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Abstract

The graph matching problem is, given two graphs, to find the bijection be-

tween the vertex sets that best preserves the adjacency structure. It has been

applied in many areas such as pattern recognition, object detection, and neu-

roscience, to name a few.

Our first group of contributions: We modify the state-of-the-art approximate

graph matching algorithm “FAQ” to approximately solve the graph matching

problem when part of the bijection is fixed, adapt its applicability to include

graphs with different sized vertex sets, and extend it so as to provide a nom-

ination list of likely matches for each vertex. We also develop an algorithm

to approximately solve the induced subgraph matching problem, and prove a

consistency result.

Our second group of contributions: When two graphs have a correlated

Bernoulli distribution, we prove that the alignment strength of their natural

bijection strongly converges to a novel measure of graph correlation ρT that

neatly combines intergraph with intragraph distribution parameters. Within

ii



ABSTRACT

broad families of the random graph parameter settings, we illustrate that exact

graph matching runtime and matchability are both functions of ρT . We then

present the Phantom Alignment Strength Conjecture, which provides a prin-

cipled and practical means of using alignment strength to assess if the graph

matching solution is a good estimate of the true bijection. We provide empirical

evidence for the conjecture, and explore its consequences.

Our third group of contributions: In the context of a correlated Bernoulli

graph model, we introduce a new variance-reducing technique, called balanc-

ing, that can refine estimators for model parameters. Specifically, we con-

struct a disagreement statistic and show that it is complete and sufficient;

balancing can be interpreted as Rao-Blackwellization with this disagreement

statistic. We show that for unbiased estimators of functions of model param-

eters, balancing generates uniformly minimum variance unbiased estimators

(UMVUEs). However, even when unbiased estimators for model parameters

do not exist—which, as we prove, is the case with the heterogeneity correlation

and the total correlation parameters—balancing can still lower mean squared

error. In particular, we demonstrate how balancing can improve the efficiency

of the alignment strength estimator for the total correlation.

Primary Reader and Advisor: Dr. Donniell E. Fishkind

Secondary Reader: Dr. Zachary Lubberts
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Chapter 1

Introduction

1.1 Overview

A simple graph consists of a vertex set and an edge set, where each edge is

a 2-element subset of the vertex set. It is a commonly used data modality for

encoding relationships, interactions, and dependencies in data in an incredibly

broad range of sciences and engineering; this includes sociology (e.g., social

network analysis [1]), neuroscience connectomics [2, 3], biology (e.g., biological

interaction networks [4, 5]), and automated knowledge discovery [6], to name

but a few applications.

Given any two graphs with the same number of vertices, the graph match-

ing problem is to find the bijection between the two vertex sets that minimizes

the number of adjacency “disagreements” between the two graphs; for each

1



CHAPTER 1. INTRODUCTION

pair of vertices in one graph, we say there is one “disagreement” if the pair

of vertices are adjacent but the corresponding pair of vertices under the bijec-

tion are not adjacent in the other graph, or vice versa. In this manuscript, we

may also refer to any bijection between the vertex sets of the two graphs as an

alignment.

An underlying natural bijection often exists which the graph matching at-

tempts to recover/approximate. For example, if a pair of graphs G and H are

social networks with the same members (e.g. an email network and a Twitter

network representing the same community), the underlying natural bijection

maps each member to themselves. Part of this bijection is sometimes known

a-priori, in which case minimizing the number of disagreements over the re-

mainder of the bijection is called seeded graph matching. Graph matching and

seeded graph matching are formally defined in Sections 1.3.1 and 2.1, respec-

tively. In Section 1.4, we introduce correlated random graph models that allow

for a meaningful definition of correlation between a pair of random graphs; in

particular, this models the presence of an underlying natural bijection.

Graph matching and seeded graph matching run the gamut in terms of their

usage. Indeed, information about the interactions amongst objects of interest

is sometimes split across multiple networks or multiple layers of the same net-

work [7]. In many applications, such as neuroscience connectomics where, for

example, DT-MRI derived graphs can be generated by aligning scans to a com-

2
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mon template before uncovering the underlying edge structure [8], the vertices

across networks or across layers are a priori aligned and identified. These

aligned vertex labels can then be used to create joint network inference pro-

cedures that can leverage the signal across multiple networks for more pow-

erful statistical inference [9–12]. In many other applications, the vertex la-

bels across networks or across layers are unknown or noisily observed. Social

networks provide a canonical example of this, where common users across dif-

ferent social network platforms may use different user names and their user

profiles may not be linked across networks. Discovering this latent correspon-

dence (in the social network example, this is anchoring profiles to a common

user across networks) is a key inference task [13, 14] for leveraging the in-

formation across networks for subsequent inference. Furthermore, it is a key

consideration for understanding the degree of user anonymity [15] across plat-

forms. In addition to those applications above, graph matching and seeded

graph matching are also applied to pattern recognition [16, 17], computer vi-

sion [18,19], and biology [4,20] (to match protein-protein interaction networks

across different species).

The graph matching problem is computationally complex. Indeed, even the

simpler graph isomorphism problem, which involves determining whether two

graphs are isomorphic and therefore is contained in the graph matching prob-

lem, has been shown to be of quasi-polynomial complexity [21]. In its most gen-

3
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eral form, the graph matching problem is equivalent to the NP-hard quadratic

assignment problem [22]. Due to its practical importance and computational

infeasibility, a large branch of the graph matching literature is devoted to de-

veloping algorithms to efficiently, but approximately, solve the graph matching

problem; see, for example, [19,23–30] among myriad others.

In Chapter 2, we introduce our SGM Algorithm, which is an algorithm to

approximately solve the seeded graph matching problem. The SGM Algorithm

is a modification of the state-of-the-art graph matching algorithm FAQ [23]

to employ the use of a partially observed natural bijection. In Section 2.3,

we perform a padding technique to adapt our SGM Algorithm to match graphs

with vertex sets of different cardinality. In Section 2.4, we present the SoftSGM

algorithm which, for each vertex in one graph, returns a ranked list of vertices

(ranked by likelihood of being the matching vertex) from the other graph. (The

work of Chapter 2 is published with my coauthors in [27].)

In Chapter 3, we extend the graph matching problem to the induced sub-

graph matching problem, which, given two graphs and a parameterK, involves

identifying K vertices from each of the two graphs and a bijection between

them such that the induced subgraphs have as few adjacency disagreements

as possible. This optimization is over the choice of K vertices from each ver-

tex set as well as the bijection between them. See Section 3.3 for more details

on the induced subgraph matching problem. Our algorithm to approximately

4
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solve this problem is introduced in Section 3.4. We then show in Section 3.6

that the global optimal solution of the formulation is a strongly consistent es-

timator of the underlying alignment function in the context of the generalized

correlated random graph model, under mild conditions. (This chapter is based

on a project which is joint work with Donniell E. Fishkind and Mengqi Lou).

In Chapter 4, for the correlated random Bernoulli graph model, we intro-

duce a parameter called total correlation ρT , which is a combination of inter-

graph and intra-graph sources of correlation/affinity between the pair of ran-

dom graphs, and we introduce a statistic called alignment strength, which is a

normalized number of adjacency disagreements under a given alignment. We

prove that when a pair of graphs have a correlated Bernoulli distribution, the

alignment strength of their natural bijection is a strongly consistent estimator

of total correlation ρT . Within broad families of the random graph parame-

ter settings, we illustrate that exact graph matching runtime and also graph

matchability are both functions of ρT , with thresholding behavior starkly illus-

trated for matchability. (This work is published in [31] with my coauthors.)

The alignment strength of a graph matching is a quantity that offers the

practitioner a measure of the correlation of the two graphs, and it can also

provide the practitioner a sense of whether the graph matching algorithm

found the true matching. Unfortunately, when a graph matching algorithm

fails to find the truth because of a weak signal, there may be “phantom align-

5



CHAPTER 1. INTRODUCTION

ment strength” from meaningless matchings that, by random noise, have fewer

disagreements than average (sometimes substantially fewer); this alignment

strength may give the misleading appearance of significance. A practitioner

needs to know what level of alignment strength may be phantom alignment

strength and what level indicates that the graph matching algorithm obtained

the true matching and is a meaningful measure of the graph correlation. The

Phantom Alignment Strength Conjecture introduced in Chapter 5 provides a

principled and practical means to approach this issue. We also provide empir-

ical evidence for the conjecture and explore its consequences. (This work with

coauthors is accepted for publication in [32]).

In Chapter 6, we focus on statistical inference on the correlated Bernoulli

random graph model, and we introduce a new variance-reducing technique—

called balancing—that can refine estimators for model parameters. Specifi-

cally, we construct a disagreement statistic and show that it is complete and

sufficient; balancing can be interpreted as Rao-Blackwellization with this dis-

agreement statistic. We show that for unbiased estimators of functions of

model parameters, balancing generates uniformly minimum variance unbiased

estimators (UMVUEs). However, even when unbiased estimators for model

parameters do not exist—which, as we prove, is the case with both the het-

erogeneity correlation and the total correlation parameters—balancing is still

useful, and lowers mean squared error. In particular, we demonstrate how
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CHAPTER 1. INTRODUCTION

balancing can improve the efficiency of the alignment strength estimator for

the total correlation. (The work of Chapter 6 is published with my coauthors

in [33].)

1.2 Notation

In this section, we introduce the notation that will be used throughout this

manuscript. Other notation that may be only used locally will be introduced in

each section as necessary.

‚ Z` denotes the set of positive integers

‚ R denotes the set of real numbers

‚ Rn denotes the set of nˆ 1 column vectors where each element is in R, for

n P Z`

‚ Rn1ˆn2 denotes the set of n1 ˆ n2 real matrices, for n1, n2 P Z`

‚ rns denotes the set t1, 2, . . . nu, for n P Z`

‚
`

V
k

˘

denotes the set of k-element subsets of V for any set V and k P Z`

such that |V | ě k

‚
`

rns
k

˘

denotes the set of all k-element subsets of rns, for n P Z`

‚ AC :“ tx : x R Au is the complement of set A

7
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‚ AzB :“ tx : x P A and x R Bu “ AXBC for sets A,B

‚
Ñ́
1 n denotes the nˆ 1 column vector where all elements are equal to 1, for

n P Z`

‚
Ñ́
0 n denotes the nˆ 1 column vector where all elements are equal to 0, for

n P Z`

‚ r0, 1sn1ˆn2 denotes the set of n1 ˆ n2 matrices where each element is in the

interval r0, 1s, for n1, n2 P Z`

‚ t0, 1un1ˆn2 denotes the set of n1 ˆ n2 matrices where each element equals

0 or 1, for n1, n2 P Z`

‚ Jn denotes the n ˆ n square matrix where all elements are equal to 1, for

n P Z`

‚ 0n denotes the n ˆ n square matrix where all elements are equal to 0, for

n P Z`

‚ 0n1ˆn2 denotes the n1 ˆ n2 zero matrix, for n1, n2 P Z`

‚ In denotes identity matrix with order n, for n P Z`

‚ AT denotes the transpose of matrix or vector A

‚ Aij denotes the element in ith row and jth column of matrix A

8
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‚ Given graph G, we will denote its vertex set as V G and its edge set as EG.

Of course, EG is a subset of
`

V G

2

˘

.

‚ i „G j denotes adjacency of vertices i, j in simple graph G, for i, j P V G

‚ i �G j denotes non-adjacency of vertices i, j in simple graphG, for i, j P V G

‚ AG denotes the adjacency matrix of simple graph G. (For this, and the

next few bullet points in notation, let G be a graph with n vertices that

are assumed to be ordered v1, v2, ¨ ¨ ¨ , vn. For each tvi, vju P
`

V G

2

˘

, we have

AGij “ 1 if and only if vi is adjacent to vj, and AGij “ 0 otherwise.)

‚ DG denotes the degree matrix of simple graph G. (Suppose graph G has n

vertices. Then DG is a nˆn diagonal matrix where the ith diagonal entry

equals the sum of the ith row of AG.)

‚ LG :“ DG ´ AG denotes the Laplacian matrix of simple graph G

‚ An denotes the set of n ˆ n binary-valued, symmetric, hollow matrices.

These are the possible adjacency matrices for simple graphs with n ver-

tices.

‚ ÃG :“ 2AG ´ Jn for AG P An

‚ Pn :“
!

P P t0, 1unˆn : P
Ñ́
1 n “

Ñ́
1 n, P

TÑ́1 n “
Ñ́
1 n

)

is the set of n ˆ n permu-

tation matrices, for n P Z`

9
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‚ Dn :“
!

D P r0, 1snˆn : D
Ñ́
1 n “

Ñ́
1 n, D

TÑ́1 n “
Ñ́
1 n

)

is the set of n ˆ n doubly

stochastic matrices, for n P Z`

‚ Pn1,n2
:“

!

P P t0, 1un1ˆn2 : P
Ñ́
1 n2 “

Ñ́
1 n1 , P

TÑ́1 n1 ď
Ñ́
1 n2

)

, for n1, n2 P Z` such

that1 n1 ď n2

‚ Dn1,n2
:“

!

D P r0, 1sn1ˆn2 : D
Ñ́
1 n2 “

Ñ́
1 n1 , D

TÑ́1 n1 ď
Ñ́
1 n2

)

, for n1, n2 P Z` such

that n1 ď n2

‚ Pn1,n2,K :“
!

P P t0, 1un1ˆn2 : P
Ñ́
1 n2 ď

Ñ́
1 n1 , P

TÑ́1 n1 ď
Ñ́
1 n2 ,

Ñ́
1 T
n1
P
Ñ́
1 n2 “ K

)

,

for K,n1, n2 P Z` such that K ď mintn1, n2u

‚ Dn1,n2,K :“
!

D P r0, 1sn1ˆn2 : D
Ñ́
1 n2 ď

Ñ́
1 n1 , D

TÑ́1 n1 ď
Ñ́
1 n2 ,

Ñ́
1 T
n1
D
Ñ́
1 n2 “ K

)

,

for K,n1, n2 P Z` such that K ď mintn1, n2u

‚ In1,n2,K :“

»

—

—

–

IK 0Kˆpn2´Kq

0pn1´KqˆK 0pn1´Kqˆpn2´Kq

fi

ffi

ffi

fl

P Pn1,n2,K , for K,n1, n2 P Z` such

that K ď mintn1, n2u

‚ Πn denotes the set of bijections from rns to rns, for n P Z`

‚ For each permutation matrix P P Pn, we associate φP P Πn, wherein for

all i, j P rns, φP piq “ j if and only if Pij “ 1.

‚ In : rns Ñ́ rns denotes the identity bijection i.e. Inpiq “ i, for all i P rns

‚ CrKs denotes the leading principle submatrix of order K of matrix C

1Of course, if n1 ą n2, Pn1,n2
is an empty set
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‚ tracepAq :“
řn
i“1 Aii, for A P Rnˆn

‚ }A}F :“
a

tracepATAq Frobenius norm of matrix A

‚ Kronecker product A b B “

»

—

—

—

—

—

—

–

A11B . . . A1nB

... . . . ...

Am1B . . . AmnB

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

P Rmpˆnq, for A P Rmˆn

and B P Rpˆq.

‚ Direct sum A ‘ B “ diagpA,Bq “

»

—

—

–

A 0nˆm

0mˆn B

fi

ffi

ffi

fl

P Rpn`mqˆpn`mq, for A P

Rnˆn and B P Rmˆm.

‚ Ip¨q denotes the indicator function, which equals 1 if the logical statement

“¨” is true and equals 0 otherwise.

‚ PrEs denotes the probability of event E

‚ ErXs denotes the expectation of random variable X

‚ VarrXs denotes the variance of random variable X

‚ Bernoullippq denotes the Bernoulli distribution with parameter p P r0, 1s

‚ Uniformpa, bq denotes the continuous uniform distribution on interval

ra, bs for a ă b

‚
a.s.
´́Ñ almost surely convergence

11
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Remark 1. For simplicity in this manuscript, all graphs are simple (undi-

rected graphs containing no graph loops or multiple edges) unless otherwise

stated, and, therefore, all adjacency matrices are t0, 1u-valued, symmetric,

hollow matrices. However, all algorithms except the ones in Chapter 3 can

be generalized for graphs that are directed, multi-edged, and/or loopy.

Remark 2. For simplicity of notation, unless otherwise stated, for any graph

G “ pV,Eqwhere V is the vertex set, E is the edge set and |V | “ n, we assume

V “ rns “ t1, 2, . . . nu.

1.3 Graph Matching

1.3.1 The graph matching problem

The graph matching problem involves finding the alignment between the

vertex sets of two graphs that best preserve the adjacency structure. More

formally, suppose G “ pV G, EGq and H “ pV H , EHq are two graphs on n vertices,

assuming V G “ V H “ rns for simplicity. For any bijection φ P Πn, the number of

adjacency disagreements between graphs G and H under φ is:

dpG,H, φq :“
ÿ

ti,juPprns2 q

I

´

I
`

i „G j
˘

‰ I
`

φpiq „H φpjq
˘

¯

, (1.1)

12
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where Ip¨q denotes the indicator function, and „G denotes adjacency of vertices

in G. Observe that, for each ti, ju P
`

rns
2

˘

, I
´

I
`

i „G j
˘

‰ I
`

φpiq „H φpjq
˘

¯

is

equal to 1 when [i „G j and φpiq �H φpjq] or [i �G j and φpiq „H φpjq], and is

equal to 0 otherwise. The graph matching problem between G and H is to find

φ P Πn that minimizes the number of adjacency disagreements :

arg min
φPΠn

dpG,H, φq.

We can also formulate the graph matching problem utilizing permutation ma-

trices and adjacency matrices. Let nˆ n matrices AG P An and AH P An denote

adjacency matrices of G and H, respectively. Equivalently, we can express the

graph matching problem between G and H as

arg min
PPPn

}AG ´ PAHP T
}

2
F “ arg min

PPPn
}AGP ´ PAH}2F , (1.2)

where Pn is the set of n ˆ n permutation matrices, and P P Pn corresponds to

φ P Πn, in the manner described in Section 1.2.

If we use hpP q to denote the objective function in the RHS of (1.2), we have:

hpP q “ }AGP ´ PAH}2F

“ trace
`

pAGP ´ PAHqT pAGP ´ PAHq
˘

“ }AG}2F ` }A
H
}

2
F ´ trace

`

pAHqTP TAGP
˘

´ trace
`

P T
pAGqTPAH

˘

“ }AG}2F ` }A
H
}

2
F ´ 2 trace

`

pAGqTPAHP T
˘

.

(1.3)

We can drop the constant terms (relative to P ) in (1.3) and obtain the equiva-
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lent optimization problem to (1.2):

arg min
PPPn

´ trace
`

pAGqTPAHP T
˘

, (1.4)

which indicates that the graph matching problem is equivalent to a quadratic

assignment problem if we allowG,H to be directed, weighted, and loopy graphs.

Let gpP q denote the objective function of (1.4).

In [26], the authors provide an equivalent formulation to (1.2) and (1.4) that

has proved to be useful.

hpP q “ }AG}2F ` }A
H
}

2
F ´ 2 trace

`

pAGqTPAHP T
˘

“ }DG
´ LG}2F ` }D

H
´ LH}2F ´ 2 trace

`

pDG
´ LGqTP pDH

´ LHqP T
˘

“ }LG}2F ` }L
H
}

2
F ´ }D

G
}

2
F ´ }D

H
}

2
F ´ 2 trace

`

pDG
´ LGqTP pDH

´ LHqP T
˘

“ }LG}2F ` }L
H
}

2
F ´ }D

G
}

2
F ´ }D

H
}

2
F ´ 2 trace

`

pLGqTPLHP T
˘

` 2 trace
`

pDG
q
TPDHP T

˘

“ }LG}2F ` }L
H
}

2
F ´ }D

GP ´ PDH
}

2
F ´ 2 trace

`

pLGqTPLHP T
˘

.

(1.5)

The third equality in (1.5) holds because trace
`

pLGqTDG
˘

“ trace
`

pDGqTDG
˘

and trace
`

pLHqTDH
˘

“ trace
`

pDHqTDH
˘

; the fourth equality is from the fact

trace
`

pLGqTPDHP T
˘

“ trace
`

pDGqTPDHP T
˘

“ trace
`

pDGqTPLHP T
˘

. Again,

we can drop the constant terms (relative to P ) in (1.5), and have equivalent

optimization problem:

arg min
PPPn

´}DGP ´ PDH
}

2
F ´ 2 trace

`

pLGqTPLHP T
˘

. (1.6)
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Let lpP q denote the objective function in (1.6).

Note that even though optimization problems (1.2), (1.4) and (1.6) are equiv-

alent, they are different after we will relax their feasible region / domain from

Pn, the set of nˆn permutation matrices, to Dn, the set of nˆn doubly stochastic

matrices (non-negative matrices such that all row sums and all column sums

equal 1). Indeed, as illustrated in Section 1.3.3, relaxation of (1.2) results in

a convex optimization problem, relaxation of (1.4) results in an indefinite op-

timization problem, and relaxation of (1.6) results in a concave optimization

problem.

1.3.2 Natural alignment and graph matchabil-

ity

In many applications when considering two graphs G,H, there is an under-

lying bijection φ˚ P Πn between vertex sets of two graphs. For example, when

studying protein-protein interactions networks from two different species, the

natural alignment links homologous proteins from different species; if G and

H are social networks with the same members (e.g. an email network and a

Twitter network representing the same community), the underlying alignment

φ˚ maps each member to themselves. Under this setting, when we search for

a bijection that best preserves the adjacency structure in the graph matching
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problem, we naturally hope the obtained optimal solution can recover the nat-

ural correspondence. If the solution of the graph matching problem on G,H is

equal to the truth alignment, we say graphs G,H are matchable. Factors that

influence graph matchability are studied in Chapter 4.

To model the presence of natural alignment, we introduce correlated ran-

dom graph models in Section (1.4.1). When two graphs are realizations of

those correlated random graphs models, the latent alignment is the identity

mapping.

1.3.3 Relaxing the graph matching problem

The graph matching problem, in its full generality, is equivalent to the

quadratic assignment problem which is NP-hard. Therefore, it is computa-

tionally intractable to solve it exactly for general graphs with large numbers

of vertices. Plenty of algorithms have been developed to solve for an approxi-

mate solution. Some rely on the spectral decomposition of the adjacency matrix

or the Laplacian matrix ( [24, 34, 35]) based on the fact that eigenvalues and

eigenvectors are invariant with respect to vertex reordering. Another common

idea on which we focus in this section is to first relax the feasible region of

the graph matching problem from Pn to Dn, use continuous optimization tech-

niques to solve the relaxed problem, and finally project the solution back to Pn

( [23, 26, 36–38]). In this section, we introduce relaxations of the three graph
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matching formulations (1.2), (1.4) and (1.6):

Convex-GM : arg min
DPDn

}AGD ´DAH}2F , (1.7)

Indefinite-GM : arg min
DPDn

´ trace
`

pAGqTDAHDT
˘

, and (1.8)

Concave-GM : arg min
DPDn

´}DGD ´DDH
}

2
F ´ 2 trace

`

pLGqTDLHDT
˘

. (1.9)

All three objective functions above are defined on the set of doubly stochastic

matrices, which is the convex hull of the set of permutation matrices by the

Birkhoff-Von Neumann Theorem [39,40]. Problem (1.7) is a constrained convex

quadratic programming problem. The underlying objective function is convex

because it is a composition of a convex function and an affine function. The

Hessian matrix of the objective function in (1.8) is

´

´

AH b AG `
`

AH
˘T
b
`

AG
˘T
¯

,

which is real and symmetric (and, therefore, unitary diagonalizable) and has

trace equal to 0 in that both AH and AG are symmetric, hollow matrices by

definition. It then follows that unless this Hessian matrix is a zero matrix,

it must have both positive and negative eigenvalues, thereby rendering the

problem as indefinite. Problem (1.9) is a concave optimization problem as both

´}DGD ´ DDH}2F and ´ trace
`

pLGqTDLHDT
˘

are concave functions. To show

´ trace
`

pLGqTDLHDT
˘

is concave, we can calculate its Hessian matrix, which is

´

´

LH b LG `
`

LH
˘T
b
`

LG
˘T
¯

. Hence (1.9) is concave by noting that Laplacian

matrices LG, LH are positive semidefinite.
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As a convex quadratic programming problem, (1.7) can be solved, for ex-

ample, by an interior point method in polynomial time [41]. However, as it has

been shown in [42], under mild conditions, it almost always holds that the solu-

tion of Convex-GM (1.7) is not equal to the solution of graph matching problem

(1.2). In contrast, while Indefinite-GM (1.8) and Concave-GM (1.9) are compu-

tationally intractable, both of their solutions have theoretical justifications in

recovering the solution of the original graph matching problem. Indeed, [42]

showed that under mild conditions, the solution of (1.8) is almost always equal

to the solution of (1.2), which is also the true alignment, if graphs follow a cor-

related random Bernoulli graph model (Section 1.4). In addition, from [43], a

concave function over a convex set achieves its global minimum at a boundary

of the convex set and, indeed, (1.9) has the same solution as the original graph

matching problem.

1.3.4 Graph matching algorithms

In this section, we introduce two state-of-the-art approximate graph match-

ing algorithms based on relaxation and continuous optimization, the Fast Ap-

proximate Quadratic Assignment (FAQ) algorithm [23], and the PATH algo-

rithm [26]. We start by describing the Frank-Wolfe Algorithm [44], which will

be the fundamental technique used in solving the relaxations ( [19,23,26,45]).
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1.3.4.1 The Frank-Wolfe Algorithm

The Frank-Wolfe Algorithm is an iterative algorithm for constrained con-

vex optimization problems utilizing first-order methodology. Although it was

first introduced in [44] for maximizing concave quadratic functions (minimiz-

ing convex quadratic functions), it has been shown to be a reliable algorithm to

approximately solve (1.8) and (1.9) in the FAQ algorithm and the PATH algo-

rithm, respectively.

We now present the Frank-Wolfe Algorithm, in general. We first define

optimization problem

arg min
xPX

fpxq, (1.10)

where X Ă Rn is a polyhedral set, and f : X Ñ R is a continuously differen-

tiable function. Starting at an arbitrary xp0q P X , it generates a sequence of

“Frank-Wolfe” iterates xp1q, xp2q, ¨ ¨ ¨ , until the stopping criteria is achieved (e.g.

subsequent iterates do not change much). In the kth iteration, it first finds the

optimal solution s P X which minimizes the first-order Taylor approximation

of fpxq over X , i.e.

arg min
sPX

fpxpk´1q
q `∇fpxpk´1q

q
T
ps´ xpk´1q

q

which is equivalent to arg minsPX ∇fpxpk´1qqT s. Next, a line search step is per-

formed to minimize fpxq on the line segment between xpk´1q and s. The optimal
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point is denoted by xpkq. Refer to Algorithm 1 for more details.
Algorithm 1: Frank-Wolfe Algorithm

Initialization: k “ 1 and xp0q P X

while stopping criteria not met do

Solve spk´1q P arg minsPX ∇fpxpk´1qqT s;

Solve αpk´1q P arg minαPr0,1s fpαx
pk´1q ` p1´ αqspk´1qq;

Let xpkq “ αpk´1qxpk´1q ` p1´ αpk´1qqspk´1q;

Let k “ k ` 1;

end

Output : x˚ :“ xpk´1q P X

1.3.4.2 The FAQ Algorithm

In the last section, we briefly introduced the main idea of FAQ algorithm

[23], which is to solve the relaxed graph matching problem (1.8) approximately

using the Frank-Wolfe Algorithm and then to project the solution back to the

set of the permutation matrices. In this section, we present more details on the

FAQ algorithm and we will modify FAQ to employ seeds in the next chapter.

Suppose AG, AH P An denote the adjacency matrices for graphs G,H, respec-

tively. As back in Section 1.3.1, denote gpDq “ ´ trace
`

pAGqTDAHDT
˘

for any

D P Dn. Then the optimization problem we solve in FAQ is:

arg min
DPDn

gpDq.

In the language of the Frank-Wolfe Algorithm, we first arbitrarily pick an ini-
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tial point Dp0q P Dn. One reasonable choice is Dp0q “ 1
n
Jn, as it is the barycenter

of the feasible region. Then, we sequentially generate iterates Dp1q, Dp2q, ¨ ¨ ¨ . At

the kth iteration, we calculate

∇gpDpk´1q
q “ ´pAGqTDpk´1qAH ´ AGDpk´1q

pAHqT ,

and minimize the first-order approximation of gpDq by solving:

arg min
QPDn

trace
`

∇gpDpk´1q
q
TQ

˘

. (1.11)

Note that the optimization problem (1.11) is equivalent to

arg min
QPPn

trace
`

∇gpDpk´1q
q
TQ

˘

, (1.12)

the linear assignment problem, in the sense that any solution to (1.12) is a

solution to (1.11) and conversely if Q is a solution to (1.11), then Q is a con-

vex combination of solutions to (1.12). Indeed, linear programs have solutions

at extreme points and the extreme points are permutation matrices by the

Birkhoff-Von Neumann Theorem. The linear assignment problem (1.12) can

be solved by the Hungarian Algorithm [46] in Opn3q time complexity. After

obtaining the solution of (1.12), call it Qpk´1q, we next solve:

arg min
αPr0,1s

g
`

αDpk´1q
` p1´ αqQpk´1q

˘

. (1.13)
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Note that g
`

αDpk´1q ` p1´ αqQpk´1q
˘

is equal to

´ trace
´

pAGqT pαDpk´1q
` p1´ αqQpk´1q

qAH
`

αDpk´1q
` p1´ αqQpk´1q

˘T
¯

“ ´α2 trace
`

pAGqTDpk´1qAHpDpk´1q
q
T
˘

´ αp1´ αq trace
`

pAGqTDpk´1qAHpQpk´1q
q
T
˘

´ p1´ αqα trace
`

pAGqTQpk´1qAHpDpk´1q
q
T
˘

´ p1´ αq2 trace
`

pAGqTQpk´1qAHpQpk´1q
q
T
˘

.

(1.14)

Given that Dpk´1q and Qpk´1q are fixed, g
`

αDpk´1q ` p1´ αqQpk´1q
˘

is a quadratic

function in scalar α, which is trivial to minimize for α P r0, 1s. Call the solution

αpk´1q. Then we set Dpkq “ αpk´1qDpk´1q` p1´αpk´1qqQpk´1q. We end the loop as it

reaches the stopping criteria. Note that the output of the while loop, call it D̃,

is not necessarily a permutation matrix; therefore, we need a final projection

step to project the output to the set of permutation matrices; i.e. solving

arg min
PPPn

}P ´ D̃}2F , (1.15)

which is equivalent to

arg min
PPPn

}P }2F ` }D̃}
2
F ´ 2 tracepD̃TP q.

Given that }P }2F “ n for any P P Pn and }D̃}2F is not dependent on P , we end up

with

arg min
PPPn

´ tracepD̃TP q,

which is a linear assignment problem and can be solved by Hungarian algo-
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rithm. Algorithm 2 offers more details.
Algorithm 2: FAQ Algorithm

Input : Graphs G and H with respective adjacency matrices

AG P An and AH P An, and starting point Dp0q P Dn

Initialization: k “ 1 and Dp0q “ 1
n
Jn if not otherwise given

while stopping criteria not met do

Calculate ∇gpDpk´1qq “ ´pAGqTDpk´1qAH ´ AGDpk´1qpAHqT ;

Solve Qpk´1q P arg minQPPn trace
`

∇gpDpk´1qqTQ
˘

by Hungarian

Algorithm;

Solve αpk´1q P arg minαPr0,1s gpαD
pk´1q ` p1´ αqQpk´1q));

Let Dpkq “ αpk´1qDpk´1q ` p1´ αpk´1qQpk´1q;

Let k “ k ` 1;

end

Solve P̂ “ arg minPPPn ´ traceppDpk´1qqTP q

Output : Bijection φP̂ , which corresponds to P̂ in the manner

described in Section 1.2.

1.3.4.3 The PATH Algorithm

The PATH algorithm [26] is a well-known approximate algorithm for the

graph matching problem. Similar to FAQ in [23], it obtains an approximate so-

lution by solving the relaxed optimization problem using Frank-Wolfe method-

ology. However, the difference is that while the FAQ uses indefinite relaxation
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(1.8), the PATH Algorithm approximately solves Concave-GM (1.9) utilizing

carefully selected initializations. Indeed, it solves a sequence of relaxed opti-

mization problems:

arg min
DPDn

fλpDq (1.16)

for λ incrementally moving from 0 to 1, where functions hpDq and lpDq are

defined in Section 1.3.1, and

fλpDq “ p1´ λqhpDq ` λlpDq for λ P r0, 1s.

When λ “ 0, (1.16) is actually Convex-GM (1.7), which is efficiently solvable,

but has solution different from the original problem in general, as we men-

tioned before. When λ “ 1, (1.16) is Concave-GM (1.9), which is intractable

as mentioned. With λ incrementally moving towards 1 from 0, the PATH algo-

rithm approximately solves the current indefinite optimization problem with

the Frank-Wolfe algorithm, utilizing the approximate solution from the last

formulation as a starting point in each iteration. It finally reaches the ap-

proximate solution of Concave-GM (1.9), which shares the same global optimal

as the original graph matching problem. The pseudocode of the PATH algo-
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rithm [26] can be found in Algorithm 3.
Algorithm 3: PATH

Input : Graphs G and H with respective adjacency matrices

AG P An and AH P An, and step length d

Initialization: λ “ 0, D˚0 “ arg minDPDn f0pDq

while λ ă 1 do

Let λ1 “ minp1, λ` dq;

Solve D˚
λ1
P arg minDPDn fλ1 pDq using Algorithm 1 starting at D˚λ;

Let λ “ λ
1

end

Solve P̂ “ arg minPPPn ´ traceppD˚λq
TP q ;

Output : Bijection φP̂

1.4 Random Graph Models and Corre-

lated Random Graph Models

In this section, we introduce a number of random graph models, that will be

used later in this manuscript. Note that for correlated random graph models,

unless otherwise specified, we suppose the natural alignment between vertex

sets is the identity function, without loss of generality.
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1.4.1 The Erdős-Rényi model

We start with the Erdős-Rényi random graph model, introduced in [47], for

it is the simplest and most well-studied random graph model.

Definition 1. [ERpppn,pqqq] Given the number of vertices n P Z` and a

Bernoulli parameter p P r0, 1s, a random graph G has an Erdős-Rényi dis-

tribution with parameters n and p , written as G „ ERpppn,pqqq, if V G “ rns,

and for each ti, ju P
`

rns
2

˘

, AGij „ Bernoullippq and all random variables
 

AGij
(

ti,juPprns2 q
are collectively independent, where AG is the adjacency matrix

for G.

Then we can define the correlated Erdős-Rényi Model:

Definition 2. [corrERpppρ,n, pqqq] Given the number of vertices n P Z`, a

Bernoulli parameter p P r0, 1s, and a correlation coefficient ρ P r0, 1s, a

pair of random graphs G and H has a correlated Erdős-Rényi distribution

with parameters ρ, n and p, written as pG,Hq „ corrERpppρ,n, pqqq, if G,H „

ERpppn,pqqq marginally, and all random variables
 

AGij
(

ti,juPprns2 q

Ť
 

AHij
(

ti,juPprns2 q

are collectively independent, except that for each ti, ju P
`

rns
2

˘

, AGij and AHij

have Pearson correlation ρ if p P p0, 1q.

If p equals 0 or 1, then the value of ρ is irrelevant. It is not hard to see that
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parameters ρ, n, and p uniquely specify the joint distribution of the two graphs.

1.4.2 The stochastic block model

In this section, we introduce the stochastic block model, which is used to

model a population consisting of subpopulations that are probabilistically mono-

lithic. (In this context, community detection is a common statistical task [48].)

This model was first defined in [49]. Compared to the Erdős-Rényi random

graph, where all pairs of vertices have the same Bernoulli parameter, in the

stochastic block model we define a block membership function mapping ver-

tices to blocks, and vertices in the same community share the same Bernoulli

parameter.

Definition 3. [SBM pppΛ, b, kqqq] Given the number of blocks k P Z`, the num-

ber of vertices n P Z` (k ď n), a Bernoulli parameter matrix Λ P r0, 1skˆk,

and a block membership function b : rns Ñ rks, a random graph G has

a stochastic block model distribution with parameters Λ, b and k, de-

noted G „ SBM pppΛ, b, kqqq, if V G “ rns, and for each ti, ju P
`

rns
2

˘

, AGij „

BernoullipΛbpiq,bpjqq; and all random variables
 

AGij
(

ti,juPprns2 q
are collectively

independent.

Similarly we define the correlated stochastic block model:
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Definition 4. [corrSBM pppρ,Λ, b, kqqq] Given the number of blocks k P Z`,

the number of vertices n P Z` (k ď n), a Bernoulli parameter matrix

Λ P r0, 1skˆk, a block membership function b : rns Ñ rks, and a correlation

coefficient ρ P r0, 1s, a pair of random graphs G and H has a correlated

stochastic block model distribution with parameters ρ, Λ, b and k, denoted

pG,Hq „ corrSBM pppρ,Λ, b, kqqq, if G,H „ SBM pppΛ, b, kqqq marginally, and all

random variables
 

AGij
(

ti,juPprns2 q

Ť
 

AHij
(

ti,juPprns2 q
are collectively independent,

except that for each ti, ju P
`

rns
2

˘

, AGij and AHij have Pearson correlation ρ if

Λbpiq,bpjq P p0, 1q.

1.4.3 The random Bernoulli graph model

In this section, we define the random Bernoulli graph model, which has

Erdős-Rényi Model and Stochastic Block Model as special cases.

Definition 5. [BernoullipppΛqqq] Given the number of vertices n P Z`,

a Bernoulli parameter matrix Λ P r0, 1snˆn, a random graph G has a

random Bernoulli graph distribution with parameters Λ, denoted G „

BernoullipppΛqqq, if V G “ rns, and for each ti, ju P
`

rns
2

˘

, AGij „ BernoullipΛijq,

and all random variables
 

AGij
(

ti,juPprns2 q
are collectively independent.
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Definition 6. [corrBernoullipppρ,Λqqq] Given the number of vertices n P Z`,

a Bernoulli parameter matrix Λ P r0, 1snˆn, and a correlation coefficient

ρ P r0, 1s, a pair of random graphs G and H has a correlated random

Bernoulli graph distribution with parameters ρ and Λ, denoted pG,Hq „

corrBernoullipppρ,Λqqq, if G,H „ BernoullipppΛqqq marginally, and all random

variables
 

AGij
(

ti,juPprns2 q

Ť
 

AHij
(

ti,juPprns2 q
are collectively independent, except

that for each ti, ju P
`

rns
2

˘

, AGij and AHij have Pearson correlation ρ if Λij P p0, 1q.

Note that corrERpppρ,n, pqqq, which is also defined in [50], is a special case of

corrBernoullipppρ,Λqqq in which the Bernoulli parameter matrix Λ P r0, 1snˆn is a

constant matrix, i.e. Λ “ pJn, which may also be viewed as a correlated stochas-

tic block model with single block. In addition, corrSBM pppρ,ΛSBM , b, kqqq can

be viewed as correlated random Bernoulli graph model with parameters ρ and

Λ P p0, 1qnˆn such that Λij “ ΛSBM
bpiq,bpjq for all ti, ju P

`

rns
2

˘

. In contrast, the cor-

related random Bernoulli graph model with parameters ρ and Λ P p0, 1qnˆn

can also be regarded as a special case of corrSBM pppρ,ΛSBM , b, kqqq, where

b : rns Ñ rns is an identity function, k “ n and ΛSBM “ Λ.

The following correlated random graph model is a generalization of the cor-

related random Bernoulli graph model in Definition 6 in the following ways:

i) It no longer requires that the two graphs have the same number of vertices;

ii) It no longer requires the correlation between pairs of vertices are the same
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for all pairs;

iii) the two graphs do not need to share the same Bernoulli parameter matrix.

Without loss of generality, in our definition, we suppose graph G has no fewer

vertices than graph H.

Definition 7 (Generalized ´́́corrBernoullipppR,ΛG,ΛHqqq). Given symmet-

ric matrices R P r0, 1sn2ˆn2 , ΛG P r0, 1sn1ˆn1 and ΛH P r0, 1sn2ˆn2 for positive

integers n1, n2 such that n2 ď n1, a pair of random graphs G and H has a gen-

eralized correlated Bernoulli random graph distribution with parameters R,

ΛG, and ΛH , denoted pG,Hq „ Generalized ´́́ corrBernoullipppR,ΛG,ΛHqqq,

ifG „ BernoullipppΛGqqqmarginally andH „ BernoullipppΛHqqqmarginally, and

all random variables
 

AGij
(

ti,juPprn1s2 q

Ť
 

AHij
(

ti,juPprn2s2 q
are collectively indepen-

dent, except that for each ti, ju P
`

rn2s

2

˘

, if 0 ă ΛG
ij ă 1 and 0 ă ΛH

ij ă 1, AGij and

AHij have Pearson correlation Rij.

Note that this definition, by nature, adds constraints on R. Indeed, as

will be shown in Section 1.4.4, for ti, ju P
`

rn2s

2

˘

, Rij needs to be in the in-

terval
„

max

ˆ

´

c

ΛGijΛ
H
ij

p1´ΛGijqp1´ΛHij q
,´

c

p1´ΛGijqp1´ΛHij q

ΛGijΛ
H
ij

˙

,min

ˆ
c

ΛHij p1´ΛGijq

ΛGijp1´ΛHij q
,

c

ΛGijp1´ΛHij q

ΛHij p1´ΛGijq

˙

.

This model is also introduced in [51], where it was referred to as the “correlated

Erdős-Rényi model”. When n1 “ n2 , R is a constant matrix, and ΛG “ ΛH , then

this model is equivalent to the correlated random Bernoulli graph model in

Definition 6.
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1.4.4 Sampling

In this section, we show how to sample a pair of random variables pX, Y q

where X „ Bernoullippq marginally, Y „ Bernoullipqq marginally such that

p, q P p0, 1q, and the Pearson correlation coefficient between X and Y is ρ. We

can then sample a pair of random graphs G,H from any of the correlated ran-

dom graph models listed above by repeating this process for each relevant ver-

tex pair independently.

1. Realize x from X „ Bernoullippq

2. Conditioning on X “ x, realize y from

Y „ Bernoulli
ˆ

q ` ρ
a

qp1´ qq

ˆ

´

c

p

1´ p
` x

ˆ
c

p

1´ p
`

c

1´ p

p

˙˙˙

(1.17)

Note that if p “ q, then the Bernoulli parameter in Step 2 is p` px´ pqρ.

We can verify that the above Y indeed has a marginal Bernoullipqq distribu-

tion by the following computation:

P rY “ 1s “ P rY “ 1, X “ 1s ` P rY “ 1, X “ 0s

“ P rY “ 1 |X “ 1sP rX “ 1s ` P rY “ 1 |X “ 0sP rX “ 0s

“ p

ˆ

q ` ρ

c

qp1´ qq
1´ p

p

˙

` p1´ pq

ˆ

q ´ ρ

c

qp1´ qq
p

1´ p

˙

“ q.
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Also the Pearson correlation coefficient ρXY between X and Y from above is ρ

by noting that

ρXY “
Cov pX, Y q

a

VarpXqVarpY q

“
P rY “ 1, X “ 1s ´ P rX “ 1sP rY “ 1s

a

pp1´ pqqp1´ qq

“ ρ.

Note that whenX „ Bernoullippqmarginally and Y „ Bernoullipqqmarginally,

the possible values of ρXY are in
«

max

˜

´

c

pq

p1´ pqp1´ qq
,´

d

p1´ pqp1´ qq

pq

¸

,min

˜

d

qp1´ pq

pp1´ qq
,

d

pp1´ qq

qp1´ pq

¸ff

,

(1.18)

which is obtained by the bounds placed on the Bernoulli parameter in (1.17).

Remark 3. Note that the graph matching problem (1.2) may not have a

unique solution (for example, when one graph has a nontrivial automor-

phism), particularly in a finite sample setting. It should be understood that

when we do numerical optimization and encounter multiple solutions then

we arbitrarily select one of them.

Also, regarding the correlated random graph setting, the identity mapping

may not be the only natural alignment; for example, when edge correlation

ρ “ 0 in the correlated stochastic block model, all bijections that preserve

block membership may be considered natural alignments. With this in mind,

we nonetheless refer to the identity mapping as the natural alignment.
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1.5 The Borel-Cantelli Lemma

In this section, we introduce the first Borel-Cantelli lemma, which we will

frequently use in the upcoming sections.

For a sequence of events tEnu8n“1 in sample space Ω, define set lim sup
n

En :“

8
Ş

m“1

8
Ť

n“m

En and lim inf
n

En :“
8
Ť

m“1

8
Ş

n“m

En. We then have
ˆ

lim sup
n

En

˙C

“ lim inf
n

EC
n .

The Borel-Cantelli lemma (from [52]) states that:

Theorem 1. If
ř

n P rEns converges, then P
„

lim sup
n

En



“ 0.

Proof. We have

P
„

lim sup
n

En



ď P

«

8
ď

l“m

El

ff

ď

8
ÿ

l“m

P rEls

where the first inequality is from the fact that lim sup
n

En Ă
8
Ť

l“m

El for any m,

and the second inequality is by the union bound. Since
ř

n P rEns converges, we

can get desired result by letting m Ñ́ 8.

This theorem tells us that if the probability of sequence of events tEnu8n“1

is summable over n, then the probability that En occurs infinitely often is 0,

which is equivalent to the statement that, with probability 1, EC
n occurs for all

but finitely many n. A useful tool for proving almost sure convergence is the

following theorem, which is stated as Theorem 4.2.2 in [52]:

Theorem 2. Xn
a.s.
´́Ñ 0 if and only if for any ε ą 0, P

„

lim sup
n

t|Xn| ą εu



“ 0.
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Seeded Graph Matching

2.1 The Seeded Graph Matching Prob-

lem

We introduced the graph matching problem in Section 1.3.1; given two

graphs, find the bijection between their vertex sets to minimize the number

of disagreements. A natural question stemming from it is: What if part of the

bijection is prespecified and fixed? Exploration of this seeded graph match-

ing problem is addressed in different settings. The authors of [20] and [53]

incorporate constraints that require mappings to only be between the same

“type” of vertices. More recent advances include: utilization in spectral cluster-

ing [54], semi-supervised learning [55], and seed-selection processes [56], and
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exploration of other techniques for leveraging seeds in graph matching (see,

for example, [57, 58]), as well as a few surveys, for example [59, 60], covering

seeded graph matching.

Suppose G “ pV G, EGq and H “ pV H , EHq are two graphs on n vertices, and

again we assume V G “ V H “ rns for simplicity. Suppose we are also given

two seed sets SG Ď V G and SH Ď V H such that |SG| “ |SH | and a bijection

ψ : SG Ñ SH . The task of seeded graph matching is to find φ P Πn, such that

φpvq “ ψpvq for all v P SG, to minimize the number of edge disagreements :

arg min
φPΠn; φpvq“ψpvq for all vPSG

dpG,H, φq, (2.1)

where dpG,H, φq is defined in (1.1). In other words, the feasible region is the

set of bijections in Πn that agree with ψ on SG and SH . We call the elements

in SG and SH seeds, and we call the bijection ψ : SG Ñ SH a seeding. Let the

number of seeds be s :“ |SG| “ |SH |. Without loss of generality, we can assume

SG “ SH “ t1, 2, . . . su Ď rns, and we assume that the seeding ψ : SG Ñ SH is

the identity mapping. Let matrices AG P An and AH P An denote adjacency

matrices of G and H, respectively. We have an equivalent form of the seeded

graph matching problem:

arg min
PPPn´s

}AG ´ pIs ‘ P qA
H
pIs ‘ P q}

2
F “ arg min

PPPn´s
}AGpIs ‘ P q ´ pIs ‘ P qA

H
}

2
F ,

(2.2)
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where ‘ denotes the matrix direct sum and Is ‘ P P Pn. We can expand it by

}AGpIs ‘ P q ´ pIs ‘ P qA
H
}

2
F

“ }AG}2F ` }A
H
}

2
F ´ 2 trace

`

pAGqT pIs ‘ P qA
H
pIs ‘ P q

T
˘

.

Dropping the constant terms (relative to P ), the optimization problem (2.2) is

equivalent to

arg max
PPPn´s

trace
`

pAGqT pIs ‘ P qA
H
pIs ‘ P q

T
˘

. (2.3)

As mentioned in Section 1.3.2, it is common in practice that there is a nat-

ural alignment between the two vertex sets. Then the seeded graph matching

problem can be viewed as an attempt to recover the latent alignment when

only part of the alignment is observed.

2.2 The SGM Algorithm

2.2.1 The relaxation

Similar to the graph matching problem, the seeded graph matching problem

is intractable. Therefore, in this section we utilize an indefinite relaxation

to the seeded graph matching problem and apply the Frank-Wolfe algorithm

(Section 1.3.4.1) to approximately solve the relaxed problem.

For simplicity, we first partition adjacency matrices AG P An and AH P An
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as

AG “

»

—

—

–

AG11 AG12

AG21 AG22

fi

ffi

ffi

fl

and AH “

»

—

—

–

AH11 AH12

AH21 AH22

fi

ffi

ffi

fl

(2.4)

whereAG11, A
H
11 P Rsˆs, AG12, A

H
12 P Rsˆpn´sq, AG21, A

H
21 P Rpn´sqˆs , AG22, A

H
22 P Rpn´sqˆpn´sq,

AG12 “ pA
G
21q

T , and AH12 “ pA
H
21q

T . Then we expand the objective function of (2.3)

and obtain

trace
`

pAGqT pIs ‘ P qA
H
pIs ‘ P q

T
˘

“ trace
`

pAG11q
TAH11

˘

` trace
`

pAG21q
TPAH21

˘

` trace
`

pAG12q
TAH12P

T
˘

` trace
`

pAG22q
TPAH22P

T
˘

.

Dropping constant terms (relative to P ), we have

arg max
PPPn´s

trace
`

pAG21q
TPAH21

˘

` trace
`

pAG12q
TAH12P

T
˘

` trace
`

pAG22q
TPAH22P

T
˘

.

Similar to (1.8), if we relax the feasible region to the set of doubly stochastic

matrices, which is equivalent to replacing integrality constraints with nonneg-

ativity constraints, we can obtain

arg max
PPDn´s

trace
`

pAG21q
TPAH21

˘

` trace
`

pAG12q
TAH12P

T
˘

` trace
`

pAG22q
TPAH22P

T
˘

, (2.5)

which is a quadratic programming problem with an indefinite Hessian matrix,

by the same reasoning as in Section 1.3.3.
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2.2.2 Seeding FAQ

In this section, we present our seeded graph matching algorithm “SGM” ,

which is a modification of the FAQ algorithm [23], to approximately solve the

seeded graph matching problem. It solves the relaxed seeded graph matching

problem (2.5) utilizing the Frank-Wolfe method (See Section 1.3.4.1) and then

projects the solution back to the set of permutation matrices. We specifically

extend the FAQ algorithm here since this algorithm is both fast and accurate,

as illustrated in [23]. Indeed, from [23], FAQ has better accuracy than previous

state-of-the-art algorithms on over 93% of the QAPLIB [61] benchmark prob-

lems. Furthermore, as discussed in Section 1.3.3, [42] provides a theoretical

guarantee on the indefinite relaxation utilized in the FAQ.

Let fpP q denote the objective function in (2.5). Then the gradient is

∇fpP q “ AG21pA
H
21q

T
` pAG12q

TAH12 ` A
G
22P pA

H
22q

T
` pAG22q

TPAH22. (2.6)

Similar to the FAQ algorithm, in the language of the Frank-Wolfe method, we

first arbitrarily choose the starting point P p0q. Throughout this chapter, un-

less otherwise specified, we initialize all SGM-based algorithms at the non-

informative barycenter1 1
n´s

Jn´s P Dn´s. We sequentially generate iterates

P p1q, P p2q, ¨ ¨ ¨ ; the kth iteration is performed as follows. We solve

Qpk´1q
P arg max

QPPn´s
trace

`

∇fpP pk´1q
q
TQq

˘

(2.7)

1See Appendix A for effects of different initializations
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using the Hungarian Algorithm, followed by a line search step to maximize the

objective function over the line segment from P pk´1q to Qpk´1q,

arg max
αPr0,1s

f
`

αP pk´1q
` p1´ αqQpk´1q

˘

. (2.8)

For simplicity, we will denote

F pαq :“ f
`

αP pk´1q
` p1´ αqQpk´1q

˘

c :“ trace
`

pAG22q
TP pk´1qAH22pP

pk´1q
q
T
˘

d :“ trace
`

pAG22q
TP pk´1qAH22pQ

pk´1q
q
T
` pAG22q

TQpk´1qAH22pP
pk´1q

q
T
˘

e :“ trace
`

pAG22q
TQpk´1qAH22pQ

pk´1q
q
T
˘

u :“ trace
`

pP pk´1q
q
TAG21pA

H
21q

T
` pP pk´1q

q
T
pAG12q

TAH12

˘

v :“ trace
`

pQpk´1q
q
TAG21pA

H
21q

T
` pQpk´1q

q
T
pAG12q

TAH12

˘

(2.9)

Then we have F pαq “ pc ´ d ` eqα2 ` pd ´ 2e ` u ´ vqα ` pe ` vq, which is a

quadratic function on α P r0, 1s. By elementary calculus, the optimal αpk´1q P

r0, 1s will either be 2e´d´u`v
2pc´d`eq

or 0 or 1, whichever has the lower value of F and

is in interval r0, 1s. The kth iteration concludes by setting P pkq “ αpk´1qP pk´1q `

p1´ αpk´1qqQpk´1q.

Upon the termination condition, say that k “ L, we then project DpLq to the

set of permutation matrices using the Hungarian algorithm. We provide the

39



CHAPTER 2. SEEDED GRAPH MATCHING

pseudocode in Algorithm 4.
Algorithm 4: SGM Algorithm

Input : Graphs G and H with respective adjacency matrices

AG P An and AH P An, number of seeds s ă n (assuming

first s vertices are seeds) and starting point P p0q P Dn´s

Initialization: k “ 1, P p0q “ 1
n´s

Jn´s if not otherwise given

while stopping criteria not met do
Step 1: Calculate

∇fpP pk´1qq “ AG21pA
H
21q

T`pAG12q
TAH12`A

G
22P

pk´1qpAH22q
T`pAG22q

TP pk´1qAH22;

Step 2: Solve Qpk´1q P arg maxQPPn´s trace
`

∇fpP pk´1qqTQq
˘

by

Hungarian algorithm;

Step 3:Solve αpk´1q P arg maxαPr0,1s f
`

αP pk´1q ` p1´ αqQpk´1q
˘

;

Step 4: Let P pkq “ αpk´1qP pk´1q ` p1´ αpk´1qqQpk´1q;

Step 5: Set k “ k ` 1;

end

Solve P̂ P arg maxPPPn´s trace
`

P TP pk´1q
˘

;

Output : Permutation matrix Is ‘ P̂ P Pn and Bijection φIs‘P̂ P Πn

2.2.3 Time and space complexity of SGM

Let n denote the total number of vertices, s denote the number of seeds and

m “ n´s denote the number of unknown vertices and we assume s P Opmq. We

can analyze the time complexity of SGM by each step. In Step 1, we calculate

the derivative of f by matrix multiplications, which has time complexity Opm3q
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(See [62–64] for faster implementations of matrix multiplication). Note that

we can store and reuse AG21pA
H
21q

T ` pAG12q
TAH12 in every iteration to trade space

for time. In Step 2, we solve the linear assignment problem by the Hungarian

method which has time complexity Opm3q. Step 3 includes matrix multiplica-

tions (Opm3q) and solving quadratic function of α (constant time). Therefore,

given a pre-selected maximum number of iterations in SGM, the overall time

complexity of SGM is Opm3q and the primary computational expenses are con-

tributed by matrix multiplications and the Hungarian method.

We perform a simulation experiment to empirically examine the runtime of

SGM. For each value of the number of unknown vertices m P t150, 300, . . . , 900u,

and for each value of the correlation ρ “ 0.3 and ρ “ 0.8, we ran the SGM

Algorithm on 50 pairs of graphs pG,Hq „ corrSBM pppρ,Λ, b, kqqq with s “ 9

seeds (randomly select the same number of seeds from each block), n “ m ` s

vertices, k “ 3 blocks, the block parameter matrix

Λ “

»

—

—

—

—

—

—

–

0.7 0.3 0.4

0.3 0.7 0.3

0.4 0.3 0.7

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (2.10)

and the block membership function b such that each of the k “ 3 blocks has

the same number of vertices. We perform the experiment on the standard com-

pute nodes (Intel Xeon E5-26580V3 with 12 cores per CPU @ 2.50GHz) in the

Maryland Advanced Research Computing Center (MARCC). In Figure 2.1, we
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display the average runtime (in seconds) ˘2 s.e. for the various values of m and

ρ. The dotted lines indicate the best fitting cubic functions for the average run-

time. Note the excellent fit of a cubic function with the average SGM Algorithm

runtime. We are going to analyze other parameters that influence runtime of

graph matching algorithms in Chapter 4.

Regarding the space complexity, obviously we need Opm2q space for two in-

put adjacency matrices. In each iteration, the algorithm only needs to store

the current doubly stochastic matrix P pkq and its corresponding gradient. Fur-

thermore, the space complexity for Hungarian algorithm is Opm2q, therefore,

the overall space complexity of SGM is Opm2q. Note that the sparse matrix

implementation for adjacency matrices may not be helpful since sparse adja-

cency matrix may not lead to a sparse gradient matrix ∇fpP q which is needed

in Frank-Wolfe iterations.

2.2.4 Performance of SGM

As stated above, for graph matching and seeded graph matching, we seek

the bijection which minimizes the number of adjacency disagreements across

vertex sets, with the hope that the optimal bijection is the underling natural

correspondence. In this section, we perform two types of experiments; one

is to assess how well the SGM Algorithm performs in the sense of achieving

the global optimum fewest number of disagreements, and the other batch of
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Figure 2.1: Average runtime ˘2 s.e. for different unknown vertices m with
ρ “ 0.3, 0.8. Regression function for ρ “ 0.8 is 4.69 ˆ 10´9m3 ` 1.67 ˆ 10´7m2 `

1.06ˆ 10´4m´ 1.14ˆ 10´2 and regression function for ρ “ 0.3 is 3.79ˆ 10´8m3 `

3.35ˆ 10´5m2 ´ 2.20ˆ 10´2m` 3.27.

experiments is geared to assess how well the SGM Algorithm provides a good

estimation for the underlying natural alignment.

As mentioned, graph matching and seeded graph matching are computa-

tionally intractable; and the SGM is an algorithm that provides an approxi-

mate solution with Opm3q time complexity. Therefore, we cannot expect SGM

to always achieve the global optimum fewest number of disagreements. How-

ever, we found that SGM does an excellent job of detecting the global opti-

mum for our simulated graphs. Note that in this batches of experiments,

we only generate small, toy-sized graphs, where it is practical to compute

the global optimum exactly. We independently realized 50 pairs of graphs

pG,Hq „ corrSBM ppp0.9,Λ, b, kqqq with s “ 2 seeds, n “ 30 vertices, k “ 3 blocks,
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block membership function b such that each of the k blocks have the same num-

ber of vertices, and Λ as defined in (2.10), and ran exact seeded graph match-

ing and SGM on these graphs. To obtain the global optimum, we converted the

seeded graph matching problem to the binary integer linear program, which we

describe later in Section 4.5, and we solved it using the Gurobi Optimizer [65].

We found that SGM achieves the global optimum in all 50 pairs. When we re-

ran with zero seeds (in which case SGM is just FAQ), in 29 of 50 pairs of graphs,

the solution fails to achieve the global optimum.

In the second batches of experiments, we focus on the estimation of the true

alignment, the main inferential task of (seeded) graph matching. The metric

we use for this task is the match ratio, which is the ratio of the number of

correctly matched unknown vertices divided by the total number of unknown

vertices.

We set the number of vertices n “ 300, and k, b and Λ are the same as given

in the last experiment. For each value of the number of seeds s P t0, 1, . . . , 20u,

and for each value of ρ P t0, 0.1, . . . , 1u, we realized 150 pairs of random graphs

from corrSBM pppρ,Λ, b, kqqq and ran SGM on each of these pairs of graphs. Fig-

ure 2.2 plots the average match ratio over the 150 pairs of graphs for each

combination of the experiment parameters. Note that the average number of

vertices matched correctly by a uniformly sampled bijection from Πn equals 1,

and, therefore, the chance average match ratio is 1
n´s

. Figure 2.2 indicates

44



CHAPTER 2. SEEDED GRAPH MATCHING

that the average match ratio increases with increasing s and ρ, as expected.

Indeed, only a small number of seeds can introduce dramatic performance im-

provement. When ρ “ 0, in which case vertices in the same block are prob-

abilistic twins and, therefore, the underlying alignment is meaningless, the

average match ratio is quite close to 1
n´s

, the expected match ratio on the uni-

formly sampled bijection. When ρ “ 1, in which case pairs of graphs are almost

surely isomorphic, the average match ratio is 1 even for s “ 0, which indicates

that SGM can find the isomorphism when it exists.

Figure 2.2: Average match ratio ˘ 2 s.e. for different s and different ρ using
SGM
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2.3 Padded SGM

In the previous sections, we introduced the graph matching problem and the

seeded graph matching problem, which seek a bijection between vertex sets of

a pair of graphs with the same cardinality, so as to minimize the number of

adjacency disagreements. However, in practice, the given pair of graphs may

not have the same number of vertices. For example, when studying Facebook

and Twitter networks for one community, it is possible that some members in

the community do not have accounts on both Facebook and Twitter. In addition,

in the context of object detection in an image, we might have a subimage that

we want to match to a subimage within an image.

Formally, suppose we have two graphs G “ prn1s, E
Gq and H “ prn2s, E

Hq,

where n1, n2 P Z`, and we assume n1 ă n2 without loss of generality. The task

we consider in this section is to find a one-to-one (injective) mapping φ : rn1s Ñ́

rn2s to minimize
ř

ti,juPprn1s2 q
|AGij ´ AHφpiqφpjq|, the number of edge disagreements.

Besides the usual graph matching task of finding the optimal alignment, this

task includes finding the induced subgraph in H with n1 vertices that aligns

best with G.

Similar to the usual graph matching setting, we generally assume that

there is a natural correspondence between the vertices of G and correspond-

ing n1 vertices of H. All n1 vertices in G, and the n1 vertices in H that the
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vertices in G correspond to, will be called core vertices, and the other n2 ´ n1

vertices in H will be referred to as extraneous vertices. This problem is known

as the subgraph matching problem. And many techniques have been developed

(See [66–68], for example). (In Chapter 3, we will consider a more general sub-

graph matching problem for which there are extraneous vertices in both G and

H.) As in previous sections, we assume rss is the set of seeds for graphs G and

H, and we assume the seeding function is the identity mapping.

To solve the subgraph matching problem, our strategy is to add pn2 ´ n1q

vertices to G (called the “padding”), then utilize the FAQ or SGM Algorithm to

match paddedG toH (since each have the same number of vertices), and finally

extract the desired injection by restricting the output bijection of FAQ/SGM to

the original (i.e. non-padding) vertices of G.

One padding option, which we call “naı̈ve padding,” that at first seems rea-

sonable, is to pad isolated vertices to the graph G, i.e. the new adjacency ma-

trix for this graph would be
`

AG ‘ 0n2´n1

˘

P An2, and then apply SGM to the

new adjacency matrix and AH . However, it turns out that using this padding

option would fail in general to recover the correct correspondence since these

“padding” isolated vertices would tend to be matched to low-density subgraphs

in H. Thus they are not vacuous vertices which, in an optimal matching, would

not match to the core in H, but rather they might match to the core in H.

Another way to express the inappropriateness of naı̈ve padding is as follows.
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For any P P Pn2´s, the objective function at P is

trace
´

`

AG ‘ 0n2´n1

˘T
pIs ‘ P qA

H
pIs ‘ P q

T
¯

,

which is equal to

2

¨

˚

˝

ÿ

ti,juPprn1s2 q

AGijA
H
φIs‘P piqφIs‘P pjq

`
ÿ

ti,juPpprn2s2 qzp
rn1s
2 qq

`

AG ‘ 0n2´n1

˘

ij
AHφIs‘P piqφIs‘P pjq

˛

‹

‚

,

(2.11)

where φIs‘P P Πn2 corresponds to Is ‘ P , in the manner described in Section

1.2, and all terms in the second summation equal 0. Thus the effect of naı̈ve

padding is that our (2.3) formulation just seeks a subgraph of H (not neces-

sarily an induced subgraph) that has largest number of common edges with G.

In [51], the authors present an extreme example to illustrate how this padding

scheme can go spectacularly wrong. Suppose there is an n1 vertex clique in H

of non-core vertices. We would have that G would be matched to the densest n1

vertex subgraph of H, which can always be the n1 clique, even though they are

non-core vertices.

Thus, we next present a padding scheme that we will call the “adopted”

padding scheme, which address the concerns mentioned above in the naı̈ve

padding scheme. We will use ´1 and 1 for non-adjacency and adjacency in ad-

jacency matrices, respectively, instead of the 0 and 1 used in the naı̈ve padding.

In other words, we construct centered adjacency matrices ÃG :“ 2AG ´ Jn1 and

ÃH :“ 2AH ´ Jn2. Note that when n1 “ n2, i.e. G and H have same number
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of vertices, substituting ÃG and ÃH in place of AG and AH , respectively, in the

seeded graph matching formulation (2.3), will not change its solution set. Now

we pad n2 ´ n1 rows and n2 ´ n1 columns of 0 to ÃG, obtaining
´

ÃG ‘ 0n2´n1

¯

P

t´1, 0, 1un2ˆn2. Considering substituting ÃG ‘ 0n2´n1 and ÃH for AG and AH ,

respectively, in (2.3) for any input permutation matrix P P Pn2´s, the contribu-

tions of padded vertices in G and the vertices they matched to by φIs‘P in H to

the objective function would always equal to 0, as illustrated in (2.11). Indeed,

we are finding injection ψ : rn1s Ñ́ rn2s to maximize
ř

ti,juPprn1s2 q
ÃGijÃHψpiqψpjq,

which is equivalent to minimize
ř

ti,juPprn1s2 q
|AGij ´ AHψpiqψpjq|. The authors of [51]

showed that applying this padding scheme in graph matching can be guaran-

teed to obtain the true alignment, under mild conditions in the context of the

correlated random graph model.

Next, we will empirically demonstrate the superiority of the adopted padding

scheme over the naı̈ve padding scheme. We realize a pair of graphs pG,Hq „

corrSBM pppρ,Λ, b, kqqq (See Definition 4) where correlation ρ “ 0.5, the number

of blocks k “ 4,

Λ “

»

—

—

—

—

—

—

—

—

—

—

–

0.9 0.4 0.3 0.2

0.4 0.9 0.4 0.3

0.3 0.4 0.9 0.4

0.2 0.3 0.4 0.7

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

and the block membership function b maps the first one hundred vertices to
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block 1, the second one hundred to block 2, the third one hundred to block

3, and the last one hundred to block 4. By this construction, block 4 is not

as dense as the first three blocks (See adjacency matrices AG and AH in Fig-

ure 2.3a and Figure 2.3b, respectively, where we use the color black for 1 /

adjacency and the color white for 0 / nonadjacency). We uniformly sample 25

vertices without replacement from each block in graph G and remove these 100

vertices to obtain graph G1 with 300 vertices. Figure 2.3c plots the adjacency

matrix of graph G with removed vertices colored in blue. We then uniformly

sample s “ 10 vertices as seeds and apply the naı̈ve padding scheme and the

adopted padding scheme to graphs G1 and H. Figure 2.3d plots the obtained

400ˆ 400 adjacency matrices AG1 ‘ 0100 (naı̈ve padding) and ÃG1 ‘ 0100 (adopted

padding). Note that for naı̈ve padding, in Figure 2.3d, we use the colors black,

white, and green to represent 1, 0, and 0 (padded), respectively, and for adopted

padding, we use the colors black, white, and green to represent 1, -1, and 0

(padded), respectively. Then we apply SGM with the naı̈ve padding and with

the adopted padding, and the results are displayed in Figure 2.3e and Figure

2.3f, respectively. Figure 2.3e presents the adjacency matrix of naı̈ve padded

G1, permuted by the permutation matrix returned by the naı̈ve padding scheme

to match graph H, whereas Figure 2.3f reveals the adjacency matrix of adopted

padded G1, permuted by the solution of the adopted padding scheme to match

graph H. We can see in Figure 2.3e that most padded vertices (colored green)
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are matched to the fourth block in H, which has 75 core vertices, whereas in

Figure 2.3f, the adopted padding scheme matches all padded vertices to the

extraneous vertices in H, preserving the common community structure.

We then repeat the above experiment 500 times for s “ 6 and s “ 10, and

in Table 2.1 we report, for both naı̈ve and adopted padding schemes, the fol-

lowing: i) the average number of correct matched vertices denoted by C; ii) the

average objective function value
ř

tijuPprn1s2 q
|AGij ´ AHψpiqψpjq|, i.e. the number of

edge disagreements, denoted by F ; iii) and the average number of core vertices

in H that were matched to padding vertices in padded G1 denoted by W . Table

2.1 indicates that the adopted padding can achieve higher core vertices match

ratio, lower objective function value, and smaller number of misclassified core

vertices.

The previous experiments show that the adopted padding scheme is the

right one to use over the naı̈ve padding scheme. We now provide the pseudocode

for the adopted padding scheme in Algorithm 5.
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(a) (b) (c)

(d) (e) (f)

Figure 2.3: Naı̈ve padding vs adopted padding:
a) Adjacency matrix for graph G;
b) Adjacency matrix for graph H;
c) Adjacency matrix for graph G with rows and columns corresponding to
deleted vertices colored in blue (We reordered vertices to move deleted vertices
to the end of each block for illustration purposes);
d) Adjacency matrix of padded G1; adjacency matrix with respect to G1 is in the
upper left corner and the padding part is colored green;
e) Adjacency matrix of naı̈ve padded G1 permuted by the output permutation
matrix of SGM to match H; note that the padded vertices were incorrectly
matched to the fourth block in H, which has 75 core vertices;
f) Adjacency matrix of adopted padded G1 permuted by the output permutation
matrix of SGM to match H.
This figure is from [27] and also appears in Heather G. Patsolic’s disserta-
tion [69].

52



CHAPTER 2. SEEDED GRAPH MATCHING

C F W
Adopted Padding 104.29˘ 2 ˚ 5.40 24345˘ 2 ˚ 200.83 51.59˘ 2 ˚ 1.47
Naı̈ve Padding 11.14˘ 2 ˚ 0.27 31328˘ 2 ˚ 10.81 74.63˘ 2 ˚ 0.03

(a) s “ 6

C F W
Adopted Padding 289.51˘ 2 ˚ 0.49 17304˘ 2 ˚ 20.74 0.14˘ 2 ˚ 0.14
Naı̈ve Padding 141.50˘ 2 ˚ 5.51 25473˘ 2 ˚ 301.29 44.42˘ 2 ˚ 1.62

(b) s “ 10

Table 2.1: Naı̈ve padding vs adopted padding:
C: Average number of core vertices that matched correctly ˘ 2 s.e.; the maxi-
mum possible number is 300´ s
F: Average objective function value

ř

tijuPprn1s2 q
|AGij ´ A

H
ψpiqψpjq|˘ 2 s.e.;

W: Average number of core vertices in H that were matched to padding vertices
in padded G1 ˘ 2 s.e.
The better value is in bold.

Algorithm 5: Padded SGM
Input : Graphs G and H with respective adjacency matrices

AG P t0, 1un1ˆn1 and AH P t0, 1un2ˆn2 (assuming n1 ă n2),

and the number of seeds s (We assume s ă n1, the seeds

are the first s seeds in each vertex set, and the identity

mapping is the seeding function.)

Step 1: Construct ÃG “ 2AG ´ Jn1 and ÃH “ 2AH ´ Jn2;

Step 2: Run SGM Algorithm with input matrices

ÃG ‘ 0n2´n1 P t´1, 0, 1un2ˆn2 and ÃH P t´1, 0, 1un2ˆn2 and the number of

seeds s, and obtain solution φSGM

Output : φ̂ which is the restriction of φSGM to the vertices of G.

Our next experiment will show the overall utility of Algorithm 5. We chose
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the number of seeds s “ 4, the number of vertices n “ 300, the correlation

ρ “ 0.7, the number of blocks k “ 3, the block parameter matrix Λ as defined

in (2.10), and the block membership function b maps the first one hundred

vertices to block 1, the second one hundred to block 2, and the last one hundred

to block 3. For each value of r “ t0.2, 0.22, 0.24, . . . , 1u, we realized 300 pairs of

pG1, Hq „ corrSBM pppρ,Λ, b, kqqq, then we obtained G by deleting np1´rq
3

vertices

selected uniformly at random within each block in graph G1, and we then ran

padded SGM on graphs G and H, with respectively 300r and 300 vertices, given

s seeds. Figure 2.4 provides the average match ratio ˘2 s.e. using the padded

SGM for different values of the ratio r. We see that the padded SGM can almost

recover the true correspondences when r is large. However, when r is small, it

is hard for padded SGM to return the true alignment. This is not necessarily

because the algorithm is not performing well in the sense of optimization. In

fact, the padded SGM can achieve a lower value of the objective function than

the true alignment in this setting, indicating that the optimal solution to the

graph matching problem cannot possibly recover the true alignment.
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Figure 2.4: Average match ratio ˘2 s.e. for different values of ratio r when
s “ 4 using padded SGM

2.4 SoftSGM

Being that finding an optimal seeded graph matching is computationally in-

tractible, and since our SGM Algorithm is efficient, we conclude that our SGM

Algorithm will not provide an optimal solution to the seeded graph matching

problem, in general, but will rather find a local minimum. Ironically, and in-

terestingly, this sub-optimality can actually be an advantage when estimating

the true alignment function, which is often the main inference task. This is

because in some cases the global optimal matching (in the sense of minimiz-

ing the number of edge disagreements) is not necessarily equal to the true

matching, and we can utilize the sub-optimality feature of SGM into creating a
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ranked list for each vertex, ordering the vertices in the other graph according

to “likelihood” of being the matched vertex. Thus, alternative matches for each

of the vertices are given for the practitioner, and this may be useful.

Of course, the (local minimum) output of the SGM Algorithm depends on

the first iterate that is chosen arbitrarily, and we can thus view the SGM out-

puts obtained from random starting points as a sample of the local minimums

(hopefully) near the global minimum.

A natural idea is to run SGM many times, say R times, on random starting

points and then aggregate the outputs in the following way. For each vertex v in

one graph, we can build a ranked list of vertices in the other graph, where the

rank is determined by the number of times that these vertices are respectively

aligned with v in the R runs; more such number of times aligned with v puts

a vertex higher in the ranked list for v. (Note that this ranked list can also be

used to solve the vertex nomination problem, see [70]).

Using the same notation as before, let rns denote the vertex set for graph

G and graph H. Let s denote the number of seeds. We will call the SGM Al-

gorithm with multiple restarts SoftSGM. In SoftSGM, there are two algorithm

parameters: R P Z` and γ P r0, 1s. We do R repetitions of SGM with the starting

point P p0q :“ βM ` p1´ βq 1
n´s

Jn´s, where β is sampled from Uniformp0, γq and

M is uniformly sampled from Pn´s. If R “ 1 and γ “ 0, then the SoftSGM would

be the same as SGM starting from the barycenter. The output of SoftSGM is a

56



CHAPTER 2. SEEDED GRAPH MATCHING

Algorithm 6: SoftSGM
Input: Graphs G and H with respective adjacency matrices AG P t0, 1unˆn
and AH P t0, 1unˆn, the number of seeds s, weight control variable γ P r0, 1s
and the number of restarts of SGM R P Z`
for k “ 1 : R do

Step 1: Realize Mk uniformly at random from the set of pn´ sq ˆ pn´ sq
permutation matrices;
Step 2: P p0qk :“ βkMk ` p1´ βkq

1
n´s

Jn´s where βk is realized from a
Uniform(0, γ);
Step 3: Apply SGM to AG, AH with P

p0q
k as starting point and s seeds to

obtain P̂k;
end for
Output T :“

řR
k“1 P̂k

nˆn matrix T , where Tij is the number of times among the R SGM outputs that

match vertex i in graph G to vertex j in graph H. We normalize T by dividing

it by R. Therefore, for vertex i in graph G, the ith row sum of the normalized

matrix is 1 and the ith row of the normalized matrix can be viewed like a prob-

ability distribution that vertex i in G is aligned with respective vertices of H.

We can then obtain a ranked list for each vertex by sorting its associated row

in T from largest to smallest. Refer to Algorithm 6 for more details.

In our first experiment, we will be interested in the optimal solution to the

seeded graph matching problem, and therefore, the number of vertices will

be small enough that it will be feasible to solve the seeded graph matching

problem to optimality. We choose the number of vertices n “ 30, the number

of seeds s “ 4 and therefore the number of unknown vertices is m “ 26. We

realized 50 pairs of random graphs G,H „ corrSBM pppρ,Λ, b, kqqq where ρ “ 0.7
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and k, b and Λ are the same as given in the stochastic block model described in

Section 2.2.3. We expressed the seeded graph matching problem as a binary

integer linear program from the formulation given in Section 4.5 and solve

it to optimality using the Gurobi Optimizer. We noted that all but 4 vertices

were matched to their true correspondence through the global optimum from

Gurobi among all 50ˆ 26 “ 1300 unknown vertices involved in this experiment.

However, for each of the 1300 vertices that were to be matched, all of them

had the true match in one of the first two places in the ranked list provided by

SoftSGM with R “ 50.

We next extend the notion of match ratio to the context of SoftSGM. Given

any K P t1, 2, . . . , Ru, the Match ratio at depth K when SoftSGM is run with R

restarts is defined to be the fraction of the nonseed vertices of G that have their

true aligned vertex from H appear among the top K vertices in the ranked list

(provided by SoftSGM) for the vertex in G. In each ranked list, When multiple

values are tied, we assign ranks by averaging their ranks.

In our second experiment, we set s “ 3, n “ 300 and ρ “ 0.6. For each value

ofR P t1, 5, 10, . . . , 50u, we realized 100 pairs of graphs pG,Hq „ corrSBM pppρ,Λ, b, kqqq,

where k, b and Λ are the same as given in the stochastic block model described

in Section 2.2.3, and we ran SoftSGM to graph match G,H with R restarts.

Figure 2.5a plots the average match ratio ˘2 s.e. at depth K “ 1 as a function

of the number of restarts R. We see from this figure that increasing number of

58



CHAPTER 2. SEEDED GRAPH MATCHING

restarts can increase the match ratio a lot.

(a) Match ratio at depth 1 for different R
with s “ 3 and ρ “ 0.6

(b) Match ratio at different depths with
R “ 100 and s “ 1

Figure 2.5: Average match ratio ˘2 s.e. for different R and different K

Next, we set s “ 1 and R “ 100, while keep n, k, b and Λ the same. For

each value of correlation ρ P t0.5, 0.6, 0.7, 0.8u, we realized 50 pairs of graphs

pG,Hq „ corrSBM pppρ,Λ, b, kqqq and ran SoftSGM to graph match G,H with

the given R. Figure 2.5b plots the average match ratio ˘2 s.e. versus different

values of K P t1, 2, . . . , 50u as well the chance match ratio of uniformly sampled

bijection in black. (We used colors blue, red, yellow and purple for ρ equals

0.5, 0.6, 0.7 and 0.8, respectively.) It illustrates that while SGM may not recover

the true alignments, SoftSGM can largely increase precision at even modest

depth.
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2.5 Experiments on Real Data

In previous sections, we illustrated the performance of SGM as well as

padded SGM and SoftSGM by experiments on synthetic data from the corre-

lated stochastic block model (Definition 4). In this section, we will show the

effectiveness of SGM related algorithms on three real data sets, respectively,

involving Wikipedia, the roundworm Caenorhabditis elegans, and the Enron

energy company. Each data set is an example of a pair of networks with the

same underlying objects (thus there is a natural “true” correspondence), and

adjacencies between objects in the respective graphs are relationships among

the objects in two different modalities.

2.5.1 Wikipedia

Wikipedia is a free multilingual online editable encyclopedia launched in

January 2001. As the largest general reference work on the internet, it has

more than 56 million articles in 321 languages including 6.27 million articles in

English as of March 21 2021.

The Wikipedia pair of graphs G,H we used in this section were collected by

Dr. David J. Marchette in the year 2009. The vertices of G are the English

language Wikipedia articles hyperlinked from the Wikipedia article “Algebraic

Geometry”, and all Wikipedia articles hyperlinked from these articles; in total,
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there are n “ 1382 vertices. These vertices/articles each have directly corre-

sponding articles in the French language Wikipedia, and these are the vertices

of graph H. Every pair of vertices/articles in G are adjacent in G precisely

when one of the articles hyperlinks to the other article in the English language

Wikipedia, and every pair of vertices in H are adjacent in H precisely when

one of the articles links to the other in the French language Wikipedia. Thus

G and H are simple, undirected graphs with 1382 vertices, and the “true” bijec-

tion is the function mapping English articles to their French versions. Figure

2.6 plots the t0, 1u-valued, symmetric, hollow adjacency matrices AG and AH

corresponding to graphs G and H, respectively.

(a) English Articles G (b) French Articles H

Figure 2.6: Adjacency matrices with respect to G and H. We use black for 1
and white for 0.

For each value of the number of seeds s P t0, 5, 50, 150, 250, 382, 500, 700u, we

repeat the following experiment 100 times. We discrete uniformly sample s
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seeds without replacement, and run SGM on graphs pG,Hq with selected seeds.

Then we remove these selected s seeds from both graphs to obtain pG1, H 1q (each

has n ´ s vertices) and run FAQ on graphs pG1, H 1q. Figure 2.7 plots the aver-

age match ratio of SGM on pG,Hq with given s seeds (in blue) and the average

match ratio of FAQ on pG1, H 1q (in orange), over 100 repetitions for different val-

ues of s. (We also have a black curve 1
n´s

, which is the expected match ratio of

chance, i.e. discrete uniformly sampled bijection from Πn´s.) From Figure 2.7,

we see that even a few number of seeds can improve the match ratio dramati-

cally. When there is no seeding, the average match ratio is less than 2% while

SGM can match more than half of the non-seeded vertices correctly when there

are 50 seeds.

Let H1 denote the largest connected component of graph H (1323 vertices).

To illustrate the performance of padded SGM, we ran padded SGM with s “ 50

on graphs G and H1. The number of correctly matched vertices is 264 out of

1323 vertices.

We next illustrate the performance of SoftSGM by repeating the following

experiment 25 times. We use s “ 50 and the number of restarts R “ 25, and we

run SoftSGM to match graphs G and H. Figure 2.8 shows the average match

ratio at different depths K over 25 repetitions in the color blue, as well the

expected match ratio at depth K of chance, K
1382´50

, in black.
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Figure 2.7: Average match ratio ˘2 s.e. versus number of seeds s on Wikipedia
data

Figure 2.8: Average match ratio ˘2 s.e. versus depth K on Wikipedia data
with s “ 50 and R “ 25
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2.5.2 C. elegans

The C. elegans pair of graphs G,H from [27, 32, 71] are connectomes map-

ping out the neural structure of the roundworm Caenorhabditis elegans. Caenorhab-

ditis elegans is a tiny, free-living transparent nematode found worldwide [72].

It is of interest to neuroscientists due to its comparatively simple nervous sys-

tem [73], well studied genetics [74], and a growing understanding of the corre-

spondence between the two [75, 76]. Like in humans, communication in the C.

elegans nervous system occurs via synapses, or junctions, between pairs of neu-

rons. Neuronal synapses in the C. elegans connectome can be classified in two

ways [71]: an electrical synapse is a channel through which electrical impulses

traverse, whereas chemical synapses are junctions through which neurotrans-

mitters flow. We consider n “ 279 somatic neurons of the hermaphrodite C.

elegans as the vertices of each graph. For each pair of vertices/neurons, they

are adjacent in G precisely when there is an electrical synapse between them,

and they are adjacent in H precisely when there is a chemical synapse between

them. Thus graphs G,H after preprocessing are simple, undirected graphs

with 279 vertices and the natural alignment is the function mapping the same

neurons across the two graphs.

We conducted experiments similar to the one that we performed in the pre-

vious section on the Wikipedia networks. For each value of the number of

seeds s P t0, 1, 5, 10, 20, 50, 75, 100, 130, 160, 200, 240u, we repeat the following ex-
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periment 100 times: uniformly sample s seeds and run SGM on graphs G,H

with these s seeds given. Figure 2.9 plots the average match ratio ˘2 s.e. in

blue as well as the expected match ratio of chance in black.

Let G1 denote the largest connected component of graph G (198 vertices). To

illustrate the performance of padded SGM, we run padded SGM with s “ 50 on

graphs G1 and H. The number of correctly matched vertices is 6 out of 198.

Figure 2.9: Average match ratio ˘2 s.e. versus number of seeds s on C. elegans
data

Next, we illustrate the performance of SoftSGM by repeating the following

experiment 150 times: discrete uniformly sampling s “ 30 seeds and run Soft-

SGM with sampled seeds and the number of restarts R “ 100. Figure 2.10

plots the average match ratio using SoftSGM for different values of K over

150 repetitions in blue as well as the expected match ratio of chance in black.

From Figure 2.10 and Figure 2.9, we see that it is very helpful to have multiple
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restarts on SGM. Indeed, while the match ratio is less than 0.15 even when 200

seeds out of 279 vertices are given, the match ratio at depth K “ 45 is around

0.4 with only 30 seeds when R equals 100.

Figure 2.10: Average match ratio ˘2 s.e. versus depth K on C. elegans data
with s “ 30 and R “ 100.

2.5.3 Enron

Enron was a large and highly respected energy company that dissolved

spectacularly in 2001 amid systemic fraud. The United States Justice Depart-

ment released a trove of email messages between company employees. The

graphs G130, G131, and G132 have as vertices n “ 184 Enron employees and, for

t P t130, 131, 132u, and for each pair of vertices/employees, the vertices are adja-

cent in Gt precisely when there is an email from one employee to the other in

week t of the email corpus. Therefore, each graph is a simple, undirected graph
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and the true alignments across networks link the same employees. Figure 2.11

plots these corresponding adjacency matrices.

(a) G130 (b) G131 (c) G132

Figure 2.11: Adjacency matrix for consecutive weeks t “ 130, 131, 132 (value 1
in black and 0 in white.)

For each pair of graphs in tpG130, G131q, pG130, G132q, pG131, G132qu, and for each

value of s P t0, 1, 5, 10, 20, 30, 40, 50, 60, 90, 120, 150u, we repeat the following ex-

periment 100 times. We uniformly sample s seeds from the input pair of graphs

and run SGM on graphs with the given seeds. Figure 2.12 plots the average

match ratio for different pairs of graphs as a function of s, as well as the ex-

pected match ratio of chance in black. As expected, increasing the number of

seeds can improve the match ratio for all pairs of graphs. It is worth noting that

the average match ratio on pair of graphs pG130, G131q is much higher than that

of pG130, G132q and that of pG131, G132q, which indicates the existence of anoma-

lies in G132. This observation is consistent with the result in [77], which iden-

tified an anomaly going into week 132 by applying a theory of scan statistics
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on graphs. Note that the match ratios here and in the following experiments

differ a bit from those in the paper [27], Figure 8 and Figure 9, respectively;

those figure were inadvertently from a nonsimple graph version of the data,

and here we created a simple graph.

Figure 2.12: Average match ratio ˘2 s.e. versus number of seeds s on Enron
data.

Next, we do 300 independent replicates of the following experiment. For

each pair of graphs in tpG130, G131q, pG130, G132q, pG131, G132qu, we uniformly sam-

ple s “ 5 seeds and run SoftSGM with R “ 100 restarts and s seeds. Figure 2.13

shows the average match ratio for each pair of graph as a function of depth K

for K P t1, 2, . . . 40u, as well as the expected match ratio at depth K of chance

in black. Comparing Figure 2.13 to Figure 2.12, we can see the improvement

on the average match ratio by increasing the number of restarts. Indeed, even

if K “ 1, the average match ratio on pG130, G131q is around 0.61 with s “ 5 and
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R “ 100, while we would need more than 40 seeds to achieve the same level of

match ratio for SGM.

Figure 2.13: Average match ratio ˘2 s.e. versus depth K on Enron data with
s “ 5 and R “ 100.

2.6 Comparing SGM to Seeded PATH

In this section, we discuss the integration of seeding into the well-known

PATH algorithm (this will be referred to as seeded PATH) discussed in Section

1.3.4.3. And we compare the performance of SGM Algorithm (which is the

seeded version of FAQ) with seeded PATH on problems from QAPLIB [61], a

benchmark library for quadratic assignment problems.
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2.6.1 The Seeded PATH Algorithm

Suppose G “ pV G, EGq and H “ pV H , EHq are two graphs on n vertices, and

we assume V G “ V H “ rns for simplicity. Let s ă n denote the number of seeds

(Without loss of generality, we assume the set of seeds is rss P rns). Let AG P An

and AH P An dentoe the adjacency matrices of G and H, respectively.

The PATH algorithm consists of utilizing Frank-Wolfe methodology to solve

a sequence of optimization problems (1.16) as a parameter λ incrementally

moving from 0 to 1. The incorporation of seeds is done into the objective func-

tion fλ in (1.16). For any P P Dn´s, let

lpP q :“ ´}DG
pIs ‘ P q ´ pIs ‘ P qD

H
}

2
F ´ 2 trace

`

pLGqT pIs ‘ P qL
H
pIs ‘ P q

T
˘

“ ´ tracep∆T
pIs ‘ P qq ´ 2 trace

`

pLGqT pIs ‘ P qL
H
pIs ‘ P q

T
˘

,

where ∆ P Rnˆn and ∆ij “ pD
G
ii ´D

H
jjq

2 for i, j P rns, and

hpP q :“ }AGpIs ‘ P q ´ pIs ‘ P qA
H
}

2
F

for P P Dn´s. Note that lpP q is a concave function and hpP q is a convex function.

The definitions of DG, DH , LG, LH can be found in Section 1.3.1. For each value

of λ P r0, 1s, we solve

arg min
PPDn´s

p1´ λqhpP q ` λlpP q

using Frank-Wolfe methodology from Algorithm 1.

Given fixed λ, recall that the Frank-Wolfe Algorithm sequentially generates
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iterates P p1q, P p2q, ¨ ¨ ¨ . Suppose we are at the kth iteration, and the current

doubly stochastic matrix is P pk´1q. Let matrices AG, AH , DG, DH , LG, LH ,∆ be

partitioned in the same manner as defined in (2.4). The gradient of fλpP q at

P “ P pk´1q can be calculated as:

∇fλpP pk´1q
q “ p1´ λq∇hpP pk´1q

q ` λ∇lpP pk´1q
q

where

∇hpP pk´1q
q “ 2pppAG12q

TAG12 ` pA
G
22q

TAG22qP
pk´1q

` P pk´1q
ppAG12q

TAG12 ` pA
G
22q

TAG22q ´∇fpP pk´1q
qq

where ∇fpP q was defined in (2.6), and

∇lpP pk´1q
q “ ∆22 ´ 2LG21pL

H
21q

T
´ 2pLG12q

TLH12 ´ 2pLG22q
TP pk´1qLH22 ´ 2LG22P

pk´1q
pLH22q

T .

Then we solve Qpk´1q P arg minQPPn´s trace
`

∇fλpP pk´1qqTQ
˘

to minimize the

first-order approximation of fλpP q, followed by a linear search step:

αpk´1q
P arg min

αPr0,1s

fλpαP
pk´1q

` p1´ αqQpk´1q
q.

We denote the above objective function of α by Fλpαq. In addition to c, d, e, u, v
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we defined in 2.9, we define

a1 :“ trace
``

pAG12q
TAG12 ` pA

G
22q

TAG22

˘

P pk´1q
pQpk´1q

q
T
˘

b1 :“ trace
`

pP pk´1q
q
TQpk´1q

`

AH21pA
H
21q

T
` AH22pA

H
22q

T
˘˘

a2 :“ trace
``

pAG12q
TAG12 ` pA

G
22q

TAG22

˘

P pk´1q
pP pk´1q

q
T
˘

b2 :“ trace
`

pP pk´1q
q
TP pk´1q

`

AH21pA
H
21q

T
` AH22pA

H
22q

T
˘˘

a3 :“ trace
``

pAG12q
TAG12 ` pA

G
22q

TAG22

˘

Qpk´1q
pQpk´1q

q
T
˘

b3 :“ trace
`

pQpk´1q
q
TQpk´1q

`

AH21pA
H
21q

T
` AH22pA

H
22q

T
˘˘

c1 :“ trace
`

pLG22q
TP pk´1qLH22pP

pk´1q
q
T
˘

d1 :“ trace
`

pLG22q
TP pk´1qLH22pQ

pk´1q
q
T
` pLG22q

TQpk´1qLH22pP
pk´1q

q
T
˘

e1 :“ trace
`

pLG22q
TQpk´1qLH22pQ

pk´1q
q
T
˘

u1 :“ trace
`

pP pk´1q
q
TLG21pL

H
21q

T
` pP pk´1q

q
T
pLG12q

TLH12

˘

v1 :“ trace
`

pQpk´1q
q
TLG21pL

H
21q

T
` pQpk´1q

q
T
pLG12q

TLH12

˘

r :“ trace
`

p∆22q
T
pP pk´1q

´Qpk´1q
q
˘

(2.12)

Then Fλpαq is a quadratic function of α (removing constant terms relative to α):

Fλpαq “ pp1´ λqp´2b1 ` b2 ` b3 ´ 2a1 ` a2 ` a3 ` 2pd´ e´ cqq ` 2λp´c1 ´ e1 ` d1qqα
2

` p2p1´ λqpa1 ´ a3 ` b1 ´ b3 ` v ´ u´ d` 2eq ` λp4e1 ´ 2d1 ´ 2u1 ` 2v1 ´ rqqα,

which will achieve optimal either at p2p1´λqpa1´a3`b1´b3`v´u´d`2eq`λp4e1´2d1´2u1`2v1´rqq
´2pp1´λqp´2b1`b2`b3´2a1`a2`a3`2pd´e´cqq`2λp´c1´e1`d1qq

or 0 or 1, whichever is in the interval r0, 1s and has a lower value of Fλ.
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2.6.2 QAPLIB benchmark comparison

The quadratic assignment problem is defined as problem (2.3) except that

matrices AG and AH are not necessary adjacency matrices, and the goal is to

minimize instead of maximize the objective function (yet the optimization prob-

lem would not be changed if we change maximization to minimization and add

negation to objective function). QAPLIB is a benchmark library for quadratic

assignment problem instances. These instances have been used to compare the

performance of different graph matching algorithms ( [23,26,78]).

In this section, we will compare our SGM, which is seeded FAQ, with seeded

PATH introduced in last section, on 15 instances of the quadratic assignment

problem from QAPLIB. We choose these instances because they were deemed

especially difficult and, therefore, were used in [23, 26, 78] for graph match-

ing algorithms comparison. In addition, there are not only the optimal func-

tion values but also optimal permutation matrices provided for these instances,

which are necessary to construct seeds and the seeding function.

The instances in QAPLIB are formulated as minimizing the objective func-

tion in problem (2.3), instead of maximizing the objetive function as we ex-

pressed it. So we run SGM and seeded PATH later with negated objective

function value and therefore, in Table 2.2, achieving lower objective function

value is better.

For each of the 15 problem instances selected, and for each value of the
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number of seeds s P t1, 2, 3, 4u, we perform 30 independent replicates of the fol-

lowing. We discrete uniformly sample s seeds, and run SGM and seeded PATH

with sampled s seeds. We report the average (over the thirty experiments) ob-

jective function values trace
`

pAGqT pIs ‘ P qA
HpIs ‘ P q

T
˘

at a solution of SGM

and at a solution of seeded PATH in Table2 2.2. Note that SGM was more

effective than seeded PATH on these instances.

QAP OPT s = 1 s=2 s=3 s=4
SGM SPATH SGM SPATH SGM SPATH SGM SPATH

chr12c 11156 18770 31858 16298 30889 16221 27031 14504 25073
chr15a 9896 15813 49522 16280 42959 15861 35591 14399 32041
chr15c 9504 18230 45144 15649 40329 15494 36909 14027 35654
chr20b 2298 3555 9411 3585 8991 3540 8091 3556 7521
chr22b 6194 8359 14075 8184 13503 8021 13126 7673 12475
esc16b 292 293 308 295 304 294 301 293 301
rou12 235528 250799 285085 242999 276292 236993 268722 236432 264059
rou15 354210 369198 449821 361721 439908 357969 415076 356537 402067
rou20 725522 748128 863811 753645 886876 746137 855938 743474 850498
tai15a 388214 403314 463836 402760 461114 398765 449411 396544 438072
tai17a 491812 518678 590697 506259 596524 506159 575686 502410 563565
tai20a 703482 736797 855532 739771 852671 735472 850778 716565 828659
tai30a 1818146 1888526 2141265 1878886 2123362 1874521 2119654 1865151 2109946
tai35a 2422002 2515301 2876351 2505556 2838981 2504548 2812018 2493860 2800284
tai40a 3139370 3255807 3716363 3261394 3662562 3246184 3630483 3249476 3611428

Table 2.2: Average objective function from minimization via SGM and seeded
PATH for different number of seeds on 15 benchmark examples of the QAPLIB
library.

2This table is from [27] and is also appears Heather G. Patsolic’s dissertation [69].
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Induced Subgraph Matching

3.1 Introduction

In the last chapter, Chapter 2, we introduced the SGM Algorithm to graph

match pairs of graphs with vertex sets of the same cardinality, in the presence

of seeds. We then extended the SGM Algorithm in Section 2.3 to graph match

pairs of graphs which have differently sized vertex sets (i.e. to find an injection

from the vertex set of the graph with fewer vertices, into the vertex set of the

graph with more vertices, so as to best preserve adjacency structure), also in

the presence of seeds. In this chapter, we focus on a more general problem. We

are given two graphs G and H, possibly with vertex sets of different cardinality,

and a parameterK P Z`, and the task is to findK vertices from each graph, and

a bijection between these two sets of K vertices, so as to minimize the number
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of adjacency disagreements between the induced subgraphs. In particular, the

optimization is performed over both the choice of the K vertices from each of

the two graphs and the alignment between the induced subgraphs.

3.2 Notation and Preliminaries

We recall some of the notation from Section 1.2:

‚ Pn :“
!

P P t0, 1unˆn : P
Ñ́
1 n “

Ñ́
1 n, P

TÑ́1 n “
Ñ́
1 n

)

is the set of n ˆ n permu-

tation matrices, for n P Z`

‚ Dn :“
!

D P r0, 1snˆn : D
Ñ́
1 n “

Ñ́
1 n, D

TÑ́1 n “
Ñ́
1 n

)

is the set of n ˆ n doubly

stochastic matrices, for n P Z`

‚ Pn1,n2
:“

!

P P t0, 1un1ˆn2 : P
Ñ́
1 n2 “

Ñ́
1 n1 , P

TÑ́1 n1 ď
Ñ́
1 n2

)

, for n1, n2 P Z` such

that n1 ď n2

‚ Dn1,n2
:“

!

D P r0, 1sn1ˆn2 : D
Ñ́
1 n2 “

Ñ́
1 n1 , D

TÑ́1 n1 ď
Ñ́
1 n2

)

, for n1, n2 P Z` such

that n1 ď n2

‚ Pn1,n2,K :“
!

P P t0, 1un1ˆn2 : P
Ñ́
1 n2 ď

Ñ́
1 n1 , P

TÑ́1 n1 ď
Ñ́
1 n2 ,

Ñ́
1 T
n1
P
Ñ́
1 n2 “ K

)

,

for n1, n2, K P Z` such that K ď mintn1, n2u

‚ Dn1,n2,K :“
!

D P r0, 1sn1ˆn2 : D
Ñ́
1 n2 ď

Ñ́
1 n1 , D

TÑ́1 n1 ď
Ñ́
1 n2 ,

Ñ́
1 T
n1
D
Ñ́
1 n2 “ K

)

,

for n1, n2, K P Z` such that K ď mintn1, n2u
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‚ In1,n2,K :“

»

—

—

–

IK 0Kˆpn2´Kq

0pn1´KqˆK 0pn1´Kqˆpn2´Kq

fi

ffi

ffi

fl

P Pn1,n2,K , for n1, n2, K P Z` such

that K ď mintn1, n2u

For any adjacency matrix A P An, let Ã P t´1, 0, 1unˆn denote the “centered”

adjacency matrix corresponding to A, meaning that for i P rns, j P rns, if i ‰ j,

Ãij “ 2Aij ´ 1, and Ãij “ 0 if i “ j. (This “centering” adjacency matrix is

exactly like the “centering” adjacency matrix 2A´Jn that we defined in Section

2.3, except that here we have all diagonal entries equal 0 instead of ´1. Note

that adjusting the definition of “centered” in this manner will not change the

optimization problem (3.6). However, it will be more convenient to have 0 along

the diagonal for the proof of Lemma 3, which is the key to show our main

theorem, Theorem 3.)

We begin by proving two lemmas, Lemma 1 and Lemma 2, which will be

useful in formulating our algorithm and then proving our main theorem, The-

orem 3.

The classical Birkhoff-Von Neumann Theorem states that Dn “ HpPnq,

where Hp¨q denotes the convex hull. The following result, Lemma 1, is es-

sentially due to Mendelsohn and Dulmage [79], and is a generalization of the

Birkhoff-Von Neumann Theorem. We also include the proof here, since Mendel-

sohn and Dulmage restricted their theorem statement to the cases where n1 “

n2, and they also added an unnecessary/redundant hypothesis (namely, in their
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manuscript notation, then added an unnecessary/redundant condition “n´i
n
ď

M”).

Lemma 1. For any positive integers K,n1 and n2 such that K ď n1, K ď n2, we

have that Dn1,n2,K “ HpPn1,n2,Kq.

Proof. It is trivial to see that Dn1,n2,K Ě HpPn1,n2,Kq; thus we only need to show

that an arbitrary A P Dn1,n2,K is in HpPn1,n2,Kq. Indeed, given any arbitrary such

A, define the matrix

A :“

»

—

—

–

A 1
n1´K

p
Ñ́
1 n1 ´ A

Ñ́
1 n2q

Ñ́
1 T
n1´K

1
n2´K

Ñ́
1 n2´Kp

Ñ́
1 T
n2
´
Ñ́
1 T
n1
Aq 0pn2´Kqˆpn1´Kq

fi

ffi

ffi

fl

P r0, 1spn1`n2´Kqˆpn1`n2´Kq

Simple algebra and the definitions yield that A is a nonnegative matrix with

row-sums and column-sums all equal to 1. (Indeed, simplify A
“

Ñ́
1 n2

Ñ́
1 n1´K

‰

and
“

Ñ́
1 n1

Ñ́
1 n2´K

‰TA.) By the Birkhoff-Von Neumann Theorem, A can be expressed as

A “
ř

αPP , where the summation is over all matrices P P Pn1`n2´K (that is,

the set of n1 ` n2 ´K by n1 ` n2 ´K permutation matrices), for a collection of

αP in r0, 1s such that
ř

αP “ 1.

Define index sets α :“ t1, 2, . . . , n1u, αC :“ tn1 ` 1, n1 ` 2, . . . , n1 ` n2 ´ Ku,

β :“ t1, 2, . . . , n2u, and βC :“ tn2 ` 1, n2 ` 2, . . . , n1 ` n2 ´ Ku; any matrix su-

perscripted with a pair of index sets refers to its submatrix with rows given

by the first index set and columns given by the second index set. Because
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AαC ,βC “ 0pn2´Kqˆpn1´Kq, we have that, for any P such that αP ą 0, it holds

that PαC ,βC “ 0pn2´Kqˆpn1´Kq, hence Pα,βC has a single 1 in every column and

PαC ,β has a single 1 in every row, hence the number of 1’s in Pα,β is exactly

pn1` n2´Kq ´ pn2´Kq ´ pn1´Kq “ K, which means that Pα,β P Pn1,n2,K . Thus

A “
ř

αPP
α,β, where the summation is over all P such that αP ą 0, says that

A is in HpPn1,n2,Kq, as desired.

Consider positive integers K,n1, n2 such that K ď n1 and K ď n2. Let the

index sets α, αC , β, βC be defined as in the proof of Lemma 1.

The generalized linear assignment problem is, for any given matrix B P

Rn1ˆn2, to solve the optimization problem

(gLAP) arg min
PPPn1,n2,K

trace
`

P TB
˘

.

The relaxed generalized linear assignment problem is to solve the relaxation of

gLAP:

(rgLAP) arg min
PPDn1,n2,K

trace
`

P TB
˘

.

Note that these two problems are equivalent by linear programming theory.

Indeed, the (rgLAP) feasible region is a polyhedral set in the nonnegative or-

thant; since the objective function is linear, the optimal solution to (rgLAP)

must be at an extreme point of the polyhedron. By Lemma 1, this means that

a solution to (gLAP) is a solution to (rgLAP). Furthermore, by the linearity

of the objective function, given any solution to (rgLAP) expressed as a convex
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combination of members of Pn1,n2,K per Lemma 1, each member of Pn1,n2,K with

positive coefficient in this convex combination will be a solution to (gLAP).

Define ξ :“ pminiPrn1s,jPrn2sBijq ´ 1 and ξ :“ pmaxiPrn1s,jPrn2sBijq ` 1, and define

the matrix

B :“

»

—

—

–

B ξ ¨
Ñ́
1 n1

Ñ́
1 T
n1´K

ξ ¨
Ñ́
1 n2´K

Ñ́
1 T
n2

ξ ¨
Ñ́
1 n2´K

Ñ́
1 T
n1´K

fi

ffi

ffi

fl

P Rpn1`n2´Kqˆpn1`n2´Kq. (3.1)

We can solve the optimization problem arg minPPPn1`n2´K
trace

`

PTB
˘

efficiently

via the classical Hungarian Algorithm [46], say that a solution to this optimiza-

tion problem is the matrix P̂ P Pn1`n2´K . We have the following result

Lemma 2. For the setting/notation described above, the matrix P̂α,β is a solu-

tion for (gLAP).

Lemma 2 provides us an efficient way to solve (gLAP) and (rgLAP), and this

methodology will be employed later in this chapter to solve (rgLAP).

Proof. First note that, for any P P Pn1`n2´K , there are at least K entries of Pα,β

which are 1; this is because PαYαC ,βC has n1 ´K columns and PαC ,β has n2 ´K

rows, thus between them they contain at most pn1 ´ Kq ` pn2 ´ Kq number of

1’s, hence the rest of the 1’s, which are in Pα,β, are at least pn1` n2´Kq ´ pn1´

Kq ´ pn2 ´Kq “ K many.

On the other hand, if any P P Pn1`n2´K is such that Pα,β has exactly K

number of 1’s, then this would imply that the other pn1`n2´Kq´K “ pn1´Kq`

pn2´Kq number of 1’s are in the pn1´Kq columns of PαYαC ,βC and in the pn2´Kq
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rows of PαC ,β; this would imply that PαC ,βC has no 1’s, hence trace
`

PTB
˘

“

rpn1 ´Kq ` pn2 ´Kqs ˚ ξ ` trace
`

pPα,βqTB
˘

.

Next, for any P P Pn1,n2,K , we define P̃ P Pn1`n2´K in the following manner.

First, define P̃α,β :“ P and P̃αC ,βC :“ 0pn2´Kqˆpn1´Kq. Then, since P P t0, 1un1ˆn2

has exactly K entries that are 1, all in different rows and all in different

columns of P , we define P̃α,βC P t0, 1un1ˆpn1´Kq to have exactly one 1 in every

column, and exactly one 1 in every row for which P does not have a 1, and we

define P̃αC ,β P t0, 1upn2´Kqˆn2 to have exactly one 1 in every row, and exactly one

1 in every column for which P does not have a 1. (If we want to be very definite

in this, we can set: For each j “ 1, 2, . . . , n1´K and i “ 1, 2, . . . , n1 we place 1 in

the i, jth entry of the matrix P̃α,βC precisely when the jth row of P that does not

contain a 1 is the ith row of P . For each i “ 1, 2, . . . , n2 ´K and j “ 1, 2, . . . , n2

we place 1 in the i, jth entry of the matrix P̃αC ,β precisely when the ith column

of P that does not contain a 1 is the jth column of P .)

Next, we show that P̂α,β (in the statement of Lemma 2) has exactly K num-

ber of 1’s; in particular, this would mean that P̂α,β is in Pn1,n2,K . By way of

contradiction, if P̂α,β has more than K number of 1’s, let Q P Pn1,n2,K be ob-

tained from P̂α,β by changing a few (arbitrary) 1’s to 0’s. Then trace
´

Q̃TB
¯

ă

trace
´

P̂TB
¯

by the definition of ξ, contradicting the minimality of P̂.

Finally, for any P P Pn1,n2,K , we have by the minimality of P̂ that trace
´

P̂TB
¯

ď

trace
´

P̃ TB
¯

hence, by subtracting rpn1 ´Kq ` pn2 ´Kqs ˚ ξ from both sides, we
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have trace
´

pP̂α,βqTB
¯

ď trace
`

P TB
˘

, which provides the desired optimality of

P̂α,β in (gLAP).

3.3 Induced Subgraph Matching

We introduced the induced subgraph matching problem briefly in Section

3.1. Formally, suppose we have two graphs, G “ pV G, EGq where V G “ rn1s and

H “ pV H , EHq, where V H “ rn2s. Note n1 is not necessary equal to n2. Suppose

we are also given a parameter K such that K ď n1 and K ď n2. The induced

subgraph matching problem is to find a K-element subset of V G, denoted CG,

a K-element subset of V H , denoted CH , and a bijection φ : CG Ñ CH , in order

to minimize the number of adjacency disagreements between the subgrah of G

induced by CG and the subgraph of H induced by CH under φ. (The definition

for adjacency disagreements is given in Equation (1.1).) In this optimization

problem, there are
`

n1

K

˘`

n2

K

˘

choices of pCG, CHq and each choice has K! possible

bijections. When n1 “ n2 “ K, this problem is the same as the graph matching

problem given in Section (1.3.1). When K “ n1 ă n2, this problem is equivalent

to the problem that we considered in Section 2.3.

Let AG P An1 and AH P An2 be adjacency matrices for G and H, respectively.

The induced subgraph matching problem is equivalent to find P P PK,n1 and
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Q P PK,n2 to solve

arg min
PPPK,n1 ,QPPK,n2

}PAGP T
´QAHQT

}
2
F . (3.2)

We can simplify it by using centered adjacency matrices ÃG and ÃH to take

place of AG and AH , respectively. Note that substituting ÃG and ÃH for AG and

AH , respectively, will not change the solution to problem (3.2).

}PÃGP T
´QÃHQT

}
2
F “ }PÃ

GP T
}

2
F ` }QÃ

HQT
}

2
F ´ 2 tracepP pÃGqTP TQÃHQT

q

“ 2pK2
´Kq ´ 2 tracepP pÃGqTP TQÃHQT

q.

Clearly }PÃGP T }2F “ }QÃHQT }2F “ K2 ´ K because both PÃGP T and QÃHQT

have all off-diagonal entries equal to either 1 or ´1 and diagonal entries equal

to 0. Then optimization problem (3.2) is equivalent to

arg max
PPPK,n1 ,QPPK,n2

trace
´

P pÃGqTP TQÃHQT
¯

. (3.3)

Furthermore, we have

trace
´

P pÃGqTP TQÃHQT
¯

“ trace
´

pÃGqTP TQÃHQTP
¯

“ trace
´

pÃGqTP TQÃHpP TQqT
¯

.

Note that the solution of optimization problem (3.3) is invariant with respect

to permutation matrices. That is, if pP ˚, Q˚q is a solution, so is (WP ˚,WQ˚q for

any permutation matrix W P PK .

Let M “ P TQ. As P P PK,n1 , Q P PK,n2, it is obvious that M P Pn1,n2,K and

tP TQ : P P PK,n1 , Q P PK,n2u “ Pn1,n2,K . The optimization problem (3.3) is thus

equivalent to

arg max
MPPn1,n2,K

trace
´

pÃGqTMÃHMT
¯

. (3.4)
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In particular, M˚ P Pn1,n2,K is a solution to (3.4) if and only if
`

CG, CH , φ˚
˘

is a

solution to the induced subgraph matching problem for graphs G and H, and

parameter K where

CG
“

#

i P rn1s :
n2
ÿ

j“1

Mij “ 1

+

;

CH
“

#

j P rn2s :
n1
ÿ

i“1

Mij “ 1

+

;

(3.5)

and φ˚ : CG Ñ CH is a bijection such that φ˚piq “ j if and only if i P CG, j P CH

and Mij “ 1. As in Chapter 2, in some cases, we are given seeds and a seeding

function. Without loss of generality, we assume the seeds we are given are the

first s vertices in G and H, and the seeding function is the identity mapping.

Then the seeded induced subgraph matching problem can be formulated as

arg max
MPPn1´s,n2´s,K´s

trace
´

pÃGqT pIs ‘MqÃHpIs ‘Mq
T
¯

. (3.6)

where ‘ is the matrix direct sum.

3.4 The sSGM Algorithm

To solve (3.4) or (3.6), we can still apply the Frank-Wolfe methodology on the

relaxed optimization problem as what we did in the FAQ algorithm (Algorithm

2) and the SGM Algorithm (Algorithm 4), but with some modifications since

the feasible region is no longer the set of permutation matrices in (3.4) or (3.6).

We are going to consider the seeded case, i.e. problem (3.6), because (3.4)
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is just a special case when the number of seeds s is equal to 0, and utiliz-

ing seeds can dramatically improve the performance in recovering the natural

alignment.

We relax problem (3.6) by changing the feasible region from Pn1´s,n2´s,K´s to

Dn1´s,n2´s,K´s, i.e.

arg max
MPDn1´s,n2´s,K´s

trace
´

pÃGqT pIs ‘MqÃHpIs ‘Mq
T
¯

. (3.7)

By Lemma 1, Dn1´s,n2´s,K´s is the convex hull of Pn1´s,n2´s,K´s.

To simplify the notation, let us partition

ÃG “

»

—

—

–

ÃG11 ÃG12

ÃG21 ÃG22

fi

ffi

ffi

fl

and ÃH “

»

—

—

–

ÃH11 ÃH12

ÃH21 ÃH22

fi

ffi

ffi

fl

,

where ÃG11, Ã
H
11 P Rsˆs, ÃG12 P Rsˆpn1´sq, ÃH12 P Rsˆpn2´sq, ÃG21 P Rpn1´sqˆs, ÃH21 P

Rpn2´sqˆs , ÃG22 P Rpn1´sqˆpn1´sq, ÃH22 P Rpn2´sqˆpn2´sq , ÃG12 “ pÃ
G
21q

T and ÃH12 “ pÃ
H
21q

T .

Utilizing the algebra in Section (2.2.1), (3.7) is equivalent to

arg min
MPDn1´s,n2´s,K´s

´

´

trace
´

pÃG21q
TMÃH21

¯

` trace
´

pÃG12q
T ÃH12M

T
¯

` trace
´

pÃG22q
TMÃH22M

T
¯¯

.

We denote the above objective function by fpMq, which has gradient

∇fpMq “ ´
´

pÃG12q
T ÃH12 ` Ã

G
21pÃ

H
21q

T
` pÃG22q

TMÃH22 ` Ã
G
22MpÃ

H
22q

T
¯

by the same computations in Section 2.2.1. Starting at an arbitrary M p0q P

Dn1´s,n2´s,K´s, the Frank-Wolfe methodology will sequentially generate iterates

M p1q,M p2q, ¨ ¨ ¨ . At the kth iteration, we minimize the first-order approximation
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of f by solving

arg min
QPDn1´s,n2´s,K´s

trace
`

QT∇fpM pk´1q
q
˘

, (3.8)

which is equivalent to

arg min
QPPn1´s,n2´s,K´s

trace
`

QT∇fpM pk´1q
q
˘

(3.9)

as per Lemma 1.

Define the index sets α “ t1, . . . n1 ´ su, β “ t1, . . . n2 ´ su, and as before, let

any matrix superscripted with a pair of index sets refers to its submatrix with

rows given by the first index set and columns given by the second index set.

Let B “ ∇fpM pk´1qq P Rpn1´sqˆpn2´sq. As described in (3.1), we construct the

matrix B P Rpn1`n2´s´Kqˆpn1`n2´s´Kq

B :“

»

—

—

–

B ξ ¨
Ñ́
1 n1´s

Ñ́
1 T
n1´K

ξ ¨
Ñ́
1 n2´K

Ñ́
1 T
n2´s

ξ ¨
Ñ́
1 n2´K

Ñ́
1 T
n1´K

fi

ffi

ffi

fl

, (3.10)

where ξ :“ pminiPrn1´ss,jPrn2´ssBijq ´ 1 and ξ :“ pmaxiPrn1´ss,jPrn2´ssBijq ` 1. Let

Q̂ denote the solution to arg minQPPn1`n2´K´s
trace

`

QTB
˘

, which can be solved

using the Hungarian algorithm. By Lemma 2, Q̂α,β is a solution to (3.9). We

then seek γpk´1q P r0, 1s to minimize f
´

γM pk´1q ` p1´ γqQ̂α,β
¯

, which is trivial

because the objective function is a quadratic function of γ just like in Section

2.2.2. Let M pkq “ γpk´1qM pk´1q ` p1´ γpk´1qqQ̂α,β.

At the termination of the Frank-Wolfe algorithm, let us suppose that the

last Frank-Wolfe iterate was M̄ P Dn1´s,n2´s,K´s. We can project M̄ back to the

set Pn1´s,n2´s,K´s by solving arg minMPPn1´s,n2´s,K´s ´ trace
`

MTM̄
˘

, which can be
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solved in the same manner that was used to solve (3.9).

Since this algorithm extends the ideas and strategies of the SGM Algorithm

to approximately solve the seeded induced subgraph matching problem, we will

call it the sSGM Algorithm. We summarize the details of the sSGM Algorithm
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next in Algorithm 7.
Algorithm 7: sSGM Algorithm

Input : Graphs G and H with respective centered adjacency

matrices ÃG P t´1, 0, 1un1ˆn1 and ÃH P t´1, 0, 1un2ˆn2, the

number of core vertices K, the number of seeds s and

the starting point M p0q P Dn1´s,n2´s,K´s

Initialization: k :“ 1, M p0q :“ K´s
pn1´sqpn2´sq

´

Ñ́
1 n1´s

Ñ́
1 T
n2´s

¯

if not given

while stopping criteria not met do
Calculate ∇fpM pk´1qq “

´

´

pÃG12q
T ÃH12 ` Ã

G
21pÃ

H
21q

T ` pÃG22q
TM pk´1qÃH22 ` Ã

G
22M

pk´1qpÃH22q
T
¯

;

Construct B P Rpn1`n2´K´sqˆpn1`n2´K´sq as in (3.10) using ∇fpM pk´1qq;

Solve Q̂ P arg minQPPn1`n2´K´s
trace

`

QTB
˘

with Hungarian Algorithm;

Let Qpk´1q “ Q̂α,β where α “ t1, . . . n1 ´ su, β “ t1, . . . n2 ´ su;

Solve γpk´1q P arg minγPr0,1s fpγM
pk´1q ` p1´ γqQpk´1qq;

Let M pkq “ γpk´1qM pk´1q ` p1´ γpk´1qqQpk´1q;

Set k “ k ` 1;

end

Construct M P Rpn1`n2´K´sqˆpn1`n2´K´sq as in (3.10) using M pk´1q;

Solve M̃ P arg minMPPn1`n2´K´s ´ trace
`

MTM
˘

with Hungarian

Algorithm;

Output : The sets of core vertices CG P rn1s, the set of core

vertices CH P rn2s, and the bijection φ˚ : CG Ñ CH

where
`

CG, CH , φ˚
˘

corresponds to Is ‘ M̃α,β in the

manner described in (3.5).
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3.5 The Generalized Correlated Random

Bernoulli Graph Model

In many applications when considering two graphs, G and H, there is a

natural alignment between a subset of V G and a subset of V H , and all other

vertices are unrelated to each other. (The vertex in one graph that has a corre-

sponding vertex in the other graph will be called a core vertex.) For example,

suppose graphs G and H represent a Twitter network and a Facebook network,

respectively, for one community. These two networks may have a different

number of vertices (i.e. accounts), since each member of the underlying popu-

lation may have accounts on one or both or neither of Facebook and Twitter. In

this case, the number of core vertices K is the number of members who have

both accounts, the core vertices are the vertices (i.e. accounts) of these mem-

bers, and the underlying bijection maps one member’s Twitter account to his

or her Facebook account.

When given two graphs and the number of pairs of core vertices, K, we

naturally hope that the solution to the induced subgraph matching problem

will identify all core vertices correctly and also recover the underlying align-

ment. In order to model this scenario and analyze the induced subgraph match-

ing problem from a probabilistic perspective, we use the random graph model

Generalized ´́́ corrBernoullipppR,ΛG,ΛHqqq in Definition 7. For notational
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simplicity, let us assume that rKs are the set of core vertices in both graphs, and

that the natural alignment is the identity function. We will useGeneralized´́́

corrBernoullipppR,ΛG,ΛH,Kqqq to denote the generalized correlated random

Bernoulli graph model with parameters R,ΛG,ΛH such that Rij ą 0 if and only

if i, j P rKs, and Rij “ 0 otherwise. (In this manner, the core vertices between

two vertex sets are correlated to each other and the others are not.) Theoretical

results under this framework will be presented in Section 3.6.

3.6 A Consistency Result

In Section 3.3, we presented Algorithm 7, which approximately solves (3.6)

by first approximately solving the relaxed induced subgraph matching prob-

lem, and then projecting the solution of the relaxed problem back to Pn1,n2,K .

We next prove a consistency result, Theorem 3, which states that solving (3.7)

(when s “ 0) to full optimality, will almost always recover the core vertices

and the natural alignment, in the context of the generalized correlated random

Bernoulli graph model presented in the last section, under mild conditions.

Remark 4. We consider a sequence of pairs of graphs pG,Hq „

Generalized ´́́ corrBernoullipppR,ΛG,ΛH,Kqqq where n “ |V G| for n “

1, 2, . . .. Without loss of generality, we assume |V G| ě |V H |. The number

of vertices in H denoted by n2, the number of core vertices K, ΛG, ΛH , and R
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are all functions of n.

Remark 5. Consider a sequence of events tEnu8n“1. Just like in [42, 50], we

say that tEnu8n“1 almost always holds to mean that with probability 1, all but

a finite number of the events occur.

Before presenting Theorem 3, we mention a few results that will be instru-

mental in its proof; Proposition 1 comes from [80] and [51], Proposition 2 comes

from [51], and we will also state and prove Lemma 3.

Proposition 1. Let X1, X2, . . . Xn be a sequence of mutually independent ran-

dom variables where Xi „ Bernoullippiq for each i P rns. Let f : t0, 1un Ñ R be

a function of x1, x2, . . . xn such that changing any xi to 1´ xi —while keeping all

other variables the same— changes f by at most L. Set σ2 “ L2
řn
i“1 pip1 ´ piq

and Y “ fpX1, X2, . . . Xnq. Then for any 0 ă t ă 2σ
L

,

P r|Y ´ E rY s| ě tσs ď 2e´
t2

4 .

Proposition 2. Let X, Y „ Bernoullippq marginally with Pearson correlation

coefficient ρ. Let Z1 „ Bernoullippq, Z2 „ Bernoullipp1 ´ ρqpq and Z3 „

Bernoullipρ ` p1 ´ ρqpq be independent random variables. Then pX, Y q and

pZ1, p1´ Z1qZ2 ` Z1Z3q have the same joint distribution and it holds that

3p1´ ρqpp1´ pq ď
3
ÿ

i“1

VarrZis ď 3pp1´ pq ` ρp1´ ρq.
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Proof. Let p1´ Z1qZ2 ` Z1Z3 “ Z˚

P rpX, Y q “ p1, 1qs “ E rXY s “ ρppp1´ pqq ` p2

“ P rpZ1, Z3q “ p1, 1qs “ P rpZ1, Z
˚
q “ p1, 1qs

P rpX, Y q “ p1, 0qs “ E rXp1´ Y qs “ p´ pρppp1´ pqq ` p2
q

“ P rpZ1, Z3q “ p1, 0qs “ P rpZ1, Z
˚
q “ p1, 0qs

P rpX, Y q “ p0, 1qs “ E rp1´XqY s “ p´ pρppp1´ pqq ` p2
q

“ P rpZ1, Z2q “ p0, 1qs “ P rpZ1, Z
˚
q “ p0, 1qs

P rpX, Y q “ p0, 0qs “ E rp1´Xqp1´ Y qs “ 1´ 2p` pρppp1´ pqq ` p2
q

“ P rpZ1, Z2q “ p0, 0qs “ P rpZ1, Z
˚
q “ p0, 0qs

Therefore, pX, Y q d
„ pZ1, p1´ Z1qZ2 ` Z1Z3q.

As p P r0, 1s and ρ P r0, 1s,
3
ÿ

i“1

VarrZis ´ 3p1´ ρqpp1´ pq

“ ´2pp1´ pq ` pp1´ ρqp1´ pp1´ ρqq ` pp` ρp1´ pqqp1´ p´ ρp1´ pqq ` 3pp1´ pqρ

“
1

4
p2p´ 1q2pρ´ 2ρ2

q `
1

4
p3ρ´ 2ρ2

q ě 0

3
ÿ

i“1

VarrZis ´ 3pp1´ pq ´ ρp1´ ρq

“ ´2pp1´ pq ` pp1´ ρqp1´ pp1´ ρqq ` pp` ρp1´ pqqp1´ p´ ρp1´ pqq ´ ρp1´ ρq

“ pp´ p2
qp2ρ2

´ 4ρq ď 0
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Remark 6. Proposition 2 can be extended to the case where ρ-correlated

random variable X and Y have different Bernoulli parameters, say X „

Bernoullippq and Y „ Bernoullipqq such that p, q P p0, 1q. We have

pX, Y q
d
„ pZ1, p1 ´ Z1qZ2 ` Z1Z3q where variables Z1 „ Bernoullippq, Z2 „

Bernoulli
´

q ´ ρ
b

qpp1´qq
1´p

¯

and Z3 „ Bernoulli
´

q ` ρ
b

qp1´pqp1´qq
p

¯

are inde-

pendent.

Lemma 3. Suppose n and n2 are positive integers such that n2 ď n and suppose

that R P r0, 1sn2ˆn2 , ΛG P r0, 1snˆn and ΛH P r0, 1sn2ˆn2 are symmetric matri-

ces. Suppose AG P An and AH P An2 are adjacency matrices of a pair of graphs

pG,Hq, respectively, where pG,Hq „Generalized´́́corrBernoullipppR,ΛG,ΛH,Kqqq,

and there is a q P p0, 1
2
q such that ΛG

ij P rq, 1 ´ qs for all ti, ju P
`

rns
2

˘

, and

ΛH
ij P rq, 1 ´ qs for all ti, ju P

`

rn2s

2

˘

. If ΛG
rKs “ ΛH

rKs, and there is a ε ą 0 such

that p1 ´ 2qq2 ` ε ď Rij ď 1 for all i, j P rKs, and ε2K P ωplog nq, then it almost

always holds that

trace

ˆ

´

ÃG
¯T

In,n2,KÃ
HITn,n2,K

˙

ą trace

ˆ

´

ÃG
¯T

PÃHQT

˙

for all P,Q P Pn,n2,K such that either P ‰ In,n2,K or Q ‰ In,n2,K .

Proof. Throughout this proof, for simplicity we will use Λ P r0, 1sKˆK to denote

ΛG
rKs and ΛH

rKs, the order K leading principle submatrix of G and H, respectively,

and therefore Λij “ ΛG
ij “ ΛH

ij for i, j P rKs.
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Consider any P,Q P Pn,n2,K such that either P ‰ In,n2,K or Q ‰ In,n2,K . Let

XPQ :“ trace

ˆ

´

ÃG
¯T

In,n2,KÃ
HITn,n2,K

˙

´ trace

ˆ

´

ÃG
¯T

PÃHQT

˙

.

Define

W I
P “

#

i P rns :
n2
ÿ

j“1

Pij “ 1

+

; W J
P “

#

j P rn2s :
n
ÿ

i“1

Pij “ 1

+

W I
Q “

#

i P rns :
n2
ÿ

j“1

Qij “ 1

+

; W J
Q “

#

j P rn2s :
n
ÿ

i“1

Qij “ 1

+

Of course, |W I
P | “ |W

J
P | “ |W

I
Q| “ |W

Q
J | “ K by definition.

Let φP : W I
P Ñ W J

P be the bijection such that φP piq “ j if and only if Pij “ 1,

and let φQ : W I
Q Ñ W J

Q be the bijection wherein φQpiq “ j if and only if Qij “ 1.

Then define

SI “ tpi, jq : i ‰ j, i P rKs, j P rKsu

SPQ “
 

pi, jq : i ‰ j, i P W I
P , j P W

I
Q, φP piq ‰ φQpjq

(

St “
 

pi, jq : i ‰ j, i P rKs XW I
P , j P rKs XW

I
Q, φP piq “ i and φQpjq “ j

(

Sr “
 

pi, jq : i ‰ j, i P rKs XW I
P , j P rKs XW

I
Q, φP piq “ j and φQpjq “ i

(

Note that St and Sr are disjoint, pSt Y Srq Ă SI and pSt Y Srq Ă SPQ. Because for
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any pi, jq P St Y Sr, ÃGijÃHij “ ÃGijÃ
H
φP piqφQpjq

, we have

XPQ “ trace

ˆ

´

ÃG
¯T

In,n2,KÃ
HITn,n2,K

˙

´ trace

ˆ

´

ÃG
¯T

PÃHQT

˙

“
ÿ

pi,jqPSI

ÃGijÃ
H
ij ´

ÿ

pi,jqPSPQ

ÃGijÃ
H
φP piqφQpjq

“
ÿ

pi,jqPSIzpStYSrq

ÃGijÃ
H
ij ´

ÿ

pi,jqPSPQzpStYSrq

ÃGijÃ
H
φP piqφQpjq

(3.11)

Let

TPQ “
 

i P rKs XW I
P XW

I
Q : φP piq “ φQpiq “ i

(

TP “
 

i P rKs XW I
P zTPQ : φP piq “ i

(

TQ “
 

i P rKs XW I
QzTPQ : φQpiq “ i

(

Sets TPQ, TP and TQ are mutually disjoint. Suppose |TPQ| “ tpq, |TP | “ tp and

|TQ| “ tq, it follows that

tpq P t0, 1, . . . K ´ 1u

tpq ` tp ` tq ď K

|St| “ tpqptpq ´ 1q ` tpqptp ` tqq ` tptq

ď tpqptpq ´ 1q ` tpqpK ´ tpqq `
pK ´ tpqq

2

4

|Sr| ď K ´ tpq

|SI | “ K2
´K

K2
´ 2K ` tpq ď |SPQ| ď K2

´ tpq (3.12)
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The upper bound in (3.12) is due to the facts that |W I
P | “ |W I

Q| “ K and

pi, jq R SPQ if i, j P TPQ. We can obtain the lower bound in (3.12) by observ-

ing that SPQ is a subset of
 

pi, jq : i ‰ j, i P W I
P , j P W

I
Q

(

, which has at least

K2 ´K elements, and
 

pi, jq : i ‰ j, i P W I
P , j P W

I
Q, φP piq “ φQpjq

(

, contains at

most K ´ tpq elements.

We will give an upper bound for P rXPQ ď 0s as a function of tpq using Propo-

sition 1. Then for each n, we will provide an upper bound (as a function of n)

for the probability that there exists pP,Qq such that XPQ ď 0 by summing over

all possible pP,Qq for a given tpq and over all possible tpq P rK ´ 1s, where K is a

function of n. By showing that the upper bound is summable over n, utilizing

the Borel-Cantelli lemma, we can obtain the desired result. Theorem 3 is then

followed by Lemma 1. This framework uses a similar strategy to that utilized

in the proofs of matchabilty results in [42] and [51].

Define β and γ as followings:

β :“ K2
´ 3K ` 2tpq ´ ptpqptpq ´ 1q ` tpqptp ` tqq ` tptqq

γ :“ K2
´ tpq ´ ptpqptpq ´ 1q ` tpqptp ` tqq ` tptqq

Note that

β “ K2
´ 3K ` 2tpq ´ ptpqptpq ´ 1q ` tpqptp ` tqq ` tptqq

ě
3

4
K2

´ 3K ` 3tpq ´
Ktpq

2
´
t2pq
4

ě pK ´ tpqqp
K

2
´ 3q ě 0 when K ě 6.

(3.13)
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Next, we can bound the number of terms in the two summations of (3.11) by

β ď |SIz pSt Y Srq| “ |SI | ´ |St| ´ |Sr| ď γ

β ď |SPQz pSt Y Srq| “ |SPQ| ´ |St| ´ |Sr| ď γ

Consider the expectation of each product term in (3.11). For pi, jq P SIz pSt Y Srq,

we have:

E
”

ÃGijÃ
H
ij

ı

“ p1´ 2Λijq
2
` 4Λijp1´ ΛijqRij

ě p1´ 2Λijq
2 Rij ` 4Λijp1´ ΛijqRij

“ Rij ě p1´ 2qq2 ` ε.

(3.14)

For each pi, jq P SPQz pSt Y Srq,

E
”

ÃGijÃ
H
φP piqφQpjq

ı

“ p2ΛG
ij ´ 1qp2ΛH

φP piqφQpiq
´ 1q

ď p1´ 2qq2.

Combining (3.11) with above inequalities,

E rXPQs “
ÿ

pi,jqPSIzpStYSrq

E
”

ÃGijÃ
H
ij

ı

´
ÿ

pi,jqPSPQzpStYSrq

E
”

ÃGijÃ
H
φP piqφQpjq

ı

ě
ÿ

pi,jqPSIzpStYSrq

pp1´ 2qq2 ` εq ´
ÿ

pi,jqPSPQzpStYSrq

p1´ 2qq2

ě pp1´ 2qq2 ` εqβ ´ p1´ 2qq2γ

“ p1´ 2qq2pβ ´ γq ` εβ

“ εβ ´ 3p1´ 2qq2pK ´ tpqq.
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We have

E rXPQs ´
ε

2
β ě

ε

2
β ´ 3p1´ 2qq2pK ´ tpqq

ě ´
ε

8
t2pq ´

ε

4
Ktpq ´ 6pK ´ tpqq `

3ε

8
K2.

(3.15)

by the first inequality in (3.13). For fixed ε and K, when tpq P t0, 1, . . . K ´ 1u,

the RHS of last inequality (3.15) achieves its minimum at tpq “ 0 or tpq “ K´1.

When tpq “ 0, the RHS is equal to 3
8
εK2 ´ 6K, which is larger than 0 when K

is large enough under the given assumptions that ε2K P ωplog nq and 0 ă ε ă 1.

When tpq “ K´1, the RHS is larger than 1
2
εK´7, which is larger than 0 whenK

is large enough under the given assumptions that ε2K P ωplog nq and 0 ă ε ă 1.

Therefore, we obtain

E rXPQs ě
ε

2
β ą 0 (3.16)

for large enough K. From Proposition 2, for each pi, jq P SIz pSt Y Srq, ÃGijÃHij

has the same distribution as a function of three independent Bernoulli ran-

dom variables and therefore, XPQ has the same distribution as a function of N

independent Bernoulli random variables where N satisfies

3

2
β ď N ď 5γ ď 10β

Note that N ď 5γ because the terms in the first summation of XPQ can con-

tribute at most 3γ random variables by Proposition 2, and the terms in the sec-

ond summation contain at most 2γ random variables. The inequality 5γ ď 10β
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is from the fact that for sufficiently large K

2β ´ γ “ K2
´ 6K ` 5tpq ´ ptpqptpq ´ 1q ` tpqptp ` tqq ` tptqq

ě
3

4
K2

´ 6K ` 6tpq ´
Ktpq

2
´
t2pq
4

ě 0 for tpq P t0, 1, . . . K ´ 1u.

Using the same notation as in Proposition 1, for XPQ, we have L “ 8 and

σ2 “ L2
řN
i“1 pip1´ piq is bounded by:

σ2
ě

1

2
L2

ÿ

pi,jqPSIzpStXSrq

Λijp1´ Λijq ě 32qp1´ qqβ

σ2
ď

1

4
NL2

ď 160β

Set t “ εβ
2σ

. Note that 0 ă t ă 2σ
L
“ σ

4
since 0 ă ε ď 1´ p1´ 2qq2 and

σ2

2
´ εβ ě 16qp1´ qqβ ´ p1´ p1´ 2qq2qβ

“ 12qp1´ qqβ ą 0.

With parameters L, σ2 and t, we apply Proposition 1 to obtain

P rXPQ ď 0s ď P r|XPQ ´ E rXPQs| ě E rXPQsss

ď P r|XPQ ´ E rXPQs| ě tσs by (3.16)

ď 2e´
t2

4 “ 2e´
ε2β2

16σ2

ď 2e´
ε2β
2560 .

By the lower bound of β given in (3.13), we have

P rXPQ ď 0s ď 2e´
ε2

2560
pK´tpqqp

K
2
´3q. (3.17)
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Now, for each tpq P t0, 1, . . . K ´ 1u, define Etpq to be the event that there exists

pP,Qq in

!

pP
1

, Q
1

q : P
1

, Q
1

P Pn,n2,K ,
ˇ

ˇ

ˇ

!

i P rKs XW I
P 1
XW I

Q1
: φP 1 piq “ φQ1 piq “ i

)ˇ

ˇ

ˇ
“ tpq

)

(3.18)

such that XPQ ď 0. There are at most
ˆ

K

tpq

˙ˆ

pn´ tpqqpn2 ´ tpqq

K ´ tpq

˙2

ď
K!

tpq!pK ´ tpqq!
pn´ tpqq

4pK´tpqq

ď KK´tpqpn´ tpqq
4pK´tpqq ď n5pK´tpqq

(3.19)

pairs of pP,Qq in set (3.18). Combining (3.17) and (3.19), we have

P
“

Etpq
‰

ď 2n5pK´tpqqe´
ε2

2560
pK´tpqqp

K
2
´3q

Let U “ K ´ tpq. It follows that for every n,

P

«

K´1
ď

tpq“0

Etpq

ff

ď

K´1
ÿ

tpq“0

P
“

Etpq
‰

ď

K´1
ÿ

tpq“0

2n5pK´tpqqe´
ε2

2560
pK´tpqqp

K
2
´3q

“

K
ÿ

U“1

2n5Ue´
ε2

2560
UpK

2
´3q

“

K
ÿ

U“1

2e´Up
ε2

2560
pK
2
´3q´5 log nq

ď

K
ÿ

U“1

2e´C1Uε2K by the assumption ε2K P ωplog nq

ď 2e´C2ε2K`logK

ď 2e´C3ε2K when K is large enough.

where C1, C2, C3 are positive constants. Let En denote the event
ŤKpnq´1
tpq“0 Etpq .
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Because ε2K P ωplog nq, we therefore have that 2e´Cε
2Kpnq is finitely summable

over n. Therefore, by the Borel-Cantelli lemma, we have that P
„

8
Ş

n“1

8
Ť

m“n

Em



“

0, and therefore P
„

8
Ť

n“1

8
Ş

m“n

pEmq
C



“ 1, the desired result.

Remark 7. Lemma 3 will still hold with minor changes on the assumptions

even if we remove the restriction that ΛG
rKs “ ΛH

rKs. To illustrate this, note

that the only place where we utilized it is in the line (3.14). Then the only

modification to the proof that is needed is:

E
”

ÃGijÃ
H
ij

ı

“
`

1´ 2ΛG
ij

˘ `

1´ 2ΛH
ij

˘

` 4
b

ΛG
ijp1´ ΛG

ijq

b

ΛH
ij p1´ ΛH

ij qRij ď 3

If we have E
”

ÃGijÃ
H
ij

ı

ě p1 ´ 2qq2 ` ε instead of Rij ě p1 ´ 2qq2 ` ε for any

ti, ju P
`

rns
2

˘

, then the proof would follow.

Now we are ready to prove the main theoretical result of this section, Theorem

3.

Theorem 3. Suppose n and n2 are positive integers such that n2 ď n and sup-

pose that R P r0, 1sn2ˆn2 , ΛG P r0, 1snˆn and ΛH P r0, 1sn2ˆn2 are symmetric ma-

trices. Suppose AG P An and AH P An2 are adjacency matrices of a pair of graphs

pG,Hq, respectively, where pG,Hq „Generalized´́́corrBernoullipppR,ΛG,ΛH,Kqqq,

and there is a q P p0, 1
2
q such that ΛG

ij P rq, 1 ´ qs for all ti, ju P
`

rns
2

˘

, and

ΛH
ij P rq, 1 ´ qs for all ti, ju P

`

rn2s

2

˘

. If ΛG
rKs “ ΛH

rKs, and there is a ε ą 0 such

that p1 ´ 2qq2 ` ε ď Rij ď 1 for all i, j P rKs, and ε2K P ωplog nq, then it almost
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always holds that

arg max
DPDn,n2,K

trace

ˆ

´

ÃG
¯T

DÃHDT

˙

“ arg max
PPPn,n2,K

trace

ˆ

´

ÃG
¯T

PÃHP T

˙

“ tIn,n2,Ku .

Proof. 1 By Lemma 3, for all P,Q P Pn,n2,K such that either P ‰ In,n2,K or

Q ‰ In,n2,K , it almost always holds that

trace

ˆ

´

ÃG
¯T

In,n2,KÃ
HITn,n2,K

˙

ą trace

ˆ

´

ÃG
¯T

PÃHQT

˙

It follows that it almost always holds that

arg max
PPPn,n2,K

trace

ˆ

´

ÃG
¯T

PÃHP T

˙

“ tIn,n2,Ku

By Lemma 1, Dn,n2,K is the convex hull of Pn,n2,K . For any D P Dn,n2,K and

D ‰ In,n2,K , let D “
ř

iPID αiPi such that
ř

iPID αi “ 1, αi P r0, 1s and Pi P Pn,n2,K

for i P ID. Then it almost always holds that

trace

ˆ

´

ÃG
¯T

DÃHDT

˙

“ trace

˜

´

ÃG
¯T

˜

ÿ

iPID

αiPi

¸

ÃH

˜

ÿ

jPID

αjP
T
j

¸¸

“
ÿ

iPID

ÿ

jPID

αiαj trace

ˆ

´

ÃG
¯T

PiÃ
HP T

j

˙

ă

˜

ÿ

iPID

ÿ

jPID

αiαj

¸

trace

ˆ

´

ÃG
¯T

In,n2,KÃ
HITn,n2,K

˙

“ trace

ˆ

´

ÃG
¯T

In,n2,KÃ
HITn,n2,K

˙

where the inequality is from Lemma 3. Therefore it almost always holds that

arg max
DPDn,n2,K

trace

ˆ

´

ÃG
¯T

DÃHDT

˙

“ tIn,n2,Ku

1This proof uses the similar type of argument as in the proof of Theorem 1, part a in [42]
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3.7 Simulations and Experiments

In this section, we will demonstrate the effectiveness of the sSGM Algo-

rithm on synthetic graphs.

Recall that the main inference task of induced subgraph matching is twofold;

to obtain the set of core vertices from each vertex set and also to recover the

natural alignment across the core vertices. The metric we use in this section

is the core match ratio, which is the ratio of the number of correctly matched

nonseed core vertices divided by the total number of nonseed core vertices.

(Suppose R̂ is an output for the sSGM Algorithm, and Rt P Pn1´s,n2´s,K´s is the

matrix corresponding to true core vertex sets and the true alignment, then the

core match ratio equals
tracepR̂TRtq

K´s
.)

In the following sections, Section 3.7.1, Section 3.7.2, and Section 3.7.3, we

compare the sSGM Algorithm (Algorithm 7) to the SGM Algorithm (Algorithm

4), the SGM Algorithm on centered adjacency matrices, and the padded SGM

Algorithm (Algorithm 5), respectively, when the latter three are applied to the

pair of graphs without particular attention to subgraph matching. Note that

the output of the latter three algorithms is a bijection between mintn1, n2u pairs

of vertices, regardless of the value of K. Therefore, by using the core match ra-

tio as our metric, we offer the latter three algorithms an advantage, since we

only count correctly matched core vertices and we do not require these algo-
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rithms to explicitly identify the core vertices. In the following experiments,

unless otherwise specified, we set the starting point of the sSGM Algorithm

M p0q equal to K´s
pn1´sqpn2´sq

´

Ñ́
1 n1´s

Ñ́
1 T
n2´s

¯

, and we initialize the latter three algo-

rithms at the barycenter.

3.7.1 Versus SGM

In our first batch of experiments, we consider the case where both graphs

have the same cardinality, and we compare the results of the SGM Algorithm

to the results of the sSGM Algorithm.

We set n :“ n1 “ n2 “ 400, K “ 80, and ΛG “ ΛH “ 0.5Jn. For each value

of correlation ρ P t0.5, 0.6, 0.7, 0.8, 0.9, 1u, and for each value of the number of

seeds s P t8, 10, 12, . . . , 40u, we repeated the following experiment 200 times.

We realized a pair of graphs pG,Hq „ Generalized ´́́ corrBernoullipppρJK ‘‘‘

0n´K,Λ
G,ΛH,Kqqq with s seeds, and ran the SGM and the sSGM Algorithm to

match G,H with s seeds.

Figure 3.1 plots the average core match ratios of the SGM Algorithm (in

black) and the sSGM Algorithm (in blue) as a function of the number of seeds

for different values of correlation ρ. As illustrated in Figure 3.1, the perfor-

mances of both algorithms is boosted with an increase in the number of seeds,

just as we observed in Chapter 2. When ρ is relatively small and only a lim-

ited number of seeds are given, then both algorithms have low core match ratio
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(lower than 0.1), but the SGM Algorithm is slightly better. Also note that when

s is small, the performance of sSGM Algorithm has much higher variance than

SGM has. However, when we are given more seeds, the sSGM Algorithm dom-

inates the SGM Algorithm with respect to the core match ratio. For example,

for ρ “ 0.6, when s “ 24, the average core match ratio of sSGM is around 0.8,

while that of the SGM Algorithm is around 0.3. When s, n, and ρ are fixed,

Figure 3.2 shows that the core match ratio increases with the number of core

vertices.
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(a) ρ “ 0.5 (b) ρ “ 0.6

(c) ρ “ 0.7 (d) ρ “ 0.8

(e) ρ “ 0.9 (f) ρ “ 1.0

Figure 3.1: Average core match ratio ˘ s.d. over 200 samples for different
number of seeds and different ρ when n1 “ n2 “ 400 and K “ 80.
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(a) seed = 20 (b) seed = 28

Figure 3.2: Average core match ratio ˘ s.d. versus number of core vertices
when ρ “ 0.6

Next, we conducted experiments on pairs of graphs pG,Hq realized from the

correlated stochastic block model (Here we slightly extend Definition 4 allowing

edge correlation to be different for different pairs of vertices, and we denote

the extended model by corrSBM pppU,Λ, b, kqqq where the elements of matrix U

are correlations for the corresponding pairs of vertices). We set the number of

vertices n “ 420, the number of core vertices K “ 100, the number of blocks

k “ 3, the Bernoulli parameter matrix

Λ “

»

—

—

—

—

—

—

–

0.7 0.3 0.4

0.3 0.7 0.3

0.4 0.3 0.7

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

and the block membership function b maps the first 140 vertices to block 1, the

second 140 vertices to block 2 and the last 140 vertices to block 3.

For each value of the number of seeds s P t8, 10, . . . , 40u and for each value
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of correlation ρ P t0.5, 0.8u, we did 200 independent repetitions of the follow-

ing experiment. We uniformly sampled K core vertices from
`

rns
K

˘

, constructed

matrix U such that Uij “ ρ if vertices i, j are both core vertices and Uij “ 0

otherwise, realized pG,Hq „ corrSBM pppU,Λ, b, kqqq and ran sSGM and SGM on

the sampled pair of graphs G and H with s seeds. Figure 3.3 plots the average

core match ratio over the 200 repetitions for different parameter combinations

using the sSGM Algorithm (in blue) and the SGM (in black).

Remark 8. These experiments do not demonstrate the superiority of the

sSGM Algorithm over the SGM Algorithm in the sense of core match ra-

tio in all parameter settings. However, this can be excused on the ground

that the SGM Algorithm does not explicitly output the core vertices, which

would be required as sSGM does.

(a) ρ “ 0.5 (b) ρ “ 0.8

Figure 3.3: Average core match ratio ˘ s.d. versus number of seeds
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3.7.2 Versus Centered SGM

In our second batch of experiments, we consider a different scenario by al-

lowing ΛG and ΛH to be different. The authors of [81] showed that ΛG ‰ ΛH can

negatively impact graph matchability, and they introduced a centering tech-

nique to increase the matchability in this case. Specifically, they graph match

AG ´ ΛG and AH ´ ΛH instead of AG and AH . Under certain conditions, they

prove that such centering can increase the graph matchability. Because their

result is an asymptotic result, in a finite sample setting it may happen that

centering may occasionally hurt performance. Therefore, in this section, we

compare the core match ratio of the sSGM Algorithm versus the maximum of

the two core match ratios obtained from SGM with centering and SGM without

centering.

We set n1 “ n2 “ 500 and q “ 0.2. For each value of the number of core

vertices K P t100, 120, 140, 160u, and for each value of the number of seeds s in

t16, 18, 20, . . . , 50u, we repeat the following experiment 500 times. We realized

ΛG and ΛH such that ΛG
ij „ Uniformpq, 1 ´ qq and ΛH

ij „ Uniformpq, 1 ´ qq for

ti, ju P
`

rn1s

2

˘

, and sampled pG,Hq „ Generalized´́́corrBernoullipppR,ΛG,ΛH,Kqqq

with s seeds where all elements in R equal 0 except that, for ti, ju P
`

rKs
2

˘

,

Rij “ min

ˆ
c

ΛHij p1´ΛGijq

ΛGijp1´ΛHij q
,

c

ΛGijp1´ΛHij q

ΛHij p1´ΛGijq

˙

. (This represents the maximum possible

correlation between a random variable following BernoullipΛG
ijq and a random

variable following BernoullipΛH
ij q. See Section 1.4.4 for more details.) We then
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ran the sSGM Algorithm and SGM with and without centering. Figure 3.4

plots the average core match ratio as a function of the number of seeds s for

different numbers of core vertices K.

When enough seeds were given, the sSGM Algorithm performs better than

SGM with and without centering in the sense of core match ratio. Note also

that, for the fixed number of seeds, with increasing number of core vertices,

the difference between core match ratios for these algorithms is decreasing.

3.7.3 Versus Padded SGM

To explore the performance of our sSGM Algorithm on graphs with differ-

ently sized vertex sets, we conduct the same experiment as the first one in

Section 3.7.1 except that we change n2 to be 600. In this experiment, we would

compare the performance of the sSGM Algorithm to that of the padded SGM.

Figure 3.5 plots the average core match ratio of sSGM Algorithm (in blue)

and that of padded SGM (in black) as a function of the number of seeds s for

different ρ. Note that with enough seeds, the sSGM Algorithm performs better

in the sense of core match ratio.
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(a) K “ 100 (b) K “ 120

(c) K “ 140 (d) K “ 160

Figure 3.4: Average core match ratio ˘ s.d. over 500 samples for different
number of seeds and different number of core vertices when n1 “ n2 “ 500.
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(a) ρ “ 0.5 (b) ρ “ 0.6

(c) ρ “ 0.7 (d) ρ “ 0.8

(e) ρ “ 0.9 (f) ρ “ 1.0

Figure 3.5: Average core match ratio ˘ s.d. over 200 pairs of sample graphs
for different seeds and different ρ when n1 “ 400, n2 “ 600 and K “ 80.
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Chapter 4

Alignment Strength and

Correlation for Graphs

4.1 Overview

Suppose G “ pV G, EGq and H “ pV H , EHq are any two graphs with n ver-

tices. For simplicity, suppose that the vertex sets of G and H are both rns.

For each φ P Πn, we define the alignment strength of φ between G and H as

strpG,H, φq :“ 1´
dpG,H, φq

1
n!

ř

φ1PΠn
dpG,H, φ1q

, (4.1)

where dpG,H, φq is the number of disagreements between G and H under φ de-

fined in (1.1). The denominator in (4.1) serves as a normalizing factor; in par-

ticular, if φ is an isomorphism between G and H then the alignment strength
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of φ is 1, and if the number of adjacency disagreements for φ is merely average

among the bijections in Πn then the alignment strength of φ is 0. (Of course,

if G and H are both edgeless or both complete graphs then strpG,H, φq is not

defined.) Furthermore, strpG,H, φq can be negative if the number of disagree-

ments of φ is larger than the average.

If φ P Πn happens to be a natural “true” alignment from V G to V H , then

strpG,H, φq can be viewed as a numerical measure of the structural similar-

ity between G and H. However, if a natural alignment between G and H is

not known, then we can use the (seeded) graph matching problem solution in

place of the natural alignment. Although the (seeded) graph matching prob-

lem solution is computationally intractable [82], we can nonetheless use the

FAQ algorithm in Section 1.3.4.2 and the SGM Algorithm in Section 2.2.2 to

efficiently obtain an approximate solution.

Note that although the denominator 1
n!

ř

φ1PΠn
dpG,H, φ1q in the definition of

alignment strength (4.1) involves an exponentially sized summation, nonethe-

less it can be computed efficiently using Equation (4.5) from Section 4.3.

A brief outline of this chapter is as follows.

In Section 4.2, we introduce parameters for the correlated random Bernoulli

graph model; namely, the inter-graph (i.e. betweenG andH) correlation param-

eter ρe , the intra-graph heterogeneity correlation parameter ρh, and the total

correlation parameter ρT , which neatly combines ρe and ρh.
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Our main theoretical result, Theorem 5, which is presented and proved

in Section 4.3, asserts that for graphs G and H realized from a correlated

Bernoulli distribution, the alignment strength of the identity bijection (which

is the true underlying alignment here), strpG,H, Inq, is asymptotically equal

to the total correlation parameter ρT . This suggests that the total correlation

ρT is a meaningful measure of the structural similarity between the graphs

G and H realized from the correlated Bernoulli distribution. Of note is that

the total correlation is nicely and cleanly partitioned by the defining formula

1 ´ ρT “ p1 ´ ρeqp1 ´ ρhq; this illustrates an interesting symmetry in the effect

of (inter-graph parameter) edge correlation ρe and the effect of (intra-graph

parameter) heterogeneity correlation ρh.

We conduct experiments in Section 4.4 and Section 4.5 to illustrate that the

total correlation ρT is a meaningful measure. As we vary the edge correlation ρe

together with the heterogeneity correlation ρh for correlated Bernoulli graphsG

and H in broad families of parameter settings, we present empirical evidence

that the value of ρT dictates (in Section 4.4) how successful the SGM Algo-

rithm is in recovering the natural alignment, and ρT dictates (in Section 4.5)

how much time it takes to perform seeded graph matching exactly via binary

integer linear programming. In Section 4.4, we utilize the SGM Algorithm for

approximate seeded graph matching on moderately sized graphs, on the order

of 1000 vertices, since, unfortunately, exact seeded graph matching can only be
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done on very small, toy-size graphs (a few tens of non-seed vertices). In Section

4.5, where we are interested in comparing runtime, the approximate seeded

graph matching algorithms are not appropriate to use, since their run times

tend to be monolithic (given the number of vertices) and less sensitive to the

parameters of the random graph distribution. So we do exact seeded graph

matching, but only on small enough examples.

4.2 Random Graph Setting and Notation

The statistical model we will build our theoretical result on is the correlated

random Bernoulli graph model corrBernoullipppρe,Λqqq introduced in Definition

6 in Section 1.4.3. For any positive integer n, the distribution parameters are

any given real number ρe (called the edge correlation) from the interval r0, 1s,

and any given set of real numbers tΛijuti,juPprns2 q
(called the Bernoulli param-

eters) from the interval r0, 1s such that the Bernoulli parameters are not all

equal to 0 and not all equal to 1. We described how to realize random graphs

following this distribution in Section 1.4.4.

The identity bijection In P Πn is the natural alignment between G and H

in this model. When ρe “ 1 we have that G,H are almost surely isomorphic

(via isomorphism In), and when ρe “ 0 we have that G and H are independent

(i.e. the indicators for all edges of both graphs are collectively independent). If

116



CHAPTER 4. ALIGNMENT STRENGTH AND CORRELATION FOR
GRAPHS

all Bernoulli parameters Λij are equal to each other then G and H are Erdős-

Rényi random graphs.

Associated with the Bernoulli parameters tΛijuti,juPprns2 q
, denote their mean

µ :“
1
`

n
2

˘

ÿ

ti,juPprns2 q

Λij

and denote their variance

σ2 :“
1
`

n
2

˘

ÿ

ti,juPprns2 q

pΛij ´ µq
2.

We define the heterogeneity correlation ρh

ρh :“
σ2

µp1´ µq
. (4.2)

We have that 0 ď ρh ď 1; indeed, the nonnegativity follows trivially from

the definition. To see that ρh ď 1, we observe that the following expansion of

1´ ρh is clearly nonnegative.

1´ ρh “ 1´
σ2

µp1´ µq
“

µp1´ µq ´

˜

ř

ti,juPprns2 q
Λ2
ij

pn2q
´ µ2

¸

µp1´ µq
“

ř

ti,juPprns2 q

`

Λij ´ Λ2
ij

˘

`

n
2

˘

µp1´ µq

(4.3)

Furthermore, it is clear from the definition of ρh that ρh “ 0 if and only if all

Bernoulli parameters Λij are equal to each other (i.e. G and H are Erdős-Rényi

random graphs), and it is clear from (4.3) that ρh “ 1 if and only if all Bernoulli

parameters are 0 or 1 (but, recall, the Bernoulli parameters are not all 0 and

are not all 1). Note that ρh is a measure of heterogeneity within G (and within

H) by virtue of its numerator being the variance (a measure of spread) of the
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Bernoulli coefficients, although this variance is normalized through division by

the denominator of ρh, where this denominator is a function of the global graph

density. (So, among distributions with a common global density, ρh is just a

multiple of the variance σ2.)

Note that the edge correlation ρe is an inter-graph effect (between G and

H), whereas heterogeneity correlation ρh is an intra-graph effect. Unlike edge

correlation ρe, heterogeneity correlation ρh is not a statistical correlation. How-

ever, our results will demonstrate that ρh is interchangeable with edge correla-

tion ρe with regard to creating alignment strength. We thus take the liberty of

calling ρh “correlation”, but we do so in a looser, nonstatistical sense, with the

meaning that it generates similarity between G and H just like edge correla-

tion does.

Finally, we define the total correlation ρT such that ρT satisfies

1´ ρT :“ p1´ ρeqp1´ ρhq. (4.4)

4.3 Strong Consistency of Alignment

Strength

In this section we state and prove our main theoretical result, Theorem 5,

that when G,H have a correlated Bernoulli distribution (Definition 6), then the
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identity bijection In P Πn (the natural alignment here) has alignment strength

asymptotically equal to the distribution’s total correlation ρT .

Let eG and eH denote the number of edges in G and H, respectively, and let

dG :“ eG

pn2q
and dH :“ eH

pn2q
respectively denote the densities of G and H, where n is

the number of vertices for each graph.

Lemma 4. For any graphs G,H on common vertex set rns, and any φ P Πn, it

holds that

strpG,H, φq “ 1´

dpG,H,φq

pn2q

dGp1´ dHq ` dHp1´ dGq

Note that this lemma provides an efficient way to calculate the alignment

strength. Instead of enumerating all permutations to calculate the denomina-

tor, we only need dG and dH by Lemma 4.

Proof. With G and H fixed, consider discrete-uniformly distributed random bi-

jection φ P Πn, we have that

Eφ rdpG,H, φqs “
ÿ

φ1PΠn

P rφ “ φ1s dpG,H, φ1q “
1

n!

ÿ

φ1PΠn

dpG,H, φ1q.

We next equivalently compute the expected value of dpG,H, φq using linearity

of expectation over the sum of its indicators in Equation (1.1).
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Eφ rdpG,H, φqs “ Eφ

»

—

–

ÿ

ti,juPprns2 q

I

´

I
`

i „G j
˘

‰ I
`

φpiq „H φpjq
˘

¯

fi

ffi

fl

“
ÿ

ti,juPprns2 q

Eφ
”

I

´

I
`

i „G j
˘

‰ I
`

φpiq „H φpjq
˘

¯ı

Observe that, for any two vertices that form an edge in G, the probability that

random bijection φ P Πn maps them to a nonedge of H is p
n
2q´eH

pn2q
, and, for any

two nonadjacent vertices of G, the probability that φ maps them to an edge of

H is eH

pn2q
; the expected value of dpG,H, φq is thus

1

n!

ÿ

φ1PΠn

dpG,H, φ1q “ eG

`

n
2

˘

´ eH
`

n
2

˘ `

ˆˆ

n

2

˙

´ eG

˙

eH
`

n
2

˘

“

ˆ

n

2

˙

rdGp1´ dHq ` dHp1´ dGqs (4.5)

The desired result then follows from substituting Equation (4.5) into to the

definition of strpG,H, φq in Equation (4.1).

Lemma 5. Let tXnu
8
n“1, tYnu8n“1 be two sequences of nonnegative random vari-

ables and tanu8n“1, tbnu8n“1 be two bounded sequences of nonnegative real num-

bers. If Xn ´ an
a.s.
´́Ñ 0, Yn ´ bn

a.s.
´́Ñ 0 where Yn ‰ 0 almost surely and there exists

an η ą 0 such that bn ą η for all n P Z`, then Xn
Yn
´ an

bn

a.s.
´́Ñ 0.

Proof. From the assumption Xn ´ an
a.s.
´́Ñ 0 and Yn ´ bn

a.s.
´́Ñ 0, there exists a set

A P F with PrAs “ 1 such that for any 0 ď ε ď η
2

and ω P A, there exists a
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Npω, εq P Z` such that

n ě Npω, εq “ñ

$

’

’

’

&

’

’

’

%

|Xnpωq ´ an| ď ε

|Ynpωq ´ bn| ď ε

(4.6)

|Yn| ě
η
2

by our choice of ε. Let positive real number M denote the upper bound

for tanu8n“1 and tbnu8n“1. Then
ˇ

ˇ

ˇ

ˇ

Xn

Yn
´
an
bn

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

Xnpωqbn ´ anbn ` anbn ´ Ynpωqan
Ynpωqbn

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

Xnpωqbn ´ anbn
Ynpωqbn

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

anbn ´ Ynpωqan
Ynpωqbn

ˇ

ˇ

ˇ

ˇ

ď
2M

η2
ε`

2M

η2
ε “

4M

η2
ε (4.7)

The desired result follows from (4.7).

In the rest of this section we will state and prove limit results for random

correlated Bernoulli graphs G,H. This context requires us to consider a se-

quence of experiments — for each value of n “ 1, 2, 3, ¨ ¨ ¨ — wherein the chosen

edge correlation ρe is a function of n, and the chosen Bernoulli parameters

tΛijuti,juPprns2 q
are also functions of n, and thus ρh and ρT are also functions of n.

For ease of notation, we do not explicitly write argument n in these functions.

However, we will require that there exists a positive lower bound for µ over

all n, and as well that there exists an upper bound less than 1 for µ over all

n. (Note that since µ is a function of n, we have that the µ are a sequence, so

the following limit result is expressed as a difference that converges as stated,
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rather than convergence to µ, which would not make technical sense. Similarly

for the other results here.)

Lemma 6. We have dG ´ µ
a.s.
´́Ñ 0 and dH ´ µ

a.s.
´́Ñ 0

Proof. Clearly E rdGs “ µ. Also, eG is a sum of
`

n
2

˘

independent Bernoulli ran-

dom variables, and thus its variance is in the order of
`

n
2

˘

. Therefore, the vari-

ance of dG :“ eG

pn2q
is of order Opn´2q. Next, by Chebyshev’s Inequality, for any

ε ą 0,

P r|dG ´ µ| ě εs ď
1

ε2
Var rdGs .

Since the probability of the event An :“ t|dG ´ µ| ě εu is in Opn´2q when ε is

fixed, it has finite sum over n “ 1, 2, 3, . . .. Thus, by the Borel-Cantelli lemma,

we have P rAn i.o.s “ 0 for any ε ą 0, which can imply the desired result by

Theorem 2.

Theorem 4. We have dpG,H,Inq
pn2q

´ 2p1´ ρeqpµp1´ µq ´ σ
2q

a.s.
´́Ñ 0

Proof. We begin by taking the expected value of dpG,H, Inq with respect to cor-

related random graphs pG,Hq;

EG,H rdpG,H, Inqs “ EG,H

»

—

–

ÿ

ti,juPprns2 q

I

´

I
`

i „G j
˘

‰ I
`

φpiq „H φpjq
˘

¯

fi

ffi

fl

“
ÿ

ti,juPprns2 q

2p1´ ρeqΛijp1´ Λijq

“ 2

ˆ

n

2

˙

p1´ ρeqpµp1´ µq ´ σ
2
q
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Therefore EG,H
„

dpG,H,Inq
pn2q



“ 2p1´ ρeqpµp1´ µq ´ σ
2q.

Next, dpG,H, Inq is the sum of
`

n
2

˘

independent Bernoulli random variables with

parameter 2p1´ρeqΛijp1´Λijq, and therefore its variance is in orderOpn2q, which

can imply the variance of dpG,H,Inq
pn2q

is of order Opn´2q. By Chebyshev’s Inequality,

for any ε ą 0,

P

«ˇ

ˇ

ˇ

ˇ

ˇ

dpG,H, Inq
`

n
2

˘ ´ 2

ˆ

n

2

˙

p1´ ρeqpµp1´ µq ´ σ
2
q

ˇ

ˇ

ˇ

ˇ

ˇ

ě ε

ff

ď
1

ε2
Var

«

dpG,H, Inq
`

n
2

˘

ff

;

since this probability is in Opn´2q when ε is fixed, it has finite sum over n “

1, 2, 3, . . .. Thus, since ε is arbitrary, by the Borel-Cantelli lemma, we get the

desired result.

The following is the main result of this section.

Theorem 5. If µ is bounded away from 0 and 1, it holds that

strpG,H, Inq ´ ρT a.s.
´́Ñ 0

Proof. By Lemma 6, we have dG´µ
a.s.
´́Ñ 0 and dH ´µ

a.s.
´́Ñ 0. Because dG, dH and

µ are bounded, dGp1´dHq`dHp1´dGq´ 2µp1´µq
a.s.
´́Ñ 0. Now, by Theorem 4, we

have that dpG,H,Inq
pn2q

´ 2p1´ ρeqpµp1´ µq ´ σ
2q

a.s.
´́Ñ 0. Since the relevant sequences

are bounded and nonnegative, and µ is bounded away from 0 and 1, by Lemma

5, we have that
dpG,H,Inq
pn2q

dGp1´ dHq ` dHp1´ dGq
´

2p1´ ρeqpµp1´ µq ´ σ
2q

2µp1´ µq
a.s.
´́Ñ 0

Applying Lemma 4 and the definition of ρh and ρT , we thus have from above
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that p1´ strpG,H, Inqq ´ p1´ ρT q a.s.
´́Ñ 0, which proves Theorem 5.

4.4 Graph Matchability and Total Cor-

relation ρT

Recall the goal for graph matching is to recover the underlying alignments

between vertices across networks. In this section, we empirically demonstrate

in broad families of parameter settings where ρe and ρh vary, that success of an

approximate seeded graph matching algorithm is a function of ρT .

Our setting is where G,H are correlated Bernoulli graphs (Definition 6) on

vertex set rns. The graph matching problem is to compute φGM P arg minφPΠn dpG,H, φq.

In the seeded graph matching problem, there are s seeds, without loss of gen-

erality they are the vertices 1, 2, . . . , s, and there are m :“ n ´ s ambiguous

vertices, which are the other vertices s` 1, s` 2, . . . , n. The meaning of seeded

graph matching is that the feasible region φ P Πn of the graph matching prob-

lem is restricted to φ P Πn that satisfy φpiq “ i for all seeds i “ 1, 2, . . . , s. The

graphs G and H are separately observed and the identities of the ambiguous

vertices are unobserved for the optimization, so that the natural alignment,

which is the identity bijection In, is only seen for the seeds. If the seeded graph

matching solution is In then we say that G and H are matchable.

Even a modest number of seeds can make a very significant increase in
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the likelihood that G and H are matchable [50]. Our illustration in this section

will be for realistically sized graphs, on the order of a thousand vertices, and we

utilize seeds because they will be quite helpful in obtaining reasonable prob-

ability of matchability. Unfortunately, exact graph matching — even seeded

graph matching — is intractable, only solvable on the smallest, toy examples.

So we utilize the SGM Algorithm for an approximate solution. In this section,

we will say that G and H are matchable if the SGM-generated approximate

seeded graph matching solution is the true alignment In.

In the experiments that we will perform, we will sample G, H from a cor-

related Bernoulli distribution corrBernoullipppρe,Λqqq for different values of ρe

and ρh; the values of the Bernoulli coefficients tΛijuti,juPprns2 q
are selected as fol-

lows, in order to obtain specified values of ρh. Given any real number p P p0, 1q

and real number δ P r0,mintp, 1 ´ pus, we independently randomly sample

tΛijuti,juPprns2 q
from the uniform distribution on the interval pp ´ δ, p ` δq. Note

that the afore-defined Bernoulli parameter variance σ2 has expected value δ2

3
,

and σ2 will be approximately δ2

3
for large values of n. For a fixed p, as δ goes

from 0 to mintp, 1´ pu, the value of %h “ σ2

µp1´µq
« δ2

3pp1´pq
monotonically increases

from 0 to 1
3
¨

1´p
p

if p ě 1
2

and 1
3
¨

p
1´p

if p ď 1
2
. In this section, when we report

values of ρe and ρh, we mean that we selected δ so that the approximate value

of ρh is as reported.

We did four batches of experiments. In the first batch of experiments, for
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each value of ρe “ 0, 1
120
, 2

120
, 3

120
, . . . , 1

3
and ρh “ 0, 1

120
, 2

120
, 3

120
, . . . , 1

3
, we did 60

replicates of obtaining random graphs G, H with m “ 850 ambiguous vertices

and s “ 150 seeds from a correlated Bernoulli distribution with edge correlation

ρe and heterogeneity correlation ρh based on p “ 1
2
, and we performed seeded

graph matching with the SGM Algorithm. If all 60 replicates were matchable

then we plotted a green dot in Figure 4.1 at the appropriate coordinates, if be-

tween 1 and 5 of the 60 replicates were not matchable then we plotted a yellow

dot in the figure, and if more than 5 of the 60 replicates were not matchable

then we plotted a red dot. The blue curve in the figure is the set of all pairs of

ρe, ρh such that ρT “ 23
120

.

In these experiments and those below, the transition from matchable to

anonymized (i.e., not matchable) occurs at a level set of ρT . We note here that

numerous results in the literature have studied this matchability phase transi-

tion as a function of edge correlation ρe (see, for example, [50,83,84]) and a few

papers have considered the impact of network heterogeneity on matchability

(see, for example, [81, 85, 86]). In the parameterized correlated Bernoulli dis-

tribution considered above, these empirical results novelly suggest the form by

which matchability is impacted by within and across graph correlation struc-

ture. Indeed, from these experiments, within and across graph correlation

structure are symmetric on controlling graph matchability. From Figure 4.1,

we can match all sampled graphs successfully when ρh ą
23
120

and ρe is 0, and
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vice versa. Further understanding this phase transition as a function of ρT is a

necessary next step to understand the dual roles that graph structure (ρh) and

graph pairedness (ρe) play in network alignment problems both theoretical and

practical.

Figure 4.1: Matchability experiment for m “ 850, s “ 150, p “ 1
2
.

The second batch of experiments differed just in that there were only s “ 9

seeds (with m “ 850 and p “ 1
2

as before), and the range of values of ρe was 1
3

to 5
6

in increments of 1
120

; the results are similarly displayed in Figure 4.2, and

the blue curve in the figure is the set of all pairs of ρe, ρh such that ρT “ 23
40

.

In these experiments, we again see the transition in matchability at a level set

of ρT , although the transition is looser and ρT where the transition occurs is

larger due to fewer seeds being considered in this problem setup. Moreover,

comparing Figure 4.1 to Figure 4.2, we can see that increasing the number
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seeds s can lower the level set of ρT where the transition from matchable to

not matchable occurs. From additional experiments, for m “ 850 and p “ 1
2
, we

have ρT “ 23
40

when s “ 9, ρT “ 1
4

when s “ 80, and ρT “ 23
120

when s “ 150.

Figure 4.2: Matchability experiment for m “ 850, s “ 9, p “ 1
2

The third batch of experiments differed just in that there were s “ 22 seeds,

and now p “ 1
3
, the range of values of ρe was 1

4
to 7

12
in increments of 1

120
, and the

range of values of ρh was 0 to 1
6

in increments of 1
120

; the results are similarly

displayed in Figure 4.3, and the blue curve in the figure is the set of all pairs

of ρe, ρh such that ρT “ p1 ´ ρeqp1 ´ ρhq “
49
120

. In these experiments, we again

see the transition in matchability at a level set of ρT .

We then repeat the above experiments for each combination of: total num-

ber of vertices 300 or 600, number of seeds 5% or 10% of nonseed vertices and
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Figure 4.3: Matchability experiment for m “ 850, s “ 22, p “ 1
3

values of p being 1
2

or 1
3
. In all eight such combinations the result of the exper-

iments have similar pattern as above; namely the matchability was a function

of ρT .

In the fourth batch of experiments, we set p “ 1
4
, s “ 40, and m “ 850,

which is unchanged from the third batch of experiments. The values of the

Bernoulli coefficients tΛi,juti,juPprns2 q
are selected as follows, in order to obtain

specified values of ρh. For fixed p P p0, 1
2
q and real number δ P r0,mintp, 1 ´ pus,

instead of sampling Uniformpp ´ δ, p ` δq as before, we independently ran-

domly sample tΛi,juti,juPprns2 q
from the distribution of ZX ` p1 ´ ZqY where X „

Uniformpp´δ, p`δq, Y „ Uniformp1´p´δ, 1´p`δq and Z „ Bernoullip0.5q.

(Each Bernoulli coefficient is from a mixture of two uniform distributions with

129



CHAPTER 4. ALIGNMENT STRENGTH AND CORRELATION FOR
GRAPHS

disjoint intervals.) The range of values of ρe was 0 to 1
3

in increments of 1
120

,

and the range of values of ρh was 1
4

to 1
3

in increments of 1
120

. The results are

displayed in Figure 4.5. We see the transition in matchability at a level set of

ρT “
13
40

.

Figure 4.4: Matchability experiment for m “ 850, s “ 40

Note that matchability is not universally a function of just ρT . Indeed, we

have seen that the number of seeds and the number of nonseed vertices have

a dramatic affect on matchability. However, matchability is also not univer-

sally a function of ρT , the number of seeds s and the number of nonseed ver-

tices m. Indeed, in the special case of a stochastic block model, where there

are large blocks of stochastically equivalent vertices, when ρe “ 0 the proba-

bility of matchability can be vanishing even as ρh (and thus ρT ) could be any
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desired value between 0 and 1. So the empirical demonstrations in this sec-

tion of matchability as a function of ρT are limited to the kind of correlated

Bernoulli distribution parameterizations that we have used here. New work

will be needed to obtain theorems that universally and fully account for match-

ability. But, nonetheless, we have empirically demonstrated in broad families

of parameter settings that the phase transition in matchability occurs at a

level set of ρT , which supports the importance and utility of ρT as a meaningful

measure of graph correlation.

4.5 Graph Matching Runtime and Total

Correlation ρT

Similar to the previous section, in this section we empirically demonstrate,

in broad families of parameter settings where ρe and ρh vary, that the running

time of exact seeded graph matching via binary integer linear programming is

a function of ρT .

We consider exact seeded graph matching here because the approximate

seeded graph matching algorithms have running times that are relatively mono-

lithic (when the number of vertices are fixed), determined by starting point and

not sensitive enough to the parameters in the random graph distribution. Un-

fortunately, exact graph matching is intractable [82], and can only be done for
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small examples; we will work with graphs that have 20 ambiguous vertices.

For this section, the random graphs G,H have correlated Bernoulli distribu-

tions, for various values of ρe and ρh. The Bernoulli parameters are chosen in

exactly the manner of the previous section, Section 4.4; there is a fixed value p,

and then δ are selected to attain desired values of ρh in the manner described

in the previous section.

We next formulate the binary integer linear program for seeded graph match-

ing. For graphs G and H, say their adjacency matrices are AG and AH , re-

spectively, and say that there are s seeds and m ambiguous vertices. In the

language of Section 2.2.1, we partition AG “
“ AG11 A

G
12

AG21 A
G
22

‰

and AH “
“ AH11 A

H
12

AH21 A
H
22

‰

,

where AG11, A
H
11 P t0, 1usˆs, AG12, A

H
12 P t0, 1usˆm, AG21, A

H
21 P t0, 1umˆs, and

AG22, A
H
22 P t0, 1u

mˆm. (Note that AG12 “ pA
G
21q

T and AH12 “ pA
H
21q

T here, since G and

H are undirected graphs and therefore AG and AH are symmetric, but we do

not use this fact in the formulation below so that the formulation is expressed

even more generally). Let } ¨ }1 denote the `1 vector norm for matrices (this

norm is evaluated by taking the sum of absolute values of the matrix entries),

for any matrix A let vecA denote the column vector which is the concatenation

of the columns of A (first column of A, then second column of A, etc., then last

column of A). The seeded graph matching problem is defined in (2.2) and equiv-

alently, we can use `1 norm to take place of the Frobenius norm in (2.2) since
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AG, AH P t0, 1unˆn.

arg min
PPPm

}AG
“

Is 0sˆm
0mˆs P

‰

´
“

Is 0sˆm
0mˆs P

‰

AH}1.

Expanding this, we get an equivalent formulation of the seeded graph match-

ing problem as:

arg min
PPPm

´

}AG12P ´ A
12
H }1 ` }A

G
21 ´ PA

H
21}1 ` }A

G
22P ´ PA

H
22}1

¯

. (4.8)

Now, because of the absolute values in } ¨}1, we add artificial variables to obtain

simple linearity. For example, (just) minimizing }AG22P ´ PAH22}1 subject to P P

Pm is equivalent to minimizing the sum of the elements of S ` S 1 subject to

AG22P ´ PA
H
22 ` S ´ S

1 “ 0mˆm, P P Pm and S, S 1 P t0, 1umˆm. Of course, there are

additional } ¨ }1 terms in the objective function in Equation 4.8, but the same

approach can be used, so that seeded graph matching is equivalent to

arg min
x

“ ~0m2

~12m2`4ms

‰T
x

s.t. rM |Esx “ b

x P t0, 1u3m
2`4ms
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where the first m2 entries of x are vecP , and M and E and b are defined by:

M “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

Im b A
G
22 ´ pA

H
22q

T b Im

Im b A
G
12

pAH21q
T b Im

Im b~1
T
m

~1Tm b Im

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

E “

»

—

—

–

Ipm2`2msq ´Ipm2`2msq

02mˆpm2`2msq 02mˆpm2`2msq

fi

ffi

ffi

fl

b “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

~0m2

vecAH12

vecAG21

~1m

~1m

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

We solve the above binary integer linear program exactly using the optimiza-

tion package Gurobi by simplex method. The yardstick for runtime that we

have chosen to adopt is the number of simplex iterations performed by Gurobi;

this measure has the advantage of reducing many sources of platform variabil-

ity.

We performed three batches of experiments. In the first batch of experi-

ments, for each value of ρT “ 2
9
, 3

9
, 4

9
, . . . , 8

9
, we selected various pairs of ρe, ρh

which have 1 ´ ρT “ p1 ´ ρeqp1 ´ ρhq for the given value of ρT ; the values of ρh
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are achieved by the framework described in last section based on p “ 1
3
, and

the chosen pairs of ρe, ρh are the points plotted with a dot in Figure 4.5. For

each such pair of ρe, ρh, we did 60 replicates of obtaining random graphs G,H

with m “ 20 ambiguous vertices and s “ 480 seeds from a correlated random

Bernoulli distribution with edge correlation ρe and heterogeneity correlation

ρh. Then we solved the seeded graph matching problem for G,H exactly using

Gurobi and printed near each pρe, ρhq coordinate the average number of simplex

iterations needed for exact seeded graph matching in Figure 4.5. The smooth

curves on the plot are the level sets of ρT .

These experiments, and those below, suggest that in this parametrized Bernoulli

graph model the algorithmic runtimes are approximately constant on the level

sets of ρT . The results in Section 4.4 suggest that the phase transition of match-

ability occurs at a level set of ρT , and these results further reinforce the novel

overarching notion: that the theoretic and algorithmic difficulty of matching is

a function of ρe and ρh only through ρT . Indeed, ρe and ρh have interchangeable

effect. Alone, ρe and ρh are insufficient to capture this theoretic and algorithmic

difficulty.

The second and third batch of experiments are exactly like the first batch,

except that for the second batch of experiments the values of ρh are based on

p “ 1
2

and the results are displayed in Figure 4.6, and for the third batch of

experiments the values of ρh are based on p “ 3
5

and the results are displayed
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Figure 4.5: Runtime experiment for m “ 20, s “ 480, p “ 1
3
.

Figure 4.6: Runtime experiment for m “ 20, s “ 480, p “ 1
2
.

Figure 4.7: Runtime experiment for m “ 20, s “ 480, p “ 3
5
.
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in Figure 4.7. Note that the ranges of ρh are different in Figures 4.5, 4.6, and

4.7 because different values of p put different limitations on δ.

Just like for matchability in the previous section, it must be pointed out

that the runtime of exact seeded graph matching via binary integer linear pro-

gramming is not universally a function of ρT . Of course, the number of vertices

—particularly the number of ambiguous vertices— has a dominant role in the

runtime, and the above experiments show that the graph density likewise plays

a very large role. Nonetheless, for families of correlated Bernoulli distributed

graphs similar to the ones in the experiments above, we see within a family

that the runtime is a function of ρT .
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Chapter 5

On Phantom Alignment Strength

5.1 Introduction

We introduced algorithms for the seeded graph matching problem and the

induced subgraph matching problem in Chapter 2 and Chapter 3, respectively.

This current chapter is about graph matchability in practice. Specifically, when

given two graphs, in the presence of a “true” alignment (bijection) across net-

works, will the global optimal solution of the graph matching problem (or

seeded graph matching problem) and/or its approximation (say, via SGM) re-

cover the “true” alignment? And how might we know in practice whether the

“true” alignment has been found? Our work is in response to the latter ques-

tion. The main contribution here is our formulation of the Phantom Alignment

Strength Conjecture in Section 5.3, followed up in Section 5.3 with the practi-
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cal implications of this conjecture in deciding when alignment strength is high

enough to indicate truth. This conjecture is also interesting as a theoretical

matter, completely aside from its consequences.

A large branch of the modern graph matching literature is devoted to the-

oretically exploring the question of graph matchability, also called graph de-

anonymization; this is the question of determining when there is enough signal

present for graph matching to recover the “true” bijection. Many of the recent

papers in this area have introduced latent alignment across graphs by correlat-

ing the edges across networks between common pairs of vertices (Section 1.4),

focusing on understanding the phase transition between matchable and non-

matchable networks in terms of the level of correlation across networks and/or

the sparsity level of the networks; see, for example, [42, 51, 83, 87–93]. Never-

theless, experimental results in Section 4.4 and Section 4.5 suggest that the

matchability phase transition, as well as the complexity of the problem, is a

function of this more nuanced total correlation versus simply the cross-graph

edge correlation/edge sparsity that had been the previous focus in the litera-

ture.

Analyses mining the matchability phase transition in the literature that

also have considered similarity across generative network models beyond sim-

ple sparsity have thus far focused on simple community-structured network

models [85, 94, 95], or have proceeded by removing the heterogeneous within-
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graph model information and simply using the across graph edge correlation

[81]. Recently, there have been numerous papers in the literature at the inter-

face between algorithm development and mining matchability phase-transitions;

see, for instance, [92,93,96]. A common theme of many of these results is that,

under assumptions on the across graph edge-correlation and network spar-

sity, algorithms are designed to efficiently (or approximately efficiently) match

graphs with corresponding theoretical guarantees on the performance of the

algorithms in recovering the latent alignment.

However, the question remains how a practitioner knows in practice whether

or not a graph matching has successfully recovered the truth. This issue is not

resolved by asymptotic analysis with hidden constants. Nor, in general, are

the underlying parameters known to the practitioner. It seems that the graph

alignment statistic is a very natural metric to use in deciding if the truth is

found. Unfortunately, when there is an absence of signal, an optimal (or ap-

proximately optimal) graph matching may find spurious and random align-

ment strength due to chance. Indeed, this meaningless alignment strength can

be high and misleading. How do we gauge whether or not it is high enough to

signal that truth is found?

We formally defined the correlated Bernoulli random graph model in Sec-

tion 1.4.3, the seeded graph matching problem in Section 2.1 and the alignment

strength in Section 4.2. After we recall these concepts in Section 5.2, we then
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address this issue in the previous paragraph, with our Phantom Alignment

Strength Conjecture in Section 5.3, and in the ensuing discussion in Section

5.3. Then, in Section 5.4, we present empirical evidence for the conjecture

using synthetic and real data, and we compare the conjecture to theoretical

results. This is followed in Section 5.5 by notable mentions, and future direc-

tions.

5.2 Overview: Seeded Graph matching,

Alignment Strength, Correlated Ran-

dom Graphs

We will use the same notation as we used in Section 2.1 and Section 4.2.

Suppose G “ pV G, EGq and H “ pV H , EHq are two graphs on n vertices and

again we assume V G “ V H “ rns for simplicity. We have that SG Ď V G and

SH Ď V H are seed sets such that s :“ |SG| “ |SH | is the number of seeds, and

let m :“ n´ s denote the number of nonseed vertices. Let bijection ψ : SG Ñ SH

denote the seeding function and Πψ denote the set of bijections V G Ñ́ V H (rns Ñ́

rns) that agree with ψ on SG. In contrast to the number of edge disagreements

between G and H under φ, dpG,H, φq, defined in (1.1), for each φ P Πψ, we define
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the restricted number of edge disagreements between G and H under φ to be

d1pG,H, φq :“
ÿ

ti,juPpV
GzSG

2 q

I

´

I
`

i „G j
˘

‰ I
`

φpiq „H φpjq
˘

¯

Let φ˚ P Πψ denote the true bijection, φ̂ P Πψ denote the solution of the seeded

graph matching problem (2.1), which is an estimate for φ˚, and φ̂SGM P Πψ de-

note the bijection returned by the SGM Algorithm, which is an approximation

of φ̂ and, hence, an approximation of φ˚.

For any φ P Πψ, the full alignment strength strpG,H, φq and the restricted

alignment strength str1pG,H, φq are defined as

strpG,H, φq :“ 1´
dpG,H, φq

1
n!

ř

τPΠn
dpG,H, τq

and str1pG,H, φq :“ 1´
d1pG,H, φq

1
m!

ř

τPΠψ d
1pG,H, τq

.

Similar to Lemma 4, we have

str1pG,H, φq “ 1´
d1pG,H, φq{

`

m
2

˘

d1Gp1´ d1Hq ` p1´ d1Gqd
1
H

; (5.1)

where the restricted density of G, denoted d1G, is the number of edges in EG

such that both endpoints are in V GzSG, divided by
`

m
2

˘

, and the restricted den-

sity of H, denoted d1H , is the number of edges in EH such that both endpoints

are in V HzSH , divided by
`

m
2

˘

. In the remaining part of this chapter, we will

abbreviate dpG,H, φq as dpφq, and d1pG,H, φq as d1pφq, and strpG,H, φq as strpφq,

and str1pG,H, φq as str1pφq, for simplicity of notation.

The importance of alignment strength to a practitioner is twofold:

First, the alignment strength of the true bijection φ˚ (and its proxies φ̂ and
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φ̂SGM) may be thought of as a measure of how similar the structure of the graphs

G and H are through the true bijection, as we discussed in Chapter 4.

Another way that alignment strength is of importance to a practitioner is

in providing confidence that φ̂SGM or φ̂ is a good estimate of φ˚, the “truth.” If

str1pφ̂SGMq or str1pφ̂q is high enough then we may be confident that a meaningful

match capturing similar graph structure has been found, and therefore φ̂SGM

or φ̂ is approximately or exactly φ˚. But, how high is high enough?

Indeed, these issues in the use of alignment strength become vastly more

complicated by the possibility of phantom alignment strength. This is a phe-

nomenon that occurs when, in the presence of weak signal, meaningless match-

ings have many fewer disagreements than average (sometimes very substan-

tially fewer) due to random noise, and φ̂ and/or φ̂SGM is one of these meaning-

less matchings—optimal in the optimization problem, but meaningless as esti-

mates of φ˚. Indeed, the alignment strength of φ̂ and/or φ̂SGM may be elevated

enough to give the misleading appearance of significance when, in reality, they

don’t at all resemble φ˚. This will be illustrated in Section 5.4.

The purpose of this chapter is to give a principled, practical means of ap-

proaching the decision of what level of alignment strength for φ̂ and/or φ̂SGM

indicates that they are a good approximation of φ˚, in which case the align-

ment strength reflects the amount of meaningful similar structure between G

and H —beyond the random similarity between completely unrelated graphs.
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In Section 4.2, we introduced the correlated Bernoulli random graph model

as well its associated parameters, µ, σ, heterogeneity correlation ρh and total

correlation ρT . We also showed in Section 4.3 that strpφ˚q ´ ρT
a.s.
´́Ñ 0 when µ is

bounded away from 0 and 1. Here, instead of considering a sequence of corre-

lated Bernoulli random graphs, let us dig down deeper one probabilistic level.

Specifically, suppose that for each ti, ju P
`

rns
2

˘

there exists a r0, 1s-valued distri-

bution Fti,ju such that the Bernoulli parameter Λij (in the correlated Bernoulli

random graph model) is an independent random variable with distribution

Fti,ju. Denote the mean of this distribution µFti,ju, denote the variance of this

distribution σ2
Fti,ju

, and (if we have µFti,ju not 0 nor 1) define the heterogeneity

correlation of the distribution to be

ρFti,ju :“
σ2
Fti,ju

µFti,jup1´ µFti,juq
. (5.2)

Theorem 6. Given an edge correlation parameter ρe P r0, 1s and, for each ti, ju P
`

rns
2

˘

, given a r0, 1s-valued distribution Fti,ju such that the Bernoulli parameter

Λij is independently distributed as Fti,ju, then the distribution of the associated

correlated Bernoulli random graphs pG,Hq is completely specified by ρe and, for

all ti, ju P
`

rns
2

˘

, the values of µFti,ju and ρFti,ju.

Proof. Consider any ti, ju P
`

rns
2

˘

; the Bernoulli coefficient Λij, call it X, has dis-

tribution Fti,ju. For any p P r0, 1s, conditioning on X “ p, the joint probabilities

of combinations of i, j adjacency in G,H are computed in a straightforward way
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in the table:

i „H j i �H j

i „G j p2 ` ρepp1´ pq p1´ ρeqpp1´ pq

i �G j p1´ ρeqpp1´ pq p1´ pq2 ` ρepp1´ pq

(5.3)

Probabilities of these adjacency combinations, relative to the underlying distri-

bution Fti,ju, are computed by integrating/summing the conditional probabili-

ties (in table) times the density/mass of Fti,ju, obtaining

Pri „G j and i �H js “ Pri �G j and i „H js “ p1´ ρeqErX ´X2
s

“ p1´ ρeqpErXs ´ pErXsq2 ´ ErX2
s ` pErXsq2q

“ p1´ ρeqrµFti,jup1´ µFti,juq ´ σ2
Fti,ju

s

“ µFti,jup1´ µFti,juqp1´ ρeqp1´ ρFti,juq

Then, because Pri „G js “ Pri „H js “ ErXs “ µFti,ju we have all four adja-

cency combinations as functions of µFti,ju and ρFti,ju. The result follows from the

independence across all pairs of vertices.

In the Phantom Alignment Strength Conjecture we assume all distributions

Fti,ju are the same, call the common distribution F . Note that Bernoulli mean

µ and heterogeneity correlation ρh are now random variables, and if n is large,

then µ and ρh will respectively be good estimators of µF and ρF . A very im-

portant consequence of Theorem 6 is that the only information that matters

regarding F is contained (well-estimated) in the quantities µ and ρh.
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5.3 Phantom Alignment Strength Con-

jecture, Consequences

Henceforth we use the term alignment strength to refer to the restricted

alignment strength.

Consider correlated Bernoulli random graphs G,H such that there are a

“moderate” number m of nonseed vertices (say m ě 300), s seeds, and Bernoulli

parameters are independently realized from any fixed r0, 1s-valued distribution

with moderate mean µ1 (say .05 ă µ1 ă .95). The Phantom Alignment Strength

Conjecture states that, subject to caveats, as discussed in Section 5.5, there

exists a phantom alignment strength value q̂ ” q̂pm, s, µ1q P r0, 1s such that

str1pφ̂q has “negligible” variance and is approximately a function of the total

correlation ρT and, specifically, it holds that, with “high probability,”

str1pφ̂q «

$

’

’

&

’

’

%

ρT if ρT ą q̂; in which case φ̂ “ φ˚

q̂ if ρT ď q̂; in which case φ̂ is “very different” from φ˚
. (5.4)

Moreover, the conjecture states that, when using the seeded graph matching

algorithm SGM of Chapter 2, (given m, s, µ1, as above) then there exists q̂SGM ”

q̂SGMpm, s, µ
1q P r0, 1s such that q̂SGM ě q̂, and str1pφ̂SGMq has “negligible” variance

and is approximately a function of the total correlation ρT and, specifically, it
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holds that, with “high probability,”

str1pφ̂SGMq «

$

’

’

&

’

’

%

ρT if ρT ą q̂SGM; in which case φ̂SGM “ φ˚

q̂ if ρT ď q̂SGM; in which case φ̂SGM is “very different” from φ˚
.(5.5)

Note that both str1pφ̂q and str1pφ̂SGMq are conjectured to be approximately

piecewise linear function of ρT ; two pieces, one piece with slope 0 and one piece

with slope 1. However, str1pφ̂q is continuous and shaped like a hockey stick (see

Figure 5.2f), whereas for str1pφ̂SGMq there can be a discontinuity (see Figure

5.2b); but the function value of the linear portion with slope 0 is the same for

str1pφ̂SGMq as it is for str1pφ̂q, namely it is the phantom alignment strength value

q̂.

There are important consequences of the Phantom Alignment Strength Con-

jecture for the practitioner. Suppose that a practitioner has two particular

graphs G,H with m nonseed vertices and s seeds that can be considered as re-

alized from a correlated Bernoulli random graph model, and the practitioner

wants to seeded graph match them, computing φ̂SGM as an approximation of

the true matching φ˚. How can the practitioner tell if φ̂SGM is φ˚? This con-

jecture provides a principled, practical mechanism. The practitioner should

realize two independent Erdős-Rényi graphs G1 and H 1 with m nonseed ver-

tices, s seeds, and adjacency probability parameter p equal to the combined

density of G and H. Then use SGM to seeded graph match G1 and H 1, and

the alignment strength of the bijection (between G1 and H 1) is approximately
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q̂ ” q̂pm, s, µq, since the total correlation in generating G1 and H 1 is 0, by de-

sign. Then, when subsequently seeded graph matching G and H, if str1pφ̂SGMq

is greater than some predetermined and fixed ε ą 0 above q̂, then that would

indicate that φ̂SGM “ φ˚ and, if str1pφ̂SGMq is less than this, then there is no

confidence that φ̂SGM is φ˚. Moreover, in the former case the practitioner can

have confidence in approximating str1pφ̂SGMq « ρT , and in the latter case there

wouldn’t be confidence in this approximation. (In the former case, note that

the full alignment strength strpφ̂SGMq would then be an even better estimate of

ρT .)

(If some of the model assumptions are violated and the Bernoulli mean of G

may be different from H, then it may be better not to combine their densities,

but rather to realizeG1 andH 1 as Erdős-Rényi graphs with respective adjacency

parameter equal to their respective densities.)

5.4 Empirical Evidence in Favor of the

Phantom Alignment Strength Con-

jecture

In this section we provide empirical evidence for the Phantom Alignment

Strength Conjecture.
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We begin in Section 5.4.1 with a scale small enough (m is just on the order of

tens) to solve seeded graph matching exactly and attain optimality. Although

the Phantom Alignment Strength Conjecture does not apply because m is so

small, we nonetheless see many ingredients of the first part of the conjecture

(5.4). Then, in Section 5.4.2, we use synthetic data on a scale for the conjecture

to be applicable, and we empirically demonstrate the conjecture for many types

of Bernoulli parameter distributions; unimodal, bimodal, symmetric, skewed,

etc. The SGM Algorithm is employed for seeded graph matching, since exact

optimality is unattainable in practice.

In Section 5.4.3, the alignment strength of completely uncorrelated Erdős-

Rényi graphs (graph matched with SGM, using no seeds), taken as a function

of m, is demonstrated to be the same order of growth (in terms of m) as the

theoretical bound for matchability (as a function of m), which suggests that the

two quantities are the same, in excellent accordance with the conjecture.

Then, in Section 5.4.4, we observe that when there is block structure and

differing distributions for the Bernoulli parameters by block (thus the conjec-

ture hypotheses are not adhered to) then the conjecture’s claims may fail to

hold, to some degree. Nonetheless, there is still a phantom alignment strength

that allows for the procedure similar to what we recommend in Section 5.3 to be

successfully used for deciding when alignment strength is significant enough

to indicate that the seeded graph matching has found the truth.
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Real data is then used for demonstration in Section 5.4.5 and Section 5.4.6.

In Section 5.4.5, we use a human connectome at many different resolution lev-

els, and graph match it to a manually noised copy of itself. In Section 5.4.6 we

consider pairs of graphs whose vertices are the same objects, and the adjacen-

cies in the two graphs represent relationships between the objects across two

different modalities.

5.4.1 Of hockey sticks and phantom alignment

strength

We begin with an experiment in which the value of m is well below what

is required in the statement of the Phantom Alignment Strength Conjecture.

However, m is small enough here to enable us to compute φ̂ exactly, using the

integer programming formulation from Section 4.5. We will therefore see that

phantom alignment strength is not just an artifact of the SGM Algorithm and,

in addition, we will be able to see many features of the Phantom Alignment

Strength Conjecture.

For each value of ρe P t0, 0.025, 0.05, . . . , 1u, we did 100 independent repeti-

tions of the following experiment. We realized a pair of correlated Bernoulli

random graphs on n “ 30 vertices with edge correlation ρe and, for each pair of

vertices, the associated Bernoulli parameter was 0.5. (In particular, the graphs
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are correlated Erdős-Rényi.) Since here σ2 “ 0, we have that ρh “ 0, and

thus ρT “ ρe. We discrete uniform randomly chose s “ 15 seeds, so there were

m “ 15 nonseeds. For each experiment, we solved the seeded graph matching

problem to optimality (indeed, m “ 15 is small enough to do so), obtaining φ̂.

If it happened that φ̂ “ φ˚ then we plotted a green asterisk in Figure 5.1 for

the resulting alignment strength str1pφ̂q against the total correlation ρT and, if

φ̂ ‰ φ˚, we plotted a red asterisk for the resulting alignment strength str1pφ̂q

against the total correlation ρT . The black diamonds in Figure 5.1 are the mean

alignment strengths for the 100 repetitions, plotted for each value of ρe.

Figure 5.1: For each ρe from 0 to 1 in increments of .025, alignment strength
of φ̂ for 100 independent realizations when all Bernoulli probabilities were 0.5
(in particular, ρT “ ρe), with m “ 15 nonseed vertices, s “ 15 seeds, a green
asterisk if φ̂ “ φ˚, else a red asterisk.

It is readily seen from Figure 5.1 that the variance for the alignment strength

of φ̂ is quite high, which is reason to not formulate the Phantom Alignment
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Strength Conjecture until m is much larger. Other than this, observe that if we

substitute “mean of the alignment strength of φ̂” into the conjecture in place of

“alignment strength of φ̂” then the conjecture would hold here. Indeed, when

ρT ą « 0.44 ” q̂ we very generally had that φ̂ “ φ˚, and when ρT ď « 0.44 we

very generally had that φ̂ ‰ φ˚. (This boundary is not sharp, but is close.) Also,

note that when ρT ą « 0.44, the mean of the alignment strength was approx-

imately equal to ρT . Furthermore, when ρT ď « 0.44, we see that the (mean)

alignment strength of φ̂ is the phantom alignment strength (mean) of « 0.44.

Indeed, in this latter case, the alignment strength of φ̂ is a misleading high

value, and is not meaningful.

5.4.2 Of hockey sticks and broken hockey sticks

In this section, we use synthetic data that meets the hypotheses of the

Phantom Alignment Strength Conjecture. Our setup was as follows. We chose

the number of nonseeds to be m “ 1000, and we repeated an experiment for all

combinations of the following:

‚ Each pair of Beta distribution parameters α, β listed in the following ta-
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ble:

α β

Pair A 1 1

Pair B 0.5 0.5

Pair C 2 2

Pair D 5 1

Pair E 2 5

‚ Each value of edge correlation ρe P t0, 0.025, 0.05, . . . , 1u,

‚ Each number of seeds s P t0, 10, 20, 50, 250, 1000u,

‚ Each µ1 “(mean of the scaled/translated Beta distribution) from .1 to .9 in

increments of .1,

‚ Each value of δ from 0 to δmax :“ mintα`β
α
µ1, α`β

β
p1 ´ µ1qu in increments of

1
10
δmax.

For each combination of the above, we realized a pair of correlated Bernoulli

random graphs on m` s vertices, with edge correlation ρe and, for each pair of

vertices, the associated Bernoulli parameter was independently realized from

the distribution δ ¨Betapα, βq ` µ1 ´ δ α
α`β

. Note that

‚ The distribution δ ¨ Betapα, βq ` µ1 ´ δ α
α`β

has support interval of length

δ, has mean µ1, and the support interval is contained in the interval r0, 1s.
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‚ The distribution δ ¨Betapα, βq ` µ1 ´ δ α
α`β

is uniform when α, β is 1, 1, and

is bimodal when α, β is 0.5, 0.5, is symmetric unimodal when α, β is 2, 2,

and is skewed in the other two cases, in different directions, one where

the mode is an endpoint of the support and one where the mode is interior

of the support.

‚ The Bernoulli mean µ is approximately µ1, since
`

m`s
2

˘

is very large for

these purposes.

The s seeds were chosen discrete uniform randomly from the m ` s vertices,

and we computed φ̂SGM via the SGM Algorithm for seeded graph matching. In

Figure 5.2 we plotted alignment strength str1pφ̂SGMq against total correlation ρT

for all of the pairs of graphs generated in the case where µ1 “ 0.5, in different

subfigures for the different values of s “ 0, 10, 20, 50, 250, 1000; green dots indi-

cate when φ̂SGM “ φ˚, blue and red dots indicate when φ̂SGM ‰ φ˚, blue when

φ̂SGM agreed with φ˚ on at least 85% of the nonseeded vertices, and red when

φ̂SGM agreed with φ˚ on less than 85% of the nonseeded vertices.

The Phantom Alignment Strength Conjecture is well motivated by the re-

sults illustrated in Figure 5.2. In particular, alignment strength str1pφ̂SGMq ex-

hibits very low variance and is approximately a piecewise-linear function of to-

tal correlation ρT . There appears to be a critical value q̂SGM, dependent on the

number of seeds s in these experiments, for which the following holds. When

total correlation ρT is above q̂SGM then φ̂SGM “ φ˚ and strpφ̂SGMq « ρT , and when
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(b) number of seeds s “ 10
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(c) number of seeds s “ 20
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(d) number of seeds s “ 50
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(e) number of seeds s “ 250
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(f) number of seeds s “ 1000
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Match Ratio

Figure 5.2: Alignment strength str1pφ̂SGMq plotted against total correlation ρT
for the synthetic data experiments in Section 5.4.2, separated according to the
number of seeds s. The number of nonseeds was m “ 1000. Match ratio of each
experiment is color coded green, blue, or red according to the legend above.
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total correlation %T is below q̂SGM then φ̂SGM ‰ φ˚, evidenced by strpφ̂SGMq ff ρT ,

and strpφ̂SGMq is constant— at a phantom alignment strength level. When there

are enough seeds, we see that the two pieces of the function join to become con-

tinuous, suggesting that φ̂SGM “ φ̂ is then achieved for all ρT , and the value of

q̂SGM is then q̂.

Also note that the five different Beta distributions from which Bernoulli

parameters were realized (the five pairs of Beta parameters labelled A, B, C,

D, E) in these experiments were collected into each of the figures of Figure

5.2, and the experiment results for these different distributions are indistin-

guishable from each other in the figures, in accordance with Theorem 6, and

reflected in the Phantom Alignment Strength Conjecture claim that the phan-

tom alignment strength is just a function of m, s, µ1, and that it isn’t relevant

what distribution is used to obtain the Bernoulli parameters.

Also note the phase transition from matchable to non-matchable which takes

place when ρT gets to q̂SGM, and this phase transition becomes better and better

defined as the number of seeds goes up.

For the other values of µ1, the figures exhibited the same overall type of

structure, although the phantom alignment strength values were different. In

the interest of space, we only present here the µ1 “ 0.5 experiment figures.
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5.4.3 Phantom alignment strength vs theoreti-

cal matchability threshold

Among other assertions, the Phantom Alignment Strength Conjecture as-

serts, under conditions, that the alignment strength str1pφ̂SGMq when ρT “ 0,

called the “phantom alignment strength,” is equal to the total correlation thresh-

old for matchability of exact seeded graph matching (i.e. the particular value

such that φ̂ “ φ˚ or not according as ρT is greater than this value or not);

indeed, we have denoted this common quantity q̂. In this section, we will com-

pare alignment strength str1pφ̂SGMq when ρT “ 0 to the matchability threshold

proved in [50].

Consider a probability space with a sequence of correlated Erdős-Rényi ran-

dom graphs for each of the number of vertices n ” m “ 1, 2, 3, . . ., with s “ 0

seeds and Bernoulli parameters equal to a fixed value p. The following result

was stated and proved in [50]; although stated there in terms of ρe, we write ρT

instead, since here, where ρh “ 0, we have that ρT “ ρe.

Theorem 7 ( [50]). There exists positive, real valued constants c1, c2 such that if

ρT ě c1

b

logm
m

then almost always φ̂ “ φ˚, and if ρT ď c2

b

logm
m

then limmÑ8 E|tφ P

Πm : dpφq ă dpφ˚qu| “ 8.

For each value of p P t0.05, 0.1, 0.2, 0.3, 0.4, 0.5u, and each of 500 values of m

between 500 and 4000, (as mentioned, s “ 0) we plotted realizations of align-
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Figure 5.3: Phantom alignment strength as a function of m, fitted to fppmq :“

dp ` cp

b

logm
m

. We use colors blue, yellow, green and red for p “ 0.05, 0.1, 0.2 and
0.5, respectively.

ment strength str1pφ̂SGMq vs the value of m, for uncorrelated (ρe “ 0) pairs

of random Bernoulli (Erdős-Rényi) graphs where each Bernoulli parameter

is p, hence ρT “ 0 (since ρe “ 0 and ρh “ 0). Figure 5.3 shows the plots for

p “ 0.05, 0.1, 0.2, 0.5.

Then, for each p, we fit the associated points to a curve fppmq :“ dp`cp

b

logm
m

for real numbers cp and dp; the values of dp and cp are given in Table 5.1, and

fp is also drawn in Figure 5.3. For each value of p, note the near-perfect fit of

fp to the associated points plotted in Figure 5.3, and note that the value of dp

is close to zero.

Indeed, this suggests, as conjectured in the Phantom Alignment Strength
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Table 5.1: Values of the constants in fppmq :“ dp ` cp

b

logm
m

p dp cp
0.05 ´0.021 2.19
0.1 ´0.009 1.80
0.2 ´0.003 1.58
0.3 ´0.001 1.51
0.4 0.000 1.48
0.5 0.000 1.47

Conjecture, that the phantom alignment strength (i.e. str1pφ̂SGMq when ρT “

0) exists as a value q̂ which coincides with the amount of total correlation ρT

needed for φ̂ “ φ˚.

5.4.4 Block settings

The setting of the Phantom Alignment Strength Conjecture in Section 5.3

was specifically concerning correlated Bernoulli random graphs G,H such that

there are m nonseed vertices, s seed vertices (selected discrete uniformly from

the n :“ m` s vertices), and Bernoulli parameters for each pair of vertices are

selected independently from any fixed distribution with mean µ1.

Let us consider a block setting, which differs from the above in that there

is a positive integer K for the number of blocks, and the vertex set V is first

randomly partitioned into K blocks B1, B2, . . . , BK as follows: There is a given

probability vector π P r0, 1sK such that
řK
i“1 πi “ 1 and each vertex in V is

independently placed in block Bi with probability πi for i “ 1, 2, . . . , K. Next,
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suppose there is a unit-interval-valued (i.e. r0, 1s-valued) distribution Fi,j for

each i “ 1, 2, . . . , K and j “ i, i ` 1, . . . , K such that, for each 1 ď i ď j ď K and

each u P Bi and v P Bj, the Bernoulli parameter Λtu,vu is independently realized

from distribution Fi,j. Let M be the K ˆK symmetric matrix with i, jth entry

equal to the mean of distribution Fi,j. This setting is slightly different from

the stochastic block model in Section 1.4.2, which have fixed block membership

function instead of assigning each vertices to blocks randomly.

Similarly to the Phantom Alignment Strength Conjecture, does there exists

a phantom alignment strength value q̂ ” q̂pm, s, π,Mq P r0, 1s and also q̂SGM ”

q̂SGMpm, s, π,Mq P r0, 1s whereby Equation (5.4) and Equation (5.5) hold? This

is not so simple.

We consider the following choices for m, s, π, and M :

m “ 1000 s “ 40 π “

»

—

—

–

0.2

0.8

fi

ffi

ffi

fl

M “

»

—

—

–

0.3 0.4

0.4 0.5

fi

ffi

ffi

fl

In experiment “A”, we took F1,1 to be point mass distribution at 0.3, F1,2

to be point mass distribution at 0.4, and F2,2 to be point mass distribution

at 0.5. For each value of edge correlation ρe P t0, 0.001, 0.002, . . . , 1u, we real-

ized Bernoulli parameters and then we realized associated correlated Bernoulli

random graphs. Figure 5.4 plots the restricted alignment strength str1pφ̂SGMq

against total correlation ρT ; green dots indicate when φ̂SGM “ φ˚, (else) light

blue when φ̂SGM agreed with φ˚ on at least 85% of the nonseeds, (else) dark blue
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when φ̂SGM agreed with φ˚ on at least 50%, (else) red when φ̂SGM agreed with φ˚

on less than 50% of the nonseeded vertices. We then repeated the experiment

with the only difference being that F2,2 was Uniformp0, 1q, so pm, s, π,Mq are

same as above; the resulting plot is Figure 5.5 (alignment strength str1pφ̂SGMq

vs ρT , same dot color scheme as above). Let us call this Experiment “B.”

Next, we repeated the above experiment for all eight possible combinations

of:

a) F1,1 being Uniformp0.25, 0.35q; b) F1,1 being Uniformp0, 0.6q

a) F1,2 being Uniformp0.35, 0.45q; b) F1,2 being Uniformp0, 0.8q

a) F2,2 being Uniformp0.45, 0.55q; b) F2,2 being Uniformp0, 1q

and we superimposed all of the alignment strength vs total correlation plots in

Figure 5.6 (same dot color scheme as above); we will call this Experiment “C”.

Again, the underlying pm, s, π,Mq are the same as the previous experiments.

Note that Figure 5.4, Figure 5.5, and Figure 5.6 (for respective experiments

A,B, and C) are not similar, even though they originate from the same underly-

ing pm, s, π,Mq. Thus, the Phantom Alignment Strength Conjecture cannot be

simply extended to the case of nontrivial block structure.

However, also note that when SGM was broadly failing to get the truth in

experiments A, B, and C (i.e. the red dots in Figure 5.4, Figure 5.5, and Figure

5.6), the str1pφ̂SGMq was almost constant, at a value of around 0.12. This sug-

gests a decision procedure (analogous the procedure described in Section 5.3)
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for deciding if G, H from an pm, s, π,Mq-block model are graph matched with

some truth. The procedure would be to realizeG1 andH 1 as correlated Bernoulli

random graphs where ρe “ 0, where the m ` s vertices are apportioned to the

blocks in proportion to π, and where, for every pair of vertices, the Bernoulli

parameter is taken as the entry of M associated with the block memberships

of the two vertices, and then the s seeds are chosen uniformly at random. The

alignment strength of the seeded graph match of G1 to H 1 can then be used as a

phantom alignment strength value in the sense that, if the alignment strength

of the seeded graph match of G to H is more than some ε ą 0 greater than this

phantom alignment strength value, then we decide that there is at least some

truth present in the seeded graph match of G to H.

What made the block structure more complicated? We will next provide

some insight. Indeed, Experiment B was constructed in an extreme way in or-

der to cause particular mischief. The value of ρh in Experiment A was approx-

imately .0129, and the value of ρh in Experiment B was approximately .2277;

in particular, that is why the value of ρT was never below approximately .22

in Experiment B, as is clear from Figure 5.5. However, in Experiment B when

ρe “ 0, all of the vertices in the first block are stochastic twins; they share the

same probabilities of adjacency as each other to all of the vertices in the graph,

and all adjacencies are collectively independent. Thus the “true” bijection (the

identity) has no signal in that case. (One might even say that the “truth” isn’t
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Figure 5.4: Experiment A in Section 5.4.4; here F1,1, F1,2, F2,2 are resp. point
mass at 0.3, 0.4, 0.5.
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Figure 5.5: Experiment B in Section 5.4.4; same as Experiment A except that
F2,2 is Uniformp0, 1q.
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Figure 5.6: Experiment C in Section 5.4.4; eight different combinations for
F1,1, F1,2, F2,2.

163



CHAPTER 5. ON PHANTOM ALIGNMENT STRENGTH

very “truthy.”) As such, the total correlation in that case, approximately .2277,

does not contribute to matchability vis-a-vis the first block. As positive edge

correlation ρe is increasingly added in to Experiment B, the first block achieves

matchability on the strength of only the edge correlation, and the second block

achieves matchability on the strength of edge correlation together with hetero-

geneity correlation. In this manner, total correlation does not tell a uniform

story across all vertices. This is in contrast to the hypotheses of the Phantom

Alignment Strength Conjecture (and the setup in the empirical matchability

experiments in Section 4.4) where the Bernoulli parameters were realized from

one distribution. Note that with Experiment C, there is more variety in ρh (for

the eight experiments the values of ρh ranged from approximately .0161 to ap-

proximately .30); there is still some lack of demarcation between matchable and

nonmatchable in terms of total correlation, but the situation is improved some-

what from the left tail of the figure, and total correlation has more influence as

a unified quantity.

We did additional experiments with other values of pm, s, π,Mq and found

comparable results to what appears above.
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5.4.5 Real data; matching graphs to noisy ren-

ditions

Recall that the Phantom Alignment Strength Conjecture in Section 5.3 is

formulated under the assumption that each pair of vertices has a Bernoulli

parameter that is a realization of a distribution which is common to all of the

pairs of vertices. How realistic is this assumption in practice? And, more to

the point of the practitioner, do the conclusions of the conjecture apply to real

data, in general?

In this section we consider a human connectome at different resolution

levels. (This connectome has been featured in [97, 98].) Diffusion-weighted

Magnetic Resonance Imaging (dMRI) brain scans were collected from one hun-

dred and fourteen humans at the Beijing Normal University [99]. Fiber tracts,

which trace axonal pathways through a three-spatial-dimensional cuboid ar-

ray of 1 ˆ 1 ˆ 1 mm3 voxels of the dMRI scan, are estimated using the ndmg

pipeline [100].

For each value of n “ 70, 107, 277, 582, 3230, the graph Gn was formed

in the following manner. Starting from the original cuboid array of voxels, n

equally spaced “contractile” voxels were selected, and each voxel in the array

was merged with its nearest contractile voxel [101]; the n such groupings of

voxels (centered at their contractile voxel) are the n vertices of the graph Gn.
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For any two vertices in Gn, we declare them adjacent precisely when there

exists a fiber that runs through any voxel of one vertex and also any voxel of

the other vertex for any of the one hundred and fourteen individuals.

Given any graph G “ pV,Eq, and also given any noise parameter ρ P r0, 1s,

we can instantiate a graph G̃, called ρ-noised rendition of G, on the same ver-

tex set V as follows. Denote the density of G by dG :“ |E|

p|V |2 q
. First, instanti-

ate an independent Erdős-Rényi graph H on V with Bernoulli parameter dG;

i.e. each pair of vertices is an edge independently of the others with probabil-

ity dG. Next, for each pair of vertices tu, vu, perform an independent Bernoulli

trial; with probability ρ set u adjacent/ not adjacent (resp.) to v in G̃ according

as u adjacent/ not adjacent (resp.) to v in G, and with probability 1 ´ ρ set u

adjacent/ not adjacent (resp.) to v in G̃ according as u adjacent/ not adjacent

(resp.) to v in H. In this manner, G̃ is a mixture of G and noise graph H.

When graph matching G to a ρ-noised rendition of G, clearly φ˚ is the identity

function V to V .

For each of n “ 70, 107, 277, 582, 3230, we did the following experiment.

For each value of the noise parameter ρ from 0 to 1 in increments of .025, we

did 20 repetitions of instantiating a ρ-noised rendition of Gn, then seeded graph

matched Gn to it using the SGM Algorithm after selecting 10% of the n vertices

(discrete uniform randomly) as seeds. The mean alignment strength str1pφ̂SGMq

(the mean being over the 20 repetitions) vs noise parameter ρwas plotted in five
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respective figures (for the five different values of n) in the left side of Figure 5.7;

green dots indicate when φ̂SGM “ φ˚, (else) light blue when φ̂SGM agreed with

φ˚ on at least 85% of the nonseeded vertices, (else) dark blue when φ̂SGM agreed

with φ˚ on at least 50%, (else) red when φ̂SGM agreed with φ˚ on less than 50%

of the nonseeded vertices.

We then repeated the above experiments, with the only difference being

that in place of Gn we used an Erdős-Rényi graph instantiation with Bernoulli

parameter dGn (the density of the connectome Gn). The resulting plots are in

the right hand side of Figure 5.7. Simple calculations of the distributions show

that the pairs of graphs being seeded graph matched here in these repeated

experiments are precisely correlated Erdős-Rényi graphs with the parameter ρ

being precisely the edge correlation ρe, which is equal to ρT since ρh “ 0.

To emphasize: the left hand side of Figure 5.7 is from seeded graph match-

ing connectome to noisy connectome, and the right hand side of Figure 5.7

is from seeded graph matching synthetic data of the same connectome den-

sity to a noisy version of this synthetic data, which turns out to precisely be

seeded graph matching pairs of correlated Bernoulli random graphs where the

noise parameter turns out to be the total correlation, so the figures in the right

hand side of Figure 5.7 are of Section 5.4.2 variety (except that the alignment

strength values are averaged over 20 instantiations).

Notice that the figures in the left hand side of Figure 5.7 and their respec-
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Figure 5.7: Section 5.4.5 experiments; LHS is noisy connectome, RHS is cor-
responding synthetic.
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tive counterparts in the right hand side of Figure 5.7 look remarkably similar

in many important ways. The differences seem to just be that the seeded graph

matching success and alignment strength values clearly exhibit thresholding

in the synthetic data, which is less pronounced and more gradual in the con-

nectome data, although the sharpness of the connectome thresholding seems to

be catching up as the number of vertices increases. Aside from this, there stills

seems to be a reasonable phantom alignnment strength for the connectome

data.

5.4.6 Real data; matching same objects under

different modalities

In this section, we illustrate the ideas using three real data sets from Sec-

tion 2.5; they are the Wikipedia, Enron, and C. elegans pairs of graphs.

We described the pair of Wikipedia graphs in Section 2.5.1. As there, let

G,H respectively denote the simple graphs representing the English language

Wikipedia articles (and their hyperlink structure) and the French language

Wikipedia articles (and their hyperlink structure), respectively.

For each value of s “ 0, 5, 50, 150, 250, 382, 500, we did 100 replicates of uni-

formly sampling s seeds from the n vertices, seeded graph matched G to H

using SGM, then recording the alignment strength str1pφ̂SGMq, averaged over
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the 100 replicates, plotted (in blue) vs the number of seeds s in Figure 5.8.

In the same figure, we recorded the match ratio (the number of nonseeds cor-

rectly matched, divided by the number of nonseeds), averaged over the 100

replications, plotted (in purple) vs the number of seeds s, also in Figure 5.8.

In addition, for each value of s “ 0, 5, 50, 150, 250, 382, 500, we did 100 replicates

of realizing uncorrelated pairs of Erdos-Renyi graphs G1, H 1, each with 1382

vertices and Bernoulli parameter of G1 equal to the density of G, Bernoulli pa-

rameter of H 1 equal to the density of H, then uniformly sampling s seeds from

the 1382 vertices, then seeded graph matched G1 to H 1 using SGM, and record-

ing the alignment strength str1pφ̂SGMq, averaged over the 100 replicates, plotted

(in green) vs the number of seeds s in Figure 5.8; these values represent the

phantom alignment strength values in the respective seed levels. Note that,

as the number seeds went from 0 to 5 to 50, the jump in match ratio coincides

with a jump in the gap between seeded graph matching alignment strength

and the phantom alignment strength. (Even when s “ 0 there is some truth

in the graph match; the match ratio was .0151, approximately 21 nonseed ver-

tices matched correctly, whereas chance is 1{1382, one nonseed vertex matched

correctly.)

We described the pair of C. elegans graphs in Section 2.5.2. Let G,H respec-

tively denote the sample graphs representing chemical synapses and electrical

synapses between somatic neurons of the hermaphrodite C. elegans.
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We conducted the identical experiments as we did for the Wikipedia graphs,

except that the number of seeds s considered were s “ 0, 1, 5, 10, 20, 50, 75, 100, 150, 200.

The resulting plots are in Figure 5.9; alignment strength of the C. elegans

seeded graph match in blue, phantom alignment strength in green, match ra-

tio in purple. Note that seeded graph matching did poorly, as evidenced by low

match ratio, even when the number of seeds was huge (200 seeds and 79 non-

seeds), and correspondingly the gap between seeded graph matching alignment

strength and phantom alignment strength was small.

The Enron graphs are presented in Section 2.5.3. As there, we use G130,

G131 and G132 to denote the simple graphs representing email communication

among n “ 184 Enron employees in weeks 130, 131 and 132, respectively.

We conducted the identical experiments for each of the pairs G130, G131 and

G131, G132 and G130, G132 as we did for the Wikipedia graphs, except that the

number of seeds s considered were s “ 0, 1, 5, 10, 20, 50, 60, 90, 100. The resulting

plots are in Figure 5.10. As illustrated in Section 2.5.3, the match ratio from

matching G130 to G131 is highest of the three, since the anomaly had not yet

occurred. The next highest match ratio was from matching G131 to G132, then

came matching G130 to G132. Note that the gap between seeded graph matching

alignment strength and phantom alignment strength was ordered the same

way; highest was G130 to G131, then was G131 to G132, and then was G130 to G132.

Indeed, more gap here when there was higher match ratio.
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Figure 5.8: Matching English and French Wikipedia graphs
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Figure 5.9: Matching C. elegans’ electrical and chemical connectome
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Figure 5.10: Matching Enron email networks; all pairs of three different
weeks 130,131,132.
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5.5 Notable Mentions and Future Direc-

tions, Plus Caveats

The applications of graph matching are broad and many, and getting the

right answer is only valuable when we know that we have the right answer.

This chapter provides principled tools that can help the practitioner decide if

seeded graph matching has found the true bijection.

The first caveat —and future direction— is that we are presenting a conjec-

ture, and not a theorem. Indeed, the Phantom Alignment Strength Conjecture,

as formulated in Section 5.3, includes terms in quotes; “moderate,” “high prob-

ability,” “very different,” and “negligible.” Ironing these terms out with specifics

is part of the puzzle of proving the conjecture, and is an important next task. It

may be a hard task, and we expect this chapter to stimulate more experimen-

tation, fine-tuning, and eventually a proof of the conjecture.

Part of the first caveat is the consideration that we do not have a proof of

the conjecture as of now, and our experimentation is wide but not exhaustive,

and thus there may be additional hypotheses or limitations to the conjecture

statement. A second caveat is that the conjecture is expressed in terms of

an underlying model for a pair of random graphs, and we need to consider if

particular real data that we may encounter can be considered as arising from

such a model.
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Figure 5.11: The same as the plot in Figure 5.2d, except that the x-axis in this
figure is edge correlation instead of total correlation. The contrast between
these two figures is quite stark, and highlights the utility of total correlation
with regard to matchability.

Also, when there are multiple blocks with Bernoulli coefficients being real-

ized from different distributions for different blocks, we saw in Section 5.4.4

that total correlation became a much less reliable tool for determining match-

ability. More work is needed to explore this further; in Chapter 4, when pre-

senting empirical evidence for the relationship between total correlation and

matchability, we restricted our attention to the setting hypothesized in our

Phantom Alignment Strength Conjecture, which excludes multiple blocks. In-

deed, in the setting of our conjecture, the role of total correlation in matcha-

bility is starkly visible. See Figure 5.2d, where the x-axis is total correlation,

and compare to Figure 5.11 (above). Figure 5.11 is the same data plotted in

Figure 5.2d, except that the x-axis is used for edge correlation instead of total
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correlation. The contrast between these two figures is quite dramatic. Indeed,

the current-literature-standard yardstick of edge correlation failed miserably

in capturing matchability, whereas total correlation captured matchability per-

fectly here. These two figures are powerful illustration of the role of total cor-

relation in matchability.

While more work remains to be done, we have principled tools now that can

be of significant help to the practitioner.
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Chapter 6

On a Complete and Sufficient

Statistics for the Correlated

Bernoulli Random Graph Model

Remark 9. Throughout this chapter, the “correlated Bernoulli random graph

model” has been referring to the generalized correlated Bernoulli random

graph model defined in Definition 7 with constraint ΛG “ ΛH . The model in

this chapter is the same as the model that we defined in Definition 6, except

that here we additionally allow different edge correlation parameters for the

different pairs of vertices. In Chapter 4, we introduced alignment strength

as a function of a pair of graphs and a bijection between their vertex sets. In

this chapter, in the context of a correlated Bernoulli random graph model,
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we will use str to denote the alignment strength statistic, specifically for the

natural alignment.

6.1 Overview

The contributions of this chapter fall into two groups, the second group uti-

lizing the machinery of the first group.

Our first group of contributions in this chapter: In the context of a corre-

lated Bernoulli random graph model, we introduce a “smoothing” procedure,

called balancing, which reduces the mean-squared error for any estimator of a

function of model parameters; specifically, for any estimator S of a function of

model parameters gpθq, the balanced estimator S has the same bias as S, but

has lower variance. Indeed, under a nondegeneracy condition, we prove in The-

orem 10 that if S is an unbiased estimator of gpθq then S is the UMVUE of gpθq;

this is because S is a Rao-Blackwellization of S via the disagreement statistic

H , and we prove in our main result Theorem 8 that H is complete and suffi-

cient, under the nondegeneracy condition. We also prove in Theorem 9, under

the nondegeneracy condition, that if S is an unbiased estimator of gpθq then

any statistic T is also an unbiased estimator of gpθq if and only if S “ T .

These results should not be taken for granted; in Example 4 we illustrate

that even knowing, hence fixing, the mean of the adjacency probabilities cre-
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ates a violation of the nondegeneracy condition, and the conclusions of the

above theorems then will indeed fail, in general.

Our second group of contributions in this chapter focus on the application

of the first group of contributions, specifically to alignment strength and graph

correlation. Under the framework of a correlated Bernoulli random graph

model, we prove (in Theorems 11, 12, 13) that there do not exist unbiased esti-

mators for several correlation parameters, including ρT . In addition, we point

out that the alignment strength statistic str, which is a biased (by Theorem 12)

but strongly consistent (shown in Section 4.3) estimator of ρT , is not a balanced

statistic, and therefore the mean squared error in estimating ρT is reduced by

using str instead. Empirical experiments in Section 6.5 suggest that balancing

the numerator and denominator of str separately, which we call the modified

alignment strength str2, often has less bias than str as an estimator of ρT , al-

ways has less variance than str, and we conjecture that str2 always has less

mean square error than str in estimating ρT .

The organization of this chapter is as follows. We introduce important

functions of the parameters, and important statistics of the correlated random

Bernoulli graph model in Section 6.2. Our main results are stated in Section

6.3 and proved in Section 6.4. Empirical demonstrations are in Section 6.5.
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6.2 Important Statistics and Functions

of the Parameters

We begin by recalling the correlated Bernoulli random graph model. For

simplicity of further notation, let us suppose that the N ( “ number-of-vertices-

choose-two) pairs of vertices are arbitrarily ordered. Define the set

R :“ tpp1, p2, . . . , pN , ρ1, ρ2, . . . , ρNq : p1, p2, . . . , pN , ρ1, ρ2, . . . , ρN P r0, 1su

The parameter space for the correlated Bernoulli random graph model, de-

noted Θ, is any particular subset of R, possibly a proper subset. For each

pp1, p2, . . . , pN , ρ1, ρ2, . . . , ρNq P Θ, the pair of random graphs are described as

follows. For each i “ 1, 2, . . . , N , the indicator random variable Xi for ad-

jacency of the ith pair of vertices in the first graph and the indicator ran-

dom variable Yi for adjacency of the ith pair of vertices in the second graph

are each marginally distributed Bernoullippiq, and the Pearson correlation

coefficient of Xi, Yi is ρi (assuming that pi is not 0 or 1, in which case the

value of ρi is irrelevant). Other than these dependencies, the random variables

X1, X2, . . . , XN , Y1, Y2, . . . , YN are independent.
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For all i P rN s, define

qi,0 :“ p1´ piq
2
` ρipip1´ piq,

qi,‹ :“ p1´ ρiqpip1´ piq,

qi,1 :“ p2
i ` ρipip1´ piq;

these are, respectively, the probability that Xi “ Yi “ 0, the probability that

[Xi “ 1 and Yi “ 0] or the probability that [Xi “ 0 and Yi “ 0], and the proba-

bility that Xi “ Yi “ 1.

Let X and Y denote the random vectors whose ith elements are respectively

Xi and Yi, for all i P rN s; thus, in effect, X and Y are vectorizations of the ad-

jacency matrices representing the respective graphs. Let X :“ tpx, yq : x, y P

t0, 1uNu denote the sample space for the correlated Bernoulli random graph

model; in particular, x and y respectively are possible realizations of the adja-

cency vectors X and Y .

Define Ro :“ tpp1, p2, . . . , pN , 0, 0, . . . , 0q : p1, p2, . . . , pN P Ru. The parameter

space Θ will be called nondegenerate if ΘXRo has an interior point, relative to

Ro; i.e. there exists z P ΘXRo and real number ε ą 0 such that ΘXRo contains

all points in Ro that are less than ε distant from z. Nondegeneracy of Θ will

play a critical role here; it is an assumption explicitly required for most of the

theorems in this chapter. Furthermore, when this condition is assumed, it is

not merely for ease of exposition or analysis; indeed, we will demonstrate that
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absence of this condition, when it is assumed, can falsify the conclusions of the

theorems that assume this condition.

Remark 10. The results in this chapter provide machinery for improved esti-

mation in the context of the correlated Bernoulli random graph model, which

is a versatile and currently popular random graph model utilized heavily in

the study of graph matching and similar disciplines. Nonetheless, the way

the correlated Bernoulli random graph model is defined here—and the na-

ture of the results in this chapter and their proofs—render these results also

expressible more broadly in terms of random correlated Bernoulli vectors

X,Y , for the pair of random vectors X,Y defined above, without underlying

graph structure. Thus, in particular, with this broader perspective, we do

not need to restrict the number of components N (for X and Y ) to be
`

n
2

˘

,

where n is the number of vertices in an underlying graph. Indeed, we can

consider N as any positive integer.

We then introduce the most important statistic in this chapter, the (vector-

valued) disagreement vector statistic H . This statistic is foundational for the

first group of our results; in Theorem 8 we will show, under the nondegeneracy

condition, that H is complete and sufficient.
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Definition 8. The disagreement vector statistic H : X Ñ t0, ‹, 1uN is defined

as follows: For all px, yq P X , the vector H px, yq P t0, ‹, 1uN is such that, for

each i “ 1, 2, . . . , N , the ith component of H px, yq is equal to 0 if xi “ yi “ 0,

is equal to ‹ if xi ‰ yi, and is equal to 1 if xi “ yi “ 1. For all h P t0, ‹, 1uN ,

the preimage of h, which is the set H ´1phq, is denoted as Xh, and is called a

disagreement class. Note that X is partitioned into the disjoint union X “

Ť

hPt0,‹,1uN Xh.

The following definitions are key for the second group of our results.

We have defined the Bernoulli parameter mean µ and the Bernoulli param-

eter variance σ2 in Section 4.2. The empirical density of X, denoted dX , the

empirical density of Y , denoted dY , and the combined empirical density, de-

noted dX,Y , are statistics X Ñ R that are respectively defined as

dX :“
1

N

N
ÿ

i“1

Xi , dY :“
1

N

N
ÿ

i“1

Yi , dX,Y :“
1

2
pdX ` dY q .

Clearly, all three of these statistics are unbiased estimators of the parameter

µ. Then, we define the statistics dXXY , dXYY : X Ñ R as

dXXY :“
1

N

N
ÿ

i“1

XiYi , dXYY :“ dX ` dY ´ dXXY .

Note that for all px, yq P X , we have that dXXY px, yq :“ |ti :xi“1 and yi“1u|
N

, and

dXYY px, yq :“ |ti :xi“1 or yi“1u|
N

.
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Next, the disagreement enumeration statistic ∆ : X Ñ R is

∆ :“
N
ÿ

i“1

pXi ´ Yiq
2 ;

in particular, for all px, yq P X , ∆px, yq is the number of components at which x

and y disagree. Clearly, we have, for all θ P Θ, that Er∆s “ 2
řN
i“1p1´ρiqpip1´piq.

For all h P t0, ‹, 1uN and px, yq P Xh, we have 2∆px,yq “ |Xh|.

The alignment strength str : X Ñ R is an important statistic defined in

Section 4.1 as

str :“ 1´
∆{N

dX p1´ dY q ` p1´ dXq dY
“

dXXY ´ dXdY
dX,Y ´ dXdY

(6.1)

where the second equality follows immediately using the easily-derived identi-

ties mentioned later in Equations (6.7) through (6.11).

In Section 4.2, total correlation ρT was defined as p1 ´ ρeqp1 ´ ρhq, where ρe

is the edge correlation and ρh is the heterogeneity correlation. Here, because

of the existence of different edge correlations, we define total correlation as

ρT :“ 1 ´
řN
i“1p1´ρiqpip1´piq

Nµp1´µq
, which equal p1 ´ ρeqp1 ´ ρhq if ρi “ ρe for all i P rN s.

Note that the strong consistency result in Theorem 5 still holds when ρe are

different for different pairs of vertices.

6.3 The Results

Our first result is the following theorem.
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Theorem 8. If the parameter space Θ is nondegenerate, then the disagreement

vector H is a complete and sufficient statistic.

Theorem 8 is proved in Section 6.4.2.4.

Given any statistic S : X Ñ R, define the statistic S : X Ñ R as follows.

For all px, yq P X and h P t0, ‹, 1uN such that px, yq P Xh, define Spx, yq :“

1
|Xh|

ř

px1,y1qPXh Spx
1, y1q; in particular, S is a constant function on Xh. We say that

S is the balanced variant of S; the balancing of S means the substituting of S

in place of S when performing an estimation or inference task. If S “ S then

we say S is a balanced statistic. Of course, S is balanced if and only if S is

a constant function on Xh for each h P t0, ‹, 1uN . The following are our main

results.

Theorem 9. Suppose the parameter space Θ is nondegenerate, and a statistic

S : X Ñ R is an unbiased estimator of gpθq, where g : Θ Ñ R. Then a statistic

T : X Ñ R is an unbiased estimator of gpθq if and only if T “ S.

Theorem 10. Suppose the parameter space Θ is nondegenerate, and a statistic

S : X Ñ R is an unbiased estimator of gpθq, where g : Θ Ñ R. Then there exists

a UMVUE of gpθq and, in fact, S is the UMVUE of gpθq.

We prove Theorem 9 in Sections 6.4.1 and 6.4.2, and we prove Theorem 10

in Section 6.4.3; it is essentially a consequence of Theorem 8. The key idea in

proving Theorem 10 is that S is the composition of some function with H —a

184



CHAPTER 6. COMPLETE AND SUFFICIENT STATISTIC FOR
CORRELATED BERNOULLI RANDOM GRAPH

complete and sufficient statistic by Theorem 8—and thus the Lehmann-Scheffe

Theorem dictates that S is UMVU. Indeed, S is the Rao-Blackwellization ( [102,

103]) of S conditioning on H . Section 6.4.3 spells out the details.

Example 1. The disagreement enumeration statistic ∆ : X Ñ R is clearly

a balanced statistic, since it is a constant function on each Xh. Hence, by

Theorem 10, when Θ is nondegenerate, ∆ is the UMVUE of its expectation

Er∆s “ 2
řN
i“1p1´ ρiqpip1´ piq.

Example 2. When N ą 1, the statistic dX p1´ dY q ` p1´ dXq dY is NOT a bal-

anced statistic; indeed, consider h “ r‹, ‹, . . . , ‹sT P t0, ‹, 1uN , and consider

px1, y1q P Xh such that x1 is all zeros and y1 is all ones, and consider px2, y2q P Xh

such that the first tN
2

u entries of x2 are all zeros and of y2 are all ones, and

the last rN
2

s entries of x2 are all ones and of y2 are all zeros—the statistic

dX p1´ dY q ` p1´ dXq dY at px1, y1q has the value 1, and at px2, y2q has a value

approaching 1
2
, hence the statistic is not constant on Xh, hence is not balanced.

Example 3. WhenN ą 1, the alignment strength statistic str is NOT a balanced

statistic. This is because in Example 1 we have that the numerator of str in

Equation (6.1) is balanced, and in Example 2 we have that the denominator of

str in Equation (6.1) is not balanced; hence str is not a constant function on all

Xh, and is thus not balanced.

It is important to note that the claims in Theorems 9 and 10 may fail with-

out the assumption of nondegeneracy for the parameter space Θ, as highlighted
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in the next example. (In particular, this points to the non-triviality of Theorems

9 and 10.)

Example 4. If the value of µ is known, hence fixed, then Θ is contained in a

particular hyperplane intersecting Ro, and Θ is degenerate; in this scenario, we

will show in Section 6.4.8 that unbiasedness of estimators is not characterized

as described in Theorem 9 and, often, there do not exist UMVUE for functions

of the model parameters, even when there exist unbiased estimators.

The following corollary is an immediate consequence of Theorem 10 and

the fact that sums and products of constant functions (on respective Xh) are

constant (on respective Xh).

Corollary 1. Suppose the parameter space Θ is nondegenerate, and a statistic

S : X Ñ R is an unbiased estimator of gpθq, where g : Θ Ñ R, and a statistic

S 1 : X Ñ R is an unbiased estimator of g1pθq, where g1 : Θ Ñ R. Then, for any

a, b P R, aS ` bS
1 is UMVUE for agpθq ` bg1pθq. Indeed, aS ` bS

1 is balanced,

S ¨ S
1 is balanced, and (if S 1 is nonzero) S{S 1 is balanced.

The next set of theorems are applications of the above theorems—and the

methodologies of their proofs—to unbiasedness and efficiency of statistics for

estimating various graph correlation parameters, particularly total correla-

tion.

Theorem 11. Suppose the parameter space Θ is nondegenerate, and N ą 1.
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There does not exist an unbiased estimator of the heterogeneity correlation ρh.

Theorem 12. Suppose the parameter space Θ is nondegenerate, and N ą 1.

There does not exist an unbiased estimator of the total correlation ρT .

We prove Theorems 11 and 12 in Section 6.4.5.

In the following negative result on estimating edge correlation ρe, besides

the assumption of a nondegenerate parameter space, we have additional as-

sumptions that all pairs of vertices share the same edge correlation parameter

(ie. Θ is restricted so that, for all θ P Θ, it holds that ρ1 “ ρ2 ¨ ¨ ¨ “ ρN ), and we

also assume that this edge correlation parameter is not always zero. Specifi-

cally:

Theorem 13. Suppose that the following three conditions hold:

a) The parameter space Θ is nondegenerate.

b) The parameter space Θ is such that edge correlations are component-uniform,

meaning that there exists a function ρe : Θ Ñ R such that, for all θ P Θ and all

i “ 1, 2, . . . , N , ρipθq “ ρepθq.

c) The parameter space Θ is not a subset of Ro, i.e. there exists θ P Θ such that

ρepθq ‰ 0.

Then there does not exist an unbiased estimator of ρe.

We prove Theorem 13 in Section 6.4.4.
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Remark 11. Suppose the parameter space Θ is nondegenerate. As mentioned

in Example 3, alignment strength str “ dXXY ´dXdY
dX,Y ´dXdY

is NOT balanced when

N ą 1. (So, the bias in estimating ρT is the same for str as for str, but the

variance of str is less than the variance of str.) Next, define the modified

alignment strength str2 :“ dXXY ´dXdY
dX,Y ´dXdY

; by Corollary 1, str2 is balanced. In

Section 6.4.6 we will prove the following clean formulas:

str2 “
dXXY ´ dXdY `

1
4

“

∆
N2 ´ pdX ´ dY q

2
‰

dX,Y ´ dXdY `
1
4

“

∆
N2 ´ pdX ´ dY q2

‰ “
dXXY ´ d2

X,Y `
∆

4N2

dX,Y p1´ dX,Y q `
∆

4N2

. (6.2)

Furthermore, we will empirically show in Section 6.5 that str2 is often supe-

rior to str as an estimator of ρT .

When x and y are both all zeros or all ones then any convention for defining

str2 is acceptable, provided that it is between 0 and 1. Note that str2 can have

less variance than str (and in general it does) without violating Theorem 10,

since their expected values can be different.

Sometimes balancing a statistic—even at one sample space point—requires

averaging an exponential number of values. Remark 11 is notable for its simple

expressions for the balanced statistics comprising str2, and in Section 6.5 a

linear time algorithm is given for computing str.

The following result is proved in Section 6.4.7; it follows from Corollary 1

and Remark 11.

Corollary 2. Suppose the parameter space Θ is nondegenerate and also suppose
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that Θ Ď Ro. Then the statistic dX,Y p1´ dX,Y q ´
1

2N

`

1´ 1
2N

˘

∆ is the UMVUE

for σ2.

6.4 Proof of the Results in Section 6.3

We begin by proving Theorem 9 and Theorem 10; the proofs of Theorem 8

and Theorem 13 will then be built on the methodology of the forward direction

of the proof of Theorem 9. The rest of the results in Section 6.3 will also be

shown.

6.4.1 Proof of the reverse direction of Theorem

9

The reverse direction of Theorem 9 can be equivalently formulated in the

following way. Suppose the parameter space Θ is nondegenerate, and a statistic

S : X Ñ R is an unbiased estimator of gpθq, where g : Θ Ñ R. If the statistic

T : X Ñ R satisfies the condition that for all h P t0, ‹, 1uN ,
ř

px,yqPXh T px, yq “

ř

px,yqPXh Spx, yq then T is an unbiased estimator of gpθq.

Proving the reverse direction of Theorem 9 is quite straightforward. For

each h P t0, ‹, 1uN , the elements of Xh are equiprobable. In particular, for all
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θ P Θ it holds that

ErT s “
ÿ

px,yqPX

T px, yqPpx, yq “
ÿ

hPt0,‹,1uN

ÿ

px,yqPXh

T px, yqPpx, yq

“
ÿ

hPt0,‹,1uN

»

–

˜

ź

i:hi“1

qi,1

¸˜

ź

i:hi“0

qi,0

¸˜

ź

i:hi“‹

qi,‹

¸

ÿ

px,yqPXh

T px, yq

fi

fl

“
ÿ

hPt0,‹,1uN

»

–

˜

ź

i:hi“1

qi,1

¸˜

ź

i:hi“0

qi,0

¸˜

ź

i:hi“‹

qi,‹

¸

ÿ

px,yqPXh

Spx, yq

fi

fl

“ ErSs “ gpθq.

Thus T is an unbiased estimator of gpθq.

6.4.2 Proof of the forward direction of Theorem

9 and of Theorem 8

The proof of the forward direction of Theorem 9 involves notation that is

complex at first glance, and the core ideas may be challenging to follow when

presented all at once in full generality. Our expositional strategy is as follows.

After proving the basic preliminary Lemma 7 in Section 6.4.2.1, we proceed to

first prove the forward direction of Theorem 9 in the special cases where N “

1, 2 in Section 6.4.2.2, so that the notation, reasoning, and strategy are crystal

clear, and then in Section 6.4.2.3 we prove the forward direction of Theorem

9 in full and clear generality. Then we will show in Section 6.4.2.4 that the

machinery of Section 6.4.2.3 proves Theorem 8 (Completeness of H ).
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6.4.2.1 Preliminaries

Two polynomials in a single variable that are equal as functions at infinitely

many points are, by interpolation theory, equal algebraically (meaning that the

two polynomials have the same coefficients as each other). However, for two

polynomials in more than one variable, this may fail. For example, consider

the polynomial p2
1 ´ p2 and the zero polynomial, in the two variables p1 and p2.

These two polynomials agree as functions on a parabola, but they are not equal

algebraically. However, if two polynomials of any degree agree as functions on

an open neighborhood then they are equal algebraically. Formally:

Lemma 7. Suppose that Θ is nondegenerate, and g, g̃ : Θ X Ro Ñ R are two

polynomials in the variables p1, p2, . . . , pN such that for all θ P Θ X Ro it holds

that gpθq “ g̃pθq. Then the coefficients of the polynomial g are identical to the

respective coefficients of the polynomial g̃.

The proof of Lemma 7 is a straightforward induction on the maximum de-

gree of the polynomials g and g̃, considering sequential partial derivatives. An

equivalent formulation of Lemma 7 can be found in the classical textbook Al-

gebra of Serge Lang [104], Chapter IV, Corollary 1.6.
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6.4.2.2 Proof of the forward direction of Theorem 9 for the

particular cases where N “ 1, 2, by way of illustra-

tion for the general case

The forward direction of Theorem 9 can be formulated as follows. Suppose

the parameter space Θ is nondegenerate, and the two statistics S, T : X Ñ R

are each unbiased estimators of gpθq, where g : Θ Ñ R. Then for all h P t0, ‹, 1uN ,

it holds that
ř

px,yqPXh T px, yq “
ř

px,yqPXh Spx, yq.

To best illustrate, we begin with a proof for the case where N “ 1. Taking

the expectation for parameters θ P ΘXRo, we see that ErSs “ p1´ p1q
2Sp0, 0q `

p1p1 ´ p1q pSp0, 1q ` Sp1, 0qq ` p2
1Sp1, 1q. In particular, g needs to be a quadratic

polynomial in the single variable p1 on ΘXRo, say gpp1q :“ gp0qp0
1` g

p1qp1
1` g

p2qp2
1

where gp0q, gp1q, and gp2q are fixed coefficients. By the nondegeneracy of Θ and

Lemma 7, we can uniquely represent polynomials as vectors with respective

entries being the coefficients of p0
1, p1

1, and p2
1, respectively. Thus p1´p1q

2, p1p1´

p1q, p2
1, and g can be represented as

“ 1
´2
1

‰

,
“ 0

1
´1

‰

,
“ 0

0
1

‰

and
“
gp0q

gp1q

gp2q

‰

, respectively. In

particular, S being an unbiased estimator for g on ΘXRo means that
»

—

—

—

—

—

—

–

1 0 0

´2 1 0

1 ´1 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

–

Sp0, 0q

Sp0, 1q ` Sp1, 0q

Sp1, 1q

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

gp0q

gp1q

gp2q

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Denote the left hand side matrix as L, that is L “
“ 1 0 0
´2 1 0
1 ´1 1

‰

; since L is in-
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vertible, and T has to satisfy the above equation as well, we therefore have

that
“

Sp0,0q
Sp0,1q`Sp1,0q

Sp1,1q

‰

“
“

T p0,0q
T p0,1q`T p1,0q

T p1,1q

‰

, which precisely says that for all h P t0, ‹, 1uN

it holds that
ř

px,yqPXh T px, yq “
ř

px,yqPXh Spx, yq, and the case where N “ 1 is

proven.

By further way of illustration, we next prove the case where N “ 2. Taking

the expectation for parameters θ P ΘXRo, we have

E rSs “ p1´ p1q
2p1´ p2q

2
“

Sp
“

0
0

‰

,
“

0
0

‰

q
‰

` p1´ p1q
2p2p1´ p2q

”

Sp
“

0
0

‰

,
“

0
1

‰

q ` Sp
“

0
1

‰

,
“

0
0

‰

q

ı

` ¨ ¨ ¨

` p1p1´ p1qp2p1´ p2q

”

Sp
“

0
0

‰

,
“

1
1

‰

q ` Sp
“

0
1

‰

,
“

1
0

‰

q ` Sp
“

1
0

‰

,
“

0
1

‰

q ` Sp
“

1
1

‰

,
“

0
0

‰

q

ı

` ¨ ¨ ¨

“ p1´ p1q
2p1´ p2q

2
ÿ

px,yqPX“
0
0

‰

Spx, yq ` p1´ p1q
2p2p1´ p2q

ÿ

px,yqPX“
0
‹

‰

Spx, yq

` p1´ p1q
2p2

2

ÿ

px,yqPX“
0
1

‰

Spx, yq ` p1p1´ p1qp1´ p2q
2

ÿ

px,yqPX“
‹
0

‰

Spx, yq

` p1p1´ p1qp2p1´ p2q
ÿ

px,yqPX“
‹
‹

‰

Spx, yq ` p1p1´ p1qp
2
2

ÿ

px,yqPX“
‹
1

‰

Spx, yq

` p2
1p1´ p2q

2
ÿ

px,yqPX“
1
0

‰

Spx, yq ` p2
1p2p1´ p2q

ÿ

px,yqPX“
1
‹

‰

Spx, yq

` p2
1p

2
2

ÿ

px,yqPX“
1
1

‰

Spx, yq.

Note in particular that g would have to be a polynomial in the two variables

p1, p2, with its monomials each consisting of a constant, denoted gpk1,k2q, times

pk11 p
k2
2 , where k1, k2 P t0, 1, 2u. By the nondegeneracy of Θ and Lemma 7, g can

be uniquely represented by the vector of coefficients ordered lexicographically

(i.e. dictionary order) by superscript:
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rgp0,0q, gp0,1q, gp0,2q, gp1,0q, gp1,1q, gp1,2q, gp2,0q, gp2,1q, gp2,2qsT . Indeed, all other polynomi-

als with monomials each consisting of a constant times pk11 p
k2
2 , where k1, k2 P

t0, 1, 2u, will also be similarly represented (uniquely) by the vector of coeffi-

cients ordered lexicographically by superscript. For example, in the matrix on

the left hand side below, the columns respectively are the vectors (of lexico-

graphically ordered monomial coefficients) representing the respective polyno-

mials p1´p1q
2p1´p2q

2, p1´p1q
2p2p1´p2q, p1´p1q

2p2
2, . . . , which are the respective

probabilities of px, yq P Xh for h’s lexicographically ordered (“‹” has the value 1
2
)

as:
“

0
0

‰

,
“

0
‹

‰

,
“

0
1

‰

,
“

‹
0

‰

,
“

‹
‹

‰

,
“

‹
1

‰

,
“

1
0

‰

,
“

1
‹

‰

,
“

1
1

‰

. Now, S being an unbiased estima-

tor of g on ΘXRo means precisely that the following linear system holds:
»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

1 0 0 0 0 0 0 0 0

´2 1 0 0 0 0 0 0 0

1 ´1 1 0 0 0 0 0 0

´2 0 0 1 0 0 0 0 0

4 ´2 0 ´2 1 0 0 0 0

´2 2 ´2 1 ´1 1 0 0 0

1 0 0 ´1 0 0 1 0 0

´2 1 0 2 ´1 0 ´2 1 0

1 ´1 1 ´1 1 ´1 1 ´1 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

ř

px,yqPX
r0,0sT

Spx, yq

ř

px,yqPX
r0,‹sT

Spx, yq

ř

px,yqPX
r0,1sT

Spx, yq

ř

px,yqPX
r‹,0sT

Spx, yq

ř

px,yqPX
r‹,‹sT

Spx, yq

ř

px,yqPX
r‹,1sT

Spx, yq

ř

px,yqPX
r1,0sT

Spx, yq

ř

px,yqPX
r1,‹sT

Spx, yq

ř

px,yqPX
r1,1sT

Spx, yq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

gp0,0q

gp0,1q

gp0,2q

gp1,0q

gp1,1q

gp1,2q

gp2,0q

gp2,1q

gp2,2q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(6.3)

Observe that the left-hand-side matrix above is the Kronecker product L b L,

where L is the lower triangular matrix with diagonals all ones mentioned in
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the proof of the case where N “ 1. Note that L b L is thus lower triangular

with diagonals all ones, thus has nonzero determinant and is invertible. Since

T solves the same linear system (above, Equation 6.3) as S does, we conclude

—by multiplying both sides of the equation above by the inverse of LbL— that

for all h P t0, ‹, 1uN it holds that
ř

px,yqPXh T px, yq “
ř

px,yqPXh Spx, yq, and the case

where N “ 2 is now also proven.

6.4.2.3 Proof of the forward direction of Theorem 9, the

general case

With the proofs of the cases N “ 1, 2 as illustration, we now prove the re-

sult for arbitrary N . Let bNL denote the N -fold Kronecker product L b L b

¨ ¨ ¨ b L. Next, let
´́ Ñ́
S{H denote the vector whose components are respectively

ř

px,yqPXh Spx, yq for each of the h P t0, ‹, 1uN , ordered lexicographically according

to h. Restricting to parameters θ P Θ X Ro, g is a polynomial in the vari-

ables p1, p2, . . . , pN , with its monomials each consisting of a constant, denoted

gpk1,k2,...,kN q, times pk11 p
k2
2 ¨ ¨ ¨ p

kN
N , where k1, k2, . . . , kN P t0, 1, 2u. By the nondegen-

eracy of Θ and Lemma 7, we have that g can be uniquely represented by the

column vector of monomial coefficients ordered lexicographically by the powers

of p1, p2, . . . , pN ; denote this vector ~g.

We claim that S being an unbiased estimator for gpθq on Θ X Ro means
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precisely that S satisfies the linear system

rb
NLs ¨

´́ Ñ́
S{H “ ~g. (6.4)

This can be verified directly by noting that for each h P t0, ‹, 1uN and px, yq P Xh,

the probability of px, yq is given by (and is simplified with elementary algebra)

N
ź

i“1

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

p1´ piq
2 if hi “ 0

pip1´ piq if hi “ ‹

p2
i if hi “ 1

,

/

/

/

/

/

/

.

/

/

/

/

/

/

-

“
ÿ

pk1,k2,...,kN qPt0,1,2uN

˜

N
ź

j“1

Lkj`1 , 2¨hj`1

¸

¨

˜

N
ź

j“1

p
kj
j

¸

,(6.5)

where, in the subscript of Lkj`1 , 2¨hj`1, “‹” has the value 1
2
, meaning that when hj

is ‹ then 2¨“‹”`1 is defined to be 2. With nondegeneracy of Θ and Lemma 7, we

have uniqueness of polynomial coefficients, and Equation (6.5) directly yields

Equation (6.4).

Since bNL is a lower triangular matrix with all diagonals being ones, it is

an invertible matrix. Now, T has to satisfy Equation (6.4) as well; multiplying

both sides of the equation by the inverse of bNL yields that
´́ Ñ́
S{H “

´́ Ñ́
T {H ,

which precisely says that for all h P t0, ‹, 1uN it holds that
ř

px,yqPXh T px, yq “

ř

px,yqPXh Spx, yq, and the forward direction of Theorem 9 is now proved.

6.4.2.4 Proof of Theorem 8

Theorem 8 states that if the parameter space Θ is nondegenerate, then H

is a complete and sufficient statistic. Sufficiency of H is immediate, since,
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conditioning on H being any h P t0, ‹, 1uN , we have that pX, Y q is distributed

discrete uniform on Xh (its support). Also note that the probability of any sam-

ple point is a function of H and the model parameters, which implies that H

is sufficient.

We now use the machinery of the previous Section 6.4.2.3 to prove the rest

of Theorem 8; that if the parameter space Θ is nondegenerate, then H is a

complete statistic. Completeness of H here means that, for any f : t0, ‹, 1uN Ñ

R, if ErfpH qs “ 0 for all θ P Θ then PθrfpH q “ 0s “ 1 for all θ P Θ.

For any function f : t0, ‹, 1uN Ñ R, let ~f denote a column vector whose

respective entries are |Xh| ¨ fphq for the respective h P t0, ‹, 1uN ordered lexi-

cographically. (I.e., the first component of ~f is |Xh| ¨ fphq for the h that is all

zeros, the second component of ~f is |Xh| ¨ fphq for the h that is all zeros except

last entry is ‹, etc.) By the nondegeneracy of Θ and Equation (6.4), we have

that ErfpH qs “ 0 for all θ P Θ X Ro would mean that rbNLs ¨ ~f “ ~0; by the

invertibility of rbNLs, we would have that ~f “ ~0, hence f is the zero function.

This proves the completeness of H .

Note that proof of the forward direction of Theorem 9 is based on the injec-

tivity of rbNLs as a function, and proof of the completeness of H in Theorem

8 is based on rbNLs having a trivial nullspace, so these two results are equiva-

lent. We can also prove Theorem 8 by Theorem 9 and the fact both 0 and fpH q

are balanced unbiased estimators of 0.
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6.4.3 Proof of Theorem 10

Theorem 10 states that if the parameter space Θ is nondegenerate, and a

statistic S : X Ñ R is an unbiased estimator of gpθq, for g : Θ Ñ R, then there

exists a UMVU estimator of gpθq and, in fact, the balanced statistic S is the

UMVU estimator of gpθq.

We prove this as follows, under the assumption that Θ is nondegenerate.

Recall first that S is an unbiased estimator of gpθq by Theorem 9. Now, note

that S is a constant function on Xh for each h P t0, ‹, 1uN ; thus there exists a

function Φ : t0, ‹, 1uN Ñ R such that S is the function composition Φ ˝H . Since

H is a complete and sufficient statistic by Theorem 8, the Lehmann-Scheffe

Theorem asserts that the composition S “ Φ ˝H is the UMVUE for gpθq.

It is structurally interesting to note that S is the Rao-Blackwellization of S

when conditioning on the complete and sufficient statistic H . Indeed, for any

h P t0, ‹, 1uN , the Rao-Blackwellization E rS|H “ hs is precisely the mean of the

values of S on Xh, which is precisely the statistic S.

6.4.3.1 Another proof of Theorem 10, by first-principles

In this section, we mention a “first-principles” proof of Theorem 10, besides

the Lehmann-Scheffe proof methodology in the previous Section 6.4.3.

For any statistic T : X Ñ R which is an unbiased estimator of gpθq, we
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compute the variance of T , for any particular θ P Θ, as:

VarrT s “
ÿ

px,yqPX

Ppx, yq
`

T px, yq ´ gpθq
˘2

“
ÿ

hPt0,‹,1uN

ÿ

px,yqPXh

Ppx, yq
`

T px, yq ´ gpθq
˘2

“
ÿ

hPt0,‹,1uN

»

–

˜

ź

i:hi“1

qi,1

¸˜

ź

i:hi“0

qi,0

¸˜

ź

i:hi“‹

qi,‹

¸

ÿ

px,yqPXh

`

T px, yq ´ gpθq
˘2

fi

fl .

In particular, VarrT s can be minimized over such unbiased T by, for all h P

t0, ‹, 1uN , minimizing
ř

px,yqPXh

`

T px, yq ´ gpθq
˘2 subject to the constraint that

ř

px,yqPXh T px, yq “
ř

px,yqPXh Spx, yq; this is because of Theorem 9. Treating the

T px, yq as variables, this convex optimization problem has a global minimizer,

when the objective gradient is equivalued (by the KKT conditions) hence the

minimum variance is achieved when T “ S, independent of θ P Θ, and Theorem

10 is shown.

6.4.4 Proof of Theorem 13

Theorem 13 states that if the following three conditions hold:

a) The parameter space Θ is nondegenerate.

b) The parameter space Θ is such that the edge correlations are component-

uniform, meaning that there exist a function ρE : Θ Ñ R such that, for all θ P Θ

and all i “ 1, 2, . . . , N , ρipθq “ ρEpθq.

c) The parameter space Θ is not a subset of Ro, i.e. there exists θ P Θ such that
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ρEpθq ‰ 0.

Then there does not exist an unbiased estimator of ρEpθq.

Suppose, by way of contradiction, that statistic S : X Ñ R is an unbiased

estimator of ρEpθq. For θ P Θ X Ro, where ρE ” 0, we have by Equation (6.4)

that rbNLs ¨
´́ Ñ́
S{H “ ~0, since Θ is nondegenerate. By the invertibility of bNL

we thus have that
´́ Ñ́
S{H “ ~0, which, by the reasoning in Section 6.4.1, implies

that ErSs “ 0 for all θ P Θ, which is a contradiction because there exists θ P Θ

where ErSs “ ρEpθq ‰ 0.

6.4.5 Proof of Theorems 11 and 12

Theorems 11 and 12 state that if the parameter space Θ is nondegenerate

and N ą 1 then there does not exist an unbiased estimator of the heterogeneity

correlation ρh nor of the total correlation ρT .

We will just focus on ΘXRo; on this set it is easy to see that ρT “ ρh. Thus,

by the development in Section 6.4.2 and the nondegeneracy of Θ, we will have

proved Theorems 11 and 12 if we show that, on Θ X Ro, ρh :“ σ2

µp1´µq
is not

a polynomial in the variables p1, p2, . . . , pN . By way of contradiction, suppose

that, on ΘXRo, ρh is a polynomial in the variables p1, p2, . . . , pN .

Let pp̃1, p̃2, . . . , p̃N , 0, 0, . . . , 0q be an interior point of Θ X Ro, relative to Ro;

such a point exists by the nondegeneracy of Θ. Consider fixing the values of pi

to be p̃i for each i “ 2, 3, . . . , N , and varying only p1. This results in ρh, σ2, and
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µ being polynomials in a single variable. Denote this variable by t instead of p1

for ease of notation, and these respective polynomials are thus denoted ρhptq,

σ2ptq, and µptq. Let I be a real, open interval containing p̃1, such that for all

t P I we have pt, p̃2, . . . , p̃N , 0, 0, . . . , 0q P ΘXRo; a nontrivial such I exists by the

nondegeneracy of Θ.

Using basic algebra, σ2ptq is quadratic in t, and the coefficient of t2 in σ2ptq

is
`

1
N
´ 1

N2

˘

, and µptqp1 ´ µptqq is quadratic in t, and the coefficient of t2 in

µptqp1 ´ µptqq is ´ 1
N2 . Now, by definition, σ2ptq “ µptqp1 ´ µptqqρhptq, and the

coefficients of the respective powers of t on the left hand side are respectively

equal to the coefficients of the powers of t on the right hand side, since I is

an interval (and invoking polynomial interpolation theory). This implies that

polynomial ρhptq can’t have positive degree, and thus is constant. However,

this constant is nonnegative (indeed, it has been pointed out in Section 4.2

that 0 ď ρh ď 1), which means that the coefficient of t2 in (the left hand side)

σ2ptq is positive, but the coefficient of t2 in (the right hand side) µptqp1´µptqqρhptq

is nonnegative times negative, which is nonpositive. By the contradiction, we

have thus proved Theorems 11 and 12.

6.4.6 Proof of Equation (6.2) in Remark 11

Recall that str “ dXXY ´dXdY
dX,Y ´dXdY

, and also recall the definition of the modified

alignment strength str2 :“ dXXY ´dXdY
dX,Y ´dXdY

. The main goal of this section is to
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prove Equation (6.2) in Remark 11; namely, we show that

str2 “
dXXY ´ dXdY `

1
4

“

∆
N2 ´ pdX ´ dY q

2
‰

dX,Y ´ dXdY `
1
4

“

∆
N2 ´ pdX ´ dY q2

‰ “
dXXY ´ d2

X,Y `
∆

4N2

dX,Y p1´ dX,Y q `
∆

4N2

. (6.6)

In order to do this, we will appeal to the following identities:

dX ` dY “ dXXY ` dXYY (6.7)

dX,Y “
dXXY ` dXYY

2
(6.8)

N ¨ dXXY `∆ “ N ¨ dXYY (6.9)

dXXY “ dX,Y ´
∆

2N
(6.10)

dXYY “ dX,Y `
∆

2N
(6.11)

Equation (6.7) holds by simple inclusion-exclusion, Equation (6.8) follows di-

rectly from Equation (6.7), Equation (6.9) is combinatorially trivial, and Equa-

tions (6.10) and (6.11) follow from Equations (6.8) and (6.9).

It is trivial to see that dXXY and dX,Y are balanced, so we need only compute

dXdY . Indeed, for any h P t0, ‹, 1uN and any px, yq P Xh, we have the follow-

ing (using the identities in Equations (6.7) through (6.11), and combinatorial
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symmetry, and well-known identities involving binomial coefficients):

dXdY px, yq “
1

2∆px,yq

ÿ

px1,y1qPXh

dXpx
1qdY py

1q

“
1

2∆px,yq

∆px,yq
ÿ

i“0

ˆ

∆px, yq

i

˙

NdXXY px, yq ` i

N

NdXXY px, yq `∆px, yq ´ i

N

“
dXXY px, yqdXYY px, yq

2∆px,yq

∆px,yq
ÿ

i“0

ˆ

∆px, yq

i

˙

`
∆px, yq

2∆px,yqN2

∆px,yq
ÿ

i“0

ˆ

∆px, yq

i

˙

i ´
1

2∆px,yqN2

∆px,yq
ÿ

i“0

ˆ

∆px, yq

i

˙

i2

“ dXXY px, yqdXYY px, yq `
∆px, yq

2∆px,yqN2

´

∆px, yq2∆px,yq´1
¯

´
1

2∆px,yqN2

`

∆px, yq `∆2px, yq
˘

2∆px,yq´2

“

ˆ

dX,Y px, yq ´
∆px, yq

2N

˙ˆ

dX,Y px, yq `
∆px, yq

2N

˙

`
∆2px, yq

2N2
´

∆px, yq `∆2px, yq

4N2

“ d2
X,Y px, yq ´

∆px, yq

4N2
. (6.12)

Thus, by Equation (6.12) and the definition dX,Y “
dX`dY

2
we obtain that

dXXY ´ dXdY “ dXXY ´ dXdY

“ dXXY ´ d2
X,Y `

∆

4N2
“ dXXY ´ dXdY `

1

4

„

∆

N2
´ pdX ´ dY q

2



,

dX,Y ´ dXdY “ dX,Y ´ dXdY

“ dX,Y p1´ dX,Y q `
∆

4N2
“ dX,Y ´ dXdY `

1

4

„

∆

N2
´ pdX ´ dY q

2



;

(6.13)

from this we have that Equation (6.6), i.e. Equation (6.2), is proven, as desired.
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6.4.7 Proof of Corollary 2

Corollary 2 states that if the parameter space Θ is nondegenerate and also

Θ Ď Ro then the statistic dX,Y p1´ dX,Y q ´
1

2N

`

1´ 1
2N

˘

∆ is UMVUE for σ2. We

prove this now.

Because Θ is nondegenerate, we pointed out in Example 1 that ∆ : X Ñ R

is the UMVUE of 2
řN
i“1p1´ ρiqpip1´ piq; here where Θ Ď Ro, we thus have that

∆
2N

: X Ñ R is the UMVUE for 1
N

řN
i“1 pip1´ piq “ µp1´ µq ´ σ2.

From Equation (6.13) and Theorem 10 we have that dX,Y p1 ´ dX,Y q `
∆

4N2 is

the UMVUE of E rdX,Y ´ dXdY s, which is equal to µp1 ´ µq since by hypothesis

dX and dY are independent.

Finally, by Corollary 1, we have that dX,Y p1´dX,Y q`
∆

4N2 ´
∆

2N
is the UMVUE

for µp1´ µq ´ rµp1´ µq ´ σ2s, and the result is shown.

6.4.8 Necessity of Θ nondegeneracy assumption

in Theorems 9, 10

In Theorem 9 and Theorem 10, we assume that the parameter space Θ is

nondegenerate. In this section we show that the claims of these theorems can

fail if this condition is not satisfied.

Specifically, we will focus on a scenario in which the value of µ is known, in

which case the parameter space is reduced to parameter tuples that have the
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prescribed value µ. This restricts the parameter space Θ to a particular hyper-

plane, which makes Θ degenerate; we will show that the claims of Theorems 9

and 10 then fail, in general.
For simplicity, in this entire section, let us take N “ 2, set ρ1 “ ρ2 “ 0, and

suppose that µ : 0 ă µ ă 1 is known; other than this, we allow 0 ă p1 ă 1 and
0 ă p2 ă 1. Here, p1`p2

2
“ µ yields p2 “ 2µ ´ p1. Denote δ :“ mintµ, 1 ´ µu,

and denote p :“ p1; the parameter space is reduced to single variable p on the
interval pµ ´ δ, µ ` δq. There are 24 “ 16 points in X ; for each px, yq P X , the
probability of px, yq is given by

φpx,yqppq :“

$

’

’

&

’

’

%

p if x1 “ 1

1´ p if x1 “ 0

,

/

/

.

/

/

-

¨

$

’

’

&

’

’

%

p if y1 “ 1

1´ p if y1 “ 0

,

/

/

.

/

/

-

¨

$

’

’

&

’

’

%

2µ´ p if x2 “ 1

1´ 2µ` p if x2 “ 0

,

/

/

.

/

/

-

¨

$

’

’

&

’

’

%

2µ´ p if y2 “ 1

1´ 2µ` p if y2 “ 0

,

/

/

.

/

/

-

,

which is a polynomial of degree 4.

In Section 6.4.2, consider the linear system in Equation (6.3); that 9-by-9

linear system—describing statistic S being an unbiased estimator of g—now

becomes a 5-by-9 linear system over here. This is because the columns of

the left hand side matrix L b L and also the right hand side of the linear

system, which there were each 9-vectors consisting of the coefficients of par-

ticular polynomials in two variables, can each now—in the reduced parame-

ter space—be expressed as polynomials of degree 4 in a single variable, thus

with 5 coefficients instead of 9 coefficients. As a 5-by-9 linear system, there

is a nontrivial nullspace, and linear system solutions describing unbiasedness

are no longer unique, which implies that there will exist a statistic T also an

unbiased estimator of g such that it does not hold for all h P t0, ‹, 1uN that

ř

px,yqPXh T px, yq “
ř

px,yqPXh Spx, yq. This completes our demonstration that the
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claim of Theorem 9 may fail in the absence of the nondegeneracy assumption

for Θ.

Next, we illustrate that the claim of Theorem 10 may fail without the non-

degeneracy assumption for Θ. Recall the disagreement enumeration statistic

∆ is, by definition, unbiased for its expected value Er∆s “ 2
řN
i“1p1´ρiqpip1´piq,

and we pointed out in Example 1 that ∆ is the UMVUE of Er∆s “ 2
řN
i“1p1 ´

ρiqpip1 ´ piq if Θ is nondegenerate. Nonetheless, in general, we will see that

there is no UMVUE of Er∆s “ 2
řN
i“1p1´ ρiqpip1´ piq when µ is fixed.

Indeed, consider N “ 2, any fixed value of µ, and let the parameter space

be parameterized by p exactly as we did above in this section. We will next

formulate a quadratic program to find an unbiased estimator for Er∆s which,

for any given value of p, has least variance among the unbiased estimators. It

will turn out that there is a unique solution to this quadratic program. Then,

if the solution differs for two different values of p then there does not exists

a UMVU estimator. Indeed, we performed computations, and found that this

occurred when µ “ .25, as one example of many.

We now describe how to compute (in the scenario of this section) the unbi-

ased estimator which, for any given p, has least variance among the unbiased

estimators.

Let the points in X be ordered in any specified way, say z1, z2, . . . , z16. Define

the matrix M P R5ˆ16 wherein, for all i, j, the entry Mij is the coefficient of pi´1
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in the polynomial φzjppq (where φzjppq is as defined earlier in this section). For

any statistic S : X Ñ R, let S be expressed as a vector ~S P R16 wherein, for

all i “ 1, 2, . . . , 16, we define ~Si :“ Spziq. A function on the reduced parameter

space g : pµ ´ δ, µ ` δq Ñ R can only have an unbiased estimator if g is a

polynomial in the variable p of degree at most 4; this is because g would need

to be a linear combination of the φ’s. Say that ~g P R5 is the vector wherein

for all i “ 1, 2, . . . , 5, we define ~gi to be the coefficient of pi´1 in g. Because pµ ´

δ, µ`δq is a nontrivial interval (indeed, we just need at least 5 points) and by the

uniqueness of interpolating polynomials, we have that the unbiased estimators

S of any particular g are precisely the solutions ~S of the linear system M~S “ ~g.

Suppose that there exists an unbiased estimator of g. Among unbiased es-

timators of g, to find one of minimum variance for any specific value of

p P pµ ´ δ, µ ` δq, we proceed as follows. Let the vector of sample point proba-

bilities for the respective 16 sample space points be denoted ~$ P R16; we have

~$T “ rp0, p1, p2, p3, p4s ¨M , which is a positive vector since p P pµ´ δ, µ` δq; find-

ing a (globally) unbiased estimator with (specifically for p) minimum variance

is equivalent to the quadratic, convex optimization problem min
ř16
i“1 ~$i

~S2
i (min-

imize ErS2s) such that ~S satisfies M~S “ ~g (we minimize the second moment for

the estimator, since the first moment is fixed). Define a bijective change of vari-

ables where new variables ~S 1 P R16 are such that for all i “ 1, 2, . . . , 16 we have

~S 1i :“
?
~$i
~Si, and define M 1 P R5ˆ16 such that, for all i, j, we have M 1

ij “
1?
~$j
Mij.
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Now this minimum variance problem is equivalent to min }~S 1}2 such that ~S 1

satisfies M 1~S 1 “ ~g. Classical generalized inverse theory guarantees a unique

solution ~S 1 “ M 1:~g (the symbol : denotes the Moore-Penrose Generalized In-

verse of the matrix), which corresponds to statistic S wherein Spziq “
pM 1:~gqi?

~$i

for each i “ 1, 2, . . . , 16, which is unique as having minimum variance (for the

particular value of p) among the (globally) unbiased estimators.

This concludes the description of the way we computed, in the scenario of

this section, the unbiased estimator which, for a fixed value of p, has least

variance. (An excellent reference for matrix analysis in general, with theory of

generalized inverses, is [105].)

6.5 Simulation Experiments: Comparing

str, str, and str2

We showed in Section 4.3 that the alignment strength str is a strongly con-

sistent estimator of total correlation ρT . Nevertheless, it is not balanced as

illustrated in Example 3 and is biased by Theorem 12. The balanced statistic

str reduces the variance, keeping the expected value unchanged. In this section

we will empirically demonstrate that another balanced statistic, denoted str2,

is often superior to str in estimating ρT . Note that there is no contradiction to

Theorem 10, which asserts that, assuming the parameter space is nondegen-

208



CHAPTER 6. COMPLETE AND SUFFICIENT STATISTIC FOR
CORRELATED BERNOULLI RANDOM GRAPH

erate, str is UMVUE for Erstrs; indeed, str2 can be biased as an estimator of

Erstrs, which can be a good thing. We will see that str2 frequently has less bias

than str in the estimation of ρT , and in all of these experiments here str2 has

less variance than str.

In general, when given an arbitrary statistic S : X Ñ R, the computation of

the value of S, even for just one particular sample space point px, yq P X , can

require exponential time; indeed, there are 2∆px,yq values to average. In the case

of computing str, this computation can be greatly simplified as follows. Given

any particular h P t0, ‹, 1uN and any particular px, yq P Xh (such that not both

x and y are all zeros, and not both x and y are all ones), we have by Equation

(6.1) and Equation (6.9), that

strpx, yq :“
1

2∆px,yq

ÿ

px1,y1qPXh

strpx1, y1q

“
1

2∆px,yq

∆px,yq
ÿ

i“0

ˆ

∆px, yq

i

˙dXXY px, yq ´
´

dXXY px, yq `
i
N

¯´

dXXY px, yq `
∆px,yq
N ´ i

N

¯

dX,Y px, yq ´
´

dXXY px, yq `
i
N

¯´

dXXY px, yq `
∆px,yq
N ´ i

N

¯

The above provides a linear time algorithm for computing str for any px, yq P X ,

although this computation is much more involved than the very simple formula

for str2 as given in Remark 11.

Now we are prepared to do a simulation experiment to compare the vari-

ances of str, and str, and str2. The expected values of str and str are of course
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the same, so there is no difference between their biases in estimating ρT . How-

ever, the expected values of str and str2 are not the same, so we want to also

compare their biases in estimating ρT .

In the first set of experiments, we did 200 independent replicates of the

following experiment. We realized p1, p2, p3, p4, p5, p6, ρ1, ρ2, ρ3, ρ4, ρ5, ρ6 (which

correspond to the six pairs of vertices in a vertex set with four vertices) in-

dependently from a Uniformp0, 1q distribution; the first five such experiments’

values were:

p1 p2 p3 p4 p5 p6 ρ1 ρ2 ρ3 ρ4 ρ5 ρ6

0.6892 0.7224 0.4795 0.8985 0.4022 0.7043 0.8429 0.9852 0.8006 0.3118 0.5768 0.5751

0.7482 0.1499 0.6393 0.1182 0.6207 0.7295 0.8988 0.6088 0.7388 0.0553 0.9440 0.0100

0.4505 0.6596 0.5447 0.9884 0.1544 0.2243 0.9390 0.2537 0.1417 0.7538 0.8715 0.8094

0.0838 0.5186 0.6473 0.5400 0.3813 0.2691 0.8154 0.1326 0.4379 0.1319 0.5076 0.6088

0.2290 0.9730 0.5439 0.7069 0.1611 0.6730 0.0014 0.5450 0.3504 0.3559 0.7888 0.4799

Then, for these realized parameters, we computed (exactly, by enumerating

the sample space and sample point probabilities) the values of Erstrs, Erstr2s,

ρT , Varrstrs, Varrstrs, and Varrstr1s. Of course, Erstrs “ Erstrs. The first five
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experiments’ outcomes were:

Erstrs Erstr2s ρT Varrstrs Varrstrs Varrstr2s

0.6851 0.6857 0.7516 0.1219 0.1214 0.1206

0.6835 0.6843 0.7093 0.0885 0.0879 0.0870

0.6827 0.6833 0.7011 0.0745 0.0740 0.0734

0.4310 0.4339 0.4697 0.1345 0.1318 0.1291

0.5619 0.5635 0.5789 0.1073 0.1059 0.1043

In every one of these 200 experiments, we had that Varrstrs ą Varrstrs ą

Varrstr2s. In 199 of these 200 experiments we had Erstrs ă Erstr2s ă ρT .

We then repeated the 200 experiments, except that ρi “ 0 for all i “ 1, 2, 3, 4, 5, 6.

The first five experiments’ outcomes were:

Erstrs Erstr2s ρT Varrstrs Varrstrs Varrstr2s

0.3278 0.3320 0.3234 0.1222 0.1182 0.1149

0.4965 0.4986 0.4918 0.1052 0.1033 0.1014

0.4240 0.4269 0.4169 0.1098 0.1072 0.1048

0.1260 0.1335 0.1333 0.1433 0.1354 0.1307

0.5204 0.5225 0.5177 0.1094 0.1076 0.1056

Again, in every one of these 200 experiments, we had that Varrstrs ą Varrstrs ą

Varrstr2s. However, in only 41 of the 200 experiments was the bias of str2 less

than that of str, meaning that |Erstr2s ´ ρT | ă |Erstrs ´ ρT |.

We then repeated the first 200 experiments, except that pi “ 1
2

for all i “
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1, 2, 3, 4, 5, 6. The first five experiments’ outcomes were:

Erstrs Erstr2s ρT Varrstrs Varrstrs Varrstr2s

0.6866 0.6872 0.7392 0.0989 0.0983 0.0976

0.3062 0.3108 0.3496 0.1375 0.1330 0.1293

0.3776 0.3812 0.4257 0.1367 0.1333 0.1301

0.3745 0.3781 0.4221 0.1384 0.1349 0.1316

0.6384 0.6393 0.6919 0.1095 0.1086 0.1075

Again, in every one of these 200 experiments, we had that Varrstrs ą Varrstrs ą

Varrstr2s. In all these 200 experiments we had Erstrs ă Erstr2s ă ρT . (In all of

the above 600 experiments, we adopted the convention that the statistics have

the value 0 at the two sample points px, yqwhere x and y are all zeros and where

they are all ones. Indeed, we saw empirically that this choice had a negligible

numerical impact on the experiments here.)

Remarkably, in all of the many tens of thousands of experiments that we

conducted, for many different parameter values, we always found that the

mean squared error in estimating ρT , denote it MSEp¨, ρT q, was lower for the

modified alignment strength str2 than for the balanced alignment strength str.

Based on these computations, we conjecture the following.

Conjecture 14. For all N and θ P R, it holds that MSEpstr2, ρT q ďMSEpstr, ρT q.

212



Appendix A

Appendix to Chapter 2 on SGM

Initialization

The SGM algorithm given in Chapter 2 provides an approximate solution

to the seeded graph matching problem with Opm3q time complexity. Its output

depends on the arbitrary choice of the first iterate in the Frank-Wolfe step.

Recall in Section 2.4 that we used this dependence on initialization as a feature,

and we created the SoftSGM Algorithm by sampling initial iterates for SGM to

provide a sample of outputs, thus obtaining matching likelihood rankings.

The default for the first iterate of the Frank-Wolfe procedure in SGM was

often taken to be the barycenter of the feasible region, denote this barycenter

matrix as C. Two other principled, natural choices for the first iterate are the

solution of convex relaxed graph matching problem (1.7), denoted Dv, and also
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the projection of Dv to the set of permutation matrices, denote this projection

Pv. The effect of different initializations for FAQ and SGM was studied in

[42]. In this section, we will run more experiments to compare the performance

of SGM on these three different initializations: C, Dv and Pv. We will use

SGMC ,SGMDv ,and SGMPv to denote the SGM Algorithm starting at C,Dv and

Pv, respectively.

Our first group of experiments is on the Enron data from Section 2.5.3. For

each pair of graphs in tpG130, G131q, pG130, G132q, pG131, G132qu, and for each value

of s P t1, 5, 10, 20, 30, 40, 60, 90, 120, 150u, we did 50 independent repetitions of the

following experiment. We discrete uniformly sampled s seeds from the input

pair of graphs, and ran SGMC , SGMDv and SGMPv with those selected seeds.

Figure A.1 plots the average match ratio and the average objective function

value }AGP ´ PAH}F over 50 repetitions for SGMC (in red), SGMDv (in blue),

and SGMPv (in green) for each pair of graphs in tpG130, G131q, pG130, G132q, pG131, G132qu.

As illustrated in Figure A.1, the SGM Algorithm can benefit (higher match ra-

tio and lower objective function value) from starting at either Pv or Dv, espe-

cially when s is small. As s increases and, as such, more signal is provided, the

difference between performance of SGMC and SGMDv or SGMPv decreases.
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(a) pG130, G131q: match ratio (b) pG130, G131q: }AG130P ´ PAG131}F

(c) pG130, G132q: match ratio (d) pG130, G132q: }AG130P ´ PAG132}F

(e) pG131, G132q: match ratio (f) pG131, G132q: }AG131P ´ PAG132}F

Figure A.1: Match ratio and objective function value for SGM with different
initializations on Enron data. The diamonds are the mean value over 50 repe-
titions.
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We then conducted these identical experiments on the C. elegans data from

Section 2.5.2, except that the number of seeds s considered were from the set

t1, 3, 5, 10, 20, 50u. Figure A.2 plots the match ratio and objective function value

using SGMC ,SGMDv ,and SGMPv given s seeds with the same coloring scheme

as in Figure A.1. This result coincides with what we observed in Figure A.1.

Indeed, when s ă 50, SGMDv ,and SGMPv have better performance, and when

s “ 50, all three initializations lead to similar performance. (Figure A.2b shows

that the objective function value increases with the number of seeds, which

may seem counterintuitive. This phenomena is because the natural alignment

for this data set is not equal to the optimal alignment. Indeed, the objective

function value under the true alignment is around 64, which is even larger than

the objective function value at SGM solution when s “ 0.)

(a) Match ratio (b) }AGP ´ PAH}F

Figure A.2: Match ratio and objective function value for SGM with different
initializations on C. elegans data. The diamonds are the mean value over 50
repetitions.
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In the third group of experiments, we compare the performance of SGM

with these different initializations on 15 instances from QAPLIB dataset that

we also used in Section 2.6.2. In Table A.1, we report the average objective

function value1 trace
`

pAGqTPAHP T
˘

over 50 repetitions against different num-

ber of seeds s P t1, 2, 3, 4, 5u. (We used the same order of the instances in Table

A.1 as what we did in Table 2.2.) On this set of instances, the optimal choice

of initialization is inconclusive. On some of these benchmarks, SGMC is better,

and on some of these benchmarks, SGMDv or SGMPv is better, in the sense of

minimizing trace
`

pAGqTPAHP T
˘

.

s = 1 s=2 s=3 s=4 s=5
SGMC SGMDv SGMPv SGMC SGMDv SGMPv SGMC SGMDv SGMPv SGMC SGMDv SGMPv SGMC SGMDv SGMPv

18588 15989 19953 16402 16927 17804 16072 16393 16755 14098 14194 14270 12358 12047 12760
15908 19982 18823 15576 17319 17890 14814 17141 17891 12963 14058 15592 13359 13233 14471
17333 18249 19517 16701 14735 16931 15908 15201 16218 15005 15373 15964 12954 13055 13914
3574 3834 3681 3679 3730 3713 3533 3406 3454 3428 3282 3336 3022 3253 3273
8332 8122 8564 8069 8025 8245 7907 7782 8204 7660 7751 7939 7518 7467 7864
295 295 295 294 294 295 293 294 294 293 293 293 293 293 294
251121 243152 245738 243629 240796 244999 238139 238699 239108 236310 236000 236638 235580 235528 235528
369062 372501 376647 361141 364078 363238 357870 357302 357380 355570 355367 355126 354875 354496 355033
747460 757239 756825 749672 750168 752900 744928 744874 747429 739910 738962 740544 732536 733522 734506
405092 406381 403499 403438 402317 403433 400552 400338 401100 393430 394366 395699 390800 391217 392397
518548 515343 512870 512677 510992 511456 507322 505303 505419 500355 497334 499455 495850 495618 495197
739689 737209 738462 733402 738158 734423 729067 731139 729731 719557 726197 718518 712837 713956 712977
1889952 1874713 1887129 1873083 1876108 1876031 1877368 1867192 1877496 1863920 1850892 1855031 1857963 1846820 1847209
2512032 2509036 2508158 2506688 2496490 2501272 2501183 2490459 2492860 2491039 2479880 2482823 2490566 2473129 2474323
3261422 3242214 3243082 3255214 3242838 3247472 3250565 3243176 3238162 3247136 3245212 3244703 3238406 3233204 3238560

Table A.1: Average objective function values via SGMC ,SGMDv ,and SGMPv

for different number of seeds on 15 benchmark examples of the QAPLIB library

1We use the inner product form objective function here to be consistent with the object
function value as reported in Table 2.2
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[47] P. Erdös and A. Rényi, “On random graphs I,” Publicationes Mathemati-

cae Debrecen, vol. 6, p. 290, 1959.

[48] E. Abbe, “Community detection and stochastic block models: Recent

developments,” Journal of Machine Learning Research, vol. 18, no. 177,

pp. 1–86, 2018. [Online]. Available: http://jmlr.org/papers/v18/16-480.

html

[49] P. W. Holland, K. B. Laskey, and S. Leinhardt, “Stochastic blockmodels:

First steps,” Social networks, vol. 5, no. 2, pp. 109–137, 1983.

[50] V. Lyzinski, D. E. Fishkind, and C. E. Priebe, “Seeded graph matching
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