true for the prime

coset sum in general. [

Lemma 4 Let C, ) be the prime coset sum, and R be a univariate refinement mask with

dilation p. Then the flatness number of Cy, p[R| is at least the flatness number of R. |
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We omit the proof of Lemma 4 as it is a simple variant of our proof of Lemma 3.

Unlike the original coset sum with dyadic dilation (cf. Result 1(b)), in general,
the prime coset sum does not preserve the biorthogonality of 1-D refinement masks when
p > 2, even if one of them is interpolatory. Let us look at two examples to this end. Both

of them are related with the Haar refinement masks with dilation 3.

Example 2 (Centered 2-D Haar refinement mask with dilation 3). Let us consider

the centered 1-D Haar refinement mask as in Ezample 1:

(ei“’ 4+ 1+ eii“’) .

W =

Then the above mask has dilation 3 and it is associated with the refinable function ¢ =
X[-1/2,1/2]- If we define both R and R to be this centered 1-D Haar refinement mask with
dilation 3, then they are interpolatory and biorthogonal with one accuracy.

Let us now take T = {—1,0,1}? = {(0,0), £(1,0), +(0,1), 4(1,1), (1, -1)}. Then,
it is easy to see that transforming R and R to 2-D using the prime coset sum with p = 3
produces two 2-D refinement masks Ca 3R] and Ca3[R] (cf. Figure 3.1) that are not only

interpolatory with one accuracy, but also biorthogonal. |

Example 3 (2-D Haar refinement mask with dilation 3). Now let us consider the

reqular 1-D Haar refinement mask with dilation 3:

(1+e ™ e ),

L =

that is associated with the refinable function ¢ = xjo1], where X[o,1) s the characteristic

function on [0,1]. Let both R and R be the above 1-D Haar refinement mask with dilation
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3. Then it is easy to see that R and R are interpolatory and biorthogonal, and they have
one accuracy.

We use ' = {0,1,2}% = {(0,0), (0,1),(0,2),(1,0), (1,1),(1,2),(2,0),(2,1),(2,2)}
this time. By transforming R and R to 2-D masks using the prime coset sum with p = 3,
we see that Co3[R] and Ca3[R] are still interpolatory and they still have one accuracy, but

that they are no longer biorthogonal. |

3.3 Multi-D wavelet filter banks with fast algorithms

3.3.1 Theory

Suppose that S and U are 1-D biorthogonal refinement masks with dilation p,
and that U is interpolatory. Since the n-D prime coset sum refinement masks Cy, ,[S] and
Cnp[U] are not necessarily biorthogonal (cf. Example 3 in Section §3.2), it is not trivial
to construct wavelet filter banks from Cy, ,[S] and C, ,[U] directly. We propose to use a
recently developed method called effortless critical representation of Laplacian pyramid
[44]. This method can construct wavelet filter banks from two refinement masks that are
not necessarily biorthogonal, as long as one of them is interpolatory. Noting that C, ,[U]
is interpolatory (cf. Lemma 2), we apply this method to Cy ,[S] and C, p[U] to construct
wavelet filter banks. As we will see later (cf. Section §3.3.2), similar to coset sum, the
resulting wavelet filter banks using this method can be associated with fast algorithms,
that are faster than the tensor product fast algorithms.

Since the method in [44] works for any dilation matrix A, below we present it

for the general dilation matrix A with ¢ = |detA|. Let I' and I'* be the complete set
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of representatives of the distinct cosets of Z"/AZ" and 27 (((A*)~1Z")/Z"), respectively,

containing 0. The following result is from [44] written in terms of our notation.

Result 3 Suppose g and h are two n-D lowpass filters with dilation A, and h is interpola-

tory. Then the two n-D refinement masks defined as

r(w) =)+ (1= 3 Glw+hw+7)), @) =hw),

yel'™*

for every w € T™, and the n-D wavelet masks defined as

(W) == e — g (v + A7) (A",

and

td(w) = ; e — (g(v + A)) (Aw) h(w),

for every w € T", and v € T" =T'\0, form the combined biorthogonal masks (cf. (3.3)). W

Proof 4 Result 3 is proved in [{4], but under slightly different settings. For completeness,
we provide an alternative proof that does not rely on the results of [44]. Our proof is placed

in Appendix §3.5.4. [ |

Remark 5 In fact, the results in [44] say that, if we assume that, in addition to the assump-

tions of Result 3, h has o accuracy, g has as accuracy, and as flatness, then T has at least

d

¢, v el have at least min{ay, ag, as}

min{ag, ag, as} accuracy. In such a case, t, and t

vanishing moments (cf. Section §3.1.2). |

For the rest of this section, we assume that the dilation is prime, i.e. A = pI,, and

that the sets I' and I'* are associated with the prime dilation, i.e., I' and I'* are the complete
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set of representatives of the distinct cosets of Z"/pZ™ and 27 ((p~'Z")/Z"), respectively,
containing 0. In particular, we have ¢ = |det A| = p™ in this case.

Before presenting our main theorem, let us first define a map
n: F;, xI" =T,

with Fzﬁ = F,\0, where F), is a complete set of representatives of the distinct cosets of
Z/pZ that contains 0. For example, the set {0,1,---,p — 1} can be used for F,. Let
(l,v) € Fy xI" C Z x Z". Then there exists the unique multiplicative inverse p(l) € F of |
(cf. Remark 2 in Section §3.2). After computing the multiplication p(l)r in the usual sense,

we define n(l,v) to be the element in I = IT'"\0 so that
n(l,v) = p(I)y (mod p7).
By the above conditions, n(l,v) is uniquely well defined as an element in IV since p(l)v is
in Z" but not in pZ". For example, if n =2, p =3, F, = {0,1,2} and T’ = {0,1,2}?, then
n(2,(1,1)) = (2,2) and n(2,(2,2)) = (1,1).
Now we are ready to present our result.

Theorem 3 Suppose that G and H are two 1-D lowpass filters with dilation p, and that H
is interpolatory. Let S := G and U := H be the 1-D refinement masks associated with G

and H, and let C,,, be the prime coset sum. Define n-D biorthogonal refinement masks as

T(w) = Cnp[S](w) + | 1 — Z Crp[S](w + 7)Cnp[U](w +7) 77'd(w) i= Cnp[U](w),
yer=

for every w € T", and n-D wavelet masks as

ty(w) =e @V |[1-— L Z e!ntl (pw -n(l, V)) , vel (3.8)

p—1=—~
IEF},
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and

d ,7 L —iw-v b t(wn(lw))l . d
t5(w) == p e 1 p— lgF:, e\ S (pw n(l, 1/)) TN w) |, (3.9)
forv e, and for everyw € T™, where Uj(§) := (H(l4+p-))"(§), and Si(&) := (G(l4+p-))"(€),

€€ T3 Then (1,(t,)ver) and (74, (t),er) form n-D combined biorthogonal masks. [

Remark 6 In the dyadic setting, i.e., when p = 2, one can take Fp = {0,1} and T’ =
{0,1}™. Then, since 1 is the only element in FY and n(1,v) = v for all v € {0,1}"\0, the

n-D wavelet masks in (3.8) become

ty(w)=e ™" - 20U, (2w : V)

. , 1 ; ; Y
=e WY — 2 eiwv (U(w V) — 5) =e WY —eTWY (1 —2U(w-v+ W))

=2 WV U(w-v+m), ve{0,1}1"\0,

where the second identity is from the definition of Uy and the third identity is from the fact
that U is interpolatory. The above wavelet masks are the same as the wavelet masks in
the coset sum wavelet system (cf. (3.4) in Result 2) up to a normalization factor. In fact,
the exact forms of t4 for coset sum wavelet system are also provided in [4], and similar
calculation shows that they are the same as t3 in (8.9) up to a normalization factor when
p = 2. Hence we conclude that Theorem 3 reduces to the known result of the original coset

sum case when p = 2. |

Remark 7 We refer to the wavelet filter bank associated with the combined biorthogonal

masks constructed in Theorem 3 as the prime coset sum wavelet filter bank. There are many

30U, and S can be interpreted as the polyphase decomposition of filter H and G, respectively (cf. Ap-
pendix §3.5.3).
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potentially useful properties of the prime coset sum wavelet filter banks. One important

property is that it can be implemented by fast algorithms (cf. Section §3.3.2). |

Remark 8 In addition to the assumptions of Theorem 3, if we assume that U has oy
accuracy, S has ap accuracy, and asz flatness, then by Lemma 3 and Lemma 4, Cy, ,[U] has
at least a1 accuracy, Cpp[S] has at least min{ao, as} accuracy, and at least o flatness.
Combining these with Remark 5, we conclude that T has at least min{ay, ag, a3} accuracy,

and t, and tg, v € IV, have at least min{ a1, a2, as} vanishing moments. |

In order to prove Theorem 3, we use the following lemma which connects the
polyphase decomposition of the 1-D lowpass filter H and the polyphase decomposition of
the n-D prime coset sum lowpass filter h obtained from H. Polyphase decomposition is a

useful tool in signal processing and we give a brief review in Appendix §3.5.3.

Lemma 5 Let H be a 1-D lowpass filter with dilation p, and let h be the n-D lowpass filter
obtained from H by applying the prime coset sum Cy, . Let the sets I and Fzg, and the map
n: 1" x F, = T' be defined as before. Then for any v € I,
1 .
h(v+p)) (pw) = ————— et w=n(tv)l) (H I+ p- )A pw-n(l,v),weT". N
(h( )" (pw) (P—l)P’H%;, (I+p))( (,v))
p

Proof 5 First it is easy to see that (cf. (3.15) in Appendiz §3.5.3)

H(w) = Z et (H(l +p-))A(pw), w e T.
lEF,

Using this identity and the definition of prime coset sum, we get

E(w):1<1—p”1+2f[(w-u)>, weT"

vel”

= 1 e Y Y e <H(l +p-))/\(pw ). (310

vel’ leFy,
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Next we use another identity that can be quickly derived (cf. (48) in [44]):
1 . N
(h(v +p)) " (pw) = — Z NV hw ), weT (3.11)

yel'*

By using (3.10), (3.11), and the fact that (H(l#—p-))/\(p(w—l—v)‘ﬁ) = (H(l—i—p‘))/\(pw'ﬁ),
foranyl e F,, we T", vy € I'* and v € I”, we obtain (h(v + p-))" (pw) =
1 i(w+y)v 1 n—1 —i(w—+7y)-vl ~ ~
Pt (p—1)p ~
~el vel’ leF,
Then we use the following simple identity (cf. (3.20)):
4 p", ifv =0,
S e =g =
yel™ 0, if IS F/\O,

to get

(h(v +p)) " (pw)

*Z e 2 2 e H(+p)) (- 7)

’yEF* ver IEF)

i" p—1)p1 ) Zew(y Vl)( l"‘P))A(PW'ﬁ) > e et

vel” Ik yer*

Noting that ng* e W=l — pn f = n(l,v), and it is equal to O otherwise, we obtain

(o4 2" (00) = gy 3 =D (H(1+p)) (- 1,00 € T
leF})

as desired. [ |

We now present the proof of Theorem 3.

Proof 6 (Proof of Theorem 3) Let g and h be the n-D lowpass filters associated with

refinement masks Cp, ,[S] and C,, ,[U]. Since U is interpolatory, by Lemma 2, Cy, p|U] is also
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interpolatory, i.e., h is interpolatory. Therefore, we can obtain the combined biorthogonal
masks by using Result 3. By setting g := Cy[S] and b= CnplU] in Result 3, we obtain
that, for every w € T™,

(@) =5w) + (1= Y Gw+hw+)

~er*

=Cpp[Sl(w) + [ 1— Z CnplSH(w +7)CrnplUl(w+7) |
yel'™

and
(W) = h(w) = CnpU)(w).

Since, in this case, A = pI, and g = p", the n-D wavelet masks t,, v € I, are

ty(w)=e"" —q (v + A)) " (Aw)

—e WY _ p" (h(v+p)) (pw), weT".

Since H is the 1-D filter associated with U and h is the n-D filter associated with Cp, ,[U],

by Lemma 5, we have

~ 1 iw-(v—n(lv ~
(h(v +p-)) (pw):(p_l)pnll%e (v—n(l )z)(H(l+p.)) (pw - n(l,v)).

Therefore,

. 1 .
—e WV _ - “’-"(V*n(l»l’)l) . - .
tv(w)=e P ZEEFIe (H(l+p)) (pw - n(l,v))
p

_ —iwr p iw-(n(l,v)l—v) AN .
= 3L (H+p)) (L))
P

_ i 17%262-“;-77(1,”)1 Ul<pw.n(g’y)> , weTm
I€F),
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d

v

The wavelet masks t5,, v € T', in (3.9) can be obtained by applying similar arguments to the
general from of t3, v € T’ in Result 3. This concludes that (T, (t,)yer) and (19, (t3),erv)

defined as in Theorem 8 form n-D combined biorthogonal masks. |

The following corollary of Theorem 3 may be useful on its own in some contexts.

Corollary 1 Suppose that S and U are two 1-D refinement masks with dilation p, and that
U is interpolatory. Let C,p be the prime coset sum. Then the two n-D refinement masks
CnplU] and

CoplST+ [ 1= CoplSIC- +7)Cap U +7)
yel'*

with dilation pl, are biorthogonal. |

Remark 9 Of the two prime coset sum refinement masks Cy p[S] and Cp,[U], only the
non-interpolatory mask Cy,p[S] is modified by adding 1 —3__ . Cnp[S](- +Y)Crp[U](- 4 7).
We note that the statement of Corollary 1 holds true trivially for the case when Cy,[S] and
Cnp[U] are already biorthogonal, since 1 — 37 p. Cpp[S](- + YCrnp[U](- + ) = 0 in such a

case. One such case is when S and U are biorthogonal and p =2 (cf. Result 1(b)). [

Next we illustrate our findings in two examples.

Example 4 (Centered n-D Haar combined biorthogonal masks with dilation 3).
Let us consider the centered 1-D Haar refinement mask with dilation 3 as in Example 1.

We let both S and U be
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Then they are both interpolatory with one accuracy. Now let us take I' = {—1,0,1}" and
= 2%{—1,0, 1}™ for any dimension n. Then by Theorem 3 the n-D biorthogonal refine-

ment masks

1 .
7(w) = 74(w) = I Ze*“’”’, we T,
vel

and n-D wavelet masks

tw)=e ™" -1, tYw) = 3in e v gin Z eTWr e T,
per
forv eIV, form n-D combined biorthogonal masks. These combined biorthogonal masks are
studied also in [76]. By direct computation, we see that both T and % have one accuracy,
and that both t,, and t3 have one vanishing moment for any v € I'. The number of nonzero
entries, or the support of the filter associated with t, is only 2 for any v € TV and any

dimension n. [ |

Example 5 (2-D combined biorthogonal masks with higher vanishing moments).

Let U be a 1-D interpolatory refinement mask with dilation 3 and accuracy 4

VY iw 1 oY —iw
81 81 a1 Twm® T'tet  ta 81 81

U(w) = ; (_ief)iw _ 3642'0.) + @621&1 60 60 %672“’) _ 3874“] _ ief&'w) .
Let S be defined as in Example 4. We take T = {—1,0,1}? and I'* = 2{{—1,0, 1}2. Then
by Theorem 3 the 2-D biorthogonal refinement masks

183 ; 25 ; 4 ;
T(w) _ 5 (7 + Z P 871 Z e~ 3w + g Z e—61w-u> ., we TQ’

ver’ ver’ ver’

1 60 ; 30 ; 5 ; 4 .
d —iw-v —2iw-v —4iw-v —5iw-v 2
4w = = E e + = E e [ § e - — E e , weT",
() 9 ( 81 81 81 81 , )

velr’ ver’ vel’ vel

and 2-D wavelet masks

3 Jiw-v 60 30 —3iw-v 4 —6iw-v 2
— - = — €T
81° T TR TR

U is obtained from Example 1) in Section V. A. of [49].

tu(w) — efiw-zx 4
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4 5 30 60 60 30 5 4
51 s 0 5T ost osto st 0 -5 s
Filter associated with U

Ca,3 (Prime coset sum)
4 4 4
& 0 0 0 0 -& 0 0 0 0 —&
o - 0 0 0 -2 0 0 0 -2 0

0 -% 0 0 0 —-% 0 0 0 —F% 0

0o o0 0 0 - O 0 0 0 -

Bl
(IS

Filter associated with 79 = Cy 3[U]

Figure 3.2: Lowpass filters associated with the masks U and 7¢ in Example 5.

t(w) = (e_i”'” — Td(w)> , weT?

NeRi

for v e, form 2-D combined biorthogonal masks (cf. Figure 3.2 for the filters associated
with U and 79). Direct computation shows that T has one accuracy, ™ has 4 accuracy,
t,, v € IV, have 4 vanishing moments, and tg, v € IV, have one vanishing moment. The

support of the filter associated with t,, is only 5 for any v € T". |
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3.3.2 Algorithms

Theorem 3 provides only one of many ways to obtain the non-redundant wavelet
filter bank, given the two n-D refinement masks C,, ,[S] and Cy, ,[U]. However, the resulting
prime coset sum wavelet filter bank can be associated with fast algorithms that are faster

than the usual tensor product ones. Below we present these fast prime coset sum algorithms.

Fast Prime Coset Sum Wavelet Algorithms. Let G and H be two 1-D lowpass filters
with dilation p, where H is interpolatory. In presenting our algorithms, we use the set F),

and the map 7 that we defined in Section §3.3.1.
mput yy: Z" - R

(1) Decomposition Algorithm: computing y;_1, w, j—1, v € I from y;
for j=J,J—-1,...,1

for v eI and k € Z®

wyj1(k) = y;(pk +v) — —— Z > H(m)y;(pk + v —n(l,v)m) (1)
lEF’m !
end
for ke Z"

- l? ..
1) = () + e 3 50 Glmpuga(h - T o)
Vel I€F) m=l p

end

end

(2) Reconstruction Algorithm: computing y; from y; 1, w,;_1, v € I”
for j=1,...,J—1,7J

for ke Z"
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v—n(l,v)m .
k) =51 (0) = e 30 30 3 Glmuna A CLOULIVES
I/EF’ZEF’m l p
end

for veIl' and ke Z"

1 .
yi(pk +v) = w,j_1(k) + —I > H(m)y;(pk + v —n(l,v)m) (iv)
lEF), m=l
end
end

For decomposition, we compute the coarse coefficients y;_1 and wavelet coefficients
wy,j—1, v € IV, from y;. To obtain w, j_1, v € I, we apply the filter associated with ¢,,
v € I" to y;, followed by downsampling with respect to the dilation matrix A = pI,, as is
typically done in wavelet decomposition. Since t,,, v € I/, are written in terms of U}, [ € FI;,
and since U; can be written in terms of 1-D filter H, we obtain the formula for Step (i).
The proof of the identity in Step (i) is given in Appendix §3.5.5, in which the concept of
polyphase decomposition (cf. Appendix §3.5.3) is used.

A key step of our decomposition algorithm is Step (ii). Typically, to obtain y;_1,
one needs to apply the filter associated with 7 to y;, followed by downsampling. However,
since here 7 = C,, ,[S] + (1 — 2 er Cnp[S](- + ’y)W) (cf. Theorem 3), contrary
to the filter associated with the first part of 7, i.e. C,p[S], it is not clear how the filter
associated with the rest of the mask 7, ie. 1 =3 cp. CoplS](- + Y)CnpU](- 4 7), would
look like. As a result, the support of the filter associated with 7 could be large. Therefore,
the algorithm may not be faster than other wavelet algorithms if we use the filter associated
with 7 directly. However, by using the polyphase representation (cf. Appendix §3.5.3), one

can show that y;_1 can also be derived by applying the filter associated with C,, ,[S] (the
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first part of 7) to w, j_1, v € I''. This is our Step (ii), and the details of exactly how it is
done are written in Appendix §3.5.5.

Our reconstruction algorithm is not the same as the typical wavelet reconstruction
procedure either. We recall that the typical wavelet reconstruction is conducted by applying
the reconstruction filters to y;—1 and w, j_1, v € I, upsampling them, and then summing
them up. We reconstruct the signal by simply reversing Step (i) and (ii). Step (iii)
is a reverse procedure of Step (ii) that can always be performed. Step (iv) is a reverse
procedure of Step (i), and it is possible because the only y; needed in the right-hand side

of Step (iv) is y;(pk), which is already computed in Step (iii).

Complexity. Next we discuss the complexity of the fast prime coset sum wavelet algo-
rithms. We measure the complexity by counting the number of multiplicative operations
needed in a complete cycle of 1-level-down decomposition and 1-level-up reconstruction,
meaning the number of operations needed to fully derive y;_1 and w,, j_1, v € I from y;,
and to get back y;. Here we only compute the number of multiplicative operations such as
multiplication and division, as computing additive operations gives a similar result.
Suppose that at level j, we have input data y; with N data points. For simplicity,
we assume that N is a multiple of p™, where p is the dilation and n is the spatial dimension.
Then after 1-level-down decomposition, we obtain N/p" coarse coefficients y;_; in Step
(ii), and N/p™ wavelet coefficients w, j_1 for each v € I" in Step (i). We reconstruct
the input data y; from coarse coefficients y;_; and wavelet coefficients w, j_1, v € T".
In particular, we obtain N/p™ original data y;(pk) in Step (iii) and N/p™ original data

yj(pk + v) for each v € I" in Step (iv).
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Suppose a and g are the number of nonzero entries in the 1-D lowpass filter G

and H, respectively. Recall that H is interpolatory. Let
& = #{G(m): G(m) # 0 and m = [ (mod pZ) for some [ € F}}.

Given the N data points of the input data y;, the number of multiplicative operations
needed in a complete cycle of 1-level-down decomposition and 1-level-up reconstruction is

the sum of
o 2[3(p" — 1)% [for Step (i) and (iv)], and
i 2((19” —1)a+n+ 1)% [for Step (ii) and (iii)].

Therefore, as a result, the complexity of the fast prime coset sum wavelet algorithms is

2(p" -1 2" —1)a+2n+2
p?’L
Since a < pp%l(oz + 1), this complexity is bounded above by
p—1
(25+2—(a+1)+1)N. n
p

Recall that in dyadic case, the fast tensor product wavelet algorithms have com-
plexity (a+ B)nN, where « and 8 are the number of nonzero entries of 1-D lowpass filters,
n is the spatial dimension and N is the data size (see, for example, [4]). Therefore, the
algorithm has linear complexity, i.e., ~ C'N, with the data size N, where C is some con-
stant that does not depend on N. We refer to this constant as the complexity constant.
The complexity constant for fast tensor product wavelet algorithm is Cpp = (o + S)n. In

particular, it grows linearly with the dimension n. Now let us consider the fast prime coset
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sum wavelet algorithm. In dyadic case, i.e., when p = 2, the complexity is bounded above
by (a + 25 4 2)N. Therefore, the complexity constant is Cpcs = a + 23 + 2, which does
not increase as dimension n increases. Furthermore, since o« > 2, we have Cpcg < Cpp for
all n > 2, which suggests that our fast prime coset sum algorithms can be much faster, at
least in theory, than the fast tensor product algorithms when n is large.

Our fast algorithms with p = 2 are different from the original fast coset sum
algorithms in [4], which results in a different complexity constant for the coset sum case.
The complexity constant for the fast coset sum algorithms is Cog = %a + 24, and as a
result, we have Cpocg < Ccog as long as o > 4.

There are a couple of factors that contribute to make our algorithms this fast.
Firstly, the number of nonzero entries in the n-D filter associated with ¢,, v € I", is es-
sentially the same as that of the 1-D filter H (cf. Step (i)). Secondly, our decomposition
algorithm is performed by bypassing the filter associated with 7 (cf. Step (ii)), which could
have large support, in general. Finally, the reconstruction algorithm has trivial reconstruc-
tion steps, which completely bypass the filters associated with td, v € TV (cf. Step (iii)
and (iv)).

We now illustrate our findings using some examples.

Example 6 (Fast prime coset sum wavelet algorithms for centered n-D Haar
with dilation 3). Let us consider the centered n-D Haar combined biorthogonal masks

with dilation 3 constructed in Example 4. In this case, the 1-D filter G and H are given as
1, fK=0,

GK)=H(K)=<¢1, if K==1,
0, otherwise.
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Then one can follow Step (i) — (iv) with this pair of G and H to perform the fast algorithms.
In this case, o = 8 =3, & =2 and p = 3. Hence for any dimension n, and input data of

size N, the algorithms have complexity

6(3" — 1)+ 4(3" — 1) + 2n + 2
<( )+<W/ J¥2n+ >N§1UV

Hence the complexity constant in this case is 11, and it does not grow as the dimension n

grows. |

Example 7 (Fast prime coset sum wavelet algorithms for 2-D wavelets with
higher vanishing moments). Let us consider the 2-D combined biorthogonal masks con-

structed in Example 5. In this case, the 1-D filter G and H are given as

(1, if K =0,

0, K =41,
1, ifK=0,

N, K =42,

GIK)=<1, ifK==+1, H(K)=

—2, ifK =4,
0, otherwise,

—&, if K =45,

0, otherwise.

Then this pair of G and H can be used in Step (i) — (iv) to implement the fast algorithms
for the wavelet filter bank constructed in Example 5. In particular, since o = 3, § = 9,

a=2,p=3 and n = 2, the fast algorithms have complexity

(mg?—n+4@?—n+6

2 ) N < 21N,

for any input data of size N. Hence the complexity constant in this case is 21. |
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3.4 Conclusion

In this paper we introduced a method called prime coset sum to construct multi-
D refinement masks from 1-D refinement masks. This method is a generalization of the
existing method, the coset sum ([4]), that works only for the dyadic dilations. We showed
that for a prime dilation, the prime coset sum method maintains many important properties
from the 1-D refinement masks, such as interpolatory property, and under some conditions,
the accuracy number. More importantly, the prime coset sum refinement masks can be
used to construct wavelet filer banks with fast algorithms. Similar to the coset sum method
for dyadic case, the prime coset sum fast algorithms have complexity constant that does
not increase as the spatial dimension n increases. This is contrary to the tensor product

method, since its complexity constant increases linearly with the spatial dimension.

3.5 Appendix

3.5.1 Proof of Lemma 2 in section §3.2

Suppose H and h are the filters associated with masks R and C,,[R]. If R is
interpolatory, by (3.2), H(0) = 1, and H(K) = 0 for any K € pZ\0. Then, by (3.7),
h(0) = p%l(p —p"+ (p" —1)H(0)) = 1, and h(k) = ﬁ > tew, H(l) for any k # 0. Since
for each k € pZ™\0, every element [ in the set Wi, = {l € Z\0 : k = lv for some v € T"}

must lie in pZ\0, we see that h(k) = p%l > 1ew, H (1) = 0 for any k € pZ™\0. Hence Cy, p[R]

is interpolatory.
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3.5.2 Proof of Lemma 3 in section §3.2

First we note that C, ,[R] has at least accuracy number one, since R has at least
accuracy number one and Cy , is defined so that it preserves positive accuracy.

Let Fy be a complete set of representatives of the distinct cosets of 2r((p~'7)/7)
containing 0. Since the order of zeros of R at { € F;\0 is m1, and the order of zeros of

1 — R at the origin is mg, we have, for any integer 1 < k < min{my,ms} — 1,
(DFR)(€) =0, for any £ € F;. (3.13)

Thus, for any v € I'* and any p € N with 1 < |g| < min{m;, mo} — 1, where |u| :=

p1 e i, We get

(D*Cp [ R])(7) = (p_f)p S (DR - )]) ey
vel’

:(p—ll)pn—lz HV;‘” (DMR)(y-v) =0,

vel’ \j=1

where the last equality is from (3.13) and the fact that + - v (mod pZ) belongs to F;. This

implies the accuracy number of C,, ,[R] is at least min{mq, ma}.

3.5.3 Review of polyphase representation of wavelet filter banks

The polyphase decomposition in [77] is widely used in signal processing. We briefly
review some relevant concepts in polyphase decomposition in terms of our notation and
terminology, and refer other papers (e.g. [44,78]) for details.

As before, we use A to denote the dilation matrix, and ¢ to denote |det A|. The
polyphase decomposition transforms a filter (or signal) into g filters (or signals) running at

the sampling rate 1/q. Let I" be a complete set of representatives of the distinct cosets of
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Z"™/AZ" containing 0, and let I = T'\0. For example, for the scalar dilation with A, the set
{0,1,---, A —1}" can be used for T'.
The polyphase decomposition of a synthesis filter h is defined as the Fourier series

of h(v+A-), vel:

Hy(w) 1= (h(v + A)) () = (11 S h(v+ Ak)e e, w e, (3.14)
kezm

and the polyphase representation of a synthesis filter h is defined as the column g-vector of

the form
H(w) == [Hyy(w),Hyy (W), -+, Hy ()], we T,

where vg = 0 and v, j = 1,...,q—1, are the ordered elements of the set I''. Then it is easy
to see that the Fourier series of h can be written in terms of the polyphase decomposition

of h as follows:

h(w) =" e ™ VH, (Aw). (3.15)

vel

Similarly, the polyphase decomposition of an analysis filter g is defined as the complex
conjugate of the Fourier series of g(v + A-), v € I:

Gy(w) = (g(r+A)) (w) = E Z glv — Ak)e™**  weT", (3.16)

kezn

and the polyphase representation of an analysis filter g is defined as the row g-vector of the

form
G(w) = [GVO (W), Gy, (w), -+, Grg1 (w)]7 w e T,

and, as a result, we have the identity

(W) = €6, (Aw).

vell

Q)
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Under these notations, it is easy to see that h and g are biorthogonal if and only if
G(w)H(w) = 1/q.

A filter bank (that is non-redunant with perfect reconstruction property) can be
represented by two ¢ x ¢ polyphase matrices A(w) and S(w) that satisfy S(w)A(w) = (1/¢)1,.
The row vectors of A(w) represent the polyphase representation of analysis filters, where the
first row corresponding to the lowpass filter and the rest to the highpass filters. The column
vectors of S(w) represent the polyphase representation of synthesis filters, where the first
column corresponding to the lowpass filter and the rest to the highpass filters.

We finish this subsection by stating Result 3 in terms of the polyphase represen-

tation, as it will be useful in the later part of the paper.

Result 4 (Result 3 stated in terms of polyphase representation) Suppose g and h
are two n-D lowpass filters with dilation A, and h is interpolatory. Let G(w) and H(w) be
the polyphase representation of g and h with length ¢ = |det A|, and let G(w) and H(w) be
the subvectors of G(w) and H(w) of length g — 1, respectively, obtained by removing the first

entry. Then the following two polyphase matrices

Guo(w) + 4 BW) &) ! L aw)
M)z | TR S@e=| 4 1 (3.17)
W) T o) ST, 1 - (w)Ew)

satisfy S(w)A(w) = (1/¢)1,, where B(w) :=1/q — G(w)H(w).
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3.5.4 Proof of Result 3 in section §3.3.1

We want to show that 7, 74, ¢, and td, v € T, in Result 3, satisfy the following

identity (cf. (3.3) in Section §3.1.2)

1, ify=0,
T+ W) + Y t(w + )t (W) = 6y0 =
ver! 0, if~yeI™\0.

By substituting the masks 7, 79, ¢, and tJ, v € I, in Result 3, we get

v

T(w+)7wW) + Y t(w + )W)

vel’
= (G + (1= X Fw+5+7) hlw+7+9)) ) hw)
yel*
£ 30 (¢ athte £ A7) (e - GO+ ) e i)
= 9w +7) hw) +hw) = > Glw+7+7) hlw+7+7)h(w)
yer*
5 Z =y (Z Y (g(v 4+ M) (R7w) hiw) —g(A-)A(A*w)ﬁ(w)>
VEF vel
- (Z eV (h(v + A)) (A w) — h(A-)A(A*w)>
vell
+q > (h(v + M) (Mw) (g(v + M) (Aw) h(w).

It is easy to see that the following identity is true:

4 q, ify=0,
Z e =qdy o = (3.18)
ver 0, ifyeI*\0,
where g = |det A|. Since h is interpolatory, we have
A 1
h(A)"(A*w) = R (3.19)

Then by using (3.18), (3.19), (3.15), and the fact that (g(v+A-))"(A*w) = (g(v+A-))"(A* (w+

7)), for any v € T', w € T", and v € T'*, we get

Tw+NTwW) + Y bW+t w)
ver’

96



CHAPTER 3. PRIME COSET SUM METHOD

=00~ Y 9w +7) hw+F)hw) +q > (h(v+A)) (Aw) (v + A)) (A w) h(w)

yer vel

yET* vel

=070~ (Z 9@ +7) hlw+7) = a Y (h(v +A) " (Aw) (gl + A-))A(A*“’)) h(w).

Moreover, by (3.15), and the dual identity of (3.18):

' q, ifv=0,
Z e =qb,0 = (3.20)

~eT* 0, ifveI'\0,

we have
> Gw+) hlw+7)

yel*
ST e g+ AT (A*w)> (Z eI (h(o + A-))A(A*w))

yeI'™* \vell vell

(Z PIE ”)) “ (g (HA.))A(A*@) eV (A + M) (Aw)
vell
(h(

vell ~el™

h(v “w) (g(v + M) (Aw).

VGF

Therefore,

Tw+7)m W) + ) t(w + )W) = 6y
vel”

This concludes the proof.

3.5.5 Proof of the identities in the decomposition algorithm in section

§3.3.2

The polyphase decomposition of a signal y; with respect to the dilation matrix

A = pI,, with ¢ = |det A| = p", is defined as the Fourier series of y;(v + p-), v € I':

~ 1 —ik-w n
Yuj(w) = (g (v + ) (@) = > yilv+pke ™ we T,
kezZmn
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and the polyphase representation of a signal y; is defined as the column g-vector of the form
T
¥y (w) i= [V, (W), Yo j(w), -+, Yy i ()], w e T,

where vp = 0 and v;, j = 1,...,¢ — 1, are the ordered elements of the set I". Let Yj_;
and W, ;_1 be the Fourier series of coarse coefficients y;_1 and wavelet coefficients w, ;_1,

v € I, respectively,

as

Wj-1(w) Yj(w)
where Wj_1(w) := [Wy, j—1(w), -, Wy,_, j—1(w)]” and Y;(w) is a subvector of Y(w) of length
q — 1 obtained by removing the first entry.
A key observation, which is also part of the reason why the fast prime coset sum
wavelet algorithms is fast, is that A(w) as defined in (3.17) can be decomposed into two

triangular matrices:

0 Ig—1 —q ﬁ(w) Iy
Thus we can calculate W;_;(w) first, then use W;_;(w) to compute Y;_1(w) as follows,

W1 () = g B@)¥ () + (), (3.21)

Yio1(w) =Yg (@) + 6(w)Wj1 (). (3.22)

98



CHAPTER 3. PRIME COSET SUM METHOD

From these (3.21) and (3.22), we now derive Step (i) and (ii) in our decomposition
algorithm.

From (3.21), (3.14) and Lemma 5, we know that, for any v € T”,

Wy j—1(w) = —qHy(w)Yy, ;(w) + Y, j(w)

= —q (h(v+p)) " (W)Y j(w) + Yy j(w)

P o =)D R
= - e p (H(l + p)) (w . n(l, V))Y,joyj(w) —+ Yy,j(w)-
p—1
IEF},
Hence,
ik 1 .
_ ZwV,J 1 ka:Wy,jfl(w):in Z yj(pk+u)e ikw
]{?EZ” p keZn
o =ttt 1 1 -
— LS T ST H (U pr)e ) Sk e,
P~ iR, P ez P" i
Therefore,

Z Wy i1 (k,)e—ikw

keZn

=D yilpk +v)e

kezm

S Z Z Z o =00 eIt ) =k B (1 4 pm)y: (k)

lEF’ meZk'eZ™

= Z y;(pk 4 v)e

kezm™

- Z S ST e H( + pm)y;(pk + v — n(lv)(pm + 1))

p= leF’ mezZ kel

= (vwlk+v) —TZZHHpm)yg(pkw— 0L, v)(pm + 1)) | e*

keznr lEF’ meZ
=D |wk+v) - — Z S" H(m)y;(pk + v —n(l,v)(m)) | e,
keZm ZGF’m l
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which in turn implies that we have for any k € Z™ and v € T”,

wyj-1(k) = yi(pk +v) — — Z > H(m)y;(pk + v —n(l,v)m).
lEF’nll

This is exactly Step (1) in our decomposition algorithm.

From (3.22), (3.16) and by Lemma 5 we know that

Y}'—l( Vo,J + Z Gy (w Wy j- 1( )

vel’
=Yy (W) + Y g +p) (W) Wy 1 (w)
vel”
n(l,v)l—v) R
=Yg @)+ 3 ¢ _1711§Zéw v (GUAP)) (@ (L) Wy (@).
uer' I€F),
Hence,
. 1 ik
— Z yi (ke * =Y q(w) = — > yi(pk)e * +
kezn p kezmn
1 . (L)) _ L) it
S e S G e et LS e
ver’ IeF}, mezr =
Therefore, we have
> yja(k)e
kezn
= Z yj(pk)e
kezn
o (1)) i

m(w'n(lvy))eiikl'wG(Z — pm)wy,j—l (k/)

DI

eF%eF’mEZ"MeZ”

=wawm

kezn
Z DD D e TG —pmywy (k- V—77p(l7’/)l —n(l,v)m)
Vel [EF) meZr keZn
= Z v (pk) + Z Z ZG m)wy,j1( M) =ik
kezn Vel I€F) m=l P
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As a result, we have, for any k € Z",

1) =) + e 3 5 Y Gk _vzalyym,

VEF’ZEF’m l p

This is exactly Step (ii) in our decomposition algorithm.
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Chapter 4

Multi-D Wavelet Filter Bank
Design using Quillen-Suslin

Theorem for Laurent Polynomials

4.1 Introduction

The main objective of this paper is to present a new approach for constructing
nonseparable multidimensional (multi-D) non-redundant wavelet filter banks (FBs). Con-
structing wavelet FBs is often reduced to solving a matrix equation with Laurent polynomial
entries [46]. Connecting wavelet FBs with the Laurent polynomial matrices is usually done
by the polyphase representation [77]. The key idea for our method is to decompose the
z-transform of filters using, instead of the usual polyphase representation, a special type of

valid (generalized) polyphase representation [79], which we obtain from the Quillen-Suslin
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Theorem for Laurent polynomials. This new representation allows us to use the matrix
analysis techniques that were not available for the usual polyphase representation.

Quillen-Suslin Theorem (or unimodular completion), a celebrated theorem in Alge-
braic Geometry, states that a unimodular matrix with polynomial entries can be completed
to a square polynomial matrix of determinant 1. This result was extended by R. G. Swan
to unimodular matrices with Laurent polynomial entries [80].

While there have been several uses of unimodular completion in constructing multi-
D FBs [47], constructing multi-D wavelet FBs using unimodular completion is mostly done
by imposing additional constraints after multi-D FBs are constructed. Our method is
different from these existing methods in that it gives an algorithm to construct multi-D
wavelet FBs more readily. Our method provides an algorithm for constructing a wavelet
FB from a single lowpass filter so that its vanishing moments are at least as many as the
accuracy number of the lowpass filter.

The wavelet representation, along with Fourier representation, has been one of
the most effective data representations. Constructing 1-D wavelets is well understood by
now, but the situation is quite different for multi-D case. The most commonly used method
for constructing multi-D wavelets is the tensor product, but the resulting wavelets have
many unavoidable limitations. Many researches on constructing non-tensor-based multi-
D wavelet FBs or wavelets have been performed [4,7-20,29, 35, 36, 44,49]. Drawbacks of
existing non-tensor-based multi-D wavelet constructions include the following. Many of
the existing methods work only for low spatial dimensions and cannot be easily extended

to higher dimensions. Others assume that the lowpass filters or refinable functions satisfy
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additional conditions such as interpolatory condition. Our construction method presents
some advantages over these existing methods of multi-D wavelet construction. It works for
any spatial dimension and for any sampling matrix. Furthermore, it does not require the
initial lowpass filters to satisfy any additional assumption such as interpolatory condition.
We now outline the rest of our paper. In Section §4.2, we briefly review some
technical background about wavelet FBs, unimodular completion and other relevant con-
cepts. In Section §4.3, we present our main results together with examples illustrating our
findings. We summarize our results and provide outlooks in Section §4.4. Appendix §4.5

contains some technical proofs.

4.2 Preliminaries

4.2.1 Wavelet filter banks and their polyphase representation

Let A be an n x n integer sampling or dilation matrix. By definition, this means
that A is an integer matrix and its spectrum lies outside the closed unit disc. Throughout
the paper, we use ¢ to denote the magnitude of det A, i.e. ¢ := |det A|.

A Laurent trigonometric polynomial is typically referred to as a mask, and a mask
7 with 7(0) = /g and 7(0) = 0 as a refinement mask and wavelet mask, respectively.
It is well known that refinement masks can be used to obtain refinable functions used in
wavelet construction via the cascade algorithm (or subdivision scheme) [41] and, together
with wavelet masks, they can be used to construct wavelet systems in L?(R™) [1]. We recall

that a filter f : Z™ — R is associated with a mask 7 if 7 is the Fourier transform of f. A
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filter f is called lowpass or refinement if

> fk) =V,

kezm

and highpass or wavelet if

> stk =0

keZm

In this paper we consider only the finite impulse response (FIR) filters. A FB consists of the
analysis bank and the synthesis bank, which are collections of finite number, say p, of FIR
filters linked by downsampling and upsampling operators, respectively, with the sampling
matrix A [3]. We refer to a filter from the analysis bank as an analysis filter and a filter from
the synthesis bank as a synthesis filter. We consider only the FBs that satisfy the perfect
reconstruction condition, which implies p > ¢q. We are interested in the FB for which each
of its analysis and synthesis banks has exactly one lowpass filter and the rest of them are all
highpass filters. We refer to such a FB as a wavelet FB. A FB is called critically sampled or
non-redundant if p = q and oversampled or redundant otherwise. Designing non-redundant
wavelet FBs is an important problem since it leads to the construction of wavelet bases
under well-understood constraints [1-3].

We recall that for a filter f, the number of zeros of the Fourier transform of f
at w = 0 is referred to as the number of (discrete) vanishing moments of the filter f [36].
Thus, a filter f is highpass if and only if f has at least one vanishing moment. We say
that a wavelet FB has s € N vanishing moments if the minimum of all its highpass filters’
vanishing moments is s.

We use I' to denote a complete set of representatives of the distinct cosets of the

quotient group Z"/AZ"™ containing 0, and I'* to denote a complete set of representatives of
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the distinct cosets of 27 (((A*)~1Z")/Z") containing 0. Throughout this paper, for a matrix
M, M* is used to denote its conjugate transpose. We note that both the sets I' and I'*
have ¢ = |det A| elements. For example, for the 2-D dyadic dilation matrix A = 2I,, the
sets I' = {(0,0), (1,0),(0,1),(1,1)} and T'™* = {(0,0), (,0), (0,7), (7, 7)} can be used. We
also use the notation

V0:07V17"'7Vq—1

to denote the elements of T'.

The concept of polyphase decomposition is to transform a filter or a signal into ¢
filters or signals running at the sampling rate 1/q [77]. For a given FB, let h be an analysis
filter, and ¢ a synthesis filter. Then the polyphase decomposition of h (respectively, g) is a

set of ¢ filters h,, v € T, (respectively, g,, v € ') that are defined as
hy(m) :=h(Am —v), g,(m):=g(Am+v), VmeZ".
The z-transform ([81]) Y'(z) of a filter y : Z" — R is defined as

Y(2) = 2{y} = > ylm)z™"

mezZn

where for z = [21,...,2,]7 € C"\{0} with |z| = 1 and m = [mq,...,m,]T € Z", 2™ is
defined to be H;"Zl z;-nj . Here and below, T' is used to represent the matrix transpose. We

note that Y (e™), w € T", is the Fourier transform of y. We let 1 := [1,---,1]T be the

vector of ones. The z-transforms of the filters A and g can be written as

H(z) =Y 2"H,(z"), G(z) =) 27"G,(") (4.1)

vel vell
where G, and H, are the z-transforms of g, and h,, and 2% := [z%1,..., 27 with the
column vectors Aq,...,A, of A. The polyphase representation of the filters h and ¢ are

106



CHAPTER 4. MULTI-D WAVELET FILTER BANK DESIGN USING
QUILLEN-SUSLIN

defined as

H(Z) = [HVO (Z)v HVl (Z), v 7HVq71(Z)]7 G(Z) = [GVO (2)7 GV1 (2)7 <o 7GVq71(Z)}T‘

The polyphase representation of analysis and synthesis parts of a FB can be rep-
resented by a p X ¢ matrix A(z) and a ¢ X p matrix S(z), respectively, where p is the
number of filters in each bank. In this case, the row vectors of A(z) represent the polyphase
representation of analysis filters, and the column vectors of S(z) represent the polyphase
representation of synthesis filters. Then the perfect reconstruction condition of the FB be-
comes S(z)A(z) = I, with p > ¢. For non-redundant FBs, the polyphase matrices A(z) and
S(z) should be ¢ x ¢ square matrices.

Finally we briefly review the valid polyphase representation [79] in our context. If
we define v(z) := [1,2"1,---,2%1]T to be the usual polyphase basis, then from (4.1), we

see that the z-transform of h can be written as

We recall that u(z) := M(z*)v(2) is called a valid polyphase basis if and only if M(z) is an
invertible matrix, i.e. M(z) € GLy(R[2%1]). Then the z-transform of the filter can be written
using the new basis,

H(z) = B (z")u(2),

where

is called the wvalid (generalized) polyphase representation of the filter h with respect to the
basis u(z).
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4.2.2 Unimodular vector completion and its use in FB design

Let k be a field and let k[z*!] be the Laurent polynomial ring, consisting of all
Laurent polynomials in z = [z1,...,2,]7 with coefficients in k. A vector v = [v1,...,v,]
with Laurent polynomial entries is called unimodular if its entries generate 1, i.e. there exist
Laurent polynomials g1, ..., g, such that vig1 + -+ + vn,gn, = 1. In general, a matrix with
Laurent polynomial entries is called a unimodular matriz if its maximal minors generate 1.

In 1955, Jean Pierre Serre made a conjecture regarding vector bundles over an
affine space [82]. This problem became a daunting task for many mathematicians, and was
fully solved only in 1976, 20 years after the question was raised. Serre’s conjecture, which
is now known as the Quillen-Suslin Theorem ([83,84]) after the two mathematicians who
independently solved this long standing problem, asserts that any unimodular matrix over
a polynomial ring can be completed to an invertible square matrix, i.e. a square matrix
of nonzero constant determinant. And in 1978, R.G. Swan [80] extended this result to the

case of Laurent polynomial rings.

Theorem 4 (Unimodular Completion, or Quillen-Suslin Theorem for Laurent
polynomials) Let A be a p x g unimodular matriz, p > q, with Laurent polynomial entries.
Then A can be completed to a square p X p unimodular matriz A € GL,(k[zF!]) by adding

p — q columns to the matrixz A. [ |

The polyphase representation of a FB consists of the Laurent polynomials in z with
real coefficients, which allows many concepts and results in FB design to be stated in terms
of these Laurent polynomials. For example, we recall that the two polyphase lowpass filters

H(z) (analysis) and G(z) (synthesis), or the associated filters h and g, are called biorthogonal
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a )

N _/

Figure 4.1: Unimodular completion of A to A

if H(2)G(z) = 1, which is equivalent to the row vector H(z) or the column vector G(z) being
unimodular. In such a case, G(z) (respectively, g) is called a dual of H(z) (respectively, h).
Hilbert’s Nullstellensatz ([85]) for the Laurent polynomial ring R[z*!] says that a given
row vector H(z) = [H,,(2), H,, (2),...,H,, ,(2)] is unimodular if and only if the Laurent
polynomials H,(z), v € T, do not have a nonzero complex common root. Therefore, for a
given polyphase analysis lowpass filter H(z), a dual polyphase synthesis filter G(z) exists if
and only if the components of H(z) do not have a nonzero complex common root. For a
given a unimodular polyphase analysis lowpass filter H(z), Grobner bases techniques ([86])
can be used to find a particular dual polyphase synthesis lowpass filter, as well as the most
general form of dual lowpass filters.

Our method is based on the following special case of the unimodular completion

over Laurent polynomial rings:

Result 5 (Unimodular vector completion) Let F(z) € R[2*']? be a unimodular col-
umn vector of length q. Then there exists an invertible ¢ x q matriz K(z) € GL,(R[z*!])
such that K(2)F(z) = [1,0,...,0]T. [
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While the original proofs of Quillen-Suslin Theorem were nonconstructive, algo-
rithmic proofs were studied in [87-89]. By using these algorithms, given a unimodular
polynomial vector F(z), one can compute a companion unimodular polynomial matrix K(z)
in Result 5. This algorithm was extended to unimodular Laurent polynomial matrices
in [90], which was implemented as a part of the Maple package QuillenSuslin by Anna
Fabiariska (see http://wwwb.math.rwth-aachen.de/QuillenSuslin/).

There have been many studies on the design of multi-D FBs using unimodular
completion (cf. Section §4.1), but there was little success in developing a simple construc-
tion method for wavelet FBs, not just FBs. In other words, how one can make sure the
resulting FB to have a certain number of vanishing moments, without much work, has been
a remaining challenge for the most part. Our approach in this paper provides an answer
toward this direction.

It is well known that (see, for example, [36]) the number of vanishing moments of
the non-redundant wavelet FB is at least s if the accuracy numbers of its lowpass filters are
at least s. We recall that for a given lowpass filter f, the number of zeros of the Fourier
transform of f at w € I'™*\{0} is referred to as the accuracy number [3]. This number
determines the maximum degree of polynomials that can be reproduced by the filter f
and it is closely related with the Strang-Fix order in the wavelet theory [91]. When a
wavelet FB gives rise to a wavelet system in L?(R"), the number of vanishing moments of
the wavelet system is completely determined by the (discrete) vanishing moments of the
wavelet FB. Therefore, for constructing multi-D wavelet bases with a certain number of

vanishing moments, we can start from the two biorthogonal lowpass filters with prescribed
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accuracy numbers. Unfortunately, this too is not easy in general and requires great care in
the construction process. Our result (Corollary 4) presented in the next section provides a

solution to this problem.

4.3 Construction of multi-D wavelet FBs using Quillen-Suslin

theorem

In this section, we present a new method for constructing multi-D wavelets using
the Quillen-Suslin Theorem over Laurent polynomials. From this method, algorithms for
constructing a non-redundant multi-D wavelet FB just from a single lowpass filter can be
obtained. The motivation and the main idea of our method is presented in Section §4.3.1,

the main results are shown in Section §4.3.2; and the algorithms are shown in Section §4.3.3.

4.3.1 Motivation

Many of the existing construction methods for multi-D wavelet systems ([4,29,35,
36,44,49]) assume that at least one of the lowpass filters is interpolatory. We recall that a

lowpass filter f is interpolatory if

1 n
f(0) = ﬁ and f(Am) =0,Ym € Z"\{0}.

Equivalently, the polyphase lowpass filter F(z) is interpolatory if its first component satisfies

Fy(2) = —.

Va
It is easy to see that every polyphase interpolatory lowpass filter F(z) is unimodular, since

the dual vector can be chosen so that its first component is \/q and the rest are all zero.
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The Laplacian pyramid (LP) representation ([45]) has been used in many image
processing applications [92-94]. In the LP algorithms, if the interpolatory lowpass filter h
is used for analysis and the “lazy” interpolatory ([95]) lowpass filter g is used for synthesis

as its dual, then we have ([78])

and

H(z)

[ G(2) I, } =14

I, — G(2)H(z)

Although the above matrices can be considered as a polyphase representation of a redundant
FB, it is clear that this FB is not a wavelet FB as the synthesis filters associated with the
column vectors of the polyphase matrix I, do not have any vanishing moment. A new
method called the interpolatory effortless critical representation of LP is proposed in order
to transform these LP-based, redundant non-wavelet, FBs to non-redundant wavelet FBs in
a remarkably simple way [44]. This new method provides a way to construct non-redundant
wavelet FBs for any dimension and any dilation. A critical assumption for this method is
that H(z) has to be essentially interpolatory (see (23) in [44] for a precise statement of the
assumption).

A closer look at the interpolatory lowpass filter reveals that not only its polyphase
representation H(z) is unimodular, but also it has a dual with a unit in at least one of its
components. We recall that an element in a ring is called a unit if its multiplicative inverse
lies in the ring. Scrutinizing the techniques used in [44] shows that many arguments used
there rely on this “nice” property of analysis interpolatory lowpass filters. Therefore it is

not clear how to directly apply them to more general analysis lowpass filters.
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On the other hand, we notice that many techniques used in [44] do not care
whether the Laurent polynomial matrices come from the polyphase representation or not.
The key idea of our new construction method is to decompose the z-transform of filters
using a special type of the valid polyphase representations obtained by unimodular vector
completion over Laurent polynomial rings. In some sense, this can be understood as a
change of basis, from the usual polyphase basis to the valid polyphase basis, in the Laurent
polynomial ring. In the next subsection, we show exactly how this new representation is

obtained.

4.3.2 Main results

Our new construction method relies on Result 5. In fact, the following slightly
modified version of Result 5 is sufficient for the arguments in the proof and it gives more

flexibility in the construction process.

Corollary 2 (A slightly modified version of Result 5) Let F(z) € R[zF1]7 be a uni-
modular column vector of length q. Then there exists an invertible ¢ X q matriz T(z) €
GLy(R[z*Y]) such that T(2)F(z) is a unimodular column vector that has a unit in at least

one of its components. |

Our main theorem is placed below. It provides the theory and the algorithm to
construct a non-redundant wavelet FB from a lowpass filter whose polyphase representation
is unimodular. It uses Corollary 2 and part of the arguments used to prove some results

(Theorem 1 and 2) in [44]. Tt is also a variant of a result! (Theorem 1) in [96].

"While the statement of Theorem 1 in [96] is correct, the proof presented there turns out to contain an
error.
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Theorem 5 Let h be a lowpass filter with positive accuracy. If its polyphase representation

H(z) as a row vector is unimodular, then there exists a non-redundant wavelet FB whose

analysis lowpass filter is h. |

Proof 7 Since H(z) = [Hy,(2), ..., Hy,_,(2)] is unimodular, there exists

such that

H(2)F(2) = Hyy(2)Fyo(2) + ...+ Hy 1 (2)Fy,_,(2) = 1.

Thus F(z) is also unimodular. By Corollary 2, there exists an invertible q X q square matriz
T(z) such that T(2)F(2) is a unimodular vector with a unit in at least one of its components.
Without loss of generality, we assume the first component of T(2)F(z) is a unit.

Let g be another lowpass filter with positive accuracy that can possibly be different
from h, and let G(2) := [Gyy(2), Gy, (2), ..., Gy, (2)]" be its synthesis polyphase represen-
tation.

From the discussion at the end of Section §4.2.1, we see that the z-transform of

h, f and g can be written as

where v(z) = [1, 2%, - - -, 2*a=1|T is the usual polyphase basis as before, and v(z)* := v(z~1)T
is the conjugate transpose of v(z).

We take the approach in [79] but extend it slightly by allowing two different valid
polyphase bases for analysis and synthesis filters. More precisely, using the above invertible
matriz T(z), we define a new pair of valid polyphase bases u(z) := T(zMv(2) and w(z) =
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[T(z%)*]" (), and use them instead of the usual basis v(z) to represent the z-transform of

the analysis and the synthesis filters, respectively. For example,
H(z) =H'(zYu(z), F(z)=w(2)'F ("), G(z) = w(z)"6"(z"),

where

are the valid polyphase representation of h, f and g with respect to the new valid polyphase
basis pair (u(z),w(z)).

Then from the fact that F*(2) is a particular dual to H%(z), i.e. H“(2)F¥(z) =
H(z)F(z) = 1, we see that any column vector of the form G*(z) + F¥(2)(1 — H*(2)G"(2)) is
also dual to H*(z). In fact, it is easy to see that the matriz identity

H*(2)
G¥(z) + FU(2)(1 — HY(2)G¥(2)) I, —F¥(2)H%(2) =14 (4.2)
I, — GY(2)H%(2)
always holds true.

Since F) (z) is assumed to be a unit, if we let the (q+1) x (¢+1) reduction matriz

R(z) to be

Rz)=10 c(z)F2 () 1
0
0 c(z)Flff;l (2) 1

with any unit ¢(z) in the Laurent polynomial ring R[z*'], then the second column of

G¥(2) + F¥(2)(1 — H%(2)G¥(2)) T, — F¥(2)H%(z) |R(2)
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becomes a zero column vector. Since the reduction matriz R(z) is invertible, i.e. R(z) €
GLgt1(R[2%1Y]), by inserting R(2)[R(2)] 7! between the two matrices in the left-hand side of
(4.2), we get
H(2)
[6%(2) +F* (2) (1 -H"(2)6"(2)), T, —F“(2)H" ()R (2) [R(2)] " =1, (43)
I, — G¥(2)H%(2)

By letting S(z) be the q x q matriz obtained by deleting the second column of the product
of the first two matrices in the left-hand side, and A(z) be the q x q matriz obtained by
deleting the second row of the product of the last two matrices in the left-hand side, we get
a non-redundant FB with S(z)A(z) = I,.

Since the first row of [R(2)]7! is [1,0,---,0], the first row of the analysis polyphase
matriz A(z) is H*(2), which in turn implies that the analysis lowpass filter is h in the above
non-redundant FB. In order to finish the proof, we need to show that the non-redundant FB
obtained above is a wavelet FB. It suffices to show that both the analysis lowpass filter h
and the synthesis lowpass filter, say d, have positive accuracy (cf. Section §4.2.2). Since h

has positive accuracy by the assumption, we only need to show that d has positive accuracy.

Since its polyphase representation satisfies
D(z) = [T(2)] (6" (2) + F(2)(1 — H'(2)6"(2))) = G(2) + F(2)(1 — H(2)G(2)),

and since both h and g are assumed to have positive accuracy, we have D(1) = G(1)+F(1)(1—
H(1)G(1)) = %[1, o T F() (1 - %[1,...,1]%[1,...,1]7’) = %[1, .., 1T, from which

we can conclude that d also has positive accuracy (cf. Result 2 in [14]). |

Remark 1: Although we stated Theorem 5 for the case when the lowpass filter is used for

the analysis, a similar statement can be made for the synthesis lowpass filter. |
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Remark 2: It is easy to see that the converse of the statement of Theorem 5 is also true.
|
Although the construction method developed in the above theorem works for any
dimension and for any dilation, it is especially useful for the wavelet construction in multi-D
setting as this is where the problem gets more challenging. We now present 2-D examples
to illustrate our findings. For simplicity, in all of our examples, we consider the dyadic
dilation and choose I" = {(0,0), (1,0),(0,1),(1,1)}.
Example 1 (2-D wavelet FB generated from an interpolatory lowpass filter). Let
h be the lowpass filter associated with the bivariate piecewise-linear box spline By 1,1 based
on the three directions (1,0), (0,1), and (1, 1) (see [40] for the definition of box splines and

their properties), i.e.

e LN

NN

Here and below, the number in the box represents the coefficient of the filter at the origin.

Since h is interpolatory and its polyphase representation is

M=) bt d dted bt ed )

we can choose F(2) = [ 9 o o 0o ]F. If we take g = h and T(z) = I4, then the matrix

identity (4.2) becomes

H(z)
H*(2) + F(2)(1 — H(2)H*(2)) 14— F(2)H(2) =1L (4.4)
I4 —H*(2)H(2)

where H*(z) = H(z7!)7 is the conjugate transpose of H(z). Hence, from the arguments in

the proof of Theorem 5, we obtain a non-redundant wavelet FB. Let A(z) be its analysis
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polyphase matrix. Then the first row of A(z) is H(z), and the second through the fourth

rows of A(z) are the transpose of the following column vectors

11
5§~ 871
_1 -1 T 1
6%1 T8 1671
M
1.-1 1.1 1 1
1672 16%2 #1716 ~ 167!
11,1 _ 1 _-1_ 1 1
1671 *2 6%2 — 16 1671 |
1_ 1
—§ T 8”2
1.1 1 .-1 1 1
TI6%1 T 1671 2T 16 1672
b
1.-1,7 1

1671 %2 16%1 ~ 16 1672 |
11
T8 T §F1*2

1, -1_ 1 1, _ 1

~16%1 16— 1672 — 1671%2
)

1.1 1 1 1
7@22 — 1 EZl — EZlZQ

1. -1 -1, 7_ 1

i6%1 %2 1t §— 157122

respectively. Its synthesis polyphase matrix S(z) is given as

~ a(ZhZZ) _%2;1_% _%251_% _%21 1251_% 9
3+ 32 1 0 0
iﬂLiZQ 0 1 0
1T 77122 0 0 1 |

where a(21,20) = 5 +2(2 — L (27 + 25 + 27 2y 21 4 20+ 2129)). In particular, the three

synthesis highpass filters, say ki, k2, and k3, are directional and aligned along the nonzero
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cosets, i.e.,

[N
[N

ki: | ko : 1 ks : 1

N[
DN~

N
DO|—

|

Example 1 provides a simple way to construct a 2-D non-redundant wavelet FB

from an interpolatory lowpass filter h, and the resulting synthesis highpass filters are direc-

tional and very sparse. Since h is interpolatory, other existing methods (e.g. methods in

[4,44]) may be used under appropriate choice of parameters in order to give a similar result.

In the next example, we show how our method can be used to construct a non-redundant
wavelet FB from a non-interpolatory lowpass filter h.

Example 2 (2-D wavelet FB generated from a non-interpolatory lowpass filter).

Let h be the lowpass filter associated with the bivariate box spline By ;2 based on the four

directions (1,0), (0,1), (1,1) and (1,1), i.e

W= oolw ool
l— ol

0ol 0ol

Then the filter h is no longer interpolatory and its polyphase representation H(z) is

3 1 —-1_-1 1 1, -1 1.—-1_-1 1 1_—1 1i-1_-1 1, 3. —-1_-11],
[g+§21 22 g‘FzZl +§21 2’2 §+ZZ2 +§Zl 22 §+§Z1 22 ]

We choose F(z) =[3 o o —1 ' as a dual of H(z). As we did in Example 1, we take
g = h and T(z) = I4. Then we obtain the same identity as in (4.4) of Example 1 for our new

F(z) in this example. By using the arguments in the proof of Theorem 5 again, we obtain
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a non-redundant wavelet FB. Let A(z) be its analysis polyphase matrix. Then the first row

of A(z) is H(z), whereas the second through the fourth rows of A(z) are the transpose of the

following column vectors

13 1.-1_ 3 1,-1 -1
~16 ~ 3271 T 33%2 T §af1%2 T §if1 %2
20 1 1.-1_ 1 1,-1_ 1 1,11
33 T 3271 T 3341 T 3372 T 32 T a2 T pafl A
)
11 1 -1 1,-1,-1_ 1, —1
35 T 1671 T 6% T 8ifl%2 ~ ifl %2 — 1gA1%
1 _ 1., 3 -1_ 1 3 —1.-1
i 16 — 3271 ~ 32°2 67172 ~ 5171 2 |
1+ _ 1. -1_3, _ 3 _1,-1-1
16 — 3271 3272 T 54”172 T §1F1 A2
11 -1 1 1 1,-1,-1_ 1 -1
T332 T 1671 1672 ~ 642172 ~ §1%1 F2 T 1641 22
)
29 1 1 -1 _ 1 1 -1 -1 -1
3w mA T mf2 34— aiflf2 — il Za
1+ _ 3. -1_ 1, _ 1 _ 3, -1 -1
i 16 — 3271 3272 T 547172 T g4f1 A2 ]
3 _ 5 1,1, -1
16 ~ 324172 ~ 3371 %2
1+ _ 1. -1_5, _ 5 _ 1 ,-1-1
12~ 1671 1872 T 967172 T 3371 A2
)
15 1.-1_ 5 1 -1 -1
T1z T 1871 T 16%2 T 96fl*2 T 3371 %2
13 _ 5 3 -1_-1
L 16 ~ 967172 — 33741 %2 ]
respectively. Its synthesis polyphase matrix S(z) is given as
3 3,-1_3._-1_-1 3 3,-1_3._-1_-1 3_9,—1
T8 T 171 T 8A A2 §7 1% T84 2 TR T4 %A
1 0 0
D(z)
0 1 0
1, 1,1, 1,-1-1 1,1 1 -1 9 3,1 -1
i gt 34 T 5% % st 1% 4 Z1 Zy s T 541 %
where
1 1 1,.-1, —1 -1 -1
St lazm+3(3 — (et + et H 227 e + 2 4 20 + 22120))
1 + l211 + l221252
8 T 1 8
D(z) =
1,1 1
gtin2tgazn
3 1 1(.-1, -1 -1 -1
stz — (53— 15(2 + 25 +22] 25 + 21+ 22+ 22122))
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Below we list two corollaries of Theorem 5, whose proofs are placed in Appendix §4.5.
The first corollary says that the accuracy number of the synthesis lowpass filter of the non-
redundant wavelet FB in Theorem 5 can be stated in terms of the accuracy number and the
flatness number of the other filters involved in the construction. Here, the flatness number
of a filter f is defined to be the number of zeros of \/g — F(¢") at w = 0. Notice that f is

a lowpass filter if and only if its flatness number is positive.

Corollary 3 Let h be a lowpass filter with flatness By. Suppose that h has a dual lowpass
filter. Let f be a dual lowpass filter of h with accuracy oy, and let g be a lowpass filter with
accuracy oy and flatness By. Suppose that the accuracy number oy is positive. Then there
exists a dual lowpass filter d of h such that the filter d is determined entirely from f, g, and

h, and that the accuracy of the filter d is at least min{oyg, oy + By, op + Bp}. |

In the above corollary, the dual filter d has positive accuracy since min{oy, ay +
By, af + Br} is clearly positive, which in turn is implied by the positivity of ayg, 84, and y,.
However, min{ayg, oy + By, ay + B} may be lagging behind oy, the accuracy number of the
lowpass filter h. In such a case, one may want to find a dual whose accuracy number is at

least ay,. The next corollary says that such a dual can always be found.

Corollary 4 Let h be a lowpass filter with positive accuracy oyp. Suppose that h has a
dual lowpass filter f. Then there exists a dual lowpass filter d of h such that the filter d is

determined entirely from f and h, and that the accuracy of the filter d is at least ay,. |

As we observed in the previous subsection, a new method developed in [44] pro-

vides a motivation for our construction method presented in this paper. Indeed, the fact
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that it is a special case of our general construction can be shown as follows. We re-
call the polyphase representation of an interpolatory analysis lowpass filter is given as
H(z) = [%, Hy (), -+, Hy,_,(2)]. Thus we can set F(z) = [\/g,0,---,0]" and T(z) = I (cf.
Example 1). Therefore, in this case, no change of basis is needed and the usual polyphase

representation is sufficient. The identity (4.2) in this case becomes

0 _\/C.?HVl(Z) _\/a‘HVq—l(Z)

where D(z) := G(z) + F(2)(1 — H(2)G(z)). By deleting the second column of the first matrix
and the second row of the second matrix, we obtain the non-redundant wavelet FB in
[44]. Hence our result here can be considered as a generalization of the method in the

aforementioned paper.

4.3.3 Algorithms for constructing multi-D wavelet FBs from a single low-

pass filter

Our methodology in the previous subsection is very general. In particular, the
filters f, g, and h in Corollary 3 or 4 do not, in general, uniquely determine the highpass
filters of the associated wavelet FB, which may not be desirable for some applications. The
following corollary provides a way to obtain unique highpass filters given f,g, and h by
choosing the matrix T(z) in the proof of Theorem 5 to be a special form. Its proof is placed

in Appendix §4.5.
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Corollary 5 Let h be a lowpass filter with accuracy ap and flatness Bn. Suppose that h
has a dual lowpass filter. Let f be a dual lowpass filter of h with accuracy oy, and let g be a
lowpass filter with accuracy og and flatness By. Suppose that the accuracy numbers oy, and
oy are positive. Let K(z) be an invertible ¢ x q matriz such that X(2)H(2)T = [1,0,---,0]T
where H(z) (as a row vector) is the polyphase representation of h. Let d be the filter whose
polyphase representation is G(z) + F(z)(1 —H(z)G(z)) where G(z) and F(z) are the polyphase
representation (as a column vector) of g and f. Let ki,..., kg1 and ji,...,jq—1 be the
filters whose polyphase representations are the 2nd through the qth column of K(z)T and
the 2nd through the qth row of [K(2)T] 711, — F(2)H(2)][I, — G(2)H(2)], respectively. Then
{h,j1,- -y Jg—1}, {d, k1, .. kq—1} form a wavelet FB with at least min{ouy,, ag, oip + By, op +

Br} vanishing moments. -

The above corollary provides an algorithm to construct a non-redundant wavelet
FB just from a single lowpass filter h, provided that h has positive accuracy and its
polyphase representation H(z) is unimodular. We note that this positive accuracy condition
on h and the unimodularity condition on H(z) are necessary conditions for any lowpass filter
to be used for wavelet FBs. In this sense, one can say that our algorithms below work under

the minimum assumptions on the lowpass filter h.

Algorithm 1: An algorithm for constructing a non-redundant wavelet FB from
a lowpass filter.

Input: h: a lowpass filter with positive accuracy and with unimodular polyphase represen-
tation.

Outputs: d: a dual lowpass filter of h with positive accuracy.
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Jis-+-3yJg—1, k1,...,kq_1: highpass filters that form a wavelet FB, together

with h and d.
Step 1: Choose a lowpass filter g with positive accuracy.
Step 2: Find a lowpass filter f that is dual to h.
Step 3: Find an invertible ¢ x q matrix K(z) such that K(z)H(z)T = [1,0,---,0]7, where
H(z) (as a row vector) is the polyphase representation of h.
Step 4: Set d to be the filter whose polyphase representation is G(z) + F(z)(1 — H(2)G(2))
where G(z) and F(z) are the polyphase representation (as a column vector) of g and f.
Step 5: Set ki,...,kq—1 to be the filters whose polyphase representations are the 2nd
through the qth column vectors of K(z)%.
Step 6: Set ji,...,j54—1 to be the filters whose polyphase representations are the 2nd

through the qth row vectors of the matrix [K(2)T] 71T, — F(2)H(2)][I, — G(2)H(2)]. [

The above algorithm starts from a given lowpass filter h to build a wavelet FB,
whose analysis lowpass filter is h. The filter g in Step 1 is an arbitrary lowpass filter with
positive accuracy. One possible choice is to take g := h as we did in our examples in the
previous subsection. The existence of f in Step 2 and K(z) in Step 3 is due to the facts
that h has positive accuracy and H(z) is unimodular. In fact, one can always choose f
to be the filter whose polyphase representation is the first column vector of K(z)T once
K(z) is determined. Although algorithms for finding f and K(z) are implemented in many
mathematical softwares such as Maple, Singular and CoCoA, the QuillenSuslin package in
Maple (cf. Section §4.2.2) is the only implementation that we know to give a square matrix

K(z) for any unimodular H(z). Given h, once specific f, g and K(z) are chosen, the wavelet
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FB having h as its analysis lowpass filter is uniquely determined.

From Corollary 5, we see that the vanishing moments of the FBs constructed
following Algorithm 1 are at least min{oy, ag, oy + By, ay + B }. Although this number is
clearly positive, which is enough for the FB to be a wavelet FB, it can be lagging behind
ap,. By combining Corollary 5 (or Algorithm 1) with the idea used in Corollary 4, one can
obtain the following algorithm that provides wavelet FBs whose vanishing moments are at

least ay,.

Algorithm 2: An algorithm for constructing a non-redundant wavelet FB from a
lowpass filter so that its vanishing moments are at least as many as the accuracy
number of the lowpass filter.
Input: h: a lowpass filter with positive accuracy «y, and with unimodular polyphase rep-
resentation.
Outputs: Ite: the number of iterations performed.
d: a dual lowpass filter of h with positive accuracy.

Jis--rJg—1, k1, .., kq—1: highpass filters that form, together with h and d,

a wavelet FB with at least o, vanishing moments.
Step 1: Set Ite :=1 and g := h.
Step 2: Find a lowpass filter f that is dual to h.
Step 3: Find an invertible q x ¢ matrix K(z) such that K(z)H(z)" = [1,0,---,0]7 where H(z)
(as a row vector) is the polyphase representation of h.

Step 4: Set d to be the filter whose polyphase representation is G(z) + F(z)(1 — H(2)G(2))

where G(z) and F(z) are the polyphase representation (as a column vector) of g and f.
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Step 5: If oy + (Ite)f), < o, set Ite := Ite + 1 and repeat Step 4 with f := d. Otherwise,
go to Step 6.

Step 6: Set ki,...,kq—1 to be the filters whose polyphase representations are the 2nd
through the qth column vectors of K(z)T.

Step 7: Set ji,...,jq—1 to be the filters whose polyphase representations are the 2nd

through the qth row vectors of the matrix [K(2)T]71[I, — F(2)H(2)][I, — G(2)H(2)]. [ |

4.4 Summary and outlook

In this paper we presented a new algebraic approach for constructing wavelet FBs
using Quillen-Suslin Theorem for Laurent polynomials. Our method is motivated by some
existing techniques that were used mostly only for interpolatory filters (cf. Section §4.3.1).
Quillen-Suslin Theorem for Laurent polynomials is used to transform the filters in polyphase
representation to a special form of valid polyphase representations, for which the existing
matrix analysis tools can be readily applied (cf. Section §4.3.2). Our method works for
any dimension and for any dilation, but it would be most beneficial for multi-D case since
this is where the construction gets more difficult. The method provides algorithms for
constructing multi-D wavelet FBs from a single lowpass filter with minimal assumptions:
positive accuracy and unimodularity of the polyphase representation (cf. Section §4.3.3).

Our findings in this paper show that constructing multi-D wavelet FBs using the
Quillen-Suslin Theorem, a well-known result in Algebraic Geometry, offers some noteworthy
advantages over other more traditional approaches. We plan to explore the opportunities

to study other challenges in multi-D wavelet FB construction using Algebraic Geometry
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techniques in our future researches.

4.5 Appendix

4.5.1 Proof of Corollary 3 in section §4.3.2

We first recall that a filter f has accuracy number k£ € N if and only if its Fourier

transform F(e™) satisfies

F(e“t)) = O(lw["),  (near w = 0),
for all v € I'*\{0}, and it has flatness k£ € N if and only if

Vi — F(e®) = 0(Jw|¥), (near w = 0).

From the proof of Theorem 5, we know that for any lowpass filters h, f, and g
that satisfy the assumptions of Corollary 3, there exists a dual lowpass filter d of h whose

polyphase representation satisfies
D(z) = G(z) + F(2)(1 — H(2)G(2)).
The z-transform of d is obtained via
D(2) = (2)*D(=1)=v(2)"6(z) + v(z)'F (1) (1 — H(z1)6(="))
—G(2) + F(2)(1 - B(zY)6("))
=G(z) + F(2)B(z")
where B(z) := 1 — H(2)G(2). Let z = @7 then
D('@t)) = G(e'@ ) 4+ F( @t B((eW )M,
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Thus it suffices to show that

D(Ei )Y = Q|| min{esos+Byes+6n))

near w = 0, for all v € I'*\ {0}.
From the fact that B((e!@+1)A) = B((e™)A) for all v € T*\{0}, and the simple

observation (cf. Appendix C in [44])

)Ny — _1 WM G (i)
B((e®)?) =1 qZH< 7)G( )

yel'™*
we have
. 1 . 4
B((e)")=1 — “H(E)G(E) + O(Juf )
1

=1 = ~(VA+ (") (Vi + O(lwl™)) + Ofu|**2)

:O(]w\min{ﬁh’ﬁg’o‘”ag}), (near w = 0).
Therefore

D(e'@)=G (@) 4 F(/@T)B((e @)
:O(|W‘a9)—l—O(|w|af)O(|w‘min{5h’5g7ah+ag})

:O(|w‘min{a9,af+,3g,af+ﬁh})

near w = 0, for all v € T*\{0}.

4.5.2 Proof of Corollary 4 in section §4.3.2

In this proof, we use an iterative method to construct a dual lowpass filter d of h

such that the accuracy number of d is at least «y,. For any lowpass filters h with positive
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accuracy ay, if we let g :== h and f be a dual lowpass filter of h, then by Corollary 3 and its
proof, we know that there exists a dual lowpass filter d of h whose polyphase representation
is

D(z) = G(2) + F(2)(1 —H(2)G(2)) (4.5)
and its accuracy number is at least min{ag, af + By, af + B} = min{ap, ar + Bp}. If
ay + B < ay, then we set f := d, and use this new f in (4.5) to construct a new d. This
new d now has accuracy number at least min{ay,ap + 28,}. Since 8, > 1, ay + 23 is
strictly larger that ay + 33, and if oy + 28, < a3, we can iteratively update f to be the
new d until oy + (Ite) By > ap, where Ite denotes the number of iterations. Thus we obtain

a dual lowpass filter d whose accuracy number is at least ay,.

4.5.3 Proof of Corollary 5 in section §4.3.3

Since K(2)H(2)T = [1,0,---,0]”, we have H(2)K(z)" = [1,0,---,0]. Therefore,
H(z) = [1,0,---,0][K(2)T]7}, i.e., the first row of [K(z)T]~! is H(2).

Let T(z) in the proof of Theorem 5 be [K(z)T]7!. Then H%(z) = H(2)[T(2)]! =
[1,0,---,0] and the first component of F*(z) = T(2)F(z) is 1 since the first row of [K(z)7] ™!
is H(z) and f is dual to h.

Then, after some calculation, we see that the identity (4.3) in the proof of Theo-
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rem 5 becomes

i . B (2)
00 - 0
1-Gv (2) 0 - 0
0 1
D¥(z) ' —GY (2) —FY(2)(1-G¥(2) 1 =1,
0 1
' T e ) - R0 - Gle) 1

where D¥(z) := G¥(z) +F*(2)(1—H"(2)G"(z)) and ¢(z) in the reduction matrix R(z) is taken
to be 1.

By deleting the second column of the first matrix and the second row of the second
matrix in the above equation, we obtain a non-redundant FB. From Theorem 5, we know
that this FB is a wavelet FB. The analysis lowpass filter is h and the synthesis lowpass
filter d has polyphase representation D(z) = G(z) + F(z)(1 — H(z)G(z)). From Corollary 3,
we know that the accuracy number of d is at least min{ag, oy + B4, f + B}. Therefore
this wavelet FB has at least min{oy,, ag, af + By, ay + By} vanishing moments.

Let ki1,---,kq—1 be the synthesis highpass filters and ji,---,j,—1 be the anal-
ysis highpass filters of the non-redundant wavelet FB that we just found. Let ey :=
[1,0,---,01%,e; =[0,1,0,---,0]%, -+, e4—1 = [0,0,---,0,1]T be the standard unit vectors in
RY. Then from the synthesis side (the one derived from the first matrix of the above matrix
identity) of the non-redundant wavelet FB, we see that the polyphase representation for

the synthesis highpass filter k;, for i =1,---,¢— 1, is
[T(2)] te; = K(2)Te; = (i + 1)th column of K(z)7.

The polyphase representation for the analysis highpass filter j;, for ¢ = 1,---,¢ — 1, can

be obtained from the analysis side (the one derived from the second matrix of the above
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matrix identity) of the non-redundant wavelet FB. They are

(= Gu(e) — B0 - Gi(2)) )l + T |1(2)
= (= eI12)6() = TR - efT(2)6(2)) )l + €] |7(2)
- 1) [ —6(2)el T(2) — F(2)el T(2) + F(2)el T(2)a(2)el T(2) + Iq}

(2

= el'T(2) [ — G(2)H(z) — F(2)H(z) + F(2)H(2)G(2)H(z) + Iq], (el T(z) =H(z))

(2

= ¢ [K(x)"] [Ty — F(2)H(2)][I4 — G(2)H(2)]

(2

= (i+1throw of K(2)"] I, — F(2)H(2)][I — G(2)H(2)], i=1,---,q—1,

and this concludes the proof.
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Chapter 5

Appendix: The Design of
Non-redundant Directional

Wavelet Filter Bank Using 1-D

Neville Filters

5.1 Introduction

In the last couple of decades, wavelets have been a popular and useful tool in many
applications such as signal and image processing. One of important remaining challenges
in wavelets is to construct multi-D directional wavelet systems or wavelet filter banks.

There has been a lot of attempts to develop such wavelet systems or their variants

for 2-D or 3-D signals, such as curvelets, contourlets, shearlets, etc. Despite many benefits of
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these existing systems, most of them are redundant with possibly huge redundancy factors,
and they do not have a trivial generalization to higher dimensions. Although a recent
study by the authors provides the construction of non-redundant wavelet filter banks with
directional highpass filters for any dimension [4], it only deals with the dyadic dilation
matrices. Other approaches based on anisotropic wavelet bases have also been proposed
(see, for example, [65,71,97] and the references therein). However, these wavelets are
designed in continuous domain and implementing them in discrete setting is not trivial.

In this paper, we develop a new method to construct non-redundant wavelet filter
banks that can capture the directional information in multi-D signals. Our method is a
general designing recipe in the sense that it can work in any dimension for any dilation
matrix. In the design, one can even specify the number of directions and which directions

to consider.

5.2 Preliminaries

In this section, we review some basic concepts and notations about wavelet filter
bank construction. In particular, we review the concept of Neville filters and how to use

Neville filters to build multi-D wavelet filter banks.

5.2.1 Notation

In this paper, we use boldface to indicate vectors and matrices. A filter f is a a

linear time-invariant operator characterized by its impulse response {f(k) € Rlk € Z"}.
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The z-transform of a filter is a Laurent polynomial

Fz) = Y, f (k)2

where z = (21,22, ..., 2,) and zX := I, zfz In this paper, we refer to both the z-transform
F(z) and the impulse response f(k) as the filter, and sometimes we omit z and k in the
parentheses for convenience. Define the adjoint of a filter as [F'(z)]* := F(1/z). Throughout
this paper, we assume all filters have finite impulse response.

A dilation matrix D is a n X n integer matrix with |det D| := m > 1. Given a

dilation matrix D, the set Z™ of integer grids can be split into m disjoint subsets
" =, (D2 +-ty), tieZ"

where to = 0. We call {t1,t2,...,t,,—1} as a set of (nonzero) distinct coset representatives
of the dilation matrix D.

A filter bank (FB) consisting of an analysis bank and a synthesis bank is a set of
filters. For a given dilation matrix D, a filter in the analysis bank {A;,i =0,...,l— 1} and
a filter in the synthesis bank {S;,7 =0,...,l— 1} can be written as the sum of m polyphase

components
Ai(z) = 375 25 A j(2P), 4 (k) = a;(Dk — t;) (5.1)
Si(z) = Y105 278, (2P), si (k) = s;(Dk + t;) (5.2)

where zP := (zP1, 272,

..,zP4), Dj is the ith column vector of D. Then the pair of matrices

A(z) = [A4;;(z)]i=o0,. 1-1;j=0,. . m—1
S(z) = [Sj,i(Z)]jzo,...7m—1;z‘:0,...,l—1
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is called the polyphase matriz representation [3] of the FB.

A FB satisfies the perfect reconstruction condition if the polyphase matrices satisfy
S(z)A(z) = I,,,, which can happen only when [ > m. A FB is called non-redundant if | = m.

In this paper, we are only interested in non-redundant FBs satisfying the perfect re-
construction condition, and we assume there are exactly one lowpass filter Ay in the analysis
bank and one lowpass filter Sy in the synthesis bank. The rest, Ay, ..., Am-1,51,--.,Sm—1,
are all highpass filters.

We use Iy to denote the set of all polynomials of total degree less than N.
We say a FB has N € N wanishing moments [36] if, for any highpass filter f in the FB,

(f * 7)(Z") = 0,Vm € Iy, or equivalently,

S f(—KK? =0, Yn € N2, |n| < N

where n := (n1,ng,...,ny,), No := NU {0} and |n| := n; + na + ... + n,. Here we used

(f 7)) = ez fR)T(- — k).

5.2.2 Neville filters and their use in wavelet FB construction

In [26], Kovacevi¢ and Sweldens introduce a class of filters called Newille filters
(Definition 1) and their characterization (Result 1). When applied to a sampled polynomial,

they result in the same polynomial but shifted by a shift parameter 7 € R"”.

Definition 1. A filter f is a Neville filter of order N with shift 7 if (f«'7)(Z") = n(Z"+71),

for any m € Ily. |

Result 1 (Proposition 4 in [26]). A filter f is a Neville filter of order N with shift 7 if
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and only if f satisfies

S f(-K)k® =72, ¥n € NI, |n| < N. (5.3)

In 1-D case, the construction of Neville filters of order IV is straightforward. Once
we fix the positions of IV filter taps, we obtain a linear system with an N x N coeflicient
matrix from (5.3). Since the coefficient matrix in this case is a Vandermonde matrix, it
is always solvable. In multi-D case, the solvability of the linear system not only depends
on the number of filter taps but also on the geometric shape of the filter. Hence it is
more challenging to construct a multi-D Neville filter with a prescribed order and shift. An
approach based on an algorithm in [98] to solve this problem is proposed in [26], but it is

highly non-trivial to control the shape of the filters using that approach.

Using the property of Neville filters, Kovacevi¢ and Sweldens propose a method for
constructing wavelet FBs based on lifting scheme [48]. They use two lifting steps: predict
(cf. R;) and update (cf. U;), as shown in (5.4) and (5.5) to build the wavelet FB with

desirable vanishing moments:

1 U Up—1 1 0 0
0 1 0 —R; 1 0
A —
0o 0 - 1 “R,., 0 --- 1
- m—1 T T i
1- Z UR; Uy -+ Unp
i=1
= e ! 0 (5.4)
—R,, 1 0 ... 1
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1 0O --- 0 1 7U1 oo =Up-1
Ry 1 0 0 1 0
S —

Ryn-1 O 1 0 0 1
1 -Uy B —Um-1
R, 1-RU - —R1Up—

= , (5.5)
an—l *Rm—lUl e 11— Rm—lUm—l

where R; are called predict filters, U; are called update filters, and m = |det D|. More
precisely, the following is a variant of the result they prove in [26], written in terms of our

terminology.

Result 2. Let {ti,to,...,t;,—1} be a set of distinct coset representatives of the n x n
dilation matrix D. For ¢ = 1,---,m — 1, let R; be a n-D Neville filter of order N with
shift 7; = D~'t;, and U; be the filter obtained by multiplying 1/m to the adjoint of a n-D
Neville filter of order N with shifts 7;. Then the analysis polyphase matrix constructed as
(5.4) and the synthesis polyphase matrix constructed as (5.5) form a wavelet FB with N

vanishing moments. [ |

This construction works for any dilation matrix D in any dimension. It uses n-D

Neville filters with prescribed orders and shifts to construct n-D wavelet FBs.

5.3 Directional wavelet FB design using 1-D Neville filters

In this section, we introduce a method to design directional wavelet FBs using 1-D

Neville filters and the lifting based wavelet construction method reviewed in Section §5.2.2.

137



CHAPTER 5. APPENDIX: THE DESIGN OF NON-REDUNDANT DIRECTIONAL
WAVELET FILTER BANK USING 1-D NEVILLE FILTERS

Let us first define an operator that maps 1-D filters to n-D filters.

Definition 2. Define the operator that maps a 1-D filter F' to a n-D filter M (F') along
direction t € Z™ as

M(F)(z) := F(z%). |

The following simple lemma, which says that the operator My preserves the order

of Neville filters is a key ingredient of our directional wavelet FB construction.

Lemma 6 If F is a 1-D Neville filter of order N with shift 7 € R, then the n-D filter

My (F) is a Neville filter of order N with shift Tt,t € Z™. [

Proof 8 Let G := M(F), and let g be the impulse response of G. Then, we have

f(k), ifk =kt for somek€Z,

g9(k) =
0, for all other k € Z",

where f is the impulse response of F'. Therefore

SRRk =3, f(=k)(kt)" = 30, f(—k)kE

=rlgn = (7)™,

for any n € Nij, |n| < N, where the second last equation holds because F is a 1-D Neville

filter of order N with shift 7. Thus G is a d-D Neuille filter of order N with shift 7t. 1

Example 1: Mapping 1-D Neville Filter to 2-D. F'(z) =1/3z +2/3 is an 1-D Neville
filter of order 2 with shift 7 = 1/3. Then mapping it to 2-D along direction t = (1, 1) results
in M¢(F)(z) = 1/3z122 + 2/3. It can be easily checked that M(F) is a Neville filter of

order 2 with shift 7t = (1/3,1/3).
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Figure 5.1: Mapping 1-D Neville filter to 2-D. The impulse response of F' and M¢(F) in
Example 1. Underlined position is the origin.

Figure 5.1 shows the impulse response of F' and My (F). [

From Example 1, we see that the multi-D Neville filter constructed by the operator
M is directional along direction t. We now discuss how to use these directional multi-D
Neville filters to construct directional wavelet FB.

Let us first look at a simple case when the dilation matrix D = cI,, where ¢ €
Z, ¢ > 1 and I,, is the identity matrix. In this case, D™! = (1/¢)I,. The multi-D Neville
filters used to construct predict and update filters in Result 2 need to have shift parameters
1; = D7 't; = (1/c)t;. Therefore, it is possible to construct all these multi-D Neville filters
by mapping a single 1-D Neville filter with shift 7 = 1/¢ but with different directions t;. In
this way, we can avoid constructing multi-D Neville filters directly, which is often difficult
to do. Moreover, it can be shown that the highpass filters built on these multi-D Neville
filters are also directional.

To generalize this idea to a general dilation matrix D, let us consider the shift
parameters 7; = D™1t; again. In this case, if we factor out 7 = 1/m as the shift parameter
for 1-D Neville filters, then 7; = 7t;, where t; = mD™'t; € Z", hence we can map a single

1-D Neville filter with shift 7 = 1/m along different directions t;. For example, for dilation
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matrix

D= (5.6)

a set of distinct coset representatives of D are t; = (0,1),t2 = (1,1),t3 = (0,2),t4 =
(1,2). The shift parameters of Neville filters needed to construct wavelet FB are 71 =
(1/5,2/5), 172 = (3/5,1/5), 73 = (2/5,4/5), 74 = (4/5,3/5). Therefore, we can construct all
these multi-D Neville filters by mapping one 1-D Neville filter with shift 1/5 along directions
t1=(1,2),t2 = (3,1),t3 = (2,4),t4 = (4,3).

In fact, we can factor out any 7 = 1/s, where s € Z, as the shift parameter for 1-D
Neville filters, as long as 7; = 7t; and t; = sD~1t; € Z". In the simple case when D = ¢I,
s := ¢ can be chosen, while in other cases such as (5.6), s := m can be chosen. Therefore,
we have the following theorem. For a general n-D dilation matrix D with |det D| = m,
we can construct a directional wavelet FB with analysis highpass filters presenting at most

m — 1 different directions as follows.

Theorem 6 Let {ti,ta,...,t,—1} be a set of distinct coset representatives of D. Let s
be an integer such that sD~'t; € Z". Fori = 1,---,m — 1, let P; and Q; be the 1-D
Neville filters of order N with shift 1/s. Set t; = sD™'t;. Let d-D filter R; := M; (F)
and U; == (1/m)[M¢ (Q:)]*. Then the analysis polyphase matriz given by (5.4) and the
synthesis polyphase matriz given by (5.5) form a directional FB with N vanishing moments

and the analysis highpass filters are placed along directions t;. |

Proof 9 Since P; (resp. Q;) is a 1-D Neville filter of order N with shift 1/s, by Lemma

1, Ri = Mg (P;) (resp. My (Qi)) is a d-D Neville filter of order N with shift (1/s)t; =
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(1/s)sD~'; = D~ 't;. Thus U; = (1/m)[Mg,(Q:)]" is 1/m times the adjoint of Neville
filter of order N with shift D='t;. By Result 2, we see that (5.4) and (5.5) form a wavelet
FB with N vanishing moments.

To prove the directionality of analysis highpass filters, consider the ith analysis

highpass filter denoted by A;. Since

from (5.1) and (5.4), we see that A;(z) is equal to
—RZ‘(ZD) +zb = —Pi(zDSD_lti) + 2% = —P;(2°%) + 2.

If we replace z% with z in the last equation on the right hand side, we get a 1-D filter
—P;(z°) 4+ z. Thus A; can be understood as the result of taking the 1-D filter —P;(z°) 4+ z

and placing it in n-D space along direction t;. |

Remark 1. In Theorem 1, a single 1-D Neville filter of order N and shift 1/m can be used
for all of P; and Q);, or different 1-D Neville filters can be used. In fact P; and ); can have
different orders if we invoke more generalized version of Result 2 from [26]. In this case,
if P’s order is N; and Q;’s order is Nj;, then the vanishing moments of the FB is given as

miH{Nl,...,Nm_l,Nl,...,Nm_l}. [ |

Remark 2. The analysis highpass filters A; of the FB in Theorem 1 are placed along
directions t; € Z™,i = 1,...,m — 1 (not t; = mD~'t;). Therefore, by carefully choosing
the distinct coset representatives of D, one can custom-design the directions of the filters
(cf. Example 2). There are at most m — 1 different directions that can be presented by the

analysis highpass filters. |
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In the next example, we illustrate how to use Theorem 1 to construct directional
wavelet FB.
Example 2: 2-D Directional Wavelet FB with 2 Vanishing Moments. For dilation
matrix D = 3Iy, since |detD| = 9, there are 9 — 1 = 8 distinct coset representatives
{t1,t2,...,tg} that we can choose. We know that the directions of coset representatives
are exactly the directions of resulting analysis highpass filters. Here we want to choose
directions that divide the 2-D plane as equally as possible. Thus we choose t; = (1,0),ts =
(—=1,0),t3 = (0,1),t4 = (0,—-1),t5 = (2,1),t6 = (1,2),ty = (=2,1),ts = (—1,2). Then
the resulting analysis highpass filters will present 6 different directions in the 2-D plane:
approximately, 0° (t1, t2), 30° (t5), 60° (tg), 90° (t3, t4), 120° (tg) and 150° (t7) from the
positive z-axis.

Next we pick a single 1-D Neville filter of order 2 with shift 1/3 for all P; and Q;:

Pi(z) =Qi(z) =1/32+2/3, for i =1,...,8. Theorem 1 says that if we choose, for each i,
Ri(z) = Pi(z%)=1/3z% +2/3
Ui(z) = (1/m)[Qi(2")]" = (1/9)(1/327" +2/3)

then we get the wavelet FB with 2 vanishing moments, whose polyphase matrices are A
and S in (5.4) and (5.5). Using formula (5.1) and (5.2), we can read off the corresponding

filters. For example, the resulting synthesis lowpass filter Sy is
So(z) = 1+ X0, 2 Ri(2P)
and the resulting analysis highpass filter associated with coset representative t5 = (2,1) is

As(z) = —Rs(2P) + 2% = —(1/32023 +2/3) + 22 2.
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(a) Synthesis lowpass filter So
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1 0
-z 0 1 j j 10 -3 0 1
(b) Ay :t1 = (1,0) (c) Az :to = (—1,0) (d) Az :t3 = (0,1) (€) Ag:ty=(0,—1)
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(f) As - t5 =(2,1) () As : te = (1,2) (h) A7 :t7 =(-2,1) (i) Ag:ts =(-1,2)

Figure 5.2: 2-D directional wavelet FB with 2 vanishing moments in Example 2: (a) syn-
thesis lowpass filter, (b)-(i) directional analysis highpass filters with each direction along
the coset representatives: t;, t =1,...,8.

Figure 5.2 shows the synthesis lowpass filter Sy and the analysis highpass filters A;, i =

1,....8. ]

5.4 Experimental result

We did an experiment using the 2-D directional wavelet FB constructed in Example
2. For an original image “circle” (Figure 5.3(a)), we did a 1-level-down decomposition using

the analysis highpass filters obtained in Example 2 (as shown in Figure 5.2(b)-(i)). The
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(a) Original

(f) A5 (2,1)  (g) 46 (1,2) (h) A7 (=2,1) (i) 4s (-1,2)

Figure 5.3: (a) The original image “circle”, (b)-(i) the images after passing highpass filters
Aq,..., As.

images after passing through each highpass filter (wavelet coefficients) are shown in Figure
5.3(b)-(i). The result shows that different directional components of the circle are captured
by different directional highpass filters. A highpass filter with direction t can mainly capture

the directional content that is orthogonal to the direction t.
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5.5 Conclusion

In this paper, we developed a method to use 1-D Neville filters to build multi-D
directional wavelet FBs. The resulting FB is a non-redundant FB which can capture the

directional information in multi-D signals.
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