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Abstract

Understanding failure process in metallic materials is crucial to their engineering ap-

plications. The complexity of failure analysis origins from the intrinsic nature that failure

process couples various mechanisms across multiple spatial and temporal scales. While

crack propagation models at macroscopic level such as cohesive zone model have made

substantial progress in crack propagation studies, these models performs poorly at micron

and sub-micron scale. One major reason is the lacking of representation of microstructure

dependence and interaction between cracks and plastic deformations such as dislocation and

twinning. There is considerable need to develop a physical based crack propagation model

addressing the evolution of deformation mechanisms and the impact on crack propagation.

In this dissertation, a novel computational framework is developed to explicitly model

the process of crack propagation and associated deformation mechanisms evolution with

atomistic resolution. The development starts with building a robust tool to characterize and

quantify the evolution of deformation mechanisms in atomistic simulation. To overcome the

length scale limitation of pure atomistic simulation methods such as molecular dynamics,

a self-consistent atomistic and continuum coupling model is introduced using continuum

model in the far eld and atomistic model near crack tip. The coupling is achieved by

enforcing geometric compatibility and force equilibrium condition in a weak sense at the
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interface region between two domains. The coupled model takes care of numerical error

sources such as ghost-force and phonon-re ection and allows nite temperature applied

in the atomistic domain in order to study the thermally activated processes. A nonlinear

and nonlocal constitutive relation is used for the continuum domain to be consistent with

inter-atomic potentials. The coupled model is solved iteratively using software package

LAMMPSã as simulator of atomistic system and nite element code for continuum sys-

tem, both e ciently implemented in parallel and communicating using message passing

interface(MPI).

The developed characterization tool in atomistic simulation revealed the orientation

dependence of nucleation and evolutionã of crack tip deformation mechanisms, the

analysis shows the change of dominated mechanism also has strong e ect on the energy

evolution. The coupled concurrent model is used to study the crack tip eld and dynamic

crack propagation. The simulation result shows a transition between crack propagation

and dislocation nucleation for di erent orientations. Crack propagation is found to prefer

low index 100 , 110 planes than high index planes. A parametrized rate form of crack

propagation law is extracted from the coupled concurrent model, and applied in a pure

continuum model for validation. In the dislocation dominated scenario, a dislocation density

based information passing method is introduced to incorporate the plastic deformation into

the coupled model validated by correlating distribution of dislocation density with plastic

deformation rate in the interface region.
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Chapter 1

Introduction

Fracture mechanics is a relatively young eld, modern fracture mechanics undergoes

fast development during world war II as brittle fracture has been found in large structures.

More than one thousand of liberty ships built during WWII su ered from signi cant brittle

fractures. After world war II, the fracture has haunted the aerospace industry for decades,

many important knowledge regarding to the initiation and propagation of fracture has been

learned through heavily costly experiences. Series of accidents happened in 1954 cost the

many lives, and one of the reason that the rst commercialized jet plane Comet was later

replaced by Boeing 707 and Douglas DC-8. It is estimated in a government investigation in

1983 that the failure in materials and structure costs about 100 billion dollars in each year

[8] . To prevent the economic loss and tragedies caused by material and structure failure,

deeper understanding and better modeling of fracture process is a necessary element.

Damage of metals and alloys inherently involves coupling of various deformation and

failure mechanisms at multiple length and time scales. They include atomic-scale bond-

breaking, sub-micron scale defects and dislocation activities, micron-scale intra- and trans-

granular cracks in grains and grain boundaries, and macro-scale fracture zones in structural
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components. While computational modeling of deformation in polycrystalline materials is

making major strides in predicting stress-strain behavior with reasonable accuracy, failure

and ductility predictions are still far from mature. One signi cant bottleneck with simula-

tions leading to failure prediction is due to the fact that the crack growth phenomenon in

crystalline alloys is not adequately understood or characterized. A majority of simulations

that attempt to model cracking in polycrystalline materials incorporate cohesive zone mod-

els (CZM) with experimentally tted parameters. Cohesive zone models [9, 10] interpret

fracture as a gradual process, where the separation between material surfaces is resisted

by cohesive traction. Numerical models in [11, 12] have used the CZM alongside crystal

plasticity models to simulate crack opening and tip behavior. Their interface CZM poten-

tials have been determined through the use of molecular statics simulations of the interface

decohesion. While the CZM models enjoy ease of numerical implementation, cohesive

laws can, in some cases, lack appropriate representation of deformation and other mecha-

nisms near the crack tip that govern crack growth. There is a need to create a framework

for coupling continuum scale deformation with atomic-scale crack evolution in a suitable

description that can be used in continuum modeling of crack growth.

Atomistic simulations using molecular dynamics (MD) have been widely used to sim-

ulate crack growth e.g. in [13 20]. These studies have provided insights on deformation

mechanisms associated with crack propagation. A 320 billion atom simulation, using

the Lennard-Jones (L-J) two body potential has been realized on the BlueGene/L in [21]
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reaching micron length scales. A 35 million atom system has been studied in [17] for

ductile fracture in copper using the EAM potential that exhibits the emission of dislocation

loops from the crack tip. Despite advances in parallel computing, MD simulation of crack

propagation in systems corresponding to continuum length and time scales still remains a

challenge. This prompts the need for continuum models of crack evolution conforming to

observations from atomistic simulations. One of the earliest attempts to develop a cohesive

model using MD for interface separation was in [22] for a copper bi-crystal with interface

under normal and shear loading. Cohesive zone relations have been extracted for brittle

cracks from atomic interaction potential in [23], whereas simple Virial stress-strain rela-

tions have been used to obtain traction-displacement relationships for aluminum bi-crystal

interfaces in [19, 24]. While these studies provide important insight into the evolution of

plastic mechanisms, the analysis predominantly provides a qualitative perspective. Quan-

titative description and correlation between the deformation mechanisms and mechanical

response, are important yet mostly unresolved. There is substantial need to construct a

robust computational method for both characterization and quanti cation of cracks and

plastic deformation mechanisms, using the geometric con guration as well as mechanical

response.

Though the atomistic simulation has advantage of nano-scale resolution, the huge num-

ber of degrees of freedom puts severe constraints on both spatial and temporal scales of

MD simulations. This is compounded by non-physical boundary conditions, e.g. periodic

boundary conditions for atomic representative volumes containing cracks. Hierarchical

3
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up-scaling is a common approach using to conduct higher scale simulation using extract-

ing constitutive relation from lower scale simulation. The reliability of such up-scaling is

built on the accuracy of the extracted constitutive relation. Therefore direct hierarchical

up-scaling would fail if the limited domain size or non-physical boundary condition jeop-

ardize MD result. On the other hand, concurrent coupling methods combine the lower

scale (MD) and higher scale description (continuum) into one model, and let two systems

evolve simultaneously with force balancing and compatibility condition enforced at the

interface. This physically represents a spatially larger system and hence help overcoming

the limitation of pure atomistic simulation. Di erent concurrent multi-scale models cou-

pling atomistic and continuum systems have been developed by various research groups,

including the nite element-atomistic (FEAt) [25],quasi-continuum (QC) [26, 27], bridge

scale method(BSM) [28], bridging domain(BD) [29], coupled atomistic and discrete dislo-

cation(CADD) [30], atomistic-to-continuum (ATC) [31, 32], embedded statistical coupling

method (ESCM)[33], coarse-grained atomistic models(CAC) [34] and multi-resolution

molecular mechanics (MMM) [35]. The common goal is to yield results similar to the full

atomistic simulations with signi cantly less computational cost. Di erent methods have

their own assumptions and formulations according to the application of interest. Several

general concerns are shared including error at interface region, ghost force correction and

implementation of nite temperature. In [36], the authors carefully reviewed fourteen

coupling methods and compared the computational e ciency and accuracy. With the de-

velopment of various coupled atomistic-continuum models, researchers are able to study

4
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the nano-scale process with more physical boundary conditions and less computational

cost. Some representative studies using coupled atomistic continuum model include grain

boundary dislocation activity in [37], the competition of dislocation nucleation and crack

propagation in [38], nano-indentation test in[39], traction displacement relationship at crack

tip in [24, 40]. While substantial progress has been made by the development and appli-

cation of coupled atomistic-continuum models, with regards to understanding the crack tip

processes, there still remains certain challenges. One is that most coupled models only

deal with zero-temperature system, while nite temperature system under constant strain

rate loading is essential to capture the temperature and strain rate e ect for critical events.

Another is that the e ect of non-linearity and non-locality on crack tip stress eld is not

well understood. Both issues are proven to be important elements for obtaining accurate

response of evolution of crack and the associated deformation mechanisms using coupled

atomistic continuum model [41].

A coupled-concurrent model with the capability to study both elastic and plastic de-

formation is the key to construct physical-based crack propagation law at subgrain scale.

The coupled model proposed in this dissertation has the nite-temperature feature used

in atomistic simulation and is suitable for system under constant strain rate loading. The

numerical issues such as ghost-force, phonon re ection and consistency between atomic

interaction and continuum constitutive relation has been carefully treated to minimize the

interface error. The nite temperature concurrent multi-scale system embeds an atomistic

domain with a crack in an elastic continuum domain for crystalline solids, for which self-

5
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consistent constitutive relations are determined. Atomistic simulations are conducted by

molecular dynamics or MD, while the continuum scale analysis are conducted by the nite

element (FE) method. The interface handshake domain is intended to satisfy conditions

of geometric compatibility and force equilibrium between the two disparate domains. A

self-consistent process is conducted to hierarchically extract a nonlinear, nonlocal elastic

constitutive model from the concurrent model simulations. Parameters in the self-consistent

constitutive model are calibrated from results of simulations with the coupled concurrent

system.

One major challenge for coupled models is the handling of plastic deformations resulting

from the nucleation and evolution of dislocation networks. Most other coupled models are

only designed for elastic deformation. Coupled atomistic and discrete dislocation(CADD)

handles 2D case in a satisfactory way however the extension to 3D is impeded by signi -

cant complexity on treating dislocation topology. To reconcile the complexity of resolving

random dislocation loop geometry passing the interface between atomistic and continuum

domain, an alternative strategy treating dislocation using the statistical information, i.e.

dislocation density, is proposed. The result shows that this approach is able to capture the

e ect of dislocation motion on plastic deformation without diving into the complicated geo-

metric con guration of individual dislocations. This provides a promising path to construct

the information passing from atomistic domain to continuum under plastic deformation.

6
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1.1 Introduction to molecular dynamics

Molecular dynamics is a numerical simulation method to model the system composed of

atoms and molecules originally developed from 1950s [42, 43]. In the common version

of molecular dynamics, the evolution of the system is characterized by the trajectory of

atoms derived from the system con guration and interactions between atoms. The most

attractive features of MD compared with continuum mechanics based models are mainly

from two aspects. One is that MDã has the resolution of individual atoms, allowing

tracking the evolution of con guration of atoms such as defects in crystalline material and

protein fold structure. The other is that in MD allows researchers study the material with

very few assumptions other than an accurate inter-atomic potential. These features makes

MD one of the most suitable numerical model to study lower scale mechanisms of ma-

terials. In the mean time, compared with quantum mechanics as more basic description,

MD discards the electrons degrees of freedom using the e ective potential function, and

further treating atoms as classical object following Newton s second law. Those assumption

provides bene t on signi cant reduction of degrees of freedom from quantum mechanics.

For problems related to mechanical property of materials where generally electron structure

are intact, such assumption is e ective and proven to be able to provide satisfactory accuracy.
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1.1.1 Inter-atomic potential

The inter-atomic potential de nes the potential energy of the system of a given con guration

of atoms. For most metallic system, the electrons delocalized from the atoms forming free

electron gas. The Embedded Atom Model (EAM) developed in [44] is an e ective way

to account for such e ect. In the EAM, an atom is viewed as being embedded in a host

lattice consisting of all other atoms in the ensemble. The embedding energy" of an atom i

is a function of the electron density before it is included. The functional form of the EAM

potential energy of an atom i is given as:

Ui = F
 

i j
ri j +

1
2

N

j=1 j i
i j ri j (1.1)

The rst term is an embedding function that represents the energy required to place an

atom i of type into the electron cloud. The electron cloud density is a summation over

many atoms, usually limited by a cuto radius. In the embedding energy function F ,

is the contribution to the electron charge density from atom j of type at the location of

atom i. It is a function of the distance ri j between atoms i and j within a cuto distance.

The second term is a short-range electrostatic pair-wise potential that is a function of the

distance ri j between atoms i and j. For a single element system, three scalar functions must

be speci ed, viz. the embedding function, a pair-wise interaction function, and the electron

cloud contribution function.
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1.1.2 Integration Algorithms

With the interaction between atoms provided, the trajectory of each atom is solved by a

step-by-step numerical integration of the classical equations of motion:

miri = fi fi =
Ui rN

ri
(1.2)

The derivative of potential energy de ned in 1.1 provides the force on each atom for a

given con guration, the second order di erential equations 1.2 are solved using velocity

Verlet algorithm:

m vi t +
1
2
t = m vi t +

1
2
t fi t (1.3a)

ri t + t = ri t + t vi t +
1
2
t (1.3b)

m vi t + t = m vi t +
1
2
t +

1
2
t fi t + t (1.3c)

One iteration of this scheme advances the coordinates and velocity of all atoms in the

molecular system over a timestep t. The important features of the Verlet algorithm

include: (a) it is time reversible; (b) it is symplectic; (c) it is low order in time, hence

permitting longer timesteps; (d) it requires just one force evaluation per step; (e) it is easy

to program.

While a general N-body problem has the complexity of O N3 , due to the shielding
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e ect of electrons, in most systems the interaction between atoms can be assumed to be

local by setting certain cuto beyond which two atoms are no longer considered interacting.

This treatment brings the complexity to O NlogN and allows for parallel treatment of

the whole system. Adopting parallel computing and distributed computing is a signi cant

promoter to the advance of molecular dynamics study.

1.2 Organization of the Thesis

The present dissertation proposes a multi-scale computational framework to characterize

the evolution of micro-crack and associated deformation mechanisms in crystalline material,

focusing on the e ect of di erent micro-structure. In chapter 2 the characterization and

quanti cation tools for crack and deformation mechanisms in atomistic simulation are

developed, the simulation results show orientation dependence on mechanical response and

the dominated deformation mechanisms. In chapter 3, to overcome the spatial limitation

for atomistic simulation, a self-consistent based concurrent multi-scale model that couples

the molecular dynamics and nite element is developed. The chapter starts with the

formulation and solving scheme, then discusses the approach to incorporate the nonlinearity

and nonlocality of atomic interactions into constitutive relation. In chapter 4, the developed

coupled model is deployed to study orientation dependence on crack propagation in single

crystal nickel coming from competition between dislocation nucleation and crack cleavage.

Furthermore, the initial steps to allow dislocation passing from atomistic domain into

continuum domain for the coupled model is discussed in chapter 5. The thesis is concluded

10
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in chapter 6.
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Chapter 2

Molecular Dynamics Based Study and Character-

ization of Deformation Mechanisms Near a Crack

in a Crystalline Material

2.1 Molecular Dynamics Model of Single Crystal Nickel with

an Embedded Crack

A molecular dynamics (MD) simulation model of single crystal nickel (Ni) with an em-

bedded crack is developed to investigate nano-scale crack-tip deformation mechanisms that

govern crack evolution in the crystalline lattice. The model system of a face centered

cubic structured (lattice constant 3.52 Å) single crystal nickel with an embedded center

crack is shown in gure 2.1(a). The four slip planes and corresponding slip directions for

single crystal Nickel are shown in gure 2.1(c). The MD simulation box is approximately

100nm 50nm 25nm in the x y z directions respectively. The dimension in the z

direction is taken to be comparable to those in the x and y directions to ensure that the

resistance to the dislocation motion due to image forces is su ciently small. The initial
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crack is assumed to be of length 10nm with a maximum opening of 1nm and continuous in

the z direction. Slip system interaction is a major mechanism of crystal lattice hardening.

The dimension of the simulation box in the z direction is su ciently large to ensure accurate

three-dimensional dislocation evolution in all active slip systems at the crack tip. Three

high symmetry lattice orientations are studied for this simulation box, viz.

1. Orientation 1: x 110 , y 111 , z 112

2. Orientation 2: x 112 , y 111 , z 110

3. Orientation 3: x 100 , y 010 , z 001

gure 2.1(b) shows a few key characteristic plastic deformation mechanisms evolving with

overall deformation in the MD simulation.

2.1.1 Boundary and Loading Conditions

Periodic boundary conditions are applied on all directions of the system. Translational

symmetry in the z direction extends the crack in nitely in this direction. The simulation

box is subjected to a constant engineering strain-rate yy = c in the y direction. In MD

simulations, this strain-rate control is realized by requiring atoms to move via a ne trans-

formation, prior to time-step integration of the governing equations. Under this condition,

an atom at a position ri = x y z in the system is displaced by u in a time-step t before

integrating the dynamic equilibrium equations, which is:

u = ux uy uz = 0 t cy 0 (2.1)
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Figure 2.1: (a) Representative dimensions of the MD simulation box with an embedded
crack (only atoms on the crack surface are shown), (b)characteristic plastic deformation
mechanisms evolving in MD simulation, colored by the local atom structure, (c) one of the
four slip planes and corresponding slip directions for Ni.

Simultaneously, the pressure in the x and z directions are kept to px = 0 and pz = 0 by a

NPT canonical ensemble to represent uniaxial tension [45].

2.1.2 Atomic Interaction Potential

The interaction between nickel atoms is calculated by a multi-body potential function

described by the embedded-atom method or EAM [44]. This potential is found to be

appropriate for most transition metal systems. The EAM potential developed in [3] is used

14
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in the present work. While the computational cost with the EAM potential is about twice

that with the Lennard-Jones potential, it has been shown to be signi cantly more accurate

in predicting the general stacking fault energy functions, e.g. in [46], needed for modeling

plastic deformation. The modi ed embedded-atom method (MEAM) has been developed

in [5] for application to a much broader class of material system including alloys and those

with covalent bonds. This method includes additional directional bonding dependent terms.

However, for pure nickel, this method is about 10 times more computationally expensive than

the EAM potential, while their accuracies are su ciently comparable. This is demonstrated

for various variables shown in table 2.1. Hence the EAM potential is considered to be

adequate for the MD simulations in this dissertation.

In the EAM, an atom is viewed as being embedded in a host lattice consisting of all

other atoms in the ensemble. The embedding energy" of an atom i is a function of the

electron density before it is included. The functional form of the EAM potential energy of

an atom i is given as:

Ui = F
 

i j
ri j +

1
2

N

j=1 j i
i j ri j (2.2)

The rst term is an embedding function that represents the energy required to place an

atom i of type into the electron cloud. The electron cloud density is a summation over

many atoms, usually limited by a cuto radius. In the embedding energy function F ,

is the contribution to the electron charge density from atom j of type at the location of
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Parameters Experiment (a) ab initio (b) EAM (c) MEAM (d)
lattice constant(Å) 3.52 3.52 3.52 3.52

ssf mJ•m2 125 110 88 125

usf mJ•m2 273 212

st mJ•m2 43 55 50

ut mJ•m2 324 159

Table 2.1: Comparison of values of parameters related to di erent deformation mechanisms
obtained by di erent methods: (a) experiments [1], (b) ab-initio calculations [2], (c) EAM
potential [3, 4], and (d) MEAM potential [5].

atom i. It is a function of the distance ri j between atoms i and j within a cuto distance.

The second term is a short-range electrostatic pair-wise potential that is a function of the

distance ri j between atoms i and j. For a single element system, three scalar functions must

be speci ed, viz. the embedding function, a pair-wise interaction function, and the electron

cloud contribution function.

The study of plastic deformation mechanisms associated with crack propagation in

metallic systems requires accurate values of the stable and unstable stacking-fault ener-

gies ssf and usf respectively, and the stable and unstable twinning energies st and ut

respectively. These values have been shown to have signi cant e ects on the plastic be-

havior of metals in [47, 48]. Good agreement has been shown between values of these

variables obtained by experiments, ab-initio calculations and EAM potential based calcu-

lations. Comparison of the lattice constant, stable and unstable stacking fault energy and

twinning energy are shown in table 2.1 with satisfactory results.
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A volume-averaged stress is de ned for the whole simulation box as:

i j =
1
Vbox

N

k
mkvki v

k
j +

N

k
r ki f

k
j (2.3)

where i j = 1 2 3 corresponding to the x y z directions and k is the identi er of an atom

in the ensemble containing N atoms in a simulation box of volume Vbox . The components

of velocity and position vector for atom k are v
k
i and r ki respectively, while f kj is the force

on the atom of mass mk resulting from pairwise interaction. Since isothermal condition

is applied to the system with a temperature of 0 1K , the temperature contribution to the

average stress is considered negligible.

2.1.3 Applied Strain Rates and Simulation Box Size in MD Simulations

A common challenge with MD simulations is the high strain-rates encumbered due to

time-step limitations with symplectic time integration schemes, e.g. the Verlet integrator.

In practice, the applied strain-rate can be orders of magnitude smaller than the maximum

slip-rate, which can reach high values corresponding to dislocation velocities approaching

the speed of sound. However in MD simulations, small time-scales can result in applied

strain-rates that are comparable to the maximum slip-rates. Various studies have investi-

gated the e ect of strain-rates on the material response [30, 49]. The class of problems

considered in this study deals with crack evolution, for which the strain-rate e ects may

in uence both the thermal activation process and the stress-strain response.
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C H A P T E R 2. M D S T U D Y O N D E F O R M A TI O N M E C H A NI S M S
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app and the increment of plastic strain pl due to dislocation motion, i.e.

= Ee f f app pl (2.4)

where Ee f f is an e ective sti ness that can be obtained from MD simulations. A peak stress

di erential is de ned as the peak stress minus the critical stress of dislocation emission, i.e.

= peak crit . This is plotted in gure 2.2a, where higher applied strain-rates are found

to lead to higher stress increments. With decreasing applied strain-rates, the stress-strain

response tends towards a stabilized quasi-static response. is 0 for quasi-static response

and monotonically increases with higher strain-rate. A higher value corresponds to a

departure from lower strain-rate regimes. The material properties of interest in this study are

generally for strain-rates lower than 106s 1 in gure 2.2b. For these rates, is expected to

be su ciently small. This condition is reasonably satis ed for applied strain-rates 108s 1

as shown in the gure 2.2b.

The other important consideration in MD simulations is the simulation box size. It

re ects the e ect of boundary conditions and interactions. Insu cient simulation system

size may lead to spurious artifacts such as image e ects that should be averted to generate

physically viable results. Accordingly, the simulation box size needs to be large enough

such that:

(i) crack propagation and the associated deformation mechanisms are independent of the
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Figure 2.3: Dislocation length (Å) and density (m 2) for di erent simulation box sizes
at 40ps after dislocation nucleation, corresponding to 2 4% strain: for varying (a) x y

dimensions (nm) with xed z dimension of 25nm, and (b) z dimension (nm) with xed
dimensions in the x y plane of 100nm 55nm.

size; and

(ii) simulation results exhibit a monotonic convergence trend with increasing size.

In this study, MD simulations with varying simulation box sizes are examined under the

conditions mentioned above. Dislocation evolution is considered to be the representative

mechanism that is examined for convergence. Since the crack is assumed to goes through

in the z direction, dimensions in the x y plane and in z direction are examined separately.

With respect to the x and y dimensions, the condition (i) implies that the simulation

system should be large enough such that the dislocation length evolution is independent

of its size, till dislocations interact with the boundary. In gure 2.3a, the dislocation

length is plotted as a function of varying system size in the x and y directions at a tensile

strain of 2 4%. Dislocations have not yet reached the boundary at this strain. The plot
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establishes that for sizes 80nm 44nm 25nm the total dislocation length attain similar

lengths, indicating relatively insigni cant boundary e ect on crack tip dislocation evolution.

Dimensional su ciency in the z direction is established with consideration of applied

periodic boundary conditions, implying an in nitely extending crack. Previous atomistic

studies on ductile fracture have assumed very small thicknesses t 2 5nm of the simulation

box [19, 50]. For these cases, periodicity enforces image dislocations with distance in the

z direction. The interaction between a dislocation and its image scales with thickness as:

fimage / 1•t. For very small t O nm , such interactions are signi cantly strong that

can suppress dislocation nucleation and gliding. The resulting plastic deformation is over-

constrained, and hardening is generally overestimated. With increasing box thickness t, the

image forces and their e ect on suppression of plastic deformation decreases. The condition

(ii) requires convergent trends in plastic deformation with increasing thickness. This size-

e ect is examined in gure 2.3b by plotting dislocation density evolution for di erent values

of the z dimension. The total dislocation-length scales with the thickness, and therefore

dislocation density is deemed to be a suitable variable to make the comparison. As seen

in the plot, dislocation densities are much lower for smaller size systems (lz 12 5 nm),

which attests to the e ect of suppression. For larger z dimensions (lz 18 75 nm) a

convergent trend is evident in the evolution of dislocation density, inferring the gradual

decline in image e ects. Simulation box thicknesses larger than 20 nm are considered to be

appropriate. In summary, a MD simulation box with dimensions 100nm 55nm 25nm is
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considered to adequately represent the plastic deformation process near a crack tip and is

used for simulations henceforth. The upper limit of the simulation size is mainly due to the

limitations of high computational resources.

2.1.4 The MD Simulation Process

Molecular dynamics (MD) simulations are carried out by e ciently by the parallel Large-

scale Atomic/Molecular Massively Parallel Simulator or LAMMPS [51]. In LAMMPS, the

leapfrog Verlet time integration algorithm is used for integrating the Newton s equations of

motion.

2.1.4.1 Generation of initial con gurations and system equilibration

The simulation system is set up by creating atoms conforming to the atomic lattice structure

and orientation of the nickel single crystal. The micro-crack at the center of the simulation

box is realized by removing 3 layers of atoms such that atoms on both sides of the crack

face have reduced interaction. The atom placement is followed by an energy minimization

process to optimize the size in each direction, corresponding to zero barometric pressure.

After the static equilibration process, atomic velocities are randomly assigned by a Maxwell-

Boltzmann distribution corresponding to a system temperature of 0 1K . Subsequently, a

dynamic relaxation with a canonical NPT thermostat is applied for 10 ps at 0Pa pressure

and 0 1K temperature to ensure the stability.
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2.1.4.2 System simulation

At the completion of static and dynamic equilibration, uniaxial tension loading is applied in

the y direction, perpendicular to crack surface at constant strain-rate of 2 107s 1. A low

temperature is chosen for the system, to focus on stress-driven events rather than thermally

activated events. The small computational time-scale with the MD method may not be

su cient to trigger events due to thermal uctuation. The pressure and temperature are

maintained by using Nose-Hoover thermostat in the loading stage. In the MD simulations,

strain is de ned as the boundary displacement divided by the initial system dimension in the

appropriate direction. The dislocation density, volume-fraction of twins, crack-length and

crack-opening are measured in the post-processing stage by methods discussed in next the

section. Damping is introduced to suppress elastic wave re ection. The averaged stresses

and energy are calculated over 100 time-steps to reduce uctuations.

2.2 Characterization and Quanti cation of Deformation Mech-

anisms

Crack propagation in face-centered cubic (fcc) crystals involves interaction with a variety

of deformation mechanisms at the crack tip such as full and partial dislocations, stacking

faults and twinning. A physics-based crack evolution model will be governed by quantitative

measures of nucleation, evolution and interaction of these deformation mechanisms, as well

as geometrical features of the crack surface. Consequently, the major objectives of the MD
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Mechanism Dislocation Twinning Crack/void

Descriptor Core structure Lattice rotation Nearest neighbors
Characterization CNA

Method DXA Deformation gradient Equivalent ellipse
Quantifying Total length Crack length

variable Total density Volume fraction Crack opening

Table 2.2: Methods of identi cation and quantitative characterization of deformation mech-
anisms and crack geometry associated with crack propagation

simulations are:

to adequately represent deformation mechanisms near the crack tip accounting for

evolution of plasticity, for a range of crystal lattice and crack orientations with respect

to the loading directions;

to qualitatively and quantitatively investigate the relation between atomic and crack

con gurations, and evolving deformation mechanisms;

to quantitatively characterize evolving deformation mechanisms and crack growth

and examine their e ect on the material stress-strain behavior in the neighborhood of

the crack.

A suite of identi cation and quanti cation methods for each mechanism is developed in this

study to systematically pursue the above objectives. A summary of di erent mechanisms

and identi cation methods is presented in table 2.2.

Plastic deformation and damage mechanisms in metallic materials are associated with

certain type of defect structures in the crystalline lattice. Investigation of the mechanisms
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is thus based on identi cation and quantitative characterization of the corresponding defect

structure. It is of interest to extract the defect structure through discrete atomic information,

mainly in the form of coordination and potential energy of each atom from the MD simulation

results [52, 53]. In nickel, full and partial dislocation cores and stacking faults are involved

with atoms that no longer follow the local fcc stacking order. These dislocation cores are

identi ed by checking the local lattice structure of the neighbors for each atom. Twinning

is a volumetric defect, in which crystal lattices are rotated about the twin axes, adding

symmetry through re ection across twin planes. The lattice rotation can be characterized

through a deformation gradient tensor. The crack surface for this con guration may be

characterized as a planar defect, in which the surface atoms have only about half the number

of nearest neighbor atoms, and also have a higher potential energy. These properties may

be used for di erentiating crack-face atoms from others in the ensemble. Utilizing these

features relevant to each defect structure, four e ective methods are implemented to identify

and quantitatively characterize mechanisms in the vicinity of a crack tip in the crystalline

nickel lattice system as summarized in table 2.2.

2.2.1 Common Neighbor Analysis (CNA)

Common neighbor analysis (CNA), proposed in [54], is used to identify the crystal lattice

structure type such as fcc, bcc (body centered cubic), hcp (hexagonal close-packed), etc.

The CNA algorithm is based on a nearest-neighbor map that describes the connectivity

among neighbors of a central atom. A cuto radius is used to delineate pairs of atoms
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that may be considered as nearest neighbors. For an atom i and its nearest neighbor atoms

j = 1 2 n, there exist atoms k = 1 2 m, which are the common nearest neighbors of

both atoms i and j. By checking the characteristics of the con guration of these common-

neighbor atoms, the algorithm classi es the atom i as belonging to a lattice structure type,

e.g. fcc, hcp, bcc, icosahedron etc. A local disordered atom, not belonging to any of

these characteristic structures is classi ed as unknown. An unknown type atom normally

corresponds to defects such as material surface or dislocation cores. The CNA algorithm is

accurate when rst and second nearest-neighbor groups are separated by distinctly di erent

cutting radii. In the present chapter, atoms at defects sites such as dislocation cores and

crack surfaces are identi ed as unknown", whereas atoms at stacking faults are identi ed

as hcp". Figure 2.4a shows dislocation network near crack tip analyzed by CNA. In this

analysis, dislocation cores, crack surfaces and stacking faults between two Shockley partials

are identi ed.

CNA characterization is generally sensitive to the deformed or current con guration of

atoms in the ensemble, in accurately identifying the defect structure with the exception of

twinned atoms. The latter structure requires the initial con guration as reference. A major

shortcoming of CNA stems from the fact that structure identi cation is based on individual

atoms. It does not have the ability to provide topological structure of linear or planar defects

and thus cannot delineate Burgers vectors. To investigate dislocations in more detail, atoms

belonging to the dislocation cores should be connected to build the dislocation segment
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structure. This provides a motivation for incorporating the dislocation extraction algorithm

or DXA, discussed next.

Crack Surface

Shockley 

Partial

Stair-rod 

Dislocation

(a)

Crack Surface

Stair-rod 

Dislocation
Shockley 

Partial

(b)

Figure 2.4: Dislocation network evolution near the crack, characterized by both CNA and
DXA; (a) all non-fcc atoms are delineated by CNA: (red atoms are at dislocation cores
or crack surface, blue atoms are at stacking faults); (b) dislocation segments extracted by
DXA, colored by the magnitude of Burgers vector (blue lines represents Shockley partials,
red and green lines represents stair-rod dislocations).

2.2.2 Dislocation Extraction Algorithm (DXA)

The dislocation extraction algorithm or DXA developed in [55], is a powerful method to

characterize the topological structure of dislocations in a crystalline material. It assembles

atoms at dislocation cores that are identi ed by CNA, based on topological connectivity
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to construct dislocation segments, and also to nd the Burgers vector associated with each

segment. Instead of providing the local structure information for each atom, DXA assumes

a dislocation segment to be the analysis unit. For each segment, the dislocation length and

Burgers vector are calculated. This makes calculating the dislocation density, as well as

analyzing the dislocation reaction convenient. Since the rst step of DXA is nding the

dislocation core atoms by CNA, reliability of the CNA is a necessary prerequisite for DXA.

A comparison of the outputs of the CNA and DXA are shown in gure 2.4, in which the

dislocation line structure by DXA is compared with a MD simulation snapshot colored by

CNA. The atomic con guration in gure 2.4a is transformed to the dislocation line structure

in gure 2.4b.

2.2.3 Atomic-Scale Deformation Gradient

In continuum mechanics, the deformation gradient F = x
X

is a second-order tensor that

provides a robust measure of material deformation, including shape change and overall ma-

terial rotation. It is desirable to develop such a robust metric for estimating the deformation

gradient tensor in atomic con gurations to delineate the stretch and rotation of the local

lattice structure. While, it is not possible to replicate this exact measure for the discrete

topologies in MD simulations, a least-square minimization-based methodology has been

proposed in [56] for estimating the deformation gradientF in atomic lattices. For a given

atomic location x and its n nearest-neighbors in the deformed atomic con guration, a

least-square regression analysis solves for a local-averaged" deformation gradient tensor
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F by minimizing each component i of a residual vector Bi , de ned as:

Bi =
n

=1

xi FiJXI
2 (2.5)

where x is an inter-atomic separation vector in the deformed con guration for the

near-neighbor pair, and X is the corresponding vector in the reference con guration, for

each atom . Components of F in the regression equation are obtained by minimizing Bi ,

i.e. by enforcing the relation:

Bi • FiM = 0 i M (2.6)

Correspondingly the atomic-scale deformation gradient tensor is expressed as:

FiJ = iM
1
MJ where (2.7a)

iM =

n

=1

x i X M and MJ =

n

=1

X M X J (2.7b)

The deformation gradient can identify twinned regions in the fcc structure. For example,

gure 2.5 shows a comparison of the a crack-tip nucleated micro-twin, identi ed by the

deformation gradient and CNA methods respectively. The con guration has been subjected

to a 5% tensile strain in the y direction. This results in a 1 5% compressive strain in the x

direction due to the Poisson e ect. The twin boundary is a 3 grain boundary with 38 94
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(a) (b)

Figure 2.5: A two-layer micro-twin nucleated at the crack tip in MD simulations, colored by
di erent methods: (a) colored by one component of the local deformation gradient F21 (red
corresponds to twinned region, green is the twin boundary and blue is the parent region);
(b) colored by CNA (only twin boundary is identi ed but not the twinned region). The
twinned region is rotated by 38 94 .

tile angle. The non-twinned, twinned and twin boundary regions are clearly separated by

the deformation gradient value in gure 2.5(a). On the other hand, the CNA is only able to

identify the twin boundaries in gure 2.5(b). The components of the F tensor in the x y

plane are shown in table 2.3. The reference value inside the twin corresponds to a pure

rotation of the atomic lattice without any applied strain or thermal vibration, i.e. F = R. The

three sets of measured values (in the three columns) are evaluated by randomly choosing

the atom inside the twinned region for deformation gradient analysis using (2.7). The

measured components of F for the three atoms shows concurrence. The di erence between

the deformed and reference values of F22 is 5%, while that for F11 is 1 5%. This is due

to the e ect of applied strain in the measured values.
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F Component Measured Value Reference Pure Rotation Value
F11 0.767 0.767 0.766 0.778
F12 -0.0768 -0.0766 -0.0780 -0.0785
F21 0.651 0.652 0.653 0.628
F22 1.276 1.273 1.275 1.222

Table 2.3: Comparison of measured values of deformation gradient components for atoms
inside the twin, with reference values obtained for pure rotation without any applied strain
or thermal uctuation.

2.2.4 Crack Con guration (Length and Opening)

Figure 2.6: The crack geometry is characterized by the dimension of the major/minor axis
of the ellipse.

Crack propagation in the atomic lattices can commence in multiple modes, e.g. brittle

mode due to cleavage, ductile mode with void nucleation, growth and coalescence, or a

combination of the two. It is important to parametrize the geometric features of the crack

to characterize the crack modes, as well as quantify its evolution. The parameters can

be used in a continuum level constitutive model for the crack. In this chapter, the crack

geometry and its evolution in the x y-plane is of primary interest, since the crack has

translation symmetry in the z direction. To parameterize an irregular crack surface in the

MD simulations, an equivalent ellipse is introduced as the approximation to the crack ge-
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ometry in the x y-plane as shown in gure 2.6. The equivalent ellipse is de ned by ve

parameters, viz. (i) xc yc centroidal coordinates (xc yc), (ii) the major and minor axes (a b),

and (iii) the orientation angle ( ) of the major axis of the equivalent ellipse. The major and

minor axes represent the length and opening of the crack respectively. This parametrization

helps in monitoring the evolution of the crack length and crack opening from MD simulation.

Generation of the equivalent ellipse is achieved by equating the zero-th, rst and second

geometric moments of inertia of the ellipse to moments of the irregular crack pro le in the

molecular structure. The latter is obtained by setting up a ne square grid to completely

contain the crack opening. Equations representing moment equivalence are:

a I0 =
e

dxdy =
NUSG

I=1

AI

b Ix =
e

xdxdy =
NUSG

I=1

xIAI Iy =
e

ydxdy
NUSG

I=1

yIAI

c Ixx =
e

y
2dxdy =

NUSG

I=1

y
2
I AI Iyy =

e

x2dxdy =
NUSG

I=1

x2
I AI

Ixy =
e

xydxdy =
NUSG

I=1

xI yIAI

(2.8)

where xI yI AI correspond to the centroidal coordinates and area of the I-th square-grid in

the molecular image and NUSG is the total number of squares in the grid. The centroid

(xc yc), major and minor axes (a b), and angular orientation of the major axis are then

obtained in the following sequence:
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First, the centroidal coordinates are evaluated using the equations:

xc =
Ix
I0

yc =
Iy
I0

(2.9)

Next, the second moments are written in terms of coordinates with origin at xc yc

as Icxx Ic
yy

Icxy. The ellipse orientation corresponds to that for which the rotated

Icxy = 0, where the superscript c corresponds to a centroidal coordinate system that

is oriented along the principal axes of the ellipse. The major axis orientation is given

as:

=

1
2

tan 1
2Icxy

Icxx Icyy
(2.10)

Finally, the lengths of the major and minor axes are calculated from moments in the

rotated coordinate system as:

b =
4Icxx
I0

1
2

and a =
I0
b

(2.11)

2.3 MD Simulation Results for Di erent Lattice Orientations

MD simulations are conducted for three di erent lattice orientations, following the discus-

sions in section 2.1. The orientations correspond to the following directions for the x-y-z

axes in gure 2.1(a):

1. Lattice Orientation 1: x 110 , y 111 , z 112
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2. Lattice Orientation 2: x 112 , y 111 , z 110

3. Lattice Orientation 3: x 100 , y 010 , z 001

These simulations investigate the atomic-level crack propagation and associated deformation

mechanisms, along with the overall stress-strain response of the ensemble. Deformation

mechanisms, such as dislocations and twinning are important in relating the state of the

molecular system to its overall behavior, subject to di erent loads. This section explores

the e ect of lattice orientation and crack tip geometry on the activation and evolution of

di erent deformation mechanisms. As discussed earlier, this work focuses on stress-driven

phenomena, where thermal uctuation contributes negligible energy for system crossing

energy barrier.

2.3.1 Lattice Orientation 1

For the lattice orientation 1, there are 3 slip planes viz. 111 , 111 and 111 that have

the same largest in-plane stress, while the 111 plane has zero in-plane stress. Figure

2.7 depicts the evolution of deformation mechanisms near the crack surface. The load is

applied on the simulation box in the form of a constant, tensile engineering strain-rate.

Under this load, the system rst undergoes elastic deformation. After reaching a critical

stress of 5 6 GPa, partial dislocation emission is observed from the crack tip in both

the 111 and 111 planes, as shown in gure 2.7a. Subsequent to dislocation nucleation,

slip caused by dislocation gliding in these planes blunts the crack tip and reduces stress

concentration. No brittle crack propagation by atomic bond cleavage is observed for this
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Shockley Paritial in (111) plane

Shockley Paritial in (111) plane

(a)

Shockley Paritial in slip 

plane (111) by cross-slip 

Stair-rod dislocation 

with b = <110>/6 

(b)

(c)

Figure 2.7: Snapshots of deformation mechanisms in the presence of the crack, with only
the crack surface and dislocations visible; (a) dislocations in 2 slip planes nucleated from the
crack tip after reaching critical stress; (b) cross-slip and formation of stair-rod dislocations;
and (c) stabilized dislocation structure at about 2 7% strain. The dislocation segments are
colored by the magnitude of their Burgers vectors, viz. blue, red and green correspond to
b2
=

1
18a

2 1
9a

2 1
6a

2 respectively, while the crack surface is in yellow.

simulation. Crack evolution for this orientation is mainly governed by the hydrostatic strain

and crystallographic slip, resembling the void growth process. This is consistent with

experimental observations [57] that trans-granular cracks in nickel under mode-I loading
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Figure 2.8: Evolution of variables for lattice orientation 1: (a) averaged tensile stress,
(b)crack length and opening evolution, and (c)density of stair-rod dislocations and total
dislocation density, as a function of increasing applied strain.

experience signi cant crack-tip plasticity resulting in crack blunting. Consequently, this

study focuses on investigating the plastic deformation process near the crack tip. It is

observed that besides dislocation gliding on the slip planes, cross-slip and formation of

dislocation junctions are also important mechanisms. Cross-slip requires the formation of

full screw dislocation and enables dislocation gliding from the original slip plane onto other
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slip planes. In gure 2.7b, it is seen that there exists dislocation gliding in the 111 plane

as the result of cross-slip. When two partial dislocations on di erent slip planes meet, they

can form stair-rod dislocation [58, 59]. The dislocation line is always along the line of

intersection of the corresponding two slip planes, i.e. along 110 type directions. Four

types of reaction formation [59] have proposed, two of them are observed in the present

simulations, viz.

1
6

211 +
1
6

121
1
6

110 (2.12a)

1
6

121 +
1
6

121
1
3

100 (2.12b)

Figure 2.7b shows the stair-rod dislocation (colored red and green) connecting stacking

faults in two slip planes, where the red line segments correspond to 1
6 110 type, as a result

of the rst reaction. A simple analysis shows that stair-rod dislocations do not belong to

any slip system in either glide plane, and they are generally resistant to glide or climb. The

formation of stair-rod dislocations provides obstacles to the motion of other dislocations.

Therefore the evolution of stair-rod dislocation is directly related to the ow stress and

hardening behavior. In the simulation, the total length of stair-rod dislocation is about 40%

of the total dislocation length. Such high content of sessile dislocations limits the length

of mobile dislocation segments, which results in very high ow stresses at the crack tip.

Figure 2.7c shows the dislocation structure after they have stabilized, in the sense that most

of them have stopped gliding.
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The volume-averaged tensile stress in the y direction, dislocation density and crack

surface parameter evolution as a function of the increasing applied strain plotted in gure

2.8. In the tensile stress-strain curve, the peak stress corresponds to the critical resolved

shear stress required for nucleating the dislocation. The stress subsequently decreases due

to the motion of dislocation, which releases the elastic strain in the system. The gure

shows that the softening is followed by a hardening stage, where the ow stress is governed

by the dislocation structure.

2.3.2 Lattice Orientation 2

While for this lattice orientation, a loading direction along 111 yields the same Schmid

factor for all slip systems as lattice orientation 1, di erent deformation mechanisms are

observed due to the crack geometry. Deformation mechanisms in this orientation can be

divided into two main categories, viz. (i) only twin partials contributing to slip, and (ii)

dislocation motion contributing to slip. The tensile stress, dislocation density, twin volume

fraction and crack geometry evolution as a function of increasing applied strain are shown

in gure 2.9. The system rst undergoes elastic deformation until 1 6% strain, at which

micro-twins are nucleated. These are subsequently coarsened by twin partial dislocation

emission in adjacent slip planes (in this case the 111 plane). The crack-front is along

the 110 direction, which is parallel to the emitted leading partial dislocation line. The

existence of the twinning mode suggests that this speci c geometry suppresses the trailing

partial emission. Consequently, the likehood of leading partials being nucleated in adjacent
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Figure 2.9: Evolution of variables for lattice orientation 2: (a)averaged tensile stress,
(b)crack length and opening evolution, and (c)density of stair-rod dislocations, total dislo-
cation density and twin volume fraction, as a function of increasing applied strain.

plane increases. The correlation between twin formation and 110 being an translation

symmetry direction has also been observed in previous MD simulations, e.g. [60, 61]. In

the twin dominated stage as shown in gure 2.9a, the density of twin partial dislocations
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Twin 

Boundary
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Fault

Shockley 

Partial

Figure 2.10: Snapshot at 3 5% strain, showing the dislocation-twin interaction due to part
of the partial dislocation loop blocked by the twin boundary. Atoms are colored by the CNA
value: yellow denotes atoms at the dislocation cores or surfaces, and blue denotes atoms in
the stacking faults or twin boundaries.

is an order of magnitude smaller than that in lattice orientation 1, where deformation is

dominated by the nucleation of dislocation loops. This corroborates that twins have much

less ability of carrying plastic ow than dislocations. At about 3 3% tensile strain, a

dislocation loop starts to emit from the crack tip, gliding in the 111 plane. With more

dislocation nucleation in di erent slip planes, the average tensile stress in the MD system

decreases signi cantly. This slip-rate surge stage is similar to the lattice orientation 1, since

dislocation motion becomes the major deformation mechanism.

The twin boundary-dislocation interaction is important in the presence of both twins

and dislocations. Twin boundaries act as obstacles to the motion of dislocations. A critical

shear stress is needed for the dislocations to penetrate twin boundaries into the twinned
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region. When dislocations glide on a slip plane and stop at a twin boundary, the dislocation

line becomes parallel to the line of intersection of the slip plane and the twin boundary

plane, as shown in gure 2.10. With su cient shear stress, dislocations interact with the

twin boundary in complicated way depending on the incoming dislocation and the local

stress state [62]. This results in mechanisms of dislocation dissociation with the formation

of stair-rod dislocations, and dislocation transmission across twin boundaries as well as

cross-slip. These mechanisms dominate the ow stress evolution for applied strains larger

than 3 8%. The e ects are shown in the stress-strain curve of gure 2.9a, which is found to

be oscillatory in this range.

In summary, the simulations suggest that nucleation of micro-twin band at the crack

tip occurs for a speci c crack geometry and lattice orientation. The deformation twin has

very limited ability of contributing to slip without the nucleation of a dislocation loop. The

major role of twinning in plastic deformation of Nickel is to put up obstacles to dislocation

gliding with complex interactions. These mechanisms control the ow stress in twinned

microstructures.

2.3.3 Lattice orientation 3

In this lattice orientation 3, all four 111 slip planes are activated and share the same in-plane

stress. At 5 2% tensile strain, the crack propagates slightly by forming an amorphous

zone near the tip. This is followed by partial dislocation emission in all four 111 planes,

as shown in gure 2.11a. Similar to the lattice orientation 1 deformation, the dislocation
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(111) (111)

(111) (111)

Shockley partial in all slip planes

(a) (b)

Figure 2.11: Snapshots of deformation mechanisms for lattice orientation 3 with only crack
surface and dislocations visible: (a)zoomed in region of the dislocations rst nucleated
from the crack-tip in all 4 slip planes after reaching critical stress; (b) overall stabilized
dislocation structure along with the crack surface at about 6% strain.

activity causes crack-tip blunting and inhibits further crack propagation. Signi cant amount

of stair-rod dislocation formation by slip system interaction is also found as seen in gure

2.11b, which depicts a stabilized dislocation structure. In this con guration, the length of

stair-rod dislocation takes is about 40% of total dislocation length.

The tensile stress, dislocation density and crack surface dimension evolution as a func-

tion of the applied strain is shown in gure 2.12. The stress-strain behavior in gure 2.12a

exhibits three stages similar to lattice orientation 1. The rst is the elastic deformation stage,

followed by an slip-rate surge stage during which most dislocations are mobile and gliding

fast in their slip planes. The nal is the hardening stage during which the tensile ow

stress is governed by dislocation structures, especially dislocation junctions which serve

as pinned points and obstacles to the motion of other dislocations. Due to additional slip
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Figure 2.12: Evolution of variables for lattice orientation 3: (a)averaged tensile stress,
(b)crack length and opening evolution, and (c)density of stair-rod dislocations and total
dislocation density, as a function of increasing applied strain.

planes activated, the system contains larger dislocation density in comparison with lattice

orientation 1.
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2.4 Studies Involving Energy Partitioning in the Molecular Sys-

tem

A comprehensive understanding of ductile fracture requires a delineation of the energy

contribution from di erent deformation mechanisms. The dissipated energy, associated

with inelastic mechanisms, dominates crack evolution. Partitioning of the energy in MD

simulations, based on quanti cation of mechanisms, may be used e ectively to understand

the thermodynamic process at the crack tip. This in turn can help in developing governing

equations for crack propagation and associated near- eld deformation. The incremental

energy near a crack in the MD domain is assumed to be decomposed into the following

components:

dW = dQ + dUel + dUinel + 2 sdA = dQ + dU (2.13)

dW is the increment of work done due to the applied loading, dQ is the generated heat,

dUel is the incremental elastic energy that is recovered by unloading, and dUinel is the strain

energy increment associated with deformation mechanisms and defects such as dislocations,

twin boundaries and stacking faults. The term 2 sdA corresponds to the surface energy

caused by the formation of crack surfaces, where s is the surface energy and dA is the

increment of crack surface area. The total strain energy increment dU is divided into the

recoverable elastic, irrecoverable inelastic and surface energy increments. Di erent energy

components in equation (2.13) are evaluated using the following steps.
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The work increment is calculated as dW = PAxzdy, where P, Axz, dy are the applied

pressure, surface area and displacement on xz-plane respectively. dU corresponds to

the total potential energy of the MD system, which is evaluated from MD simulations,

based on the inter-atomic potential and coordination of each atom. The heat generated

is calculated from the relation dQ = dW dU. The elastic energy dUel is obtained by

unloading the system and evaluating the energy di erence in the molecular system i.e.

dUel = dU dUunload . The sum dUinel + dQ corresponds to the total dissipation due to

plastic deformation. For the two-dimensional propagation simulated by MD in this work,

the crack surface increment is dA = lz da, where lz is the thickness and da is the change in

crack length. The latter is calculated from the equivalent ellipse approach in section 2.2.4

using the second of equation (2.11). With dU, dUel and 2 sdA known, the increment of

strain energy associated with defects is assessed as dUinel = dU dUel 2 sdA. In the

MD simulations considered for the three lattice orientations, crack propagation is negligible

compared with other terms and hence the surface energy contribution is ignored.

In gures 2.13, 2.14, 2.15, the evolution ofUel ,Uinel andUinel +Q are plotted as a func-

tion of increasing applied strain. Speci cally, the gures show the correlation between the

inelastic strain energy and quanti cation of defects for three lattice orientations. In gures

2.13 and 2.15 Uinel is correlated to the dislocation density dis, whereas in gure 2.14 it

is correlated to dis and the twin volume fraction. Both the dislocation density and twin

volume fraction are normalized with respect to the maximum values of dislocation ftwin, i.e.

with 0 f0. These correlation relationships are vital in developing physics-based constitu-
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Fi g ur e 2. 1 4: F or l atti c e ori e nt ati o n 2: ( a) E v ol uti o n of el asti c str ai n e n er g y U el , pl asti c
dissi p ati o n U i n el + Q a n d t h e i n el asti c str ai n e n er g y U i n el as f u n cti o ns of a p pli e d str ai n;
( b) C orr el ati n g i n el asti c str ai n e n er g y U i n el t o t h e disl o c ati o n d e nsit y ρ di s a n d t wi n v ol u m e
fr a cti o n. T h e disl o c ati o n d e nsit y a n d t wi n v ol u m e fr a cti o n ar e n or m ali z e d wit h r es p e ct t o
ρ 0 , f0 c orr es p o n di n g t o t h e m a xi m u m v al u es of ρ di sl o c ati o n , ftw i n r es p e cti v el y, t o b e i n t h e
0- 1 r a n g e.

ti v e r el ati o ns t h at r el at e i n el asti c dissi p ati o n t o t h e c orr es p o n di n g d ef or m ati o n m e c h a nis ms.
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Fi g ur e 2. 1 5: F or l atti c e ori e nt ati o n 3: ( a) E v ol uti o n of el asti c str ai n e n er g y U el , pl asti c
dissi p ati o n e n er g y U i n el + Q a n d t h e i n el asti c str ai n e n er g y U i n el as f u n cti o ns of a p pli e d
str ai n; ( b) C orr el ati n g i n el asti c str ai n e n er g y U i n el t o t h e disl o c ati o n d e nsit y ρ di s .

A n ass u m pti o n m a d e is t h at t h e t ot al e n er g y of t h e disl o c ati o n n et w or k is t h e s u m of

str ai n e n er g y of i n di vi d u al disl o c ati o n s e g m e nts. Usi n g t h e f oll o wi n g r el ati o n f or e n er g y

p er u nit l e n gt h i n t er ms of t h e B ur g ers v e ct or b of a disl o c ati o n s e g m e nt

d U di s / dl ∝ G b 2 ( 2. 1 4)

w h er e G is t h e s h e ar m o d ul us, t h e t ot al e n er g y of disl o c ati o ns c a n b e esti m at e d b y i nt e gr ati n g

e q u ati o n ( 2. 1 4) as:

U di s ∝ ρ s u m
di s V G b 2 j ( 2. 1 5)

T h e t ot al disl o c ati o n d e nsit y is d e fi n e d as t h e s u m of c o ntri b uti o ns fr o m S h o c kl e y p arti als

a n d st air-r o d disl o c ati o ns, i. e. ρ s u m
di s

= ρ S h o c kl e y + ρ st ai r _ r o d / 3, w h er e t w o d e nsit y t er ms ar e

q u a nti fi e d usi n g a p pr o a c h es dis c uss e d i n s e cti o n 2. 2. T h e v al u e of b 2 is di ff er e nt f or t h e
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two types of dislocations. For Shockley partial dislocation b2
= a2•6, while for stair-rod

dislocation b2
= a2•18. Equation (2.15) gives a direct relation between the evolution of

sum
dis to the increase in dislocation energy. While this simple relation does not separately

capture the e ects screw and edge dislocations, nor the interaction of stress elds of adjacent

dislocations, the linear correlation is still deemed to hold.

Good consistency is observed in the evolution of the dislocation energy and inelastic

energy for dislocation dominated deformation in gures 2.13b and 2.15b, corresponding

to lattice orientations 1 and 3. This corroborates the postulate that the inelastic strain

energy dUinel obtained using the unloading process adequately represents the strain energy

associated with the dislocation structure. The deviation from a perfectly linear correlation is

justi ed, as the functional relation (2.15) does not account for the interaction of stress elds.

The plot for lattice orientation 2 in gure 2.14b accounts for both twinning and dislocations

contributing to the plastic deformation. Twins contribute more to the inelastic energy than

dislocations. Furthermore, the interaction between dislocations and twins actually reduce

the inelastic strain energy. It should be pointed out that the inelastic strain energy of

dislocations are more than the defects energy of dislocation cores. More speci cally, for

dislocations, Uinel is mainly the strain energy associated with elastic eld. For micro twins

with thickness of a few atom layers, the defect energy is mainly from the twin boundary

energy.

Energy evolution during the predominantly twinning and dislocation stages of defor-

mation in lattice orientations 2, are studied from the plot of gure 2.14a. The ratio of
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the defect energy to the generated heat is quite di erent during these stages. The defect

energy is about 60% of the total dissipation for twinning, while it is only about 20% for the

dislocation dominated stage. Similar percentages of dislocation energy are also observed

for lattice orientations 1 and 3. De ne heat conversion ratio as heat dissipation over total

dissipation. MD simulation results shows 0 8 for dislocation and 0 4 for twin-

ning. This suggests for twinning as dominated deformation mechanism scenarios, much

lower heat conversion ratio should be used. Similar analysis can be applied to qualitatively

evaluate heat conversion ratio for other deformation mechanism.

2.5 A Simple Mechanistic Model of Deformation from MD Sim-

ulations in the Presence of a Crack

Comprehension of the intrinsic relations between mechanisms and mechanical behavior,

with consideration of strain-rate and size e ects, is needed for the development of consti-

tutive and crack evolution relations from atomistic simulations. Energy partitioning, based

on quanti cation of di erent deformation mechanisms in the atomistic simulations, allows

for the association of speci c mechanisms with di erent components contributing to the

total energy of the system. This is an important step in developing coupled constitutive-

crack models. In section 2.4, the discussions have shown that the atomistic model for

Nickel does not exhibit any appreciable crack propagation for the simulation conditions

considered. In contrast, the pre-existing crack causes nucleation of dislocations and other

mechanisms leading to signi cant plastic deformation. Consequently, it is not possible to
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derive appropriate crack evolution laws from these simulations. However, it is possible

to develop a simple mechanistic model of deformation that accounts for the deformation

mechanisms in a crystalline material in the presence of a crack. Discussions in section 2.3

have demonstrated that dissipative mechanisms and stress-strain relations associated with

crack evolution in atomic systems have signi cant orientation dependence.

A simple model, connecting dislocation evolution and motion, with slip-rates is con-

ceived for understanding the e ectiveness of atomistic simulations in bridging discrete

atomic to crystalline length scales. The model focuses on the aggregate behavior, rather

than nucleation or motion of a single defect, with dislocation density and averaged stresses

representing the system variables. In the atomic simulations of section 2.3, the lattice

orientation and tensile loading direction are chosen such that all activated 1
2 110 111 slip

systems share the same Schmid factor m. Simple calculations show that for the lattice

orientations 1 and 2, 6 active slip systems have a Schmid factor m = 0 272, while the

remaining 6 have m = 0. For the lattice orientation 3, 8 active slip systems have m = 0 408

while the remaining 4 slip systems havem = 0. For an applied constant strain-rate in the

y-direction, the tensile stress-rate is calculated from the slip-rate using Orowan s equation

as:

yy = Ee m pl = Ee m mbv (2.16)

where yy is the y-direction tensile stress, Ee is the e ective sti ness which can be obtained

by unloading and m is the Schmid factor associated with the activated 1
2 110 111 slip

system. For this system, pl is the plastic slip, m is the mobile dislocation density, b is the
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Burgers vector and v is the average dislocation velocity. The mobile dislocation density is

obtained as a fraction fm of the total dislocation density (both mobile and immobile) that

can be obtained by DXA in section 2.2.2, following the relation m = fm . Dislocation

mobility results from a competition between the driving resolved shear stress and the

resistance due to interactions of dislocations. In the present simulations, this resistance can

be very strong due to two major mechanisms viz.:

1. High dislocation density of O 1016 m 2 results in very small spacing in between the

dislocations;

2. Formation of stair-rod dislocations serve as strong barrier to the dislocation motion.

Following [63], it is assumed that fm decays exponentially with increasing dislocation den-

sity (plastic strain) and decreasing resolved shear stress. This yields the mobile dislocation

density as:

m = K e A • (2.17)

where A is a constant that controls the decay rate. The coe cient K accounts for the

e ective dislocation length and has a value 0 3. Since total dislocation length consists

of segments of predominantly Shockley partials yet the Burger vector is taken for full

dislocations; also the e ective length for curved dislocation segments is smaller than the

actual segment length.

The averaged dislocation velocity in the Orowan s equation has been conventionally

expressed as either a power law or exponential function of the applied stress [64, 65]. While
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good agreement with experiments at low applied stresses has been argued for the power

law [66], the exponential form generally provides better approximation for a wider range of

stresses. Since in the present MD simulations, the resolved shear stress is of O 1 GPa and

dislocations move at approximately the shear-wave speed, the exponential form is assumed

to provide a better description. Consequently the averaged dislocation velocity is expressed

as:

v = cse • (2.18)

where cs is the shear-wave velocity taken to be 3020 m•s and is the drag force that is

experimentally determined to be 475 MPa in [67]. For , the velocity converges to cs.

The use of the exponential form has also been suggested in the MD simulation studies of

[68] under a range of shear stress from 0 5 GPa. Substituting equation (2.17) and (2.18)

in equation (2.16) yields:

yy = Ee mcsbK e A + • (2.19a)

and pl = csbK e A + • (2.19b)

The slip-rate in equation (2.19b) is governed by the dislocation density and its mobility, and

is not sensitive to the applied strain-rate. This equation, together with the quanti cation

of dislocation density and resolved shear stress, can provide important insight on the

appropriate strain-rates that can be applied for meaningful MD simulation, which are

typically constrained by extremely small time-scales. The stress increment in equation
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(2.19) should decrease during the slip-rate surge stage, typically due to dislocation evolution.

However, an opposite trend is observed in the MD simulations, where very high strain-rates

( 107 109s 1) approach the maximum slip-rate. This trend is evident in gure 2.2. An

applied strain-rate of 109s 1 leads to a non-physical stress increase in the GPa range. To

avoid such stresses, the applied strain rate should be considerably lower than the maximum

slip-rate that can be estimated from equation (2.19b).

Figures 2.16(a,b) plot the evolution of slip-rate pl as a function of applied strain for

lattice orientations 1 and 3 respectively. The model in equation (2.19) is compared with

direct MD simulation results in these plots. The results of the simulation are given by the

expression:

pl =
1
m

yy

Ee
(2.20)

where m is the Schmid factor and Ee is the e ective sti ness obtained through unloading.

It is evident that the slip-rate surge phenomenon, which governs stress relaxation due to

dislocation motion is described very well by the model. The transition behavior from

softening to hardening due to loss of dislocation mobility and decrease in resolved shear

stress is also adequately captured. Equations (2.19) show that the increase in slip-rate

comes from nucleation of dislocations while mobility is held xed. On the other hand,

the drop in slip-rate beyond a threshold value is primarily due to the loss of mobility in

the dislocation structure, where the formation of a stair-rod dislocation is considered to be

important mechanism. The model predictions however diverge from the results of direct

MD simulations in the hardening range, mainly on account of overestimating the fraction
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of mobile dislocations. This could be attributed to the formation of dislocation junctions by

multi-slip system interaction, which provides a strong resistance to the dislocation motion.

More investigation is needed to nd out the local hardening e ects at the crack tip due to

these high density stair-rod dislocations.
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Figure 2.16: Comparing the prediction of slip-rate evolution with tensile strain, by the
simple model in equation (2.19) and direct MD simulations for (a) lattice orientation 1, and
(b) lattice orientation 3.

Overall, the concurrence of the mean- eld dislocation model with direct MD simulation

results provides con dence in the present approach and framework for connecting the

evolution of deformation mechanisms with mechanical behavior of crystalline materials in

the presence of a crack. The constitutive behavior is however expected to be more involved,

coupling deformation and crack propagation laws, if considerable crack evolution occurs in

brittle and/or ductile modes.
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2.6 Conclusion

This chapter proposes comprehensive approach based on molecular dynamics simulations

of a crystalline material with an embedded crack. Molecular dynamics simulation is used

to quantitatively connect deformation mechanisms in the ensemble with response of the

near-crack domain. The MD-based framework invokes a sequence of four tasks to accom-

plish the overall goal, viz. (i) MD simulation, (ii) characterization of atomic-level crack

and deformation mechanisms, (iii) quanti cation of atomic-level deformation mechanisms

and crack, and (iv) response analysis. E ective characterization methods like CNA, DXA

and deformation gradient analysis are able to delineate the crack, dislocation structure and

micro-twins at a high resolution. Such characterization followed by quanti cation facili-

tate tracking the evolution of dislocation networks and crack propagation for establishing

governing laws that connect response with structure.
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Chapter 3

Development of a Self-consistent Based Coupled

Concurrent Atomistic-Continuum Model

3.1 Introduction

As introduced in 1, while molecular dynamics serve as a powerful tool to reveal the physical

process of nucleation and evolution of deformation mechanisms, one major bottleneck is

the restriction on spatial and temporal scale of the simulation system. Such restrictions

origins from two major aspects, one is the large degrees of freedom tracking individual

atoms, the other is the small time step used for numerical integration for equation (1.3).

As an illustration of order of magnitude, a typical MD simulation involves with millions of

atoms reaching length scale of about 10 100 nm and time span of about 1 ns takes about 100

CPU hour. The values vary from system to system mainly a ected by the number of atoms,

the complexity of interaction potential and the vibration frequency. To tackle the spatial and

temporal scale limitation of conventional MD simulation, two general methodology are used.

The rst methodology is hierarchical up-scaling, referring to extract information from
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lower scale using certain homogenization technique, and apply such information at a large

scale reduced order model. One example of hierarchical up-scaling would be calculate

the mobility of a single dislocation as function of applied load using MD, and use the

mobility function to conduct discrete dislocation dynamics simulations. The advantage of

hierarchical up-scaling is being easy to implement since the simulations of lower and higher

scale are decoupled. The disadvantage is the reliability of the homogenization process.

If the lower scale model is subjected to strong heterogeneity and gradient e ect, the size

dependence causes the representative volume element(RVE) much larger than MD samples

and therefore invalidate the homogenized information.

The second methodology is concurrent coupled model, referring to couple the lower

scale and higher scale model into a integrated model. The physical process of interest is

directly studied by the integrated model. The concurrent coupled model generally partitions

the system into three domains, one described by lower scale model, one described by higher

scale model, and an interface domain where the two descriptions co-exist. The concurrent

coupling allows one to focus the accurate but expensive lower scale model at regions where

phenomenon of interest evolves, and also be able to track the evolution of variables at far

eld. It has the advantage of able to treat heterogeneous system which hierarchical up-

scaling is not suitable for, with reasonable computational cost. The major challenge in the

concurrent coupling category is the coupling design. Many researchers have contributed

to develop di erent types of atomistic-continuum concurrent coupled model with di er-
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ent assumptions and focuses. There does not exist a universal answer of what is the best

concurrent coupling strategy or formulation. The accuracy of depends on its assumption,

formulation, numerical implementation and the system it applies to.

Given the interest of research is the crack evolution process, the crack tip eld intro-

duces strong heterogeneity and naively assuming the NVE by applying periodic boundary

condition for MD simulation would introduce arti cial interactions between the crack and

its image given small size of MD simulation. Therefore the assumption of hierarchical up-

scaling strategy is not suitable in this problem. The goal of this chapter is to use a suitable

concurrent coupled atomistic-continuum model for crack evolution problem, and come up

with a self-consistent, physics-based elastic constitutive relation for a cracked material from

observations made from simulations using the concurrent coupled model.

The coupled model used in this chapter has the nite-temperature feature and is suit-

able for constant strain rate loading. The numerical issues such as ghost-force, phonon

re ection and consistency between atomic interaction and continuum constitutive relation

are carefully treated to minimize the interface error. The nite temperature concurrent

multi-scale system embeds an atomistic domain with a crack in an elastic continuum do-

main for crystalline solids, for which self-consistent constitutive relations are determined.

Atomistic simulations are conducted by molecular dynamics or MD, while the continuum

scale analysis are conducted by the nite element (FE) method. The interface handshake
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domain is intended to satisfy conditions of geometric compatibility and force equilibrium

between the two disparate domains. A self-consistent homogenization process is conducted

to hierarchically extract a nonlinear, nonlocal elastic constitutive model from the concurrent

model simulations. Parameters in the self-consistent constitutive model are calibrated from

results of simulations with the coupled concurrent system. This constitutive model is val-

idated by comparing crack tip elds obtained by FE simulations of the continuum domain

with those in the atomistic domain of the concurrent model.

The overall focus of the model is on systems subjected to quasi-static loading, i.e.

systems with negligible inertia e ect. For continuum systems this implies that inertia is ne-

glected when analyzing deformation and stresses under incremental loading. For the atom-

istic system however, nite temperature MD simulations are needed to capture thermally

activated crack tip processes like crack propagation and dislocation emission in crystalline

materials which are temperature and strain-rate dependent. To establish compatibility and

traction reciprocity with quasi-static continuum simulations, equilibrated atomistic con g-

urations corresponding to time-averaged trajectories of atomic uctuation is implemented

in the concurrent model. This procedure overcomes the need to implement a fully dynamic

coupled model, which poses di culties in time-scaling and may yield spurious interfacial

modes. For example, the minimum wave-length for stability conditions in a continuum

FE mesh can give rise to spurious e ects like wave refection with arti cial heating in the

handshake region, as well as other forms of numerical instability [69].
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3.2 A Concurrent Framework for Coupled Atomistic-Continuum

Simulations

A concurrent simulation framework, coupling molecular dynamics (MD) and nite ele-

ment (FE) continuum elasticity models for crystalline solids under quasi-static loading, is

developed in this section. MD simulations are carried out by e ciently by the parallel

Large-scale Atomic/Molecular Massively Parallel Simulator or LAMMPS [51], while the

FE simulations are conducted by codes developed in S. Ghosh s group.

3.2.1 Domain Partitioning and System Setup

Atoms in
A

Atoms in
I
: Interphase atom

Cell by Voronoi tessellation

Nodes in
I
: Interphase node

Nodes in
C

r
i

C I A interphase

node i

r
jatom

interphase

node j
A I C

Figure 3.1: Schematic of the partitioned computational domain, showing models for the
MD, continuum and interface regions.

As shown in Fig. 3.1, the computational domain is divided into three sub-domains

of concurrent simulations. These include the atomistic domain A of MD simulations,
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the continuum domain C of nite element (FE) simulations and an interfacial handshake

domain I of compatibility constraints between MD and FE simulations. The FEM model

for the continuum domain C assumes quasi-static conditions with inertia e ects neglected.

The constitutive model in C are developed from self-consistent homogenization with the

atomistic model.

Two types of models have been proposed for coupling atomistic and continuum simula-

tions. These are the energy-based and a force-based coupled models. The energy forms for

pure atomistic and continuum regions are well de ned, and the di erence emanates from

the interface region treatment in the coupled models. The energy-based formulation admits

an additive decomposition of total energy functional for the coupled system (for static prob-

lems) or the Hamiltonian (for dynamic problems) into respective energy functional for each

subdomain. Minimization of these energy functional correspond to the static or dynamic

equilibrium conditions. While the energy approach provides a mathematically clean de-

scription, a di culty is with nding the appropriate energy functional that eliminates ghost

forces arising from the non-local atomic interactions. On the other hand, the force-based

formulation deals with a local problem of constructing constraint forces on each degree of

freedom, and solving the force equilibrium problem (Newton s equations). This approach

generally results in a better control over spurious ghost forces, and yields more accurate

forces in the interfacial domain. However, since the latter formulation does not de ne an

energy functional, convergence towards an equilibrium con guration can be slow. Special
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attention is required to guarantee that the equilibrium solution is stable. The present work

implements a force-based coupling method for a better representation of the ghost forces

and geometric compatibility.

The interface handshake region I = A C , where both the continuum and atomistic

models overlap, couples the sub-domains A and C . Following coupling methods in [33],

I is comprised of a layer of nodes characterized as interface nodes, and a band of underlying

interface atoms. Each interface node in the FE model is associated with a cluster of interface

atoms, assigned using a 3D Voronoi tessellation method [70]. In this process, the Voronoi

cell associated with an interface node i contains all interface atoms , for which the distance

rp rp , where rp is the distance between the node and atom p. Compatibility

conditions are enforced between each interface node in the FE model and the cluster of

interfacial atoms. In this approach, spatially-averaged displacements of interface atoms

are equated to the displacement elds of the interface node to implement the atom-node

compatibility condition in a weak sense. This results in a weak satisfaction of the force

equilibrium condition between the atomistic and continuum models, as discussed in section

3.2.2. A single layer of FE nodes in the interfacial region is considered in this chatper to

facilitate surface coupling,. Alternate strategies of volumetric coupling have been pursued

for the interface region with gradual blending of either force or energy elds in [29, 31].

The equilibrium solution of the surface and volumetric approaches have been compared

in [71] for a uniform plate and a plate with center hole. Results infer that while similar
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accuracy is obtained in comparison with analytical solutions, the surface coupling is easier

to implement and computationally more e cient.

3.2.2 Governing Equations

An incremental formulation is adopted to account for the solution of the quasi-static contin-

uum problem involving nonlinear material constitutive relations. In the following, indices

will be used to denote nite element nodes, indices p q to identify atoms and index i for

the coordinate axes. The incremental energy functional, corresponding to a load increment

from the previous equilibrated con guration, is given as the sum of contributions from the

atomistic, continuum and interface regions as:

tot = C + A + I (3.1)

where the RHS corresponds to contributions from respective domains. Since inertia is

neglected for the continuum FE analysis and the atomic motion due to thermal uctuation

is time-averaged in the coupling, the kinetic energy contribution to the overall Lagrangian

is neglected. Correspondingly, the equilibrium state for the quasi-static problem is obtained

by minimizing the total potential energy functional in equation (3.1). The contributions

from the continuum domain C is given as:

C =
C

: dV
C

t uCdA = f C-int f C-ext uC (3.2)
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The rst term on the RHS corresponds to the incremental strain energy of the continuum in

C , with and corresponding to the Cauchy stress and incremental in nitesimal strain

tensors respectively. The load vector t in the work potential denotes the traction applied on

the boundary of the domain C . The internal force vector f C-int = C
f C-int is the

union of force vectors at every node of the FE mesh in C . It is evaluated by taking the

derivative of the discretized form of the FE strain energy with respect to nodal degrees of

freedom uC . On the other hand, the external force vector f C-ext on all boundary nodes

of the FE mesh is computed from the applied traction on the FE boundary C .

The contributions from the atomistic domain A is:

A =
p A

p r

p A

f
p
A-ext r p (3.3)

where p r is the incremental energy of an atom p given by inter-atomic potential

as function of position vector of all atoms r . An example is the multi-body potential

function described by the embedded-atom method or EAM [7], which is appropriate for

most transition metal systems. The term f
p
A-ext denotes the external forces applied on the

atom p from external sources and r p is the position vector increment of the atom p, and

the summation is over all atoms in A. The relation between the displacement vector r p of
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atom p and its time averaged value r p is given as:

r p t =
1
N

N 1

j=0

r p t j tmd (3.4)

where t is the time, r p is the position vector of an atom p at time , tmd is the uniform

time step taken in the N sampling time-integration steps for MD simulations. N tmd should

be chosen larger than the period T of thermal vibration of the atomistic system such that the

average does re ect the displacement due to mechanical loading. In this chapter, T is set to

be 1ps with N = 500 and tmd = 2 f s.

Finally the contribution from interfacial handshake domain I is obtained from the

constraint compatibility condition using Lagrange multipliers, as:

I =

I

C (3.5)

where =
1 2 3 is the array of Lagrange multipliers for the constraint function

C = C1 C2 C3 at an interface node . The constraint function C describes the

geometry compatibility of a interface node in I , where the average displacement of

atoms inside the Voronoi cellG equals to the displacement of that node. For an incremental
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displacement, the relation is given as:

C uC uA = uC

p G
wp uAp = 0 I (3.6)

where up = r p r0
p is the displacement vector of atom p, wp is a weighting function for

atom p G with p G wp = 1, and u is the displacement vector of interface node .

The superscripts C and Awill be dropped in the subsequent discussions as their association

with the node number or the atom number p automatically designate their domain. For

coupling nite temperature atomistic simulations with quasi-static continuum simulations,

a time averaged displacement vector up, corresponding to the atomic position vector de ned

in equation (3.4), is used. The corresponding compatibility condition is expressed as:

u t =
p G

wp up t =
p G

wp
1
N

N 1

j=0

up t j tmd (3.7)

The equilibrium condition of the coupled system is realized by setting the rst variation of

the energy functional (3.1) to zero, i.e. tot = 0. Substituting equations (3.2), (3.3),

(3.5) and (3.6) in equation (3.1), this condition is derived for nodal points in the continuum
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FE domain and atoms in the MD domain for directions i = 1 2 3 as :

tot

ui
= f i =

f i int f i ext +
i for node I

f i int f i ext for node C I

= 0 (3.8a)

tot

r ip
= f ip =

r

uip
f ip ext wp

i for atom p G in I

r

uip
f ip ext for atom p A I

= 0 (3.8b)

where G is the Voronoi cell domain associated with nite element node . In equation

(3.8a) the total conjugate force component f i at a node is from contributions due to strain

energy f i int, external forces f i ext and Lagrange multipliers i representing reaction

force on node from atomistic system due to compatibility constraint. For the atomistic

domain, f ip is the time-averaged total conjugate force component on an atom p in its time-

averaged position r ip. It is comprised of the inter-atomic force component r

uip
, external

forces f ip ext and the constraint force contribution to individual atoms wp i , where wp is a

weighting function, such that:

i C
+

p G
wp

i A
= 0 (3.9)

The compatibility constraint between atomistic and continuum models in the handshake

region, represented by equations (3.6) and (3.9), is satis ed in a weak sense by spatial aver-

aging in this model. Hence, it will have local errors in the displacement and stress elds for
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atoms in I . The error is however expected to decay signi cantly with increasing distances

from the interface region into C or A, where deformation mechanisms are operative.

The MD equations in the domain A needed for solving the coupled equations (3.8)

yielding thermal uctuations of atoms are given by:

mpup = f p (3.10)

where mp is the mass of an atom p with an applied force f p. To maintain the temperature

of the system and absorb elastic waves, temperature control is applied through Langevin

dynamics on the atoms in the interface region I . The NVE ensemble is used for the pure

atomistic domain A, with additional random force plus damping applied. Thus the forces

on the interior atoms remain unchanged, while the forces on interface atoms are given as:

f p = f 0
p mpr p + 2 r kB mp R t p I (3.11)

wheremp is the mass, f 0
p = p +wp + f

p
A-ext is the initial force as given by Eq. (3.8b),

kB is the Boltzmann constant, is the target temperature, r is the damping coe cient

as function of atomic position, and R t is a delta-correlated stationary Gaussian process

with zero-mean value. The damping strategy is stadium damping or ramped damping

introduced rst in [72] and also discussed in [73], where the damping coe cient gradually

increase from 0 to a certain value 0 in the interface region. The damping term in equation
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(3.11) helps suppress the elastic wave propagation in the interface region. This is important

for numerical stability of the dynamic coupled model, according to studies in [74].

3.3 Numerical Implementation of the Coupled Concurrent Model

The coupled system of continuum-atomistic equations (3.8), corresponding to quasi-static

equilibrated states with varying loads are solved in an incremental manner using a succes-

sive iterative approach with interfacial load-balancing. Rather than simultaneous solutions

of a fully coupled system, a staggered-iterative solution approach is pursued in this work.

The method solves respective problems for each of the domains C and A in each itera-

tion subject to the constraint forces and displacements, passed through the interface domain

I . This enables the implementation of appropriate algorithms and solvers for each domain.

MD simulations are carried out by the LAMMPS code [51], and FE simulations are

conducted crystal elasticity codes in the authors group. Appropriate interface modules and

data structure are used in the integration of these codes. The MPI is used for distributing

processors to perform MD and FE simulations. Prior to passing information between FE

and MD computations, the parallel distributed data for global vectors are gathered and

processed. This requires allocation of additional memory since either FE processors store

atomistic data and/or MD processors store FE data. A driver code is written to control FE

and MD processing, as well as information passing.
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3.3.1 Setting up the Relaxed Initial Con guration in A

Prior to the domain partitioning, the atomistic model is initially created for the entire

domain i.e. T = C A. For atomistic simulations, the system is set up by placing

atoms conforming to the crystallographic lattice con guration. This is followed by energy

minimization process under zero-temperature molecular statics conditions to obtain the

equilibrium con guration. After the equilibration process, the atoms in the continuum

domain C I are removed and the nite element mesh is created in C . In interface

region I , where both atoms and nite element mesh co-exist, the atoms-nodes connection

is built by Voronoi tessellation. For domains containing micro-cracks, the interaction

between atoms on two sides of the cracks are turned o .

3.3.2 Sequence of Steps in a Time Step

In a time increment from t to t + t in the quasi-static analysis, let UC and U
A be the

converged incremental displacement solutions of the FE nodes in C and time-averaged

atomic motion in A respectively, i.e.

UC t + t = UC t + UC t C and (3.12)

U
A t + t = U

A t + U
A t A

The displacement increment UC t can be further partitioned into a group of displacement

increments UCI t of the interface nodes in CI I = C \ A and displacement
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increments UCO t of all other nodes in CO
= C I , i.e.

UC t =
UCI t

UCO t
(3.13)

In the incremental solution process between t and t + t with equilibrium at the discrete

temporal points steps, an incremented external load is typically applied on the external

boundary of the coupled system C . The corresponding discretized equilibrium equations

for the continuum system at time t + t is expressed using equation (3.8a) as:

f
CI

int t + t

f
CO

int t + t

f
CI

ext t + t

f
CO

ext t + t
+

t + t

0

= 0 (3.14)

where f
CI

int and f
CO

int are the internal nodal force vectors from the strain energy contributions

in CO
and CI

, f CI

ext and f
CO

ext are externally applied load vectors on CO
and CI

, and

corresponds to the vector of Lagrange multipliers that are associated with displacement

constraints in the continuum-atomistic hand-shake region, all at the end of the time-step at

t + t . In an incremental formulation, the vectors are additively decomposed as:

f Cint t + t = f Cint t + f Cint

f Cext t + t = f Cext t + f Cext

t + t = t +

(3.15)
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In every successive iteration step k of the staggered scheme, the internal nodal forces f Cint

can be expressed in terms of the in nitesimal displacement vector UC , by neglecting

higher order terms, as:

f Cint
k
=

f Cint

UC
k UC k

= KC k UC k (3.16)

where KC k is the secant sti ness matrix in the k th iteration given as:

KC k
=

KC II KC IO

KC OI KC OO

k

=

f
CI
int

UCI

f
CI
int

UCO

f
CO
int

UCI

f
CO
int

UCO

k

(3.17)

With equilibrium condition satis ed at time t, and the assumption that no external load

is not applied on the interface boundary CI
, the equation (3.14) can be rewritten for the

k-th iteration step as:

KC II KC IO

KC OI KC OO

k

UCI

UCO

k

0

f
CO

ext

+

0

k

= 0 (3.18)

In the staggered-iterative solution approach with successive iteration, displacement error for

all nodes in the interface is checked for convergence in iteration step. In the k-th iteration,

the displacement error tolerance criterion is expressed as:

UCI U AI k
max u (3.19)
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where max is the maximum norm and the error tolerance u is taken as 0 1Å. U AI is the

time-averaged displacement vector at an interface node calculated from the displacement

of atoms U A using equation (3.7), i.e. for each interface node :

U
AI
=

p G
wp U

A
p (3.20)

In the time increment from t to t + t, with displacement elds UC t and U
A t known

for iteration step k 1, the search for solution elds in the k +1 th iteration step proceeds

in the following steps.

I. Displacement increments in C: This steps solves the nite element equations (3.18)

for the continuum domain C with known boundary conditions on the external boundary

ext
C , as well as displacements on the interface nodes in the handshake region I . The

incremental load (or displacement) on ext
C is held xed for the time increment t.

Updated nodal displacements in the handshake domain CI
are applied in every iteration

step corresponding to the atomic displacements in AI in the previous iteration as:

UCI k+1
= U AI k (3.21)

The equation (3.18) is solved for the displacements UCO k+1 and Lagrange multipliers
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k+1 using a nonlinear solver like the Newton-Raphson method or the quasi-Newton

method.

II. Constraint forces on AI from CI
: With the known vector of Lagrangian multipli-

ers k+1
=

k
+

k+1 for all interface nodes, constraint forces on atoms in AI are

evaluated using equation (3.9) as:

f constraint
p

k+1
=

wp
k+1 p G AI

0 p A AI

(3.22)

III. MD simulations of domain A with constraint forces: The constraint forces in step

II are applied to the atomistic domain A for MD simulations over a time period of the

TA = N tmd using the velocity Verlet time algorithm [51] for integrating equation (3.10).

According to equation (3.4), the time-averaged displacement vector up
k+1 are evaluated

as:

up
k+1
=

1
N

N 1

j=0

up t j tmd p A (3.23)

IV. Transfer displacements from A to C: With the atomic displacements obtained from

equation (3.23), U
AI
k+1 is calculated using equation (3.20). This serves as the displacement

boundary condition for the nite element interface nodes in the next iteration.
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3.3.3 Reducing Stress Fluctuations in the Iterative Process Through Sub-

Stepping

1 2 3 4 5 6 7
Loading Increment

0

0.2

0.4

0.6

0.8

1

1.2
22

 (G
Pa

)
without sub-stepping
with sub-stepping

Figure 3.2: Average stress in the atomistic region with and without load-smoothing.

A draw-back of the staggered, successive iterative solution procedure, with a xed

applied load in each increment, is the likelihood of relatively large deviation from the

equilibrium con guration in the initial iteration cycles. This e ect is demonstrated for an

example in section 3.3.4 with 40 iterations per loading increment. This corresponds to an

upper bound of the total number of iterations ktot within each time step t. The average stress

in the atomistic region is plotted with the solid line in gure 3.2. The nite stress jumps are

attributed to the stress imbalance. To overcome this drawback, a sub-stepping algorithm is

implemented, where the load increment is uniformly distributed over a pre-assessed number

of sub-steps in the increment. Each continuum-atomistic iteration is conducted over a sub-

step kTA of the total time increment t = ktot
k kTA. kTA incorporates N times steps in
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the MD simulations, i.e. N = kTA
tmd . In this work, ktot is taken as 40 and kTA is taken as 1 ps.

This corresponds to t = 40 ps. The sub-stepping algorithm results in the same nal stress

state as shown with the dashed line in gure 3.2, but with stress uctuations removed. The

original scheme is appropriate for nding equilibrium con guration under static load, the

sub-stepping scheme is appropriate for investigating critical events under constant strain rate.

A ow chart of the update process in a time step t for original scheme is given in gure

3.3. Upon convergence by the criterion (3.19), the following relations are also satis ed, viz.

UC k+1
= UC k and U

A k+1
= U

A k .

Figure 3.3: Flow chart of the iterative solution algorithm for the concurrently coupled model
under nite temperature conditions.
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Figure 3.4: Displacement error pro le with iteration steps with and without sub-stepping.

3.3.4 Convergence Rate of the Iterative Solution Process

The convergence rate, indicated by the number of iteration steps needed for the algorithm

(given in section 3.3.2 and in gure 3.3) to converge, is investigated in this section. A

benchmark test is set-up to examine the error due to coupling in the analysis domain. The

sample geometry used in this test is shown in gure 3.8 in section 3.5, but without the center

crack. The material properties are also given in section 3.5. A bi-axial tensile displacement

is applied on the domain surface in the x and y directions, i.e.

u1
x= L = u0 u2

y= L = u0 (3.24)

Periodic boundary condition is applied in the z direction. Ghost force correction is im-

plemented in the interface domain I . For a material with homogenous properties, the
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analytical displacement solution for a point at location (x,y,z) is given as:

u1
anal = u0

x
L

Normalized average displacement errors EC•Au1 are respectively de ned in terms of the square

of the di erence between the computed and analytical solutions in C and A respectively

as:

ECu1 =
1

nnode

nnode

=1

u1 u1
analy

u0

2

and E Au1 =
1

natom

natom

p=1

u1
p u1

p analy

u0

2

(3.25)

where u1 u1
p are x direction displacement components computed by the coupled concurrent

model for a node and and atom p. u1
analy u1

p analy are the corresponding analytical

solutions. The average displacement error with and without the sub-stepping algorithm in

both C and A are plotted with respect to the iteration number in gure 3.4. Without sub-

stepping the method uses k successive iteration cycles for convergence. The displacement

error is quite large > 20% at early stages of iteration but converges rapidly to very small

error values (< 2%) in 10 to 20 iteration cycles. In contrast, the displacement error with

sub-stepping is consistently low at nearly 2 5% for all the steps in the time interval.

Though the displacement error with the sub-stepping algorithm is slightly higher than that

without sub-stepping, stress uctuations with the latter are removed due to the absence

of the large error in the rst several iterations. This improves the overall accuracy of the

coupled concurrent model.
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3.3.5 Ghost Force Correction

Ghost forces refer to non-physical forces that arise in atomistic-continuum coupling [26].

These are observed in most energy-based methods and some force-based methods. Methods

of alleviating ghost forces have been proposed in [32, 75 77]. In the present dissertation,

ghost forces occur at the boundary of the atomistic model A as a consequence of replacing

atoms by continuum material in the interface thus causing an imbalance of surface atoms

with their original neighbors. The di erence in the calculated forces on surface atoms before

and after replacing atoms with the continuum mesh in the relaxed initial con guration,

represents the ghost force. This is expressed as:

f
g
p = f p f p p A (3.26)

where f p is the force on atom p with full atomistic representation and f p is the force

after replacing certain atoms with a continuum mesh. Since the initial con guration is at a

minimized energy state and atoms in A are far from boundaries, f p = 0 and f
g
p = f p. A

correction force f c
p is thus imposed on atom p as an additional external force to annul ghost

forces, given as:

f c
p = f

g
p p A (3.27)

Studies have shown that while deformation dependent ghost forces may not be completely

annihilated for any applied loading, the above procedure generally reduces it to acceptable
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tolerances. To show the e ect of ghost force correction, the relative displacement error in

the atomistic region of the coupled model is shown in gure 3.5 for model both with and

without ghost force correction. The sample and loading condition and de nition of relative

displacement error is the same as case given in section 3.3.4. The result shows that the

ghost force correction reduces the relative displacement error from about 5% to less than

2%.

0.05

0.00

(a)

0.05

0.00

(b)

Figure 3.5: The distribution of relative displacement error for atomistic region, (a) with
ghost force correction, (b) without ghost force correction

3.4 Self-Consistent Homogenized Constitutive Modeling using

the Coupled Concurrent Model

The self-consistent method proposed in [78, 79], estimates the overall material response

by embedding a heterogeneous domain in a large homogeneous material with yet unknown

macroscopic properties. Self-consistent homogenization evaluates constitutive relations

while equilibrating disparate domains under the constraint of kinematic compatibility. This

80



CHAPTER 3. SELF-CONSISTENT COUPLED ATOMISTIC-CONTINUUM MODEL

section discusses the development of a self-consistent constitutive model for an elastic crys-

talline material containing a crack, by using the coupled concurrent computational model.

Self-consistency of the governing equations, requires the stress-strain relations in the con-

tinuum media to be consistent with the inter-atomic potential of the discrete atomic domain

that exclusively contains the crack. The self-consistent model accounts for non-linearity

as well as non-locality of the constitutive relations due the existence of material defect

or inhomogeneity. The latter is di cult to achieve with most other conventional models

like the quasi-continuum models. While the results presented in this section are for single

crystal nickel represented by the EAM potential [7], the approach here is general and can

be applied to di erent materials of interest.

Nonlinearity is expected in the material constitutive relation even in the elastic range,

due to the non-harmonic atomic interaction described by the EAM potential. On the other

hand, nonlocal constitutive relations are generally associated with size-e ects and length

scales, that may be related to the material microstructure, defects structure, cracks or fea-

tures like atomic interaction.

In the non-local, nonlinear elasticity stress-strain relation, the Cauchy stress can be

additively decomposed into two parts as:

i j =
loc
i j + i j (3.28)
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where loc
i j is the local stress term that is a nonlinear function of the strain, and i j is the

nonlocal term that is assumed to be a function of the strain gradient in this work. These

components are developed next.

3.4.1 Nonlinear Elastic Constitutive Relation and Parameter Calibration

The nonlinear elasticity model is developed with small strain assumptions from a strain

energy density function that is expressed as a third-order expansion of the in nitesimal

strain tensor as:

=

1
2!
ci j kl i j kl +

1
3!
ci j klmn i j kl mn (3.29)

The local component of the Cauchy stress in equation (3.28) is given as the derivative of

the strain energy density with respect to strain as:

loc
i j =

i j
= ci j kl kl +

1
2
ci j klmn kl mn (3.30)

Here ci j kl and ci j klmn correspond to the rst and second order sti ness coe cients re-

spectively. For cubic pure nickel single crystals, the coe cients are subjected to crystal

symmetry group constraints. Using contracted notations in the representation of the tensors

i.e.

11 1 22 2 33 3 23 4 31 5 12 6

the coe cients in equation (3.29) are reduced to only 3 independent coe cients c11 c12 c44

for the rst-order sti ness and 6 independent coe cients c111 c112 c123, c144 c166 c456
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for the second order sti ness. With e4 = e23 + e32, equation (3.30) becomes:

1 = c11e1 + c12 e2 + e3 + c123e2e3 +
1
4
c144e2

4 +
1
4
c166 e2

5 + e
2
6

4 = c44e4 + 2c456e5e6 + c144e1e4 + c166e4 e2 + e3

(3.31)

The rst three terms corresponds to the harmonic part of the EAM potential and the re-

maining to the non-harmonic part.

Simulations of the specimen in gure 3.8, without the center crack, by the coupled

concurrent model is used to obtain the coe cients in equation (3.31). The specimen is

subjected to an increasing bi-axial displacement controlled loading, leading to a strain state

up to 11 = 22 = 4 5%. The averaged deformation gradients are evaluated for both the

MD and continuum models in the interface I , denoted as FAI and FCI respectively. FCI

is calculated as the volume average over all elements in CI
, while FAI is the average of

deformation gradient for all atoms in AI . For the small strains in the continuum, the

deformation gradient may be expressed in terms of the strain tensor as F = I + , where I

is the identity tensor. The deformation gradient in atomic lattices has been de ned in [56]

and implemented in [20] using a least-square minimization-based methodology.

For a material model that is consistent with the atomistic model, compatibility require-

ments between atomistic and continuum domains necessitate FAI and FCI at the interface

I . The calibration of the 9 sti ness coe cients in equation (3.31) are based on the mini-
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mization of the L2 norm FAI FCI in interface region. Calibrated values of the sti ness

coe cients are given in table 3.1 and compared with values from experiments and ab-initio

calculations in [6, 7].

Source c11 c12 c44 c111 c112 c123 c144 c166 c456

Calibrated 244.6 150.8 125.1 -1660 -1220 -250 -130 -510 -65
Ref. [6] 251.6 154.4 122.0 -2032 -1043 -220 -138 -910 -70
Ref. [7] 247 148 125

Table 3.1: Calibrated values of rst and second order sti ness coe cients (unit:GPa) and
comparison with results in [6, 7].
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Figure 3.6: Comparison of the averaged deformation gradient in I by MD and FE simu-
lations with (a) linear and (b) nonlinear elasticity assumptions.

The calibrated parameters from the coupled concurrent model simulations generally

agree with the values given in the references. Deformation gradient components in the

atomistic and continuum portions of the interface I , i.e. FAI11 FCI

11 and FAI33 FCI

33 , are plotted

as functions of the applied displacements in gures 3.6(a,b) with linear and non-linear

elasticity assumptions respectively. The nonlinear elasticity sti ness parameters are from

table 3.1 with the higher order coe cients to zero for linear elastic simulation. The gure
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3.6(a) shows considerable deviation between the continuum and atomistic results, especially

at higher levels of deformation. In contrast, for the nonlinear elasticity model, the continuum

and atomistic deformation gradient components match even at large deformations. The

nonlinear elastic model with quadratic dependence on strains is necessary for consistency

with the atomistic model.

3.4.2 Nonlocal Extension of the Nonlinear Elastic Model

The non-local e ect is accounted for through the incorporation of gradient elasticity terms

in the constitutive relations. The nonlocal component of the Cauchy stress in equation

(3.28) may be expressed in terms of the gradients of strain as:

i j = di j klm i j m + fi j klmn i j mn (3.32)

where di j klm and fi j klmn are respectively the coe cients associated with the rst and second

gradients of the strain. Studies in [80, 81] suggest that the rst gradient is commonly

neglected in the nonlocal stress representation. For cubic systems, two characteristic length

scale parameters, which correspond to the longitudinal and transverse modes of the 100

direction, de ne the nonlocal behavior, viz. l1 = f111111
c1111

and l2 = f12212
c1212

. MD-based

studies in [81] have evaluated them for copper as l1 = l2 = 0 5Å, while for aluminum

as l1 = 0 9Å and l2 = 0 9Å. In general, continuum models assume a single length-scale
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parameter l in the nonlocal stress expression [80], written as:

i j = l2ci jmn 2
mn (3.33)

where ci jmn are the rst order sti ness coe cients given in equation (3.29). The nonlocal

term is the combined e ect of an intrinsic material length-scale l and the local strain gradient

that is dependent on topology and loading conditions. Assuming that the K- eld governs

the strain in the vicinity of the crack, i.e.

i j r =

Ai j
r
Bi j (3.34)

where r is distance from the tip and Ai j are constants proportional to the stress intensity

factor KI , equation (3.33) yields:

2
i j /

1

r2 i j (3.35)

Correspondingly the ratio i j

loc
i j

O l2
r2 . Thus if the distance of continuum elements from

crack tip is r l, nonlocal elasticity may be ignored.

Calibration of the length scale parameter is done by conducting molecular statics simu-

lation of a single crystal nickel specimen with a center crack as shown in gure 3.7a that is

introduced to create a strain-gradient eld. The specimen dimensions are Lx = Ly = 50 nm,

Lz = 4 224 nm, and the crack is of length is 2a0 = 20nm in the xz-plane through z direction.
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A biaxial displacement loading is applied in the x and y directions on the lateral boundaries,

while periodic boundary condition with stress free conditions are applied on the z-faces. To

evaluate the nonlocal stresses i j , the virial stress eld i j and the local stress eld loc
i j are

calculated using equation (3.30) and parameters in table 3.1. This is followed by evaluating

the local deformation gradient and strain elds using equation (2.5). Figure 3.7b plots the

stress 22 = i j
loc
i j as a function of c22mn

2
mn for atoms in the x-direction in front

of crack tip. The calibrated length scale parameter l2 for nickel using the EAM potential,

corresponding to the slope of this plot is l 0 5Å. This is consistent with values for copper

and aluminum.
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Figure 3.7: (a) Nickel specimen with EAM potential for molecular statics simulation on
sample with an embedded center crack, and (b) plot of the nonlocal stress as a function of
strain gradient. The slope corresponds to the square of l2.

In this chapter, the crack tip is kept from entering the interface region for numerical

stability purposes. With a typical choice of 5 nm for the width of interface width,
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the distance from any continuum element to the crack tip is larger than 5 nm. For

these dimensions, the ratio l2•r2 10 4 1, which suggests that the nonlocal e ect for

the continuum domain in the coupled concurrent model in metallic system is very small.

However, as given in [81], for materials such as polymers where long range forces exist, the

nonlocal e ect could be several orders of magnitude higher and should not be neglected.

3.5 Crack Tip Fields in Single Crystal Nickel

The coupled concurrent model is employed to investigate the stress elds in the vicinity

of a crack tip that is contained in the atomistic domain A. Results of the coupled model

are compared with those from a purely nite element analysis implementing the continuum

nonlinear and nonlocal elastic constitutive relation developed in section 3.4. This compar-

ison is used to verify the accuracy of the self-consistent constitutive relation in predicting

crack tip elds. The e ects of nonlinearity and nonlocality are also explored.
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Figure 3.8: Geometry of the specimen with loading that is used for crack tip elds study

The specimen geometry and loads used for simulations using the coupled concurrent
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model is shown in gure 3.9a. The thickness of the domain in the z direction is Lz = 4 224

nm. The atomistic domain A is a cylinder with a radius RA = 32 nm. The dimensions

of the entire coupled model including continuum and atomistic domains 200nm x 200nm

in the x-y plane. The atomistic domain A contains about 1.3 million atoms. If the entire

domain T is modeled as a atomistic domain for a nickel single crystal, it would contain

about 15 million atoms with a pure MD model. The interface region I has a thickness

of 4 nm, i.e. it is an annular ring region with inner and outer radius 28nm and 32nm

respectively. The atomistic structure of nickel is face centered cubic(f.c.c.) with lattice

constant 3 52Å. The orientation is set as x 100 , y 010 , z 001 . A static

crack is created in the center of the xz-plane with length 2a0 = 20nm as shown in gure

3.8. The crack passes through the z-direction. The continuum domain is discretized into

about 20 000 four-noded, constant strain tetrahedron elements with 5 000 nodes. The nite

element model for the pure continuum domain is shown in gure 3.9b. The specimen

dimensions and boundary conditions are the same as for the coupled concurrent model.

The entire domain is discretized into about 20 000 constant strain tetrahedron elements.

For this problem, the crack is introduced in the FE model by setting the material sti ness

to 0 01% of its original value for elements containing the crack. The coupled concurrent

model and the pure FE models are shown in gure 3.9.

In the concurrent model, an initial relaxation process is applied as discussed in sec-

tion 3.3.1. Subsequently, a bi-axial displacement loading is applied on the boundary of
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X
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Figure 3.9: (a) The FE mesh for the continuum domain and the atomistic domain in the
coupled concurrent model with a crack, and (b) the FE mesh in the pure continuum model.

continuum domain in the x and y directions. Periodic boundary condition with stress

free boundary conditions are applied in the z-direction. The continuum domain uses the

nonlinear-nonlocal elasticity relation in equation (3.28) developed in section 3.4. It will be

shown that the e ect of nonlocal elasticity is negligible in comparison with the nonlinearity

e ects. The temperature of the atomistic domain is set to 1K using the Langevin thermostat

with the NVE ensemble. For the MD simulations, the time-step for integration tmd = 2 fs,

as discussed in section 3.3.2. Each sub-step kTA in the continuum-atomistic iteration in-

corporates N = 500 times steps, and hence kTA = 1ps. The applied strain rate is 5 108s 1.

The displacements applied on the x-y boundaries of both models correspond to bi-axial

straining of 11 = 22 = 3%. Furthermore 33 = 0 on the z-faces. The contour plot of the

stress 22 in the coupled model is shown in gure 3.10. In gure 3.11a, the stress 22 ahead

of the crack tip along the crack plane by both models, is plotted as a function of the distance
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Figure 3.10: Contour plot of the Cauchy stress 22 for (a) the coupled concurrent model,
(b) pure FE model with nonlinear and nonlocal elasticity.

from the tip. A comparison analytical solution for isotropic linear elasticity is also shown

in this gure. The crack-tip analytical stress is given as:

22 = 0
r
r1r2

(3.36)

where 0 is the far eld stress and r1 r2 and r are the distances from the two crack tips

and its center respectively. The gure 3.11a shows good agreement between the coupled

concurrent model and the FE model using the constitutive relation of equation (3.28). On

the other hand, the FE model using isotropic linear elasticity, as well as the analytical model

over-predict the stress value.

Figure 3.11b shows the contributions of the nonlinear term (second term in the RHS of

equation (3.30)), and the nonlocal term ( i j in equation (3.28)), to the stress 22 evaluated

91



C H A P T E R 3. S E L F- C O N SI S T E N T C O U P L E D A T O MI S TI C- C O N TI N U U M M O D E L

0 2 4 6 8 1 0
0

0. 5

1

1. 5

2

2. 5

3
x 1 0

4

di st a n c e fr o m cr a c k ti p ( n m)

σ
2
2
 (

M
P
a)

 

 

a n al yti c al
c o u pl e d c o n c urr e nt m o d el
F E M( n o nli n e ar − n o nl o c al m o d el)
F E M(li n e ar)

( a)

0 2 4 6 8 1 0
1 0

− 2

1 0
0

1 0
2

1 0
4

Di st a n c e fr o m cr a c k ti p ( n m)

Ef
f
e
ct

 
o

n 
σ

2
2
 (

M
P
a)

 

 

n o nli n e ar t er m
n o nl o c al t er m

( b)

Fi g ur e 3. 1 1: ( a) Str ess σ 2 2 a h e a d of t h e cr a c k ti p al o n g t h e cr a c k pl a n e b y di ff er e nt m o d els
as a f u n cti o n of t h e dist a n c e fr o m t h e ti p, ( b) c o ntri b uti o ns fr o m t h e n o nli n e ar a n d n o nl o c al
t er ms t o t h e str ess σ 2 2 b y t h e F E m o d el.

b y t h e c o nti n u u m F E m o d el. T h e e ff e ct of b ot h n o nli n e ar a n d n o nl o c al t er ms d e cr e as es

wit h i n cr e asi n g dist a n c e fr o m t h e cr a c k ti p. T h e c o ntri b uti o n of t h e o v er all n o nli n e ar t er m

is m or e t h a n 1 0 % n e ar t h e cr a c k ti p a n d a b o ut 3 % at l ar g er dist a n c es. T h e str ess v al u es ar e

o v er- pr e di ct e d i n t h e a bs e n c e of t h e n o nli n e ar t er m, es p e ci all y n e ar cr a c k ti p. O n t h e ot h er

h a n d, t h e c o ntri b uti o n of n o nl o c al t er m is g e n er all y or d ers of m a g nit u d e s m all er i n c o m-

p aris o n wit h t h e n o nli n e ar t er m. H o w e v er as t h e dist a n c e fr o m t h e cr a c k ti p r a p pr o a c h es

t h e n o nl o c al l e n gt h s c al e l, t h e n o nl o c al e ff e ct, ass o ci at e d wit h t h e s e c o n d gr a di e nt of t h e

str ai n, i n cr e as es r a pi dl y a n d b e c o m es n o n- n e gli gi bl e.

Fi n all y, a c o m p aris o n of t h e c ost of c o m p ut ati o n al a n al ysis b y t h e f ull at o misti c M D

m o d el, t h e c o u pl e d c o n c urr e nt m o d el a n d t h e f ull fi nit e el e m e nt m o d el wit h t h e s elf-
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Method MD Coupled atomistic-continuum continuum FE
DOF 1 6 107 atoms 1 6 106 atoms+2 104 elements 2 104 elements

CPU hours 300 40 0.5

Table 3.2: Comparison of computational cost of analyzing the specimen using di erent
models in CPU hours.

consistent constitutive relations is given in table 3.2. The comparison is made for a specimen

with dimensions Lx = Ly = 200 nm, Lz = 4 224 nm with a center crack. The boundary

conditions are similar to that discussed before, but going up to strains xx = yy = 3%. The

results show a signi cant reduction (by a factor of 7.5) in computational cost from full MD

to the coupled continuum-atomistic model and another signi cant reduction (by a factor of

80) when using the full FE model. A speed-up by a factor of 600 is achieved by going from

the full MD to full FE simulations. This shows that the proposed self-consistent multi-scale

framework is able to e ciently simulate microscale experiments, while accurately keeping

track of the material behavior with origins at the atomistic length-scale.

3.6 Conclusion

This chapter has developed a methodology for deriving self-consistent, reduced order con-

stitutive relations of elastic crystalline materials containing atomistic scale cracks with

the utilization of a robust coupled concurrent atomistic-continuum model. The resulting

constitutive model for cracked materials incorporates both nonlinearity and nonlocality

to account for atomic level interactions and deformation mechanisms especially near crack

tips. Atomistic scale simulations are necessary for a physical understanding of the evolution
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of these mechanisms. As a vehicle for developing the self-consistent model, a concurrent

computational framework coupling atomistic and crystalline continuum domains, is rst

accomplished. Atomistic modeling is done using molecular dynamics (MD) using the

LAMMPS, while the continuum modeling for quasi-static loading is done using a crys-

tal elasticity nite element analysis code. Finite temperature is applied on the atomistic

domain using Langevin dynamics for the MD model. The concurrent framework accom-

modates both physical boundary conditions and atomic resolutions at locations of interest,

such as crack tip. The atomistic-continuum coupling is achieved by enforcing geometric

compatibility and force equilibrium in a nite-thickness handshake or interface region. A

staggered-iterative approach is used to solve the coupled system with optimized parallel

implementation using LAMMPS and the FE code.

Nonlinearity and nonlocality characteristics are incorporated in the elastic constitutive

relation to ensure self-consistency of the continuum material description with that at the

atomistic level the the MD simulations using potential functions and with explicit crack

representation in the concurrent framework. Nonlinearity is accounted for through higher

order strain terms, while nonlocality is incorporated in the form of strain gradients. The

model is calibrated by comparing with results of MD predictions in the concurrent model.

For validating the constitutive relation, the crack tip stress eld is investigated using both

the coupled concurrent model and a nite element model with the nonlinear and nonlocal

elastic constitutive law. The e ect of nonlinearity and nonlocality on the crack tip stresses
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are investigated. The self-consistent model shows excellent agreement and accuracy with

the results of the concurrent model. Additionally an analysis of the computational cost of

simulation by the full MD, coupled model and full FE model shows signi cantly enhanced

e ciency with the self-consistent model. Extension of this coupled model to formulate

constitutive models for crack propagation and plasticity is currently under way and will be

reported in future publications
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Chapter 4

Extracting Crack Propagation Law from Coupled

Concurrent Model and the Application in Contin-

uum Simulations

The developed coupled concurrent model with self-consistent constitutive relation is

used to investigate the crack propagation in single crystal nickel with pre-existed center

crack in this chapter. A parametric crack propagation law is extracted from the simulation

data addressing both the kinematic and energetic aspects. The size dependence on crack

propagation process is explored and comparison between results from the coupled model and

full MD model is made to examine to accuracy of the coupled model. Also the temperature

e ect and strain rate e ect on the critical stress for crack propagation is discussed.

4.1 Simulation sample con guration and loading condition

The geometry and loads for simulations using the coupled concurrent model is shown in

gure 3.9a. The thickness in the z direction is Lz = 4 224 nm. The dimensions of the entire

coupled model including continuum and atomistic domain is 200nm 200nm in the x-y

plane. The atomistic domain A is a cylinder with a radius RA = 32 nm, containing about
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1.3 million atoms. The interface region I is an annular ring region with inner and outer

radius 28nm and 32nm respectively. The lattice structure of nickel is face centered cubic

(f.c.c.) with lattice constant 3 52Å with orientation x 100 , y 010 , z 001 .

A pre-existing center crack is created on xz-plane with length 2a0 = 20 nm going through

z-direction as shown in gure 3.8. The continuum domain is discretized into about 20 000

constant strain tetrahedron elements with

After the initial relaxation process introduced in section 3.3.1, bi-axial displacement

controlled loading in x and y direction is applied up to 11 = 22 = 3 5% strain on the

boundary of continuum domain, stress free and periodic boundary condition ( 33 = 0)

is used for z-direction. The constitutive relation used in the continuum part incorporates

with the third order non-linear elasticity and non-local elasticity introduced in section 3.4.

NVE ensemble is used for MD simulation and the temperature of atomistic domain is set

as 1K by applying Langevin thermostat at the interface region. The strain rate applied is

5 107s 1 with timestep tmd = 2 fs. For each MD step within iterative solving process

of coupled model, as mentioned in section 3.2.2, the run time is 500 timestep which is 1

ps. To investigate the accuracy of the coupled mode and investigate the e ect of boundary

condition on crack propagation, three di erent sizes, L = 50 100 200 nm are studied.

Among them the L = 100 200 nm sample is studied by coupled concurrent model, and

L = 50 100 nm sample is studied by pure MD model. The L = 100 nm sample is studied

by both models to make direct comparison between coupled model and pure MD model.
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4.2 Simulation results

The coupled atomistic-continuum simulation shows that the applied bi-axial straining at

about 11 = 22 = 3 2% ( 33 = 0) the crack starts to propagate along x axis through bond

cleavage. The propagation remains in the original crack surface and the propagation is

almost symmetric. The brittle crack feature maintains within rst 10 nm propagation on

each side of the tip. Dislocation emission is observed after that. The snapshots shown

in gure 4.1 demonstrate the initial brittle crack propagation followed by the dislocation

emission. The brittle propagation process will be focused in the following analysis.

(a) (b)

(c) (d)

Figure 4.1: The snapshots of the atomistic domain of the coupled model, (a) 22 = 3 0%,
colored by value of 22, (b) 22 = 3 35%, colored by value of 22, (c) 22 = 3 39%, colored
by value of 22, (d) 22 = 3 39%, colored by common neighbor analysis. It shows crack
propagation via bond cleavage in the beginning and triggered dislocation emission later.

To obtain quantitative insight, following three aspects are used to characterize the
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propagation process: 1.the kinematic part via crack propagation rate, 2.the energy part via

strain energy release rate, 3.the damage part via the degradation of sti ness.

4.2.0.1 Crack propagation and strain energy release

From energy perspective, crack propagates when the driving force measured by strain energy

release rate G exceeds the critical value GC . For mode I crack under plane stress condition,

G is related to stress intensity factor(SIF) KI by:

GdA = dUstrain + dW =
K2
I

Ee
dA (4.1)

where dUstrain is the change of strain energy stored in the system, dW is the work done

by external load, Ee is the e ective Young s modulus, dA is the increment area of crack

surface. KI is stress intensity factor estimated by a , where is the average stress at
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the boundary and is the geometry factor for a centered crack in square plate. To con rm

the estimation of KI , the energy release increment measured by dUstrain + dW from simu-

lation is compared from the value calculated by
K2
I

Ee
dA. Here the value of dA at given time t

is approximated by A t A t dt , where dt is taken as 1 ps, same approximation is used

for other variables. The result is plotted with respect to the current crack length in gure

4.2. The two values matches very well through the crack propagation process, indicating

that the equation (4.1) with the estimation of KI is accurate.

For low speed crack propagation, G only needs exceed the need to create free surface.

Thus the critical energy release rate GC equals to 2 s, where s is the surface energy per

unit area. When crack propagates at high speed, the inertia e ect comes into play which

requires higher energy release rate to maintain the high propagation speed. Experimental

study [82] suggests the dynamic e ect on GC to be:

GC v =
2 s

1 v

vR

(4.2)

where v is the crack propagation velocity, and vR is the velocity of Rayleigh wave. To in-

vestigate correlation between applied loading and propagation speed, the crack propagation

rate v = da•dt using dt = 1ps, is plotted with respect to applied stress intensity factor KI

in gure 4.3 for all four samples. The results in gure 4.3 show crack propagation velocity

does not increase linearly with the applied loading due to the inertia e ect. The energy
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Figure 4.3: Crack propagation rate as function of applied stress intensity factor for di erent
sample simulated by coupled model and MD, (a) coupled model, L = 100 nm, (b) coupled
model, L = 200 nm, (c) molecular dynamics, L = 100 nm, (d) molecular dynamics,
L = 50 nm, unit of KIC and c is given in the text.
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release rate given by equation (4.1) does exceed the critical value GC given by equation

(4.2). To make the quantitative correlation following form is proposed to t the data:

v = a =
c KI KIC 1•2 if KI > KIC

0 otherwise

(4.3)

where KIC is the critical stress intensity factor in the unit of MPa m and c is a coe cient

in the unit of Pa 0 5m3•4s 1. The parameters for MD and coupled model with di erent size

is calibrated according to equation (4.2). The tting results are presented in gure 4.3 for all

four samples. For the sample size L = 100 nm, both the coupled model and MD model give

similar results, this indicates that the coupled model developed has good accuracy for study

the crack propagation process. In the mean time, by comparing the result of di erent sizes

(L = 50 100 200 nm), it is observed that the result from L = 100 200 nm is quite similar.

Yet the KIC and c value of L = 50 nm sample has a much larger deviation, suggesting that

when L 100 nm the boundary e ects becomes important and to obtain correct parameters

requires su ciently large domain guaranteed by coupled atomistic and continuum model is

necessary.

4.3 Degradation of sti ness due to crack

The damage caused by the existence of crack can be characterized by the the degradation

of sti ness quanti ed by damage variable D. At any material point, consider a square with
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dimension d, given that crack surface is in xz-plane and extends through z-direction as

shown in gure 4.4a, D can be related to local crack length aloc using Kachanov s concept

[83]. The degraded sti ness matrix under contracted notation ci j is related to original

sti ness matrix ci j by:

ci j =
1 D ci j if i or j = 2

ci j otherwise

D = aloc•d

(4.4)

To validate the damage description above, the simulation data is compared with the

calculated from equation (4.4). The comparison is done in an volume average sense

inside an inspection window shown in gure 4.4a, which is a square with dimension d = 5

nm and its center located 5 nm in front of initial position of crack tip. The measured stress

is obtained by taking the volume average of stress inside the inspection window, while

is obtained from volume averaged strain using i = ci j j . Under contracted notation

the comparison between stress component 2 and 2 with respect to 2 is presented in

gure 4.4b. The result shows that two values have good match from no damage to complete

damage.

Therefore through the simulation of coupled concurrent model, the brittle crack prop-

agation law for single crystal nickel 100 surface is given by the combination of equation

(4.1) (4.3) (4.4).
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Figure 4.4: (a) the sketch of inspection window (b) the comparison between simulation data
and equation (4.4)

4.3.1 Strain rate and temperature e ect

There are two purposes to investigate the strain rate and temperature e ect, the rst is to

validate the nite temperature coupled model maintains the proper statistical mechanics

property of the system, and the second is to obtain better understanding on the crack

propagation under realistic experimental strain rate which can not be directly achieved by

MD nor the coupled atomistic-continuum model. It is known that the inevitable choice of

extremely small timestep fs forces the MD simulation to use very high strain rate which

could jeopardize the analysis of physical process which is thermally activated. As an

example, the transition of dominated mechanism has been presented in [30], the e ect on

nucleation and evolution of dislocation structure was shown in [84]. With the reduction of

degrees of freedom due to concurrent coupling compared with full MD model, carrying out

simulation with at 1-2 orders of magnitude lower strain rate for same computational cost of
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MD model is allowed by current computational resource. The temperature and strain rate

e ect on critical stress of crack propagation is studied and compare with theoretical model

[85]. For a thermally activated process under constant strain rate and temperature T , the

most probable nucleation stress satis es following equation:

Q T
kBT

= ln
kBTN 0

E T
(4.5)

where Q T is the stress and temperature dependent activation free energy, kB is the

Boltzman constant, N is number of nucleation sites, 0 is the attempt frequency, E is the

sti ness and is the activation volume satis es T = Q T . It is suggested in [85]

that the temperature dependence can be given by Q T = 1 T•Tm Q0 where Tm is

the melting temperature. Q0 represents the energy barrier as function of applied stress.
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Figure 4.5: (a)Temperature dependence of critical stress for xed applied strain rate, (b)
strain rate dependence of critical stress for xed temperature.

Using developed coupled concurrent model with nite temperature feature, temperature

105



CHAPTER 4. CRACK PROPAGATION LAW FROM COUPLED MODEL

Tm E N 0 Q0 A C
1728K 164 GPa 4 1012s 1 A 1 • C 9 05eV 5 12 GPa 1.9

Table 4.1: Parameters used in equation (4.5)

dependence and strain rate dependence of critical stress of crack propagation is investigated

and shown in gure 4.5. The simulation results is compared with theoretical model given by

equation (4.5) using the parameters given in table 4.1. The good match between theoretical

model and the coupled concurrent model results con rms that the model is able to capture

the statistical mechanics property of the system at various temperature and strain rate in the

atomistic domain. Furthermore through parameter tting the critical stress at realistic strain

rate can be estimated. Given the relation between stress and stress intensity factor, the result

demonstrates how temperature and applied strain rate a ect the KC in crack propagation

law equation (4.3). Such e ect on coe cient c remains unclear, which can be revealed in

future work.

4.4 Validation of self-consistent constitutive model by compar-

ing with FE model

To validate the crack propagation model obtained from the concurrent coupled atomistic-

continuum model, the propagation model is implemented in a nite element model and

results from two models are compared. The continuum crack propagation model consists

of three major elements: The rst is the nite element model incorporated with nonlinear

and nonlocal elasticity, the second is the crack propagation law for a given loading, and the
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third is the representation of crack and the degradation of sti ness due to its presence.

The constitutive relation used in FE model is the elasticity incorporated with nonlinear-

ity and nonlocality introduced in 3.4. The crack propagation is described by equation (4.3),

with the value of KIC = 0 980 MPa m and c = 1 67 Pa 0 5 m3•4s 1 from coupled sim-

ulation results on L = 100 nm sample. The degradation of sti ness due to the presence of

crack is given by equation (4.4). To maintain the numerical stability, the maximum damage

parameter is set to be 0 9995. The nite element mesh is created with same geometry as the

coupled concurrent model with dimension being 200nm 200nm 4 224nm, discretized into

about 20 thousands elements shown in gure 3.9b, with same initial crack length a0 = 10 nm

introduced by change the initial value of damage variable in corresponding elements. The

system undergoes same biaxial displacement controlled loading as introduced in section 4.1.

The validation is done by comparing the results between coupled concurrent model and

FE model on crack tip stress eld, energy release rate and propagation rate presented in

gure 4.6. Good agreement has been reached for all three aspects, which shows that the full

FE simulation implemented with crack propagation model based on (4.3) and (4.4) is able

to represent the crack propagation process obtained by a physical based lower scale model.
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Figure 4.6: (a) compare the stress distribution at crack tip, (b) compare the strain energy
release rate, (c) Compare the crack propagation rate.
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4.5 Conclusion

In this chapter, the coupled model is implemented in parallel by using a nite element pro-

gram combined with LAMMPS to investigate the crack propagation in single crystal nickel

under mode I loading. It is observed that when critical loading applied, the crack propa-

gates by bond cleavage, and the propagation speed accelerates until dislocations starting to

nucleate. The initial brittle crack propagation regime where elasticity governs is focused

by investigating the crack propagation rate, energy release rate and stress distribution. The

coupled model simulation results provide quantitative relation between propagation rate

and applied stress intensity factor for brittle crack propagation. As the result of crack

propagation, the degradation of the sti ness is captured by damage model in which the

damage parameter is related to the crack length. And the strain energy release rate is

shown well characterized by stress intensity factor and e ective Young s modulus. By

comparing the four samples using coupled model and pure MD model, it is found that for

the same domain size generates very similar results on crack propagation history, which

validates our coupled model. Furthermore, the size dependence study shows convergence

trend when sample size is su ciently large, meaning that the boundary condition is enough

close to far eld loading condition. Temperature and strain rate e ect on the critical stress

for crack to start propagation is investigated using the coupled model and compared with

theoretical analysis, showing that our model can well capture the statistical mechanical

feature in the atomistic domain, and showed how the crack propagation law is a ected for
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various temperature and strain rate applied. Finally a full continuum nite element model

using the crack propagation law extracted from coupled simulations is used on the system

with same dimension and loading condition, the result shows satisfactory match with the

coupled model in crack propagation history, energy release rate and stress distribution. This

demonstrates the process from using coupled model to study the physical crack propagation

law for a given material/micro-structure, and then use hierarchical up-scaling to apply it for

larger scale continuum simulations.
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Chapter 5

Extending Crack Propagation Model To General

Crack Geometry and Plastic Deformation Regime

5.1 Introduction

The concurrently coupled atomistic-continuum model is used to investigate the crack tip

phenomenons for various di erent orientations under mode I loading in this chapter. The

crack propagation is found to follow speci c low index planes, and the propagation rate

as function of applied load is not sensitive to propagation plane. Peierls model is used to

analyze the competition between crack propagation and dislocation nucleation. To tackle

the transfer of dislocation from atomistic domain to continuum domain, a statistical based

approach is proposed based on tracking dislocation density in each slip plane in the interface

region.
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5.2 Extending Crack Propagation Model To General Crack

Geometry

5.2.1 Setup of geometric con guration of simulations of the coupled

concurrent model on crack propagation

Single crystal nickel embedded with center crack under mode I loading is investigated

using the coupled concurrent atomistic-continuum model with di erent crystal orientation

for single crystal nickel. Among these orientations, the z-direction is xed to be 001

direction. EAM potential developed in [7] is used to describe the atomic interaction. The

center crack locates at xz-plane with initial crack length 2a0 = 20nm in x-direction and

goes through z-direction. The con guration of the slip plane and leading partial dislocation

is shown in gure 5.1. is the angle between xz-plane and intersection line of slip plane

and xy-plane, is the angle between the Burgers vector of the leading partial dislocation

and the intersection line of slip plane and xy-plane. The angle and lattice orientation

is given in table 5.1. Notice the f.c.c. structure has mirror symmetry for 100 planes thus

0 45 is representative for all rotated con gurations about z-axis.

Uniaxial tension along y-axis is applied for all scenarios to create mode I loading on

crack at constant strain rate = 2 108s 1.
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Figure 5.1: The geometric con guration of crack, applied load and slip system

5.2.2 Simulation result

The propagation process inside the atomistic domain is visualized by Atomeye. It is

observed that there is a strong orientation dependence on the propagation plane as well as

brittle/ductile behavior of the crack. Brittle crack propagation by bond cleavage is spotted

for lattice orientations with 5 and 40 , while for 15 30 ductile behavior

dominates where partial dislocations emit rst and there is almost no increase of crack

length afterward. For lattice orientation in between these two scenarios, the brittle-ductile

transition is observed where a short period of cleavage crack propagation followed by

dislocation emission and crack tip blunting. For all cases where crack propagation happen,

the propagation always follows one of the two low index plane 100 or 110 and result in

crack kinking of the original crack plane is not a low index plane.
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x y z angle

[1 0 0] [0 1 0] [0 0 1] 45.0 30
[11 1 0] [-1 11 0] [0 0 1] 39.8 30
[17 3 0] [-3 17 0] [0 0 1] 35.0 30
[11 3 0] [-3 11 0] [0 0 1] 29.7 30
[11 4 0] [-4 11 0] [0 0 1] 25.0 30
[2 1 0] [-1 2 0] [0 0 1] 19.4 30
[5 3 0] [-3 5 0] [0 0 1] 14.0 30
[7 5 0] [-5 7 0] [0 0 1] 9.5 30
[6 5 0] [-5 6 0] [0 0 1] 5.2 30
[1 1 0] [-1 1 0] [0 0 1] 0.0 30

Table 5.1: The orientation used for crack propagation study

Figure 5.2: The orientation dependence of crack tip phenomenon, the orientation follows
the order given in table 5.1.

5.2.3 Analytical model of orientation dependence on brittle/ductile crack

behavior

To orientation dependence of crack propagation behavior origins from the competition

between energy barrier of cleavage of atomic bond in front of crack tip and the energy

barrier of partial dislocation emission. The lower of which would cause the corresponding
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mechanism rst triggered. The analytical model of the energy barrier for dislocation

emission has been discussed in [30, 61, 86, 87], the critical energy condition for the

emission of the leading partial dislocation in isotropic material is given by:

Ke
II = KI cos2 •2 sin •2 = 2

1
cos2

+ 1 sin2
usf (5.1a)

Kdis
IC =

1

cos2 •2 sin •2
2

1
cos2

+ 1 sin2
usf (5.1b)

where usf is the unstacking fault energy, are the angles given in gure 5.1, are

shear modulus and Poisson s ratio respectively. In case of anisotropic material, a more

complicated formulation given in [88] can be used to replace equation (5.1) as an accurate

approximation, where

GII =
D0

2
S11 Ke

II
2 cos2

D0 = 2 S11S22 + 2S12 + S66

1•2
(5.2)

where Si j is the compliance matrix under the slip system coordinate system. Therefore

Kdis
IC =

1

cos2 •2 sin •2 cos

2 usf

D0 S11
(5.3)

Using Gri th criteria, if the crack stays in the original plane, the critical energy release

rate GC for fracture under mode I loading for plane stress condition is given by:

GC0 = 2 s =
K2

IC

E
(5.4)
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where KIC is the critical mode I stress intensity factor, s is the surface energy for the

cleavage plane and E is the Young s modulus. Recall that the coupled simulation showing

the crack propagation prefers the low index plane, in which case the crack propagation

deviates from the original plane causing crack kinking. Assume is the angle between

original crack plane and new propagation plane. The new energy release rate is related to

the mixed mode stress intensity factor KI KII given by:

GC = 2 s =
K2

I

EI
+

K2
II

EII

KI = KI cos2

KII = KI sin cos

(5.5)

The equation can be rewritten in form,

GC =
K2
I

Ee
(5.6)

The actual energy barrier of crack propagation is generally higher than prediction by Gri th

criteria due to the lattice trapping e ect [89], which modi es the equation 5.6 to

GC =
K2
I

Ee
(5.7)

Where is the lattice trapping coe cient depending on the propagation plane, the simulation

shows that the lattice trapping coe cient for 100 and 110 plane are 100 = 1 43 and

116



CHAPTER 5. EXTENSION INTO GENERAL ORIENTATION AND PLASTIC
DEFORMATION

110 = 1 2.

In sum, for a given lattice orientation, one can calculate the critical stress intensity factor

of partial dislocation nucleation Kdis
IC and crack cleavage Kcrack

IC , the lower of which will be

rst triggered. In gure 5.3 the value of KIC with respect to is plotted for the lattice

orientation given in table 5.1. The result shows that for 0 6 , KC 110 has the lowest

value; for 6 < 33 , KdisC has the lowest value and for 33 < 45 , KC 100 has the

lowest value. The analytical model is consistent with the observations from the simulation

results.

0 5 10 15 20 25 30 35 40 45
0.8

1

1.2

1.4

1.6

C
rit

ic
al

 K
I (M

Pa
m

1/
2 )

KC-dis
KC-crack-100
KC-crack-110
K-simulation

Figure 5.3: Competition between crack cleavage and dislocation emission at the crack tip
for single crystal nickel.

5.2.4 Orientation dependence of crack propagation rate

For orientations having brittle fracture observed, the crack propagation rate is measured by

using the equivalent ellipse to approximate the crack geometry. In gure 5.4, the propagation

rate with respect to applied stress intensity factor is plotted.
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Figure 5.4: Crack propagation rate as function of applied stress intensity factor KI , rst two
correspond to propagation in 110 plane, second two correspond to propagation in 100
plane.

The result shows that the critical stress intensity factor has orientation dependence,

while the propagation process does not. The relation between propagation rate and applied

stress intensity factor when a well below the Rayleigh wave speed vR can be approximated

by:

a = c KI KIC 1•2 (5.8)

Where KIC is the critical stress intensity factor as function of orientation obtained in
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previous section, c is the coe cient. The simulation result gives c = 1 32 m3•4 Pa 1•2 s 1).

Compared with LEFM analysis where the crack propagation plane is suggested by

maximum energy release rate. The result from the coupled atomistic-continuum model have

material feature including surface energy, lattice trapping and the unstable stacking fault

energy accounted for. Furthermore, not only the rst triggered mechanism is considered,

the following crack propagation or crack tip blunting is investigated. This provides a more

complete understanding on the orientation dependence of the crack tip process. The crack

propagation rate with respect to applied load and propagation plane is explored, showing

that the initiation of propagation is orientation dependent, yet the following propagation rate

is not sensitive to propagation plane. The fracture toughness for brittle case is characterized

by surface energy s , while the dislocation dominated case is dominated by dislocation

emission where future research is needed to obtain the plastic dissipation rate pl .

5.3 Initial Steps to Incorporate Plastic Deformation into Cou-

pled Concurrent Model

The di culty of using coupled atomistic-continuum model to study problems with plastic

deformation arises when plastic activity is not con ned in one domain. To tackle informa-

tion passing from atomistic domain to continuum domain, one needs bridge the intrinsic

di erence in describing plasticity. In atomistic domain, plastic deformation is described

by the formation and evolution of explicit slip between atoms on slip plane causing lattice

defect such as dislocation and micro twinning determined by the interaction potential. In
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continuum domain, the plastic deformation is described by the plastic deformation gradient,

phenomenological ow rule calibrated from experiment are used to correlated local stress

state and slip rate. There are two major steps to introduce plasticity into coupled model.

The rst step is the information passing to transfer the plastic deformation from atomistic

domain to continuum domain, the second one is the plasticity model in continuum. In this

dissertation, only the approach on rst step is discussed, the second step will be future work

in the Prof. Ghosh s group.

In the context of dislocation dominated plasticity, the challenge on information passing

includes the detection of incoming dislocation approaching continuum region, and the

numerical treatment to erase the dislocation after continuum received the information. In

CADD method, discrete dislocation is used as messenger. The dislocation segment is

identi ed by slip vector in atomistic domain and inserted into continuum domain using

discrete dislocation dynamics. As discussed in 1, the method su ers from complicated

issues when applied for 3-D scenario. In this section, a dislocation density based method is

proposed together with the " free surface" interface design to address both issues mentioned

above. The advantage of using dislocation density as the parameter is that the slip rate can

be directly linked with background stress state instead of the local stress on each segment,

saving the complexity on tracking geometric con guration of each dislocation segment

and the computational cost on the interaction force between them. In 2, the dislocation

extraction algorithm provides the capability of translate the atomistic con guration into
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dislocation information, the algorithm is implemented in the interface region in the on-the-

y manner to detect any dislocation that nucleated from atomistic domain and travel towards

the continuum domain. Recall that in gure 3.1, the interface region has both atoms and

node in FE mesh co-exist, each node is associated with a volume ful lled with atoms based

on Voronoi tessellation. The local dislocation density on slip plane i at node p is de ned

as:

i
p = lip•Vp (5.9)

where lip is the total dislocation length in volume Vp on slip plane i. The slip plane of a

given dislocation can be found by examine if a dislocation segment falls onto any known

slip plane for the given material. In the simulation in this section, four 111 planes are

the potential slip plane for single crystal nickel. After dislocation reaching interface region

and detected by the algorithm, the surface of the atomistic domain can serve as dislocation

sink to absorb the incoming dislocations that has been detected and transfer into continuum

domain to avoid double count. This is due to the design of developed coupled model using

weak compatibility conditions at interface region. The weak compatibility condition does

not tie one atom with one node, but only requires the average displacement of a group of

atoms consistent with displacement of the corresponding node. This e ectively mimics the

free surface for dislocations and the image force will attract the dislocation into free surface

causing a step and fully absorbed. If strong compatibility condition is applied, the atoms

at surface will be frozen during the atomistic simulation and e ectively mimics the rigid

surface. In such case, the image force on dislocation will push the dislocation back into
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atomistic domain which is unphysical.

To validate that dislocation density is an appropriate parameter for information passing,

the average plastic deformation gradient is calculated within each Voronoi cell Vp to show

the correlation between dislocation density and slip rate. The plastic deformation gradient in

atomistic simulation is calculated from local plastic deformation gradient by taking volume

average. Recall in 2, using least-square t, the local deformation gradient for an atom can

de ned by:

F = FeFp

FiM XMXJ = xi XM
(5.10)

X represents the distance vector between atom and its neighbor at reference con guration,

x is the distance vector at current con guration and the summation loops over all nearest

neighbors. The contribution of elastic part Fe can be approximated by using only the

elastically deformed neighbor atoms, de ned by neighbor atoms that did not undergo slip.

FeiM
:E N

XMXJ =
:E N

xi XM (5.11)

where E.N. denotes elastic neighbor. For atoms undergo slip, the di erence between

displacement vector of two atoms on two sides of slip plane u is determined by lattice

structure and dislocation type. For partial dislocation in nickel, u = x X = bp where

bp =
1
6 112 a0 is the Burgers vector for partial dislocation. The norm of u is at least
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one order of magnitude higher than that under elastic deformation. Therefore choosing

threshold value rc = 1
12 112 a0 is able to classify whether a neighbor atom is a elastic

neighbor for nickel with lattice constant a0 = s 3.52 Å, i.e. neighbor atom is called

elastic neighbor if x X < 1
2 bp . With this classi cation, the local elastic deformation

gradient Fe can be obtained and further Fp from equation (5.10).

Figure 5.5: The detection band of incoming dislocations coincides with interface regions
I .

The algorithm of on-the- y calculation of dislocation density and plastic deformation

is applied for the simulation in previous section with crystal orientation x 17 3 0 y

3 17 0 z 0 0 1 with center crack under model I loading. In this orientation, the

critical stress intensity factor for leading partial dislocation emission is lower than that of

crack propagation. In the left column of gure 5.6, the time history of angular distribution

of dislocation density is plotted for four slip planes, the angle is de ned in gure 5.3. In the
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right column, the time history of angular distribution of increment of plastic deformation

gradient is plotted. The result shows that the plastic deformation is mainly contributed

by two slip planes, and there is very good one-to-one match between dislocation density

and increment of plastic deformation gradient. The observation indicates that the local

dislocation density is an e ective descriptor of plastic deformation in the coupled model.

And the algorithm provides an e cient on-the- y quanti cation of dislocation density

as well as slip rate contributed by each individual slip plane. The approach developed

in this section together with an appropriate dislocation density based plasticity model in

continuum domain can be a promising method to incorporate the plastic deformation into

the coupled concurrent model. Such model can lead to discovery of physical based ductile

crack propagation law, where tracking the evolution of magnitude and distribution of plastic

deformation near crack tip and interaction with crack propagation is within capability.

5.4 Conclusion

In this chapter, the coupled concurrent model is deployed to study the crack tip phenomenons

for single crystal nickel with di erent orientation under mode I loading. The simulation

results show that there is a competition between crack propagation and dislocation nucle-

ation as the dominate mechanisms to release the stored strain energy. When the crack

plane is aligned closed to low index plane 100 and 110 , the crack propagation along

low index plane is observed. In other cases, the dislocation nucleation would blunts the

crack tip and becomes the dominate phenomenon. Combining the Periels model for pre-
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dicting the critical stress of dislocation nucleation and the Gri th criteria together with

lattice trapping for predicting the critical stress of crack propagation, the transition between

crack propagation to dislocation nucleation is explained. Furthermore, to allow dislocation

nucleated from atomistic domain able to transfer into the continuum domain. An on-the- y

dislocation density detection algorithm is implemented at the interface domain to quantify

the dislocation density at each atoms cell associated with continuum node. The design of

the coupled model naturally absorbs the dislocation after the detection is completed. The

correlation between the plastic strain rate and dislocation density validates that dislocation

density detected by the method is an appropriate characteristic for plastic deformation.
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Figure 5.6: Correlation between dislocation density and rate of plastic deformation in the
interface region for four 111 slip planes.
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Chapter 6

Conclusions and Future Work

In this dissertation, a multi-scale computational framework is developed to model the

crack propagation and the evolution of associated deformation mechanisms from atomistic

scale to sub-grain scale. The development start with building a robust on-the- y tool at the

atomistic scale to characterize and quantify the evolution of deformation mechanisms in-

cluding dislocation and micro-twinning. Orientation dependence on dominated mechanism

has been revealed by the tool in molecular dynamics simulation, the change of dominated

mechanisms also leads to change of the mechanical response including stress-strain curve

and plastic work dissipation.

To overcome the length scale limitation of molecular dynamics unphysical boundary

condition, a self-consistent concurrent atomistic-continuum coupled model is introduced

using continuum model in the far eld and atomistic model near crack tip. The coupling is

achieved by enforcing geometric compatibility and force equilibrium condition in a weak

sense at the interface region between two domains. The coupled model takes care of numer-

ical error sources such as ghost-force and phonon-re ection and allows nite temperature
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applied in the atomistic domain in order to study the thermally activated processes. A non-

linear and nonlocal constitutive relation is used for the continuum domain to be consistent

with inter-atomic potentials. The coupled model is solved iteratively using LAMMPS as

simulator of atomistic system and crystal elastoplastic nite element code for continuum

system, both e ciently implemented in parallel and communicating using MPI library.

The developed coupled model is used to study the crack propagation process for sin-

gle crystal nickel with embedded center crack under mode I loading. It is observed that

when critical loading applied, the crack propagates by bond cleavage, and the propagation

speed accelerates until dislocations starting to nucleate. The initial brittle crack propaga-

tion regime where elasticity governs is focused by investigating the crack propagation rate,

energy release rate and stress distribution. The coupled model simulation results provide

quantitative relation between propagation rate and applied stress intensity factor for brittle

crack propagation. As the result of crack propagation, the degradation of the sti ness is

captured by damage model in which the damage parameter is related to the crack length.

And the strain energy release rate is shown well characterized by stress intensity factor and

e ective Young s modulus. Temperature and strain rate e ect on the critical stress for crack

to start propagation is investigated using the coupled model and compared with theoretical

analysis, showing that our model can well capture the statistical mechanical feature in the

atomistic domain, as well as the temperature and strain rate dependence of critical applied

stress. A full continuum nite element model using the crack propagation law extracted
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from coupled simulations is used on the system with same dimension and loading condition,

the result shows satisfactory match with the coupled model in crack propagation history,

energy release rate and stress distribution.

The accomplishments in this dissertation has shown the capability of using advanced

computational method to model the physical process across multiple length scales. However,

there are still challenging tasks ahead. An imminent one is the development of continuum

model of sub-grain scale plasticity used in the continuum domain of the coupled model.

Based on both numerical simulations including this dissertation and some experiment

observations, the heterogeneity of dislocation distribution can be signi cant in scenarios

such as persistent slip band caused fatigue loading, which violates the assumption of

conventional crystal plasticity model. More advanced models accounting for those issues

are necessary to form a complete coupled model with capability of accurately model

the interaction between crack tip and near- eld plastic deformation. The work requires

novel developments combining material science knowledge and computational mechanics

methods.
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