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Abstract

Bats are an ideal model for auditory perception due to their highly discrimina-

tive and dynamic sound processing capabilities. To understand auditory brain

function, neuroscientists must spatially resolve complementary neuroimaging,

neurophysiological, and -omic data from studies of bat auditory perception.

One way to accomplish this goal is through the use of a standardized, digi-

tal, three-dimensional brain atlas. However, there is no such atlas available

at present. To address this need, this thesis describes the first digital, three-

dimensional, brain atlas of Eptesicus fuscus. We present a variational method

for three-dimensional reconstruction of surface volumes from sparsely-spaced

(150 µm), serial, two-dimensional atlas segmentations in the absence of an

external same-subject volume reference. Using a neurohistological atlas of

Eptesicus fuscus as an input, brain reconstruction takes place in four stages:

(i) segmentation and symmetrization, (ii) restacking of the binary images

section-by-section via in-plane rigid transformations, (iii) pair-wise diffeomor-

phic registration of the sections, conditioned on the restacked slices, and (iv)

generation of topologically-correct surface meshes using a restricted Delaunay

triangulation scheme. We define Sobolev and total variation priors on image

smoothness, which control the derivatives of the images, to regularize (i.e.
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reduce complexity by removing unreasonable parameter choices from) the

high-dimensional parameter space prescribed by the rigid motion dimensions

and the diffeomorphism dimensions. We show that the quality of rigid slice

alignment brought by introducing a Sobolev prior on the image intensity of

a phantom and the bat brain data is superior to that of the total variation

priors. We also provide volume and surface area measurements and centroid

locations in atlas space of each of the brain structures.
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Chapter 1

Introduction

1.1 Atlases for Neuroscience Discovery

Many applications in neuroscience rely on accurate, three-dimensional, spatial

information parlayed through the standardized coordinate systems of digital

anatomical brain atlases. Such atlases can be warped to match an animal’s

unique brain anatomy to elucidate the subject’s structural and functional

organization. For this reason, they are indispensable tools for identifying

biomarkers of pathology [22], [31], [52], [57]–[59], [64], [74], [83], [84], [86], [93],

visualizing brains [35], [43], and planning and guiding surgical procedures.

1.2 Motivation

The big brown bat (Eptesicus fuscus) is an excellent species for auditory research

due to its dearth of cortical folding, compact brain size [21], dynamic in-flight

echolocation capabilities [65], [91], and hypertrophied auditory system [39].

Because brain structure and function are linked, it is important to analyze how

a bat’s brain size and shape is related to its capacity to “see” with sound. To
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answer questions about three-dimensional neural shape, organization, and

function in bats, neuroscience researchers must employ a standard anatomical

reference which incorporates expert domain knowledge and does not lose a

dimension of context, like two-dimensional atlases do.

In the field of computational anatomy [33], brain atlases are an indispens-

able tool for conveying morphome-scale brain structure in a standardized

coordinate system. While there exist brain atlases of varied detail for humans

[3], [27], [35], [48], [53], [56], [69], the rhesus macaque [76], the mouse [8], [17],

[28], [40], [43], the rat [36], [68], [72], the cat [11], [75], [80], the rabbit [66], the

starling [34], and the mustached bat [90] in the literature, there is currently no

available digital 3D big brown bat brain atlas.

Current methods of building brain atlases are through image registration,1

by which computational codes create correspondences between coordinate sys-

tems based on image features, and probabilistic techniques [37], [85], [88]. Dig-

ital volumetric brain atlases, comprised of serial images of two-dimensional

brain slices or segmentations, can be warped to match individual brain scans

using sequences of matrix transformations, such as scaling, rotation, and trans-

lation. However, such linear transformations applied alone to images often fail

to match the target brain. Non-linear transformations can better individualize

the brain atlas template. Large Deformation Diffeomorphic Metric Mapping

(LDDMM) is regarded as the holy grail of non-linear image registration tech-

niques [6]. LDDMM geometrically deforms a template image into a target

1Image registration aims to align any series of images to a common coordinate system.
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image via geodesic flows of diffeomorphisms;2 hence, all other images are

deformations of the template and belong to the same high-dimensional diffeo-

morphism group. The optimal template-to-target transformation can be found

by optimizing the L2-norm of square-integrable functions in the variational

setting (i.e. variational minimization of the cost function on vector fields) [10].

LDDMM has been used to build 3D atlases from 2D image segmentations of

the medial temporal lobe structures in the human brain and the subcortical

and cortical structures in the cat brain [74]. The former has been used suc-

cessfully in quantitative studies of Alzheimer’s disease and mild cognitive

impairment [58], [59], [64], [84]. Typically, the volumetric segmentation-based

structures are converted to smooth surface meshes representing the structure

boundary via marching cubes or Delaunay refinement techniques [44].

Our contribution is the first 3D big brown bat brain atlas reconstructed

from 2D slices of a histological atlas using Sobolev and total variation regular-

ization3 in an energy-minimization framework. We facilitate this development

by first rigidly aligning the slices, requiring the stacking axis to be smooth with

a Sobolev metric, and then by stitching the slices together using a diffeomor-

phic change of coordinates. This digital bat brain atlas enables quantitative
2LDDMM maps the domain coordinates of the template image to the coordinates in

the target image domain so that both sets of image boundaries and internal structures are
approximately matched. That mapping (a diffeomorphism)—the deformation of one image
into the other—is a non-linear geometric transformation achieved by composing a series of
small pointwise geometric transformations. Those small deformations are vector fields on the
background coordinate space that solve an ordinary differential equation of motion. Hence,
the diffeomorphism is expressed as a flow. For more details, see Sections 1.4.2 and 2.7.

3Regularization means that unreasonable solutions are restricted, via a cost function
penalty term, from the space of solutions attainable by the algorithms described in later
sections. The "Sobolev“ and "total variation“ descriptors indicate what reasonable means:
each type assumes that the solutions should be smooth, but with Sobolev solutions being
polyharmonic functions and total variation solutions being piecewise smooth functions in
this work.
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and statistical anatomical shape and size analysis. Ultimately, our atlas can

be used by other research groups for their own work. For instance, future

work could use our model to analyze the neuroanatomical connections to

perceptual hearing data from a bat model. Hence, this research could carry

the additional benefit of aiding in understanding the neural substrates of

echo processing in bats and the more general application of diffeomorphic

atlas-building. In addition, understanding how bats “see” their environment

with sound will provide insight into mechanisms of auditory perception. By

comparing neuroanatomical results across species and to other mammals, one

can identify structurally homologous and variable regions. This is especially

important because our bat brain atlas can reveal anatomical characteristics

which are unique to bats and ones that are shared with all mammals, including

humans. Moreover, our atlas can give investigators the ability to link -omics

to neuroanatomy. Research groups have already uncovered genetic targets

for such an endeavor. For example, hearing-related genes in E. fuscus exhibit

upregulated expression during hearing development [55] and may play a role

in human deafness [24], [46], [47], [49]–[51], [71], [78] and communication [45].

1.3 Histological Volume Reconstruction

Histology is the gold-standard for tissue investigations. Typically, whole tis-

sues are sectioned into 2D slices, and histochemically or fluorescently stained

for high-contrast, high-resolution optical imaging. This process offers key ben-

efits that 3D imaging cannot bring to the table, such as cellular-level resolution

and the high-throughput of whole-slide imaging. The natural next step, which
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is being pursued in the field of digital pathology, is to investigate structural

and functional relationships of tissue specimens in three-dimensions. This

exploration first requires reconstructing the the sectioned samples in three

dimensions. As may be expected, there are technical challenges arising from

histological preparation which must be overcome to accomplish this task.

Classical neurohistological preparation, which includes tissue sectioning

followed by histochemical staining, suffers from tissue distortions such as,

(i) tears/holes, (ii) folds, (iii) compression, (iv) non-uniform shrinkage, (v)

staining inhomogeneities, (vi) shearing of the tissue section when loading

to a slide, (vii) independent movement of hemispheres when loading to a

slide, and (viii) random rotation and translation relative to other sections (here

referred to as jitter).

Another problem of reconstruction is that of missing slices. Sometimes

slices become too damaged to be used, or in the case of making a print atlas, a

set of the histology slices may not be used. In the latter case, every third or

fourth slice is placed in the atlas, whereas the others are used for other optical

interrogation experiments. Since the bat neurohistological atlas is subject to

these distortions, we must address them to create the 3D atlas. In this work,

we not only address point (viii) and correct for jittering artifacts, we also

interpolate the slices to fill in the 150 µm-spaces between the slices provided

in the atlas. The approach presented in this thesis is summarized in Fig. 1.1.

In order to study histology sections in 3D, the serial 2D sections must be

computationally reconstructed into a 3D volume. Image registration offers

the most promising solutions for this aim. The task of sequentially registering
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Figure 1.1: Reconstruction Pipeline Structures in a sequence of digitized histological
atlas pages (Step 0) are segmented manually, made to be symmetric about the sagittal
plane, and stored as binary images (Step 1). Then the rigid transformation parameters
are estimated and applied to realign the series of jittered images (Step 2). LDDMM
registers the restacked images pairwise, and upsamples the volume along the stacking
axis (Step 3). Finally, topologically-correct surface triangulations of the reconstructed
volume are generated (Step 4).

each 2D image with its neighbors can be completed in two main steps: (i) rigid

registration followed by (ii) non-linear registration. The general methodology

here is to first estimate the transformation parameters, apply the accumulated

transformations to the images, and interpolate the values at the transformed

coordinates. By articulating the visual quality of reconstruction as the opti-

mization of a cost function, the optimal transformation parameters correspond

to the best visual approximation. Usually, the cost function is comprised of a

data matching term and a regularizer, which penalizes or precludes undesir-

able transformations. Image registration can be automated, thereby relieving

some manual effort on behalf of experts.
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Unfortunately, image registration-based volumetric reconstruction is not

a trivial task. Ill-posedness is one problem that can manifest as the ‘banana’

effect. Malandain et al. [54] first described the ‘banana’ effect problem when

attempting to reconstruct a 3D object from 2D slices: without prior knowledge

of the shape of the structure, the curvature of the object cannot be recovered.

The banana is reconstructed as a cucumber. Essentially, the ‘banana’ effect

is the accumulation of shape reconstruction error. These errors are magni-

fied by the inaccuracies which arise during the generation of the printed

stereological/histological atlas.

1.3.1 Previous Work

Several groups have attempted to overcome this shape non-identifiability

problem using external references. Common examples of external references

are landmarks [82], drill holes [81], 2D blockface images already co-registered

in 3D [12], [70], MR images [1], [13], [23], [42], [94], and micro-CT images

[67]. While exact, a priori, 3D shape information is desirable, it may not be

available. Consequently, several research groups developed reference-free

methods for volumetric reconstruction. Some groups have used smoothness-

guided approaches [19], [20], [42] and diffusion-based methods [12], [29].

Furthermore, the problem of missing data was addressed in [30], [89]. For an

extensive review of 3D histology reconstruction methods, see Pichat et al. [73].

Cifor et al. [19], [20] generate a smooth 3D volume in a three-stage process.

First, the image stack was realigned via pair-wise slice registration. Second,
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they extracted the structure boundaries and smoothed them with a planar min-

max curvature flow [20] (or mean curvature flow [19]). Third, they estimated

transformations from the sparse displacement field computed from the flow

and then applied them to the slices. Smoothness was quantified with gray

level co-occurrence matrices.

Gaffling et al. [29] frames histology restacking as a curvature minimiza-

tion problem whose solution is a solution of the Laplace partial differential

equation (PDE) ∆I(z) = 0, where ∆ is the Laplacian operator (the trace of

the Hessian) and I(z) denotes the image intensity at a slice z in the stacking

direction. To solve this problem, they employed an iterative Gauss-Seidel

update scheme which incorporated information from a 1-radius neighbor-

hood of slices. This small neighborhood proved sufficient in smoothing the

histology stack. They hypothesized that the anatomy in the histology stack

varies smoothly compared to the section thickness and spacing. As a result,

their approach preserved the low-frequency variations of the anatomy and

smoothed the high-frequency errors of the misalignment by design. Follow-

ing a similar problem framework, the realigned histology stack of Casero

et al. [12] was a solution to the heat diffusion equation. They accomplished

realignment by interleaving the transformations of the slice and those of its

neighbors. Ju et al. [38] formulated realignment using a 1D piece-wise linear

warping approach. They put elastic constraints on the vertical and horizontal

directions and used a larger neighborhood for slice alignment. The idea here

is that using a larger neighborhood smooths more and thereby reduces the
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number of iterations needed for the smoothing process. Minimization of their

error function was achieved through dynamic programming.

Choosing a neighborhood for slice alignment is an important consideration.

The most direct way to align serial slices is to align each slice to its immediate

neighbor. In some cases, pair-wise registration was performed by aligning

each slice to a single reference slice which exhibited minimal distortions or

artifacts. Previously, researchers have chosen the center slice [20], [70] as the

reference slice. Importantly, the choice affects the quality of reconstruction

and may introduce bias in the absence of a shape reference. Because errors

accumulate and negatively impact the final reconstruction, one tactic is to

smooth out such errors by spatially aligning a set of neighboring slices, like in

[38]. However, in the formulation of Gaffling et al. [29], they showed that a

1-radius neighborhood is sufficient to restore smoothness along the stacking

direction without over-correction impairing the anatomical shape.

In this work, we solve the shape non-identifiability problem with a reference-

free volume reconstruction via intensity-based image registration, following

[42]. Additionally, we do not introduce bias into the model by selecting a

single reference slice.

1.4 What is Computational Anatomy?

This section integrates the contribution of this paper into the broader context

of computational anatomy.

Computational Anatomy (CA) is a sub-field in medical imaging which

aims to quantitatively study the shape and form of animals at the gross
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anatomical, or morphome, scale as imaged by medical or optical imaging

devices [33]. In CA, diseases are analyzed via their effects on anatomical

shape characteristics (e.g. shape, volume, surface area, thickness). Naturally,

to deduce these effects, one must have an anatomical reference for comparison.

This is where the mathematical formalisms of metric pattern theory and brain

atlases come into play. With these tools, one can address the great variability

of organ form in both health and disease. CA methods have been successful

in finding statistically significant biomarkers of neuropsychiatric diseases,

like Mild Cognitive Impairment and Alzheimer’s disease [31], [58], [59], [64],

[84], Huntington’s disease [86], [93], and schizophrenia and psychotic bipolar

disorder [22], [52], [83].

1.4.1 Anatomical Pattern Analysis

Sir D’Arcy Thompson’s comprehensive study “On Growth and Form” [87]

inspired in part the modern mathematical analysis of biological patterns. He

described how the biological shapes and forms of animals could be related

by mathematical transformations (changes of coordinates). The core idea is

that shapes can be compared if they are related through a deformation of the

starting shape, as depicted in Fig. 1.2.

Ulf Grenander’s metric pattern theory [32] formalized the comparison

of anatomical patterns with the deformable template model. A deformable

template is a representative pattern, or exemplar, which can be deformed to

generate a whole family of new patterns. This model can accommodate the

variations (e.g. differences in geometric transformations defining position and

10



(a) Deformation of the ambient space as a change of rectilinear coordinates. Taken
from [87, pg. 770-771].

(b) Under the deformation of the ambient space, the Scorpaena sp. fish (left) resembles
the Antigonia capros fish (right). Taken from [87, pg. 749-751].

Figure 1.2: Geometry of Growth and Form.
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orientation, differences in color, differences in texture, etc.) in the observations

of that pattern. Grenander’s concept of a deformable template lends itself

to the formulation of credible generative models of observed object classes.

In this framework, a collection of anatomical shapes—represented as land-

marks, curves, images, surfaces, measures, and currents—can be synthesized

relative to the initial shape exemplar: the template. Then, the shapes can be

compared through diffeomorphisms, which map coordinates under topologi-

cal constraints. These constraints support the assumptions of continuity and

smoothness of the modeled anatomy.

1.4.2 The Diffeomorphism Setting

Shapes can be represented as infinite-dimensional mathematical objects. This

means a parameterized family of shapes can have a parameter set that can

be some subset of Rd, or it can be infinite-dimensional. One can represent

the set of all one-, two-, three-, or higher-dimensional shapes as points in

an infinite-dimensional space. (But in everyday life, we usually consider

shapes in two- and -three dimensional space.) Thus, shapes require treatment

through functional and manifold analyses. There are two main schools of

shape parameterization: one that uses inner metrics, like immersions, which

act directly on the shape, and one that uses outer metrics, which deform

the entire ambient space that the shape inhabits. LDDMM focuses on the

outer metric imposed by the diffeomorphism group, the infinite-dimensional

analogue of finite-dimensional Lie groups. For an overview of examples of

such parameterizations, please refer to [9]. Diffeomorphisms are bijective,
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smooth maps with smooth inverses. When working with dense imagery, like

the data output from medical or optical imaging devices, the properties of

diffeomorphisms ensure that every point in the target image has a unique

label. This means that anatomical structures and sub-structures are preserved,

coordinates do not fuse or cross, disjoint shapes remain disjoint, connected

shapes remain connected, and the shape boundaries remain smooth [13], [26].

A three-dimensional image can be thought of as a field (a function) over a

domain of R3 that assigns function values to each point of the domain. When

discretized, each discrete unit of the image’s mesh grid is called a voxel. One

can conceive of a “particle” located at each voxel, where the “particle” can

take on scalar values—like T1-weighted MRI grayscale intensities—or tensor

values—like diffusion MRI vectors. Each of these “particles” interact spatially,

and this is shown by the curvature of the dense coordinate space under its

transformations encoded as flows [60]. Hence, through the smoothness con-

straint of the mapping, the positions of neighboring particles are correlated.

These considerations are useful for understanding the diffeomorphism frame-

work presented here. Furthermore, the following definitions are crucial to

support the reader’s understanding:

Definition 1.4.1 (Orbit [32]). Let G be a group which acts on a set X. The orbit

of an element x ∈ X is denoted by G · x = {g · x | g ∈ G}. In plain language,

the orbit of x is the set of all elements that can be reached by x as a result of

applying any element in G to x. It is the set of all places that x can go under

the action of any element in G.

13



Definition 1.4.2 (Orbit of Imagery [10]). The orbit of anatomical imagery is the

set I of all imagery I ∈ I generated from the action of a diffeomorphism (geo-

metric transformation) φ on the atlas Iatlas: I = {I = φ · Iatlas}. Here the action

is defined as φ · Iatlas = Iatlas ◦ φ−1, with ◦ denoting function composition.

Definition 1.4.3 (Gaussian Random Field [2]). A Gaussian Random Field is

a collection F of Gaussian-valued random variables indexed to every point t

in a d-dimensional domain Td : {F(t) : t ∈ Td}. Given a vector of N sampled

points t1, t2, . . . , tN, the vector of the values of F at those points, denoted

(F(t1), F(t2), . . . , F(tN)) will be distributed as a multivariate Gaussian with a

known mean vector µ ∈ Rd and symmetric, non-negative definite covariance

matrix Σ ∈ Rd×d.

Definition 1.4.4 (Reproducing Kernel Hilbert Space [5]). A Hilbert space of

functions H defined on a set X is a Reproducing Kernel Hilbert Space (RKHS)

if, for all x ∈ X, the evaluation functional Lx : f ↦→ f (x)∀ f ∈ H, is a bounded

operator, i.e. there exists M > 0 such that | Lx( f ) | .
=| f (x) |≤ M∥ f ∥H ∀ f ∈ H.

Define the reproducing kernel of H as a continuous, symmetric, positive

definite function K : X × X → R given by K(x, y) = ⟨Kx, Ky⟩H, and let

Kx : X → R be given by Kx(y) = K(x, y). Then the kernel K satisfies the

following conditions:

1. For all x ∈ X, Kx ∈ H.

2. For all f ∈ H, f (x) = Lx( f ) = ⟨ f , Kx⟩H.

14



An effective approach to model patterns of anatomy is to use equations of

motion governed by Eulerian and Lagrangian flows of diffeomorphisms [62].

Given an open and bounded domain Ω ⊂ R3, we define the mapping from

the domain onto itself φ: Ω → Ω as flows of diffeomorphisms which solve the

ordinary differential equation:

d
dt

φt = vt ◦ φt, φ0 = id, t ∈ [0, 1], (1.1)

where id is the identity function, and ◦ represents function composition. This

is the Lagrangian flow. Then for any velocity vector v = d
dt φt ◦ φ−1

t , we have

the Eulerian flow (inverse flow)

d
dt

φ−1
t = −(Dφ−1

t )vt, φ−1
0 = id, t ∈ [0, 1], (1.2)

where d
dt v(v1, v2, v3) are the vector fields in R3 called the Eulerian velocity of

particles at position φ, and Dφ = φi
dxj

is the 3x3 Jacobian matrix for the flows.

It is important for the flows of vector fields in the vector space V to have

smooth inverses, vt ∈ V ⊂ C1
0(Ω, R3), where V is fixed to be a Reproducing

Kernel Hilbert Space (RKHS) of vector fields [26]. This means that the flows

must be at least one-time continuously differentiable in space, with the normal

component of the derivative equal to zero at the boundary ∂Ω of the domain.

Further, all of the values of the inputs, flows, and their derivatives belong to

R3.

Such vector fields are modeled to be elements of a smooth Hilbert space

(V,
·V). This space can also be written as Hk(Ω, R3): the Hilbert space with

k square-integrable generalized derivatives which map values of the domain
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Ω to values in R3 4. The norm for the Hilbert space of functions Hk is defined

by

v
2

Hk
.
= ∑

|h|≤k

∫
Ω

∂hv(x) · ∂hv(x)dx. (1.3)

The sum is taken over the partial derivatives of the multi-index h with length

|h| (total order) less than or equal to k. Since the vector fields v ∈ Hk have k

square-integrable derivatives, the vector fields are smooth. This embedding is

achieved through Sobolev embedding theorems, subject to the stipulation that

∥vt∥V ≤ C∥vt∥1,∞, where C is a constant, and ∥·∥1,∞ signifies the ℓ∞-norm

of the velocity vector field and its first derivatives [26]. That is to say, the

norm of the velocity vector field in the vector space V never surpasses the

maximum absolute magnitude of velocity vector field and its first derivatives,

multiplied by a constant. Sobolev embedding theorems are crucial for two

main reasons. First, they allow one to construct elements in Hk using the inner

product relation ⟨ f , g⟩Hk = ⟨L f , Lg⟩L2(Ω), where f and g are functions in the

domain, and L is an operator. Second, they allow one to link smooth functions

in Hk with quadratic energies [60], [62]. These notions will be used in our

formulations of the energy equations in this work.

Now, as a reprise of the definition in [92], we define the diffeomorphism

group as follows:

4The use of a Hilbert space with generalized derivatives on the vector fields and an
appropriate norm ensures the sufficient conditions for the existence of the velocity vector
fields which generate diffeomorphisms via the ordinary differential equation (1.1). This
formulation helps to make the variational image registration problem well-posed. See Dupuis
et al. [26] for more details.
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Definition 1.4.5 (Diffeomorphism Group). Let φ : R3 → X be the transfor-

mations acting on sparse features or dense coordinates. Let V be the vector

space of velocity fields in R3 with dual space V∗, and let vt, t ∈ [0, 1] be the

time-varying velocity. Define
vt
2

V =
∫

X Avt · vtdx, where A : V → V∗ is the

linear operator which defines the norm of the Reproducing Kernel Hilbert

Space. Then the diffeomorphism group is given by

DiffV =

{
φ = φ1 :

d
dt

φ = vt ◦ φt, φ0 = id,
∫ 1

0

vt


V < inf
}

(1.4)

To ensure transformations φ are bijective, we define φ ∈ GHk . The associ-

ated group GHk properties [60] are:

1. Law of Composition of Functions: The binary operator ◦ serves as func-

tion composition such that φ ◦ φ
′
(·) = φ(φ

′
(·)).

2. Identity Element: For each id ∈ GHk : ∀φ ∈ GHk , φ ◦ id = id ◦ φ = id

3. Inverse Element: For each φ ∈ GHk , there exists φ−1 ∈ GHk such that

φ ◦ φ−1 = φ−1 ◦ φ = id, where id is the identity, and the inverses φ−1

are functions.

This definition relies on two cornerstones of CA: (i) small deformations of the

particle positions are composed through function composition to generate

large, non-linear, and smooth deformations, and (ii) the Hilbert space is artic-

ulated as a Reproducing Kernel Hilbert Space (RKHS) to permit equivalent

formulation of the norm based on a one-to-one, linear differential operator or

using a self-adjoint operator [60]. Crucially, the objects in the diffeomorphism
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group act on shapes in CA, and its group properties allow us to compute

metrics, such as arc-lengths, curvature, surface area, and volume.

1.4.3 Adjoint Operator in Hilbert Space

When optimizing using linear operators in an inner product space–of which

any Hilbert space is an example–one often must transpose the linear operator.

The adjoint defines a more general “transpose” via the equivalence of the

inner products ⟨x, Ay⟩ = ⟨A†x, y⟩, where A and A† are the linear operator

and its adjoint, respectively. For instance, if the problem domain is in R3

and we apply a linear differential operator L to an image with N pixels, then

L : RN → R3N and L† : R3N → RN. In cases where the linear operators are

matrices, the adjoint is the matrix transpose.

In this work, we use the above inner product relation along with the diver-

gence theorem with zero-flux boundary conditions to reformulate the finite

norm-squared energy density ∥vt(x)∥2
L. Given a one-to-one, linear differential

operator L and a self-adjoint operator A = L†L, we can write ∥vt(x)∥2
L as

∥vt(x)∥2
L =

∫
X

Lvt(x) · Lvt(x) dx (1.5)

=
∫

X
L†Lvt(x) · vt(x) dx (1.6)

=
∫

X
Avt(x) · vt(x) dx. (1.7)

In Appendix A1, we derive the adjoint formulations of the energy equations

for the Sobolev and total variation norms.
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1.5 Image Modeling and Representation

Following Beg et al. [10], we model the observed histology slices as condi-

tionally Gaussian random fields. The observed sections are conditioned on a

sequence of unknown, independent, section-wise rigid transformations as well

as unknown diffeomorphic transformations [42]. This probabilistic formula-

tion allows us to formulate the parameter estimation procedure as maximizing

the log-likelihood of a posterior distribution. Beg et al. preferred this approach

because maximizing the log-likelihood corresponds to minimizing the cost of

image matching.

1.6 Content of this Thesis

This work progresses in the following way.

• In Chapter 2, we describe the atlas data and the manual atlas segmen-

tation procedure by which we extract our binary image data. Then, we

introduce the rigid motion parameterization and multi-channel slice

alignment optimization procedure using Sobolev and total variation

priors on image intensity. We develop energy equations incorporating

the image intensity priors and derive their gradients via first-order per-

turbations of the reconstruction variables for a gradient descent routine.

In addition, we discuss the non-linear registration methodology. A sym-

metric, multi-image LDDMM algorithm operating on sequential pairs of

slices enables us to “stitch together" the images and to “fill-in" the space
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between them with interpolated shapes. This allows us to build up the

three-dimensional brain from sparsely-spaced, two-dimensional slices.

• In Chapter 3, we compare the results of our slice alignment routines

applied to a simulated binary image volume phantom and the bat brain

data. We do not compare these results with other brain atlases. We then

use the LDDMM routine, conditioned on the best rigidly aligned seg-

mentation stack, to non-linearly register the rigidly aligned bat brain

segmentations. Completing the final step of the reconstruction process,

we generate topologically correct and geometrically accurate surface

meshes of the fully registered brain structures using a restricted De-

launay triangulation scheme. Last, we summarize the volume, surface

area, and centroid location measurements of the fully-registered bat

brain segmentations. These morphological measurements may aid other

researchers in studies of their own.

• Finally, Chapter 4 presents an overview of our variational reconstruction

pipeline along with its clear limitations and potential avenues for future

work.
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Chapter 2

3D Brain Atlas Reconstruction

This Chapter presents the parameterizations and procedures for producing

a 3D atlas from 2D slices. These concepts give the mathematical and compu-

tational backing to confront the problems of misaligned and missing slices.

Specifically, we introduce the variational solution to the slice alignment prob-

lem based on Sobolev and total variation priors on the image intensities of the

planar sections. We also present the prior on the diffeomorphisms and the sym-

metric LDDMM routine which interpolates missing slices and non-linearly

registers the ensemble of anatomical imagery.

2.1 Histological Atlas Data

The Covey bat brain atlas describes the histological data. The single adult

female bat brain dataset is comprised of 64 coronal slices—from the olfactory

bulb to the caudal medulla—50 µm thick, spaced 150 µm apart, with in-plane

resolution of 7.1 µm. The brain was fixed with 4% paraformaldehyhde, and

embedded in a 10% gelatin, 30% sucrose block. All of the sections included
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in the atlas were stained for Nissl bodies with cresyl violet. The other two

thirds of the sections not included in the atlas were used for region delineation,

computing shrinkage, and identification of acetylcholinesterase (AChE) and

other immunohistochemical markers. Tissue shrinkage due to fixation and

histological preparation was estimated to be 9.2%.

2.2 Manual Segmentation of Bat Neuroanatomy

To circumvent many of the potential tissue distortions mentioned in section 1.3

(e.g. holes, staining inhomogeneities), we extract the anatomical structures and

store them as binary images. Using Seg3D software [18], the labeled anatomi-

cal compartments of the digitized pages of the print atlas were segmented by

hand using the polyline function. Specifically, landmarks were placed along

the border of each of the labeled neural structures to form closed polygons,

and those polygons form a binary mask. There is one mask per structure.

Then, each structure mask was exported from Seg3D to .png files as full image

stacks (64 slices) for image processing. This means that each structure has the

full number of slices in this stack—each page of the atlas corresponds to one

brain slice. Although some of the structures do not appear in all 64 atlas slices

(meaning many of the image slices are background-valued), it is important for

the simplicity of image processing that each binary image stack is the same

size. Crucially, the relative coordinate positions of the collection of anatomies

remains in tact after exportation to image file. Figure 2.1 shows the Seg3D seg-

mentation environment, in which hand-drawn, closed, polygon masks cover

the labeled anatomical compartments. We take the manual segmentations of
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Figure 2.1: Print atlas in Seg3D Depicts a digitized atlas page. The colored closed
polygons are independent masks segmenting the anatomies.

the atlas neuroanatomy to be the ground truth. However, it is important to

note that the manual segmentation process may introduce shape bias.

2.3 Image Pre-Processing

Matlab 2015b (Mathworks) was used for all image processing and analysis.

First, the image stacks are loaded into the Matlab workspace at full resolution.

Since the print atlas only provides one segmented hemisphere, it was neces-

sary to generate segmentations of the other hemisphere. To create a symmetric

brain,1 the ensemble of left-hemisphere structures were reflected across the

1Because this atlas is the first of its kind, created from one set of hemispheric structures
from a single sample brain, and the fact that mammals have an approximately symmetric
brain, it is reasonable to make the atlas symmetric. However, this atlas is not a population
averaged atlas. It does not accommodate the variation in shape and size across the population.
In the future, this atlas should be averaged with other atlases to better reflect the brain of the
big brown bat population.
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Figure 2.2: Symmetric cerebellum segmentation slice. Red cross-hairs denote image
origin and green cross-hairs denote atlas origin.

vertical axis of the image, and then both hemispheres were translated to the

image center. This translation in pixels was the distance from the atlas origin

coordinates to the image origin coordinates. Figure 2.2 shows a segmentation

slice of the symmetrical cerebellum in image coordinates. The intersection of

the red lines indicates the image origin, and the intersection of the green lines

indicates the origin of the atlas. Finally, the image stacks were stored in the

standard Mayo Clinic medical imaging data format Analyze 7.5.

Constructing the symmetric brain in this manner is justified because, like

most mammals, the big brown bat has an approximately symmetric brain. The

symmetry is only approximate because the relative sizes and shapes of brain

structures are subject to variation across individuals and time, as is the case

with the bilateria group of animals.
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The pixel size is given by ⏐⏐⏐⏐XtopR − XbottomL

PtopR − PbottomL

⏐⏐⏐⏐ , (2.1)

where XtopR, XbottomL ∈ R2 denotes the top right and bottom left x- and y-

atlas coordinates in millimeters, respectively, and PtopR, PbottomL ∈ R2 denotes

the top right and bottom left x- and y- image coordinates in pixels, respectively.

These values were verified using ImageJ [77] by dividing the spatial dimension

values in millimeters of the atlas coordinate system by their respective pixel

dimensions.

2.4 Rigid Motion Parameterization

We can rigidly align the jittered slices by applying a sequence of rotations

and translations to geometrically transform the sampled image domain. Each

2D slice is treated as a rigid body with three in-plane motion parameters:

x-,y-translations tx, ty and rotation θ.

Concretely, take the observed histology sections Ji(x, y, zi), i = 1, . . . , N,

where N is the number of sections, to be the resultant image stack after jittering

the unobserved, ground truth stack Ii(x, y, z). Let Ri : R2 ↦→ R2 represent the

rigid motions acting on the 2D sections. Then,

Ri(x, y) = (cos θix − sin θiy + tx
i , sin θix + cos θiy + ty

i ), (x, y) ∈ R2, (2.2)

where θi denotes the angle of in-plane rotation for section i, and (tx
i , ty

i ) ∈ R2

denotes the x- and y-translations for section i. Then, the observed histology
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stack is given by

Ji(x, y) = Ii(x, y) ◦ R−1
i (x, y) (2.3)

The goal of stack realignment, illustrated in Fig. 2.3, is to recover the sequence

of jitters Ri(x, y), and apply them to the original stack to generate an estimate

of Ii(x, y).

Because the number of parameters in the restacking problem is 3N with

N = 64 sections, the dimensionality amounts to O(192). Although this com-

plexity is not as large as with larger data sets, we still must restrict the solution

space via regularization.

Figure 2.3: Rigid Inter-Slice Alignment and Restacking. Jittered images in a stack
(left) are rigidly aligned to each other under a smoothness prior on image intensity I
with norm ∥·∥V having a finite energy E(·) to yield a rigidly realigned image stack
(right).
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2.5 MAP Estimation Solution to the Restacking Prob-
lem

Following Lee [42], we model the random rigid motion as the product distri-

bution π(R) = ∏n
i=1 π

(
tx
i , ty

i , θi
)

of the independent probability distributions

of the x-translation tx ∼ N(µx
center, σ2

x), y-translation ty ∼ N(µ
y
center, σ2

y ), and

rotation θ ∼ N(0, σ2
θ ) parameters for n = 64 sections.2 Here, the priors are all

centered on the identity mapping of the sections; in practice, this means the

coordinate system is transformed so that the center of the sections becomes

the origin of the coordinate system. The translation priors have their means

µx
center, µ

y
center located at the center of the sections, their standard deviations are

equivalent σx
center = σ

y
center, and the rotation parameter is taken to be circular

Gaussian (µθ = 0). We write the explicit distribution as

π(tx, ty, θ) =
1√

2πσx
center

e
− (tx−µx

center)
2

2σ2
center

1√
2πσ

y
center

e
− (ty−µ

y
center)

2

2σ2
center

1√
2πσθ

e
− θ2

2σ2
θ .

(2.4)

Then, by taking the logarithm of the above likelihood and adding an image

smoothness prior term to regularize over the solution space, the reference-free

rigid motion restacking takes the form of MAP-estimation. Let V be a vector

space out of which the image stack arises. In this work, there are four choices

of vector spaces:3 first- through third-order Sobolev spaces Hk, k = 1, 2, 3,4

2The Gaussian assumption is based on prior belief about the jitter process that its more
probable that small rigid motions—most probably zero—occurred than did large rigid mo-
tions.

3There are four choices of vector spaces from which we choose five image smoothness
priors. The isotropic and anisotropic total variation priors described later both fall under the
mantle of the vector space of bounded variation.

4Here, the order of the Sobolev space refers to the maximum order derivative along the
stacking direction (z-axis). While an abuse of the usual multi-index notation in the definition of
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and the space of bounded variation BV. The MAP-estimated rigid motion

parameters for section i are given by

R̂i = arg max
Ri,i=1,...,n

∑
i

⎛⎜⎜⎝−
LJ ◦ Ri


V∈{Hk,BV}  

image smoothness prior

+ ln π(Ri)  
rigid motions prior

⎞⎟⎟⎠ (2.5)

where the image smoothness prior for the vector space V is represented

by the norm (∥·∥V), and L is a one-to-one, linear differential operator. The

basic idea of equation (2.5) is that we want to estimate the unknown rigid

motion (jitter) parameters R̂i which are most likely to have generated the

observed, jittered sections and then undo them. This involves optimizing

over the rigid motion parameters under an image smoothness prior and the

rigid motions prior. The image intensity smoothness prior restricts the MAP-

estimated image stacks to have certain regularity and provides robustness

in the presence of noise, missing data, or when the shape prior is not an

exact image volume [42]. The rigid motions prior restricts the parameters

to originate from Normal distributions with prescribed mean and variance.

Notably, for the first-order Sobolev norm squared 1
2

LJ ◦ Ri
2

L2 , the image

smoothness term is the quadratic form for a Gaussian random field prior on

the histology stack, with its mean equal to zero and its covariance dependent

on the squared Hilbert norm of the image intensity of the stack [4], [42]. Notice

a Sobolev space, this language makes it easier to distinguish the Sobolev priors when using the
various weights of the spatial derivatives. For example, a Sobolev space with a continuous first
derivative in three spatial dimensions has multi-index length |α| = |(1, 1, 1)| = 1 + 1 + 1 = 3
and is symbolized by H3. But a Sobolev space with a continuous second derivative in the
z-dimension and a continuous first derivative in the x-dimension also is symbolized by H3

(this is equivalent to having a weight of zero on any derivative in the y-dimension). To
distinguish the two Sobolev spaces, the former is referred to as H1 and the latter is H2, which
indicate the maximum order derivative in the z-dimension.
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how the linear operator L also dictates the covariance of the Gaussian field

[41].

This MAP-estimation formulation corresponds to the minimization of the

energy, or cost, of slice alignment. The energy functional to minimize is given

by

E( Î) = ∑
structures

∫
R3

∥LÎ∥V∈{Hk,BV} dxdydz +
∥t∥2

2
2σ2

t
+

∥θ∥2
2

2σ2
θ

. (2.6)

or in the discrete case:

E( Î) = ∑
p

∑
i,j,k

LÎi,j,k,p


V∈{Hk,BV} +
∑k(tx

k )
2 + (ty

k)
2

2σ2
t

+
∑k θ2

k
2σ2

θ

. (2.7)

Here, L is the discrete differential operator, and the fourth dimension sub-

scripted by p indexes each of the segmented substructures. The above energy

functionals represent the trade-off, controlled by the variances σ2
t , σ2

θ , between

image smoothness (the first term) and the rigid motion prior (the second

and third terms). The first term assigns high energy to image regions of

large intensity variation (e.g. edges); thus, the minimization procedure favors

smooth solutions. The second term assigns high energy to large rigid motions;

hence, the minimization procedure favors small rigid motions. These energies

are finite.

2.6 Image Intensity Priors for Slice Alignment

In this section, we compare the effects of different regularizers on the visual

quality of slice alignment. Specifically, we compute the Sobolev and total

variation priors using discrete gradient operators and their powers. The priors
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are taken in the probabilistic sense, i.e. each is a probability distribution over

the estimated image intensity function indexed at each spatial location. The

priors encode our beliefs about the smoothness of the reconstructed image

stacks. Similar to the original formulation of Lee et al. [42], our first-order

Sobolev prior employs the 3D image gradient ∇. The second-order Sobolev

prior utilizes the gradient squared ∇2, and the third-order Sobolev prior uses

the gradient cubed ∇3. Here, the order of the Sobolev space refers to the

maximum order derivative along the stacking direction (z-axis). While an

abuse of the usual multi-index notation in the definition of a Sobolev space,

this language makes it easier to distinguish the Sobolev priors when using the

various weights of the spatial derivatives. The anisotropic and isotropic total

variation priors are multi-channel analogues of those used in the literature

[14]–[16].

2.6.1 Sobolev Priors

Assuming that the anatomical structures are smooth and continuous, we

introduce a first-order Sobolev norm prior to encourage the image intensity

to be smooth. We model the histology stack as originating from a smooth

Sobolev space Hk with the norm given by

J
2

Hk = ∑
{h1,h2,h3:∑3

i=1 hi≤k}

∫
R3

|∂h J(x, y, z)|2 dxdydz. (2.8)

Recall from sections 1.4.2 and 1.4.3 the inner product relationship between two

functions f , g in Sobolev space Hk and L2 space ⟨ f , g⟩Hk = ⟨L f , Lg⟩L2 for a

linear differential operator L so that ∥ f ∥Hk = ∥L f ∥L2 . Then, taking L = ∇k, i.e.
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the k-powers of the gradient, we can phrase our Sobolev prior-based energy

equation as

E( Î) = ∑
structures

∫
R3

1
2
∥LÎ∥2

2 dxdydz +
∥t∥2

2
2σ2

t
+

∥θ∥2
2

2σ2
θ

(2.9)

or in the discrete case:

E( Î) = ∑
p

∑
i,j,k

1
2
∥LÎi,j,k,p∥2

2 +
1

2σ2
t

∑
k

(
(tx

k )
2 + (ty

k)
2
)
+

1
2σ2

θ
∑
k

θ2
k . (2.10)

We compute the differential operator ∂h as the weighted, 3D discrete forward

difference

L = Dh f (x, y, z) =

⎛⎜⎜⎝c1
f (x+δx,y,z)− f (x,y,z)

δx
c2

f (x,y+δy,z)− f (x,y,z)
δy

c3
f (x,y,z+δz)− f (x,y,z)

δz

⎞⎟⎟⎠ , ci > 0, i = 1, 2, 3. (2.11)

Using the inner product relation described in section 1.4.3, the Sobolev norm

squared can be expressed through the self-adjoint operator A = L†L. Since

the adjoint of the gradient is the negative divergence, and the adjoint of the

forward difference is the negative backward difference (refer to Appendix

A1), A = −∇2 = −∆. The negative, weighted, discrete Laplacian operator is

computed as the negative of the sum of the second central differences in each

spatial dimension:

∆ f (x, y, z) = −c2
1

f (x − δx, y, z)− 2 f (x, y, z) + f (x + δx, y, z)
δx2

−c2
2

f (x, y − δy, z)− 2 f (x, y, z) + f (x, y + δy, z)
δy2

−c2
3

f (x, y, z − δz)− 2 f (x, y, z) + f (x, y, z + δz)
δz2 .

(2.12)
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The Laplacian operator acts as a local high-pass filter, preserving highly vary-

ing signals in images, like gradients or textures. So, the Laplacian operator

acting on the estimated images passes the high-frequency components of the

estimated images into the energy function—that is, the high-frequency com-

ponents contribute to the cost function—to be minimized. Since the goal is to

minimize the cost functional, we want to minimize the highly varying signals

in the images. In our iterative minimization scheme, the final estimated image

stack will contain the slowly varying signals along the cutting axis. This means

the minimizer of the energy function acts as a low-pass filter. Minimizers of

this functional are weak solutions of the Laplace equation ∆ Î(·, z) = 0; i.e.

they are harmonic polynomials which satisfy the mean-value property and the

maximum principle. So, this optimization process, controlled by the Laplacian

operator, minimizes how much the image at any location deviates from the

average values of its neighbors on either side (i.e. a 1-radius). This means

that minimizing the first-order Sobolev norm squared corresponds to aligning

each slice to its neighbors in a 1-radius.

For our second-order Sobolev prior H2, we compute the differential opera-

tor ∂h as the weighted discrete second forward difference

L = Dh f (x, y, z) =

⎛⎜⎜⎝
c1

f (x+2δx,y,z)−2 f (x+δx,y,z)+ f (x,y,z)
δx2

c2
f (x,y+2δy,z)−2 f (x,y+δy,z)+ f (x,y,z)

δy2

c3
f (x,y,z+2δz)−2 f (x,y,z+δz)+ f (x,y,z)

δz2

⎞⎟⎟⎠ , ci > 0, i = 1, 2, 3

(2.13)

When L = ∇2 = ∆, the self-adjoint operator becomes A = ∆2, termed the bi-

Laplacian or biharmonic operator. Minimizers of this functional are harmonic

functions that solve to the bi-Laplacian equation ∆2 Î(·, z) = 0. This means
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that aligning each slice to its two nearest neighbors (2-radius) is equivalent to

minimizing the second-order Sobolev norm squared.

Similarly, we use the weighted, discrete third forward difference for our

third-order Sobolev prior H3:

L = Dh f (x, y, z) =

⎛⎜⎜⎝
c1

f (x+3δx,y,z)−3 f (x+2δx,y,z)+3 f (x+δx,y,z)− f (x,y,z)
δx3

c2
f (x,y+3δy,z)−3 f (x,y+2δy,z)+3 f (x,y+δy,z)− f (x,y,z)

δy3

c3
f (x,y,z+3δz)−3 f (x,y,z+2δz)+3 f (x,y,z+δz)− f (x,y,z)

δz3

⎞⎟⎟⎠,

ci > 0, i = 1, 2, 3.

(2.14)

The self-adjoint operator in this case is A = ∆3. Minimizers of this equation

solve the PDE ∆3 Î(·, z) = 0. This means that aligning each slice to its nearest

three neighbors (3-radius) is equivalent to minimizing the third-order Sobolev

norm squared.

For all cases, we employ zero-flux boundary conditions by coercing the

derivatives normal to the boundaries to zero.

The gradients of the energy functional of equation (2.9) with respect to the

rigid motion parameters are

∇θE = ⟨A(J(r(θ, z)x⃗ + t(z)))∇X J(r(θ, z)x⃗ + t(z)), δ(r(θ, z)x⃗)⟩ (2.15)

∇tE = ⟨A(J(r(θ, z)x⃗ + t(z)))(r(θ, z) + t(z)), ∇X J(r(θ, z)x⃗ + t(z))⟩ (2.16)

where A is the self-adjoint differential operator, x⃗ ∈ R2, ∇X denotes the

in-plane gradient, and δ(r(θ, z)x⃗) represents the derivative of the rotation

function multiplied by the coordinate vector. Importantly, the slices are cou-

pled through the operator A. The full derivation is provided in Appendices
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A2 and A3. Notice that the gradient of regularization parameters θ(z)
σ2

regR
and t(z)

σ2
regT

based on the rigid motion priors have been dropped. These regularization

priors have been substituted out in favor of a projected gradient descent step

in the optimization routine. Basically, we subtract the mean of the gradient

vector from the gradient vector to keep our transformations zero-mean.

2.6.2 Total Variation Priors

Here we still assume that the anatomical structures are smooth and continuous.

But rather than model the slices as residing in Sobolev space, we now assume

that they belong to the space of Bounded Variation BV(Ω). With this choice,

the images have regularity C1, and edges are preserved—Sobolev metrics

do not have this quality. Just as with the Sobolev prior, we take all of the

derivatives in the distributional sense. The isotropic total variation prior on

the image J intensity is expressed with the norm

∥J∥BV(Ω) =
∫

Ω
∥∇J∥2,1 dx, (2.17)

where ∥∇J∥2,1 =
√
| ∂J

∂x |2 + | ∂J
∂y |2 + | ∂J

∂z |2. In this work, we use a weighted

version: ∥c∇J∥2,1, where c is a three-element vector of non-negative real coef-

ficients. Now, we express the energy equation as

EisoTV( Î) = ∑
structures

∫
R3

−∥c∇ Î∥2,1 dxdydz +
∥t∥2

2
2σ2

t
+

∥θ∥2
2

2σ2
θ

. (2.18)

When taking the gradient of the above L2,1-norm, this could produce singu-

larities when ∇ Î = 0 (dividing by zero). To avoid such singularities, we add

a regularization parameter ϵ > 0. Now our regularized (smoothed), discrete
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energy is phrased as

Eϵ
isoTV( Îi,j,k,p) = ∑

i,j,k,p
−
√

ϵ2 + c2
1|D

+
x Îi,j,k,p|2 + c2

2|D
+
y Îi,j,k,p|2 + c2

3|D
+
z Îi,j,k,p|2

+
1

2σ2
t

∑
k
(tx

k )
2 + (ty

k)
2 +

1
2σ2

θ
∑
k

θ2
k , ci > 0, i = 1, 2, 3

(2.19)

where D+
x , D+

y , D+
z denote the forward finite differences in x, y, z, respectively.

The gradients of the regularized total variation energy functional with

respect to the rigid motion parameters are

∇θEϵ
isoTV =

⟨
− c2∇ ·

(
∇J(r(θ, z)x⃗ + t(z))√

ϵ2 + |c∇J(r(θ, z)x⃗ + t(z))|2

)
∇X J(r(θ, z)x⃗ + t(z)),

δ(r(θ, z)x⃗)
⟩

(2.20)

∇tEϵ
isoTV =

⟨
− c2∇ ·

(
∇J(r(θ, z)x⃗ + t(z))√

ϵ2 + |c∇J(r(θ, z)x⃗ + t(z))|2

)
(r(θ, z) + t(z)),

∇X J(r(θ, z)x⃗ + t(z))
⟩

(2.21)

where x⃗ ∈ R2, ∇X is the in-plane gradient, and δ(r(θ, z)x⃗) represents the

derivative of the rotation function multiplied by the coordinate vector. As ϵ

increases toward positive infinity, the first term of the smoothed isotropic total

variation gradient approaches the first term of the first order Sobolev prior
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gradients (with A = ∆) given in equations (2.15) and (2.16) scaled by ϵ:

− c2∇ ·
(

∇J(r(θ, z)x⃗ + t(z))√
ϵ2 + |c∇J(r(θ, z)x⃗ + t(z))|2

)
→

− c2∇ ·
(
∇J(r(θ, z)x⃗ + t(z))

ϵ

)
= − c2

ϵ
∆J(r(θ, z)x⃗ + t(z)) as ϵ → ∞+.

(2.22)

As ϵ → ∞+, the corners in an image become more rounded and edges get

smoothed.

The weighted anisotropic total variation prior on the image J intensity is

expressed with the norm

∥J∥BV(Ω) =
∫

Ω
∥c∇J∥1 dx, (2.23)

where ∥∇J∥1 = | ∂J
∂x | + | ∂J

∂y | + | ∂J
∂z | and c is a three-element vector of non-

negative real coefficients. The anisotropic rendition of the discretized and

regularized, weighted total variation prior is expressed as

Eϵ
anisoTV( Îi,j,k,p) = ∑

i,j,k,p
ϵ + c1|D+

x Îi,j,k,p|+ c2|D+
y Îi,j,k,p|+ c3|D+

z Îi,j,k,p|

+
1

2σ2
t

∑
k
(tx

k )
2 + (ty

k)
2 +

1
2σ2

θ
∑
k

θ2
k .

(2.24)

Then, the gradients are defined as

∇θEϵ
isoTV =

⟨
G∇X J(r(θ, z)x⃗ + t(z)), δ(r(θ, z)x⃗)

⟩
(2.25)

∇tEϵ
isoTV =

⟨
G(r(θ, z) + t(z)), ∇X J(r(θ, z)x⃗ + t(z))

⟩
(2.26)
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where

G = −c2
1D−

x

(
D+

x Îi,j,k,p

ϵ/3 + c1|D+
x Îi,j,k,p|

)
− c2

2D−
y

(
D+

y Îi,j,k,p

ϵ/3 + c2|D+
y Îi,j,k,p|

)

−c2
3D−

z

(
D+

z Îi,j,k,p

ϵ/3 + c3|D+
z Îi,j,k,p|

) (2.27)

and D−
x , D−

y , D−
z denote the backward finite differences in x, y, z, respectively.

2.7 Non-linear Registration By Symmetric LDDMM

2.7.1 Diffeomorphism Prior and Parameter Updates

A symmetric, multi-image variant of LDDMM is used to nonlinearly register

the rigidly-aligned image slices together.5 Given any two images I, I0 ∈ R3

from a set of images of anatomies, a smooth deformation I = I0 ◦ ϕ−1 can be

computed for some diffeomorphic transformation ϕ. This map is generated

by integrating over the smooth, time-dependent velocity field vt ∈ V to solve

the ordinary differential equation given in Eq. (1.1). We invoke a first-order

Sobolev prior on the diffeomorphisms, which constrains the transformations

of the reference slices to be smooth. The velocity vector fields belong to a

5Roughly speaking, symmetric means that for each iteration of the algorithm, the forward
(template-toward-target) and reverse (target-toward-template) transformations are computed
and the energy minimized twice, each time swapping which image is the taken as template
and target. And at the convergence of the algorithm, the transformed images (i.e. the images
computed from the forward and reverse flow) are weighted averaged to fill in the geometry
between slices. Multi-image means that, for each slice (z-plane), the rigidly-aligned structures
located in that plane are treated as separate images that share a common background space.
In practice, this means each slice is represented as a 3D matrix, with the unique structures
located in that z-plane stacked along the third matrix dimension.
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reproducing kernel Hilbert space (RKHS) V and are modeled by

∥v∥2
V =

3

∑
i=1

∫
R3
((∇2 + 1)2vi(x, y, z))2 dxdydz < ∞. (2.28)

The RKHS norm squared ∥v∥2
V dictates the geodesic metric distance between

coordinate systems. This metric not only represents the quadratic potential for

the smoothness prior between any two images I0, I1 in the orbit of I , it also

minimizes the mapping from the product space of the orbit with itself to the

non-negative real numbers called the action integral ρ(·, ·) : I × I → R+ [42],

[61], [63] such that

ρ2(I0, I1) = min
{ϕ:ϕ0=id,ϕ1·I0=I1}

∫ 1

0
∥vt∥2

V dt. (2.29)

We optimize over the parameter vt by minimizing6 the cost function

v̂ = arg min
v

−1
2

∫ 1

0

vt
2

V dt +
n

∑
i=1

1
σ2

I(·, zi) ◦ (ϕv
1)

−1(·, zi)− J(·, zi)
2

L2 .

(2.30)

The argument (·, zi) of each quantity of the second term of Eq. (2.30) is a

shorthand which indicates that the quantities are computed point-wise at

all planar coordinates (x, y, zi) of each respective z-axis section zi. The image

matching term (second term in Eq. (2.30)), computed as the sum over n slices,

enforces fidelity to the data. For each slice, the emphasis given to the image

matching term is dictated by σ2. After estimating the velocity fields, they are
6Minimizing over the velocity parameters of Eq. 2.30 of Beg et al. [10] corresponds to max-

imizing over the velocity parameters in the MAP, penalized log-likelihood setting proposed
by Lee et al. [42]:

v̂ = arg max
v

−1
2

∫ 1

0

vt
2

V dt −
n

∑
i=1

1
σ2

I(·, zi) ◦ (ϕv
1)

−1(·, zi)− J(·, zi)
2

L2 .
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integrated over to find the optimal transformation ϕ̂:

φ̂ =
∫ 1

0
vt ◦ ϕt dt + id. (2.31)

The update solutions of the algorithm are the same as those given in [10]. For

convenience, update steps similar to those in Beg et al. [10] and solutions are

reproduced here:

I "Initialize: iteration k = 0, the velocity field for the kth iteration vk
tj
= 0,

the gradient of the energy with respect to the velocity field at the kth

iteration ∇vk Etj = 0, the mappings for the kth iteration ϕtj,0 = Id, ϕtj,T =

Id ∀tj ∈ [0, T], T = 1 fixed, j ∈ [0, N − 1], number of time steps N = 10

fixed.

II Iterate for k = 1, 2, . . . , kmax:

1 Calculate new estimate of velocity vk+1 = vk − ϵ∇vk E, where ϵ is a

small, positive real number.

2 Calculate for j = N − 1 to j = 0 the mapping ϕk+1
tj,T

(y) using

ϕv
tj,T

(y) = ϕv
tj+1,T(y + α) for displacement α in one time step.

3 Calculate for j = 0 to j = N − 1 the mapping ϕk+1
tj,0

(y) using

ϕv
tj,0

(y) = ϕv
tj−1,0(y − α).

4 Calculate for j = 0 to j = N − 1 the image J0,i
tj

= Ii
0 ◦ ϕk+1

tj,0
. J0,i

tj
is the

ith template image transformed from time t = 0 up to time tj.

5 Calculate for j = N − 1 to j = 0 the image J1,i
tj

= Ii
1 ◦ ϕk+1

tj,T
. J1,i

tj
is the

ith target image transformed backwards in time from time t = T to

time tj.
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6 Calculate for j = 0 to j = N − 1 the spatial gradient of the image

∇J0,i
tj

.

7 Calculate for j = 0 to j = N − 1 the determinant of the Jacobian of

the transformation |Dϕtj |.

8 Calculate for j = 0 to j = N − 1 the gradient ∇vk+1 E for vk+1 using

∇vk+1 E = vk − ∑M
i=1
∫

R2

(
K ∗

(
1

σ2
i
|Dϕt,1|∇J0,i

t (J0,i
t − J1,i

t )

))
dxdy,

where K = (L†L)−1 is the operator inverse, ∗ denotes linear convo-

lution, and M is the number of image sections.

9 Calculate the new discrete energy using E(vk) = 1
2 ∑N−1

j=0 ∥vk
tj
∥2

Vδt +

∑M
i=1

1
2σ2

i
∥Ji

0 − Ji
1∥

2
L2 , with δt = T/N as the size of the time step.

10 If the number of simulations greater than specified number, stop.

Else reiterate with k = k + 1.

11 Denote the final velocity field as v̂ which gives an estimate of the

desired optimizer of Eq. (2.30).

12 Calculate the length of the path on the manifold using Length(Id, ϕvk

T ) =

∑N−1
j=0 ∥vk

tj
∥Vδt. This is done using the length of the geodesic and

hence the estimated metric between the two images.“

To upsample the volume at a fraction p along the stacking direction, we take a

linearly weighted average of the reference-mapped-to-target image I ◦ φ−1
t

and the target-mapped-to-reference image J ◦ φ−1
1t , where φ1t = φt ◦ φ−1

1

denotes a mapping from time 1 to time t: Î = (1 − p)I ◦ φ−1
t + pJ ◦ φ−1

1t [89].

As a result, this algorithm interpolates the shapes between slices, effectively

stitching the slices together. This is similar to the symmetric diffeomorphic

mapping algorithm ANTs SyN [7].
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Chapter 3

Experiments and Results

This Chapter presents the rigid slice alignment experiments and results, the

results of the nonlinear registration stage via the symmetric LDDMM routine,

the final surface meshes generated from the registered atlas segmentations,

and finally the quantitative measures of cortical and sub-cortical morphology.

3.1 Slice Alignment Experiments

The rigid transformation algorithm, depicted in Fig. 3.1, aims to find the

set of optimal transformation vectors which minimize the energy of rigid

deformation via gradient descent.

To test the restacking method under the Sobolev and total variation priors,

we generated a synthetic phantom in the shape of a rectangular prism of size

100 x 100 x 30 voxels. To make the phantom, square slices of the same size were

stacked on top of each other. Then each slice was independently translated

and rotated using parameter vectors sampled from N(µt = 0, σ2
t = 25 pixels)

and N(µθ = 0, σ2
θ = 100◦) distributions with the mean of the sample vectors
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Figure 3.1: Rigid Slice Alignment Algorithm. Jittered segmentation image stacks
are iteratively realigned to minimize a cost function. The outputs are an estimated,
unjittered image volume, and the estimated rigid motion parameters. The routine is
initialized at identity.

subtracted away, respectively. See Fig. 3.2 for a summary of the process. The

volume was downsampled by a factor of 8 before running the slice alignment

routine.

To evaluate the ability of the estimation procedure to recover the curvature

of the ground truth shape, we computed the DICE similarity of the original

image volume to its reconstruction, and the variance and bias of the param-

eter estimates. The DICE similarity coefficient is a spatial overlap statistic

which has been used as a metric for validating reproducibility. Provided the

estimated unjittered phantom image volume X and the ground truth phan-

tom Y, DICE was calculated by 2|X∩Y|
|X|+|Y| ∈ [0, 1]. The larger the DICE index,

the closer the estimated shape resembles the ground truth. The variance and

bias of the parameter estimates were computed by variance = vart(W) and
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Figure 3.2: Synthetic Phantom Histology Stack. A rectangular prism phantom with
ground truth shape (left) and jittered stack (right). R represents the rigid transforma-
tion matrix to be estimated.

bias = Et[W]− t, respectively, where E[·] denotes taking the expectation, and

W is the MAP estimated value of the true mean motion parameter t. In our

case, the true mean parameter values are all equal to zero. Hence, the bias is

the expected value of the estimated parameter vector, and the variance is the

variance of the estimated parameter vector. A good estimator was taken to be

one with small variance and small bias.

The first experiment compares five different regularization priors for the

reconstruction procedure: (i) anisotropic and (ii) isotropic total variation, as

well as (iii) first-order, (iv) second-order, and (v) third-order Sobolev priors.

Within each group, we examine the effect of weighting the partial deriva-

tives of the operator on slice alignment. This weighting corresponds to the

emphasis on image smoothness in each direction of the differential. Larger

coefficients accentuate image smoothness over the maximum likelihood of

the rigid motions prior. We then evaluate model performance using the DICE

similarity coefficient, standard deviation and bias of the estimator, and visual

quality.
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The second experiment examines the effect of the accuracy of derivative

approximation1 on restacking (curvature recovery) using the best model from

the first experiment with a higher order of accuracy finite difference scheme.

This amounts to aligning larger neighborhoods of slices without assuming

the underlying intensity function has higher-order smoothness, in contrast

to the first experiment. The idea here is that higher accuracy approximation

could improve slice alignment. And just as in the first experiment, we score

model performance using the DICE coefficient, estimator statistics, and visual

quality.

In the final exposition of rigid slice alignment, we run the best Sobolev and

total variation models from the previous experiments on the bat brain data.

Since there is no ground truth bat brain available, we rate model performance

based on qualitative features via visual inspection.

For each model, the gradient descent learning rates for the translation

parameters and the rotation parameter were tuned individually by grid search.

Using the maximum partial derivative weights for calibrating each model

ensures convergence. We use projected gradient descent to project the gradient

back onto the constraint set, which in our case is that the transformations are

zero-mean. Inevitably, we encounter the pitfalls of using gradient descent,

namely, converging to local minima which may not look qualitatively good.

We employed the conservative stopping criterion |Eiter−Eiter−2
Eiter

| < 1e−09 for

1It is important to note that the phrases related to the order of accuracy of derivative
approximation, like ”second-order accuracy,“ are distinct from the phrases used to describe
the total derivative order of vector spaces, like ”second-order Sobolev.“ The order of accuracy
of finite difference approximations with respect to the spatial meshsize is the truncation error
of a Taylor series expansion of a differentiable function.
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the synthetic phantom and |Eiter−Eiter−2
Eiter

| < 1e−08 for the bat data, where Eiter

denotes the energy (cost) at iteration iter. Because we interleave the parameter

updates (translations update on odd iterations; rotation updates on even

iterations), we use the difference between the energies associated to the most

and second most recently updated translation parameters in the numerator.

The stopping criterion can be viewed as regularization in time.

3.2 Results

3.2.1 Rigid Slice Alignment: Application to Synthetic Phan-
tom

By comparing the ability of the estimators to recover the curvature of the

phantom, we show that the best model, determined by having the best vi-

sual quality of reconstruction and the highest DICE coefficient, employs the

first-order Sobolev prior. It is expected that the reference-free slice alignment

model cannot exactly capture the curvature of the phantom, as depicted by

the misaligned slices in Fig. 3.3. First notice in Fig 3.3(B) that the image stack

estimated using first-order Sobolev prior has more slices aligned with their

neighbors compared to the other reconstructions, and the slices are concen-

trated around zero mean. Additionally, matching larger neighborhoods of

slices using higher order Sobolev priors resulted in worse curvature recovery.

The yellow arrows in Fig. 3.3(C) show that the second-order Sobolev prior

allowed more variation in its reconstruction solution than did the first-order

Sobolev prior (Fig. 3.3(C)). Fig. 3.3(D) illustrates that even larger errors prop-

agated to the solution using the third-order Sobolev prior than when using
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the second-order Sobolev prior. These results are surprising, since this author

expected matching larger neighborhoods of slices to generate smoother and

better solutions. A full explanation would require a scope of its own.

While none of the reconstructions are perfect, the approximations are

good. The majority of the reconstructions achieve a DICE score of 0.9+, as

illustrated by the hotter (yellow) colors in Fig. 3.4. In addition to attaining

the highest DICE scores, the first-order Sobolev model proves to be the most

consistent. For each combination of partial derivative weights, its DICE scores

fall in the range of 0.93-0.98, with a max DICE value of 0.9778 corresponding

to partial derivative weights cx = cy = 0, cz = 1.5. The second-order and

third-order Sobolev prior-based models demonstrated quantitatively poorer

reconstructions—consistent with the poorer qualitative reconstructions—than

did the first-order Sobolev prior model, and they secured DICE scores in the

range 0.93-0.97 and 0.89-0.96, respectively. Their corresponding maximum

DICE scores were 0.9671 (cx = cy = 2, cz = 2) and 0.9583 (cx = cy = 2, cz =

1.5), respectively. The anisotropic and isotropic total variation prior-based

model realized DICE scores in the range 0.92-0.97, attaining max DICE scores

of 0.9669 (cx = cy = 1, cz = 3) and 0.9643 (cx = cy = 0, cz = 3) respectively.

It is important to note that the isotropic total variation prior-based estimator

yielded larger DICE scores than did its anisotropic counterpart in general.

Fig. 3.5 shows the standard deviations and biases of the estimators under

the isotropic total variation (Fig. 3.5b) and first-order Sobolev (Fig. 3.5c) im-

age smoothness priors as functions of the x−, y−partial derivative weights

cx, cy. For each image smoothness prior, we compared the estimator statistics
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Figure 3.3: Comparison of Priors for Reference-free Reconstruction of Synthetic
Binary Phantom. An illustration of the convergence points of the reference-free
reconstructions of the jittered phantom (A) using five different image smoothness
priors: (B) first-order Sobolev, second-order Sobolev (C), third-order Sobolev (D),
anisotropic total variation (E), and isotropic total variation (F). The left column shows
the side profile of the reconstructed phantom with its associated isosurface in the
right column. Yellow arrows mark areas of large variation.
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Figure 3.4: DICE Coefficients of Phantom Reconstruction. DICE coefficients of
similarity of the reconstructed phantom to the original, aligned phantom under the
five image smoothness priors.

using increasing z-partial derivative weights, which are catalogued in the plot

legends. Notably, each of the estimators achieve sub-voxel accuracy (i.e. stan-

dard deviations below 1 pixel in each independent planar dimension) with

effectively zero bias (Fig. 3.5). This result is very important. It shows that, no

matter the balance between the rigid motion prior and the image smoothness

prior in the cost function, the estimator will have accurate and well-behaved

transformations. Interestingly, the standard deviation of y-translation esti-

mator was higher than that of the x-translation estimator in each case. This

result may indicate that there are more translation errors to be corrected in the

y-direction than in the x-direction. If true, it may imply that our algorithm did

not correct for such anisotropy originating from the jittering process.

The fidelity of the total variation estimator statistics to zero-mean transfor-

mations was strengthened by emphasizing in-plane gradient information (Fig.
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3.5a and Fig. 3.5b) at the expense of reconstruction performance (Fig. 3.4). This

result can be seen in (i) the downward trend toward zero of the standard devi-

ations as the weights on the in-plane partial derivatives increase, combined

with (ii) the DICE scores decreasing as the weights on the in-plane partial

derivatives increase. This shows that weighting the x−, y−partial derivatives

in the total variation priors favors the rigid motion prior over the total varia-

tion priors in the reconstructions; it selects for the transformations to be close

to zero-mean. The effect is less pronounced with corresponding larger weights

on the partial derivative along the stacking axis. The anisotropic total variation

prior had the lowest estimator error (see Fig. 3.5a), followed by the isotropic

counterpart. On the other hand, the first-order Sobolev prior model demon-

strated the opposite trend in estimator statistics (Fig. 3.5c). As the planar

partial derivative weights increased, the estimator standard deviations gener-

ally increased, and the reconstruction performance improved with this trend.

In general, the first-order Sobolev prior had low estimator error (Fig. 3.5c)

and the highest DICE scores (Fig. 3.4), suggesting accurate transformations

congruous with our prior belief about the zero-mean Gaussian distributed

rigid motions and the best reconstruction performance, respectively.

Both the DICE and estimator data reflect the balance between image

smoothness and the prior likelihood of the rigid motions encompassed in

the energy equation. Higher emphasis on the image smoothness along the

stacking direction, achieved by weighting the z-partial derivatives, increases

the DICE coefficient. Whereas, higher emphasis on the rigid motions prior,
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(a) Anisotropic TV

(b) Isotropic TV
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(c) First-Order Sobolev

(d) Second-Order Sobolev
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(e) Third-Order Sobolev

Figure 3.5: Phantom Restacking Estimator Statistics. Standard deviation and bias of
the estimators applied to the phantom as a function of the partial differential operator
weights.

accomplished by lowering the partial derivative weights or the variance of

the priors, lowers the standard deviation of the estimators.

Because the unweighted (cx = cy = cz = 1), discrete 3D Laplace operator

can be (approximately) cast as a convolution (filtering) kernel,2 there is a direct

connection of our slice alignment approach to image filtering. Therefore, the

first-order Sobolev prior using the unweighted, discrete 3D Laplace opera-

tor corresponds to matching in-plane filtered slices. So, in the case where

cx = cy = cz = 1, we can phrase our first-order Sobolev energy equation to

2The unweighted, discrete 3D Laplace operator (7-point stencil) can be phrased as the
Laplace kernel

first plane =

⎡⎣0 0 0
0 1 0
0 0 0

⎤⎦ , second plane =

⎡⎣0 1 0
1 −6 1
0 1 0

⎤⎦ , third plane =

⎡⎣0 0 0
0 1 0
0 0 0

⎤⎦ .

Convolving this Laplace kernel with an image I(x), x ∈ R3 yields as an output a filtered I.
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minimize as

R̂ = min
Ri

∑
p

∑
i,j,k

−∥FilteredIi,j,k+1,p − FilteredIi,j,k,p∥2 + ln π(Ri). (3.1)

This is important because it implies that image intensity noise could optionally

be penalized in the planar sections during the slice alignment process. This

opens the door to simultaneous slice denoising and alignment.3 In this sense,

the realizations of the solutions to the noise-corrupted slice alignment problem

could be interpreted as aligned, blurred slices. However, using unequal partial

derivative weights cx ̸= cy ̸= cz breaks the link to filtering with the classic

Laplace kernel, and using weights cx = cy = cz ̸= 1 weakens the link, as we

will now show.

While we expect the interpretation of matching in-plane filtered slices to

hold when the partial derivative weights are equal (c1 = c2 = c3 = c, c ∈ R+

(non-negative real numbers)) and the spatial meshsize equals unity (δx =

δy = δz = 1), this is not true. We expect this interpretation to hold because,

when cx = cy = cz = c, c ∈ R+ and δx = δy = δz = 1, the solution to the

negative, weighted Laplace equation (like in our first-order Sobolev model) is

Ii,j,k = c2 Ii+1,j,k + Ii−1,j,k + Ii,j+1,k + Ii,j−1,k + Ii,j,k+1 + Ii,j,k−1

6c2 . (3.2)

Since the c2 terms cancel, this solution is equivalent to the unweighted case,

or convolution with the Laplace kernel. By extension, we expect such cases to

yield equivalent estimator standard deviations and biases. Unexpectedly, Fig.

3This approach to solving the noisy slice alignment problem would require storing the
iteratively denoised slices. A similar but potentially superior approach would be to first blur
the slices using a Gaussian kernel without storing their outputs for the next iteration and then
apply the Laplacian operator to match the slices.
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3.5c shows that when cx = cy = cz = c, c ∈ {0.5, 1.5, 2, 2.5, 3}, the estimator

standard deviations and biases are not equal to those when cx = cy = cz = 1.

In fact, for the x-translation parameter, there are general trends of increasing

estimator standard deviation versus x, y-partial derivative weights for each

fixed z-partial derivative weight. As a result, the interpretation of matching

in-plane filtered slices does not hold in the weighted Laplacian operator case.

Exploring the efficacy of restacking as a function of the accuracy of deriva-

tive approximation revealed that: (i) the reconstructions are all highly qualita-

tively similar (Fig. 3.6), except for the fourth-order derivative approximation

(Fig. 3.6(C)), with its reconstruction exhibiting an erroneous long range twist

along the stacking direction, (ii) the fourth-order of accuracy secured the

smallest DICE score (Fig. 3.7a) and the largest estimator standard deviations

(Fig. 3.7b), and (iii) the second-order of accuracy yielded the highest DICE

coefficient (Fig. 3.7a) and the lowest translation estimator standard deviations

(Fig. 3.7b). This means the fourth-order accuracy case achieved the worst

curvature recovery, and using a second order accuracy derivative approxima-

tion achieved the best curvature recovery. Furthermore, using a second order

accuracy derivative approximation in the Sobolev norm amounts to aligning

each slice to its two nearest neighboring slices (1-radius).

3.2.2 Rigid Slice Alignment: Application to Bat Brain

The original bat brain images with in-plane resolution of 7.1µm were down-

sampled by a factor of 32 to have an in-plane resolution of 227.2µm. After the
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Figure 3.6: Comparison of Higher Order Accuracy First-Order Sobolev Priors for
Reference-free Reconstruction of Synthetic Binary Phantom. An illustration of the
convergence points of the reference-free reconstructions of the jittered phantom (A)
using the first-order Sobolev prior with five derivative approximations of increasing
order of accuracy: (B) second-order accurate, fourth-order accurate (C), sixth-order
accurate (D), eighth-order accurate (E), and tenth-order accurate (F). The left column
shows the side profile of the reconstructed phantom with its associated isosurface in
the right column.
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(a) DICE

(b) Estimator Statistics

Figure 3.7: DICE Coefficients and Estimator Statistics With Higher-Order Deriva-
tive Approximation. DICE similarity coefficients and estimator statistics for First-
Order Sobolev prior applied to the simulated binary phantom as a function of increas-
ing order of accuracy of finite difference approximation.
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section-wise translation and rotation parameters were computed, they were

applied to transform the original resolution images (see Fig. 3.1).

Fig. 3.8(A), Fig. 3.8(B), and Fig. 3.8(C) show the side profiles of the down-

sampled ensembles of structures and the ensembles’ isosurfaces for observed,

jittered segmentations and the isotropic total variation and the Sobolev pri-

ors, respectively. Compared to the observed segmentations, the reconstructed

brains show areas of anatomical deviation marked by the red, dashed boxes.

Optimizers based on the total variation prior have been known to exhibit

“staircase artifacts” [15]. These artifacts are imposed by the tendency of penal-

izing total variation to make large, constant regions out of highly varying ones.

In other words, minimizers of total variation are realized as blocky signal in

images. When applying the isotropic total variation model to the bat brain

segmentations, these large, highly smooth regions are apparent within the red

dashed box on the side-profile of Fig. 3.8(B). Although the side profile of this

estimated stack appears highly similar to that of the observed, jittered stack

(Fig. 3.8(A), left column), the isosurface of the estimated stack demonstrates

that mid-brain structures within the red, dashed box were pushed toward the

dorsal side of the brain (the side facing the reader’s view). Furthermore, the

olfactory bulb structures located in the red, dashed box at the bottom of the

coordinate system (anterior end of the brain) show a similar phenomenon,

along with a misaligned slice in the side profile. In stark contrast, the restacked

volume under the Sobolev metric (Fig. 3.8(C)) appears smooth and emulates

the curvature of a brain better. Looking at the red, dashed box at the top

of the coordinate system (i.e. the posterior end of the brain), the structures
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Figure 3.8: Rigidly Aligned Bat Brain Structures. (A) The observed, jittered image
stack. Estimated restacked volume under the (B) first-order Sobolev and (C) isotropic
total variation models, with respective side profiles of the stack (left column) and
the isosurfaces of all the structures (right column). The red, dashed boxes on the
isosurfaces mark noticeable deviations from the observed segmentations with their
associated locations in the side profiles in the left column.
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appear smooth and curved. A similar observation can be made about the

region around the motor cortex, located in the red, dashed box around the

z = −10-plane. By and large, the structures are less blocky and more curved.

Because the first-order Sobolev prior model equipped with second order ac-

curacy derivative approximation attained the highest DICE scores, maintained

unbiased, sub-voxel accuracy, and emulated brain curvature and smooth-

ness, it is deemed our best slice alignment model. This means that the best

MAP-estimator under squared-error loss corresponds to the minimizer of the

squared first-order Sobolev norm. In the next step, we condition the non-linear

registration procedure on the structures restacked using this best slice align-

ment model. By initializing LDDMM on the restacked images, the optimizer

can better avoid getting trapped in a local minimum of the cost function.

3.2.3 Diffeomorphically Mapped Bat Brain

Figure 3.9 shows the bat brain at three progressive stages of the reconstruction

process for visual comparison. Simply by visual inspection, we can see that

the diffeomorphically-mapped atlas (Fig. 3.9(E,F)) built when conditioned on

the rigidly-aligned data (Fig. 3.9(C,D)) has more complex curvature than the

un-aligned atlas (Fig. 3.9(A,B)). The structures with more complex curvature

have fewer misaligned slices and are not ostensibly oriented reminiscent of

the banana problem coined by Malandain et al. [54]. We regard this brain

shape as more desirable (more accurate to the real brain shape and smoother).

It represents a balance between emulating brain curvature and being highly

smooth, like the flat regions along the superior side of the un-aligned brain.
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Much of the slice misalignment still present in the LDDMM-mapped volume

likely can be attributed to the original atlas sections being sparsely-spaced,

causing structures in one slice to be separated by a large in-plane spatial jump

compared to the same structures in its neighboring slices. Hence, those devia-

tions propagate into the final volume as a consequence of the rigid alignment

and LDDMM algorithms keeping its deformations close to the identity map-

ping of the original sections, while being balanced by the smoothness term.

Also, it is clear that the LDDMM-mapped volume (Fig. 3.9(E,F)) has many

more slices than the un-aligned stack depicted in Fig. 3.9(A,B). The extra slices

have been filled in at the resampled locations by design.

The symmetry4 of the LDDMM metric ensures that the geodesic maps

between two elements in the orbit of anatomical imagery are identical no

matter the order of the input reference and target slices. This means that, for

any two images I and J, the geodesic (the shortest path between elements in

the space of diffeomorphisms) connecting I and J is the same, regardless of

the choice of fixed or moving image. Both images are pushed by the diffeo-

morphism on the shape space. This is true for any image similarity metric

or set of optimization parameters. Further, this method achieves sub-voxel

accuracy under transformation [42] and can handle an arbitrary number of in-

terpolation steps. Since diffeomorphisms (and geodesics) can be decomposed

into two parts φ = φ2 ◦ φ1 (the full diffeomorphism is broken up into two

parts linked by function composition), we let image I and J each contribute a

4The action integral defined in Eq. (2.29) provides a metric distance—since it overcomes
the non-identifiability of many maps connecting two elements in the orbit—on the orbit I
that satisfies symmetry and the triangle inequality. Due to the invariance of the action to the
stabilizer, any element of I can be the template, or reference. See Miller et al. [62, Thm. 3.2].
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Figure 3.9: Comparison of Reconstruction Stages of Bat Brain. The original, un-
aligned stack (A) with its side-view (B), the rigidly aligned stack using the first-order
Sobolev prior (C) and its side-view (D), and the atlas mapped by LDDMM when
conditioned on the rigidly-aligned stack (E) with its side view (F). The colors uniquely
index each structure.
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portion of the deformation, and then we average the deformed images. As a

result, we are interpolating the shape between images. This behavior allows

us to gain fidelic 3D information from sparsely-spaced 2D slices. One helpful

mental picture is to visualize I on the left of the space and J on the right, and

the split-diffeomorphism φ1, φ2 respectively pushing the images along the

geodesic towards the point p between them.

3.2.4 Surface Triangulation

To generate surface reconstructions of the collection of anatomies, we (i) ex-

tract a finite point sample of the structures using Matlab’s isosurface function,

and (ii) refine the set of vertices using a restricted Delaunay triangulation of

sampled points of a smooth isosurface of each structure. Fig. 3.10 depicts the

reconstruction of the surface meshing of the collection of registered bat atlas

segmentations.

Importantly, the restricted Delaunay triangulation guarantees that the

mesh is topologically correct, geometrically approximate to the smooth anatom-

ical isosurface, and has accurate surface normals [79], unlike marching cubes

techniques [44]. The method achieves correct topology by the Homeomor-

phism Theorem, which combines the Voronoi Intersection Theorem and the

Topological Ball Theorem. It guarantees geometric accuracy by the Voronoi

Intersection Theorem. For a more precise definition of geometric accuracy, one

may reference the Surface Discretization Theorem. The theorems mentioned

here can be found in [25], [79].
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Figure 3.10: Surface Meshes of the Bat Atlas Structures. Surface meshes generated
from the fully registered bat atlas segmentation images. In this coordinate system, the
olfactory bulb is located at the bottom, and the cerebellum is poised at the top.

3.2.5 Cortical and Sub-cortical Structure Morphometry

Table 3.1 depicts a representative subset of the 154 segmented and LDDMM-

mapped structures along with their voxel counts, volumes, surface areas, and

centroid coordinates in stereotaxic space. The volumes in mm3 were computed

by summing all of the signal-contributing voxels (i.e. those with intensity

equal to 1) and multiplying by the voxel size in millimeters. Surface areas in

mm2 were computed by first generating a triangulated isosurface and then

by summing the areas of the triangles in mm2. When calculating the centroid,
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the zero-plane of the z-axis is defined to be on the most anterior side of the

olfactory bulb. All values were calculated based on the combined signal from

the structures in the left and right hemispheres. The reader may find the

morphometrics tables of all mapped brain structures in Appendix B1.
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Hypoglossal nucleus 

(12N)
376463 0.282 4.183E-04 5.852 5.404 9.144

Oculomotor nucleus (3N) 176847 0.133 2.854E-04 5.881 3.699 5.479

Trochlear nucleus (4N) 88210 0.066 1.346E-04 5.861 3.719 6.016

Facial nucleus (7N) 1849851 1.386 1.500E-03 5.851 6.704 8.103

Facial nerve (7n) 532131 0.399 7.976E-04 5.839 5.283 7.554

Vestibulocochlear nerve 

(8n) 
937392 0.702 8.051E-04 5.889 6.734 7.379

Anterodorsal thalamic 

nucleus (AD) 
54174 0.041 1.439E-04 5.822 3.769 3.61

Anterior olfactory nucleus 

(AO) 
1705780 1.278 1.392E-03 5.834 4.494 1.013

Anteroventral thalamic 

nucleus (AV) 
388704 0.291 4.926E-04 5.859 4.264 3.964

Anteroventral cochlear 

nucleus (AVCN)
3236150 2.425 2.066E-03 5.872 5.671 7.381

Accumbens nucleus 

(Acb)
1904500 1.427 1.305E-03 5.87 5.09 1.995

Amygdala (Amy) 1.00E+07 7.519 4.976E-03 5.905 5.851 4.307

Cerebral aqueduct (Aq) 1023075 0.767 9.479E-04 5.871 2.883 6.495

Auditory cortex (Au) 1.94E+07 14.538 9.232E-03 5.868 3.69 4.297

Central gray (CG) 5904596 4.425 3.085E-03 5.869 3.206 6.629

Caudal linear nucleus of 

the raphe (CLi) 
182178 0.137 2.325E-04 5.888 4.315 6.112

Central medial thalamic 

nucleus (CM) 
403715 0.303 3.494E-04 5.869 4.214 4.287

Caudate putamen (CPu) 1.52E+07 11.394 9.217E-03 5.852 4.022 2.736

Cerebellum (Cb) 5.40E+07 40.49 1.251E-02 6.684 3.1 9.811

Cingulate cortex (Cg) 6796852 5.093 3.879E-03 5.858 2.188 3.25

Claustrum (Cl) 1308911 0.981 2.138E-03 5.926 5.243 3.384

Cuneiform nucleus (Cnf) 271402 0.203 4.010E-04 5.903 3.925 7.153

Dorsal cochlear nucleus 

(DCN)
1253360 0.939 9.814E-04 5.842 5.235 8.209

Dentate gyrus (DG) 2.87E+07 21.502 2.229E-02 5.911 3.883 4.897

Dorsal lateral geniculate 

nucleus (DLG) 
1259603 0.944 1.468E-03 5.86 3.555 4.002

Combined Measures of Structures in Left and Right Hemispheres

Table 3.1: E. fuscus Morphometrics. This table shows, for each segmented and
mapped structure, its voxel count, volume in mm3, surface area in mm2, and centroid
location in sterotaxic coordinates.
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Chapter 4

Discussion and Future Work

Brain atlases provide an invaluable reference coordinate system for neurosci-

entists. Traditionally, brain atlases were created from annotated histological

sections, and suffered from challenges stemming from histological preparation

procedures. At present, there are atlases available for humans [3], [27], [35],

[48], [53], [56], [69], the rhesus macaque [76], the mouse [8], [17], [28], [40], [43],

the rat [36], [68], [72], the cat [11], [75], [80], the rabbit [66], the starling [34],

and the mustached bat [90]. However before this work, there was no available

three-dimensional atlas for the big brown bat, Eptesicus fuscus, despite its

potential to elucidate mysteries of bat and mammalian audition.

This thesis describes the reference-free reconstruction of the first digital 3D

atlas of the big brown bat brain. Starting with manual segmentations of labeled

anatomical structures in the left hemisphere of the print neurohistological

atlas, we made a symmetric brain by reflecting the structures across the sagittal

plane. Second, to realign the jittered sections, we estimated the rigid motion

parameters of the planar histology segmentations. This was accomplished by

regularizing over the rigid motion solution space using a first-order Sobolev
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prior on the image intensity, effectively controlling the derivative along the

stacking axis. This approach achieved superior smoothness and curvature

recovery for a simulated phantom compared to imposing higher-order Sobolev

priors, or isotropic and anisotropic total variation priors. Third, we upsampled

the image stack along the slice stacking axis and estimated the diffeomorphic

change of coordinates between image slice pairs via a symmetric LDDMM

algorithm, conditioned on the rigidly aligned structures. To sample the shapes

in between slices, we took a weighted average of the deformed reference and

target slices, and assigned this intermediary shape to a z-plane between the

slices. Smoothness of these transformations was encouraged with a first-order

Sobolev prior.

Our results show that this approach to atlas building can overcome re-

construction challenges stemming from histological preparation, while ignor-

ing others. Specifically, this approach can approximately recover the global

curvature of the sectioned object without a shape reference and interpolate

missing slices. By working with binary segmentations of the atlas anatomy,

we circumvent other tissue distortions, such as folding, holes, or contrast

inhomogeneities.

4.1 Limitations

A clear limitation of this atlas is that it is based on a single hemisphere—under

the assumption of exact left-right hemisphere symmetry—of a single subject.

This means that our atlas does not properly capture inter-subject variability,

which would detract from studies relying on high spatial accuracy. Researchers
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who may use this atlas must consider this drawback. Another limitation of

this atlas is that there is no verification of the distribution of tissue shrinkage

proposed by the creators of the print atlas. As a result, morphological compar-

isons based on this atlas are subject to even more inter-subject variability. This

could be resolved by analyzing Jacobian determinant maps generated from

the LDDMM procedure, which offer a fundamental measure of size change in

computational anatomy.

4.2 Future Work

Future work could involve:

• further factorizing the parameter space to address nuisance variables

corresponding to non-rigid motions. For instance, in-plane shearing (on-

axis scaling), as an artifact of the histology slide-loading process, could

be corrected for. Factoring the shearing parameters would take care of

2N parameters (i.e. two parameters per slice).

• automated tuning of the rigid motion prior weights and LDDMM hy-

perparameters.

• creating an average 3D atlas of the big brown bat brain using other

mapped brains. This could be achieved by selecting a template from a

set of bat brain images (e.g. atlases, T1 MRI), and mapping the template

to each of the other scans using LDDMM. Then the deformation fields

generated by LDDMM could be averaged and applied to an intensity-

averaged image made from the set of all LDDMM-mapped bat brain
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images (i.e. compose the mean intensity warped image with the average

deformation field). Then the structures of that population-averaged

brain could be segmented by experts for use as an atlas.

• mapping this atlas to individual bat brains using the LDDMM methods

described in this work to support studies of bat auditory perception.

LDDMM would map the structure labels of the atlas to the coordinate

spaces of the individual bat brain targets, thereby delineating the same

structures in target brain spaces. The template-to-target deformation

maps give anatomical shape and size information which would be useful

for the aforementioned studies.
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Appendix A

A1 Adjoints of Linear Operators

For any function f in the domain Ω, recall the divergence theorem,

∫
Ω
∇ · f dV =

∫
∂Ω

f · n⃗ dS (1)

This theorem is key to illustrating the adjoint formulation of the inner product.

Now we will show that the adjoint of the gradient is the negative diver-

gence. Let L = ∇, and let f , g be any C1 functions in the bounded, open set

Ω ⊂ R3. Assume the outward normal derivatives on the boundary vanish (i.e.

assume zero-flux boundary conditions). Then we can define the adjoint for-

mulation of the inner product using the divergence theorem and the assumed

no-flux boundary conditions:

⟨ f ,∇g⟩ =
∫

Ω
f ·∇g dx (2)

=
∫

Ω
(−∇ · f )g dx (3)

= ⟨−∇ · f , g⟩ (4)
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Thus, the adjoint of the gradient is the negative divergence. By similar exposi-

tion in the discrete setting, the negative backward finite difference operator is

the adjoint of the forward finite difference operator.

The Laplacian L = ∆ is a self-adjoint linear operator. Let f , g be any C2

functions in the bounded, open set Ω ⊂ R3, and assume the outward normal

derivatives on the boundary vanish. Writing the inner product ⟨∆ f , g⟩ as an

integral gives:

∫
Ω

∆ f · g dx (5)

Applying the divergence theorem twice, we move the derivatives over twice:

∫
Ω

∆ f · g dx = −
∫

Ω
∇ f ·∇g dx (6)

= (−1)2
∫

Ω
f · ∆g dx (7)

= ⟨ f , ∆g⟩ (8)

Since L = ∆ and L† = ∆, i.e. the Laplacian operator is its own adjoint, we

achieved the bilinear form ⟨∆ f , g⟩ = ⟨ f , ∆g⟩. Similarly, ⟨−∆ f , g⟩ = ⟨ f ,−∆g⟩.

By a similar process, one can show that this holds for other powers of the

Laplacian operator.
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A2 Adjoint Formulation of the Sobolev Prior

Recall that IR = J(R), where the rigid motions in each image slice are repre-

sented by

R =

(
cos θx − sin θy + tx

sin θx + cos θy + ty

)
= r(θ, zi)x⃗ + t(zi) (9)

So we have that IR = I(r(θ, zi)x⃗ + t(zi)). Now we want to find the gradients

of the energy function with respect to the reconstruction parameters.

Also define the self-adjoint linear operator to be A .
= L† · L. Now we solve

for the gradients of the energy function with respect to the reconstruction

parameters by using variational calculus, the product rule, and the chain rule.

E =
1
2

∫
Z

∫
Y

∫
X
∥LIR(x, y, z)∥2

2 dxdydz (10)

=
1
2

∫
Z

∫
Y

∫
X
(L† · L)IR(x, y, z) · IR(x, y, z) dxdydz (11)

=
1
2

∫
Z

∫
Y

∫
X

A[IR(x, y, z)] · IR(x, y, z) dxdydz (12)

A3 Perturbation of the Reconstructed Image

Define our reconstruction parameter vector to be p(z) .
=

⎛⎝ θ(z)
tx(z)
ty(z)

⎞⎠. Now we

take the derivative with respect to the parameter vector p(z). So, we perturb

with respect to p(z): p(z) → p(z) + ϵδp(z), and then evaluate the derivative

d
dϵ at ϵ = 0. Changing the notation IR(x, y, z) .

= I(Rp(z) x⃗, z) where x⃗ .
=

(
x
y

)
,
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we get

=
d
dϵ

1
2

∫
Z

∫
Y

∫
X

A[I(Rp(z)+ϵδp(z) x⃗, z)] · I(Rp(z)+ϵδp(z) x⃗, z) dxdydz

⏐⏐⏐⏐⏐
ϵ=0

(13)

=
1
2

∫
Z

∫
Y

∫
X

A
d
dϵ

[I(Rp(z)+ϵδp(z) x⃗, z)] · I(Rp(z)+ϵδp(z) x⃗, z)

⏐⏐⏐⏐⏐
ϵ=0

dxdydz (14)

=
∫

Z

∫
Y

∫
X

A[I(Rp(z) x⃗, z)] · (DI)(Rp(z) x⃗, z) · d
dϵ

(Rp(z)+ϵδp(z) x⃗, z)

⏐⏐⏐⏐⏐
ϵ=0

dxdydz

(15)

Due to the first-order perturbation, the rigid motion parameter matrix becomes⎛⎝ θ(z)
tx(z)
ty(z)

⎞⎠→

⎛⎝ θ(z)
tx(z)
ty(z)

⎞⎠+

⎛⎝ ϵδθ(z)
ϵδtx(z)
ϵδty(z)

⎞⎠
Solving for the last term in the integral, we have that

d
dϵ

(Rp(z)+ϵδp(z) x⃗, z)

⏐⏐⏐⏐⏐
ϵ=0

=

d
dϵ

(
cos (θ(z) + ϵδθ(z))x − sin (θ(z) + ϵδθ(z))y + (tx + ϵδtx(z))
sin (θ(z) + ϵδθ(z))x + cos (θ(z) + ϵδθ(z))y + (ty + ϵδty(z))

) ⏐⏐⏐⏐⏐
ϵ=0

(16)

=

(
− sin θ(z)δθ(z)x − cos θ(z)δθ(z)y + δtx(z)
cos θ(z)δθ(z)x − sin θ(z)δθ(z)y + δty(z)

)

=

⎛⎝− sin θ(z)x − cos θ(z)y 1 0
cos θ(z)x − sin θ(z)y 0 1

0 0 0

⎞⎠⎛⎝ δθ(z)
δtx(z)
δty(z)

⎞⎠ (17)
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Thus, the final expression for the gradient of the energy function with respect

to the reconstruction parameters is given by

∇p(z)E =
∫

Z

∫
Y

∫
X

A[I(Rp(z) x⃗, z)] · (DI)(Rp(z) x⃗, z)

⎛⎝− sin θ(z)x − cos θ(z)y 1 0
cos θ(z)x − sin θ(z)y 0 1

0 0 0

⎞⎠⎛⎝ δθ(z)
δtx(z)
δty(z)

⎞⎠ dxdydz (18)

Here, (DI)(Rp(z) x⃗, z) denotes the in-plane gradient of the image evaluated at

the rigidly transformed coordinates. Separating the above expression into the

gradient components, we get

∇θE = ⟨A(J(r(θ, z)x⃗ + t(z)))∇X J(r(θ, z)x⃗ + t(z)), δ(r(θ, z)x⃗)⟩ (19)

∇tE = ⟨A(J(r(θ, z)x⃗ + t(z)))(r(θ, z) + t(z)), ∇X J(r(θ, z)x⃗ + t(z))⟩ (20)

where A is the one-to-one, linear differential operator and ∇X denotes the

in-plane gradient. Importantly, the slices are coupled through the operator A.

A4 Perturbation of the Total Variation Prior

In order to calculate the gradient of the total variation energy with respect to

the estimated image Î, we want to take the first order variation of the energy

E( Î) =
∫

Ω∥LÎ∥2,1dx, where L is a linear operator. In other words, we want

to investigate the sensitivity of E( Î) to small perturbations in Î : Î → Î + δ Î.
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First, note that δ∥A∥2,1 = ⟨A/∥A∥2,1, δA⟩. Then

δE =
∫

Ω

⟨ LÎ
∥LÎ∥2,1

, δLÎ
⟩

dx =
∫

Ω

⟨
L†

(
LÎ

∥LÎ∥2,1

)
, δ Î
⟩

dx (21)

where L† is the adjoint of L. If we want to use the distributional gradient as

our linear operator, then the above expression becomes

δE =
∫

Ω

⟨ ∇ Î
∥∇ Î∥2,1

, δ∇ Î
⟩

dx =
∫

Ω

⟨
−∇ ·

(
∇ Î

∥∇ Î∥2,1

)
, δ Î
⟩

dx (22)

Note that δ Î is given in Appendix A3. This expression can be interpreted as the

directional derivative of the energy functional in the direction of the variation

δ Î.
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Appendix B

B1 All E. fuscus Morphometrics Tables

Table B1 is comprised of each of the 154 segmented and LDDMM-mapped

structures along with their voxel counts, volumes, surface areas, and centroid

coordinates in stereotaxic space. The volumes in mm3 were computed by

summing all of the signal-contributing voxels (i.e. those with intensity equal

to 1) and multiplying by the voxel size in millimeters. Surface areas in mm2

were computed by first generating a triangulated isosurface and then by

summing the areas of the triangles in mm2. When calculating the centroid,

the zero-plane of the z-axis is defined to be on the most anterior side of the

olfactory bulb. All values were calculated based on the combined signal from

the structures in the left and right hemispheres.
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Hypoglossal nucleus 

(12N)
376463 0.282 4.183E-04 5.852 5.404 9.144

Oculomotor nucleus (3N) 176847 0.133 2.854E-04 5.881 3.699 5.479

Trochlear nucleus (4N) 88210 0.066 1.346E-04 5.861 3.719 6.016

Facial nucleus (7N) 1849851 1.386 1.500E-03 5.851 6.704 8.103

Facial nerve (7n) 532131 0.399 7.976E-04 5.839 5.283 7.554

Vestibulocochlear nerve 

(8n) 
937392 0.702 8.051E-04 5.889 6.734 7.379

Anterodorsal thalamic 

nucleus (AD) 
54174 0.041 1.439E-04 5.822 3.769 3.61

Anterior olfactory nucleus 

(AO) 
1705780 1.278 1.392E-03 5.834 4.494 1.013

Anteroventral thalamic 

nucleus (AV) 
388704 0.291 4.926E-04 5.859 4.264 3.964

Anteroventral cochlear 

nucleus (AVCN)
3236150 2.425 2.066E-03 5.872 5.671 7.381

Accumbens nucleus 

(Acb)
1904500 1.427 1.305E-03 5.87 5.09 1.995

Amygdala (Amy) 1.00E+07 7.519 4.976E-03 5.905 5.851 4.307

Cerebral aqueduct (Aq) 1023075 0.767 9.479E-04 5.871 2.883 6.495

Auditory cortex (Au) 1.94E+07 14.538 9.232E-03 5.868 3.69 4.297

Central gray (CG) 5904596 4.425 3.085E-03 5.869 3.206 6.629

Caudal linear nucleus of 

the raphe (CLi) 
182178 0.137 2.325E-04 5.888 4.315 6.112

Central medial thalamic 

nucleus (CM) 
403715 0.303 3.494E-04 5.869 4.214 4.287

Caudate putamen (CPu) 1.52E+07 11.394 9.217E-03 5.852 4.022 2.736

Cerebellum (Cb) 5.40E+07 40.49 1.251E-02 6.684 3.1 9.811

Cingulate cortex (Cg) 6796852 5.093 3.879E-03 5.858 2.188 3.25

Claustrum (Cl) 1308911 0.981 2.138E-03 5.926 5.243 3.384

Cuneiform nucleus (Cnf) 271402 0.203 4.010E-04 5.903 3.925 7.153

Dorsal cochlear nucleus 

(DCN)
1253360 0.939 9.814E-04 5.842 5.235 8.209

Dentate gyrus (DG) 2.87E+07 21.502 2.229E-02 5.911 3.883 4.897

Dorsal lateral geniculate 

nucleus (DLG) 
1259603 0.944 1.468E-03 5.86 3.555 4.002

Combined Measures of Structures in Left and Right Hemispheres

(a) Table Subset 1
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Dorsal nucleus of the 
lateral lemniscus (DNLL) 

749754 0.562 7.143E-04 5.879 4.118 6.976

Dorsal parabrachial 
nucleus (DPB) 

622769 0.467 8.471E-04 5.847 3.922 7.525

Dorsal tegmental nucleus 
(DTg)

141294 0.106 1.872E-04 5.85 3.717 7.104

Deep mesencephalic 
nucleus (DpMe) 

3635599 2.724 2.546E-03 5.872 3.483 5.896

External cuneate nucleus 
(ECu)

459392 0.344 4.450E-04 5.941 4.976 9.238

External plexiform layer 
of the olfactory bulb (EPl) 

3813492 2.858 4.478E-03 5.863 3.938 0.292

Ependyma (E) and 
Olfactory ventricle (OV) 

103673 0.078 3.244E-04 5.931 4.154 0.505

Flocculus (Fl) 1196570 0.897 1.183E-03 5.837 5.302 7.487
Frontal cortex (Fr) 4612268 3.456 3.520E-03 5.856 3.207 1.149

Globus pallidus (GP) 4226032 3.167 3.476E-03 5.875 5.066 3.626
Gigantocellular reticular 

nucleus (Gi) 
6650599 4.984 2.793E-03 5.851 6.182 8.732

Glomerular layer of the 
olfactory bulb (Gl) 

4177144 3.13 4.998E-03 5.85 3.874 0.292

Granule cell layer of the 
accessory olfactory bulb 

(GrA) 
51550 0.039 1.306E-04 5.68 3.895 0.616

Granular layer of the 
cochlear nucleus (GrCN) 

807628 0.605 1.471E-03 5.863 5.4 7.452

Granular layer of the 
dentate gyrus (GrDG) 

5555021 4.163 1.028E-02 5.882 3.87 5.084

Granule cell layer of the 
olfactory bulb (GrO) 

3378946 2.532 2.502E-03 5.907 3.957 0.319

Hypothalamus (Hy) 2.01E+07 15.096 7.442E-03 5.879 5.588 4.171
Inferior colliculus (IC) 2.11E+07 15.835 5.512E-03 5.914 2.291 7.037
Islands of Calleja (ICj) 247092 0.185 5.266E-04 5.866 5.197 1.851
Indusium griseum (IG) 48343 0.036 1.359E-04 5.88 3.363 2.341
Intermediate nucleus of 

the lateral lemniscus 
(INLL) 

1413204 1.059 1.165E-03 5.879 4.931 6.635

(b) Table Subset 2
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Lateral nucleus of the 
trapezoid body (LNTB) 

686740 0.515 8.500E-04 5.841 6.015 7.05

Lateral reticular nucleus 
(LRt)

123096 0.092 2.058E-04 5.802 7.044 9.208

Lateral septal nucleus 
(LS) 

3022004 2.265 1.640E-03 5.865 4.437 2.55

Lateral superior olive 
(LSO) 

911161 0.683 7.869E-04 5.868 6.04 7.292

Lateral vestibular nucleus 
(LVe) 

2319765 1.738 1.743E-03 5.877 4.857 8.612

Lateral cerebellar nucleus 
(Lat) 

1563452 1.172 1.261E-03 5.822 3.958 8.256

Mediodorsal thalamic 
nucleus (MD) 

55373 0.041 9.380E-05 5.872 2.939 4.499

Medial geniculate 
nucleus, dorsal (MGD) 

172285 0.129 3.308E-04 5.875 3.244 4.593

Medial geniculate 
nucleus, dorsal (MGD) 
and Medial geniculate 

nucleus, ventral (MGV)

4115316 3.084 2.993E-03 5.83 4.079 5.148

Medial geniculate 
nucleus, medial (MGM) 

1175474 0.881 1.422E-03 5.861 4.166 5.017

Medial geniculate 
nucleus, ventral (MGV) 

314163 0.235 4.196E-04 5.687 3.639 4.581

Medial habenular nucleus 
(MHb)

593127 0.444 8.051E-04 5.854 2.707 4.076

Medial mammillary 
nucleus (MM)

537777 0.403 4.111E-04 5.885 6.081 5.189

Medial nucleus of the 
trapezoid body (MNTB) 

1042011 0.781 8.624E-04 5.866 6.558 6.857

Medial septal nucleus 
(MS) 

306002 0.229 3.212E-04 5.864 4.9 2.461

Medial superior olive 
(MSO) 

1043797 0.782 1.046E-03 5.843 6.074 6.793

Medial vestibular nucleus 
(MVe) 

3243562 2.431 2.084E-03 5.858 4.841 8.532

(c) Table Subset 3
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Medial cerebellar nucleus 
(Med) 

704058 0.528 7.914E-04 5.87 3.865 8.415

Mitral cell layer of the 
olfactory bulb (Mi) and 
Internal plexiform layer 

of the olfactory bulb (IPl)

2558657 1.917 3.807E-03 5.849 3.908 0.311

Median raphe nucleus 
(MnR) 

760388 0.57 6.150E-04 5.873 4.709 6.742

Motor cortex (Mo) 2.98E+07 22.303 1.049E-02 5.864 2.379 2.059
Motor trigeminal nucleus 

(Mo5) 
334144 0.25 4.368E-04 5.862 4.766 7.347

Periaqueductal gray 
(PAG) 

1313775 0.984 8.784E-04 5.873 3.318 5.317

Parabigeminal nucleus 
(PBg) 

19294 0.014 7.960E-05 5.589 4.341 5.843

Parvicellular reticular 
nucleus (PCRt) 

6632432 4.97 3.464E-03 5.872 5.987 8.794

Paraflocculus (PFl) 1.42E+07 10.656 4.830E-03 5.847 5.445 7.948
Pontine gray (PG) 3699057 2.772 1.819E-03 5.873 6.047 6.071

Paragigantocellular 
reticular nucleus (PGi) 

109205 0.082 1.686E-04 5.855 6.578 7.65

Inferior olive (IO) 680727 0.51 7.060E-04 5.859 6.973 8.437
Interpeduncular nucleus 

(IP) 
903870 0.677 6.485E-04 5.883 4.944 5.787

Interposed cerebellar 
nucleus (Int) 

607643 0.455 6.610E-04 5.914 3.896 8.259

Locus coeruleus (LC) 105449 0.079 1.703E-04 5.888 4.056 7.284
Laterodorsal tegmental 

nucleus (LDTg) 
70553 0.053 1.544E-04 5.828 3.53 7.129

Lateral habenular nucleus 
(LHb) 

437605 0.328 6.864E-04 5.862 2.824 4.189

Lateral mammillary 
nucleus (LM) 

87080 0.065 1.697E-04 5.84 5.081 5.405

Posterior hypothalamic 
area (PH) 

765146 0.573 7.956E-04 5.87 5.156 4.956

Paralemniscal nucleus 
(PL) 

1081971 0.811 1.042E-03 5.844 4.792 6.625

Pedunculopontine 
tegmental nucleus (PPTg) 

539936 0.405 6.176E-04 5.827 4.066 7.051

(d) Table Subset 4
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Pretectal nucleus (PT) 560932 0.42 6.790E-04 5.883 2.993 4.799
Paraventricular thalamic 

nucleus (PV)
2102259 1.575 1.308E-03 5.858 3.59 3.967

Posteroventral cochlear 
nucleus (PVCN) 

1483933 1.112 1.204E-03 5.836 6.128 7.842

Piriform cortex (Pir) 3553432 2.663 4.553E-03 5.849 4.866 1.992
Pontine reticular nucleus, 

caudal (PnC) 
3422529 2.565 1.654E-03 5.86 5.346 7.607

Pontine reticular nucleus, 
oral (PnO) 

528152 0.396 6.105E-04 5.859 5.381 7.229

Pontine reticular nucleus, 
rostral (PnR) 

4975728 3.729 2.913E-03 5.874 4.7 6.481

Posterior thalamic nuclear 
group (Po) 

667485 0.5 9.576E-04 5.827 3.699 5.438

Polymorph layer of the 
dentate gyrus (PoDG) 

4707073 3.527 6.267E-03 5.883 4.03 5.205

Pyramidal cell layer of 
the hippocampus (Py) 

5762179 4.318 9.623E-03 5.852 3.602 4.421

Red nucleus (R) 175275 0.131 2.368E-04 5.863 4.021 6.191
Rostral linear nucleus of 

the raphe (RLi) 
161541 0.121 1.846E-04 5.89 4.117 5.384

Red nucleus, 
magnocellular (RMC) 

311569 0.233 3.217E-04 5.885 4.025 5.941

Raphe magnus nucleus 
(RMg) 

154289 0.116 2.054E-04 5.845 6.343 7.6

Raphe obscurus nucleus 
(ROb) 

573312 0.43 7.396E-04 5.861 6.053 8.56

Raphe pontis nucleus 
(RPn) 

116447 0.087 1.666E-04 5.85 5.699 7.598

Retrorubal nucleus (RR) 62372 0.047 1.308E-04 5.928 4.534 6.305
Retrorubal field (RRF) 571935 0.429 6.080E-04 5.88 4.858 5.927

Retrosplenial cortex (Rs) 2637615 1.976 1.761E-03 5.889 2.012 5.541
Reticular thalamic 

nucleus (Rt) 
1047705 0.785 1.267E-03 5.875 4.772 3.991

Somatosensory cortex (S) 1.68E+07 12.559 8.802E-03 5.854 3.061 2.8

Superior colliculus (SC) 8921826 6.686 3.730E-03 5.855 2.473 5.568
Suprageniculate thalamic 

nucleus (SG) 
362106 0.271 5.754E-04 5.757 3.357 5.257

(e) Table Subset 5
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Substantia nigra (SN) 1382109 1.036 1.859E-03 5.827 4.954 5.159
Superior paraolivary 

nucleus (SPN) 
521534 0.391 5.957E-04 5.872 5.91 6.954

Superior vestibular nu 
(SVe) 

550420 0.412 5.133E-04 5.817 4.244 7.873

Sagulum nucleus (Sag) 42034 0.031 1.031E-04 6.042 3.495 6.904
Solitary nucleus (Sol) 361142 0.271 4.402E-04 5.847 5.375 8.59

Spinal trigeminal nucleus 
(Sp5)

4359829 3.267 3.092E-03 5.849 5.614 8.308

Spinal vestibular nucleus 
(SpVe)

187534 0.141 2.944E-04 5.811 4.787 9.236

Triangular septal nucleus 
(TS) 

257428 0.193 2.838E-04 5.869 4.238 2.882

Tenia tecta (TT) 300855 0.225 5.373E-04 5.864 4.063 1.594
Olfactory tubercle (Tu) 1592479 1.193 2.522E-03 5.872 5.576 1.688

Ventral anterior thalamic 
nucleus (VA)

1440223 1.079 1.524E-03 5.852 3.728 4.087

Ventrolateral thalamic 
nucleus (VL) 

2008952 1.505 1.702E-03 5.9 3.968 4.68

Ventral lateral geniculate 
nucleus (VLG) 

804509 0.603 9.662E-04 5.87 4.058 3.953

Ventromedial thalamic 
nucleus (VM) 

1696935 1.272 1.234E-03 5.869 4.208 4.653

Ventral nucleus of the 
lateral lemniscus, 
multipolar region 

(VNLLm) 

517184 0.388 5.881E-04 5.844 5.921 6.374

Ventral parabrachial 
nucleus (VPB) 

393221 0.295 6.105E-04 5.856 4.277 7.491

Ventral posterolateral 
thalamic nucleus (VPL)

1575166 1.18 1.380E-03 5.871 4.171 5.389

Ventral posteromedial 
thalamic nucleus (VPM)

1032689 0.774 9.075E-04 5.861 4.227 5.387

Ventral tegmental area 
(VTA) 

452477 0.339 6.200E-04 5.878 4.711 5.378

Visual cortex (Vi) 5321484 3.988 3.324E-03 5.902 1.901 5.577
Anterior commissure, 

anterior (aca) 
779855 0.584 1.322E-03 5.874 5.255 2.433

Anterior commissure, 
intrabulbar, (aci) 

662946 0.497 1.025E-03 5.887 4.049 0.491

(f) Table Subset 6
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Structure Count Volume SurfaceArea Centroid_x Centroid_y Centroid_z

Anterior commissure, 
posterior (acp) 

1233866 0.925 9.921E-04 5.855 5.118 3.03

Alveus (alv) 5600186 4.196 1.018E-02 5.889 3.343 4.734
Brachium of the 

inferior colliculus 
(bic) 

1069413 0.801 1.680E-03 5.827 2.824 6.247

Brachium pontis (bp) 613695 0.46 7.720E-04 5.886 6.143 6.121
Corpus callosum (cc) 1154284 0.865 1.159E-03 5.857 3.205 2.815

Cingulum (cg) 1220355 0.914 2.170E-03 5.839 1.944 3.84

Cerebral peduncle (cp) 4112267 3.082 3.578E-03 5.866 5.261 5.194

External capsule (ec) 1.42E+07 10.667 2.142E-02 5.891 4.035 3.935
Forceps minor corpus 

callosum (fmi)
2770498 2.076 3.449E-03 5.854 3.686 1.75

Fornix (fx) 1375630 1.031 1.564E-03 5.884 3.614 3.493
Genu of the corpus 

callosum (gcc) 
370250 0.277 6.380E-04 5.836 3.202 2.338

Internal capsule (ic) 7373304 5.525 5.180E-03 5.845 4.493 3.575
Inferior cerebellar 

peduncle (icp) 
2203817 1.651 2.298E-03 5.846 5.1 8.289

Lateral olfactory tract 
(lo) 

4060753 3.043 4.703E-03 5.873 4.883 1.628

Motor root of the 
trigeminal nerve (m5)

144473 0.108 2.577E-04 5.921 4.996 7.118

Middle cerebellar 
peduncle (mcp)

2767743 2.074 2.622E-03 5.896 5.639 6.733

Medial longitudinal 
fasciculus (mlf) 

229959 0.172 3.584E-04 5.855 3.932 6.517

Mammillary peduncle 
(mp)

111058 0.083 2.389E-04 5.89 4.776 5.42

Superior cerebellar 
peduncle (scp) 

545841 0.409 8.457E-04 5.863 3.972 7.123

Stria medullaris (sm) 498092 0.373 8.711E-04 5.865 3.122 3.822
Spinal trigeminal tract 

(sp5) 
3328079 2.494 3.473E-03 5.86 5.694 8.243

Tectospinal tract (ts) 667742 0.5 9.159E-04 5.862 4.812 6.711
Trapezoid body (tz) 1562550 1.171 1.553E-03 5.857 6.102 7.256
Decussation of the 
superior cerebellar 

peduncle (xscp)
335225 0.251 4.371E-04 5.864 4.283 6.41

(g) Table Subset 7

Table B1: All E. fuscus Morphometrics. This table shows, for each segmented and
mapped structure, its voxel count, volume in mm3, surface area in mm2, and centroid
location in sterotaxic coordinates.
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