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I N T R O D U C T I O N 

e< 

In 1827 Gauss presented to the Rojal Society of Gottingen his important paper on 

the theorj of surfaces, which seventy-three je3rs afterward the eminent French 

geometer, who has done more than anj one else to propag3te these principles, charac­

terizes as one of Gauss's chief titles to fame, and 3S still the most finished 3nd use­

ful introduction to the studj of infinitesimal geometry1. This memoir m a j be called: 

General Investigations of Curved Surfaces, or the Paper of 1827, to distinguish it 

from the original draft written out in 1825, but not published until 1900. A list of 

the editions and translations of the Paper of 1827 foUows. There are three editions 

in Latin, two translations into French, and two into German. The paper W3S origin­

ally published in Latin under the title : 

I a. Disquisitiones generales circa superficies curvas 

auctore Carolo Friderico Gauss 

Societati regise oblatse D. 8. Octob. 1827, 

and was printed in: Commentationes societatis regise scientiarum Gottingensis recen-

tiores, Commentationes classis mathematicse. Tom. VI. (ad a. 1823-1827). Gottingse, 

1828, pages 99-146. This sixth volume is rare; so much so, indeed, that the British 

Museum Catalogue indicates that it is missing in that collection. With the signatures 

changed, and the paging changed to pages 1-50, la also appears with the title page 

added : 

I b. Disquisitiones generales circa superficies curvas 

auctore Carolo Friderico Gauss. 

Gottingse. Tjpis Dieterichianis. 1828. 

II. In Monge's AppUcation de l'analjse a la geom6trie, fifth edition, edited by 

LiouvUle, Paris, 1850, on pages 505-546, is a reprint, added bj the Editor, in Latin 

under the title: Recherches sur la theorie g^nerale des surfaces courbes; Par M . 

C.-F. Gauss. 

1G. Darboux, Bulletin des Sciences Math. Ser. 2, vol. 24, page 278, 1900. 
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Ilia. A third Latin edition of this paper stands in: Gauss, Werke, Herausge-

geben von der KonigUchen Gesellschaft der Wissenschaften zu Gottingen, Vol. 4, Got-

tingen, 1873, pages 217-258, without change of the title of the original paper (la). 

Ill b. The same, without change, in Vol. 4 of Gauss, Werke, Zweiter Abdruck, 

Gottingen, 1880. 

IV. A French transktion was made from Liouville's edition, II, bj C3pt3in 

Tiburce Abadie, ancien eleve de l'Ecole Poly technique, and appe3rs in NouveUes 

Ammles de Mathematique, Vol. 11, Paris, 1852, pages 195-252, under the title: 

Recherches generales sur les surfaces courbes; Par M. Gauss. This latter 3lso 

appears under its own title. 

Va. Another French translation is : Recherches G6n6rales sur -les Surfaces 

Courbes. Par M. C.-F. Gauss, traduites en francos, suivies de notes et d'̂ tudes 

sur divers points de la Theorie des Surfaces et sur certaines classes de Courbes, p3r 

M. E. Roger, Paris, 1855. 

Vb. The same. Deuxieme Edition. Grenoble (or Paris), 1870 (or 1871), 160 

pages. 

VI. A German translation is the first portion of the second part, namely, pages 

198-232, of: Otto Boklen, Analjtische Geometrie des Raumes, Zweite Auflage, Stutt­

gart, 1884, under the title (on page 198): Untersuchungen fiber die allgemeine Theorie 

der krummen Flachen. Von C. F. Gauss. On the title page of the book the second 

part stands as : Disquisitiones generales circa superficies curvas von C. F. Gauss, ins 

Deutsche iibertragen mit Anwendungen und Zusatzen .... 

Vila. A second German transition is No. 5 of 0stw3ld's Klassiker der exacten 

Wissensch3ften: Allgemeine Flachentheorie (Disquisitiones generales circ3 superficies 

curvas) von Carl Friedrich Gauss, (1827). Deutsch herausgegeben von A. Wangerin. 

Leipzig, 1889. 62 pages. 

VIIb. The same. Zweite revidirte Auflage. Leipzig, 1900. 64 pages. 

The English translation of the Paper of 1827 here given is from 3 copj of the 

original paper, I a; but in the preparation of the transktion and the notes aU the 

other editions, except Va, were at hand, and were used. The exceUent edition of 

Professor Wangerin, VII, has been used throughout most freelj for the text and 

notes, even when special notice of this is not made. It has been the endesvor of 

the translators to retain as far as possible the notation, the form and punctuation of 

the formulae, and the general style of the original papers. Some changes have been 

made in order to conform to more recent notations, and the most important of these 

are mentioned in the notes. 
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The second paper, the translation of which is here given, is the abstract (Anzeige) 

which Gauss presented in German to the Rojal Society of Gottingen, 3nd which W3S 

published in the Gottingische gelehrte Anzeigen. Stuck 177. Pages 1761-1768. 1827. 

November 5. It has been translated into English from pages 341-347 of the fourth 

volume of Gauss's Works. This abstract is in the nature of a note on the Paper of 

1827, and is printed before the notes on that paper. 

Recentlj the eighth volume of Gauss's Works has appeared. This contains on 

pages 408-442 the paper which G3uss wrote out, but did not publish, in 1825. This 

psper maj be caUed the New General Investigations of Curved Surfaces, or the Paper 

of 1825, to distinguish it from the Paper of 1827. The Paper of 1825 shows the 

manner in which manj of the ideas were evolved, and whUe incomplete and in some 

cases inconsistent, nevertheless, when taken in connection with the Paper of 1827, 

shows the development of these ideas in the mind of Gauss. In both papers are 

found the method of the spherical representation, and, as types, the three important 

theorems : The measure of curvature is equal to the product of the reciprocals of the 

principal radii of curvature of the surface, The measure of curvature remains unchanged 

bj 3 mere bending of the surface, The excess of the sum of the angles of a geodesic 

triangle is measured bj the area of the corresponding triangle on the 3uxUkrj sphere. 

But in the P3per of 1825 the first six sections, more tli3n one-fifth of the whole p3per, 

take up the consideration of theorems on curvature in a plane, as an introduction, 

before the ideas are used in space ; whereas the Paper of 1827 t3kes up these ide3S 

for sp3ce onlj. Moreover, while Gauss introduces the geodesic polar coordin3tes in 

the Paper of 1825, in the Paper of 1827 he uses the general coordinates, p, q, thus 

introducing a new method, as weU 3S employing the principles used by Monge 3nd 

others. 

The publication of this translation has been made possible bj the Uberalitj of 

the Princeton Librarj Publishing Association and of the Alumni of the Universitj 

who founded the Mathematical Seminarj. 

H. D. Thompson. 

Mathematical Semijtabt, 
Pbincbtok University Libkaky, 

January 29, 1902. 
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OF 
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PRESENTED TO THE ROYAL SOCIETY, OCTOBER 8, 1827 

Investigations, in which the directions of various straight lines in space are to be 

considered, attain a high degree of clearness and simplicity if we emploj, as an auxU-

iarj, a sphere of unit radius described about an arbitrarj centre, and suppose the 

different points of the sphere to represent the directions of straight lines paraUel to 

the radii ending at these points. A s the position of everj point in space is deter­

mined bj three coordinates, that is to saj, the distances of the point from three mutuaUj 

perpendicular fixed planes, it is necessarj to consider, first of all, the directions of the 

axes perpendicular to these planes. The points on the sphere, which represent these 

directions, we shaU denote b j (1), (2), (3). The distance of anj one of these points 

from either of the other two will be a quadrant; 3nd we shall suppose that the direc­

tions of the axes are those in which the corresponding coordinates increase. 

2. 

It wiU be advantageous to bring together here some propositions which are fre­

quently used in questions of this kind. 

I. The angle between two intersecting straight lines is me3sured bj the arc 

between the points on the sphere which correspond to the directions of the lines. 

II. The orientation of anj plane whatever can be represented bj the great circle 

on the sphere, the plane of which is paraUel to the given plane. 
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III. The angle between two planes is equal to the spherical angle between the 

great circles representing them, and, consequentlj, is also measured bj the arc inter­

cepted between the poles of these great circles. And, in like manner, the angle of inclina­

tion of a straight line to a plane is measured b j the arc drawn from the point which 

corresponds to the direction of the line, perpendicular to the great circle which repre­

sents the orientation of the plane. 

IV. Letting x, y, s; %', y'', z' denote the coordinates of two points, r the distance 

between them, and L the point on the sphere which represents the direction of the line 

drawn from the first point to the second, we shaU have 

x'= x + r cos (1)_£ 

y'= y + r cos (2)_£ 

s'= z + r cos (3)2* 

V. From this it foUows at once that, generaUj, 

cos2 (1)L + cos2 (2)L + cos2 (3)Z = 1 

and also, if 2/ denote anj other point on the sphere, 

cos (1)L . cos (1)2/+ cos (2)L . cos (2)2/+ cos (3)Z . cos (3)2/= cos LL'. 

VI. Theorem. If L, L', L", U " denote four points on the sphere, and A the angle 

which the arcs LL', L"L'" make at their point of intersection, then we shall have 

cos L L " . cos L'L'"— cos LL'". cos L'L"= sin LL'. sin L"L'". cos A 

Demonstration. Let A denote also the point of intersection itself, and set 

A L = t, AL'=f, AL"=t", AL'"=t'" 

Then we shaU have 

cos L L " = costf.costf" + sintf sintf" cos A 

cos L'L'"— cos t' cos t'"+ sin f sin f" cos A 

cos LL'" — cos t cos t'"+ sin t sin t'" cos A 

cos L'L" = cos t' cos t" + sin t' sin t" cos A 

and consequentlj, 

cos L L " . cos L'L'"— cos LL'". cos L'L" 

= cos A (cos t cos t" sin t' sin f" + cos f cos if" sin t sin t" 

— cos t cos if" sin t' sin t " — cos if cos t" sin t sin if'") 

= cos A (cos tf sin tf'—sin t cos f) (cos t" sin #"'— sin t" cos tf'") 

= cos A . sin ( f — t) . sin (t'"—t") 

= eosA. sin Z 2 / . sin i"Z'" 
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But as there are for each great circle two branches going out from the point A, 

these two branches form at this point two angles whose sum is 180°. But our analysis 

shows that those branches are to be taken whose directions are in the sense from the 

point L to L', and from the point L" to L'"; and since great circles intersect in two 

points, it is clear tlrat either of the two points csn be chosen arbitrarily. Also, instead 

of the angle A, we can take the arc between the poles of the great circles of which the 

arcs L L', L" L'" are parts. But it is evident that those poles are to be chosen which 

are simUarlj placed with respect to these arcs; that is to saj, when we go from L to 2/ 

and from L" to L'", both of the two poles are to be on the right, or both on the left. 

VII. Let L, L', L" be the three points on the sphere and set, for brevity, 

cos (1)2/ = x, cos (2)2/ = y, cos (3)2/ = z 

oos(l)2/ = »', cos (2)2/=/, cos (3)2/= g' 

cos (1)1/'= x", cos (2)2/'=/', cos (3)2/'= s" 

and also 

x y' s" + af y" z + x" y s' — x y" s' — x' y z" — x" y' z = A 

Let X denote the pole of the great circle of which LL' is a part, this pole being the one 

that is placed in the same position with respect to this arc as the point (1) is with 

respect to the arc (2) (3). Then we shall hsve, bj the preceding theorem, 

y s' — y ' z = cos (1)X . sin (2)(3) . wo. LI/, 

or, because (2)(3) = 90°, 

y z' — y ' z = cos (1)X . simLL', 

and similarly, 

z x'—s' x = cos (2)X . sinLL' 

xy' — x''y— cos (3)\ . sin LL' 

Multiplying these equations by x", y", s" respectively, and adding, we obtain, bj means 

of the second of the theorems deduced in V, 

A = cos X L". sin LL' 

Now there are three cases to be distinguished. First, when L" lies on the great circle 

of which the arc LL' is a part, we shall have \ L " = 90°, and consequentlj, A = 0. 

If L" does not lie on that great circle, the second case will be when L" is on the same 

side as X; the third case when thej are on opposite sides. In the last two cases the 

points L, L', L" wiU form a spherical triangle, and in the second case these points will Ue 

in the same order as the points (1), (2), (3), and in the opposite order in the third case. 
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Denoting the angles of this triangle simplj bj L, L', L" and the perpendicular drawn on 

the sphere from the point L" to the side LL' bj p, we shall have 

sin̂ » = sin 2/. sin L L " = sin 2/. sin 2/ L", 
and 

X 2/'= 90° =f p, 

the upper sign being taken for the second case, the lower for the third. From this 

it foUows that 

± A = sin L. sin LL'. sin L L " = sin 2/. sin LL'. sin L'L" 

= sin L". sin LL". sin L'L" 

Moreover, it is evident that the first case can be regarded as contained in the second or 

third, and it is easilj seen that the expression ± A represents six times the volume of 

the pjramid formed bj the points L, L', L " and the centre of the sphere. Whence, 

finaUj, it is clear that the expression ± i A expresses generally the volume of any 

pjramid contained between the origin of coordinates and the three points whose coor­

dinates are z, y, s ; x', y', z'; x", y", z". 

3. 

A curved surface is said to possess continuous curvature at one of its points A, if the 

directions of aU the straight lines drawn from A to points of the surface at an infinitely 

smaU distance from A are deflected infinitelj little from one and the same plane passing 

through A. This plane is said to touch the surface at the point A. If this condition is 

not satisfied for anj point, the continuity of the curvature is here interrupted, as happens, 

for example, at the vertex of a cone. The following investigations wUl be restricted to 

such surfaces, or to such parts of surfaces, as have the continuity of their curvature 

nowhere interrupted. W e shall onlj observe now that the methods used to determine 

the position of the tangent plane lose their meaning at singular points, in which the 

continuity of the curvature is interrupted, 3nd must lead to indeterminate solutions. 

4. 

The orientation of the tangent plane is most convenientlj studied bj means of the 

direction of the straight line normal to the pkne at the point A, which is also called the 

normal to the curved surface at the point A. W e shall represent the direction of this 

normal b j the point L on the auxiliary sphere, and we shaU set 

cos (1)L = X , cos (2)2: = Y, cos (S)L = Z ; 

and denote the coordinates of the point A bj x, y, z. Also let x + dx, y + dy, z + dz 

be the coordin3tes of 3nother point A' on the curved surfsce; ds its distance from A, 
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which is infinitely small; and finallj, let X be the point on the sphere representing the 

direction of the element A A'. Then we shall have 

dx = ds. cos (1)X, dy = ds. cos (2)X, dz = ds. cos (3)X 

and, since X L must be equal to 90°, 

X cos (1)X + Zoos (2)X + Z cos (3)X = 0 

B j combining these equations we obtain 

X d x + Y d y + Z d z ^ O . 

There are two general methods for defining the nature of a curved surface. The 

first uses the equation between the coordinates x, y, z, which we m a j suppose reduced to 

the form W = 0, where W wiU be a function of the ̂ determinates x, y, z. Let the com­

plete differential of the function W be 

d W = P dx + Q dy + R dz 

and on the curved surface we shaU have 

P dx + Q dy + R dz = 0 

and consequentlj, 

P cos (1)X + Q cos (2)X + R cos (3)X = 0 

Since this equation, as weU as the one we have est3bUshed 3bove, must be true for the 

directions of 3U elements ds on the curved surfsce, we essilj see that X , Y, Z must be 

proportional to P, Q, R respectivelj, and consequentlj, since 

X 2 + Y 2 + Z 2 = l , 

we shaU have either 

_ P Q __ R 
X _ / / 7)2 I 7l2 i 7)2\' Y _ / /• 7)2 . I._ r& I D2\' •" V {P2+ Q2 + R2) " V (P2 + Q2+R2) " V (P2 + <At + Rf) 

or 

_ — P _ — Q „ _ — R 
X • • _ / / T>2 I y-12 I 7>2\' Y V (P2 + Q2 + R2) ' V (P2 + Q2 + R2) V (P2 + Q2 + R2) 

The second method expresses the coordinates in the form of functions of two varia­

bles, p, q. Suppose that differentiation of these functions gives 

dx = a dp + a' dq 

dy = b dp + V dq 

dz = e dp + c' dq 
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Substituting these values in the formuk given above, we obtain 

( a X + b Y + c Z ) d p + {a' X + b ' Y + c ' Z)dq = Q 

Since this equation must hold independentlj of the values of the differentials dp, dq, 

we evidentlj shaU have 

a X + b Y + c Z = 0 , a'X+b' Y+c' Z = 0 

From this we see that X, Y, Z wiU be proportioned to the quantities 

be' — cb', ca' — ac', aV — ba' 

Hence, on setting, for brevity, 

iA((bc' — cb')2 + (ca' — ac'f+ (ab' — ba')2) = A 

we shaU have either 

_bc' — cb' -ir_ca'—ac> rr — aV—ba' 
X - ^ , Y - ^ , Z - ^ 

or 

_ cb' — be' v—ac' — ea> rz—ba>—aV 
X - ^ , Y - ^ , Z - ^ — 

With these two general methods is 3ssociated a third, in which one of the coordinates, 

s, saj, is expressed in the form of a function of the other two, x, y. This method is 

evidentlj onlj a particular case either of the first method, or of the second. If we set 

dz = tdx + udy 
we shaU have either 

— t ^ — u ~ 1 
' Y = „-, , * , „„> Z = x -

y -
*A. 

V(l + f + u2) 

t I 

V (1 + t2 + u2) 

i/( 1 + t2 + u2) " V (1 + f + u2) 
or 

u _ — 1 

(' " ~" V (1 + f + U2)' Z ~ V (1 + f + M2] 

5. 

The two solutions found in the preceding article evidentlj refer to opposite points of 

the sphere, or to opposite directions, as one would expect, since the normal maj be drawn 

toward either of the two sides of the curved surface. If we wish to distinguish between 

the two regions bordering upon the surface, and call one the exterior region and the other 

the interior region, we can then assign to each of the two normals its appropriate solution 

bj aid of the theorem derived in Art. 2 (VII), and at the same time establish a criterion 

for distinguishing the one region from the other. 
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In the first method, such a criterion is to be drawn from the sign of the quantity W. 

Indeed, generaUj spe3king, the curved surface divides those regions of space in which W 

keeps a positive value from those in which the value of IF becomes neg3tive. In fact, it 

is easUj seen from this theorem that, if W takes a positive value toward the exterior 

region, and if the normal is supposed to be drawn outwardlj, the first solution is to be 

taken. Moreover, it will be easj to decide in anj case whether the same rule for the 

sign of W is to hold throughout the entire surface, or whether for different parts there 

wiU be different rules. As long as the coefficients P, Q, R li3ve finite values and do not 

aU vanish at the same time, the law of continuity will prevent anj change. 

If we foUow the second method, we can imagine two sjstems of curved lines on the 

curved surface, one sjstem for which p is variable, q constant; the other for which q is 

variable, p constant. The respective positions of these lines with reference to the exte­

rior region wiU decide which of the two solutions must be taken. In fact, whenever 

the three lines, n3melj, the branch of the line of the former system going out from the 

point A as p increases, the branch of the line of the latter sjstem going out from the point 

A as q increases, and the normal drawn toward the exterior region, are similarly placed as 

the x, y, z axes respectivelj from the origin of abscissas (e. g., if, both for the former 

three Unes and for the latter three, we can conceive the first directed to the left, the 

second to the right, and the third upward), the first solution is to be taken. But when­

ever the relative position of the three lines is opposite to the relative position of the 

x, y, z axes, the second solution wUl hold. 

In the third method, it is to be seen whether, when z receives a positive increment, x 

and y remaining constant, the point crosses toward the exterior or the interior region. 

In the former C3se, for the normal drawn outward, the first solution holds; in the latter 

case, the second. 

6. 

Just as each definite point on the curved surface is made to correspond to a definite 

point on the sphere, bj the direction of the normal to the curved surface which is trans­

ferred to the surface of the sphere, so also anj line whatever, or anj figure whatever, on 

the latter wiU be represented bj a corresponding Une or figure on the former. In the 

comparison of two figures corresponding to one another in this waj, one of which will be 

as the map of the other, two important points are to be considered, one when quantity 

alone is considered, the other when, disregarding quantitative relations, position alone 

is considered. 

The first of these important points will be the basis of some ideas which it seems 

judicious to introduce into the theorj of curved surfaces. Thus, to each part of a curved 
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surface inclosed within definite limits we assign a total or integral curvature, which is 

represented bj the area of the figure on the sphere, corresponding to it. From this 

integral curvature must be distinguished the somewhat more specific curvature which we 

shaU caU the measure of curvature. The latter refers to a point of the surface, and shaU 

denote the quotient obtained when the integral curvature of the surface element about 

a point is divided bj the area of the element itself; and hence it denotes the ratio of the 

infinitely small areas which correspond to one another on the curved surface and on the 

sphere. The use of these innovations wiU be abundsntly justified, as we hope, bj what 

we shaU explain below. As for the terminologj, we have thought it especially desirable 

that all ambiguity be avoided. For this reason we have not thought it advantageous to 

foUow strictlj the analogj of the terminology commonlj adopted (though not approved bj 

aU) in the theor j of plane curves, according to which the measure of curvsture should be 

caUed simplj curvature, but the total curv3ture, the 3mplitude. But w h j not be free in 

the choice of words, provided thej are not meaningless and not Uable to a misleading 

interpretation ? 

The position of a figure on the sphere can be either similar to the position of the 

corresponding figure on the curved surface, or opposite (inverse). The former is the case 

when two lines going out on the curved surface from the same point in different, but not 

opposite directions, are represented on the sphere bj Unes similarly placed, that is, when 

the map of the Une to the right is 3lso to the right; the latter is the case when the con­

trary holds. W e shaU distinguish these two cases bj the positive or negative sign of the 

measure of curvature. But evidentlj this distinction can hold onlj when on each surface 

we choose a definite face on which we suppose the figure to lie. O n the auxUiarj sphere 

we shaU use 3lways the exterior face, that is, that turned awaj from the centre; on the 

curved surface also there m a j be taken for the exterior face the one alreadj considered, 

or rather that face from which the normal is supposed to be drawn. For, evidentlj, there 

is no change in regard to the similitude of the figures, if on the curved surface both the 

figure and the normal be transferred to the opposite side, so long as the image itself 

is represented on the same side of the sphere. 

The positive or negative sign, which we assign to the measure of curvature accord­

ing to the position of the infinitely smaU figure, we extend also to the integral curvature 

of a finite figure on the curved surfiice. However, if we wish to discuss the general case, 

some explanations will be necessary, which we can onlj touch here briefly. So long 

as the figure on the curved surface is such that to distinct points on itself there corres­

pond distinct points on the sphere, the definition needs no further explanation. But 

whenever this condition is not satisfied, it will be necess3ry to tske into account twice 

or several times certain parts of the figure on the sphere. Whence for a simUar, or 
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inverse position, may arise an accumulation of areas, or the areas may partiaUj or 

whollj destroj each other. In such a case, the simplest w a j is to suppose the curved 

surf3ce divided into parts, such that each part, considered separatelj, satisfies the above 

condition; to assign to each of the parts its integral curvature, determining this magni­

tude bj the area of the corresponding figure on the sphere, and the sign bj the posi­

tion of this figure; and, finaUj, to assign to the total figure the integral curvature 

arising from the addition of the integral curvatures which correspond to the single parts. 

So, generaUj, the integral curvature of a figure is equal to fkdcr, der denoting the 

element of area of the figure, and k the measure of curvature at anj point. The prin­

cipal points concerning the geometric representation of this integral reduce to the fol­

lowing. To the perimeter of the figure on the curved surface (under the restriction 

of Art. 3) wiU correspond alwajs a closed line on the sphere. If the latter nowhere 

intersect itself, it wiU divide the whole surface of the sphere into two parts, one of 

which wUl correspond to the figure on the curved surface; and its area (taken as 

positive or negative according as, with respect to its perimeter, its position is similar, 

or inverse, to the position of the figure on the curved surface) wiU represent the inte­

gral curvature of the figure on the curved surface. But whenever this Une intersects 

itself once or several times, it wiU give a compUcated figure, to which, however, it is 

possible to assign a definite are3 as legitimately as in the case of a figure without 

nodes; and this are3, properly interpreted, wiU give always an exact value for the 

integral curvature. However, we must reserve for 3nother occasion the more extended 

exposition of the theory of these figures viewed from this very general standpoint. 

7. 

W e shaU now find a formula which wiU express the measure of curvature for 

any point of a curved surface. Let da- denote the area of an element of this surf3ce; 

then Z d a wiU be the 3rea of the projection of this element on the plane of the coor­

dinates x, y; and consequently, if d % is the area of the corresponding element on the 

sphere, Zd\% wiU be the area of its projection on the same plane. The positive or 

negative sign of Z w U L in fact, indicate that the position of the projection is similar or 

inverse to that of the projected element. Evidently these projections Imve the S3me 

ratio as to quantity 3nd the same relation as to position as the elements themselves. 

Let us consider now 3 triangular element on the curved surface, and let us suppose 

that the coordinates of the three points which form its projection are 

*> y 
x + dx, y + dy 
x + ox, y + oy 



12 K A R L FRIEDRICH GAUSS 

The double area of this triangle wiU be expressed by the formula 

dx .oy — dy . 8* 

and this wUl be in a positive or negative form according as the position of the side 

from the first point to the third, with respect to the side from the first point to the 

second, is similar or opposite to the position of the y-axis of coordinates with respect 

to the £-axis of coordinates. 

In like manner, if the coordinates of the three points which form the projection of 

the corresponding element on the sphere, from the centre of the sphere as origin, are 

X, Y 

X + d X , Y + d Y 

X + o X , Y + o Y 

the double area of this projection wiU be expressed by 

d X . S Y - d Y . 8 X 

and the sign of this expression is determined in the same manner as above. Where­

fore the measure of curvature 3t this point of the curved surface will be 

k d X . o Y — d Y . o X 

dx. oy—dy.ox 

If now we suppose the nature of the curved surface to be defined according to the third 

method considered in Art. 4, X and Y wiU be in the form of functions of the quanti­

ties x, y. W e shall have, therefore, 

d X = -z— dx + -5— dy 
dx dy a 

BX^-^Sx + j^Sy 

37 37 
d Y 3= -y— dx + v~ d 1/ 

dx °y 
3 7 ,37 

8 7 - yt-oxA- ir-oy 
dx dy * 

When these values have been substituted, the above expression becomes 
d X 3 7 d X 3 7 

k 
dx dy dy dx 

http://dX.SY-dY.8X
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Setting, as above, 

and also 

CZ _ , dz _ 

dx dy 

dx2 ' dx.dy ' dy2 v 

or 

or 

dt = Tdx + Udy, du = U d x + V d y 

we have from the formulae given above 

X = - t Z , Y = - u Z , {l+f+u2)Z2=l 
and hence 

d X = - Z d t — t d Z 

d Y = — Z d u — u d Z 

{l + f+u2)dZ+Z{tdt + udu) = 0 

dZ=—Z3(tdt + udu) 

d X = - Z 3 (1 + O dt + Z H u d u 

d Y = + Z3tudt—Z3 (1 + f) du 

d-^ = Z3(—(1 + u2) T+ tu U) 

~-=Z3{-(l + u2)U+tuV) 

^ = Z*(tuT-(l + f)U) 

•^=Z*(tuU-(l + f)V) 

Substituting these values in the above expression, it becomes 

k = Z% (T V — U2) (1 + f + u2)=Z* (T V — U2) 

T V — U 2 

and so 

(1 + t + w2)2 

8. 

By a suitable choice of origin and axes of coordinates, we can easily make the 

values of the quantities t, u, U vanish for a definite point A. Indeed, the first two 
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conditions wiU be fulfilled at once if the tangent plane at this point be taken for the 

*y-plane. If, further, the origin is placed at the point A itself, the expression for 

the coordinate z evidently takes the form 

e = i T°x* + U°xy + i V°y2+ a 

where O wiU be of higher degree than the second. Turning now the axes of x and y 

through an angle M such that 
9 77° 

tan 2 if = J „ 
T° V° 

it is e3sily seen that there must result an equation of the form 

z = i Tx2 + i Vy2 + n 

In this way the third condition is also satisfied. W h e n this has been done, it is evi­

dent that 

I. If the curved surface be cut by a plane passing through the normal itself and 

through the *-axis, a plane curve wiU be obtained, the radius of curvature of which 

3t the point A wiU be equal to -^, the positive or negative sign indicating that the 

curve is concave or convex toward that region toward which the coordinates z are 

positive. 

II. In like manner =. wiU be the radius of curvature at the point A of the plane 

curve which is the intersection of the surface and the plane through the y-axis and 

the 0-axis. 

III. Setting x = r cos <j>, y — r sin $, the equation becomes 

s = i (T cos2 <f> + V sin2 <£) r2 + fi 

from which we see that if the section is made by a plane through the normal at A 

and making an angle <£ with the *-axis, we shaU have a plane curve whose radius of 

curvature at the point A wiU be 

1 

T c o s ^ + Fsin5^ 

IV. Therefore, whenever we have T = V, the radn of curvature in all the normal 

planes will be equal. But if T and V are not equal, it is evident th3t, since for any 

value whatever of the angle <£, T cos2 <£ + V sin2 <£ falls between T and V, the radii of 

curvature in the principal sections considered in I. and II. refer to the extreme curva­

tures ; that is to say, the one to the maximum curvature, the other to the minimum, 
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if T and V have the same sign. On the other hand, one has the greatest convex 

curvature, the other the greatest concave curvature, if T and V have opposite signs. 

These conclusions contain almost all that the Ulustrious Buler was the first to prove 

on the curvature of curved surfaces. 

V. The measure of curvature at the point A on the curved surface takes the 

very simple form 

k = TV, 

whence we have the 

Theorem. The measure of curvature at any point whatever of the surface is equal to a 

fraction whose numerator is unity, and whose denominator is the product of the two extreme 

radii of curvature of the sections by normal planes. 

At the same time it is clear that the measure of curvature is positive for con­

cavo-concave or convexo-convex surfaces (which distinction is not essential), but nega­

tive for concavo-convex surfaces. If the surface consists of parts of each kind, then 

on the lines separating the two kinds the measure of curvature ought to vanish. Later 

we shaU make a detailed study of the nature of curved surfaces for which the meas­

ure of curvature everywhere vanishes. 

9. 

The general formula for the measure of curvature given at the end of Art. 7 is 

the most simple of aU, since it involves only five elements. W e shaU arrive at a 

more compHcated formula, indeed, one involving nine elements, if we wish to use the 

first method of representing a curved surf3ce. Keeping the notation of Art. 4, let us 

set also 

dx2 ~P > dy2 ~~Q > dz2 ~R 

d2W d2W d2W 
'/L_=pn . " = qii = R " 

dy .dz ' dx.dz ' dx.dy 
so that 

d P = P' dx + R" dy + Q" dz 

d Q = R " d x + Q ' d y + P " d z 

d R = Q" dx + P"dy + R ' dz 

P 
Now since t — — •„, we find through differentiation 

R?dt = -RdP + PdR=(P Qf'—RP') dx + {PP"—RR") dy + (PR'—R Q") dz 
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or, eliminating dz by means of the equation 

P d x + Q d y + R d z ^ O , 

R3dt=(—R*P'+2PRQ"—P*R>)dx + ( P R P " + QRQ"—PQR'—R2R")dy. 

In like manner we obtain 

Rrdu = ( P R P " + QRQ"—PQR'—R*R")dx+{—R2Q'+2 QRP"—Q*R')dy 

From this we conclude that 

R A T = — mP'-\-2PRQ"—P2R' 

R 3 U = P R P " + Q R Q " — P Q R ' - R 2 R " 

R3V=—R2Q'+2 QRP"-Q2R' 

Substituting these values in the formula of Art. 7, we obtain for the measure of curv­

ature k the foUowing symmetric expression: 

(P2+ Q2+R2)2k=P2(Q'R'-P"2) + Q2(P'R'-Q"2) +R2(P'Q'-R"2) 

+ 2 Q R { Q " R " ~ P ' P " ) + 2P R ( P " R " - Q ' Q " ) + 2 P Q ( P " Q " - R ' R " ) 

10. 

W e obtain a stUl more complicated formula, indeed, one involving fifteen elements, 

if we foUow the second general method of defining the nature of a curved surface. It 

is, however, very important that we develop this formula also. Retaining the nota­

tions of Art. 4, let us put also 

tl- d*x > d-Al- " 
df~~a> dp.dq~a' dq2~a 

dp2~~"> dp.dq~P> dq2~P 

d2Z d23 . d2Z 

and let us put, for brevity, 

dp2 y> dp.dq 7' dq2 J 

First we see that 

or 

bc'-cb'=A 

ca'—ac'=B 

ab'—la'=C 

Adx+Bdy+Ods = 0, 

Tjdx— ~?j dy. 
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Thus, inasmuch as z may be regarded as a function of x, y, we have 

dx~*~ G 

dz_ 2? 

d y - u ~ 0 

Then from the formulae 

dx = adp + a' dq, dy =" b dp + b' dq, 

we have 
Cdp = J' J* — a' 6?̂  

C Ji? = — b dx + a dy 

Thence we obtain for the total differentials of t, u 

C3dt= ( A/zAA-.- C—\ (b'dx-a'dy) + ( C— _Al£) 0> dx~a dy) 
\ dp dp' \ d q dq r 

C3du = Ib1£— 0—) (Vdx - a' dy) + ( O— -B—) (bdx-a dy) 
\ dp dp' \ d q dq f 

If now we substitute in these formulae 

d^ = c'/S+by'-c/B'-b'y 

d^ = c'P+by"-e/2"-b'y 

dB 
-x— = a'y + ca' — ay' — c' a 

^- = a'y'+c a"~ a y"~ c' a' 

dO 
y - = V a + a /3' — b a' - a' 0 

Y~ = V a'+ a 0"— b a"- a' & 

and if we note that the values of the differentials dt, du thus obtained must be equal, 

independently of the differentials dx, dy, to the quantities T d x + U d y , U d x + V d y 

respectivelj, we shaU find, after some sufficientlj obvious transformations, 

C3 T=aAb'2+pBb'2+ y Ob'2 

- 2 a' Abb'-2/3'BIV— 2y' CbV 

+ a"Ab2A-p"Bb2+y"Cb2 
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CZU=—aAa'V—$Ba'b'-yCa'b' 

+ a'A(ab'+ ba')+ P'B(ab'+ba') + y' 0(ab' + ba') 

— a"Aab — f3"Bab-y" Cab 

C3V=aAa'2+pBa'2+yCa'2 

~2a'Aaa'—2t3'Baa'-2y'Caa' 

+ a"Aa2+,3"Ba2+y"Ca2 

Hence, if we put, for the sake of brevity, 

A a + B p + 0 y = D (1) 

A a' +B/B' + C y ' = D ' (2) 

A a " + B p " + C y " = L > " (3) 
we shaU have 

C3 T = D V 2 — 2 D' b b' + B " b2 

C* U = - B a ' b ' + B' (ab'+ ba') - D " ab 

03 V = D a'2-2 D' aa' + B " a2 

From this we find, after the reckoning has been carried out, 

C6 ( T V - U 2 ) = (DD"-D'2) {ab'-ba'f = (DD"-D'2) C2 

and therefore the formula for the measure of curvature 

D D " — D ' 2 

k ~ j A r + W + C 2 Y 

11. 

By means of the formula just found we are going to establish another, which maj 

be counted among the most productive theorems in the theory of curved surfaces. 

Let us introduce the following notation : 

a2+b2+c2=B 

aa'+bb'+cc'=F 

a'2+b'2+c'2=G 

a a + b fi + c y = to (4) 

a a ' + b p + e y = m ' (5) 

a a"+b p"+c y " = m " (6) 
a'a +b',3 A-c'y = n (7) 

a'a' +b'/3' + c ' y = n ' . . . (8) 

a'a"+b'P"+c'y"=n" . . (9) 
A2 + B2 + C 2 = E G — F 2 = A 
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Let us eliminate from the equations 1, 4, 7 the quantities /8, y, which is done by 

multiplying them by be'—cb', b'C—c'B, cB — b 0 respectively and adding. In this 

way we obtain 

(A(bc'-cb') + a(b'C-c'B) + a'(cB-bC))a 

= D(bc'-cb') + m(b'C-c'B) + n(cB-bC) 

an equation which is easily transformed into 

A D = aA-\- a ( n F — m G ) + a' ( m F — n E ) 

Likewise the elimination of a, y or a, ft from the same equations gives 

B D = /3A + b{nF — m G ) + b' ( m F — nE) 

C D = y A + c ( n F — m G ) + c' { m F — n E ) 

Multiplying these three equations by a", /Q", y" respectively and adding, we obtain 

D D " = ( a a " + P p " + y y " ) A + m " ( n F - m G ) + n " { m F - n E ) . . . (10) 

If we treat the equations 2, 5, 8 in the same way, we obtain 

A D ' = a'A+a (n'F—m'G) + a' (m'F-n'E) 

B D ' = $'A+b (n'F- m! G) + b' (m'F-n'E) 

CD' = y'A+ c (n'F — m ' G ) + c' (m'F-n'E) 

and after these equations are multiplied by a', /3', y' respectively, addition gives 

D'2= (a'2+ P'2+ y'2) A + m' (n'F-m' G) + n'(m'F-n'E) 

A combination of this equation with equation (10) gives 

DD"-D'2=(aa"+pP"+yy"-a'2-p2-y'2)A 

+ E(n'2—nn") + F ( n m " — 2 m'n'+ mn") + G(m'2—mm") 

It is clear that we have 

d E n d E n , 3F dF „ , , dG n , dG n „ 
_ _ = 2w, -^r = 2 m , — = m + n , — = „ " + » ' , -g£- = 2»', ~ ^ ^ n " , 

or 
.dE , .3J „ dF dG 

dp dq dq dp 

_ d F d E ,_ dG „ dG 

dp dq dp dq 

Moreover, it is easily shown that we shall have 

aa" + ̂ " + Yy"-a'2-(3'2-Y'2=p-d/=dm" 3w' 
dq dp dp dq 

d2E 32P d2G 

dq2 dp.dq dp2 
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If we substitute these different expressions in the formula for the measure of curva­

ture derived at the end of the preceding article, we obtain the following formula, whioh 

involves only the quantities E , F, G and their differential quotients of the first and 

second orders : 

\dq dq dp dq \ dp' / 

\ dp ' dq dq ' dp dq ' dq dp ' dq dp ' dp) 

( d E 3 £ _ d E W + i M \ \ _ 2 ( J s r _ m < ^ 2 ^ + ™ \ 
^ ^ \ d p dp A dp - d q + \ d q ) ) ^ E Q F>\dq2 ^dp.dq^dp2) 

12. 

Since we always have 

da?+ dy2+ dz2 = Edp2+ 2 F d p . dq+ G dq2, 

it is clear that 

V(Edp2Jr 2 F d p . dq+Gdq2) 

is the general expression for the linear element on the curved surface. The analysis 

developed in the preceding article thus shows us that for finding the measure of cur­

vature there is no need of finite formulae, which express the coordinates x, y, z as 

functions of the indeterminates p, q ; but that the general expression, for the magnitude 

of any linear element is sufficient. Let us proceed to some applications of this very 

important theorem. 

Suppose that our surface can be developed upon another surface, curved or plane, 

so that to each point of the former surface, determined by the coordinates x, y, z, wiU 

correspond a definite point of the latter surface, whose coordinates are x', y', z'. Evi­

dently x', y', z' can also be regarded as functions of the indeterminates p, q, and there­

fore for the element V(dx/2+ dy'2+ dz'2) we shall have an expression of the form 

y/(E'dp2+ 2F'dp.dq+ G'dq2) 

where E', F', G' also denote functions of p, q. But from the very notion of the devel­

opment of one surface upon another it is clear that the elements corresponding to one 

another on the two surfaces are necessarily equal. Therefore we shaU have identicallj 

E = E ' , F=F', G = G'. 

Thus the formula of the preceding article leads of itself to the remarkable 

Theorem. If a curved surface is developed upon any other surface whatever the 

measure of curvature in each point remains unchanged. 
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Also it is evident that any finite part whatever of the curved surface will retain the 

same integral curvature after development upon another surface. 

Surfaces developable upon a plane constitute the particular case to which geom­

eters have heretofore restricted their attention. Our theorj shows at once that the 

measure of curvature at everj point of such surfaces is equal to zero. Consequentlj, 

if the nature of these surfaces is defined according to the third method, we shall have 

at everj point 
d2z d2z I d2s \2 

dx2 ' dy2 \dx.dyf 

a criterion which, though indeed known a short time ago, has not, at least to our 

knowledge, commonlj been demonstrated with as much rigor as is desirable. 

13. 

What we have explained in the preceding article is connected with a particular 

method of studjing surfaces, a verj worthj method which m a j be thoroughlj devel­

oped bj geometers. W h e n a surface is regarded, not as the boundarj of a solid, but 

as a flexible, though not extensible solid, one dimension of which is supposed to 

vanish, then the properties of the surface depend in part upon the form to which we 

can suppose it reduced, and in part are absolute and remain invariable, whatever m a j 

be the form into which the surface is bent. To these latter properties, the studj of 

which opens to geometrj a new and fertile field, belong the measure of curvature and 

the integral curvature, in the sense which we h3ve given to these expressions. To 

these belong also the theorj of shortest lines, and a great part of what we reserve to 

be treated later. From this point of view, a plane surface and a surface developable 

on a plane, e. g., cjlindrical surfaces, conical surf3ces, etc., are to be regarded as essen-

tiaUj identical; and the generic method of defining in a general manner the nature of 

the surfaces thus considered is alwajs based upon the formula 

V(Edp2+ 2 Fdp .dq + Gdq2), 

which connects the Unear element with the two indeterminates p, q. But before fol­

lowing this studj further, we must introduce the principles of the theorj of shortest 

lines on a given curved surface. 

14. 

The nature of a curved line in space is generaUj given in such a w a j that the 

coordinates x, y, z corresponding to the different points of it are given in the form of 

functions of a single variable, which we shall caU w. The length of such a line from 

file:///dx.dyf
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an arbitrary initial point to the point whose coordinates are x, y, z, is expressed bj 
the integral 

/H((0+(^r+©*) 

If we suppose that the position of the line undergoes an infinitely small variation, so 

that the coordinates of the different points receive the variations hx, hy, hz, the varia­
tion of the whole length becomes 

'dx .dhx-\-dy .dhy + dz.dBz 

\A(dx2+dy2+dz2) 

which expression we can change into the form 

dx . hx + dy .By + ds . hz 

V (dx'Ar dy2+ dz2) 

rt dx dy dz \ 

~ J \8x-dV(dx2+dy2+dz2) +b^/-dV/(dx2+dy2+dz2) +bs -d V(dx2+ dy2+ dz2)) 

W e know that, in case the line is to be the shortest between its end points, aU that 

stands under the integral sign must vanish. Since the line must lie on the given 

surface, whose nature is defined by the equation 

Pdx + Qdy+Rdz = 0, 

the variations Sx, hy, Sz also must satisfy the equation 

PSx + QSy+RSz = 0, 

and from this it foUows at once, according to weU-known rules, that the differentials 

dx dy dz 

V(dx2+dy2+dz2y u'V(dz2+dy2Jrdz2y w V(da?+dy2+dz2) 

must be proportional to the quantities P, Q, R respectively. Let dr be the element 

of the curved line; X the point on the sphere representing the direction of this ele­

ment ; L the point on the sphere representing the direction of the normal to the curved 

surface; finally, let £, in, £ be the coordinates of the point X, and X, 7, Z be those of 

the point L with reference to the centre of the sphere. W e shaU then have 

dx — gdr, dy = r)dr, dz — ^dr 

from which we see that the above differentials become dg, dr), dt,. And since the 

quantities P, Q, R are proportional to X, 7, Z, the character of shortest lines is 

expressed by the equations 
dl; dt\ dt, 

~ X ~ 7 = ~ Z 
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Moreover, it is easUy seen that 

V(dg2+dv2+dC) 

is equal to the smaU arc on the sphere which measures the angle between the direc­

tions of the tangents at the beginning 3nd at the end of the element dr, and is thus 

ft T 
equal to —•> if p denotes the radius of curvature of the shortest line at this point. 

Thus w e shall have 

p d g = X d r , pdr) = Ydr, p d t , = Z d r 

15. 

Suppose that 3n infinite number of shortest lines go out from 3 given point A 

on the curved surface, and suppose that we distinguish these Unes from one another 

by the angle that the first element of each of them makes with the first element of 

one of them which we take for the first. Let <£ be that angle, or, more generaUy, a 

function of that angle, and r the length of such a shortest line from the point A to 

the point whose coordinates are x, y, z. Since to definite Values of the variables r, <f> 

there correspond definite points of the surface, the coordinates x, y, z can be regarded 

as functions of r, <j>. W e shall retain for the notation %, L, g, r/, £, X , 7, Z the ssme 

meaning as in the preceding article, this notation referring to any point whatever on 

any one of the shortest lines. 

A U the shortest Unes that 3re of the S3me length r will end on another Une 

whose length, measured from an 3rbitrary initial point, we shaU denote by v. Thus v 

can be regarded as a function of the indeterminates r, <f>, and if X' denotes the point 

on the sphere corresponding to the direction of the element dv, and also £', rj,' £' 

denote the coordinates of this point with reference to the centre of the sphere, we 

shaU have 

dx__£/ dv dy _ f dv dz _ dv 

d4>~^"d^' d~$~~^"dtf dE$T^'d$ 

From these equations and from the equations 

we have 

d x _ £ dy _ dz_ 

dr dr ^' dr 

dx dx dy dy dz dz lttlJ_ ,, y m dv vW dv 
Yr ' H + d?' V^Tr • H =(^'+^,+ U ' ) - ^ = cosXX'-^ 
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Let g denote the first member of this equation, which wiU also be a function of r, <£. 
Differentiation of g with respect to r gives 

d^ = d^xdx djjdy d^zdz , d\(^) +\S + W/ ) 

dr dr2'd^ dr^'d^ d r 2 ' ! ^ ^ d j T 

But 

S ! 3 z 3 7 , 3 j / 3 r , 3 z x 3(g2+772+r) 

dr d$ dr 3<£ + dr'd<j> + v 3e£ 

e + ^ + c ^ i , 

and therefore its differential is equal to zero ; and by the preceding article we have, 

if p denotes the radius of curvature of the Une r, 

H ^ X a-r?__7 H _ z _ 
dr p dr p' dr p 

Thus we have 

™=±.(Xg + Yr}'+Zn.^- = l.cosL\'.^i = 0 
dr p dtp p d<f> 

since X' evidently Kes on the great circle whose pole is L. From this we see that 

g is independent of r, and is, therefore, a function of <f> alone. But for r = 0 we evi-

dv 
dently have v = 0, consequently ̂ r = 0, and g = 0 independently of <j>. Thus, in general, 

we have necessarily g — 0 , and so cos XX'=0, i. e., \\'= 90°. From this foUows the 

Theorem. If on a curved surface an infinite number of shortest lines of equal length 

be drawn from the same initial point, the lines joining their extremities will be normal to 

each of the lines. 

W e have thought it worth whUe to deduce this theorem from the fundamental 

property of shortest Unes ; but the truth of the theorem can be made apparent with­

out any calculation by means of the following reasoning. Let A B , A B ' be two 

shortest Unes of the same length including at A an infinitely smaU angle, and let us 

suppose that one of the angles made by the element B B ' with the Unes B A , B'A 

differs from a right angle by a finite quantity. Then, by the law of continuity, one 

wiU be greater and the other less than a right angle. Suppose the angle 3t B is 

equal to 90°—a, and take on the Une A B 3 point C, such that 

B O = B B ' . cosec a>. 

Then, since the infinitely smaU triangle BB'Cma,y be regarded as plane, we shaU have 

CB' = B C . cos o>, 
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and consequently 

A C + C B ' = A C + B C . cos a> -=AB - B C . (1 - cos co) = A B ' - B 0 . ( 1 - cos co), 

i. e., the path from A to B' through the point C is shorter than the shortest Une, 

Q. E. A. 

16. 

With the theorem of the preceding article we associate another, which we state 

as foUows : If on a curved surface we imagine any line whatever, from the different points 

of which are drawn at right angles and toward the same side an infinite number of shortest 

lines of the same length, the curve which joins their other extremities will cut each of the 

lines at right angles. For the demonstration of this theorem no change need be made 

in the preceding analysis, except that cj> must denote the length of the given curve 

measured from an arbitrary point; or rather, a function of this length. Thus aU of 

the reasoning wiU hold here also, with this modification, that # = 0 for r = 0 is 

now impUed in the hypothesis itself. Moreover, this theorem is more general than 

the preceding one, for we can regard it as including the first one if we take for the 

given Une the infinitely smaU circle described about the centre A. FinaUy, we may 

say that here also geometric considerations may take the place of the analysis, which, 

however, we shaU not take the time to consider here, since they are sufficiently 

obvious. 

17. 

W e return to the formula 

V(Bdp2+ 2 F d p . dq +_G dq2), 

which expresses generaUy the magnitude of a Unear element on the curved surface, 

and investigate, first of aU, the geometric meaning of the coefficients E, F, G. W e 

have alre3dy said in Art. 5 that two systems of lines may be supposed to Ue on the 

curved surface, p being variable, q constant along each of the Unes of the one system; 

and q varkble, p const3nt along each of the Unes of the other system. Any point 

whatever on the surface can be regarded as the intersection of a Une of the first 

system with a Une of the second; and then the element of the first Une adjacent to 

this point and corresponding to a variation dp wiU be equal to V'E. dp, and the 

element of the second line corresponding to the variation dq wiU be equal to V G. dq. 

FinaUy, denoting by co the angle between these elements, it is easUy seen that we 

shall have 
F 

C0SQ,=Veg' 
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Furthermore, the area of the surface element in the form of a paraUelogram between 

the two Unes of the first system, to which correspond q, q + dq, and the two Unes of 

the second system, to which correspond p, p + dp, wiU be 

V(EG-F2)dp.dq. 

Any Une whatever on the curved surface belonging to neither of the two sys­

tems is determined when p and q are supposed to be functions of a new variable, or 

one of them is supposed to be a function of the other. Let s be the length of such 

a curve, measured from an arbitrary initial point, and in either direction chosen as 

positive. Let 6 denote the angle which the element 

ds = \A(Edp2+ 2 Fdp . d q + G dq2) 

makes with the Une of the first system drawn through the initial point of the ele­

ment, and, in order that no ambiguity may arise, let us suppose that this angle is 

measured from that branch of the first Une on which the values of p increase, and is 

taken as positive toward that side toward which the values of q increase. These con­

ventions being made, it is easily seen that 

cos 6 .ds — VE. dp + V G . cos co .dq = /w—-

. a , /n . , V(EG-F2).dq 
sin 6 . ds — V G . sin co . dq = — i — ' 3 

y Mi 

18. 

We shaU now investigate the condition that this Une be a shortest Une. Since 

its length s is expressed by the integral 

s =Jy/(Edp2+ 2 Fdp .dq+G dq2) 

the condition for a minimum requires that the variation of this integral arising from 

an infinitely small change in the position become equal to zero. The calculation, for 

our purpose, is more simply made in this case, if we regard p as a function of q. 

When this is done, if the variation is denoted by the characteristic 8, we have 

JfiJL . dp2 + 2?J-.dp.dq + ^. dq2\ Sp + (2 E dp + 2 F dq) dSp 

~* E \ds 

^Edp+Fdq g 

ds 
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//rlfl.dp2 + 2~'dp.dq + ^-.dq2 \ 
[ d p ^ ' d p * ^ dp j E d p + F d g ) 

F \ 2 ds ds t 

and we know that what is included under the integral sign must vanish independently 

of Sp. Thus we have 

dE 
. d p 2 + 2 d J L . d p . d q + ™ . d q 2 = 2 d s . d E d P t F d q 

dp dp dp ds 

= 2 ds.d.VE .co&d 

ds.dE.cosd 0 j ja , v . Q 
= — — 2 ds . d 0 - V E . sin 6 

V E 
= ( E d p + F d q ) d E _ V { E a _ dQ 

E 

= {EdPyd*).j^.dp+d-A.dg)-2V(EG-F2). dq.dO 

This gives the foUowing conditional equation for a shortest Une : 

• (**-i.r«_£.f£.* + J.f «.,, + !..£.,, 

dF , 1 dG j 
dp — dq 

dp r 2 dp y 
which can also be written 

^fl,-')-«"-5-T-" + 5-|f-*-^-*-S-f-'f 

From this equation, by means of the equation 

,/, E dp , F 
cot^= //ET^ JL + \A(EG-F2) dq ' V ( E G - F 2 ) 

it is also possible to eliminate the 3ngle 6, and to derive a differential equation of 

the second order between p and q, which, however, would become more compUcated 

and less useful for appUcations than the preceding. 

19. 

The general formulae, which we have derived in Arts. 11, 18 for the measure of 

curvature and the variation in the direction of a shortest Une, become much simpler 

if the quantities p, q are so chosen that the Unes of the first system cut everywhere 
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orthogonaUy the Unes of the second system; i. e., in such a way that we have gen-

eraUy <u = 90°, or P = 0 . Then the formula for the measure of curvature becomes 

4^2^2^=2^.^.^+^(^+r.^.^- + r^2-22^^(^ + ^, 
dq dq + E \ d p ) + G dp dp + G \ d q ) ^\dq2^dp2V 

and for the variation of the angle 0 

VEG.d6 = \.d-^-.dp-\.^.dq 
2 dq r 2 dp H 

Among the various cases in which we have this condition of orthogonaUty, the 

most important is that in which all the Unes of one of the two systems, e. g., the 

first, are shortest lines. Here for a constant value of q the angle 0 becomes equal to 

zero, and therefore the equation for the variation of 0 just given shows that we must 
. dE 
V6 ~da~ ' or ^ ^ ^ e coen!cient 23? must be independent of g; i. e., E must be 

either a constant or a function of p alone. It wiU be simplest to take for p 

the length of each Une of the first system, which length, when all the Unes of the 

first system meet in a point, is to be measured from this point, or, if there is no 

common intersection, from any Une whatever of the second system. Having made 

these conventions, it is evident that p and q denote now the same quantities that 

were expressed in Arts. 15, 16 by r and <£, and that E = l . Thus the two preced­

ing formulae become : 

4 £ 2 £ = ( ^ ) 2 - 2 £ a 2 ^ 
\dr>r ; 

or, setting V G = . m , 

dpt ~ " dp2 

1 dG_ 

2 dp 
V G.dd = - \ ~ . d q 

7 x i,d m j a am , AtHL d d = - ^ L 
m dp dp 

Generally speaking, m will be a function of p, q, and mdq the expression for the ele­

ment of any line whatever of the second system. But in the particular case where 

all the lines p go out from the same point, evidently we must have m = 0 for p = 0. 

Furthermore, in the case under discussion we wUl take for q the angle itself which 

the first element of any Une whatever of the first system makes with the element of 

any one of the Unes chosen arbitrarily. Then, since for an infinitely small value of 

p the element of a Une of the second system (which can be regarded as a circle 

described with radius p) is equal to pdq, we shaU have for an infinitely smaU value 

of p, m=p, and consequently, for^? = 0, m = 0 at the same time, and r— = 1. 
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20. 

We pause to investigate the case in which we suppose that p denotes in a gen­

eral manner the length of the shortest line drawn from a fixed point A to any other 

point whatever of the surface, and q the angle that the first element of this Une 

makes with the first element of another given shortest line going out from A. Let 

B be a definite point in the latter Une, for which q = 0, and C another definite point 

of the surface, at which we denote the value of q simply by A. Let us suppose the 

points B, C joined by a shortest Une, the parts of which, measured from B, we denote 

in a general way, as in Art. 18, by s; and, as in the same article, let us denote by 6 

the angle which any element ds makes with the element dp; finaUy, let us denote 

by 6°, 6' the values of the angle 0 at the points B, C. W e have thus on the curved 

surface a triangle formed by shortest lines. The angles of this trkngle at B and C 

we shaU denote simply by the same letters, and B wUl be equal to 180°—0, C to 6' 

itself. But, since it is easily seen from our analysis that all the angles are supposed 

to be expressed, not in degrees, but by numbers, in such a way that the angle 57°17' 

45", to which corresponds an arc equal to the radius, is taken for the unit, we must set 

0° = 7r—B, 0' = C 

where 2it denotes the circumference of the sphere. Let us now examine the integral 

curvature of this triangle, which is equal to 

J k dor, 

do- denoting a surface element of the triangle. Wherefore, since this element is ex­

pressed by m d p . dq, we must extend the integral 

\\ mdp .dq 

over the whole surface of the triangle. Let us begin by integration with respect to 

p, which, because 

h- -— — 
m dp2' 

gives 

dq. (const. - ^ ) , 

for the integral curvature of the are3 lying between the Unes of the first system, to 

which correspond the values q, q -f- dq of the second indeterminate. Since this inte-
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gral curvature must vanish for p = 0, the constant introduced by integration must be 

equal to the value of ~- for p = 0, i. e., equal to unity. Thus we have 

, dm 
where tor -r- must be taken the value corresponding to the end of this area on the 

Une C B . But on this Une we have, by the preceding article, 

dq = —d0, 
dq 

whence our expression is changed into dq + d0. N o w by a second integration, taken 

from g- — 0 to q — A, w e obtain for the integral curvature 

A + 0' - 0°, 

or 

A + B + O—v. 

The integral curvature is equal to the area of that part of the sphere which cor­

responds to the triangle, taken with the positive or negative sign according as the 

curved surface on which the triangle lies is concavo-concave or concavo-convex. For 

unit area wiU be taken the square whose side is equal to unity (the radius of the 

sphere), and then the whole surface of the sphere becomes equal to Air. Thus the 

part of the surface of the sphere corresponding to the triangle is to the whole surface 

of the sphere as ± (A + B + C — it) is to 4 it. This theorem, which, if we mistake 

not, ought to be counted among the most elegant in the theory of curved surfaces, 

may also be stated as follows : 

The excess over 180° of the sum of the angles of a triangle formed by shortest lines 

on a concavo-concave curved surface, or the deficit from 180° of the sum of the angles of 

a triangle formed by shortest lines on a concavo-convex curved surface, is measured by the 

area of the part of the sphere which corresponds, through the directions of the normals, to 

that triangle, if the whole surface of the sphere is set equal to 720 degrees. 

More generally, in any polygon whatever of n sides, each formed by a shortest 

Une, the excess of the sum of the angles over (2 n — 4) right angles, or the deficit from 

(2n — 4) right angles (according to the nature of the curved surface), is equal to the 

area of the corresponding polygon on the sphere, if the whole surface of the sphere is 

set equal to 720 degrees. This follows at once from the preceding theorem by divid­

ing the polygon into triangles. 
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21. 

Let us again give to the symbols p, q, E, F, G, co the general meanings which 

were given to them above, and let us further suppose that the nature of the curved 

surface is defined in a similar way by two other variables, p', q', in which case the 

general Unear element is expressed by 

V(E' dp'2+ 2 F' dp'. dq'A-G' dq'2) 

Thus to any point whatever lying on the surface and defined by definite values of 

the variables p, q will correspond definite values of the variables p', q', which wUl 

therefore be functions of p, q. Let us suppose we obtain by differentiating them 

dp'= a dp + fidq 

dq' — y dp + S dq 

W e shaU now investigate the geometric meaning of the coefficients a, ft, y, S. 

Now four systems of lines may thus be supposed to Ue upon the curved surface, 

for which p, q, p', q' respectively are constants. If through the definite point to 

which correspond the values p, q, p', q' of the varkbles we suppose the four Unes 

belonging to these different systems to be drawn, the elements of these lines, corres­

ponding to the positive increments dp, dq, dp', dq', will be 

VE.dp, VG.dq, VE'.dp', YG'.dq'. 

The angles which the directions of these elements make with an arbitrary fixed direc­

tion we shaU denote by M , N, M , N', measuring them in the sense in which the 

second is placed with respect to the first, so that sin^—-Jf) is positive. Let us 

suppose (which is permissible) that the fourth is placed in the same sense with respect 

to the third, so that sin (N' — M ) also is positive. Having made these conventions, 

if we consider another point at an infinitely small distance from the first point, and 

to which correspond the values p + dp, qA- dq, p'A-dp', q'A-dq' of the varkbles, we 

see without much difficulty that we shall have generaUy, i. e., independently of the 

values of the increments dp, dq, dp', dq', 

V E .dp . sin Jlf + V G . d q . sin/V= YE', dp', sin Jtf + V G'. dq'. sin/V' 

since each of these expressions is merely the distance of the new point from the Une 

from which the angles of the directions begin. But we have, by the notation intro­

duced above, 

In Uke nmnner we set 

N'-M'=co' 
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and also 

N—M'=ty. 

Then the equation just found can be thrown into the foUowing form: 

V E .dp. sin (M'—co + $) + Y G . dq . sin ( M +t/<) 

= YE'. dp'. smM'A- YG'. dq'. sin ( M + co') 

YE. dp. sin (JV'—co—co'+ x\,) A-YG.dq. sin (M'—co'A-xf) 

= YE'. dp', sin (M'—co') + YG'. dq'. sin N' 

A n d since the equation evidently must be independent of the initial direction, this 

direction can be chosen arbitrarily. Then, setting in the second formula iV'=0, or in 

the first J f = 0 , w e obtain the following equations: 

Y E ' , sin co'. d p ' = Y E . sin (<u + co'—i/»). dp + Y G . sin (a/—*/»). dq 

YG'.sinco'.dq'=YE .sm(xp— co). dp + V G . sin t/». d^ 

and these equations, since they must be identical with 

dp'= adpA- ftdq 

dq'=y dp + Sdq 

determine the coefficients a, /8, y, 8. W e shaU have 

= I E sin (co + co' —1/>) q = \ G sin (co'—xfi) 

a V Y ' s I W ' P \ W ' sinco' 

_. j E sin(\p — co) <v_ \ G sini/» 

7 " \ W sin co' ' \ ̂  " "smTZ 

These four equations, taken in connection with the equations 

G0Sw = V¥g> C<W=7W' 

I E G — F 2 . , IE'G'—F' 
sinw: 

I E G — F 2 . , /. 
A — E O T * slnw=V- P'#' 

may be written 

a i/(.0' #' —P'2) = i/^<7'. sin (co + a)' — $ 

/3 Y(E' G'—F'2) = Y G G'. sin (co'—if,) 

yY(E'G'—F'2)=YEE'.sm(xli—co) 
SY(E'G'—F'2)=YGE'.sinyjj 

Since by the substitutions 
dp' = adp A~ ft dq, 

dq' — y dp + Sdq 
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the trinomial 

E ' dp'2 + 2F' dp'. dq' + G' dq'2 

is transformed into 

Edp2 + 2Fdp.dqA-Gdq2, 

we easUy obt3in 

E G - F 2 = (E' G'-F'2) (ah-py)2 

and since, vice versa, the latter trinomial must be transformed into the former by the 

substitution 

(a S — /3 y) dp = 8 dp'— /3 dq', (a 8 — fl y) dq = — y dp' + a dq', 

we find 

Eh2-2Fy8 + Gy=rGf_F,2 -E' 

-EftS+F(aS+fiy)-Gay = ^/Z^i2-F' 

EG — F2 
Ep2-2Fa/3 + Ga2 = :E,Gf_F,i-G' 

22. 

From the general discussion of the preceding article we proceed to the very 

extended appUcation in which, while keeping for p, q their most general meaning, we 

take for p', q' the quantities denoted in Art. 15 by r, <f>. W e shaU use r, cf> here 

also in such a way that, for any point whatever on the surface, r wiU be the shortest 

distance from a fixed point, and cf> the angle at this point between the first element 

of r and a fixed direction. W e have thus 

P'-l, P'=0, a/=90°. 

Let us set also 

Y G ' = m, 

so that any linear element whatever becomes equal to 

Y(dr2 A-m2 dcj>2). 

Consequently, the four equations deduced in the preceding article for a, ft, y, 8 give 

YE.coS(co-^) = d^ (1) 

YG.cosip = ^r (2) 
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i/P. sin (t|i — w)= m. ^£ (3) 
dp 

YG.sin\\, = m.d-Ak ... (4) 
dq 

But the last and the next to the last equations of the preceding article give 

(E.dEL\_FdEA\dA^lF dJi_G d_E\ d_ 
\ dq dp' dq \ 'dq ' dp) ' c 

, . -^-,. . (5) 
dp dq \dpl ' 

d-± . (6) 
dp 

From these equations must be determined the quantities r, cf>, i/» and (if need be) 

m, as functions of p and q. Indeed, integration of equation (5) wiU give r ; r being 

found, integration of equation (6) wiU give c\>; and one or other of equations (1), (2) 

will give xj, itself. FinaUy, to is obtained from one or other of equations (3), (4). 

The general integration of equations (5), (6) must necessarily introduce two arbi­

trary functions. W e shall easily understand what their meaning is, if we remem­

ber that these equations are not limited to the case we are here considering, but are 

equaUy vaUd if r and cf> are taken in the more general sense of Art. 16, so that r is 

the length of the shortest Une drawn normal to a fixed but arbitrary line, and cj> is 

an arbitrary function of the length of that part of the fixed line which is intercepted 

between any shortest line and an arbitrary fixed point. The general solution must 

embrace aU this in a general way, and the arbitrary functions must go over into 

definite functions only when the arbitrary Une and the arbitrary functions of its 

parts, which c\> must represent, are themselves defined. In our case an infinitely 

small circle m a y be taken, having its centre at the point from which the distances r 

are measured, and <$> wiU denote the parts themselves of this circle, divided by the 

radius. Whence it is easily seen that the equations (5), (6) are quite sufficient for 

our case, provided that the functions which thej le3ve undefined S3tisfj the condi­

tion which r and cj> satisfy for the initial point and for points at an infinitely small 

distance from this point. 

Moreover, in regard to the integration itself of the equations (5), (6), we know 

that it can be reduced to the integration of ordinary differential equations, which, how­

ever, often happen to be so complicated that there is Uttle to be gained by the reduc­

tion. On the contrary, the development in series, which are abundantly sufficient for 

practical requirements, when only a finite portion of the surface is under considera­

tion, presents no difficulty; and the formulae thus derived open a fruitful source for 
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the solution of many important problems. But here we shall develop only a single 

example in order to show the nature of the method. 

23. 

W e shall now consider the case where aU the Unes for which p is constant are 

shortest Unes cutting orthogonaUy the Une for which <£ = 0, which Une we can reg3rd 

as the axis of absciss3S. Let A be the point for which r = 0 , D any point whatever 

on the axis of absciss3s, A D = p , B 3ny point whatever on the shortest Une normal 

to A D at D, and B D — q, so that p can be regarded as the abscissa, q the ordinate 

of the point B. The absciss3s we assume positive on the branch of the axis of 

abscissas to which cf> = 0 corresponds, whUe we always regard r as positive. W e take 

the ordinates positive in the region in which cj> is measured between 0 and 180°. 

By the theorem of Art. 16 we shaU have 

o)=90o, P = 0 , G = l, 

and we shaU set also 

Y E = n. 

Thus n wiU be a function of p, q, such that for q = 0 it must become equal to unity. 

The appUcation of the formula of Art. 18 to our case shows that on any shortest 

Une whatever we must have 

d0=Y^ • dp, 
dq 

where 6 denotes the angle between the element of this Une and the element of the 

Une for which q is constant. Now since the axis of abscissas is itself a shortest Une, 

and since, for it, we have everywhere 0 = 0, we see that for q — 0 we must have 

everywhere 

^ = 0. 
dq 

Therefore we conclude that, if n is developed into a series in ascending powers of q, 

this series must have the following form: 

» = 1 A-fq2 A-gq3 + hqiA- etc. 

where /, g, h, etc., wiU be functions of p, and we set 

f = f ° + f p A-f'p2 + etc. 

g = g° + g' p + g" p2 + etc. 

h = h° + h'p A-h"p2 A-etc. 
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or 

n = 1 +/° q2A-f'pq2A-f"p2q2 + etc. 

+ 9° <f+g'p qs + etc. 
A-h° qiA- etc. etc. 

24. 

The equations of Art. 22 give, in our case, 

. . dr dr 3<i . , 3<£ 
!ism^i = T-) cos\b = y-, —nGOS\b — m.Yr-> sin\b = to . -?-, 

dp r dq Y dp Y dq 

»wpry+pn\ w2.^.^+^.^=o 
\3g-/ V3p/ dq dq ^ dp dp 

By the aid of these equations, the fifth and sixth of which are contained in the others, 

series can be developed for r, cj>, \p, m, or for any functions whatever of these quan­

tities. W e are going to establish here those series that are especially worthy of 

attention. 

Since for infinitely smaU values of p, q we must have 

r2 333333= j»2 + f , 

the series for r2 wiU begin with the terms p2 + q2. W e obtain the terms of higher 

order by the method of undetermined coefficients,* by means of the equation 

^f-g*)'-*" 

Thus we have 

[1] r2=p2 + f / > V + \f'p3q2 + (f/" - A / ° W etc-

/l 3(r2U2 /3(r2)>2 

'» dp i V 3^ 

+ q2 +ijg°p2q3A-%g'p3qs 

+ ( l * 0 - A / 0 V s * 

Then we have, from the formula 

In dp 

[2] r s i n x / , = ^ - | / ^ ^ - i / y ? 2 - ( | / " + ^/o2)/?2 etc. 

ig'p2q3 

( l ^ ° - A / o S W 

-ig°pq3-ig'p2q3 

* W e have thought it useless to give the calculation here, which can be somewhat abridged by 
certain artifices. 
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and from the formula 
3(0 

[3] rcosT. = q + if°p2q + ±f'p3q+(if"--£sf°2)piq etc. 

+ £<7>y + iy/?2 

+ (*A0-**/°W 

These formulae give the angle \/». In Uke manner, for the calcuktion of the angle cb, 

series for r cos cj> and r sin cb are very elegantly developed by means of the partial 

differential equations 

3. r cos cb , - , . , 3 d> 
2- = n cos cb .sin\b — r sin <£. _i 

3jo r r r ^ 
3 . r cos cb , , • i deb 

2- = cos cb . cos ih — r sin <b. _ x 
3 . r sin d> . , • , , , 3 d> 

-l- = ra sin 9 . sin i/i -f r cos cb . _ x 
3j» ' dp 
3. r sin cb • , , , i d6 

— x_ = s m cb . cos »/< -Y-r cos <£ . Z-X 
dq dq 
n cos i|». -3? _|_ sin i|». -x = 0 
3^ dp 
A combination of these equations gives 

r sin ti 3 . r cos <i . 3 . r cos (& , 
2- . 21 -|- r cos u» 21 — r cos cb 

n dp '^9. 
r sin \b d .r sin <£ . , 3 . r sin <f> . . 

2: r_ + r cos u» 21 — r sin d> 
w dp dq 
From these two equations series for r cos <b, r sin <£ are easily developed, whose first 
terms must evidently be p, q respectively. The series are 

[4] rcoscb=p + y°pq2Ar^f'p2q2+(-^f"--£zf°2)p3q2 etc. 

A-ig°pq3 A-^g'p2q3 

+ (!^0-^/°W 
[5] rsincb = q-if°p2q-if'p3q - (r\f" -^fo2)P^ etc. 

-\g*p2<?-\h9'f<i 

From a combination of equations [2], [3], [4], [5] 3 series for r2 cos (xfi + <f>), may 

be derived, 3nd from this, dividing by the series [1], 3 series for cos (\fi + cb), from 
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which may be found a series for the angle xj, + <b itself. However, the same series 

can be obtained more elegantly in the following manner. By differentiating the first 

and second of the equations introduced at the beginning of this article, we obtain 

sin^.^ + ncosrt.^ + sind.fL^O 
3q 3? ty 

and this combined with the equation 

gives 

n cos xb. -$ x. sin xb . -x — 0 
3? Y dp 

rsmxb dn rsinxb d(\bA-cb) , d(\b+d>) „ 
• - — 2:. _ x r — n _l r cos xb . —ix—xz _ 0 

n dq n dp 3? 

From this equation, bj aid of the method of undetermined coefficients, we can easilj 

derive the series for xjj + cb, if we observe that its first term must be \ it, the radius 

being taken equal to unity and 2 it denoting the circumference of the circle, 

[6] Y-A-cb = ±Tr-f°pq-%f'p2q-(l!f"-if°2)p3q etc. 

— g° pq2 — \g'p2q* 

- (h° - if°2)pq3 

It seems worth while also to develop the area of the' triangle ABB into a series. 

For this development we maj use the following conditional equation, which is easily 

derived from sufficientlj obvious geometric considerations, and in which g denotes the 

required area: 

r sinxb 3 ^ , dg r sinxb C i 
• rr- + r cos xb . r- = T .\ndq 

n dp T dq n J 
the integration beginning with q — 0. From this equation we obtain, bj the method 

of undetermined coefficients, 

[7] B=*±pq-&f°?q-itf?q-Uvf"—hr')jfq etc. 

- ThfpY- (l^° + &/"+-hf°*)Pf 

- - h f p t f - -hy'f? 

-(-h>h°--hfa2)p<f 
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25. 

From the formulae of the preceding article, which refer to a right triangle formed 

bj shortest Unes, we proceed to the general case. Let 0 be another point on the 

same shortest line D B, for which point p remains the same 3S for the point B, 3nd 

q', r', cb', xf,', g' have the S3me meanings as q, r, cb, xb, g have for the point B. There 

wiU thus be a triangle between the points A, B, C, whose angles we denote bj 

A, B, C, the sides opposite these angles bj a, b, c, and the area bj cr. W e represent 

the measure of curvature at the points A, B, C bj a, /S, y respectively. And then 

supposing (which is permissible) that the quantities p, q, q — q' are positive, we shaU 

have 

A = cb-cb', B = x\>, C=TT-xb', 

a = q — q', b = r', c = r, cr= g — g'. 

We shall first express the area o- by a series. By changing in [7] each of the 

quantities that refer to B into those that refer to C, we obtain a formula for g'. 

Whence we have, exact to quantities of the sixth order, 

<r = ±p(g- q') (1 ~ |/° (/+ <?+ qq' + q'2) 
- ¥ T / X 6 / + 7 q*A- 7 qq' + 7 q'2) 
- 1 ^ 0 (? + ?') ( 3 / + 4 ^ + 4 ?'2)) 

This formula, by aid of series [2], namely, 

csmB=p(l-j;f°q2- \f'p q 2 - \ g ° f - etc.) 

can be changed into the foUowing: 

<r = ±ac sin B (l-jrf° (p2- q2+ qq'+ q'2) 

-<kf'p(&p2-8q2+7qq'+7q'2) 

~ ^ g ° (3p2q A- Zp2q'~ 6 p3A- 4 q2q'A- 4 qq'2A~ 4 q'3) ) 

The measure of curvature for any point whatever of the surface becomes (by Art. 

19, where to, p, q were what n, q, p are here) 

, _ 1 _3^__ 2f A-6 gg + 1 2 hq2 A-etc. 

~ ~ n ' d q 2 ~ l+/?2 + etc. 

= - 2 / - 6 gq - (12 h - 2f) q2 - etc. 

Therefore we have, when p, q refer to the point B, 

f3 = - 2 f ° - 2f'p - 6 g ° q - 2f"p2 - Q g ' p q - (12 h° — 2/°2) q2 - etc. 
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Also 

7 = ~ 2 / ° ~ 2/> - 6 g°q' - 2f"p2 - 6 g'pq' - (12 h° - 2/°2) ?'2 - etc. 
a = - 2 / ° 

Introducing these measures of curvature into the expression for cr, we obtain the fol­

lowing expression, exact to quantities of the sixth order (exclusive): 

o- = ± ac sinB (1 + -^ a (ip2 -2 q2 A- 3 qq' A- 3 q'2) 

+ TTo P (3/ - 6 f A- 6 qq' + 3 ?'2) 
+ r k r ( 3 / - 2 ? 2 + ^ ' + 4 ^ ) ) 

The same precision wiU remain, if for p, q, q' we substitute c sin B, e cos B, c cos P — «. 
This gives 

[8] cr = ifflcsinP(l + T|Ta(3a2 + 4c2— 9 at?cos P) 

+ r b £ (3 a2 + 3 c2 - 1 2 a c cos P) 

+ T k r (4a2 + 3c2- 9aceosP)) 

Since aU expressions which refer to the line AD drawn normal to BC have disap­

peared from this equation, we may permute among themselves the points A, B, C and 

the expressions that refer to them. Therefore we shaU have, with the same precision, 

[9] a = \bc sin A (1 + ^h a (3 ^ + 3 c* ~12 hc cos A) 

+ tto/3(3 62 + 4c2- 9bccosA) 
+ T^ry(462 + 3c2- 9 be cos A)) 

[10] cr^^absinC(lA-ji^a(Ba2A-4:b2- 9abcosO) 

+ rk/8(4a2 + 3^2- 9 ab cos C) 

A- ̂ y (B a2 A- 3 b2 - 1 2 ab cos C)) 

26. 

The consideration of the rectiUnear triangle whose sides 3re equal to a, b, c is of 

great advantage. The angles of this triangle, which we shaU denote by A*, B*, C*, 

differ from the angles of the triangle on the curved surface, namely, from A, B, C, 

by quantities of the second order; and it will be worth while to develop these differ­

ences accurately. However, it wUl be sufficient to show the first steps in these more 

tedious than difficult calculations. 

Replacing in formulae [1], [4], [5] the quantities that refer to B by those that 

refer to C, we get formulae for r'2, r'coscb', r'sincb'. Then the development of the 

expression 
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r2 + r'2— (q — q')2 — 2 r cos cb .r' coscb' — 2 r sin cb . r' sin cb' 

= b2 + c2— a2 — 2 b c cos A 

= 2 be (cos A * — cos A ) , 

combined with the development of the expression 

r sin <b . r' cos cb' — r cos cb . r' sin cb' = bc sin A, 

gives the foUowing formula: 

cos A* — cos A = — (q — q')p sin A (|/° + 1 / ' jo + i^° (§- + ̂ ') 

+ (iV / " - ^ / ° 2 ) / + * * > ( * + q') 
+ (1 ̂ °-9W02) (q2 + ??' + ?'2) + etc.) 

From this we have, to qu3ntities of the fifth order, 

A * - A = A-(q-q')pQf° + tf'p A-ig»(q + q')A- r\f"p2 

+ -hg'p (q + q') + i&° (q2 + qq'A- q'2) 
--^fo2(1p2jrlq2+12qq'A- 7q")) 

Combining this formula with 

2 <r = ap (1 - -J-/0 (/ + q2 + £?' + ?'2) - etc.) 

and with the values of the quantities a, /8, y found in the preceding article, we obtain, 

to quantities of the fifth order, 

[11] A*=A-crQaArT\l3A-r^ry + &f"p2A-}g'p(q + q') 

A-±h°(3q2-2qq'+3q'2) 

A- gL/02 ( 4 / - 11 q% + 14 qq' - 11 q'2)) 

B y precisely similar operations we derive 

[12] B * = B - * ( - & a + ±f$+rSsyA-T\f"p2+^gip(2q + q') 

A-±h°(4:q2-4:qq'A-3q'2) 
1 /02 
' 0 
/°2 (2p2A- 8 q2-8 qq'A-11 q'2)) 

[13] C* = C-cr(r\aA-TW + iyA-r\f"p2A-T\g'p(q + 2q') 

A-ih°(3q2-4:qq'A-iq'2) 

- ^ f o 2 ( ^ P 2 + H f ~ 8 q q ' + 8q'2)) 

From these formulae we deduce, since the sum A * + B * + C* is equal to two right 

angles, the excess of the sum A A - B A - C over two right angles, namely, 

[14] A A - B A - C = n A - c r Q a + it3A-iy + if"p2+irg'p(qA-q') 

A-(2h°-if°2)(q2-qq'A-q'2)) 

This last equation could also have been derived from formula [6]. 
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27. 

If the curved surface is a sphere of radius R, we shaU have 

a = £ = r = _2/°=-i;/" = 0, g' = 0, 6A°-/°2 = 0, 

or 

1 
h o 

24P4 

Consequently, formula [14] becomes 

AA-BA-C=ttA--^, 

which is absolutely exact. But formulae [11], [12], [13] give 

^ ^ ^ - 3 ^ 2 - 1 8 0 ^ ( 2 / - - ? 2 + 4^-^) 

B^B-^+m^(p2-2f+2^' + q'2) 

°*=c-^+mi?(p*+?+2<i<i'-2<?'2) 

or, with equal exactness, 

A* :=A~ WR2~TA%0j^^ + c2~2a^ 

B*=B-^2-m^(a2+c2-2^ 

c^c-m2-mw^+bi-2^ 

Neglecting quantities of the fourth order, we obtain from the above the weU-known 

theorem first estabUshed by the iUustrious Legendre. 

28. 

Our general formulae, if we neglect terms of the fourth order, become extremely 

simple, namely: 
A*=A-T\cr(2aA-pA-y) 

B*=B--r\cr(aA-2pA-y) 

C* = C—1^cr(aA-pA-2y) 
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Thus to the angles A, B, C on a non-spherical surface, unequal reductions must 

be appUed, so that the sines of the changed angles become proportional to the sides 

opposite. The inequaUty, generally speaking, will be of the third order; but if the 

surface differs Uttle from a sphere, the inequality wiU be of a higher order. Even in 

the greatest triangles on the earth's surface, whose angles it is possible to measure, 

the difference can always be regarded as insensible. Thus, e. g., in the greatest of 

the triangles which we. have measured in recent years, namely, that between the 

points Hohehagen, Brocken, Inselberg, where the excess of the sum of the angles was 

14".85348, the calculation gave the following reductions to be appUed to the angles : 

Hohehagen -4".95113 

Brocken —4".95104 

Inselberg -4".95131. 

29. 

We shaU conclude this study by comparing the area of a triangle on a curved 

surface with the area of the rectilinear triangle whose sides are a, b, c. W e shaU 

denote the ares of the latter by cr*; hence 

cr* ̂  ±bc sin A* = -|-acsinP* = \ab sin C* 

W e have, to quantities of the fourth order, 

sin A * 333= sin A — -Â  cr cos A . (2 a + ft + y) 

or, with equal exactness, 

sin^ = sinil*.(l + -A^bc cos A . (2 a+/3 + y)) 

Substituting this value in formula [9], w e shaU have, to quantities of the sixth order, 

cr = i b c sin A*. (1 + iio a (3 b2 + 3 c2- 2 b c cos A) 
+ TL<iP(?>b2+ic2-±bccosA) 

A- ih> 7 (4 i2+ 3 °2~ 4 *e cos A ) ) , 

or, with equal exactness, 

(r = 0-*(i+Tiira(^+232+2C2)+TiT^(2a2+52+2c2)+TiTy(2a2+2 52+C2)) 

For the sphere this formula goes over into the following form: 

cr 3= cr* (1 + ,Jj a {<?+ b2+ c2)). 
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It is easily verified that, with the same precision, the foUowing formula may be taken 

instead of the above : 

• = <r%J 
sin J. . sin P . sin C 

sin A* . sin P*. sin C* 

If this formula is appUed to triangles on non-spherical curved surfaces, the error, gen-

eraUy speaking, wiU be of the fifth order, but will be insensible in aU triangles such 

as may be measured on the earth's surface. 
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GAUSS'S A B S T R A C T OF T H E DISQUISITIONES G E N E R A L E S CIRCA 

SUPERFICIES C U R V A S , P R E S E N T E D TO T H E R O Y A L 

SOCIETY OF GOTTINGEN. 

Gottingische gelehrte Anzeigen. No. 177. Pages 1761-1768. 1827. November 5. 

On the 8th of October, Hofrath Gauss presented to the Royal Society a paper : 

Disquisitiones generales circa superficies curvas. 

Although geometers have given much attention to general investigations of curved 

surfaces and their results cover a significant portion of the domain of higher geometry, 

this subject is stiU so far from being exhausted, that it can weU be said that, up to 

this time, but a smaU portion of an exceedingly fruitful field has been cultivated. 

Through the solution of the problem, to find all representations of a given surface upon 

another in which the smaUest elements remain unchanged, the author sought some 

years ago to give a new phase to this study. The purpose of the present discussion 

is further to open up other new points of view and to develop some of the new truths 

which thus become accessible. W e shall here give an account of those things which 

can be made intelligible in a few words. But we wish to remark at the outset that 

the new theorems as weU as the presentations of new ideas, if the greatest generaUty 

is to be attained, are still partly in need of some limitations or closer determinations, 

which must be omitted here. 

In researches in which an infinity of directions of straight Unes in space is con­

cerned, it is advantageous to represent these directions by means of those points upon 

a fixed sphere, which are the end points of the radu drawn parallel to the Unes. The 

centre and the radius of this auxiliary sphere are here quite arbitrary. The radius may 

be taken equal to unity. This procedure agrees fundamentally with that which is con­

stantly employed in astronomy, where all directions are referred to a fictitious celestial 

sphere of infinite radius. Spherical trigonometry and certain other theorems, to which 

the author has added a new one of frequent appUcation, then serve for the solution of 

the problems which the comparison of the various directions involved can present. 
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If we represent the direction of the normal at each point of the curved surlace by 

the corresponding point of the sphere, determined 3s above indicated, namely, in this 

way, to every point on the surface, let a point on the sphere correspond; then, gener­

ally speaking, to every Une on the curved surface wiU correspond a Une on the sphere 

and to every part of the former surface will correspond a part of the latter. The less 

this part differs from a plane, the smaUer will be the corresponding part on the sphere. 

It is, therefore, a very natural idea to use as the measure of the total curvature, 

which is to be assigned to a part of the curved surface, the area of the corresponding 

part of the sphere. For this reason the author caUs this area the integral curvature of 

the corresponding part of the curved surface. Besides the magnitude of the part, there 

is also at the same time its position to be considered. And this position may be in 

the two parts similar or inverse, quite independently of the relation of their magni­

tudes. The two cases can be distinguished by the positive or negative sign of the 

total curvature. This distinction has, however, a definite meaning only when the 

figures are regarded as upon definite sides of the two surfaces. The author regards 

the figure in the case of the sphere on the outside, and in the case of the curved sur­

face on that side upon which we consider the normals erected. It follows then that 

the positive sign is taken in the case of convexo-convex or concavo-concave surfaces 

(which are not essentiaUy different), and the negative in the case of concavo-convex 

surfaces. If the part of the curved surface in question consists of parts of these differ­

ent sorts, still closer definition is necessary, which must be omitted here. 

The comparison of the areas of two corresponding parts of the curved surface and of 

the sphere leads now (in the same manner as, e. g., from the comparison of volume and 

mass springs the idea of density) to a new idea. The author designates as measure of 

curvature at a point of the curved surface the value of the fraction whose denominator is 

the area of the infinitely small part of the curved surface at this point and whose numer­

ator is the area of the corresponding part of the surface of the auxiUary sphere, or the 

integral curvature of that element. It is clesr that, according to the idea of the author, 

integral curvature and measure of curvature in the case of curved surfaces are analo­

gous to what, in the case of curved Unes, are C3lled respectivelj ampUtude and curva­

ture simplj. H e hesitstes to 3pply to curved surfaces the latter expressions, which 

have been accepted more from custom than on account of fitness. Moreover, less 

depends upon the choice of words than upon this, that their introduction shaU be justi­

fied bj pregnant theorems. 

The solution of the problem, to find the measure of curvature at anj point of a curved 

surface, appears in different forms according to the manner in which the nature of the 

curved surface is given. W h e n the points in space, in general, are distinguished by 
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three rectsngular coordinates, the simplest method is to express one coordinate as a func­

tion of the other two. In this w a j we obtain the simplest expression for the measure of 

curvature. But, at the same time, there arises a remarkable relation between this 

measure of curvature and the curvatures of the curves formed bj the intersections of 

the curved surface with planes normal to it. Euler, as is well known, first showed 

that two of these cutting planes which intersect each other at right angles have this 

property, that in one is found the greatest and in the other the smallest radius of cur­

vature ; or, more correctlj, that in them the two extreme curvatures are found. It wiU 

follow then from the above mentioned expression for the measure of curvature that this 

wiU be equal to 3 fraction whose numerator is unity and whose denominator is the product 

of the extreme radn of curvature. The expression for the measure of curvature will be 

less simple, if the nature of the curved surface is determined by an equation in x, y, z. 

And it wiU become still more complex, if the nature of the curved surface is given so that 

x, y, z 3re expressed in the form of functions of two new vsriables p, q. In this last case 

the expression involves fifteen elements, namely, the psrtkl differentkl coefficients of the 

first 3nd second orders of x, y, z with respect to p and q. But it is less important in itself 

than for the reason that it facilitates the transition to another expression, which must be 

classed with the most remarksble theorems of this study. If the nsture of the curved 

surface be expressed by this method, the general expression for any linear element upon 

it, or for Y(dx2 + dy2 + dz2), has the form Y(Edp2A-2Fdp.dq + Gdq2),where E, F, G 

are ag3in functions of p 3nd q. The new expression for the messure of curvature men­

tioned above contains merely these magnitudes and their partkl differentkl coefficients 

of the first and second order. Therefore we notice that, in order to determine the 

measure of curvature, it is necessary to know only the general expression for a linear 

element; the expressions for the coordinates x, y, z 3re not required. A direct result 

from this is the remarkable theorem: If a curved surface, or a part of it, can be devel­

oped upon another surface, the measure of curvature at every point remains unchanged 

after the development. In particular, it follows from this further: Upon a curved 

surface that can be deA^eloped upon a plane, the measure of curvature is everywhere 

equal to zero. From this we derive at once the characteristic equation of surfaces 

developable upon a plane, namely, 

d2z d2z i d2 

dy2 \dx.dyf ' 3a;2 dy2 \dx.dy 

when z is regarded as a function of x and y. This equation has been known for some 

time, but according to the author's judgment it has not been established previously 

with the necessary rigor. 

file:///dx.dyf
file:///dx.dy
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lhese theorems lead to the consideration of the theory of curved surfaces from a 

new point of view, where a wide and still whoUy uncultivated field is open to investi­

gation. If we consider surfaces not as boundaries of bodies, but as bodies of which 

one dimension vanishes, and if at the same time we conceive them as flexible but not 

extensible, w e see that two essentially different relations must be distinguished, namely, 

on the one hand, those that presuppose a definite form of the surface in space; on the 

other hand, those that are independent of the various forms which the surface may 

assume. This discussion is concerned with the latter. In accordance with wh3t has 

been said, the measure of curvature belongs to this case. But it is easily seen that 

the consideration of figures constructed upon the surface, their angles, their areas and 

their integral curvatures, the joining of the points by means of shortest Unes, and the 

Uke, also belong to this case. A U such investigations must start from this, that the 

very nature of the curved surface is given by means of the expression of any linear 

element in the form Y ( E d p 2 + 2 F dp . d q + Gdq2). The author has embodied in the 

present treatise a portion of his investigations in this field, made several years ago, 

while he Umits himself to such as are not too remote for an introduction, and may, to 

some extent, be generaUy helpful in many further investigations. In our 3bstract, we 

must limit ourselves stiU more, and be content with citing only a few of them as 

types. The following theorems may serve for this purpose. 

If upon a curved surface a system of infinitely many shortest Unes of equal lengths 

be drawn from one initial point, then will the Une going through the end points of 

these shortest Unes cut each of them at right angles. If at every point of an arbitrary 

line on a curved surface shortest lines of equal lengths be drawn at right angles to this 

Une, then wiU all these shortest Unes be perpendicular also to the Une which joins then 

other end points. Both these theorems, of which the latter can be regarded as a gen-

eraUzation of the former, wiU be demonstrated both analytically and by simple geomet­

rical considerations. The excess of the sum of the angles of a triangle formed by shortest lines 

over two right angles is equal to the total curvature of the triangle. It will be assumed here 

that that angle (57° 17'45") to which an arc equal to the radius of the sphere corresponds 

will be taken as the unit for the angles, and that for the unit of total curvature will be 

taken a part of the spherical surface, the are3 of which is 3 square whose side is equal to 

the radius of the sphere. Evidently we C3n express this important theorem thus also: 

the excess over two right angles of the angles of a triangle formed by shortest lines is to 

eight right angles as the part of the surface of the auxiliary sphere, which corresponds 

to it as its integral curvature, is to the whole surface of the sphere. In general, the 

excess over 2 n — 4 right angles of the angles of a polygon of n sides, if these are 

shortest Unes, wiU be equal to the integral curvature of the polygon. 
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The general investigations developed in this treatise wiU, in the conclusion, be appUed 

to the theory of triangles of shortest Unes, of which we shall introduce only a couple of 

important theorems. If a, b, c be the sides of such a triangle (they will be regarded as 

magnitudes of the first order); A, B , C the angles opposite; a, /3, y the measures of 

curvature at the angular points; cr the area of the triangle, then, to magnitudes of the 

fourth order, -§• (a + /3 + y) cr is the excess of the sum A + P + C over two right angles. 

Further, with the same degree of exactness, the angles of a plane rectilinear triangle 

whose sides are a, b, c, are respectively 

A-r\(2aA-l3A-y)a 
P - ^ ( a + 2/3 + r)cr 
C - ^ ( a + P + 2y)cr. 

We see immediately that this last theorem is a generaUzation of the familiar theorem first 

estabUshed by Legendre. B y means of this theorem we obtain the angles of a plane 

triangle, correct to magnitudes of the fourth order, if we diminish each angle of the cor­

responding spherical triangle by one-third of the spherical excess. In the case of non-

spherical surfaces, we must apply unequal reductions to the angles, and this inequaUty, 

generaUy speaking, is a magnitude of the third order. However, even if the whole sur­

face differs only a Uttle from the spherical form, it will still involve also a fsctor denoting 

the degree of the devktion from the spherical form. It is unquestionably important for 

the higher geodesy that we be able to calcukte the inequaUties of those reductions and 

thereby obtain the thorough conviction that, for all measurable triangles on the surface 

of the earth, they are to be regarded as quite insensible. So it is, for example, in the 

case of the greatest triangle of the trianguktion carried out by the author. The greatest 

side of this triangle is almost fifteen geographicsl * miles, 3nd the excess of the sum 

of its three angles over two right angles amounts almost to fifteen seconds. The three 

reductions of the angles of the plane triangle are 4".95113, 4".95104, 4".95131. Besides, 

the author also developed the missing terms of the fourth order in the above expres­

sions. Those for the sphere possess a very simple form. However, in the case of 

measurable triangles upon the earth's surface, they are quite insensible. And in the 

example here introduced they would have diminished the first reduction by only two 

units in the fifth decimal place and increased the third by the same amount. 

*This German geographical mile is four minutes of arc at the equator, namely, 7.42 kilome­
ters, and is equal to about 4.6 English statute miles. [Translators.] 
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NOTES. 

Art. 1, p. 3, 1. 3. Gsuss got the idea of using the auxiliary sphere from astron­

omy. Of. Gauss's Abstract, p. 45. 

Art. 2, p. 3, 1. 2 fr. bot. In the Latin text situs is used for the direction or 

orientation of a plane, the position of a plane, the direction of a Une, and the posi­

tion of a point. 

Art. 2, p. 4, 1. 14. In the Latin texts the notation 

cos (1) L2 + cos (2) L2 + cos (3) L2 === 1 

is used. This is repkced in the translations (except Boklen's) by the more recent 

notation 

cos2 (1) L + cos2 (2) L + cos2 (3) L = 1. 

Art. 2, p. 4, 1. 3 fr. bot. This stands in the original and in LiouviUe's reprint, 

cos A (cos t sin t' — sin t cos t') (cos if' sin if" — sin t" sin if"). 

Art. 2, pp. 4-6. Theorem V I is original with Gauss, as is also the method of 

deriving VII. The foUowing figures show the points and lines of Theorems V I and 

VII: 

Art. 3, p. 6. The geometric condition here stated, that the curvature be continu­

ous for each point of the surface, or part of the surface, considered is equivalent to 

the analytic condition that the first and second derivatives of the function or func­

tions defining the surface be finite and continuous for aU points of the surface, or 

part of the surface, considered. 

Art. 4, p. 7, 1. 20. In the Latin texts the notation X X for X 2 , etc., is used. 
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Art. 4, p. 7. " The second method of representing a surface (the expression of 

the coordinates by means of two auxiUary variables) was first used by Gauss for 

arbitrary surfaces in the case of the problem of conformal mapping. [Astronomische 

Abhandlungen, edited by H. C. Schumacher, vol. Ill, Altona, 1825; Gauss, Werke, 

vol. IV, p. 189; reprinted in vol. 55 of Ostwald's Klassiker.—-Of. also Gauss, Theoria 

attractions corporum sphaer. ellipt., Comment. Gott. II, 1813 ; Gauss, Werke, vol. V, 

p. 10.] Here he applies this representation for the first time to the determination of 

the direction of the surface normal, and later also to the study of curvature and of 

geodetic Unes. The geometrical significance of the variables p, q is discussed more fully 

in Art. 17. This method of representation forms the source of many new theorems, 

of which these are particukrly worthy of mention: the coroU3ry, that the measure of 

curvature remains unchanged by the bending of the surface (Art. 11, 12); the theorems 

of Art. 15, 16 concerning geodetic lines; the theorem of Art. 20; and, finaUy, the 

results derived in the conclusion, which refer a geodetic triangle to the rectiUnear trian­

gle whose sides are of the same length." [Wangerin.] 

Art. 5, p. 8. "To decide the question, which of the two systems of values found 

in Art. 4 for X, Y, Z belong to the normal directed outwards, which to the normal 

directed inwards, we need only to apply the theorem of Art. 2 (VII), provided we use 

the second method of representing the surface. If, on the contrary, the surface is 

defined by the equation between the coordinates W = 0, then the following simpler con-

considerations lead to the answer. W e draw the line da from the point A towards 

the outer side, then, if dx, dy, dz are the projections of der, we have 

Pdx + Qdy+Rdz>0. 

On the other hand, if the angle between cr and the normal taken outward is acute, 

then 

der da da 

This condition, since d a is positive, must be combined with the preceding, if the first 

solution is taken for X, 7, Z. This result is obtained in a similar way, if the sur­

face is analytically defined by the third method." [Wangerin.] 

Art. 6, p. 10, 1. 4. The definition of measure of curvature here given is the one 

generally used. But Sophie Germain defined as a measure of curvature at a point of 

a surface the sum of the reciprocals of the principal radn of curvature at that point, 

or double the so-caUed mean curvature. Of. CreUe's Journ. fur Math., vol. VII. 

Casorati defined as a measure of curvature one-half the sum of the squares of the 

reciprocals of the principal radu of curvature at a point of the surface. Of. Rend. 

del R. Istituto Lombardo, ser. 2, vol. 22, 1889; Acta Mathem. vol. XIV, p. 95, 1890. 
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Art. 6, p. 11, 1. 21. Gauss did not carry out his intention of studying the most 

general cases of figures mapped on the sphere. 

Art. 7, p. 11, 1. 31. " That the consideration of a surface element which has the 

form of a triangle can be used in the calcuktion of the measure of curvature, follows 

from this fact that, according to the formula developed on page 12, k is independent 

of the magnitudes dx, dy, ox, Sy, and that, consequently, k has the same value for 

every infinitely smaU triangle at the same point of the surface, therefore also for sur­

face elements of any form whatever lying at that point." [Wangerin.] 

Art. 7, p. 12, 1. 20. The notation in the Latin text for the partial derivatives: 

d X d X 
-j—5 -j—5 etc., 
dx dy ' 

has been replaced throughout by the more recent notation: 

d X d X 
-t,—j -^—? etc. 
dx dy 

Art. 7, p. 13, 1. 16. This formula, as it stands in the original and in LiouviUe's 
reprint, is 

dY=-Z3tudt-Z3(lA-f)du. 

The incorrect sign in the second member has been corrected in the reprint in Gauss, 

Werke, vol. IV, and in the translations. 

Art. 8, p. 15, 1. 3. Euler's work here referred to is found in Mem. de l'Acad. 

de Berlin, vol. XVI, 1760. 

Art. 10, p. 18, U. 8, 9, 10. Instead of D, D', D" as here defined, the ItaUan 

geometers have introduced magnitudes denoted by the same letters and equal, in 

Gauss's notation, to 

D D' D" 

Y ( E G - F 2 y Y(EG-F2)} Y (EG-F2) 

respectively. 

Art. 11, p. 19, U. 4, 6, fr. bot. In the original and in LiouviUe's reprint, two of 

these formulae are incorrectly given : 

dF „ , 3 P 1 d E 
= m" A- n, n = — H • — — 

dq dq 2 dq 
The proper corrections have been made in Gauss, Werke, vol. IV, and in the trans­
lations. 

Art. 13, p. 21, 1. 20. Gauss pubUshed nothing further on the properties of devel­

opable surfaces. 
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Art. 14, p. 22, 1. 8. The transforation is easily made by means of integration 
by parts. 

Art. 17, p. 25. If we go from the point p, q to the point (p + dp, q), and if the 

Cartesian coordinates of the first point are x, y, z, and of the second x + dx, y + dy, 

zA-dz; with ds the Unear element between the two points, then the direction cosines 
of ds are 

dx 0 dy dz 
cosa = — , cos« = -#, cos y = — . 

ds ds ds 
Since we assume here ^Constant or dq = Q, we have also 

7 3# . 7 3# , dz 
dx = ~dAp"d2)> dy = Tp'dP> ds = dp-dP> ds = ± Y E . d p . 

If dp is positive, the change ds wiU be taken in the positive direction. Therefore 

ds = Y E . dp, 

1 dx 1 dy 1 dz 

G0Sa = VE'dp~> C0S£ = " 7 2 f 3 7 ^ y ^ Y E ' d p - ' 

In Uke manner, along the Une p = Constant, if cos a', cos fl', cos y' are the direction 

cosines, we obtain 

1 dx 1 dy , 1 dz 

C0Sa==VG'dq> C0SP=VG'dq-> c o * y = ~ Y G ' H 

And since 

cos co = cos a cos a' + cos £ cos fi' + cos y cos y', 

F 
C0Sa>=YEG' 

From this foUows 

Y ( E G - F 2 ) 
smw = Y E G 

And the area of the quadrilateral formed by the Unes p, p + dp, q, q A- dq is 

d a = Y ( E G - F 2 ) . d p . d q . 

Art. 21, p. 33, 1. 12. In the original, in LiouviUe's reprint, in the two French 

translations, and in Boklen's transktion, the next to the last formula of this article 

is written 

E/38-F(aSA-/3y)+Gay= £,G/~ZF,2-E' 
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The proper correction in sign has been made in Gauss, Werke, vol. IV, and in Wan­

gerin's translation. 

Art. 23, p. 35, 1. 13 fr. bot. In the Latin texts and in Roger's and Boklen's 

transktions this formula has a minus sign on the right hand side. The correction in 

sign has been made in Abadie's and Wangerin's translations. 

Art. 23, p. 35. The figure below represents the Unes and angles mentioned in 

this and the foUowing articles : 

etc. 

Art. 24, p. 36. Derivation of formula [1], 

Let r2 =p2 + q2 A-Rs+Rt+Rs+Rs 

where R3 is the aggregate of aU the terms of the third degree in p and q, Ri of aU 

the terms of the fourth degree, etc. Then by differentiating, squaring, and omitting 

terms above the sixth degree, we obtain 

3 R. 

dp 
(d_A\\^AJA* 'A-ip 

and 

+ 4 p 
dp " dp 

dRS | O 9 ^ dEt 

dp 
4 + 

d R *'" 

dql 

dR 

dp dp 

dRA2 s A dR. dRi 
-5-*) +4a^-5 + 4tf-̂ -i 
dq 1 2 dq 2 dq 

dp 

23P33PS 

dp dp 

--la 3jR6 , 93P3 3P4 , 93P33P5 
* dq * dq dq dq dq dq 
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Hence we have 

^(^+*t-A)+<?7i+?t^+i(fr+i(fn 

^+4(3^+^+,^^ 

+ 4C5P+i(^2+i(^2+i^9-^+1^^ 
^*V0jK«^7\3p/ ^ * \ 3 ? / + 2 g^ d p + ^ d q d q h 

since, according to a familiar theorem for homogeneous functions, 

3P3 , 3P„ 0 „ 
^ ^ + ^ = 3 ^ etc. 

By dividing unity by the square of the value of n, given at the end of Art. 23, and 

omitting terms above the fourth degree, we have 

1 j 3- 2/° q2 + 2/>?2 A-2g°q3- 3fo2qi + 2/'>Y + 2/^3 + 2 A0 ?4. 

This, multipUed by the last equation but one of the preceding page, on rejecting terms 

above the sixth degree, becomes 

(l~ j?) (^r)2== 8/W+8^W _ 12/02/^+s a>y 

A-8g°p2q3 +8/'>V + 2/v(^f 

+ *f°p<t-sf + *s'f'r +*f'?<t-5j+*fr<t-ij 

Therefore, since from the fifth equation of Art. 24: 
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we have 

8^4(3^^ 

+ 4 f 5 P + + ( ^ 2 + + ( ^ 2 + x a ^ 3 - ^ + i a ^ ^ 
dp I * \ d q ' 2 dp dp 2 dq dq 

3 T? 
8 f° „2 _2 J_ O ft „3 -,2 _L Q _o „2 „3 I Q J70 „ „2 8 . 8 / > Y + 8/' p3q2 + 8 y > V + 8f°pq2YJL - 12fo2p2qi + 8/"j»4q2 

+ 8g'p3q3 + 8 W + 2/=/g)+ 8/y^+ 8/>/^ + %g. 
,3P3 

3p/ ' ̂  /- * 3j» ' "J ri dp ' w» ^*"9JST' 

Whence, by the method of undetermined coefficients, we find 

P3 = 0, P, = f / > V , R6 = ifp3q2 + y°p2q3, 
B6 = (ir-^sf02)piq2 + ig'p3q3 + (%^-^r2)p2q\ 

And therefore we have 

[1] r* =p2 + f / > y + \f'p3 q2 + (|/"- -^f2)p'i + etc. 

+ (**0-A/°Vs*-

This method for deriving formula [1] is taken from Wangerin. 

Art. 24, p. 36. Derivation of formula [2]. 

By taking one-half the reciprocal of the series for n given in Art. 23, p. 36, we 

obtain 

g; = i \l-f°cf-f'p(?-g°q3-f"p2q2-g'pq3-(h° -/°2) / - etc.]. 

And by differentiating formula [1] with respect to p, we obtain 

^y = 2 [> + |/°f ?2 + f/W + 2 (f/" - A/°W 

A-ig°pqsA-%g'p2q3 

+ (fA°-^/°2)iY+etc.]. 
Therefore, since 

1 8 M 
r s m ^ = 2^'-37-' 

we have, by multiplying together the two series above, 

[2] rain + = p - t r P ? - i f W - ( l f " + &ra)j?g'-*to. 

— \ g ° p f - iff'p2q3 

-(iA°-A/°W 
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Art. 24, p. 37. Derivation of formula [3]. 

By differentiating [1] on page 57 with respect to q, we find 

d(r2) 
~ 2 Y = 2lq + if°p2q + y ' f q + (|/" - rhf°2)p*q 

+ \g°p2q2 + \g'pzq2 +(&h0 — \if°2)p2q3 + etc.]. 

Therefore we have, since 

[3] r COS xb = q + \fp2q + \f'p3q. + (£/" - ^/°2)/? + etc. 

+ t < 7 > y + f/F3^+(iA°-ii/°2)/^. 

Art. 24, p. 37. Derivation of formula [4]. 

Since r cos cb becomes equal to p for infinitely small values of p and q, the series 

for r cos cb must begin with p. Hence we set 

(1) r cos cb = p A-R2A-R3A-RtA-R6A- etc. 

Then, by differentiating, we obtain 

v ' dp dp dp dp dp 

K ' dq dqdqdqdq 

By dividing [2] p. 57 by ra on page 36, we obtain 

(4) -^ =!» - i f°pq2 - ifp2f - ar + ^/o2)i*V - etc. 

- ^ ^ p f - i f f ' p ' q ' - d ^ - w n p q * -

Multiplying (2) by (4), we have 

(5) ^ . a f e ^ f l . ^ ^ ^ ^ ^ - d f ' A - ^ W 

-if°pq2-if0pq2d^ -irp/^-Wfq3 

-iffq2 - f/W^f - (I h° -nnp? 

3 /? 
%g°pqz - f O ^ - g y - e t c . 
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Multiplying (3) by [3] p. 58, we have 

,_. , 3(rcos<f>) 3P„ , 3P„ , 3P, , 3 P. , „ 3P„ 
(6) ^ ^ - ^ ^ ^ q j f A - q j f A - q j f + q j f + |/'/ q ^ 

+\rp2q-^ +i/V?^f+ig°p2/-^+etc-

Since 

r sin xb 3 (r cos cb) , 3 (r cos cb) 
= V r cos xb — ^ — — 3= r cos cb, 

n dp r dq r' 
we have, by setting (1) equal to the sum of (5) and (6), 

p + B i + B t + B i + B s + etc. 

+^-i/w-t/>^-i/>^ +A-% 

r) 7? 7) 7? 

-%g°pqs - % g ° v q ^ + W ? i f 

7) 7? 7) 7? 
+ g j j -(*/"+ * / ° W + ig°p2q2jf 

+ t/V<?^f -ig'fq5 A-etc., 

from which we find 

P = 0, R = §fpq2, P4= &f'p2q2 + ̂ p q 3 , 

B6=^g'p2q3+if *° - A / o 2 ) i y + ( A - r - -hr2)psq2-

Therefore we have finaUy 

[4] r cos ci = ^ + if°pq2 + A / > Y + (-^f-^fo2)psq2 + etc. 

+ i / W + * * W 
+ ^h°--^r2)pq\ 

Art. 24, p. 37. Derivation of formula [5]. 

Again, since r sin cb becomes equal to q for infinitely smaU values of p and q, 

we set 

(1) r sin cb 3333=3333= g f + P 2 + P 3 + P 4 + P 6 + etc. 
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Then we have by differentiation 

(2) d(rsincb) _ dR, dR, dR, | 3P6 ( ^ 

dp dp dp dp dp 

3frBtoi)= a*, 3*. « , 8 £ 
35" 3gr 3gr 3^ 3^ 

Multiplying (4) p. 58 by this (2), we obtain 

Likewise from (3) and [3] p. 58, we obtain 

3(rsin<&) , 3P„ , 3P„ , 3P, , 3 P. , .„ „„ A „0, 

3 7? 7) 7? 
+ %f0p2q + U ° f q - 3 f + ifp2q -97+ l ^ W 

+ W Y + W q d - ^ A - ( i h ° - w ° 2 ) p 2 < ? 

+ sg°p2q* + ig°p2q2~^+etc. 

Since 

r sinxb d(r sin <b) , d(rsincb) 
- + rcosi/>- a =rsmcb, n dp T dq 

by setting (1) equal to the sum of (4) and (5), we have 

q + 22,+^,+J?4+J28+ etc. 

- i + S - g + n t + / ^ + w * + 3 » f + i / y ^ ' + ? f + » * » • 

+ l/>2^-i/>/ -jp1 -ifp2q2-rjj + (U"-&npiq 

+ t / V ? ^ 7 - W p Z - ^ + igYq2 + (* *° -if/02)/;?'. 

3 
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from which we find 

P2=0, R = - i f ° P * q , B^-if'p3q-igy2q2, 

R * = - (-hf" - W ) ? g ~ A g'ff ~ (1 h°+Uf02)p2<f-

Therefore, substituting these values in (1), we have 

[5] rsmcb = q-\fp2q-\f'p3q ~ faf"—for*) P*S-***>. 

-\g°P2q2- -hg'fq2 

- d h o + u r 2 ) p 2 < ? -

Art. 24, p. 38. Derivation of formula [6]. 

Differentiating n on page 36 with respect to q, we obtain 

9 71 
(1) Yq = 2f>q + 2f'p q + 2f"p2q + etc. 

Sg°q2 A-Bg'pq2 + etc. 

' + 4 A < V + etc., etc. 

and hence, multiplying this series by (4) on page 58, we find 

7* sm wh 3 ft 
(2) — ^ • — = 2f°pq + 2 / y q + 2f"p3q + 3 g'p2q2 + etc. 

+ 3 g°pq2+ (4 h° — £f02)p q3. 

For infinitely smaU values of r, xb + cb = ~, as is evident from the figure on page 

55. Hence we set 

xb + cb = | A - R ^ R ^ R . A - R ^ etc. 

Then we shaU have, by differentktion, 

f3) d(xb+<j>)_dRx 3P2 | 3P3+3P4 ( ^ 

*• ' dp dp dp dp dp 

(i) d(xb+cb)^dR1 {dR2 3P8 3P4 

^ dq dq dq dq dq 

Therefore, multiplying (4) on page 58 by (3), we find 

r sinxb d(xbA-cb)^ 3P_ 3 P , 3 ^ 3P4 | 

*• ' » 3j» ® dp ™ dp " dp "dp 

- i r p / ^ - i r p q 2 ^ 

,3P. 
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and, multiplying [3] on page 58 by (4), we find 

(R\ , d(\b + (l>) 3P. , dR. dR, , 3P4 , 
(o) rcos^--^—££ = «__i + q — ^ A-q-^r1 + » ^ + e t c . 

r dq * dq * dq ydq * dq 

^ 3 / P $ dq ^ sJ p q dq 

, 3 P 
+ i / > 3 ^ 

+ ig°p2/-^-

A n d since 

rsini/> 3rc crsint// 3(i/< + c£) , 3(i/»+<£) 

~^~"^7 + - ^ 3]T~ + rcos^- 3 7 ^ = ° ' 

we shaU have, by adding (2), (5), and (6), 

o =p^p1 + 2 / > ? + 2/>2? + v y ? - % g ° p / - ^ 

^ f + ^ l f + 3 / W + 3 / P y + ^ 

+ - ^ f +pd~df + ( ^ ° - | / 0 2 ) m 3 + I / V ^ 2 

+^f -i/>/-f +io!/| 

+ l / > 2 ^ - | / > 2 / ^ +eto. 

From this equation we find 

jj=0, R = - f ° p q , R=-±f'p2q-g°pq2, 

K=-(\f'-\r2)p"q-\g'p2q2-(v-\r2)p<i-

Therefore w e have finally 

[6] 1>A-cb = l-rpq-,%f'p2q-(if"-ir2)p3q-etc. 

— g»pq2— \g'p2q2 

-(h°-}f°2)pq\ 



NOTES 63 

Art. 24, p. 38, 1. 19. The differential equation from which formula [7] foUows 

is derived in the foUowing manner. In the figure on page 55, prolong A D to D', 

making D D ' = dp, through D' perpendicular to A D ' draw a geodesic line, which wUl 

cut A B in P'. FinaUy, t3ke D'B" = D B , so that P B " is perpendicular to B'D'. 

Then, if by A B D we mean the 3re3 of the triangle A B D , 

dS A B ' D ' - A B D B D D ' B ' B D D ' B " r D D 
dr~ = hm B B ' = lun BJff = Lm D j y - L m - ^ 

since the surface B D D ' B " differs from B D D ' B ' only by an infinitesimal of the 

second order. And since 

r B D D ' B " r 
B D D ' B = d p . } n dq, or Um -—jffp—" = \ n dq, 

and since, further, 

consequently 

Therefore also 

,. D D ' dp 
h m B W = dr-> 

dS__dp /> 

dr dr J "' 

dS dp dS dq dp r 

dp dr dq dr dr J "' 

dr dr 
FinaUy, from the V3lues for -r—> x— given at the beginning of Art. 24, p. 36, we have 

dp 1 . dq 
•^-^-svnxb, y- 3= cos xb, 
dr n r' dr r' 

so that we have 
dS sinxb , 3 $ sinxb r , 
5 (- z— • cos xb — • I ndq. 
dp n dq T n J 2 

[Wangerin.] 
Art. 24, p. 38. Derivation of formula [7]. 

For infinitely smaU values of p and q, the are3 of the triangle A B C becomes 

equal to \ p q. The series for this area, which is denoted by 8, must therefore begin 

with \ p q, or P2. Hence we put 

S = R 2 + R^R^R.A-R.A- etc. 
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By differentiating, we obtain 

(1) ^ ? = dJ*2 + dAi + d_r?J + dJh + dJh + etc. 
dp dp dp dp dp dp '' 

(2) 3 ^ = ^ + 3P3 3P4 3P, + ^ + e t 
dq dq dq dq dq dq ' 

and therefore, by multiplying (4) on page 58 by (1), we obtain 

... rsinxp diS dR. , 3P„ , dR. , dR. , 3P6 , , 

(3) n ' 3 } = r - B ? + r j j + p - 3 j + P J i + p i ? + *«>-

-irp/^-irp/^-irp/-^ 

-i/w^-i/wf3 

„ 3 P„ „ .3 R, 
- i g - p q ' - ^ - W g y q ' s j 

-(if' + ^ n p 3 / - ^ 2 

and multiplying [3] on page 58 by (2), we obtain 

, 3# 3P2 , 3P3 , 3P4 3P5 dR6 , , 
(4) r c o s x b - ^ q ^ A - q ^ A - q j f + q j j + r ^ + etc. 

+ */y * ^ + \rp2qd-^ + * /V * ^4 

+ i / y ^ + i / > y ^ f 

3P2 
+ ( l / " - ^ / ° 2 ) / ? ^ 

+ l//?2-9 

+ ( u ° - n n f / ' d j -
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Integrating n on page 36 with respect to q, we find 

(5) fndq = q + |/° q3 + ifpq3A- \f" f q3 + etc. 

A-\g°qi A-lg'pq*A- etc. 

+ | h°qb + etc. etc. 

Multiplying (4) on page 58 by (5), w e find 

t sin \b /* 
(6) — ^ J n dq =pq-rpq3 - \\ffq3 - (*f/" + ̂ / ° > Y - etc. 

— §g°pqi ~Ug'p2qi 

- d ^ - W ^ p q 6 -
Since 

rsini|i dJS d S r sinxb r 
r—\- r cos xb • y- — • I n d q, 

n dp T dq n J *' 
dp r 3 q 

we obtain, by setting (6) equal to the sum of (3) and (4), 

pq ~f°pq3 ~ W f i - m r + &r2)p&qs- etc. 
— ig°pqi — Mg'p2qi 

- U *° - if /°2)^ s* 

^ + ^ + 4 f + ^ + n f + ̂  W / ^ + e t c . 

V^+^f+^f -*^^+^ -(*r+*/-w^ 

- i / > ^ ^ + i / v ^ 8 - i / o M 2 ^ + ( i r - ^ / o 2 ) / / ^ f 

+l/>2 ?^f - iff q2^ + iff q tj-WM ^ 

+ iff q if - iffZ-af + Wtt ^f 

-1 gy/sj+\ff q ^f - (w - nr2)p/-^ 

^3P2_3 0 33PP „ „ „3P, 
dq ^s pq dp 

From this equation we find 

Rt=\pq, R3=0, R = - ^ f ° p q 3 - ^ r p 3 q , 

b 5 = - fofp'q - &g°fq2 ~ i h f f i 3 -£>g°p ?> 

* . = - ( A h° -hf°*)p qB - (A *° + & / " + for*)M 

- i-,g'p2q" - (•&/" - -fof02)fq ~ fo g'fq2-

+ ig°p2q2-jf-\g°pq^ + (i*° - t t / " ) ^ 

file:////ffq3
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Therefore we have 

[7] 8 = \ p q - & r p f — f o f ' p 2 - ( - h f - i * r 2 ) f q - r t c . 

- & r p z q - ^ g ° f q 2 ~ ^ g ' f q 2 

-jhfp2qs - (A *° + -hf" + A / ° 2 W 

—-hg^pq* —-fotfft 

-(-hh°-xhr*)p<f-

Art. 25, p. 39,1. 17. 3 f + 4 q2 + 4 qq' + 4 ?'2 is replaced by 3 / + 4 ?2 + 4 /2. 

This error appe3rs in aU the reprints and transktions (except Wangerin's). 

Art. 25, p. 40, 1. 8. 3 p2 — 2 q2 + qq' + 4 qq' is replaced by 3 p2 — 2 q2 + qq' 

+ 4 q'2. This correction is noted in aU the translations, and in LiouviUe's reprint. 

Art. 25, p. 40. Derivation of formulae [8], [9], [10]. 

By priming the q's in [7] we obtain at once a series for S'. Then, since 

a^/S—tS', we have 

<r = ± p ( q - q ' ) - ^ r f ( q - q ' ) ~ - h f f ( q - q ' ) ~ *\ g° p3 (q2 ~ q'2) 

- & f ° p ( < f - q , 3 ) - T h f f ( < f - q ' s ) - ^ g ° p f o W ) > 

correct to terms of the sixth degree. 

This expression may be written as foUows : 

(T = ip(q-q')(l- }f°(p2+q2 + qq' + q'2) 

— fof'P (SfA-7q2A-7qq'+7 q'2) 

-Thg°(q + q')(3f +±q2 +4/2)), 

or, after factoring, 

(1) o - = i p ( q - q ' ) ( A - i r q 2 - i f p q 2 - i g ° q 3 ) ( l - i f (f~q2A-qq' + q'2) 

-^fp(6p2-8q2A-7qq'A-7q'2)-^g°(Sp2q + Bp2q'-6q3A-4:q2q'A-4:qq'2A-4:q'3)). 

The last factor on the right in (1) can be written thus: 

(l-Tfir/0(4/) - r f r r / W ) ~ Tf<r/> (6 sY) ~ rfo/0 $ f ) - j h f p ( 3 ^ ) 

+ Thf°(2q2) +Thf°(Sq2) -Thfp(Zq'2)+Thf°(2q2) -rh/'p^q'2) 

-M°(Zqq')-ihr(?>qq')-Thg0q(?>p2) -ihf°(qq') — r f < ^ Y W ) 

- T h f ° (Zq'2) - T h f ° (Zq'2) A-rhg'q^q2) -Thf°(±q'2) + x f ^ ° <?'(2 ?2) 

~ i h f P (3/) - t***0 q (6 qq') - r h f P (*f) ~ i h g ° q' (S <?') 

+ Thfp(Sq2)-Thg°q(Zq'2) + T h f p V q 2 ) - t I t ^ W 2 ) ) -

W e know, further, that 

1 32w 
* = - n - d Y = -'*f-Sgq-(12h-2f)q2-etc., 
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f=r +f'P A-f'f + etc., 
g = g°Ar g' p + g" f + etc., 

h = h° A-h'p A-h"p2+etc. 

Hence, substituting these values for /, g, and h in k, we have at P where k = ft, 

correct to terms of the third degree, 

/3 = - 2/° - 2 f p - 6 g° q - 2/'' f - 6 g' p q - (12 h° - 2/02) q2. 

Likewise, remembering that q becomes q' at C, and that both p and q vanish at A, 

we have 

y = - 2 / ° - 2 f p - 6 g ° q ' - 2 f " p 2 - Q g ' p q ' - ( 1 2 h° - 2f02)q'2, 
a = - 2 / ° . 

And since c sin P = r sin i|», 

c sin P =;> (1 - -1/° q2 - \ f p q2~\g°q3- etc.). 

Now, if we substitute in (1) c sin B, a, & y for the series which they represent, 

and a for q — q', we obtain (stiU correct to terms of the sixth degree) 

a = ±acsinB(lA-T^a(4;p2-2q2+3qq'A-Sq'2) 

+ y ^ /3(3/- 6 ?2+ 6 ??' + 3 ?'2) 

+ lh>7(Zp2-2q2+ qq' + ±q'2». 

And if in this equation we replace p, q, q' by c sin B, c cos P, c cos B — a, respect­

ively, we shaU have 

[8] o- = iacsinP(L+TiTa(3ffl2+4c2- 9fflccosP) 

+ Th/3(3a2A-Sc2-12accosB) 

A-j^y(4:a2A-Bc2- 9accosP)). 

By writing for P, a, /?, a in [8], J., & a, b respectively, we obtain at once 

formula [9]. Likewise by writing for P, ft, y, c in [8], C, y, /S, b respectively, we 

obtain formula [10]. Formulae [9] and [10] can, of course, also be derived by the 

method used to derive [8]. 

Art. 26, p. 41, 1. 11. The right hand side of this equation should have the pos­

itive sign. A U the editions prior to W3ngerin's h3ve the incorrect sign. 

Art. 26, p. 41. Derivstion of formula [11]. 

W e have 

(1) r2 + r'2 — (q — q')2 — 2 r cos cb . r' cos cb' — 2 r sin cj>. r' sin cb' 

= b2A- c2-a2-2bc cos (cb - cb') 

= 2 be (cos A* — cos A), 

since b2 + c2 — a2— 2 be cos A* and cos (cb — cb') — cos A. 
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By priming the q's in formulae [1], [4], [5] we obtain at once series for r'2, 

r' cos cb', r' sin cb'. Hence we have series for aU the terms in the above expression, 

and also for the terms in the expression: 

(2) r sin cb . r' cos cb' — r cos cb . r' sin cb' = b c sin A, 

namely, 

(3) r2 = f + % r f q2 + \ f f q2 + (I /" - A / 0 2 ) / q2 + etc. 
A-q2 A-i?g°p2q3+ ig'fq3 

+ d ^ - ^ r 2 ) f q \ 

(4) r » = f + f/>Y2 + \ f f q'2 + (if - A/0 W + etc. 
+ q'2 A-l?g0p2q'3+ ig'fq'3 

+ (ih°-&r2)fq'i, 

(5) -(q-q')2=-q2+2qq'-q'2, 

(6) 2 r cos cb=2p + |/° p q2 + if/' fq2 + (^Z" - if/02)/ q2 + etc. 

A-g°pq* A-l^g'fq3 

A - d h o - u r i p q * , 

(7) / cos f = p + | / > ?'2 + f^ffq'2 A- (A\f" - -hr2)fq'2 + etc. 

+ ig°pq,B+^gffqn 

+ ( t ^ ° - ^ / 0 2 W 4 , 

(8) 2 r sin cb = 2 q - f/° p2 q - ^ f ' f q - (^/" - if/02) / ? - etc. 

-ig°P2q2-^g'fq2 

- ( % h ° + nr2)fq3, 

(9) r' sin cb' = y' - | / ° p Y ~ l / > V ~ ( A / " ~ -fof°2)fq' ~ etc. 

-iff0fq"-foff'fq,a 

-(}h°+nr2)fq'3-

By adding (3), (4), and (5), we obtain 

(ioy2+/2-(^-^)2=2/+|/>2(^2+^)+i/yy+^2)+(i/,-^/°V(^+$''2)+etc. 

+ 2 ̂ ' + w y+^/3) + ^g'p3 (q3A- q'3) 

H i h ° - b r v ) ? t f + f % 
On multiplying (6) by (7), we obtain 

(11) 2 r cos cb .r' cos <b' 

= 2 f + if°p2 (q2 + q'2)+ i f f (q2 + q'2) + (.if - if/02)/ (q2 + ?'2) +etc-

A-g°f(q3 + q'3) + f o r t ( f + 4") 
+ (ih°-Ur2)f(qiA-q'i) 

+ ifo2fq2q'2, 
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and multiplying (8) by (9), we obtain 

(12) 2 r sin cb . r' sin cb' 

= 2qq'- i r f q q ' - i f f q q ' - ( i f - Ufo2)fqq' ~ etc. 
X. /y° n$ 
2 
g°f qq'(qA- q') - T\g'p3qq' (q + q') 

-(ih0A-Hr2)fqq'(q2+q'2). 

Hence by adding (11) and (12), we have 

(13) 2 be cos A 

= 2 f + f/>2 (q2 + q'2) + i f f (5 q2~ 4 qq> + ty'2)—^f°2f(2 q2 + 2 q'2 - 3 qq') + etc. 

+ 2qq'~ if0 fqq' + ig°f (2 ?8+ 2 ?'3- q2q'-qq'2) 

- i h f p 2 (14 ?4 + 14 q'* + W ?' + 13 qq'3 - 40 ?Y2) 
A-^g'p3(7q3+7q'3-Bq2q'-3qq'2) 

+ iff(3q2+Sq'2-2qq') 

+ i h°p2 (2 q* + 2 qri - q3 q' - qq's). 

Therefore we have, by subtracting (13) from (10), 

2 be (cos A* — cos A) 

= -if°P2 (q2 A- q'2-2qq')-\f'f (q2 + q'2~2 gq')+ -A^fo2f(q2 + q'2~2 qq') - etc. 

-ijg°f(q3A-q'3-q2q'-qq'2)-if"f(q2A-q'2-2qq') 

+ t f / ° Y ( 7 ^ + 7?'4+ 1 3 ? Y + L3^'3-40 2Y2) 
-^h°p2(qiA-q^—fq' — qq'3) 

~To g'f (q3 A-q'3-q2q'-qq'% 

which w e can write thus : 

(14) 2 b c (cos A* -cos A) = - 2 f (q - q')2 (1/° + \ f p + \g ° (q + q') + •fof'f 

+ I a° (?2 + $ Y + ?'2) + -hg'p (q + ?') 
- A / ° V - 9 V / ° 2 ( ^ 2 + 7 / 2 + 2 7 ^ ' ) ) , 

correct to terms of the seventh degree. 

If we multiply (7) by [5] on page 37, we obtain 

(15) r sin cb . r' cos cb' 

= p q + 1 / ° pqq'2 + & f f q q ' 2 + (A/" - - h f A f q q ' 2 - etc. 
- i f ° f q A-\g°pqq'3 +^g'fqq'i 

- i f f q +(ih0-&fo2)pqq'i 

-\g°p3q2 - i f f q q ' 2 

- ( - h f - M 0 2 ) f q 

-£>g'fq2 

-(ih° + ar2)fq3-
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And multiplying (9) by formula [4] on page 37, we obtain 

(16) r cos cb . r' sin cb' 

= p q ' - i f ° f q ' - i f f q ' -(rhf"-i*f2)fq' + etc. 

+ f / Y ? Y -ig°fq'* - -hg'fq12 

+ - h f f q2 q' - (i h° + Uf°2)f q'3 
+ \g°pq3q' -if02ffq' 

+ (-hf"-&f2)fq2q' 
A - ^ g ' f f q ' 

+ (ih°-&r2)pqiq'-

Therefore we have, by subtracting (16) from (15), 

(17) b c sin A 

= p ( q - q ' ) ( i - i f ° f - - h f p q q ' -(-hf"—hr2)fqq' 

- i r q q ' - i f f - {-fof" - ihf02)f 

~ig°qq'(q + q') - -fog'p qq' (q + q') 

- i g ° f (q + q') ~-hg'f(q + q') 
- (i h ° A - U f°2)f (q2 A-qq'A-q'2) 

-(ih°-Jsr2)qq'(q2A-qq'+q'2) 

+ if°2p2qq% 

correct to terms of the seventh degree. 

Let A * — A = t„ whence A*=AA- £, £ being a magnitude of the second order. 

Hence we have, expanding sin £ and cos £, and rejecting powers of £ above the second, 

or 

cos A*=cos A . (1 —~-\ — sin A . £, 

cos A „„ . 
cos 4¥ — cos A = „ £2 — sin A . £; 2 

or, multiplying both members of this equation by 2 be, 

(18) 2 b c (cos A* — cos A) = — b c cos A . £2 — 2 b c sin A . £. 

Further, let £=P2+P3+P4+etc, where the P's have the same meaning as before. 

If now we substitute in (18) for its various terms the series derived above, we shall 

have, on rejecting terms above the sixth degree, 

(f + qq') BAA- 2p (q - q') (1 - tf (P2 + 2 qq')) (R2+RS+RJ 

= 2 f (q - q')2 Q r + i f p + \g° (q + q') + i V / V + M * (3 + f) 
+ i h° (?2 + qq' + q'2) ~ -fof02 (12f + 7 q2 + 7 q'2A~ 27 qq')). 
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Equating terms of Uke powers, and solving for P2, P3, P4, we find 

R2=p(q-q') . i/°, R3 = p (q-q')Qf'p + $g°(qA- q')), 

£ * = p (q-q')(i\f"f + it\g'p(q + q') + i*0 y + sY + ?'2) 
-<hf02(7f A- 7 q2 A- 7 q'2+12 qq'». 

Therefore w e have 

A * - A = p ( g - q f ) Q r + i f p + iff" (q + q') + -&f"f 

+ &g'p (q + q')A-i h° y + qq' + q'2) 

- ^ / ° 2 ( 7 / + 7q2 + 12qq'+ 7 q'2)), 

correct terms of the fifth degree. 

This equation may be written as foUows : 

A* = A + a p Q . - t r (p2 + q2A-q'2 + qq')) Q f ° + i f p + iff0 (q + q') 

+ -Af'f + •foff'p (q + q') + i A° y + qq'+ q'2)-<kfo2(2f+ 2q2A- 7qq'+ 2q'2)). 

But, since 

2 o- = ap (1 — i/° (/ + £2 + ^ ' + q'2) + etc.), 

the above equation becomes 

A*=A-<ri-tr- ifp ~ ig° (q + q') ~ iff - &g'p (q + q') 
~ i h ° (q2+qq' + q'2) + -^f°2 ( 4 / + 4 q2 + 14??' + 4?'2)), 

or 

A * = A - a ( ~ i f ° 2 /o 
12/ 
A / > 

t W ? 

— 2 /o 
T2V 

- A / > 

" A ^ V 

- A / > 2 - A / > 2 + A / V 

- -hg'p q - -hg'p q' + \g'p (q + q') 
-j-%h°q2 - {%h° q'2 + ih° (Sq2-2qq' + 3?'2) 

+ T^/°2 ?2 + A / ° Y 2 + i k f ( 4 / ~ H q2 + 14 ??'- 11 q'2)). 

Therefore, if we substitute in this equation a, ft, y for the series which they repre­

sent, we shaU have 

[11] A* = A - a Q a + ^ft + ^ y + -&f'p2+$g'p (q + ?') 

+ I^° (3 / ~ 2 ? ?' + 3 q'2) + ^/°2 ( 4 / - 11 q2 + 14 ??' - 11 q'2)). 

Art. 26, p. 41. Derivation of formula [12]. 

W e form the expressions (q — q')2 + r2 — r'2 — 2 (q — q') r cos xji and (q — q') r sin xji. 

Then, since 

(q - q')2 + r2 - r'2 = a2 + c2 - b2 = 2 ac cos P*, 

2 (q — q')r cos xfi = 2 ac cosP, 
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we haÂ e 

(q ~ q')2 + r2 — r'2 - 2 (q - q') r cos xb = 2 a c (cos P * — cos P ) . 

W e have also 

(q ~ q') r sin xjt = ac sin P. 

Subtracting (4) on page 68 from [1] on page 36, and adding this difference to 

(q — q')2, w e obtain 

(1) (q ~ q'f + r2 — r'2, or 2 ac cos P* 

= 2 q(q~q') + i f p2(q2 ~ q'2) + i f f (q2 - q'2) + (f/" - &f°2)f (?2 ~ ?'2) + etc. 

+ i < 7 > 2 y - y 3 ) + f ^ y t f - f ) 
+ (f^0-^/02)/(?4-O-

If we multiply [3] on page 37 by 2 (q — q'), we obtain 

(2) 2(q — q') r cos x\>, or 2 ac cos P 

= 2 ?(?-?') + irfq(q-q') +ffq(q~q') + (|/" -^-/°2) fq(q~q')A- etc. 

+ 1 $ W ( ? - V ) + Wffist-rt 
Jr(ih°-^r2)fq3(q-q'). 

Subtracting (2) from (1), we have 

(3) 2«c(cosP*-cosP) 

— 2 f (g - q')2 Q f ° + i f p + a/r/ - &f°2) f + etc. 
+ i^° (2 q + q')A- ig'p(2qA-q') 

+ (ih°-1?1Jr2)(Zq2A-2qq' + q'2)). 

Multiplying [2] on page 36 by (q — q'), we obtain at once 

(4) (q — g')r sinxp, or acsinP 

=piq ~ q') C1 - if° q2 - ifpq2 - (if + -hr2)f<t + etc. 

~\g°q3 - ig'pq3 

-(f/»°-A/02Y)-

W e now set B * — P = £, whence B * = B + £, and therefore 

cos P* 3= cos P cos £ — sin P sin £. 

This becomes, after exp3nding cos £ and sin £ and neglecting powers of £ above the 

second, 

cos B * — cos P =3==3 — — s £ — sm P. £. 

Multiplying both members of this equation by 2 ac, we obtain 

(5) 2 ac (cos P* — cosP) == —fflccos P. £2— 2 «c sinP . £. 
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Again, let £=R +R +R + etc., where the Ps have the same meaning as before. 

Hence, replacing the terms4 in (5) by the proper series and neglecting terms above the 

sixth degree, we have 

(6) q(q-q')R22 + 2p(q-g')(l-if°q2)(B2 + BaA-Bi) 

= 2 f (g - g j a r + if'P + a / " - a/0 v 
+ ig°(2gA-g')A-ig'p(2g + g') 

+ (ih°-Thr2)(Zq2+2qq'+q'*))-

From this equation we find 

B2=p (q ~ q') • if0, B = p (g - q') (i/> + \g° (2 q + ?')), 

Bi=p(q-q'){ifp2+ig'p(2q + q') + ^h°(Bq2A-2qq'A-q'2) 

~ for2(±P2+ 16 q2A- 9 qq'A- 7 q'2)). 

Therefore we have, correct to terms of the fifth degree, 

B * - B = p (q - q') (|/° + if'p + j-f"p2 + ig'p (2 q + q>) 

+ \g° (2qA- q') + i h° (3 q2A- 2 qq'A- q'2) 

~ eV/02 (4/+ 16 q2A- 9 qq'A- 7q'2)), 

or, after factoring the last factor on the right, 

(7) B*=B-ip(q-q')Q_-],f°(p2+q2+qq'+q'2)y(-if°-±fp-±20{2q + q,) 

- i f ' f - i g ' p V q + q')~ih°(Sq2 + 2 qq'A- q'2) 

+ ^o/°2(- 2 / + 22 q2+ 8 qq'A-i q'2)}. 

The last factor on the right in (7) may be put in the form: 

— _2_ fo 2 /o 2 fo 
11J ijJ T2V 

~ if'P ~ Tlf'P 
ig°q ~T2g°q' 

— 2. ifp2 - A / V + A / V 
~ig'pq —-f\g'pq' + rcjg'p(2q + q') 
-±£h0q2-i%h°q'2+ih0(4:q2A-3q'2-4qq') 

+ t/°Y + A/°V2 - A / ° W + 8 q2A- 11 q'2- 8 qq')). 

FinaUy, substituting in (7) cr, a, ft, y for the expressions which they represent, we 

obtain, stiU correct to terms of the fifth degree, 

[12] B * = B - a ( r \ a + i f t A - - h y + -frf'f 
A-r\g'p(2qA-q')A-ih°(4,q2-4:qq'A-3q'2) 

~ A / ° W + 8 q2~ 8 qq'A-11 q'2)). 



74 NOTES 

Art. 26, p. 41. Derivation of formula [13]. 

Here we form the expressions (q — q')2 + r'2 — r2 — 2 (q — q') r' cos (tt — xb') and 

(q~ q')r' sin (ir — xb') and expand them into series. Since 

( q ~ q ' Y + r'2~r2= a2+ b2-c2=2ab cos C*, 

2(q — q') r' cos (tt — xb') = 2 ab cos C, 
we have 

(q ~ q')2 A- r'2 - r 2 - 2 ( q - q') r' cos (tt - xb') = 2 a b (cos C* - cos 0). 

W e have also 

(g — g') r' sin (Tr — xb') = ab sin C. 

Subtracting (3) on page 68 from (4) on the same page, and adding the result to 

(q~q')2, we find 

(!) (q — q')2A-r'2-r2, or 2 ab cos C* 

= -2q'(q-q')-1/>2 (q2- q<*) - £ / y ( f ^ q») - (§/"- ̂ / ° > * (?2- q") - etc. 

~\g°f(q3-q'3)-ig'f(q3-q'3) 

- d ^ - i h n f t f - q " ) . 

B y priming the q's in formula [3] on page 37, we get a series for r'cosi//', or for 

— r'cos (tt — xb'). If we multiply this series for — r' cos (tt — xb') by 2 (q — q'), we find 

(2) — 2 (q — q') r' cos (tt — f ) , or - 2 ab cos C 

= 2 (q " q') W + f / > Y + iffq' + (if" ~ &fo2)fq' + etc. 

+ \g°p2q'2 + ig'p3q'2 

+ (ih°-ur2)fq'i). 

A n d therefore, by adding (1) and (2), we obtain 

(3) 2 ab (cos C * — cos C) 

= -2f(q-q')2Qf + ifp + (*/"-A/"V+ etc 
+ i/70(? + 2?') + i<7>(? + 2?') 

+ a^°-^/02)y+2$Y+3?'2)). 

By priming the q's in [2] on page 36, we obtain a series for / sin xb', or for 

r' sin (it — xft'). Then, multiplying this series for r' sin (tt — xp') by (q — q'), we find 

(4) (q — q') r' sin (tt — x\i'), or « b sin C 

=^(?-?')(l-i/°?'2-i/>?'2-(i/"+^/°>2/2-etc. 

- i / Y 3 -ig'pq'3 

-dh°--ihr2)q'% 

A s before, let C* — C"=£, whence C * = C + £, and therefore 

cos C*3= cos (7 cos £ — sin Csin £. 
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Expanding cos £ and sin £ and neglecting powers of £ above the second, this equation 

becomes 

cos C* — cos C= n £2—" sin 0- £; 

or, after multiplying both members by 2 ab, 

(5) 2ab(cosC* — cos C ) = - a b cos C. £2-2a£sinC. £. 

Again we put £=RiA-R3A-RiA- etc., the P's having the same meaning 38 before. 

Now, by substituting (2), (3), (4) in (5), and omitting terms above the sixth degree, 

we obtain 

q'(q-q')B2-2p(q-q')(l-irq'2)(R2 + R3+Ri) 

= - 2 f ( q - q ' ) 2 Q f ° + i f p + ( i f - &f°2)f 

+ ig° (q + 2 q') + ig'p (q + 2 q') 

+ ( ^ 0 - A / O 2 ) y + 2 $ Y + 3 0 ) , 
from which we find 

Bi=P(q-q').if°, B=p(q-q')QfpA-ig°(q + 2q')), 

Bi=p(q-q')(if"f+ig'p(qA-2q')A-\h°(q2A-2qq'+?,q'2) 

- A / ° 2 ( 4 / + 7q2A-9qq'A-Wq'2)). 

Therefore we have, correct to terms of the fifth degree, 

(6) C* - C = p (q - q>) (1/° + \ f p + \f"f + \g'p (q + 2 ?') 

+ ig° (q + 2 ?') + £ a° y + 2 ??' + 3 ?'2) 

- -gV/02(4/+ 7q2 A-9 qq'A- 16 q'2)). 

The last factor on the right in (6) may be written as the product of two factors, one 

of which is £(1 — £/° Q»2+ q2A- qq'A- q'2)), and the other, 

2 (|/° + i/> + iff° (? + 2 ?') + |/'>2 + iy>(? + 2 ?') 
+ i A o y + 3 ^ 2 + 2 ^ ' ) - ^ / o 2 ( - / + 2 ? 2 + 4 ^ ' + l l ? ' 2 ) ) , 

or, in another form, 

( 2 fo 2 /o — 2/0 
V T2V T2V W 

--hf'P ~if'P 
- & g ° q ~ig°q' 

- A / V — * / V + A / V 
--hg'pq — ig'pq' +ih)g'p(q + 2q') 
-±lhoq2 -l_jLho qi2 +x/l°(3qli-4:qq' + 4 ?'2) 

+ A / ° Y +1/02?'2 - A / 0 W + n ?2 - 8 ??'+ 8 ?'2)). 
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Hence (6) becomes, on substituting a, a, ft, y for the expressions which they represent, 

[13] C* = C - a (^a + ^ftA-iyA- ^ f " f 

A- -r\g'p(q + 2q') + \h° (3 q2 - 4 qq' + 4 q'2) 

- A/02 (2i»2 + H q2 ~ 8 qq' + 8 ?'2)). 

Art. 26, p. 41. Derivation of formula [14]. 

This formula is derived at once by 3dding formulae [11], [12], [13]. But, as 

Gauss suggests, it may also be derived from [6], p. 38. By priming the qs in [6] 

we obt3in a series for (x\f + cb'). Subtracting this series from [6], and noting that 

cb — cb'A- xbA- tt — xb'=A + P A-C, we have, correct terms of the fifth degree, 

(1) A + B + C = T T - p ( q - q ' ) ( f + ifpA-if"p2A-ig'p(q + q') 

+ g°(q + q) +h° (q2 + qq' + q'2) 
~ i f (p2+2q2+2 qq' + 2 q'2)). 

The second term on the right in (1) may be written 

+ iap(A-if(p2A-q2A-qq'A-q'2)).2(-r-%fp-±f'p2-ig'p(q + q') 

-g°(q + q') —*° Y + qq' + q'2) 

+ if°2(+qi + qq' + q'2)), 

of which the last factor may be thrown into the form: 

(-f/°—f/° -1/° 

— i f p —If'P 

— % g ° q —\\g°q' 
- i f f - i f f a - i f f 
-%g'pq - %g'p q' A- ig'p (q + q') 

-^h°q2-^-h°q'2A-2h°(q2A- q'2~qq') 

+ t/°Y + f / ° Y 2 - i / o 2 y + q'2-qq'))-

Hence, by substituting cr, a, ft, y for the expressions they represent, (1) becomes 

[14] AA-BA-0=TTA-a(iaA-^ft+^y + if"f 

+ ig'p(qA-q') + (2h°-ir2)(q2-qq'A-q'2)). 

Art. 27, p. 42. Omitting terms above the second degree, we have 

a2 = q2—2qq' + q'2, b2—p2A-q'2, c2=p2A-q2. 

The expressions in the parentheses of the first set of formulae for A*, B*, 0* 

in.Art. 27 may be arranged in the following manner: 

{2f — q2 A-iqq'- q'2) = ( (f + q'2) + (f + q2) — 2(q2 - 2 qq' + q'2)), 

(f -2q2A-2 qq' + .q'2) = ( 2 (f + q'2) - (f + q2) ~(q2~2 qq' + q'2)), 

(p2 +q2 A-2qq'-2q'2) = \ - ( f + q'2) + 2(f + q2)-(q2-2qq'+q'2)). 
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Now substituting a2, b2, c2 for (q2 —• 2 qq' + q'2), (p2A-q12), (p2 + q2) respectively, and 

changing the signs of both members of the last two of these equations, we have 

(2f-q2 A-iqq' — q'2) = (b2 + c 2 - 2 a2), 

- ( f -2q2A-2qq'A- q'2) = (a2 + c2-2b2), 

- ( f + q2 +2qq'-2q'2) = (a2A-b2-2c2). 

And replacing the expressions in the parentheses in the first set of formulae for 

A*, P*, C* by their equivalents, we get the second set. 

Art. 27, p. 42. /°=— cr™? /"=0, etc., may be obtained directly, without the 

use of the general considerations of Arts. 25 and 26, in the following way. In the 

case of the sphere 

ds2 = cos2 [jr) • dp2 + dq2, 

hence 

»=cos(-D =1-^ + 24^-etc., 

i. e., 

f°=~2I? h°=2n?' f==g°=j"=g'==:0- [Wangerin.] 

Art. 27, p. 42, 1. 16. This theorem of Legendre is found in the Memoires (His-

toire) de l'Academie Royale de Paris, 1787, p. 358, and also in his Trigonometry, 

Appendix, § V. He states it 3S foUows in his Trigonometry: 

The very slightly curved spherical triangle, whose angles are A, B, C and whose sides 

are a, b, c, always corresponds to a rectilinear triangle, whose sides a, b, c are of the same 

lengths, and whose opposite angles are A — \e, B — \e, C — \e, e being the excess of the 

sum of the angles in the given spherical triangle over two right angles. 

Art. 28, p. 43, 1. 7. The sides of this trkngle are Hohehagen-Brocken, Insel-

berg-Hoheh3gen, Brocken-Inselberg, 3nd their lengths 3re about 107, 85, 69 kilometers 

respectively, according to Wangerin. 

Art. 29, p. 43. Derivation of the relation between a and a*. 

In Art. 28 we found the relation 

A* = A - -&a(2 aA-ftA- y). 
Therefore 

sin^4* = sin A cos ( A °"(2 a A-ft + y)) — cos A sin (^ a (2 a A-ft + y)), 

which, after expanding cos (^ cr (2 a A-ft + y)) 3nd sin (T̂ - a (2 a + ft + y)) 3nd reject­

ing powers of (A°"(2 a+/3 + y)) above the first, becomes 
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(1) sin A* = sin A — cos A. (^a(2 aA-ftA-y)), 

correct to terms of the fourth degree. 

But, since a and a* differ only by terms above the second degree, we may replace 

in (1) cr by the value of cr*, ̂  be sin A*. W e thus obtain, with equal exactness, 

(2) sin A = sin A* (1 + ^bccosA. (2aA-ft + y)). 

Substituting this value for sin A in [9], p. 40, we have, correct to terms of the sixth 

degree, the first formula for a given in Art. 29. Since 2 be cos A*, or b2 + c2—a2, 

differs from 2 be cos A only by terms above the second degree, we may replace 2 be cos A 

in this formula for a by b2A-c2 — a2. Also <r* = \bc sin A*. Hence, if we make 

these substitutions in the first formula for a, we obtain the second formula for a 

with the same exactness. In the case of a sphere, where a=/3 — y , the second 

formula for cr reduces to the third. 

When the surface is spherical, (2) becomes 

sin A 3= sin A* (1 + * b c cos A). 

And replacing 2 be cos A in this equation by (b2 + c2 — a2), we have 

sin A = sin A* (1 + ^ (b2 + c2 - a2)), 

or 

And Ukewise we can find 

«=*= <! + £(..+ ,-*)), *!£,_ (! + £(,+ i> -o-)). 

Multiplying together the last three equations and rejecting the terms containing a2 

and a3, we have 

n | <* /_» | 32 , ̂ - s i n ^ -sini? -sin0 
i t 1 2 i « t f i t c ) - sinA*.sinP*.sintf*' 

Finally, taking the square root of both members of this equation, we have, with the 

same exactness, 

• = 1 + 
Vsin A*. sin P*. sin C*' 

The method here used to derive the last formula from the next to the last 

formuk of Art. 29 is taken from Wangerin. 
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Although the real purpose of this work is the deduction of new theorems con­

cerning its subject, nevertheless we shall first develop what is already known, partly 

for the sake of consistency and completeness, and partly because our method of treat­

ment is different from that which has been used heretofore. W e shaU even begin by 

advancing certain properties concerning plane curves from the same principles. 

In order to compare in a convenient manner the different directions of straight 

lines in a plane with each other, we imagine a circle with unit radius described 

in the plane about an arbitrary centre. The position of the radius of this circle, 

drawn paraUel to a straight Une given in advance, represents then the position of that 

line. And the angle which two straight Unes make with each other is measured by 

the angle between the two radii representing them, or by the arc included between 

their extremities. Of course, where precise definition is necessary, it is specified at 

the outset, for every straight Une, in what sense it is regarded as drawn. Without 

such a distinction the direction of a straight Une would always correspond to two 

opposite radii. 

2. 

In the auxiUary circle we take an arbitrary radius as the first, or its terminal 

point in the circumference as the origin, and determine the positive sense of measur­

ing the arcs from this point (whether from left to right or the contrary); in the 

opposite direction the arcs are regarded then as negative. Thus every direction of 3 

straight Une is expressed in degrees, etc., or also by a number which expresses them 

in parts of the radius. 
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Such Unes as differ in direction by 360°, or by a multiple of 360°, have, there­

fore, precisely the same direction, and may, generaUy speaking, be regarded as the 

same. However, in such cases where the manner of describing a variable angle is 

taken into consideration, it may be necesssry to distinguish carefuUy angles differing 

by 360°. 

If, for example, we have decided to measure the arcs from left to right, and if 

to two straight lines I, V correspond the two directions L, L', then L ' — L is the angle 

between those two straight lines. And it is easily seen that, since L' — L faUs 

between — 180° and + 180°, the positive or negative value indicates at once that I' 

Ues on the right or the left of /, as seen from the point of intersection. This will 

be determined generally by the sign of sin ( L ' — L ) . 

If a a' is a part of 3 curved line, 3nd if to the tangents at a, a' correspond 

respectively the directions a, a', by which letters shall be denoted also the corres­

ponding points on the auxiUary circles, and if A, A' be their distances along the arc 

from the origin, then the magnitude of the arc a a' or A' — A is caUed the amplitude 

of a a'. 

The comparison of the ampUtude of the arc a a' with its length gives us the 

notion of curvature. Let I be any point on the arc a a', and let X, A be the same 

with reference to it that a, A and a', A' are with reference to a and a'. If now 

aX or A — A be proportional to the part a I of the arc, then we shall say that a a' is 

uniformly curved throughout its whole length, and we shaU call 

A - A 
al 

the measure of curvature, or simply the curvature. We easUy see that this happens 

only when a a' is actually the 3rc of 3 circle, and that then, 3ccording to our defini­

tion, its curv3ture wiU be ± -•> if r denotes the radius. Since we always regard r 

as positive, the uppef or the lower sign wiU hold according as the centre lies to the 

right or to the left of the arc a a' (a being regarded as the initial point, a' as the 

end point, and the directions on the auxiliary circle being measured from left to 

right). Changing one of these conditions changes the sign, changing two restores it 

again. 

On the contrary, if A — A be not proportional to a I, then we C3U the arc non-

uniformly curved and the quotient 

A — A 
al 
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may then be called its mean curvature. Curvature, on the contrary, always presup­

poses that the point is determined, and is defined as the mean curvature of an element 

at this point; it is therefore equal to 

dK 

dal 

W e see, therefore, that arc, amplitude, and curvature sustain a simUar relation to each 

other as time, motion, and velocity, or as volume, mass, and density. The reciprocal 

of the curvature, namely, 

dal 

I X ' 

is called the radius of curvature 3t the point 1. And, in keeping with the above 

conventions, the curve at this point is called concave toward the right and convex 

toward the left, if the value of the curvature or of the radius of curvature happens 

to be positive; but, if it happens to be negative, the contrary is true. 

3. 

If we refer the position of a point in the plane to two perpendicular axes of 

coordinates to which correspond the directions 0 and 90°, in such a manner that the 

first coordinate represents the distance of the point from the second axis, measured in 

the direction of the first axis; whereas the second coordinate represents the distance 

from the first axis, me3sured in the direction of the second axis; if, further, the inde­

terminates x, y represent the coordinates of a point on the curved Une, s the length 

of the Une measured from an arbitrary origin to this point, cb the direction of the 

tangent 3t this point, 3nd r the radius of curvature ; then we shaU have 

dx = cos cb . ds, 

dy ̂  sin cb . ds, 

ds 

deb 

If the nature of the curved line is defined by the equation V = 0, where V is a 

function of x, y, and if we set 

d V = pdxA- qdy, 

then on the curved Une 

p dx + q dy = 0. 

Hence 

p cos c/» + q sin cb — 0, 
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and therefore 
p 

tan cb = -—-• 
r q 

W e have also 
cos cb . dp + sin cb . dq — (p sin cb — q cos cb)dcb = Q. 

If, therefore, we set, according to a weU known theorem, 

dp = P dx + Q dy, 

dqz= Q dx + Rdy, 
then we have 

(P cos2 c6 + 2 Q cos cb sin cb A- R sin2 cb) ds — (p sin cb — q cos <£) rf c/>, 

therefore 

1 _ P cos2 cb A- 2 Q cos cb sin cb + P sin2 <£ 

r p sin <£ — g' cos cb 

or, since 

cos $ = WW-t-^V sln £ ~ v ( f + q2) r i/'(/ + ?2) 

l^_Pg2-2 QpqA-Rp2 

r ~~ (p2 + £2)% 

The ambiguous sign in the last formula might at first seem out of place, but 

upon closer consideration it is found to be quite in order. In fact, since this expres­

sion depends simply upon the partial differentials of V, and since the function V itself 

merely defines the nature of the curve without at the same time fixing the sense in 

which it is supposed to be described, the question, whether the curve is convex 

toward the right or left, must remain undetermined until the sense is determined by 

some other means. The case is similar in the determination of cb by means of the 

tangent, to single values of which correspond two angles differing by 180°. The 

sense in which the curve is described can be specified in the following different ways. 

I. B y means of the sign of the change in x. If x increases, then cos cb must be 

positive. Hence the upper signs wUl hold if q has a negative value, and the lower 

signs if q has a positive value. W h e n x decreases, the contrary is true. 

II. B y means of the sign of the change in y. If y increases, the upper signs 

must be taken when p is positive, the lower when p is negative. The contrary is 

true when y decreases. 

III. B y means of the sign of the value which the function V takes for points 

not on the curve. Let 8x, hy be the variations of x, y when we go out from the 
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curve toward the right, at right angles to the tangent, that is, in the direction 

0 + 90°; and let the length of this normal be 8 p. Then, evidently, we have 

8x = 8p . cos (cb A- 90°), 

$y = 8p .sin (cf> A- 90°), 
or 

8 x =3333= — 8 p . sin cb, 

By = + 8 p . cos cb. 

Since now, when 8 p is infinitely smaU, 

8 V = p8x + q8y 
= (—p sin cb A- q cos cb) 8 p 

= + S/J1/(/ + «?2) 

and since on the curve itself V vanishes, the upper signs wiU hold if V, on passing 

through the curve from left to right, changes from positive to negative, and the con­

trary. If we combine this with what is said at the end of Art. 2, it follows that the 

curve is always convex toward that side on which V receives the same sign 3s 

Pq2-2Qpq-YRf. 

For example, if the curve is a circle, and if we set 

V = x2 + y2 — a2 
then we have 

p = 2x, q = 2y, 

P = 2, Q = 0, P = 2, 

P q 2 - 2 Q p q A - R p 2 = 8 y 2 + 8 x 2 = 8 a 2 , 

(p2A-q2)%=8a3, 

r = ± a 

and the curve wiU be convex toward that side for which 

x2 + y2 > a%i 
as it should be. 

The side toward which the curve is convex, or, what is the same thing, the signs 

in the above formulae, wiU remain unchanged by moving along the curve, so long as 

8 F 

lp 

does not change its sign. Since V is a continuous function, such a ch3nge C3n take 

place only when this ratio passes through the value zero. But this necessarily pre­

supposes that p and q become zero at the same time. At such a point the radius 
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of curvature becomes infinite or the curvature vanishes. Then, generally speaking, 

since here 
— p sin cb + q cos cb 

will change its sign, we have here a point of inflexion. 

The case where the nature of the curve is expressed by setting y equal to a 

given function of x, namely, y — X , is included in the foregoing, if we set 

V = X - y . 
If we put 

then we have 

therefore 

Since q is negative here, the upper sign holds for increasing values of x. W e can 

therefore say, briefly, that for a positive X " the curve is concave toward the same 

side towsrd which the y-axis Ues with reference to the #-axis; while for a negative 

X " the curve is convex toward this side. 

6. 

If we regard x, y as functions of s, these formulae become stiU more elegant. 

Let us set 

d X = 

P = X 

-X'dx, 

p = X , 

1 
•+- — — 
r 

d X ' = 

q = -

0 = 0, 

X " 

(1+X'2)%' 

•-X" 

-1, 
R. 

dx, 

= o, 

Then we shaU have 

or 

dx , 

ds~~x> 

dl = y> 
ds &> 

x' ==33 COS cb, 

n sin $ 
x"— -> 

r 

y' = — r x", 

dx' „ 

ds x ' 

ds y 

y' = sin cb, 

cosc6. 
y' = > 

x' = ry", 
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or also 
1 == r (x' y" — y' x"), 

so that 

represents the curvature, and 

the radius of curvature. 

x' y" — y' x" 

x'y" — y'x" 

7. 

W e shaU now proceed to the consideration of curved surfaces. In order to repre­

sent the directions of straight Unes in space considered in its three dimensions, we 

im3gine 3 sphere of unit radius described about an arbitrary centre. Accordingly, a 

point on this sphere wUl represent the direction of all straight Unes p3raUel to the 

radius whose extremity is at this point. As the positions of aU points in space 

are determined by the perpendicular distances x, y, z from three mutually perpendicu­

lar planes, the directions of the three principal axes, which are normal to these 

principal planes, shaU be represented on the auxiUary sphere by the three points 

(1), (2), (3). These points are, therefore, alwsys 90° apart, 3nd at once indicate the 

sense in which the coordin3tes 3re supposed to increase. W e shaU here state several 

weU known theorems, of which constant use wiU be made. 

1) The angle between two intersecting straight Unes is measured by the arc [of 

the great circle] between the points on the sphere which represent their directions. 

2) The orient3tion of every pkne C3n be represented on the sphere by means 

of the great circle in which the sphere is cut by the plane through the centre parallel 

to the first plane. 

3) The angle between two planes is equal to the angle between the great cir­

cles which represent their orientations, and is therefore also measured by the angle 

between the poles of the great circles. 

4) If x, y, z; x', y', z' are the coordinates of two points, r the distance between 

them, and L the point on the sphere which represents the direction of the straight 

Une drawn from the first point to the second, then 

x' = x + r cos(l)P, 

y ' = y + r cos(2)L, 

z' — z + r cos(3)P. 

5) It follows immediately from this that we always have 

cos2(l)P + cos2(2)X + cos2(3)2; = 1 
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[and] also, if 2/ is any other point on the sphere, 

cos(l)P . cos(l)P' + cos(2)P . cos(2)P' + cos(3)P . cos(3)2/= cos LL'. 

W e shaU add here another theorem, which has appeared nowhere else, as far as 

we know, and which can often be used with advantage. 

Let L, L', L", L'" be four points on the sphere, and A the angle which LL'" 

and L'L" make at their point of intersection. [Then we have] 

cosPP' . cos L" L"'—cos L L " . cos L'L'" = sin LL'" . sin L'L" . cos A. 

The proof is easUy obtained in the following way. Let 

A L = t , A L ' = t', A L " = t", AL'" = t'"; 

we have then 

cos L L ' = cos t cos if + sin t sin f cos A, 

cos L"L'" = cos t" cos t'" + sin t" sin f" cos A, 

cos L L " 3= cos i cos f' + gin i sin f Cos A, 

cos L'L'" =33= cos if cos if" + sin if sin if" cos A. 

Therefore 

cos L L ' cos L"L'" - cos P P " cos L'L" 

= cos A J cos tf cos tf' sin t" sin f" + cos if' cos f" sin tf sin if 

— cos £ cos t" sin f sin if" — cos £' cos if" sin £ sin #" \ 

=33= cos A (cos t sin f" — cos t'" sin £) (cos £' sin t" — cos £" sin t') 

= cos A sin (t'" — t ) sin (t" — t') 

= cos A sinPP" sinPP". 

Since each of the two gre3t circles goes out from A in two opposite directions, 

two supplementary angles are formed at this point. But it is seen from our 3nalysis 

that those branches must be chosen, which go in the same sense from L toward L'" 

and from L' toward L". 

Instead of the angle A, we can take 3lso the dist3nce of the pole of the great 

circle LL'" from the pole of the great circle L'L". However, since every great circle 

has two poles, we see that we must join those about which the great circles run in 

the same sense from L toward L'" and from L' toward L", respectively. 

The development of the special case, where one or both of the arcs LL'" and 

L' L" are 90°, we lesve to the reader. 

6) Another useful theorem is obtained from the foUowing analysis. Let L, L', 

L" be three points upon the sphere and put 
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cos L (1) =33= x, cos L (2) = y, cos L (3) = z, 

cos L' (1) = x', cos L' (2) = y', cos L' (3) = z', 

cos P"(l) = x", cos P" (2) = y", cos P" (3) = z". 

W e assume that the points are so arranged that they run around the triangle 

included by them in the same sense as the points (1), (2), (3). Further, let X be 

that pole of the great circle P'P" which Ues on the same side as P. W e then have, 

from the above lemma, 

y' z" — z' y" = sin L' L" . cos X(l), 

z' x" - xf z" = sin P' P" . cos X(2), 

x'y" — y' x" = sin L' L" . cos X(3). 

Therefore, if we multiply these equations by x, y, z respectively, and add the pro­

ducts, we obtain 

xy'z" + x'y"z + x" y z' — xy" z' — xf y z" — x"y' z = sin P'P'. cos XP, 

wherefore, we can write also, according to well known principles of spherical trigo­

nometry, 

sinP'P".sinPP".sinP' 

3 sin P'P". sin P P ' . sinP" 

sinP'P".sinP'P".sinP, 

if L, L', L" denote the three angles of the spherical triangle. At the same time we 

easUy see that this V3lue is one-sixth of the pyramid whose angukr points are the 

centre of the sphere and the three points P, P', P" (and indeed positive, if etc.). 

8. 

The nature of a curved surface is defined by an equation between the coordinates 

of its points, which we represent by 

/ (*, y, z) = o. 

Let the total differential of / (x, y, z) be 

P dx + Q dy + P dz, 

where P, Q, R are functions of x, y, z. W e shall always distinguish two sides of the 

surface, one of which we shaU C3ll the upper, 3nd the other the lower. Generally 

speaking, on passing through the surface the value of / changes its sign, so that, as 

long as the continuity is not interrupted, the values are positive on one side and nega­

tive on the other. 
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The direction of the normal to the surface toward that side which we regard as 

the upper side is represented upon the auxiUary sphere by the point P. Let 

cos P(l) = X, cos L(2) = Y, cos P(3) = Z. 

Also let ds denote an infinitely small Une upon the surface; and, as its direction is 

denoted by the point X on the sphere, let 

cos X(l) 3= g, cos X(2) =3= 7], cos X(3) = £. 

W e then have 
dx = £ ds, dy = ttj ds, dz = £ ds, 

therefore 
P f + £ 7 , + P £ = 0, 

and, since X P must be equal to 90°, we h3ve 3lso 

X g A - Y v A - Z £ = 0 . 

Since P, Q, R, X, Y, Z depend only on the position of the surface on which we take 

the element, and since these equations hold for every direction of the element on the 

surface, it is easily seen that P, Q, R must be proportional to X, Y, Z. Therefore 

P = X p , Q=Yp,, R = Zp, 
Therefore, since 

X2A-Y2A-Z2=1; 

p . = P X + Q Y A - R Z 
and 

P2 = P2A-Q2A-R2, 
or 

fi= ±Y(P2A-Q2 + R2). 

If we go out from the surface, in the direction of the normal, a distance equal to 

the element 8 p, then we shall have 

8 x = X 8 p , 8y = Y8p, 8 z = Z 8 p 
and 

S / = P 8x + Q 8y + P 8z = p 8 p. 

W e see, therefore, how the sign of p. depends on the change of sign of the value of 

/ in passing from the lower to the upper side. 

Let us cut the curved surface by a plane through the point to which our nota­

tion refers; then we obtain 3 plane curve of which ds is an element, in connection 

with which we shall retain the above notation. W e shall regard as the upper side of 

the plane that one on which the normal to the curved surface lies. Upon this plane 
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we erect a normal whose direction is expressed by the point £ of the auxiliary 

sphere. By moving along the curved line, X and P will therefore change their posi­

tions, whUe £ remains constant, 3nd X L and X£ are always equal to 90°. Therefore 

X describes the great circle one of whose poles is £. The element of this great circle 

ds 
wiU be equal to — , if r denotes the radius of curvature of the curve. And again, 

if we denote the direction of this element upon the sphere by X', then X' wiU evi­

dently Ue in the same great circle and be 90° from X as well as from £. If we 

now set 
cos X'(l) = £', cos X'(2) = r,', cos X'(3) = £', 

then we shall have 

jt—ttds j — ids 1Y yids 
d£ = t'—> d-r)=T)'—, rf£ = £'—, 

since, in fact, g, rj, £ are merely the coordinates of the point X referred to the centre 

of the sphere. 

Since by the solution of the equation f(x, y, z) === 0 the coordinate z may be 

expressed in the form of a function of x, y, we shall, for greater simpUcity, assume 

that this has been done and that we have found 

z=F(x,y). 

W e can then write as the equation of the surface 

z-F(x,y) = 0, 
or 

f(^,y,z)=z—F(x,y). 

From this foUows, if we set 

dF(x,y) — tdxA- udy, 

P = — t , Q = ~ u , R = l, 

where t, u are merely functions of x 3nd y. W e set also 

dt=TdxA-Udy, d u = UdxA-Vdy. 

Therefore upon the whole surface we have 

dz — tdx A- udy 
and therefore, on the curve, 

t=t£A-uv. 

Hence differentiation gives, on substituting the 3bove values for d£j, dr/, dt,, 

(£'-t£'-uv')^-=£dtA-vdu 

= (£2TA-2£riU+rfV)ds, 
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or 
l_£2TA-2£r)U+v2V 

r -g't — Ti'iL + Z' 

_Z(£2T+2Zy)U+rfV) 

X g ' + YV'A-Z£ 

_Z(£2TA-2£vU+r)2V) 

cos L X' 

10. 

Before we further transform the expression just found, we wUl make 3 few 

remarks 3bout it. 

A norm3l to 3 curve in its pkne corresponds to two directions upon the sphere, 

according as we draw it on the one or the other side of the curve. The one direc­

tion, toward which the curve is concave, is denoted by X', the other by the opposite 

point on the sphere. Both these points, Uke L and £, are 90° from X, and there­

fore Ue in a great circle. And since £ is 3lso 90° from X, £ P = 90°—_£X', or 

= P X ' — 9 0 ° . Therefore 

cos P X' = ± sin £ P , 

where sin £2/ is necessarily positive. Since r is regarded as positive in our analysis, 

the sign of cosPX' wiU be the same as that of 

Z(£2TA-2£VUA-V2V). 

And therefore a positive value of this last expression means that P X ' is less than 

90°, or that the curve is concave toward the side on which Ues the projection of the 

normal to the surface upon the plane. A negative value, on the contrary, shows that 

the curve is convex toward this side. Therefore, in general, we may set also 

l_Z(eTA-2^U+y,2V) 
r sin £2/ ' 

if we regard the radius of curvature as positive in the first case, and negative in 

the second. £ P is here the angle which our cutting plane makes with the plane 

tangent to the curved surface, and we see that in the different cutting planes passed 

through the same point and the same tangent the radn of curvature are proportional 

to the sine of the incUnation. Because of this simple relation, we shaU Umit our­

selves hereafter to the case where this angle is a right angle, and where the cutting 
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plane, therefore, is passed through the normal of the curved surface. Hence we have 

for the radius of curvature the simple formula 

l = Z(£2TA-2gr)U+r)2V). 

11. 

Since an infinite number of planes may be p3ssed through this normal, it follows 

th3t there may be infinitely many different values of the radius of curv3ture. In this 

esse T, U, V, Z are regarded as constant, £, 77, £ as V3rkble. In order to nmke the 

ktter depend upon a single varkble, we take two fixed points M, M 90° apsrt on the 

great circle whose pole is P. Let their coordinates referred to the centre of the sphere 

be a, ft, y; a', ft', y' • W e have then 

cos X(l) = cos \ M . cos Mil) + cos \ M . cos M'(l) + cos XP . cos 2}(1). 

K we set 

\M=cb, 
then we have 

and the formula becomes 

and Ukewise 

Therefore, if we set 

we shaU have 

If we put 

cos X M — sin cb, 

$ 3=3= a cos <b A~ a' sin cb, 

v)—ft cos cb + ft' sin cb, 

£ 33= y cos cb A- y' sin cj>. 

A = (a2T+2aftUA-ftiV)Z, 

B = (aa'TA- (a'ft A- aft')UA-ftft'V)Z, 

C=(a'2TA-2a'ft'U + ft'2V)Z, 

- =A cos2c|> + 2 P cos cb sin cb + Csin2cf> 

A+C A-C . 
3= — s 1 o—cos2 9 + P s m 2 cb. 

A — C 
— j - = Ecos2d, 

P = Psin2 0, 
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A c 
where we may assume that E has the same sign as — « — ? then we have 

i = i(A + tf)+Pcos2(<£-0). 

It is evident that cb denotes the angle between the cutting plane and another plane 

through this normal and that tangent which corresponds to the direction M. Evidently, 

therefore, - takes its greatest (absolute) value, or r its smaUest, when cb = 0; and -

its smaUest absolute value, when cb = 0 + 90°. Therefore the greatest and the least 

curvatures occur in two planes perpendicular to each other. Hence these extreme 

vatass fori are 
r 

. 2 
( ^ > = s ! { ( V T + * + 

Their sum is A + C and their product is A C — P2, or the product of the two extreme 

radn of curvature is 
1 

"~ A C - B 2 ' 

This product, which is of great importance, merits a more rigorous development. 

In fact, from formulae above we find 

A C - B 2 = (aft' - fta')2(TV- TP)Z2. 

But from the third formula in [Theorem] 6, Art. 7, we easily infer that 

aft'-fta'=±Z, 
therefore 

Besides, from Art. 8, 
A C - B 2 = Zi(TV-U2). 

R 
Z = : 

therefore 

A C - B 2 = 

Y(P2 + Q2+Rf) 
1 

Y(lA-fA-u2)' 

TV-IP 

(1+fA-u2)2' 

Just as to each point on the curved surface corresponds a particular point L on 

the auxiUary sphere, by means of the normal erected at this point and the radius of 
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the auxiliary sphere paraUel to the normal, so the aggregate of the points on the 

auxUkry sphere, which correspond to 3ll the points of a line on the curved surface, 

forms a Une which wiU correspond to the Une on the curved surface. And, Ukewise, 

to every finite figure on the curved surface will correspond a finite figure on the 

auxiUary sphere, the area of which upon the latter shall be regarded 3s the measure 

of the amplitude of the former. W e shall either regard this are3 3s a number, in 

which case the square of the radius of the auxiliary sphere is the unit, or else 

express it in degrees, etc., setting the are3 of the hemisphere equ3l to 360°. 

The comp3rison of the area upon the curved surface with the corresponding 

ampUtude leads to the idea of what we call the measure of curv3ture of the sur-

f3ce. If the former is proportional to the latter, the curvature is caUed uniform; 

and the quotient, when we divide the ampUtude by the surface, is caUed the measure 

of curvature. This is the case when the curved surface is a sphere, and the measure 

of curvature is then 3 fraction whose numerator is unity and whose denominator is 

the square of the radius. 

W e shaU regard the measure of curv3ture 3S positive, if the boundaries of the 

figures upon the curved surf3ce and upon the auxUkry sphere run in the same sense; 

as negative, if the boundaries enclose the figures in contrary senses. If they are not 

proportional, the surface is non-uniformUy curved. And at each point there exists a 

particular measure of curvature, which is obtained from the comparison of correspond­

ing infinitesimal parts upon the curved surface and the 3uxilkry sphere. Let d a be 

a surface element on the former, and d% the corresponding element upon the auxiUary 

sphere, then 

d t 

d a 

wUl be the measure of curvature at this point. 

In order to determine their boundaries, we first project both upon the a^-plane. 

The magnitudes of these projections are Z d a , Z d S . The sign of Z wiU show whether 

the boundaries run in the same sense or in contrary senses around the surfeces and 

their projections. W e will suppose that the figure is a triangle; the projection upon 

the a^-plane has the coordinates 

x,y; xA-dx,yA-dy; xAr8x,yAr8y. 

Hence its double area will be 

2 Z d a — dx.8y — dy . 8x. 

To the projection of the corresponding element upon the sphere wiU correspond the 

coordinates: 
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X, Y, 

X+^-dxA-^j-dy, Y+j^-dx + -^--dy, 

dX dX dY dY 

X+J^'hx + Jy~'S^ Y+Tx~-8x + -dy--8V-

From this the double area of the element is found to be 

/ax 37 ax aF\ 

The measure of curvature is, therefore, 

dX dY dX dY 

dx dy dy dx 3 CO. 

Since 

we have 

therefore 

X = — tZ, Y = — uZ, 

(l + f+ui)Z* = l, 

dX=-Z3(lA-u2)dt+Z3tu.du, 

d Y = A-Z3tu.dt-Z3(l + F)du, 

dX" dV 
-^=Z3\-(lA-u2)T+tuU\, j ^ = Z 3 { t u T - ( l + f ) U } , 

d JT dV 
jj-=Z3\-(l + u2)U+tuV\, jy=Z3{tuU-(lA-f)V\, 

co =Z« (T V- U2) ((1 + f) (1 + u2) - fu2) 

=Z6(TV-U2)(lA-t2+u2) 

= Z \ T V - U 2 ) 

T V - I P 

~(i + # + u y 

the very same expression which we have found at .the end of the preceding article. 

Therefore we see that 

and 
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" The measure of curvature is always expressed by means of a fraction whose 

numerator is unity and whose denominator is the product of the maximum 

and minimum radn of curvsture in the planes passing through the normal." 

12. 

We wiU now investigate the nature of shortest lines upon curved surfaces. The 

nature of a curved Une in space is determined, in general, in such a way that the 

coordinates x, y, z of e3ch point are regarded as functions of a single variable, which 

we shaU caU w. The length of the curve, measured from an arbitrary origin to this 

point, is then equal to 

If we aUow the curve to change its position by an infinitely smaU variation, the varia­

tion of the whole length wiU then be 

dx js _l dy .js _l dz ,js dx s j_ dy s _l ds s 
-j—doxA--3—doy-t-j—doz -j—oxA--j—by A- -j—oz 
dw dw * dw aw dw a aw 

I \ { (dio)+ (dB + tai)} y{ (i£)+ h i ) + h £ ) 

dx dy_ 

*x-d—rrm7-2—tjt^i—,^^ +8y.d-

m h m + m v i m + & h & 

dz 

+ oz.d-

\ { b ^ ) + bf)+ hi)} 

The expression under the integral sign must vanish in the case of a minimum, as we 

know. Since the curved line lies upon a given curved surface whose equation is 

PdxA- QdyA-Rdz = 0, 

the equation between the variations 8 x, 8y, 8 s 

P8zA-Q8y + R8z = 0 

must also hold. From this, by means of well known principles, we easily conclude 

that the differentials 
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dx dy 

d dw d dw 

dz 

d. dw 

\ 1U + \dw) + \dw) i 

must be proportional to the quantities P, Q, R respectively. If ds is an element of 

the curve; X the point upon the auxiliary sphere, which represents the direction of 

this element; L the point giving the direction of the normal as above; and £, 17, £; 

X, Y, Z the coordinates of the points X, L referred to the centre of the auxiUary 

sphere, then we have 

dx = £ds, dy=r)ds, dz = t,ds, 

£2+rf+£2 = l. 

Therefore we see th3t the above differentials wiU be equal to d%, dr], dt,. And since 

P, Q, R are proportional to the quantities X, Y, Z, the character of the shortest line 

is such that 

dtj dr/ dt, 
~ X = = T = ~Z" 

13. 

To every point of a curved line upon a curved surface there correspond two 

points on the sphere, according to our point of view; namely, the point X, which 

represents the direction of the Unear element, and the point P, which represents the 

direction of the normal to the surface. The two are evidently 90° apart. In our 

former investigation (Art. 9), where [we] supposed the curved Une to Ue in a plane, 

we had two other points upon the sphere; namely, £, which represents the direction 

of the normal to the plane, and X', which represents the direction of the normal to 

the element of the curve in the plane. In this case, therefore, £ was a fixed point 

and X, X' were always in a great circle whose pole was £. In generalizing these 

considerations, we shaU retain the notation £, X', but we must define the meaning of 

these symbols from a more general point of view. When the curve s is described, 

the points P, X also describe curved Unes upon the auxiUary sphere, which, gener­

ally speaking, are no longer great circles. ParaUel to the element of the second Une, 
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we draw a radius of the auxiUary sphere to the point X', but instead of this point 

we take the point opposite when X' is more than 90° from L. In the first case, we 

regard the element at X as positive, and in the other 3S negative. FinaUy, let £ be 

the point on the auxiUary sphere, which is 90° from both X 3nd X', 3nd which is so 

taken that X, X', £ Ue in the same order as (1), (2), (3). 

The coordinates of the four points of the auxiUary sphere, referred to its centre, 

are for 
P X Y Z 

* £ V i 
y e v £' 
£ a /3 y. 

Hence each of these 4 points describes a line upon the auxiUary sphere, whose elements 

we shaU express by dL, dX, dX', d&. W e have, therefore, 

tf£=f'dX, 

dr) = r]' dX, 

dC=t,'dX. 

In an analogous way we now call 

dX 

ds 

the messure of curv3ture of the curved line upon the curved surface, and its reciprocal 

ds 

~dX 

the radius of curvature. If we denote the latter by p, then 

pdg =g'ds, 

pdrj = rj'ds, 

pdt, = t,'ds. 

If, therefore, our Une be a shortest line, £', i/, £' must be proportional to the 

quantities X, Y, Z. But, since at the same time 

£/2 + y 2 + £,2 =X2A- Y2 A-Z2 = 1, 

we have 

f' = ±X, V' = ±Y, i' = ±Z, 

and since, further, 

= ±(X2A-Y2+Z2) 

= ±1, 
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and since we always choose the point X' so that 

X'P<90°, 

then for the shortest Une 

X'L=0, 

or X' and L must coincide. Therefore 

p d £ — X d s , 

pdr) = Y ds, 

pdt, =3= Z ds, 

and we have here, instead of 4 curved Unes upon the auxiUary sphere, only 3 to con­

sider. Every element of the second line is therefore to be regarded as lying in the 

great circle P X . And the positive or negative value of p refers to the concavity 

or the convexity of the curve in the direction of the normal. 

14. 

We shall now investigate the spherical angle upon the auxiliary sphere, which 

the great circle going from P toward X makes with that one going from P toward 

one of the fixed points (1), (2), (3); e. g., toward (3). In order to have something 

definite here, we shaU consider the sense from P(3) to P X the same 3S that in which 

(1), (2), and (3) Ue. If we caU this angle cb, then it foUows from the theorem of Art. 

7 that 

sin2)(3) .sinLX . sin c/> = Yi; — Xrj, 

or, since P X == 90° and 

sin L(B)=Y(X2A- Y2) = Y(l - Z2), 

we have 

Furthermore, 

or 

and 

. Y ? - X V 

s m 9 Y ( X 2 + Y2)' 

sin 2/(3) . sin P X . cos cb = £, 

, _ £ 

cos<f>~ Y(X2A-Y'i) 

* x Y£~xy v 
tail Cp = — f 3=333333 " I T ' 
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Hence we have 

j A _ l Y d € - l X d v ' - ( Y $ - X r l ) d t + £ £ d Y — n Z d X 
9 (Yt-XiifA-V 

The denominator of this expression is 

= F 2 P - 2 X Y $ V +X2rf A- £2 

= ~ ( X £ + Ft?)2 + (X2 + F2) (£2 + rf) + £2 
= -^2£2+(l_£2)(l-£2) + £2 

= 1-^2, 
or 

j , _£Yd£-i;XdrlA-(Xrj-Y€)di:-vi:dXA-HdY 
acp l—Z2 " 

W e verify readUy by expansion the identical equation 

v £ (X2 A- Y2 +Z2) + YZ(£2 A- r,2 A- £2) 

= (X£+Yr,+ZL)(Zi,Arn) + ( X l - Z g ) ( X v - T g ) 
and Ukewise 

H ( X 2 A-Y2+ Z2) A-XZ(g2 + v2 A- £2) 

= (X£A-Yr,A-Zi:)(Xi:+Z£)A-(Yt-Xr>)(Yt-Zv). 

W e have, therefore, 
vL = - T Z + ( X l - Z £ ) ( X v - Y g ) , 

H = - X Z + ( Y Z - X r , ) ( Y £ - Z v ) . 

Substituting these values, we obtain 

Z , ^ 7 V ^7Trx t Y d t - l X d t , 
d cb = 1 _ z 2 ( Y d X - X d Y ) A - - y 

Z2 

+ X1-Z2$ \dC-(xC-Z$)dX-(Yc:-Zrl)dY\. 

Now 
X d X A - Y d Y A - Z d Z = 0 , 

g d X A-r)dY + £ d Z = - X d £ - Y d r , - Z d t , . 

On substituting w e obtain, instead of what stands in the parenthesis, 

d l — Z ( X d £ + Ydri+ZdQ. 
Hence 

d,b = T { ^ ( Y d X - X d Y ) + - y ^ r \ I Y - V X 2 Z + £ X Y Z \ 

-j%,\i:X+r,XYZ-$Y2Z\ 

A-dt(vX-£Y). 
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Since, further, 
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r,X2Z- £ X Y Z = r)X2ZA- 77 Y2ZA- £ Z Y Z 

= r}Z(l-Z2)Jrt1YZ2, 

v X Y Z - £ Y 2 Z = - £ X 2 Z - £ X Z 2 - g Y 2 Z 

= -£Z(l-Z2)-tXZ2, 

our whole expression becomes 

d$ = 1 -Z2 (YdX~XdY) 

A-(tY-vZ)d£A-(£Z-t,X)dr)A-(vX-iY)dt>. 

15. 

The formula just found is true in general, whatever be the nature of the curve. 

But if this be a shortest Une, then it is clear that the last three terms destroy each 

other, and consequently 

dcb=- 1_z2(XdY-YdX). 

But we see at once that 

1f_za{XdY—FdX) 

is nothing but the area of the part of the auxiliary sphere, which is formed between 

the element of the line P, the two great circles drawn through its extremities and 

(i) 

£ SB' 
(3) 

P P ' 

(Z) •pp. (J) (z) P P ' 

(3) 

(7) (2) (1) 

(3), and the element thus intercepted on the great circle through (1) and (2). This 

surface is considered positive, if L and (3) Ue on the same side of (1) (2), and if the 
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direction from P to P' is the S3me 3S that from (2) to (1); negative, if the contrary 

of one of these conditions hold; positive again, if the contrary of both conditions be 

true. In other words, the surface is considered positive if we go around the circum­

ference of the figure LL'P'P in the same sense 3S (1) (2) (3); negative, if we go 

in the contrary sense. 

If we consider now a finite part of the Une from L to P' and denote by cb, cb' 

the vslues of the angles 3t the two extremities, then we hsve 

cb' =(/> + Area PP'P'P, 

the sign of the area being taken as explained. 

Now let us assume further that, from the origin upon the curved surface, infinitely 

many other shortest Unes go out, and denote by A that indefinite angle which the 

first element, moving counter-clockwise, makes with the first element of the first line; 

and through the other extremities of the different curved Unes let a curved Une be drawn, 

concerning which, first of all, we leave it undecided whether it be a shortest line or 

not. If we suppose also that those indefinite values, which 

for the first line were cb, cb', be denoted by xb, xb' for each of 

these lines, then xjf — x\i is capable of being represented in 

the same manner on the auxilkry sphere by the space 

L L \ P \ P . Since evidently xb = cb—A, the space 

L L \ P\P'L'L = x\,'-xb-cb'A-cb 

= xj/ — <l>'+A 

= LL'1L'LA-L'L\P\P'. 

If the bounding Une is also a shortest Une, and, when prolonged, makes with 

LL',LL\ the angles B,BX; if, further, x> Xi denote the same at the points L',L\, 

that cb did at P in the Une PP', then we have 

Xl=x+Are3PP'1P'1P', 

^,'-f+ A = P P 1 P ' P + X l - X 3 

but 

f = x + P , 

P'P' 

therefore 

B - B + A = L L \ L ' L . 

The angles of the triangle LL'L\ evidently are 

A, 180° - P , P 
i? 
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therefore their sum is 

180° A-LL\L'L. 

The form of the proof wiU require some modification and expkn3tion, if the point 

(3) f3Us within the triangle. But, in general, we conclude 

" The sum of the three angles of a triangle, which is formed of shortest Unes 

upon an arbitrary curved surface, is equal to the sum of 180° and the area of 

the triangle upon the anxiUary sphere, the boundary of which is formed by the 

points L, corresponding to the points in the boundary of the original triangle, 

and in such a manner that the are3 of the triangle may be regarded as positive 

or negative according as it is inclosed by its boundary in the same sense as 

the original figure or the contrary." 

Wherefore we easUy conclude also that the sum of all the 3ngles of 3 polygon 

of n sides, which are shortest Unes upon the curved surface, is [equal to] the sum 

of (n — 2) 180° + the area of the polygon upon the sphere etc. 

16. 

If one curved surface can be completely developed upon another surface, then all 

lines upon the first surface wiU evidently retain their magnitudes after the develop­

ment upon the other surface; likewise the angles which are formed by the intersec­

tion of two Unes. Evidently, therefore, such lines also as are shortest lines upon 

one surface remain shortest Unes after the development. Whence, if to any arbi­

trary polygon formed of shortest Unes, while it is upon the first surface, there cor­

responds the figure of the zeniths upon the auxiUary sphere, the area of which is 

A, and if, on the other hand, there corresponds to the same polygon, after its devel­

opment upon another surface, a figure of the zeniths upon the auxiUary sphere, the 

area of which is A', it foUows at once that in every case 

A = Af. 

Although this proof originaUy presupposes the boundaries of the figures to be short­

est lines, still it is easily seen that it holds generally, whatever the boundary may be. 

For, in fact, if the theorem is independent of the number of sides, nothing will pre­

vent us from imagining for every polygon, of which some or all of its sides are not 

shortest lines, another of infinitely many sides 3ll of which are shortest lines. 

Further, it is clear that every figure retains also its area after the transformation 

by development. 
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We shall here consider 4 figures : 

1) an arbitrary figure upon the first surface, 

2) the figure on the auxUkry sphere, which corresponds to the zeniths of the 

previous figure, 

3) the figure upon the second surface, which No. 1 forms by the development, 

4) the figure upon the auxiUary sphere, which corresponds to the zeniths of 

No. 3. 

Therefore, according to what we have proved, 2 and 4 have equal areas, as also 

1 and 3. Since we assume these figures infinitely smaU, the quotient obtained by 

dividing 2 by 1 is the measure of curvature of the first curved surface 3t this point, 

3nd likewise the quotient obtained by dividing 4 by 3, that of the second surface. 

From this foUows the important theorem: 

" In the transformation of surfaces by development the measure of curvature 

at every point remains unchanged." 

This is true, therefore, of the product of the greatest and smallest radii of curvature. 

In the case of the plane, the measure of curvature is evidently everywhere zero. 

Whence follows therefore the important theorem: 

" For aU surfaces developable upon a plane the measure of curv3ture every­

where vanishes," 

or 

\dxdyi \dz?'\dy2! U' 

which criterion is elsewhere derived from other principles, though, as it seems to us, 

not with the desired rigor. It is clear that in aU such surfaces the zeniths of aU 

points can not fill out any space, and therefore they must aU Ue in 3 Une. 

17. 

From 3 given point on a curved surface we shall let an infinite number of shortest 

Unes go out, which shall be distinguished from one another by the angle which their 

first elements make with the first element of a definite shortest Une. This angle we 

shall call 0. Further, let s be the length [measured from the given point] of a part 

of such a shortest line, and let its extremity have the coordinates x, y, z. Since 0 

and s, therefore, belong to a perfectly definite point on the curved surface, we can 

regard x, y, z as functions of 0 and s. The direction of the element of s corresponds 

to the point X on the sphere, whose coordinates are f, tj, £. Thus we shaU have 

file:///dxdyi
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t_dx __dy ¥_dz 

* ~ a 7 ' ^ " a ? Z-Ts-

The extremities of aU shortest lines of equal lengths s correspond to a curved 

line whose length we may call t. W e can evidently consider t as a function of s and 

6, and if the direction of the element of t corresponds upon the sphere to the point X' 

whose coordinates are f', r[, £', we shall have 

Consequently 

d f _ d x t dt__dj_ dt _ d z 

^ ' d 0 ~ dff v ' d0~~dff r>'T0~T0' 

[St ^r]v^iQ)de-ds 90+as d0+ ds d0-

This msgnitude we shall denote by u, which itself, therefore, will be a function of 0 and s. 

W e find, then, if we differentiate with respect to s, 

du_d2x dx d2y dy d2z ds \ \dst \dsf \ds> 

ds'~JI'd0 + J I ' d 0 + JsJ'd~0 + ^ d0 

d2x dx d2y dy d2z dz 
A-^ArA-A^A-

ds2 dd ' ds2 d0 ' ds2 d0 

because 

(If)+ © + © = ' • 

and therefore its differential is equal to zero. 

But since aU points [belonging] to one constant value of 0 lie on a shortest line, 

if we denote by P the zenith of the point to which s, 0 correspond and by X, Y, Z 

the coordinates of L, [from the last formulae of Art. 13], 

d ^ = x ^y_ = I_ d2z = z 
ds2 ~ p ' ds2" p ' ds2 ~ p ' 

if p is the radius of curvature. W e have, therefore, 

But 
X ? + Yr,' + Z g = cos PX' = 0, 

because, evidently, X' lies on the great circle Avhose pole is L. Therefore we have 

- = 0 
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or u independent of s, and therefore a function of 0 alone. But for s = 0, it is evi-
rlf 

dent that t = 0, y-q = 0, and therefore u = 0. Whence we conclude that, in general, 

u =3= 0, or 
cos XX'=3=0. 

From this follows the beautiful theorem : 

" If aU Unes drawn from a point on the curved surface are shortest lines of 

equal lengths, they meet the Une which joins their extremities everywhere at 

right angles." 

W e can show in 3 simikr manner that, if upon the curved surface any curved 

Une whatever is given, and if we suppose drawn from every point of this line toward 

the same side of it and at right angles to it only shortest lines of equal lengths, the 

extremities of which are joined by a Une, this Une will be cut at right angles by 

those lines in all its points. W e need only let 0 in the 3bove development represent 

the length of the given curved line from an arbitrary point, and then the above calcu­

lations retain their vaUdity, except that m = 0 for s = 0 is now contained in the 

hypothesis. 

18. 

The relations arising from these constructions deserve to be developed stiU more 

dt 
fuUy. W e have, in the first place, if, for brevity, we write m for ^ 

{ ' ds ?' ds 7?' as *» 

ft)\ dx ti dy i ds yi 
(2) d0 = m * > d0 = mr>> d0 = mZ> 

(3) £2 A-rf +£2 = 1 , 

(4) £'2 + V " + £" =1> 
(5) £ g ' + V r , ' + W = 0 . 

Furthermore, 

(6) X 2 + Y2 + Z2 = 1, 

and 

(7) X £ + Y t , + Z i = 0 , 

(8) X£'+Yt,' + Z £ ' = 0, 

x=w--nV, 

[9] { F = ££'-££', 

z = vt'-e-n'; 
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f £' = r,Z-ZY, 

[10] 1 t , ' = I X - £ Z , 

I i:'=£Y-7,X; 

f £ = Y V - Z r , ' , 

[11] \ t, = Z £ ' - X V , 
{ 1=Xt,'-Y£'. 

Likewise, ~^-> -y-> -r- are proportional to X, Y, Z, and if we set 

dg dr, dt, 
T s = P X > T s = P T > ds~=PZ> 

where - denotes the radius of curvature of the Une s, then 

p =Xy.—h Yy—VZyt- • 
1 ds ds ds 

By differentiating (7) with respect to s, we obtain 

_ d X d Y d Z 

- p - Z - d 7 + 7>AF7 + ^ -

dp' dn' dt' 
W e C3n essUy show that -y—•> -y—> -r— also are proportional to X, Y, Z. In fact, 

[from 10] the values of these quantities are also [equal to] 

d Z d Y d X d Z d Y d X 

I ' d i - ^ ' £~37~~e~3P f~a7_7?^7' 

therefore 

r^x^-A^ + ^ + ^+xi) 
ds ds \ ds ds I ds v ' ' 

= 0, 

and Ukewise the others. W e set, therefore, 

Ti~Px> ~d7 = PY> -J7=PZ> 

whence 

? ' - - 4 m + m + m 
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and also 
dg' dt)' dt' 

r ds ds ds 

Further [we obtain], from the result obt3ined by differentkting (8), 

, ,,dX , d Y d Z 
— p'= j-' — r-m'— 1-£'—— 
r s ds ' ds * ds 

But we can derive two other expressions for this. W e have 
dmg' _ d g rdmr,' _d7, dmj' _ d j 1 

as — 30' l~d~s 30' ds — 30'J 

therefore [because of (8)] 

[and therefore, from (7),] 

, d X dY d Z 
- m p ' = £ T W + 7,-^-+C^-ff-d0 ' 'i d0 ' fe d0 

After these preUminaries [using (2) and (4)] we shaU now first put m in the form 

m ? d0^v 30+4 30' 

and differentiating with respect to s, we have * 

dm _ dx dg' dy dy,' dz dt/ 

"a7 — 30" 1 ^ + Fi?' ~a7 30" ~aT 

^? ds.d0^7) 3s.30Tt 3s.30 

= mp'(g'X+7,'Y+t>'Z) 

+ ^a0 + 7?a0 + ^ a0 

-tiH+^zAl+YirVk 
~~* 30 + 7> 3 0 ^ 4 30' 

*It is better to differentiate m2. [In fact from (2) and (4) 

, tdx\2 , ldy\2 , idz\2 

therefore 
dm _ d x d2x , dy d2y , dz d2z 

m ds 30 303s ' 30 "d~6~ds ' 30 303s 

= m r ^ + m V ^ + m£'p.J 
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If we differentiate again with respect to s, and notice that 

d2g __d(PX) 

dsd0 30 ' etc-

and that 

we have 

d2m 

J ? = P 

X g ' + Yr,' + Zi' = xl, 

(^+v^+r4f)+y(^+^H-^) 

^'w+v^+^)+^2 

< dX , ,dY , vldZ\i ,dx , ar , dZ\ 

_/^ri^_ 3Z-a_^\ /^ax _^;ax\ /eisr dXdY\ 

\dd ds " 3s 30/x + \a0 as as a0/ + V a 0 as as a0/^' 

[But if the surface element 

mdsd0 

belonging to the point x, y, z be represented upon the auxUkry sphere of unit radius 

by means of parallel normals, then there corresponds to it an ares, whose magnitude is 

f idY d Z dY dZ\ i d Z d X d Z d X \ i d X d Y d X d Y \ \ 

\ X \ d s d 0 " 30 3 s / + I \ 3 s 30 30 3s/ + ^\as 30 30 dsf\dsdd-

Consequently, the measure of curvature at the point under consideration is equal to 

1 32w 1 

m ds2 J 
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NOTES. 

The parts enclosed in brackets are 3dditions of the editor of the German edition 

or of the transktors. 

" The foregoing fragment, Neue allgemeine Uhtersuchungen uber die krummen Fldchen, 

differs from the Disquisitiones not only in the more limited scope of the matter, but 

also in the method of treatment and the arrangement of the theorems. There [paper 

of 1827] Gauss assumes th3t the rectangular coordinates x, y, z of 3 point of the sur­

face can be expressed as functions of 3ny two independent variables p and q, while 

here [paper of 1825] he chooses as new variables the geodesic coordinates s and 0. 

Here [paper of 1825] he begins by proving the theorem, that the sum of the three 

angles of a triangle, which is formed by shortest Unes upon 3n 3rbitrary curved surface, 

differs from 180° by the area of the triangle, which corresponds to it in the represen­

tation by means of parallel normals upon the auxiUary sphere of unit radius. From 

this, by means of simple geometrical considerations, he derives the fundamental theo­

rem, that "in the transformation of surfaces by bending, the measure of curvature at 

every point remains unchanged." But there [psper of 1827] he first shows, in Art. 

11, thst the measure of curvature can be expressed simply by means of the three 

quantities P, F, G, and their derivatives with respect to p and q, from which follows 

the theorem concerning the invariant property of the measure of curvature as a corol­

lary ; and only much later, in Art. 20, quite independently of this, does he prove the 

theorem concerning the sum of the angles of a geodesic triangle." 

Remark by Stackel, Gauss's Works, vol. vin, p. 443. 

Art. 3, p. 84, 1. 9. cos2cb, etc., is used here where the German text has cos cb2, 

etc. 

Art. 3, p. 84,1. 13. p2, etc., is used here where the German text has pp, etc. 

Art. 7, p. 89, 11. 13, 21. Since X P is less than 90°, cosXP is alwsys positive 

and, therefore, the algebraic sign of the expression for the volume of this pyramid 

depends upon that of sin P'P'. Hence it is positive, zero, or negative according as 

the arc P'P"' is less than, equ3l to, or grester than 180°. 

Art. 7, p. 89, 11. 14-21. As is seen from the paper of 1827 (see page 6), Gauss 
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corrected this statement. To be correct it should read: for which we can write also, 

according to weU known principles of spherical trigonometry, 

sinPP'. sinP' . sinP'P"=sinP'P" . sinP" . sin L " L = sin P"P . sinP . sin LL', 

if P, P'. L" denote the three angles of the spherical triangle, where P is the angle 

measured from the arc P P " to LL', and so for the other angles. At the S3me time 

we easUy see that this value is one-sixth of the pyramid whose angukr points are 

the centre of the sphere and the three points P, P', P"; and this pyramid is positive 

when the points P, P', P" are arranged in the 'same order about this triangle as the 

points (1), (2), (3) about the triangle (1) (2) (3). 

Art. 8, p. 90, 1. 7 fr. bot. In the German text V stands for / in this equation 

and in the next Une but one. 

Art. 11, p. 93,1. 8 fr. bot. In the German text, in the expression for P, (aft' + aft') 

stands for (a'ft+ aft'). 

Art. 11, p. 94, 1. 17. The vertices of the triangle are M , M , (3), whose coor­

dinates are a, ft, y, a', ft', y'; 0, 0, 1, respectively. The pole of the arc M M on 

the same side as (3) is P, whose coordinates are X , Y, Z. N o w applying the formula 

on page 89, Une 10, 

to this triangle, we obtain 

x'y" -

aft'-

M M ' 

— y' x" = sin P'P" cos X(3), 

- ft a'= sin M M ' cosP(3) 

= 90°, and cos L(?>)=±Z 

we have 

aft'-fta' = ± Z . 

Art. 14, p. 100, 1. 19. Here X , Y, Z ; g, tj, £; 0, 0, 1 take the place of x,y,z; 

x', y', z'; x", y", z" of the top of page 89. Also (3), X take the place of P', L", and 

cb is the angle L in the note at the top of this page. 

Art. 14, p. 101, 1. 2 fr. bot. In the German text \ t , X - t , X Y Z + g Y 2 Z \ stands 

for \lX + 7,XYZ-gY2Z\. 
Art. 15, p. 102, 1. 13 and the foUowing. Transforming to polar coordinates, 

r, 0, xj), by the substitutions (since on the auxiUary sphere r = 1) 

X 3= sin 0 sin xp, 7 = sin 0 cos xjt, Z = cos 0, 

d X = s i n 0 cos xjjdxjt+ cos 0sinxjid0, d Y = — sin 0 sinxbdx\> + cos 0 cosx\>d0, 

(1) 3333333= -. ~2 (Xd Y — YdX) becomes cos 0 d\b. 
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In the figures on p3ge 102, PP 3nd P'L' axe arcs of great circles intersecting in 

the point (3), and the element PP', which is not necessarily the arc of a great circle, 

corresponds to the element of the geodesic Une on the curved surface. (2)PP'(1) 

also is the arc of a great circle. Here P'P = dxjj, Z = cos 0 = Altitude of the zone 

of which LL'P'P is a part. The area of a zone varies as the altitude of the zone. 

Therefore, in the case under consideration, 

Area of zone _ Z 

2 ^ = T ' 

Also 

Area P P P'P _dxb 

Area of zone 2ir' 

From these two equations, 

(2) AreaPP'P'P = Zdxjj, or cos 0dxb. 

From (1) and (2) 

Z 

- y^z2 (Xd Y ~ ¥dX"> = ^ ^ L L ' P ' P -

Art. 15, p. 102. The point (3) in the figures on this page was added by the 

transktors. 

Art. 15, p. 103, U. 6-9. It has been shown that dcb = Axea LL'P'P, = dA, say. 

Then 

cb' A 

f d c b = f d A , 

cb 0 

or 

cb' — cb=A, the finite area PP'P'P. 

Art. 15, p. 103, 1. 10 and the foUowing. Let A, B', Bx be the vertices of a 

geodesic triangle on the curved surface, and let the corresponding triangle on the 

auxiliary sphere be LL'L\L, whose sides are not necessarily arcs of great circles. Let 

A, P', Px denote also the angles of the geodesic triangle. Here P' is the supple­

ment of the angle denoted by P on page 103. Let cb be the angle on the sphere 

between the great circle arcs PX, P (3), i. e., cb = (3)PX, X corresponding to the direc­

tion of the element at A on the geodesic line AB', and let cb' = (8)L'X1,X1 correspond­

ing to the direction of the element at P' on the Une AB'. SimUarly, let xp= (S)Lp, 
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P'P' 

xb' = (3)L\pv p, px denoting the directions of the elements at 

A, Bv respectively, on the Une A B r And let ̂ _̂ =(2f)L'v, 

Xi==(̂ )P'i*'i> v, vx denoting the directions of the elements at 

P', Bv respectively, on the Une B' Bv 

Then from the first formula on page 103, 

cb'-cb = Area PP'P'P, 

f — xb = Area LL\P\P, 
Xl-x = AreaP'P1P'1P', 

xj/- xj, - (cb'- $) - (Xl- x) = Area L L \ P \ P - Area P P ' P ' P - Area L'L\P\P', 

or 

(1) ft-*) + ( x - f ) + (f -Xl) = AreaPP'JPP. 

Since X, /u, represent the directions of the linear elements at A on the geodesic 

Unes AB', A B V respectively, the absolute value of the angle A on the surface is meas­

ured by the arc pX, or by the spherical angle pLX. But cb —1/» = (3)PX — (3)Lp 

= pLX. 

Therefore 

A=<b—xb. 
Similarly 

1 8 0 ° - P ' = - ( x - f ) > 

A = ^ - X r 
Therefore, from (1), 

A + P' + P x — 180 ° = Area L L \ L'L. 

Art 15, p. 103, 1. 19. In the German text PP'P'P stands for L L \ P \ P , 

which represents the angle xp' — xp. 

Art. 15, p. 104, 1. 12. This general theorem may be stated as follows: 

The sum of all the angles of a polygon of n sides, which are shortest lines 

upon the curved surface, is equal to the sum of (n — 2)180° and the area of the 

polygon upon the auxiUary sphere whose boundary is formed by the points P which 

correspond to the points of the boundary of the given polygon, and in such a manner 

that the area of this polygon may be regarded positive or negative according as it is 

enclosed by its boundary in the same sense as the given figure or the contrary. 

Art. 16, p. 104, 1. 12 fr. bot. The zenith of a point on the surface is the cor­

responding point on the auxilkry sphere. It is the sphericsl representation of the 

point. 

Art. 18, p. 110, 1. 10. The normal to the surface is here taken in the direction 

opposite to that given by [9] page 107. 
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C O R R I G E N D A ET A D D E N D A . 

Art. 11, p. 20, 1. 6. The fourth E should be F. 

Art. 18, p. 27, 1. 7. For Y ( E G — F 2 ) . dp . d0 read 2 Y ( E G - F 2 ) . dq . d0. 

The original and the Latin reprints lack the factor 2 ; the correction is made in all 

the translations. 

Art. 19, p. 28, 1. 10. For g read q. 

Art. 22, p. 34, 1. 5, left side; Art. 24, p. 36, 1. 5, third equation; Art. 24, 

p. 38, 1. 4. The original and LiouviUe's reprint have q for p. 

Note on Art. 23, p. 55, 1. 2 fr. bot. For p read q. 












