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Abstract
The study of magnetism is one of the oldest areas of physics, yet achieving a microscopic
understanding remains difficult. Itinerant magnetism, which considers mobile electrons
rather than localized spins, is particularly challenging to study both analytically and
numerically, as magnetic order in itinerant systems typically results from strong
interactions. As a result, the electrons are highly correlated and cannot be described
well by simple noninteracting states using mean field or perturbative approaches.
Further, many-electron problems are difficult to simulate efficiently due to, for example,
the large Hilbert space required by exact diagonalization and numerical instabilities
resulting from the fermion sign problem in quantum Monte Carlo methods. Thus,
exact results on itinerant ferromagnetism are valuable both to understand the limits
and features of systems that can lead to magnetism as well as to serve as accurate
starting points for further study. From mean field arguments, ferromagnetism is
expected to arise in systems where Coulomb interactions are stronger than the kinetic
energy scale. Although these arguments are inaccurate in general, they correctly
identify two directions where provable examples of ferromagnetism can be found: the
strong coupling limit and the flat band limit.
By studying Hubbard models in both single- and multiorbital systems, we find
exact results extending provable ferromagnetism in both the strong coupling and flat
band limits. We show in the strong coupling limit that Nagaoka ferromagnetism can
be found in a large class of systems including finite regular lattices in more than one
dimension by using a connection to the generalized 15 puzzle on arbitrary graphs. In
ii

a t2g multiorbital system, we analyze the stability of the Nagaoka-type ferromagnetic
state in the presence of multiple holes and emphasize the ability of Hund’s coupling
to stabilize the state. We further emphasize the value of Hund’s coupling in forming
ferromagnetism in our study of a multiorbital flat band model. We show that the
presence of Hund’s coupling allows for an exact description in terms of a percolation
problem, where the ferromagnetic phase transition at varying flat band filling can be
efficiently studied through Monte Carlo simulation.
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Chapter 1
Magnetism and the Hubbard
Model
1.1

Mechanisms for Magnetism

Microscopic descriptions of magnetism due to electrons in materials necessarily require
quantum mechanics. The failure of classical mechanics to describe electron magnetism
follows from the Bohr-van Leeuwen theorem, according to which a classical gas of
charged particles with Coulomb interactions has no net magnetization at thermal
equilibrium even in the presence of an external magnetic field [1, 2]. Since classical
mechanics is insufficient, one might at first consider minimally introducing quantum
mechanics through the spin of the electron. This allows for magnetic dipole interactions
between electrons, but the strength of dipole interactions between electrons is too
weak to account for magnetism at high temperatures. For two electrons with magnetic
moment given by the Bohr magneton µB ∼ −10−23 J/T at a typical distance of one
Bohr radius a0 ∼ 5 × 10−11 m, the magnetic dipole interaction energy [3] is of order
µ0 µ2B /4πa30 ∼ 5 × 10−4 eV . The thermal energy kB T = 5 × 10−4 eV corresponds to a
temperature of ∼ 5K, and thus magnetism induced by electron dipole interactions
would be dominated by thermal fluctuations well below observed Curie temperatures,
such as Tc = 1043K for iron [2].
While the dipole interaction due to the magnetic moment of the electron is too
1

weak to explain magnetism at reasonable temperatures, the Coulomb interaction is
strong enough to dominate thermal fluctuations, as the classical Coulomb energy
of two electrons separated by one Bohr radius is on the order of 10eV . Classical
Coulomb interactions alone are insufficient, but the combination of the Coulomb
interaction and Fermi statistics in the form of Pauli exclusion allows for various
exchange mechanisms for magnetism. As a simple example, consider a direct exchange
mechanism involving two electron states described by Gaussian wavepackets ϕ±x0 (x) =
(x±x0 )2
−
√
2
e 2a0 / 2πa0 centered at ±x0 . The state of the two-electron system must be
antisymmetric under exchange of both coordinates and spins due to Fermi statistics
and is a Slater determinant state. The spatial part of the state is ψ± (x1 , x2 ) =
(ϕx0 (x1 )ϕ−x0 (x2 ) ± ϕx0 (x2 )ϕ−x0 (x1 ))/N± with normalization N± depending on the
overlap between the two wavepackets. In the absense of a spin-dependent interaction,
√
the spin part will be either the spin singlet (| ↑↓⟩ − | ↓↑⟩)/ 2, which is antisymmetric
under exchange of spins and has total spin zero, or one of the spin triplet states | ↑↑⟩,
√
| ↓↓⟩, or (| ↑↓⟩+| ↓↑⟩)/ 2, all three of which are symmetric under exchange of spins and
have total spin one. To ensure that the overall state is antisymmetric under exchange of
both spatial and spin degrees of freedom, the symmetric ψ+ wavefunction corresponds
to the antisymmetric spin singlet state and the antisymmetric ψ− corresponds to a
symmetric spin triplet state. The probability densities P± (x1 , x2 ) = |ψ± (x1 , x2 )|2 of the
joint wavefunctions are plotted in Fig. 1-1 for x0 = a0 . Due to spatial antisymmetry,
P− (x1 , x2 ) vanishes when x1 = x2 , leading to a greater average separation of the two
electrons and a lower Coulomb energy for the spin triplet states. Indeed, for the
parameters in Fig. 1-1, the average distance ⟨|x1 − x2 |⟩ ≈ 2.2 for ψ− (x1 , x2 ) and 1.9
for ψ+ (x1 , x2 ).
The exchange interactions, where the Coulomb energy can differ for different
spin states, are quantum effects arising from Pauli exclusion that are key features
underlying models of quantum magnetism. The ferromagnetic Heisenberg model is

2

(a)

(b)

Figure 1-1. Two-particle probability distributions for a) spatially symmetric (spin singlet)
and b) spatially antisymmetric (spin triplet) wavefunctions. Both are plotted in units of
x0 with x0 = a0 . The spatially antisymmetric wavefunction has a larger average distance
between particles.
one such example, where an effective spin interaction between electrons in neighboring
atoms emerges through the direct exchange mechanism [4]. Similarly, within a single
atom, direct exchange is responsible for Hund’s coupling, the preference for electrons
in degenerate orbitals to maximize spin. However, direct exchange is not always
ferromagnetic, as for nonorthogonal orbitals, such as, generally, the orbitals in different
atoms of a metal, the direct exchange interaction can lead to an antiferromagnetic
interaction and a preference for minimizing total spin when the orbital overlap is large
[4].
The exchange interactions are fundamentally the combination of Pauli exclusion
and the competition between kinetic and Coulomb energies, and there are several
different exchange interactions depending on which of the kinetic and potential
energies is minimized as well as the orbital and lattice structure of the material. In
ferromagnetic direct exchange, high-spin states are preferred in order to reduce the
Coulomb energy. By contrast, kinetic exchange, also known as superexchange, can
serve as an antiferromagnetic mechanism where electrons in orbitals on neighboring
atoms can decrease their kinetic energy through virtual hopping processes involving the

3

Figure 1-2. Sketch of a kinetic exchange process. Virtual hopping between electrons in
different atoms through a virtual state with Coulomb energy EC = U is possible when the
electrons are in a spin singlet state. The electrons may return to the same atom, as shown
here, or may be exchanged.
high-energy state with a doubly occupied orbital [2]. Since the virtual hopping process,
sketched in Fig. 1-2, is prohibited by Pauli exclusion when the electrons form a spin
triplet, a spin singlet is preferred, and the effective interaction is antiferromagnetic.
In simple models of interacting electrons on a lattice such as the Hubbard model,
which will be discussed in detail below, the question of whether direct exchange,
kinetic exchange, or neither dominates can be the deciding factor in whether there is
a ferromagnetic phase.

1.2

The Hubbard Model

A minimal model intended to describe ferromagnetism due to mobile electrons interacting in a metal was described by Hubbard [5]. As we will see below, early results
overestimated the ferromagnetic phase, but there are limits in which magnetism can
be found and the model nonetheless serves to highlight the important features in the
formation of itinerant magnetism. The model can be constructed from a lattice of
atoms each with a single valence orbital, such as an s orbital. If the distance between
atoms is large, the system is in the atomic limit, where electrons are localized and do
not interact with electrons in other atoms. The Hubbard model arises from introducing

4

perturbations to the atomic limit from the attraction between an electron on one
atom and the ionized configurations of the other atoms as well as from the repulsion
between valence electrons. Thus, the Hubbard model combines the tight-binding
approximation, in which the kinetic Hamiltonian describes electrons hopping on a
lattice, with an approximate on-site Coulomb interaction.
The model can be written
H = HK + HU
HK = −

∑︂

∑︂

tr,r′ c†rσ cr′ σ

r,r′ ∈Λ σ=↑↓
⟨r,r′ ⟩

HU = U

∑︂

(1.1)

nr↑ nr↓ ,

r∈Λ

where r and r′ label sites in the lattice Λ, c†rσ and crσ are the second-quantized electron
creation and annihilation operators, and nrσ = c†rσ crσ is the number operator for
electrons at site r with spin σ. Due to Fermi statistics, these electron operators satisfy
the anticommutation relations {crσ , c†r′ σ′ } = δr,r′ δσ,σ′ and {crσ , cr′ σ′ } = {c†rσ , c†r′ σ′ } = 0
[6]. The notation ⟨r, r′ ⟩ indicates that only nearest-neighbor sites r and r′ are included
in the sum. The parameters tr,r′ and U can be calculated perturbatively from the
Coulomb interaction and to first approximation take the form [2]
ˆ

−e2
tr,r′ = − dre φ∗ (re − r)
φ(re − r′ )
|re − r′ |
ˆ
e2
U = dre dr′e |φ(re − r)|2
|φ(r′e − r)|2 ,
′
|re − re |

(1.2)

where φ(re − r) is the wavefunction of an electron with position re in the valence
orbital of the atom at site r. The expression for tr,r′ is common in tight binding
models [7], where an additional overlap integral between orbitals on different sites has
been neglected as small. Thus, these integral expressions are useful mainly for setting
the scale of the hopping amplitude and Coulomb interaction and are also useful for
identifying hopping processes that are disallowed by symmetry.
5

The kinetic part HK is simply a tight-binding model describing electrons hopping
between atoms at sites r and r′ with hopping amplitude tr,r′ . As the model has time
reversal symmetry, the hopping amplitudes can be taken to be real and symmetric,
tr,r′ = tr′ ,r . Notice that tr,r′ has been defined with an additional overall minus sign,
besides the minus sign for the attractive electron-ion Coulomb interaction, so that
tr,r′ > 0 when φ(re − r) are s orbitals. The hopping amplitude will be negative for
certain hopping processes between odd-parity orbitals, such as the longitudinal p
orbital hopping that will be important to our later discussion of flat band physics.
When the distance between nearest neighbors is site-independent, the model is typically
written with a single hopping amplitude t ≡ tr,r′ . We keep the site indices explicit for
later convenience in discussing the Hubbard model on general graphs and note that,
for nearest-neighbor hopping, tr,r′ is the adjacency matrix of a weighted graph with
edge weights given by the hopping amplitude between the corresponding sites.
The parameter U > 0 in the interaction HU describes on-site Coulomb repulsion
between electrons in the valence orbital. In the simplest model with the same atoms
and the same valence orbitals at every site, U is site-independent. For exponentially
decaying orbitals φ(re − r), the on-site Coulomb repulsion dominates over longer range
Coulomb repulsion, and only the on-site term is considered to first approximation.

1.2.1

Symmetries

The Hubbard model features several symmetries that we review here, including the
SU (2) symmetry that guarantees total spin is well defined and the gauge and particle
hole symmetries that hold on bipartite Hubbard models and are useful for relating
the phases above and below half filling.
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1.2.1.1

SU (2) Symmetry

In order to study magnetism in the Hubbard model, it is important to note that
the model has SU (2) symmetry. Thus, total spin is a good quantum number and
the ground states can be separated into orthogonal spin sectors. To see the SU (2)
symmetry of the model, first define second-quantized spin operators
Sri =

1 ∑︂ † i
c σ crβ ,
2 α,β=↑↓ rα αβ

(1.3)

where i = x, y, z and σ i are the Pauli matrices [6] and we have taken ℏ = 1. For any
site r, the spin-raising and lowering operators Sr± = Srx ± iSry and spin operator Sr2 =
i 2
i=x,y,z (Sr )

∑︁

are defined similarly to the corresponding single-quantized spin operators

and satisfy the commutation relations [Sra , Srb′ ] = iϵabc Src δr,r′ [6, 8]. The corresponding
total spin operator is defined by summing over the lattice sites, SΛ2 =
similarly SΛi =

∑︁

r∈Λ

∑︁

r∈Λ

Sr2 , and

Sri . The spin operators can be shown to commute with H by

explicitly by checking
[

∑︂ †

cr′ α cr′′ α ,

α

∑︂

Sri ] =

∑︂ ∑︂

=

∑︂ ∑︂

=

∑︂ ∑︂

=

∑︂

r

i
σβγ
[c†r′ α cr′′ α , c†rβ crγ ]

r αβγ

(︂

i
σβγ
δr,r′ [c†rα , c†rβ crγ ]cr′′ α + δr,r′′ c†r′ α [cr′′ α , c†rβ crγ ]

)︂

r αβγ

(︂

i
σβγ
δr,r′ δα,γ (−c†rβ cr′′ α ) + δr,r′′ δα,β c†r′ α crγ

)︂

(1.4)

r αβγ

(︂

)︂

i
σβγ
−c†r′ β cr′′ γ + c†r′ β cr′′ γ = 0,

βγ

and thus [HK , SΛi ] = 0. Since Eq. (1.4) holds when r′ = r′′ , this shows that nr ≡
†
α crα crα

∑︁

= nr↑ +nr↓ also commutes with the total spin operators. As discussed in Ref.

[6], this fact can be used to show that [HU , SΛi ] by noting that n2r = n2r↑ +n2r↓ +2nr↑ nr↓ =
nr + 2nr↑ nr↓ so that HU can be written in the explicitly SU (2)-invariant form
HU =

)︂
U ∑︂ (︂ 2
nr − nr .
2 r
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(1.5)

1.2.1.2

Bipartite Gauge Symmetry

On bipartite lattices, the sign of t can be changed by a simple gauge transformation.
A bipartite lattice can be partitioned into sites labeled A and sites labeled B where
the hopping amplitude tr,r′ is nonzero only between sites with different labels. This
means that if we negate all orbitals on the A sublattice while leaving the orbitals on
the B sublattice unchanged, which can be expressed as crσ → −crσ for r ∈ A and
crσ → crσ for r ∈ B, then all hopping amplitudes change sign, tr,r′ → −tr,r′ . This
argument does not hold on nonbipartite lattices, where such a sign change cannot be
consistently implemented and the sign of t is physically meaningful.
1.2.1.3

Particle Hole Symmetry

A particle-hole transformation can be performed formally by crσ ↔ c†rσ , swapping
creation and annihilation operators. This transformation negates hopping amplitudes
and is thus not a symmetry of HK in general but is a symmetry on bipartite lattices,
due to the bipartite gauge transformation. As shown in Appendix A., the total spin
operator commutes with the particle-hole transformation, meaning that a ferromagnetic
phase below half filling can be “reflected” into a ferromagnetic phase above half filling
in a particle-hole symmetric model.
Under a particle hole transformation, the Hubbard interaction becomes HU →
HU − U N , up to a constant energy shift, where N =

∑︁

r∈Λ (nr↑

+ nr↓ ). The particle

hole transformation acts on the interaction as a chemical potential shift, which
can be removed by using an explicitly particle hole symmetric interaction HU′ =
U

∑︁

r (nr↑

1.2.2

− 1/2)(nr↓ − 1/2) [6].

Stoner’s Criterion for Ferromagnetism

An important early result in the study of itinerant magnetism is Stoner’s criterion,
according to which the Hubbard model is expected to exhibit T = 0 ferromagnetism
8

when U ρ(EF ) > 1, with ρ(EF ) the density of states at the Fermi level [2, 9, 10].
Stoner’s original work modeled interacting electrons in a metal by introducing the
exchange interaction to lower the energy of spin up electrons and raise the energy
of spin down electrons [9, 10]. The model studied by Stoner is equivalent to a
mean field analysis of the Hubbard interaction, which considers the approximation
U nr↑ nr↓ ≈ U nr↑ ⟨nr↓ ⟩ + U nr↓ ⟨nr↑ ⟩ − U ⟨nr↑ ⟩⟨nr↓ ⟩ that neglects second order terms in
the fluctuation δnrσ = nrσ − ⟨nrσ ⟩. This approximation recovers Stoner’s model, where
the effective interaction strength of spin up electrons depends on the number of spin
down electrons, and leads to a diverging magnetic susceptibility at U ρ(EF ) = 1 that
signals the transition to ferromagnetism.
Stoner’s criterion provides useful guidance when searching for systems exhibiting
ferromagnetism. The criterion suggests ferromagnetism in systems with strong exchange interactions, or systems well described by the Hubbard model with large U .
In particular, the interaction strength should be strong compared to the density of
states, meaning that ferromagnetism can potentially arise even for weak interactions
when the band is sufficiently flat.

1.2.3

Results on the Absence of Ferromagnetism

Despite the suggestion from Stoner’s criterion of a large region in the phase diagram
where the Hubbard model is ferromagnetic, there are several well known exact and
perturbative results making clear that mean field ferromagnetism is overly optimistic.
The Hubbard model features the antiferromagnetic kinetic exchange mechanism
sketched in Fig. 1-2 that arises perturbatively for U ≫ t from a virtual hopping
process that is only possible when the two electrons involved form a spin singlet. As a
result of this antiferromagnetic exchange mechanism, the low energy physics for the
Hubbard model with a half-filled band is well approximated by an antiferromagnetic
Heisenberg model at large U and serves as a model for the transition from a metallic
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phase to an antiferromagnetic Mott insulating phase as interactions become strong
in a half-filled band [2]. Below half filling with large U , the relevant low energy
model is the t − J model, where electrons can hop to unoccupied neighboring orbitals
with amplitude t and experience an antiferromagnetic interaction with electrons in
neighboring sites with strength J = 4t2 /U [2]. As a result of this antiferromagnetic
exchange, it would appear that it may be difficult to find ferromagnetism in the
Hubbard model and there are cases, such as a half-filled band, where large interaction
strength leads to antiferromagnetism rather than ferromagnetism, in opposition to
Stoner’s criterion.
In addition to the perturbative antiferromagnetic kinetic exchange at large U , there
are exact results confirming that large classes of Hubbard models do not exhibit ground
state ferromagnetism. In particular, according to the Lieb-Mattis theorem, general
one-dimensional electron systems with permutation-symmetric, spin-independent
interactions will have a hierarchy of states with lower spin states, S < S ′ , at lower
energies, E(S) < E(S ′ ) [11]. The theorem applies to a very general class of onedimensional systems, requiring only homogeneous open boundary conditions and a
potential that does not diverge too quickly, and applies in particular to the onedimensional Hubbard model. The theorem is related to the idea that ground states
of the two-electron Schrodinger equation are nodeless, since given a wavefunction
ψ(r1 , r2 ) with a node, a lower-energy state can be found by taking the absolute value
and smoothing out the cusp of |ψ(r1 , r2 )| [2, 11]. If the spatial wavefunction is nodeless
and the interaction is spin independent, the overall fermionic antisymmetry of the state
requires that the spatial part be symmetric and the spin part be antisymmetric, or a
spin-zero state. The Lieb-Mattis theorem thus shows the absence of ferromagnetism
for a large class of one-dimensional systems in apparent violation of Stoner’s criterion.
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1.3

Exact Results on Itinerant Ferromagnetism

The possibility of many competing mechanisms, such as ferromagnetic direct exchange
and antiferromagnetic kinetic exchange, makes it difficult to have a general principle for
when a system should exhibit ferromagnetic ground states. Simple mean field guidelines
such as Stoner’s criterion can provide useful intuition but can fail by not properly
accounting for the different mechanisms or the possibility of electron wavefunctions
organizing into correlated low-spin states without increasing the interaction energy.
In many half-filled and one-dimensional systems, the ground states do not appear to
be ferromagnetic regardless of whether Stoner’s criterion is satisfied.
In order to use the Hubbard model to gain insight into magnetism in real systems,
a useful approach is to find regimes where ferromagnetism is provable, both to provide
some understanding of the mechanisms that do lead to ferromagnetism and to serve
as a starting point to extend these regimes to systems of physical interest. Although
Stoner’s criterion does not guarantee ferromagnetism, the regimes where exact results
are possible tend to follow the principles behind Stoner’s criterion, namely that the
Hubbard interaction should be strong compared to the band width. Exact results
on ferromagnetism can be found in the U → ∞ limit and for any U > 0 in the limit
of flat bands, since the U → ∞ limit suppresses antiferromagnetic kinetic exchange,
while the flat band limit magnifies the effectiveness of direct exchange.
In Chapters 2 and 3, we will be concerned with the U → ∞ limit, where we
will introduce Nagaoka’s theorem for ferromagnetism and discuss generalizations of
the theorem to arbitrary graphs and the stability of Nagaoka ferromagnetism in a
multiorbital system. In Chapter 4, flat band ferromagnetism will be discussed in a
multiorbital model. In particular, an exact mapping between ground state magnetism
and a percolation problem will be shown that allows the ferromagnetic transition to be
identified as a function of flat band filling through efficient simulation. In what follows,

11

we will be considering ferromagnetism as a quantum phase of various Hubbard models,
and the results will thus be for ground state ferromagnetism at zero temperature.
Following the principle that direct exchange mechanisms assist in the development
of ferromagntism, a key theme we will see is the value of Hund’s coupling in multiorbital
systems. We will see how Hund’s coupling serves to stabilize the magnetic state in
Chapter 3 and allows for the percolation representation for studying the ferromagnetic
transition in Chapter 4.
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Chapter 2
Nagaoka’s Theorem and the 15
Puzzle
2.1

Introduction

Simple direct exchange arguments and mean field results such as Stoner’s criterion
suggest that a natural place to search for itinerant ferromagnetism is in systems with
strong Coulomb interactions. However, this picture is complicated by competing
exchange mechanisms. In the Hubbard model with large U , kinetic exchange serves
as an effective antiferromagnetic interaction, and at half filling, the system is well
approximated by an antiferromagnetic Heisenberg model. Despite this perturbative
kinetic exchange at large U , it is plausible that for sufficiently high U a ferromagnetic
exchange interaction will begin to dominate as kinetic exchange weakens. In the
U → ∞ limit, kinetic exchange is entirely suppressed, as the virtual hopping involving
doubly occupied sites is completely projected out. All that remains is a projected
Hubbard model describing highly correlated electrons where each site can be either
singly occupied or empty, occupied by a hole.
Once the kinetic exchange interaction has been projected out, the only remaining
exchange mechanisms are purely geometric. For a simple example, consider a system
consisting of a single triangle with a spin-up electron on one vertex, a spin-down
electron on another vertex, and a hole on the remaining vertex. The only possible
13

(a)

(b)

Figure 2-1. a) Configurations of a hole, one spin-up electron, and one spin-down electron
on a triangle at U → ∞. As the hole cycles around the triangle, the two electrons are
exchanged. b) A spin singlet formed by a superposition of two spin configurations.
hopping processes involve an electron hopping to the site with the hole, or equivalently,
the hole swapping positions with the electrons. As shown in Fig. 2-1(a), the electron
spins are exchanged each time the hole cycles once around the triangle. This purely
geometric exchange mechanism has been referred to as ring exchange [2, 12]. With the
direct exchange and kinetic exchange mechanisms, a singlet-triplet energy splitting
occurs through a combination of Pauli exclusion and the interaction energy. Ring
exchange can also produce a singlet-triplet splitting, but in this U → ∞ limit, the
energy splitting is instead due to a difference in exchange symmetry. If we consider
each hopping in Fig. 2-1(a) to have amplitude −t with t > 0, then if the electrons are
in a spin singlet, as shown in Fig. 2-1(b), one full cycle of the hole around the triangle
will exchange the spins and negate the state. The state formed from a superposition
of all three possible hole positions with the electrons in a spin singlet will be an
eigenstate of the hopping Hamiltonian with energy +2t, positive due to the sign from
the hopping amplitude cancelling the sign from the spin singlet exchange and with
a factor of 2 due to the two possible hopping directions for the hole. If the spins
formed a spin triplet instead, such as if both were spin-up electrons, there would be
no additional sign from exchange, giving an energy of −2t.
The possibility of ferromagnetism from a geometric ring exchange mechanism was
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shown explicitly in one of the first exact results in itinerant ferromagnetism, Nagaoka’s
theorem [13]. Nagaoka’s theorem considers a slightly modified Hubbard model with
hopping elements of the form tc†iσ cjσ as we write below in Eq. (2.1), as opposed to the
−t amplitude in Eq. (1.1). When the system is in the U → ∞ limit with a single hole
in an otherwise half-filled system, the ground state is fully spin-polarized, that is, has
maximum total spin Stot = Ne /2 with Ne the number of electrons, and unique up to
the 2Stot + 1 spin degeneracy. In its original form, the theorem was proven for certain
simple lattices, such a triangular, square, and cubic lattices, where the minimal loops
in the system have three or four sites and a ring exchange-like mechanism can be used
to find ferromagnetism on the entire lattice [13, 14].
The proof of Nagaoka’s theorem was simplified by Tasaki [14] through use of the
Perron-Frobenius theorem, which has two key conditions. The first, nonpositivity,
requires that all the off-diagonal matrix elements of the many-body Hamiltonian
are negative or zero, which is the reason for the particular sign convention on t.
Nonpositivity is feasible for a single hole under a suitably defined basis but does not
generally hold for more than one hole due to fermionic statistics as multiple holes
exchange positions. The second condition, connectivity, requires essentially that the
hole’s motion can connect all spatial configurations of spins and holes.
The connectivity condition is typically difficult to verify on a general lattice. Using
arguments similar to the ring exchange mechanism, it has been shown to hold on
lattices composed of loops of three or four sites, where the hole’s hopping around each
loop generates all spatial permutations of the spins [14, 15]. However, for lattices
consisting loops of more than 4 sites, such as the 2D honeycomb lattice and 3D
diamond lattice, it remains unclear from such arguments whether Nagaoka’s theorem
holds. Thus, it is useful to consider whether necessary and sufficient conditions on the
lattice structure can be determined for which connectivity is satisfied.
In this chapter, adapted from Ref. [16], we present an interesting connection
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Figure 2-2. (a) The solved configuration of the original 15 puzzle. The goal of the puzzle
is to return to this configuration from any scrambled starting one. (b) For the 15-puzzle
analogous to spin-1/2 particles, there are only two labels. A sample configuration on a
4 × 4 grid is shown here with + for spin-up and − for spin-down. It is mapped to a spin
configuration with a single hole in a square lattice in (c).
between the study of itinerant ferromagnetism and the celebrated 15-puzzle problem
of graph theory. In its original form, the 15-puzzle consists of a 4 × 4 grid of tiles
numbered from 1 to 15, with the 16th cell on the grid being the hole. The hole can be
transposed with neighboring tiles, and the goal is to permute a scrambled configuration
to put the tiles in order, as shown in Fig. 2-2. The generalized version of the 15-puzzle
problem was examined on arbitrary graphs in Ref. [17]. By relating the connectivity
condition for electrons to the 15-puzzle problem, we find that connectivity holds for
spin- 12 electrons if and only if the lattice (graph) is nonseparable and not a single
polygon larger than a quadrilateral. This generalizes Nagaoka’s theorem to a large
class of lattices including the honeycomb lattice and the diamond lattice for which
Nagaoka’s theorem had not been previously proven. We also provide criteria for the
connectivity condition for SU(N ) fermions in the fundamental representation, leading
to a generalized SU(N ) Nagaoka’s theorem.
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2.2

Nagaoka’s Theorem and the 15 Puzzle

In what follows, we refer to a “graph” instead of a “lattice” since the results require a
finite number of sites and do not require a regular lattice structure. Consider a spin- 12
Hubbard model on a general graph,
H=

∑︂ ∑︂

tij c†iσ cjσ + U

∑︂

i,j σ=↑↓

ni↑ ni↓ ,

(2.1)

i

where σ is the spin index, ni,σ = c†iσ ciσ , and tij is a symmetric matrix of hopping
amplitudes that encodes the graph structure. If sites i and j are connected, then
tij > 0, otherwise tij = 0. In the U → ∞ limit, states with doubly occupied sites are
projected out, and every site has exactly one electron apart from one empty site, the
hole. On a bipartite graph, the overall sign of tij does not influence physical properties,
since the sign can by changed by a gauge transformation ciσ → −ciσ on all sites i in
one of the two subgraphs, as discussed in Chapter 1.2.1.
In order to consider a general graph structure, we first summarize Tasaki’s proof
of Nagaoka’s theorem [14]. Since the Hamiltonian of Eq. (2.1) is SU(2) symmetric,
the Hilbert space decomposes into sectors labeled by the z-component of total spin
Sz,tot . Without loss of generality, consider the sector where Sz,tot = 0 or 1/2 for cases
with an even or odd number of spins, respectively, since any SU(2) multiplet has a
component in this sector. The basis is defined as
|h, {σ}⟩ = (−1)h

∏︂′ †

ci,σi (ri )|0⟩,

(2.2)

i

where the product over the vertex indices i is ordered following an arbitrary fixed
sequence, h is the index of the hole’s location, and the primed product excludes the
creation operator at the hole’s vertex. In this basis, the Hamiltonian matrix satisfies
a nonpositivity condition in that its elements are all 0 or −tij . Suppose that the
Hamiltonian additionally satisfies a connectivity condition, which requires that there
exists a positive integer power N for any two basis elements |h, {σ}⟩ and |h′ , {σ ′ }⟩
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such that
⟨h′ , {σ ′ }|H N |h, {σ}⟩ =
̸ 0.

(2.3)

This connectivity condition intuitively means that any configuration of the spins and
hole in the Sz sector can be converted into any other configuration through a sequence
of hole hopping.
According to the Perron-Frobenius theorem, if both nonpositivity and connectivity
are satisfied, Eq. (2.1) has a unique ground state,
|ψg ⟩ =

∑︂

αh,{σ} |h, {σ}⟩,

(2.4)

h,{σ}

with a positive-definite wavefunction, meaning αh,{σ} > 0 for all states in the selected
Sz sector. Since the sum is restricted to the selected Sz sector, the number of up
and down spins is fixed, and the sum is over permutations of the spins and hole. To
determine the total spin of |ψg ⟩, a trial state |ψt ⟩ is constructed by summing over all
states in the Sz sector with equal weight, |ψt ⟩ =

∑︁

h,{σ}

|h, {σ}⟩. Such a state is fully

symmetric under permutation of spin configurations and is thus fully spin polarized.
2
Since total spin is a good quantum number, Stot
is nondegenerate in the selected
2
2
Sz sector, and Stot
has orthogonal eigenstates, |ψg ⟩ is an eigenstate of Stot
and the

nonzero overlap ⟨ψg |ψt ⟩ > 0 means that |ψg ⟩ shares the same spin quantum numbers
as |ψt ⟩. Thus, the ground state is fully spin polarized.
In order to determine exactly when the connectivity condition holds, it is useful to
consider the generalized 15-puzzle problem, which was examined on arbitrary graphs
in Ref. [17]. Through induction on the number of loops in the graph, it has been
proven that, apart from two classes of exceptions, any permutation in the generalized
15 puzzle problem can be performed on a nonseparable, nonbipartite graph, and
any even permutation can be performed on a nonseparable, bipartite graph. Here
“nonseparable” means that the graph remains path-connected if any single vertex is
removed. The first class of exceptions consists of single polygons larger than a triangle,
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and the second class consists of the special θ0 graph, which is a single hexagon with
an extra vertex in the middle connected by edges to two opposite hexagon vertices as
shown in Fig. I-1 in Appendix I.
We can now relate the connectivity condition to the generalized 15-puzzle problem.
Each electron is labeled + or − according to its z-component spin Sz = ± 21 , and
electrons with the same label are indistinguishable. An example configuration is
shown in Fig. 2-2 (b) on 4 × 4 lattice, in which each square tile represents a vertex of
the corresponding graph. The basis elements Eq. (2.2) correspond to an assignment
of +, −, or the hole to each vertex. The connectivity condition is satisfied if any
configuration of labels can be converted to any other with the same total numbers
of + and − by a sequence of transposing the hole with neighboring labels. On a
general graph, this takes the form of the generalized 15-puzzle with only two distinct
tile labels. Based on the solution to the general 15-puzzle problem [17], we have the
following theorem.
Theorem 1 The Hamiltonian in Eq. (2.1) on a graph G with tij > 0 if there is an
edge between vertices i and j and tij = 0 otherwise satisfies the connectivity condition
of Eq. (2.3) if and only if G is nonseparable and G is not a polygon with V ≥ 5
vertices. The ground state of the model in Eq. (2.1) is then fully spin-polarized and
unique up to spin degeneracy when U → ∞ and there is exactly one hole.
Proof: We first prove sufficiency. The connectivity condition can be verified if G is a
single triangle or quadrilateral simply by cycling the hole around the loop and noting
that at least two spins are identical in the quadrilateral case since there are only two
distinct spin labels. Connectivity also holds on the θ0 -diagram, as shown in Appendix
I. For the remaining nonseparable, nonpolygonal graphs, we note that since spin only
has two labels, the permutations of the spins and hole are a subset of the possible
permutations in the corresponding 15-puzzle problem where every vertex has a distinct
label. Hence, for the nonbipartite graphs, where all permutations can be performed in
19

the 15-puzzle problem with all labels distinct, the connectivity condition is immediately
satisfied. For the bipartite graphs, the vertex number is larger than 4, and there
are thus at least two vertices occupied by the same spin label. Since exchanging
these two identical spin labels is an identity operation, the fact that the 15-puzzle
problem with distinct labels on bipartite graphs allows for any even permutation is
enough. When there are only two distinct labels, one of the permutations allowed
by the general result is a 3-cycle involving two spins with the same label and one
spin with the opposite label, which is actually a simple transposition of two spins
with different labels. This is an odd permutation that, when combined with the even
permutations, generates all permutations. Hence generating all the even permutations
on the bipartite graph is equivalent to generating all permutations when there is a
repeated label, and connectivity is satisfied on the nonseparable bipartite lattices.
Next we prove necessity by demonstrating that the connectivity condition is
satisfied for neither polygons with vertex number V ≥ 5 nor for separable graphs. For
the polygons with V ≥ 5, permutations leaving the hole fixed are cyclic permutations,
all generated by a single V − 1-cycle, on the spin labels and thus cannot connect
all configurations in the Sz sector in general since these cyclic permutations cannot
exchange neighboring spins unless every spin but one has the same label. This can
also be seen by counting the number of configurations in the Sz,tot = 0 or 1/2 sector,
where the total configuration number is Nc = V !/[m!(V − m − 1)!] where m =
or,

V −2
2

V −1
,
2

for odd or even V , respectively. Cycling the hole around the polygon can

at most generate V (V − 1) configurations, which is less than Nc for V ≥ 5. For the
separable graphs, we only need to consider a general connected but separable graph,
which can be divided into two subgraphs A and B with a single vertex O connecting
them. A and B are thus disconnected, and the overall graph is disconnected, if O is
removed. If the hole is initially at O, then if the hole moves to A, it cannot enter
B without passing O. As a result, the hole’s motion cannot be used to move spins
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Figure 2-3. (a) A 3-cycle for any adjacent three vertices 1, 2, and 3 can be performed in
a hexagon loop with concrete steps given in Appendix II. (b) Vertices 1 and 2 are occupied
by spin-↑ and ↓. Apply (123) or (132) when 3 is ↑ and ↓, respectively, then spins on 1
and 2 are exchanged without affecting other vertices as shown in (c).
between A and B, and permutations can only be performed within A and O, or B
and O, but not between A and B.
Theorem 1 ensures Nagaoka ferromagnetism for all regular lattices, which goes
beyond the previous results in literature applying for graphs composed of triangles
and quadrilaterals [14, 15]. For example, this demonstrates Nagaoka ferromagnetism
on lattices where the minimal loops are hexagons, which, to our knowledge, was
previously an open problem.
We thus have the following corollary.
Corollary Nagaoka ferromagnetism applies to both the 2D honeycomb lattice and the
3D diamond lattice.
We can explicitly demonstrate connectivity in the honeycomb lattice using 3-cycles,
and the same method applies to the diamond lattice as well. Fig. 2-3 (a) presents that
a 3-cycle for any three adjacent vertices in a hexagon loop can be performed for the
15-puzzle problem without affecting other vertices, and a construction of such a 3-cycle
is given in Appendix II. For the case of spins, two opposite labels on any edge can be
exchanged without affecting other vertices as shown in Fig. 2-3 (b). Without loss of
generality, assume vertices 1 and 2 are occupied with spin labels ↑ and ↓, respectively.
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If site 3 has spin-↓, then simply applying the cycle (123) will be exchange the spins at
sites 1 and 2. Otherwise, if site 3 has spin-↑, performing the cycle twice, or (321), will
exchange the spins. Next, consider any two vertices 1′ and 2′ with opposite spin labels
and choose a path connecting them. If the hole is not on the path, it is straightforward
to show that by successively applying exchanges between adjacent vertices along the
path can exchange 1′ and 2′ without affecting other vertices. If the hole is on the
path, move it away, and after the exchange is performed, reverse the hole’s motion.
Since all the permutations of spins can be generated by exchanges, they can also be
performed. In other words, the 3-cycles of adjacent vertices generate all 3-cycles on
the lattice. This establishes connectivity on the honeycomb lattice.
The above demonstration of Nagaoka ferromagnetism on the honeycomb and
diamond lattices can serve as a starting point for further studies. An interesting
question is the stability of the fully polarized Nagaoka state in the presence of multiple
holes. Following the method in Refs. [18, 19], we have shown in Appendix II that the
ground state energy Eg satisfies the bounds
1/α

EN ≤ Eg ≤ EN + tO(Nh /M ),

(2.5)

where EN = −zNh t with Nh the number of holes, z the coordination number, M
the total number of sites, and α = 1/2 and 2/5 for the honeycomb and diamond
lattices, respectively. When Nh scales with M more slowly than M α , the upper and
lower bounds meet in the thermodynamic limit and the Nagaoka state is degenerate
with the ground state. The stability of the Nagaoka state against finite hole densities
has been studied by analytic estimations [20] and a recent numeric density-matrixrenormalization-group simulation [21]. It would be interesting to further explore exact
results at finite hole density in the thermodynamic limit.
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2.3

Extensions

Recently, SU(N ) symmetric fermionic systems have attracted considerable attention
in the context of cold atom physics, where they can be realized by alkaline earth
fermions [22–24]. Consider the SU(N ) Hubbard model
H=

N
∑︂

tij c†i,α cj,α +

ij,α=1

U ∑︂
ni (ni − 1),
2 i

(2.6)

where 1 ≤ α ≤ N labels the fermion component, ni is the number operator ni =
†
α ci,α ci,α ,

∑︁

and tij > 0 for connected sites i and j with tij = 0 otherwise. In the

U → ∞ limit with one hole away from 1/N filling, where every site but one has
exactly one fermion, Nagaoka’s theorem was previously generalized to this SU(N )
system on triangular, Kagome, and hypercubic lattices [25]. We will consider N to
be less or equal to the particle number, which for one hole means N ≤ V − 1. The
fermions considered here are in the fundamental representation of SU(N ), yielding
N -component fermions, or N labels.
Nagaoka’s theorem can be generalized easily to the SU(N ) case on general graphs
with the help of the 15-puzzle problem. The nonpositivity of the Hamiltonian matrix
of Eq. (2.6) can be established under a many-body basis constructed similarly to Eq.
(2.2). For the connectivity condition, consider the nonseparable graphs other than the
θ0 graph and polygons. For nonbipartite graphs, the connectivity condition holds even
when all the occupied vertices have different fermion components, which places no
further requirements on N . For bipartite graphs, since only even permutations can be
performed, at least two vertices must be occupied by fermions in the same component
to allow a 3-cycle involving two identical fermions to behave as an odd permutation.
Satisfying connectivity thus requires V ≥ N + 2 for bipartite graphs so that there are
N + 1 fermions. For polygons, connectivity only holds on a triangle and quadrilateral
for the SU(2) case, and it does not holds on any polygons with V ≥ 4 for N ≥ 3. For
the θ0 graph, connectivity holds only for N = 2, as discussed in Appendix I. We then
23

have the following theorem.
Theorem 2 Consider the SU(N ) Hamiltonian Eq. (2.6) for N > 2 on a graph G with
vertex number V ≥ N + 1 in the U → +∞ limit with a single hole. The connectivity
condition is satisfied for G a nonseparable graph other than the θ0 graph and polygons
with V ≥ 4, with the additional requirement that V ≥ N + 2 if G is bipartite. Then the
ground state is in the fully symmetric one-row SU(N ) representation and is unique up
to the SU(N ) degeneracy.
As a final application of the 15-puzzle argument, we can consider a generalization
of Nagaoka ferromagnetism to hard-core SU (N ) bosons. The Hamiltonian can be
written in the same form as Eq. (2.6) by replacing the anticommuting fermionic
operators c†i,α and ci,α with canonically commuting bosonic creation and annihilation
operators b†i,α and bi,α . For bosons, the hopping amplitudes need to be tij < 0 for links
to satisfy the nonpositivity of the Hamiltonian matrix elements. As opposed to the
fermion case, extension to multiple holes is possible since bosons do not suffer from
the minus sign when switching two holes, allowing nonpositivity to hold with more
than one hole. Connectivity continues to hold for nonseparable graphs other than
single polygons larger than a triangle and the θ0 graph, since a single hole can still be
used to solve the 15-puzzle and the remaining holes can be considered labels. When
there are at least two holes, connectivity holds on θ0 as well, as shown in Appendix
A.. As a result, we find Theorem 3.
Theorem 3 Consider the Hubbard model of Eq. (2.6) for SU(N ) hard-core bosons
in the U → +∞ limit on a graph G with tij < 0 if there is an edge between vertices
i and j and tij = 0 otherwise. The connectivity condition for N > 2 is satisfied for
any number of bosons Nb ≤ V − 1 if and only if G is a nonseparable graph other than
θ0 and polygons with V ≥ 4 with an additional condition that V ≥ N + 2 in the case
of only a single hole in a bipartite graph. If there are at least two holes or N ≤ 2,
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connectivity holds if G is θ0 as well. Then the ground state is in the fully symmetric,
one-row representation of SU(N ), which is unique up to SU(N ) degeneracy.

2.4

Conclusions

The solution to the generalized 15-puzzle problem has been applied to establish
Nagaoka ferromagnetism in the infinite-U Hubbard model on general graphs with a
single hole away from half-filling. We have found that for the SU(2) case, the Nagaoka
state is the unique ground state up to spin degeneracy for all nonseparable graphs
other than single polygons with vertex number V ≥ 5, as established by Theorem 1.
This extends Nagaoka’s theorem to the 2D honeycomb lattice and the 3D diamond
lattice, whose minimal loops contain 6 vertices and are hence beyond previous results
in the literature. Furthermore, Nagaoka’s theorem can also be extended to the case of
a single hole in an otherwise 1/N -filled SU(N ) Hubbard model. In the SU(N ) case,
the result is valid on nonseparable graphs other than the θ0 graph and single polygons
with the additional requirement that V ≥ N + 2 for bipartite graphs, as established
by Theorem 2. Similar results can also be generalized to systems of SU(N ) hard core
bosons. These results are helpful for further analytical and numerical studies of the
mechanism for itinerant ferromagnetism and searches for novel ferromagnetic states in
condensed matter and ultra-cold atom systems.
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Chapter 3
Stability of the Nagaoka-type
Ferromagnetic State in a t2g
Orbital System
3.1

Introduction

We have seen that in the limit of strong interactions, U → ∞, an exact result for
ferromagnetism arises. With kinetic exchange suppressed by the large interaction,
geometric exchange processes lead to Nagaoka’s theorem, which was shown to hold
on a rather general class of systems including finite regular lattices in more than one
dimension. However, besides strong interactions, Nagaoka’s theorem requires exactly
one hole in a finite system. For Nagaoka’s theorem to describe a true ferromagnetic
phase in the thermodynamic limit, the theorem should hold in some region of the
phase diagram larger than a single point, including, in particular, for some range of
fillings.
Unfortunately, Nagaoka’s theorem does not extend easily to nonzero hole density or
even to more than one hole. The Perron-Frobenius argument used to prove the theorem
requires exactly one hole in order to avoid additional sign changes from exchanging
holes. From the perspective of the ring exchange process in the simple triangle example
in Fig. 2-1, the singlet-triplet energy splitting arose due to a difference in exchange
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symmetry. On larger lattices with multiple holes, similar exchange processes can
involve additional sign changes due to exchanging holes that may introduce low-spin
ground states.
While it is difficult to exactly extend Nagaoka’s theorem to multiple holes, analytical
bounds on the number of holes above which the multihole Nagaoka state remains a
ground state have been determined for several simple lattices [18, 19]. The argument
used to determine these bounds, discussed below and reviewed in Appendix III, is
a squeeze argument where the Nagaoka state with nh holes is used as a variational
upper bound on the ground state energy and the lower bound intuitively corresponds
to pretending the holes are bosonic so that all the holes can be placed at the band
bottom. As the size of the system is taken to infinity, the bounds coincide for an
appropriately small number of holes. For the L × L square lattice, the result is that
the Nagaoka state remains a ground state when nh = Lα for 0 ≤ α < 1 in the L → ∞
limit [18, 19]. These bounds should be understood as a stability argument rather than
an argument for ferromagnetism. Unlike Nagaoka’s theorem for a single hole, the
multihole bounds do not imply that the Nagaoka state is the unique ground state.
To this point, we have considered mainly single-orbital Hubbard models, but real
materials exhibiting ferromagnetism often feature multiple degenerate orbitals, such as
the d orbitals of transition metal systems. The presence of multiple orbitals can assist
the development of ferromagnetism through Hund’s coupling and orbital-dependent
anisotropic hopping. Hund’s coupling in particular is an explicit ferromagnetic interaction expressing the tendency of electrons in different valence orbitals of an atom
to maximize spin. This interaction arises from direct exchange between electrons in
different orbitals of the same atom, since direct exchange is ferromagnetic in orthogonal
orbitals [2]. The anisotropic hopping between p, d, and f orbitals causes the geometry
of the band to not be necessarily identical to the geometry of the atoms in the lattice.
While this anisotropic is not inherently beneficial for ferromagnetism, it can in certain
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cases enhance geometry-dependent effects, such as Nagaoka ferromagnetism, or flatten
the bands in a way that allows ferromagnetism to easily develop, as we will see in
Chapter 4.
Although Hund’s coupling would appear to be helpful in the formation of a
ferromagnetic state, it is not obvious that Hund’s coupling, which acts locally on each
atom, can lead to global ferromagnetism in a large system. It is the combination of
Hund’s coupling with mobile electrons or an additional mechanism for ferromagnetism
that acts between different atoms that can promote this local preference for aligned
spins to an overall ferromagnetic state. A rather powerful example of Hund’s couplinginduced ferromagnetism considered a square lattice with px and py orbitals at each
site [26]. The p orbitals are strongly anisotropic, with hopping along the p orbital
directions much stronger than perpendicular hopping. As a result, perpendicular
hopping can be neglected, leading each line of p orbitals to act as a one-dimensional
band. In this system, when Hund’s coupling is considered together with the U → ∞
limit, the ground state is fully spin polarized and unique up to spin degeneracy as
long as each one-dimensional band contains at least one electron and at least one hole
[26]. This result is remarkable in that it holds for essentially any filling rather than
the one-hole limit and is possible only due to the presence of Hund’s coupling. The
anisotropy leading to the effective one-dimensional bands prevents fermionic minus
signs from electron exchange, but with independent one-dimensional bands, each band
is still separately paramagnetic. Instead, Hund’s coupling introduces ferromagnetic
exchange between the bands that yields ferromagnetism despite acting locally.
When bands are not one-dimensional, it is difficult to extend Nagaoka’s theorem
to multiple holes using Perron-Frobenius arguments, but it is still possible to see the
benefit of Hund’s coupling. In a cubic lattice with dxy , dyz , and dxz orbitals at each
site, the t2g orbitals, each orbital has density concentrated within a plane, giving an
effective two-dimensional band structure within each orbital plane. In this system, a
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multiorbital version of Nagaoka’s theorem has been shown to hold in the presence of
Hund’s coupling when there is exactly one hole in each orbital plane [27]. Without
Hund’s coupling, each plane is separately ferromagnetic by Nagaoka’s theorem, but the
independent spins in each plane means the overall system is paramagnetic. Studying
the stability of the multiorbital Nagaoka state in the presence of Hund’s coupling can
provide further support for the benefit of Hund’s coupling in stabilizing ferromagnetism
in multiorbital systems.
In this chapter, we extend the multiorbital Nagaoka-type ferromagnetic states
found in Ref. [27] to the multihole case and investigate their stability. The analysis
is done in the presence of two- and three-dimensional band structures in the strong
correlation regime. By generalizing the method used in Refs. [18, 19] to include Hund’s
coupling and interorbital Coulomb repulsion, we show that in the strong interaction
limit, the generalized Nagaoka state with t2g orbitals remains degenerate with the
ground state in the multihole case in the thermodynamic limit. Although the hole
density, the number of holes per site, remains zero, the hole number can go to infinity,
scaling as a power of the system size. The stability of the generalized Nagaoka state
against flipping a single spin is then analyzed, finding that the region of instability
shrinks in the presence of Hund’s coupling.
This chapter, adapted from Ref. [28], is organized as follows. In Sect. 3.2, we
introduce the multiorbital Hubbard model for a three-dimensional (3D) t2g -orbital
system with a two-dimensional (2D) band in a cubic lattice. In Sect. 3.3, we analyze
the stability of the ferromagnetic ground state in the presence of multiple holes for the
multiorbital model presented in Sect. 3.2. Then, by analyzing the change in energy
due to a single flipped spin [20], a region in which the fully polarized state is no longer
a ground state is identified. The Nagaoka type ferromagnetic state and its stability in
the presence of a 3D band structure is studied in Sect. 3.4.
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3.2

The t2g Orbital System with Multiorbital Interactions

In this section, we present the band structure of the 3D t2g orbital system and the
on-site multiorbital Hubbard interactions.
The system to be studied is a 3D multiorbital Hubbard model on an L × L × L
simple cubic lattice with dxy , dyz , and dxz orbitals at each site with on-site multiorbital
interactions. The Hamiltonian can be written as
H = HK + HU + HV + HJ ,

(3.1)

where H K , H U , H V , and H J represent the kinetic energy, the intraorbital Hubbard
interaction, the interorbital Hubbard interaction, and the interorbital Hund’s coupling,
respectively. Since the t2g orbitals are planar, the hopping term for each orbital is
anisotropic in general. For the system with quasi-2D band structure studied here and
in Sect. 3.3, transverse hopping perpendicular to the orbital plane is much weaker
than hopping within the plane and hence will be neglected. A fully 3D band structure
including transverse perpendicular hopping terms will be considered in Sect. 3.4. With
interplane hopping neglected, the kinetic term corresponding to the dxy orbital takes
the form
K
Hxy
=t

∑︂ (︂

d†xy,σ (r)dxy,σ (r + x̂)

r,σ

+

(3.2)

d†xy,σ (r)dxy,σ (r

)︂

+ ŷ) + h.c. ,

where the lattice constant is taken to be 1 and t is the hopping integral. The hopping
terms for the other orbital planes have the same form with the directional indices
replaced as necessary, and the full kinetic term H K is a sum of hopping terms for the
dxy , dyz , and dxz orbital planes.
For a simple cubic lattice with negligible transverse hopping, Eq. (3.2) and its yz
and xz counterparts constitute all nearest neighbor hoppings allowed by symmetry.
Different orbitals do not mix at this level due to the cubic symmetry of the system,
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which can be seen as follows. Without loss of generality, consider an x-bond between
the sites r and r + x̂. Since this bond is invariant under reflections with respect to
both the xy-plane and the xz-plane, hopping along this bond should respect these
symmetries. The dxy orbital is even while dxz and dyz orbitals are odd under the
former reflection. Thus, dxy does not mix with either dxz or dyz through this hopping.
Furthermore, dxz is even while dyz is odd under the latter reflection, and thus they do
not mix either.
The on-site multiorbital Hubbard interactions consist of intraorbital and interorbital
terms. The intraorbital interaction H U is expressed as
HU = U

∑︂

na,↑ (r)na,↓ (r),

(3.3)

r,a

where a is the orbital index and na,σ (r) = d†a,σ (r)da,σ (r). The interorbital interaction
takes the form
HV = V

∑︂

(1 − na (r))(1 − nb (r)),

(3.4)

r,a>b

where na (r) = na,↑ (r)+na,↓ (r). H V is expressed in terms of the hole number occupation,
which is equivalent to the corresponding electron number form up to an overall constant.
Since we will explore the stability of the Nagaoka state in which nearly every orbital
on every site is filled, the hole representation will be more convenient.
The final interaction in the model, the on-site interorbital Hund’s coupling, reads
H J = −J

∑︂ (︃
r,a>b

1
Sa (r) · Sb (r) − na (r)nb (r) .
4
)︃

(3.5)

For any two orbitals a and b on site r, the energy from the Hund’s coupling is nonnegative if J > 0. The energy contribution is J if both orbitals are filled and form a
spin singlet and zero otherwise.
Below, we will consider the limit of U → ∞, in which no individual orbital can
hold two electrons. Instead, individual sites can hold up to three electrons, all in
different orbitals, with their interaction determined by H V and H J . We consider only
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repulsive interorbital interactions and ferromagnetic Hund’s coupling, V ≥ 0 and
J ≥ 0.

3.3

Stability of the Generalized Nagaoka-like State

In this section, we investigate the stability of the generalized Nagaoka state in the 3D
t2g orbital systems with quasi-2D band structure. Such a state with a single hole per
orbital layer was proven previously in Ref. [27].
Since the hopping term H K only allows holes to hop within orbital planes, the
number of holes in each orbital plane is conserved. For simplicity, assume that each
orbital plane has the same number nh of holes. Since there are L layers for each of
the three orbital plane directions, the total number of holes is then Nh = 3Lnh . Note
that in what follows, the number of holes will always refer to the number of holes
above the half-filled background, or the number of electrons below half filling.
As in Ref. [27], conservation of hole number in each orbital plane allows the overall
Hilbert space to be written as a tensor product of Hilbert spaces for each layer in each
orbital plane direction. For the l-th layer of orbital type a, we define a reference state
|Ra,l,↑ ⟩ in which each orbital is filled with a spin-↑ electron. |Ra,l,↑ ⟩ is equivalent to
the state with all single-particle momentum states k in the 2D Brillouin zone fully
filled. Now we add nh holes by removing nh electrons one by one from the highest
filled single particle state. The resulting many-body state, a Slater determinant state
with all electron spins up, is expressed as
|ha,l,↑ ⟩ =

nh
∏︂

da,l (ki )|Rl,a,↑ ⟩,

(3.6)

i=1

where da,l (ki ) =

1
L

∑︁

r

da,l (r)eiki r and ki and r represent 2D momentum and lattice

vectors, respectively. The momenta take values ki = ( 2mL1 π , 2mL2 π ) with m1,2 integers.
We consider the limit of nh /L2 → 0, where the single particle spectrum becomes
parabolic. From the sign convention of t in Eq. (3.2), m1 and m2 start from (0, 0)
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and take values in ascending order of m21 + m22 .

3.3.1

Estimation of the Upper Bound

In order to show the existence of a fully spin-polarized ground state, consider a trial
state
|ψt ⟩ =

L
⨂︂

|hxy,l,↑ ⟩ ⊗ |hyz,l,↑ ⟩ ⊗ |hxz,l,↑ ⟩,

(3.7)

l=1

where the constraint of nh holes per layer is enforced by the form of the basis states.
This is a fully spin-polarized state with the maximum spin S = Sz =

Ns
2

for Ns

spins. Since the Hamiltonian possesses SU(2) symmetry, applying ST,− = ST,x − iST,y
⃗ T is the total spin operator produces a 2Ns + 1 SU(2)
successively on |ψt ⟩ where S
multiplet.
An upper bound on the ground state energy Eg is derived by evaluating the energy
expectation value ET of the Nagaoka-like trial state |ψt ⟩
ET = EK + EU + EJ + EV ,

(3.8)

where EK = ⟨ψt |HK |ψt ⟩/⟨ψt |ψt ⟩ and expressions for EU , EJ , and EV can be defined
similarly. EU = 0 since every individual orbital is at most singly occupied in the
U → ∞ limit. Since |ψt ⟩ describes a fully polarized state, any two electrons form a
spin triplet and EJ = 0 as well. EV can be evaluated easily by noting that the hole
distributions on different layers are uncorrelated for this trial state, and thus
EV

= V
= 3

⟨ψt |1 − na (r)|ψt ⟩⟨ψt |1 − nb (r)|ψt ⟩
⟨ψt |ψt ⟩2
r,a>b
∑︂

n2h
V.
L

(3.9)

The upper bound on the kinetic energy can be estimated as follows. EK is the sum of
the kinetic energies of each layer. Up to a constant, the dispersion for each band can
be rewritten in terms of hole number occupation as
(︄
K
Hxy

= −4t

∑︂
k,σ

)︄

k2
1−
(1 − nxy,σ (k))
4
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(3.10)

K
with parabolic dispersion near k = 0 in the nh /L2 → 0 limit. Expressions for Hyz
and
K
Hzx
follow by changing the indices. Since the trial state corresponds to removing nh

electrons from the band maximum of the fully filled Brillouin zone, or equivalently
adding nh holes to the band minimum in the hole description, the kinetic energy for a
single layer can be estimated as
ˆ
2
−4nh t + tL

k0

0

(︄

)︄

k 3 dk
n2h
= −4nh t + tO
,
2π
L2

(3.11)

where (L/2π)2 πk02 ≈ nh . Summing over all 3L layers gives
)︄

(︄

n2h
.
EK = −12nh Lt + tO
L

(3.12)

Including the EV contribution, the total trial state energy serves as an upper bound
on the ground state energy Eg of
(︄

n2h
Eg ≤ −12nh Lt + tO
L

3.3.2

)︄

+ 3V

n2h
.
L

(3.13)

Estimation of the Lower Bound

Since both H J and H V are non-negative operators, their lower bounds are zero. Thus,
a lower bound on H K is also a lower bound on Eg . Since H K is the sum of the kinetic
energies of each layer, the sum of the lower bounds on the kinetic energy of each layer
is also a lower bound on Eg . The lower bound on the kinetic energy of each layer is
simply −4nh t, which has been worked out [18, 19] by applying the Gershgorin circle
theorem and considering a configuration where each hole has no neighboring holes. A
brief review of this result is provided in Appendix III. Summing over each layer, we
arrive at the lower bound on the ground state energy
−12nh Lt ≤ Eg .

(3.14)

Combining the upper and lower bounds, the ground state energy satisfies
(︄

n2h
−12nh Lt ≤ Eg ≤ −12nh Lt + tO
L
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)︄

+ 3V

n2h
.
L

(3.15)
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Figure 3-1. The electron density n̄c below which the generalized Nagaoka state becomes
unstable to a single spin flip. W = 8t is the band width for a 2D square band. When J/W
is larger than a critical value around 0.57, a single spin flip is not sufficient to destabilize
the state for any electron density.
So far, we have assumed the same number of holes nh in each layer. In fact, the
result of Eq. (3.15) can be straightforwardly generalized to the case with different
number of holes in different layers as
−4Nh t ≤ Eg ≤ −4Nh t + tO

(︄ 2
n

h,m

L

)︄

+ 3V O

(︄ 2
n

h,m

L

)︄

,

(3.16)

where Nh is the sum of hole numbers of all layers, and nh,m is the maximal layer hole
number. As a result, the generalized Nagaoka trial state becomes degenerate with the
energy of the ground state Eg in the thermodynamic limit, when the maximal layer
hole number nh,m in each layer scales as Lα with α < 12 . Hence, the total bulk hole
3

number can increase to the order of L 2 , which is higher than the single band case in
the 3D cubic lattice [18, 19], in which α < 65 . This is due to the combined effect of
the quasi-2D band structure and the Hund’s coupling.

3.3.3

Instability against a Single Spin-flip

The Shastry-Krishnamurthy-Anderson method [20, 29] provides a useful way to
identify a region of instability of the Nagaoka trial state. Here we generalize it for
the multiorbital systems. The method considers modifying the state by removing
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a spin-up particle from the Fermi surface of one orbital layer, flipping its spin, and
adding it back to the bottom of spin-down band. The U = ∞ limit is enforced by
projecting out doubly occupied orbitals in real space. This procedure takes the form
|ϕl,a ⟩ =

[1 − na↑ (r)na↓ (r)]d†a↓ (q)da↑ (kF )|ψt ⟩,

∏︂

(3.17)

r∈l

where r, q, and kF are all in layer l and orbital type a. Here kF is a Fermi wave vector
and q is a momentum vector at the band bottom. The energy difference between |ϕl,a ⟩
and |ψt ⟩ as a function of the filling can be computed, and a region of instability can
be identified when |ϕl,a ⟩ has lower energy. Since a spin has been flipped in only one
band relative to the fully polarized generalized Nagaoka state, the energy difference
between |ϕl,a ⟩ and |ψt ⟩ follows only from the kinetic energy change in the up and
down spins in layer l and from the Hund’s interaction between orbital a and the other
two orbital types at sites on layer l.
The kinetic energy difference due to a spin flip in a single band on a square lattice,
as evaluated in Ref. [20] is
[︄

nh
EN ag
EN ag
− 4t 2 1 −
∆EK = −ϵF −
nh
L
4tnh
where EN ag /L2 =

´ ϵF

ϵρ2D (ϵ)dϵ and nh /L2 =
−4t

´ 4t
ϵF

(︃

)︃2 ]︄

,

ρ2D (ϵ)dϵ. Here ρ2D (ϵ) =

(3.18)
1
Θ(4t
2π 2 t

−

|ϵ|)K(1 − ϵ2 /16t2 ), with K a complete elliptic integral of the first kind, is the density
of states for a square lattice with nearest neighbor hopping. Eh is the kinetic energy
of a single-band Nagaoka state with nh holes on a square lattice, corresponding to the
state in Eq. (3.6).
Since H V is only concerned with the number of holes, flipping a single spin does
not change EV , and ∆EV = 0, as can be verified by explicit calculation. What remains
is then to evaluate ∆EJ = ⟨ϕl,a |H J |ϕl,a ⟩/⟨ϕl,a |ϕl,a ⟩. Expressing the spin operators in
terms of dσ and d†σ , the only terms that can possibly contribute to ⟨H J ⟩ are those
involving a down spin operator in only orbital a,
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∆EJ =

J ∑︂ ⟨ϕl,a |na↓ (r)nb↑ (r)|ϕl,a ⟩
.
2 r∈l,
⟨ϕl,a |ϕl,a ⟩

(3.19)

b̸=a

Since |ϕl,a ⟩ is a direct product of wavefunctions of each layer, na↓ and nb↑ are uncorrelated, in spite of the strong intralayer correlations. Then we have
∆EJ =

J ∑︂ ⟨ϕl,a |na↓ (r)|ϕl,a ⟩⟨ϕl,a |nb↑ (r)|ϕl,a ⟩
2 r∈l,
|⟨ϕl,a |ϕl,a ⟩|2
b̸=a

J 2 ∑︂
n̄la↓ n̄lb↑ ,
L
=
2 b̸=a

(3.20)

where n̄la↓ and n̄lb↑ are independent of r since |ϕl,a ⟩ is a momentum eigenstate. It is
easy to evaluate that n̄la↓ = 1/L2 and n̄lb↑ = 1 − nh /L2 , hence,
∆EJ = Jn̄,
where n̄ = 1 −

nh
L2

(3.21)

is the electron density per site in the orbital plane.

Combining the Hund’s interaction energy change with the kinetic energy change
from Ref. [20], we have
∆E(n)/t = (∆EK + ∆EV + ∆EJ )/t
= −w − 4(1 − n̄) +

J
wy wy
(
− 1) + n̄,
1 − n̄ 4
t

(3.22)

´1
where w = ϵF /t, y = −4/w xρ2D (xϵF )dx, and w(n̄) is determined through the relation
´1
of n̄ = −4/w ρ2D (xϵF )dx. The electron density n̄c below which the generalized Nagaoka
state becomes unstable to a single spin flip can be solved by requiring ∆E(n̄c ) = 0.
The critical density n̄c (J/W ) is plotted in Fig. 3-1 where W = 8t is the band width.
As J increases, the ferromagnetic ground state becomes more and more stable. There
exist a value of J/W ≈ 0.57, beyond which the Nagoka state is stable against a single
spin-flip at any electron density.
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3.4

The Stability of the t2g Nagaoka State with 3D
Band Structure

In this section, we consider the stability of the 3D Nagaoka state with t2g -orbitals and
a 3D band structure.
Consider a Hamiltonian
H = HK + HU + HV + HJ

(3.23)

as before, but where the kinetic terms now allow for perpendicular hopping within
the same d orbital. Electrons now hop along the cube, remaining in the same orbital
type, and the system is now composed of three cubic orbital bands. Explicitly, the
K
perpendicular dxy orbital hopping modifies Hxy
to
K
Hxy
= t

∑︂ (︂

d†xy,σ (r)dxy,σ (r + x̂) + d†xy,σ (r)dxy,σ (r + ŷ)

r,σ

+

d†xy,σ (r)dxy,σ (r

)︂

+ ẑ) + h.c. .

(3.24)

The hopping Hamiltonians of the dyz and dxz orbital bands can be similarly modified.
We can prove in the case where each orbital band has exactly one hole that the
Nagaoka state is the unique ground state, up to trivial spin degeneracy. This can
be done through Perron-Frobenius methods used in Refs. [14] and [27] as follows.
Since the off-diagonal matrix elements, the hopping terms and spin-flipping Hund’s
coupling terms, all have negative matrix elements in the basis used in Ref. [27],
the non-positivity condition is satisfied. Now let us check the transitivity condition.
Within each orbital band, it is satisfied, since any two spins can be exchanged by
repeatedly exchanging neighboring spins by cycling the hole around the square plackets.
Spins in different orbitals can be exchanged by moving the spins to the same site,
exchanging them using the Hund’s coupling, and returning the spins to their original
positions following the method presented in Ref. [27]. Since both the connectivity
and non-positivity conditions of the Perron-Frobenius theorem are satisfied, and the
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ground state must be a positive-weight superposition of all basis elements. Since
the maximum total-spin state is symmetric under exchange of any two spins, it has
nonzero overlap with this positive-weight superposition, and thus the positive-weight
superposition must be a maximum total-spin state due to the SU(2) symmetry.
With the Nagaoka-like state established as the ground state when there is a single
hole in each of the three orbital bands, the stability of this state can be analyzed
in the presence of multiple holes as in the case of 2D band structure studied above.
Define the reference state |Ra,↑ ⟩ where all momentum states k in the 3D Brillouin
zone are filled. In this case, there is no need for a layer index. Adding nh holes to
each band then takes the form of Eq. (3.6) with no layer index. The trial state of
interest is then
|ψt ⟩ = |hxy,↑ ⟩ ⊗ |hyz,↑ ⟩ ⊗ |hxz,↑ ⟩,

(3.25)

which corresponds again to filling holes up to their Fermi energy in each band.
Now let us calculate the energy expectation value of the trial state |ψt ⟩. EU = 0
since no orbital is doubly occupied, and EJ = 0, since the trial state is fully spinpolarized. In this case,
EV

= V
= 3

⟨ψt |1 − na (r)|ψt ⟩⟨ψt |1 − nb (r)|ψt ⟩
⟨ψt |ψt ⟩2
r,a>b
∑︂

n2h
V,
L3

(3.26)

since the nh holes in each band are now distributed over L3 sites. The kinetic energy
EK can now be evaluated for each band as
⎞
⎛
ˆ k0 4
5/3
n
k
dk
−6nh t + tL3
= −6nh t + tO ⎝ h2 ⎠ ,
2
4π
L
0

(3.27)

where 6L3 /π 2 k03 ≈ nh . Including all three bands gives a factor of 3, and the resulting
upper bound for the ground state energy is
⎛

5/3

⎞

n
n2
Eg ≤ −18nh t + tO ⎝ h2 ⎠ + 3V h3 .
L
L
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(3.28)
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Figure 3-2. The critical value of electron density n̄c below which the Nagaoka-like state
|ψt3D ⟩ becomes unstable to a single spin flip. W = 12t is the band width for the 3D cubic
bands. Unlike in the case of 2D bands, n̄c does not approach zero for finite J/W because
the 3D density of states vanishes in the low density limit.
The lower bound follows similarly to the t2g case. In the case of 3D bands, the lower
bound to the kinetic energy follows from maximizing the number of possible hole
hoppings, which allows each hole to hop to six neighboring sites. Thus, each of the
three band contributes −6nh t to the lower bound, and the ground state energy is
bounded by
⎛

5/3

⎞

n
n2
−18nh t ≤ Eg ≤ −18nh t + tO ⎝ h2 ⎠ + 3V h3 .
L
L

(3.29)

This Nagaoka-type trial state will be degenerate with the ground state in the thermodynamic limit when nh scales as Lα where α < 65 .
An instability analysis of the ferromagnetic state for the case with 3D band
structure can be performed as in Sec. 3.3.3. The resulting kinetic energy change is
[20]
EN ag
EN ag 2
nh
(3.30)
∆EK = −ϵF −
− 6t 3 1 −
nh
L
6tnh
´ ϵF
´ 6t
where EN ag /L3 = −6t
ϵρ3D (ϵ)dϵ and nh /L3 = ϵF ρ3D (ϵ)dϵ, with ρ3D (ϵ) the density of
[︄

(︃

)︃ ]︄

states on a 3D simple cubic lattice. The energy change due to H V and H J can be
shown to take the same form as in the case of 2D bands with ∆EV = 0 and ∆EJ = Jn̄
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where n̄ is the electron density in each orbital band defined as n̄ = 1 − nh /L3 . Then
the total energy change can be expressed as
∆E(n̄)
wy wy
J
= −w − 6(1 − n̄) +
(
− 1) + n̄,
t
1 − n̄ 6
t
(3.31)
where w = ϵF /t, y =

´1
−6/w

xρ3D (xϵF )dx and w(n̄) is determined by n̄ =

´1
−6/w

ρ3D (xϵF )dx.

Again the critical density n̄c (J/W ) below which the Nagaoka-like state becomes
unstable to a single spin flip is solved and shown in Fig. [3-2], where W = 12t is the
band width. At J = 0, the value of n̄c = 0.68 is consistent with previous results in
Ref. [20] for a model with a single 3D band. The Hund’s coupling further stabilizes
the Nagaoka-like state, which is similar to the case with 2D band structure in Sect.
3.3.3. However, a significant difference is that n̄c does not drop to zero even at large
values of J/W .
The different behavior of n̄c for 2D and 3D bands is due to the different scalings
of density of states at low energy. It is easy to check that in the low density limit, the
energy costs of a single spin-flip in Eq. (3.22) and Eq. (3.31) can be expanded to the
leading order as
∆Ed (n̄d ) ≈ −(ϵF − ϵb ) + Jn̄d ,

(3.32)

where ϵb is the energy at the band bottom and n̄d is the particle density for ddimensional bands. The kinetic energy of the spin-flip state in this limit differs from
the Nagaoka state energy by the difference between the Fermi and band bottom energies
to lowest order. Intuitively, the real-space projection removing doubly-occupied sites
does not distort the state very far from the simple noninteracting spin-flip state due
to the low density, giving the noninteracting energy difference to lowest order in
the density. In the low density limit, where the band is approximately quadratic,
ϵF − ϵb ∝ (n̄d )2/d . In 3D, the kinetic energy change in Eq. (3.32) dominates the
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Hund’s coupling energy cost, allowing a single spin-flip to lower the total energy and
destablize the Nagaoka state. By contrast, both terms in Eq. (3.32) scale the same in
2D, and a single spin-flip costs energy when J is large enough.

3.5

Conclusions

We have studied the stability of the generalized Nagaoka ferromagnetic state in a 3D
cubic lattice with the t2g -orbitals. Applying the bounding method of Refs. [18, 19],
for an L × L × L cubic lattice and a quasi-2D t2g -orbital band structure, the fully
polarized Nagaoka state becomes degenerate with the ground state as L → ∞ when
1

the number of holes in each orbital plane scales more slowly than L 2 , or the total
3

hole number scales more slowly than L 2 . For the case with 3D band structure, we
have generalized the Nagaoka theorem to the case that each orbital has a single hole.
Again for the multihole case, the fully polarized Nagaoka ferromagnetic state remains
degenerate with the ground state as L → ∞ when the hole number scales more slowly
6

than L 5 . These results apply in the limit of U → ∞ and arbitrary ferromagnetic
Hund’s coupling J > 0 and interorbital repulsion V ≥ 0. We have also examined the
stability of the orbital-generalized Nagaoka states against a single spin flip for both
quasi-2D and 3D band structures. In both cases, the instability region shrinks as the
Hund’s coupling increases.
The above bounding estimation only proves the degeneracy of the Nagaoka-type
ferromagnetic state with the ground state but does not prove the uniqueness of the
ground state. Hence, even within the above bounds, the above results do not prove
ground state ferromagnetism for the multihole case, but this analysis does not imply
that the fully polarized state must break down when the hole number exceeds the
above bounds either. It is plausible that ground state ferromagnetism remains stable
for a region within these bounds. Furthermore, recent numerical calculations based on
the density matrix renormalization group method have shown evidence of the stability
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of the Nagaoka state at finite hole densities for the 2D single-band case [21], although
exact proof remains an open question.
The above study is not just of academic interest. In fact, itinerant ferromagnetism
has been discovered in the t2g -orbital active material SrRuO3 , which is a weak ferromagnet with partial spin polarization and Curie temperature Tc ≈ 160K [30–32].
Its electronic structure can be modeled by the multiorbital Hubbard model with the
quasi-2D band structure and prominent Hund’s coupling. The filling is 4/3 electrons
per orbital on each site, and thus far from half-filling, or one electron per orbital. The
behavior of the real system SrRuO3 suggests that Hund’s coupling-facilitated itinerant
ferromagnetism may remain stable at finite values of U and away from half-filling.
Our work provides a useful guidance for studying itinerant ferromagnetism in this
class of materials.
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Chapter 4
Hund’s coupling-assisted
ferromagnetic percolation
transition in a multiorbital flat
band
4.1

Introduction

In order to find systems exhibiting itinerant ferromagnetism, simple mean-field results
such as Stoner’s criterion suggest considering strongly interacting systems. We have
already seen that the limit where on-site Coulomb interactions are strong can lead
to Nagaoka ferromagnetism. We now consider the complementary limit, flat band
ferromagnetism. Since Stoner’s criterion requires Coulomb interactions to be strong
relative to the band width, it would appear to be possible to find ferromagnetism even
for interactions that are weak in an absolute sense as long as the band is sufficiently
flat. In other words, any nonzero interaction will be strong in a perfectly flat band,
and flat bands systems are thus natural platforms for the study of strongly interacting
phases.
As a simple example of how a flat band can arise, consider a decorated square
lattice with an additional site on each edge, as shown in Fig. 4-1(a). This structure
is often referred to as the Lieb lattice in flat band literature due to an important
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(a)

(b)

Figure 4-1. a) The Lieb lattice with square lattice sites in black and edge sites in white.
Hopping between square lattice and edge sites, drawn in black lines, has amplitude t. A
localized state on the edge sites of a single square plaquette is shown in blue with equal
magnitudes and alternating signs in the superposition.b) The honeycomb lattice is shown
in black with its line graph, the kagome lattice, shown in dashed red lines with hopping
amplitude t. A localized flat band state is shown in blue on a hexagonal plaquette of the
kagome lattice.
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result about ferromagnetism on this lattice by Elliott Lieb that will be discussed
below [33]. To see the flat band, note that on a square plaquette labeled R there
is a zero-energy localized state consisting of a superposition, up to normalization,
|ψR,σ ⟩ =

∑︁4

n=1 (−1)

n †
cen ,σ |0⟩,

where en is the nth edge site on the plaquette. Since

this state, shown in blue in Fig. 4-1(a), has alternating signs on neighboring edge
sites, hopping from the edge sites to the square lattice sites cancels, and the state
is localized by destructive interference. The existence of such localized states in a
periodic lattice implies the presence of a flat band, since there will be a macroscopic
number of translations of the localized state that are linearly independent and have
the same energy. Additional nonlocal states are often needed for a full description of
a flat band, due to either a topological obstruction or simply band touching between
the flat band and dispersive bands [34]. For the Lieb lattice with an even number of
unit cells, three additional states are needed, including two states with support on
a horizontal or vertical loop of edge sites stretching across the periodic boundaries
and one state with support on every square lattice site. In this case, three additional
states were needed since the N plaquette states are linearly dependent under periodic
boundary conditions and there are two dispersive band touchings.
This understanding of flat bands in terms of destructive interference in real space
applies to many of the most well studied flat band systems. One class of flat band
lattices that has been particularly important in the study of flat band ferromagnetism
is the line graph lattices, which feature lowest-energy flat bands [35]. Given a lattice
or more generally a graph G, the line graph L(G) is constructed by taking the edges
of G to be the vertices of L(G) and drawing an edge between two vertices in L(G)
if their corresponding edges in G share a vertex. An example of this construction
is shown in Fig. 4-1(b), where the kagome lattice, shown in red, is constructed as
the line graph of the honeycomb lattice, shown in black. The kagome lattice can be
seen to have a flat band similarly to the Lieb lattice by considering alternating-sign
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superposition states around each hexagonal plaquette, as shown by the state in blue.
For line graphs of regular lattices, the intuitive destructive interference argument
holds since the line graph construction introduces a complete subgraph containing any
two adjacent vertices on a single plaquette. In other words, there will be destructive
interference in any attempted hopping out of the corresponding localized plaquette
state.
The Lieb lattice and line graphs feature some of the earliest exact results on flat
band ferromagnetism. On the Lieb lattice, and more generally on a bipartite lattice
with sublattices of size |A| and |B|, it was shown that for the half-filled Hubbard model
with any U > 0, the ground states have spin S =

1
2

||A| − |B|| [33]. Since the Lieb

lattice features two edge sites and one square lattice site in each unit cell, |A| = 2|B|,
and the Lieb lattice features unsaturated ferromagnetism, or ferrimagnetism. In
the large U limit, this result can be understood from the effective antiferromagnetic
Heisenberg model to which the Hubbard model reduces for U ≫ t at half filling, where,
intuitively, an imbalance between the number of sites on each of the two sublattices
implies that the Neel state, with spins up on one sublattice and down on the other,
will have macroscopic total spin.
On line graphs of nonseparable lattices, and on an even more general class of
lattices satisfying Mielke’s theorem on flat band ferromagnetism [12, 36, 37], the
resulting ferromagnetism is even stronger. Indeed, when the flat band is half filled,
the ground states are fully spin-polarized and unique up to spin degeneracy. It is
important to note a distinction in the filling requirements for Lieb’s ferrimagnetism
and Mielke’s flat band ferromagnetism. Lieb’s ferrimagnetism applies for a half-filled
bipartite lattice, which, in particular, means that the half-filled flat band is in the
middle of the spectrum. For Mielke’s ferromagnetism, the half-filled flat band is the
lowest-energy flat band. This distinction is responsible for the stronger ferromagnetism
in Mielke’s case. When the flat band of interest is the lowest-energy band, turning on
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Figure 4-2. The Tasaki lattice, which resembles the Lieb lattice with additional edges
drawn as dashed curves between square lattice sites and nonzero on-site potentials at the
square lattice and edge sites. With the hopping amplitude between square lattice sites
taken to be t and hopping amplitude λt between square lattice and edge sites, a localized
state is shown in blue with zero energy.
the Hubbard interaction allows the flat band states to reorganize among themselves
to give ferromagnetism in a manner similar to direct exchange. When the flat band of
interest is in the middle of the spectrum, turning on the Hubbard interaction mixes in
the effect of filled states in the lower bands through a kinetic exchange-like mechanism.
Certain models such as the Tasaki lattice [38], shown in Fig. 4-2, feature a
lowest-energy flat band with a provable ferromagnetic phase extending below half
filling of the flat band by realizing a direct exchange mechanism between overlapping
localized states. In order to avoid the on-site Hubbard interaction, a two-particle state
constructed from two overlapping localized single-particle states minimizes energy by
forming a spin triplet. For multiparticle states, this direct exchange picture extends
to clusters of overlapping localized states, where spin is maximized within each cluster
[39, 40]. Below half filling, the interacting ground states are degenerate and spanned
by the different configurations of states with maximum-spin clusters. Since the total
spin of each cluster depends only on its size, the question of whether the average
ground state spin is high maps to a correlated percolation representation that can
48

be efficiently simulated to find the transition from paramagnetic states with small
clusters at low filling to ferromagnetic states with large clusters at high filling [41, 42].
Flat band physics is not specific to the above single-orbital models, and, in fact,
orbital degrees of freedom, which are essential in many real materials, can be vital to
the formation of a flat band with orbital-dependent anisotropic hopping facilitating
the formation of localized states. A particular example of this is the honeycomb lattice
with px and py orbitals at each site and orbital-dependent nearest neighbor hopping
along the bond directions to approximate sigma bonding, where it was shown in Ref.
[43] that both the lowest and highest bands are flat. The flat band degeneracy can
be attributed to loop states localized around each honeycomb plaquette where the
p orbital at each site is oriented perpendicularly to the outgoing bond, preventing
hopping out of the plaquette due to the bond-projected hopping. This p orbital flat
band physics has been studied from first principles and may be potentially realized in
layered alkali metal chalcogenides, such as K2 S [44].
However, in the presence of interactions, the mere presence of flat band localized
states does not guarantee a provable ferromagnetic transition based on the percolation
representation. Unlike in the Tasaki lattice, repulsive Hubbard interactions do not lead
to an immediate percolation representation in the px , py -orbital honeycomb model.
To take advantage of the direct exchange mechanism, Mielke and Tasaki’s scheme
[40] requires that no more than two flat band localized states overlap at any site and
that each state satisfy a quasilocality condition, which leads to a preference for each
flat band localized state to be at most singly occupied. In multiorbital systems, the
conditions in Mielke and Tasaki’s scheme are often violated, which can break the
percolation representation. For the p-orbital honeycomb model [43], the loop states
violate both conditions, with three loop states overlapping at each py orbital on each
site. This can introduce additional states into the interacting ground state space that
have lower spin within the cluster.
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In this chapter, we show that the combination of Hund’s physics and flat band
physics can allow a percolation representation to be found for multiorbital systems.
We construct a two-layer model consisting of a px - and py -orbital honeycomb layer
together with a triangular lattice f -orbital layer. For appropriate chemical potential
difference between the layers, the system features a flat band spanned by localized
states centered on each f orbital. We show that when this band is the highest energy
band and at least half filled, the system admits a percolation representation in the
presence of Hund’s coupling between the p orbitals. This result goes beyond Mielke
and Tasaki’s scheme [40] and allows three localized states to overlap on site, which is
useful for honeycomb lattice systems.
This chapter, adapted from Ref. [45], is organized as follows. In Section 4.2, we
introduce the multiorbital flat band model with intraorbital Hubbard interactions
and Hund’s coupling. We then discuss the localized single-particle flat band states
that will be useful for establishing the percolation representation. In Section 4.3, we
first review Mielke and Tasaki’s scheme for percolation representations, then prove
a Hund’s coupling-assisted percolation representation using the localized flat band
states for our multiorbital system, and finally present Monte Carlo simulation results
for the ferromagnetic percolation transition.

4.2

Multiorbital Flat Band Model

In order to find a multiorbital flat band system that admits a percolation representation,
we construct a model where the flat band is described by suitable localized states.
The model system consists of spin-1/2 electrons in a two-layer system with one layer a
px , py -orbital honeycomb lattice and the other a triangular lattice with one fy(3x2 −y2 )
orbital per site. The f -orbital triangular lattice sites are aligned with the centers
of the p-orbital honeycomb plaquettes. The set of p-orbital and f-orbital sites will
respectively be labeled Λp and Λf , with the overall two-layer lattice Λ = Λp ⊔ Λf .
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For our model, the kinetic part of the Hamiltonian includes hopping within the pp
f
fp
and f -orbital layers as well as between nearest f and p orbitals, HK = HK
+ HK
+ HK
,
p
with hopping terms depicted in Fig. 4-3(a). HK
consists of nearest neighbor hopping

between p orbitals projected along the honeycomb bond direction, which describes σ
bonding.
3
∑︂ ∑︂ ∑︂
†

p
HK
= tp

pr+vi ,vi ,σ pr,vi ,σ + h.c.,

r∈ΛA
p

(4.1)

σ=↑,↓ i=1

where the hopping amplitude tp > 0, since the projected p orbitals are odd under
reflection through the σ bond. ΛA
p is the A sublattice of the p-orbital layer and
pr,vi ,σ = v̂ i · ⃗pr,σ is the projection of the px , py orbitals at site r in the bond direction
v̂i . The vectors vi are the nearest neighbor vectors v1 = (1, 0), v2 = (− 21 ,
v3 = (− 12 , −

√

3
),
2

√

3
).
2

Here we take the honeycomb lattice bond length to be 1. This px ,

py -orbital model has been previously discussed, for example, in Refs. [43, 44, 46, 47].
The f orbital layer forms a triangular lattice with sites R aligned with the centers
of the p-orbital honeycombs and features nearest-neighbor hopping given by
f
HK
= tf

∑︂

6
∑︂ ∑︂
†

fR+wi ,σ fR,σ + h.c.,

(4.2)

R∈Λf σ=↑,↓ i=1

where tf > 0, for reasons similar to tp > 0, and wi are the six nearest-neighbor vectors
√
on the f -orbital triangular lattice, wi = 3(cos ϕi , sin ϕi ) with ϕi = π6 (2i − 1) and
i = 1, · · · , 6.
Hopping between layers involves nearest p- and f -orbital sites. Due to symmetry of
the fy(3x2 −y2 ) orbitals, only the px , py orbitals directed perpendicularly to the in-plane
hopping direction are involved in the hopping, as shown in Fig. 4-3(a). The hopping
between the layers is then described by
fp
HK
= tf p

∑︂

6
∑︂ ∑︂

R∈Λf σ=↑,↓ i=1

†
(−1)i−1 fR,σ
pR+ui ,u⊥i ,σ + h.c.,

(4.3)

where tf p > 0 and ui = (cos θi , sin θi ) with θi = π3 (i − 1), a reordering of the v vectors.
In particular, R + ui ∈ Λp when R ∈ Λf . Here ui⊥ are defined to be unit vectors
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(a)

(b)

Figure 4-3. Top view of the two-layer lattice. Red and blue respectively denote positive
and negative lobes for the p- and f -orbital wavefunctions. (a) Examples are shown of
hopping tf between f orbitals, tp between p orbitals along the honeycomb bond direction,
and tf p between f and p orbitals perpendicular to the hopping direction. (b) A localized
state formed by a superposition of an f orbital and a surrounding loop of p orbitals with
alternating signs.
⊥
perpendicular to ui with sign chosen so that ui+1
is a π/3 rotation of ui . Thus,

ui⊥ = (− sin θi , cos θi ). The alternating sign in the hopping amplitude is due to the
fact that the fy(3x2 −y2 ) orbital changes sign under

π
3

rotation. To interpret the model

as a two-layer system, the ui vectors can be thought of as the xy-plane component of
the vector between the f orbitals on Λf and the adjacent p orbitals on Λp , with the z
component being a small interlayer distance.
The chemical potentials for the p and f orbitals are given by Hµ = −µp N̂ p − µf N̂ f ,
where the total number operator for p-orbital electrons is N̂ p =

∑︁

r∈Λp

∑︁

p=px ,py

∑︁

σ=↑↓

nr,p,σ

with nr,px ,σ = p†r,x̂,σ pr,x̂,σ and a similar expression for nr,py ,σ . The total number operator for f -orbital electrons is defined similarly, N̂ f =

∑︁

R∈Λf

∑︁

σ=↑↓

nR,f,σ with

†
nR,f,σ = fR,σ
fR,σ . In a layered material, the chemical potential difference between the

p- and f -orbital layers can in principle be controlled by gating. For an appropriate
chemical potential difference, we will see that the model admits the desired flat band
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for any particular hopping amplitudes.
The on-site intraorbital Coulomb interaction is described by the Hubbard U
terms for p and f orbitals. Written in a particle-hole-symmetric form, the Hubbard
interaction Hamiltonian HU is
∑︂

HU = Up

∑︂

r∈Λp p=px ,py

(︃

1
nr,p,↑ −
2

1
nR,f,↑ −
2

∑︂ (︃

+ Uf

R∈Λf

)︃ (︃

)︃ (︃

1
nr,p,↓ −
2

∑︁

r∈Λp

∑︁

p=px ,py

nr,p,↑ nr,p,↓ + Uf

∑︁

R∈Λf

(4.4)

1
nR,f,↓ −
,
2
)︃

which can also be written in the form HU = HU′ − U2p N̂ p −
HU′ = Up

)︃

Uf
N̂ f
2

+

2Up |Λp |+Uf |Λf |
,
4

where

nR,f,↑ nR,f,↓ . This alternate expression,

which separates the two-particle interaction HU′ from terms that shift the chemical
potential will be convenient for studying the interacting ground states in Sec. 4.3. We
will consider only the repulsive case with Up , Uf > 0.
As we will see, the intraorbital Hubbard interactions alone are not sufficient for
the percolation representation we discuss in Section. 4.3.2. The ability of the Hund’s
coupling in multiorbital systems to polarize electrons in degenerate orbitals will be
essential. The on-site Hund’s coupling between px and py orbitals is
HJ = −J

∑︂ (︃
r∈Λp

i
where Sr,p
=
x/y

1
2

∑︁

µ,ν=↑,↓

⃗ r,px · S
⃗ r,py − 1 nr,px nr,py ,
S
4
)︃

(4.5)

i
p†r,x̂/ŷ,µ σµν
pr,x̂/ŷ,ν with Pauli matrices σ i , i = x, y, z, and the

Hund’s coupling J > 0. The number operators without a spin index count both spin
up and down, such as nr,px =

∑︁

σ=↑,↓

nr,px ,σ . The Hund’s coupling energy is J for an

on-site interorbital singlet and zero for a triplet state.
We now study the structure of the flat bands in the noninteracting model and
examine the localized flat band states. In the absence of the hopping between f and p
p
orbitals, the p orbital layer described by HK
− µp N̂ p is known to exhibit flat bands at

energies Ep,± = ± 23 tp − µp [43, 46, 47]. The lower flat band for spin σ is spanned by
−(p)

localized p-orbital loops with alternating sign |ψR,σ ⟩ =
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√1
6

i−1 †
pR+ui ,u⊥ ,σ |0⟩
i=1 (−1)

∑︁6

i

on each honeycomb, where the f orbital site R ∈ Λf is used to label the surrounding
+(p)

honeycomb. The upper flat band is spanned by |ψR,σ ⟩ =

√1
6

∑︁6

i=1

p†R+ui ,u⊥ ,σ |0⟩.
i

These loop states feature a superposition of px and py orbitals to form a p orbital
perpendicular to the outgoing bond that cannot hop out due to the bond-projected
hopping. These states can also be thought of as localized due to destructive interference
in the px , py basis.
In the presence of the f -orbital layer and interlayer hopping, Hf p hybridizes the pand f -orbital bands. In general, this hybridization disperses the p-orbital flat band at
energy Ep,− , while the flat band at Ep,+ remains flat due to destructive interference
at the f orbital sites. We can find conditions under which there is a flat band at
an energy Ef p with eigenstates involving both p and f orbitals by taking the ansatz
−(p)

|ψR,σ ⟩ ≡ a|ψR,σ ⟩ + b|fR,σ ⟩, with a and b determined by
−(p)

HK |ψR,σ ⟩ = (Ep,− − µp )a|ψR,σ ⟩ + 6tf p a|fR,σ ⟩
−(p)

+ tf p b|ψR,σ ⟩ − µf b|fR,σ ⟩
+ (−atf p + btf )

6
∑︂

(4.6)

|fR+wi ,σ ⟩

i=1

= Ef p |ψR,σ ⟩.
The state
−(p)

|ψR,σ ⟩ = Nt (tf |ψR,σ ⟩ + tf p |fR,σ ⟩)

(4.7)

√︂

with normalization Nt = 1/ t2f + t2f p is an eigenstate with energy Ef p = Ep,− + t2f p /tf
as long as µf = µcf with
t2
3
µcf ≡ µp + 6tf + tp − f p .
2
tf

(4.8)

The state |ψR,σ ⟩ is localized to the f orbital site R and the neighboring p orbital sites,
as shown in Fig. 4-3(b). These localized states at different R are degenerate and
form a complete basis for the flat band with energy Ef p . To see that |ψR,σ ⟩ for all
R span the Ef p flat band, note that these states are linearly independent since only
|ψR,σ ⟩ has nonzero amplitude at the f orbital site R. This set of linearly independent
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(a)

(b)

Figure 4-4. For µp = 0, tp = 5, tf = 1, and tf p = 4.5, plots are shown of (a) the band
structure of HK in the first Brillouin zone with µf = µcf and (b) the energy of the top
band as a function of ky and µf . At µf = µcf , the top band is flat.
states has the same dimension as the flat band, the Ef p eigenspace, since one state is
associated with each unit cell. This argument assumes no other bands touch the Ef p
flat band, which is true for a range of parameters as we will now see by examining the
dispersive bands.
When µf = µcf , there are five bands including the two flat bands at energies Ef p
and Ep,+ and three dispersive bands with energies
√︄
√
√
tp
3kx
3ky
E2,± (k) = −µp ±
4 cos
cos
+ 2 cos 3ky + 3,
2
2
2
3tp
E1 (k) = −
− µp
2(︄
√
)︄
√
3kx
3ky
+ 2tf 2 cos
cos
+ cos 3ky − 3 ,
2
2

(4.9)

as shown in Fig. 4-4(a). In fact, E2,± are exactly the dispersive bands of the p-orbital
p
model HK
[43]. When µ = µcf , the addition of the f -orbital layer leaves the dispersive

bands and one flat band, Ep,+ , of the p-orbital layer unchanged, while introducing a
dispersive band E1 (k) and involving f orbitals in the remaining flat band Ef p . The
flat band at energy Ef p will be useful for the percolation representation. It is the
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highest energy band and well separated from the lower bands when t2f p > 3tp tf , which
we will assume is the case below. In Fig. 4-4(b), the energy of the top band with a µf
shift is plotted as a function of µf − µcf and ky , showing band curvature decreasing
until the band becomes flat band at µf = µcf .
As we will see in the next section, the structure of the localized states in the flat
band at energy Ef p allows a percolation representation to be found for the interacting
ground states. At any particular f orbital site R, only one localized state |ψR,σ ⟩ is
nonzero. This will be a valuable feature for studying the interacting system, since,
using the localized states to construct many-body states, the Hubbard interaction at
each f orbital will give an energetic preference against doubly occupied states. The
combination of Hund’s coupling and Hubbard interactions on the p orbital sites will
then lead to spin exchange symmetry between overlapping localized states and thus
to the percolation representation.

4.3

Ferromagnetic Percolation in Interacting Flat
Bands

Before discussing the main result, we first briefly review the percolation representation
in the Hubbard model studied by Mielke and Tasaki [40]. We then present and prove
our results for the model discussed in Sec. 4.2, where the presence of Hund’s coupling
plays an important role.

4.3.1

Mielke-Tasaki Percolation in Flat Band Hubbard Models

For a system where the lowest-energy single-particle band is flat, a percolation representation of ferromagnetism in the flat band was found in Ref. [40] in terms of a
linearly independent set of Nd states {φu (r)} spanning the space of the flat band.
In this notation, r is a lattice site and u labels the state φu . The index set of all
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state labels u is denoted Λφ . The percolation representation applies under two further
conditions. First is quasilocality, which requires each single-particle state to have a
special site in its support where every other state vanishes, i.e., for each u there is an
r∗u such that φv (r∗u ) ̸= 0 if and only if v = u. Second is that no more than two states
can overlap at any site, i.e., for any site r there are at most two states u and v such
that φu (r) ̸= 0 and φv (r) ̸= 0. Two states u and v are said to be directly connected or
overlapping if there is such a site r where both states are nonzero.
Under these conditions, Ref. [40] found that if the number of electrons satisfies
Ne ≤ Nd , the ground states of the interacting system in the presence of a repulsive
single-orbital Hubbard interaction can be written as a linear superposition of states
formed from clusters of single-particle states with maximum total spin.
The ground state space being spanned by the cluster states yields a percolation
representation where typical ground states are paramagnetic at low filling and ferromagnetic at high filling. If filling is low, a typical ground state consists of small,
independent clusters that individually maximize spin but can have low total spin. If
filling is high, there is typically one macroscopic cluster dominating the total spin.
In particular, if Ne = Nd , the ground state space is spanned by fully spin-polarized
states with trivial spin degeneracy. The above result from Ref. [40] thus allows for a
filling-dependent ferromagnetic transition to be studied by treating the transition as
a geometric percolation problem with additional spin weights due to the cluster Sz
degeneracy [41].
This percolation representation was proven by constructing Ne -particle interacting
states from single-particle flat band states and requiring the interacting states to
have minimum Hubbard interaction energy, giving a ground state of the interacting
system since the flat band minimizes the kinetic energy. In the proof of this result, the
quasilocality condition is used to prevent double occupation of single-particle states,
and the requirement that an overlap between single-particle states at a particular site
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involves only two states u and v yields the fact that the overall state is symmetric
under swapping the spins of u and v, indicating maximum total spin in the cluster.
Violating either of these conditions can lead to clusters with lower total spin that still
have zero interaction energy.
For the model in Sec. 4.2, the localized states shown in Fig. 4-3 satisfy quasilocality,
as only one such state is nonzero at each f orbital, but the conditions of the above
theorem do not hold since three single-particle states have nonzero amplitude in the py
orbital component on each honeycomb lattice site r ∈ Λp . Thus, just the interaction
HU is insufficient to produce a percolation representation of maximum-spin clusters in
our multiorbital model, and we will find that the combination of HU and HJ allows for
a percolation representation. We note as well that the f orbitals allowing quasilocality
to be satisfied in the basis of localized states |ψR,σ ⟩ is necessary to find a percolation
representation in terms of these localized states. Using features of the proof of our
main result in Sec. 4.3.2, we demonstrate in Appendix IV an explicit example with a
p
lower-than-maximum-spin cluster for the flat bands of the p-orbital Hamiltonian HK

even when intraorbital Hubbard interactions and Hund’s coupling are both considered.

4.3.2

Hund’s Coupling-Assisted Percolation Representation

We will now see, by studying the model in Sec. 4.2, that the presence of Hund’s coupling
can allow a percolation representation to be found for certain multiorbital systems
even when there are overlaps between more than two localized states on one site. The
argument proceeds as follows. First, we perform a particle-hole transformation to
study a model with a lowest-energy flat band. Next, we write an arbitrary ground
state as a superposition of Ne -particle states in the localized state basis. Then, we
require the ground state to be a zero-energy eigenstate of the the Hund’s coupling
as well as the intraorbital Hubbard interaction in the f , px , and py orbitals. This
will show that when the particle-hole-transformed flat band is at most half filled, the
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ground state space is spanned by states with maximum-spin clusters. Finally, we
invert the particle-hole transformation to show that when the highest-energy flat band
of the original system is at least half filled, the ground state space is also spanned by
states with maximum-spin clusters.
Since the many-electron states used for the percolation representation will be
constructed from the localized single-particle flat band states |ψR,σ ⟩ in Eq. (4.7), we
begin by defining a creation operator a†R,σ for the localized state |ψR,σ ⟩ centered at
site R ∈ Λf ,
a†R,σ ≡

∑︂

φR (R, f )c†σ (R, f ) +

R∈Λf

≡

φR (r, p)c†σ (r, p)

∑︂
r∈Λp
p=px ,py

(4.10)

φR · ⃗c†σ ,

with ⃗c†σ a compact notation for f -, px -, and py -orbital electron creation operators on
the entire lattice Λ as a (|Λf | + 2|Λp |)-component vector. The wavefunction φR is
compactly supported, taking nonzero values only for the f orbital at R and the px
and py orbitals at R + ui for i = 1, 2, . . . , 6, as shown in Fig. 4-3(b). In this notation,
a component of ⃗c†σ will be labeled c†σ (r, or ) where r is a site on the lattice and or is the
†
orbital index at that site. Thus, if r = R ∈ Λf , or ∈ Or = {f } and c†σ (R, f ) = fR,σ
.

Similarly, if r ∈ Λp , or ∈ Or = {px , py }. The dot product notation is a shorthand
for summing over all sites and orbitals. The subscript R ∈ Λf in φR identifies the
localized state centered at R.
The maximum-spin cluster states that will span the ground state space for appropriate filling are defined by selecting a subset A ⊂ Λf and placing one single-particle
localized state φR at each R ∈ A. The set A can then be partitioned into A =

⨆︁n

k=1

Ck ,

where Ck are disjoint clusters, and two states labeled by R, R′ ∈ A belong to the same
cluster if they are overlapping or connected by a path of overlapping states. Since total
spin is maximized within each cluster, these states can be constructed from states
|ΦA↑ ⟩ =

∏︁

a†R,↑ |0⟩ or |ΦA↑ ⟩ =
(h)

R∈A

∏︁

R∈A

aR,↑ |F ⟩, depending on whether the flat band

is the lowest- or highest-energy band. Here |F ⟩ =
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∏︁

r∈Λ

∏︁

or ∈Or

c†↑ (r, or )c†↓ (r, or )|0⟩ is

the fully filled state and the orbital product is over Or , the set of all orbitals or at
site r.
For the particle-hole transformed Hamiltonian, where the flat band is the lowestenergy band, the Sz spin of each cluster can be lowered by a cluster spin-lowering operator SC−k =

∑︁

(r,or )∈Vk

−
−
Sr,o
with Sr,o
= c†↓ (r, or )c↑ (r, or ) acting on Vk = {(r, or )|φR (r, or ) ̸=
r
r

0 for any R ∈ Ck }, the set of orbitals where at least one state in the cluster is nonzero.
For the original Hamiltonian, where the flat band is the highest-energy band, the
(h)−

analogous operator acting on holes is SCk

=

∑︁

(r,or )∈Vk

c↓ (r, or )c†↑ (r, or ).

For the particle-hole transformed Hamiltonian, found by replacing creation and
†
annihilation operators fR,σ ↔ fR,σ
, pr,x̂,σ ↔ p†r,x̂,σ , and pr,ŷ,σ ↔ p†r,ŷ,σ in H, we find

the following theorem.
Theorem 4 Consider the particle-hole transformed Hamiltonian H (ph) = −HK +
HU + HJ − J2 N̂ p − Hµ with t2f p > 3tp tf and tp , tf , tf p , Up , Uf , J > 0. When Ne ≤ |Λf |
(ph),c

and µf = µf

≡ µcf + Uf /2 − Up /2 + J/2, with µcf defined in Eq. (4.8), the ground

state space of H (ph) is spanned by the states
(ph)

|ΦA,{mk } ⟩ =

n
∏︂

(SC−k )

|Ck |
−mk
2

|ΦA↑ ⟩

(4.11)

k=1

with A ⊂ Λf and |A| = Ne .
One important detail is that the required µf in Theorem 4 is not the µcf for which HK
has a highest-energy flat band. Instead, there is a shift due to the additional chemical
potential terms in the particle-hole-symmetric HU and the particle-hole-transformed
(ph),c

Hund’s coupling HJ − J2 N̂ p . When µf = µf

, the single-particle terms in H (ph) have

a lowest-energy flat band spanned by the set of states {φR }R∈Λf . We have discarded
additional constant terms in H (ph) , as they will not affect the spectrum or chemical
potential condition.
For our original model, we find the following theorem.
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Theorem 5 Consider H = HK +HU +HJ +Hµ with t2f p > 3tp tf and tp , tf , tf p , Up , Uf , J >
(ph),c

0. When Ne ≥ 4|Λp | + |Λf | and µf = µf

, defined in Theorem 4, the ground state

space of H is spanned by
|ΦA,{mk } ⟩ =

n
∏︂

(h)−

(SCk )

|Ck |
−mk
2

(h)

|ΦA↑ ⟩,

(4.12)

k=1

where A ⊂ Λf , |A| = Ne , and A =

⨆︁n

k=1

Ck where Ck are disjoint clusters.

We now proceed with the proof of Theorem 4, from which, our main result,
Theorem 5 immediately follows by a particle-hole transformation. Importantly, the
basis states |ΦA,{mk } ⟩ feature maximum total spin within each cluster, since |ΦA,{mk } ⟩ is
(ph)

a particle-hole transformation of |ΦA,{mk } ⟩ and total spin commutes with particle-hole
transformations, as reviewed in Appendix A..
Proof: Following Ref. [40], we construct operators canonically conjugate to a†R,σ by
defining
bR,σ = κR · ⃗cσ ,
κR (r, or ) =

∑︂

(G−1 )R,R′ φR′ (r, or ),

(4.13)

R′ ∈Λf

with GR,R′ = φR · φR′ the Gram matrix for the states φR . Thus, κR · φR′ = δR,R′
implies the canonical anticommutation relation {bR′ ,σ′ , a†R,σ } = δR,R′ δσ,σ′ . Note that
since there is overlap between localized states centered on neighboring f orbitals at
R and R′ , {aR′ ,σ′ , a†R,σ } ̸= 0, and bR will serve as a more convenient annihilation
operator. The states κR serve as an alternate basis for the flat band, and this Gram
matrix procedure is essentially a method of constructing a dual basis where each
element of the dual basis is orthogonal to all but one of the vectors in the original
basis. This procedure is similar to the construction of reciprocal lattice vectors from
direct lattice vectors.
Now the original electron operators cσ (r, or ) can be expressed in terms of the
operators bR that annihilate the single-particle localized flat band states and operators
dσ (r, or ) orthogonal to the flat band. Multiplying the definition of bR by φR (r, or )
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and summing over R, dσ (r, or ) can be defined to express the electron annihilation
operators as
∑︂

cσ (r, or ) =

φR (r, or )bR,σ + dσ (r, or ),

R∈Λf

where dσ (r, or ) =
∑︁

R∈Λf

∑︁

r′ ∈Λ

(4.14)

ψ(r, or ; r′ , or′ )cσ (r′ , o′r′ ) with ψ(r, or ; r′ , o′r′ ) ≡ δr,r′ δor ,o′r′ −

φR (r, or )κR (r′ , o′r′ ) a projection out of the flat band spanned by φR and κR .

Thus, {dσ (r, or ), a†R,σ } = {dσ (r, or ), b†R,σ } = 0. Since the ground state will be expressed
in terms of a†R,σ operators, this construction allows the ground state condition in the
presence of interactions to be analyzed using only states orthogonal or canonically
conjugate to the single-particle localized flat band states.
When it is possible to construct an Ne -electron state from single-particle flat band
states that simultaneously minimizes the interactions, such a state will be a ground
state, and the ground state space will be spanned by the collection of these states. In
particular, the n↑ n↓ interaction HU′ and HJ are positive semidefinite, so when there
are states satisfying HU′ |Φ⟩ = HJ |Φ⟩ = 0 with energy −Ne Ef p , these states will be
ground states of H (ph) and can be written
|Φ(ph) ⟩ =

∑︂

f (A↑ , A↓ )

∏︂

∏︂ †

aR,σR |0⟩,

(4.15)

R∈A↑ ∪A↓ σR

A↑ ,A↓ ⊂Λf

with constraints on the coefficients f (A↑ , A↓ ) to be determined by the zero-interactionenergy conditions. Here A↑ and A↓ are subsets of Λf and σR =↑ or ↓ if R ∈ A↑ or
R ∈ A↓ . If R ∈ A↑ ∩ A↓ , the product over σR includes both, with the spin-up operator
to the left. The sum over A↑ , A↓ is a sum over all possible such subsets satisfying
|A↑ | + |A↓ | = Ne . We will see that |Φ(ph) ⟩ = 0 if Ne > |Λf |.
Since HU′ and HJ are themselves sums of positive semidefinite operators at each
site, we first consider the Hubbard interaction on an f orbital at R, which gives the

62

condition

0 = c↑ (R, f )c↓ (R, f )|Φ(ph) ⟩
⎛

⎞

= ⎝d↑ (R, f ) +

∑︂
R′ ∈Λ

φR′ (R, f )bR′ ,↑ ⎠
f

(4.16)

⎞

⎛

× ⎝d↓ (R, f ) +

φR′′ (R, f )bR′′ ,↓ ⎠ |Φ(ph) ⟩

∑︂
R′′ ∈Λf

=⇒ bR,↑ bR,↓ |Φ(ph) ⟩ = 0,
since dσ (r, or ) anticommutes with bR,σ and with the a†R,σ operators in |Φ⟩, and
φR′ (R, f ) ̸= 0 only when R′ = R. Thus, since this condition holds for any R ∈ Λf ,
the state |Φ(ph) ⟩ must satisfy f (A↑ , A↓ ) = 0 if A↑ ∩ A↓ ̸= ∅, or, in other words, there
must be no double occupancy of localized single-particle states. If Ne > |Λf |, this
condition can only be met if |Φ(ph) ⟩ = 0, meaning the ground state cannot be expressed
solely in terms of Ne flat band states and must have energy higher than −Ne Ef p .
Next, we examine the Hubbard interaction in the px and py orbitals. Consider a
honeycomb cell labeled by R0 ∈ Λf and examine its rightmost vertex, r0 = R0 + u1 .
Two additional honeycomb cells, centered at R1 = R0 + w1 and R6 = R0 + w6 ,
share vertex r0 . The corresponding localized single-particle states φRi have nonzero
component in the py orbital at r0 for all three of R0 , R1 , and R6 , but only R1 and R6
√︂

have a nonzero px component at r0 . Excluding the normalization factor tf / 6(t2f + t2f p )
√

on the p-orbital components, the nonzero px components are, φR1 (r0 , px ) = −

3
2

and

√

φR6 (r0 , px ) =

3
2

while the nonzero py components are φR0 (r0 , py ) = 1, φR1 (r0 , py ) =

− 12 , and φR6 (r0 , py ) = − 21 . No other localized states φR are nonzero at r0 .
The zero-interaction-energy condition for the px -orbital Hubbard interaction at
site r0 is

0 = c↑ (r0 , px )c↓ (r0 , px )|Φ(ph) ⟩
⎛

=⎝

⎞
∑︂

φRi (r0 , px )bRi ,↑ ⎠

i=1,6

⎛

×⎝

⎞
∑︂

φRi (r0 , px )bRi ,↓ ⎠ |Φ(ph) ⟩

i=1,6

=⇒ (bR1 ,↑ bR6 ,↓ − bR1 ,↓ bR6 ,↑ )|Φ(ph) ⟩ = 0,
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(4.17)

where the last line follows from the no-double-occupancy condition Eq. (4.16) and
the fact that φR0 (r0 , px ) = 0. The condition in Eq. (4.17) essentially projects out
states involving a spin-singlet component between the states centered at R1 and R6 .
Explicitly, this condition gives that for any configuration where A↑ = B↑ ⊔ {R1 } and
A↓ = B↓ ⊔ {R6 } with R1 , R6 ∈
/ B↑ , B↓ , the coefficients are symmetric under exchange
of spins, f (B↑ ⊔ {R1 }, B↓ ⊔ {R6 }) = f (B↑ ⊔ {R6 }, B↓ ⊔ {R1 }). Since the choice of R0
is arbitrary, this gives the general condition that the state must have spin exchange
symmetry between localized single-particle states that are nearest neighbors in the y
direction, states R and R′ = R + w2 . Eqs. (4.16) and (4.17) are equivalent to the
conditions resulting from quasilocality and the requirement that no more than two
single-particle states overlap at any site in Ref. [40].
The zero-interaction-energy condition for the py orbitals involves three overlapping
states at any site. For the py orbital at site r0 , using Eqs. (4.16) and (4.17),
0 = c↑ (r0 , py )c↓ (r0 , py )|Φ(ph) ⟩
= φR6 (r0 , py )φR0 (r0 , py )(bR6 ,↑ bR0 ,↓ − bR6 ,↓ bR0 ,↑ )|Φ(ph) ⟩
+ φR1 (r0 , py )φR0 (r0 , py )(bR1 ,↑ bR0 ,↓ − bR1 ,↓ bR0 ,↑ )|Φ(ph) ⟩

(4.18)

=⇒ (bR6 ,↑ bR0 ,↓ − bR6 ,↓ bR0 ,↑ )|Φ(ph) ⟩
+ (bR1 ,↑ bR0 ,↓ − bR1 ,↓ bR0 ,↑ )|Φ(ph) ⟩ = 0.
While this condition is satisfied for states that maximize spin (have spin exchange
symmetry) between single-particle states at R6 and R0 as well as between those at R1
and R0 , it is not the case that every state |Φ⟩ satisfying Eq. (4.18) must have such
spin exchange symmetry. Thus, the percolation representation is not strictly valid
when the only interaction is HU′ .
The final condition we consider is HJ |Φ⟩ = 0. This condition can be written
using only annihilation operators in HJ by writing HJ =

J
2

∑︁

r∈Λp

nr,S=0 , where

nr,S=0 = (p†r,ŷ,↓ p†r,x̂,↑ − p†r,ŷ,↑ p†r,x̂,↓ )(pr,x̂,↑ pr,ŷ,↓ − pr,x̂,↓ pr,ŷ,↑ ) ≡ c†r,S=0 cr,S=0 is an operator
that counts whether there is a spin singlet between the px and py orbitals at site
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r. The derivation of this operator identity is shown in Appendix B.. In this form,
HJ is clearly a sum of positive semidefinite operators, and HJ |Φ⟩ = 0 if and only if
cr,S=0 |Φ⟩ = 0 for every r ∈ Λp .
In terms of localized state operators, the zero-interaction-energy condition for
Hund’s coupling at site r0 is
0 = [c↑ (r0 , px )c↓ (r0 , py ) − c↓ (r0 , px )c↑ (r0 , py )] |Φ(ph) ⟩
= φR6 (r0 , px )φR0 (r0 , py )(bR6 ,↑ bR0 ,↓ − bR6 ,↓ bR0 ,↑ )|Φ(ph) ⟩
+ φR1 (r0 , px )φR0 (r0 , py )(bR1 ,↑ bR0 ,↓ − bR1 ,↓ bR0 ,↑ )|Φ(ph) ⟩

(4.19)

=⇒ (bR6 ,↑ bR0 ,↓ − bR6 ,↓ bR0 ,↑ )|Φ(ph) ⟩
− (bR1 ,↑ bR0 ,↓ − bR1 ,↓ bR0 ,↑ )|Φ(ph) ⟩ = 0,
using the no-double-occupancy condition from Eq. (4.16) and the spin triplet condition
between R1 and R6 from Eq. (4.17). Taking the sum and difference of the conditions
in Eqs. (4.18) and (4.19) gives spin triplet conditions between R0 and R1 and between
R0 and R6 . In other words, the spin degree of freedom must be fully symmetrized
among any overlapping states at r0 . This argument holds for any choice of R0 , meaning
it applies at any site in the same honeycomb sublattice as r0 . In fact, as can be seen
by considering the left-most site on the R0 -centered honeycomb, r′0 = R0 + u4 , these
spin symmetrization conditions apply both sublattices of the p-orbital honeycomb
lattice Λp . If spin is symmetrized between any two overlapping localized states, a
cluster of localized states will be fully spin symmetrized, since any two localized states
in a cluster can be connected by a path of overlapping localized states each adjacent
pair of which must have symmetrized spin. Thus, clusters of localized states have
maximum total spin SCk ,tot =

|Ck |
2

and ground states for Ne ≤ |Λf | can be written in

the form of Eq. (4.11).
Theorem 5 follows immediately by particle-hole transformation. In particular,
since Theorem 4 requires the lowest-energy flat band to be at most half filled, Theorem
5 requires the highest-energy flat band to be at least half filled. The clusters in Eq.
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(4.12) are then connected sets of holes, or singly-occupied localized states, surrounded
by a doubly-occupied background.
In order to interpret Theorem 5 as a percolation representation, note that when
the highest-energy flat band is exactly half filled, |Ne | = 4|Λp | + |Λf |, there is a single
cluster spanning the system, and all ground states have total spin

|Λf |
.
2

When the

system is close to fully filled, clusters are small and it is easy to find combinations
of basis states in Eq. (4.12) with low total spin. As the highest-energy flat band
approaches half filling, the ground state space becomes dominated by states with a
large cluster spanning the system and carrying large spin. There is thus a paramagneticferromagnetic transition as the system approaches half filling of the top band from
above in the sense that sufficiently close to half filling, the ground state space is
dominated by states with macroscopic spin.

4.3.3

Monte Carlo Simulation of the Correlated Percolation
Transition

With the result in Theorem 5, we can now study the ferromagnetic transition in our
multiorbital model through Monte Carlo simulations for correlated percolation. The
ground state basis in Theorem 5 is first reorganized into a purely geometric percolation
representation by averaging over the cluster configurations and spins [40, 41]. At a
fixed filling, whether typical states in the ground state space are ferromagnetic can
be determined by considering the total spin S 2 averaged over the ground state space.
Fixing the cluster configuration A and averaging over the S z spins {mk } of the clusters
gives that the averaged total spin of the cluster configuration, SA , depends only on
the size of each cluster Ck ⊂ A [40, 41],
SA2 ≡

∑︂
1
⟨ΦA,{mk } |S 2 |ΦA,{mk } ⟩
W (A) {mk }
n
∑︂

|Ck |
=
k=1 2

(︄

)︄

|Ck |
+1 .
2
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(4.20)

This result can be interpreted as a geometric correlated percolation representation
for the averaged ground state spin. For our model, the percolation problem is
defined on the triangular lattice Λf where a geometric configuration is specified
by the set of filled sites A ⊂ Λf and each configuration has a weighting factor
W (A) =

∑︁

{mk }

1=

∏︁n

k=1 (|Ck | + 1).

Since Theorem 5 applies when the highest band in

the multiorbital system is at least half filled, filled sites in the percolation representation
correspond to holes, or singly occupied localized states, in the multiorbital system.
Similarly, empty sites in the percolation representation correspond to doubly occupied
localized states in the multiorbital system. In the following discussion, we will refer
directly to filled and empty sites in the percolation representation, with filling density
p corresponding to the hole density per unit cell of the original model.
At fixed filling p, which defines the canonical ensemble, the spin averaged over all
cluster configurations A in the ground state space is
2

∑︁

A

⟨S ⟩ =
W (A) =

n
∏︂

W (A)SA2
,
Z

(|Ck | + 1) ,

(4.21)

k=1

Z=

∑︂

W (A),

A

with the sum over subsets A ⊂ Λf with |A| = N = p|Λf |, and the weights W (A)
account for cluster S z degeneracy. When examining the ensemble averaged spin, it will
2
2
be useful to consider the spin fraction s2 ≡ ⟨S 2 ⟩/Smax
, where Smax
= N/2(N/2 + 1)

corresponds to a configuration with all filled sites in a single cluster.
It will also be useful to consider the grand canonical ensemble at fixed fugacity
z ≡ eµ̃ , which requires the grand canonical weights
WGC (A) =

n
∏︂

z |Ck | (|Ck | + 1)

(4.22)

k=1

and the corresponding ensemble average involving a sum over all subsets A ⊂ Λf
without fixing |A|. The fugacity z and the corresponding µ̃ used in the grand canonical
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simulations couple directly to the percolation representation, or to the holes in the
flat band, and are thus not related to the physical chemical potentials µp and µf .
For canonical ensemble simulations, filling is fixed, and the update step consists
of an attempted swap of a randomly selected filled site with a randomly selected
empty site. For grand canonical ensemble simulations at fixed z, an update step
consists of randomly selecting a site and attempting to fill it if empty or empty it if
filled. A proposed update from configuration A to A′ is then accepted with probability
min{1, W (A′ )/W (A)} or min{1, WGC (A′ )/WGC (A)}, depending on the ensemble. In
both cases, simulations are done on the triangular lattice with periodic boundary
conditions. Further details about the algorithm used for correlated percolation can be
found in Appendix VI.
Results for the canonical ensemble in a range of fillings near the transition are
shown in Fig. 4-5(a). The spin fraction s2 is near zero, and in fact scales to zero with
system size, when p < p1 ≈ 0.55, and the system is in a paramagnetic phase with
typical configurations having small clusters, as shown for p = 0.45 in Fig. 4-5(b). For
p1 < p < p2 ≈ 0.63, the spin fraction grows quickly with p and typical configurations
are phase separated, with a region with small clusters separated from a region with a
macroscopic cluster shown for p = 0.58 in Fig. 4-5(c). This phase separation behavior,
which does not appear in the standard site percolation problem, has been previously
observed for correlated percolation on the square lattice in Ref. [41], where it was
understood by interpreting the weights as an effective repulsive interaction. For p > p2 ,
the largest cluster spreads uniformly throughout the lattice, as shown for p = 0.65
in Fig. 4-5(d), and the system is ferromagnetic. As p → 1, the system becomes fully
spin polarized. Due to the effective repulsive interaction of the weights, the fillings p1
and p2 are both larger than the critical filling pc = 0.5 for standard site percolation
on the triangular lattice [48]. Since the filling p in the percolation representation
corresponds to hole density in the original multiorbital model, the corresponding
68

(a)

(b)

(c)

(d)

Figure 4-5. (a) Averaged spin fraction s2 in the canonical ensemble at different fillings p
on a triangular lattice of size |Λf | = 230 × 230. Typical configurations are shown on a
150 × 150 system for (b) p = 0.45, (c) p = 0.58, and (d) p = 0.65. Empty sites are white,
and the largest cluster is black. The remaining clusters are colored on a blue-green scale
corresponding to cluster size.
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Figure 4-6. Filling p as a function of fugacity z in the grand canonical ensemble with
different system sizes |Λf | = L × L shown in different colors. Inset: Histograms of filling
at the finite size estimates of zc for each system size. The histograms use bins of width
1/L2 and are rescaled by the bin width to give an approximation of the probability density
P (p) that a configuration is at filling p for the particular zc . Any empty bins are excluded.
electron densities per unit cell for the paramagnetic phase are ne > 9.45, for phase
separation are 9.45 > ne > 9.37, and for the ferromagnetic phase are 9.37 > ne ≥ 9
with fully saturated ferromagnetism at flat band half filling ne = 9.
For grand canonical ensemble simulations, filling p as a function of flat band
fugacity z is shown in Fig. 4-6 for triangular lattices with linear dimension L ≡

√︂

|Λf |.

As the system size increases, the transition sharpens, suggesting a discontinuity in
p(z) at a critical zc in the thermodynamic limit. For finite sizes, the estimate of zc is
given by the point at which the histogram of the Monte Carlo configurations features
two well defined peaks with approximately equal height, as shown in the inset of Fig.
gc
4-6. For L = 50, jumps between fillings pgc
1 = 0.53(1) and p2 = 0.64(1) occur at the

estimated zc ≈ 1.91.
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4.4

Conclusions

We have established an exact result useful for studying ferromagnetism in an interacting
multiorbital flat band system. We constructed a multiorbital Hubbard model on a
two-layer lattice consisting of a honeycomb lattice layer of px and py orbitals and a
triangular lattice layer of fy(3x2 −y2 ) orbitals aligned with the centers of the honeycomb
plaquettes. For an appropriate chemical potential difference between the two layers, the
model exhibits two flat bands due to destructive interference. The presence of Hund’s
coupling between degenerate p orbitals, in addition to repulsive intraorbital Hubbard
interactions, allows the highest-energy flat band to admit a provable percolation
representation for the degenerate many-body ground states. Ground states correspond
to configurations of spin-polarized clusters of localized electron states, leading to a
percolation representation for the average ground state spin. As the flat band filling
varies from fully filled to half filled, the many-body ground states transition from
a paramagnetic to a ferromagnetic phase, as shown by Monte Carlo simulations for
correlated percolation.
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Chapter 5
Conclusions
We have seen how in the strongly interacting and flat band limits exact results for itinerant ferromagnetism can emerge. In the strongly interacting limit, antiferromagnetic
kinetic exchange is completely suppressed and hole hopping can lead to geometric
exchange mechanisms relying on the spin exchange symmetry of fully spin-polarized
states. The hole hopping processes lead to Nagaoka’s theorem, where a single hole
fully spin-polarizes the ground states. As we have seen in Chapter 2, Nagaoka’s
theorem applies for very general geometries, nonseparable graphs other than single
loops with more than four sites, including in particular finite portions of regular
lattices in d > 1. In multiorbital systems, Hund’s coupling is important to extend
Nagaoka ferromagnetism to a globally ferromagnetic state. In the t2g system studied in
Chapter 3, Hund’s coupling is necessary to align the spins in what would otherwise be
independent orbital bands, and Hund’s coupling further serves to stabilize the multihole Nagaoka-type state against single spin flips. In the flat band limit, single-particle
states are localized by destructive interference, and direct exchange between localized
states can lead to ferromagnetism. In the multiorbital flat band studied in Chapter 4,
we saw how the presence of Hund’s coupling allows the transition from paramagnetism
to ferromagnetism to be efficiently studied using a percolation representation. In this
case, Hund’s coupling combines with direct exchange processes to maximize spin in
clusters of overlapping localized states.
72

Exact results on itinerant ferromagnetism can serve as rigorous starting points
for extension into more physical regimes, but the results themselves can describe real
physics and can indicate features that may be useful in the formation of ferromagnetic
phases. Indeed, Nagaoka ferromagnetism has recently been studied experimentally
in a four-site quantum dot system, validating the hole hopping exchange processes
behind Nagaoka’s theorem as a possible mechanism for ferromagnetism [49]. The
extension of Nagaoka’s theorem to a general class of lattices then allows the question
of whether these hole hopping processes are more favorable in certain geometries
to be considered, and there is evidence from spin flip instability arguments in the
presence of multiple holes that the smaller loop sizes on the triangular lattice may be
beneficial in reducing the instability compared to the larger hexagonal plaquettes on
the honeycomb lattice [50]. In both the t2g and multiorbital flat band systems, Hund’s
coupling is important in the development of exact itinerant ferromagnetism in the
appropriate limits, but the techniques developed in the exact limit can be potentially
used as perturbative starting points or bounds on systems away from these limits.
For flat bands in particular, if two systems have the same localized state geometry
where one admits an exact percolation represenation and the other doesn’t, the first
system being in a paramagnetic phase can potentially imply a paramagnetic phase in
the latter, due to the presence of configurations with less-than-maximum-spin clusters.
Due to the renewed interest in flat band physics following recent experimental work on
twisted bilayer graphene [51], the application of these percolation models in bounding
paramagnetic or ferromagnetic phases or the possibility of studying such models in
nearly flat bands is a valuable future direction.
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Appendix I
The θ0 graph and connectivity
The θ0 graph consists of a single hexagon with an additional vertex in the center that
connects two opposite hexagon vertices, as shown in Fig. I-1. As we will consider
permutations that start and end with the hole on the central vertex, label the hexagon
vertices clockwise from 1 to 6 starting from the top-left vertex. One such permutation,
which will be referred to as σ1 , results from moving the hole from the center to site 3,
moving the hole counterclockwise around the top half of the hexagon to site 6, and
then moving the hole from site 6 to the center vertex. This permutes the labels on sites
1, 2, 3, and 6 by the cyclic permutation σ1 = (1236). Another possible permutation σ2
leaving the hole fixed at the center begins by moving the hole from the center to site 6
and cycling the hole once around the entire outer hexagon counterclockwise back to site
6 before moving the hole from site 6 back to the center. This produces σ2 = (12345).
Noting that reversing the direction of the hole in these two permutations produces
the inverses σ1−1 and σ2−1 , these two permutations generate the entire permutation
group that leaves the hole fixed at the central vertex. Additional permutations, such
as σ3 = (3456), which results from cycling the hole counterclockwise through the
bottom half, and σ4 = (12456), which results from cycling the hole counterclockwise
once around the entire outer hexagon starting from moving the hole to site 3, can be
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decomposed into conjugations and compositions of σ1 and σ2 . Explicitly, σ3 = σ22 σ1 σ2−2
and σ4 = σ3 σ2 σ3−1 .

Figure I-1. The θ0 graph, a single hexagon with an extra vertex in the center.
In order to prove that connectivity does not hold on θ0 when no label appears
more than twice, we consider a configuration where there are three pairs of repeated
labels a, b, and c arranged as shown in Fig. I-2(a). By applying σ1 and σ2 , it can
be shown that the five diagrams in Fig. I-2 result, where applying σ1 or σ2 to any
of the five diagrams leads to the configuration of another of the five diagrams up
to exchange of identically-labeled pairs. The pairs of a and b can be exchanged
using σ1 , and the pairs of b and c can be exchanged using σ5 = σ4 σ3−1 = (1243) and
σ6 = σ5−1 σ3 σ5 = (2564). Since these five diagrams are closed under permutations
leaving the hole fixed, configurations such as in Fig. I-3(a) that differ from these five
diagrams by more than simply exchanging two identical pairs are unreachable.
This demonstrates that connectivity does not hold for three pairs of identical
labels. This implies that connectivity does not hold if two labels are identical and
the remaining four are distinct, aabcde, or if there are two identical pairs with the
remaining two labels distinct, aabbcd. For example, if connectivity did hold in the
aabbcd case, it would be possible to take any starting configuration into one of the five
diagrams in Fig. I-2 by ignoring the difference between the c and d labels. This is a
contradiction since the previous analysis shows there are configurations not reachable
from the five diagrams. Thus, for the SU(N ) Hamiltonian in Eq. (2.6), connectivity
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(a)

(b)

(d)

(c)

(e)

Figure I-2. The five diagrams that can be reached through permutations generated by
σ1 and σ2 starting from the configuration in a). Other than exchanges of identical pairs,
no other configurations can be reached.
does not hold when N ≥ 3, since there are sectors where no label appears more than
twice.
Instead, when N = 2 in Eq. (2.6), it can be shown that connectivity does hold.
Since there are only two distinct labels when N = 2, one label must appear at least
three times. Connectivity can then be shown using the fact that the permutation
group generated by σ1 and σ2 is doubly transitive [17]. This means that it is possible
to permute a configuration with labels a and b at sites i and j respectively to a
configuration with a and b at sites k and l, with the permutation causing this action
in general altering the configuration of the remaining labels. Using double transitivity,
any initial configuration of aaabcd where there are three copies of one label can be
brought into the configuration of Fig. I-3(b) where the three a labels are on sites 1,
2, and 3 by using double transitivity to place two a labels at sites 1 and 2 and then
applying σ3 = (3456) to place the remaining a label at site 3. The b label can then
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(a)

(b)

Figure I-3. a) A configuration unreachable from Fig. I-2. b) A configuration with three
of one label from which all configurations result from permutations generated by σ1 and
σ2 .
be exchanged with any a label by applying σ1 and d can be exchanged with any a
using σ5 . This implies that c can be exchanged with any a by conjugating σ3 with
the permutations exchanging b and d with a labels. As a result, we have shown that
connectivity holds on θ0 if and only if N ≤ 2.

A.

θ0 for bosons

For the bosonic case, the possibility of having multiple holes emerges, as hole exchange
does not affect non-positivity. As extra holes behave as a special kind of repeated
label, this introduces the possibility of connectivity holding on the θ0 graph when
there are at least two holes and failing to hold when there is exactly one hole. Consider
the case with two holes, one at the center and one at site 3. The goal is to determine
whether all permutations of spin labels can be generated by the permutations leaving
the holes fixed.
Cycling the hole at site 3 around the hexagon once counterclockwise produces
the permutation σ7 = (12456). An odd permutation σ8 can be found by moving the
hole at site 3 to site 2, cycling the hole in the center counterclockwise around the
bottom half of the graph, and moving the second hole back from site 2 to site 3. This

80

results in the permutation σ8 = (2456). These two permutations can be seen explicitly
to generate the symmetric group on the spin labels by noting that σ7 σ8−1 = (12).
Conjugating this 2-cycle with group elements generated by σ7 and σ8 gives all the
2-cycles on the spins.
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Appendix II
The Nagaoka state on the
honeycomb lattice

A.

Connectivity

An explicit construction of a 3-cycle on a honeycomb lattice is shown in Fig. II-1. The
3-cycle is produced by moving the hole through an auxiliary neighboring plaquette in
a reversible manner that leaves the configuration unchanged except on the desired
plaquette. This can be done to produce any 3-cycle on the honeycomb lattice, which
together generate all even permutations on the lattice. Use of a repeated label then
allows for the generation of all permutations, demonstrating connectivity on the
honeycomb lattice.
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(a)

(b)

(d)

(e)

(c)

(f)

Figure II-1. Generation of a single 3-cycle on a honeycomb lattice plaquette. (a) The
hole is first brought near the plaquette. (b) The hole is then moved into the plaquette
and cycled counterclockwise around the plaquette. (c) All spins other than a have been
cycled clockwise. The hole is then moved out of the plaquette and swapped in at site 2.
(d) The hole is then cycled clockwise, producing a counterclockwise cycle of the spins. (e)
Finally, the hole is moved back to its position in figure (a) by retracing the same path that
brought it to 2. (f) The final result is the 3-cycle (126). The hole can then be returned to
its original location by retracing the path that brought it near the plaquette of interest,
returning all spins not involved in the 3-cycle to their original positions.
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B.

Stability of the Nagaoka State with multiple
holes

We examine the stability of the fully polarized ferromagnetic state on the honeycomb
lattice in the presence of nh holes following a bounding argument on the ground
state energy. The bounding argument on d-dimensional cubic lattices is reviewed in
Appendix III with additional detail.
The upper bound on Eg follows from the energy of a ferromagnetic trial state
constructed by removing nh holes from a band half-filled with only up spins, as
discussed in Appendix III. The honeycomb lattice features two bands with dispersion
[︄

ϵ±,k = ±t 1 +4 cos

(︂

3
k
2 x

)︂

cos

(︂ √

3
k
2 y

)︂

+ 4 cos2

(︂ √

3
k
2 y

]︄
)︂ 1/2

.

(II.1)

For nh holes added in the limit where nh /M → 0 with M the number of lattice sites,
only the upper band ϵ+,k is relevant, and the dispersion is parabolic, ϵ+,k ≈ 3t(1−k 2 /4).
The reference state is fully spin-polarized with no double occupancy and thus has
vanishing interaction energy, ⟨HU ⟩ = 0. The energy of the trial state is then the
kinetic energy

´ k0

3k3 dk
8π

(II.2)

= −3nh t + tO(n2h /M ),

(II.3)

EK = −3nh t + tM

where the Fermi wavevector k0 is determined by

0

πk02
(2π)2

≈ nh /M .

The lower bound corresponds to configurations in which no two holes are adjacent,
which, since the honeycomb lattice coordination number is z = 3, allows each hole
to hop to three different neighboring sites. From the Gershgorin circle theorem, the
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lower bound is Eg ≥ −3tnh . Hence, the ground state energy satisfies

−3nh t ≤ Eg ≤ −3nh t + tO(n2h /M ).

(II.4)

In the thermodynamic limit, the upper and lower bounds coincide when nh grows more
slowly than M α with α = 12 , and the fully spin-polarized trial state is a ground state.
By a similar method, it can be found that in the diamond lattice the fully polarized
state remains a ground state when α = 25 . These values of α agree with previous work
on the square and cubic lattices respectively [18, 19], reviewed in Appendix III.
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Appendix III
Stability of the one-band Nagaoka
state
The method of applying the Gershgorin circle theorem to study the stability of the
Nagaoka state was used for a one-band Hubbard model on a square lattice in Ref. [18],
K
where the model used corresponds to H = H U + Hxy
in the notation of Chapter 3. The

method, as generalized to a d-dimensional hypercubic lattice in Ref. [19], is reviewed
here. For a single-band Hubbard model, the fully polarized Slater determinant state
|h⟩ in Eq. (3.6) can be taken as a variational trial state. In 2D bands on a simple
square lattice, this trial state corresponds to a single orbital plane a, l. The trial state
can be generalized to d-dimensional bands on a hypercubic lattice by taking r and k
to be d-dimensional lattice and momentum vectors, respectively.
An upper bound on Eg follows from the energy of a ferromagnetic trial state
constructed by removing Nh holes from a band half-filled with only up spins. Define
the reference state |R↑ ⟩ to be the fully polarized half-filled state, where each site is
occupied by one spin-↑ electron, and construct a trial state |ψt ⟩ describing a Fermi
sea of Nh holes by removing Nh electrons from the highest filled single-particle states
in |R↑ ⟩. In terms of annihilation operators dσ (ki ) for the band eigenstates and with
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momenta ki ordered from highest band energy to lowest, |ψt ⟩ =

∏︁Nh

i=1

d↑ (ki )|R↑ ⟩. Up

to an additive constant, the kinetic part of the Hamiltonian can be written in terms
of hole number occupation operators 1 − nσ (k) as

HK = −

∑︂

ϵk (1 − nσ (k)) ,

(III.1)

k,σ

with ϵk the dispersion relation for the band.
In Ref. [19], the energy EK of this trial state was evaluated by considering the
dispersion for a d-dimensional hypercubic lattice, ϵ(k) = 2t

∑︁d

i=1

cos ki . This dispersion

becomes parabolic in the limit nh /Ld → 0, and
(︄

H

K

= −2dt

∑︂
k,σ

)︄

k2
1−
(1 − nσ (k)).
2d

(III.2)

The energy of the trial state can then be evaluated as
ˆ
EK = −2dtnh + tL

k0

d
0

Ωd k d+1 dk
(2π)d

(III.3)

where Ωd is the surface area of a unit d-sphere and (L/2π)d Vd k0d ≈ nh , with Vd the
volume of a unit d-sphere. The upper bound on the ground state energy is then

⎛

d+2
d

⎜ nh

Eg ≤ −2dtnh + tO ⎝

L2

⎞
⎟
⎠.

(III.4)

The lower bound follows from the Gershgorin circle theorem, which states that for
any eigenvalue λ of a square matrix H, there exists a row i such that

|λ − Hii | ≤

∑︂
j̸=i
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|Hij |.

(III.5)

It follows that a lower bound on the ground state energy is given by

min{Hii −
i

∑︂

|Hij |} ≤ Eg .

(III.6)

j̸=i

Intuitively, the lower bound is the configuration that minimizes the energy of an
analogous bosonic system, where sign changes from hopping are neglected. For the
d-dimensional hypercubic lattice, this configuration corresponds to placing all holes
on either the even or odd sublattice, allowing each hole to hop to 2d neighboring sites.
Thus,
−2dtnh ≤ Eg .

(III.7)

The lower and upper bounds on the ground state energy coincide in the thermodynamic
limit as long as nh ∼ Lα where 0 ≤ α <

2d
.
d+2

Thus, the fully spin-polarized trial state

is a ground state that remains stable for a number of holes that grows sufficiently
slowly.
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Appendix IV
Lower-spin clusters in the p-orbital
System
p
In this appendix, we consider just the px - and py -orbital Hamiltonian H = HK
+ HUp +

HJ , including the p-orbital kinetic Hamiltonian in Eq. (4.1), the intraorbital Hubbard
interactions in the p orbitals HUp = Up

∑︁

r∈Λp

∑︁

p=px ,py

(︂

nr,p,↑ −

1
2

)︂ (︂

nr,p,↓ −

1
2

)︂

, as well

as Hund’s coupling between p orbitals in Eq. (4.5). By use of a simple example, we show
−(p)

that the loop state basis |ψR,σ ⟩ does not admit a simple percolation representation,
as there are states where clusters do not maximize total spin. For consistency, we
use the notation from Sec. 4.3.2 of the main text with the modification that there
are no f orbital sites and Λf is simply the set of honeycomb plaquette labels. Thus,
φR (r, or ) describes the component at orbital or = px , py of site r of a loop state on the
plaquette R. All operators aR,σ and bR,σ are defined similarly to those in Sec. 4.3.2
using the wavefunctions φR (r, or ) defined only at sites r ∈ Λp .
Consider an arbitrary plaquette centered at R0 together with the six surrounding
plaquettes centered at Ri = R0 + wi with i = 1, . . . , 6. The nonzero components at
√

site r1 = R0 + u1 are φR1 (r1 , px ) = −

3
2

√

and φR6 (r1 , px ) =

3
2

while the nonzero py

components are φR0 (r1 , py ) = 1, φR1 (r1 , py ) = − 12 , and φR6 (r1 , py ) = − 21 , discarding
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√
the 1/ 6 normalization factor.
The equivalents of the zero-interaction-energy conditions in Eq. (4.17), (4.18), and
(4.19) in this case are
[︄

0 = bR1 ↑ bR1 ↓ + bR6 ↑ bR6 ↓
]︄

− (bR1 ↑ bR6 ↓ − bR1 ↓ bR6 ↑ ) |Φ⟩
[︄

0 = 4bR0 ↑ bR0 ↓ + bR1 ↑ bR1 ↓ + bR6 ↑ bR6 ↓
+ (bR1 ↑ bR6 ↓ − bR1 ↓ bR6 ↑ ) − 2(bR0 ↑ bR6 ↓ − bR0 ↓ bR6 ↑ )

(IV.1)

]︄

− 2(bR0 ↑ bR1 ↓ − bR0 ↓ bR1 ↑ ) |Φ⟩
[︄

0 = bR1 ↑ bR1 ↓ − bR6 ↑ bR6 ↓ + (bR0 ↑ bR6 ↓ − bR0 ↓ bR6 ↑ )
]︄

− (bR0 ↑ bR1 ↓ − bR0 ↓ bR1 ↑ ) |Φ⟩.
These equations reduce to the conditions in the main text when there is a quasilocality
site, the f orbitals, that eliminates the double occupancy terms bRi ↑ bRi ↓ . Thus, these
conditions are satisfied by states with spin exchange symmetry when there are no
doubly occupied loop states, meaning states where clusters of loop states maximize
spin remain ground states. There are, however, linearly independent ground states
that do not maximize spin due to having a doubly occupied loop state. One such
example is

|Φ′R0 ⟩

=

a†R0 ↑

6
∑︂
†

aRi ↓ |0⟩,

(IV.2)

i=0

a two-particle state consisting of a spin-up loop at the R0 plaquette surrounded by a
superposition of spin-down loops at R0 and the surrounding plaquettes, as sketched
in Fig. IV-1. It can be verified that the state |Φ′R0 ⟩ satisfies the three zero-interactionenergy conditions on every site. The conditions in Eq. (IV.1) are satisfied by |Φ′R0 ⟩,
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Figure IV-1. Two-electron state |Φ′R0 ⟩, which consists of a central filled spin-up loop
surrounded by a superposition of spin-down loops on the central and six surrounding
plaquettes. This state does not maximize spin despite avoiding the interaction energy.
and the conditions for the remaining sites can be shown to hold as well and follow
from simple mappings. For example, the conditions at site r2 = R0 + u2 follow from
replacing R0 → R1 , R1 → R0 , and R6 → R2 in Eq. (IV.1).
The two-electron state |Φ′R0 ⟩ includes a component where the state φR0 is doubly
2
occupied and has total spin ⟨Φ′R0 |Stot
|Φ′R0 ⟩/⟨Φ′R0 |Φ′R0 ⟩ = 67 . The percolation represenp
tation with maximum-spin clusters thus does not hold in the loop basis for HK
. It

should be noted that the state |Φ′R0 ⟩ in Fig. IV-1, when written in the orbital basis
rather than the loop basis, is equivalent to a two-electron state with one loop state
on the central plaquette and a larger loop on the boundary of the six neighboring
plaquettes. Thus, in the orbital basis, this state avoids the interaction energy trivially
by avoiding doubly occupied sites. However, this state cannot be written as a superposition of maximum-spin clusters of single-plaquette loops, since it has a component
where the loop R0 is doubly occupied, and thus the percolation representation does
not hold in terms of the single-plaquette loop basis.
It is important to note that the lack of a percolation representation in the loop
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state basis does not imply the absence of ferromagnetism in the phase diagram.
Indeed, ferromagnetism at flat band half filling can be verified using Mielke’s theorem,
according to which a system with a lowest- or highest-energy flat band is ferromagnetic
at flat band half filling for U > 0 if and only if the orthogonal projection matrix
onto the flat band space is irreducible [12, 36, 37]. In fact, the lack of a percolation
representation in one basis in general does not prevent a percolation representation
from being found in another choice of basis, though for the p-orbital Hamiltonian,
any other basis would likely feature overlaps between more than two states even if
quasilocality were satisfied. Thus, while the p-orbital system is ferromagnetic at flat
band half filling, it is difficult to find a percolation representation with which the onset
of ferromagnetism near flat band half filling can be studied, and the most natural
−(p)

basis of loop states |ψR,σ ⟩ does not admit such a representation.
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Appendix V
Useful operator identities
In this appendix, we present two operator identities that are important for interpreting
and deriving the percolation representation with Hund’s coupling.

A.

Particle-Hole Transformation of Total Spin Operator

We show here for completeness that the particle-hole transformation and total spin
operators commute. For notational simplicity, consider electron operators ciσ , absorbing both the site and orbital indices into the single index i. The total spin operator
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can be written
2
Stot
=(

∑︂

⃗ i )2
S

i

1 ∑︂ ∑︂
c† ciν c†jα cjβ σµν · σαβ
=
4 i,j µναβ=↑,↓ iµ
=

1 ∑︂ ∑︂
(−ciν c†iµ + δµν )(−cjβ c†jα + δαβ )σµν · σαβ
4 i,j µναβ=↑,↓

=

1 ∑︂ ∑︂
ciν c†iµ cjβ c†jα σµν · σαβ
4 i,j µναβ=↑,↓

(V.1)

(ph)2

= Stot

which follows from the tracelessness of σ i and the fact that σµν · σαβ = σνµ · σβα .
⃗ (ph)
The particle-hole transformed spin operator is S
tot =

1
2

∑︁ ∑︁
i

µν

ciµ σµν c†iν , which is

⃗ tot with the replacement ciµ ↔ c†iµ . Thus, total spin is
the original spin operator S
preserved by the particle-hole transformation.

B.

Hund’s Coupling Operator Identity

The Hund’s coupling term HJ is a sum of positive semidefinite operators at each
honeycomb site,
HJ =

∑︂

hJ (r),

r∈Λp

(V.2)

(︃

⃗ r,px · S
⃗ r,py
hJ (r) ≡ −J S
i
where Sr,p
=
x/y

1
2

∑︁

µ,ν=↑,↓

1
− nr,px nr,py
4

i
p†r,x̂/ŷ,µ σµν
pr,x̂/ŷ,ν and nr,px/y =

∑︁

)︃

µ=↑,↓

p†r,x̂/ŷ,µ pr,x̂/ŷ,µ . hJ (r)

takes its minimum eigenvalue of 0 when the px and py orbitals at site r are singly
occupied and form a spin triplet state, which can be seen explicitly by using the Pauli
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matrix completeness identity

∑︁3

i=1

i
i
σαβ
σµν
= 2δαν δβµ − δαβ δµν to write

[︄

]︄

∑︂
J
hJ (r) = −
− nr,px nr,py +
p†r,x̂,µ pr,x̂,ν p†r,ŷ,α pr,ŷ,β (2δαν δβµ − δαβ δµν )
4
µ,ν;α,β=↑,↓
(︄

J
=
nr,px ,↑ nr,py ,↓ + nr,px ,↓ nr,py ,↑ − p†r,x̂,↑ pr,x̂,↓ p†r,ŷ,↓ pr,ŷ,↑ − p†r,x̂,↓ pr,x̂,↑ p†r,ŷ,↑ pr,ŷ,↓
2
(︄
J †
= − pr,x̂,↑ p†r,ŷ,↓ pr,x̂,↑ pr,ŷ,↓ + p†r,x̂,↓ p†r,ŷ,↑ pr,x̂,↓ pr,ŷ,↑
2
−

p†r,x̂,↑ p†r,ŷ,↓ pr,x̂,↓ pr,ŷ,↑

−

p†r,x̂,↓ p†r,ŷ,↑ pr,x̂,↑ pr,ŷ,↓

)︄

)︄

J †
(pr,ŷ,↓ p†r,x̂,↑ − p†r,ŷ,↑ p†r,x̂,↓ )(pr,x̂,↑ pr,ŷ,↓ − pr,x̂,↓ pr,ŷ,↑ )
2
J
≡ nr,S=0 .
2
=

(V.3)

The Hund’s coupling term can thus be written in terms of a sum of singlet number
operators.
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Appendix VI
Correlated percolation simulation
algorithm
In this appendix, we detail the method used for performing Monte Carlo simulations
of the correlated percolation problem. The method is similar to that used in Refs. [41,
42]. As in the main text, we are considering correlated site percolation in particular,
as opposed to bond percolation. We denote the graph G = (V, E) with V the set of
vertices and E the set of edges. The general method does not depend on the graph
structure, though the graph relevant to the main text is the triangular lattice. The
correlated percolation algorithm makes use of many of the subroutines for uncorrelated
percolation, particularly generating initial configurations at different fillings and
labeling the clusters.
For uncorrelated percolation, sample configurations can be generated at an exact
filling p simply by uniformly selecting sites to fill until p|V | are filled or by filling p|V |
sites and performing a random permutation [52]. These configurations are then already
independent samples for uncorrelated percolation that can have clusters labeled by
the Hoshen-Kopelman algorithm [53]. Uncorrelated percolation in a range of filling
p0 ≤ p ≤ p1 can be efficiently simulated by generating a configuration at filling
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p|V | + 1 from a configuration at filling p|V | and updating the cluster labels using the
Newman-Ziff algorithm [52].
For correlated percolation, an uncorrelated percolation configuration can be used as
an initial configuration and labeled using the Hoshen-Kopelman algorithm. However,
as a result of the nonuniform weights, these configurations are not independent samples
from the equilibrium distribution and must be moved towards equilibrium by applying
an update scheme such as the Metropolis-Hastings Monte Carlo algorithm.
The graph and the configuration are stored using the following structures.
• Neighbor array: A 2D array of site neighbors of size |V |×Dmax , where element
(i, n) of the array is the site index in for the nth neighbor of site i and Dmax is
the coordination number or the maximum vertex degree in a general graph.
• Configuration array: An array {li } for sites i = 1, · · · , |V | with li = 0 for
empty sites and li a positive integer, the cluster label, for filled sites.
• Cluster map: A map from cluster labels l to cluster values V al(l), which
are nonzero integers. If V al(l) > 0, V al(l) is the size of the cluster to which
sites labeled l belong. If V al(l) < 0, then l′ ≡ |V al(l)| is another cluster label
belonging to the same cluster.
• Proper cluster label: A label l(kp ) with value V al(l(kp ) ) > 0 equal to the size
of the cluster containing i. The proper cluster label l(kp ) is found from the cluster
label l(1) ≡ li for site i by iteratively evaluating l(k+1) = |V al(l(k) )| with l(kp ) the
first label in this sequence with positive cluster value.
The cluster map scheme is central to the Hoshen-Kopelman algorithm [53]. In the end,
the quantities relevant to the percolation transition are the sizes of the clusters rather
than the cluster labels, which can be assigned according to any convenient scheme. As
clusters merge, the Hoshen-Kopelman algorithm keeps track of the new cluster sizes
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efficiently by using negative cluster values to avoid the need to update cluster labels
for individual sites in the new cluster, and clusters are then identified by the proper
cluster labels.
A simpler but less efficient scheme involves traversing all clusters. The cluster
values can then all be made positive and equal to the size of the corresponding cluster,
with all filled sites in a cluster sharing the same cluster label. This can be done by
starting from an initial unlabeled configuration and scanning through sites on the
graph, skipping empty sites as well as previously visited filled sites. When an unvisited
filled site is reached, it is assigned the smallest available cluster label l. The cluster
containing this site is traversed by iteratively visiting filled neighbors and each site in
the cluster is assigned the same cluster label l. The corresponding V al(l) is set to the
size of this cluster.
The Hoshen-Kopelman algorithm improves efficiency by avoiding the need to fully
traverse clusters to relabel filled sites when merging clusters. This is done by the
following using negative cluster values to point to another label in the same cluster.
When filling a site i would merge multiple clusters to form a larger cluster, the total
number of sites |Ci | in the new cluster can be found by consulting the cluster map for
the labels of each of the ni filled neighbors im of i. The smallest proper cluster label l
among the filled neighbors is then given the cluster value V al(l) = |Ci | = 1+

∑︁ni

m=1

|Cim |

and the proper cluster labels of the remaining neighbors l′ > l are all given the value
V al(l′ ) = −l. The merge thus leaves all sites in the cluster with the same proper
cluster label l and the need to traverse the entire cluster is avoided at the small cost
of one additional cluster map lookup when finding the cluster size in the future.
Once an initial configuration at filling p is generated and labeled, an equilibrium
configuration of the weighted distribution in the canonical ensemble, Eq. (4.21), is
generated by iterating the following procedure. For clarity, we refer directly to the
size of the cluster containing site i as |Ci |, noting that |Ci | is found by consulting the
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cluster map for label li .
1. Starting from configuration A, select one filled site i and one empty site j
uniformly at random.
2. Empty site i and calculate the weight ratio w′ ≡ W (A′ )/W (A), where A′ is the
configuration A with i removed, as follows.
(a) Set the initial weight ratio value w′ ← 1/(|Ci | + 1) with Ci ⊂ A the cluster
initially containing site i. Set a counter c ← 0 for the number of filled sites
traversed.
(b) While the number of unvisited filled neighbors of i is ni > 0, pick an
unvisited filled neighbor im of site i and perform a breadth first search
(BFS) of the cluster Cim ⊂ A′ containing im .
i. During the search, mark visited cluster sites and count the size of the
cluster |Cim |.
ii. If during the search all neighbors of i have been visited, break the loop.
iii. If the search completes without visiting all neighbors of i, update the
weight ratio w′ ← w′ × (|Cim | + 1) and the counter c ← c + |Cim |.
(c) The size of the remaining cluster must be |Ci | − 1 − c, and the weight is
updated accordingly, w′ ← w′ × (|Ci | − c).
3. Fill site j and calculate the weight ratio w′′ ≡ W (A′′ )/W (A′ ), where A′′ is the
configuration A′ with j filled, by consulting the cluster map for A′ as follows.
(a) Find the proper cluster labels for each filled neighbor of j and create a list
of nc filled neighbors jm with one jm for each distinct proper cluster label.
Note that nc is the number of clusters neighboring j in A′ .
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(b) Store the minimum proper cluster label lmin among proper cluster labels
lm for the jm . Set V al(lmin ) ← 1 +

∑︁nc

m=1

|Cjm |. For all lm > lmin , set

V al(lm ) ← −lmin .
(c) Set the weight ratio w′′ ← (1 +

∑︁nc

m=1

|Cjm |)/

∏︁nc

m=1 (|Cjm |

+ 1).

4. Accept the trial configuration A′′ if w ≡ w′ ×w′′ = W (A′′ )/W (A) > 1. Otherwise
accept A′′ with probability w.
Explicitly filling site j and updating the cluster labels can be delayed until after
the updated configuration is accepted, since the relative weight w′′ for filling a site
can be calculated from the cluster map before filling the site. When emptying a site i,
is it unfortunately necessary in the worst case to traverse all but one of the clusters
Cin neighboring i, since connectivity cannot be determined by examining only the
neighbors of i. Since each cluster Cin must be traversed anyway when emptying site i,
it is reasonable to assign a new cluster label to each traversed site of the cluster to
minimize the number of negative cluster values in the cluster map. We allow early
termination in the update step when all neighbors of i have been visited, make use of
the fact that knowing the size of the original cluster Ci with i filled means one of the
clusters Cin with i empty need not be explicitly traversed. Performing a breadth first
search of the clusters maximizes the chances of early termination occurring before the
last cluster is traversed. As opposed to filling a site, emptying a site is performed
explicitly to generate a trial configuration, since all but one of the neighboring clusters
must be traversed to update the cluster labels. If the configuration is rejected, the
site can simply be filled in.
Equilibrium configurations in the grand canonical ensemble at fixed fugacity z,
with weights given by Eq. (4.22), follow from an initial configuration by selecting a
site uniformly at random and attempting to empty it if filled or fill it if empty, using
the corresponding subroutine from the canonical ensemble simulations. The initial
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configuration can be randomly generated at any filling or even taken to be empty.
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