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Abstract
The effect of hydrogen on dislocation‐Impurity atom interactions is studied
under conditions where hydrogen is in equilibrium with local stresses and in
systems where hydrogen increases the elastic modulus.
The problem is investigated for the plane strain case, where the effect of
hydrogen is modeled by a continuous distribution of dilatation lines whose
strength depends on the local hydrogen concentration.
The iterative finite element analysis used to calculate the hydrogen
distribution accounts for the stress relaxation associated with the hydrogen
Induced volume and the elastic moduli changes due to hydrogen.
Modeling of the hydrogen effects on the edge dislocation‐interstitial solute
atom interaction is discussed using a finite element analysis and the atom
interaction energies are calculated in the presence of hydrogen.
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The interaction includes the effect of both the first and the second order terms
of interaction energies, effects of initial concentration of hydrogen on diffused
concentration near and far away from the dislocations.
The models have been employed to evaluate all effects on a single dislocation,
two dislocations in a same slip planes, and randomly‐distributed.
The computational scheme is compared to literature with a very good
agreement.
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CHAPTER 1

Hydrogen Embrittlement
Hydrogen embrittlement (HE) is the degradation of structural properties of
solids due to the presence of hydrogen resulting in a decrease of the toughness or
ductility and reduced load carrying capacity of a material. Consequently there
would be a brittle failure below the yield stress of the susceptible material [1].
Hydrogen embrittlement occurs in most metals, and the most vulnerable
materials for hydrogen embrittlement are high strength steels, however, this
effect can be ignored usually in copper, gold, silver, and tungsten [2].
General effects of hydrogen presence in materials can be observed on the
strain hardening rate, tensile strength, fracture toughness, elongation to failure,
and crack propagation rate [1‐3].
As little as 0.0001 weight percent of hydrogen can cause cracking in steel, yet
alloying high strength steels with Ni or Mo reduce this effect [4]. Furthermore,
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hydrogen embrittlement is more severe at room temperature than at high and
low temperature [5].
Several factors should be taken into account for studying the effects of
hydrogen on materials, such as the concentration of hydrogen in the
environment, the speed at which the hydrogen molecules move in the material,
type of material, and the applied load on the system. If a combination of these
parameters attains a critical value, the material will fail [3, 6].
There are some situations susceptible to hydrogen contact:


Damp conditions due to the existence of H2O



The presence of hydrogen or hydrogenated gas near materials



Corrosion in an aqueous environment followed by hydrogen
origination

1‐1 Types of Hydrogen embrittlement
1‐1‐1 Internal hydrogen embrittlement
This case occurs when the hydrogen enters molten materials which
become supersaturated with hydrogen immediately after solidification
[7].
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1‐1‐2 Environmental hydrogen embrittlement
This instance results from hydrogen being absorbed by solid materials, and
can take place during thermal treatments at elevated‐temperature, being in
contact with maintenance chemicals, corrosion reactions, cathodic protection,
and operating in high‐pressure hydrogen [8, 9].

1‐2 Hydrogen embrittlement mechanism in macroscopic level

The effects of hydrogen embrittlement can be observed in many forms. With
a tensile stress or stress‐intensity factor exceeding a specific threshold, the atomic
hydrogen interacts with the metal to induce subcritical crack growth leading to
fracture. In the following, a few macroscopically observed failure mechanisms
associated with hydrogen embrittlement are summarized.

1‐2‐1 Hydrogen‐induced cracking

Hydrogen‐induced cracking occurs when two H atoms form an H2 molecule
inside the metal matrix, in abundance, leading to increased pressure locally. This
phenomena can be divided in two categories, Blistering, and Crack formation
and growth [10].
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a) Blistering
If the pressure increase is located near the surface of the material, blistering
will occur near the surface [11], see Figure (1‐1).

a

Figure 1‐1 Blistering of the surface of a pressure vessel due to hydrogen
existence [12]

b) Crack formation and growth

If the pressure increase is far from the surface, the material will experience
crack formation and growth. The cracking may resemble steps (“stepwise
cracking”). Stepwise cracking shown in Figure (1‐2), is a series of events whereby
the crack‐front region of one void connects with the crack‐front of another void
on a parallel plane [10,13].
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Figure 1‐2 Stepwise cracking due to the presence of hydrogen [14]

1‐2‐2 Delayed failure

Delayed failure is a phenomenon whereby a metal containing hydrogen fails
at a lower stress level than its tensile stress as measured in a notched tensile test
due to increase of diffusion of hydrogen which yields high concentrations in
regions of localized stress. It is also referred to as hydrogen‐stress failure and
low‐stress brittle failure [15]. An example is shown in Figure (1‐3).

Figure 1‐3 Delayed failure at a lower stress level [16]
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1‐2‐3 Flaking and shatter cracking

This case as shown in Figure (1‐4), occurs during forging of metals caused by
hydrogen being picked up during the melting and precipitating at voids [17].

Figure 1‐4 brittle failure during forging metals [18]

1‐2‐4 Hydrogen attack

This case take places at elevated temperatures (above 200⁰C). Hydrogen
combines with carbon to form methane at grain boundaries, and the internal
pressure caused by the methane leads to enlarged pores in the metal [19]. The
damage caused by hydrogen attack cannot be reversed by a low‐temperature
annealing process; the reduction of strength and ductility are permanent, see
Figure (1‐5).
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Initial state

T=400°C

T=600°C

Figure 1‐5 Hydrogen attack at high temperature [19]

1‐3 Hydrogen embrittlement mechanism at the microscopic level

1‐3‐1 Hydride‐induced embrittlement (HIE)

This mechanism involves the nucleation and growth of an extensive hydride
field in the tip of a crack. As shown in Figure (1‐6), hydrides first nucleate in the
stress field of a crack and then grow to large sizes. The formation of brittle
hydrides both in the grain matrix and at the grain boundaries can be detrimental
to the mechanical properties of the metal. A flux of hydrogen is created toward
stress concentrators. Once the particular terminal solid solubility (CTS) of
hydrogen is reached, a hydride will precipitate [20,21]. The terminal solid
solubility is dependent also on temperature and applied stress. As derived by
Varias and Massih [22], the terminal solid solubility for a system is:
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 W  Wint
CTS  CTS ,0 exp  acc
 N H RT


 VH   mm 1

 M ijkl  ij  kl  
 exp 

2

 RT  3


3-1

where CTS ,0 is the terminal solid solubility in the absence of applied stress, Wacc
is the material strain energy per mole of hydride in the absence of applied stress,

Wint is the interaction energy per mole of hydride while under applied stress, NH
is the number of hydrogen atoms in the metal hydride molecule, R is the ideal
gas constant, T is the temperature, VH is the partial molar volume of hydrogen,

M ijkl is the elastic compliance tensor, and  ij ,  kl are the applied stress tensors .

Figure 1‐6 Hydride field causing crack growth [23]

Crack propagation is assisted through the repeated formation and cleavage of
hydrides in the stress zone at the crack tip [25]. A hydride nucleates in an area
reaching terminal solid solubility, and creates an additional stress concentration
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at its tip. The stress field between the hydride and crack tips facilitates the
growth of the precipitate toward the crack [24,26].

1‐3‐2 Interstitial mechanisms
Hydrogen‐Enhanced Decohesion (HEDE)

Hydrogen accumulates within the crack tip and reduces the cohesion and
bonding strength between metal atoms in that part which results in premature
brittle fracture. As hydrogen is absorbed at an atomically sharp crack tip, there is
a decrease in electron charge density between metal atoms. It has been claimed
that there exists an electron transfer from the 1s band of hydrogen to the 3d and
4s bands of the metal that decreases the cohesive energy. The final decohesion
results from tensile separation of the atoms, which is planar in nature. Fracture
by the HEDE mechanism is characterized by limited activity of dislocations. By
performing scanning electron microscopy, this becomes evident by the
appearance of atomically flat fracture surfaces (i.e. the absence of microvoids and
dimples)[28].

Diffusion of hydrogen is influenced both by temperature and chemical
potential gradients. In this case, the chemical potential gradient refers to the force
imposed on the atoms due to a concentration gradient. A lattice expansion
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caused by the hydrostatic tensile stress surrounding a crack tip locally reduces
the effective hydrogen concentration and, thus, the chemical potential, resulting
in a flux of hydrogen toward it. The elevated hydrogen content lowers the
resistive force between the atoms, so the crack will propagate when the resistive
force reaches a value causing the local maximum tensile stress normal to the
plane of the crack to equal the maximum lattice cohesive force, given by the
following equation

 z  n Fm C

3-1

where  z is the local maximum tensile stress, n is the number of atoms per unit
area of crystallographic plane, Fm is the resistive force, and C is the local
concentration of hydrogen [24,26].

Hydrogen‐enhanced decohesion can be detected by measuring changes in
elastic constants, atomic force constants (measured as a function of the
interaction forces between atoms’ nuclei and their displacements from one
equilibrium position to another), and surface energy. The HEDE mechanism is
often coupled with a less widespread proposal, the hydrogen adsorption
method. Because chemical reactions at grain boundaries behave similarly to free
surfaces in some respect, the local affinity for hydrogen at grain boundaries may
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lower the free energy, thus, promoting fracture. The segregation of hydrogen
along a developing fracture path can, thus, reduce the cohesive energy, resulting
in a reduction in atomic binding [25, 26], see Figure (1‐7).

Figure 1‐7 Reduction of cohesion in solute matrix [27]

1‐3‐3 Interstitial mechanisms
Hydrogen‐Enhanced Localized Plasticity (HELP)

Hydrogen eases dislocation movement by shielding the dislocation stress
fields against each other as well as against other grid defects. This local drop of
yield stress due to hydrogen causes local dislocation movement at low levels of
shearing stress. Hydrogen enhances the mobility of dislocations and decreases
the

separation

distance

between

dislocations,

propagation rates [29].
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thereby,

enhances

crack

The main principal behind the HELP mechanism is that increases in hydrogen
concentration on a local scale can increase dislocation activity in the immediate
vicinity. As reported by Abraham and Altstetter [20], it has been suggested that
absorbed hydrogen at a crack tip will facilitate the injection of dislocations. The
increase in local dislocation activity causes local stress concentration,
contributing to failure initiation at planar defects where hydrogen is not present.
A brittle fracture surface facilitated by the HELP mechanism will have evidence
of slip, dimples, and tear ridges [30,32]. The increase in dislocation activity stems
from the affinity of absorbed hydrogen for dislocations and other defects (e.g.
precipitates, interstitial impurities, grain boundaries). Hydrogen is attracted to
areas of local hydrostatic tensile stress, such as those surrounding defects,
therefore, as two dislocations on the same slip plane with the same Burgers
vector approach one another, their stress fields merge and the surrounding
hydrogen atmosphere is redistributed. As the hydrogen concentration increases,
there is a decrease in shear stress experienced by one dislocation due to the other.

The hydrogen atmosphere that develops around dislocations and defects
create a shielding mechanism that limits interaction with precipitates and forest
dislocations, thus easing dislocation glide and enhancing plasticity. In essence,
the repulsive interaction energy with the obstacles is decreased, allowing
dislocations to move at lower levels of applied stress. An increase in hydrogen
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pressure tends to increase the velocity of dislocations. This mechanism is
independent of crystal structure and is the same for edge, screw, mixed, and
partial dislocations [34,35].

1‐4 Point Defects in Crystalline Materials

Hydrogen in solutes are considered as a point defect in materials. Point
defects can be divided into several categories [32, 33], see Figure (1‐8):

a) Substitutional impurities: Hydrogen atoms substitute the host atoms by
breaking bonds and making new bonds

b) Self interstitial impurities: Hydrogen atoms sit in ‐ between the host atoms

c) Vacancy impurities: Atoms sit in the vacancy created at the host atoms; it can
be created intentionally by spending energy for breaking bonds.
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Substitutional

Interstitial

Vacancy

Figure 1‐8 Hydrogen manifested as a point defect in materials

1‐5 Interstitial sites in bcc and fcc unit cells

There are two probable matrix sites for hydrogen interstitial based on
minimization of potential energy, namely, octahedral and tetrahedral sites,
which are shown in Figure (1‐9) and (1‐10) for bcc and fcc unit cell structures,
respectively. The summary of interstitial sites and corresponding planes has been
shown in Table (1‐1) and (1‐2).
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Figure 1‐9 a) Octahedral and b) Tetrahedral sites in a bcc unit cell

Interstitial sites in bcc
Octahedral interstices
Tetrahedral interstices
1 1 
6 on faces at  , ,0 
2 2 
1

24 on faces at  ,1,0 
1

2

12 on faces at  ,0,0 
2

Total of 6 per atoms
Total of 3 per atoms

Table 1‐1 Interstitial sites in bcc and corresponding planes
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Figure 1‐10 a) Octahedral and b) Tetrahedral sites in a fcc unit cell

Interstitial sites in fcc
Octahedral interstices
Tetrahedral interstices
Four‐fold coordination
Four‐fold coordination

1 1 1 1

Sites:  , ,  ,  ,0,0 
2 2 2 2


1 1 1
Sites:  , , 
4 4 4

Table 1‐2 Interstitial sites in fcc and corresponding planes
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CHAPTER 2

Diffusion
Diffusion describes the spread of particles through random motion usually
from regions of high concentration to regions of low concentration. This
phenomenon in materials is also known as interdiffusion [34].

2‐1 Interdiffusion mechanism
Interdiffusion is due to the high concentration gradient, and as a result atoms
of one material diffuse into another one. To move from lattice sites, atoms need
adequate energy, coming from atomic vibrations, to break bonds causing
fluctuation and distortions during motion. There are two important types of
interdiffusion in solid materials, [34, 36], Vacancy diffusion, and Interstitial
diffusion.
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a) Vacancy diffusion
This mechanism involves the interchange of an atom from a normal lattice
position to an adjacent vacant lattice site or vacancy [34], shown in Figure (2‐1).

Figure 2‐1 Vacancy diffusion
Vacancy diffusion is dependent on the number of vacancies in the matrix. The
amount of vacancy increases with the increase of temperature in metals. Since
diffusing atoms and vacancies exchange positions, the diffusion of atoms in one
direction corresponds to the motion of vacancies in the opposite direction [36,
37].

b) Interstitial diffusion
Atoms migrate from an interstitial position to an empty nearby one, displayed
in Figure (2‐2). This mechanism is the main process in hydrogen embrittlement
due to small size of hydrogen atoms for fitting into the interstitial positions [34].
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Figure 2‐2 Interstitial diffusion

In most metal alloys, interstitial diffusion occurs much more rapidly than
vacancy diffusion, since the interstitial atoms are smaller and thus more mobile
[36]. Furthermore, there are more empty interstitial positions than vacancies;
hence, the probability of interstitial atomic movement is greater than for vacancy
diffusion [24, 37].
Atomic motion needs to satisfy:


There must be an empty adjacent site



The atom must have sufficient energy to break bonds with its adjacency

2‐2 Diffusion and Gibbs free energy‐Fick’s first law
Diffusion is driven by the decrease in Gibbs free energy or by the chemical
potential difference [37]. As shown in Figure (2‐3), by considering atomic motion
from position x to x+a, and C as the concentration of the solute, P as potential
energy, and H as activation energy [36], we can write
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Figure 2‐3 Diffusion in solvent from position x to x+a
dP ( x)
dx
dC ( x)
C ( x  a)  C ( x)  a
dx
P ( x  a )  P ( x)  a

2-1

From Thermodynamics first and second laws it can be shown that

H P( x  a) - P( x)
a dP( x)


RT
RT
RT dx

2-2

where R is the gas universal constant and T is temperature.
By having f as vibration frequency of the motion, and n(x) the number of
solute atoms per unit area at x, the net flux J along x showing the number of
atoms passing through the unit area in the unit time along x is

J

1
 a dP 
 H 
f n( x )  
 exp  

6
 RT dx 
 RT 

2-3
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Since n( x)  a C (x) one can write

1
 C ( x) dP 
 H 
J   a2 f 
 exp  

6
 RT dx 
 RT 

2-4

From thermodynamics laws and Helmholtz free energy we get
P( x)  P0  RT ln C ( x)

and by

2-5

dP( x) RT d C ( x)

it may be written as
dx
C ( x) dx

1
 dC ( x) 
 H 
J   a2 f 
 exp  

6
 dx 
 RT 

2-6

1
 H 
Here, D   a 2 f exp  
 is the diffusion coefficient or diffusivity, then Fick’s
6
 RT 
first law takes the form

J  D

dC ( x)
dx

2-7

By considering diffusion in a three‐dimensional space in the form of random
motion of an atom, for the number of jumps of an atom per second, N, we can
write

N  f exp(

H
)
RT

2-8
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Based on the expression for the diffusion coefficient, D, number of jumps per
second will be

N

6D
a2

2-9

Thus, for a random motion in three‐dimensions, an atom travels N steps with an
average distance of a N per second, therefore after passing time t, diffusion
length will be [37]

d  a Nt  a

6D
t  6 Dt
a2

2-10

2‐3 Diffusion and Gibbs free energy‐ Fick’s second law
If local concentration C ( x) through a unit area A at position x changes in terms
of time as well, we will have [34]

dC ( x, t ) 

 J ( x)  J ( x  dx)  Adt
Adx

; J ( x  dx)  J ( x) 

C ( x, t )
dJ ( x)

t
dx

dJ ( x)
dx
dx

2-11

Then by Fick’s first law, Fick’s second law in one dimension can be expressed as
[35,36]
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C ( x, t )
 2C ( x, t )
D
t
x 2

2-12

While in three‐dimensional space, it takes the form

C ( x, t )
 D 2C ( x, t )
t

2-13

2‐4 Steady state diffusion and Fick’s first law
In this case the flux and solute concentration do not change as a function of
time which leads to

C ( x, t )
 0   2C ( x )  0
t

2-14

Solving the equation in one dimension results in

C ( x)
 const
x

2-15

By bearing in mind the Fick’s first law it can be deduced that the steady state
diffusion equation, is in fact, Fick’s first law or it can be interpreted that the
Fick’s first law is the special form of Fick’s second law when there is no
dependency on time [35,36,37].
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2‐5 General solution of the diffusion equation

The general diffusion equation

C ( x, t )
 D 2C ( x, t ) can be solved under
t

specific initial and boundary conditions. For this purpose we need one initial
condition –single initial condition for all spatial values‐ and n boundary
condition(s) for the n‐dimensional problem as n=1,2,3.
For most cases in solid materials, the diffusion equation can be considered in
one dimension [28], and become

 C
 2C
 D 2 ; non  steady state

t
x
 2
 C  0
; steady state
 x 2

2-16

With C being the concentration of the solute.
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CHAPTER 3

General Solution for the Diffusion Equation in the
Steady State due to Dislocation Stress Fields
The steady state response from the diffusion equation in the stress fields of
dislocations is considered. One solution is the Boltzmann approximation and can
be stated as [38]

c  c0 exp(

Wint
)
kBT

3-1

where c , c0 are the concentration of solute in the dislocation field and far from
the dislocation, respectively, in the steady state stage. In addition Wint is the
interaction energy between solute and a dislocation, and k B is the Boltzmann
constant.

Several experiments have shown [39] that the Boltzmann approximation is not
adequate for the case of dislocation cores. Instead, the large ratio of
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Wint
requires
T

the use of the Fermi‐Dirac form
c
c
W
 0 exp( int )
1  c 1  c0
k BT

3-2

For the particular case of interstitially dissolved hydrogen in metals where
Wint is relatively large and where permeability and diffusivity studies [40]
indicate sufficient mobility for appreciable solute atmosphere formation at room
temperature and below, reliability of this form of solution have been more
noticeable. Knowledge of the amount of hydrogen adsorbed at dislocations is
important in assessing permeability and diffusivity of hydrogen, especially as
influenced by cold work [41].

3-1 The interaction energy
If stress and strain tensor for a displacement field of u at a point due to two
sets of quantities

 u ,
i

ij

,  ij  and  ui , ij ,  ij  satisfying equilibrium equation

considered, one can write

 ij  ij   ij  ij   ij ui, j   ij ui , j

3-3

If we form the vector v with components
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v j   ij ui   ij ui

3-4

It can be shown that div v  vi , j  0 . Hence, by Gauss's theorem

v

j

dS j 

1

v

2

j

dS j

or



v j dS j  0

3-5

1  2

This equation is known as Betti's reciprocal theorem, where     are two
continuous closed surfaces without singularities of v. If  is a closed surface
containing no singularities of v

v

j

dS j  0

3-6



If v has a singularity, the above equation is still satisfied provided  v j dS j taken
over 1 ,  2 where excluded singularity.

3-2 Dislocation singularity
A large range of singularities can be regarded as particular cases of a type of
surface singularity and can be generated in the following way [42].


Make a cut over a surfaces (open or closed) in an unstrained body and
give the faces of the cut a small relative displacement, removing material
where there would be interpenetration.
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Fill in the remaining gaps and weld together. We are left with a system of
internal strain which is completely characterized by giving as a function of
position on S the vector d which specifies the final separation of points
originally adjacent on opposite sides of the cut.

The stress ijn j is continuous across S, but the individual components of ij , ij
are in general discontinuous.
Surface singularity dislocations for which d = b + r × c with constant vectors b
and c are the Weingarten dislocations discussed by Volterra [43]. Dislocations for
which c = 0 are physical dislocations
To derive point and line singularities from the general Surface singularity
dislocations, a sphere or tube of radius r for S and a suitable distribution of d can
be considered, then by letting r decrease to zero, at the same time increasing d in
such a way that the displacement at a fixed point of observation remains finite. If
S is a sphere and d is normal to S, the center of dilatation d 

c
can be obtained,
r2

where c is a constant.
We may have a volume distribution of internal stress in which equilibrium
equation is satisfied, but the ij derived from  ij with the aid of Hookeʹs law do
not satisfy compatibility condition Sij  0 everywhere. The regions in which

Sij  0 are to be regarded as the actual seat of the singularity.
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3‐3 The general inclusion
For small deformation and displacement field u the strain can be stated as
1
2

 ij  (ui , j  u j , i )

3-7

By using Hooke’s law the elastic stress will be

 ij   kk ij  2  ij

3-8

where  ,  are Lame’s constants. The inclusion in the absence of the matrix
would undergo into the uniform transformation (strain stress‐free) strain  ijT . The
main problem is to find the constrained strain  ijC in the inclusion when it
transforms while it is embedded in the matrix.
If S is the surface separating the matrix and inclusion, and ni its outward
normal, Eshelby [44] suggested to solve the problem as follows:

1) Remove the inclusion and let it undergo  ijT without altering its elastic
constants. The stress according to equation (3‐8) will be

 ijT   kkT  ij  2 ijT

3-9
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Figure 3‐1 Removing the inclusion from the matrix

At this stage the stress in the inclusion and matrix is zero.

2) Apply surface tractions   ijT n j to the inclusion. This brings it back to the shape
and size it had before transformation. Put it back in the matrix and reweld across
S. The surface forces have now become a layer of body force spread over S.

Figure 3‐2 Putting back the inclusion to the matrix

3) Let these body forces relax, or, what comes to the same thing, apply a further
distribution  ijT n j over S. The body is now free of external force but in a state of
self‐stress because of the transformation of the inclusion.
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Figure 3‐3 Relaxing body forces and converting to self‐stress state

Since the displacement at r due to a point‐force Fi is [45]
U j (r  r) 

1

Fj

4 r  r



2
1
r  r
Fl
16 (1   ) xl x j

3-10

the displacement impressed on the material in stage 3 is

u Ci (r )    TjkU j (r  r) dSk

3-11

S

It will be convenient to take the state of the material at the conclusion of stage
2 as a state of zero displacement. This is reasonable, since the stress and strain in
the matrix are then zero and the inclusion, though not stress‐free, has just the
geometrical form which it had before the transformation occurred. uiC is then the
actual displacement in the matrix and inclusion. The strain in matrix or inclusion
is
1
2

 ijC  (uiC, j  u Cj , i )

3-12
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The stress in the matrix is derived from  ijC by Hookeʹs law. On the other hand,
the inclusion had a stress   ijT even before particular 3, so that the stress in it is

 ijI   ijC   ijT   ( kkC   kkT ) ij  2 ( ijC   ijT )

3-13

where,  ijC is the stress derived by Hookeʹs law from the strain  ijC in the
inclusion.
By using Gaussʹs theorem, the displacement in the matrix can be rewritten as
uiC 

1
1 T
 Tjk  , ijk 
 ik  , k
16 (1   )
4

3-14

where


V

1
dV
r  r

3-15

   r  r dV
V

where V is the volume bounded by S.
Following relation between  ,  can be accordingly shown
 2   2
 8 inside S
 4   2 2   
outside S
0

3-16

1
For dilatation in the material, when  ikT is a pure dilatation or  ijC   T  ij , it is
3

enough to know  , then by using  ,  relation
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 C  uiC,i 

1
1 T
(1  2 ) T
 ikT  2 , ik  
 ik  ,ik  
 ik  , ik
16 (1   )
4
8 (1   )

3-17

Using Hooke’s law yields in

 ilC  

1 (1   ) T
 ik  ,il
4 3(1   )

for  , ii  8 , the dilatation is  T

3-18

(1   )
in the inclusion and zero in the
3(1   )

1
matrix. Thus, for example for  , the constraint of the matrix reduces the free
3
2
expansion of the inclusion by a factor .
3

The strain energy density in the inclusion is

1 I I
 ij  ij , where, ijI is the strain
2

derived from  ijI by Hooke’s law. Thus the elastic energy in the inclusion is
1 I C
 jk   jk   Tjk  dV

2V

3-19

and the elastic energy in the matrix is



1 C C
1
1
 ij ui dS j     ijI uiC dS j     ijI  ijC dV

2S
2S
2V

3-20

The first member exhibits it as the work done in setting up the elastic field by
applying suitable forces to the surface S; the sign is correct if the normal points
from inclusion to matrix. The second follows because displacement and normal
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traction are continuous across S. The third follows from Gaussʹs theorem, the
equilibrium equation  ijI , j  0 and the symmetry condition  ijI   Iji . The total
strain energy in matrix and inclusion is thus

Eel  

1 I C
 ij  ij dV
2 V

3-21

In the special case where  ijC is a uniform expansion

2 ( T )2V (1   )
Eel  
9(1   )

3-22

The difference of energy between two bodies of the same size and shape
distinguished

by

unprimed

and

primed

quantities,

with

different

inhomogeneous elastic constants and acted on by the same surface tractions is
[46]

E 

1
 ij  ij   ij ij  dV
2

3-23

But

 

ij

  ij   ij dV 

 

ij

  ij  uij dS j  0

3-24

o

since  ij n j   ij n j at the surface, we can replace  ij  ij by  ij  ij in W and similarly

 ij  ij by  ij  ij , then
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E 

1
   ij  km dV
 cijkm  cijkm
2

3-25

Correspondingly, we can express the interaction energy between two
singularities as an integral over a surface separating them. In Figure (3‐4), uiS
exists in step 2 and uiT in step 1 but not vice versa.

Figure 3‐4 Body with singularity‐S

The interaction energy in step 1 can be expressed in terms of uiT and in terms
of uiS in step 2. By applying Gaussʹs theorem, the interaction energy of the elastic
field uiC with another field uiA is

Eint    ijC uiA   ijAuiC  dS j

3-26



taken over any surface  enclosing the inclusion. If  is a surface just outside S
and since uiC and the normal stress are continuous across S can be converted into
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an integral over a surface just inside S, and hence into a volume integral over the
inclusion

Eint    ijI  ijA   ijA ijI  dS j

3-27

V

So

Eint     ijT  ijA dV     ijA ijT dV     ijAuiT dS j
V

V

V

3-28

Therefore only  ijT and not  ijC is needed.

3-4 The interaction energy between dislocations and solute atoms
In general the interaction energy in terms of stress field can be written in the
form of [47]

Wint   ij  ij V

3-29

where  ij is the stress tensor of the dislocation, V is the reference volume
containing the solute atom and  ij is the local internal strain field produced by
the solute atom referred to this reference volume.
For either octahedral or tetrahedral site occupancy, the strain field referred to
cube axes is  xx   yy   zz , other  ij  0
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3-5 Screw dislocation stresses
Figure (3-5) shows a screw dislocation in a distorted cylinder. The cut
surfaces in the cylinder are pulled relative to each other along the z axis. Due to
this deformation, only strain component of  z or shear strain   z is produced in
the cylinder, and at the radius r can be stated as

  z   z 

b

3-30

2 r

where b is the magnitude of the dislocation or Burgers vector. The stress
corresponding to this strain by using Hooke’s law is

  z   z  

b

3-31

2 r

where  is shear modulus. All other stress components are zero. In Cartesian
coordinate system, stress tensor will be
 0
0  xz 


0  yz 
  0
 zx  zy 0 



3-32

By using shear stress expression in cylindrical coordinates, the shear stresses in
the Cartesian stress tensor can be written as [41]
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b
y
b sin 

2
2
2 ( x  y )
2 r
b
b cos
x
 yz   zy 

2
2
2 ( x  y ) 2 r
 xx   yy   zz   xy   yx  0

 xz   zx  

3-33

Figure 3‐5 Elastic distortion produced by screw dislocation

3-6 Edge dislocation stresses
The stress field around the edge dislocation is more complicated than the
stress field of the screw dislocation and can be calculated by linear elastic theory.
Therefore the details are omitted and results are given. Considering the edge
dislocation with the elastic strain field that can be produced in the cylinder by a
rigid displacement of the faces of the slit by a distance b in the x-direction as
shown in Figure (3-6). The displacement and strains in the z-direction are zero

38

therefore the case is in the plane strain condition, hence the stress tensor can be
stated as
 xx
   yx
 0

 xy
 yy
0

0 
0 
 zz 

3-34

Figure 3-6 Elastic distortion produced by edge dislocation

The stress field has both dilatational and shear components. The largest
normal stress is  xx which acts parallel to the slip vector. Since the slip plane can
be defined at y=0, the maximum compressive stress (  xx negative) acts
immediately above the slip plane and the maximum tensile stress (  xx positive)
acts immediately below the slip plane [41].
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 xx
 yy

b

y (3 x 2  y 2 )

2 (1   ) ( x 2  y 2 ) 2

b

y( x2  y 2 )

2 (1   ) ( x 2  y 2 ) 2

3-35

 zz    xx   yy 
b

x( x 2  y 2 )
2 (1   ) ( x 2  y 2 ) 2
 xz   zx   zy   yz  0

 xy   yx 

where  and  are Poisson’s ratio and shear modulus respectively, and b is the
magnitude of the Burgers vector.

3-7 Slip systems in body centered crystal structure
In body center cubic (bcc) crystals, there are several planes that are of similar
density of packing, and hence there are several families of planes on which slip
occurs. However, there is no ambiguity about the slip direction, since the atoms
are closest along the 111 direction and those equivalent to it [48]. The slip
systems observed in bcc crystals are shown in Figure (3‐7).
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Figure 3‐7 bcc slip systems

Thus, there are three families of slip systems as following

{110}<111> ; {112}<111> ; {123}<111>

However {110}<111> family is considered as the primary slip systems. In this
case for the dislocation stress field with x parallel to the Burgers vector b, and z
parallel to the dislocation line resulted from local slip system [111],[110],[1 12] for
bcc structures, the transformation tensor from slip system coordinates to
Cartesian coordinate system xyz is
 1
 3

 1
Q  
 2
 1
 6





1
3
1
2
1
6

1 
3 

0 

2 
6 
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3-8 The interaction energy- Screw dislocation
By considering the general tensor transformation for the stress tensor we will
have




T
σ  Q σQ  





1
3
1
3
1
3

1
2
1

2



0

1 
 1

 3
6
0
0  xz  
1 
 1
0
0  yz   



6
2
 zx  zy 0  

2 
 1

 6
6 




1
3
1

2
1

6

1 
3 

0 

2 
6 
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For a screw dislocation, when the z axis is parallel to the dislocation line, the
normal stress components, the only ones contributing to equation (3-29) in
cylindrical coordinates are [47]

b
6 sin   2 cos 
6 r
b
 yy 
 6 sin   2 cos 
6 r
b
 zz 
2 2 cos
6 r
 xx 











3-38



If  xx   yy   zz in spherical symmetry, the interaction with the other defects is
zero. Thus we find

Wint 

bV 6
 cot   sin 
 xx   yy  1 


6
3  r


3-39
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where b is the magnitude of Burgers vector, and V is the reference volume
containing solute atoms.

3-9 The interaction energy – Edge dislocations
By considering the general tensor transformation for the stress tensor we will
have




σ  Q TσQ  





1
3
1




3
1

1
2
1
2
0

3

1 
 1

 3
6
0


 xx

xy
1 
 1

 yx  yy 0   


6
2
 0
0  zz  
2 
 1

 6
6 






1
3
1
2
1



6

1 
3 

0 

2 
6 
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The normal stress components after transformation are [47]

 xx  

b

3  2  sin   2sin   2
12 (1   )r
b

3



6 cos cos 2

 3  2  sin   2sin 3   2 6 cos cos 2
12 (1   )r
b
 zz  
 3  4  sin   2sin 3  

6 (1   )r

 yy  
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If  xx   yy   zz in spherical symmetry, the interaction with the other defects is
purely through the hydrostatic stress component. In this case the interaction
energy for the dislocation is
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  b(1   )V  sin 
Wint  

 3 (1   )  r

where

3-42

 b(1   )v
can be defined as one constant,  is the shear modulus, b is the
3 (1   )

magnitude of Burgers vector  is Poisson’s ratio and V is the internal increment
of expansion of the solute atom.
If  xx   yy   zz for the general form of the interaction energy for the dislocation
must be considered that there are three types of interstitial site with the
appropriate stress field given by cyclic permutation which for two of them the
same amount deduced. Accordingly, two forms for the interaction energy for
three sites will be [47]

Wint 

bV 6
 (3  2 )( xx   yy )  2(3  4 ) zz 
12 (1   )

 
2( xx   yy )  4 zz
1  
 
  (3  2 )( xx   yy )  2(3  4 ) zz

 2  sin 
 sin  


 r
3-43

Wint 

bV 6
 2(3  4 ) xx  (3  2 )( zz   yy ) 
12 (1   )

 
 2  sin 
4 xx  2( yy   zz )
1  
 sin  
  2(3  4 ) xx  (3  2 )( zz   yy ) 
 r

 


Evidently equations (3-43) reduces to equation (3-42) by  xx   yy   zz 
site, which equals to the dilation component of strain.
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e
for each
3

3-10 The first and the second order interaction energies
As it mentioned in the previous part, the stress field due to hydrogen can have
spherical symmetry  xx   yy   zz or in general  xx   yy   zz . Therefore the
interaction energy may be divided as first and second order. The first order
interaction energy associated with a hydrogen atom introduced against the stress
field,  ija of a defect is given by [49]

Wint1  

 kka
3

 v  

 kka
3

v

3-44

Where v is the unconstrained volume dilatation and denotes the difference in
volume of the hydrogen atom before its introduction into the lattice and that of
the interstitial lattice space available to host the hydrogen atom [41], and v  v
is the volume change of the host metal lattice per hydrogen atom. v is directly
related to the partial molar volume of hydrogen, VH  vN A , where N A is
Avogadro’s number. It is assumed that the solution is dilute and the hydrogeninduced strains are approximately purely dilatational.
In addition to the first order interaction energy, which arises from the volume
change associated with the solute atom, the second order interaction energy
[41,44] while the external loads,  ija , are held fixed can be written as
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Wint2 

1
  cijkl   ij  kla vs
cijkl

2
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where v s the volume over which the solute atoms alter the elastic stiffnesses, cijkl
the strains,  ija are those caused by the external stress,  ija in the absence of the
solute atom, and strains  ij are the elastic strains inside the volume vs after the
solute atom has been introduced in the lattice in the presence of the external
stresses  ija which are held constant. The primed stiffnesses correspond to those
characteristics of the local stiffnesses in the presence of the solute atom, and the
value of vs is usually taken as the volume of the solute atom. In general, the
second order interaction energy is much smaller than the first order interaction
energy. In the vicinity of a dislocation, the second order interaction energy
decreases with distance from the dislocation as

1
1
, in contrast to the
2
r
r

dependence of the first order interaction energy.
In the case of an isotropic solid, the second order elastic interaction is manifest
primarily through the dependence of the shear modulus and bulk modulus on
the solute concentration. While the first order interaction dominates the solute
interactions with edge dislocations, the dominant interaction term for screw
dislocations is the second order interaction for those solutes having isotropic
distortion fields (e.g. H interstitials), and the first order interaction for solutes
having distortion fields with symmetries lower than cubic (e.g. C interstitials).
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CHAPTER 4

The force on a singularity by surface tractions
A point singularity will naturally be defined as a solution of the elastic
equations with vanishing  ij n j at the surface of the solid and becoming infinite in
a prescribed way at a certain point.
By applying surface tractions  ijAn j to  o which results in producing
displacement and stress  ijA , uiA in the body in addition to the  ijS , uiS already
present [41]. If the singularity undergoes to a translation  parallel to the xk
axis as shown in Figure (3‐4), the work done by the surface tractions is

 W     ijA
o

uiS
dS j  O ( ) 2


4-1

The force due to the applied surface traction can be obtained as
S
W
A ui
Fk  lim
   ij
dS j
  0 


A

4-2

o
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By using equation (3‐3) to (3-5) and knowing  ijS n j  0 on  o we can write
 A uiS
 ijS
A



Fk   ij
ui



 
A


 dS j


4-3

taken over the surface   o . This integral can equally well be taken over any
surface  in the body into which  o can be deformed without entering  s
 A ui
 A uiI
 ij 
 ijI
A
A
 ui
 ui
F     ij
 dS j     ij


 


 
 
A
k


 dS j
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By using equation (3‐24)

  u 

ij i ,k

  ij ui,k  dS j  0 if cijkl , m  0

4-5

1 2

The second term vanishes and simply

FkA    uiA ij,k   ijAui,k  dS j

4-6



The simplest singularity is a center of dilatation in an isotropic body. If it is at
the origin
ui 

 xi

r3
r 2  x12  x22  x32

4-7

where  is a constant. In order to find the force, a small sphere of radius r is
taken about the origin. If the applied stress and displacement in a Taylor series
are expanded, one can write
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FkA   ijA,k  ui dS j   ijA,k m  xmui dS j  uiA,k   ij dS j  uiA,k m  xm ij dS j  ...

4-8

where the A quantities are to be given their value at the origin. We have

u


i

dS j   r 4  xi x j dS  r 4 ij 

1 2
4
x1  x22  x32  dS   ij

2
3
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In a similar way one can find




ij m

x dS j  

16
 mi
3

The term in




ij
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dS j vanishes since the singularity is in equilibrium. The

remaining terms are of order r. Since FkA is independent of the choice of r they
can make no contribution whether we let r tend to zero or not. Thus

1     A
4
FkA    iiA,k  4 uiA, ik   4
3
1    ii ,k

4-11

where  


is Poissonʹs ratio. In general
2   

F  12

1    grad A
1   

where  A  

4-12

1 A
11   22A   33A  is the applied hydrostatic pressure at the position
3

of the singularity.
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An elastic sphere of radius 1   r0 is forced into a spherical hole of radius r0
in an infinite block of the same material. If we regard this as a volume singularity
we may take for  any sphere of radius r  r0 . The force must then be given by
above equation since this expression did not depend on the size of the surface
over which we integrated
For the two‐dimensional problem of an infinite straight dislocation line along
A
A
the x3 axis with  ij , ui independent of x3 the force FkA can be calculated by

taking a cylinder of radius r and unit length for  with its axis along x3 .
The Burgers vector can be calculated as

 u

i, j

dx j  bi

4-13

for any closed circuit embracing the dislocation line. This, however, does not
completely define the singularity. Without altering above equation we could add
single‐valued line singularities (e.g. a line of dilatation) coincident with the
dislocation line. They may be excluded by requiring that
lim r ui  0

4-14

r 0

where r is the distance of the point xi from the singular line.
If ui  bi is considered and expanded, we will have
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FkA  uiA,k   ij dS j   k 3 ikAbi  O(r )

4-15



The first term vanishes since the dislocation is in equilibrium. Hence

FkA   2Aibi , FkA   kiAbi

4-16

For a pure screw dislocation with b  (0, 0, b)

FkA   23A b , F2A   13Ab

4-17

and for a pure edge dislocation with b  (b, 0, 0)

FkA  12A b , F2A   11Ab
FkA 

2  A
 12b
   2

4-18

Therefore for the general Surface singularity dislocations, the force can be
obtained as
FkA   bi  ijA,k dS j

4-19

S

4‐1 Force between two dislocations
In the absence of hydrogen, the interaction force (Peach‐Koehler force) per
unit length between two dislocations can be calculated as [41]
F1 2  σ1 2b 2  ξ 2

4‐20
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where σ1 2 is the stress of dislocation 1 exerted to dislocation 2, b 2 is the Burgers
vector of dislocation 2, and ξ 2 is the unit vector along the dislocation line 2. The
same force can be derived for F2 1 . If we consider two dislocations with Burgers
vectors along x and dislocation line direction along z on parallel planes, the force
between two dislocations as shown in the Figure (4‐1), will be F = σb × ξ .

Figure 4‐1 Two parallel edge dislocations

Where σ is given in equation (3‐34) and (3‐35) for edge dislocations.

b 
0
 xx  xy 0  b  0 




b  0  , ξ  0   F   yx  yy 0  0   0 
0 
1 
 0
0  zz  0  1 
b 2 x( x 2  y 2 )
Fx   xy by 
2 (1   ) ( x 2  y 2 ) 2
Fy  Fz  0
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Parallel edge dislocations results in a repulsive force if the dislocations are of
the same sign and on the same slip system. In this case, the force on dislocation 2
due to dislocation 1 is  D b2 , where  D is the stress of dislocation 1 resolved along
the slip plane and Burgers vector.
For screw dislocations

Figure 4‐2 Two parallel screw dislocations
and by using equations (3‐32) , (3‐33) we will have

 0
0  xz  0  0 
0
0


b  0  , ξ  0   F   0
0  yz  0   0 
 zx  zy 0  b  1 
b 
1 


2
b
x
Fx   yz bz 
2
2 ( x  y 2 )
Fy   xz bz 

b 2
y
2
2 ( x  y 2 )

Fz  0
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4‐2 Hydrogen Effect on the interaction between two edge
dislocations
The hydrogen effect on the interaction between the dislocations 1 and 2 is
assessed by calculating the hydrogen‐induced change to the shear stress  D due
to interactions between the hydrogen atmospheres surrounding the two
dislocations. These hydrogen atmospheres are modeled by a continuous
distribution of dilatation lines parallel to the dislocation lines each acting as a
stress source which affects the shear stress  D .

4‐3 The stress field of a single hydrogen dilatation line
In the displacement field caused by a point source of expansion, three
perpendicular double forces produce a stress field typical of such a source. If fi is
kept constant (M) along unit cell axes, the total displacement in the r direction is
[41]

ur 

M
1
4 (  2  ) r 2
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This displacement is representative of a point of expansion with a strength

 v  4 r 2 r  4 r 3ur 

M
  2

4-24
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If the source of expansion is at the origin of a free sphere of radius R, in order
to obtain a displacement field u r consistent with the free surface condition, a
term  r must be added to make  rr vanish at r  R

ur 

v
 r
4 r 2

4-25

In spherical coordinates

 rr  (  2  )
    

 ur
 r
4 r 2

4-26

u
u
 2(   ) r   r
r
r

Combining equations (4-23) to (4-25) and setting  rr  0 at r  R

ur ( R ) 

3  6   v
3  2  4 R 2

4-27

Near the singularity, for r  R , the first term in Eq. (4-25) is dominant. In
this region the dominant part of the internal stress is found from Eq. (4-26) to be

 rr  

 v
 r3

     

4-28

 v
2 r 3

The general analogy is sometimes used in the continuum theory of dislocations.
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4‐4 Plane strain condition
This model is consistent with the plane strain assumption for the dislocation
strain field when the hydrogen concentration does not vary in the direction of
the dislocation lines. The in‐plane concentration of the dilatation lines n is
directly related to the hydrogen concentration per unit volume C through [49]

n  Ch

4‐29

where h is the distance between two successive hydrogen atoms along the
dilatation line and the concentration n denotes the number of hydrogen atoms
per unit area in the plane normal to the dilatation line. In the following
subsections hydrogen effects on the constitutive moduli are neglected.

The line of dilatation associated with hydrogen atoms introduced into a stress‐
free lattice is produced in a continuum sense by replacing a cylindrical hole of
infinite length and radius r0 in an infinite lattice with a cylinder of the same
material and radius r0   r0 where  is a small positive number related to the
volume of solution of hydrogen. Relative to a polar cylindrical coordinate system
r ,  , z , where the. Q axis coincides with the dilatation line, one may write the

nonzero stress components of the plane strain axisymmetric field  rr at a distance
r from the dilatation line as [49]
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 rr  

a
a
,   
2
r
 r2

4‐30

where
a 

a
2(1   )

4‐31

denotes the strength of the dilatation line, and a  2 r0  is the unconstrained
area of expansion. Due to combined axial symmetry and plane strain only the
displacement, u, in the r direction in the z plane is nonzero and is given by

u

a
2 r

4‐32

The strain field associated with u is incompressible and the area flux in the z
plane through a circular boundary enclosing the dilatation line is A  a . The
unconstrained area of expansion a can be evaluated in terms of the
unconstrained volume change v of a hydrogen atom. Consistent with the plane
strain assumption of the model, the unconstrained volume of the unit length
cylinder a used to produce the dilatation line is equal to the total
unconstrained volume

v
1
of the hydrogen atoms which make the unit length
h
h

of the cylinder. Therefore a 

v
. In view of the fact that v  v , one may
h

57

write a 

v
. Since the volume change v is related to the partial molar volume
h

of hydrogen in solution VH , [49]
a 

VH
N Ah

4‐33

4‐5 Interaction of a single dilatation line with an applied stress
Assume that a dilatation line is introduced in an infinite elastic solid subject to
stresses  ija with corresponding displacements uia caused by externally applied
loads. The interaction energy per unit length between the stress field  ij of the
dilatation line and the stress field  ija due to the external loads can be written as
[46]
Eint    u   u  n j dS 
a
ij i

S

a
ij i

 xxa   yya
2

a 

4‐34

where S is any arbitrary curve on the z plane encircling the dilatation line, stress
a
components  ij are measured in a Cartesian coordinate system whose axis z

coincides with the hydrogen dilatation line, and n is the outward unit normal
vector to the curve. In (3‐29), which is the plane version of (4‐34) dividing Eint by

1
the total number of hydrogen atoms in the unit length of the dilatation line, one
h
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finds the interaction energy per hydrogen atom as Wint  Eint h . Therefore, with
use of (4‐33) and (4‐34), one obtains Wint as
Wint 

 xxa   yya VH
2

4‐35

NA

Equation (4‐35) is used in (3‐2) to calculate the hydrogen concentration C in
equilibrium with an applied stress field  ija and (4‐29), provides the density n of
the dilatation lines in the plane normal to the dislocation lines. Since the stress
field,  ija varies with position, so also do the fields C and n.

4‐6 shear stress of hydrogen dilatation lines on a dislocation
Consider a Cartesian coordinate system of axes x and y centered at the core of
the dislocation 2, as shown in Figure (4‐3), and a single hydrogen dilatation line
at a point with polar coordinates r ,  . The shear stress exerted at the core of
dislocation 2 along the slip plane by the hydrogen dilatation line can be found
from (4‐30) as

 xxa   yya
2

sin 2  

a
sin 2
 r2

4‐36

Using the principle of linear superposition and (4‐36) one may calculate the
shear stress d H due to the dilatation lines of an infinitesimal area dS at ( r ,  ) as
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 a 
d H  n dS   2  sin 2
 r 

4‐37

Substituting (4‐29), (4‐31) and (4‐33) into (4‐37) and then integrating over the
entire area S occupied by the atmosphere, one finds the net shear stress  H
induced by the hydrogen atmosphere as

H  



VH 2 R
sin 2
C (r , )
dr d


0
r
2
2 (1   ) N A
r

4‐38

where r2 is the inner cut‐off radius of dislocation 2 and R is the outer cut‐off
radius of the atmosphere centered at dislocation 2. The core of dislocation 1 with
cut‐off radius r, is also excluded from the integration. A similar expression can be
written for the resolved shear stress on dislocation 1 due to hydrogen.
According to (4‐30), the stress field of a hydrogen dilatation line is purely
deviatoric. Consequently, the interaction energy, as calculated from (4‐35),
between the hydrogen dilatation lines is zero, i.e. the introduction of a dilatation
line into the lattice is energetically independent of the presence of the
neighboring lines. Therefore, the hydrogen concentration C ( r ,  ) at any position

(r , ) is determined solely by the corresponding stress due to dislocations 1 and
2. Superposition of the singular linear elastic stress fields of the two dislocations
[41] yields the in‐plane hydrostatic stress as
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 xxa   yya
2





 sin 

r sin   l sin 
 b1 2 2
 b2

2 (1   ) 
r
r  l  2rl cos(   ) 

4‐37

where l ,  are the polar coordinates of the position of dislocation 1 Figure (4‐3).
Then, concentration C ( r ,  ) in (4‐38) is calculated by combining (3‐2), (4‐35) and
(4‐38).
Equations (4‐30) indicate that the stress field of a hydrogen dilatation line
decays as

1
with distance r. It is expected that the magnitude of the shear stress
r2

H due to hydrogen on dislocation 2 will depend mainly on the dilatation lines
close to the core of dislocation 2 and less on those which are remote from the
core. This effect is seen in the integrand of (4‐38) which diminishes as r increases
and becomes zero at r   , where C (r , )  C0 . In the calculations for the
hydrogen distribution and stresses on the dislocation, for fixed relative
dislocation positions (l ,  ) the integral of (4‐38) is computed numerically for an
arithmetic progression of outer cut‐off radii, R, differing by 20b2 . The calculation
is regarded as convergent when the relative error in the calculated shear stress
for two successive radii is less than 10 3 .
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Lastly, the corresponding shear stress,  D , resolved along the slip plane at the
core of dislocation 2 due to dislocation 1 is given by

D  

 b1

cos  cos 2
2 (1   )
l

4‐40

Figure 4‐3 The shear stress d H , induced at the core of the dislocation 2 by the
hydrogen dilatation lines [49]

The net shear stress exerted on dislocation 2 is equal to  D   H .
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CHAPTER 5

General finite element approach
We will formulate the finite element equations with respect to the current, or
deformed, configuration, which is usually called an updated Lagrangian
formulation [48]. The initial position of the material particle P within the element
can be specified as
X(, t) 

NNODE


I 1

N I () X I (t)

5-1

where NNODE denotes the number of finite element nodes, N I () represents the
element shape functions and X I (t) indicates the initial positions of the finite
element nodal points PI , which are given in terms of the local element reference,

 1 , 2  shown

in Figure (5‐1). Assuming that the material particle P remains

attached to the same finite elements during the deformation, the current positions
of the material particles are specified by
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x(, t) 

NNODE


I 1

N I () x I (t)

5-2

where x I (t) denotes the current positions of the finite element nodal points p I . The
displacements are assumed to be small and there are no rigid body rotations.
X(, t) and x(, t) are therefore identical. For two‐dimensional elements, two local

reference frame independent variables are needed,  1 , 2  , to specify position.
The displacement field within each finite element is approximated as follows
u(, t) 

NNODE


I 1

N I () u I (t)

5-3

The deformation gradient tensor is obtained by differentiating equation (5‐2)
with respect to the initial configuration as follows
 X N I (, t) 

N I ()  N I

X(, t)  X

N I
Y

N I 
Z 

5-4

that are the derivatives of the shape functions N I . The gradient term is  , and the
dyadic product is ⊗. The derivative can be rewritten as follows
N I () N I () 
N I ()  X(t) 
 X N I (, t) 




X(, t)
 X(t)
   

It is normally not possible to determine

1


in Equation (5‐5) directly since
X

Equation (5‐1) specifies X in terms of  . It is therefore necessary to determine
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5-5

X


instead and obtain the inverse. The derivative

X
or the Jacobian relates


infinitesimal quantities in the material configuration to those in the local element
coordinate system. Therefore
X(t) N I ( )

X I (t)



5-6

where the members of

X(t)
are given by


X i NNODE
N I
  X iI
 j
 j
I 1

5-7

The small strain tensor can be approximated





1
1 NNODE
T
(, t)  u   u  
  u I (t)   X N I ()   X N I ()  u I (t) 
2
2 I 1

5-8

The spatial derivatives with respect to the current configuration are obtained
from the shape functions as
N I () N I () 
N I ()  x(t) 
 x N I (, t) 




x(t)
 x(t)
   

where members of the Jacobian,

1

5-9

x(t)
, are given by


x i NNODE N I
  x iI
 j
 j
I 1

5-10

The increment in the virtual work for an arbitrary virtual displacement u will be
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W    :  dV 


 t  u dA  0

5-11



where t is the stress vector, or traction, σ and ε are the stress and strain tensors
respectively, and  and  are domains of area, A and volume, V , respectively.

The first term in the right‐hand side of (5‐11) is the internal work per unit
volume. A stress quantity is called work conjugate to the strain if their double
contracted tensor product yields work. The co‐rotational Cauchy, or true, stress is
work conjugate to the true strain.
The spatial virtual work equation, (5‐11), which describes the static equilibrium
of the element can be rewritten in terms of the finite element discretization as
W    :


1 NNODE
 NNODE

u
N
N
u
dV
t
N I u I  dA









 I


x
I
x
I
I


2 I 1
 I 1



5-12

As  is a symmetric tensor, this reduces to
W    :

NNODE




I 1

u I   x N I dV 

 NNODE

t
N I u I  dA

  
I 1


5-13

and as the nodal virtual velocities are independent of the integration, this may be
rewritten to give
W 

NNODE


I 1

u I     x N I dV 


NNODE


I 1

u I 

Nt
I

dA



The virtual work equation can finally be written in vector form as
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5-14

dW 

NNODE


I 1

u I   f Iint  f Iext 

5-15

by introducing expressions for the equivalent element nodal force vectors as
follows
dW 

NNODE


I 1

u I   f Iint  f Iext 

5-16

where
f Iint    x N I dV

5-17



and
f Iext 

N

I

t dA

5-18



where f Iint , f Iext represent the internal, and the external element nodal forces,
respectively. Since the discretized rate of virtual work, Equation (5‐16) must be
satisfied for all cases of the arbitrary virtual velocities, the element equation can be
rewritten
f Iint  f Iext  0

5-19

The nodal forces can be further assembled into global vectors (column
matrices) by summing over all elements to give
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f Iint

 f1int 
 int 
f
 2 
  
 int 
 f n 

,

f Iext

f1ext 
 ext 
f
 2 
  
 ext 
f n 

5-20

where n is the total number of points used in the discretization. Finally, the finite
element discretization can be expressed by the set of non‐linear equilibrium
equations as follows
f Iint (u)  f Iext (u)  0

5-21

for the set (column matrix) of nodal displacements
 u1 (t) 
 u (t) 
u 2 
  


 u n (t) 

5-22

at time t .
We can rewrite Equation (5‐19) in a more familiar way by considering the
internal work term and writing it in terms of Voigt notation. We will assume small
strain elasticity for simplicity. Returning to Equation (5‐11), the internal work term
originates from W I    :  dV and may be written using Voigt notation as


W I    :  dV 


 

T

 dV

5-23



where
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 T    xx

 yy

2 xy 

5-24

in which the off‐diagonal terms (shear terms) are doubled to satisfy work
conjugacy as specified in (5‐23).
After some algebra, this can be written in Voigt notation as
 N I

 x
  xx 
NNODE
NNODE



    yy    BI  u I    0
I 1
I 1 
 2 
 xy 
 N I

 y


0 

N I   u x I 
 
y   u y I 
N I 

x 

5-25

so that from (5‐23) the internal energy term becomes
T

 NNODE

W I    T  dV     BI  du I   dV


  I 1

5-26

If we assume purely elastic small deformation, then, we may write
T

T

 NNODE

 NNODE
  NNODE

W     BI  du I  C  dV     BI du I  C   BJ du J  dV

  J 1

  I 1
  I 1
I

5-27

where C is the elastic material property matrix which can be obtained as
  xx     2

    xx 

 
 
    yy    
  2     yy   C 
   

    xy 
 xy  
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5-28

where  

E
E
and   G 
are the Lame constants. For the plain
(1  )(1  2)
2(1  )

strain case where  z  0 the normal stress out of plane will be
 z   ( x   y )

5-29

So that
 NNODE

W I  u TI    BTI CBJ dV  u J
 I,J 1 


5-30

Equation (5‐30) can be written as W I  u TI k u I where

k

NNODE

  B CB dV

I,J 1 

T
I

5-31

J

for static problems,
f  ku

5-32

This equation, in general, is non‐linear. This is because the stiffness matrix, k ,
depends upon the C matrix which is non‐linear.
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5‐1 Four‐Node rectangular elements
The shape functions for this element, as shown in Figure (5‐1), are as follows

Figure 5‐1 Element local coordinate system

1
N1 ()  (1  )(1  )
4
1
N 2 ()  (1  )(1  )
4
1
N3 ()  (1  )(1  )
4
1
N 4 ()  (1  )(1  )
4

5-33

In order to obtain the stiffness matrix we need to carry out integrations of the
shape functions. Hence, we need to use a numerical technique. Often, in order to
simplify the process, the integration is carried out with respect to a particular point
in the element; this point is known as an integration point. The integration will be
performed numerically using four integration points at P( , )  P( 
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1
1
,
).
3
3

Integrals over the element domain of the type I   f ( , ) dV are expressed in


the element local coordinate system by use of the Jacobian, J , as

I

1



1

1 1

f ( , ) det J dd

5-34

where the Jacobian for a two‐dimensional problem is given by

 X
 
J
 Y
 


X 
 

Y 
 

5-35

The integral in (5‐34) will be approximated using Gauss quadrature by

I  f ( , ) 

1



1

1 1

det J dd

5-36

The shape function derivatives at the integration point P( , )  P( 

1
1
,
) are
3
3

obtained from

N N  N  X 




X  X    

1

5-37
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5‐2 Implicit integration to solve non‐linear equations
Implicit integration schemes are often preferred to their explicit counterparts
since they involve the determination of a residual force at each step and iteration
within the step to minimize the residual force to within a specified tolerance. There
are different techniques like the tangential stiffness method, the initial tangential
stiffness method, and the Newton–Raphson method in order to solve non‐linear
equations.

5‐2‐1 Newton–Raphson method
The discretized static equilibrium equation given in (5‐32), will not generally be
satisfied unless a convergence occurs which can be expressed in terms of residual
forces as follows
k(u) u  f    0

5-38

The iteration starts from an initially guessed solution u 0 and the corresponding
stiffness matrix k(u 0 ) . The residual forces at a given time step can be calculated as
  k(u) u  f

5-39

Using a Taylor expansion,  may be approximated by
 (u) 

 (u)
u  O( u 2 )  0
u

5-40
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The matrix J 


is called the Jacobian, or effective tangent stiffness, and from
u

(5‐39) it can be seen that this comprises a term corresponding to the internal forces,
termed the tangent stiffness matrix, and a further term corresponding to the
‘external’ forces, called the load stiffness matrix.
Equation (5‐40) provides a linearization of (5‐39) and may be written as
  J u  0

5-41

So that
J(u n ) u n   (u n )

5-42

and the displacement is updated by u n 1  u n  u n . The iteration continues until
the tolerance limit on residual force is achieved.
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5‐3 Hydrogen effect on the elastic moduli of niobium
High frequency acoustic measurements [51,52] of the elastic constants C , C11
and CL of the Nb‐H(D) system were used to calculate the cubic moduli C11 , C 22
and C 44 . Over a wide range of hydrogen concentrations, the Nb‐H system is
elastically anisotropic with C44 

C11  C12
.
2

This set of data allows the calculation of the Reuss and Voigt averages of the
isotropic elastic moduli and these will be used in the calculations presented in a
subsequent paper. In the present paper, the model material was assumed to be
isotropic with bulk modulus, B 

C11  2C12
, and shear modulus,   C 44 which
3

models the behavior in systems in which hydrogen increases the shear modulus.
Using this procedure, and the data from [51,52], the hydrogen effects on
Young’s modulus E, Poisson’s ratio,  , and shear modulus,  , are described by

E  E0 (1  0.34c) ,   0  0.025c ,   0

1  0.34c
1  0.0177c

5-43

where E 0  87.1 GPa ,  0  0.415 ,  0  30.8GPa are Young’s modulus, Poisson’s
ratio and shear modulus respectively for the hydrogen‐free material, and c can be
calculated from equation (3‐2).
The conclusions about the hydrogen effect on the mechanical behavior of the
material are strongly associated with the assumed increase of the shear modulus
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with increasing hydrogen concentration (which follows from the assumption
  C 44 ).

All parameters, mechanical and hydrogen related, were chosen for the BCC
niobium system whose lattice parameter is a = 3.301 A with a corresponding
Burgers vector magnitude, b = 0.285 x10‐9 m. The elastic behavior of the niobium
was assumed to be isotropic with a shear modulus of 30.8 GPa and a Poisson’s
ratio of 0.415, values which correspond to the hydrogen‐free material. Given the
ratio of volume expansion per hydrogen atom to volume of the host lattice atom
is 0.174 [52], one can calculate the partial molar volume of hydrogen as VH =
0.188x10‐5 m3 mol‐1. The molar volume of the metal was VM = 0.108 x10‐4 m3 mol‐1,
which corresponds to NL = 0.555 x 1029 solvent lattice atoms per m3 of host metal
lattice. The parameter  was chosen equal to six interstitial lattice atoms per
solvent atom corresponding to tetrahedral site occupancy, thus allowing for local
hydrogen concentrations capable of forming the NbH structure at = l/6. The
system’s temperature was 300 K.
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CHAPTER 6

Simulations and results
Solving equation (3‐2) in order to find the concentration of solute atoms in the
dislocation field is an iterative process because the interaction energy in this
equation is a function of the elastic stress field associated with the introduction of
hydrogen into the lattice. Furthermore, the elastic modulus of the lattice varies
point to point according to equations (5‐43). Therefore, non‐linear finite element
method with Newton‐Raphson approach is used here to solve for the hydrogen
concentration in the presence of dislocation fields.
In this chapter, the relaxed elastic stress field associated with the introduction
of hydrogen into the lattice is calculated and the elastic moduli of the lattice are
allowed to vary pointwise according to the local hydrogen concentration. In
addition, relaxation of the standard singular dislocation for elastic stress field is
accounted for, which is ignored in the literature due to an assumption indicating
the small effect on the concentration. However, hydrogen in regions far from a
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field is incapable of relaxing the dislocation for singular stress field because the
stresses due to hydrogen decay rapidly by

1
. Later in this chapter we will show
r2

that this effect near the core cannot be ignored, and in some cases, this effect,
substantially changes the results of the concentration in the field especially near
the core.
In order to verify the computational scheme, the simulations have been done
for a single edge dislocation with initial concentration of 0.1, two parallel edge
dislocations of equal and opposite Burgers vectors with the distance of 6b, 8b, and
10b. For all simulations only the first order interaction energy (equation (3‐44)) has
been considered in order to compare the results with the results in reference [49].
In order to investigate the effect of initial concentration, three simulations for a
single edge dislocation have been done for initial concentration of 0.1, 0.01, and
0.001.
Second order interaction energy introduced in equation (3‐45), which is ignored
in literature has been considered in the second set of simulations for a single edge
dislocation with different initial concentrations.
Finally hydrogen concentration has been calculated for randomly‐distributed
dislocations. In these simulations, both the effect of the magnitude of the nominal
initial concentration and second order interaction energy on concentration
distributions due to diffused solute have been investigated.

78

6‐1 Finite element simulation cell and imposed boundary conditions
A schematic simulation cell for all cases is shown in Figure (6‐1), which is a
square block with 50b dimension, where, b is the Burgers vector of niobium with
the magnitude of 0.285  10 9 m .
Minimum boundary conditions avoiding rigid body motion are shown in Figure
(6‐1), where displacement in y direction u 2 and traction in x direction t1 are
assigned to be zero, in addition, the other sides are traction free surfaces (t=0).
The simulation cell sides are large enough that concentration is not affected by
boundary conditions.

Figure 6‐1 schematic of the simulation cell
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6‐2 Verification of computational scheme
In this section, nominal concentration of 0.1 at temperature 300 K considered for
a single edge dislocation, and two parallel edge dislocations of equal and opposite
Burgers vectors with a separation distance of 6b, 8b, and 10b. The results are
compared with those in reference [49].

6‐2‐1 Single edge dislocation
The hydrogen atmosphere in equilibrium with the stress field of a single
dislocation is shown in the form of normalized iso‐concentration

c
, in Figure (6‐
c0

2) at a nominal concentration c0  0.1 hydrogen atoms per solvent atom. The
atmosphere is symmetric with respect to the dislocation plane because of the
corresponding symmetry in the hydrostatic stress field of the dislocation. There is
a very good quantitative agreement between iso‐concentration distributions
shown in Figure (6‐2) and those reported in reference [49].
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Figure 6‐2 Contours of the normalized hydrogen concentration

c
around a
c0

single edge dislocation at a nominal hydrogen concentration c0  0.1 and
temperature 300 K

The normal stresses are positive below the dislocation and negative above the
dislocation, therefore, the hydrostatic stress field is positive below the slip plane
and negative above it. The normal and shear stress distributions of the dislocation
field affected by hydrogen are shown in Figure (6‐3).
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(a)

(b)
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(c)

Figure 6‐3 Contours of the normal and shear stresses around a single edge
dislocation at a nominal hydrogen concentration, c0  0.1 , and temperature, 300K
a) Normal stress in the x direction b) Normal stress in the y direction
c) Shear stress on the xy plane

6‐2‐2 Two parallel edge dislocations with equal Burgers vectors
Under the same temperature and nominal hydrogen concentration, Figures (6‐
4) show the hydrogen atmosphere for dislocations 1 and 2 on the same slip system
and at respective relative positions of 6, 8 and 10 Burgers vectors apart.
The hydrogen atmosphere in equilibrium with the stress field of two parallel
dislocations having equal Burgers vectors for three separation distances between
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the dislocations are shown in the form of normalized iso‐concentration

c
, in
c0

Figure (6‐4) at a nominal concentration c0  0.1 hydrogen atoms per solvent atom.

(a)

(b)
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(c)

Figure 6‐4 Contours of the normalized hydrogen concentration

c
around two
c0

parallel edge dislocations with equal Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances are

a) 6b b) 8b c) 10b

The hydrostatic stress field is reinforced positively below the slip plane and
negatively above the slip plane. For any given point in the area between the
dislocations, this reinforcement increases as the dislocations approach each other.
Consequently, the hydrogen concentration increases in the regions of positive
stress enhancement and its value becomes larger than the concentration of the
corresponding region in the atmosphere of a single dislocation. The normal and
shear stress distributions for two parallel dislocations with equal Burgers vectors
corresponding to dislocation distance of 6b, 8b, and 10b are shown in Figures (6‐
5)‐(6‐7). The normal stress distributions are symmetric, however, the magnitude
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of these stresses decrease by increasing the distance of two dislocations. On the
other hand, shear stress distribution is asymmetric, and is zero between two
dislocations away from the cores.

(a)

(b)
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(c)

Figure 6‐5 Contours of the normal stresses in the x direction around two
parallel edge dislocations with equal Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances of a) 6b b) 8b c) 10b

(a)
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(b)

(c)

Figure 6‐6 Contours of the normal stress in y direction around two parallel
edge dislocations with equal Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances are a) 6b b) 8b c) 10b
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(a)

(b)

89

(c)

Figure 6‐7 Contours of the shear stress on the xy plane around two parallel
edge dislocations with equal Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances are a) 6b b) 8b c) 10b

6‐2‐3 Two parallel edge dislocations with opposite Burgers vectors
In Figure (6‐8), the hydrogen atmosphere in equilibrium with the stress field of
two parallel dislocations with the opposite Burgers vectors for three separation
distances of 6b, 8b and 10b between the dislocations are shown in the form of
normalized iso‐concentration

c
, under temperature, 300 K and nominal
c0

hydrogen concentration c0  0.1 . The hydrogen atmosphere around each
dislocation is nonsymmetrical when compared with the atmosphere of the single
dislocation shown in Figure (6‐4). This is a direct result of the linear superposition
in the stress field of the two dislocations.
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(a)

(b)
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(c)

Figure 6‐8 Contours of the normalized hydrogen concentration

c
around two
c0

parallel edge dislocations with opposite Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances are a) 6b b) 8b c) 10b

In the stress field of two parallel dislocations with opposite Burgers vectors, the
positive hydrostatic stress field of each dislocation is weakened and the hydrogen
concentration in the tensile regions of the two dislocations is less than that of a
single dislocation alone. Figures (6‐9) (a)‐(c) to (6‐11) (a)‐(c) indicate the
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distributions of the normal and shear stress corresponding to dislocation
separation distances of 6b, 8b, and 10b. The normal stress distributions are
asymmetric, however, the magnitude of these stresses are zero between two
dislocations away from the cores of the dislocations. On the other hand, shear
stress distribution is symmetric, the magnitude of these stresses decrease by
increasing the distance of two dislocations.

(a)
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(b)

(c)

Figure 6‐9 Contours of the normal stresses in x direction around two parallel
edge dislocations with opposite Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances are a) 6b b) 8b c) 10b
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(a)

(b)
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(c)

Figure 6‐10 Contours of the normal stress in the y direction around two
parallel edge dislocations with opposite Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances are a) 6b b) 8b c) 10b

(a)
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(b)

(c)

Figure 6‐11 Contours of the shear stress on the xy plane around two parallel
edge dislocations with opposite Burgers vectors at a nominal hydrogen
concentration, c0  0.1 , and temperature, 300 K
The separation distances are a) 6b b) 8b c) 10b
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6 ‐3 Extended studies
First, the effect of initial concentration on the hydrogen concentration
distributing around a dislocation is studied in the case of a single edge dislocation
for initial concentration of 0.1, 0.01, and 0.001.
Secondly, the effect of the second order interaction energy on concentration
distribution is investigated, and as will be shown, in some cases this effect
substantially changes the results of the concentration in the field especially near
the dislocation core. The simulations are performed for a single edge dislocation
with three initial concentrations of 0.1, 0.01, and 0.001.
Finally the hydrogen concentration is calculated for the case of randomly‐
distributed dislocations. Both effects of second order interaction energy and the
magnitude of the initial concentration on concentration distribution are also
investigated in this case.

6 ‐3‐1 Effect of initial hydrogen concentration
In order to investigate the effect of initial concentration, three initial concentrations
with magnitudes 0.1, 0.01, and 0.001 are considered in the case of a single edge
dislocation. The results are shown in the form of normalized iso‐concentration
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c
,
c0

under temperature 300 K in Figures (6‐12) (a)‐(c). The results show significant
differences in the ratio of

c
near the core, however, this difference diminishes for
c0

regions far from the core. In addition, the results for c0  0.01 and c0  0.001 are
almost similar everywhere except the region very close to the core.

(a)
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(b)

(c)

Figure 6‐12 Contours of the normalized hydrogen concentration

c
around a
c0

single edge dislocation for temperature 300 K and different nominal hydrogen
concentrations a) c0  0.1 b) c0  0.01 c) c0  0.001
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6 ‐3‐2 Effect of the second order interaction energy
To this point, only the first order interaction energy has been considered in all
simulations, however, the second order interaction energy presented in equation
(3-45) can alter the results. In this case, the effect of the second order interaction
energy is investigated for three initial concentration of 0.1, 0.01 and 0.001 for the
single edge dislocation.

The results are shown in the form of normalized iso‐concentration

c
, under
c0

temperature 300 K in Figures (6‐13) (a)‐(c). These results can be compared with
those in the previous section and it can be concluded that the change is noteworthy
near the dislocation core. The differences vanish as the initial concentration
decreases. As shown in the Figures (6‐13) (b), (c) the changes of the effect of the
second order interaction energy is negligible between 0.01 and 0.001 indicating
almost no difference of considering 0.01 and 0.001 for an initial concentration.
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(a)

(b)
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(c)

Figure 6‐13 Contours of the normalized hydrogen concentration

c
around a
c0

single edge dislocation with first and second order interaction energies for
temperature, 300 K
The initial concentrations are a) c0  0.1 b) c0  0.01 c) c0  0.001

In general, the second order interaction energy is smaller than the first order
interaction energy, however, this is not the case for the vicinity of a dislocation.
The second order interaction energy decreases with distance from the dislocation
proportional to

1
1
, in contrast to the dependence of the first order interaction
2
r
r

energy, therefore, the effect of this term is significant in the region close to the
dislocation as shown in Figure (6-14). On the other hand, this effect diminishes by
decreasing the magnitude of the initial concentration.
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The distribution of the ratio of the second order to the first order interaction energy
is shown in Figure (6-14) for three initial concentrations 0.1, 0.01, and 0.001.

(a)

(b)
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(c)

Figure 6‐14 Contours of the ratio of the second order to the first interaction
energy around a single edge dislocation for temperature, 300 K
The initial concentrations are a) c0  0.1 b) c0  0.01 c) c0  0.001

6 ‐3‐3 Randomly‐distributed dislocations
In this subsection, the problem is extended to simulate the randomly‐
distributed dislocations network which mimics a more practical problem for
distribution of hydrogen in the presence of dislocations. The simulation has been
accomplished for both effects of the second order interaction energy and different
initial concentrations. The dislocations are distributed randomly in the simulation
cell introduced in Figure (6‐1).

105

The Contours of the normalized hydrogen concentration distribution for the
initial concentration of 0.1 with only first order and with both first and second
order interaction energies are shown in Figure (6‐15).

(a)
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(b)

Figure 6‐15 Contours of the normalized hydrogen concentration

c
around
c0

randomly‐distributed dislocations with the first and second order interaction
energies and for initial concentration, 0.1 and temperature, 300 K
a) Only the first order interaction energy
b) Both the first and the second order interaction energies
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Results for an initial concentration of 0.01 for only the first order and with both the
first and the second order interaction energies are shown in Figure (6‐16).

(a)
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(b)

Figure 6‐16 Contours of the normalized hydrogen concentration

c
around
c0

randomly‐distributed dislocations with the first and the second order interaction
energies for initial concentration, 0.01 and temperature, 300 K
a) Only the first order interaction energy
b) Both the first and the second order interaction energies
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6 ‐4 Closure
A method for calculating the effects of a mobile solute hydrogen, on the
interaction between elastic centers has been developed. This method allows
modeling of the lattice distortion induced by a single or a continuous distribution
of interstitial atoms coupled with the distortion field of lattice defects such as
dislocations. The method was applied using analytical and non‐linear finite
element methods to study the effects of hydrogen on the interaction between
dislocations and solutes.
Model calculations were carried out for the case where hydrogen increased the
elastic modulus of the system and in which the first and second order elastic
interaction between the dislocations and hydrogen were considered.
The simulations were performed for three different nominal initial
concentrations with the magnitude of 0.1, 0.01 and 0.001 for a single edge
dislocation, two parallel edge dislocations with same and opposite Burgers vectors
and randomly‐distributed dislocations, indicating the increase of normalized
hydrogen concentration in the field especially near the cores of dislocations by
decreasing the initial values of nominal initial concentrations.
The effect of the second order interaction energy is significant for the region
close to the core of a dislocation for the higher value of initial concentrations,
however, it can be negligible for the distance faraway from dislocations.
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